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1 Introduction

For power-associative algebras and a positive integer n, let Nil,, be the vari-
ety of nil-algebras of nil-index n defined by the identity 2™ = 0. The classical
Dubnov-Ivanov-Nagata-Higman theorem (see [2, 5], 1943, 1956) states that
in characteristic zero every associative nil-algebra of nil-index n is nilpotent
of index less or equal 2" — 1. It is an interesting problem to find the exact es-
timate f(n) for the nilpotency index of associative Nil,-algebras. Razmyslov
(see [14], 1974) showed that f(n) < n®. On the other hand, Kuzmin (see
[9], 1975) has proved that f(n) > w and conjectured that the last num-
ber gives the exact estimate of the nilpotency index. It is easy to see that
Kuzmin’s conjecture is true for n = 2, and Higman’s results imply that it
is also true for n = 3. Several authors tried to check the conjecture for
next small values of n using the computer: Vaughan-Lee (see [29], 1993)
confirmed Kuzmin’s conjecture for n = 4. Shestakov and Zhukavets (see
[22], 2004) investigated Kuzmin’s conjecture for n = 5 and proved that every
two-generated superalgebra over a field of characteristic zero in the variety
of associative Nils-superalgebras is nilpotent of index 15.

A weaker condition than the associativity for an algebra is the alterna-
tivity: an algebra A is called alternative (see [31], 1982) if it satisfies the
identities

r(ry) = 2%y and (yx)r = ya’.

An octonion algebra is an example of alternative algebra which is not asso-
ciative. Recall that by Artin’s theorem any two elements of an alternative
algebra generate an associative subalgebra. In particular, every alternative
algebra is power-associative.

For a nonassociative algebra A two chains of subsets can be inductively
defined:

Al = A
AL ATA G ATIA? 4 AZATL AN
and
AD = 4
AGFD) — A0 @)

An algebra A is called nilpotent (solvable) if A™ =0 (A™ = 0, respectively)
for some positive integer n. Clearly, any nilpotent algebra is solvable. The
concepts of solvability and nilpotency are equivalent for associative algebras.

It turns out that, in contrast to the associative case, alternative nil-
algebras of bounded index can be non-nilpotent, that is, the Dubnov-Ivanov-
Nagata-Higman theorem does not carry over to alternative algebras. This



was proved by Dorofeev (see [1], 1960) who constructed an example of a
solvable alternative algebra which is not nilpotent. Zhevlakov’s theorem (see
[341, Theorem 6.3.2]) establishes that in characteristic zero every alternative
nil-algebra of index n is solvable of index < @ Notice that already
Kuzmin’s results [9] imply that the solvability index > log, @

It is worth to mention here two more open problems on solvability and
nilpotency of alternative algebras. It was Pchelintsev (see [13], 1985) who
proved that in characteristics not equal 2 and 3 the square of a solvable
alternative algebra is nilpotent without giving any approximation of the
nilpotency index. It would be interesting to obtain some estimate for this
nilpotency index. Shestakov (see [19], 1989) showed that for any alternative
algebra A it holds

(A% <« AW where g(k) = %.
Moreover, till now there were no explicit examples of solvable alternative
algebras of arbitrary big index which are not associative.

One way to explore the alternative nil-algebras is the usage of the super-
algebras. The superalgebras were successfully used for the study of identities
of free algebras and for the development of a structure theory of varieties
of algebras. The method, which arose from that, is called the superalgebra
technique. If a few authors contributed to the development of this method

should be mention, Kemer (see [7, 8], 1984 and 1987), Zelmanov (see [31, 32],
1987 and 1989), Vaughan-Lee (see [29, 30], 1993 and 1998), or Shestakov and
Zhukavets (see [22, 23, 24, 25, 26, 27, 28], 2004-2009) must not be forgotten.

Recall, that no base of the free alternative nil-algebra is known. In gene-
ral, the problem of construction of a base of the free alternative nil-algebra
is very difficult, and it seems natural to consider first some special cases. For
instance, to construct a base of the subspace of all skew-symmetric elements
of the free alternative nil-algebra. In this case, due to papers of Shestakov
(see [20], 1999) and Vaughan-Lee (see [30], 1998), the problem is reduced to
the free alternative nil-superalgebra on one odd generator, which is easier to
deal with.

Aims of the doctoral thesis

The aim of this work is the usage of the superalgebra technique in the study
of free algebras. In this wide matters it is focused on the free alternative
nil-algebras and on obtaining some corollaries for solvable and nilpotent al-
ternative algebras. The base of the free alternative superalgebra on one odd
generator constructed by Shestakov and Zhukavets (see [27], 2007) is used.



As a first step, the finding of a base of the free alternative nil-superalgebra
on one odd generator of different nil-index n > 2 is described. Next, knowing
the base, the solvability and the nilpotency can be investigated. The index
of solvability of this superalgebra is found and it is confirmed for nil-index
n > 2 that the superalgebra is not nilpotent.

As an application, the subspace of skew-symmetric elements of the free
alternative nil-algebras is described. The problem is solved using the free al-
ternative nil-superalgebra on one odd generator. Further, Grassmann algebra
in the variety Alt-Nils which generalize Dorofeev’s example of solvable non-
nilpotent alternative algebra (see [1], 1960) is presented. Another application
is a construction of an infinite family of solvable alternative nil-algebras of
arbitrary big solvability index, using a standard passage to Grassmann enve-
lope over a field of characteristic zero. It should be noted that the research
is difficult due to nonassociativity of studied objects.

As a future research, all skew-symmetric central and nuclear elements in
alternative algebras will be described.

The thesis is organized as follows.

Section 2: Basic definitions in the theory of nonassociative algebras, free al-
gebras and superalgebras are introduced.

Section 3: This section deals with applications of the superalgebra technique
in the study of identities of free algebras and in the study of the structural
theory of varieties of (non-associative) algebras.

Section 4: A base of Alt-Nil,[); x] — the free alternative nil-superalgebra on
one odd generator x of nil-index n > 2 is constructed in this section, and it
is proved that this superalgebra is solvable but, for n > 2, it is not nilpotent.
Section 5: Applications of the results obtained in the previous section are
presented. Namely, a base of the subspace of skew-symmetric elements of the
free alternative nil-algebra on countable set of free generators, a generaliza-
tion of Dorofeev’s example of solvable non-nilpotent alternative algebra, an
infinite family of solvable alternative nil-algebras which are not associative
of arbitrary big solvability index.

Section 6: A summary of the results and future plans are presented.



2 Algebras, superalgebras and varieties

This chapter presents basic definitions and examples. It is based on the
publications [12, 15, 20, 34].

2.1 Algebras and their properties

Let A be a vector space over a field F with given bilinear mapping (usually
called “product”)
T AX A=A,

that means, the distributivity holds for every x,y,2z € A and «, 5 € F:

r-(ay+5z) = alz-y)+ Bz 2),
(ax+By)-z = alz-2)+L(y-2).

Then A is called an algebra over the field F. The product x -y is often abbre-
viated by juxtaposition xy. Notice that we do not suppose the associativity
and commutativity of the mapping -.

A commutative algebra A.,, is an algebra with commutative product,
that is

[z,y] =0,
for any two elements z,y € A.pm, where | | ] is the commutator defined

as [r,y] = xy — yz. Similarly we define an associative algebra A,z as an
algebra with associative product, that is

(x7 y? Z) = 07

for any three elements z,y,z € Agssoe, Wwhere (, , ) is the associator de-
fined as (z,y,2) = (xy)z — x(yz). The algebra not necessary commutative,
is called noncommutative. The algebra not necessary associative, is called
nonassociative. Replacing the associativity by identities

(x,z,y) =0, (left alternativity)
(x,y,y) =0, (right alternativity)

(1)

we get an alternative algebra Ay;. It was discovered that alternative algebras
are “sufficiently near” to associative ones. The essence of this nearness is
expressed in Artin’s theorem mentioned later.

If A contains a (two-sided) unit element 1 satisfying 1 -z =x -1 = z for
all x € A, the algebra A is said to be unital. As always, the unit element is
unique one if exists. For a unital algebra A we will often identify F with the
subalgebra IF - 1 of the algebra A. Notice, that we do not require existence of
a unit element in A although we always demand a unit scalar in F.
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Example 2.1 (Examples of algebras) As a basic example of an algebra
we can take a field F itself as an algebra over F. The complex numbers C form
an algebra over a real numbers R with usual addition and multiplication of
complex numbers. Square matrices M, (F) over a field F with matrix addition
and multiplication form an algebra over F.

Notice that C is an associative commutative algebra, while M, (F) is an
associative algebra which is not commutative. F is an associative and com-
mutative algebra.

2.1.1 Subspaces, homomorphisms etc.

A subalgebra B of an algebra A is a subspace closed under multiplication:
BB C B (i.e. for any z,y € B the product xy belongs to B). A (two sided)
ideal I of an algebra A is a subalgebra closed under multiplication by A, i.e.

AI+TAC .

Ideals 0 and A of the algebra A are called improper ideals.

Center, nucleus

In the theory of nonassociative algebras we define two subsets of A which
do behave associatively: The nucleus N(A) (or the associative center) of an
algebra A is the set of elements z € A which associate with every pair of
elements a,b € A in the sense that (z,a,b) = (a, z,b) = (a,b,z) = 0. That is

N(A) ={z€ A| (2, A, A) = (A, 2, A) = (A, A, z) = 0}

The center Z(A) of an algebra A is the set of all elements z € A which
commute and associate with all elements in A. That is

Z(A) = {z € N(A)| [, A] = 0}.

Note that N(A) is an associative and Z(A) is a commutative and associative
subalgebra of A. Moreover Z(A) C N(A).

A homomorphism of algebras ¢ : A — A’ is a homomorphism of vector spaces
(i.e. a linear mapping) which preserves multiplication,

p(ry) = p(x)p(y),  for each z,y € A.

The set
Imp = {p(a)|aec A}



is a homomorphic image of A and a kernel of the homomorphism ¢ is the set
Kero ={a€ A| p(a) =0}.

If ¢ is injective homomorphism then we say that an algebra A is imbedded in
A’. A homomorphism of algebras which is bijective is called isomorphism (of
algebras). An endomorphism is a homomorphism of algebras ¢ : A — A.

If I is an ideal of an algebra A then the mapping A — A/I, such that
a— a+ I, is called a natural (or canonical) homomorphism of algebras.

Theorem 2.1 (Fundamental theorem of hom. for algebras)

Let A, A" be algebras. Let I be an ideal of A, ¢ : A — A’ be a homomorphism
of algebras and m : A — A/I the natural homomorphism. Then there is a
unique homomorphism ¢’ : A/l — A" such that ¢'(a + I) = ¢(a). Further-
more, ©' is an isomorphism if and only if © is a surjective homomorphism
and Ker o = 1.

Theorem 2.2 (Isomorphism theorems for algebras)
Let ¢ : A — A’ be an algebra homomorphism, B C A be a subalgebra of A
and Iy C I; be ideals of A. Then

i) Kerp is an ideal of A, Im ¢ is a subalgebra of A" and
(i) Kerg , Img 9

A/Ker p ~ Im g,

(1) I, N B is an ideal of B, I + B is a subalgebra of A, I is an ideal of
I, + B and

(111) for two ideals Iy C Iy of A, I /15 is an ideal of A/l and
(A/12)/(Ii/ 1) ~ A/ L.

2.1.2 Direct sum and tensor product of algebras

The external direct sum S = A; ® Ay of two algebras A; and As is the
Cartesian product A; x As under the componentwise operations

((Zl,a2> + (bl,bg) = (CL1 +b1,a2+b2),
alay,ay) = (aay,aasg),
(Cl1, a2)(b17b2) = (althQbQ)-

For each i € {1,2} we have the natural surjection m; : S — A; which picks out
the i-th coordinate, and the natural injection p; : A; — S which maps a € 4;
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to the pair (ai,as), where a; = d;;a, that is, Im g = {(a1,0) | a1 € A} and
Im ps = {(0,a2) | as € As}. Evidently, Im p; =2 Ay and Im gy = As.

A vector space A is called the sum of two subspaces A; and Ay, A =
Aq + A,, if every element of a € A can be written as a = a; + as, a; € A;. If
each element of A can be so expressed in only one way, we call A the internal
direct sum. It is clear that S = A; @ A, is in fact the internal direct sum of
Im p;, where p; are the natural injections.

Let Ay, A5 be two algebras. Then a tensor product A; ® Ay of the vector
spaces A;, As has a natural structure of algebra. The multiplication is given
by

(a1 ® az)(a} ® ay) = a1a] @ azd's.

2.1.3 Nilpotency and solvability
For an algebra A we define inductively two chains of subsets:

Al = A,
AL = ATA 4 ATIAZ L A2AT 4 AAY
and
AO = 4
A — A@) @)

An algebra A is called nilpotent (solvable) if A" = 0 (A™ = 0, respec-
tively) for some positive integer n. The minimal such n is called the index of
nilpotency (index of solvability, respectively) of the algebra A. Clearly, any
nilpotent algebra is solvable. The concepts of solvability and nilpotency are
equivalent for associative algebras:

A A6 gG-1) g2

So if A is associative and solvable of index m then it is nilpotent of index at
most 2™, and conversely, if A is nilpotent of index n then is solvable of index
at most [log, n], where [u] means the smallest integer not less then wu.

An algebra A is called power-associative if every one-generated subalgebra
is associative. This is equivalent to defining the powers of a single element
x € Aby

requiring z'z? = 27 i,j € {1,2,...}.
A power-associative algebra A is called a nil-algebra of index n if each its
element is nilpotent of the order n (i.e. the equation 2™ = 0 holds for every

xz € A).



Theorem 2.3 (Dubnov-Ivanov-Nagata-Higman, [34])
Let A be an associative nil-algebra of index n without elements of additive
order < n, then A is nilpotent of index < 2™ — 1.

Note that the bound 2™ — 1 obtained by this theorem is no exact, since in
the case n = 3 it is known that every associative nil-algebra is nilpotent
of index 6, while 22 —1 = 7. The question of corresponding exact bound
f(n) for the case of an arbitrary n remains open. Razmyslov showed that
f(n) < n?% On the other hand, Kuzmin has proved that f(n) > w and

conjectured, that f(n) = @

2.1.4 Alternative algebras

Now we introduce some basic facts, mentioned in [34], about the alternative
algebras. Recall that an algebra A is alternative, if for any two elements z,y €
A relations (1) are satisfied. Clearly, any associative algebra is alternative.
We can also describe this algebra using the identities

(x,2,9) + (z,2,y) =0,
(z,y,2) + (z,2,y) =0, (2)

which are the linearized forms of the left and right alternativity (1), see the
linearization in Example 2.6. From (2) it follows that the associator is a
skew-symmetric function of its arguments and in particular,

(x,y,2) =0
is also satisfied by every alternative algebra. In a corollary, it also satisfies
so called Moufang identities (see [34, Lemma 2.3.7]):
x(yzy) = [(zy)zly, (right Moufang identity)
(yzy)r = y[z(yx)], (left Moufang identity)
(xy)(zx) = x(y2)z, (middle Moufang identity).

