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✶✳✸ ❍♦r♥í ✐♥❞❡①② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷ Ú✈♦❞ ✶✷

✷✳✶ ▼♦t✐✈❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✷ ❈í❧ ♣rá❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✸ ❑♦❤❡r❡♥t♥í str✉❦t✉r② ✶✺

✹ ❑✐♥❡♠❛t✐❦❛ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡ ✶✼

✹✳✶ ❊✉❧❡r➲✈ ♣♦♣✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✹✳✶✳✶ ❩r②❝❤❧❡♥í ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✹✳✶✳✷ ■❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✹✳✷ ▲❛❣r❛♥❣❡➲✈ ♣♦♣✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✹✳✷✳✶ ❉❡❢♦r♠❛↔♥í ❣r❛❞✐❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✹✳✷✳✷ ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈ ❞❡❢♦r♠❛↔♥í t❡♥③♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✺ ▼❡t♦❞❛ ❋❚▲❊ ✭❋✐♥✐t❡✲t✐♠❡ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥t✮ ✷✹

✺✳✶ ❉❡✜♥✐❝❡ ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✺✳✷ P♦♣✐s ❛❧❣♦r✐t♠✉ ♥❛ ✈ý♣♦↔❡t ❋❚▲❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✻ ❆♣❧✐❦❛❝❡ ❋❚▲❊ ❛♥❛❧ý③② ♥❛ ❛♥❛❧②t✐❝❦é ♣➦í♣❛❞② ✈ír♦✈ý❝❤ str✉❦t✉r

✈ ♣r♦✉❞♦✈ý❝❤ ♣♦❧í❝❤ ✸✷

✻✳✶ P➦í♣❛❞ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✻✳✷ P➦í♣❛❞ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻



✼ Pr♦✉❞➙♥í ❦♦❧❡♠ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛ ✭❆❤♠❡❞ ❜♦❞②✮ ✹✵

✼✳✶ ❈❋❉ ❛♥❛❧ý③❛ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✼✳✶✳✶ P♦♣✐s ú❧♦❤② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✼✳✶✳✷ ❙í➫ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✼✳✶✳✸ ❖❦r❛❥♦✈é ♣♦❞♠í♥❦② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✼✳✶✳✹ ❱②❤♦❞♥♦❝❡♥í ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✽ ❩á✈➙r ✺✼

✾ ▲✐t❡r❛t✉r❛ ✺✾

✶✵ ❖❜s❛❤ ♣➦✐❧♦➸❡♥é❤♦ ❈❉ ✻✷



✶ ❙❡③♥❛♠ ♣♦✉➸✐tý❝❤ s②♠❜♦❧➲

✶✳✶ ❩á❦❧❛❞♥í s②♠❜♦❧②

❙②♠❜♦❧ ❏❡❞♥♦t❦② ❱ý③♥❛♠

t ✭s✮ ❷❛s

❚ ✭s✮ ❉é❧❦❛ ↔❛s♦✈é❤♦ ús❡❦✉

∆t ✭s✮ ❷❛s♦✈ý ❦r♦❦

①✱ ❳ ✭♠✮ Pr♦st♦r♦✈é s♦✉➦❛❞♥✐❝❡

✉ ✭♠✮ P♦❧❡ ♣♦s✉✈➲

❋ ✭✶✮ ❉❡❢♦r♠❛↔♥í ❣r❛❞✐❡♥t

❏ ✭✶✮ ❏❛❝♦❜✐❤♦ ♠❛t✐❝❡

❱ ✭♠3✮ ❖❜❥❡♠

❈ ✭✶✮ ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈ t❡♥③♦r ❞❡❢♦r♠❛❝❡

ψ ✭✶✮ Pr♦✉❞♦✈á ❢✉♥❦❝❡

❯✱ ❱ ✭♠✳s−1✮ ❙❧♦➸❦② ✈❡❦t♦r✉ r②❝❤❧♦stí

❍ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.1)

ǫ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.2) ❛ (6.2.2)

ω ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.2) ❛ (6.2.2)

❣ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.1)

♣ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.2)

❜ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.2)

Ω ✭✶✮ ❩❦♦✉♠❛♥á ♦❜❧❛st

❇ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.2.1)

❇0 ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.2.2)

♠ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.2.1)

❡ ✭✶✮ ❏❡❞♥♦t❦♦✈ý ✈❡❦t♦r

ρ ✭❦❣♠−3✮ ❍✉st♦t❛



❙②♠❜♦❧ ❏❡❞♥♦t❦② ❱ý③♥❛♠

✉✱ ✈ ✭♠✳s−1✮ ❘②❝❤❧♦st

σ ✭✶✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t

λ ✭✶✮ ❱❧❛st♥í ↔ís❧❛

❛ ✭♠✳s−2✮ ❩r②❝❤❧❡♥í

❦ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.2.1)

▲ ✭♠✮ ❉é❧❦❛ ③❦♦✉♠❛♥é ♦❜❧❛st✐

❙ ✭s−1✮ ❚❡♥③♦r r②❝❤❧♦st✐ ❞❡❢♦r♠❛❝❡

Ω ✭s−1✮ ❚❡♥③♦r ✈í➦✐✈♦st✐

❝d ✭✶✮ ❙♦✉↔✐♥✐t❡❧ ♦❞♣♦r✉

❋d ✭◆✮ ❖❞♣♦r♦✈á sí❧❛

❆ ✭♠2✮ P❧♦❝❤❛

ϕ ✭◦✮ Ú❤❡❧ s❦❧♦♣❡♥í

Sh ✭✶✮ ❙tr♦✉❤❛❧♦✈♦ ↔ís❧♦

❢ ✭❍③✮ ❋r❡❦✈❡♥❝❡

❉ ✭♠✮ ❈❤❛r❛❦t❡r✐st✐❝❦ý r♦③♠➙r t➙❧❡s❛

▼❛ ✭✶✮ ▼❛❝❤♦✈♦ ↔ís❧♦

ν ✭♠2s−1✮ ❑✐♥❡♠❛t✐❝❦á ✈✐s❦♦③✐t❛

τ ✭♠2✮ ◆❛♣➙tí



✶✳✷ ❉♦❧♥í ✐♥❞❡①②

❙②♠❜♦❧ ❱ý③♥❛♠

✐✱ ❥ ❯ ✈❡❦t♦r✉ ♦③♥❛↔✉❥❡ s❧♦➸❦✉ ✈❡❦♦tr✉ ✭①❂✶✱ ②❂✷✱ ③❂✸✮

✵ P♦↔át❡↔♥í st❛✈ ✭t❂✵✮

t ❙t❛✈ ✈ ♦❜❡❝♥é♠ ↔❛s❡ t

❆✱ ❇ ❖③♥❛↔✉❥❡ ❜♦❞

●✱ ❏ ❖③♥❛↔✉❥❡ ❛♥❛❧②t✐❝❦ý ♣➦í♣❛❞

✭●❂ ♣➦í♣❛❞ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲✱ ❏❂ ♣➦í♣❛❞ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉✮

③✈✉❦ ❖③♥❛↔✉❥❡ r②❝❤❧♦st ③✈✉❦✉

✇ ❍♦❞♥♦t❛ ♥❛ st➙♥➙

✶✳✸ ❍♦r♥í ✐♥❞❡①②

❙②♠❜♦❧ ❱ý③♥❛♠

✰ ❖③♥❛↔✉❥❡ ❜❡③r♦③♠➙r♥♦✉ ✈❡❧✐↔✐♥✉

❚ ❖③♥❛↔✉❥❡ ✈❡❧✐↔✐♥✉ ✈ ↔❛s❡ ❚



✷ Ú✈♦❞

P♦❝❤♦♣❡♥í ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❛ ❥❡❥✐❝❤ ❝❤♦✈á♥í ❥❡ ✈❡❧♠✐ ❞➲❧❡➸✐tý♠ ú❦♦❧❡♠

❞♥❡➨♥í ✈➙❞♥í ❞✐s❝✐♣❧í♥② ♠❡❝❤❛♥✐❦② t❡❦✉t✐♥✱ ❛ ♣r♦t♦ s❡ t♦✉t♦ ♣r♦❜❧❡♠❛t✐❦♦✉ ③❛❜ý✈á

♠♥♦❤♦ ✈➙❞❡❝❦ý❝❤ ♣r❛❝♦✈✐➨➫ ❛ ❥❡ ✈②✈í❥❡♥❛ s♣♦✉st❛ ♠❡t♦❞ ♣r♦ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤

str✉❦t✉r✳ ❏❡❞♥í♠ ③❡ ❞✈♦✉ ♣♦❤❧❡❞➲✱ ❥❛❦ ❧③❡ ♣♦♣s❛t ③❦♦✉♠❛♥♦✉ t❡❦✉t✐♥✉✱ ❥❡ ❊✉❧❡r♦✈ý

♣♦♣✐s✱ ❦t❡rý ♣♦③♦r✉❥❡ ③♠➙♥✉ ❦✐♥❡♠❛t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ ✈ ❞❛♥é♠ ✭✈②❥♠✉té♠✮ ♦❜❥❡♠✉ t❡✲

❦✉t✐♥②✳ ❉♦ ♥❡❥③á❦❧❛❞♥➙❥➨í❝❤ ♠❡t♦❞ ③ ❊✉❧❡r♦✈❛ ♣♦♣✐s✉ ♣❛t➦í t③✈✳ ♠❡t♦❞❛ ◗✲❦r✐tér✐❛ ❬✶❪✱

❦t❡rá ✉❦❛③✉❥❡ ♦❜❧❛st✐✱ ❦❞❡ ♣➦❡✈❧á❞á ✈í➦✐✈♦st ♥❛❞ ♣♦♠➙r♥♦✉ ❞❡❢♦r♠❛❝í✳ P♦❞♦❜♥ý❝❤

♠❡t♦❞ ❥❛❦♦ ❥❡ ♠❡t♦❞❛ ◗✲❦r✐tér✐❛ ❥❡ ♠♥♦❤♦ ✭♥❛♣➦✳ ♠❡t♦❞❛ ∆✲❦r✐tér✐❛ ❬✷❪✱ ♠❡t♦❞❛

r♦③❦❧❛❞✉ t❡♥③♦r✉ ❣r❛❞✐❡♥t✉ r②❝❤❧♦st✐ ♥❛ t➦✐ ↔ást✐ t✈③✳ ✧♠❡t♦❞❛ tr✐♣❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥

♦❢ ✈♦rt✐❝✐t②✧ ❬✸❪ ❛t❞✳✮✳ ❉r✉❤ý♠ ❞➲❧❡➸✐tý♠ ♣♦♣✐s❡♠ ❥❡ ▲❛❣r❛♥❣❡➲✈ ♣♦♣✐s✱ ❦t❡rý s❧❡✲

❞✉❥❡ ♣♦❤②❜ ↔ást✐❝❡ ❦♦♥t✐♥✉❛✳ Pr♦ ▲❛❣r❛♥❣❡➲✈ ♣♦♣✐s ❥❡ ❥❡❞♥♦✉ ③ ♥❡❥③á❦❧❛❞♥➙❥➨í❝❤

♠❡t♦❞ ✐❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ♠❡t♦❞❛ ❋❚▲❊ ✭❋✐♥✐t❡ t✐♠❡ ▲②❛♣✉♥♦✈ ❡①✲

♣♦♥❡♥t✮ ❬✺❪✳▼❡t♦❞❛ ❋❚▲❊ ♣♦♣✐s✉❥❡ st➦❡❞♥í ❧♦❣❛r✐t♠✐❝❦♦✉ r②❝❤❧♦st ✈③❞❛❧♦✈á♥í s❡ ❞✈♦✉

s♦✉s❡❞♥í❝❤ tr❛❥❡❦t♦r✐í✱ ❦t❡ré ❥s♦✉ ♦❞ s❡❜❡ ✈③❞á❧❡♥② ♦ ✈❡❧♠✐ ♠❛❧ý ús❡❦✳

▼❡t♦❞❛ ❋❚▲❊ ♣r♦ ✐❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ♠á ❢②③✐❦á❧♥í ✈ý③♥❛♠ ❥❛❦

♣r♦ ↔❛s✱ ❦t❡rý ♣❧②♥❡ ❞♦♣➦❡❞✉✱ t❛❦ ✐ ♣r♦ ↔❛s✱ ❦t❡rý ♣❧②♥❡ ♣♦③♣át❦✉✳ ❱ý♣♦↔t❡♠ ▲②❛✲

♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ ③ ↔❛s✉✱ ❦t❡rý ♣❧②♥❡ ♣♦③♣át❦✉ ✐ ❞♦♣➦❡❞✉✱ ✈③♥✐❦♥♦✉ ❤r❛♥✐❝❡✱ ❦t❡ré

s❡ ✈③á❥❡♠♥➙ ♣r♦tí♥❛❥í✳ Pr♦ ♣r➲s❡↔í❦ ❤r❛♥✐❝ ✈③♥✐❦❧é❤♦ ③ ❤r❛♥✐❝❡ ❞♦♣➦❡❞✉ ❥❞♦✉❝í❤♦

↔❛s✉ ❛ ③♣➙t♥➙ ❥❞♦✉❝í❤♦ ↔❛s✉ ♣❧❛tí✱ ➸❡ ♣♦ ❤r❛♥✐❝✐✱ ❦t❡rá ✈③♥✐❦❧❛ ③ ❞♦♣➦❡❞✉ ❥❞♦✉❝í❤♦

↔❛s✉ ♣➦✐✈á❞í ↔ást✐❝✐ ❞♦ t♦❤♦t♦ ♣r➲s❡↔í❦✉✳ ◆❛♦♣❛❦ ♣♦ ❤r❛♥✐❝✐✱ ❦t❡rá ✈③♥✐❦❧❛ ③❡ ③♣➙t♥➙

❥❞♦✉❝í❤♦ ↔❛s✉ ♣❧❛tí✱ ➸❡ ↔ást✐❝✐ ♦❞✈á❞í ♣r②↔ ♦❞ ♣r➲s❡↔í❦✉✳

P➦✐ ♣r♦✉❞➙♥í ❦♦❧❡♠ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛ ❥❛❦♦ ❥❡ ♥❛♣➦✳ ❆❤♠❡❞ ❜♦❞② ✭✈✐③✳ ❦❛✲

♣✐t♦❧❛ ✼✮ ✈③♥✐❦❛❥í ✈ ♠íst➙ ú♣❧❛✈✉ ✈ír②✱ ❦t❡ré ❧③❡ ♦③♥❛↔♦✈❛t ❥❛❦♦ ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳

❱②✉➸✐tí♠ ♠❡t♦❞② ❋❚▲❊ ♠♦❤♦✉ ❜ýt ✐❞❡♥t✐✜❦♦✈á♥② ♣♦❧♦❤② t➙❝❤t♦ str✉❦t✉r ♥❛ ③á❦❧❛❞➙

✉r↔❡♥í ❤r❛♥✐❝ ✈③♥✐❦❧ý❝❤ ③ ♠❡t♦❞② ❋❚▲❊✳

✶✷



✷✳✶ ▼♦t✐✈❛❝❡

❩❦♦✉♠á♥í ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❛ ③❥✐➨➫♦✈á♥í ❥❡❥✐❝❤ ✈❧❛st♥♦stí ♠á ✈❡❧✐❦ý ✈ý③♥❛♠

❥❛❦ ♥❛ ♣♦❧✐ ✈➙❞♥í♠✱ t❛❦ ✐ ♥❛ ♣♦❧✐ ✈ý✈♦❥❡✳

❯➸ ♣➦✐ s❛♠♦t♥é♠ ♥á✈r❤✉ t✈❛r✉ ❛✉t♦♠♦❜✐❧✉ s❡ ♠✉sí ❞❜át ♥❛ t♦✱ ❛❜② ❛✉t♦♠♦✲

❜✐❧ ♠➙❧ ❝♦ ♥❡❥♠❡♥➨í ♦❞♣♦r ♣r♦t✐ ♣r♦✉❞í❝í t❡❦✉t✐♥➙✳ ❚❡♥t♦ ♦❞♣♦r ❥❡ ♣➦í♠♦ s♣♦❥❡♥ s

♦❞♣♦r♦✈ý♠ ❦♦❡✜❝✐❡♥t❡♠✱ ❦t❡rý ❥❡ ③á✈✐s❧ý ♥❛ ♦❞tr➸❡♥í✳ P➦✐ ♣♦③♦r♦✈á♥í ❦♦❤❡r❡♥t♥í❝❤

str✉❦t✉r ❛ ❥❡❥✐❝❤ ✈③♥✐❦✉ ♣➦✐ ♦❜té❦á♥í ❛✉t♦♠♦❜✐❧✉ ❧③❡ ✐❞❡♥t✐✜❦♦✈❛t ♠íst❛ ♦❞tr➸❡♥í ❛

❞á❧❡ t❛❦é ✈③♥✐❦ ✈ír➲✳ ❚♦✉t♦ ✐❞❡♥t✐✜❦❛❝í ❥❡ ♠♦➸♥é ♦❞❤❛❧✐t ♠íst❛✱ ❦t❡rá ❥s♦✉ ❛❡r♦❞②✲

♥❛♠✐❝❦② ♥❡♣➦í♣✉st♥á ♣r♦ ❛✉t♦♠♦❜✐❧ ❛ ❧③❡ tí♠ s♥í➸✐t ♦❞♣♦r ❛✉t♦♠♦❜✐❧✉✳ Pr♦t♦ s❡ ✈

♣♦s❧❡❞♥í❝❤ ♥➙❦♦❧✐❦❛ ❞❡s❡t✐❧❡tí❝❤ ✉♣♦✉➨tí ♦❞ ❤r❛♥❛tý❝❤ t✈❛r➲ ❛✉t♦♠♦❜✐❧➲ ❛ ❥❡ s♥❛❤❛✱

❛❜② ❛✉t♦♠♦❜✐❧② ♠➙❧②✱ ❝♦ ♥❡❥♦❜❧❡❥➨í t✈❛r②✳ ❍❡③❦ý ❞❡s✐❣♥ ♥❡♥í ❥❡❞✐♥ý♠ ❞➲✈♦❞❡♠✱ ♣r♦↔

s❡ ❛✉t♦♠♦❜✐❧② ✈②rá❜➙❥í s ↔í♠ ❞á❧ ♦❜❧❡❥➨í♠✐ t✈❛r②✳ ❏❡❞♥í♠ ③ ❞❛❧➨í❝❤ ❞➲✈♦❞➲ ❥❡ t❛❦é

tr❡♥❞ s♥✐➸♦✈á♥í s♣♦t➦❡❜② ♣❛❧✐✈❛ ❛✉t♦♠♦❜✐❧➲✱ ❦t❡rý ú③❝❡ ③á✈✐sí ♥❛ s♥✐➸♦✈á♥í ♦❞♣♦r✉

❛✉t♦♠♦❜✐❧✉✳

❖❜rá③❡❦ ✷✳✶✿ ❊✈♦❧✉❝❡ t✈❛r✉ ❛✉t♦♠♦❜✐❧➲ ✭♣➦❡✈③❛t♦ ③ ❬✶✽❪✮✳

✶✸



✷✳✷ ❈í❧ ♣rá❝❡

Prá❝❡ ✉✈á❞í ♣♦♣✐s② ♣r♦✉❞♦✈é❤♦ ♣♦❧❡ ❛ ♣♦♣✐s✉❥❡ ♠❡t♦❞✉ ❋❚▲❊ ♣r♦ ✐❞❡♥t✐✜❦❛❝✐

❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r✳ ❚❛t♦ ♠❡t♦❞❛ ♣r♦ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❥❡ ♣♦✉✲

➸✐t❛ ♥❛ t❡st♦✈❛❝í❝❤ ú❧♦❤á❝❤ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲ ❛ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉ ❥❛❦ ♣r♦ ↔❛s

❥❞♦✉❝í ❞♦♣➦❡❞✉✱ t❛❦ ♣r♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t✳ ❉á❧❡ ♣rá❝❡ ♦❜s❛❤✉❥❡ ❈❋❉ ❛♥❛❧ý③✉✱ ❦t❡rá

♣r♦❜í❤á ✈ ♣r♦st➦❡❞í ❆♥s②s ❋❧✉❡♥t✳ ❏❛❦♦ ➨♣❛t♥➙ ♦❜té❦❛♥é t➙❧❡s♦ ❥❡ ③✈♦❧❡♥♦ ✧❆❤♠❡❞

❜♦❞②✧✱ ♥❛ ❦t❡ré♠ s❡ ♥ás❧❡❞♥➙ ③✈♦❧í ➦❡③♥é r♦✈✐♥②✱ ③ ❦t❡rý❝❤ s❡ ③ís❦❛❥í ❞❛t❛ ✭♣♦❧♦❤②

✉③❧➲ ❛ ❥í♠ ♣➦ís❧✉➨í❝í r②❝❤❧♦st✐✮ ♣r♦ ❋❚▲❊ ♠❡t♦❞✉✳ P♦ ✈ý♣♦↔t✉ ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉

✭③❡ ③ís❦❛♥ý❝❤ ❞❛t✮ ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉ ❛ ③♣➙t♥➙ s❡ ③♦❜r❛③í ✈③♥✐❦❧é ❤r❛♥✐❝❡✱ ③ ❦t❡✲

rý❝❤ s❡ ♣❛❦ ✐❞❡♥t✐✜❦✉❥í ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳

❇♦❞♦✈➙ ❥s♦✉ ❝í❧❡ ♣rá❝❡ t❛❦♦✈ét♦✿

• P♦♣✐s ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❛ ❥❡❥✐❝❤ s♦✉✈✐s❧♦st s ✈ír②

