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Abstract

This thesis deals with wireless power transmission (WPT). A concept with transmission by magnetic field
(TMF) using induction coils and a concept with transmission by electromagnetic wave (TEW) using a dielectric slab
waveguide are chosen for more detail study after review of different concepts of WPT.

A general circuit model of a transmission chain for TMF is developed. This model enables to define
suitable characteristics of transmission, power transmission efficiency and normalized active powers, in a general
way and to examine conditions of their optimum. The model demonstrates that efficiency and powers are functions
of coupling coefficient and quality factors of coils used for transmission. The behaviour of coupling coefficient and
quality factors is discussed subsequently. A complete parametrical analysis of three types of coils presented in the
form of dimensionless parameters is performed in order to relate quality factor with geometrical and material
properties describing the coils.

An analysis of magnetic field out of the winding of a multilayer coil whose turns of conductor are wound
homogeneously close together around an air core of a shape of finite cylinder of arbitrary cross section is described.
The magnetic flux density is found with the help of scalar magnetic potential. Due to this approach, one numerical
integration is necessary for calculation of magnetic flux density only.

A Dbasic principle of power extraction from a dielectric slab waveguide based on concept with TEW is
studied. The suitable characteristics are found using power balance of the waveguide, in particular, the power
reflection and transmission coefficients are used to quantify the efficiency of the process of power extraction and to
formulate the optimal performance.
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Abstrakt

Tato prace se zabyva bezdratovym napajenim. Na zakladé¢ zhodnoceni riznych koncept pro bezdratové
napdjeni jsou pro dalsi studium zvoleny koncept pfenosu magnetickym polem (PMP) s pouzitim indukénich civek a
koncept pfenosu elektromagnetickou vinou (PEV) s pouzitim dielektrického deskového vinovodu.

Je vytvofen obecny obvodovy model pro pienosovy fetézec uzivajici PMP. Tento model umoziuje
definovat vhodné charakteristiky pfenosu, vykonovou ucinnost pienosu a aktivni normalizované vykony, obecnym
zptsobem a nalézt podminky pro jejich optimum. Model demonstruje, ze u¢innost a vykony jsou funkci vazebniho
Cinitele a Cinitelt jakosti civek uzitych pro prenos. Dale je diskutovano chovéani vazebniho Cinitele a Ciniteld jakosti.
Je provedena kompletni parametrickd analyza Cinitele jakosti tfi typl civek prezentovana ve formé bezrozmérnych
parametri za ucelem zjistit souvislost Cinitele jakosti s geometrickymi a materidlovymi vlastnostmi civek.

Je popsana analyza magnetického pole vné vinuti vicevrstvé civky, jejiz zavity vodice jsou navinuty
homogenné zavit vedle zavitu okolo vzduchového jadra tvaru kone¢ného valce libovolného priifezu. Magneticka
indukce je nalezena s pomoci skalarniho magnetického potencialu. V disledku pouzitého pfistupu je pii vypoctu
magnetické indukce tfeba pouze jedna numericka integrace.

Je studovan zékladni princip vyvazani vykonu z dielektrického deskového vinovodu zalozeny na konceptu
PEV. Pomoci vykonové bilance vinovodu jsou nalezeny vhodné charakteristiky pfedstavované vykonovym Cinitelem
odrazu a prenosu, které jsou pouzity k urceni U€innosti procesu vyvazani vykonu a ke stanoveni jeho optimalnich
podminek.
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1. State of the Art

1.1. Introduction

The topic, which is dealing with this thesis, is known in literature namely as “wireless power supply”
(WPS) or “contactless power supply”. The problem can be exactly expressed as power transmission between its
source and its appliance where in a certain part of a transmission chain transmission is mediated without a
connection of wires which are associated with the source and appliance. In addition, the appliance can be freely
moved in certain bounds.

The WPS is motivated by simple and comfortable use of many small portable electric appliances with low
power input in everyday life. WPS is being solved through reduction of power consumption of appliances on the one
hand and through increase in efficiency in WPS concepts on the other hand. Nowadays, the conventional means for
power supply is the interconnection of an appliance with a power grid socket, either for permanent power supply or
only for accumulator charging. Both can be unsuitable or impractical in some cases. The cable connection restricts
the movement of the appliance whereas the external charger, which differs for various appliances, is usually
necessary for accumulator charging. The main idea of WPS is the deliverance of small electrical appliances with
power input up to several W from such restrictions, the implementation of means for power supply as standard
equipment of future buildings and the wireless power transmission (WPT) to appliances for distances up to several
meters.

The concepts of WPT differ according to a distance between the source and appliance which is to overcome
without the connection of wires, their mutual arrangement, degree of freedom of appliance movement with respect to
the source, frequency and character of electromagnetic field, and power demand factor. The general block scheme of
a WPT chain is depicted in Fig. 1.1. There is a “wireless” transmission medium between the side of source and the
side of appliance. This medium is still separated from the source and appliance by adaptors, which ensure efficient
transmission. The adaptors in part form the electromagnetic field with the help of suitable coupling elements, further
contain matching networks and often include frequency converters because suitable frequencies for transmission
through the medium differ from suitable frequencies for the source and appliance.

Source > FC M MN > CE

Side of source Adaptor

Y

Transmission medium

CE M~ MN P> FC

Appliance

A4

Adaptor Side of appliance

Fig. 1.1. General scheme of WPT chain (FC — Frequency Converter, MN — Matching Network, CE —
Coupling Element).

The further text is aimed to the concepts of WPT suitable for power supply of the appliances with low
power input (from microwatts up to watts) which are located in rooms of picocell size.

The concepts of WPT for power supply of appliances with low power input in picocells can be divided
according to the two main criteria:

e Degree of freedom of the appliance movement.
e Character of electromagnetic field — type of power transmission.

According to the degree of freedom in which the appliance can be moved, the concepts can be divided in
two dimensional (2D) and three dimensional (3D). In the case of 2D concept, the appliance is restricted to movement
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along any determined surface which has different properties from the free space and serves for power transmission
from the source to the appliance, see Fig. 1.2. a). The appliance can be translated along the x- and y-axis and rotated
around the z-axis by the angle y. In the case of 3D concept, the appliance can be moved in the determined free space
through which power is transmitted from the source to the appliance, see Fig. 1.2. b). The appliance can be translated
along the x-, y- and z-axis and rotated around the x’-, y'-, and z'-axis by the angles ¢, f, .
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Fig. 1.2. a) Schemes of 2D concept and b) 3D concept.

A A}

Radiating
near-field
region

Far-field
region

a) b)

Fig. 1.3. a) Determination of electromagnetic field region with respect to source coupling element (SCE)
and b) arrangement for description of its power balance.

With respect to electromagnetic field character (or power transmission type), the concepts can be classified
in two groups. In the first group, there is formed wave for WPT whereas in the second group, there is not. In other
words, the electromagnetic field has wave and non-wave character. Thus, there is used transmission by
electromagnetic wave (TEW) for wave character and transmission by magnetic field (TMF) for non-wave character
usually.

With the concepts classification according to the electromagnetic field character, determination of a region
in which the appliance coupling element is placed with respect to the source coupling element is adherent. The space
surrounding the source coupling element which emits electromagnetic field can be subdivided into three regions [1]:
reactive near-field, radiating near-field, and far-field regions. These regions just differ in electromagnetic field
character. The boundaries are given by distance » from the source coupling element and are related to wavelength A
in the transmission medium and the largest dimension Dy, of the source coupling element, see Fig. 1.3. a) and
Tab. 1.1. Although no abrupt changes in the field configurations are noted as the boundaries are crossed, there are
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distinct differences among them. The boundaries separating these regions are not unique, although various criteria
have been established and are commonly used to identify the regions.

The power balance [2] of harmonically time-varying electromagnetic field in a volume V represented by a
sphere with arbitrary radius » and center in the source coupling element, see Fig. 1.3. b), can be written with the help
of time average values of powers and energies as

P =F +5,, (1.1)

O, =20W, =20W,, + 0, (1.2)

where are

P total active power entering the source coupling element,

Or total reactive power entering the source coupling element,

Pp active power dissipated in the volume V,

Py active power passing through the surface of volume 7,

Op reactive power passing through the surface of volume 7,

Wrg electric energy,

Wy magnetic energy,

w angular frequency.

The reactive near-field region is then an area where the reactive power Op is considerably dominant over
the active power Pp for arbitrary » from this area. The angular field distribution is dependent on the distance r.

The radiating near-field region is an area where the active power Pp is becoming dominant over the reactive
power QOp with increasing r from this area. The angular field distribution is still dependent upon the distance . For
the source coupling element much smaller than wavelength (4 >> Dy), this region may not exist.

The far-field region is an area where the reactive power Op vanishes and the active power Pp is dominant
for arbitrary » from this area. The angular field distribution is essentially independent of the distance . The
electromagnetic field exists in a form of a wave here.

Region Boundaries Condition of validity
A
re <0, E> r<<i
Reactive near-field 3
D
re<0,0.62 M] re A
A
re £ R 21} r<<2a
2n
Radiating near-field ; R
re 0.62‘,DM ,2DM reA
A A
re ( 24, oo) r<<Ai
Far-field 2
re <2?M , oo] el
A

Tab. 1.1. Boundaries of electromagnetic field regions with respect to the source coupling element.

The concepts of WPT which use TEW have the appliance coupling element placed in the far-field region
whereas the concepts which do not use TEW have the appliance coupling element placed in the reactive near-field
region. However, there has to be fulfilled an additional condition for efficient transmission. The concepts based on
TEW have to have active power Pp for » from far-field region comparable to the active power Pr entering the source
coupling element whereas the concepts based on TMF have to have power Pp negligible in the far-field region. In
other words, the radiation of the source coupling element is desirable in the former case whereas it is not in the latter
one.
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The power radiated by the source coupling element can be expressed as [3]
2
P, =£[L—Rj £ (1.3)

where are

Ly integral operator which is characteristic for radiation system (it takes into account the distribution of the
radiation sources in the volume V),

£ permittivity of the medium,
1 permeability of the medium.

It is apparent that if A — oo (frequency — 0) then Pr — 0. Thus, the radiated power is negligible for low frequencies.
On the contrary, the radiated power increases with higher frequency.

According to the above mentioned behaviour of electromagnetic field, the dimension and working
frequency of the coupling elements and the transmission distance are chosen in order to ensure efficient operation in
the corresponding region of electromagnetic field for desired transmission type. Another criterion is the acceptable
dimension for integration into the small appliances and overall acceptable size of the concept for WPT in the rooms.

1.2. Concepts

In this section, there are particularly described basic concepts of WPT for purposes of power supply as
exemplification of the above mentioned categorization. For a brief overview with respect to the categorization,
transmission distance, frequency, and transmission efficiency, see Tab. 1.2.

Concept | Dimension | Transm. type | Transm. distance Frequency Transm. efficiency
WSIC 2D TMF A few mm — a few cm Tens of kHz — a few MHz Tens of %
WSSW 2D TEW A few mm — a few cm A few GHz A few %
WISIC 3D TMF Tens of cm — a few m | Hundreds of kHz — a few MHz A few % — tens of %
WISA 3D TEW Tens of cm — a few m A few GHz Hundredths of %

Tab. 1.2. Overview of properties of basic concepts of WPT for purposes of power supply.

1.2.1. WPT Surface with the Use of Induction Coils (WSIC)

This 2D concept [4] uses induction coils as the coupling elements, see Fig. 1.4. There is used TMF. On the
side of source, a system of transceiving coils is arranged to create a surface. The purpose is to excite homogenous
magnetic field in the proximity of the surface. On the side of appliance, which is placed on this surface, power is
delivered to the load with the help of a receiving coil, which is coupled in this field. The transmission medium is a
dielectric gap between the transceiving and receiving coils.

The transceiving and receiving coils mostly have flat shape. A wire is either coiled only in the peripheral
line or filling the surface of the coil. For better homogeneity of magnetic field above the surface, the transceiving
coils are arranged in several layers.

Receiving coil ~ Appliance Transceiving coils

Fig. 1.4. Scheme of the concept of WPT surface with the use of induction coils.
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1.2.2. WPT Surface with the Use of Slab Waveguide (WSSW)

This 2D concept [5] uses a waveguide with quasi-TEM wave as the transmission medium, see Fig. 1.5. The
coupling elements are transitions between the waveguide with quasi-TEM wave and guides, which are associated
with the sides of source and appliance. There is used TEW. The waveguide is created by a dielectric slab with an all-
metal bottom wall and a top wall represented by a metal grid. On the side of source, power of electromagnetic wave
is coupled by a transceiving transition through the metal grid to the waveguide. From the place of the transition,
cylindrical wave propagates through the waveguide. On the side of appliance, which is placed on the surface, a part
of wave power is extracted from the waveguide by a receiving transition and delivered to the load.

In a more complex configuration [6], the waveguide is excited on its edge by an array of sources as shown
in Fig. 1.6. These sources independently adapt the phases of their harmonic signals in order to deliver maximal
power to the appliance. It means the electromagnetic waves from the particular sources are summed under the
receiving transition constructively.

Source
Waveguide Appliance
S
o ]
| 4 X
A y 4
YA X—~
/Y VLN S
////&7//////)(//
X
/ X
Z
L pd
Receiving transition Transceiving transition

Fig. 1.5. Scheme of the concept of WPT surface with the use of slab waveguide.

Waveguide  Appliance

L Z

Receiving transition Transceiving transitions

Fig. 1.6. Scheme of the more complex concept of WPT surface with the use of slab waveguide.

1.2.3. WPT in the Space with the Use of Induction Coils (WISIC)

This 3D concept [7] uses the free space as the transmission medium, see Fig. 1.7. The coupling elements
are induction coils. There is used TMF. On the side of source, a transceiving coil excites magnetic field in the
determined space. On the side of appliance, which is placed in this space, power is delivered to the load with the help
of a receiving coil, which is coupled in this field.

In a more complex configuration [8], the transceiving coils are arranged as three orthogonal Helmholtz’s
coils, which enclose the determined space for better homogeneity of magnetic field inside, as shown in Fig. 1.8. The
receiving coil is created from three orthogonal coils in order to decrease the dependence on arrangement with respect
to the transceiving coils. It can have a core with high permeability for higher coupling. The concept is proposed as
cellular. The space is dived into cubes and each cube is represented by a cell, as shown in Fig. 1.8.
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Appliance

)

/

Transceiving coil Receiving coil
Fig. 1.7. Scheme of the concept of WPT in the space with the use of induction coils.
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Fig. 1.8. Scheme of the more complex concept of WPT in the space with the use of induction coils.

1.2.4. WPT in the Space with the Use of Antennas (WISA)

This 3D concept [9] uses the free space as the transmission medium, see Fig. 1.9. The coupling elements
are antennas. There is used TEW. On the side of source, a transceiving antenna radiates power of electromagnetic
wave to the determined space. On the side of appliance, which is placed in this space, a part of wave power is
received by a receiving antenna and delivered to the load.

The directive properties of the transceiving antenna are optimized for coverage of the determined space
[10]. The receiving antenna is usually omnidirectional for easier receiving of incoming wave from different
directions [11] or designed for circular polarization of wave to decrease the dependence on arrangement with respect
to the transceiving antenna [12].

Source Appliance
VA
<)

Transceiving antenna .
Receiving antenna

Fig. 1.9. Scheme of the concept of WPT in the space with the use of antennas.
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Transceiving antenna

Receiving antenna

Appliance

Fig. 1.10. Scheme of the more complex concept of WPT in the space with the use of antennas.

In a more complex configuration [13], the transceiving antenna is placed e.g. directly under the ceiling of
the room. It is represented by a metal waveguide with many slots, as shown in Fig. 1.10. The slots are oriented to the
determined space in order to ensure better homogeneity of power density there.

1.3. Milestones in WPT Development

The technology of WPT began to develop at the end of the 19" century. At that time, Nikola Tesla tried to
transmit a significant amount of power with the help of the earth currents [14]. Its concept was aimed to transmission
of power of hundreds of kW over a distance of a few kilometres. In the following decades, different concepts of
WPT that differed in the distance of transmission, working frequency, and the amount of transmitted power were
developed.

A more important progress was made in the 1960s: the concept of WPT by TMF at a frequency of several
kHz for the powering of artificial heart was introduced [15]. It was aimed to transmission of power of tens of W over
a distance of a few centimetres. This concept is conjoint with the advancement in high efficiency switched sources
[16].

In the 1960s, the concept of WPT by TEW at a frequency of several GHz was proposed as well [17] and
demonstrated by powering of a small pilotless helicopter from an earthbound base [18]. It was aimed to transmission
of power of a few kW over a distance of a few meters. This concept was followed by the development of a special
antenna with an integrated rectifier, which is called rectenna (rectifying antenna) [19].

In 1970s, 1980s, and 1990s, there was a wide discussion about particular elements of WPT. The efficiency,
transmitted power, and transmission distance of concepts were considered. However, the intended applications were
based only on transmission between the sides of source and appliance in the point-to-point mode. At the end of
1990s, the development of many small portable electric appliances with low power input began. The only thing
which restricted their portability was the conventional means for power supply. There had to be an interconnection of
an appliance with a power grid socket, either for permanent power supply or only for accumulator charging. On this
basis, a need of adaptation of WPT concepts for this purpose arose. At the beginning of the 21* century, the different
2D and 3D concepts based on TMF and TEW were proposed for the powering of portable appliances in rooms [4],
[51, [7], [9]. These ones represent concepts which perform transmission between the sides of source and appliance in
the point-to-multipoint mode.

1.4. Comparison of Concepts

In this section, quantitative and qualitative comparison of the above mentioned basic concepts of WPT is
made with respect to efficiency in section 1.4.1., reference levels in section 1.4.2., frequency in section 1.4.3., and
influences on transmission in section 1.4.4. The comparison is concluded in section 1.4.5.
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1.4.1. Efficiency

The assessment of the concepts from efficiency point of view is complex because it depends on distance
and mutual arrangement of the source and appliance coupling elements, frequency and character of electromagnetic
field (type of transmission), and extraneous objects in the transmission medium (namely for 3D concepts).

Here defined efficiency of power transmission is related to active power Py delivered to the effective load
represented by the appliance and to total active power Pr entering the source coupling element. This definition
comprises the main causes of losses joint with a certain type of WPT and has formula

n="t. (1.4)

In the case of TMF, the losses are predominately represented by ohmic resistance of the transceiving and
receiving coils. In the case of TEW, the losses are predominately represented by decrease of power density on the
wave-front with the increasing distance from the transceiving transition/antenna. In consequence of these
phenomena, a portion of transmitted power reaches the appliance only.

Pr—>, P>,
| L
| Rs Ra o
Source |, Ls La A | Ru
+FC : ol | :
+MN i ko || . .
Appliance
CE CE MN +FC
Side of source Side of appliance
a)
Pr— PL—>
| |
] [
] |
Source ! Gs < > Ga | R
+FC | —_— |
+MN i kem :
Appliance
CE CE +FC+MN
Side of source Side of appliance
b)

Fig. 1.11. Models for determination of power transmission efficiency of concepts with a) TMF and b)
TEW (FC — Frequency Converter, MN — Matching Network, CE — Coupling Element).

In Fig. 1.11. a) and b) respectively, the simplified models for efficiency determination of the concepts with
TMF and TEW are depicted. The symbols in Fig. 1.11. a) mean:

C, matching capacitance,

L, self inductance of receiving coil,

Lg self inductance of transceiving coil,

R4 ohmic resistance of receiving coil,

Ry effective resistance of appliance including frequency converter,

Rs ohmic resistance of transceiving coil,

kv coupling coefficient of transceiving and receiving coils.
The symbols in Fig. 1.11. b) mean:

G, gain of receiving transition (2D concept)/antenna (3D concept),

Gy gain of transceiving transition (2D concept)/antenna (3D concept),

R, effective resistance of appliance including matching network and frequency converter,

kem transmission coefficient between transceiving and receiving transitions/antennas.
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The efficiencies 7y and #gy according to the models in Fig. 1.11. are given by formulas [20], [21]

_ (ky©0)’
My = 5 2 (1.5)
((kMQ) 1+ (k,0) )
by G
Mem = (W\J (1.6)
where are

oL, WL
QA:R_’QS:R_’Q:\/QAQS’ (1.7
G=.G.G, , (1.8)
gy = (ijz (1.9)

r

where O, and Qg are quality factors of the receiving and transceiving coils, @ is angular frequency (e = 2=nf, f is
frequency), 4 is wavelength in the transmission medium, » is distance between the transceiving and receiving
transitions/antennas, n = 1 for 2D concept and n =2 for 3D concept. In addition, the following conditions of optimal
transmission for the model according to Fig. 1.11. a) are valid

R, =\/Ri -i—a)zkf,[LsLAIIZ—A AL, = ! (1.10)

S oC, '
In the case of the model according to Fig. 1.11.b), the impedance and polarization matching of the

transitions/antennas are considered and multipath propagation and reflection in the transmission medium are not
taken into account.