Example 2.2 (Octonions (Cayley numbers)) An octonion algebra O is
an example of alternative algebra which is not associative. It is defined over
real numbers and it is neither associative nor commutative. One can choose
a base of O consisting of 1 and seven imaginary units ey, es, €3, €4, €5, ¢, €7
and define a multiplication by the rules:

(i) 1 is the identity element of the algebra O,
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(i) eie; = —1,e;e; = —eje;, 1 # J,
(ili) e;it1 = €i+3 (mod7), and moreover,
(iv) if e;ej = ep then ergeqny) = sgn(m)erw) for any m € Sym({7,7,k}).
We can see that for example
(ereg)e3 = ese3 = —ezeqy = —¢€4

is not equal
e1(eze3) = ejes = eg, because eseq = ey,

that is, O is not associative.

Fact that alternative algebras are nearly associative is expressed by the
following theorem.

Theorem 2.4 (Artin’s theorem [34, Theorem 2.3.2])
In an alternative algebra any two elements generate an associative subalgebra.

In particular, every alternative algebra is power-associative.

Contrary to the associative case, the alternative algebras can be solvable,
but not nilpotent. This was proved by Dorofeev [1] (or [34, Section 6.2]),
who has constructed an example of a solvable alternative algebra which is
not nilpotent. We discuss this example in Section 5. It is also known [34,
Theorem 13.1.3] that solvability and nilpotency are equivalent for finitely
generated alternative algebras.

It is known that alternative nil-algebras can be non-nilpotent, that is,
the Dubnov-Ivanov-Nagata-Higman theorem for associative algebras does not
carry over to alternative algebras. Zhevlakov estimates the upper bound for
index of solvability of alternative nil-algebras.

Theorem 2.5 (Zhevlakov’s theorem [34, Theorem 6.3.2])

Let A be an alternative nil-algebra of index n without elements of additive

order < n, then A is solvable of index < w

2.2 Superalgebras and their properties

In general, a superalgebra is a Zo-graded algebra over a field with charac-
teristic not equal two, that means an algebra A which may be written as
A = Ay + Ay, subjected to the relation

AiA; C Aiyy, i,J € L.

9



The subspaces Ay and A; are called the even and the odd part of the super-
algebra A and so are called the elements from Ay and from A;, respectively.
Furthermore, the element x is called homogeneous, if it is either even or odd
(x € Ag U Ay), and the symbol z is used for a parity, i.e. £ =0 if x is even
and T = 1 if x is odd. Notice that any algebra A has natural structure of a
superalgebra Ay = A and A; = 0. This superalgebra is called trivial. The
relation AgAy C Ap implies that Ag is subalgebra of A.

Example 2.3 A basic example of a superalgebra is an algebra of complex
numbers C over R with standard operations of addition and multiplication
with grading C = R + Ri. R is the even part of the superalgebra C, R1 is
the odd part. It is easy to check the definition from the products ab € R,
xy € R and ax € R, for any a,b € R and x,y € Ri.

2.2.1 Subspaces, homomorphisms etc.

A subspace M of the superalgebra A = Ay + A; is called a subsuperspace (or
a graded subspace) if M = M N Ay + M N Ay, that is,

M, = Mn A,
Ml = MﬂAl,

and M contains the homogeneous components (an even and an odd parts)
of all of its elements.

A subsuperalgebra of a superalgebra A = Ay + A; is any subsuperspace
which is a subalgebra of A. Analogously, a subsuperspace of A = Ay + A;
which is an ideal of A (considered as an algebra) is called an ideal of a
superalgebra A. A homogeneous ideal is an ideal of a superalgebra generated
by a set of homogeneous elements.

A homomorphism of superalgebras A, B is a homomorphism of algebras
which preserves the grading, i.e. ¢ : A — B such that

(the even elements of A maps to even elements of B and the odd elements
of A maps to odd elements of B). An isomorphism of superalgebras is a
bijective homomorphism of superalgebras.

The direct sum of superalgebras is constructed as in the ungraded case
and the grading is given by

<A+B)0 == A0+Bo,
(A—I—B)l = A1+Bl.

10



The tensor product A ® B of superalgebras A = Aqg+ A1, B = By + B
is the tensor product of algebras A, B with the natural grading

(A®B)y = (Ay® By) + (A1 ® By),
(A® B); = (Ay® By)+ (A1 ® By).

2.2.2 Grassmann (super)algebra

Let F be a field of characteristic not equal two. The Grassmann algebra G
over FF is an associative algebra generated by the elements 1,e1,e5,...,€,,...
subject to the relation

e; =0, eie; = —e;e;, 1 # J. (3)
The products
1,611612"'6%, 11 <i2<"'<ik, (4)

form a base of G (we consider 1 as the product of the empty set of the
elements e;).

The Grassmann algebra has a natural structure of a superalgebra over F.
Denoting the subspace of products of even length by Go and the subspace
of products of odd length by GG; respectively, we get the direct sum of these
subspaces and

G:G0+G1, GZGJ QGH]-, i,jEZg.
Moreover it satisfies

gh = hg, for g € Gy, he G
gh = —hg, forg,heGy.

2.3 Free algebras, varieties of algebras
and superalgebras

2.3.1 Free algebra

Let us fix the set X. The free nonassociative algebra F[X] over a field F from
the set of generators X is defined by the following universal property: For
any algebra A, any mapping X — A can be uniquely extended to the algebra
homomorphism F[X]| — A. The cardinality of the set X is called the rank
of F[.X].

11



We can construct the free algebra F[ X ], using a set K [X] of nonassociative
words of the set X which is defined inductively:

x € K[X], Vo € X,
X1T2, xl(“)? (U)‘/L‘Qv (U)(U) S K[X]J
for z1,29 € X, u,v € K[X]. No other sequences of the elements from X

and brackets are not contained in K[X]. Let us define the multiplication -
on K[X] as

Ty X = T1X9, T1-u=x1(U), V- T3 = (V)xe, u-v = (u)(v).

Now we consider F[X] to be a set of formal sums
{Zaiui | o; € IF,'LLi € K[X]}
and extend the operation of multiplication defined on K[X] to F[X] by the

rule
(Z:oziu,) : (Zﬁﬂh) = ;aiﬁ](ui “v;),

where «;,8; € F and u;,v; € K[X]. We obtain the free nonassociative
algebra F[X] over a field F from the set of generators X. The elements of
F[X] are called nonassociative polynomials of (noncommutative) variables
from the set X.

Polynomials

A nonassociative polynomial of the form
av,

where @ € F and v € K[X] is called a (nonassociative) monomial. The
length of the word v is called a degree of the monomial. The maximum of the
degrees of the monomials whose sum forms a polynomial f is called a degree
of the polynomial f and it is denoted by deg(f).

The monomial «wv has a multidegree (ny, ..., ng) if it contains x; exactly
n; times, n, # 0, n; =0, j > k. A polynomial f is called homogeneous if all
the monomials have the same multidegree.

Example 2.4 A polynomial fi(x,vy,2) = (2%y)z + (zy)(2x) is homogeneous
since its monomial multidegree is (2,1,1), but a polynomial fy(x,y,z) =
2%y + 2?2z is not homogeneous since its monomial multidegrees are (2,1,0)
and (2,0,1).

12



A homogeneous polynomial is called multilinear if it is linear in any of its
variable (it is homogeneous of multidegree (1,1,...,1)). A multilinear poly-
nomial f(zq,...,xy) is called symmetric if

[l a) = farq), - Ta)

for any m € Sym(k), and skew-symmetric (or alternating) if

f(xy, ..., 2) = sgn(m) f(i’?wu), ny 7377r(k))'

In both cases it is enough to deal only with transpositions = = (i,j) €
Sym(k).

Linearization of polynomials

The linearization of the homogeneous polynomials is useful in the study of
identities of algebras and in the study of varieties. The relation between a
homogeneous polynomial and obtained linearized multilinear polynomial is
expressed by the Proposition 2.7 in the next subsection. The process of the
linearization is described in detail e.g. in [34, Section 1.5]. It is based on
reducing the variable degree of the polynomial, and we describe it now.
Exclude the variable z of degree k from the set X and denote the homo-
geneous polynomial f by f(x, X). Define a polynomial g(z,x;, X) as

g(@, 21, X) = f(x +21,X) = fz,X) — f(21, X),

where x1 € X. Then g is a polynomial of degree k£ — 1 in the variables z, ;.
Moreover f(z, X) = ﬁ g(x,z, X). Proceeding by induction on the degree
of variables we obtain a multilinear polynomial by the following describe the
algorithm.

Step 1: Define ¢i(z,z1,X) = f(x + x1,X) — f(z,X) — f(x1,X), where
T QX
Step 2: For i=2 to k-1 define

gi(w,xy,..., 05, X) = gia(x+x5,20,...,0-1,X)
—gi,1<x,$1, . ,.flfifl,X) — gifl(ﬂfi,ill, e ,ﬂfifl,X),

where x; # x;, j ={2,...,9— 1} and z; € X. The polynomial g is linear
in x and in the new variables xy,..., x5 1.

Step 3: Continue with gz, apply Step 1 and Step 2 to other variables of
degree greater then one. The obtained polynomial is multilinear.

Let us show it on easy examples.
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Example 2.5 (Linearization of the polynomial f(z) = 2?)

flz) = a?

g(z,y) = (v+y)* —2* —y
= P 4ay+tyr+y’ — a2t —y°
= zy+yzx.

A polynomial g(z,y) is multilinear. Notice, that in general associative case
the polynomial ™ can be linearized as

g(xla s 7In) = Z Tr(1)Tr(2) *** Lr(n)
TeSym (n)

in characteristic zero (see for example [22]).

Example 2.6 (Linearization of the left /right alternativity)
Linearization of the polynomial f(z) = (z,x,y) = 2%y — x(xy) :

fly) = (z,2,y) = 2y — x(xy)
g(z,z,y) = (z+ )2y (I+Z)((x+2)y)
—(ay — x(zy)) — (2°y — 2(2y))
= (22)y + (z2)y — 2(2y) — 2(zy)
= (z,2,y) + (2,2,9).

Linearization of the polynomial f(z) = (z,v,y) = (zy)y — xy*:

fley) = (z,9,y) = (zy)y — zy?
g(x,y,2) = (2y+2)y+2) —z(y+2)°
—((zy)y — 2*) — ((2)z — 22?)
= (zy)z + (z2)y — x(yz) — z(2y)
= (z,y,2) + (2, 2,9).

2.3.2 Varieties of algebras

A polynomial f(xy,...,zx) € F[X] is called an identity of the algebra A if
f(ai,...,a;) = 0 for all elements ay, ..., a; € A. We also say that A satisfies
the identity f(z1,...,xx).

Let I be a set of polynomials from F[X]. Then the class of all algebras
satisfying this set of identities I is called the wariety of algebras over the
field F defined by the set of identities I. A subvariety is a subset of a variety
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which is itself a variety. Algebras from the variety V are called shortly V-
algebras. The variety consisting of only the zero algebra is called trivial. The
variety is called homogeneous if, for every identity f satisfied in the variety
), all the homogeneous components of f are also satisfied in V.

Proposition 2.6 ( [34, Corollary 1.4.2]) FEvery variety of algebras over
an infinite field is homogeneous.

Proposition 2.7 ([12, Proposition 2.18]) Over a field of characteristic
zero any homogeneous tdentity is equivalent to a multilinear identity.

Corollary 2.8 ([12, Corollary 2.19]) Over a field of characteristic zero
any variety can be defined by multilinear identities.

Example 2.7 The variety of associative algebras Assoc is defined by one
identity

f($1, T2, $3) = (3017 T2, $3)‘

Example 2.8 The variety of commutative algebras Com is defined by the
identity
fz1,20) = [I1a$2]-

Example 2.9 The variety of alternative algebras Alt is defined by two iden-
tities

f(xlﬂxQ) - (xlyxly'rQ)y
f(xlwrZ) = ('r17x27x2>~
Let us denote by

V(S) = {A | an algebra A satisfies all the identities from S}

the variety of algebras defined by the set S C F[X]. Notice that V(S) =
V(id(S)), where id{K) denotes the ideal generated by K. Similarly, denote

I(A)={feF[X]| f=0forallac A}
the set of all the identities that are satisfied in A, and
I(V)=({I(A) | AeV}.

Then I(A) is an ideal of F[X] and it is called the ideal of identities of the
algebra A. I(V) is an ideal of identities of the variety V.
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Proposition 2.9 ([12, Proposition 2.4]) Let End(F[X]) be a set of all
endomorphisms of the algebra F[X| and A be an algebra. Then p(I(A)) C
I(A) for every ¢ € End(F[X]).

An ideal of F[X] which is invariant under endomorphisms of F[X] is called a
T-ideal.

The following correspondence is evident [12, p. 17]:
(i) Let J,Ji, Jo be ideals of F[X] and W, Wy, W, be varieties of algebras.
Then
LS = V(L) 2V(),
WL CWy = I(Wy) D I(Ws),
J < I(V(J)),
W C V(I(W)) and in a corollary W = V(I(W)),
VIV = V.
I = 1,

and in a corollary

I(A) = I(V(I(A))), for any algebra A.

(ii) I(W) is a T-ideal for every variety W.
(iii) Any T-ideal J C F[X] is an ideal of identities of some algebra.
(iv) J =I(V(J)) for any T-ideal J C F[X].

Theorem 2.10 ([12, Theorem 2.11] )
The correspondence I and V are bijective mappings between varieties and
T-ideals which invert inclusions.

Note that any variety of algebras is closed under homomorphisms, subalge-
bras, and direct products. And to decide whether a class of algebras forms
a variety is used the following Birkhoff’s (or HSP) theorem.

Theorem 2.11 (Birkhoff’s theorem, [12, Theorem 2.3] )
A class of algebras V form a variety iff V is closed under Homomorphisms,
Subalgebras and direct Products (HSP).

The algebra V[X] is called a V-free (relatively free or free in the variety V)
with the set of generators X, if for any algebra B € V every mapping

p: X >BeV
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can be uniquely extended to a homomorphism of the algebras

The V-free algebra is not free in general but only in the variety V, ie. it
satisfies identities (and their consequences) that defines the variety V. The
construction of the V-free algebra is explained by the following theorem:

Theorem 2.12 ( [34, Theorem 1.2.2])

Let V be a nontrivial variety with the system of defining identities I. Then for
any set X the natural homomorphism F[X| — F[X]/1(V) is injective and the
quotient algebra is free in the variety V with the free set of generators X. Any
two free algebras in V with equivalent sets of free generators are isomorphic.

