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Abstract

This work is concerned with the theoreti-
cal background, implementation and test-
ing of three minimal solvers that provide
the algebraic backbone for fast, robust
computation of solutions to systems of
polynomial equations. First, the reader
is familiarized with terms of the underly-
ing theory of solving some systems and
some illustrative examples. Next, | pro-
vide rundown of general approaches also
with examples, following with some spe-
ci ¢c implementations provided for the pur-
pose of this thesis. Finally, | test all three
minimal solvers with regards to speed and
numerical stability.
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Abstrakt

Tato prace se zabyva teoretickym zaze-
mim, implementaci a testovanim t°i mini-
malnich solver-, které implementu;ji alge-
braicky zaklad pro rychly a robustni vypo-
£et °e2eni soustav polynomialnich rovnic.
Nejprve se £tena® seznami se zakladnimi
pojmy teorie °e2eni n¥kterych soustav a
s n¥kterymi ilustrativnimi p°iklady. Dale
uvadim shrnuti obecnych p°istup- s p°i-
klady a nasledn¥ n¥které konkrétni imple-
mentace pouCité pro Ufely této prace. Na-
konec testuji v2echny t°i minimalni °e%fe
Z hlediska rychlosti a numerické stability.

Klifova slova: Minimalni solvery,
Polynomialni algebra s vice prom¥nnymi,
Idedly a variety, Vlastni £isla a vektory,
(Zkracené) Normalni formy, Grobnerova
baze, Resultanty, numerické algoritmy

P°eklad nazvu: Minimalni solvery se
zkracenymi normalnimi formami
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Chapter 1

Introduction

This work is concerned with the solving of systems of polynomial equations.
Such systems represent problems in kinematics, robotics, acoustics, geometry,
chemistry, mathematical biology, and other areas. We only consider systems
from geometric computer vision tasks that are described by polynomials
containing terms only with nonnegative integer exponents and nonzero coe -
cients, so more general polynomials (Laurent polynomials) are not handled.

There are plenty of methods to solve such systems, with the most impor-
tant being eigenvalue algorithms (also known as algebraic algorithms) and
homotopy continuation (which is outside of the scope of this thesis). The
eigenvalue algorithms consist of two main steps. The rst is reduction to
univariate polynomial using linear algebra operations and the second is then
nding the numerical solutions of it.

| have been provided with 3 eigenvalue algorithms (implemented in Matlab,
Maple, and Julia apiece) that handle the said systems di erently. A common
name for all of them is the so-called minimal solvers. Minimal solvers have
the property that they require minimum input to yield a solution. A classical
example is the ve-point algorithm (P5P) in epipolar geometry that uses ve
point correspondences between two views to compute the essential matrix,
which encodes relative rotation and translation. However, more geometric
computer vision problems, such as estimating transformations (rotation matrix
and translation) or di erent parameters in 3D reconstruction and motion
estimation, are studied in greater detail.

This thesis is divided as follows. In Background, | give the basic math-
ematical terminology necessary for the reader to understand how minimal
problems are solved. Then insights into the solvers are presented. In chapter
Implementation, | explain how the formulations of the problems are trans-
formed for the method in [4]. In Experiments | compare all the solvers with
respect to speed and numerical stability.






Chapter 2

Related work

The mathematics behind minimal solvers with truncated normal forms (TNF)
is covered in undergraduate text in mathematics on Ideals, Varieties, and
Algorithms by David Cox, et al. and Mr. Simon Telen's dissertation, ([8]
and [30] respectively). Truncated normal forms are originally de ned in [31],
de nition 2.2. and further expanded on in [30].

To my knowledge, the rst automatic generator (AG) was developed in [16]
The minimal solver implemented in Matlab by Evgeniy Martyushev, et al.
is available at https://github.com/martyushev/EliminationTemplates ,
see PQ] or [21]. Simon Telen with Matias R. Bender implemented the other
minimal solver in the Julia programming language as part of [4].

TNF -derived minimal solvers have been successfully employed for geo-
metric estimation problems in vision, such as absolute pose (P3P) and rel-
ative pose (ve-point essential matrix) where the underlying polynomial
systems are zeradimensionalBl]. By integrating TNF with sparse resul-
tant constructions, one can derive compact minimal solvers that rival or
outperform classic actionmatrix methods in size and numerical stability
[5]. In structure -from-motion pipelines, TNF solvers enable fast hypothesis
generation within RANSAC frameworks, directly leveraging their small eigen-
problems to produce all candidate poses from minimal point correspondences
[22].

The TNF methodology extends beyond generic systems: when the ideal Il
has fewer solutions than its Bézout bound or special structure, TNF algorithms
can adapt via modi ed resultant maps and re ned projection subspaces to
still recover all isolated roots. Recent work R2] presents algorithms for
non-generic zeredimensional ideals that reduce TNF computation complexity
by exploiting system sparsity and using blockstructured Macaulay matrices.
These advances broaden the applicability of TNF solvers to systems arising in
kinematic loop closures, multiview triangulation, and polynomial eigenvalue
problems in engineering.

Automated toolchains including implementations in SiIGNAL, Macaulay2,
and custom MATLAB toolboxes now incorporate TNF generation routines
alongside Grébnerbasis and resultantbased solvers, giving practitioners
exible choices based on problem scale and conditionindl[7/]. Ongoing research
focuses on hybridization with homotopy continuation and sparseresultant

3



2. Related work

selection schemes to further shrink solver footprints and improve runtime,
targeting real-time applications in AR/VR and autonomous navigation [ 5]. As
symbolic-numeric methods advance, TNFbased minimal solvers stand poised
to become a standard component in nexigeneration geometric estimation
and algebraic-geometry software.

In [21], many of the computer vision problems are compactly presented in
Table 1. | have arbitrarily chosen 8 of them to test all the minimal solvers
with regards to speed and numerical stability, namely Stitching, Absolute
pose (P4P + fr), Rolling shutter pose, Absolute pose quivers, Unsynchronized
relative pose, Optimal PnP (Hesch), Optimal PnP (Cayley) and Optimal pose
2pt v2. We will further investigate each of the tasks brie y in order to provide
some insight to the reader into the problem and the equations that describe
them. At the end one nds the table with columns containing the name of
each problem, a string that is used in the GitHub repository mentioned above,
number of solutions to the problem and reference to material where it comes
from.

B Stitching

Image stitching task is one where we assume multiple (possibly overlapping)
pictures taken from one camera, di erently rotated for each one (in [7] also
with unknown focal length and radial distortion). Furthermore, 3 point
references are su cient to nd the camera position. A typical example is
creating a panoramatic picture with your phone camera, but taking multiple
photos and then using them as inputs into this problem instead of using the
feature in your phone.

B 22 Absolute pose

The problem of estimating the absolute pose (position and rotation) of a
camera in the world coordinate system is one of if not the oldest and most
important in computer vision [ 6]. It further divides into more scenarios, such
as planar or non-planar scenes or (un-)calibrated camera. It is generally
referred to as PnP problem (Perspective-n-Point), where n corresponds to
how many 2D-3D correspondences are needed to provide a solution for a
speci ¢ instance of this problem (P3P, P4P, P5P, P7P [13], ...).