• P♦♣✐s ❦✐♥❡♠❛t✐❦② ♣r♦✉❞♦✈é❤♦ ♣♦❧❡

• P♦♣✐s ❋❚▲❊ ♠❡t♦❞② ❛ ♥ás❧❡❞♥➙ ❥❡❥í ❛♣❧✐❦❛❝❡ ♥❛ ❞✈♦✉ ③✈♦❧❡♥ý❝❤ ❛♥❛❧②t✐❝❦ý❝❤

♣➦í♣❛❞❡❝❤ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡

• ■❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ✈ ❈❋❉ ❛♥❛❧ý③❡ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛

✶✹



✸ ❑♦❤❡r❡♥t♥í str✉❦t✉r②

❑❛♣✐t♦❧❛ ❥❡ ③❛❧♦➸❡♥❛ ♥❛ ♣rá❝✐ ❬✶✾❪✳ P♦❥❡♠ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ❧③❡ ❝❤á♣❛t ♠♥♦❤❛

③♣➲s♦❜②✱ ❛✈➨❛❦ ✈❡ s♣♦❥✐t♦st✐ s t♦✉t♦ ♣r❛❝í ❜✉❞♦✉ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ❝❤á♣á♥② ♣➦❡❞❡✲

✈➨í♠ ❥❛❦♦ ✈ír♦✈é str✉❦t✉r②✳ Pr♦ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ✭✈ír♦✈é str✉❦t✉r②✮ ♥❡♥í ✉stá❧❡♥á

➸á❞♥á ❞❡✜♥✐❝❡✳ ❑♦❤❡r❡♥t♥í str✉❦t✉r② ❧③❡ ♦③♥❛↔♦✈❛t ❥❛❦♦ ♦❜❧❛st✐ ❦❞❡✿

• ❥❡ ③✈ý➨❡♥á ❦✐♥❡t✐❝❦á ❡♥❡r❣✐❡

• ♣♦❤②❜ ↔ást✐❝ ❥❡ ♥❡♣➦❡❞✈í❞❛t❡❧♥ý

• tr❛❥❡❦t♦r✐❡ ↔ást✐❝ ❦♦♥t✐♥✉❛ t✈♦➦í ✉③❛✈➦❡♥é s♠②↔❦②

P♦♠♦❝í t➙❝❤t♦ ③á❦❧❛❞♥í❝❤ ✈❧❛st♥♦stí ❜② ♠♦❤❧② ❜ýt ❞❡✜♥♦✈á♥② ❦♦❤❡r❡♥t♥í str✉❦✲

t✉r②✳

❑♦❤❡r❡♥t♥í str✉❦t✉r② ❛ ❥❡❥✐❝❤ ✈③♥✐❦ ❥❡ t❛❦é ú③❝❡ s♣❥❛t s r❡➸✐♠❡♠ ♣r♦✉❞➙♥í ✭t✉r❜✉✲

❧❡♥t♥í ❛ ❧❛♠✐♥ár♥í✮✳ ❚✉r❜✉❧❡♥t♥í r❡➸✐♠ ♣r♦✉❞➙♥í ♥❡♠á ♣➦❡s♥♦✉ ❞❡✜♥✐❝✐✳ ❚✉r❜✉❧❡♥t♥í

♣r♦✉❞➙♥í ❜② s❡ ❞❛❧♦ ❞❡✜♥♦✈❛t ♣♦❞❧❡ t➙❝❤t♦ ✈❧❛st♥♦stí✿

• ✈②s♦❦é ❘❡②♥♦❧❞s♦✈♦ ↔ís❧♦

• ♣r♦st♦r♦✈♦st

• ♥❡✉s♣♦➦á❞❛♥♦st ✭❞❡t❡r♠✐♥✐st✐❝❦ý ❝❤❛♦s✮

• ❞✐❢ú③♥í ❝❤❛r❛❦t❡r

• ❞✐s✐♣❛t✐✈♥♦st

• ♣♦❤②❜ ❦♦♥t✐♥✉❛ ✭s♣❡❦tr✉♠ ♠➙➦ít❡❦✮

▲❛♠✐♥ár♥í r❡➸✐♠ ♣r♦✉❞➙♥í ❥❡ ♣❛❦ t❛❦♦✈ý r❡➸✐♠ ♣r♦✉❞➙♥í✱ ❦t❡rý ♠á t❡♥❞❡♥❝✐ s❡

♣♦ ❥❛❦é♠❦♦❧✐✈ ✈♥❡s❡♥í ♥❡♣r❛✈✐❞❡❧♥♦st✐ ♥❡❜♦ ♥❡✉s♣♦➦á❞❛♥♦st✐ ❞♦ s②sté♠✉ ✈rát✐t ③♣➙t

❞♦ ♣➲✈♦❞♥í❤♦ st❛✈✉ ❬✶✺❪✳ P❛❦ ❧③❡ ➦í❝✐✱ ➸❡ t❡♥t♦ r❡➸✐♠ ♣r♦✉❞➙♥í t❧✉♠í ♣♦r✉❝❤②✳ ❑♦✲

❤❡r❡♥t♥í str✉❦t✉r② ✭✈ír♦✈é str✉❦t✉r②✮ ✈③♥✐❦❛❥í ❥❛❦ ♣➦✐ ❧❛♠✐♥ár♥í♠ ♣r♦✉❞➙♥í✱ t❛❦ ✐

✶✺



♣➦✐ ♣r♦✉❞➙♥í t✉r❜✉❧❡♥t♥í♠✳ ❯❦á③❦♦✈ý♠ ♣➦í❦❧❛❞❡♠ ♣r♦ ❧❛♠✐♥ár♥í ♣r♦✉❞➙♥í ♠♦❤♦✉

❜ýt ❦♦❤❡r❡♥t♥í str✉❦t✉r②✱ ❦t❡ré ✈③♥✐❦❛❥í ♣➦✐ ♣r♦✉❞➙♥í ❦♦❧❡♠ ✈á❧❝❡ ✈ ♠íst➙ ú♣❧❛✈✉✳

❚❡♥t♦ ❥❡✈ s❡ ♥❛③ý✈á ✈ír♦✈á ❑❛r♠á♥♦✈❛ st❡③❦❛✱ ❦t❡rá ❥❡ ♥❛♣➦í❦❧❛❞ ♣♦③♦r♦✈❛t❡❧♥á ✈

❛t♠♦s❢é➦❡ ✭♦❜rá③❡❦ ↔✳✸✳✶✮✳

❖❜rá③❡❦ ✸✳✶✿ ❱ír♦✈á ❦❛r♠á♥♦✈❛ ➦❛❞❛ ✈③♥✐❦❧á ✈ ❛t♠♦s❢é➦❡ ✭♣➦❡✈③❛t♦ ③ ❬✶✷❪✮✳

Pr♦ t✉r❜✉❧❡♥t♥í r❡➸✐♠ ♣r♦✉❞➙♥í ❥❡ ❝❤❛r❛❦t❡r✐st✐❝❦ý ✈③♥✐❦ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r

❛ ↔❛st♦ s❡ ✉✈á❞í✱ ➸❡ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ❥s♦✉ ♣♦❞st❛t♦✉ t✉r❜✉❧❡♥t♥í❤♦ ♣r♦✉❞➙♥í✳

❱ ❜➙➸♥é♠ ➸✐✈♦t➙ ❧③❡ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ✈③♥✐❦❧é ✈ t✉r❜✉❧❡♥t♥í♠ ♣r♦✉❞➙♥í ♣♦③♦✲

r♦✈❛t ↔❛st➙❥✐ ♥❡➸ ✉ ❧❛♠✐♥ár♥í❤♦ ♣r♦✉❞➙♥í ✭♥❛♣➦✳ ✈ ❥❡③✉ ✈ ➦❡❝❡✱ ♣r♦♠í❝❤á✈á♥í ❞✈♦✉

t❡❦✉t✐♥ ❛♣♦❞✳✮

✶✻



✹ ❑✐♥❡♠❛t✐❦❛ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡

❚❛t♦ ❦❛♣✐t♦❧❛ ❛ ❥❡❥í ♣♦❞❦❛♣✐t♦❧② s❡ ♦♣ír❛❥í ♦ ♣rá❝✐ ❬✻❪✳ Pr♦st♦r✱ ✈ ♥➙♠➸ ➦❡➨í♠❡ ❦✐✲

♥❡♠❛t✐❦✉ ❛ ❞②♥❛♠✐❦✉ t❡❦✉t✐♥②✱ ♥❛③ý✈á♠❡ ♣r♦✉❞♦✈ý♠ ♣♦❧❡♠✳ Pr♦ ❦✐♥❡♠❛t✐❦✉ ♣r♦✉✲

❞♦✈é❤♦ ♣♦❧❡ s❡ ♣♦✉➸í✈❛❥í ♦❜✈②❦❧❡ ❞✈❛ ③á❦❧❛❞♥í ♣r✐♥❝✐♣② ♣♦♣✐s✉✳

Pr✈♥í♠ ♦❜✈②❦❧ý♠ ♣♦♣✐s❡♠ ❥❡ ▲❛❣r❛♥❣❡➲✈ ♣♦♣✐s✱ ♣r♦ ❦t❡rý ❥❡ ✈ý③♥❛↔♥é ③❛✈❡❞❡♥í

♣❡✈♥➙ ③✈♦❧❡♥é r❡❢❡r❡♥↔♥í ♦❜❧❛st✐ Ω0 ✭♦❞♣♦✈í❞á ↔❛s✉ t = 0✮ ❛ ③❛✈❡❞❡♥í ③❞❡❢♦r♠♦✈❛♥é

♦❜❧❛st✐ Ωt ✭♦❞♣♦✈í❞á ↔❛s✉ t❃✵✮✳ ❩❞❡❢♦r♠♦✈❛♥á ♦❜❧❛st Ωt ♦❜s❛❤✉❥❡ st❡❥♥é ♠❛t❡r✐á❧♦✈é

↔ást✐❝❡ ❥❛❦♦ r❡❢❡r❡♥↔♥í ♦❜❧❛st Ω0 ✳

❖❜rá③❡❦ ✹✳✶✿ ❩♦❜r❛③❡♥í ♣♦❤②❜✉ ↔ást✐❝ ③ Ω0 ❞♦ Ωt✳

❉❛❧➨í♠ ♣♦♣✐s❡♠ ❦✐♥❡♠❛t✐❦② ♣r♦✉❞♦✈é❤♦ ♣♦❧❡ ❥❡ ❊✉❧❡r➲✈ ♣♦♣✐s✱ ♣r♦ ❦t❡rý ❥❡ ❝❤❛✲

r❛❦t❡r✐st✐❝❦ý ③✈♦❧❡♥ý ❦♦♥tr♦❧♥í ♦❜❥❡♠ ✈ ♣r♦st♦r✉ Ω✳ ❍r❛♥✐❝❡ ❦♦♥tr♦❧♥í❤♦ ♦❜❥❡♠✉ ✈

r➲③♥ý❝❤ ↔❛s❡❝❤ ❥❡ ♥❡♠➙♥♥á ❛ ③ár♦✈❡➡ ✈ r➲③♥ý❝❤ ↔❛s❡❝❤ ❥❡ ❦♦♥tr♦❧♥í ♦❜❥❡♠ ✈②♣❧♥➙♥

❥✐♥ý♠✐ ♠❛t❡r✐á❧♦✈ý♠✐ ↔ást✐❝❡♠✐✳ ❚②t♦ ❞✈❛ ♣➦íst✉♣② ♣♦♣✐s✉ ❦✐♥❡♠❛t✐❦② ♣r♦✉❞♦✈é❤♦

♣♦❧❡ ♠❡③✐ s❡❜♦✉ ❥s♦✉ ❡❦✈✐✈❛❧❡♥t♥í✳

✶✼



Pr♦ ♣♦♣✐s ♣♦❧♦❤② ♠❛t❡r✐á❧♦✈é ↔ást✐❝❡ ✭↔ást✐❝❡ ❦♦♥t✐♥✉❛✮ ✈ r❡❢❡r❡♥↔♥í ♦❜❧❛st✐ ❥❡

③❛✈❡❞❡♥ ♣r➲✈♦❞✐↔ ❳ ∈Ω0✳ P♦❦✉❞ ❥❡ ③❦♦✉♠❛♥á ♦❜❧❛st ✈ ♣♦❤②❜✉✱ t❛❦ s❡ ♠❛t❡r✐á❧♦✈á

↔ást✐❝❡ ③ r❡❢❡r❡♥↔♥í ♣♦❧♦❤② ♣♦s✉♥❡ ♦ ♣♦s✉✈ ✉ ❞♦ ♥♦✈é ♣r♦st♦r♦✈é s♦✉➦❛❞♥✐❝❡ ①∈Ωt ❬✻❪✳

① = ❳+ ✉ ✭✹✳✵✳✶✮

❖❜rá③❡❦ ✹✳✷✿ P♦♣✐s ♦❜❧❛stí ✈ ❦♦♥t✐♥✉✉✳

✹✳✶ ❊✉❧❡r➲✈ ♣♦♣✐s

❱ ú✈♦❞✉ tét♦ ❦❛♣✐t♦❧② ❜②❧♦ ✉✈❡❞❡♥♦✱ ➸❡ ❊✉❧❡r➲✈ ♣♦♣✐s ♣r❛❝✉❥❡ s ♣❡✈♥➙ ③✈♦❧❡♥ý♠

❦♦♥tr♦❧♥í♠ ♦❜❥❡♠❡♠ ✭❦♦♥tr♦❧♥í ♦❜❧❛stí✮ ❛ ✈ t♦♠t♦ ❦♦♥tr♦❧♥í♠ ♦❜❥❡♠✉ ❥s♦✉ ❤❧❛✈♥í♠✐

♣r♦♠➙♥♥ý♠✐ ♣♦❧♦❤♦✈ý ✈❡❦t♦r ① ∈ R3 ❛ ↔❛s t✳ ❑✐♥❡♠❛t✐❝❦ý st❛✈ ❦♦♥tr♦❧♥í❤♦ ♦❜❥❡♠✉

❥❡ ♣♦♣sá♥ r②❝❤❧♦stí ✈(①, t) ♠❛t❡r✐á❧♦✈ý❝❤ ↔ást✐❝✱ ❦t❡ré ❞❛♥ý♠ ❦♦♥tr♦❧♥í♠ ♦❜❥❡♠❡♠

♣r♦t❡↔♦✉✳ ❚❛t♦ r②❝❤❧♦st ❥❡ ♦❦❛♠➸✐t♦✉ r②❝❤❧♦stí ❛ ♥❡♣➦❡❞st❛✈✉❥❡ r②❝❤❧♦st ❥❡❞♥é ♠❛✲

t❡r✐á❧♦✈é ↔ást✐❝❡✱ ❛❧❡ ♣➦❡❞st❛✈✉❥❡ r②❝❤❧♦st✱ ❦t❡rá ♥á❧❡➸í ❞❛♥é ♣r♦st♦r♦✈é s♦✉➦❛❞♥✐❝✐✱

❦❞❡ s❡ ❦♦♥❦r❡t♥í ♠❛t❡r✐á❧♦✈á ↔ást✐❝❡ ♣rá✈➙ ♥❛❝❤á③í ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✹✳✸✮✳

✶✽



❖❜rá③❡❦ ✹✳✸✿ ❑♦♥tr♦❧♥í ♦❜❧❛st ♣♦♣sá♥❛ ❊✉❧❡r♦✈ý♠ ♣➦íst✉♣❡♠✳

✹✳✶✳✶ ❩r②❝❤❧❡♥í

P➦✐ ♣♦♣✐s✉ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡ ❊✉❧❡r♦✈ý♠ ♣➦íst✉♣❡♠ ❥❡ r②❝❤❧♦st♥í ♣♦❧❡ ♣➦❡❞❡♠

③♥á♠♦ ❛ ♥❡❜♦ ❥❡ ❞♦♣♦↔t❡♥♦ ③ ♣♦❤②❜♦✈ý❝❤ r♦✈♥✐❝✳ ❚♦t♦ r②❝❤❧♦st♥í ♣♦❧❡ ❥❡ ③á✈✐s❧é

♥❛ ♣r♦st♦r♦✈ý❝❤ s♦✉➦❛❞♥✐❝í❝❤ ① ❦♦♥tr♦❧♥í❤♦ ♦❜❥❡♠✉ ❛ ♥❛ ↔❛s❡ t✱ ♣r♦t♦ ♣❛❦ ③r②❝❤❧❡♥í

✈ ❊✉❧❡r♦✈➙ ♣♦♣✐s✉ ❥❡ ✈②❥á❞➦❡♥♦ ❞❧❡ r♦✈♥✐❝❡ ✭✹✳✶✳✶✮

ai =
dvi(xj, t)

dt
=
∂vi
t

+
∂vi
xj

xj
t
. ✭✹✳✶✳✶✮

P♦s❧❡❞♥í ↔❧❡♥ r♦✈♥✐❝❡ ♦❞♣♦✈í❞á r②❝❤❧♦st✐ vj✱ ❛ ♣❛❦ ✈ýs❧❡❞♥á s❧♦➸❦❛ ③r②❝❤❧❡♥í ai ❥❡

❞á♥❛ r♦✈♥✐❝í ✭✹✳✶✳✷✮

ai =
∂vi
t

+
∂vi
xj
vj. ✭✹✳✶✳✷✮

✹✳✶✳✷ ■❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r

◆❛ ③á❦❧❛❞➙ ♣rá❝❡ ❬✶✺❪ ❧③❡ r②❝❤❧♦st vi ✈ ♣♦❧♦③❡ xj✰❞xj ✈②❥á❞➦✐t ❞❧❡ r♦✈♥✐❝❡ ✭✹✳✶✳✸✮

✶✾



vi(xj + dxj, t) = vi(xj, t) +
∂vi
xj
dxj, ✭✹✳✶✳✸✮

❦❞❡ ↔❧❡♥ ∂vi
xj

✈②❥❛❞➦✉❥❡ r❡❧❛t✐✈♥í ③♠➙♥✉ r②❝❤❧♦st✐ ✈❡ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ❜♦❞❡❝❤ ❛ ❥❡

③♣➲s♦❜❡♥ ♥❡❤♦♠♦❣❡♥✐t♦✉ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡✳ ❚❡♥t♦ ↔❧❡♥ s❡ ♥❛③ý✈á ❣r❛❞✐❡♥t t❡♥③♦r✉

r②❝❤❧♦st✐ ❛ ❧③❡ t❡♥t♦ t❡♥③♦r r♦③❧♦➸✐t ♥❛ s②♠❡tr✐❝❦♦✉ Sij ❛ ❛♥t✐s②♠❡tr✐❝❦♦✉ ↔ást Ωij

❞❧❡ r♦✈♥✐❝❡ ✭✹✳✶✳✹✮

∂vi
xj

=
1

2
(
vi
xj

+
vj
xi
) +

1

2
(
vi
xj

− vj
xi
) = Sij + Ωij. ✭✹✳✶✳✹✮

❙②♠❡tr✐❝❦ý t❡♥③♦r Sij ✈②❥❛❞➦✉❥❡ t❡♥③♦r r②❝❤❧♦st✐ ❞❡❢♦r♠❛❝❡ ❛ ❛♥t✐s②♠❡tr✐❝❦ý t❡♥✲

③♦r Ωij ✈②❥❛❞➦✉❥❡ t❡♥③♦r r♦t❛❝❡✳ ◆❛ t♦♠t♦ r♦③❦❧❛❞✉ ❥❡ ③❛❧♦➸❡♥❛ ✈➙t➨✐♥❛ ❊✉❧❡r♦✈s❦ý❝❤

♠❡t♦❞ ♣r♦ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r✳ ❏❛❦ ❜②❧♦ ③♠í♥➙♥♦ ❥✐➸ ❞➦í✈❡✱ t❛❦ ❥❡❞♥♦✉

③❡ ③á❦❧❛❞♥í❝❤ ♠❡t♦❞ ❥❡ ♠❡t♦❞❛ ◗✲❦r✐t❡r✐❛✱ ❦t❡rá ❥❡ ③❛❧♦➸❡♥❛ ♥❛ ♣♦r♦✈♥á♥í ✈í➦✐✈♦st✐