In Fig. 1.12., there are shown the curves of efficiencies #y and #gy based on equations (1.5) and (1.6). It is
apparent that required efficiencies 7y or #gyv can be reached as a proper combination of &y and Q for TMF or kgy
and G for TEW. It means decrease of transceiving and receiving coils coupling, which is respected by ky;, (increase
of transceiving and receiving coils distance) can be compensated by increase of coils quality factors QO,, Qs (increase
of angular frequency @, increase of coils inductances L,, Ls, decrease of coils resistances R, Rs). The resistances R,
Rs depend on frequency roughly proportionally to @'". Thus, the increase of frequency o really increases factors O,
Qs. Similarly, decrease of transmission, which is respected by kgyv, (decrease of wavelength /, increase of distance 7)
can be compensated by increase of transitions/antennas gains G, Gs. The efficiencies #y or gy tend to increase
with increasing product kyQ or kgy G, thus, with one increasing product component at least. The efficiency 7y limits
with increasing product kO to 100 % whereas the efficiency #gy seems to go over 100 % with increasing product
kemG. This incorrectness is caused by invalidity of equation (1.6) for the near-field region of the transitions/antennas.
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Fig. 1.12. Efficiencies a) ny of concept with TMF and b) #gy of concept with TEW (n = 1 for 2D concept,
n =2 for 3D concept).
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Only weak dependence of efficiency on the direction in which the appliance coupling element is placed
with respect to the source coupling element is desirable. With the increasing distance between the coupling elements
the coefficients ky and kgy decrease. To maintain the efficiency by conservation of weak dependence on coupling
elements mutual arrangement is better possible for TMF with increase of coils quality factors. Of course, for TEW
the efficiency can be maintained by increase of transitions/antennas gains. However, it is in contradiction with weak
dependence on mutual arrangement of the coupling elements. It can be said that the coupling elements represented
by the coils can afford isotropic character even by higher quality factor, however, the coupling elements represented
by the transitions/antennas become with higher gain directive.

1.4.2. Reference Levels

For using of WPS in areas where humans are presented, it is necessary to keep the reference levels for
public exposure to electric and magnetic field [22], see Fig. 1.13. It is especially important for 3D concepts where
transmission is accomplished through the free space. Further, with the help of certain simple examples of 3D
concepts for TMF and TEW, the maximum achievable values of power, which can be delivered to the appliance by
fulfilment of the reference levels, is calculated. For calculation, the models of the side of appliance according to
Fig. 1.11. are used. It especially deals with characterization of the receiving couplings elements. It means
determination of inductance L, and resistance R, of the receiving coil for TMF and gain G4 of the receiving antenna
for TEW respectively. In the space, there is presumed existence of magnetic or electromagnetic field which is
harmonically time-varying with angular frequency @ and has maximal acceptable rms value H,,,, of magnetic field
strength or power density Sy,.x with respect to the reference levels.

< 100000
é 10000 +—
“ 1000 A
E 100 4 ~
— 10 —
SRS
g 0,1 4 —
w001 T T T
1 100 10000 1E+06 1E+08 1E+10 1E+12
J [Hz]
—— Electric field strength —— Magnetic field strength

Power density

Fig. 1.13. Reference levels for general public exposure to time-varying electric and magnetic field (in rms
scale).

In the case of TMF, a single layer cylindrical coil is considered as the coupling element (receiving coil).
The coil has diameter D and it is created by N turns wound closely one by other by a copper wire with conductivity
o and diameter Dy. The power delivered to the appliance can be calculated with the help of the model in
Fig. 1.14. a) and b). The voltage source u coresponds to voltage induced by magnetic inductive flux @ which
belongs to the receiving coil. For calculation of flux @, the homogenous magnetic field with strength A which
direction is perpendicular to the turns area A of the receiving coil is assumed. The voltage u implies from induction
law by equation [23]

ob 0 0 DN DN
u=-"=-—| [[uH 44 |=-=| u,\2H,,,, cos(wt)—— | = wu,\2H,,, sin (0t)——. (111
at at (,[;[ﬂo ] at 'uo mﬂXH ( ) 4 luO max ( ) ( )
The high frequency resistance R, of the receiving coil is estimated by equation [21]
ND,
R, =——c [P (1.12)

Dy, \ 20
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For calculation on working frequency, it is not necessary to determine the inductance L, of the receiving coil
because its reactance @l is compensated by reactance —1/@wC, of the capacitor in the matching network according to
(1.10). The power Py delivered to the appliance is determined with the help of the circuit model in Fig. 1.14. b) by
equation

2

H__nD.N

})]_M: wﬂo maxn C R]_- (113)
: 4(R, +R,)

In the case of TEW, a half-wave dipole is considered as the coupling element (receiving antenna) to which
the electromagnetic plane wave with power density S is coming. For calculation, it is presumed that wave is coming
in the maximum of antenna reception and it is polarization-matched (vector of electric field strength E is parallel to
dipole axis), see Fig. 1.14. c). The power PLgm delivered to the appliance is determined with the help of antenna
effective aperture 4, by equation [21]

2
nc G,
F e =84, =8, 2 (1.14)
[0
where c is speed of light.
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Fig. 1.14. Models for calculation of maximal possible delivered power to appliance with respect to
reference levels for examples of 3D concepts with a), b) TMF and ¢) TEW (FC — Frequency
Converter, MN — Matching Network, CE — Coupling Element).

TMF | TEW
Chosen values
Dc [m] 0.1 c[ms '] 3108
Dw [m] 0.001 Ga[-] 1,5
f[Hz] 1-10° f[Hz] 5-10°
N[-] 100
RL[Q] 50
1o [Hm™'] 4711077
o[Sm"] 5,96:10°
Reference levels
Hu [Am N @f ] 073 | Se[WmJ@f ] 10
Evaluation
Pom[Wl | 037 | Puam[W] ] 43107

Tab. 1.3. Evaluation of calculation of maximal possible delivered power to appliance with respect to
reference levels for examples of 3D concepts with TMF and TEW.

For evaluation of power calculation for chosen parameters of the side of appliance with the help of (1.13)
and (1.14), see Tab. 1.3. From results, it is apparent that, in the case of TMF, power delivered to the appliance can
be about orders higher than in the case of TEW. The calculated values are, of course, only estimation. In the nearer
places to the transceiving coupling element, the values of electromagnetic field are usually higher than in the further
places. However, the reference levels have to be fulfilled in all considered space. Thus, the values in the further
places have to be necessarily lower than the reference levels allow.

Although these are only certain simple examples of the above mentioned concepts, the similar results can
be generally expected for comparison of concepts with TMF and concepts with TEW by fulfillment of the reference
levels.
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1.4.3. Frequency

Frequency band and efficient WPT adheres to the conservation of electromagnetic field character in the
desired field region of operation with respect to the dimensions of particular elements in the transmission chain. It
means, for WPT by TMF/TEW, the wavelength has to be considerably bigger than/comparable with the elements of
the transmission chain. In the case of TMF, efficiency decreases by too a low frequency or too a high frequency as a
result of ohmic losses or losses by radiation. Thus as a compromise, a suitable frequency band corresponds to tens of
kHz up to a few MHz [4], [8]. In the case of TEW, too a low frequency leads to an excessively big and impractical
dimensions of elements in the transmission chain and low radiation efficiency of wave. On the other hand, too a high
frequency leads to significantly small demanding production dimensions, the increase of losses by scattering of
power, and problems with the implementation of power generator. Hence, as a compromise, a suitable frequency
band coresponds to a few GHz [5], [11].

1.4.4. Influences on Transmission

The transmission can be impressed by objects which exist in the transmission medium. In the case of TMF,
magnetic field distribution can be influenced by metal and ferromagnetic objects in which eddy currents are excited
and which bend the magnetic field respectively. However, most objects in the room have a dielectric character. In the
case of TEW, all objects in the path of wave propagation or in its proximity cause scattering, refraction, and multiple
reflection of the wave. Thus, from the point of view of a shading transmission path between the source and appliance
coupling element and the influence of extraneous objects on transmission, the concepts based on TMF are more
resistant than the concepts based on TEW [7]. With respect to degree of freedom of the appliance movement, 2D
concepts where the electromagnetic field is concentrated in the proximity of the surface are less influenced by
extraneous object than 3D concepts. Generally, it can be said that the extraneous objects rather cause scattering and
refraction of the electromagnetic field than its absorption because power reception in all concepts is based on the
resonant principle.

1.4.5. Conclusion

According to the above discussed properties of the particular concepts, decision can be made about further
research with respect to perspective of concepts improvements.

In the case of concept with TMF, the losses are predominately represented by ohmic resistance of the
transceiving and receiving coils. It is result of finite conductivity of a real conductor and eddy currents. It means this
phenomenon or its quantity are not necessary condition of excitation of magnetic field for transmission. The losses
can be influenced by coupling elements (coils) construction.

In the case of concept with TEW, the looses are predominately represented by decrease of power density on
the wave-front with the increasing distance from the transceiving transition/antenna. It is result of fundamental
principle adherent to wave propagation, especially, when the wave is propagated isotropically (ideally) or
omnidirectionally from the source coupling element, which is desirable for point source of wave and arbitrary
appliance placing. In the case of 2D concept with TEW, there can be possibility to shape better the wave-front in
order to avoid rapid decrease of its power density.

Further, the estimated power delivered to the appliance by fulfilment of the reference levels is higher for
TMF than TEW in the case of 3D concept. Finally, the transmission is less influenced for TMF than TEW by
extraneous object which can be in the transmission medium in the case of 3D concept.

Thus, the concept with TMF generally and 2D concept with TEW are chosen for further research. The
previous research in these topics is based on experimental or circuital approach with low level of mathematization of
the problem which leads to partial conclusions only.



2. Goals

The main aim of the thesis is to contribute to the theory of WPT. The goals and related problems are
divided in two parts which correspond to concept with TMF, see section 2.1., and 2D concept with TEW, see section
2.2., respectively.

2.1. Concept with Transmission by Magnetic Field

The goal is: To use circuit approach to develop a general circuit model for the concept with TMF and,
subsequently, to use electromagnetic field approach to link this circuit model with real structures of coupling
elements represented by transceiving and receiving coils, see section 3.

With this goal, solving of following problems is adherent:

A power balance of the concept has to be analysed using the circuit model in order to found suitable
characteristics of the transmission chain and determine conditions of optimal performance, see
section 3.1.

The circuit model of the coupling elements represented by transceiving and receiving coils is given by
their ability of cumulation of magnetic field energy, which is expressed by their self and mutual
inductances, and ohmic losses in conductors of their windings, which correspond to their resistances.
Additionally, the losses are dependent on frequency as a result of eddy currents. The integral parameters
of inductances and resistances are determined by geometry and material of the coils. The analysis of
these integral parameters based on electromagnetic field approach has to be used in order to link the
circuit model of the concept with real structures of the coils (at least for certain types of coils), see
section 3.4.

The knowledge of the magnetic field of the coupling elements represented by the transceiving and
receiving coils is useful for e.g. assessment of reference levels. Thus, the effective method for analysis
of magnetic field which covers wide range of shapes of coils is desirable to develop, see sections 3.2.,
3.3.

2.2. 2D Concept with Transmission by
Electromagnetic Wave

The goal is: To developed analytical model of power extraction by the appliance based on 2D concept with
TEW, see section 4.

With this goal, solving of following problems is adherent:

A power balance of the concept has to be analysed in order to found suitable characteristics of the
transmission chain and determine conditions of optimal performance, see sections 4.2., 4.3.3.

A relevant solution of electromagnetic field in the transmission medium represented by a waveguide has
to be constructed in order to take into account power extraction, see section 4.3.

It is desirable to find an appropriate circuit representation of power extraction from the waveguide
which can be used e.g. for design of a real structure of the appliance coupling element, see section 4.4.
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3. Concept with Transmission by
Magnetic Field

This section deals with concept with TMF. The section is structured as follows. In section 3.1., a circuit
model of concept is presented. In sections 3.2. and 3.3., an analysis of magnetic field of induction coil, whose turns
of conductor are wound homogeneously close together around air core of a shape of finite cylinder of arbitrary cross
section, is performed. In section 3.4., maximal power transmission efficiency is discussed in relation to material and
geometrical quantities describing induction coils.

3.1. Circuit Model

A circuit model for the concept with TMF is described in this section. The problem is formulated in section
3.1.1. Further, power transmission efficiency of the concept and conditions for its maximum given by (1.4), (1.10)
and normalized active powers delivered to the appliance and lost in the coupling elements are derived with the help
of this model in section 3.1.2. Finally, an impedance at the input of the source matching network is found in section
3.1.3.

3.1.1. Problem Formulation

A circuit model in Fig. 3.1. a) is very similar with the model in Fig. 1.11. a). For generality of derivation,
there are only additionally collectively denoted the blocks of the appliance matching network and the appliance + the
frequency converter as an equivalent load Z;, which is connected to the appliance coupling element. On the contrary,
the source matching network is detached as a separate block and it is represented by an unspecified serial
reactance Xy. Us is phasor (in rms scale) of voltage at the input of the source matching network and I, I5 are phasors
(in rms scale) of currents in denoted loops. Other symbols are already known from description of the model in
Fig. 1.12. a). The total active power Pr entering the source coupling element is considered to be the same as the
power entering the source matching network since the matching is purely reactive.

Pr— Pr—;
1 1
T
| M u Rg Ra N
Source |if |Us G | >Ls La @— Z
1 1
+FC : : ° HkM ° B
MN CE CE EL
Side of source Side of appliance
a)
PL—> PL—>
1 1
o 1 : o * i
XL ' |
: RL [b X,L @ : ) /L ¢
1 1
< : o . :
Appliance Appliance
MN +FC MN +FC
EL EL
b) )

Fig. 3.1. Model for determination of power transmission efficiency of concept with TMF (FC —
Frequency Converter, MN — Matching Network, CE — Coupling Element, EL — Equivalent
Load).
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The model can be described by circuit equations
Ug = (R +j( Xy + X5)) I + X, 1, 3.1)
0=jX Ig+(R, +iX, +Z )], (3.2)
where X,, X, Xs are reactances, namely
X,=0L,, Xy =oky\L L =oM,;, X;=0L (3.3)
M s

and M,s is mutual inductance of transceiving and receiving coils. The derivation is performed for equivalent load

Z, =R, +jX, 3.4

which is represented by a serial combination of an effective appliance resistance (including frequency converter) Ry
and an unspecified reactance X; in the appliance matching network according to Fig. 3.1. b) (in comparison with
Fig. 1.12. a), reactance X replaces capacitance Ca for generality). Solution of circuit equations (3.1) and (3.2) with
respect to currents I, I is
_jX K
I, = - - Uy, (3.9
(Ry+ R +j(X, +X,))(Rg+i(Xy + X))+ X5

L (R, +R +j(X, +X,))
s (Ry+ R +i(X, + X)) (R +i( Xy + X))+ Xz

U, (3.6)

3.1.2. Power Balance

For determination of efficiency according to (1.4), it is necessary to find active power Py which is delivered
to the appliance represented by resistance Ry and rest of total active power Pr which is represented by active powers
P, and Pg lost in resistances R, and Rg of the receiving and transceiving coils. These active powers are expressed by
formulas

P, :RA|IA|2
_ - - - RAXIE |US|2’(37)
(R R+ (X + X0 ) (RS + (X + X))+ 2((Ry + R Ry = (X + X, ) (X, + X)) X2+ X
P =R |IA|2
_ - - - RLXIi |US|2’ (38)
((Ry+ R) (X X0 ) ) (RS (X + X))+ 2((Ry + Ry Ry =(X, + X, ) (X, o+ X)) X3+ X
Ps =RS|IS|2
) ((RA+RL)2 +(Xx, +)(L)2)RS o (3.9)
((Ry+RLY + (0 + X0 ) )RS+ (X + X))+ 2((Ry + R Ry (X + X, ) (X + X)) X2 + X .
From (1.4), efficiency #, is given by formula
2
- P, R X: G.10)

"B P +P+R ((Ry+RLY + (X, + X, ) )R+ (R, + R ) X3

and can be rearranged as
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T 2 3 ) (3.11)
(H ARL] (XJJ Xe X, X [1 XARLJ
RA XA RA RA XAXS RA RS RA XA
If it is denoted
X X X ., X X,
£ —ky, =2=0,,E=-0,,2=0,>2=0 (3.12)
X, X R, R, R, Ry
efficiency 7y becomes
60,0,
M = . L (3.13)
(1 +QA] +H0,-0L) |[+K20.0, {HQA]
o o
Finding maximum of efficiency #;, following parameters are defined
_ N
K_kM QAQS’p_Q 5§_QA QA’ (3-14)
L
Efficiency 7y can be then written as
2
K
Ny = 2 P 2 . (3.15)
((1+p) +& )+/< (1+p)
By solving equation system
0
aL; -0, (3.16)
0
ai.fM -0, (3.17)

it is found that optimal values of parameters p and ¢ for maximum of efficiency #y are
p=Nl+x’, E=0. (3.18)

Using (3.14), conditions for maximum of efficiency #y are

O, '
kl\z/lQAQS:_/;_lﬂ QA:QA’ (3-19)
o
Respecting (3.3) and (3.12), the conditions can be expressed as conditions for resistance R; and reactance X in the
form

R R
R = \/Ri + X7 zTA = \/Ri + @’k LL, R—A , (3.20)

S S
X, =X, =-ol, . (3.21)

Since the reactance X, has inductive character the reactance Xi has to have capacitive character and it might be
represented by capacitance C,. The condition (3.21) becomes then
1
X, =——=-X,=-0L,. (3.22)
oC,
From (3.7)-(3.9), (3.13) through (3.12), (3.19)-(3.21), maximal efficiency #ny and corresponding power P delivered
to the appliance and powers P,, Ps lost in the coils resistances can be written as
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My = (kO) -, (3.23)
(1+J1+(kM )2)
A = Ry X Uy, (324

2
R R
(RA+ /R§+X§RAJ (RSZ+(XM+XS)2)+2[RA+ /R§+X,§RAJRSX]§+X;
S S
} R
R +X: 2 X;
RS

2
= - U, (3.25)
2 2 RA 2 2 2 2 RA 2 4
Ry + R+ X2 (R +(dy + X)) +2| Ry + Ry +X2 2N [RX +X;
S S
R 2
(RA+ /Rj+X§RA) R,
2
> = i Uy (3.26)

2
R R
(RAJF ’R‘iJrXéRA] (R§+(XM+XS)2>+2(RA+ /Rj+X§RAjRSX§+X{§
S S

0= v ONOY (3.27)

It is apparent that (3.23) and (3.20), (3.22) are efficiency #y of concept with TMF (1.4) and conditions (1.10) for its
maximum mentioned in section 1.4.1. without derivation. Efficiency 7 is plotted in Fig. 1.12.

where is

A dual case of equivalent load

_ RX? iy R’X]
R*+X* "RP+ X’

(3.28)

L

which is represented by a parallel combination of an appliance resistance R'p and an unspecified reactance X' in the
appliance matching network according to Fig. 3.1. ¢), can be converted into the case of equivalent load (3.4) with the
help of equivalence principle setting equal right sides of (3.4) and (3.28)

R X[ oy RX!

R +iX =—; ~+Jj— = (3.29)
R +X| R+ X[
Hence, resistance R and reactance X; can be expressed in terms of resistance R, and reactance X', as
2 2
__RIXP _ RCX;
L~ RvZ XrZ 4 L™ ,n 2 (330)
L + L RL + XL

and substituted into equations of previous derivation. In this manner, optimal values of resistance R and reactance
XL for maximal efficiency 7y can be obtained from (3.20) and (3.21) as

R+ 'kl LL, R (3.31)

X, / R X,
R =—2A_—— = + R/ZUFXéEA: = = +\/ R
/Rj +X§R—A \/R/i +w2k§4LSLAR—A s
S S

R R
R +X; 2 R + o’k LL, —>
X =—X,-~——— 3 =-0L, - Rs ) (3.32)
X, oL,

From this, it is evident that reactance X'| has to have capacitive character. Similarly, other arrangements of
equivalent load can be converted.

For reactance Xy, any condition does not result from maximization of efficiency #y. It is useful to
determine it for maximal power Py delivered to the appliance by maximal efficiency 7. It means to solve the
equation
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P
A _y, (3.33)
oX,,

Using (3.25), the condition for maximal power P by maximal efficiency #y is
Xy =—X, =-oL. (3.34)

Since the reactance Xg has inductive character the reactance Xy has to have capacitive character and it might be
represented by capacitance. From (3.24)-(3.26) through (3.12), (3.27), (3.34) it can be written

(k,Q)’ ug[

h Gl (3.35)
(1+(kMQ)Z+W) ’
y (ky0) \1+(ky0)  |Uy| , (3.36)

(1+(kMQ)2 +y/1+(ky 0)’ )2 R
(1+J1+(kMQ)2 )2 U,

P - , (3.37)

(1+(kMQ)2+./1+(kMQ)2 )2 ks

Further, it is suitable to define normalized active powers pa, p1, ps by relations

Pa = PA2 = (Q) =, (3.38)
18 (1+(kMQ)2+Jl+(kMQ)2)
RS
b = |[1J°L|2 _ (RQ) Y1+ (kQ) y (3.39)
- (1+(kMQ) £ 1+ (k,0) )
A (1+ 1+(kMQ)2)2
Ps= |US|2 = —, (3.40)
- (1+(kMQ) £ 1+ (k,0) )
thus,
P, =p, U] , (3.41)
Rq
P =p, U] , (3.42)
RS
Fy =ps&- (3.43)
R

In Fig. 3.2., there are plotted normalized powers pa, pr, ps based on (3.38)-(3.40). It is apparent that power pp
delivered to the appliance has a maximum for product kyQ =2 approximately. However, powers p,, ps lost in
resistances R, and Rs of the receiving and transceiving coils are comparable with power p; by that value. The powers
Pa, ps become about order lower from product kyQ = 10 approximately. This behaviour is in accordance with
monotonic increase of efficiency #y with increase of product kyQ according to Fig. 1.12. a). It means there is
compromise between efficiency #y and normalized power p; delivered to the appliance. Of course, the absolute
power Py delivered to the appliance can be adjusted by a value of fraction |US|2/RS according to (3.42). The relation
(3.42) can be interpreted as a demand on the value of |Ug| which the source should implement for given product kO
and resistance Rg since the product kyQ is related with normalized power p; through (3.39).
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Fig. 3.2. Normalized active powers pa, pL, ps by maximal power transmission efficiency #y.