B 23 Rolling shutter pose

A roller shutter camera is one which does not record a whole picture of a
scene at one single instant at a time, but rather in scan lines, either vertically
or horizontally. The pattern is the same as the one on the roll shutters on
windows, hence the name.

In the rolling shutter pose task, researchers estimate the absolute pose of a
shutter camera from a picture it took while moving. Movement, in addition

4



2.4. Absolute pose quivers

to distance of objects from the camera, are variables that determine how
great the distortion is. However, the speed, with which a shutter camera

records, is so fast that the assumption of constant speed and linear movement
proved to be su cient [25].

B 24 Absolute pose quivers

The problem of absolute pose quivers is very similar to PnP problem. However,
here we employ lines or directions as well, so instead of having only n point-
to-point correspondences we also admit line-to-line correspondences. Their
combination is called a quiver, so an m-quiver would be a point-to-point
correspondence together withm line-to-line correspondences while these lines
pass through that point. This is explained nicely in [15].

B o5 Unsynchronized relative pose

The unsynchronized relative pose problem turns around two cameras, two-
view geometry and tracking a dynamic scene. There are two main reasons
for them not to be synchronized - time shift and frame rate. It is not easy
and practical put multiple cameras in sync and, moreover, one has much
more freedom if it is not necessary. For the scope of this thesis, | assume
two cameras with di erent (but constant relative) pose, tracking a dynamic
scene and also allowing a time shift between them. The exact understanding
is explained in [2].

B o6 Optimal PnP (Hesch)

Joel A. Hesch looked at the problem of estimating absolute camera pose in
a di erent way. First, he stated it as an optimization task, speci cally as
constrained non-linear least-squares minimization task. Then, he set the
criterion function to the least squares of measurement errors and proposed a
method (called DLS - direct least squares) that solves it [11].

There are two key advantages over other methods. Firstly, it provides all
solutions as minima of the cost function, so it works in the general case (i.e.
whenn  3). Note that some methods ([L4, 19, 26]) work when a unique
solution is admissible (i.e. whenn 6) or need a workaround in edge case
setups. Secondly, it requires no initialization as opposed to e.g. standard
Gauss-Jordan iterative method.

B o7 Optimal PnP (Cayley)

The goal of absolute pose estimation is understood as obtaining the translation
vector (t) in world coordinate system and the rotation matrix (R). The

5
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rotation matrix comes from special orthogonal group in 3 dimensions, which
means, mathematically speaking:

R 2 SO(3)
SOB)=fR2R® 3RTR = I;det(R)=1g

Generally, one can represent the rotation matrix by a quaternionq =
[a;b;c;d". Then, a generic rotation matrix (using Rodrigues' rotation formula
[32] around general axis (x; Uy; Uz))

? cos + u2(1 cos) UxUy(1 cos ) uzsin  uxuz(1 cos )+ uysin °
R()= guyux(l CoS )+ Uz sin cos + uf,(l cos ) Uyuz(1 cos ) uysin
UzUx(1 c€os ) wuysin  uzuy(l cos )+ uysin cos + u2(l cos)
(2.1)
is transformed into
2a2 + B 2 d? 2(bc ad) 2(bd+ ac)
Rab:c:d= 3 20bctad a2 B+ d  2(cd ab
2(bd ac) 2(cd+ ab) a? P 2+

(2.2)
Cayley parametrization uses a speci ¢ quaterniong = [1;b;c;d" to repre-
sent the rotation matrix, hence (2.2) becomes:

21 2(c?+ d?)  2(bc ad) 2(bd+ ac)
R(L:bic:d= 9 2bct ad) 1 20F+dd) 2(cd abh &  (2.3)
2(bd ac) 2(cd+ ab) 1 2(P+ )

This parametrization is useful for DLS, as demonstrated in R3]. For details
with regards to how transformation between (2.1) and (2.2) is done, | refer
the reader to [9].

B os Optimal pose 2pt v2

This again a task to nd the absolute pose of a cameraR, t) from a scene.
However, it is set up in a city where there are millions of 3D points in uencing

the result. Many of them are so-called outliers. Which points count as outliers
is usually determined according to what the reprojection error of that point

is. There are many outliers in this scenario, so more e ort is put into fast
detection (rejection) of them rather than accuracy of the estimate. Speci cally,

this is called localization. One of algorithms to tackle this task is shown in

[29], where the authors claim it to work reliably even in cases with more than
99% outliers.



2.8. Optimal pose 2pt v2

Problem name Problem string Numb.er Details
of solutions

Stitching stitching 18 [7]

Absolute pose pap_fr 16 [6]
Rolling shutter pose rollingshutter 8 [25]
Absolute pose quivers pose_quiver 20 [15]

Unsynchronised relative pose| unsynch_relpose 16 [2]
Optimal PnP (Hesch) opt_pnp_hesch 27 [11]
Optimal PnP (Cayley) opt_pnp_nakanoC 40 [23]
Optimal pose 2pt v2 optpose2pt_v2 24 [29]

Table 2.1: Table with name of considered problems along with strings under
which they can be found in Martyushev's GitHub repository, number of solutions
and reference to further detalils.







Chapter 3

Background

In this chapter, | provide pieces of the underlying theory of solving systems
of polynomial equations. First, | present some basic de nitions and terms
from the mathematics supporting the algebraic geometry, the building blocks
of which are the ideals and varieties. Next, | present more or less detailed
insight into 3 methods that not only are in the scope of this thesis, but also
approach the solution of speci ed systems di erently. Finally, few words are
given to the concept of minimal solvers in general.

B 31 Algebraic geometry

The essence of polynomial systems is a polynomial, so let us de ne precisely
what it is. A polynomial consists of monomials:

De nition 1. A monomial is the product
X = X! (3.2)

where we have generallyn variables x; to some non-negative integer powers
i. X is then the relaxed notation as substitutes the n-tuple ( 1;::; n)
that "identi es" the particular monomial.

De nition 2. A polynomial pis a nite linear sum with coe cients in some
eld F. X _
p= ¢x; g2F (3.2)
j
1. ¢ is called the coe cient  of the monomial xJ. If ¢ 6 0, then ¢! is
called aterm of p.

2. The total degree of a nonzero polynomial is the maximum j| of it's
terms and the zero polynomial has the total degree unde ned.

where x/ is a monomial as de ned above,(3.1). | denote the set of all
polynomials in variables x1; :::; X, with coe cients from the eld K with the
standard notation K [X1;:::;Xn] (from now on | will use the abbreviation K
or explicitly write out the variables). | kindly refer the reader, unfamiliar
with mathematical elds, to [1].