In the study of algebras from a specific variety V we shall often call an
element f in the V-free algebra V[ X| an identity of an algebra A € V', meaning
by this that some inverse image (and consequently all the inverse images)
in F[X] of the element f under natural homomorphism of F[X] onto V[X] is
an identity of the algebra A.

2.3.3 Free alternative algebras

Denote by I4; the ideal of the free algebra F|X]| generated by the elements

(fi; f1, f2), (f1, fas f2), for fi, fo € FIX].

This is the ideal of F[X] generated by the left sides of the identities (1). The
free alternative algebra Alt[X] generated by X is the quotient algebra

Alt[X] = F[X]/Lay,

and the universal property holds: If A is an alternative algebra over F and
¢ : X — A a mapping, there is a unique homomorphism of algebras ¢ 4 :
Alt[X] — A such that ¢4, (z) = ¢(z) for all z € X.

Denote by Alt, the variety of alternative algebras generated by the free
alternative algebra Alt[X,,] from n generators. Evidently

Alt; CAlty €+ C Alt, C -+ C Al (5)

and so is Alt = |, Alt,. Finding of the the smallest n such that Alt, =
Alt was open question for a long time. In 1958 Shirshov in formulated
the question on the determination of the exact value of n for the variety of
alternative algebras. From Artin’s theorem it follows that n > 3 for this
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variety. In 1963 Dorofeev proved that n > 4 and Shestakov in 1977 in [34,
Theorem 13.1.2] proved that n is countable. Thus any finitely generated
alternative algebra satisfies some identity which is not realized in the free
alternative algebra from a countable set of generators. The question on
whether there can be equality at some places in the chain of inclusions (5)
turned out to be negative. It was proved by Shestakov, and in 1984 Filippov
refined this result in [3] for any n # 3. For n = 3 the question is still open.
Also, finding some system of defining identities for the varieties Alt,,, m > 3
stays unsolved.

Finally, we define the free alternative nil-algebra Alt-N'il,,[X] of nil-index n
as a quotient algebra

Alt-Nil, [ X] = Alt[X]/Ina,,,

where Iy;, is the ideal of the free alternative algebra Alt[X] generated by
the elements

Z ( .- ((le’(l)f?T(Q))fW(-g)) o ')fﬂ(n)7 for f17 .- wfn S Alt[X]

m€Sym(n)

See Examples 2.5 and 2.15 for more details.

2.3.4 V-superalgebras

Let A = Ap+ Ay be a superalgebra. The even part of the superalgebra tensor
product G ® A is an algebra denoted by G(A)

G(A) = G0®A0+G1 ®A17

and it is called the Grassmann envelope of A.

Let V be a variety of algebras over a field F. A superalgebra A = Ay +
Ay is called a V-superalgebra if and only if (iff) the Grassmann envelope
G(A) belongs to V, i.e. G(A) is a V-algebra. Let us show some interesting
properties:

Example 2.10 (C is not Com-superalgebra)

Recall that complex numbers C are a commutative algebra. Now we show
that C = R + R+ is not a commutative superalgebra. The superalgebra C
is commutative if the Grassmann envelope G(C) = Gy @ R + G; ® R is
commutative. This means



for any two elements =, y € G(A), where

T = gm®xa

Yy = gy,

for g.,9, € GoUG1, T,y € RUR4, T =7g,,y =7, But this identity does
not hold for z, y € G; @ Ri:

TY = (. 92)(9y QYY) = gafy @Y = —GyGa @Yz = —(9y @ Y) (g ® T)
= 77

So that C is not a commutative superalgebra.

Example 2.11 (Grassmann algebra G is Com-superalgebra)

The Grassmann algebra G is not commutative, but it is a commutative su-
peralgebra, since its Grassmann envelope G(G) = Gy ® Gy + G; ® Gy is
commutative. This is evident from

(1) g,9. @ yz = g,0. @ yz = (9, ®Y) (9 @ 7) = I 7

for any f:giﬂ(gxa ?j:gy@)y? where T,0z € Gi; Y, Gy S G]J Z?] € {071}

Proposition 2.13 A Z,-graded algebra A = Ay + A; is associative as an
algebra if and only if it is associative as a superalgebra.

Proof: If A is an associative algebra, then G(A) is associative. By the
definition, A is an associative superalgebra.

Conversely, let A = Ay + A; be an associative superalgebra. Then G(A)
is an associative algebra. Denote by

jfi = 0.9z,
Yy = 9,9y,
gk - gz®27

where z,y,2 € Ay U A1, ¢z, 0y,9: € GoUGy. Then for z;,y;,2, € G(A) we
have

(T:iy;) 2k = T:(Y;2k)
and it leads to

Therefore (zy)z = z(yz) and A is an associative algebra. O
By this proposition, Grassmann envelope G(G) is associative algebra too,
and so is G as a superalgebra.
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Corollary 2.14 Grassmann superalgebra G is associative. O

Example 2.12 Let A be a superalgebra and V a variety of associative alge-
bras defined by the identity

ryz — zyr = 0. (6)

Determine the conditions for a superalgebra A to be a V-superalgebra.
First, associativity of the Grassmann envelope G(A) implies that of A.

Furthermore, let z,y,2 € Ao U Ay, gz, 9y, 9. € GoU Gy, T =7,y = g, and

zZ=7, Thenforz=¢,®2z, y=¢,0y, z =g, ®z € G(A) we have

TYZ—Z2YT = GuGy9z D TYZ — §=G9yJe @ 2YT =
= G20y9: @ (wyz — (=1)7VTTF TV  y),

Thus G(A) satisfies (6) if and only if A satisfies

ryz = (—1)"VHT Y2y, (7)
The superalgebra A is a V-superalgebra iff it is associative and satisfies (7).
Now, let us give some examples of identities of V-superalgebras.

Example 2.13 (Identities of Com-superalgebras)
A commutative superalgebra A must satisfy

w = (—1)""vu,

for u, v homogeneous. Let z,y € AgUA; and g,, g, € GoUG1, T =7,,7 =7,
Using the Grassmann envelope, the commutativity zy — y 2 = 0 must hold
for every T =g, ® z,y = g, ® y € G(A). But in more detail we have

Y=y = (9. ®2)(g9y@Y) — (9y ®Y)(9 @ )
= G2y @ TY — Gyfs QYT = Go9y @ xy — (—1)%Ig,9, ® yz
9z Gy & (xy - (_1)xyyx)

Example 2.14 (Identities of Alt-superalgebras)
We show that an alternative superalgebra A satisfy the identities

(u,v,w) + (=1)*"(v,u, w) =0,
e 010) + (17 2) = )
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They are obtained from the linearized identities of left and right alternati-
vity (2) using the Grassmann envelope. Let us take z,y,z € Ay U A; and
9z, 9y, 9= € Go U Gy, such that T =g,y = g, and 7 = g,. Then for every
T=0,92,Y=¢,0Yy,2 =g, ®2 € G(A) we have

(7,7,2) + (4, 2,2) = 029y9- @ (2,9, 2) + 94929 @ (y,x,2) =

= G29y9: ® ((:L', Y, Z) + (_1)51%(% z, Z)) -
= 029y9: ® ((,y,2) + (=1)""(y, 2, 2))

(7,9,2) + (T,2,Y) = GeGy9- @ (2,9, 2) + 929-9y ® (T, 2,y) =
= ga?gygz & ((.I', Y, Z) + (_1>gygz(x7 Z?Z/))
= 929y9- ® ((l‘, Y, Z) + (_1)y2<w7 2, y))

Since G(A) is an alternative algebra, the superalgebra A must satisfy (8).

As we can see, some new type of identities arise.

Superidentities

These new identities we will call superidentities. The superidentities can be
obtained by the following algorithm: Let V be a variety of algebras defined by
a system of multilinear identities (if not, linearize them first). Passing from
V-algebras to V-superalgebras use so called “superization rule” (or Kaplan-
sky’s principle). It says, that whenever two odd variables are transposed
in the identity, a negative sign is introduced. The superalgebra is then a
V-superalgebra iff it satisfies the obtained superidentities. This equivalence
comes directly from the definition of V-superalgebras. The superidentity
from Example 2.13 is called supercommutativity, the identities from Example
2.14 are called left/right superalternativity. Let us show more examples.

Example 2.15 (Nil, superidentity)

Superidentities defining (nonassociative) Ail,-superalgebras are obtained
from the linearized form of the identity z" = 0. Due to the fact, that
nil-algebras are power-associative, the linearization does not depend on the
bracketing. We use the natural lefthandside bracketing of the linearized iden-
tity 2™ = 0:

Y (o (@)@ n) Vnn) = 0.
w€Sym(n)

Using the superization rule we obtain the superidentity

D signoaa(m) (- - (Ue(yia()tins) - Yinmy = 0, (9)

weSym(n)
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where signgqq(7) is the sign of the permutation afforded by 7 on the odd w;.

Example 2.16 (Alt-Nil, superidentity)
Using the previous example, the Alt-Nil,-superalgebras are defined by the
superidentities (8) and (9).

Associativity and superassociativity are the same (see Proposition 2.13).

It is worth noting that Artin’s theorem does not carry over the superalgebras.

Proposition 2.15 (Artin’s theorem and superalgebras)
An alternative superalgebra A on one odd generator is not associative.

Two proofs of this Proposition are in Section 3.

2.3.5 Varieties of superalgebras

Now, let us have Z = X UY, X NY = (), where X is a set of even generators
and Y a set of odd generators. Moreover we define a parity of the generators
as z = 0 if it is even (z = 1 if it is odd, respectively) for each z € Z. Then we
can consider a free algebra [F[Z] as a superalgebra and define a polynomial
flze, .. 2k, 1, ..., uy1) € F[Z] to be a graded identity of a superalgebra A if

f(al,...,ak,bl,...,bl) =0

for all the elements ay,...,a; € Ag, b1,...,b € A;. Denote by I(A) a set
of graded identities of a superalgebra A. Then I3(A) is an (graded) ideal of
the superalgebra F[Z].

Proposition 2.16 ([12, Proposition 2.20])
The set I5(A) is an ideal of the superalgebra F[X UY].

Observe that ideals of graded identities of superalgebras are also invariant
under superalgebra endomorphisms of superalgebra F[X U Y]. If I is a
graded ideal of F[X U Y] then we can consider a variety of superalgebras
Vo(I) defined by I (in fact, any set of elements of F[Z], U F[Z]; defines a
variety of superalgebras). In the same manner, as for varieties of algebras,
there exists a bijective correspondence between graded ideals of superalgebra
F[X U Y] and varieties of superalgebras.

Next we study a relation between I(A) and I5(Ag+ A;) for a superalgebra
A= Ayg+ A;. Observe that I(A) is an ideal of F[X], while I5(Ag + A;) is an
ideal of F[IX UY]. Let f = f(x1,...,2x) € F[X]| be a multilinear element.

22



For each subset I = {iy,...,ix} C {1,...,n}, denote by fi(z1,...,2,) a
polynomial in F[X U Y], where f; is equal f, and variables z; are defined in
the following way:

In other words, to obtain f;(z1, ..., 2,) from the polynomial f(z1,...,x,) we
change the variables z;, by y;, for i; € I.

Proposition 2.17 ([12, Lemma 2.21])
Let A = Ay + Ay be a superalgebra and let f = f(x1,...,x) € F[X] be a
multilinear element. Then f € I(A) if and only if f; € I,(A), for any subset

I of{1,...,n}.

Let Mult[Z] be the subspace of multilinear elements in F[Z]. Each element
f € Mult[Z] can be written in the form

f(z1,.0y20) = Z (7, u) U(Zr(1)s - - - 5 Zn(n))
where a(m,u) € F,m € Sym(n) and u is a monomial of degree n. Define a
mapping * : Mult|Z] — Mult[Z] which maps any f(z1,...,2,) to
[ (21,0 20) = Z a7, u) sigheda (T)uU(2x(1)s - - -+ Zr(n))

where sign,qq(m) is the sign of the permutation afforded by 7 on the odd z;.

Lemma 2.18 ([12, Lemma 2.22])
Let A = Ay + Ay be a superalgebra.

o (i) If f € FIX UY] is multilinear then f € I5(G(A)) if and only if
freL(A).

o (ii) If f € F[X,] is multilinear, X,, = {z1,...,2,}, then f € I(G(A))
if and only if (f1)* € I3(A), for any subset I C {1,...,n}.

Corollary 2.19 ([12, Corollary 2.23])
Let V=V (f1,..., fn,...), where each f; is multilinear. Then A = Ay + Ay
1s a V-superalgebra if and only if for any set I and any index 1,

(fi)7 € I2(A).

Notice that for each identity f(xi,...,x,) we can obtain 2" graded iden-
tities f7(z1,...,2,) with I C{1,...,n}

23



Example 2.17 (Graded identities of Com-superalgebra)
The commutativity xy = yx leads to the four graded identities:

ToYo = YoZo,

ToYr = UYiZo, (10)
1Yo = Yo, (11)
Yy = —Yili,

for xq, yo are even, x1,y; are odd.

Corollary 2.20 ([12, Corollary 2.24] )

LetV =V (fi,..., fn,-..), where each f; is multilinear. Then a class of all
V-superalgebras is a variety of superalgebras. In particular, over a field of
characteristic zero, for any variety ¥V (not necessary defined by multilinear
identities), the class of V-superalgebras is also a variety.

Example 2.18 (Variety of Com-superalgebras)
The class of commutative superalgebras is defined by three graded identities
derived from the commutativity ab = ba:

ab = ba,
ar = zxa,
Ty = —yI,

where the elements a, b are even and x,y are odd elements. (Compare with
Example 2.17, the equations (10) and (11) are replaced by one axz = xa here.)

Example 2.19 (Variety of Nils3-superalgebras)
The class of associative nil-superalgebras of nil-index 3 is defined by four
graded identities

abc + bea + cab + ach + bac + cba =
abx + bxa + xab + axb + bax + xba =
axry + rxya — yar — ayr + xray — yra =

o o o o

TYZ + YT + 2xY — TRY — YTz — 2Yr =

where a, b, ¢ are even and z,y, z are odd. (Remaining four graded identities
coincide with these four.)
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3 The superalgebra technique

Superalgebras (or Zs-graded algebras), naturally occur in physics and the
name “super-" came from physics — quantum field theories that involve Fermi
and Bose fields. But they were mathematicians, who have used these algebras
first in algebraic topology, homology of algebras, calling them graded Lie
algebras (today Lie superalgebras). Note that in all articles written before
1974 is used only the name graded Lie algebras. The precise definitions and
description of basic algorithms of the superalgebras is dated in the eighties
of last century. [10]

Superalgebras can be used to the study of identities of free algebras and
to the development of a structure theory of varieties of algebras. The method
was first used by Kemer [7] in 1984, who applied it to the study of identities of
associative algebras. In the later article (see [3], 1987), he solved the Specht
problem by proving that all varieties of associative algebras of characteristic
zero are finitely based. In the articles by Zelmanov (see [31, 32], 1987 and
1989), Zelmanov and Shestakov (see [33], 1990) the superalgebra method
was developed further and applied to nilpotency problems for nonassociative
algebras. [20]

These results of Kemer, Zelmanov or Shestakov are purely “qualitative”,
without quantitative estimates. The next authors used the superalgebra
method just for obtaining exact estimates and computing dimensions of ho-
mogeneous component of free algebras (by a computer). Vaughan-Lee (see
[29, 30], 1993 and 1998) applied the superalgebra method to decrease the
number of variables in finding of the index of the nilpotency of algebras in
the variety Nily. Following his steps, Shestakov and Zhukavets (see [22],
2004) investigated Kuzmin’s conjecture for n = 5 to confirm it for every
two-generated superalgebra over a field of characteristic 0 in the variety of
associative Nils-superalgebras.