3.1.3. Input Impedance

Finally, it can be interesting to mention impedance Zg at the input of the source matching network which is
given by formula

R, +R )X X, +X )X;
ZS:£=RS+ (Az L)X S+ Xy + X - ( - L)X = . (3.44)
I (R, +R.) +(X,+X,) (Ry+R.) +(X,+X,)
If the conditions (3.20), (3.21), (3.34) are fulfilled impedance Zs reduces to
XZ
K (3.45)

Zy=Rs+ .
R, + /Ri+X§£
Ry

It means impedance Zg is then purely resistive.

3.2. Analysis of Magnetic Field of Thin-Wall
Induction Coil with Air Core of Arbitrary Cross
Section

This section describes analysis of magnetic field of a thin-wall induction coil with air core of a shape of
finite cylinder of arbitrary cross section (arbitrary coil). The term thin-wall means that the coil is composed of turns
which are wound homogeneously close together around the air core by a conductor with negligible cross section with
respect to cross section of the air core. The turns create then so called wall of the coil, see Fig. 3.3. a). The single-
layer coil is depicted in Fig. 3.3. a), however, the results of the analysis can be used for a multilayer coil which can
be considered as thin-wall. It means the total thickness of the layers is negligible with respect to cross section of the
air core.

Magnetic field of the arbitrary coil can be analyzed with the help of an elementary current loop which is
placed as a probe in its magnetic field as it is shown in sections 3.2.1., 3.2.2. The arrangement of the arbitrary coil
and loop is described in Fig. 3.4. a). The analysis of magnetic field is based on calculation of force with which the
arbitrary coil acts on the loop and mutual inductance of the arbitrary coil and loop.

The result of the analysis is a method for finding of scalar magnetic potential of the arbitrary coil. The
magnetic flux density of the arbitrary coil is found as gradient of scalar magnetic potential. A detail formula for
calculation of magnetic flux density is given in section 3.2.3. The properties of scalar magnetic potential are
described in section 3.2.4. The presented method is verified by two examples in section 3.2.5. The alternative
approaches for analysis of magnetic field which are suitable for the mentioned type of the coil are discussed in [24]-
[26].



3. Concept with Transmission by Magnetic Field 20
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Fig. 3.3. a) Thin-wall coil with air core of arbitrary cross section, b) approximation of turns of conductor
by current layer.
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Fig. 3.4. a) Arrangement for analysis of magnetic field of arbitrary coil with the help of elementary loop,
b) dividing of space around arbitrary coil.

3.2.1. Problem Formulation

The force F; with which the arbitrary coil acts on the loop is given by expression [27]
F =1 (dSL-V)BA (3.46)
where are

I} current of loop,

dS; oriented area of loop,
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V: isiai s
Ox Oy Oz

B, magnetic flux density excited by arbitrary coil in the point P where loop is placed.

If the loop is oriented as in Fig. 3.4. a), it means dSy = dS; zp where dS; is area of the loop, the equation (3.46) can
be manipulated in the form

B
F, :ILdSLa—A. (3.47)
oz
However, the force F; can be expressed by other relation [28]
F =1,1,VM,, (3.48)

where are
I, current of arbitrary coil,
M, mutual inductance of arbitrary coil and loop.

If the general curve-linear coordinates (u, u,) are defined in the plane perpendicular to z-axis the meaning of the
term VM, with respect to them is

oM, oM, oM, ] (3.49)

VM = 5 5
At [hlaul hyou,” 0z

where A, h, are scale coefficients of curve-linear coordinates (uy, u,) [29].

The position of the loop and place where magnetic flux density By, is calculated is determined by point
P(uy, uy, z), see Fig. 3.4. a). Mutual inductance M, is function of mutual position of the arbitrary coil and loop. The
mutual position can be described in coordinates (uy, u, z), thus, mutual inductance M, is function of the same.
Comparison of (3.47) and (3.48) yields

B 1, VM
%8B, = 1,VM ) (3.50)
0z ds,
Magnetic flux density B, is gained by integration of (3.50) with respect to coordinate z
_ VM AL _ M AL
B, =1,[ &, dz+Cy =1,V &, dz+C, (3.51)

where Cp is vector of integration constants. Vector Cy can be found with respect to the fact that By(z — ) =0

M
Adz |=1lim| -1,V
dSL z>®

M
C, = lim(BA ~1,V| Th dzj. (3.52)
Z—>®© L

3.2.2. Mutual Inductance of Arbitrary Coil and Elementary Loop

The mutual inductance My of the arbitrary coil and loop can be found by an arbitrary method which leads
to expression of mutual inductance M, as a function of mutual position of the arbitrary coil and loop. Additionally,
the method should enable analytical integration of mutual inductance My, with respect to coordinate z in order to
obtain simply calculable relation for magnetic flux density Ba. The method chosen here calculates mutual inductance
M,y as a special case of mutual inductance Myc; of the arbitrary coil and thin-wall coil with air core of a shape of
finite cylinder of circular cross section (circular coil 1). The loop is then considered as the circular coil 1 with zero
height, one turn, and zero radius. This method for calculation of mutual inductance of the thin-wall coil with air core
of a shape of finite cylinder of arbitrary cross section and thin-wall coil with air core of a shape of finite cylinder of
circular cross section is described in [30] and is proposed for different type of coil originally in [31]. The calculation
of mutual inductance Mc; is based on well-known calculation of mutual inductance of two thin-wall air circular
coils [32] and their magnetic flux linkage is modified according to a simple geometrical rule taking into account a
cross section of the arbitrary coil.

Two cases can occur for calculation of mutual inductance Mac;. The cases differ in position of axis ¢ of the
circular coil 1 with respect to the arbitrary coil. The space around the arbitrary coil is divided in two parts for
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specification of position of the axis £. The boundary between these two parts of the space is represented by a surface
of an imaginary infinite cylinder of the same cross section as the arbitrary coil. The inner space of the cylinder is
called Sy and the outer space Soyr, see Fig. 3.4. b).

In the first case, the axis ¢ of the circular coil 1 is in the outer space Soyr, see Fig. 3.5. a). The calculation
insists in description of the arbitrary coil by other thin-wall coil with air core of a shape of finite cylinder of circular
cross section (circular coil 2). The circular coil 2 is circumscribed around the arbitrary coil by a specific manner, has
the same height and number of turns, and is coaxial with respect to the circular coil 1. In the second case, the axis ¢
of the circular coil 1 is in the inner space Sy, see Fig. 3.5. b). The calculation insists in description of the arbitrary
coil by other two thin-wall coils with air cores of a shape of finite cylinder of circular cross section (circular coil 2
and circular coil 3). The circular coil 2 has the same properties as in the first case. The circular coil 3 is inscribed to
the arbitrary coil by a specific manner, has the same height and number of turns, and is coaxial with respect to the
circular coil 1. The mutual position of the arbitrary coil and circular coil 1 is described in coordinates (i, u, z). The
cylindrical coordinates (7, ¢, z) are used for description of the circular coil 1.

Circular coil 1 el Circular coil 1
2 P
ey Ay Sl
Arbitrary coil  Cjrcular coil 3 Circular coil 2

Arbitrary coil

) ‘ﬁ“

Sy

Fig. 3.5. Arrangement for calculation of mutual inductance of arbitrary coil and circular coil 1 for axis &
in a) outer space Soyr, b) inner space Siy.

Mutual inductance Myc; of the arbitrary coil and circular coil 1, mutual inductance Mcic, of the circular
coil 1 and 2 and mutual inductance M3 of the circular coil 1 and 3 can be defined as [33]

@
M, = 1‘*“, (3.53)
Cl1
@
Mo, =—1%, (3.54)
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Mo, = 2aics (3.55)

C1

where are
Ic; current of circular coil 1,
D ac) magnetic flux linkage of arbitrary coil due to current I,
D¢, magnetic flux linkage of circular coil 2 due to current ¢,
@3 magnetic flux linkage of circular coil 3 due to current /.

Magnetic flux linkages @ac1, Pcica, Pcics are given by expressions [33]

Ny Ny

gzsAc1 = Z; ” BCldSA,i = Z; _” BCIZdSA,i B (3.56)
=1 S = Sa
Ne Nes

®C1C2 = Z:, J] BCldSCZ,i = zl JI BCIZdSCZ,[ 5 (3.57)
= SCE.I = SCZ./
Nes Nes

Deyes = Zl: j B dS;,; = le _U B17dScs, (3.58)
= SC}_( = S(‘},l

where are
B¢, magnetic flux density excited by circular coil 1,
Bciz z-component of By,
N number of turns of conductor of arbitrary coil,
Nc> number of turns of conductor of circular coil 2 (it is equal to N,),
Nc3 number of turns of conductor of circular coil 3 (it is equal to N,),
Sa,; area of i"™ turn of arbitrary coil,
dS,; oriented element of Sy, see Fig. 3.5.,
Sco, area of "™ turn of circular coil 2,
dSc,; oriented element of S, ;, see Fig. 3.5,
Scs, area of i™ turn of circular coil 3,
dSc;,; oriented element of Sc; ;, see Fig. 3.5. b).

If integrations in (3.56)-(3.58) are performed in cylindrical coordinates (7, ¢, z) and it is considered that magnetic

field of circular coil 1 is rotationally symmetrical with respect to the axis £ (it is constant for given coordinates 7, z
and all coordinates ¢) it can be written

dSA,[ = dScz,[ = dSc3,f =rdedr, (3.59)
ca Ny Pu e Ny
Prcr = I Z f B, rdpdr + @ j ay Berdr+ @, (3.60)
ey =1 g ey =1
’ APy,
fca Ny 2m Tca Ny
Peicy J Z j B, rdpdr = J 27[2 B ,rd (3.61)
i=1
' ' d(pcl(z
Tc3 Ny 2m c3
Peics = I ZJ B, rdpdr = J 27[2 B, rd (3.62)
0 =l o i=1

where are

o shape function

a=0, =0, (3.63)
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oL lower angle which defines cross section of arbitrary coil for given radius 7, see Fig. 3.5.,

@y upper angle which defines cross section of arbitrary coil for given radius 7, see Fig. 3.5.,

rcp radius of circular coil 2, see Fig. 3.5.,

rc; radius determining arbitrary coil, see Fig. 3.5. a), or radius of circular coil 3, see Fig. 3.5. b),

@ part of magnetic flux linkage @ ¢,

0, e Sy
czsc—{ < € Sour (3.64)

Peiczs € € Sy

The shape function o describes the cross section of the arbitrary coil. Its value represents the total angle of arcs
which define cross section of the arbitrary coil for given radius r. Fig. 3.5. shows the case where total angle consists
of only one part (one arc) for given radius » for simplicity. However, the total angle can consist of more parts (more
arcs) for given radius r generally, see Fig. 3.6. Thus, the shape function a (3.63) can be generalized in the form

a=2 (g, ~0.,) (3.65)

where are
oL i™ lower angle which defines cross section of arbitrary coil for given radius r,
@y, i" upper angle which defines cross section of arbitrary coil for given radius r.

The analytical formulation of shape function a is possible when the points P; ; and Py, (corresponding to angles ¢y ;
and ¢y, respectively) of intersections of the curve which describes cross section of the arbitrary coil and circle with
given radius » and center Pc(uy, u;) can be found analytically. This two-dimensional problem is described in the
plane of coordinates (uy, u,) where the auxiliary coordinate axis r lies as well. The shape function « is then function
of coordinates uy, u,, r and dimensions which describe the cross section of the arbitrary coil.

Fig. 3.6. Definition of shape function a.

Comparison of differentials d@c; and dD¢;c; in (3.60), (3.61) yields

o
AP, = 0. (3.66)

The differential d®c ¢, can be formally found with the help of derivative of @¢c, with respect to the upper bound
rc of the integral in (3.61)

aczjC1C2

AP, = ar
2

dr. (3.67)

T2 =1

The equation (3.53) for mutual inductance Mxc; can be manipulated using (3.54), (3.55), (3.60), (3.64), (3.66),
(3.67) in the form

Tca
0Py *
Tc2
7cs 6VC2 e =r 2n (pc aMClCZ
M, = = —F

]Cl ICl

;—ndr +M, (3.68)

Ore,

U]

where is
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0, e Sy,
M, :{ < € Sour (3.69)
Meics, €€ Sy

The mutual inductances Mcic,, Mcic3 are given by relations [30]

her he
z+ ) 2n

_ My TeNey T Ney COS((”)

Mg, = dedz'dz", (3.70)
2 h h 2 2 ' n\2
1 2 e he 0 \/”c1 +15 = 21 1 cos (@) +(2'—2")
2 2
sl hes
B TaNasNe F 7T cos(¢)

M = dpdz'dz" (3.71)

cies =7 e, h ) . ) —
e do 1+ 1 = 217 cos(p) +(2' = 2")

where are
hcy height of circular coil 1,
hc; height of circular coil 2 (it is equal to s, where 4, is height of arbitrary coil),
hcs height of circular coil 3 (it is equal to s, where 4, is height of arbitrary coil),
N¢; number of turns of circular coil 1,
Nc> number of turns of circular coil 2 (it is equal to Ny where N, is number of turns of arbitrary coil),
Nc3; number of turns of circular coil 3 (it is equal to Ny where N, is number of turns of arbitrary coil),
rc1 radius of circular coil 1,
rco radius of circular coil 2,
rc3 radius of circular coil 3,
o permeability of vacuum.

Mutual inductance M, of the arbitrary coil and loop is found as a limit case of mutual inductance My, since the
loop can be considered as the circular coil 1 with zero height, one turn, and zero radius

M, = M, . (3.72)

lim
(h(-l JNeysrer )4)(0,1,0)
The area dSp of the loop is then expressed as

ds, = lim (mr,). (3.73)

e >0

Mutual inductance M, and, thus, magnetic flux density B, are then not dependant on height /¢;, number of turns
Nci, and radius r¢;.

3.2.3. Final Formula for Magnetic Flux Density

The equation (3.51) for magnetic flux density B, can be manipulated using (3.52), (3.68)-(3.73) in the form

1 . < oM _
B, =,V[—F——~ lim [=oel Zdrem |dz+dim G,
hmo (nrc1 ) (her-Neyarer )=(0,1,0) , arCZ o r 2 (her-Neyarer )=(0,1,0)
(3.74)
*q
=,V [—IANA [ j Et//dr + WJJ

Pm

where are
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M
y= 1 o0 J lim (mzczjdz
/uONA arCZ (he1sNeysrer)=(0,1,0) TU"CI

__ L 0 | rmNg hey +2z . hey =2z & (3.75)
ol Oy | 2y | [y +22) + 412 (hey —22) +472,

e =r

T =r

r 1 1

hy \/(hA +22)2 +4r? \/(hA —22)2 + 477

s

0, e Sours
W= 1 J’ lim (Mazm ]dz _ 1 #oNes hey +22 n hey =2z dz (3.76)
HoN 7 Uer-Nerre) >0 7y HoNy 7 2hes \/(hc3 + 22)2 +477, \/(hc3 - 22)2 +477,

1
:E(\/(hA +22) w4l —\(hy —22) + 412 ) Ee S,

Vector of integration constants Cg becomes through manipulation zero. The final relation (3.74) for magnetic flux
density B, (with functions y (3.75) and ¥ (3.76)) is rewritten lower more in detail and with highlighting of
dependence of its parts on input parameters of the analysis

B, (ul,uz,z,hA,d,NA,IA):(BUI,BUZ,BZ)

Vc:(“ls“zv‘l)
B 0 0 0 o(uy,uy,r.d) 3.77)
1 1
w(zrhy)=— - : (3.78)
BN TS N RN e
0’ éﬁe SOUT’
¥ (z,7ey (uyuy.d),hy ) =4 1 (3.79)

ﬂ(\/(h’\ —1—22)2 —|-4rC23 (ul,uz,d) —\/(hA —22)2 +4I’C23 (ul,uz,d)), e Sy

A

where d is vector of dimensions which describe certain cross section of the air core. The choice of transversal
coordinates u;, u, and, thus, the decomposition of vector of magnetic flux density B, in components By, By
depends on a certain cross section of the arbitrary coil. The expressions for shape function o and radii 7c,, rc3 are
given by the cross section as well. The functions y and ¥ are the same for arbitrary cross section of the coil,
however, the function ¥ depends on radius 7c;.

It is usually necessary to perform integration in (3.77) with respect to » numerically since it is not possible
to find primitive function for product of functions a and y generally. The order of integration with respect to » and
derivation with respect to coordinates u, u,, z in (3.77) can be interchanged and derivatives can be performed
analytically. However, derivatives with respect to coordinates u,, u, can be quite complex because it is necessary to
derive shape function a and integral bounds rc,, 73 as well and both can be defined with respect to coordinates u,, u,
piece-wise. Thus, it is easier to perform derivatives with respect to coordinates u;, u, numerically after numerical
integration and summation with function ¥ which depends on coordinates u;, u, through radius rc; as well. Only in
the case of derivative with respect to coordinate z, it can be useful to perform the derivative analytically since it is
necessary to derive only functions y and ¥ which are simple functions of coordinate z.
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3.2.4. Scalar Magnetic Potential

The expression in (3.74) which is denoted gy

Tc2 o
O :—IANA[I%WHW} (3.80)

e

is scalar function and its gradient multiplied by —u, yields desired vector of magnetic flux density B,. The function
@u can be called scalar magnetic potential because it corresponds to its definition [33]

B, =—u,Vo,. (3.81)

Thus, the result of the analysis is method for finding of scalar magnetic potential ¢y of the arbitrary coil with the
help of mutual inductance of the arbitrary coil and elementary loop. The potential gy can be defined inside the space
where the condition

VxB, =0 (3.82)
is valid and potential gy is continuous then there [33].

The following approximation is used for thin-wall coil here. The individual turns of conductor with current
I, see Fig.3.3. a), are replaced by a continuous current layer thickness 7 of which is considered as zero, see
Fig. 3.3. b). Thus, the current of the layer is surface current and the current layer is contained in the boundary
between spaces Sy and Soyt. Surface current density K, of the layer is given then by relation
N
K, = hAIAt (3.83)

A

where are
ha height of arbitrary coil,
N, number of turns of conductor of arbitrary coil,
¢ unit tangent vector to curve which turn tracks.

If the surface current is considered, the condition (3.82) becomes
nx(B,,~B,,)=0 (3.84)

for an arbitrary imaginary boundary inside the space with defined potential ¢\ where
n is normal vector to boundary,
indices 1 and 2 denote one and other sides of boundary.

In the space, where the arbitrary coil represented by the current layer with surface current density K, is present, the
condition (3.84) is not fulfilled generally since a boundary can be found (part of the boundary between spaces Sy
and Soyt) where

nx(B,,—B,,)=ukK, (3.85)

as follows from boundary condition [33]. However, this space can be divided in parts inside which the condition
(3.84) is valid. Potential ¢y can be discontinuous at the boundary between these parts of space.

The previous analysis gives the answer how to divide the space in order to define potential ¢y;. The term

J'm%y/dr in (3.80) is continuous function of coordinates (u, u,, z) in the whole space. The function ¥ is
T
continuous function of coordinates (i, u,, z) in the inner space Spy and outer space Sout With a discontinuity between
them. Thus, potential gy given by (3.80) is continuous function of coordinates (uy, uy, z) in the inner space Sy and
outer space Soyr with a discontinuity at the boundary between them. This leads to assumption that space has to be
divided in two parts which correspond to inner space Spy and outer space Sour in order to define potential gy This
assumption is confirmed since no surface current density exists inside these parts of space and condition (3.84) is
fulfilled inside them.



3. Concept with Transmission by Magnetic Field 28

Potential ¢y, determines magnetic flux density B, inside the spaces Sy and Sour. However, potential gy is
not defined at the boundary between these spaces where it is discontinuous and cannot determine magnetic flux
density B, there. It is evident from boundary conditions [33] that it is valid at the boundary between the spaces

nx(B -B :Os
( A.OUT A,IN) ZG(_OO,_h_AjU(h_A’OOj’ (3.86)
n '(BA,OUT - BA,IN ) =0, 2 2

nx(Byour = Ban )= oK, z€<‘h7A’h7A> (3.87)

n '(BA,OUT -B, ) =0,
where
n is normal vector to this boundary, see Fig. 3.3. b),
indices IN and OUT denote sides of boundary corresponding to inner space Siy and outer space Soyr.