3. Background

B 3.1.1 \Varieties

Varieties are geometric objects that depict the solution to a polynomial system,
hence mathematically:

De nition 3 (Variety).
V(p1; i Ps) = F(X1; 5 %n)jxi 2 K 8i;pj(xq;::5xn) =0 8jg  (3.3)

where V (py; ::5; ps) is the variety de ned by s polynomials py;:::; ps. Vari-
eties follow 2 important rules, namely that the intersection and the union of
two varieties is again a variety:

Lemma 1. Given two varieties A(p1;:::ps) and B (qu; :::; o), their intersection
and union are also varieties:

A\ B
Al B

V(P1; :Ps; O 55 G (3.4)
V(pig 8ij) (3.5)

Next, | give two examples to demonstrate varieties. The rst one is a
curve in R? called the nephroid ([3]), which is a speci ¢ type of more general
epicycloid® with two cusps and you can nd it in a daily situation - a nephroid
appears at the bottom of a co ee mug when sun rays enter it and re ect o
the inner side of the cylinder-like shape.

The nephroid is de ned by the following implicit equation:

(x?>+ y?  4a%)% =108a’y? (3.6)
or equivalently (parameterically):

x( )= a (3cos() cos(3))
y()=a (3sin() sin(3)) (3.7)
0 <2

with " a' being a parameter that relates to the scale of the curve. If you set
a=1, then you obtain exactly the curve in picture 3.1. In terms of what has
been set up above, we have:

= our eld K settoR, as the coe cients in (3.6) are 1;1 and 4a on the
left hand side and 108* on the right hand side.

= two variables - x and y.

» a variety de ned by one polynomial - V((x2+ y? 4a%)° 108&%y?).
Note that we have to move terms to one side since one must have 0 on
the other, see the de nition 3. This, however, is a trivial transformation
and always possible.

To illustrate Lemma 1, assume we hav&K = R, polynomials from R[x;y; z]
and three varietiesV; = V(x);V> = V(y) and V3 = V(z), which represent
yz-plane, xz-plane and xz-plane in 3D, respectively. They are in Figure 3.2.

10



3.1. Algebraic geometry

Figure 3.1: A nephroid curve shown in red, touching a blue circle, with radius
2, on the x-axis.

In the next picture (Figure 3.3), you can see their union and intersection in
magenta and blue color.
We obtain their intersection as follows:

Vi(x)\ Va(y)\ Va(2) =
(Vi(x)\ Va(y) \ Vs(2) =

(3.8)
V(xy)\ Va(z) =
V(x;y;2)
and the union:
Vi(x) [ Va(y) [ Va(2) =
(Vi(x) [ Va(y)) [ Va(2) = (3.9)

V(xy) [ Vs(z) =
V(xyz)

The intersection is understood as all points where all of the varieties vanish
at the same time, so we group together all the polynomials and consider it
new variety. In 3.8, we had 3 varieties, each in just one variable. First, we
groupedV; and V; to get V (x;y), which is the z-axis, and then we intersected
this z-axis with the xy-plane. The resulting variety is V (x;y; z) that vanish

Lhttps://en.wikipedia.org/wiki/Epicycloid

11



3. Background

Figure 3.2: Three varieties in di erent colors. In red is the yz-plane, i.e. all
points from the setf (0;y; z)jy; z 2 Rg. Similarly, xy-plane is in blue and xz-plane
in

only at the origin, as we have 3 easy equationsx =0;y=0andz =0 -
that have no other possible solution.

For the union, however, it su ces that at least one of them vanish, so we
pair each polynomial from one variety with each one from the other to ensure
this. In 3.9, we rst unionize V; and V,, getting V(xy). This variety vanish
everywhere, wherex = 0 or y = 0, hence havingyz-plane and xz-plane as
it's solution. Note that, at this point, the variable z can admit any value as
it does not in uence the solution to the equation xy = 0. The last step is to
connectV (xy) and V3. This is easy straightforward as each one contains only
one polynomial, so we multiply xy with z to obtain V (xyz). Equivalently,
this is solution to the system of polynomial equations with only one equation
- Xyz = 0. The possibilities are that one, two or all three of the variables are
0. If only one variable is equal to 0, then we get the corresponding canonical
plane. In the case when two are 0, we get the corresponding axis (e.g.= 0
and z = 0 means we nd ourselves at they-axis). Lastly, when all of the
variables are equal to O, we obtain the origin, common to all three of the
original varieties.

12



3.1. Algebraic geometry

Figure 3.3: The intersection (blue) and union (magenta) of varietiesVy; V, and
V3.

B 3.1.2 Ideals

Ideals are algebraic objects connected to varieties. Generally, an ideal has to
satisfy three conditions:

De nition 4 (ldeal). An ideal is a subsetl K [x1;:::;Xn] such that:
1. 021,

2. 8p;r21) p+r21,

3. p212r2K[Xg;i5xn]) p21l.

Next, ve useful categories of ideals are used in the context of polynomials:

De nition 5. There are ve important kinds of ideals in the context of
polynomials:

1. Principal ideal Ipincipar iS any one that is generated by only one
element:

I principal = hpai; p12 K (3.10)
2. Prime - A prime ideal |pme iS One that suits:

(I'prime K2Apr2ilpime)) (P2 lprime _ T 2 Iprime): (3.11)

13



3. Background

3. Primary - A primary ideal | primary K satis es:

8p;r2K 9M 2 N:pr2 lprimary ) P2 lprimary " 2 Iprimary :
(3.12)

4. Radical - A radical ideal | radicai (denoted with the square root symbol
I') is the set B
Il =fp2Kj9n2 N:p" 2 1g: (3.13)

5. Maximal - Anideallis called maximal if | 6 K and for another ideal
J K we have

1(J) J=K (3.14)
Having a system
pl - 01
p2 - 01
(3.15)
ps =0;

we have two ways of obtaining an ideal. The rst is directly putting the left
side of the system as a basis:

(o )
hpy; i psi = ripijri 2 K[Xxq;::5Xn] 8 (3.16)
i=1
and the other is to take the variety rst, then creating ideal out of it, de ned
as:
De nition 6 (ldeal of a variety) Let's have a variety V K, then the set

(V)= fp2 Kjp(X1;::5;Xn) =0 8(Xz;::5Xn) 2 Vg (3.17)

is called the ideal of V .
Ideals 3.16 and 3.17 are related as

hos;iipsi 1V (P1s i ps))s (3.18)

meaning that | (V (ps1;:::; ps)) can contain polynomials which we are not able
to write as element of the set from 3.16.

The system 3.15 is also called @asis of the ideal Equation 3.16 or
generators of the ideal. There may be multiple basis to an ideal, but changing
the basis does not change it's variety:

hpy; i psi = g ) V(pasiiips) = V(ro o) (3.19)

One especially useful, called the Groébner basis, is described below in 3.2.1.
This idea may be familiar with vector span in linear algebra with the di erence
being the multiplication by polynomials instead of scalars.