In 2003, Shestakov (see [21], 2003) found a base of the free Malcev su-
peralgebra on one odd generator. Then, Shestakov and Zhukavets obtained
bases of the universal multiplicative envelope for the free Malcev superalgebra

on one odd generator, the Malcev Grassmann algebra (see [23], 2006), and
the Poisson Malcev superalgebra related with the free Malcev superalgebra
on one odd generator (see [26, 2], 2006).

In a corollary of their study they proved a linear independence of the
elements that span the free alternative superalgebra on one odd generator (see
[27], 2007), which was a couple of years unproved. They also obtained central
skew-symmetric elements in free Malcev and in free alternative algebras [23,

|, they proved that there are no skew-symmetric Malcev s-identities [27],
they found a new element of degree 5 from the radical of the free alternative
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algebra of countable rank and they proved that the square of the radical is
not zero [27].

In 2009, using the superalgebra method, they classified all multilinear
skew-symmetric identities and central polynomial functions of octonions (see

[28])-

The following text is based on [12] and [20]. We will consider only varieties
of algebras defined by multilinear identities (which is always satisfied if, for
example, a field has zero characteristic), the multilinearity of identities is
required for passage from V-algebras to V-superalgebras. Furthermore, while
speaking about elements or ideals of superalgebras, we will always assume
only homogeneous ones.

Superscalar extension

Recall that for a V-superalgebra A its Grassmann envelope G(A) is a V-
algebra. In this section we consider the opposite direction and describe a
passage from V-algebras to V-superalgebras, more precisely, for any V-algebra
A we show how to construct a V-superalgebra Ag.

Proposition 3.1 LetV be a variety of algebras defined by a set of multilinear
identities. If B is an associative commutative algebra, then B® A € V for
any A € V.

Proof: Write any identity f = f(x1,...,2z,) satisfied in A as a sum of
multilinear monomials
=S

We prove that f is satisfied in B® A. For any aq,...,a, € A, by,...,b, € B
we have

f(b1®a1,...,bn®an) = Zmi(b1®a1,...,bn®an)

_ Zbr“bn@)mi(alv'“?a”)
— bl...bn®f(a,1,.-~;an)7

since all multilinear monomials in commutative associative variables of de-
gree n are equal. We can see, that if identity f is satisfied in A, then it is
satisfied in B ® A. O
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Corollary 3.2 Let V be a variety of algebras defined by a set of multilinear
identities and G be a Grassmann superalgebra. Then for any A € V the
tensor product Ag =GR A =Gy A+ Gy ® A is a V-superalgebra.

Proof: The most important condition for this construction is, that G is an
associative commutative superalgebra as was shown in Corollary 2.14 and
Example 2.11. In this view so is algebra G(G) and it is enough to prove that
G(Ag) = G(G® A) is equal G(G) ® A. We have

G(Ag) = Go® (Go® A)+ G ® (G @ A)
(G0®G0)®A+(G1®G1)®A
= G(G)® A,

which implies that G(Ag) € V for every A € V and Ag is a V-superalgebra.
O

We have proved that every algebra A in the variety V' can be imbedded into
the V-superalgebra Ag by means of the extension of the field of scalars F
to the “domain of superscalars” . Passage to superscalar extension allow
us to reduce the number of variables in the identities that are multilinear
skew-symmetric polynomials.

Reduction of the number of variables

It is known that in characteristic zero any multilinear symmetric polynomial
function may be obtained by a linearization of a polynomial function of
degree n on one variable [20]. Now we investigate in detail the case, when
the polynomial is multilinear skew-symmetric. Using G ® A, a number of
variables can be reduced to one variable. However, the new variable will not
lie in A but in G® A. The problem is that in general G® A does not belong to
the same variety as A. For instance, if A =F then G ® F = G is already not
commutative. Nevertheless, G ® A satisfies certain graded identities related
with those of A. More precisely, if

fiAx---xA—= A

is a multilinear skew-symmetric polynomial function of degree n, one can
consider Ag =G ® A and fg: Ag X --- X Ag — Ag of degree n given by

folpr®ar, g2 ®ag,...,0n @ an) =g1-- g @ fla,...,a,),

for any homogeneous g; € G and a; € A. If we take an odd element
a=e®a +--+e, ®a, € Ag,
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where ey, es, ..., e, are the odd generators of G, a; € A, we get

fol@,.... @) = faler®ar+ -+ en@an,. ..,
61®a1+---+en®an)

- Z €r(1) """ Cx(n) ® f(aw(l)a v >a7r(n))

weSym(n)

= Z sign(m)ey - - - e, ® sign(m) f(ay, ..., an)
TE€Sym(n)

= nl-er e, ® flar, ..., an).

Therefore, f(ay,as,...,a,) = 0if and only if fs(a,...,a) =0 and the identity
f(zq1,x9,...,2,) = 0 is reduced to the identity in one odd variable over the
superalgebra Ag.

Similar trick works for a symmetric polynomial function. It may be re-
duced to an identity in a single even variable

a= €1 @ ay + -+ egp_162, ® a, € Ag.

We can also use a passage to superscalar extension to prove of Proposi-
tion 2.15.

Proof I: (Proposition 2.15)[Artin’s theorem and superalgebras]

We prove that there is an alternative superalgebra on one odd generator that
is not associative, i.e. Artin’s theorem does not carry over the superalgebras.
By the Proposition 3.1 we can imbed a V-algebra A into a V-superalgebra
Ag. Take as A an octonion algebra O, with 1 and imaginary units ey, . .., e7.
Recall that for example

(617 €2, 63) = _266 7é 0.

O6=G®0=_G®0+ G; ®0 is an alternative superalgebra, since Q is
an alternative algebra. If we take an odd generator

a=0¢1®a+ g2 Qas + g3 X ag

for any three elements aq, as, a3 € O and odd generators gy, g2, g3 € G, then
this one-generated subsuperalgebra in Q¢ is associative iff

(a,a,a) =3! - g1g293 ® (a1, a2, a3) = 0.

But for
a=g Qe+ ga®es+ g3 X e
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we get

<a7 ava) = 3! 919293 ® (617 €3, 63) =3l 919293 & (_2)66
£ 0

and A is not associative. O

3.1 Applications

In this subsection, we introduce some applications of the superalgebras to
the study of identities of free algebras or to development of the structure
theory of varieties of algebras. The overview follows.

3.1.1 The subspace of skew-symmetric elements

Let V be a variety of algebras over a field of characteristic zero. In this
subsection we show how the free V-superalgebra on one odd generator can
be used to describe the subspace of skew-symmetric elements of the free
V-algebra on a countable set of generators.

Let f = f(x) be a homogeneous nonassociative polynomial of degree n on
one variable x. It may be written in the form f(z) = f(x,x, ..., z), for a cer-
tain multilinear polynomial f(z1,zs,...,x,). We define the skew-symmetric

polynomial Skew f as

Skew f(x1,22,...,7,) = Z sign(7) f(Tr(1), Tr(2)s - - > Ta(m))- (12)

meSym(n)

Let denote by V[T'; X]| the free V-superalgebra over a field F generated by a
set T of even generators and by a set X of odd generators. Let V[(); x] be the
free V-superalgebra on one odd generator z and let V[T| = V[T’; 0] be the
free V-algebra on a countable set of even generators T = {t1,tq,...,t,,... }.
Then Skew : V[D; x] — V[T] is a linear mapping which maps isomorphically
the homogeneous component V[(; 2] of degree n of V[(); z] to the subspace
Skew(V[T,]) of multilinear skew-symmetric elements on T, = {t1,t2,...,t,}

of V[T.

Theorem 3.3 For a homogeneous polynomial f of degree m, the free V-
superalgebra V[0; ] on one odd generator x and the free V-algebra V[T| on a
set of even generators T = {t1,t2, ..., tn, ...} holds:

f(x) =01in V[0;z] if and only if Skew f(t1,t2,...,t,) =0 in V[T].
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Proof:
Assume f(z) = 0.
Consider in the V-superalgebra G ® V[T] the odd element y:

y=e1Qt1+- - +e, dty.
Since f(z) = 0 in the free V-superalgebra,
0= f(y) =erea e, @ Skew f(ti,... 1)

and so Skew f(t1,...,t,) has to be zero.

Now, assume Skew f(ty,...,t,) =0.
Consider in the Grassmann envelope G(V[(); z]) of V[0; z] the elements s; =
e1®x,...,8, =e, ®x, Then we have

0= Skewf(s1,82,...,5,) =nlejes---e, @ f(z)
and so f(z) has to be zero too. O

This correspondence was used in [21, 24, 25, 28] or in [27] for a description
of the subspace of skew-symmetric elements of the free alternative algebra on
a countable set of generators. We will use this correspondence in Section 5.1.

Skew-symmetric elements in alternative algebras

Let A = Alt[; z] be the free alternative superalgebra on one odd generator x.
Define by induction

eV =g, 2 = 20 2], i >0,
and denote

where [z, y]s = zy — (—1)"™yx denotes the supercommutator of the homoge-
neous elements x,y, and by

rxosy=u1xy+ (—1)Yyx

denotes their super-Jordan product.
The following propositions summarize some results from [24, 25, on
the structure of A.
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Proposition 3.4

(1) The elements

tm.fEU, m+o > 1, tm(x[kJrZ}xU),
$m (u[4k+8]$0), tm(z[4k+alxa), (13)

where k > 0, m > 0 are integers; €, 0 € {0,1}, form a base of the
superalgebra A.

(17) For any integer k > 0,

B O e N L O S L e e

(1ii) The nucleus (associative center) of A is equal to the ideal
id g (u®, 2| k> 1),
The center of A is equal to the vector space

vect(t™ M 1m(2:My — M) | m >0, k> 2).

From now on, we will write the products t™u*z7, #2827 without paren-
thesis. Moreover, we set t° =1 and t" = 0 for n < 0.

Proposition 3.5 The multiplication table on the base elements is given by
the following rules: For any m,n >0, k > 2, ¢, 0 € {0,1}, n+0 > 1, we
have that

trulFlge gmalklge

I

annihilate all elements of the base (13) except elements of first type. Further,

trinylklgete e 4o <2
tmu[k]xe 1 — ) )
( )( ) {%tm-i-n-ﬁ—lu[k]? ceto= 27
tminglblgete e b o <2
7fmz[k]xe 1 _ ) )
( )< ) {%tm-i-n-&-lz[k]’ cto= 2’
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(") (tmuMa®) = (—1)k+! A (ulkly — 2¢210), =0,
e (L) 9 gy o =1,
grtn kg e=0
n m [k}} £ — o k 9 3
(t"x)(t" 2" ) (=1) {%tm+n+lz[k}’ I
tm (tnxU) — thrnxU’
et = tm—i—nx o ntm+n—1$[3]
(t72) |

(tm$> (tnx) — %tm—&—n—&—l o ntm+n—1 (x[S]x) + m—g2n tm+n—1x[4]

+m(m4-62n—1) tm+n—22,[4] )

$m (tn<l’[k]$s)) _ thrn(x[k] )
m n . [k] k m+n [k+1] _ gm+n—1/n_ [k] 2m4n [k+1]
(™ z)(t" ™) ) (t )=t (Fu™ + 2=
(tm I’)(tn(l’[k]l‘)) ( tm+n+1 [k] + tm+n<§x[k+2} . I[kJrl]l‘ + 2m+§n+lz[k])
m+n—1 k m+42n, [k+1 2m+n [k+1 m [k+2
(tnx[k])tm _ tm—l—nx[k] + mtm+"_1z[k],
(t”x[k])(tmx) _ thrn(x[k] )_'_thrnfl(mZ[k]m + 2m3+nz[k+1])’
n(,.[k] m . gmtng k] m+n—1 l k] _ LK), 1 [k+1]
(t"(z™x))t t" (M) —mt (5u 2y — 525,
(tn(l‘[k]l’))(tmx) _ ltm+n+1 (k] +tm+n< [k+2] + 7m+62n+2z[k]>
tm—i—n 1( [k] 2m6+nu[k+1] + m—Ean[k,‘-ﬁ-l}x
. 2m6+nz[k+2] )

(¢l (nally =
("2t (t" (2V)) =

%( 1)6(]+1 thrn( [i+7—3] + 6jtz[i+jf4} _ (_1)jz[i+j72]>7

%( 1)U+ gmtn i =3l 4 5jt(z[i+j‘4]x)

(-1 )JZ[H‘J 20, gz[iﬂ'—l])’

(tm<x[i} w))(tnx[j]) — %(_1)c(j)tm+n(u[i+jf3}x + (_1)ju[i+j72]

+ Gt () (1)t
(—1)7 2l =2y — 101y,
%(_1)c(j)tm+n(%tu[i+jf3] + (_1>ju[i+jf2]x
% [i+5—-1] l(StQ [i45—4] _6]'— ( [i—i—j—?)}x)

(" (@) (" () =

— (36, — )tz[zﬂ 2]+ Lo fi+i—1], ;(—l)jz[”ﬂ),
where c(j) = j(j —1)/2 and 6; = 1+ (=1). O
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Notice that for £ > 3

2Bk — %(_Dk(u[k] . Z[kJrl]),
x[3](x[k]x) = (—1)k(%u[k]x _ %z[k—i-l]x + %z[’““}),
Moreover, results of [27] also imply

(™, 2B 2kge)y = o,

(™, t"v) = 0,
where ¢ € {0,1}, m,n > 1, k > 2 and for any element v € A.

Using this multiplication table, we present another proof of Proposition 2.15.
Proof II: (Proposition 2.15)[Artin’s theorem and superalgebras]
From the multiplication table of A one can easily compute

(z,2,2) = 12 #£ 0.