For components By, By,, Bz of vector of magnetic flux density B, at the boundary, it can be then written using
(3.81), (3.83), (3.86), (3.87)

Op Op
By, = By = Buiour =~ i gum = T H ﬁs
10Uy oU,y
ze (—oo,oo), (3.88)
B.=B._ =B :_#a‘/’ﬂ:_ﬂ%ﬂ
U2 U2.IN U2,0UT 0 h,0u, 0 I+, 0u, >
op op h h
B, =B, =Bour = —H al\;m =—H l\a/ljm » Z € (_W,_TAJU(TA,OO} (3.89)
op op h, h
uK, = BZ,IN _BZ,OUT ="H al\;m + iy gim > Z € <__A57A>' (3.90)

It means that the determination of components By, By, from potential ¢y can be extended for the whole boundary
and component B out of the current layer since partial derivatives of potential ¢y have to be equal at the both sides
of the boundary for corresponding regions as the conditions (3.86), (3.87) show. Component By is not defined at the
current layer and it is discontinuous there since partial derivatives of potential ¢y with respect to coordinate z differ
at its sides due to surface current density K.

It is important to avoid inaccuracy in calculation of potential ¢y which can be critical for calculation of
magnetic flux density B, through gradient in (3.81) using numerical derivatives. Thus, the interval (r@,r@) for

numerical integration with respect to » in (3.80) has to be divided into subintervals where shape function a is
continuous and has continuous derivative with respect to 7.

The presented method can be used as a basic element for analysis of magnetic field of complex
configurations of multiple coils, especially, when magnetic flux density is calculated in the whole given space. The
advantage of the presented method with respect to methods which calculate components of magnetic flux density
separately insists in calculation of scalar magnetic potentials of individual coils and their successive superposition
with respect to one coordinate system. The resultant magnetic flux density can be then obtained by gradient of scalar
magnetic potential which avoids vector superposition of magnetic flux densities of individual coils. When the
magnetic flux density is calculated in the whole given space the scalar magnetic potential can be evaluated in an
orthogonal spatial grid. The resultant magnetic flux density can be then calculated by numerical gradient between
neighbouring points of the grid in given direction which reduces the number of numerical integrations which are
necessary for evaluation of every component of magnetic flux density in the other case.

3.2.5. Examples

The above described analysis of magnetic field of the arbitrary coil is verified using two examples of the
arbitrary coil. Magnetic flux density B, calculated by presented method is compared with other approaches for both
examples.
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Circular coil Rectangular coil
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Fig. 3.7. Arrangement for analysis of magnetic field of a) circular coil, b) rectangular coil.

The first example is a thin-wall coil with air core of a shape of finite cylinder of circular cross section
(circular coil). The circular coil has height /,, number of turns N,, radius rc of the air core and current /5, see
Fig. 3.7. a). Its magnetic field is described in cylindrical coordinates (p, ¢, z). Magnetic flux density B calculated by

the presented method is compared with four other methods.

The first method uses general complete elliptic integral for expression of components B, B, of magnetic

flux density B, by relations

ul, N h

B, =ﬁ h:( B, (p,z Ter e j+ﬂ (p,z,rc,—TAD,
o, N, h, h

B, = ;71', I, (ﬂz(/’az e > j B, [p,z,l”c,—?A

< (1= pg)eel( p.,1,1,-1), p >0,
B, (p.z.1c,2") = p( pc) (Pe ). p

where are

0, p=0,
' 2
- r_c(l—pé)(z_z)cel pca(rc_p) L2l s,
, p re+p re+p re+p
ﬂz(p,z,l’c,z)= n(Z_Z,)
- 7p=0:
i2+(z-2")
g, cos’ (0)+g¢,sin’ (6)

do,

B
cel(pesd1:92:9:) =
(P 2:4:) !(cos( )+ g, sin’ 9) \/cos )+ pe sin® ()

. :\/(rc —p)2 +(z—z')2

(rC —1—p)2 —i—(z—z')2 '

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

The expression cel(pc, 91, 2, g3) represents general complete elliptic integral and can be evaluated effectively by
numerical method described in [34]. The component B,, is zero for circular coil. The relations (3.91)-(3.96) can be

found using [33]
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B, =VxA. (3.97)
where A¢ is vector magnetic potential of circular coil given by expression [32]
LN
I, N, + F cos (8
Ao =(0,4,,,0)=| 0,052 A (9) —d6dz',0 | (398)

A hy _LAO\/ré+p2—2rcpcos(0)+(z—z’)
2

The second method uses direct integration of surface current density K, according to the Biot-Savart law

[33]
K,dS,
jj ki (3.99)
|" T
where are
St surface of thin-wall of arbitrary coil,
dSt element of St,
rr position vector from point on surface St to point where magnetic flux density By is calculated.
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Bp - presented method

(o) Bp - method of general complete elliptic integral

BZ - presented method

(o) BZ - method of general complete elliptic integral

e)

Fig. 3.8. Components B, B of vector of magnetic flux density B, (comparison of presented method and
method of general complete elliptic integral) and scalar magnetic potential ¢y of circular coil

along chosen lines a), b) p, z=0.4h,, ¢), d) p = 0.8r¢, z, e) legend for graphs of components of
magnetic flux density.
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Fig. 3.9. Components By, By, Bz of vector of magnetic flux density B, (comparison of presented method
and method of finite integration technique) and scalar magnetic potential gy of rectangular coil
along chosen lines a), b) x, y = 0.4bg, z=0.4h,, ¢), d) x =0.4ag, y, z=0.4h,, ), ) x = 0.4ay,
y=0.4bg, z, g) legend for graphs of components of magnetic flux density.
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Name Circular coil Rectangular coil
ui p X
u 9 y
h 1 1
hy P 1
d rc (ar, br)
Inner
_ . _ aR
parameters of D=p=Te, Dy=ptic D =‘x‘— » = +7 ‘y‘ Y ‘y‘
analysis
=1 P1 S| P = P-;
0, 0v(r<‘p,‘/\p >0) (VZPaz)a
2, r<‘p]‘Ap]<0,
o = 2arccos(&j, P <7< pys
a'(x, r, ar, y") r
2arcsin[Lj, Py ST <Py
2r
if (p, <r<p,,) thena’ <—a'72arccos(pzj
’
(Y F Y
if (?< r< pul)A(p1 <0) then o' < a 74arccos(2—j
B
rca P> N A
NP P P> 0Aps >0,
P P >0Ap;<0,
res A Py n<0Ap; >0,
Pl P <0Ap,<0A|p|<|py,
AR PSOAp <OA|p||p
o (x,r,a5,0), y=0,
2m, 0<r£‘p1‘/\p,<0, ( wbe)
s s a( L7, Ay R)+a(x,r,ak,2‘y‘fbp\‘) by
re+pT =1 4 ‘ 5
[ 2arccos[27], ‘<r<p2, 2 2
’ﬂp r r
0 otherwise @l 2 +b) e (wraP=b) b
2 2
. |Swp <0, . |Swop <0Apy <O,
¢ Ce . e i
Sour»> otherwise Sour» otherwise
Tab. 3.1. Specification of parts of relations (3.77), (3.79) which depend on cross section of air core.
Name Circular coil Rectangular coil
ha [m] 0.04 0.075
Na[-] 120 140
rc [m] 0.08 -
ag [m] - 0.305
br [m] - 0.205
Ix[A] 1 1
Tab. 3.2. Input parameters of analysis of magnetic field of circular and rectangular coils.
Line
=0.4h =0.8rc, z
Method Pz AP e
eme Fig. 3.8.a) | Fig 3.8.¢)
B, | B, | B, | B,
Presented in section 3.2. 0.016 | 0.016 | 0.016 | 0.016
Presented in section 3.3. 0.034 1 0.026 | 0.016 | 0.014
General complete elliptic integral | 0.001 | 0.001 | 0.001 | 0.001
Direct integration of Biot-Savart law | 0.640 | 0.609 | 0.359 | 0.327
Method in [36] 0.046 | 0.032 | 0.031 | 0.031

The CPU time is in seconds.

Tab. 3.3. CPU time required for evaluation of magnetic flux density B, using different methods for

circular coil.
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Line
x,y=0.4br,z=0.4hs | x=0.4ar,y,z=0.4hs | x=0.4ar,y=0.4bg, z
Method Fig. 3.9. a) Fig. 3.9. ¢) Fig. 3.9. ¢)

Bx By Bz Bx By Bz Bx By Bz
Presented in section 3.2. 0.156 | 0.156 | 0.156 | 0.156 | 0.156 | 0.156 | 0.172 | 0.172 | 0.172
Presented in section 3.3. 0.171 | 0.154 | 0.154 | 0.160 | 0.160 | 0.164 | 0.127 | 0.125 | 0.126
Finite integration technique 257 257 257 257 257 257 257 257 257
Direct integration of Biot-Savart law | 0.249 | 0.359 | 0.592 | 0.140 | 0.359 | 0.484 | 0.156 | 0.359 | 0.499
Method in [36] 0.062 | 0.031 [ 0.032 | 0.063 | 0.032 | 0.047 | 0.078 | 0.046 | 0.047

The CPU time is in seconds.

Tab. 3.4. CPU time required for evaluation of magnetic flux density B, using different methods for
rectangular coil.

The third and fourth methods are methods described in section 3.3. and in [36] respectively.

The second example is a thin-wall coil with air core of a shape of finite cylinder of rectangular cross section
(rectangular coil). The rectangular coil has height /,, number of turns N,, dimensions ag, br of the air core and
current 7, see Fig. 3.7. b). Its magnetic field is described in Cartesian coordinates (x, y, z). Magnetic flux density B,
calculated by the presented method is compared with four other methods.

The first method calculates magnetic flux density with the help of finite integration technique [35]. The
second method uses direct integration of surface current density K, according to the Biot-Savart law (3.99). The
third and fourth methods are methods described in section 3.3. and in [36] respectively.

The parts of relations (3.77), (3.79) which differ for circular and rectangular coil are specified for both
examples in Tab. 3.1. The expressions for shape function a and radii rc, rc3 are taken from [30]. Fig. 3.8. and
Fig. 3.9. show comparison of magnetic flux density B, calculated by the presented method with the method of
general complete elliptic integral and method of finite integration technique for the circular and rectangular coils
respectively. The magnetic flux density By, is evaluated along chosen lines for input analysis parameters given in
Tab. 3.2. The evaluation is performed for 100 equidistant points (all points are not plotted for clarity) along every
line for every component of magnetic flux density B, by every method. The same evaluation is performed for other
mentioned methods. The results of other methods are not plotted in Fig. 3.8. and Fig. 3.9. for clarity since they are
very similar. The required CPU time of evaluation for every method is summarized in Tab. 3.3. and Tab. 3.4. for the
circular and rectangular coil respectively. The CPU time of the presented method is equal for all components
evaluated along the given line since the character of evaluation through scalar magnetic potential ¢y, is identical for
all components. In the case of the method of finite integration technique, the CPU time is equal for all components
due to simultaneous evaluation of all components along all lines. The CPU time of other methods can differ for
different components since components are evaluated according to different relations. The maximal deviation of the
results of the presented method with respect to the results of other methods is 0.4 %.

Numerical integrations in the presented method, method of direct integration of Biot-Savart law and method
described in [36] are evaluated using the adaptive quadrature method implemented in Mathcad [38]. All derivatives
contained in gradient in (3.81) are evaluated numerically using central difference approximation.

3.3. Analysis of Magnetic Field of Multilayer
Induction Coil with Air Core of Arbitrary Cross
Section

The method of calculation of mutual inductance M, discussed in section 3.2.2. needs shape function a for
characterization of cross section of the air core. This method is effective when shape function a is known for a given
cross section, however, it can be time-consuming when the shape function a has to be found firstly. For this reason,
other method for characterization of cross section is treated in this section. This method generalizes use of scalar
magnetic potential ¢y for description of magnetic field out of the winding of a multilayer coil whose turns of
conductor are wound homogeneously close together around air core of a shape of finite cylinder of arbitrary cross
section, see Fig.3.10.a) This method needs only parametrical expression of the curve which determines
circumference of cross section of the air core. The problem is formulated in section 3.3.1. Formulas for calculation
of magnetic flux density and scalar magnetic potential are derived in section 3.3.2. The presented method is verified
by four examples in section 3.3.3.
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Fig. 3.10. a) Multilayer coil with air core of arbitrary cross section, b) approximation of turns of conductor
by current slab.

3.3.1. Problem Formulation

Magnetic field of the coil and the coil are described in coordinates (uy, uy, z) and (u'}, u', z') respectively
where (uy, up) and (u'y, u’) are general orthogonal curvilinear coordinates defined in the plane perpendicular to z-
and z'-axis respectively, see Fig.3.11. The corresponding Cartesian coordinates are (x,y,z) and (x',y’,z')
respectively. The coordinates (x, y) and (x’, y") are expected to be functions of coordinates (u;, u;) and (u'}, u’)
respectively

(x,y)=(x(ul,uz),y(ul,uz)), (3.100)
(', 07) = (' a3 ) a5 ) (3.101)

The position vectors of these coordinates are » and r' respectively.

Coil

, Pl(ur, u2), y(ur, u2), 2)

/y,y

S ‘;F

) ‘;5“

a) b)

Fig. 3.11. a) Arrangement for analysis of magnetic field of multilayer coil, b) description of cross section
of multilayer coil.
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The choice of coordinates (u;, u;) and, thus, the decomposition of vector of magnetic flux density B, in
components By;, By, depends on a certain cross section of the air core. Coordinates (uy, u;) can differ from
coordinates (u'}, u",) generally. Position vector r of coordinates (uy, u, z) can be generally written in the sense of
(3.100) as

r= x(ul,u2 )x0 + y(ul,u2 )y0 + 22, (3.102)

where Xy, yo, Zo are orthonornal basis vectors of coordinates (x, y, z). Orthonormal basis vectors of coordinates
(u1, us, z) are uyy, ua, 79. The directions of vectors uy, u,o are changing with changing vector r since the coordinates
(u1, u,) are curvilinear and they are defined by relations [29]

1 or
u,=——1 , 3.103
“ h ou, (109
Uy, = Lo (3.104)
h, Ou,
where A, h, are scale coefficients
B =1, (3.105)
ou,
hy, = or . (3.106)
ou,

The cross section of the air core is characterized by a closed curve Cy in the plane perpendicular to z-axis
and parameterized by a position vector C, which is assumed to be function of coordinate u’, and is in the plane
perpendicular to z-axis as well, see Fig. 3.11. Vector C, can be generally written in the sense of (3.101) as

C, = CAX'(”; )x(,) + CAY'(”; )ytl)s uy € <”£sa”;E> (3.107)
where are
Cax(u") function indicating x’ coordinate of curve C, for given coordinate u",
Cay(u") function indicating y’ coordinate of curve C, for given coordinate u",
u',s coordinate u', for starting point Pg of the curve Ch,
u', coordinate u", for ending point of curve C, which is identical with point Pg since curve C, is closed

and x', ', 2y are orthonornal basis vectors of coordinates (x', y', z"). The curve Cy is considered to have the same
counterclockwise orientation, in which it is traversed by increasing coordinate u’, as current /, flowing in the
conductor of the winding of the coil, see Fig. 3.10. and Fig. 3.11.

Coordinates (1"}, u", z") and its position vector #' are constructed in the following way, see Fig. 3.11.,

’

r'= CA(u;)+[|£AEuf; ngjul' +2'7y, u e <0,WA>, uy € <u;S,u;E>, z'e <—h—A h—A> (3.108)
A

! 272
where are
wa width of winding,
ha height of coil,
t, tangential vector of the curve Cy

’
N aCA—(MZ) . (3.109)
ou,
Tangential vector #, lies in the plane perpendicular to z"-axis since vector C, and coordinate u", belong to this plane
as well. Coordinates (u'}, u", z') are orthogonal as it is mentioned before. Their orthonormal basis vectors are u'y,
u'y, z'9. The directions of vectors u'yy, u’yy are changing with changing vector r’ since coordinates (u'}, u’,) are
curvilinear and they are defined by relations [29]
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1 or'
u,=——, 3.110
0 W o ( )
1 or
= —— 3.111
=0 o ( )
where &'}, h', are scale coefficients
or'
h=—, 3.112
P ( )
h = a—’, (3.113)
Ou,
The relations (3.110)-(3.113) become using (3.108)
uy =z, (3.114)
iA
1 o |t
uy=—|t, +| —| 2 [xz [u |, 3.115
20 hé{ A {6”; [|tA|] 0] 1] ( )
h =1, (3.1106)

7 PR A LN N (3.117)
ou, |tA|

The orthogonality of coordinates (u';, u", z') can be verified by investigation of dot products u'yg'u", #1020, #0'2"
which are expected to be zero for orthogonal coordinates in all points of described space. The results of dot products
are using (3.114), (3.115)

"oy —L t_A I, t_A ", i t_A ’ ’

N

(3.118)
1 t t t o |t
=—|talzo | T X0 || T % 0 || T % % [y | =0,
Al A K ot id
0 ujg ujy
0
(unit vector u'; and its derivative are perpendicular [37])
7 =| Tz [y = (g x24) =0, (3.119)
iA (AT

1 o |t 1| 0|t
ul .zl =—|f .zl+ | A Xz' u'.z' - | Z | A | zlle ! :O’ 3120
20 “0 h;{ A0 0 (6“; (|tA|] 0] 1 OJ h; [aué (|tA|J ( 0 \ O)ulj ( )

Additionally, vectors u’,, and ¢, are collinear for fixed coordinate ', and all coordinates u';, z' which can

as it is expected.

. . 0|t o
be proven as follows. The relation (3.115) for u’,, contains sum of vectors #, and (F (ﬁ}x Z, Ju{ . Derivative of
Uy \|Ta

. . . . ... 0|t . . L
unit vector is perpendicular to this vector, thus, derivative —,[—A} is perpendicular to vector #, and lies in the

s [e.]
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plane perpendicular to z'-axis since coordinate ", belong to this plane as well. Vector % [|£—A|J x z, (multiplied by

2 A
coordinate u'}) and vector £, are then collinear and this proofs collinearity of vectors u'y and #,. It means as well that
vectors u'yy and ¢, are perpendicular for fixed coordinate u’, and all coordinates u';, z’ since vectors u';y and u’,, are
perpendicular, thus, ending point of vector r’ is moving with changing coordinate ', along a straight line through the
winding in direction perpendicular to curve C,, see Fig. 3.11. The vectors u'5, and #, are collinear, however, their
directions can be either the same or opposite which can be shown in the following way. It is useful to consider for
further derivation that the parameterization of curve C, is natural [37]. It means that coordinate u', is expected to be
length of arc of the curve C, from the starting point Ps to the point of interest P, see Fig.3.11. The
parameterization by vector C has then following properties:

|t,| = —6CA(,u£) =1, (3.121)
ou,
atA_(Ll‘;) :;, (3.122)
ou, ’”A(”z)

where 7, is called radius of curvature of the curve C, in the point P, [37]. The relation (3.115) can be then written as

1 ot
u, :W(tA+(ﬁxzéJu{]. (3.123)
2 2

. . ot . . .
The relation (3.123) contains sum of vectors ¢, and (a—’sz(') Ju{ The size of vector #, is 1 and size of vector
U,

(‘lfjx z ]u; is using (3.122)
ou

2

=4 (3.124)

. . ot L
If the curve C, is convex then directions of vectors 7, and (a—’jx 27, |u, are the same, thus, directions of vectors u'y
U,
and ¢, are the same as well, see Fig. 3.12. a). If the curve C, is not convex then directions of vectors #, and

ot . . .
(8_/? Xz, |u; can be opposite for any u’, thus, directions of vectors u'y and #, are the same only if
U

u <r, (3.125)

as follows from (3.121), (3.123), (3.124), see Fig. 3.12. b). If directions of vectors u",, and #, should be the same for
all coordinates u'’y € (u'ys, u’p) of non-convex curve C, and all coordinates u'; € (0, wa) then condition (3.125)
becomes

wy <), ue <u;S,u;E> (3.126)

Coordinates (u'), u",z") are suitable for all constructible coils of the kind depicted in Fig. 3.10.
Constructability of the coil depends on air core cross section in conjunction with width w, of the winding. It means it
depends on a curve Cy which characterizes outer perimeter of winding cross section in the plane perpendicular to z-
axis, see Fig. 3.11. The curve Cy must not to intersect itself for constructability. The curve Cy can be parameterized
by position vector Cy which can be expressed using (3.108) as

Cy =r'<u;=wA,u;,z'=o>:cA(u;>+(tA(”;)

10 )

xz{)JwA, uh € (ubs,uly ) (3.127)

In the sense of (3.127), the curve does not intersect itself if

Cy =1y, )= Coluy =ul, ) uh, #ul, (3.128)
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Fig. 3.12. a) Convex curve Cy, b) non-convex curve Chy.

The curves which the turns of conductor trace are assumed to be perpendicular to vector u';y and collinear
with vector u’. The pitch of the winding is neglected. The following approximation is used for the winding. The
individual turns of conductor are replaced by a slab with homogenous current density J,, see Fig. 3.10., given by
relation

_MANAIA ’

J, ul, (3.129)

hAWA
where are
N, number of turns of conductor in one layer of winding,
M, number of layers.