14



3.2. Methods of solving systems of polynomial equations

B 32 Methods of solving systems of polynomial
equations

In this section | provide rundown of some methods that somehow provide
solutions to polynomial systems described earlier. First, | familiarize the
reader with Grobner basis, as | am most familiar with it. Next, another
approach called Truncated Normal Forms is discussed. That is the most
recent one. Finally, the oldest one is described. The resultant method, in the
modern sense, dates back to 18th century, to the work of Etienne Bézout.
After reading this chapter, the reader should be to spot what method is used
if given an algorithm.

B 3.2.1 Grobner basis

A Groébner basis is a particular kind of generating set for an ideal in a
polynomial ring over a eld, providing a powerful algebraic tool for solving
systems of polynomial equations. Given an ideal in a polynomial ring K, a
Grébner basisG for | is a set of polynomials with the same ideal as it's span,
but with special properties that make it particularly useful for polynomial
division and solving algebraic systems.

The Buchberger's algorithm is the one that computes this basis and comes
from the PhD thesis of Bruno Buchberger in 1965. The Grobner basis itself is
named after his adviser Wolfgang Grobner. Sometimes, one may nd the term
standard basis , because the Japanese mathematician Heisuke Hironaka
developed an analogy in 1964 {[2]). The algorithm is motivated by two
problems that arise in case of dividing a polynomial by more than one divisors
in more than one variable. Formally, we want to express given polynomialp
as

p=upi+ +Gpt (3.20)

wherep; pg; 5 pj;r 2 K. Ther is commonly called the remainder andoy; 235 g
are referred to as the quotients. One can nd the complete algorithm that
achieves this in B] in chapter 2, but the two problems that are encountered
is that both the quotients as well as the remainder might change depending
on how we orderpy;:::; pj. Before we introduce the Buchberger's algorithm,
it makes sense to de ne or explain key concepts in advance as they facilitate
the understading.

B Monomial ordering

The reader should be familiar with the polynomial long division algorithm,
where both the dividend and the divisor are rst reordered in decreasing power
of x. This is easy as there is only one variable, so it su ces to compare two
integers. Monomial orderings are necessary to clarify the relation betweer
and x , which reduces to comparing; 2 Z", (see 3.1). Besides being able
to order monomials, a monomial ordering is required to respect operations
on polynomials that we use - sums and products. However, multiplication
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3. Background

distributes over addition, so in this case, we only need to consider what
happens in multiplication of a polynomial by a monomial. All of these
properties are considered in the de nition 7.

De nition 7 (Monomial ordering) The relation > on the set of monomials
X ; 2 Z",is amonomial ordering if:

1. (x >x )M (x >x )) x >x (transitivity)

2. (> n~ 2Z2")) + > +

3. Exactlyoneofx >x ,x =x andx <X istrue.

4 8A N';A6;;9 2A8 2A; 6 : >

The last point in the de nition is referred to as a well-ordering . The
second point encodes the multiplication of polynomial by a monomial. If it
was not in the de nition, ordering of terms could change after multiplication.
In another words, one wants all the original exponent vectors to be shifted
equally after the multiplication. Next, it is noteworthy to de ne 3 commonly
used monomial orderings that suits the de nition 7:

1. lexicographic ordering  (>ex): Assume that ; 2 Z",. Then > |
if the leftmost nonzero entry of 2 Z" is greater than 0. Quick
example:
(2;9;7,0) (4;6;0;1) Ar-SreY .0 7 —
X <lex X , (4;6;0;1 2;9,7,0) =
lex (4 . ) (2 . ) (3.21)
=(2; 3 T7;1), W'X°Z > WXY
2. graded lexicographic ordering (>griex): Assume that ; 2 Z",,.
Then > grlex If
|
X] . . . . X“ . . . . .
i=ii>ii= i GI=10% >ex ) (3.22)
i=1 i=1

Graded lexicographic order prioritizes the total degree of monomials (i.e.
the sum of the exponents) and decides lexicographically in case the total
degrees equal.

3. graded reverse lexicographic ordering (> greviex): Assume that
; 2 Zno. Then > grev|ex If

|
X0 X
i=ji>jij= i _ ( j=] jand the rightmost
i=1 i=1
nonzero entry of 2 Z" is negative)
(3.23)

Again, here the total degree is considered rst, and if two monomials
have it equal, then we go from the least important variable to the most
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3.2. Methods of solving systems of polynomial equations

important one, meaning
X1 > greviex X2 = grevlex > grevlex Xn
m (3.24)
(1;0;:::;0) > grevlex 0;1;::;0) > grevlex > grevlex (0;::5;0;1);
and where the rst variable with di erent power in both monomials in

encountered, we declare the one with smaller power as greater than the
other.

For each of the monomial orderings, there ara! ways of ordering the variables,
so people usually considex > y> z, buty> z> xis equally valid.
After we x the monomial ordering, we can talk about more necessary terms:

P
De nition 8. Letp= c x 60 with monomial ordering >
= Multidegree of p:
mdeg(p) = mgxf jterms of pg (3.25)

= Leading coecient  of p: LC(p) = Cmdeg(p)
= Leading monomial of p: LM (p) = xMded(P)

s Leading term of p: LT (p) = LC(p) LM (p)

To summarize this section, let us identify the terms in two di erent mono-
mial orderings on one polynomialp = 3wxy3z  7x%y*z +2w?y* x3y2z2 2
R = R[w;X;y; z]:

= First considering the graded lexicographic ordering> grex (W >x>y >

z), the terms of p would be ordered as
p= x%?%z2 7x%y*z+2w?y* + 3wxy3z
with
mdeg(p) = (0;3;2;2)
LT (p)= x%?z°2R
LC(p)= 12R
LM (p) = x3y?z?2 R
The total degree ismax(7;7;6;6) =7 = j(0; 3;2; 2)j
= On the other hand, if we consider the graded reverse lexicographic
ordering > greviex (W > x>y >z ) now, things change a bit:
p= 7x%y*z  x3y?z% +2w?y* + 3wxy3z
where

mdeg(p) = (0;2;,4;1)

LT(p)= 7x*%*z2R

LC(p= 72R

LM (p) = x%y*z2 R

The total degree stays the samemax(7;7;6;6) =7 = j(0;2;4; 1)
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3. Background

B S-polynomial

The S-polynomial is a special kind of polynomial designed to cancel the
leading terms of the two input polynomials and it is used in the Buchberger's
algorithm to compute a Grdbner basis. We rst need to de ne the least
common multiple of monomials.