❛ ♣♦♠➙r♥é ❞❡❢♦r♠❛❝✐ ↔ást✐❝❡ ❦♦♥t✐♥✉❛✳ P♦❦✉❞ ✈í➦✐✈♦st ✈ ❞❛♥é ♦❜❧❛st✐ ♣➦❡✈❧á❞á ♥❛❞

s♠②❦♦✈♦✉ ❞❡❢♦r♠❛❝í✱ t❛❦ s❡ ✈ tét♦ ♦❜❧❛st✐ ♥❛❝❤á③í ✈ír♦✈á str✉❦t✉r❛ ❬✾❪✳

✹✳✷ ▲❛❣r❛♥❣❡➲✈ ♣♦♣✐s

P➦✐ ♣♦✉➸✐tí ▲❛❣r❛♥❣❡♦✈❛ ♣♦♣✐s✉ ❥s♦✉ ❢②③✐❦á❧♥í ♣♦❧❡ ③á✈✐s❧á ♥❛ s♦✉➦❛❞♥✐❝í❝❤ Xi

♠❛t❡r✐á❧♦✈é❤♦ ❜♦❞✉ ✈ ♦❜❧❛st✐ Ω0✳ Pr♦ ❞❡✜♥♦✈á♥í ❢✉♥❦❝❡ ♣♦♣✐s✉❥í❝í ③❞❡❢♦r♠♦✈❛♥♦✉

♦❜❧❛st Ωt ❥❡ ❞á❧❡ t➦❡❜❛ ③♥át ♣♦❧❡ ♣♦s✉✈➲ ✉(❳, t)✱ ❛ ♣❛❦ ❞á❧❡ ③❡ ✈③t❛❤✉ (4.0.1) ❧③❡

t✉t♦ ❢✉♥❦❝✐ ♦❞✈♦❞✐t ❥❛❦♦

① = ❳+ ✉(❳, t) = x(❳, t), ✭✹✳✷✳✶✮

❦❞❡ ♣♦↔át❡↔♥í ♣♦❞♠í♥❦❛ ❥❡✿

x(❳, 0) = ❳. ✭✹✳✷✳✷✮

✷✵



✹✳✷✳✶ ❉❡❢♦r♠❛↔♥í ❣r❛❞✐❡♥t

❏❡st❧✐➸❡ ❥❡ s♦✉➦❛❞♥✐❝❡ ① ❢✉♥❦❝í ❳✱ ❧③❡ ③❛✈ést ❞❡✜♥✐❝✐✿

❋ =
①
❳

✭✹✳✷✳✸✮

❧③❡ ❞á❧❡ ❡❦✈✐✈❛❧❡♥t♥➙ ③❛♣s❛t

❋ = Grad(①). ✭✹✳✷✳✹✮

❱❡❧✐↔✐♥❛ ❋ s❡ ♥❛③ý✈á ❞❡❢♦r♠❛↔♥í♠ ❣r❛❞✐❡♥t❡♠ ❛ ❥❡ t❡♥③♦r❡♠ ❞r✉❤é❤♦ ➦á❞✉✳ ❱

♠❛t❡♠❛t✐❝❡ s❡ t❛t♦ ✈❡❧✐↔✐♥❛ ♥❛③ý✈á ❏❛❝♦❜✐❤♦ ♠❛t✐❝í ③♦❜r❛③❡♥í Ω0 →Ωt✳ ❆❜② ❡①✐st♦✲

✈❛❧♦ ➦❡➨❡♥í✱ ❥❡ ♥✉t♥é✱ ❛❜② ♣❧❛t✐❧♦✿

❏ = det(❋) 6= 0. ✭✹✳✷✳✺✮

P♦❞❧❡ ♦❜rá③❦✉ ↔✳4.4 ❥❡ ③➦❡❥♠é✱ ➸❡ det(❋) ♠➲➸❡ ♥❛❜ý✈❛t ♣♦✉③❡ ❥❡♥ ❤♦❞♥♦t② ❦❧❛❞♥é

❛ ♥❡❜♦ ❥❡♥ ❤♦❞♥♦t② ③á♣♦r♥é ✈ ♦❜❧❛st✐ Ω0✳ ❏❛❦ý❦♦❧✐✈ ♣➦❡❝❤♦❞ ♦❞ ❤♦❞♥♦t② J > 0 ❦

❤♦❞♥♦t➙ J < 0 ❛ ♥❡❜♦ ♥❛♦♣❛❦ ❜② ③♥❛♠❡♥❛❧♦✱ ➸❡ ✈ ♣r➲❜➙❤✉ ♣➦❡❝❤♦❞✉ ❜② s❡ ♠✉✲

s❡❧❛ ♣➦❡❦r♦↔✐t ❤r❛♥✐❝❡ J = 0 ✭✈✐③✳ ♦❜rá③❡❦ ↔✳ ✹✳✹✮✱ ❝♦➸ ❥❡ ♣♦❞❧❡ ♣♦❞♠í♥❦② (4.2.5)

♥❡♣➦í♣✉st♥é✳ P♦❦✉❞ ❜✉❞❡ ③❛✈❡❞❡♥❛ s✉❜st✐t✉❝❡

dVt = ❏dV0. ✭✹✳✷✳✻✮

❏❡ ♥❡♠♦➸♥é✱ ❛❜② ✈③♥✐❦❧ ③á♣♦r♥ý ♦❜❥❡♠✱ ❛ ♣r♦t♦ ❥❡❞✐♥ý♠ s♣rá✈♥ý♠ ❢②③✐❦á❧♥í♠

✈ýs❧❡❞❦❡♠ ❥❡ J > 0✳ P➦✐ ✈②❥á❞➦❡♥í ❦♦♥❡↔♥ý❝❤ ♦❜❥❡♠➲ r❡❢❡r❡♥↔♥í ♦❜❧❛st✐ Ω0✱ ③❞❡❢♦r✲

♠♦✈❛♥é ♦❜❧❛st✐ Ωt ❛ ③ár♦✈❡➡ ♣➦✐ ✉✈❛➸♦✈á♥í ❞♦st❛t❡↔♥➙ ③✈♦❧❡♥é ♠❛❧é ♦❜❧❛st✐ Ω0 ❧③❡

✉✈❛➸♦✈❛t

Vt ≃ ❏V0. ✭✹✳✷✳✼✮

❩ r♦✈♥✐❝❡ (4.2.7) ❧③❡ ♣❛❦ ❞❡✜♥♦✈❛t ❏❛❝♦❜✐❤♦ ♠❛t✐❝✐ ③♦❜r❛③❡♥í Ω0 →Ωt ❥❛❦♦ ♣♦♠➙r

❧♦❦á❧♥í❝❤ ♦❜❥❡♠➲✳

✷✶



❖❜rá③❡❦ ✹✳✹✿ P➦❡❝❤♦❞ ③ ♦❜❧❛st✐ J > 0 ❞♦ J < 0✳

✹✳✷✳✷ ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈ ❞❡❢♦r♠❛↔♥í t❡♥③♦r

P➦✐ ✉✈❛➸♦✈á♥í t♦tá❧♥í❤♦ ❞✐❢❡r❡♥❝✐á❧✉ ③♦❜r❛③❡♥í (4.2.1) ❜✉❞❡ ③ís❦á♥♦

dxi =
dxi
dXJ

dXj. ✭✹✳✷✳✽✮

❘♦✈♥✐❝✐ (4.2.8) ❧③❡ ❝❤á♣❛t ❥❛❦♦ ❧✐♥❡❛r✐③♦✈❛♥é ③♦❜r❛③❡♥í ús❡↔❦② d❳ ✭❧❡➸í❝í ✈ r❡✲

❢❡r❡♥↔♥í ♦❜❧❛st✐ Ω0✮ ♥❛ ❞❡❢♦r♠♦✈❛♥♦✉ ús❡↔❦✉ d① ✭❧❡➸í❝í ✈ r❡❢❡r❡♥↔♥í ♦❜❧❛st✐ Ωt✮

♣♦❞❧❡ ♦❜rá③❦✉ ↔✳4.5✳

✷✷



❖❜rá③❡❦ ✹✳✺✿ ❩♦❜r❛③❡♥í ♣➦❡t✈♦➦❡♥é ús❡↔❦②✳

❱ý♣♦↔❡t ✈❡❧✐❦♦st✐ ús❡↔❦② ③ r❡❢❡r❡♥↔♥í ♦❜❧❛st✐ Ω0

‖d❳‖2 = (dL)2 = ❳T❳. ✭✹✳✷✳✾✮

❱ý♣♦↔❡t ✈❡❧✐❦♦st✐ ❞❡❢♦r♠♦✈❛♥é ús❡↔❦② ✈ ♦❜❧❛st✐ Ωt

‖d①‖2 = (dl)2 = d①Td① = d❳Td❋Td❋d❳ = d❳T❈d❳. ✭✹✳✷✳✶✵✮

❇②❧ ③ís❦á♥ ✈③t❛❤

C = dF TdF =
∂xi
∂Xi

T ∂xi
∂Xi

. ✭✹✳✷✳✶✶✮

❚❡♥t♦ ♠❡tr✐❝❦ý t❡♥③♦r ❈ ❥❡ ♦③♥❛↔♦✈á♥ ❥❛❦♦ ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈ t❡♥③♦r✱ ❦t❡rý ❥❡

s②♠❡tr✐❝❦ý ❛ ♣♦③✐t✐✈♥➙ ❞❡✜♥✐t♥í ❬✻❪✳

✷✸



✺ ▼❡t♦❞❛ ❋❚▲❊ ✭❋✐♥✐t❡✲t✐♠❡ ▲②❛♣✉♥♦✈ ❡①✲

♣♦♥❡♥t✮

✺✳✶ ❉❡✜♥✐❝❡ ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉

▼❡t♦❞❛ ❥❡ ③❛❧♦➸❡♥❛ ♥❛ ✉r↔❡♥í t③✈✳ ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ σT
t0
(x)✱ ❦t❡rý ♣r♦ ✉r✲

↔✐tý ↔❛s♦✈ý ✐♥t❡r✈❛❧ ❞♦❦á➸❡ ✐❞❡♥t✐✜❦♦✈❛t r♦③❜í❤❛✈♦st ❜❧í③❦ý❝❤ s♦✉s❡❞♥í❝❤ tr❛❥❡❦t♦r✐í✱

❦t❡ré ✈❝❤á③❡❥í ③ ✈❡❧♠✐ ❜❧í③❦ý❝❤ ♣♦↔át❡↔♥í❝❤ ♣♦❞♠í♥❡❦ ↔ást✐❝ ❦♦♥t✐♥✉❛ ❬✺❪✳

❖❜rá③❡❦ ✺✳✶✿ ❇❧í③❦é tr❛❥❡❦t♦r✐❡✳

◆❛ ♦❜rá③❦✉ ↔✳5.1 ❥s♦✉ ♥❛③♥❛↔❡♥② ❞✈➙ s♦✉s❡❞♥í tr❛❥❡❦t♦r✐❡✱ ❦❞❡ ♥❂✵✱✶✱✷✳✳✳◆ ③♥á✲

③♦r➡✉❥í r➲③♥é ↔❛s♦✈é ús❡❦②✳ Pr♦ s♣♦❥✐tý ↔❛s ❥❡ ✈③❞á❧❡♥♦st ❜❧í③❦ý❝❤ tr❛❥❡❦t♦r✐í ♣➦í♠♦

ú♠➙r♥á eσ
T
t0
(x)✳ ❏❛❦♠✐❧❡ s❡ ❛❧❡s♣♦➡ ❥❡❞❡♥ ③ ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ r♦✈♥á ❦❧❛❞♥é♠✉

↔ís❧✉✱ t❛❦ ✈❡ ③❦♦✉♠❛♥é♠ ♣r♦st➦❡❞í ♥❛stá✈á ❝❤❛♦s ✭✈ ❦♦♥t❡①t✉ tét♦ ♣rá❝❡ t♦ ③♥❛♠❡♥á✱

✷✹



➸❡ ✈❡ ③❦♦✉♠❛♥é♠ ❦♦♥tr♦❧♥í♠ ♦❜❥❡♠✉ s❡ ♥❛❝❤á③í ❦♦❤❡r❡♥t♥í str✉❦t✉r❛✮✳ ❑❧❛❞♥ý ▲②❛✲

♣✉♥➲✈ ❡①♣♦♥❡♥t ③♥❛♠❡♥á✱ ➸❡ tr❛❥❡❦t♦r✐❡ ↔ást✐❝ ❦♦♥t✐♥✉❛ s❡ r♦③❜í❤❛❥í ❛ ♣r♦ ③á♣♦r♥ý

▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t s❡ tr❛❥❡❦t♦r✐❡ ↔ást✐❝ ❦♦♥t✐♥✉❛ ♣➦✐❜❧✐➸✉❥í✳ P♦♠♦❝í ✈➙❞♦♠♦st✐ r♦③✲

❜í❤á♥í ❛ ♣➦✐❜❧✐➸♦✈á♥í tr❛❥❡❦t♦r✐í ↔ást✐❝ ❦♦♥t✐♥✉❛ ❧③❡ ✉r↔✐t ❤r❛♥✐❝❡ ♠❡③✐ ❦♦❤❡r❡♥t♥í♠✐

str✉❦t✉r❛♠✐ ✭♥❛♣➦✳ ✈ír②✮✳ Pr♦ t②t♦ ❤r❛♥✐❝❡ ♣❧❛tí✱ ➸❡ ↔ást✐❝❡ ❦♦♥t✐♥✉❛ ♥❡♠➲➸❡ t✉t♦

↔ár✉ ♣➦❡❦r♦↔✐t ❬✽❪✳

Pr♦ ✈②t✈♦➦❡♥í ✈③t❛❤✉ ♥❛ ✈ý♣♦↔❡t ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ ❥❡ ✈②✉➸✐t❛ r♦✈♥✐❝❡ (4.2.10)

❛ ❥❡ ❞á❧❡ ✉♣r❛✈❡♥❛ ❞♦ t✈❛r✉ (5.1.1)

‖d①‖ =
√

∂❳T❈∂❳. ✭✺✳✶✳✶✮

❩ r♦✈♥✐❝❡ ❥❡ ✈✐❞➙t✱ ➸❡ ♣r♦st➦❡❞♥í ↔❧❡♥ ♣♦❞ ♦❞♠♦❝♥✐♥♦✉ ❥❡ ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈

❞❡❢♦r♠❛↔♥í t❡♥③♦r✱ ♦ ❦t❡ré♠ s❡ ✈í✱ ➸❡ ❥❡ s②♠❡tr✐❝❦ý✳ Pr♦t♦ ❞á❧❡ t❡♥t♦ s②♠❡tr✐❝❦ý

t❡♥③♦r ❥❡ ♣➦❡✈❡❞❡♥ ♥❛ ❞✐❛❣♦♥á❧♥í t✈❛r t❡♥③♦r✉✳ Pr♦❝❡s ❧③❡ ♣r♦✈ést✱ ♣♦❦✉❞ ❡①✐st✉❥í

✈❧❛st♥í ↔ís❧❛ t❡♥③♦r✉ ❈ ❛ ♣♦❦✉❞ ❡①✐st✉❥❡ t❛❦♦✈ý ✈❧❛st♥í ✈❡❦t♦r ① t❡♥③♦r✉ ❈✱ ❦t❡rý ❥❡

♥❡♥✉❧♦✈ý✳ P❛❦ ♣❧❛tí✿

det(❈− λ❊) = 0. ✭✺✳✶✳✷✮

❊①✐st✉❥❡✲❧✐ λ1,2,3 t❛❦♦✈é✱ ♣r♦ ❦t❡ré ♣❧❛tí✱ ➸❡ ✈❧❛st♥í ✈❡❦t♦r② x1,2,3 ❥s♦✉ ♥❡♥✉❧♦✈é✱

t❛❦ ♣❧❛tí ✈③t❛❤ (5.1.3)

❈① = λ①. ✭✺✳✶✳✸✮

P❛❦ ❧③❡ ③✈♦❧✐t ♥♦✈♦✉ ❜á③✐ ❥❡❞♥♦t❦♦✈ý❝❤ ✈❡❦t♦r➲ ♥ás❧❡❞♦✈♥➙

e′1 =
x1

‖x1‖
e′2 =

x2
‖x2‖

. ✭✺✳✶✳✹✮

e′3 =
x3

‖x3‖

✷✺



Pr♦ t✉t♦ ♥♦✈➙ ③✈♦❧❡♥♦✉ ❜á③✐ ♠➲➸❡♠❡ ♣➦❡♣s❛t ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈ ❞❡❢♦r♠❛↔♥í

t❡♥③♦r ❞♦ t✈❛r✉

❈′ =











λ1 0 0

0 λ2 0

0 0 λ3











✭✺✳✶✳✺✮

Pr♦ ③❥✐➨t➙♥í ♠❛①✐♠á❧♥í ✈③❞á❧❡♥♦st✐ ‖x‖ ❥❡ t➦❡❜❛ ✈②❜r❛t ♠❛①✐♠á❧♥í ✈❧❛st♥í ↔ís❧♦

❈❛✉❝❤②❤♦ ●r❡❡♥♦✈❛ ❞❡❢♦r♠❛↔♥í❤♦ t❡♥③♦r✉ ❛ t♦ ♣❛❦ ✈③t❛❤ (5.1.1) s❡ ♠♦❞✐✜❦✉❥❡ ♥❛ t✈❛r✿

max
∂①(0)

‖dx‖ =
√

λmax(❈)‖∂❳‖. ✭✺✳✶✳✻✮

❚❛t♦ r♦✈♥✐❝❡ ❥❡ ❡❦✈✐✈❛❧❡♥t♥í s r♦✈♥✐❝✐ (5.1.7)

max
∂x(0)

‖dx‖ = eσ
T
t0
(x)|T |∂❳. ✭✺✳✶✳✼✮

P♦ ♣♦r♦✈♥á♥í r♦✈♥✐❝❡ (5.1.6) ❛ (5.1.7) ❧③❡ ③ís❦❛t ✈③t❛❤ ♣r♦ ▲②❛♣✉♥♦✈➲✈ ❡①♣♦♥❡♥t

σT
t0
(x)

σT
t0
(x) =

1

|T | ln
√

λmax(❈). ✭✺✳✶✳✽✮

✺✳✷ P♦♣✐s ❛❧❣♦r✐t♠✉ ♥❛ ✈ý♣♦↔❡t ❋❚▲❊

❚❛❦③✈❛♥ý ♥✉❧tý ❦r♦❦✱ ❦t❡rý ❥❡ t➦❡❜❛ ✉❞➙❧❛t ♣➦❡❞ s♣✉➨t➙♥í♠ ❋❚▲❊ ❛♥❛❧ý③②✱ ❥❡ ✈②✲

❣❡♥❡r♦✈á♥í ❞❛t ③❡ ③❦♦✉♠❛♥é❤♦ ❛♥❛❧②t✐❝❦é❤♦✱ ↔✐ ♥✉♠❡r✐❝❦é❤♦ ♠♦❞❡❧✉✳ ❱②❣❡♥❡r♦✈❛♥á

❞❛t❛ ❥s♦✉ s♦✉➦❛❞♥✐❝❡ ✉③❧➲ sít➙ ✭str✉❦t✉r♦✈❛♥á ♥❡❜♦ ♥❡str✉❦t✉r♦✈❛♥á✮ ❛ ❥✐♠ ♦❞♣♦✈í✲

❞❛❥í❝í ❞❛♥é s❧♦➸❦② r②❝❤❧♦stí✳ P♦ ✈②❣❡♥❡r♦✈á♥í ❞❛t ❥❡ ③♥á♠❛ ✈❡❧✐❦♦st ❞❛♥é ③❦♦✉♠❛♥é

♦❜❧❛st✐✱ ♣r♦ ❦t❡r♦✉ s❡ ✈②t✈♦➦í str✉❦t✉r♦✈❛♥á sí➫✳ ❚í♠ ③ís❦á♠❡ ♣♦❧♦❤② ❥❡❞♥♦t❧✐✈ý❝❤

✉③❧➲✱ ❦t❡ré ❜✉❞♦✉ ♣♦♣sá♥② ✈❡❦t♦r② s♦✉➦❛❞♥✐❝❳0 ❛ ❨0✳ ❉❛❧➨í♠ ❞➲❧❡➸✐tý♠ ❜♦❞❡♠ ♣r♦

❛♥❛❧ý③✉ ❥❡ ✉r↔❡♥í ↔❛s♦✈é ❞é❧❦② ❚ ③❦♦✉♠❛♥é❤♦ ❞➙❥❡ ❛ ↔❛s♦✈é❤♦ ❦r♦❦✉ ∆t✱ ❦t❡rý ♣❧②♥❡

③ ↔❛s♦✈é ❞é❧❦② ❦♦♥✈❡❦❝❡✳ ❖❜➙ ✈❡❧✐↔✐♥② ❥s♦✉ ❞➲❧❡➸✐té ♣➦❡❞❡✈➨í♠ ♣r♦ ♣➦❡s♥♦st ✈ý♣♦↔t✉✳

✷✻



❉➲❦❛③ ✉❦❛③✉❥í❝í ➨♣❛t♥♦✉ ♣➦❡s♥♦st ✈ý♣♦↔t✉ ♣r♦ ♠❛❧ý ③✈♦❧❡♥ý ↔❛s ♣❧②♥❡ ③ ❞❡✜♥✐❝❡

❈❛✉❝❤②❤♦ ●r❡❡♥♦✈❛ t❡♥③♦r✉ ❞❡❢♦r♠❛❝❡✱ ❦t❡rý ♣♦♣✐s✉❥❡ ③♠➙♥✉ ❞é❧❦② s♦✉➦❛❞♥✐❝ ✈ ❦♦✲

♥❡↔♥é ♣♦❧♦③❡ ❦✉ s♦✉➦❛❞♥✐❝í♠ ✈ ♣♦↔át❡↔♥í ♣♦❧♦③❡✳ ❑❞②❜② ❜②❧ ❞❛♥ý ❞➙❥ ♣➦í❧✐➨ ❦rát❦ý✱

t❛❦ ❜② s❡ ↔ást✐❝❡ ♥❡st✐❤❧② ✈③❞á❧✐t ♦❞ s✈é ♣➲✈♦❞♥í ♣♦❧♦❤② ♦ ♣➦í❧✐➨ ✈❡❧❦♦✉ ✈③❞á❧❡♥♦st✳

❩♣➲s♦❜✐❧♦ ❜② t♦ ♠❛❧ý ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t✱ ❦t❡rý ❜② ♣❛❦ ♥❡✐❞❡♥t✐✜❦♦✈❛❧ ❤r❛♥✐❝❡ ♠❡③✐

♦❞❧✐➨♥ý♠✐ ❞②♥❛♠✐❝❦ý♠✐ s②sté♠② ❬✷❪✳

Pr♦ ③ís❦á♥í ❦♦♥❡↔♥ý❝❤ ♣♦❧♦❤ ✉③❧➲ ✭↔ást✐❝✮ s❡ ✈②✉➸✐❥❡ ❦❧❛s✐❝❦ý ✈③♦r❡❝ ③ ♠❡❝❤❛✲

♥✐❦② (5.2.1)

❳ = ❳0 +∆t ∗❯

✭✺✳✷✳✶✮

❨ = ❨0 +∆t ∗❱.