The directions of current density J, and vector u'y, are the same for all constructible coils which can be shown as
follows. The vectors u'y, t5, and J, are collinear. Additionally, the directions of vectors £, and J, are the same since
orientation in which the curve Cj is traversed by increasing coordinate u", is the same as orientation of current /4.
The directions of vectors u’,y and ¢, are the same for all convex curves C, and for non-convex curves C, if the
condition (3.126) holds true. This condition holds true since the condition (3.128) holds true. It means if the curve
Cyw does not intersect itself then radius of curvature r, of the curve C, is smaller than width w, of the winding
(perpendicular distance of curves C, and Cy) for all coordinates u’, € (u'ys, ug).

3.3.2. Magnetic Flux Density and Scalar Magnetic Potential

The Biot-Savart law [33] is used in further derivation. It is given by relation

Ho r—r
B, =—|||J,x——=d/V, 3.130
A 47_[ J;/J‘ A |r _ r,|3 A ( )
where are
Vo volume of winding,
dV, element of V'
dv, = hhduduydz’. (3.131)

Potential ¢y, can be defined inside the space where the condition (3.82) holds true [33]. It means potential
@y can be defined outside the winding where current density is zero as it is necessary for zero on right side of the
condition (3.82). This space corresponds to union of spaces S+, Sw+ Sout+ Sin-> Sw—> Sout-»> see Fig. 3.13., which

are characterized as
S :{\/x2+y2 S|CA|,0SZ<OO}, (3.132)

Su, =l s+ slCy e sz <o), (133
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Souts :{|CW|Sq/x2+y2 <00,0Sz<oo}, (3.134)
S = {\/xz +y £|CA|,—00<ZSO}, (3.135)
SW:{|CA|S1/x2+y2 g|CW|,_oo<zs—%A}, (3.136)
Sour- ={|CW|Sw/x2+y2 <oo,—oo<z£0}. (3.137)
Sour+
Coil
Fig. 3.13. Dividing of space around multilayer coil for calculation of scalar magnetic potential.
The expression for potential ¢y can be found by the following manipulation using (3.130):
0
= a—jBAdz = (50 V)| Bydz =z, V)| Bydz + ([BAdz : V)zo +2,x[VxB,dz+ [B,dzx(Vxz,)
o 0 0 0
=(z, -v)jBAdH([BAdz-v)zo +17, ><(vXjBAdz+CBl)+jBAdzx(V><zo)
0 2% VxBdz=0 0
=,V —%-J-BAdz]+zo><CB1:—,uOV - j“o ”J >< dde +2,%Cy, (3.138)
0
B,
=—u,V| — [”HJ X ——— dde +CB2] +2,xCy,
v,
=~V - ”.”J X dZdV ]+ZOXCB1+Z_;V(zO'CB2)'
Va

Cy=(Cy1.Cip .C2=0)
(43
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The terms UB Adz-V)zO and Vxz, in (3.138) are zero since the operator V is applied on vector z, of unit size and

constant direction. The term Vx B, is zero since the condition (3.82) holds true outside the winding where the

potential gy should be calculated. The interchange of operator of curl V x and integration with respect to coordinate
z or the interchange of integration with respect to volume V4 and integration with respect to coordinate z in (3.138) is
taken into account by vectors of integration constants Cy; and Cp, which are merged into vectors of integration
constants Cp. Vector Cg has component C; equal to zero since vector z,xCjy, is perpendicular to vector g, and

operator of gradient V is applied on scalar z,-Cy, which is constant with respect to coordinate z. The expression in
(3.138) which is denoted pr

o == Il xﬁddeA (3.139)

can be considered as regular part of potential ¢y;, however, there is other part ¢ of potential gy hidden in vector Cy
which has to be found. From (3.138), vector Cz can be obtained with respect to the fact that B,(z — o) =0 for
spaces SN+, Sw+, Souts+ OF Ba(z — —0) = 0 for spaces Sin-, Sw-, Sout—

G, = (CUI Cin €y = 0) = ZILIEO(BA - (_ HoV Pr )) = ﬂov(}i&l (/’R) (3.140)

The relation (3.138) can be manipulate using (3.140) in the form

z—to0 z—to0

BAZ—,uOV(goR 11m(¢R)) ””J x dde +hm[4n 1EA >< dde] . (3.141)

™M
M

The expression in (3.141) which is denoted ¢y,

| N TR | e Y R

¢c
[2¢

is scalar magnetic potential corresponding to its definition [33]

0 0 0

B, (BU1aBuz:B ) ol 4 (HUUHU;,H )—_ﬂoV(/)M :_ﬂo(mamag
ouy nyou,

](% +p.)  (3.143)

where H, is magnetic field strength of the coil. The relation (3.139) becomes using (3.111), (3.116), (3.129), (3.131)

g =-MNulh g7 Izo[ r - ’)szdz'du'duz (3.144)

4nth,w, R ,,A ou,

The relation (3.144) can be manipulated using (3.102), (3.107), (3.108), (3.109) to the form

”A?A
%:_Z\ZA;VAI ““ Prti” Pt a0 g da (3.145)
T L s po oy + (- 2P
IZZ'U'I
where are
Do =|r _CA|2 =28 = (g, uy )= Co () + (10, ) = Coy W), (3.146)
1 OC (1] 0C, (1t}
2 () Coe ) 205 ) )
t, ou, U,
Doy =22, - Wx(r—CA) = . (3.147)
A

2 2
0C iy (”;) i 0C s (”; )
ou, ou,
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oC .\u), oC 1,
Pno = %o '(tA ><(r -C, )): _(x(ulauz)_CAX'(u;))%4'()/(“1’”2)_6%\{'(”; ))% > (3.148)

0
Pai =|tA|+(r_CA)'_(t_A]=

ou, |tA|
_ aCAx'(”;) ’ n aCAY'(u;) i
- ou, Ou,
)=l ) ), ) ) 3.149)

3
2 2\2
OCx (“2) " OCyy (“2) ’
ou), ou),
[Cuxl13) 8°C 1)~ 8C,(13) B°C e luy)
ou, ouy ou, ouy J

aC’AX'(“; ) a2C‘AY' (ué ) _ aC’AY'(“; ) a2C‘AX' (ué )

’ 2 ’ 2
P =2 ’_Axi,(’_AJ S 0 M W — (3.150)
|tA| Ouiz |tA| aCAX'(”;) " aCAY'(u;)
ou), ou,

The expression in (3.145) which is denoted /77y is integral with respect to coordinates z, z', u';. This integral can be
expressed analytically as follows:

h h h h
L0 =Y 220n WAJ_A “Yzzui| Wa |- Yzzun 0, |+ Yzzun 0,——- (3.151)
2 2 2 2
where are
LA ul' 3 \/ 1?2 ' r\2
‘/’zz’U'l(”laZ)_ _?""me Pno — Pa VU +pD1”1+PD0+(Z_Z)

3 1 1 , 1 , 1 ; ; ;
+((_§p1231 +EpDO _E(Z -z )szNZ +EpD1pN1 _pNojln(ul +EPD1 +\/u12 + Ppithy T P +(Z -z )2 j (3.152)

2 _2 - 2
+|Z _Z’|[_ (lepNZ _le)ln(IPR (“1,52,))_ (le Foo )pNz PonPrv * “Prio arg(pR (”1’72’))}

V4Poo - Poi
2
402 - z'| + \/ul'2 + Pty + Ppo + (z - z')2 ) - (Zul' + Py v Poy = 4P )Z

2(2141' + P t \/p1231 —4pn )

The part of potential ¢y which is denoted ¢c in (3.142) can be then written using (3.145), (3.151)-(3.153)

pelul,z') = (3.153)

M, N, I 2 _2 - 2
Pc :%Sgn(zw hywypy, +hy (lepNZ _le)ln(IPCD"' (le pDO)pNZ pDzlel 2Py arg(pc) du} (3.154)
Th,w, Ca \/4PD0 — P
where is

++ypp -4
e = Ppoi Pp1 ~ % Ppo ‘ (3.155)

2w, + ppy, +x/P12>1 —4py,

It is useful to consider two special cases of the coil when width w, of the winding or height 4, of the coil
can be assumed as zero respectively. If height 7, is zero the coil from Fig. 3.10. becomes thin-wall coil in Fig. 3.14.
In this case, the individual turns of conductor with current /,, see Fig. 3.14. a), are approximated by a continuous
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current layer of thickness s, — 0, see Fig. 3.14. b). Thus, current of the layer is surface current with surface current
density K, given by relation

=MANA1A u

K, 20 =Kty (3.156)

A
Ka

Layers of turns

’,r"’éurrent layer

' Detail of
winding cross
section

Turns of conductor
with current /a

a) b)

Fig. 3.14. a) Thin-wall coil with air core of arbitrary cross section with zero height, b) approximation of
turns of conductor by current layer.

The relations (3.144) and (3.145) are then reduced using (3.156) and considering s, — 0 to

oo {1l e oo

|r—r'|3 8u;
(3.157)

M NI, "t¢ Pl +pul,+p :
A ATA N2*1 N171 NO ' ’
- $1] — dzdudu.
12 ! 2 )
a0 (“1 + Doyt Ppy Tz )
IZU'l

The expression in (3.157) which is denoted /7 is integral with respect to coordinates z, u';. This integral can be
expressed analytically as follows:

I = V/ZU'l(WA)_‘//ZU'l(O) (3.158)

where is

! ! l ’ ’
V’zu'l(“l): ZPn2 ln(ul +EPD1 +\/”12 + Ppity + Ppo +22j

(3.159)

’ ; -2 - 2 ’

+ sgn(z (lepNz _ le)ln(IpR (“1701)"" (PDl P )PNz PD;le + 2D arg(pR (ul,())) .
R 4ppy = Po
The part of potential ¢y which is denoted ¢c in (3.142) can be then written using (3.157)-(3.159)
M, N, I ) - 2 ,
c =~ A—A-A sgn(zw WaDlno t (lepNZ - le)ln(IpC|)+ (le pDO)pNz pDzlel 2Py arg(pc) du, . (3.160)
amw, Ca v 4Ppo — Poi

If width wy is zero the coil from Fig. 3.10. becomes thin-wall coil in Fig. 3.15. In this case, the individual turns of
conductor with current 7, see Fig. 3.15. a), are approximated by a continuous current layer of thickness wy — 0, see
Fig. 3.15. b). Thus, the current of the layer is surface current with surface current density K, given by relation

M Nyl

K, = why =K ). (3.161)

A
Ka

The relations (3.144) and (3.145) are then reduced using (3.161) and considering wy — 0 to
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K, 2 r—r' o(r—r) vy
=——4 dzdz'd
o n CL"LJZO [|r—r'3 ’ Ouy "
2
s (3.162)
M NI, ¢ 7 p !
N P ——

. ~?~f
ey

=
8

=
>

_ Turns of conductor
. withcurrent /a
®

. Current layer

Detail of
conductors cross
section

a) b)

Fig. 3.15. a) Thin-wall coil with air core of arbitrary cross section with zero width of winding,
b) approximation of turns of conductor by current layer.

The expression in (3.162) which is denoted I is integral with respect to coordinates z, z'. This integral can be

expressed analytically as follows:
h h
I, = WZZ'(_AJ_V/ZZ’(__A] (3.163)

where is

r\2
V()= -2 Ptz (3.164)
Poo

The part of potential ¢y which is denoted ¢c in (3.142) can be then written using (3.162)-(3.164)

00 _ _M\NA, sgn(z)§hApN° dul, . (3.165)
4mh, ¢, Poo

The integrations in (3.145), (3.157), (3.162) with respect to coordinate u', are necessary to perform numerically
since it is not possible to find primitive function for Iz, Iz, Izz for general curve C,. The order of integration
with respect to coordinate u’, and derivations with respect to coordinates u;, u,, z in combination of (3.143) with
(3.145), (3.154) or (3.157), (3.160) or (3.162), (3.165) can be interchanged and the derivatives can be performed
analytically. However, derivatives can be quite complex. Thus, it is easier to perform derivatives numerically after
numerical integration with respect to coordinate u",.

The magnetic flux density Ba of the coil in Fig. 3.10. is continuous since for an arbitrary imaginary
boundary can be written according to boundary conditions [33]

nx(B,,~B,,)=0, (3.166)
n(B,, -B,,)=0 (3.167)

where
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n is normal vector to boundary,
indices 1 and 2 denote one and other sides of boundary.

The right hand side of (3.166) is zero since no surface current is considered in this case. For components By, Bya,
Bz of vector of magnetic flux density B, at the boundary, it can be then written using (3.143), (3.166), (3.167)
Oy _ Oy

- =— , 3.168
Ho hou, Ho 7, ( )

BUI = BUl,l = BU1,2 =

Py _ iz

By, = BU2,1 = Buz,z =—H hou ="l hon. (3.169)
HOU,y HOU,
Op Op
B, =B, =B, =i 6;4’1 =H 61;4’2 - (3.170)

The conditions (3.168)-(3.170) admit discontinuous potential ¢y at any boundary, however, its derivatives with
respect to coordinates u;, u,, z are continuous and magnetic flux density B, can be fully determined with the help of
potential ¢y out of the winding of the coil. The presented construction of potential gy leads to function which is
continuous in space S+ U Sw+ U Sout+ and space Siv- U Sw- U Sour- with discontinuity at boundaries between
spaces S+, Sin— and Souts, Sour— respectively. This discontinuity is caused by a choice of vector of integration
constants Cg (3.140) which is different for space Sy U Sw+ U Sout+ (it corresponds to z — o in (3.140)) and space
Sin- U Sw- U Sour- (it corresponds to z — —oo in (3.140)).

In the special cases of the coil, when height 4, of the coil or width w, of the winding can be assumed as
zero, see Fig. 3.14. or Fig. 3.15., the volume of the winding vanishes and a boundary between spaces Sy and Sy- or
spaces S+ U Sinv- and Souts U Sout- appears. This boundary contains the layer with surface current density Ka
which approximates the individual turns of conductor with current /5. Surface current density K, causes
discontinuity of magnetic flux density B, at a part of the boundary corresponding to the layer. If height /4, is zero,
see Fig. 3.14., the condition (3.166) has to be changed for the layer in the form

Zo X(BA,W+ _BA,Wf):IuOKA (3.171)

where indices W+ and W— denote sides of the boundary corresponding to the spaces Sy and Sw-. The condition
(3.168) for component By, is then changed using (3.143), (3.156), (3.171) in the form

a(/)M,W+ awM,W—
h/a ' +lu0 h/a '
%t 10Uy

#oK = By wy = Buiw- = —H (3.172)

It has to be noted that coordinates (1"}, u%, z') are used in (3.172) in place of coordinates (u;, u,, z) for decomposition
of vector of magnetic flux density B, at the layer since coordinates (1}, u", z') are related to current density K, by
(3.156). If width w, is zero, see Fig. 3.15., the condition (3.166) has to be changed for the layer in the form

uj ><(BA,OUT _BA,IN): oK (3.173)

where indices IN and OUT denote sides of the boundary corresponding to the spaces Sin+ U Sin- and Soyt+ Y Sour--
The condition (3.170) for component By is then changed using (3.143), (3.161), (3.173) in the form

6¢M,IN +u aC”M,OUT
0z oz

MoKy = Bz = Bz our = —Ho (3.174)

3.3.3. Examples

Examples of two different cross sections (circular and rectangular) of air core are described in Fig. 3.16.
and Tab. 3.5. Tab. 3.5. specifies the parts of relations (3.143), (3.146)-(3.150) which differ for circular and
rectangular cross section as well. Circular and rectangular cross sections are characterized by dimensions rc, and ag,
br, rr respectively. Corner radius 7y for rectangular cross section is necessary for continuous derivative of vector Cy
with respect to coordinate u’, however, it can be considered as negligible with respect to dimensions ag, bg.
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u/zu

br

A

ar
a) b)
Fig. 3.16. a) Circular and b) rectangular cross section of air core.
Name Circular cross section Rectangular cross section
b, b, b
P :7]27'3(’ )23 :7R+VR[E_IJ’
by T
p3:7+ak+rk 573 s P, = +aR+rR(n—3)a
Inner
parameters _ 3bg 3 _3b, 3n
of analysis ps= 2 +ak+rR(n 5)’ DPs —T'HZR"'VR 7_5 ’
3b
», :%Jrzak 1y 3] by =22 4 24y 41 20-7)5
2 2 2
Py = 2by +2ay +7 (21—8)
(1, up) (. ) .y
h 1 1
ha Ui 1
) (u1c08(u2), uisin(uz)) (w1, u2)
a ' '
(ia”zj’”z E<0>P1)
2
[a“+rR[—1+cos(u2_p‘j}bR+rR[—1+ Sin(u2 —B j}} uy € <P1aP2)
2 I 2 r
a , by )
(TR*"R —U, +p2a7R}”2 €<p29p3)
7a—'*+rk 1 —sin| 22— £ ,b—RJrrR —1+cos| 2= £ Ly €(ps.p,)
2 Ty 2 R
ul ol , ay b , ,
(Cax, Cay) [Vc COS(;} e Sm[zj} u, € <0’2T[VC) (_*R,*R IR TUyt+ [74), U, € <p4,p5)
e 7o 22
—a—“+rR 1-cos| L2=Fs ,—b—“+rR 1-sin| 2P ,uée(ps,pﬁ)
2 r 2 r
a ’ b ’
(7%+VR +u, 71’6:*%}“2 €<p6ap7)
a—RJrrR ~1+sin| L2781 ,7b—R+rR 1—cos| L2 —P1 iy €(p,.py)
2 x 2 Ty
a b, , /
[71{’_71{"""1{ +u, _178)5”2 €<P8>po)

Tab. 3.5. Specification of parts of relations (3.143), (3.146)-(3.150) which depend on cross section of air

core.

The above described analysis of magnetic field is verified using four examples of the coil. The magnetic
flux density B, calculated by the presented method is compared with other approaches for all examples.

The first example is a thin-wall coil (height of the coil #, — 0) with air core of circular cross section
(multilayer circular coil). The multilayer circular coil has number of turns N,, width w, of the winding, radius rc of
the air core and current /,, see Fig. 3.17. a). Its magnetic field is described in cylindrical coordinates (p, ¢, z).
Magnetic flux density B, calculated by the presented method is compared with the method of finite integration

technique.
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Multilayer circular coil ! Bz I B,
Plp, 9, 2)

TS S

Ia

a)

Multilayer rectangular coil

N
ZA); ﬁ
A

ar >

—

Px,y,2)

b)

Fig. 3.17. Arrangement for analysis of magnetic field of a) multilayer circular coil, b) multilayer
rectangular coil.

The second example is a thin-wall coil (height of the coil 7, — 0) with air core of rectangular cross section
(multilayer rectangular coil). The multilayer rectangular coil has number of turns N,, width w, of the winding,
dimensions ag, br of the air core and current I, see Fig. 3.17.b). Its magnetic field is described in Cartesian
coordinates (x, y, z). Magnetic flux density B, calculated by the presented method is compared with the method of
finite integration technique.

X 104 50
10 \
40
o—e—e \
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. \ 20
R AP ~o \
o 10 \\
0 0.05 o1 015 0 0.05 0.1 0.15
plml pml
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2 2 100
(¢ N\S-
'%9:2 80
Y 5\6\@\ 7o ;0 -
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x® ¥
2 -2 40
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4 ! 4
0.04 0.02 0 0.02 0.04 -0.04 0.02 0 0.02 0.04
z[m] z[m]
©) d)

Bp - presented method
(o) Bp - method of finite integration technique

B, - presented method

(o) BZ - method of finite integration technique
e)

Fig. 3.18. Components B, B of vector of magnetic flux density B, (comparison of presented method and
method of finite integration technique) and scalar magnetic potential ¢y of multilayer circular
coil along chosen lines a), b) p, z=0.4w,, ¢), d) p=rc+ 0.8w,, z, e) legend for graphs of
components of magnetic flux density.
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BX - presented method
O BX - method of finite integration technique

BY - presented method
(o) BY - method of finite integration technique
B, - presented method
BZ - method of finite integration technique

g)

Fig. 3.19. Components By, By, Bz of vector of magnetic flux density B, (comparison of presented method
and method of finite integration technique) and scalar magnetic potential ¢y of multilayer
rectangular coil along chosen lines a), b) x, y =0.4bg, z=0.4w,, ¢), d) x =0.5ag + 0.8 wy, ¥,
z=0.4w,, e),H)x=0.5agr +0.8 wa, y=0.4bg, z, g)legend for graphs of components of
magnetic flux density.
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Name | Multilayer circular coil | Multilayer rectangular coil
wa [m] 0.04 0.075

Na[-] 120 140

rc [m] 0.08 -

ag [m] - 0.305

br [m] - 0.205

Ix[A] 1 1

Tab. 3.6. Input parameters of analysis of multilayer circular and rectangular coils.

Line
Method /),Z:O.4hA /):rc+0.8WA,Z
etho Fig. 3.18. ) Fig. 3.18. ¢)
B, B, B, B,
Presented 0.053 0.045 0.063 0.061
Finite integration technique 904 904 904 904

The CPU time is in seconds.

Tab. 3.7. CPU time required for evaluation of magnetic flux density B, using different methods for
multilayer circular coil.

Line
Method x,y=0.4br,z=0.4hp x=0.5ar +0.8wa, y,z=0.4hps | x=0.5ar + 0.8wa, y =0.4bR, z
Fig. 3.19.a Fig. 3.19. ¢ Fig. 3.19.¢
Bx By Bz Bx By By Bx By By
Presented 0.399 0.384 0.381 0.384 0.382 0.383 0.384 0.381 0.382
Finite integration technique 549 549 549 549 549 549 549 549 549

The CPU time is in seconds.