De nition 9 (Least common multiple) Let x ;x 2 K be monomials. Then
the least common multiple  of x ;x is denoted and de ned as

LCM (x ;x )= x; j=max( i; i) 8i (3.26)
De nition 10 (S-polynomial) Let p;q2 K. Their S-polynomial is de ned as:

LCM (LM (p); LM (q)) LCM (LM (p); LM (q))
LT (p) LT (9)

To illustrate how one can create the S-polynomial, assume two polynomials
p; g2 R[X;Vy;z] and the standard lexicographic ordering>ex (x>y >z ):

S(p;q) =

(3.27)

p=6x%y?z 2xy?z°

3.28
q=3x3%z*+5y3z (3.28)
Then,
LCM (x2y2z: x3yz* LCM (x2y2z: x3yz4
S(piq = M UYZXVZ) (2y’zixdyzt)
6x“y<z 3x3yz
x3yzz4 x3yzz4
Texeyzz Poaxdys 97
= %(XZ3)(6X2y22 2Xy223) %(y)(3X3yZ4+5y3z) — (3.29)
s S Rk T
3 3
- %Xzyzze gy4z

B Buchberger's algorithm

This algorithm takes the set of s polynomials € py; :::; psg) from K and possibly
the monomial ordering as input, although in most literature the monomial
ordering is already assumed to be xed beforehand, and outputs the Grobner
basis of the idealhpy;:::; psi Assuming the reader is familiar with what has
been declared above, the Buchberger's algorithm is simple and short, so let
us present it straight away:
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Input: An ideal F = Hq;fo;unfsi2 Kxa; i Xnl,
A monomial order > _
Output: A Groebner basis G for the ideal F

function Buchberger(F, > ).

G = F
DO
G' =G
FOR each pair (p, 9), p 6 q in G' DO
r = S(pa
if r 6 0 then
G = G[ {r}
while G = G'
return G

end function
Listing 3.1: Buchberger's Algorithm for Computing a Grébner Basis

Finally, S(p; q)G denotes division of S(p; ) by elements of G. Generally, the
Grobner basis is not unique, however there exists the reduced Groébner basis,
which is unique to an ideal, where the unnecessary generators are omitted.
Again, this is similar to nding a base to linearly dependent set of vectors.
The Grobner basisG has the property that dividing p2 K by G, we recieve
the remainder r, which is unique. Moreover, if V(1) is nite the Buchberger's
algorithm outputs G such that it contains a univariate polynomial and often
even more

On(Xn)
On 1(Xn;Xn 1)
On 2(Xn;Xn 1;Xn 2) (3.30)

so it is then simple to retrieve all the solutions.

B 3.2.2 Truncated normal forms

We start o with couple of de nitions. Throughout this section, assume that

K = C[x1;:5xp] and | is such that V(1) is nite (also zero-dimensional).
Before we de ne (truncated) normal forms, it is necessary to rst introduce
an auxiliary term, an exact sequence:

De nition 11 (Exact sequence)In group theory, the sequence groups and
group homomorphisms

f1 f2 fn

Go!™ G11'? Gy ' G,

is calledexact at G; if im(f;) = ker(fj+1) and exact if it holds for all i.
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3. Background

A fundamental algebraic fact is that K=I is a nite-dimensional C-vector
space if and only ifl is zero-dimensional (i.e.l de nes nitely many points
counting multiplicity). Let dimc(K=I)= . Then for any p 2 K, multiplica-
tion by p induces aC-linear map

M¢ :K=I'! K=Il;, (g+ 1) 7! fg + 1

which in a xed basis of K=I becomes a matrix. A classical result is
that the eigenvalues of the multiplication matrices My, recover the coordinates
of the solutions in V(I). In practice, one rst xes a basis of the quotient
(or a normal form for K=I) and then builds the action matrices My,. The
common eigenpairs of these commuting matrices give all solutions. Now we
can de ne normal form and it's restricted version, TNF.

De nition 12 (Normal form). A normal form on K=l is a linear map
N :R! B K with B being a vector subspace of dimension over C such
that Njg =id g and the sequence

or 11 RINB1 0
is exact.
De nition 13 (Truncated normal form) Let B \% K, where B and
V are nite dimensional vector subspaces,x; B V; 1 i n and
dimc(B) = dime(K=l) = . A truncated normal form on V=l is a linear

map N :V ! B such that the sequence
or 1vwvti viNB1 o0

is exact and Nig = idg. That is, N is the restriction to V of a normal form
w.r.t. |.

Thus N projects V onto B along thel \ V. If in addition x; B V for
all i, then My, : B! B given by b7! N(xib) is well-de ned and coincides
with multiplication by x; in K=I . In this way a TNF encodes the quotient
structure K=l via linear algebra onV. In fact, one can show that if a linear
map N :V ! C satis es conditions

m kerN |\ V,
B 9v 2 V suchthat v+ | is a unitin K=l ,
= Njw :W! C is surjective,

then one can restrict it to a subspaceB W of dimension to obtain a
TNF. In practice, W is chosen as the maximal subspace &f closed under
multiplication by the x;:

W=fp2V:x;2V;1 i ng (3.31)

Geometrically, R=I is the coordinate ring of the variety V(l), and the
basis B of R=I corresponds to a choice of free monomials or functions
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3.2. Methods of solving systems of polynomial equations

distinguishing the points. In classical Grobner basis methods one choos&
to be the set of standard monomials for some term order. In border basis
approaches one chooseB to be an order ideal of monomials closed under
division, without specifying an overall order. Border bases are more exible
than Grobner bases (they are not tied to a single term order) and are known to
o er improved numerical stability. Truncated normal forms further generalize
this by allowing B and V to consist of non-monomial basis functions. For
example, if many of the roots lie in a real interval or box, one may choos® of
Chebyshev or orthogonal polynomial basis functions to improve conditioning.
In e ect, a TNF is just a projector onto a complement of 1\ V, and any basis
of that complement (monomial or not) can be used.

B Example
Consider the system inK = C[x;y]
| = X%+ y? Lx i (3.32)

This consists of a unit circle and the linex = y. The Fﬁiézmrgibound
is 2, and indéegd thgg are two solutions: (x1;y1) = (1= 2;1= 2) and
(x;¥) =( 1= 2; 1= 2). A TNF approach proceeds as follows. Choose
V = sparf 1; x; y; x2; xy; y2g (all monomials up to degree 2) so thatl \ V has
codimension = 2. One nds by linear algebra a mapN :V ! C? whose
kernel contains| \ V. A suitable basis of the quotient isB = f1;xg, because
in K=I we havex = y and x? = 1 (from x?+ y2 = 1), sof 1;xg spansK=I .
The TNF projection gives the action of x:

X 1=x; x x=x?= = (modl): (3.33)
In the basis f 1; xg, the multiplication matrix is
o 3 .
10 (3.34)
whose eigenvalues are 1=IO 2. These indeed are thex-coordinates of the two
solutions (andy = x). From the eigenvector one recovers each full solution.

This simple example illustrates how a TNF (even one using just monomial
basis here) yields the companion matrix whose eigenvalues gives the answers.