❱ r♦✈♥✐❝✐ (5.2.1) ✈②st✉♣✉❥❡ ♣♦↔át❡↔♥í ♣♦❧♦❤❛ ❳0 ❛ ❨0✱ ♦❞❦✉❞ s❡ ❞❛♥á ↔ást✐❝❡

♣♦❤②❜✉❥❡✳ ❉á❧❡ ❥❡ t➦❡❜❛ ③♥át s❧♦➸❦② ✈❡❦t♦r➲ r②❝❤❧♦stí ❯ ❛ ❱ ✈ ❞❛♥ý❝❤ ♣♦↔át❡↔♥í❝❤

♣♦❧♦❤á❝❤ ✉③❧➲ ✭↔ást✐❝✮✳ ❏❡❧✐❦♦➸ ♣➦✐ ✈ý♣♦↔t✉ ♠➲➸❡ ♥❛st❛t ♣➦í♣❛❞✱ ➸❡ ✈②❣❡♥❡r♦✈❛♥é

♣♦❧♦❤② ✉③❧➲ ✭↔ást✐❝✮ s❡ ❧✐➨í ♦❞ ♣♦❧♦❤ ✉③❧➲ ✭↔ást✐❝✮✱ ❦t❡ré ❜②❧② ✈②t✈♦➦❡♥② ♣r♦ str✉❦t✉✲

r♦✈❛♥♦✉ sí➫✱ t❛❦ ❥❡ t➦❡❜❛ ❞❛♥é r②❝❤❧♦st✐ ✐♥t❡r♣♦❧♦✈❛t t❛❦✱ ❛❜② ♦❞♣♦✈í❞❛❧② ♣♦❧♦❤á♠

✉③❧➲ ♣r♦ str✉❦t✉r♦✈❛♥♦✉ sí➫✳ Pr♦t♦➸❡ ✈ r♦✈♥✐❝✐ (5.2.1) s❡ ✈②s❦②t✉❥❡ ↔❛s♦✈ý ❦r♦❦ ∆t✱

t❛❦ ♣r♦t♦ ❜✉❞❡ ✈➸❞② ③ís❦á♥❛ ♥♦✈á ♣♦❧♦❤❛✱ ❦t❡rá s❡ ❜✉❞❡ ❧✐➨✐t ♦❞ ♣♦↔át❡↔♥í ♣♦❧♦❤② ❥❡♥

♦ ✈❡❧♠✐ ♠❛❧ý ús❡❦ ❳ ❛ ❨✳ ❏❡ t❛❦é t➦❡❜❛ t❡♥t♦ ❛❧❣♦r✐t♠✉s ♦♣❛❦♦✈❛t t♦❧✐❦rát✱ ❦♦❧✐❦rát

s❡ ✈❡❥❞❡ ↔❛s♦✈ý ❦r♦❦ ∆t ❞♦ ❞♦❜② tr✈á♥í ❝❡❧é❤♦ ❞➙❥❡ ❚✳

P➦❡❞♣♦s❧❡❞♥í♠ ❞➲❧❡➸✐tý♠ ❜♦❞❡♠ ♣r♦ t✉t♦ ❛♥❛❧ý③✉ ❥❡ ③ís❦á♥í ❈❛✉❝❤②❤♦ ●r❡❡♥♦✈❛

❞❡❢♦r♠❛↔♥í❤♦ t❡♥③♦r✉✱ ❦t❡rý s❡ ✈②♣♦↔ítá ♣♦❞❧❡ r♦✈♥✐❝❡ (4.2.11)✳ ❩ ♥í ❧③❡ ✈✐❞➙t✱ ➸❡ ❥❡

♣♦t➦❡❜❛ t③✈✳ ♣r♦✉❞♦✈á ♠❛♣❛✱ ❦t❡rá ❜✉❞❡ ✈②t✈♦➦❡♥❛ ③ ✈❡❦t♦r➲ ❦♦♥❝♦✈é ♣♦❧♦❤② ✉③❧➲

✭↔ást✐❝✮ ❳ ❛ ❨✳

Pr♦ ③ís❦á♥í ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ ❥❡ ✉➸ té♠➙➦ ✈➨❡ ③♥á♠♦✳ P♦❞❧❡ r♦✈♥✐❝❡ (5.1.8)

❧③❡ ✈✐❞➙t✱ ➸❡ ✉➸ st❛↔í ❥❡♥ ③ís❦❛t ♥❡❥✈➙t➨í ✈❧❛st♥í ↔ís❧♦ ❈❛✉❝❤②❤♦ ●r❡❡♥♦✈❛ ❞❡❢♦r♠❛↔✲

♥í❤♦ t❡♥③♦r✉ ❛ ♣❛❦ ✉➸ ❥❡ ③♥á♠♦ ♣r♦ t✉t♦ r♦✈♥✐❝✐ ✈➨❡✳ ❱ýs❧❡❞❦❡♠ ❥s♦✉ ❞✈❛ ✈❡❦✲

t♦r② ♥❛♣❧♥➙♥é ▲②❛♣✉♥♦✈ý♠✐ ❡①♣♦♥❡♥t②✱ ❦t❡ré ♦❞♣♦✈í❞❛❥í ♣➦ís❧✉➨♥ý♠ ♣♦❧♦❤á♠ ✉③❧➲

✭♣♦③♥✳ ❥❡❞❡♥ ③ ✈ýs❧❡❞♥ý❝❤ ✈❡❦t♦r➲ ♦❞♣♦✈í❞á ↔❛s✉ ❥❞♦✉❝í♠✉ ❞♦♣➦❡❞✉ ❛ ❞r✉❤ý ♦❞♣♦✲

✈í❞á ✈ýs❧❡❞❦✉ ✈②❝❤á③❡❥í❝í❤♦ ③ ↔❛s✉ ❥❞♦✉❝í❤♦ ♥❛③♣➙t✮✳

✷✼



❖❜rá③❡❦ ✺✳✷✿ ❙❝❤❡♠❛ ♣♦st✉♣✉ ♣➦✐ ➦❡➨❡♥í ♠❡t♦❞♦✉ ❋❚▲❊✳

❱②❦r❡s❧❡♥í♠ ▲②❛♣✉♥♦✈ý❝❤ ❡①♣♦♥❡♥t➲ s❡ ③❥✐stí✱ ➸❡ ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉ ❛ ↔❛s

❥❞♦✉❝í ♥❛③♣➙t s❡ ✉♠íst➙♥í ❞❛♥ý❝❤ ❤r❛♥✐❝ ❧✐➨í✱ ♣r♦t♦➸❡ ❤r❛♥✐❝❡ ✈③♥✐❦❧á ♣r♦ ↔❛s ❥❞♦✉❝í

❞♦♣➦❡❞✉ ♣➦❡❞st❛✈✉❥❡ ♣➦✐té❦á♥í ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✺✳✸✮✳

✷✽



❖❜rá③❡❦ ✺✳✸✿ ❍r❛♥✐❝❡ ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉ ✭♣➦❡✈③❛t♦ ③ ❬✷✵❪✮✳

❍r❛♥✐❝❡ ✈③♥✐❦❧á ③ ✈ý♣♦↔t✉ ♣r♦ ↔❛s ♣❧②♥♦✉❝í ♥❛③♣➙t ♣➦❡❞st❛✈✉❥❡ ♦❞t♦❦ ✭✈✐③✳ ♦❜✲

rá③❡❦ ↔✳✺✳✹✮✳

✷✾



❖❜rá③❡❦ ✺✳✹✿ ❍r❛♥✐❝❡ ♣r♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t ✭♣➦❡✈③❛t♦ ③ ❬✷✵❪✮✳

P➦✐ ✈②❦r❡s❧❡♥í t➙❝❤t♦ ❞✈♦✉ ✈ýs❧❡❞❦➲ ❞♦ ❥❡❞♥♦❤♦ ♦❜rá③❦✉ ③ís❦á♠❡ ❤r❛♥✐❝❡ ♣r♦ ❤❧❡✲

❞❛♥é ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳ ❯✈á➸í✲❧✐ s❡ ♣♦❧♦➸❡♥í ↔ást✐❝❡ ♥❛ ❤r❛♥✐❝✐ ✈③♥✐❦❧♦✉ ③ ↔❛s✉

❥❞♦✉❝í❤♦ ❞♦♣➦❡❞✉✱ t❛❦ s❡ t❛t♦ ↔ást✐❝❡ ♣♦✉③❡ ♣♦❤②❜✉❥❡ ✈❡ s♠➙r✉ ❞❛♥é ❤r❛♥✐❝❡ ❦ ❤r❛✲

♥✐❝✐ ✈③♥✐❦❧é ③ ↔❛s✉✱ ❦t❡rý ❥❞❡ ♥❛③♣➙t✱ ❦❞❡ s❡ t❛t♦ ↔ást✐❝❡ ❞❡❢♦r♠✉❥❡ ✭✈✐③✳ ♦❜rá③❡❦

↔✳✺✳✺✮✳

✸✵



❖❜rá③❡❦ ✺✳✺✿ ❯❦á③❦❛ ❞❡❢♦r♠❛❝❡ ↔ást✐❝❡ ♥❛ ❤r❛♥✐❝✐ ✈③♥✐❦❧é ♦❞ ↔❛s✉✱ ❦t❡rý ❥❞❡ ♥❛③♣➙t

✭♣➦❡✈③❛t♦ ③ ❬✷✵❪✮✳

✸✶



✻ ❆♣❧✐❦❛❝❡ ❋❚▲❊ ❛♥❛❧ý③② ♥❛ ❛♥❛❧②t✐❝❦é ♣➦í✲

♣❛❞② ✈ír♦✈ý❝❤ str✉❦t✉r ✈ ♣r♦✉❞♦✈ý❝❤ ♣♦✲

❧í❝❤

❱ tét♦ ♣rá❝✐ ❥s♦✉ ♣➦❡❞st❛✈❡♥② ❞✈❛ ❛♥❛❧②t✐❝❦é ♣➦í♣❛❞② ✈ír♦✈ý❝❤ str✉❦t✉r ✈ ♣r♦✉✲

❞♦✈ý❝❤ ♣♦❧í❝❤✳ Pr✈♥í ③ ♣➦í♣❛❞➲ ❥❡ ♣➦í♣❛❞ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲ ✶✳ ❉r✉❤ý♠ ♣➦í♣❛❞❡♠✱

❦t❡rý ❥❡ ❛♥❛❧②③♦✈á♥ ✈ tét♦ ♣rá❝✐✱ ❥❡ ❛♥❛❧②t✐❝❦ý ♣➦í♣❛❞ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉ ✷✳ ❯ ♦❜♦✉

t➙❝❤t♦ ❛♥❛❧②t✐❝❦ý❝❤ ♣➦í♣❛❞➲ ❥❡ ✈②❣❡♥❡r♦✈á♥♦ r②❝❤❧♦st♥í ✈❡❦t♦r♦✈é ♣♦❧❡✱ ♣r♦ ❦t❡ré ❥❡

❛♣❧✐❦♦✈á♥❛ ❋❚▲❊ ❛♥❛❧ý③❛✱ ❦t❡rá s❡ ♣♦✉➸í✈á ♣r♦ ♣♦♣✐s ✈③♥✐❦❧ý❝❤ ❦♦❤❡r❡♥t♥í❝❤ str✉❦✲

t✉r✳

✻✳✶ P➦í♣❛❞ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲

❚❛t♦ ♣♦❞❦❛♣✐t♦❧❛ ❜②❧❛ ③❛❧♦➸❡♥❛ ♥❛ ♣r❛❝í❝❤ ❬✷❪ ❛ ❬✼❪✳ ❆♥❛❧②t✐❝❦ý ♣➦í♣❛❞ ✈ír♦✈ý❝❤

str✉❦t✉r ❥❡ ♣♦✉➸✐t ♣➦❡❞❡✈➨í♠ ♣r♦ ♣r♦③❦♦✉♠á♥í ❋❚▲❊ ❛♥❛❧ý③② ❛ ❥❡❥í ❦✈❛❧✐t② ♣♦♣✐s✉

❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r✳ ❱ ú✈♦❞✉ ❦❛♣✐t♦❧② ❜②❧♦ ♥❛③♥❛↔❡♥♦✱ ➸❡ s❡ ❥❡❞♥á ♦ ❞✈❛ ✈ír②✱

❦t❡ré s❡ ♦tá↔í ♦♣❛↔♥ý♠ s♠➙r❡♠✳ Pr♦✉❞♦✈é ♣♦❧❡ t♦❤♦t♦ ♣➦í♣❛❞✉ ❥❡ ♣♦♣sá♥♦ ♣r♦✉❞♦✈♦✉

❢✉♥❦❝í ✈ r♦✈♥✐❝✐ (6.1.1)

ψ(x, y, t) = Hsin(πg(x.t))sin(πy), ✭✻✳✶✳✶✮

❦❞❡ ❥❡❞♥♦t❧✐✈é ↔❧❡♥② ③♥❛♠❡♥❛❥í✿

g(x, t) = p(t)x2 + b(t)x ✭✻✳✶✳✷✮

p(t) = ǫGsin(ωGt). ✭✻✳✶✳✸✮

b(t) = 1− 2ǫGsin(ωGt) ✭✻✳✶✳✹✮

✶✈ ❛♥❣❧✐❝❦é♠ ♥á③✈✉ t③✈✳ ✧❉♦✉❜❧❡ ●②r❡✧
✷✈ ❛♥❣❧✐❝❦é♠ ♥á③✈✉ t③✈✳ ✧▼❡❛♥❞❡r✐♥❣ ❏❡t✧

✸✷



❏❛❦ ❥❡ ✈✐❞➙t ③ r♦✈♥✐❝❡ (6.1.2)✱ t❛❦ ♣r♦ ♣➦í♣❛❞ ǫG = 0 s❡ ❥❡❞♥á ♦ ↔❛s♦✈➙ ♥❡③á✈✐s❧é

♣r♦✉❞♦✈é ♣♦❧❡ ❛ ✈ ♣➦í♣❛❞➙ ǫG 6= 0 s❡ ❥❡❞♥á ♦ ↔❛s♦✈➙ ③á✈✐s❧ý ♣➦í♣❛❞✳ ❱ tét♦ ♣rá❝✐

s❡ ♣➦❡❞❡✈➨í♠ ♦❜❥❡✈í ♣♦❧❡✱ ❦t❡ré ❥❡ ↔❛s♦✈➙ ③á✈✐s❧é✳ P♦❞❧❡ ♣rá❝❡ ❬✶❪ ❥s♦✉ ❥❡❞♥♦t❧✐✈é

♣❛r❛♠❡tr② ♣r♦✉❞♦✈é ❢✉♥❦❝❡ ✈②❥á❞➦❡♥② ❤♦❞♥♦t❛♠✐✿ ❆❂✵✳✶✱ ωG = 2π ❛ ǫG = 0.25✳

❱❡❧✐❦♦st ③❦♦✉♠❛♥é ♦❜❧❛st✐ ❥❡ ❬✵✱✷❪ ① ❬✵✱✶❪♠✳ Pr♦ ✈②❦r❡s❧❡♥í ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦

♣♦❧❡ ❥❡ ♣♦t➦❡❜❛ ③♥át ♣❛r❝✐á❧♥í ❞❡r✐✈❛❝❡ ♣r♦✉❞♦✈é ❢✉♥❦❝❡ ✈✐③✳ r♦✈♥✐❝❡ (6.1.5)

u = −∂ψ
∂y

. ✭✻✳✶✳✺✮

v =
∂ψ

∂x

◆❛ ♦❜rá③❦✉ ↔✳6.1 ❧③❡ ♥❛❧é③t ✈③♥✐❦❧é ✈❡❦t♦r♦✈é r②❝❤❧♦st♥í ♣♦❧❡ ♣r♦ r➲③♥é ↔❛s♦✈é

ús❡❦② ✭t❂ ✵❀ ✵✳✷✺❀ ✵✳✺❀ ✵✳✼✺ ❛ ✶✮✱ ♥❛ ♥✐❝❤➸ ❥❡ ✈✐❞➙t✱ ➸❡ s❡ ❥❡❞♥á ♦ ♣❡r✐♦❞✐❝❦ý ❞➙❥✱

♣r♦t♦➸❡ ✈ ↔❛s❡❝❤ t❂ ✵ t❂✵✳✺ ❛ t❂✶ ❥❡ ✈❡❦t♦r♦✈é ♣♦❧❡ t♦t♦➸♥é ❛ ✈ ↔❛s❡❝❤ t❂✵✳✷✺ ❛

t❂✵✳✼✺ ❥s♦✉ ✈ír② ♣♦s✉♥✉t② ♥❛ ♣r❛✈♦✉ ♥❡❜♦ ❧❡✈♦✉ str❛♥✉✳

✸✸



✭❛✮ ❯❦á③❦❛ ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦ ♣♦❧❡

♣r♦ ↔❛s② t❂✵❀ t❂✵✳✺✳

✭❜✮ ❯❦á③❦❛ ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦ ♣♦❧❡

♣r♦ ↔❛s② t❂✵✳✷✺ s✳

✭❝✮ ❯❦á③❦❛ ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦ ♣♦❧❡

♣r♦ ↔❛s② t❂✵✳✷✺ s✳

❖❜rá③❡❦ ✻✳✶✿ ❘②❝❤❧♦st♥í ✈❡❦t♦r♦✈á ♣♦❧❡ ♣r♦ r➲③♥é ↔❛s②✳

Pr♦ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❥❡ ✈ tét♦ ❦❛♣✐t♦❧❡ ♣♦✉➸✐t❛ ❋❚▲❊ ❛♥❛❧ý③❛

❥❛❦ ♣r♦ ↔❛s ♣❧②♥♦✉❝í ❞♦♣➦❡❞✉✱ t❛❦ ✐ ♣r♦ ↔❛s ♣❧②♥♦✉❝í ♥❛③♣➙t✳ ◆❛ ♦❜rá③❦✉ ↔✳6.2 ❥s♦✉

✈✐❞➙t ✈③♥✐❦❧é ❤r❛♥✐❝❡ ♣r♦ ✈②♣♦↔t❡♥ý ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ③ ↔❛s✉ ❥❞♦✉❝í❤♦ ❞♦♣➦❡❞✉✳

✸✹



❖❜rá③❡❦ ✻✳✷✿ ❋❚▲❊ ❛♥❛❧ý③❛ ♣r♦ t②t♦ ♣❛r❛♠❡tr② ❍❂✵✳✶✱ ǫG = 0.25✱ ωG = 2π/10✱

❚❂✷✵ s✳

◆❛ ♦❜rá③❦✉ 6.3 ❥❡ ✈✐❞➙t ③♦❜r❛③❡♥í ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡t✉✱ ❦t❡rý ❜②❧ ✈②♣♦↔t❡♥ ③ ↔❛s✉

❥❞♦✉❝í❤♦ ♥❛③♣➙t✳ ❖♣➙t ❥s♦✉ ③❞❡ ✈✐❞➙t ❤r❛♥✐❝❡✱ ❦t❡ré ♦❤r❛♥✐↔✉❥í ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳

❖❜rá③❡❦ ✻✳✸✿ ❋❚▲❊ ❛♥❛❧ý③❛ ♣r♦ t②t♦ ♣❛r❛♠❡tr② ❍❂✵✳✶✱ ǫG = 0.25✱ ωG = 2π/10✱

❚❂✷✵ s✳

Pr♦ ❧❡♣➨í ♥á③♦r♥♦st ❛ ♣➦❡❤❧❡❞♥♦st ❥s♦✉ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✹❛ ✈②❦r❡s❧❡♥② ❦♦♥t✉r②

▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥✉ ③ ♦❜rá③❦✉ ↔✳✻✳✷ s♣♦❧❡↔♥➙ s ✈❡❦t♦r♦✈ý♠ r②❝❤❧♦st♥í♠ ♣♦❧❡♠✳

❚♦ s❛♠é ❥❡ ♣r♦✈❡❞❡♥♦ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✹❜✱ ❛✈➨❛❦ s tí♠ r♦③❞í❧❡♠✱ ➸❡ ③❞❡ ❥❡ ▲②❛♣✉♥➲✈

❡①♣♦♥❡♥t ✈②♣♦↔ítá♥ ③ ↔❛s✉ ❥❞♦✉❝í❤♦ ♥❛③♣➙t✳

✸✺



✭❛✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉✳

✭❜✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t✳

❖❜rá③❡❦ ✻✳✹✿ ❱②❦r❡s❧❡♥í ❦♦♥t✉r ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ s♣♦❧❡↔♥➙ s ✈❡❦t♦r♦✈ý♠ r②❝❤✲

❧♦st♥í♠ ♣♦❧❡♠ ♣r♦ t②té➸ ♣❛r❛♠❡tr② ❥❛❦♦ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✷ ❛ ♦❜rá③❦✉ ↔✳✻✳✸✳

✻✳✷ P➦í♣❛❞ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉

◆❛ ③á❦❧❛❞➙ ♣rá❝❡ ❬✹❪ ❥❡ ❞❡✜♥♦✈á♥♦ ❝❤♦✈á♥í t❡❦✉t✐♥② ❞❧❡ ♣r♦✉❞♦✈é ❢✉♥❦❝❡ ✈ r♦✈✲

♥✐❝✐ (6.2.1)

✸✻



ψ(x, y, t) = −tanh
(

y − Bcoskx
√

1 + (kBsinkx)2

)

+my, ✭✻✳✷✳✶✮

❦❞❡ ❥❡❞♥♦t❧✐✈é ♣❛r❛♠❡tr② ③ tét♦ r♦✈♥✐❝❡ ❥s♦✉ ③✈♦❧❡♥② ❞❧❡ ③♠í♥➙♥é ♣rá❝❡ ❬✹❪✳

❇0 = 1.2, L = 10, k = 2π✴▲✱ ♠❂✵✳✶✱ ωJ = 0.1 ❛ ǫJ = 0.3 ✳ ❍♦❞♥♦t✉ ❇ ❧③❡ ❞♦✲

♣♦↔ít❛t ③ r♦✈♥✐❝❡ (6.2.2)