Tab. 3.8. CPU time required for evaluation of magnetic flux density B, using different methods for
multilayer rectangular coil.

The third and fourth examples are thin-wall coils (width of the winding w, — 0) with air core of circular
(circular coil) and rectangular (rectangular coil) cross section which are described in section 3.2.5. and depicted in
Fig. 3.7. a) and b) respectively. Magnetic flux density B, calculated by the presented method is compared with the
methods described in section 3.2.5.

Fig. 3.18. and Fig. 3.19. show comparison of magnetic flux density B, calculated by the presented method
with the method of finite integration technique for the multilayer circular and rectangular coils respectively. The
magnetic flux density B, is evaluated along chosen lines for input analysis parameters given in Tab. 3.6. The
evaluation is performed for 100 equidistant points (all points are not plotted for clarity) along every line for every
component of magnetic flux density B by both methods. The required CPU time of evaluation for both methods is
summarized in Tab. 3.7. and Tab. 3.8. for multilayer circular and rectangular coils respectively.

Magnetic flux density B, calculated by the presented method for the circular and rectangular coils is not
plotted for simplicity since the results are very similar to the results plotted in Fig. 3.8. and Fig. 3.9. Magnetic flux
density B, is evaluated along chosen lines for input analysis parameters given in Tab. 3.2. The evaluation is
performed for 100 equidistant points along every line for every component of magnetic flux density B,. The required
CPU time of evaluation for the presented method can be found in Tab. 3.3. and Tab. 3.4. for circular and rectangular
coil respectively.

The CPU time of the presented method is very similar for all components evaluated along the given line
since the character of evaluation through scalar magnetic potential ¢y, is identical for all components. In the case of
finite integration technique, the CPU time is equal for all components due to simultaneous evaluation of all
components along all lines. The maximal deviation of results of the presented method with respect to the results of
other considered methods is 0.6 %.

Numerical integrations in the presented method are evaluated using adaptive quadrature method
implemented by function integral in Matlab [39]. All derivatives contained in gradient in (3.143) are evaluated
numerically using central difference approximation.



3. Concept with Transmission by Magnetic Field 49

3.4. Discussion on Maximal Power Transmission
Efficiency

From (3.23), (3.27) and Fig. 1.12. a), it is apparent that maximal power transmission efficiency 7y depends
on the term k,,+/O, 0, only and increases with increase of this term. Thus it is desirable to maximize this term to

maximize efficiency 7.

Coupling coefficient ky of the transceiving and receiving coils can achieve maximal value 1 in the ideal
case. In the case of coils with air core which are used for WPT, this value can occur only if the coils are identical and
occupy identical position since self and mutual energy of magnetic field of the receiving and transceiving coils are
then equal which leads to equal self and mutual inductances L,, Ls and M,s, thus, coefficient &y is equal to 1
according to (3.3), (3.12). In the real case, this value can be only approached when the coils occupy positions as
identical as it is possible due to approaching of their windings. Nonidentical coils and positions can achieve lower
value of coefficient &y only.

The same considerations are valid for quality factors O, and Qs of the receiving and transceiving coils,
thus, in the following text the factor is identified by indices A only. From (3.3), (3.12), factor O, is given by relation

L,

0, = 2 (3.175)

It means inductance L, and resistance R, of the coil has to be found during the analysis of factor Q4. Factor Oa
depends on dimensions of the coil, conductivity of the material of the conductor and frequency f through inductance
L, resistance R, and angular frequency . The dependence on frequency f'is given not only by angular frequency w
(e = 2mf) but also by inductance L, and resistance R, as a result of eddy currents which occur in a coil carrying

current of nonzero frequency. However, the dependence of inductance L, on frequency fis weak, it is neglected in
the further considerations and inductance L, is found with the help of a stationary approach.

The parametrical analysis of factor O, for three type of coils is performed further. The chosen types of coils
are coils whose turns of conductor are wound homogeneously close together around air core of a shape of finite
cylinder of circular cross section, see Fig. 3.20. The first one is a single layer coil with N, turns in the layer (single
layer coil), see Fig. 3.20. a). The second one is a multilayer coil with 1 turn in every layer (multilayer coil), see
Fig. 3.20. b). The third one is a multilayer coil with 1 turn in every layer (multilayer coil) and negligible radius of the
air core with respect to width of the winding (full coil), see Fig. 3.20. b). The coils are considered to be wound by a
conductor of rectangular cross section and a special case of square cross section is considered for the single and
multilayer coil. The conductor of rectangular cross section can be considered as raw estimation of a conductor of
circular cross section as well.

Single layer coil

Layer of turns Multilayer layer or full coil
A
X M NG
3 D)
' g P/
=)
=
o
i =
_ o, : z
FSN .- g
Hz= HL*iTlgTHZ =Hei i ‘: “ac H, = H, 2
e —Hui o ©
5 =<0
. o | o o T ST e
| > el . . :
: S S
2 = P " 2
£
i be | oc 1 1 o J— § e Ma E
ac v 2
> Layers of turns S
[l
a) b)

Fig. 3.20. Coils for parametrical analysis: a) Single layer coil, b) multilayer coil (ac =bc) or full coil
(rc << wp).
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The symbols in Fig. 3.20. mean:

ha height of coil,

wa width of winding of coil,

N, number of turns of conductor in one layer of winding,
M, number of layers,

rc radius of air core,

ac width of conductor cross section,

bc height of conductor cross section,

oc conductivity of conductor.

The special relations considered for quantities which describe the coils are summarized in Tab. 3.9.

Quantity | Single layer coil Multilayer coil Full coil
hA bC bC
WA ac
rc 0.001wa
bc ac ac
i Ma_ y W

ac e ac
N hy b |
bC bC bC

Tab. 3.9. Special relations of quantities describing coils for parametrical analysis.

The analysis of factor O, is discussed in the sections 3.4.1.-3.4.4. Firstly, the organisation of the analysis is
described in section 3.4.1. Secondly, the principles of calculation of inductance L, and resistance R, are explained in
sections 3.4.2. and 3.4.3. respectively. Finally, the results of the analysis are presented and examined in section
3.4.4. The chosen types of coils allow a synoptic parametrical analysis of factor O, due to favourable low number of
quantities which describe the problem. However, the described approaches can be used for analysis or estimation in
the case of other types of coils as well.

3.4.1. Buckingham Theorem

The problem of analysis of factor 0, is stated above. The first step of the analysis is the assessment of
necessary parameters for description of this problem in order to provide a complete parametrical analysis for all
allowable and realistic combinations of quantities which describe the chosen types of coils. The number of
parameters can be equal or lower than the number of quantities since a parameter can be given by a product of
powers of these quantities as it is explained further.

The Buckingham theorem solves the problem of number of necessary parameters for description of any
physical phenomenon [42], [43]. The essential terms for formulation of the theorem are defined further and the
theorem is stated subsequently. The theorem is applied to analysis of factor Q,.

The Buckingham theorem is based on dimensional analysis of physical quantities (variables and constants)
which describe any physical phenomenon. If the phenomenon is described by » quantities g;, j € {1, 2, -+, n} jth
quantity g; can be expressed as

g,=lgJa,} il .n} (3.176)
where are
(¢)) value of quantity g;,
[g;] unit of quantity g;.

The unit [g;] can be written with the help of any consistent system of units e.g. SI units as

[qf]:f[uf” (3.177)
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where are

u; i™ base unit of system of units,

a;; power of unit u; for expression of unit [g/],

m number of necessary base units for description of phenomenon.
Dimension vector v; of unit [g;] can be constructed as

vj:(alj’aZj’ ’am/) (3.178)

and dimension matrix of the phenomenon can be defined then as

all aln
My = v v!)= . (3.179)
aml amn
Thus, the jth column of the matrix Mp, represents unit [g,] in the terms of powers a;, i € {1, 2, -, m} according to
(3.177). Rank » of matrix Mp
r =rank(M,) (3.180)
indicates number of quantities with independent unit in the set of all quantities in the sense of number of linear
independent dimension vectors in the set of all dimension vectors. If first 7 quantities g;, j € {1, 2, -, r} are marked
as quantities with independent unit then units [g,+,] of remaining n — r quantities g;.,, k € {1, 2, -, n — r}, which can
be marked as quantities with dependant unit, can be expressed as
o T =TTla Vo kel on—r) 3.181
Qkﬂ« H q‘/‘ > € <y :n r ( . )
J=l

where powers ,j € {1, 2, .-, r} and S, fulfil condition
Bvi+Bv,+ +Bv, =BV (3.182)

The Buckingham theorem states in the implicit form: If any physical phenomenon described by » quantities
q;,j € {1,2, -, n} can be expressed as

foila.a,, .q,)=0 (3.183)
where fq1 is function relating quantities then the relation (3.183) is equivalent to relation
fouldydy, d,,)=0 (3.184)
where are
di, ke {1,2,-,n—r} set of n — r dimensionless parameters,

/o, function relating parameters.

Additionally, dimensionless parameter d; can be found as
do=ql[1a) kell2, n-r} (3.185)
j=1

where powers 8, j € {1, 2, --, r} and B, fulfil condition (3.182).

Alternatively to (3.183) and (3.184), the theorem can be written in the explicit form in the case when one of
quantities is expected to be expressed as function of remaining quantities. Let it be without lose of generality
quantity ¢, with dependent unit. The theorem can be then stated: If any physical phenomenon can be expressed as

Jor(@-2 24,1)=1, (3.186)
where fq is function relating quantities then the relation (3.186) is equivalent to relation
Joe (dl’dZ’ ’dnfrfl): d,, (3.187)

where fp g 1s function relating parameters.
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The theorem reduces a problem of n quantities to a problem of n —» dimensionless parameters. All
quantities which describe the phenomenon have to be known for proper use of the theorem. On the other hand,
functions fq 1, /.1 Of fo.E, /b.r can be unknown and the theorem does not provide any information about them.

Further the theorem is applied to analysis of factor Q4. Inductance L, and resistance R, are analysed
separately as well in order to observe their values for given value of factor Q4. The dimensional properties of the
analysis are summarized in Tab. 3.10. The chosen system of units is SI units. Every quantity g; used for the analysis
is written down and marked by indices j. Unit [g;] of every quantity g; is expressed in terms product of powers of
base SI units u; = A, u, =kg, u3 =m, uy =s according to (3.177), elements ay;, o, as;, oy of dimension vector v,
(3.178) are extracted and matrix Mp (3.179) is constructed. The number n — r of dimensionless parameters is
determined with the help of number of quantities » and rank » of matrix Mp. r quantities with independent unit are
chosen. Every dimensionless parameter dj, which is found according to (3.182), (3.185) with the help of Tab. 3.10. is
written down in Tab. 3.11. Parameters La/(acuo), acocRa, Oa can be considered as parameters which are to be
calculated since they contain quantities Ly, Rs, Oa and are functions of remaining parameters in the sense of (3.187)

fLA(b_c,h_A,&,”_ch_LA : (3.188)

ac 4c 4c Ac acHy

be hy w, 1.
fRA[ -, —=,dcy g0 J =acocR,, (3.189)

ac ac ac ac
N WA T
Joal = S Tfityo e | = O, (3.190)
dc ac dc ac

where f1 4, fra, foa are functions relating parameters. It is apparent from comparison of (3.175), (3.188)-(3.190) that
functions fi , fra,. fQA are related by formula

= 2(ac1/nfuoac)z

Q =
acly aCJCR

Jia L
Jra

fLA(bC NN rcj (3.191)
a.’ a. a. a b h w, r

be h CW Cr e fQA( —4 ac ac\lnfﬂoacJ
fRA( —A ac\/nfﬂoacJ

dc ac dc ac

= 2(ac\l it o )Z

Joa

Additionally, quantities L, Ra, QO are contained only in these parameters as a result of (3.185) since quantities Ly,
R, O are not chosen as quantities with independent unit, see Tab. 3.10. Parameters La/(acuo), acocRa represent
normalized dimensionless inductance and resistance. Some parameters have special value (bc/ac, wa/ac for single
layer coil; bc/ac, halac for multilayer coil; ha/ac, rc/ac for full coil) which is predetermined by a chosen type of the
coil and special relations of their quantities according to Tab. 3.9. Parameters without special value (ha/ac, rc/ac,

aq+7fi,o. for single layer coil; wa/ac, rolac, aq+mfi,o. for multilayer coil; be/ac, walac, aq+/nfit,o.. for full coil)

are consider in the wide ranges for calculations of parameters La/(acu), acocRa, Oa in the following parametrical
analysis. It has to be noted that parameter w/ac corresponds to number M, of the layers of turns of the conductor.
and, in the case of the single layer coil, parameter Aa/ac corresponds to number N, of turns of the conductor in the

layer since ac = bc. Parameter a4 nfii,0. contains multiplicative dimensionless constant = which does not change

the dimensional properties of this parameter and enable to interpret parameter as

a
acfit,o = (3.192)

1

doc

where d¢ is commonly used quantity of skin depth [33].
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Unit Columns of . .
. B Elements a;; . . . Quantity with
. Indices j of g; m=4 . . dimension matrix Mp . -
Quantity g; . [ ]: Hu“v = of dimension vector v; . e independent unit
for analysis of 9; i / — quantities describing .
i1 — powers of base SI units . for analysis of
ayy G G analysis of
La Ra Oa Akg"ms ay; o a; a4 La Ra Oa La Ra Oa
/ 1 1 5! 0 0 0 -1 x x x x
Ho 1 2 2 A%kgms? -2 1 1 2] x x x x x x
ac 2 3 3 m 0 0 1 0] x X X x X X
bc 3 4 4 m 0 0 1 0] x X X
ha 4 5 5 m 0 0 1 0] x X X
Wa 5 6 6 m 0 0 1 0 X X X
rc 6 7 7 m 0 0 1 0] x X x
oc 8 8 A%kg'ms’ 2 -1 -3 3 x x
La 7 A%kgm’s™ -2 1 2 -2 x
Ra 9 A%kgm?s™ -2 1 2 -3 x
O 9 1 0 0 0 0 x
Number of quantities # = max(y) 7 9 9
r = rank(Mp) 2 3 3
Number of dimensionless parameters # — r 5 6 6
Symbol x marks that given quantity has property indicated in heading of column.
Tab. 3.10. Dimensional properties of parametrical analysis of coils.
Dimensionless parameter d Indices k of dj Special value of dimensionless parameter di according to
for calculation of for calculation of Tab. 3.9.
La Ra Oa La Ra Oa Single layer coil Multilayer coil Full coil
b b b
- - - 1 1 1 1 1
dc dc dc
h h h
- - - 2 2 2 1 1
dc dc dc
w
Wa Wa Wa 3 3 3 1
dc dc dc
e Te e 4 4 4 000122 = 0.001d,
dc dc dc dc
LA - .
dc \/Ef:uoo'c dc \/Ef:uoo'c 5 5 5
Acly
acocR, Oa 6
Number of parameters n — 7 = max(k) 5 6 6
Number of parameters with special value 2 2 2
Tab. 3.11. Dimensionless parameters of parametrical analysis of coils.
3.4.2. Self Inductance of Induction Coil
Self inductance L, of induction coil carrying direct current can be defined by relation
20,
L, == (3.193)
Iy
where are
I current flowing through conductor of coil,
Wy energy of magnetic field of coil excited by current /.
Energy W), can be written as [28]
J, (r
w,, :&mJA(r).m al ,)dVC'dVC (3.194)
8 A " |r -r |

where are
Ve, V'c volume of conductor,

dVe, dV'c element of Ve, Ve,
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J current density in conductor corresponding to current /.
r, ' position vector of element dV, dV'c.

Insertion of (3.194) to (3.193) leads to expression of inductance L, as
To () 1
L= 41:12 m )'w|,A_,,| dvedre . (3.195)

For calculation of inductance La, the following approximation is used for the winding of the coil. The
individual turns of conductor are replaced by a slab with homogenous current density J,, see Fig. 3.10., given by
(3.129). The relation (3.195) can be manipulated using (3.129) for the chosen types of coils in the form [32]

2 M2N2 FetWa Tetwy } p2+p72 2h2 p2+p72
Ly =% p =22 (oo | v | == |-y —.0 | [dpdp’ (3.196)
b3 j j 2o e ) T 20
where is
1, —l,yA—O
_ 2
cel( 1—K§,1,i,21 "A], 1/ ﬁA Ly, >0,
KA KA
)= 2 2 3.197
viBara)=1 L U /U B P S /778 G197
N 4 Ky 4
ﬂA +1 33’A’CA 3paks Batl 2 2
+cel y1-x2, , 1-xy )|, k,= |———, ., >1y,20
(V ’ ) L S et SaRs

and function cel represents general complete elliptic integral given by (3.95). Integral given by function cel and
integrations with respect to p, p' in (3.196) have to be performed numerically.

3.4.3. Frequency-Dependent Resistance of Induction Coil

The frequency-dependent resistance R, of induction coil carrying harmonic current can be defined by
relation

R, - (3.198)

where are
I phasor (in rms scale) of current flowing through conductor of coil,
P, active power dissipated in volume of conductor.

Power P, can be written as [33]
1
P =—[[[13.[ a7, (3.199)
Oc ™y,

where are
oc conductivity of conductor,
Ve volume of conductor,
dVc element of V¢,
J 4 phasor (in rms scale) of current density in conductor corresponding to phasor I,.

The frequency dependence of resistance R, is a consequence of inhomogeneous frequency-dependant
distribution of current density in a conductor of the coil caused by eddy currents. Eddy currents arise in a conductor
exposed to time-varying electromagnetic field. Impact of time-varying electromagnetic field can be divided into skin
and proximity effects. The skin effect is retroaction of electromagnetic field of the conductor on its current density
which excited the electromagnetic field. The proximity effect is influence of distribution of current density of the
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given conductor by a time-varying electromagnetic field of other conductors. Action of these effects is frequency-
dependent.

Resistance R, is usually expressed in comparison to a direct current resistance Rp of the coil by relation
[41]

R, =c.R (3.200)
A F**D

where cr is coefficient taking into account frequency dependence of resistance R,. Comparison of (3.198), (3.200)
and insertion of (3.199) lead to expression of coefficient ¢y as

PA O-ICJ.VJ.J.|JA|2dVC

CRL] RL[

(3.201)

Cr

One continuous conductor can create a complex spatial structure which can be divided into section
connected in series for purpose of analysis. Influence of one section by others sections is then considered as
proximity effect whereas skin effect is considered only for a single section. Total frequency-dependent resistance Ry
of the coil can be expressed as sum of frequency-dependent resistances of all sections in this case

ne

R,=DR,, (3.202)

i
where are
nc number of sections,
R, frequency-dependent resistance of i™ section.

Quantities Ra, Rp, Pa, Ve, cr, da, in relations (3.198)-(3.201) are assigned to i section and become Rais Rpi, Py,
Ve ¢rir Ja . Current I, and conductivity oc are assumed identical for all sections since these sections belong to one
continuous conductor. The equation (3.202) can be then written considering (3.200), (3.201) as

o e,

ne ne P

RA = ZCFJRD,[ = Z AR
i=1

2D T 2
= Ry, |L,| T Ry L

C Ve,

Ry, .

N

(3.203)

CF.i CF,i

For calculation of resistance R, the winding of the chosen types of coils is divided in sections which
correspond to the individual turns of conductor, see Fig. 3.20. The individual turn of conductor representing i™
section with resistance Ry ; is then treated as a part of a straight infinitely long conductor of rectangular cross section
i.e. curvature of the turn of conductor is neglected [44], see Fig. 3.21. The length /c; of this part is assumed to be
equal to average length of the given turn of the conductor. Direct current resistance Rp; of the i™ section can be then
written as

I,
Ry, =—%— (3.204)

ocache

Additionally, the following assumptions are taken into account, see Fig. 3.21.: Components of electromagnetic field
are constant with respect to coordinate yc which corresponds to independence on coordinate ¢ for a rotational
symmetrical coil. Current density Jc and electric field strength E- have only component perpendicular to cross
section of the conductor i.e. component in yc-axis direction. Magnetic field strength Hc has only components in
plane of cross section of the conductor i.e. components perpendicular to yc-axis direction. Tangential components of
magnetic field strength Hp;, Hy;, Hy;, Hr; at the surface of the conductor are constant. Components Hp ;, Hy,; and
H, ;, Hy,; are found with the help of the stationary approach described in the section 3.3. and they are calculated as
components H,, and H; of magnetic field strength H, of the coil in the place of surface of the conductor of turn
which represents the i section, see Fig. 3.20. and Fig. 3.21. Components Hp,;, Hy, and Hy ;, Hg; are evaluated in the
center of edges of lenghts ac and b as average value for the i™ section since they are considered to be constant as it
is mentioned above.

The coefficient cr; can be then expressed as [44]

Cr,i :1+1L2(aé((HU,i _HD,i)Z(‘//S( B)_1)+HU,iHD,i‘//P( B))+ bé((HR,i _HL,i)z(‘//s(ézA)_1)+HR,iHL,f‘//P( A))) (3.205)

A
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where are

$a =acTocH,

Cy =beynfocuy ,

. sinh(2¢) + sin(2¢)
Vs (6) =< cosh(2¢) - cos(2¢)’
(&)= sinh(¢) - sin(¢)

cosh(¢)+ cos(¢)”

(3.206)

(3.207)

(3.208)

(3.209)

and I, is direct current of the coil which excites components of magnetic field strength Hp;, Hy,;, Hy; Hg; The
expressions of length /-, and components Hp;, Hy,, Hy; Hg; for chosen types of coils are specified in Tab. 3.12.
Resistance R, of the coil is then given by (3.203) using (3.204)-(3.209) and Tab. 3.12.