B 3.2.3 Macaulay's Resultants

A resultant is a scalar invariant that encodes whether two (or more) polyno-
mials share a common root in a given variable and, by extension, it provides
a mechanism for eliminating that variable from a system. Historically, the
idea originates in the 19th century work of Sylvester and Bézout. Given two
univariate polynomials

p(x) = amx™ + + ag; g(X)= bx"+ + Iy (3.35)
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3. Background

one constructs the Sylvester matrix

2 3
am am 1 aO
am am 1 do
syipa=g ab’; @m 1 2 (3.36)
bh bh2 o
bh bh2 o

where the rst n rows are the coe cients of p shifted and the next m rows
those ofg. The resultant

Resx(p; q) = det(Syl(p; q) (3.37)

vanishes if and only if p and g have a common root in some algebraic closure
of the base eld. In other words,

Res(p;d=0 0 9  2K[x]:p( )= q( )=0: (3.38)

B Elimination via Resultants

BecauseRes, (p; ) vanishes exactly whenp and q share a root inx, one can
eliminate x from the system

p(x;y)=0;
a(xy) =0 (3.39)

by treating them as polynomials in x over the ring K [y] and computing

R(y) = Resx(p(X;y); d(x;y)): (3.40)

The resulting univariate polynomial R(y) in y has exactly thosey-values for
which there exists anx making both original equations zero. One then solves
R(y) = 0 and back-substitutes to recover the corresponding-values.

B Multivariate and Higher Resultants

The notion of a resultant extends to more than two polynomials or more than
one variable, though the constructions become more intricate (e.g. Macaulay
or Dixon resultants). In essence, one builds a large structured matrix whose
determinant vanishes precisely when the given family of polynomials has a
common solution. These multivariate resultants are key in computational
algebraic geometry for symbolic elimination without recourse to Grébner
bases.
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3.3. Minimal solvers

B Example
Given
p(x;y)= x2+yx+1=0;

axy)= x+y? 3=0; (3.41)

view both equations as polynomials inx with coe cients in C[y] (i.e. p;q2
Clyllx]). Here, the degp = 2 and degiq = 1, so the Sylvester matrix is

(2+1) (2+1) matrix whose rst block of rows (only 1 row) are the
coe cients of p and the next two rows belong toq;

1 3
Sylbg=41y> 3 0 & (3.42)
0

Then by construction, we have
Resc(p;d) =det(Syl ,,() =0 (0 9 x:f(xy)=d(xy)=0: (3.43)

Next, let us compute the resultant:

Res,(p; 0) = y> 3 0 =

O Rk

(3.44)

2
y? 3 +1 y y* 3 =
*y® ey?+3y+10

y

We obtain univariate polynomial in y of degree 4. The polynomial was solved
numerically and has two realy;.» and two complex solutionsys.4:

y* vy 6y2+3y+10=0 =) y;=2
yo 20796 (3.45)
Y3:4 1;5398 0;1826

Finally, we take eachy;, substitute it back to the original system 3.41 and
solve two equations inx to retrieve the corresponding values ofx

Xx1= 1
X2 1:3247 (3.46)
X3:4 0:6624 0:5623:

Macaulay's resultants generalize this process onto systems of equations in
n variables.

l 3.3 Minimal solvers

Minimal solvers are specialized algorithms that solve systems of polynomial
equations arising from geometric constraints, using only the absolute minimum
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number of feature correspondences required to obtain a nite solution set.
These problems typically reduce to nding the roots of a zereadimensional ideal
in a polynomial ring, for which algebraic techniques such as Grébner bases or
resultants are employed to derive compact action matrix or determinant-based
solvers.

Because they target the smallest feasible input ( minimal problem size ),
they produce a xed, small nhumber of candidate solutions rather than a
continuous family. This niteness is essential for integrating into RANSAC-
type frameworks, where thousands of hypotheses are tested, and each must
be fast to compute.

A problem is called minimal if the number of independent constraints
equals the number of unknown parameters, yielding a nite solution count in
the generic case. For example, the Perspectiv€hree-Point (P3P) problem
uses exactly three 3D 2D point correspondences to determine camera pose
(position + orientation) in space. Similarly, the ve -point algorithm for
essential matrix estimation requires exactly ve matched points between two
calibrated views to solve for relative rotation and translation up to scale. In
RANSAC, sampling fewer points per hypothesis increases the chance that
the sample is free of outliers, thus reducing the number of iterations needed
to nd a good model. Minimal solvers directly accelerate robust estimation
by minimizing the sample size.

Most modern minimal solvers are generated automatically via the action
matrix method (a Grobner-basis style approach) or via sparse resultant con-
structions. In the action matrix approach, one (a) formulates the polynomial
equations for the constraints, (b) chooses a monomial basis for the quotient
ring, (c) constructs linear equations for multiplication by a chosen variable,
and (d) builds a small eigenvalue problem whose solutions yield the unknowns.
Alternatively, sparse resultants exploit the Newton-polytope structure of
the polynomial system to derive smaller determinant formulations. Recent
work shows that adding an extra wellchosen polynomial and performing
a Schurcomplement reduction can yield even more compact solvers than
standard action-matrix methods.

Minimal solvers provide the algebraic backbone for fast, robust geometric
estimation in computer vision. By tailoring polynomial -system solvers to
the smallest problem size, they enable e cient hypothesis generation in
RANSAC, yield closed-form (or small eigenvalue) formulations, and continue
to evolve through automated generator tools, sparseesultant techniques, and
novel problem parameterizations. Below is a brief list of some applications,
examples, available tools or recent advances:

= Essential Matrix  (Five-Point Solver): Computes relative camera pose
from ve point correspondences. The classic Nistér solverd4] remains a
cornerstone in structure-from-motion pipelines.

s P3P (Three-Point Pose): Determines absolute camera pose from three
known 3D points and their image projections R7]. Yields up to four real
solutions.
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Integration with RANSAC : Minimal solvers are central to robust esti-
mation, and hybrid schemes combine minimal sampling with noaminimal
re nement [28] (LO-RANSAC) to balance speed and accuracy.

Event -Camera Motion  (Five-Point Eventail Solver): A recent minimal
solver for eventcamera egemotion [10Q] jointly estimates line parameters
and velocity, improving robustness in high-speed scenarios.

Resultant -Based Methods : Emerging approaches use sparse resul-
tants and Newton polytopes to derive highly e cient solvers, sometimes
outperforming Grobner-basis based ones in size and numerical stability

[5].

Automated Solver Generators . Libraries like PoseLib [18] provide
tool-chains for generating, optimizing, and benchmarking minimal solvers
across dozens of geometric problems.
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Chapter 4

Implementation

In this chapter | brie y describe the implementation of the three solvers, that
were provided to me, together with my implementation of tests.