Therefore A is an alternative superalgebra on one odd generator and it is
not associative superalgebra. O

Let Alt[T] = Alt[T;0] be the free alternative algebra on a set of even
generators T and let Skew be the linear mapping from A to Alt[T] defined
in Subsection 3.1.1. Then Skew maps isomorphically the homogeneous com-
ponent A of degree n of A to the subspace Skew(Alt[T,]) of multilinear
skew-symmetric elements on T, = {t1,ts,...,t,} of Alt[T].

Theorem 3.6 ([27, Theorem 5.1])
The elements

Skew f(tilytiza e )tik)7

where f = f(x) runs through the set (13), k = deg(f), i1 < o < -+ < iy,
form a base of the space Skew(Alt[T]) of skew-symmetric elements of Alt [T].
O

Corollary 3.7 ([27, Corollary 5.2])
Let d(n) denotes the dimension of the subspace Skew(Alt[T,]). Then d(1) =
d(2) = 1,d(3) =2, and forn >3

d(n) =2(n —3) + 5(1 + (1)),

i(i—1)
5 - (I

where c(i) =
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Open problems [27]

It was proved in [23] that the elements Skew 2l(t1,. .. t;12), k € {4n, 4n +
1}, k > 4, are non-zero skew-symmetric central polynomial functions in
Alt[T]. Tt would be interesting to find all skew-symmetric central and nuclear
polynomial functions for alternative algebras. Evidently, they all should be
of the type Skew f, where f € Z(A) and f € N(A) (see Proposition 3.4 (iii))
for central and nuclear polynomial functions, respectively. The two problems
are still open [27]:

(1) Describe the elementsn € N(A) for which the corresponding skew-sym-
metric polynomial function Skewn is a nuclear polynomial function,
that is, takes values in the nucleus N(Alt[T]);

(2) Describe the elements z € Z(A) for which the corresponding skew-
symmetric polynomial function Skew z is a central polynomial function

in Alt[T].

Note that not every element in Z(.A) produces central or nuclear polynomial
function. For example, 24 € Z(A) but Skew 2% is neither a central nor a nu-
clear polynomial function in the algebra of octonions O (Skew t?, Skew (z°)—
%tzx), Skewu®z are central in @). Recall, that all the multilinear skew-
symmetric identities and central polynomials of @ were classified by Shes-
takov and Zhukavets (see [28], 2009).

3.1.2 Reduction of dimensions in algebras

Using the representation theory of the symmetric group and Young diagrams,
we can write a multilinear identity f of degree n over an algebra A as a sum
of multilinear identities f;, each of them being either symmetric or skew-
symmetric in m; > y/n arguments. Then, applying the superscalar extension
to each f;, we can reduce f to identities of the same degree n over Ag
containing some even or odd variable at least y/n times. Therefore, if the
superalgebra Ag is, in a certain sense, “generalized nil” of bounded degree,
then A is nilpotent.

This application of superalgebras is based on the following theorems: Let
V[T] be the free algebra of countable rank in a variety V and Skew V[T,,]
be a subspace of multilinear elements of degree n in V[T on the generators

t1,...,tn. The subspace SkewV[T,] has a natural structure of a module
over the group algebra F[Sym(n)] of the symmetric group Sym(n). If I C
{1,2,...,n} is a nonempty subset, then we put
ol= > m =) sign(n)-m
meSym(I) weSym(I)
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Theorem 3.8 ([30, Theorem 1)) Let F be a field of characteristic zero
and let K be a sum of the dimensions of the irreducible representations of

F[Sym(n)]. Then
K
SkewV[T,] =Y Skew V[T,]?,
i=1

where each Skew V[T,]¥ has the form

SkewV[T,] - o7l - @72 --- o7

for some partition of {1,...,n} into disjoint nonempty subsets Iy, . . ., I with
k < +/2n and some eq,...,6, = *. O
Let A be an algebra generated by ay,as, ..., a,,. If wis a product of these

generators, then we define the multiweight of w as
w = (wy,wa, ..., W),

where w; is a number of occurrences of the generator a; in w, for i =
{1,2,...,m}.

Theorem 3.9 ([30, Theorem 2]) Let F be a field of characteristic zero
and Iy, ..., Iy be some partition of {1,...,n} into disjoint nonempty subsets.
Let eq,...,ex =+ and let n; = |I;| fori=1,... k. Then

dim (Skew V[T,] - 7} - @72 -+ ;) = dim U,

where U is the multiweight (nq, ..., ng) component of the free V-superalgebra
V|z1, ..., 2K of rank k, where, fori =1,... k, the i-th generator z; is even
if &, =+ and is odd if e, = —. O

Note that the idea of considering the spaces of multilinear identities as mo-
dules over the group Sym(n) and decomposing an identity into irreducible
components goes back to the article by Malcev [11]. Hentzel [1] used this
idea in his computer programs of proving identities, where he reduced the
dimension of problem by passing to irreducible components. Passage to the
superalgebras by means of Theorem 3.9 makes this reduction more transpar-
ent and easy. It was used by Vaughan-Lee and Shestakov and Zhukavets in
confirming Kuzmin’s conjecture in special cases.

35



Recall that Dubnov-Ivanov-Nagata-Higman theorem states that every al-
gebra from Nil,, is nilpotent of degree 2" — 1. Kuzmin in [9] showed that
the degree cannot be less than f(n) = @ and conjectured that the it is
the exact estimate of nilpotency degree for the variety Nil,. It is easy to
see that Kuzmin’s conjecture is true for n = 2, and Higman’s results implied
that it is also true for n = 3.

Vaughan-Lee in [29] did this for n = 4, confirming Kuzmin’s conjec-
ture in this case. He applied the representation theory of symmetric groups
and the superalgebra technique. He reduced the original calculation in 10!-

. . . . ! | . .
dimensional space to 8 smaller calculations in ﬁ%,— and -9 _dimensional

1313!

spaces. Shestakov and Zhukavets in [22] investigated Kuziﬁi%’s conjecture
for n = 5 confirming it “only” for every two-generated superalgebra over a
field of characteristic zero in the variety of associative Nils-superalgebras.
To confirm the conjecture for Nils, it is sufficient to prove that any superal-
gebra from ANils on k < 5 homogeneous generators (even and odd mixed) is
nilpotent of degree 15. But already for two generators were computations so
huge, that there was no point in increasing the number of them (for example

for the multiweight (5,5,5) component of 3-generator superalgebra, there

must be considered % = 756 756 words — compare with the multiweight
(7,8) component of 2-generator superalgebra with 71,—%', = 6 435 words).

3.1.3 Nilpotency problem for a T-ideal

Let A be an algebra and f a noncommutative and nonassociative polyno-
mial. Many problems of the theory of varieties of algebras are reduced to the
question as to when the ideal generated by the set f(A) is nilpotent. Under
some restrictions on a variety, we can answer this question also in terms of
superalgebras.

The superalgebra B is called prime (or simple) if B®> # 0 and if the
product of any two nonzero homogeneous ideals of B is not zero. Let A
be an algebra, Ry = {R, | a € A} and Ly = {L, | a € A} C End A
the spaces of right and left multiplications on elements of A and let M (A)
be the multiplication algebra of A, i.e. the subalgebra of End A generated
by the left and right multiplications on A. The least n such that M(A) =
Sor_(RaU La)* is called the multiplicative length of A. An ideal I of A
is called strongly nilpotent of index n, if any product of elements of A that
contains at least n factors in [ is zero.

Theorem 3.10 (The nilpotency criterion for a T-ideal [20])
Let V be a variety of algebras over a field F satisfying the following conditions:

(i) every algebra in V has finite multiplicative length,
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(i1) Ewvery nilpotent ideal of an algebra A € V is strongly nilpotent in A.

Then a multilinear element f generates a nilpotent T-ideal of identities in
the free algebra of countable rank V[X] of the variety V (and consequently,
in every algebra of V) if and only if f vanishes identically in the Grassmann
envelope G(A) of every prime V-superalgebra A. a

In particular, if there are no prime V-superalgebras then the free algebra is
nilpotent.

Condition (i) and (ii) are obviously satisfied in every variety of associative
algebras. In case a variety does not satisfy the conditions (i) and (ii), it
is still sometimes possible to reduce the problem to subvarieties or certain
subalgebras that do satisfy the conditions, see for example [32, 33].

3.1.4 Prime and semiprime varieties

Prime superalgebras relate quite closely to so called prime varieties intro-
duced by Kemer. A variety is prime, if its free algebra V[X]| of countable
rank is T-prime, i.e. does not contain nonzero T-ideals T}, 75 such that

TVT, = 0.

The Grassmann envelope of a prime superalgebra generates a prime variety.
Similarly, a variety V is called semiprime if the algebra V[X] is T-semiprime,
i.e. does not contain nonzero T-ideals I with /2 = 0. A union of any number
of prime varieties is semiprime, conversely, every semiprime variety can be
decomposed into a union of prime subvarieties.

Denote by N (V) the least T-ideal I of V[X] with the property that the
quotient algebra V[X]/I is T-semiprime.
The ideal N (V) is zero iff the variety V is semiprime. The set of identities
{f=0] f € N(V)} defines the largest semiprime subvariety of V. Clearly,
N(V) is contained in the T-ideal of identities of any prime subvariety of V.
In particular, it is contained in the intersection of all T-ideals of identities of
the Grassmann envelopes of prime V-superalgebras. Moreover, if )V satisfies
the condition (i) and (ii) in Theorem 3.10, the reverse inclusion holds too.

Let us denote by M, ,(F) = My + M; the matrix superalgebra over F,
which is defined as

w={7( O {0}
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If £ = 0 then we get the (even) algebra M,,(F). Denote by G(M,, ) Grass-
mann envelope of the superalgebra M, and by M,(G) a matrix algebra
over a Grassmann algebra G.

The structure of a variety ) is to a great extend defined by the structure
of prime V-superalgebras and their identities. For a varieties of alternative
algebras over a field of characteristic zero, the structure theorem holds similar
to that for associative algebras:

Theorem 3.11 ([20]) Let V be a variety of alternative algebras over a field
of characteristic zero F. Then

(1) the ideal N(V) is solvable,

(i1) the variety V is semiprime if and only if it is a union of finitely many
prime varieties,

(11i) the variety V is prime if and only if V is either coincides with the va-
riety of all associative algebras or is generated by one of the algebras
M,(F), G(M,, x(F)), M,(G) or Q. O

The question is still unanswered as to whether any variety of alternative
algebras over a field of characteristic zero has a finite base of identities. The
affirmative solution is known only for the varieties of a finite basic rank not
containing the variety of associative algebras Iltyakov [0, 1999]. In particular,
every finite-dimensional alternative algebra over a field of characteristic zero
has a finite base of identities.

The question about finiteness of a basic superrank is also open for varieties
of alternative algebras.
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4 Bases of the free alternative
nil-superalgebras on one odd generator
of nil index 2, 3 and n

We construct a base of a free alternative nil-superalgebra B,, = Alt-Nil,,[0; ]
of nil-index n, for n > 2, on one odd generator = in this section. Our results

were published in [16, 17, 18]. To construct a base of B,, for n > 2, we
use the base of the free alternative superalgebra A = Alt[(;z] on one odd
generator = constructed in [27]. After that we compute the solvability index

of B,, which is [log, n] + 1, for n > 2. We also prove that ,, is not nilpotent
and that the square of B,, is nilpotent of index n, for nil-index n > 3. It was
Pchelintsev [13] who proved, that in characteristics # 2,3 the square of a
solvable alternative algebra is nilpotent without giving any approximation of

the nilpotency index. Later Shestakov [19] showed that for any alternative
algebra A it holds

k—1
(A% W ¢ AW where f(k) = =2,

It is known from [34], that if A is an alternative algebra over a field of
characteristic zero and I, is a subspace of A spanned by a" for all a € A,
then I, is an ideal of A. We use a generalization of this statement for
superalgebras.

Let A = A[(; ] be the free alternative superalgebra on one odd genera-
tor z with the base (13). Let Z, be a subsuperspace of A spanned by the
elements W, (u1,ug, . .., Uy), Ug, ..., u, € AgU Ay, where

Wi (ug, ug, ... uy,) = Z siglodad (0) (- - - ((Uo(1)Uo(2))Ua(3))  * * ) Uo(n),

ceSym(n)

then Z, is an ideal of A. The quotient superalgebra A/Z, is the free alterna-
tive Nil,-superalgebra on one odd generator . We will denote it by B, =
Alt-Nil,,[0; 2] and we will maintain the notations from A for the similar
elements of B,,.

Notice that for any odd element y € B,, and any u; € B, it holds that

Wn(y7 Yy,usz, ... 7U/n) =0.

Moreover, for any permutation o € Sym(n),

W (Uo(1), Us()s - - - s Uo(n)) = Si8Nodd (0) Wi (U1, Ug, . . ., Uy).
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4.1  Alt-Nils[0; x]

First, we will investigate the case of nil-index n = 2. We construct a base of
By = Alt-Nil,[0; x]. After that we compute the solvability index of B, which
is 2. We also show that Bs is nilpotent of index 4.

Base of the free alternative
Nily-superalgebra on one odd generator

First we consider an ideal Zo C A, spanned by the elements Wy (u,v),u,v €
Ao U A;, where

Wo(u,v) = uv + (—1)* vy, (14)

and construct a base of Z,. Using the multiplication table for A, we obtain
from

Wo(t,t) = t-t+t-t=2t%
Wy(t,z) = to+at=tr+te — 2P = 2tz — 2B,

Wa(z,tz) = a(tz) — (to)x = 3t — al¥lg 4 220 — 142 — 1,

S P

that 2,2tz — 2P, 1ol — 2Bl € T,. Using the fact that for every element
1€1yalsoi-x,x -1 €Ly, we get

(2t — 2By o =2 + §$[4] — 2Pl
and so 2Bz, z[¥ € T,. Moreover
tmrf e T, m>2ee{0,1}.

Next from the definition of the elements z!*/, 28wl k> 3

g = glWy — (—1)kgg)
I I N )
W = gyl (1)l
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and from =i € 7, we get

ol = 2lly — (—1)Faal € T,

S Ig,k?>3

ul¥! e I, k> 3.

Finally we can conclude that for k > 2, m >0, € € {0,1}

t" T2t € T,

LBl m (Bly) ¢ () e T,
s e 1,

tmullzs e T,

Observe that for any other base elements u, v values of Ws(u, v) do not bring
new elements from Z,. The following proposition is evident:

Proposition 4.1 The elements

ox — B ¢mt2ee (15)
tm+1$[3}, tm(JZB]JZ), tm(x[k+3]$6),

tmz[4k+a] LCE, tmu[4k+o] LUE,

where k>0, m >0, e,0 € {0,1}, form a base of Zs. O

Now the superalgebra By = A/Z, is spanned by the elements

x, t, tr (16)
all other elements from (13) are zero except

(3]

T = 2tx.

Moreover, the elements from (16) are linearly independent since any non-
trivial linear combination of their preimages does not lie in Zs.
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Theorem 4.2 The superalgebra By has a base (16). O

The multiplication table of B, is:

Tr-xr = %t,
t-x = tx,
r-t = —tx,
t-t = 0,
u-tr=tr-u = 0,

for any u from (16).