B = B0 + ǫJcos(ωJt). ✭✻✳✷✳✷✮

P➦❡❞❝❤♦③í ❦❛♣✐t♦❧❛ ♣♦❥❡❞♥á✈❛❧❛ ♦ ❛♥❛❧②t✐❝❦é♠ ♣➦í♣❛❞✉ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲ ❛ ✐

③❞❡ s❡ st❡❥♥ý♠ ③♣➲s♦❜❡♠ ③ís❦❛❥í r②❝❤❧♦st✐ ❞❧❡ r♦✈♥✐❝❡ (6.1.5)✳

◆❛ ♦❜rá③❦✉ ↔✳✻✳✺❛ ❥❡ ♣r♦ ❛♥❛❧②t✐❝❦ý ♣➦í♣❛❞ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉ ✈②❦r❡s❧❡♥ ▲②❛♣✉✲

♥➲✈ ❡①♣♦♥❡♥t✱ ❦t❡rý ❥❡ ✉r↔❡♥ ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉ ✈ ♦❜❧❛st✐ ❬✵✱✶✵❪①❬✲✹✱✹❪♠✳ ◆❛ ♦❜✲

rá③❦✉ ↔✳✻✳✺❛ ❥❡ ♣r♦ t❡♥tý➸ ❛♥❛❧②t✐❝❦ý ♣➦í♣❛❞ ✈②❦r❡s❧❡♥ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t✱ ❦t❡rý

❥❡ ✉r↔❡♥ ♣r♦ ↔❛s ❥❞♦✉❝í ③♣➙t♥➙✳ ◆❛ ♦❜♦✉ ♦❜rá③❝í❝❤ ❧③❡ ✈✐❞➙t ✈③♥✐❦❧é ❤r❛♥✐❝❡✱ ❦t❡ré

♦❤r❛♥✐↔✉❥í ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳

✸✼



✭❛✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉✳

✭❜✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t✳

❖❜rá③❡❦ ✻✳✺✿ ❋❚▲❊ ❛♥❛❧ý③❛ ♣r♦ t②t♦ ♣❛r❛♠❡tr②

❇0 = 1.2, L = 10m, c = 0.1, k = 2π✴▲✱ ǫJ = 0.3✱ ωJ = 0.1✱

❚ ❂ ✶✷✺✳✻ s✱ ∆t ❂ ✵✳✵✺ s✳

Pr♦ ❧❡♣➨í ♥á③♦r♥♦st ❛ ♣➦❡❤❧❡❞♥♦st ❥s♦✉ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✻❛ ✈②❦r❡s❧❡♥② ❦♦♥t✉r②

▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥✉ ③ ♦❜rá③❦✉ ↔✳✻✳✺❛ s♣♦❧❡↔♥➙ s ✈❡❦t♦r♦✈ý♠ r②❝❤❧♦st♥í♠ ♣♦❧❡♠✳

❚♦ s❛♠é ❥❡ ♣r♦✈❡❞❡♥♦ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✻❜✱ ❛✈➨❛❦ s tí♠ r♦③❞í❧❡♠✱ ➸❡ ③❞❡ ❥❡ ▲②❛♣✉♥➲✈

❡①♣♦♥❡♥t ✈②❥á❞➦❡♥ ③ ↔❛s✉ ❥❞♦✉❝í❤♦ ♥❛③♣➙t✳

✸✽



✭❛✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉✳

✭❜✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t✳

❖❜rá③❡❦ ✻✳✻✿ ❱②❦r❡s❧❡♥í ❦♦♥t✉r ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ s♣♦❧❡↔♥➙ s ✈❡❦t♦r♦✈ý♠ r②❝❤✲

❧♦st♥í♠ ♣♦❧❡♠ ♣r♦ t②té➸ ♣❛r❛♠❡tr② ❥❛❦♦ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✺❛✳

✸✾



✼ Pr♦✉❞➙♥í ❦♦❧❡♠ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛

✭❆❤♠❡❞ ❜♦❞②✮

➆♣❛t♥➙ ♦❜té❦❛♥é t➙❧❡s♦ ❥❡ t❛❦♦✈é t➙❧❡s♦✱ ❦❞❡ ♣➦✐ ♣r♦✉❞➙♥í ❦♦❧❡♠ t♦❤♦t♦ t➙❧❡s❛

❞♦❥❞❡ ❦ ♦❞tr➸❡♥í ♣r♦✉❞í❝í t❡❦✉t✐♥② ♥❛ ♣♦✈r❝❤✉ t♦❤♦t♦ t➙❧❡s❛✳ Pr♦ ③❦♦✉♠á♥í ❛❡r♦✲

❞②♥❛♠✐❝❦ý❝❤ ❥❡✈➲ ♣➦✐ ♦❜té❦á♥í ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛ ❥❛❦♦ ❥❡ t➦❡❜❛ ❛✉t♦♠♦❜✐❧ s❡

↔❛st♦ ✈②✉➸í✈❛❥í ③❥❡❞♥♦❞✉➨❡♥é ♠♦❞❡❧② ✈♦③✐❞❡❧✱ ❦t❡ré ♥❡♠❛❥í t❛❦ s❧♦➸✐t♦✉ ❣❡♦♠❡tr✐✐ ❛ ❥❡

❥❡❞♥♦❞✉❝❤é ❥❡ ③❤♦t♦✈✐t✳

❏❡❞♥í♠ ③❡ ③á❦❧❛❞♥í❝❤ ♠♦❞❡❧➲✱ ❦t❡rý s❡ ♣♦✉➸í✈á ♣r♦ ③❦♦✉♠á♥í ❛❡r♦❞②♥❛♠✐❝❦ý❝❤

✈❧❛st♥♦stí ❛✉t♦♠♦❜✐❧➲✱ ❥❡ ♠♦❞❡❧ ❆❤♠❡❞ ❜♦❞②✱ ❦t❡rý ❜②❧ ♣➦❡❞st❛✈❡♥ ✈ ♣rá❝✐ ❬✶✸❪✳

P♦❞❧❡ ♣rá❝❡ ❬✶✸❪ ❜✉❞❡ ③✈♦❧❡♥❛ st❡❥♥á ❣❡♦♠❡tr✐❡ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ✭✈✐③✳ ♦❜rá✲

③❡❦ ↔✳✼✳✶✳ ❩ ❤❧❡❞✐s❦❛ ❛❡r♦❞②♥❛♠✐❦② ❥❡ ✉ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ♥❡❥③❛❥í♠❛✈➙❥➨í♠ ♠ís✲

t❡♠ ③❛❞♥í ↔ást t♦❤♦t♦ ♠♦❞❡❧✉✱ ❦t❡rá ❥❡ s❦❧♦♣❡♥❛ ♦ ú❤❡❧ ϕ✳ ❱ ③á✈✐s❧♦st✐ ♥❛ ú❤❧✉

s❦❧♦♣❡♥í ③❛❞♥í ↔ást✐ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ❜②❧ ♥❛♠➙➦❡♥ý ♦❞♣♦r♦✈ý s♦✉↔✐♥✐t❡❧ cd ✭t❛t♦

③á✈✐s❧♦st ✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✷✮✱ ❦t❡rý s❡ ✈②♣♦↔ítá ❞❧❡ r♦✈♥✐❝❡ ✭✼✳✵✳✶✮

❖❜rá③❡❦ ✼✳✶✿ ❘♦③♠➙r② ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ✭♣➦❡✈③❛t♦ ③ ❬✶✸❪✮✳

cd =
2 ∗ Fd

ρ ∗ A ∗ v2 . ✭✼✳✵✳✶✮

✹✵



❏❡❞♥♦t❧✐✈é ↔❧❡♥② ✈ tét♦ r♦✈♥✐❝✐ ③♥❛♠❡♥❛❥í✿ ❆ ❥❡ ♣➦❡❞♥í ♣❧♦❝❤✉ t➙❧❡s❛✱ Fd ❥❡ ♦❞♣♦✲

r♦✈á sí❧❛✱ ρ ❥❡ ❤✉st♦t❛ t❡❦✉t✐♥② ❛ v ❥❡ r②❝❤❧♦st ♥❡♥❛r✉➨❡♥é❤♦ ♣r♦✉❞✉ t❡❦✉t✐♥②✳

❖❜rá③❡❦ ✼✳✷✿ ❩á✈✐s❧♦st ú❤❧✉ ♥❛❦❧♦♥➙♥í ③❛❞♥í ↔ást✐ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ♥❛ ♦❞♣♦r♦✲

✈é♠ s♦✉↔✐♥✐t❡❧✐ ✭♣➦❡✈③❛t♦ ③ ❬✶✹❪✮✳

◆❛ ♦❜rá③❦✉ ↔✳✼✳✷ ❧③❡ ✈✐❞➙t✱ ➸❡ ❦ ♦❞tr❤á✈á♥í ♣r♦✉❞✉ t❡❦✉t✐♥② ❞♦❝❤á③í ♥❛ ❞✈♦✉

♠♦➸♥ý❝❤ ♠íst❡❝❤✳ Pr✈♥í ♠♦➸♥é ♠íst♦✱ ❦❞❡ s❡ ♣r♦✉❞ t❡❦✉t✐♥② ♦❞tr❤♥❡ ♦❞ t➙❧❡s❛ ❥❡

✧❍r❛♥❛ ❆✧ ✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✶✳ ❚❡♥t♦ ♣➦í♣❛❞ ♦❞♣♦✈í❞á r♦③s❛❤✉ ú❤❧✉ 0◦ ≤ ϕ ≤ 12.5◦

❛ 30◦ ≤ ϕ ≤ 35◦✳ ❉❛❧➨í♠ ♠♦➸♥ý♠ ♠íst❡♠ ♦❞tr➸❡♥í ❥❡ ✧❍r❛♥❛ ❇✧ ✈✐③✳ ♦❜rá③❡❦

↔✳✼✳✶✳ ❚❡♥t♦ ♣➦í♣❛❞ ♦❞♣♦✈í❞á ú❤❧✉ ✶✷✳✺◦❁ϕ ≤ 30◦✳ ❱ ♦❜♦✉ ♣➦í♣❛❞❡❝❤ s❡ ✈ ♠íst➙

♦❞tr➸❡♥í ♣r♦✉❞✉ t❡❦✉t✐♥② ③❛↔♥❡ t✈♦➦✐t ♣♦❞é❧♥ý ✈ír✱ ❦t❡rý ❞á❧❡ ♣♦❦r❛↔✉❥❡ ❞♦ ♠íst❛

✹✶



ú♣❧❛✈✉ ③❛ ♠♦❞❡❧❡♠✳ ❩❛❥í♠❛✈ý♠ ♣➦í♣❛❞❡♠ ❥❡ ú❤❡❧ s❦❧♦♣❡♥í ϕ❂✸✵◦✱ ❦❞❡ ♣r♦ t❡♥t♦

ú❤❡❧ ❡①✐st✉❥í ❞✈❛ r❡➸✐♠②✳ Pr✈♥í r❡➸✐♠ ❥❡ ♣➦í♣❛❞ ✈②s♦❦é❤♦ ♦❞♣♦r✉ ✶✱ ❦t❡rý ✈③♥✐❦á

♣➦❡❞❡✈➨í♠ ♣r♦ ✈➙t➨í r②❝❤❧♦st✐ ❛ ♦❞♣♦✈í❞á ♦❞♣♦r♦✈é♠✉ ❦♦❡✜❝✐❡♥t✉ cd❂✵✳✸✼✽✳ ❉r✉❤ý

r❡➸✐♠ ✈③♥✐❦á ✈ ♣➦í♣❛❞➙✱ ➸❡ ❥✐➸ ♥❛st❛❧ ♣r✈♥í r❡➸✐♠✱ ❛❧❡ ❥❡❧✐❦♦➸ s❡ ③❛↔♥❡ s♥✐➸♦✈❛t r②❝❤✲

❧♦st✱ t❛❦ ✈③♥✐❦❧ý ♣♦❞é❧♥ý ✈ír s❡ ③❛↔♥❡ ③❦r❛❝♦✈❛t ❛➸ ❞♦ ❝❤✈í❧❡✱ ❦❞② ♣♦❞é❧♥ý ✈ír ✈②♠✐③í

ú♣❧♥➙ ❛ ♥❛st❛♥❡ ♣➦✐❧♥✉tí ♣r♦✉❞í❝í t❡❦✉t✐♥② ❦❡ s❦❧♦♥➙♥é r♦✈✐♥➙✳ ❚❡♥t♦ r❡➸✐♠ ❥❡ ♣➦í♣❛❞

♠❛❧é❤♦ ♦❞♣♦r✉✷ ❛ ♦❞♣♦r♦✈ý ❦♦❡✜❝✐❡♥t ♣r♦ t❡♥t♦ r❡➸✐♠ ❥❡ cd❂✵✳✷✻✳ ❉❛❧➨í ✈ír♦✈♦✉

✭❦♦❤❡r❡♥t♥í✮ str✉❦t✉r♦✉✱ ❦t❡rá ✈③♥✐❦á ♣➦✐ ♦❜té❦á♥í ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞②✱ ❥❡ ❞✈♦❥✐❝❡

✈ír➲ ✈③♥✐❦❛❥í❝í ✈ ♠íst➙ ú♣❧❛✈✉ t➙s♥➙ ③❛ ♠♦❞❡❧❡♠ ❬✶✹❪✳

❉❛❧➨í ♣❛r❛♠❡tr✱ ❦t❡rý ❥❡ ❞➲❧❡➸✐tý ♣r♦ ➦í③❡♥í ♦❞♣♦r♦✈é❤♦ ❦♦❡✜❝✐❡♥t✉✱ ❥❡ ❜❡③r♦③✲

♠➙r♥é ❙tr♦✉❤❛❧♦✈♦ ↔ís❧♦✱ ❦t❡ré ❥❡ ❞❡✜♥♦✈á♥♦ ❥❛❦♦

Sh =
f ∗D
v

. ✭✼✳✵✳✷✮

❏❡❞♥♦t❧✐✈é ↔❧❡♥② r♦✈♥✐❝❡ ✭7.0.2✮ ③♥❛♠❡♥❛❥í✿ f ③♥❛↔í ❢r❡❦✈❡♥❝✐ ✈③♥✐❦✉ ✈ír➲✱ D ❥❡

❝❤❛r❛❦t❡r✐st✐❝❦ý r♦③♠➙r ❛ v ❥❡ r②❝❤❧♦st ♥❡♥❛r✉➨❡♥é❤♦ ♣r♦✉❞✉ t❡❦✉t✐♥②✳ ❙tr♦✉❤❛❧♦✈♦

↔ís❧♦ ❥❡ ③♥á♠♦ ③ ❡①♣❡r✐♠❡♥t➲✱ ❛ ♣r♦t♦ s❡ ↔❛st♦ ✈②✉➸í✈á ♣r♦ ❞♦♣♦↔ítá♥í ↔❛s♦✈é ♣❡r✐♦❞②

✈③♥✐❦✉ ✈ír➲✳

✼✳✶ ❈❋❉ ❛♥❛❧ý③❛ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞②

✼✳✶✳✶ P♦♣✐s ú❧♦❤②

❏❡❞♥á s❡ ♦ ú❧♦❤✉ ♣r♦st♦r♦✈é❤♦ ♥❡st❛❝✐♦♥ár♥í❤♦ ♣r♦✉❞➙♥í ❦♦❧❡♠ ♠♦❞❡❧✉ ❆❤♠❡❞

❜♦❞② ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✸✮✳ Pr♦✉❞í❝í t❡❦✉t✐♥❛ ❥❡ ✈③❞✉❝❤✱ ❦t❡rý ✈st✉♣✉❥❡ ❞♦ ③❦♦✉♠❛✲

♥é❤♦ ♣r♦st➦❡❞í ③♥á♠♦✉ r②❝❤❧♦stí✳ ❱st✉♣♥í r②❝❤❧♦st ❥❡ ✹✵ ms−1✱ ❝♦➸ ♥❡♥í ♣➦í❧✐➨ ✈②✲

s♦❦á r②❝❤❧♦st ✈❡ sr♦✈♥á♥í s r②❝❤❧♦stí ③✈✉❦✉ ✈zvuk = 343♠s−1 ♦❞♣♦✈í❞❛❥í❝í t❡♣❧♦t♥í♠

♣♦❞♠í♥❦á♠ ✷✵ ◦❈✳ P♦♠➙r ♠❡③✐ r②❝❤❧♦stí ♥❡♥❛r✉➨❡♥é❤♦ ♣r♦✉❞✉ t❡❦✉t✐♥② ❛ r②❝❤❧♦stí

③✈✉❦✉ t❡❦✉t✐♥② s❡ ♥❛③ý✈á ▼❛❝❤♦✈ý♠ ↔ís❧❡♠
✶✈ ❛♥❣❧✐❝❦é♠ ♥á③✈✉ t③✈✳✧❤✐❣❤✲❞r❛❣ r❡❣✐♠❡✧
✷✈ ❛♥❣❧✐❝❦é♠ ♥á③✈✉ t③✈✳✧❧♦✇✲❞r❛❣ r❡❣✐♠❡✧

✹✷



Ma =
v

vzvuk
. ✭✼✳✶✳✶✮

P♦❦✉❞ ▼❛❝❤♦✈♦ ↔ís❧♦ ♣r♦ ❞❛♥♦✉ ú❧♦❤✉ ♥❡♣➦❡s❛❤✉❥❡ ❤♦❞♥♦t✉ ▼❛❂✵✳✸✱ t❛❦ ❧③❡

♣r♦✉❞í❝í t❡❦✉t✐♥✉ ✉✈❛➸♦✈❛t ❥❛❦♦ ♥❡st❧❛↔✐t❡❧♥♦✉✳ Pr♦ t✉t♦ ú❧♦❤✉ ▼❛❝❤♦✈♦ ↔ís❧♦ ♦❞♣♦✲

✈í❞á ❤♦❞♥♦t➙ ▼❛❂✵✳✵✺✱ ♣r♦t♦ ✈③❞✉❝❤ ❜✉❞❡ ✉✈❛➸♦✈á♥ ❥❛❦♦ ♥❡st❧❛↔✐t❡❧♥á t❡❦✉t✐♥❛✳

❖❜rá③❡❦ ✼✳✸✿ ■s♦♠❡tr✐❝❦ý ♣♦❤❧❡❞ ♥❛ ❆❤♠❡❞ ❜♦❞②✳

✼✳✶✳✷ ❙í➫

❙í➫ ❥❡ ✈②t✈♦➦❡♥❛ ❞❧❡ ❞♦♣♦r✉↔❡♥í ♣rá❝❡ ❬✶✵❪ ❛ ❥❡ ♥❛st❛✈❡♥❛ ♥❛ ✈❛r✐❛♥t✉ ❤r✉❜é sít➙

♣♦❞❧❡ ♦❜rá③❦✉ ↔✳✼✳✹✳ Pr♦ t❛❦t♦ ③✈♦❧❡♥♦✉ ✈❛r✐❛♥t✉ sít➙ ❜② ♠➙❧♦ ③❤r✉❜❛ ♦❞♣♦✈í❞❛t

✷ ✲ ✺ ♠✐❧✳ ❜✉♥➙❦✳ ❱ ♣➦í♣❛❞➙ ❈❋❉ ❛♥❛❧ý③② ✈②t✈♦➦❡♥é ✈ tét♦ ♣rá❝✐✱ t❛❦ sí➫ ♦❜s❛✲

❤✉❥❡ ✷ ✵✸✻ ✼✺✽ ❜✉♥➙❦✳

✹✸



❖❜rá③❡❦ ✼✳✹✿ ❩á✈✐s❧♦st r②❝❤❧♦st✐ ♥❡♥❛r✉➨❡♥é❤♦ ♣r♦✉❞✉ ♥❛ ✈❡❧✐❦♦st✐ ❜✉♥➙❦ ✭♣➦❡✲

✈③❛t♦ ③ ❬✶✵❪✮✳

❙í➫ ❥❡ r♦③❞➙❧❡♥❛ ♥❛ ✹ ♦❜❧❛st✐ ✭✈✐③ ♦❜rá③❡❦ ↔✳✼✳✺✮✳ ✧❖❜❧❛st ✹✧ ♦❞♣♦✈í❞á ♣r♦st♦r✉

♠❡③✐ ✈♦③♦✈❦♦✉ ✭③❡♠í✮ ❛ ♠♦❞❡❧❡♠ ❆❤♠❡❞ ❜♦❞②✳ ✧❖❜❧❛st ✸✧ ♦❞♣♦✈í❞á ♣r♦st♦r✉ ③❛ ♠♦✲

❞❡❧❡♠ ❆❤♠❡❞ ❜♦❞②✱ ❦❞❡ ❜✉❞❡ ✈③♥✐❦❛t ❞✈♦❥✐❝❡ ✈ír➲✳ Pr♦ t②t♦ ❞✈➙ ③♠í♥➙♥é ♦❜❧❛st✐

✭✧♦❜❧❛st ✹✧ ❛ ✧♦❜❧❛st ✸✧✮ ❜②❧❛ ③✈♦❧❡♥❛ ♥❡❥♠❡♥➨í ✈❡❧✐❦♦st ❜✉➡❦② s✐③❡❂✶✵♠♠✳ ✧❖❜✲

❧❛st ✸✧ ♣➦❡❞st❛✈✉❥❡ ♦❜❧❛st✱ ❦❞❡ ❜② ♠➙❧ ✈③♥✐❦♥♦✉t ú♣❧❛✈✱ ❛ ♣r♦t♦ ❥❡ ③❞❡ ✈❡❧✐❦♦st ❜✉➡❦②

s✐③❡❂✶✺♠♠✳

✹✹



❖❜rá③❡❦ ✼✳✺✿ ❘♦③❞➙❧❡♥í ③❦♦✉♠❛♥é❤♦ ♣r♦st➦❡❞í ♥❛ ✹ ♦❜❧❛st✐✳

❱❧✐✈ ♠❡③♥í ✈rst✈② ❥❡ ❞❛❧➨í♠ ❞➲❧❡➸✐tý♠ ❜♦❞❡♠ ♣r♦ t✈♦r❜✉ sít➙✱ ❦❞❡ ❥❡ t➦❡❜❛ sí➫

❦♦❧❡♠ t➙❧❡s❛ ♣➦✐③♣➲s♦❜✐t t✈❛r✉ t➙❧❡s❛ ❛ ✈②t✈♦➦✐t t③✈ ♣r✐③♠❛t✐❝❦♦✉ sí➫✳ Pr♦ ♣r✐③♠❛t✐❝✲