\ oc

I,

]

v

bc

v e

zc 4% HMC, Jc

>

ac

Conductor

Fig. 3.21. Arrangement for calculation of frequency-dependent resistance of straight infinitely long
conductor of rectangular cross section.

Name Single layer coil Multilayer coil Full coil
i {1, 2, -, Na} (1,2, -, Ma} (1,2, -, Ma}
1 o1 o1
I, 2n(i‘c +Eacj 211{;’C +[1 75}%} 211{;’C +[1 75}%}
1 h . o1 h o1 h
Hp,; Hp[p:rc+5ac,z:77"+(z—l)bcj HP[/’:"C+[1*5)“C’ZZ*7AJ Hp[p:rc+[175jac,z:77’*)
1 hy . o1 h o1 h
Huy, Hp[p:rCJrEaC,z:f?Aﬂbcj Hp(p:rCJr(szjac,z:?A) Hp(p:rCJr(szjac,z:?A)
hy (. 1 . .
Hy; H, /):ch:*?Jr 175 be Hz(pz’l‘+(l_1)ac>2=0) Hz(Pz"c'*'(l_l)amzzo)
hy (. 1 . .
Hy, H, p:rc+wA,z:77+ 175 b Hz(p:i‘c+1ac,z=0) Hz(p:i‘c+1ac,z=0)

Tab. 3.12. Specification of parts of relations (3.204) and (3.205).
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3.4.4. Results of Analysis of Quality Factor for Chosen Types of
Induction Coils

This section presents and discusses the result of analysis of quality factor O, of chosen types of coils.
Inductance L, is found using (3.196), (3.197). The resistance R4 is determined with the help of (3.203), (3.204)-
(3.209) and Tab. 3.12. Factor O, is then calculated according to (3.175). The results are presented graphically in the
form of dimensionless parameters summarized in Tab. 3.11. Inductance L, and resistance R, are evaluated in
absolute values by insertion of certain values of quantities from Tab. 3.10. in the mentioned relations which lead to
desired values of dimensionless parameters from Tab. 3.11. Inductance L, and resistance R, are then normalized to
parameters La/(acuo) and acocR, for separate graphical representation. It has to be noted that, in the case, when
close form relations are known, they can be usually manipulated to express functional dependence of dimensionless
parameters directly and to proof the number of necessary parameters for description of a problem. However, the
former approach of determination of necessary dimensionless parameters without knowledge or before derivation of
close form relations governing the problem and adjusting dimensional quantities to desired values of dimensionless
parameters can be used e.g. for numerical simulators which use dimensional quantities usually. Fig. 3.22.-Fig. 3.30.
depict normalized inductance La/(acuo), normalized resistance acocRs and quality factor Q4 of the single layer,
multilayer and full coils.

In the case of the single layer coil, see Fig. 3.22.-Fig. 3.24., normalized inductance La/(acu,), normalized
resistance acocR, and factor O, increase with increasing parameters ha/ac, rc/ac monotonically. Normalized

resistance acocR, and factor O depend on parameter a4 nfit,0. additionally and increase with this parameter

monotonically as well. Normalized inductance La/(acu), normalized resistance acocRp, factor Oy, inductance Ly
and resistance R4 are related by (3.191). Thus, the increase of factor O with increasing parameters ha/ac, rc/ac,

aq+/mfi,o . can be interpreted as a more rapid increase of reactance wL, than increase of resistance R, with increase

of these parameters.

In the case of the multilayer coil, see Fig. 3.25.-Fig. 3.27., normalized inductance L/(acu), normalized
resistance acocRa and factor O, increase with increasing parameters wa/ac, ¥c/ac monotonically. The normalized

resistance acocR, and factor O depend on parameter a4 nfit,0. additionally and increase with this parameter

monotonically as well. Normalized inductance La/(acuy), normalized resistance acocR,, factor Oy, inductance Ly
and resistance R, are related by (3.191). Thus, the increase of factor O of the multilayer coil with increasing

parameters wa/ac, rclac, a.+/mfiL,0. can be interpreted as a more rapid increase of reactance of the coil wL, than

increase of resistance R, with increase of these parameters, similarly as in the case of the single layer coil.

In the case of the full coil, see Fig. 3.28.-Fig. 3.30., normalized inductance Lx/(acy), normalized resistance
acocR, and factor O, increase with increasing parameters w,/ac monotonically. Normalized resistance acocRa and

factor O, depend on parameter a4/ nfit,0. additionally and increase with this parameter monotonically as well. The

dependence of normalized inductance La/(acu), normalized resistance acocR, and factor Q4 on parameter bc/ac is
different. Normalized inductance La/(acu) increases with increasing parameter bc/ac. However, this dependence is
almost negligible. On the other hand normalized resistance acocR, exhibits minimum with respect to parameter
bc/ac and factor Q4 exhibits maximum as a result of (3.191).
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Fig. 3.22. Normalized inductance L/(acuyo) of single layer coil.
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aNiyep) =011
10°
:O 10*
§< 10°
107
4 101

10° 10' 10 aqR, [
7 la - [-]
a)
a iy =1 [-]

wA/aC [-]

7 la - [-]

b)

aigep) 10 [-]

10°
o 10°
Ny ”

o< 1
10°

10° 10' 10 aqR, [

7 la - [-]
c)

Fig. 3.26. Normalized resistance acocRa of
multilayer coil for

a) ac+nfiu,o. =0.1,
b) a.4nfit,o. =1,

C) acnfityo. =10.

a i) =011
10°
10%°
107!
100 1.5
102
10° 10' 10
7 la - [-]
a)
a iy =1 [-]
107
- 10'?
QU 10!
5« 10%°
10°
10° 10' 10 o, [
7 la - [-]
b)
a i) =10 -]
10°
o 10°
o<
10!
10° 10' 10 o, [
7 la - [-]
c)

Fig. 3.27. Quality factor O, of multilayer coil

for a) a4 nfiu,0. =0.1,
b) ac+7fi,o. =1,

) acnfir,o. =10.



3. Concept with Transmission by Magnetic Field

60

10°

10*

107

10°

10° 10" 100 Lfauy)-]
b la [-]

Fig. 3.28. Normalized inductance La/(acuo) of full coil.
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4. 2D Concept with Transmission by
Electromagnetic Wave

This section deals with 2D concept with TEW. A basic principle of power extraction from a dielectric slab
waveguide based on this concept is studied. The section is structured as follows. In sections 4.1. and 4.2., the
introduction and formulation of the problem is made respectively. In section 4.3., electromagnetic field in the
structure of the waveguide is analyzed and its characteristics are expressed as functions of the structure parameters.
In section 4.4., the link of electromagnetic field approach for power extraction with circuit approach is proposed. In
section 4.5., the design of the structure is discussed and the theory is verified by full-wave numerical analysis.

4.1. Introduction

An example of 2D concept with TEW is depicted in Fig. 4.1. The waveguide represented by a dielectric
slab (a table top) is used as a transmission medium between a source and an appliance (a laptop). The power of
electromagnetic wave is launched at the edge of the slab and propagates through it. A portion of the power is
extracted using a suitable coupling element positioned under the appliance and delivered to the appliance. Analytical
description of basic principle of power extraction from the dielectric slab waveguide is discussed further.

In this system, the power transmission efficiency depends on the capability of creating a good matching
between the power source and the slab waveguide and between the slab waveguide and the appliance using coupling
elements. In [5], the dielectric slab waveguide is covered by a mesh conductor to create an evanescent field upon the
slab which enables the power extraction through interaction with a suitable coupling element. In a further discussed
case, the necessity of mesh conductor for power extraction is considered under the appliance as a part of its coupling
element only. The mesh conductor positioned on the slab can be actually replaced by a generic “metasurface” and
characterized through an equivalent admittance layer. Metasurfaces, which are the two-dimensional realization of
metamaterials, consist of a periodical arrangement of electrically small elements [45]-[47]. In a WPT system, the
absorbing metasurface can represent a network of wireless sensors or a network for collection of power.

The interaction of these periodic structures with an impinging plane wave can be rigorously studied by
expanding the field in terms of Floquet Waves centred around the wavenumber imposed by the excitation [48]. For
electrically small periodicities, however, higher order Floquet Waves rapidly decay away from the periodic surface,
and the metasurface can be characterized through an equivalent admittance layer [49]. A simple and intuitive way to
design a metasurface resorts to equivalent discrete reactive circuits based on quasi-static concepts. A more rigorous
approach consists in extracting from the full-wave analysis the minimum number of wavenumber-dependent
parameters for an analytical synthesis of the surface impedance [50].

Starting from the modelling of the periodic surface trough an equivalent admittance layer, a simple model
for the dielectric slab waveguide is provided, where the presence of an appliance is accounted for by adding a real
part to the equivalent admittance associated with the metasurface. This model is used to identify the conditions
providing optimal performance.

Appliance (laptop)

L
Power flow

Dielectric slab waveguide
(table top)
Table

Fig. 4.1. Example of 2D concept with TEW.

61



4. 2D Concept with Transmission by Electromagnetic Wave 62

4.2. Problem Formulation

Qualitative and quantitative description of a basic principle of power extraction from the dielectric slab
waveguide based on 2D concept with TEW using an admittance layer is discussed further. The arrangement of the
problem is depicted in Fig. 4.2.

1 2 3
£, o § &0, o &0, o
Pr <+
P — 7 — Pr
&s, Ho Zf &, Ho &s, Ho 2 Ih
X
yL_J N PEC

Fig. 4.2. Arrangement of dielectric slab waveguide for power extraction.

The waveguide consists of a dielectric slab with permittivity e and thickness 4. A bottom wall is
represented by metal which is approximated by perfect electric conductor (PEC) and a top wall is represented by
boundary between the slab and free space. The sections 1 and 3 are the same and serve for power transmission only.
The section 2 with length / has additionally an admittance layer with surface admittance Y1 on the top boundary. The
section 2 serves for power transmission and extraction. The admittance Y; consists of conductance Gy and
susceptance By

Y, =G +jB, . 4.1

The primary purpose of the admittance layer is to represent the phenomenon of power extraction by conductance Gy .
Susceptance By is added secondarily for better matching of section 2 with sections 1 and 3. The structure is
considered to be infinite in the direction of y-axis. The symbols g, and yy mean permittivity and permeability of
vacuum.

From the electromagnetic field point of view, the following situation is considered in the structure: The
incident wave with power P; which propagates in the positive direction of x-axis in the section 1 is partially reflected
at the boundary between the sections 1 and 2 and partially enters the section 2 because the properties of the section 2
slightly differ from the properties of sections 1 and 3 due to the admittance layer. A part of wave which entered the
section 2 propagates in the positive direction of x-axis in the section 2 and is partially extracted by the admittance
layer, partially reflected at the boundary between the sections 2 and 3, and partially enters the section 3. A part of
wave which entered the section 3 propagates in the positive direction of x-axis in the section 3. A part of wave which
is reflected at this boundary propagates in the negative direction of x-axis in the section 2 and is partially extracted
by the admittance layer, partially reflected at boundary between sections 1 and 2, and partially enters the section 1,
etc. In the consequence of these phenomena, the reflected wave with total power Pg which propagates in the negative
direction of x-axis occurs in the section 1 and the transmitted wave with total power Py which propagates in the
positive direction of x-axis occurs in the section 3. Thus, the relation between the total power P extracted by the
admittance layer and powers Py, Pg, Pr is

P =P-P —P. (4.2)

In other words, power flow in the direction of x-axis exists in the sections 1, 2, 3, however, power flow in the
direction of z-axis, which represents power extraction, exists in the section 2 additionally. Since the structure is
passive the following relations between powers Py, Py, Pgr, Pt are valid

P>P,P>P,P>F. (4.3)

Thus, in the steady state, the wave propagating in the positive direction of x-axis exists in the sections 1, 2, 3 and the
standing waves exists in the sections 1, 2 additionally, both as a consequence of superposition of the partial waves
propagating in the positive and negative directions of x-axis. In the direction of z-axis, the standing wave is assumed
in the slab and the evanescent wave in the free space in the sections 1, 2, 3 as it is usual for this type of waveguide
[51]. Additionally, in the section 2, the propagating wave is assumed in the positive direction of z-axis in the slab and
in the negative direction of z-axis in the free space, both as a consequence of power extraction.
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The optimal performance of power extraction can be expressed by condition
P - PF, 4.4)
This condition can be expressed equivalently as two conditions
P, -0, (4.5)
P.—0. (4.6)

Ideally, all incident power P; should be extracted in the section 2 and power Py reflected back to the section 1 and
power Pr transmitted to the section 3 should then be zero. These conditions can be met only approximately. Only in
the limit cases when the admittance ¥; — 0 (section 2 is the same as sections 1 and 3) or the length / — 0 (section 2
is missing), power Py is zero. Only in the limit case when the length / — oo (all power which entered the section 2 is
extracted), power Pr is zero.

For analysis, it is more convenient to reformulate conditions (4.5) and (4.6) and express them by power
reflection coefficient R and power transmission coefficient 7 which are given by formulas

rR=Tx 0, 4.7)
1
T—%—>O. (4.8)

4.3. Analysis of Structure

In order to analyze the power balance of the structure, to approach conditions (4.7), (4.8), and to find out
how parameters of the structure are related to these conditions, the electromagnetic field in the structure is analyzed
in section 4.3.1. The goal of analysis is to express admittance Y, and coefficients R and 7T as functions of structure
parameters. The admittance Y} and dispersion equations of the structure are treated in section 4.3.2. Power balance
of the structure is expressed in terms of coefficients R and 7 in section 4.3.3.

4.3.1. Electromagnetic Field

The further derivation is performed for the fundamental mode of the structure which is TM mode [51].
Vectors of electromagnetic field are expressed for harmonic steady state in the form of phasors (in rms scale). The
electromagnetic field in the sections 1, 2, 3 is constructed from the electric Hertz’s vector II° [52]. The vector E of
electric field strength and vector H of magnetic field strength are consequently expressed from the vector II° by
relations

E=FTI°+VV-II°, (4.9)
H = joeVxII° (4.10)

where x is permeability of medium, ¢ is permittivity of medium, w is angular frequency, and k is wave number given
by formula

k=ao\Jue . (4.11)

The wave number £ is related by the x-, y-, z-components kx, ky, k7 of the wave vector by a formula

k= k2 + k2 + k2. (4.12)

The vector II° for the different sections of the structure has forms

I, = (CISIe’ijS‘X +C,q e ) cos(k,2) 2, (4.13)

I, = (Clsze’jkxszx +C, e’ ) cos(k,5,2) 2, (4.14)
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Mg, = Cgpe ™ Cos(kzs3z) 0> (4.15)

I, = (Cpe " + Gy )iy, | (4.16)
I}, = (Cpppe 07 + et )iy (4.17)
I}, = Cpe ey, (4.18)

where C,, C, are constants. For II°, C,, C,, and k, kx, ky, the indices 1, 2, 3 denote the sections 1, 2, 3 and indices S
and F denote the slab and free space. The properties of wave number and wave vector components in the different

sections of the structure are described in Tab. 4.1.

Section Slab Free space
1,2,3 | kg = o8 k. = ol 8,
1 kxs1 = Pxst, fxsi >0 kxr1 = Pxe1, fxr1 > 0
kzs1 = Pzs1, fzs1> 0 kzr1 = — jozr1, ozr1 <0

kxs2 = fxs2 — jaxs2
Pxs2>0, axs2 >0

kxr2 = Pxr2 — joxr2
PBxr2> 0, axp2 >0

2 X .
kzs2 = Pzs2 — jozs2 kzr2 = Pzr2 — jozr2
Pzs2> 0, 0zs20 <0 Bzr2> 0, azp2 <0
- - * - _ %
3 kxs3 = kxs1, kzs3 = kzs1 kex3 = kxr1, kzes = kzri

* The sections 1 and 3 have the same properties.

Tab. 4.1. Properties of wave number and wave vector components in different sections of structure.

This construction of electromagnetic field describes behaviour of the wave in the direction of x-axis and z-
axis for the different sections as it is mentioned above. In the direction of z-axis for all sections, the construction
fulfils the condition for PEC in z=0. The construction is constant in the direction of y-axis since the structure is
assumed to be infinite in this direction. The vectors E and H for the different sections of the structure which are
expressed from (4.13)-(4.18) by using (4.9), (4.10), (4.12) have form

Eq, = jkyoikzs (Clsleijkmx - Czslejkmx ) sin (kzs1z) X, + k>2<31 (Cls1eijkxsw + Czslejkmx ) cos (kzs1z) Zo> 4.19)
H, = —wegky, (Clsleijkmx - Czslejkmx ) cos (kzs1z) Vo> (4.20)

. kg o \ ot 2 —jkys s
Esz = kaszkzsz (CISZe Pt _Czszej et )Sm(kzszz)xo + kxsz (Clsze et 4 CzszeJ xt )Cos(kzszz)zo 5 (4-21)

_ —jkxgyx Jhxgax
Hg, = —wegkyg, (CISZe W — (g, )Cos(kzszz) Yo (4.22)
_ s —jkxs3X o3 2 — jkxg3x
Eg; = jkygskys,Cigse Sm(kzs3z) Xy +hys;Cigse Cos(kzs3z) %> (4.23)
_ —jkyg3x

Hy, = —wegkys, G675 c08 (kys32) ¥y 5 (4.24)
E — k k (C e*ijle _ C eijle ) eijFlzx + kz (C e*ijHX + C eijle ) eijFIZz (4 25)

Fl1 xr1hzr | C1m 2F1 o T Axr \ Lk 2F1 0> .
Hy, =~y (Cpe ™ = Copye?™ ey (4.26)
E — k k (C e*ijsz _ C eijsz ) eijFzzx + kz (C e*ijsz + C eijsz ) eijFzzz (4 27)

P2 xr2%zr | “ir2 2F2 o T Axr2 | “Yim2 2F2 0> .

_ —Jjkxpx Jhxpax Jkzpaz

H;, = ok, (Clee = Cype™ )e i (4.28)
E.=ko.k.C e*jkxmxejkznzx + k2 C e*jkxnxe)-kzmzz (4 29)

3 xp3zr Y13 o T Axrsim 0> :

_ —JjkxpsXx N Jkzpz

H,, = —we kyp,Cpe ey, (4.30)

With respect to indices, the same formalism is valid for the vectors E and H as for the vector II°.