Index of solvability of B,

Since we know a base of the superalgebra By and the multiplication table on
base elements, we can compute the index of solvability of By directly.

Corollary 4.3 The indez of solvability of the superalgebra By is 2.
Proof: By the definition 650) = By = vect(z,t,tx). Further

Bgl) = BgO)Béo) = vect(t, tx),
BY = BB =o.

The index of solvability is 2. O

Index of nilpotency of B,

Corollary 4.4 The superalgebra By is nilpotent of index 4.
Proof:

1

(B2) = By =wvect(z,t,tx),

(32)2 = By By = vect(t, tz),

(82)3 = (82)232 + By (52)2 = vect(tz),

(B)' = (Bo)'Ba+t (Bo) (Bo)* + Ba(B)* = 0.

The superalgebra B, is nilpotent and index of nilpotency is 4. O
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4.2 Alt-Nils[0; x]

Here we construct a base of By = Alt-Nil3[0; z]. After that we compute the

solvability index of Bs which is 3. We also show that B3 is not nilpotent and
2. . )

(Bg) is nilpotent of index 3.

Base of the free alternative
Nils-superalgebra on one odd generator

First we consider an ideal Z3 C A, spanned by the elements Wj3(u, v, w),
u,v,w € Ag U Ay, where

Wi (u, v, w) =(wo)w + (=1 (vw)u + (1) (wu)v

+ (=)™ (ww)v + (=1)" (vu)w + (=1)"T T (wo)u,
and construct a base of Z3. Using the multiplication table for A (see Propo-
sition 3.5), we obtain from

Ws(z,t,t) = 2((zt)t +t*x + (tz)t)

Ws(t,t,t) = 6t°

that t?z — tal¥ 3 € . Moreover,

(P —taly .z = 1% —2t(aBlz) + 22l + (#(aBlz) — 2t — L21)
= 1P (P 4 L - 1,
r(Po—ta¥) = 154 2al 4 LW ((aBg) 1 1)

1 — (2P )+ 24,

and 228, tol 4+ LM 1(aFl) + LM e 7,

43



Compute for k£ > 3
Wyt t,2®) = 2(22a® 1ttt + (aMe)t)
= 22 4 2(talM)t 4 M)

(
(
- 2(t2 (K 2(t2 L tz[k]) + ¢l ])
=62t 1 ),
Wi(t,t,ale) = 2(2(2"z) + (t(a" ))t+((x[k]$)t)t)
= 2(2(a¥) + 2t(a¥)t — (bul — g — L)
6(t*(zMz) — Ltul 4 ¢2Mp 4 Loty
Ws(xz,t, 2F) = 6(—1)F Mz

Wy(z, t,ulf) = 6(—1)k+1tu[k]$ +2(—1)F21K,
Therefore, 22 + 128 22 42 (2l z) — LpgF) 4 L2001 g2 K 42 Mg Mo €
7Z3. Multiplying by = we get
2™ ) = (M) + 2P 42l
z- (2 )y = (DR (aFr) — 22— gyl — %tz[kﬂ] + tz¥g),
and hence 2z 2(gFlg), tulk] t2-+1) € T, Notice that for k = 3 we also
have 2208, t213 € 7.
Continue our computations modulo elements which are already in Z3:
Wy(z,t, ™) = (at + to)2™ + (2™ + (—D)*2Br)t + (=)t 4 2¥t)
= (2tx — 2™ 1 (—1)F2zM g — 2P 4 (—1)R (22l 4 2y
= 2(— 1) () — Y LIy (el k)
F2(— 1) (¢ )_ Ly Mg 4 L) () (gglit) sl
214 (t(aa) 4+ ) 1 (~1)kg
= (=1D)*6t(z¥z) - 3m:“f+11 + L Sy lM 4 3y,

Wy(z,t, 2¥z) = (2t + ta)(eM2) + (2 (@W2) + (1) (M) )t
1P ) + (@)t
= (2tr — o) (a¥z) + (—1)F(EalFHE — gltlly — L H)y
+(~1 )k+1(2t(1’[k]x> — %u[k} + 2Rl 4 lz[kﬂ])m
— (—1)F (%t 2] _ p(glitllpy o Lylbrt]  Lplietly g 1 plk2))

(-1 ~1 SR Z[k+2})

)
(1)
-1
(

~

(zu
k(ltI[k+2] LI (el Lyl [k+1]$ 1l
k+1 k+2 k+1] 2 _[k+1 1 _[k+2 k 1 _[k+1

_ ( )k t$ k:+2 ( [k+1] >_|_ %u[k—i-l] . Z[k+1]$ . %Z[IH-Q])’
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to obtain ¢zt 4Lkt Lyt oIkl () 4 1242 € T3 Moreover,

(6t(zMz) — Bttt L0 3y 4 320y

_ 6(%tx[k+2] + l [k+1] [k+1}x + 1 [k+2]>
—3(t($[k+l] )+ 1 [k+2]) + §Z[k+1] . %u[k}x
ek B vIGH L P WY Lo N P PP L PY
k k+1 1 _[k+1 3.,k k
z - (6t(zMz) — 3zl 4 §z[ - §u[ 4 320Mg)

= 6(-1)F (2tx[k+2] ~ p(alFg) - Lu (Kl 4 u[lc+1} B %Z[k—i-l]x)
—3(—1)FH (t(aM ) — bt — Ly [k+1] — Lyl

41 ( 1)k+1 [k—l—l} %(—1)k+1u[k]x

(—1)F (¢ ( k+2] St(q:[’““]:p) _ %u[k]x n %u[kﬂ]

_%Z[kJrl]x _ %Z[km])

imply that ulflz, 2l-+1y € T;.
Observe that for any other base elements u, v, w values of Ws(u,v,w) do
not bring new elements from Z3. Therefore we obtain a base of Zs.

Proposition 4.5 FElements
tm+3xa
1B — 120, 43 4 %z[k—i-S] + %u[k’“], t(z+2z) + %Z[k+3}’

tm+2 ($[k+2]xa)7

tm(u[4k+€]x”), m+o>1,
tm (el ), m+o>1, (17)
where k>0, m > 0; ¢, 0 € {0,1}, form a base of Z;. O

Now the superalgebra Bs = A/Z3 is spanned by the elements
z, t, to, 2, Px, o™ 2Fly k> 2,
plmtel - lmtel 50, £ € {0,1}. (18)

All other elements from (13) are equal zero, except

txlfl = t2x,
fplkHl ity ulfl ol
t(z¥z) = —%z[k“].

Moreover, the elements from (18) are linearly independent since any non-
trivial linear combination of their preimages does not lie in Z;.
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Theorem 4.6 The elements from (18) form a base of the superalgebra Bs. O

The multiplication table of Bs is given by that of A modulo Zs:

1
r-x = 351
t-x = iz,
vt = tor—abl
tr -x = %t2+§x[4],
_ 142 3 2[4
x-tr = 351 —:L‘Hl‘—l-gl'[],
t-t = t%
t-te = tz,
tr-t = 0,
tr -tx = —%z[‘”.
Further for k,i,j5 > 2, ¢ € {0,1}
t-aBl = t2:c,
L R —%(u[’“] + z[k+1])’
t-(zMz) = _%z[kﬂ}’
z-zkl = (—1)k (x[k}x — x[k+1]) ,
z-(aPlz) = -1 — 22l 4 gly
. (x[kJrl]x) = (—1)kH (% B3l k2, iu[k] _ % Z[k+1]) :
k k k
(tz)-zM = (=1) (% ulfl — %z[ +1]) 7
(tz) - (2Mz) = (=1)F L (22— k)
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x[k-‘rl] .t %
(z¥z) .t = %Z[kﬂ} _ %u[k]’
Mg = gl
(zBlz) .z = 1Pz +1 g+,
(lFHly) . = L8l Lyl i LR
M. (tz) = %Z[kﬂ}’
(x[klm) (tr) = % (u[k+1} + Z[k+2}) ’
2l gl = L ()l (i8] ()T i)
2l (x[j}x) - _% (_1)c(j+1) i1
(zllz) . 2l = % (—1)c0) ((_1)j liti—2 %Z[iﬂ‘—l]) :
(zlz) - (2Vz) = ~1 (—1)cW) (u[iﬂ'*l] + (=1) z[”j]) :

where c(j) = j(j — 1)/2 and §; = 1 + (—1)’. Elements 2, 2} 4/* annihilate
all base elements except

2. = tzm,

r-t? = —tu.

Index of solvability of B;

From Kuzmin’s results and Zhevlakov’s theorem we know that the index of
solvability of alternative nil-algebras of nil-index 3 is between 3 and 6. Since
we know a base of the superalgebra B; we can easily compute the index of
solvability of Bs.

Corollary 4.7 The indez of solvability of Bs is 3.
Proof: For k> 2, m >0, ¢ € {0,1} we get:
BY = B
BY = BsBs
= wvect(t, tx, t?, 2z, 2™ ¥z o
B2 — BogY
= wect(t?, t2x, ultmrel Lmiely

BY = BYBY =o. 0

[Am+-€] Z[4m+€] >

)
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Nilpotency of Bj

Corollary 4.8 B3 is not nilpotent, moreover (83)2 1s nilpotent of index 3
and (Bg)m . (Bg)n is not zero for any integers m,n > 0.

Proof: First we prove that (832)3 —0. Fork>2 m>0, ¢ € {0,1} we
have
(632)1 — 832 _ 6383 _ Bél)
= wvect(t, tw, t?, 2, 2, gMp ylmrel Slmre),
2
(Bs?)" = By’Bs* =B
= Uect(t2, t’z, u[4m+€]7 Z[4m+€]>7

(832)3 == 832(832832) + (832832)832 = O

To prove that (83)m #£ 0, it is sufficient to prove that for example zl €
(Bg)i for every integer ¢ > 0. We prove it by the induction: Obviously
M =ze ([3’3)1. If 21 e (Bg)i for some i > 1, then 2.z, z-2ll € (Bg)iﬂ,
since (Bg,)iJrl = (Bg)igg +---+Bs (Bg)i. From

2 — L, — (_1)i (z- xm)

we have that z[it1 € (B3)i+l. We proved that zl! € (Bg)i, and (Bg)i # 0 for
all natural ¢ > 0. Bs is not nilpotent.

Now from 2l € (BS)m: 2l e (33)n, 1 >m, j >r, and the multiplication
2l gl = L 1)el D (48] (1) pli4i-2y,

we take 7, j large enough, such that ul™7=3 or 2l#7=2 are not zero (i.e. the
indices i + j — 3 or i + j — 2 must be of the form 4k or 4k + 1, k > 0). Such
i, exist, because there are infinitely many elements of the form z[! € (Bg)m
and 2V € (B;)". We have proved that (B;)" (B3)" # 0. O
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4.3  Alt-Nil,,[0; x]

Here we construct a base of B,, = Alt-Nil,[0; z], for n > 3. After that we
compute the solvability index of B,, which is [log, n| + 1. We show that 5,
is not nilpotent and (B,)? is nilpotent of index n. All the results are in the
correspondence with the case n = 3.

Base of the free alternative
Nil,-superalgebra on one odd generator

First we consider an ideal Z,, C A, spanned by the elements W, (u1, us, . . ., uy),
Uy, Us, - . ., Uy € Ag U Ay, where

Wi (ur,ug, ... up) = Z sigN6da (0) (- - - ((Ue(1)Uo(2))Us(3))  * * )Uo(n)s

oeSym(n)

and construct a base of Z,,. Using the multiplication table for A (see Propo-
sition 3.5), we obtain from

n—1

Wizt t) = (n—=1)1> " (at))

n—1

= (n—D) " (e — it a2l
=0

n—1

= (n—1)! Z(t"_lx — it" 2B

i=0
= n! (t"ilx — "Tflt"#x[g]) ,
Wit t, ...
Wn(u[k],t, .
Wo(zW . 1) = nl¢n 1M

-
S~— ~—r
1
S S
- =
5 . 3

—
:,—\
=

that "'z — 2ot =2g B gn gn=1ylM =12 e T k > 2. Moreover,

2

and ¢" 1Bl 24 4 ”T_Qt"*?’z[‘l], t"*Q(xB]x) + ”T_Qt”"q’zm el
From the multiplication table (Proposition 3.5) we know that xt = tz—x!°
and z¥ is annihilated by central elements z¥, k > 3, therefore

W, zt, 1) = nltn 2y,
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The element z[?! is also annihilated by w[¥, &k > 3, and
zul? = (1) (ulFlg — 21214,
This implies

Wl ot t) = 22l 4 (—1)F 2

= pl (" 2y — 1M,

Compute for £ > 3

n—1
Wa@™ t, 1) = (n—1)> e @)
=0
n—1
= (n—D (i)
=0

= pl(" a4 %t”_2z[k]),

n—1
W@t t) = (=1t ((2Ma)t)
=0

n—1

= (n—1 (M) — it (Gul - 2y — L))
=0

= (" (aMg) — ”T_lt”_Q(%u[k] — 2kl — %Z[HH)).

Therefore t"~'alM 4 nodyn=2, 0k yn=1(glMg) — nodyn=2(y k] _ Hlk+1]) yn=t k]
-yl =2 0k =2y My € T,,. Multiplying by x we get

x- (tn_lx[k] + nT—ltn—2Z[k]> _ (—1)k(tn_1($[k]l‘ . x[k-i—l])
_anltnﬂ(u[k] + %Z[Hl] _ z[’“]x)),
(t”_lx[k] + ”T’lt"_2z[k]) cx = t”_l(xmx) + ”T’lt””(%z[“l} + z[k]x),

and "1l g1 (glkly) =241 4n=2y Kl € 7. Notice that for k = 3 we
also have t" 1zl "=2:Bl ¢ T,
Recall from [27] that for £ > 3

LB

L= 1) (! — 2l

P aWe) = (“1)FGuMe - Ly 4 L2,
Moreover, results of [27] also imply

(t™, 2l zFlze) =0,
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where ¢ € {0,1}, m > 1. Now, for m,4,j such that 0 < m,i,j < n — 2,
m+i+7=n—2 we get

(((tml’)ti>$[k})tj _ ((tm—i-z _gpmtiel [3]) [k])tj

1) (thrz(x[k}x . x[k+1]) . %‘thriflu[k} . ZTréfithriflz[kJrl])tj

(—
_ ( 1) (tn 2( [k}x_m[lﬁl]) _tnfs(%u[k] —jz[k]x
+2m z+3_] [k+1]))

Y

(((tm[lf[k])ti)il?)tj — ((tm-i—z [k] + itm+i_1z[k])$)tj
_ (tm+2(l‘[k]x) + mT—i-itm—i-i—lz[k—I—l] + itm+i_lz[k]x)tj
_ tn_Q(fL‘[k]$) _ tn—S(%u[k] _ (’l + ])Z[k}l‘ _ 2m+§i+3jz[k+1])7
and
()Y @)t = (i — it 1) (o))
_ (_1)k(%tm+i+1x[k] X tm+i(§x[k+2] _ et 2m+62i+lz[k]>
_tm-i-i—l(%u[k}x o mT—l—iu[k—i-l} + QWé—iz[k—‘rl]x . %Z[k—&-Q]))t]

_ (—1)k(%tn_l.’£[k] + tn—2(§x[kz+2] . x[k-f—l]x + wz[k])
n—3/1,, [k m—+i+37 . [k+1 2m—i+6j5 _[k+1
_melﬂZ[kH]))?