❦♦✉ sí➫ ♣❛❦ ❜✉❞❡ ♣❧❛t✐t✱ ➸❡ t❧♦✉➨➫❦❛ ✈rst❡✈ ♣♦r♦st❡ s❡ ✈③❞á❧❡♥♦stí ♦❞ ♣♦✈r❝❤✉✳ ❉á❧❡

❥❡ t➦❡❜❛ ✉✈❛➸♦✈❛t ✈❧✐✈ ♠❡③♥í ✈rst✈② ✐ ♥❛ ✈♦③♦✈❝❡ ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✻✮✳

❖❜rá③❡❦ ✼✳✻✿ ❱②t✈♦➦❡♥á ♣r✐③♠❛t✐❝❦á sí➫ ❦♦❧❡♠ ✈♦③♦✈❦② ❛ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞②✳

✹✺



❩ ♦❜rá③❦✉ ↔✳✼✳✻ s✐ ❧③❡ ❞á❧❡ ✈➨✐♠♥♦✉t✱ ➸❡ t❧♦✉➨➫❦❛ ♣r✐③♠❛t✐❝❦é sít➙ s❡ ❦♦❧❡♠ ♠♦❞❡❧✉

❆❤♠❡❞ ❜♦❞② ♠➙♥í ❛ t♦ ♣➦❡❞❡✈➨í♠ ❦✈➲❧✐ st➙♥♦✈é ❢✉♥❦❝✐✳ ❚❛t♦ st➙♥♦✈á ❢✉♥❦❝❡ ♣♦♣✐✲

s✉❥❡ ✈③t❛❤ ♠❡③✐ ❜❡③r♦③♠➙r♥♦✉ r②❝❤❧♦stí v+ ❛ ❜❡③r♦③♠➙r♥♦✉ ✈③❞á❧❡♥♦stí ♦❞ st➙♥② y+

✭✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✼✮✳

❖❜rá③❡❦ ✼✳✼✿ ❙t➙♥♦✈á ❢✉♥❦❝❡ ✭♣➦❡✈③❛t♦ ③ ❬✶✻❪✮✳

❇❡③r♦③♠➙r♥á r②❝❤❧♦st v+ s❡ ✈②❥á❞➦í ❞❧❡ r♦✈♥✐❝❡ ✭✼✳✶✳✷✮ ❛ ❜❡③r♦③♠➙r♥á ✈③❞á❧❡♥♦st

♦❞ st➙♥② y+ s❡ ✈②❥á❞➦í ❞❧❡ r♦✈♥✐❝❡ ✭✼✳✶✳✸✮

v+ =
v

vτ
✭✼✳✶✳✷✮

y+ =
y

ν
vτ . ✭✼✳✶✳✸✮

❩ t➙❝❤t♦ r♦✈♥✐❝ ❥❡❞♥♦t❧✐✈é ↔❧❡♥② ③♥❛♠❡♥❛❥í✿ v ❥❡ r②❝❤❧♦st ♥❡♥❛r✉➨❡♥é❤♦ ♣r♦✉❞✉✱

y ❥❡ ✈③❞á❧❡♥♦st ↔ást✐❝❡ ♦❞ st➙♥②✱ ν ❥❡ ❦✐♥❡♠❛t✐❝❦á ✈✐s❦♦③✐t❛ ❛ vτ ❥❡ r②❝❤❧♦st ♥❛ st➙♥➙✱

❦t❡rá ❥❡ ❞á♥❛ r♦✈♥✐❝í ✭✼✳✶✳✹✮

✹✻



vτ =

√

τw
ρ
. ✭✼✳✶✳✹✮

❱ r♦✈♥✐❝✐ ✭✼✳✶✳✹✮ ρ ③♥❛↔í ❤✉st♦t✉ t❡❦✉t✐♥② ❛ τw ③♥❛↔í s♠②❦♦✈é ♥❛♣➙tí ♥❛ st➙♥➙✳

✼✳✶✳✸ ❖❦r❛❥♦✈é ♣♦❞♠í♥❦②

▼♦❞❡❧ ❆❤♠❡❞ ❜♦❞② ❥❡ s②♠❡tr✐❝❦é t➙❧❡s♦ ✈➲↔✐ r♦✈✐♥➙ ①✲③✱ ♣r♦t♦ ✐ t➙❧❡s♦ ♣➦❡st❛✈✉❥í❝í

t❡❦✉t✐♥✉ ❜✉❞❡ s②♠❡tr✐❝❦é✳ ❉❛❧➨í ③ ♦❦r❛❥♦✈ý❝❤ ♣♦❞♠í♥❡❦ ❥❡ ♥❡✉✈❛➸♦✈á♥í t➦❡♥í ♥❛ ❤♦r♥í

❛ ❜♦↔♥í st➙♥➙ ♦❜❥❡♠✉ t❡❦✉t✐♥②✳

❖❜rá③❡❦ ✼✳✽✿ ●r❛✜❝❦é ③♥á③♦r♥➙♥í ♦❜❧❛stí✱ ❦❞❡ s❡ ❜✉❞♦✉ ❞❡✜♥♦✈❛t ♦❦r❛❥♦✈é ♣♦❞♠í♥❦②✳

❖❜❧❛st ❖③♥❛↔❡♥í ♦❦r❛❥♦✈é ♣♦❞♠í♥❦② ❍♦❞♥♦t❛

■♥❧❡t ✈❡❧♦❝✐t②✲✐♥❧❡t ✹✵ ♠✳s−1

❖✉t❧❡t ♣r❡ss✉r❡✲♦✉t❧❡t ✵ ▼♣❛

●r♦✉♥❞ ✇❛❧❧ ✲

❆❤♠❡❞❴❜♦❞② ✇❛❧❧ ✲

❙②♠♠❡tr②❴s✐❞❡ s②♠♠❡tr② ✲

❙②♠♠❡tr②❴t♦♣ s②♠♠❡tr② ✲

❙②♠♠❡tr② s②♠♠❡tr② ✲

✹✼



✼✳✶✳✹ ❱②❤♦❞♥♦❝❡♥í

❆❜② ♠♦❤❧❛ ❜ýt ❛♣❧✐❦♦✈á♥❛ ♠❡t♦❞❛ ❋❚▲❊ ♥❛ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r✱

t❛❦ ❥❡ t➦❡❜❛ ú❧♦❤✉ ➦❡➨✐t ❥❛❦♦ ♣➦❡❝❤♦❞♦✈ý ❞➙❥✱ ♣r♦t♦➸❡ ❋❚▲❊ ♠❡t♦❞❛ ♣♦t➦❡❜✉❥❡ ③♥át✱

❥❛❦ s❡ ❞❛♥é r②❝❤❧♦st♥í ♣♦❧❡ ✈②✈í❥í ❜➙❤❡♠ ♣r➲❜➙❤✉ ❞❛♥é❤♦ ↔❛s♦✈é❤♦ ús❡❦✉✳ ❱ý♣♦↔❡t

♣➦❡❝❤♦❞♦✈é ú❧♦❤② ✈②➸❛❞✉❥❡ ③♥❛❧♦st ↔❛s♦✈é❤♦ ❦r♦❦✉✱ ♣r♦ ❦t❡rý ❜✉❞❡ ❞❛♥á ú❧♦❤❛ ➦❡✲

➨❡♥❛✳ ❏❛❦♦ ♥❡❥✈ý❤♦❞♥➙❥➨í ♣r♦ ➦❡➨❡♥í ③❥✐➨t➙♥í ↔❛s♦✈é❤♦ ❦r♦❦✉ s❡ ♥❛❜í③í ③❥✐st✐t ↔❛s♦✈ý

❦r♦❦ ③❡ ❙tr♦✉❤❛❧♦✈❛ ↔ís❧❛ ✭✈✐③✳ r♦✈♥✐❝❡ ✭✼✳✶✳✺✮✮✱ ♥❡❜♦➫ ❙tr♦✉❤❛❧♦✈♦ ↔ís❧♦ ③á✈✐sí ♥❛ r♦③✲

♠➙r✉ ♦❜té❦❛♥é❤♦ t➙❧❡s❛✱ r②❝❤❧♦st✐ ❛ ♣➦❡❞❡✈➨í♠ ♥❛ ❢r❡❦✈❡♥❝✐ ✈③♥✐❦✉ ✈ír♦✈ý❝❤ str✉❦t✉r✳

❏❛❦♦ ❝❤❛r❛❦t❡r✐st✐❝❦ý r♦③♠➙r ❥❡ ③❞❡ ♦❜tí➸♥é ③✈♦❧✐t ❥❡❞❡♥ ③ r♦③♠➙r➲ ♠♦❞❡❧✉ ❆❤♠❡❞

❜♦❞②✱ ♣r♦t♦ ❞❧❡ ❧✐t❡r❛t✉r② ❬✶✼❪ ❜✉❞❡ ③❛ ❝❤❛r❛❦t❡r✐st✐❝❦ý r♦③♠➙r ❞♦s❛③❡♥♦ ❉❂
√
A✱

❦❞❡ ❆ ♦❞♣♦✈í❞á ♣➦❡❞♥í ♣❧♦➨❡ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ✈↔❡t♥➙ ✉✈❛➸♦✈á♥í ❞♦❧♥í❝❤ ♣✐❧í➦➲✳

t =

√
A

Sh ∗ v =
0.

0.265 ∗ 40 = 0.01s. ✭✼✳✶✳✺✮

❷❛s t ♦❞♣♦✈í❞á ♣❡r✐♦❞➙ ✈③♥✐❦✉ ✈ír➲✳ ❆❜② ♠♦❤❧ ❜ýt ♣♦♣sá♥ ✈③♥✐❦ ✈ír➲ ✭❦♦❤❡✲

r❡♥t♥í❝❤ str✉❦t✉r✮✱ t❛❦ s❡ ↔❛s♦✈ý ❦r♦❦ ♠✉sí ③✈♦❧✐t ♠❡♥➨í ♥❡➸ ♣❡r✐♦❞❛ ✈③♥✐❦✉ ✈ír➲ t✳

❷❛s♦✈ý ❦r♦❦ s❡ ③✈♦❧✐❧ ♦❞❤❛❞❡♠ ∆t❂✵✳✵✵✶s ❛ ♣r♦ t❡♥t♦ ↔❛s♦✈ý ❦r♦❦ ❜②❧♦ ♣r♦✈❡✲

❞❡♥♦ ✷✷✵✽ ↔❛s♦✈ý❝❤ ❦r♦❦➲✳ ❚♦ ♦❞♣♦✈í❞á ↔❛s♦✈é♠✉ ús❡❦✉ ❚❂✷✳✷✵✽s✳

❏❛❦ ❥✐➸ ❜②❧♦ ③♠í♥➙♥♦ ✈ ú✈♦❞✉ tét♦ ❦❛♣✐t♦❧② ❛ ❥❛❦ ❥❡ ③➦❡❥♠é ③ ♦❜rá③❦✉ ↔✳✼✳✷✱

t❛❦ ♣r♦ ú❤❡❧ ϕ ♦❞♣♦✈í❞❛❥í ❞✈❛ r❡➸✐♠② s♦✉↔✐♥✐t❡❧❡ ♦❞♣♦r✉✳ ❱ tét♦ ú❧♦③❡ ♥❛stá✈á r❡➸✐♠

✈❡❧❦é❤♦ ♦❞♣♦r✉✱ ❦t❡ré♠✉ ♦❞♣♦✈í❞á ❡①♣❡r✐♠❡♥tá❧♥í ♦❞♣♦r♦✈ý ❦♦❡✜❝✐❡♥t cd❂✵✳✸✼✽✳

❩ ❈❋❉ ❛♥❛❧ý③② ✈②➨❡❧ ♦❞♣♦r♦✈ý ❦♦❡✜❝✐❡♥t cd❂✵✳✸✹✱ ❛ t❛❦ ❝❤②❜❛ ❈❋❉ ❛♥❛❧ý③② ♦❞♣♦r♦✲

✈é❤♦ ❦♦❡✜❝✐❡♥t✉ ❥❡ ❦♦❧❡♠ ✽✪✳ Pr➲❜➙❤ ♦❞♣♦r♦✈é❤♦ ❦♦❡✜❝✐❡♥t✉ ♣♦❞é❧ ❤r❛♥② ✈❡ s♠➙r✉ ✧③✧ ❥❡

✈✐❞➙t ♥❛ ♦❜rá③❦✉ ↔✳✼✳✾✳

✹✽



❖❜rá③❡❦ ✼✳✾✿ Pr➲❜➙❤ ♦❞♣♦r♦✈é❤♦ s♦✉↔✐♥✐t❡❧❡ cd ♣♦❞é❧ ❤r❛♥② ♠♦❞❡❧✉ ❛❤♠❡❞

❜♦❞② ✈❡ s♠➙r✉ ③✳

❩ ♦❜rá③❦✉ ↔✳✼✳✶✵ ✈②♣❧ý✈á✱ ➸❡ y+ ♥❛ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② s❡ ♣♦❤②❜✉❥í ✈ r♦③✲

♠❡③í ✶✵✵✲✷✵✵✱ ❝♦➸ ♦❞♣♦✈í❞á ♦❜rá③❦✉ ↔✳✼✳✹ ✈❛r✐❛♥t➙ ♣r♦ st➦❡❞♥➙ ❤r✉❜♦✉ sí➫✱ ❦t❡rá ♠á

❤♦❞♥♦t② y+ ❦♦❧❡♠ ✶✺✵✳ ◆❛ ♦❜rá③❦✉ ↔✳✼✳✶✵❜ ❥❡ ✈✐❞➙t ♥❛ ❤r❛♥➙ ♣♦ s❦❧á♣➙♥í ✈②s♦❦é

❤♦❞♥♦t② y+✱ ❦t❡ré s❡ ♣♦❤②❜✉❥í ❦♦❧❡♠ ❤♦❞♥♦t② ✸✵✵✱ ❝♦➸ ♦❞♣♦✈í❞á ♣➦❡❞♣♦❦❧á❞❛♥é ✈❛✲

r✐❛♥t➙ ❤r✉❜é sít➙ ③ ♦❜rá③❦✉ ↔✳✼✳✹✳ ❚②t♦ ✈ýs❧❡❞♥é ❤♦❞♥♦t② y+ ♥❡❥s♦✉ ③❝❡❧❛ s♣rá✈♥é✱

❛❧❡ ♣r♦t♦➸❡ t❛t♦ ❈❋❉ ❛♥❛❧ý③❛ ♣♦st✉♣✉❥❡ ♣♦❞❧❡ ♣rá❝❡ ❬✶✵❪✱ t❛❦ ✐ ♣r♦ t❛❦ ❤r✉❜♦✉ sí➫

❜✉❞♦✉ ✈②❝❤á③❡t ✉s♣♦❦♦❥✐✈é ✈ýs❧❡❞❦②✳

✹✾



✭❛✮ P➦❡❞♥í ♥á❤❧❡❞ ♥❛ ♠♦❞❡❧ ❆❤♠❡❞ ❜♦❞②✳

✭❜✮ ❩❛❞♥í ♥á❤❧❡❞ ♥❛ ♠♦❞❡❧ ❆❤♠❡❞ ❜♦❞②✳

❖❜rá③❡❦ ✼✳✶✵✿ ❍♦❤♥♦❞❛ y+ ♥❛ st➙♥➙ ✶✴✷ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ❛ ♥❛ ♦❦♦❧♥í ✈♦③♦✈❝❡✳

Pr♦ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❥❡ ❥❡❞♥♦✉ ③ ♥❡❥❞➲❧❡➸✐t➙❥➨í❝❤ ✈❡❧✐↔✐♥ r②❝❤✲

❧♦st✳ Pr♦ ♦❜té❦❛♥ý ♠♦❞❡❧ ❆❤♠❡❞ ❜♦❞② ✈ ✧r♦✈✐♥➙ ✶✧✭♣♦③♥✳ ♦❜❧❛st ✧❙②♠♠❡tr②✧ ③ ♦❜✲

rá③❦✉ ↔✳✼✳✽✮ ❥❡ ✉❦á③á♥♦ r②❝❤❧♦st♥í ♣♦❧❡ ♥❛ ♦❜rá③❦✉ ↔✳✼✳✶✶❛ ❛ ♥❛ ♦❜rá③❦✉ ↔✳✼✳✶✶❜ ❥❡

✈②❦r❡s❧❡♥♦ r②❝❤❧♦st♥í ✈❡❦t♦r♦✈é ♣♦❧❡✳

✺✵



✭❛✮ ❘②❝❤❧♦st♥í ♣♦❧❡✳

✭❜✮ ❱❡❦t♦r♦✈é r②❝❤❧♦st♥í ♣♦❧❡✳

❖❜rá③❡❦ ✼✳✶✶✿ ❩♦❜r❛③❡♥í r②❝❤❧♦stí✳

◆❛ ♦❜rá③❦✉ ↔✳✼✳✶✷ s❡ ♥❛❝❤á③í ③♦❜r❛③❡♥ý ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t✱ ♣♦♠♦❝í ❦t❡ré❤♦

❥s♦✉ ✈②③♥❛↔❡♥② ❤r❛♥✐❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ♦❞♣♦✈í❞❛❥í❝í ✧r♦✈✐♥➙ ✶✧✳

✺✶



✭❛✮ Pr♦ ❞♦♣➦❡❞♥➙ ❥❞♦✉❝í ↔❛s✳

✭❜✮ Pr♦ ③♣➙t♥➙ ❥❞♦✉❝í ↔❛s✳

❖❜rá③❡❦ ✼✳✶✷✿ ❋❚▲❊ ♠❡t♦❞❛ ❛♣❧✐❦♦✈❛♥á ✈ ✧r♦✈✐♥➙ ✶✧✳

❏❛❦ ❥❡ ③➦❡❥♠é ③ ❋❚▲❊ ❛♥❛❧ý③② ❛ ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦ ♣♦❧❡✱ t❛❦ ✈ ♠íst➙

ú♣❧❛✈✉ ✈ ❜❧í③❦♦st✐ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② s❡ ♥❛❝❤á③í ❦♦❤❡r❡♥t♥í str✉❦t✉r❛ ✈ ♣♦❞♦❜➙

❞✈♦✉ ✈ír➲✳ ❚❛t♦ str✉❦t✉r❛ ♠➲➸❡ ❜ýt t❛❦é ✉❦á③á♥❛ ♣r♦✉❞♥✐❝❡♠✐ ✭✈✐③✳ ♦❜rá③❡❦ ↔✳ ✼✳✶✸✮✳

✺✷



❖❜rá③❡❦ ✼✳✶✸✿ ❩♦❜r❛③❡♥í tr❛❥❡❦t♦r✐í ↔ást✐❝ ✈ ➦❡③✉ ✶✳

❉❛❧➨í♠ ♠íst❡♠✱ ❦❞❡ ❥❡ ♣r♦✈❡❞❡♥♦ ✈②❤♦❞♥♦❝❡♥í ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r✱ ❥❡ ✈ ✧r♦✲

✈✐♥➙ ✷✧ ✭♣♦③♥✳ ♦❜❧❛st ✧❘♦✈✐♥❛ ➦❡③✉✧ ③ ♦❜rá③❦✉ ↔✳✼✳✽✳ ❚❛t♦ ♦❜❧❛st ❥❡ ♦❞ ③❛❞♥í st➙♥②

♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ✈③❞á❧❡♥♦ ♦ ✵✳✶♠✮✳ Pr♦ t✉t♦ r♦✈✐♥✉ ❥❡ ♦♣➙t ③♦❜r❛③❡♥♦ r②❝❤❧♦st♥í

♣♦❧❡ ✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✶✹❛ ❛ r②❝❤❧♦st♥í ✈❡❦t♦r♦✈é ♣♦❧❡ ✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✶✹❜✳

✺✸



✭❛✮ ❘②❝❤❧♦st♥í ♣♦❧❡✳

✭❜✮ ❱❡❦t♦r♦✈é r②❝❤❧♦st♥í ♣♦❧❡✳

❖❜rá③❡❦ ✼✳✶✹✿ ❩♦❜r❛③❡♥í r②❝❤❧♦stí

◆❛ ♦❜rá③❦✉ ↔✳✼✳✶✺ ❥❡ ✈②❦r❡s❧❡♥ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t✱ ❦t❡rý ③♦❜r❛③✉❥❡ ❤r❛♥②✱ ♣♦✲