B 41 ZeroDimSolve (Maple)

This one is implemented in Maple by my supervisor, doc. Ing. Toméa? Pajdla,
Ph.D. and looks like the following:

fB2Coffs := proc(f,B)

local m, t;

s t := table(zip((a,b)->b=a,[coeffs(f,B,'m")],[m]));
map(b->"if (assigned(t[b]),t[b],0),B)

end proc:
ZeroDimSolve := proc(F)
local J, o, B, f, fBmJ, Mt, V, N, C, S;
J := Polynomialldeals[Radical](Polynomialldeals|

Polynomialldeal](F));
o := tdeg(op(indets(F)));
B := Groebner[NormalSet](J, o)[1];
f := add(zip((x,y)->y*x, convert(RandomVector(nops(o)),
list), [op(0)]));
fBmJ := Groebner[NormalForm](map(b->f*b, B), J, 0);
Mt := Matrix(map(f->fB2Coffs(f, B), fBmJ));
V := LinearAlgebra[Eigenvectors](evalf(Mt))[2];
V = V . (LinearAlgebra[Matrixinverse](LinearAlgebra|
DiagonalMatrix](V[1])));
;= Groebner[NormalForm]([op(0)], J, 0);
:= map(n->fB2Coffs(n, B), N);
:= [ListTools[Transpose](map(c->convert((Matrix(c)) .
Vv, list), C)), op(o)];
end proc;

noz2
T

fB2Coffs is a helper method that returns the coe cient vector of f in basis
B. The ZeroDimSolve procedure expects system of polynomial equatioris,
returning solutions in S. This solver works properly under two assumptions.
First, V(F) has to zero-dimensional, i.e. only nitely many points lie on the
variety and, secondly, there are no repeated solutions.
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On the rstline, J is the radical ideal of FFi. Next, ois set to the > greyiex
monomial order and B is the monomial base ofK [X1;:::; Xp]=J. On the next
few lines, the multiplication matrix M; is assigned. Then the eigenvalues and
eigenvectors ofM are numerically evaluated. On the line 17, the variables
are reduced into the normal basis, producing coe cient vector C. Finally,
the solutions are then obtained from the normalized matrixV and C.

B 42 EigenvalueSolver (Julia)

Algorithm 2 in Bender & Telen (2022) [4] is an eigenvalue-based solver that

and returns a candidate set solutions of the polynomial systenf (x) =0 in
the algebraic torus (C )" (meaning the set contains all the true solutions, but
there might be some fake ones). The algorithm works by building a Macaulay
matrix M (F;E;D) for the system and performing linear algebra to extract
the multiplication operators and their eigenstructure. | describe it's steps of
Algorithm 2 according to my understanding:

= Macaulay matrix and cokernel (steps 1§): First, the algorithm gen-
erates a random mixing matrix O of size( ;jE;j) j Dj and multiplies
it with the Macaulay matrix M (F;E ;D) to form a compressed matrix
Mo = M(F;E;D) O. Intuitively, this projects the large Macaulay
matrix into a smaller space while preserving its kernel. Next, it com-
putes the (right) cokernel of this compressed matrix via a singular value
decomposition (SVD). The cokernel represents linear relations among
the rows of M (F; E; D) and will serve as a basis for the quotient algebra
of the system.

= Choosing fo and computing N, (steps 4 8): The algorithm then
picks a generic (random) elementf o in the polynomial spaceR”°. This
fo plays the role of a generic linear form used to de ne a basis. It
computes the matrix N¢, = Coker(F;E;D) M (fo;Eo;D). In essence,
N¢, applies the multiplication-by-f o operator (restricted to supports Eg
and D) to the cokernel basis. A QR-decomposition with column pivoting
is performed onN¢,. This yields an upper-triangular factor R, of full
rank (of size , where is the number of solutions) and a column
pivot permutation p. The pivot columns ps;:::;p identify a subset
B  Eo of exponent vectors. These exponents form a basis of the
quotient space (one for each solution).

= Building multiplication matrices (steps 9 12): With the basis B
in hand, the algorithm loops over each exponent ; 2 Ag (where Ag =

0; 2;:::; « is the chosen support containing the origin). For each |,
it forms the matrix

Ny g = Coker(F;E;D) M (x¥;B;D); (4.1)
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representing multiplication by the monomial x i on the subspace spanned
by B. It then solves the linear system RJX = N, .5 Qo by back-
substitution (where Qg is the unitary factor from QR). The solution X
de nes the compressed multiplication matrix M, ; in the Ro-basis. In
this way, the algorithm obtains all multiplication-by- x i operators on
the quotient algebra (for j 2 Ag).

= Forming random eigenvalue test matrices (steps 12 15): Next, the
algorithm takes random linear combinations of the computed multiplica-
tion matrices. It sets

Mg = c My (4.2)

and similarly My, with a di erent random combination. These matrices
Mg and My commute with each other (under the admissibility condi-
tions) and thus share eigenvectors. The algorithm computes the distinct
eigenvalues 1;:::; of Mgy and the corresponding left-eigenspacey
(one for each eigenvalue).

= Extracting solutions  (steps 16 24): For each eigenvalue ;, the algo-
rithm nds the intersection of the corresponding left-eigenspaceV , of
Mg with that of My, via the subroutine GetEigenspace(). If the resulting
spaceV is non-zero, thenV is (generically) a one-dimensional eigenspace
corresponding to a single solution. Letm = dim(V). The algorithm
chooses a random test matrixT of size m and computes, for each
j =1;:::;k, the matrix

M= VM T(VT) * (4.3)

The average trace jj = trace(lf/l,-)=m then gives the value ofx i at
the solution, because it equals the eigenvalue of multiplication byx i
on that eigenspace. Finally, knowing all j; for the generators inAg,
the algorithm recovers the actual solution coordinates ; 2 (C nf0g)"
by solving the relations 2.3, 2.4 of the paper. This yields one candidate
solution per eigenvalue. All such ; are collected into the output setZ.
By Theorem 2.2 of the paper, this setZ is guaranteed to contain every
true solution of F in (Cnf0g)".

The table 1 in [4] de nes 5 classes of polynomial systems in which |
categorized the systems representing selected tasks. The EigenvalueSolver
package implements solving functions for each category. The names t the
following - solve_XY_***** where XY 2 f Cl;OD g and *****

2 f dense; mixed; multi _ dense; multi_ unmixed; unmixed g. Be aware that
not all combinations are possible. CI stands for complete intersection, which
is the same as saying that the given system has equally many equations
as variables. OD stands for overdetermined. However all of the selected
problems fall into the dense category.
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4. Implementation
B 43 Elimination templates (Matlab)

An elimination template is essentially a coe cient matrix (often a Macaulay
matrix) that transforms a system of polynomial equations into a form suitable
for constructing an action matrix. The action matrix's eigenvectors correspond
to the solutions of the original system. The key advantage of elimination
templates is that they can be precomputed and applied to any instance of a
problem with the same monomial structure but varying coe cients, which
proved to be very fast, see 5,31]. Below is displayed one from Matlab (for
complete implementation see the GitHub repository or [21]).