(™MDt = (™ (aWz) — itm+i_1(%u[k] — 2y — %z[kJr”))x)tj
(Lgmitiaghl | Lymbigle+2] | 2meSitdyi (o

_thrifl(%'u[k}l, . mTJriu[kJrl} + 27’%71'2[

%tn—lx[k} 4 %tn—2x[k+2] T 2m+52’6+3j+2tn—22[k]

k+1]x . mTJriZ[k+2]>)tj

_tn—s(%’u[k]aj . mT-H‘u[k-H] + 27%—z‘z[k+1}x . m+é+2jz[k+2])-

o1



Continue our computations modulo elements which are already in Z,.

Wolel ot ) = (=20 3 ()i
0<m,i,j<n—2
m-tit+j=n—2

+H(=DH(((m)t) M) e)
= (n—2)! Z (t"=2(2z g — g+

0<m,i,j<n—2
m—+i+j=n—2

— " ( M — (4 25) Mg — L)
= %!(t"_2(2x[k]x — gl
—(n — 2)t"‘3(%u[k} — 2Mlg — %z[k“])),
Woelza o) = =20 3 (")

0<m,i,j<n—2
m—+i+j=n—2

D)) M)
= (=2t B (gt R el

0<m,i,j<n—2
m+i+j=n—2

+tn—3(_%’u[k+1] +]Z[k+1]$—|— m%z[k—m]))
_ né(_%tn72x[k+2}_'_tn72(l,[k+1]x)
+antn—3(_%u[k+1} S L o %Z[k+2]>>.

We obtain " 2zF+2 4 (n — 2)tn =3 (Lulb 1l — Ity 4 LoD yn=2(glktily) 4
n2gn=3,k+2 € 7,,. Moreover,

Wo(@™ b, ) x = 2Bt g2 (gl g
+(n — 2)t”73(%u[k+1] _ %u[k]x _ %Z[kJrl}x)’
x Woa®, 2t 1) = (_1)k(tn—2(%m[k+2] — gl

—(n —2t" 3 (Fulfly — Lyl 4 Ll 4 L),

imply that t"3ulFlg, "3+ € T,

Observe that the values of W, (uy, ug, ..., u,), for any other base elements
Uy, Usg, - . . , Uy, do not bring new elements from Z,,. Therefore we obtain a base
of Z,,.
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Proposition 4.9 FElements

tm+nxa’

=2, k48] | n2pn=3(y [k+2] n Z[k+3] L2 (gl ¢ antn—3Z[k+3]7

)
pmtn— 1( [k+2]ZL’U),
gmn=3(y, [k+te] o ), m+o>1,
mtn— 3( [4k+-€] a)’ m+o > 1, (19)
where k >0, m > 0; ¢, 0 € {0,1}, form a base of T,,. O

Now the superalgebra B,, = A/Z, is spanned by the elements

tx?, 0<i<mn,i+oc>0,
tixMa),  0<i<n-—2 (20)
flgltmtelge gm0 <i<n—2 i+o<n-—2,

where k > 2, m > 0, ,0 € {0,1}. All other elements from (13) are equal
zero, except

tn_lﬂj — n—ltn—Ql,B]
g2, k+3] _nT—2tn73(u[k+2} + Z[k+3})’

Moreover, these elements are linearly independent since any non-trivial linear
combination of their preimages does not lie in Z,.

Theorem 4.10 The elements from (20) form a base of the superalgebra 3,,. O
The multiplication table of B, is given by that of A modulo Z,.

Index of solvability of B,

Corollary 4.11 The solvability index of B,, is [logan] 4+ 1 for n > 3.

Proof: By definition,
BO = B,.
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Fori > 0: BY™ = BY . B is spanned by

te?, 20<j<mn, j+o>0,
t(zllz?), 2 —1<j<n-2
Polimtelge i limtelge 9l _ 0 < i cn—2 j4+o<n-—2,

where £ > 2, m > 0, ¢,0 € {0,1}. Since B, = Alt-Nil,[0; z] does not
contain the element ¢", we can find 7 such that

2" =n —i:= [logyn|
and construct BY°%"V that is spanned by

t'z?,  [n/2]<j<n, j+o>0,
H(aMz?), [n/2] —1<j<n-2,
pyltmtelge i limte e pj2l —2<j<n—-2, j4+o<n-—2.

where k > 2, m >0, ¢,0 € {0,1} and

B(Moza w1 +1) _ g(flozyn]) . g(flozan]) — ()

We find out that BY'*%2"™ =0 (and BY # 0 for all 0 < i < [logyn]). O

Nilpotency of B,

Corollary 4.12 Forn > 3, B, is not nilpotent, moreover (Bn)Q 15 nilpotent
of index n and (Bn)m . (Bn)r s not zero for any integers m,r > 0.

Proof: First we prove that (Bf)n = 0. From the multiplication table for B,
(see Appendix 6) we obtain:

o (Bn)2 = B,B, = BY is spanned by

ta?, 1<j<n, j4+0>0,
t(zkz),  0<j<n-2,

Pylimelpe gimrele 0 < j<n—2 j+o<n—2

where k > 2, m >0, e,0 € {0,1} and
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(an)i _ (an)i—15n2 4+ B2 (BnQ)i_l is spanned by

tha’, 1<j<n, j+0>0,
HaMz?),  i-1<j<n-2,
Polimtelge g imrel e _0<jan =2 j4o<n—2,

where k > 2, m >0, ¢,0 € {0,1}. Now it is easy to see that
(Bﬁ)"il = (l’)’nQ)Tth")’?m2 +--+ B2 (Bﬁ)nfl is spanned by

tn—lxé"
n—3, |[dm-+e n—3 _l4dm-+e
g3y lamte] n=3lmte]

where m > 0, e, € {0,1} and

(B.2)" = 0.

Next we prove that (lS’n)Z # 0 for all i > 0. First (Bn)l = B,. Next
observe that

(Bn)i = (Bn)iillgn + e+ Bn(Bn)Fl, for 3 < i is spanned by the
elements

", i<2m+o0, 0<m<mn, o€{0,1},
tm(x[k}x"), i<2m+k+o, 0<m<n-—2, k>2 o€{0,1}
tmulrrelge i—3<2m+ (4r+e)+o, 0<m<n-—2,
r>0, o,e €{0,1}
tm el o i—2<2m+@Ar+e)+o, 0<m<n-—2,
r>0, 0,6 €{0,1}.

Like in case n = 3, it is sufficient to prove for example zl! € (E)’n)Z
for all integer ¢ > 0. The proof is valid in the same form like in case
n = 3: Obviously zl!l =z € (Bn)l. If 2l € (B,)" for some i > 1, then
oz 22l € (Bn)lﬂ, since (15’71)Z+1 = (B,)'By+-++B,(B,)". From

2l = gl g —(—1) (- 2

we have that il e (Bn)iﬂ.

We have proved that zl € (Bn)z for all natural i > 0, and so B,, is not
nilpotent.
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e Now from zll € (B,)", 2V € (B,)", i > m, j > r, and the multiplica-
tion

V) R %(_1)c(j+1)(u[i+j—3] — (_1)jz[i+j—2})7

we take i, j large enough, such that w73 or 2[+7=2 are not zero (i.e.

the indices i+ j — 3 or i+ j — 2 must be of the form 4k or 4k+1, k > 0).

Such 7, j exist, because there are infinitely many elements of the form
2 € (B,)™ and 2V € (B,)". We have proved that (B,)" (B,)" # 0. O
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5 Applications

5.1 The subspace of skew-symmetric elements of the
free alternative nil-algebra

Here we present a base of the subspace of skew-symmetric elements of the free
alternative nil-algebra using the base of the superalgebra B,, = Alt-Nil,,[0; x|
constructed in the previous section.

Let Alt-Nil, [T] = Alt-Nil,, [T; 0] be the free alternative nil-algebra of
nil-index n on a set of even generators T' and let Skew be the linear map-
ping from B, to Alt-Nil,,[T] defined in Subsection 3.1.1. Then Skew maps
isomorphically the homogeneous component BI™ of degree m of B,, to the
subspace Skew(Alt-Nil,[T,,]) of multilinear skew-symmetric elements on

Tm = {tl,tg, ce ,tm} of Alt-Nlln [T]

Theorem 5.1
The elements

Skew f(tila tizv te 7tik)7
where f = f(x) runs through the base (20) of B, k = deg(f), i1 < iz <
oo < i, form a base of the subspace Skew(Alt-Nil,[T)) of skew-symmetric
elements of Alt-Nil, [T). O

5.2 Dorofeev’s example

Here we present a Grassmann algebra corresponding to Alt-Nil3[(); ] and
show that Dorofeev’s example of solvable non-nilpotent alternative algebra
(see [1]) is its homomorphic image. We use the definition of V-Grassmann
algebra in the variety of algebras V given in [27], and show that Alt-Nils-
Grassmann algebra generalizes Dorofeev’s example.

Consider the free V-superalgebra V[0; z] on one odd generator z, then its
Grassmann envelope G(V[0; z]) belongs to V. The subalgebra of G(V[0; z])
generated by the elements

e1RL, Q... Q%,...,

is called the V-Grassmann algebra and is denoted by G(V). The following
proposition is evident.

Proposition 5.2 The V-Grassmann algebra G(V) has a base of the form:

¢y @0, |p| = deg(v),
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where v runs a (monomial) base of the superalgebra V[0; x|, = {i1,...,im},
i <ldg < -+ <, |pl=m, e, =e,e;,---€;, €G. O

A base of the Alt-Nil3-Grassmann algebra B = G(Alt-Nil3) is now given
by base (18) of the superalgebra Bs.

Dorofeev’s example was originally constructed over the ring of integer
numbers. We consider the same construction over any field of characteristic
zero. Let T'= {t1,t2,...,t,, ...} be a countable set of symbols, and let R,
be the operator of “right multiplication” which maps any word v to the word
(v)t;. A base of Dorofeev’s algebra D consists of the words

T :tl Rt' Rt y m>0,
I 1 i im
Sp = (til (ti2tis))Rt e Rt m > 27

iy im )

where n = {il,ig,...,im}, 1 <lg <o+ <l

To simplify the multiplication table, denote by ¢,, a base word in general,
that is, either r, or s,. Let u = {i1,42,...,im} and n = {j1,J2,...,Jn} be
two sets of indices. If N7 = () then denote by o(u,n) the signature of
the permutation (i1,%s,...,%m, J1,J2, - -, Jn) and by &, 7 the set obtained by
ordering indices in p Un. Otherwise, put tz7 = 0.

The multiplication table on base words is given by the rules:

(4) tyxt; = o(u, i)tﬁa
(it) for |pu| =2, t; %1, = a(i,u)sm,
(4ii) for |u| =3, ti*ry = o(i, u)(r;; + s75), and t; * s, = —0 (i, p) 7,
(iv) for any base word t,t;, || > 2, define by induction
tix (tut;) = (tixt, +t, xt;) xt;,
(v) for any base words vy, vg, v3, g, put (vy * va) * (v * vg) = 0.
Now, from (i) we easily obtain that for any base word ¢, it holds

(tp*t;) xt; =—(t, *xt;) xt;.

Moreover, it was proved in [1] that for any base word t,, |©| > 2, it holds

tix (tyxt;) = (tixt,+1t,%t;) =t
tix(tjxt,) = (t,*t;)*xt,
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Construct a homomorphism of vector spaces 1 : B — D by defining

Ve, @) = ty,
(e e, @) = [y, ti,],
(e e, @tx) = [y, ti,] * tiy,
V(e eieie, @t%) = 0,
V(e eieizeineis @ t2x) = 0,
V(e e, @aM) = [ty e, ..t
Yleg, ey, ® x[k]x) = [t tiy, - ti ] * i,
V(€1 Cigyeys @ u[4n+€}) 0,
w<eil C Cigpyeys @ Z[4n+€}> = 0.
Here [t;,,. ...t _,,t;,] denotes the “long commutator” of elements t;,, ..., t;,

which is defined by 1nduct10n.
[tivtlé] = tll tlQ t * tzla
[tim s 7tik_17 tik] = [[ti17 s 7tik_1]7 tik]'

Our objective is to prove, that ¢ is a surjective homomorphism of alge-
bras. It is clear that

U((ep @ u)(e; @) = Y(e, @ u) *P(e; ®v) =0

for any elements u, v of the base (18) of degree > 2, |u| = deg(u), |n| =
deg(v). This equality also holds when one of the elements u or v is equal to
x and another one is t2, t?z, ul*"*< or z*"*¢l. For the remaining cases let us
first compute long commutators in D, and find an explicit expression for the
rule (iv).

From the definition and properties of the s-multiplication, for any base
word t,, |p| > 2, we obtain

[t tintj] = (tu*t; —tixt,) xt; —t; = (t,xt; —t;xt,)
= (tuxt;)*t; — (L xt,) xt;
—(tjxt, +tuxtj) xti+ (t,xt;) *t;
= 3(t,*xt;) *t;.

Therefore, for p = {i1,i9,...,im}, i1 <isg < -+ < ip,
[117 ] 27“;“
[ i1 27tl3] - Z(Tu - 3#)?
[ AR 7t12k] = 2 3k717’#
[tiyy. .- %H] = 2. 3’“_1(7““ — Su),
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and for n = {i1, 2, ..., im_1},

2. 3k717’,u = [tilu cee 7ti2k] =2- 3’?*2((7,7] - SW) * ti?k - ti% * (Tn - Sn))
= 2 3k_2(<7“,u - Su) — iy, * (7“77 o 877))’
2. 3k_1(7’u - Su) = [tila ce 7ti2k+1] =2 3k—1(7,n * ti2k+1 - ti2k+1 * rn)

= 2 314:—1(70“ - ti2k+1 * Tﬂ)’

that is,
tigg * (g = sy) = —(2ru+su), [n] =2k—1,
biggys ¥ (2ry +8,) = —ru+ s, |n| = 2k,
biggyr ¥ Ty = Sp, In| = 2k,
biggrn ¥ S = Ty, In| =2k +1,

which implies for k£ > 1
£ r, o= O'(’l:,/,t)Sm, ‘:U" = Qka
O'(Z, M)(Ti,,u + Sm), |:U" =2k — L
—O'(Z,/,L)(Tm‘f—Sm), |/L| = 2k7
—o(i, 1) |l =2k — 1.