♠♦❝í ❦t❡rý❝❤ ❥s♦✉ ✐❞❡♥t✐✜❦♦✈á♥② ❦♦❤❡r❡♥t♥t♥í str✉❦t✉r② ✈ ✧r♦✈✐♥➙ ✷✧✳

✺✹



✭❛✮ Pr♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉✳

✭❜✮ Pr♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t✳

❖❜rá③❡❦ ✼✳✶✺✿ ❋❚▲❊ ♠❡t♦❞❛ ❛♣❧✐❦♦✈❛♥á ✈ ♠íst➙ ➦❡③✉ ✷✳

❱③♥✐❦❧á ❦♦❤❡r❡♥t♥í str✉❦t✉r❛ ♣r♦ ✧r♦✈✐♥✉ ✷✧ ♦❞♣♦✈í❞á ❞✈➙♠❛ ✈ír➲♠✱ ❦t❡ré ✈③♥✐✲

❦❛❥í ♥❛ ✧❤r❛♥➙ ✷✧✳ ❚②t♦ ❞✈❛ ♣♦❞é❧♥é ✈ír② ❥s♦✉ ③♦❜r❛③❡♥② ♥❛ ♦❜rá③❦✉ ↔✳✼✳✶✻✳

✺✺



❖❜rá③❡❦ ✼✳✶✻✿ ❩♦❜r❛③❡♥í tr❛❥❡❦t♦r✐í ↔ást✐❝ ③❛ ♠♦❞❡❧❡♠ ❆❤♠❡❞ ❜♦❞②✳

✺✻



✽ ❩á✈➙r

◆❛ ③á❦❧❛❞➙ ♣rá❝❡ ❬✺❪ ❛ ❬✶❪ ❜②❧❛ ♣♦♣sá♥❛ ♠❡t♦❞❛ ❋❚▲❊ ✐❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤

str✉❦t✉r✱ ✉ ❦t❡ré ❜②❧♦ ✉❦á③á♥♦✱ ➸❡ ♠á ❢②③✐❦á❧♥í ✈ý③♥❛♠ ❥❛❦ ♣r♦ ↔❛s✱ ❦t❡rý ♣❧②♥❡

❞♦♣➦❡❞✉✱ t❛❦ ✐ ♣r♦ ↔❛s✱ ❦t❡rý ♣❧②♥❡ ♥❛③♣➙t ✭✈✐③✳ ❦❛♣✐t♦❧❛ ✺✮✳

❚❛t♦ ♠❡t♦❞❛ ❜②❧❛ ❛♣❧✐❦♦✈á♥❛ ♥❛ ❞✈♦✉ ❛♥❛❧②t✐❝❦ý❝❤ ♣➦í♣❛❞❡❝❤ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡✳

Pr✈♥í♠ ❛♥❛❧②t✐❝❦ý♠ ♣➦í♣❛❞❡♠ ❜②❧ ♣➦í♣❛❞ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲✳ P➦í♣❛❞ ❜②❧ t❡st♦✈á♥

♣r♦ ↔❛s ♣❧②♥♦✉❝í ❞♦♣➦❡❞✉✱ ✐ ♣r♦ ↔❛s ♣❧②♥♦✉❝í ③♣➙t♥➙✳ ❖❜➙ ✈❛r✐❛♥t② ❜②❧② ❛♥❛❧②③♦✈á♥②

♥❛ ↔❛s♦✈é♠ ús❡❦✉ ❚❂✷✵s s ↔❛s♦✈ý♠ ❦r♦❦❡♠ ∆t❂✵✳✵✵✶s ♣r♦ ♦❜❧❛st ❬✵ ✷❪ ① ❬✵ ✶❪♠✳

❏❛❦ ✈②♣❧ý✈á ③ ♦❜rá③❦✉ ↔✳✻✳✷ ❛ ♦❜rá③❦✉ ↔✳✻✳✸✱ t❛❦ s❡ ♣r♦ t❡♥t♦ ♣➦í♣❛❞ ♣r♦✉❞♦✲

✈é❤♦ ♣♦❧❡ ♣♦❞❛➦✐❧♦ ✐❞❡♥t✐✜❦♦✈❛t ❤r❛♥✐❝❡✱ ❦t❡ré ❞❡✜♥✉❥í ♦❜❧❛st✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦✲

t✉r✳ ❱ t♦♠t♦ ♣➦í♣❛❞➙ s❡ ♣♦❞❛➦✐❧♦ ✐❞❡♥t✐✜❦♦✈❛t ❞✈❛ ✈ír② ❧❡➸í❝í ✈❡❞❧❡ s❡❜❡✱ ❝♦➸ ♦❞✲

♣♦✈í❞❛❧♦ ✐ ✈❡❦t♦r♦✈é♠✉ ③♦❜r❛③❡♥í r②❝❤❧♦stí ♣r♦ t❡♥t♦ ♣➦í♣❛❞ ♣r♦✉❞➙♥í✳ ❉r✉❤ý♠

❛♥❛❧②t✐❝❦ý♠ ♣➦í♣❛❞❡♠ ❜②❧♦ ♣r♦✉❞♦✈é ♣♦❧❡ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉✳ ■ ③❞❡ ❜②❧ t❡♥t♦ ❛♥❛✲

❧②t✐❝❦ý ♣➦í♣❛❞ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡ ❛♥❛❧②③♦✈á♥ ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉ ✐ ♥❛③♣➙t✳ ❆♥❛✲

❧ý③❛ ③❞❡ ♣r♦❜➙❤❧❛ ♣r♦ ↔❛s♦✈ý ús❡❦ ❚❂✶✷✺✳✻ s s ↔❛s♦✈ý♠ ❦r♦❦❡♠ ∆t❂✵✳✵✺s ♣r♦ ♦❜✲

❧❛st ❬✵ ✶✵❪ ① ❬✵ ✹❪♠✳ Pr♦ t❛❦t♦ ③✈♦❧❡♥é ♣❛r❛♠❡tr② ❛♥❛❧ý③② ❜②❧② ③❥✐➨t➙♥② ♣♦♠♦❝í ❋❚▲❊

❛♥❛❧ý③② t➦✐ ✈ír②✱ ❦t❡ré ❥s♦✉ r♦③♠íst➙♥② st➦í❞❛✈➙ ✈❡❞❧❡ s❡❜❡✱ ♣♦❞♦❜♥➙ ❥❛❦ ❥❡ t♦ ✉ ✈ír♦✈é

❑❛r♠á♥♦✈② st❡③❦② ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✻✳✺✮

❑r♦♠➙ ❛♣❧✐❦❛❝❡ ❋❚▲❊ ♠❡t♦❞② ♥❛ ❛♥❛❧②t✐❝❦ý❝❤ ♣➦í♣❛❞❡❝❤ ♣r♦✉❞♦✈ý❝❤ ♣♦❧í ❜②❧❛

♣r♦✈❡❞❡♥❛ ❈❋❉ ❛♥❛❧ý③❛ ♣r♦✉❞➙♥í ❦♦❧❡♠ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛ ❆❤♠❡❞ ❜♦❞②✳ ❈❡❧ý

✈ý♣♦↔❡t ♣r♦❜í❤❛❧ ♣r♦ ♣r♦st♦r♦✈♦✉ ú❧♦❤✉✱ ❛✈➨❛❦ ✈②❤♦❞♥♦❝❡♥í ❦♦❤❡r❡♥t♥í❝❤ str✉❦✲

t✉r ❜②❧♦ ♣r♦✈❡❞❡♥♦ ♣r♦ ❞✈➙ r♦✈✐♥②✳ Pr✈♥í ❛♥❛❧②③♦✈❛♥á r♦✈✐♥❛ ❜②❧❛ r♦✈✐♥❛ s②♠❡tr✐❡✳

P♦♠♦❝í ❋❚▲❊ ♠❡t♦❞② s❡ ♣♦❞❛➦✐❧♦ ✐❞❡♥t✐✜❦♦✈❛t ❞✈♦❥✐❝✐ ✈ír➲✱ ❦t❡ré ❧❡➸❡❧② ✈ ❜❧í③✲

❦♦st✐ t➙❧❡s❛ ✈ ♠íst➙ ú♣❧❛✈✉ ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✶✷❜✮✳ ❚❛❦t♦ ✐❞❡♥t✐✜❦♦✈❛♥á ❦♦❤❡r❡♥t♥í

str✉❦t✉r❛ s♦✉❤❧❛s✐❧❛ s ✈②❦r❡s❧❡♥ý♠ ✈❡❦t♦r♦✈ý♠ ♣♦❧❡♠ ❛ ♣r♦✉❞♥✐❝❡♠✐✳ ❏❛❦ ❜②❧♦ ③♠í✲

♥➙♥♦ ✈ ❦❛♣✐t♦❧❡ ✭✼✮✱ t❛❦ ♣r♦ ♣➦í♣❛❞ ú❤❧✉ ♥❛st❛✈❡♥í s❦❧♦♣❡♥í ③❛❞♥í r♦✈✐♥② ϕ = 30◦

♦❞♣♦✈í❞❛❥í ❞✈❛ r❡➸✐♠② ♦❞tr❤á✈á♥í ♣r♦✉❞✉ t❡❦✉t✐♥② ♦❞ t➙❧❡s❛✳ ◆❛ ♦❜rá③❦✉ ↔✳✼✳✶✷ ❥❡

✉❦á③á♥♦ ♦❞tr❤á✈á♥í t❡❦✉t✐♥② ♥❛ ✧❤r❛♥➙ ✷✧✳ Pr♦ t❡♥t♦ ♣➦í♣❛❞ ♦❞tr❤á✈á♥í ♣r♦✉❞✉
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t❡❦✉t✐♥② ♦❞♣♦✈í❞á r❡➸✐♠ ✈②s♦❦é❤♦ ♦❞♣♦r✉✱ ❦t❡ré♠✉ ♦❞♣♦✈í❞á ❡①♣❡r✐♠❡♥tá❧♥í ♦❞♣♦✲

r♦✈ý ❦♦❡✜❝✐❡♥t cd = 0.378✳ ❩ ❈❋❉ ❛♥❛❧ý③② ✈②❝❤á③í ♦❞♣♦r♦✈ý ❦♦❡✜❝✐❡♥t cd = 0.34✳

P➦✐ ♣♦r♦✈♥á♥í ♦❞♣♦r♦✈ý❝❤ ❦♦❡✜❝✐❡♥t➲ ③ ❡①♣❡r✐♠❡♥t✉ ❛ ✉s❦✉t❡↔♥➙♥é ❈❋❉ ❛♥❛❧ý③②✱

t❛❦ ❝❤②❜❛ ❈❋❉ ❛♥❛❧ý③② ✈②❝❤á③í ③❤r✉❜❛ ✽ %✳ ❉r✉❤♦✉ ❛♥❛❧②③♦✈❛♥♦✉ ♦❜❧❛stí ❥❡ ✧r♦✲

✈✐♥❛ ✷✧ ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✽✮✳ ❱ tét♦ r♦✈✐♥➙ ❜②❧② ♣♦♠♦❝í ❋❚▲❊ ❛♥❛❧ý③② ✐❞❡♥t✐✜❦♦✲

✈á♥② ❞✈❛ ✈ír②✱ ❦t❡ré ✈③♥✐❦❛❥í ♦❞tr❤á✈á♥í♠ ♣r♦✉❞✉ t❡❦✉t✐♥② ♥❛ ✧❤r❛♥➙ ✷✧ ✭✈✐③✳ ♦❜✲

rá③❡❦ ↔✳ ✼✳✶✺✮✳ ❉á❧❡ ❦♦❤❡r❡♥t♥í str✉❦t✉r❛ ❞✈♦✉ ✈ír➲ ❜②❧❛ ✐❞❡♥t✐✜❦♦✈á♥❛ t❛❦é ♣♦♠♦❝í

✈②❦r❡s❧❡♥í ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦ ♣♦❧❡ ✭✈✐③✳ ♦❜rá③❡❦ ↔✳ ✼✳✶✹❜✮✳ ❉❛❧➨í♠ ❞➲❦❛③❡♠

s♣rá✈♥♦st✐ ✈②❦r❡s❧❡♥í ❞✈♦✉ ✈ír➲ ♣♦t✈r③✉❥❡ ♦❜rá③❡❦ ↔✳✼✳✶✻✱ ✉❦❛③✉❥í❝í ❞✈❛ ♣♦❞é❧♥é ✈ír②

✈ ♣r♦st♦r✉ ③♦❜r❛③❡♥é ♣♦♠♦❝í ♣r♦✉❞♥✐❝✳

❏❛❦ ❥❡ ✈✐❞➙t ③ ✈ýs❧❡❞❦➲ ❋❚▲❊ ♠❡t♦❞② ♣r♦ ❛♥❛❧②t✐❝❦é ♣➦í♣❛❞② ♣r♦✉❞♦✈ý❝❤ ♣♦❧í

❛ ♥❡❜♦ ♣r♦ ❈❋❉ ❛♥❛❧ý③✉ ♣r♦✉❞➙♥í ❦♦❧❡♠ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛✱ t❛❦ ❋❚▲❊ ♠❡✲

t♦❞❛ s♣♦❧❡❤❧✐✈➙ ♦❞❤❛❧✉❥❡ ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳ ❇♦❤✉➸❡❧ ❥❡❥í ❦✈❛❧✐t❛ ❥❡ ③á✈✐s❧á ♥❛ ❞é❧❝❡

tr✈á♥í ③❦♦✉♠❛♥é❤♦ ❥❡✈✉✱ ❛ ♣r♦t♦ ❦❞②➸ ❥❡ ↔❛s♦✈ý ❞➙❥ ❦rát❦ý✱ t❛❦ ▲②❛♣♦♥➲✈ ❡①♣♦♥❡♥t

s❡ ♥❡st✐❤♥❡ ✈②✈✐♥♦✉t ❞♦ t❛❦♦✈é ♠ír②✱ ❛❜② ✈②③♥❛↔✐❧ ✈➨❡❝❤♥② ❤r❛♥✐❝❡✱ ❦t❡ré ❥s♦✉ s♣♦✲

❥❡♥② s ❦♦❤❡r❡♥t♥í♠✐ str✉❦t✉r❛♠✐✳

❚❛t♦ ♣rá❝❡ ✐❞❡♥t✐✜❦♦✈❛❧❛ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ♣♦♠♦❝í ❋❚▲❊ ♠❡t♦❞② ♣♦✉③❡ ✈ r♦✲

✈✐♥♥é♠ ♣➦í♣❛❞➙✱ ❛ ♣r♦t♦ ❜② ❜②❧♦ ③❛❥í♠❛✈é s❡ ❞á❧❡ ✈➙♥♦✈❛t ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤

str✉❦t✉r ♣♦♠♦❝í ❋❚▲❊ ❛♥❛❧ý③② ✈ tr♦❥r♦③♠➙r♥é♠ ♣r♦st♦r✉✳
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✾ ▲✐t❡r❛t✉r❛

❬✶❪ ❍❖▲▼➱◆✱ ❱✐✈✐❛♥♥❡✳ ▼❡t❤♦❞s ❢♦r ❱♦rt❡① ■❞❡♥t✐ ❝❛t✐♦♥✳ ▲✉♥❞✱ ✷✵✶✷✱ ✹✻ s✳ ✶✹✵✹✲

✻✸✹✷✳ ▲✉♥❞ ❯♥✐✈❡rs✐t②✳ ❱❡❞♦✉❝í ♣rá❝❡ ❆❧❡①❛♥❞r♦s ❙♦♣❛s❛❦✐s✳ ❉♦st✉♣♥é ③✿ ❤tt♣✿

✴✴✇✇✇✳❝tr✳♠❛t❤s✳❧✉✳s❡✴♠❡❞✐❛✴t❤❡s✐s✴✷✵✶✸✴❋▼❆✽✷✵✳♣❞❢

❬✷❪ ❏❆❑❖❇❙❙❖◆✱ ❏♦❤❛♥✳ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ ▲❛❣r❛♥❣✐❛♥ ❈♦❤❡r❡♥t ❙tr✉❝t✉r❡s ✲ ❚♦ ❯♥✲

❞❡rst❛♥❞ ❛♥❞ ■❞❡♥t✐❢② ❚✉r❜✉❧❡♥❝❡✳ ●♦t❤❡♥❜✉r❣✱ ❙✇❡❞❡♥✱ ✷✵✶✷✳ ❈❍❆▲▼❊❘❙ ❯◆■✲

❱❊❘❙■❚❨ ❖❋ ❚❊❈❍◆❖▲❖●❨✳ ❱❡❞♦✉❝í ♣rá❝❡ ❉r✳ ❘♦♥♥✐❡ ❆♥❞❡rss♦♥✳ ❉♦st✉♣♥é

③✿ ❤tt♣✿✴✴♣✉❜❧✐❝❛t✐♦♥s✳❧✐❜✳❝❤❛❧♠❡rs✳s❡✴r❡❝♦r❞s✴❢✉❧❧t❡①t✴✶✺✾✹✻✺✳♣❞❢

❬✸❪ ❑❖▲➪➄✱ ❱✳ ❱♦rt❡① ■❞❡♥t✐✜❝❛t✐♦♥✿ ◆❡✇ r❡q✉✐r❡♠❡♥ts ❛♥❞ ❧✐♠✐t❛t✐♦♥s✳ ■♥✲

t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❍❡❛t ❛♥❞ ❋❧✉✐❞ ❋❧♦✇✳ ✷✵✵✼✱ ♣♣✳ ✻✸✽✲✻✺✷✳ ❉♦st✉♣♥é

③✿ ❤tt♣✿✴✴❝✐t❡s❡❡r①✳✐st✳♣s✉✳❡❞✉✴✈✐❡✇❞♦❝✴❞♦✇♥❧♦❛❞❄❞♦✐❂✶✵✳✶✳✶✳✹✼✸✳✷✻✫

r❡♣❂r❡♣✶✫t②♣❡❂♣❞❢

❬✹❪ P❊■❑❊❘❚✱ ❘✳✱ ❆✳ P❖❇▲■❚❩❊❘✱ ❋ ❙❆❉▲❖ ❛ ❇ ❙❈❍■◆❉▲❊❘✳ ❆ ❈♦♠♣❛r✐s♦♥ ♦❢

❋✐♥✐t❡✲t✐♠❡ ❛♥❞ ❋✐♥✐t❡✲❙✐③❡ ▲❛②♣✉♥♦✈ ❊①♣♦♥❡♥ts✳ ❚♦♣♦❧♦❣✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❉❛t❛

❆♥❛❧②s✐s ❛♥❞ ❱✐s✉❛❧✐③❛t✐♦♥✳ ✷✵✶✹✱ ♣✳♣✳ ✶✽✼✲✷✵✵✳ ❉❖■✿ ✶✵✳✶✵✵✼✴✾✼✽✲✸✲✸✶✾✲✵✹✵✾✾✲

✽✶✷✳

❬✺❪ ❙❍❆❉❉❊◆✱ ❙✳ ❈✳✱ ❋✳ ▲❊■❑❊◆ ❛ ❏✳ ❊✳ ▼❆❘❙❉❊◆✳ ❉❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♣❡rt✐❡s

♦❢ ▲❛❣r❛♥❣✐❛♥ ❝♦❤❡r❡♥t str✉❝t✉r❡s ❢r♦♠ ✜♥✐t✲t✐♠❡ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts ✐♥ t✇♦✲

❞✐♠❡♥s✐♦♥❛❧ ❛♣❡r✐♦❞✐❝ ✢♦✇s✳ ✷✵✵✺✱ ♣✳♣✳ ❉❖■✿ ✶✵✳✶✵✶✻✴❥✳♣❤②s❞✳✷✵✵✺✳✶✵✳✵✵✼✳

❬✻❪ P▲❊➆❊❑✱ ❏✐➦í✳ ◆❡❧✐♥❡ár♥í ♠❡❝❤❛♥✐❦❛ ❦♦♥t✐♥✉❛ s ♣➦í❦❧❛❞②✳ ✷✵✶✺✳ ❉♦st✉♣♥é ③✿

❤tt♣✿✴✴♠❡❝❤❛♥✐❦❛✳❢s✳❝✈✉t✳❝③✴❝♦♥t❡♥t✴❢✐❧❡s✴▼❑✴▼❑✷✵✶✺✳♣❞❢

❬✼❪ ❙❚❊❱❊◆✱ ▲✳✱ ❇✳ ❲✳ ❘❖❲▲❊❨ ❛ ❈✳ ❲✳ ❘❖❲▲❊❨✳ ❋❛st ❈♦♠♣✉t❛t✐♦♥ ♦❢

❋❚▲❊ ❋✐❡❧❞s ❢♦r ❯♥st❡❛❞② ❋❧♦✇s✿ ❆ ❈♦♠♣❛r✐s♦♥ ♦❢ ▼❡t❤♦❞s✳ ✷✵✵✾✳ ❉❖■✿

✶✵✳✶✵✻✸✴✶✳✸✷✼✵✵✹✹✳

❬✽❪ ❇❘❆◆■❈❑■✱ ▼✳ ❛ ❙✳ ❲■●●■◆❙✳ ❋✐♥✐t❡✲t✐♠❡ ▲❛❣r❛♥❣✐❛♥ tr❛♥s♣♦rt ❛♥❛❧②s✐s✿

st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ♠❛♥✐❢♦❧❞s ♦❢ ❤②♣❡r❜♦❧✐❝ tr❛❥❡❝t♦r✐❡s ❛♥❞ ✜♥✐t❡✲t✐♠❡ ▲②❛♣✉♥♦✈

✺✾

http://www.ctr.maths.lu.se/media/thesis/2013/FMA820.pdf
http://www.ctr.maths.lu.se/media/thesis/2013/FMA820.pdf
http://publications.lib.chalmers.se/records/fulltext/159465.pdf
http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.473.26&rep=rep1&type=pdf
http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.473.26&rep=rep1&type=pdf
http://mechanika.fs.cvut.cz/content/files/MK/MK2015.pdf