The tangential components of the electromagnetic field E;, Hy have to be continuous at the boundaries
between the sections 1, 2 (x =0) and the sections 2, 3 (x =/). The two approximations are made for matching of
electromagnetic field at these boundaries. The first approximation is matching of electromagnetic field at the cross-
section of the slab only (z € (0, 4)) since it is assumed that the majority of the electromagnetic field energy is
concentrated in the slab. The second approximation is integral averaging of tangential components in this cross-
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section in the direction of z-axis since the fundamental mode is used only and this mode differs at the different sides
of the boundary slightly (in the sections 1, 3, the components of the wave vector are real whereas, in the section 2,
are complex). By these approximations, the matching of electromagnetic field at the boundaries forms the following
system

LhEzsl (x:())dZZJ.:Ezsz(x:O)dZ’ 4.31)
[Hyg (x=0)dz = ['Hyg, (x=0)dz, (4.32)
Eg (x=1)dz = [ By (x=1)dz, (4.33)
I:Hvsz(x:l)dz=thHyss(X=1)dZ- (4.34)

The constants Cig;, Cos1, Cisa, Cosp, Ciss can be related to one chosen from them solving this system and using
(4.19)-(4.24) and Tab. 4.1. When the constant Cjs; is chosen the other ones are given by relations

2] (k>2<sz ~ ks ) sin (kxszl)

(kXSI + kxsz )2 eijSZI - (kXSI - kxsz )2 eijkwl

Cy = Cisi» (4.35)

2k>2(81kzsz (kX51 + kXSz )Sil’l (k231h) el

Cs = : . — Cisis
kygokzg sm(kzszh)(( ks, + ks )2 & — (kyg, — sy )z . kaz)

(4.36)

2k)2(Sl kZSZ (kXSl B kXSZ ) Sin (kZSl h ) eiikXSZI

= : o TR Cy» (4.37)
kxszk251 Sm(kzszh)((kX51+kxsz) e _(kx51_kxsz) € Xs“)

CZSZ

4 jkxsll
Cls3 — - l;xsllkxsze — C151 ) (4.38)
(kXSI +kxsz) e _(kx51 _kxsz) ¢

The tangential component of the electric field strength Ex, has to be continuous at the boundaries between
the slab and free space (z = /) for all sections

EXSl(zzh)zEXFl(zzh), (4.39)
Ey, (z = h) =B, (z = h) , (4.40)
Eyq; (z=h)=EXF3(z=h). (4.41)

The electric field strength Exs, (z = /) is electric strength on the admittance layer too. The tangential component of
the magnetic field strength Hy, has to be continuous at the boundaries between the slab and free space (z = £) in the
sections 1, 3 and it is discontinuous in the section 2 because of surface current density K; which is flowing in the
admittance layer

Hy, (Z = h) =H,, (Z = h) s (4.42)
Hyg, (Z = h) -Hyp, (Z = h) =K, (4.43)
Hy, (Z = h) =Hyp (Z = h) . (4.44)

Matching of electromagnetic field along all boundaries in the direction of x-axis is only possible if the component kx
of the wave vector is the same at the both sides of the boundary for all sections

kxsi = kg » (4.45)
kys: = kxer » (4.46)
ks = kxgs - (4.47)

The component k; for both sides of the boundary and all sections can be expressed using Tab. 4.1.

kg = \/ks2 - k>2<31 = \/wzﬂogs _k>2<31 > (4.48)
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kygy = K2 =gy = poes — ki, (4.49)
ks = = ks = s —klgs (4.50)
N N T = 4.51)
gy = K2 =Ky =0 g8 — ks (4.52)
gy = \JK2 =gy = @0t — Ky - (4.53)

For analysis of the electromagnetic field, it is useful to express constants Cigy, Cory, Cirz, Cora, Cips for the free space
in the terms of their counterparts for the slab constants Cis;, Casi, Cisa, Cosa, Cis3 Whose relations are mentioned
above. The constants for the free space are given using (4.19), (4.21), (4.23), (4.25), (4.27), (4.29), (4.39)-(4.41),
and (4.45)-(4.47) by relations

— ijSl sin (kZSIh) efijHh

ClFl - k ClSl > (454)
ZF1
ik« sin (k. h)e =t
(5121:1 — .] ZS1 (kZSI ) (:uzs1 , (455)
ZF1
ik« sin (k. h)e ="
(:ulF2 — .] 7ZS2 ( 7ZS2 ) . (456)
kZFZ
ik« sin (k. h)e =l
(:121:2 — .] 782 (kZSZ ) Czsz , (457)
ZF2
ik s, sin (kygsh)e "
C,, == (kz“ ) C,. (4.58)

ZF3

4.3.2. Admittance of Layer, Dispersion Equations

The relation for the admittance Y7 of the admittance layer can be found as ratio of electric field strength
Exs, (z=h) on the admittance layer and surface current density K; flowing throw
¥ - | S (z = h)

L " (4.59)

L

This relation can be manipulated using (4.21), (4.22), (4.28), (4.36), (4.37), (4.43), (4.46), (4.56), (4.57) in the form

Y, = a)( %% cot(kzszh)+kg—°) (4.60)

Z82 ZF2

The next point of structure analysis are dispersion equations of grounded dielectric slab waveguide without
the admittance layer (sections 1 and 3) and with the admittance layer (section 2) respectively. The dispersion
equation for sections 1 and 3 can be written in the form [51]

& &,
%cot(a/wzyoss—ﬁfmh)—ﬁzo. (4.61)
VO Hyég = Bxsi Vﬁxm —W HyE,

It can be manipulated using (4.45), (4.48), (4.51), Tab. 4.1. in the form similar to (4.60)

% cot (ki) — I

ZS1 ZF1

=0. (4.62)

On the other hand the dispersion equation for section 2 is expressed by (4.60) and can be manipulated using (4.46),
(4.49), (4.52), Tab. 4.1. in the form similar to (4.61)
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j Y,
%cot(\/wzﬂogs —kfmh) b L (4.63)
" flgés — kxsy O Uy —kys, @
4.3.3. Power Balance
The powers Py, Pr, Pr can be expressed with the help of electric and magnetic field strengths as [28]
v h
P= limRe(I [(E5, H;;)-xodzdy] , (4.64)
-0 0 z=0
v h
P, = limRe(I [(Eg xH} ) (—x, )dzdy] , (4.65)
-0 0 z=0
v h
P, =lim Re{j [(Eg H;)-xodzdy] (4.66)
-0 0 z=l

where + denotes the wave propagating in the positive direction of x-axis (a part of the solution (4.19)-(4.30) of the
electromagnetic field which contains term exp(—jkxsx)), — denotes the wave propagating in the negative direction of
x-axis (a part of the solution (4.19)-(4.30) of the electromagnetic field which contains term exp(jkxsx)) and x; is unit
vector in the direction of x-axis. The approximation that the majority of the electromagnetic field energy is
concentrated in the slab is used here again since the integration in the direction of z-axis is performed for z € (0, &)
only. The formulas (4.7), (4.8) for coefficients R, T can be rewritten using (4.64)-(4.66), (4.19)-(4.30), (4.35), (4.38),
and Tab. 4.1. as

2
ro Gl _ Ny (4.67)
|C1S1 |2 DRT
2
roGal _ Ny (4.68)
|CISI |2 DRT
where are
2
Ny = (COS (2ﬂxszl) —cosh (zaxszl))((zﬂxmﬂxsz )2 - (052452 + Bysi + Pxs> ) ) > (4.69)
Np = 8ﬁ>2<31 (a>2<sz + ﬁf(sz) > (4.70)
2 .
Dyy = ((2ﬁXS1ﬁXS2 )2 + (OC)z(sz + ﬁ)zm + ﬁf(sz ) )COSh (2axszl) + 4ﬁXS1ﬁXS2 (a)2<sz + ﬁ)2<31 + ﬁf(sz )Smh (2axszl)
4.71)
2 .
+ ((2ﬁX51axsz )2 - (a)2<sz - ﬁ)2<31 + ﬁ)2<sz ) )COS (2ﬁxszl) + 4ﬁXS1aXSZ (aisz - ﬁ)zm + ﬁf(sz )Sm (2ﬁxszl)-
If it is denoted
p =Dt “.72)
Oxs2
p=lx2 (4.73)
Oxsy
P, =loy, (4.74)
(4.69)-(4.71) can be rewritten as
Ny =(cos(2p,p;)—cosh(2p; ))((2191192 ) —(1+p2+p2) ) : (4.75)

Ny =8p] (1+p3 ), (4.76)
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P, [-]

P, [-]

Fig. 4.3. Power reflection coefficient R: a) p; = 0.1, b) p; =1, ¢) p; = 10.

P, [-]
P, [-]

0 2 4 6 8 10 711

r,[-]

Fig. 4.4. Power transmission coefficient 7: a) p; = 0.1, b) p; =1, ¢) p; = 10.
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Dyy = ((2171172)2 +(1+p12 +p22)2)cosh(2p3)+4plp2 (l+p12 +p§)sinh(2p3)
(4.77)
+((2p1)2 _(1—]?12 +[722)2)cos(2p2p3)+4p1 (l—pl2 +p§)sin(2p2p3),

Thus, the coefficients R, T are functions of three parameters p;, p,, p3. The coefficients R and T based on (4.67),
(4.68), (4.75)-(4.77) are plotted in Fig. 4.3. and Fig. 4.4. for three fixed value of the parameter p;. It seems to be that
the best approach to the conditions (4.7) and (4.8) of optimal performance occurs when the properties of the
structure correspond to choice of parameters py, p,

P =D, (4.78)
by all three values of parameter p;. Substituting (4.72), (4.73) in (4.78) yields for this choice
Pxsi = Pxs: - (4.79)
The relations (4.75)-(4.77) become using (4.78)
2 2
Ny =(cos(2p,p,)—cosh(2p, ))((2])12) ~(1+2p7) ) , (4.80)
N, =8p] (1+p}), (4.81)

DRT=((2p12)2+(l+2pf)2)cosh(2p3)+4pf(1+2pf)sinh(2p3)+((2pl)2—l)cos(2p1p3)+4p1sin(2p1p3). (4.82)

The coefficients R and T based on (4.67), (4.68) and manipulated relations (4.80)-(4.82) are plotted in Fig. 4.5.

Fig.4.5. a) Power reflection coefficient R, b) power transmission coefficient 7 for quasi-optimal
performance.

4.4. Discretisation of Admittance Layer

It is difficult to realize a continuous admittance layer with given admittance Y, which is considered in the
section 2 of the structure. Thus, the admittance layer can be approximated by a network of equidistantly placed
discrete admittances where every element has the same admittance Yp, see Fig. 4.6. For this approximation, the
following condition has to be valid

2n
ﬂ XS2
where Ay is wavelength in the direction of x-axis and /y is length of the discrete admittance. The admittance Yp can

be use for considerations based on circuit approach e.g. for design of a real structure of the appliance coupling
element.

I, Iy = (4.83)

The discrete admittance Y, can be defined by its voltage Uy and current Iy if the condition (4.83) is valid
by relation
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¥, =9v (4.84)
IY
where are
Xy +ly
U, = j Eye (z=h)dx', (4.85)
Yy twy lY ,
L= | K x=xy Loz =h|d, (4.86)

Yy

wy is width of area considered as belonging to one element of network of discrete admittances and xy and yy are x-
coordinate and y-coordinate to which definitions of voltage Uy and current Iy are related. The voltage Uy is chosen
as voltage between points P; and P, and current Iy is chosen as surface current flowing through the line given by
points P; and Py, see Fig. 4.6. The equation (4.84) can be manipulated using (4.21), (4.22), (4.28), (4.36), (4.37),
(4.43), (4.46), (4.56), (4.57), (4.86), (4.85) in the form

k

XS2 WY

2sin ( k’;z I, j

—— Y /
s PP Iy
Ps, Py /2

Y, =Y, (4.87)

&, Ho &5, Mo

v \PEC

1 2 3

Fig. 4.6. Discretisation of continuous admittance layer.

4.5. Example

The design of the above described structure is discussed further. The input parameters for design are
permittivity g (or relative permittivity esg = eg/ep) and thickness 4 of a slab, angular frequency w (or frequency f),
power reflection coefficient R and power transmission coefficient 7. The output parameters of design are length / of
the section 2 and admittance Y} of the admittance layer. The procedure of calculation for structure design is shown in
Tab. 4.2. The rows of Tab. 4.2. describe the steps of calculation from input design parameters to output design
parameters. For evaluation of the calculation for selected values of input design parameters, see Tab. 4.3.

The analytical approach to analysis of the structure is verified by full-wave numerical analysis of the
structure. Electromagnetic field in the structure is analyzed by both methods and results are compared. The input
parameters for analysis are permittivity eg (or relative permittivity esg = es/€p) and thickness / of a slab, angular
frequency o (or frequency f), length / of the section 2 and admittance Y;. The analytical description of
electromagnetic field is given by expressions (4.19)-(4.30). The procedure of calculation of unknown parameters in
expressions (4.19)-(4.30) is shown in Tab. 4.4. whose rows describe the steps of calculation. The numerical analysis
is performed with the help of finite integration technique [53]. For the numerical analysis, the infinity of the structure
in y-axis direction is realized by magnetic walls inserted in the planes y = —w/2 and y = w/2 and the admittance layer
is represented by zero thickness transparent sheet with surface admittance Y inserted in the plane z = A. Fig. 4.7. and
Fig. 4.8. show comparison of analytical an numerical analysis of the structure. The electromagnetic field is evaluated
along chosen lines for input analysis parameters given in Tab. 4.5.
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Output variable Input variable Equation *
p1 RT (4.67), (4.68), (4.80),
3 ’ (4.81), (4.82)
o &s €0, ESR ESREY
2 ) f 2nf
-g ke 140, £0, @ Tab. 4.1,
‘_‘g ks Mo, Es, @ Tab. 4.1.
) Pxsi Ho, €0, €s, @, h (4.61)
g axs2 Bxs1, p1 4.72)
‘;E / axs2, P3 4.74)
E Bxs2 Pxsi 4.79)
v kxs2 axs2, Pxs2 Tab. 4.1.
kzs» ks, kxs2 (4.49)
kxr2 kxs2 (4.46)
kzr2 ke, kxr2 (4.52)
YL &0, €S, h, kzsz, kz[:z (460)

* The mentioned equations express the output variable implicitly in terms of input variables or have to be solved for output variable.

Tab. 4.2. Procedure of calculation for design of structure of dielectric slab waveguide.

Name Value
ESR [-] 5
Input f[Hz] 2.45-10°
parameters h [m] 0.015
R[-] 0.0025
T[-] 0.000045
Output Name Value
[ [m] 0.652
parameters -
YL [S] 0.00146 —j0.000117

Tab. 4.3. Evaluation of calculation for design of structure of dielectric slab waveguide.

Output variable Input variable Equation *
&s €0, ESR ESRED
) ) 2nf
kr Ho, €0, @ Tab. 4.1.
ks Ho, &, @ Tab. 4.1.
Bxsi Ho, €0, €5, @, (4.61)
kxs1 Bxsi Tab. 4.1.
kzs ks, kxsi (4.48)
kxr1 kxsi (4.45)
8 kzr1 kg, kxr1 (4.51)
= kxs2 1o, &0, &s, @, h, Y1, (4.63)
é kzs» ks, kxsa (4.49)
o kxra kxs2 (4.46)
2 kzr2 kg, kxra (4.52)
2 kxs3 kxs1 Tab. 4.1.
8 kzs3 kzs Tab. 4.1.
A kxr3 kxr1 Tab. 4.1.
v kzr3 kzr1 Tab. 4.1.
Gosi kxs1, kxsa, I, Cisi (4.35)
Cis kxsi, kzs1, kxs2, kzs2, 1, h, Cisi (4.36)
Gosy kxs1, kzs1, kxs, kzsy, I, h, Cisi (4.37)
Ciss kxs, kxsa, I, Cisi (4.38)
Cirt kzs1, kzr1, b, Cisi (4.54)
Cori kzs1, kzr1, h, Cosi (4.55)
Cir2 kzs2, kzF2, h, Ciso (4.56)
Corz kzs, kzra, h, Casa (4.57)
Cir3 kzs3, kzr3, h, Cis3 (4.58)

* The mentioned equations express output variable implicitly in terms of input variables or have to be solved for output variable.

Tab. 4.4. Procedure of calculation of electromagnetic field in structure of dielectric slab waveguide.
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EJE, (x=0)[ [-]

Name Value
ESR [-] 5
f[Hz] 2.45-10°
h [m] 0.015
[ [m] 0.652
Y1 [S] 0.00146 —j0.000117
w [m] 0.020
ClSl [Vm] 1

Tab. 4.5. Input parameters for analysis of structure of dielectric slab waveguide.

1 T 1 YAYAS T
AA Analytical an. Analytical an.
0.8 A Numerical an. ~ 0.8 Numerical an.
0.6 S 06
AY B
0.4 EN 0.4
>[\l
0.2 - 2 0.2
0 TTe—— 0 T
0 0.2 0.4 0.6 0 0.2 0.4 0.6
x [m] x [m]
a) b)
4 I
_ '\/\/ Analytical an.
= 3 hd Numerical an.
S
I
SN )
= AN
- \5;
= 1
No
0 \”‘17
0 0.4 0.6
x [m]
)
Fig.4.7. a) Magnitude of component Eyx of electric field strength vector E (normalized value),

b) magnitude of component E; of electric field strength vector E (normalized value),
¢) magnitude of component Hy of magnetic field strength vector H (normalized value, Z, is free
space impedance, Z, =120mn) along line x, z = A/2.
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1.5 2
An. an.
o - 1.5 Num. an. | 1™
= 1 744% = l\
o o
[ [
J /| ~ R e U R
N N
Ex Analytical an. EN 0.5
Numerical an.
0 7 7 7 0
0 0.005 0.01 0.015 0.02 0.025 0.03 0 0.005 0.01 0.015 0.02 0.025 0.03
z[m] z[m]
a) b)
4 T T T
Analytical an.
_E 3 Numerical an. |
s
[
N \
[_L]N
S>~ \
= 1 —
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0 !

0 0.005 0.01 0.015 0.02 0.025 0.03
z[m]
)

Fig. 4.8. a) Magnitude of component Eyx of electric field strength vector E (normalized value),
b) magnitude of component E; of electric field strength vector E (normalized value),
¢) magnitude of component Hy of magnetic field strength vector H (normalized value, Z, is free
space impedance, Z, =120mn) along line x = //2, z.



5. Conclusion

5.1. Work Done in Thesis

This thesis dealt with wireless power transmission (WPT). A concept with transmission by magnetic field
(TMF) and a two dimensional (2D) concept with transmission by electromagnetic wave (TEW) were chosen for
more detail study after review of different concepts of WPT.

5.1.1. Concept with Transmission by Magnetic Field

A general circuit model of a transmission chain for concept with TMF was developed. The nature of this
type of transmission was described by self and mutual inductances of transceiving and receiving coils which
represent coupling elements. The end parts of the transmission chain connected to coupling elements on the sides of
source and appliance were taken into account as an equivalent source and an equivalent load. This circuit model
enables to define suitable characteristics of transmission, power transmission efficiency and normalized active
powers, in a general way and to examine conditions of their optimum. It was shown that these conditions can be
adapted for different arrangement of the circuit represented by the equivalent load. The characteristic of normalized
active power delivered to the appliance can be interpreted as a demand on implementation of the equivalent source
which follows from desired absolute active power delivered to the appliance and a given arrangement of the coupling
elements and equivalent load.

The circuit model of the transmission chain of concept with TMF demonstrated that the characteristics,
power transmission efficiency and normalized active powers, are functions of coupling coefficient and quality factors
of the transceiving and receiving coils. The maximal value of coupling coefficient equal to 1 occurs for coils with air
core which are used for WPT in the unreal ideal case when the coils are identical and occupy identical position.
Nonidentical coils and positions can achieve lower value of coupling coefficient only. The behaviour of quality
factor of induction coil is not so obvious with respect to quantities which describe geometrical and material
properties of the coil. The three types of coils were chosen to illustrate this behaviour. The combination of approach
from electromagnetic point of view and method for determination of necessary number of parameters governing the
problem was used for calculation of quality factor of the coil. This method relates the geometrical and material
properties of the given types of coils with quality factor and enables complete parametrical analysis presented in the
form of dimensionless parameters.

The analysis of magnetic field of a thin-wall induction coil whose turns of conductor are wound
homogeneously close together around air core of a shape of finite cylinder of arbitrary cross section was described.
The result of the analysis was method for finding of scalar magnetic potential of the coil with the help of mutual
inductance of the coil and elementary loop. The properties of scalar magnetic potential were discussed. The magnetic
flux density of the coil was found as gradient of scalar magnetic potential. The mutual inductance can be found by an
arbitrary method which leads to expression of mutual inductance as a function of mutual position of the coil and
elementary loop. The method for calculation of mutual inductance of the thin-wall coil with air core of arbitrary
cross section and thin-wall coil with air core of circular cross section was used in this case where the elementary loop
was considered as a limit case of the coil of circular cross section. The air core of arbitrary cross section was
specified in this method by shape function which has to be found for given cross section. Due to this approach, one
numerical integration was necessary for calculation of magnetic flux density only.

The other method generalized the use of scalar magnetic potential for description of magnetic field out of
the winding of the multilayer coil whose turns of conductor are wound homogeneously close together around air core
of a shape of finite cylinder of arbitrary cross section. The characterization of cross section of the air core by shape
function whose determination can be complex and time consuming was replaced by description of circumference of
cross section by a curve expressed parametrically. The special coordinate system was defined for description of the
winding which led to use of one numerical integration for calculation of magnetic flux density only. The relations for
special cases of thin-wall coil with zero width of winding and thin-wall coil with zero height were presented
additionally.
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5.1.2. 2D Concept with Transmission by Electromagnetic Wave

The basic principle of power extraction from a dielectric slab based on 2D concept with TEW was studied.
The model representing the principle was developed using approach from electromagnetic point of view. The
process of power extraction was described by an equivalent dissipative admittance layer (metasurface) which covers
the dielectric slab in the region of power extraction. The suitable characteristics were found using power balance of
the structure, in particular, the power reflection and transmission coefficients were used to quantify the efficiency of
the process of power extraction and to formulate the optimal performance. The coefficients were expressed as
functions of three parameters through the analysis of the electromagnetic field in the structure and the condition of
quasi-optimal performance was found. The discretisation of the continuous admittance layer was proposed.

5.2. Future Suggestions

The concept of WPT based on transmission by electric field (TEF) can be introduced as a dual concept to
TMF. It means capacitive electrodes are used as coupling elements instead of induction coils in this case. The
description of this concept can lead to similar characteristics of power transmission efficiency and active normalized
powers as for concept with TMF. Eventually, combination of concepts with TMF and TEF can be considered.

The circuit model of transmission chain of concept with TMF takes into account the circuit connected to the
coupling element on the side of appliance as an equivalent load. This description can be extended in order to involve
effects caused by frequency converter (rectifier).

The parametrical analysis of quality factor, which enables to present the results in the form of
dimensionless parameters describing geometrical and material properties of the induction coils, can be performed for
other types of coils. However, the results can be less synoptic for other types of coils which need more quantities for
their description. The analysis of quality factor for other types of coils is limited by availability of effective
algorithms for calculations of inductance and resistance of coil which enable to evaluate them for many combinations
of dimensionless parameters in the real time. The usability of the results of analysis of quality factor, which is based
on a model of the coil consisting of serial connection of inductance and resistance, is restricted to the cases when a
self capacitance of the coil can be considered as negligible. The phenomenon of the self capacitance desires to be
treated in a similar form of parametrical analysis as inductance and resistance were.

An appliance coupling element for power extraction from the dielectric slab waveguide can be designed.
The coupling element can be represented by a network for collection of power from the waveguide. The synthesis
can be based on realization of a network of admittances which represent an absorbing layer on the surface of the
waveguide.
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