It is easy to see that 1 preserves multiplication and is surjective.
Now we can state the main result of this subsection.

ti * Su o
T

Theorem 5.3 Dorofeev’s algebra is isomorphic to the quotient algebra of the
Alt-Nil3-Grassmann algebra B modulo the ideal (B?)?. O

5.3 Alternative nil-algebras
constructed from Alt-Nil,[(); z]

Now we construct solvable alternative nil-algebras which are not associative
of arbitrary big solvability index. We use a standard passage to Grassmann
envelope over a field of characteristic zero and alternative nil-superalgebras
Alt-Nil,,[0; 2] on one odd generator x of nil-index n > 3, constructed in
previous section.

Consider B,, = Alt-Nil,,[0; z] the free alternative nil-superalgebra on one
odd generator of nil-index n > 3. By the definition, its Grassmann envelope
G(B,) is an alternative nil-algebra of nil-index n.
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Theorem 5.4 The alternative nil-algebra G(B,,) of nil-index n > 3, has a
base of the form:
g,

where v runs the (monomial) base (20) of the superalgebra B, v € {0, 1},
and g runs the base (4) of the superalgebra G, and g = 7. O

Index of solvability is consistent with that of B,,. By the definition

G(Bn)(O) = G(Bn)
G(B,)Y = GB)"VGB,) Y =vect(¢g" @u-g° @
| gﬂv gi S (GU U Gl)(i_1)> u,v € B£Z_1)>
= wect(g"g" @ uv | g%, ¢° € (G UGV, u,v e BUY),

n

Then A ‘
G(B)? =0 if BY =0
for some i > 0, i.e. for every nonzero ¢%¢” and g%, ¢° € (Go U G1)t Y, we
have ' -
G(B,)" =0« all g% @ uv = 0 < uv = 0,

for all u,v € B,

Corollary 5.5 The alternative nil-algebra G(B,,) of nil-index n is solvable
of index

[10g2 ’)’L—I + 17
forn > 3. O

Therefore the solvability index of alternative nil-algebras of nil-index n is
> [logyn| + 1. Notice that already Kuzmin’s results [9] imply that this
solvability index is > log, @

The nilpotency of G(B,) is also consistent with the nilpotency of B,,.

Recall that B,, is not nilpotent for n > 3. For G(B,,) we have
G(B,)' = G(B,),
G(B,)™ = G(B.)'G(B,) +--+G(B,G(B,),

and we show that for example ejes---e;11 ® 2l is nonzero element in

G(B,)"*!, fori > 0. Take the elements ;1 ®x € G(B,) and ejey - - - e; @zl €
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G(B,)", then from

crer- @l e @ =erer e @l x,

eir1 ®T-erey---e; @zl = (=1)lejey ey @ - 2l

we have that ejey--- e @ 2 = ejey e @ (2l — (1)’ - 21) is in
G(Bn)i'H.

Corollary 5.6 The alternative nil-algebra G(B,,) of nil-index n is not nilpo-
tent, for n > 3.
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6 Summary of the results

The aim of this work was the usage of the superalgebra method in the study
of free algebras. In this wide matters, on the free alternative superalgebra
on one odd generator, which base is known (see [27]), was focused, and some
new applications of this superalgebra were found. The free alternative nil-
superalgebra on one odd generator of nil-index n > 2 was investigated and
two basic problems were solved:

1) Finding a base of the free alternative nil-superalgebra
on one odd generator of nil-index n > 2.
2) Computing the solvability index of this superalgebra.

In addition, several applications of this superalgebra were found.

Using the base of the free alternative superalgebra A = Alt[(); ] on one
odd generator x constructed in [27], the base of the free alternative nil-
superalgebra B,, =Alt-Nil,,[(); x] on one odd generator z of nil-index n was
constructed. The multiplication table of B, was introduced, for By and Bs
were written up, and the solvability index of B,,, for n > 2 was computed.

It was started with Alt-Nily[; z] (see [16], 2009). A base of this super-
algebra was constructed and it was proved that it is solvable of index 2. It
was continued with the case n = 3 (see [17], 2010). More precisely, a base
of the free alternative nil-superalgebra Alt-Nil3[0; z] was constructed and
the solvability index of Alt-Nil3[(); ] was computed as 3. Last step was a
generalization, for n > 3. A base of B, = Alt-Nil,[); x] was constructed
and the solvability index was computed as [log, n] + 1 (see [18]). It was also
shown that, for n > 2, B,, is not nilpotent and B,? is nilpotent of index n.
It was known from Pchelintsev (see [13], 1985) that B,? must be nilpotent.
Here the first exactly computed nilpotency index was presented.

The superalgebra B,, was then used for applications. Due to the result
from [23], the V-superalgebra on one odd generator is isomorphic as a vector
space to the subspace of all skew-symmetric elements of the free V-algebra on
countable many generators. Using the base of the superalgebra B,,, a base of
the subspace of skew-symmetric elements of the free alternative nil-algebra
on a countable set of generators was described.

A nonassociative Grassmann algebra corresponding to Alt-Nil3[0; x] was
also presented and it was shown that Dorofeev’s example of solvable non-
nilpotent alternative algebra is its homomorphic image.

An infinite family of solvable alternative nil-algebras of arbitrary big sol-
vability index was constructed, for n > 3. The algebras are formed from alter-
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native nil-superalgebras Alt-Nil,[0; x], using a standard passage to Grass-
mann envelope over a field of characteristic zero. These algebras are not
associative. Till now there were no explicit examples of such algebras.

Further plans

It would be interesting to describe all skew-symmetric central and nuclear
elements in alternative algebras. Evidently, they all should be of the type
Skew f, where f € N(A) and f € Z(A) for central and nuclear elements,
respectively. Recall that not every element in Z(A) produces central or
nuclear skew-symmetric element in alternative algebra (see [27], 2007).

Following [23], for the free alternative superalgebra A = Alt[(; x] its uni-
versal multiplicative envelope Mult(.A) is considered. It can be defined as a
subalgebra of the algebra of endomorphisms End(Alt[a;z]) of the free two-
generated alternative superalgebra Alt[a; x|, generated by all the operators
Ly, R,,u € A. In fact, here the parity of the generator a does not mat-
ter. Observe that the algebra Mult(.A) inherits naturally the superalgebra
structure of A: operators L, and R, are even(odd) if and only if so is u in A.

Now for a homogeneous element f € A holds: Skew f is a central skew-
symmetric element in the free alternative algebra Al¢[T] if and only if Ry =
Ly in Mult(A). Therefore the study of operators Ry and Ly, for elements
f € Z(A), is our future plan.
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Appendix A

The computing of Bff), (Bﬁ)i and (B,)’

Solvability of B3
For k > 2, m >0, € € {0,1} we have

BY = B,
BY = BB
= wvect(t, tx, t?, 2x, x¥ gklg yltmel lmeely
(2B z -, B . glH)
(M (W) -z, uf — (xM2) 1)
BY — BB
= wvect(t?, t’z,u
(¥ — (tx) - 2 W — (W) 1)
BY = BYBY =o.

[4m+e] ’ Z[4m+£] > ’

Nilpotency of square of 55
For k > 2, m >0, € € {0,1} we have

(332)1 — 832 _ 8383 _ B:()’l)
= wect(t, tz,1*, t*z, glf] gkl g g lamete] z[4m+€]>,

(832)2 — BBy = B§2)
vect (12, 2, wlimrel | lmtel)

)

(632)3 — 832(832832) + (832332)832 —0.
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Nilpotency of Bj

(Bs) =
(Bs)" =

B;

B3B3

vect(t, tx, 12, 2z, xMa® ylimrel Bmtel s 0 m >0, £ € {0,1}),

(Bs)*Bs + By (Bs)”

vect(tx, 1, t2x, xWaf Mmrel JHmtel| s 0 m >0, £ € {0,1}),
(2B 2 - 1)

(MW — (W) -z, ul — (2Mz) - 1)

vect (1, %z, aBlz, g Wae olimtel Jmtel| s 3 >0, e € {0,1}),
(2B NA | 2Bz 2Bz 2 2. (1))
(M — (W) -z, ul — (2Mz) - 1)

vect(t2z, xWx, M ge ylmtel SBmtell s g m >0, e € {0,1}),
(zBlz, oW NA | 2z — 2. (2Blr), 2P — 2. (2Pl2))
(W @MW) -z, v — (W) - 1)

vect(xPla, xMge ylmtel Simbell B S5 m >0, e € {0,1}),
(zlz, 2P NA | 2Plz 2. (2¥2), 20 « 2. (22))
(W (@MW) -z, ul — (W) - 1)

vect(x%z, M gf P Wlmrel o0 cBmrEl s 60om > 1, e € {0,1}),
(2Plz, 29« NA | 20z« 2. (2P2), 21 « 2 - (2P2))
(2w NA Bl (2Plz) -z, b (2Plz) - 1)

vect(x!Mx, xMge b lm+el o0 Bmtell s 7 m > 1, e € {0,1}),
(2002, 2« NA | 20z« 2 (2F2), 28 « 2 - (2192))
(2P, ull — NA | 00 (@) -z, Ul — (2llg) 1)

so that fori =254+ >1, j >0, 6 € {0,1} we have

(85)'

= (By) Byt 4+ Bs(By)

i=2j48 , -
A U@Ct(tjl’é, tll’e, x[z I]I, x[k} 57 u[4m+s}7 Z[4m+1+z—:}

|j<l<3, k>i—1, 4m+e>i—-3, €€ {0,1}).

e

66



More exactly (Bg)i is spanned by the elements of the form

a1t j<m<3, ee{0,1},
2l g, g Wge, k+te>i—1,e€{0,1},
uldme] dm+e>1—3
Lamrel dm+e>i—2

where i =2j+40>1, j >0, 6 € {0,1}.
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Solvability of B,
For k > 2, m >0, € € {0,1} we have

BO)  —

B —

n

—_

BU+D

B,
B, B,
vect(t,tx, .. 1" x| 2l ¥ SR
e t(xWa), . 3 (aMa), |
pldmtel g lamiely o gy limtel |z[4m+€], Plamtely ,t”_32[4m+5]>
BOB
vect(t? x, .. 1" x|tk 2aW g3
t(zWz), 2 (W), 3 W), |
limee] ylmtely sy amte] | e fame] e fmey
BU=b . gu-b
Uect(twil,tw%“x, ot L IO L |
2 @), e (M), |
t2j_1*2u[4m+5},t2j_1’2u[4m+€]x, o 7tn—3u[4m+z-:]7 |

Jj—1_ Jj—1_
t2 22[4m+5} ’ t2 22[4m+5}

BY) . BU)

z,. .. 13 lmee)

vect(tQj,thHx, ot 21k 3yl |
2@ W), M), |
(7 =2y el P2 el 3 mee] |
$21-2 el 272 fdmeely  gne3 kel
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Nilpotency of square of 5,

For k > 2, m >0, € € {0,1} we have

B,B, = BY

vect(t, tx, t? Cx, .. ", | ¥ Wy o Sl g3 (kg |
u[4m+z—:]’ Z[4m+€] o ,tn73u[4m+5]7 tnfi’>z[4m+z-:]>7

Bn28n2 _ Bg)

vect(t?, 2, .. " ta, | taM t(aW), Sk 3 ey |
ulfl 3R] g3 LIk

(B,2)°B,2 + B,2(B,%)°

vect(t3, 3z, . 1" e, | 22l 2 (a3 3 (M )
tulkl g2lf g 3ylk] g8kl

(B2 B2+ -+ B.2(B.2)

vect(t', t'x, .. " x| £ @MW) o 3 (M), |
ti72u[4m+s}xcr’ ti722[4m+€}x07 . tn73u[4m+s]’ tn73z[4m+e]>.
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Nilpotency of B,

(B.)" = B,
(B,)” = B.B,
(B)° = (5.6, + 5. (5)
= wect{tr, t" 22" ",

2B 2Bl tm(x[k]xa), el e g plartel po

|k>2,r>0, 0<m+o<n-3, ge€{0,1}),
(Bn)4 = wvect{t* ’x,... t" 'x,

2Bl 24 tm(x[k]xe), el e g o lrtel po

|m+k+e>3,r>0, 0<m+oc<n-3, ge¢c{01}),
(Bn)5 = wvect{t?z,... t" ',

2y 218 g8 g (o)

golir+el go gm ldre] o

lm+k+e>4,r>0, 0<m+o<n-3, ge€{0,1}),
(Bn)G = wvect(t®, ... t"lx,

2Pla, 29 t(aBx), ta e (a2,

pryliriel go pmofirtel o

|m+k+e>5r>0, 0<m+oc<n-3, ge¢c{01}),
(Bn)7 = wvect{t3r,... 1" ',

2192 217 (zl7), £l

2Bl ¢2 (93[3}93), 2l 38 gm (x[k]:zig),

o lar+el e
Sy g artite o

|lm+k+e>6,r>0,0<m+o<n-—3, ge€{0,1}),
(Bn)g = wect{t',. .. t"x,

I T I

2l 2 (W), 220,

3B 3 (2P, 1321

4Bl tm(x[k]azg),
4]

U[ z, u[5]7 tm+1u[4+€} IJ’ t7’nu[47‘-i-&t]l,a7

2[5]’ 2[5]I, tm+1z[4+8]xa7 tmz[4r+s}xcr

|lm+k+e>7,r>1, 0<m<n-3, oge€{0,1}).
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Observe, that in each step 7 is the degree of the elements in (Bn)i at least ¢
(It arises that in each step z-u has degree deg(u) + 1, where u is the minimal
degree element in (Bn)l_l). So that fori =25+ >1, j >0, 6 € {0,1} we
have

(B = (B 'Bat-+Bu(B)"

(Bn)i =E vect(tIa 9t af Lt
2l g, tm(x[k]x"), e ,t"’:”(:c[k]x)
u[i—3]’ U[i_4]£13, tmu[4r+1+5]xa’ e tn—3u[4r+1+£]
Z[i—S}’ Z[i_3].l’, tmz[4r+€} IO" e tn—32[47"+6]

li<2m+k+o, i—2<2m+ (4r+e)+o, r>0,
0<m<n-—2, geec{0,1}).

More exactly (l’)’n)Z is spanned by the elements of the form

", i<2m+o0, 0<m<mn, o0 €{0,1},
tm (227, i<2m+k+o, 0<m<n—2 k>2 oe€{0,1}
trulrtelye i —3<2m 4+ (Ur+e)+o, 0<m<n—2 r>0, o€ {01}
g lartel o i—2<2m+@r+e)+o0, 0<m<n—2,r>0, ge€{0,1}.

Y
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