❡①♣♦♥❡♥ts✳ ◆♦♥❧✐♥✳ Pr♦❝❡ss❡s ●❡♦♣❤②s✳✱ ✶✼✱ ✶✕ ✸✻ ✱ ✷✵✶✵✳ ❉♦st✉♣♥é ③✿ ❤tt♣s✿

✴✴✇✇✇✳♥♦♥❧✐♥✲♣r♦❝❡ss❡s✲❣❡♦♣❤②s✳♥❡t✴✶✼✴✶✴✷✵✶✵✴♥♣❣✲✶✼✲✶✲✷✵✶✵✳♣❞❢

❬✾❪ ●❘❊❊◆✱ ▼✳ ❆✳✱ ❈✳ ❲✳ ❘❖❲▲❊❨ ❛ ●✳ ❍❆▲▲❊❘✳ ❉❡t❡❝t✐♦♥ ♦❢ ▲❛❣r❛♥❣✐❛♥ ❝♦✲

❤❡r❡♥t str✉❝t✉r❡s ✐♥ ✸❉❧ t✉r❜✉❧❡♥❝❡✳ ✷✵✵✼✳ ❉❖■✿ ✶✵✳✶✵✶✼✴❙✵✵✷✷✶✶✷✵✵✻✵✵✸✻✹✽✳

❬✶✵❪ ▲❆◆❋❘■❚✱ ▼❛r❝♦✳ ❇❡st ♣r❛❝t✐❝❡ ❣✉✐❞❡❧✐♥❡s ❢♦r ❤❛♥❞❧✐♥❣ ❆✉t♦♠♦✲

t✐✈❡ ❊①t❡r♥❛❧ ❆❡r♦❞②♥❛♠✐❝s ✇✐t❤ ❋▲❯❊◆❚✳ ✷✵✵✺✳ ❉♦st✉♣♥é ③✿ ❤tt♣✿

✴✴✇✇✇✳s♦✉t❤❛♠♣t♦♥✳❛❝✳✉❦✴⑦♥✇❜✴❧❡❝t✉r❡s✴●♦♦❞Pr❛❝t✐❝❡❈❋❉✴❆rt✐❝❧❡s✴

❊①t❴❆❡r♦❴❇❡st❴Pr❛❝t✐❝❡❴❱❡r✶❴✷✳♣❞❢

❬✶✶❪ ❆■❉❊❘✱ ❏❡❛♥✲▲✉❝ ❛ ❏❡❛♥✲❋r❛♥ç♦✐s ❇❊❆❯❉❖■◆✳ ❉r❛❣ ❛♥❞ ❧✐❢t r❡✲

❞✉❝t✐♦♥ ♦❢ ❛ ✸❉ ❜❧✉✛ ❜♦❞② ✉s✐♥❣ ✢❛♣s✳ ✷✵✵✽✳✳ ❉♦st✉♣♥é ③✿ ❤tt♣✿

✴✴✇✇✇✳s♦✉t❤❛♠♣t♦♥✳❛❝✳✉❦✴⑦♥✇❜✴❧❡❝t✉r❡s✴●♦♦❞Pr❛❝t✐❝❡❈❋❉✴❆rt✐❝❧❡s✴

❊①t❴❆❡r♦❴❇❡st❴Pr❛❝t✐❝❡❴❱❡r✶❴✷✳♣❞❢

❬✶✷❪ ❬♦♥❧✐♥❡❪✳ ❬❝✐t✳ ✷✵✶✼✲✵✼✲✷✾❪✳ ❉♦st✉♣♥é ③✿ ❤tt♣s✿✴✴✇✇✇✳❣♦♦❣❧❡✳❝③✴s❡❛r❝❤❄

q❂❦❛r♠❛♥♦✈❛✰✈✐r♦✈❛✰st❡③❦❛✫❝❧✐❡♥t❂✉❜✉♥t✉✫❤s❂■❘✫❝❤❛♥♥❡❧❂❢s✫s♦✉r❝❡❂

❧♥♠s✫t❜♠❂✐s❝❤✫s❛❂❳✫✈❡❞❂✵❛❤❯❑❊✇❥❋♣♦●✾✶q✼❱❆❤❲▼♠▲◗❑❍◗❩❦❈✹✇◗❴❆❯■❈✐❣❇✫

❜✐✇❂✶✾✷✵✫❜✐❤❂✾✽✺★✐♠❣r❝❂●❤❈✽❝❍✽▼❞❩✷t✽▼✿

❬✶✸❪ ❆❍▼❊❉✱ ❙✳❘✳✱ ●✳ ❘❆▼▼ ❛ ●✳ ❋❆▲❚■◆✳ ❙♦♠❡ ❙❛❧✐❡♥t ❋❡❛t✉r❡s ❖❢ ❚❤❡ ❚✐♠❡✲

❆✈❡r❛❣❡❞ ●r♦✉♥❞ ❱❡❤✐❝❧❡ ❲❛❦❡✳ ❉❖■✿ ✶✵✳✹✷✼✶✴✽✹✵✸✵✵✳

❬✶✹❪ ❑■▼✱ ❉♦♥❣r✐✱ ❍♦♦♥ ▲❊❊✱ ❲♦♦❦ ❨■ ❛ ❍❛❡❝❤❡♦♥ ❈❍❖■✳ ❆ ❜✐♦✲✐♥s♣✐r❡❞ ❞❡✈✐❝❡

❢♦r ❞r❛❣ r❡❞✉❝t✐♦♥ ♦♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ✈❡❤✐❝❧❡✳ ❉❖■✿ ✶✵✳✶✵✽✽✴✶✼✹✽✲

✸✶✾✵✴✶✶✴✷✴✵✷✻✵✵✹✳

❬✶✺❪ ❉❱❖➄➪❑✱ ❘✉❞♦❧❢ ❛ ❑❛r❡❧ ❑❖❩❊▲✳ ▼❛t❡♠❛t✐❝❦é ♠♦❞❡❧♦✈á♥í ✈ ❛❡r♦❞②♥❛♠✐❝❡✳

■❙❇◆ ✽✵✲✵✶✲✵✶✺✹✶✲✻✳

❬✶✻❪ ❬♦♥❧✐♥❡❪✳ ❬❝✐t✳ ✷✵✶✼✲✵✼✲✸✶❪✳ ❉♦st✉♣♥é ③✿❤tt♣s✿✴✴✇✇✇✳❣♦♦❣❧❡✳❝③✴s❡❛r❝❤❄q❂

✇❛❧❧✰❢✉♥❝t✐♦♥✰❛♥s②s✫❝❧✐❡♥t❂✉❜✉♥t✉✫❝❤❛♥♥❡❧❂❢s✫s♦✉r❝❡❂❧♥♠s✫t❜♠❂✐s❝❤✫

s❛❂❳✫✈❡❞❂✵❛❤❯❑❊✇✐❳✈▲✉✻♦❜▲❱❆❤❱❇❜❧❆❑❍❲❢♣❆✵❣◗❴❆❯■❈✐❣❇✫❜✐✇❂✶✾✷✵✫❜✐❤❂

✾✽✺★✐♠❣r❝❂❈❏✐✈❘✹❴✾❤❆❑t■▼✿

✻✵

https://www.nonlin-processes-geophys.net/17/1/2010/npg-17-1-2010.pdf
https://www.nonlin-processes-geophys.net/17/1/2010/npg-17-1-2010.pdf
http://www.southampton.ac.uk/~nwb/lectures/GoodPracticeCFD/Articles/Ext_Aero_Best_Practice_Ver1_2.pdf
http://www.southampton.ac.uk/~nwb/lectures/GoodPracticeCFD/Articles/Ext_Aero_Best_Practice_Ver1_2.pdf
http://www.southampton.ac.uk/~nwb/lectures/GoodPracticeCFD/Articles/Ext_Aero_Best_Practice_Ver1_2.pdf
http://www.southampton.ac.uk/~nwb/lectures/GoodPracticeCFD/Articles/Ext_Aero_Best_Practice_Ver1_2.pdf
http://www.southampton.ac.uk/~nwb/lectures/GoodPracticeCFD/Articles/Ext_Aero_Best_Practice_Ver1_2.pdf
http://www.southampton.ac.uk/~nwb/lectures/GoodPracticeCFD/Articles/Ext_Aero_Best_Practice_Ver1_2.pdf
https://www.google.cz/search?q=karmanova+virova+stezka&client=ubuntu&hs=IR&channel=fs&source=lnms&tbm=isch&sa=X&ved=0ahUKEwjFpoG91q7VAhWMmLQKHQZkC4wQ_AUICigB&biw=1920&bih=985#imgrc=GhC8cH8MdZ2t8M:
https://www.google.cz/search?q=karmanova+virova+stezka&client=ubuntu&hs=IR&channel=fs&source=lnms&tbm=isch&sa=X&ved=0ahUKEwjFpoG91q7VAhWMmLQKHQZkC4wQ_AUICigB&biw=1920&bih=985#imgrc=GhC8cH8MdZ2t8M:
https://www.google.cz/search?q=karmanova+virova+stezka&client=ubuntu&hs=IR&channel=fs&source=lnms&tbm=isch&sa=X&ved=0ahUKEwjFpoG91q7VAhWMmLQKHQZkC4wQ_AUICigB&biw=1920&bih=985#imgrc=GhC8cH8MdZ2t8M:
https://www.google.cz/search?q=karmanova+virova+stezka&client=ubuntu&hs=IR&channel=fs&source=lnms&tbm=isch&sa=X&ved=0ahUKEwjFpoG91q7VAhWMmLQKHQZkC4wQ_AUICigB&biw=1920&bih=985#imgrc=GhC8cH8MdZ2t8M:
 https://www.google.cz/search?q=wall+function+ansys&client=ubuntu&channel=fs&source=lnms&tbm=isch&sa=X&ved=0ahUKEwiXvLu6obLVAhVBblAKHWfpA0gQ_AUICigB&biw=1920&bih=985#imgrc=CJivR4_9hAKtIM:
 https://www.google.cz/search?q=wall+function+ansys&client=ubuntu&channel=fs&source=lnms&tbm=isch&sa=X&ved=0ahUKEwiXvLu6obLVAhVBblAKHWfpA0gQ_AUICigB&biw=1920&bih=985#imgrc=CJivR4_9hAKtIM:
 https://www.google.cz/search?q=wall+function+ansys&client=ubuntu&channel=fs&source=lnms&tbm=isch&sa=X&ved=0ahUKEwiXvLu6obLVAhVBblAKHWfpA0gQ_AUICigB&biw=1920&bih=985#imgrc=CJivR4_9hAKtIM:
 https://www.google.cz/search?q=wall+function+ansys&client=ubuntu&channel=fs&source=lnms&tbm=isch&sa=X&ved=0ahUKEwiXvLu6obLVAhVBblAKHWfpA0gQ_AUICigB&biw=1920&bih=985#imgrc=CJivR4_9hAKtIM:


❬✶✼❪ ❩❍❖❯✱ ❨✳✱ ❨✳ ▲■❯ ❛ ▲✳ ❍❯❆◆●✳ ❋❧✉✐❞✲❙tr✉❝t✉r❡✲❙♦✉♥❞ ■♥t❡r❛❝t✐♦♥s ❛♥❞ ❈♦♥✲

tr♦❧✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷♥❞ ❙②♠♣♦s✐✉♠ ♦♥ ❋❧✉✐❞✲❙tr✉❝t✉r❡✲❙♦✉♥❞ ■♥t❡r❛❝t✐♦♥s

❛♥❞ ❈♦♥tr♦❧✳ ■❙❇◆ ✾✼✽✲✸✲✻✹✷✲✹✵✸✼✶✲✷✳

❬✶✽❪ ❬♦♥❧✐♥❡❪✳ ❬❝✐t✳ ✷✵✶✼✲✵✼✲✸✶❪✳ ❉♦st✉♣♥é ③✿ ❤tt♣s✿✴✴✇✇✇✳❣♦♦❣❧❡✳❝③✴

s❡❛r❝❤❄❜✐✇❂✶✾✷✵✫❜✐❤❂✾✽✺✫t❜♠❂✐s❝❤✫s❛❂✶✫q❂s❤❛♣❡✰❡✈♦❧✉t✐♦♥✰♦❢✰❝❛r✫

♦q❂s❤❛♣❡✰❡✈♦❧✉t✐♦♥✰♦❢✰❝❛r✫❣s❴❧❂♣s②✲❛❜✳✸✳✳✼✾✻✷✳✶✸✾✷✹✳✵✳✶✹✶✸✼✳

✶✸✳✶✸✳✵✳✵✳✵✳✵✳✷✷✶✳✶✷✵✷✳✻❥✹❥✶✳✶✶✳✵✳✳✵✳✳✶✳✶✳✻✹✳♣s②✲❛❜✳✷✳✺✳✼✻✸✳

✳✵❥✵✐✻✼❦✶❥✵✐✼✐✸✵❦✶❥✵✐✽✐✼✐✸✵❦✶❥✵✐✸✵❦✶✳✽✺♦❉❜❩❜s✵❳❯★✐♠❣r❝❂✾❖✹s✾❙❴

✶❍❢❚r●▼✿

❬✶✾❪ ❯❘❯❇❆✱ ❱á✈❧❛❝✳ ❚✉r❜✉❧❡♥❝❡✳ ■❙❇◆ ✾✼✽✲✽✵✲✵✶✲✵✺✻✵✵✲✹✳

❬✷✵❪ ❍❯◆❚▲❊❨✱ ❍✳ ❙✳✱ ❇✳ ▲✳ ❇✳ ▲✳ ▲■PP❍❆❘❉❚✱ ❏r✳✱ ❆✳ ❉✳ ❑■❘❲❆◆ ❛ ❏r✳✱ ▼✳ ❍✳

▼✳ ❙❯▲▼❆◆✳ ❍♦✇ t♦ ❘❡❛❞ ❛ ▼❛♣ ♦❢ ▲❛❣r❛♥❣✐❛♥ ❈♦❤❡r❡♥t ❙tr✉❝t✉r❡s✳ ❉♦st✉♣♥é

③✿ ❤tt♣✿✴✴✇✇✇✳✇❤♦✐✳❡❞✉✴❢✐❧❡s❡r✈❡r✳❞♦❄✐❞❂✶✶✻✷✽✹✫♣t❂✷✫♣❂✶✸✸✽✶✶

✻✶

https://www.google.cz/search?biw=1920&bih=985&tbm=isch&sa=1&q=shape+evolution+of+car&oq=shape+evolution+of+car&gs_l=psy-ab.3..7962.13924.0.14137.13.13.0.0.0.0.221.1202.6j4j1.11.0..0..1.1.64.psy-ab.2.5.763..0j0i67k1j0i7i30k1j0i8i7i30k1j0i30k1.85oDbZbs0XU#imgrc=9O4s9S_1HfTrGM:
https://www.google.cz/search?biw=1920&bih=985&tbm=isch&sa=1&q=shape+evolution+of+car&oq=shape+evolution+of+car&gs_l=psy-ab.3..7962.13924.0.14137.13.13.0.0.0.0.221.1202.6j4j1.11.0..0..1.1.64.psy-ab.2.5.763..0j0i67k1j0i7i30k1j0i8i7i30k1j0i30k1.85oDbZbs0XU#imgrc=9O4s9S_1HfTrGM:
https://www.google.cz/search?biw=1920&bih=985&tbm=isch&sa=1&q=shape+evolution+of+car&oq=shape+evolution+of+car&gs_l=psy-ab.3..7962.13924.0.14137.13.13.0.0.0.0.221.1202.6j4j1.11.0..0..1.1.64.psy-ab.2.5.763..0j0i67k1j0i7i30k1j0i8i7i30k1j0i30k1.85oDbZbs0XU#imgrc=9O4s9S_1HfTrGM:
https://www.google.cz/search?biw=1920&bih=985&tbm=isch&sa=1&q=shape+evolution+of+car&oq=shape+evolution+of+car&gs_l=psy-ab.3..7962.13924.0.14137.13.13.0.0.0.0.221.1202.6j4j1.11.0..0..1.1.64.psy-ab.2.5.763..0j0i67k1j0i7i30k1j0i8i7i30k1j0i30k1.85oDbZbs0XU#imgrc=9O4s9S_1HfTrGM:
https://www.google.cz/search?biw=1920&bih=985&tbm=isch&sa=1&q=shape+evolution+of+car&oq=shape+evolution+of+car&gs_l=psy-ab.3..7962.13924.0.14137.13.13.0.0.0.0.221.1202.6j4j1.11.0..0..1.1.64.psy-ab.2.5.763..0j0i67k1j0i7i30k1j0i8i7i30k1j0i30k1.85oDbZbs0XU#imgrc=9O4s9S_1HfTrGM:
https://www.google.cz/search?biw=1920&bih=985&tbm=isch&sa=1&q=shape+evolution+of+car&oq=shape+evolution+of+car&gs_l=psy-ab.3..7962.13924.0.14137.13.13.0.0.0.0.221.1202.6j4j1.11.0..0..1.1.64.psy-ab.2.5.763..0j0i67k1j0i7i30k1j0i8i7i30k1j0i30k1.85oDbZbs0XU#imgrc=9O4s9S_1HfTrGM:
http://www.whoi.edu/fileserver.do?id=116284&pt=2&p=133811


✶✵ ❖❜s❛❤ ♣➦✐❧♦➸❡♥é❤♦ ❈❉

❖③♥❛↔❡♥í ◆á③❡✈ s♦✉❜♦r✉ P♦♣✐s

[A] ❉✐♣❧♦♠♦✈❛❴♣r❛❝❡✲❍✉rs❦② ❉✐♣❧♦♠♦✈á ♣rá❝❡ ✈❡ ❢♦r♠át✉ ✧♣❞❢✧✳

[B] ❋❚▲❊❴❉♦✉❜❧❡❴❣②r❡✳♠ ❙♣♦✉➨t➙❝í s❦r✐♣t ❋❚▲❊ ❛♥❛❧ý③② ♣r♦

♣➦í♣❛❞ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲✳

[C] ▲②❛♣✉♥❴❉❴❣✳♠ ❋✉♥❦❝❡ ✈♦❧❛♥á s❦r✐♣t❡♠ ❬❇❪

♣r♦ ✈ý♣♦↔❡t ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉✳

[D] ❉♦✉❜❧❡❴●②r❡✳♠ ❋✉♥❦❝❡ ✈♦❧❛♥á s❦r✐♣t❡♠ ❬❇❪

♣r♦ ✈②❣❡♥❡r♦✈á♥í ❞❛t✳

[E] ❋❚▲❊❴▼❡❛♥❞❡r✐♥❣❴❥❡t✳♠ ❙♣♦✉➨t➙❝í s❦r✐♣t ❋❚▲❊ ❛♥❛❧ý③② ♣r♦

♣➦í♣❛❞ st➦í❞❛✈é❤♦ ♣r♦✉❞✉✳

[F ] ▲②❛♣✉♥❴❥❡t✳♠ ❋✉♥❦❝❡ ✈♦❧❛♥á s❦r✐♣t❡♠ ❬❊❪

♣r♦ ✈ý♣♦↔❡t ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉✳

[G] ▼❡❛♥❞❡r✐♥❣❴❥❡t✳♠ ❋✉♥❦❝❡ ✈♦❧❛♥á s❦r✐♣t❡♠ ❬❊❪

♣r♦ ✈②❣❡♥❡r♦✈á♥í ❞❛t✳

[H] ❆❤♠❡❞❴❜♦❞②✲✹✲✵✷✷✵✼✳❝❛s ❙♦✉❜♦r ✭✳❝❛s❡✮ ♣r♦ s♣✉➨t➙♥í

♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ✈ ♣r♦st➦❡❞í ❋❧✉❡♥t

[I] ❆❤♠❡❞❴❜♦❞②✲✹✲✵✷✷✵✼✳❞❛t ❉❛t❛ ✈②♣♦↔t❡♥á ♣r♦

❈❋❉ ❛♥❛❧ý③✉ ❆❤♠❡❞ ❜♦❞②✳

[J ] ❆❤♠❡❞❴❜♦❞②❴s②♠♠✳♠ ❙♣♦✉➨t➙❝í s❦r✐♣t ❋❚▲❊ ❛♥❛❧ý③② ♣r♦

✧r♦✈✐♥✉ ✶✧ ❆❤♠❡❞ ❜♦❞②✳

[K] ▲②❛♣✉♥❴❆❤♠❡❞❴❜♦❞②❴s②♠♠✳♠ ❋✉♥❦❝❡ ✈♦❧❛♥á s❦r✐♣t❡♠ ❬❏❪

♣r♦ ✈ý♣♦↔❡t ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉✳

[L] ❆❤♠❡❞❴❜♦❞②❴✇❛❦❡✳♠ ❙♣♦✉➨t➙❝í s❦r✐♣t ❋❚▲❊ ❛♥❛❧ý③② ♣r♦

✧r♦✈✐♥✉ ✷✧ ❆❤♠❡❞ ❜♦❞②✳

[M ] ▲②❛♣✉♥❴❆❤♠❡❞❴❜♦❞②❴✇❛❦❡✳♠ ❋✉♥❦❝❡ ✈♦❧❛♥á s❦r✐♣t❡♠ ❬▲❪

♣r♦ ✈ý♣♦↔❡t ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉✳

✻✷


	Seznam použitých symbolu
	Základní symboly
	Dolní indexy
	Horní indexy

	Úvod
	Motivace
	Cíl práce

	Koherentní struktury
	Kinematika proudového pole
	Euleruv popis
	Zrychlení
	Identifikace koherentních struktur

	Lagrangeuv popis
	Deformacní gradient
	Cauchyho Greenuv deformacní tenzor


	Metoda FTLE (Finite-time Lyapunov exponent)
	Definice Lyapunova exponentu
	Popis algoritmu na výpocet FTLE

	Aplikace FTLE analýzy na analytické prípady vírových struktur v proudových polích
	Prípad dvou sousedních víru
	Prípad klikatého proudu

	Proudení kolem špatne obtékaného telesa (Ahmed body)
	CFD analýza modelu Ahmed body
	Popis úlohy
	Sít
	Okrajové podmínky
	Vyhodnocení


	Záver
	Literatura
	Obsah priloženého CD