[C,U,dU] = coefs_p4p_fr(data)

M1 = data{l};
M2 = data{2};
M3 = data{3};
C = (4,20);

C(25) = M1(1)*M2(1)+M1(2)*M2(2)+M1(3)*M2(3)+M1(4)*M2
(4);
C(26) = M1(1)*M3(1)+M1(2)*M3(2)+M1(3)*M3(3)+M1(4)*M3
(4);

C(39) = M2(9)*M3(25)+M2(13)*M3(21)+M2(10)*M3(26)+M2
(14)*M3(22)+M2(11)*M3(27)+M2(15)*M3(23)+M2(12)*M3(28)+
M2(16)*M3(24);

C(71) = M2(9)*M3(29)+M2(13)*M3(9)+M2(10)*M3(30)+M2
(14)*M3(10)+M2(11)*M3(31)+M2(15)*M3(11)+M2(12)*M3(32) +
M2(16)*M3(12);

C = C./repmat( ( (C.* (©),2)),1, (C,2);

Listing 4.1: A snippet of elimination template creation

data encodes the specic task parameters. From the row 7 on, the rst
part of elimination template is computed. Outside it is passed to another
function that creates an action matrix, eigenvalues of which determine the
tasks solutions. The whole process takes only few lines of code in Matlab, so
it is easily understood.

 https://github.com/martyushev/EliminationTemplates
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B 44 Tests

All of the tests were done in the same language as their solver implementation.
To test the numerical stability, | have extracted the solutions into .csv les
and then handled them separately in Python with the NumPy library. The
python le Solution_comparator.py, attached to the thesis, implements couple
of functions that handle .csv les. Be aware, that it may not be in working
state, as the le was continuously changing. It should only serve as insight
into the matter. For testing of the speed, | used time measuring libraries in
the programming languages of the solvers

= Matlab - timeit() function
= Maple - Usage[RealTime]() from the package CodeTools
= Julia - @time and @btime from package BenchmarkTools

The EigenvalueSolver outputs a set of candidate solutions, so it was nec-
essary to nd the true solutions somehow in order to compare them with
solutions from the other solvers. This was implemented in the function
match_rows_by distance() , that takes two numpy arrays of complex num-
bers and matches the solutions one with another (as the name suggests, one
row represents one solution, as it was ensured in the tests that they were saved
in he correct format). Other than that, it contains functions implemented
much earlier, which do not solve this, and some helper function to trim or
sanitize the .csv les, so NumPy can read them.
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Chapter 5

Experiments

In this chapter | present the results that | was able to achieve in the available
time span. Note, that with two ( Optimal pose 2pt v2 and Unsynchro-
nized relative pose ) tasks out of the 8 selected there occurred errors in
the Julia package that | was not able to resolve myself (such as running out
of memory when calling the solver or referencing invalid indices and couple
others...) as | am not experienced enough in the Julia programming language
to modify the solver implemented by someone else. Therefore, | decided to
discard them from the experiments, leavingOptimal PnP (Hesch) , Opti-
mal PnP (Cayley) , Absolute pose , Absolute pose quivers , Rolling
shutter pose and Stitching in the pool of tasks. Everything in this chapter
was tested on a machine with 16 GB of RAM and AMD Ryzen 5 5600 6-Core
Processor running at 3.50 GHz. First, in the table 5.1 is category of each of
the six tasks as de ned in [4] and described above in 4.

Notice, that it is the most restricted class that the systems t into. That
does not mean they can not t into more general class and indeed it happened
when testing, for example, the absolute pose problem. Both the functions
solve_CI_dense and solve_CI_mixed returned di erent sets of candidate.
Interestingly, the one from solve_CIl_mixed contained exactly 16 elements
(so, it could not be smaller, see 2.1) as opposed to the other with 36.

Absolute pose Cl - dense | 36
Absolute pose quivers Cl - dense | 57
Optimal PnP (Cayley) OD - dense| 40
Optimal PnP (Hesch) Cl - dense | 27

Rolling shutter OD - dense| 8

Stitching Cl - dense | 81

Table 5.1: Categorization of tasks into classes from4] and size of the largest
candidate set.

B 51 Numerical stability

To test the solvers against each other, | have picked one random dataset,
distributed it to all the solvers and examined the solutions afterwards. This
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5. Experiments

was done for each of the tasks. However, in order not to introduce dozens
of seemingly random tables, let the following one summarize the numerical
stability. In this part of testing, | have generated a random dataset in Matlab
and converted it into formats suitable for the tests in the other programming
languages. Then | run the tests and saved the returned solution into .csv les
and matched the solutions as mentioned above. Note, that this was done for
all pairs of solution sets, because they di er in the order of solutions, at the
very least.

The table 5.2 presents values representing the total relative error, com-
puted across all matched solutions and all variables. As shown in2fl], the
elimination templates from Matlab are numerically accurate. Notice that the
EigenvalueSolver is also very accurate, few orders more than the ZeroDimSolve.
However, Maple does not target numerical accuracy.

Julia $ Matlab | Matlab $ Maple

Absolute pose

1.221751e-10

2.041053e-10

Absolute pose quivers

3.423370e-10

4.835119e-06

Optimal PnP (Cayley)

2.760135e-08

3.872734e-05

Optimal PnP (Hesch)

1.128568e-11

8.818869e-07

Rolling shutter

1.910939%e-11

2.526061e-12

Stitching

1.104621e-12

2.625615e-12

Table 5.2: Total relative error of all solutions provided by comparison of two
di erent solvers.

B s2 Speed

To test the speed of the solvers, | used already implemented time measuring
functions (look at 4.4 to see which ones). | have run the tests multiple (>10)
times and averaged the time over the runs. Results of this phase are in table
5.3.

It is also possible to call the solving function for more generic systems
which also return correct candidates, but takes much longer time to nish.
For example, | have tested this on the absolute pose problem, which ts into
Cl-dense category. Measuring the time spent in the corresponding function
yielded 71,497 ms. However, one can also obtain a feasible candidate set by
calling solve_CI_mixed , which is not as restrictive, but takes around half a
second to nish. That is around 7 times slower.

The testing of the EigenvalueSolver was split into two parts. The rst
values consist of time that the solver spent creating the admissible tuple with
nding the solution itself and the second only shows how much time was spent
solving the system. Observe, that when testingOptimal PnP (Cayley) it
took more time to only solve the system than with the creation of admissible
tuple. | can thereby con rm the behaviour, explained in [4], section 4.2.1.,
which may happen for overdetermined systems. So it is no mistake.
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5.2. Speed

The EigenvalueSolver was much slower in comparison with the elimination
templates and in scope of our systems, because the number of solutions, that
the systems we work with have, are much lower than where the solver shines,
which is around couple of hundreds. This is to be compared with table 4
in [4], for example. The ZeroDimSolve is the slowest as the computation of
Grobner basis is generally very slow.

All of the solvers proved to be numerically stable, but there are clear
di erences with regards to speed and time.

EigenvalueSolver
Task / Solver - solve... ZeroDimSolve | Matlab

& Algorithm 2 only
Absolute pose 71,497 & 7,884458 136,120000 | 0,292825
Absolute pose quivers 146,463645 & 14,272391 104,001 0,341182
Optimal PnP (Cayley) 31,211236 & 74,025717) 0,518000 1,130988
Optimal PnP (Hesch) 19,071680 & 4,591700| 172,880000 | 0,442684
Rolling shutter 7,134899 & 4,883463 22,000000 | 0,183761
Stitching 100,306998 & 15,305004 58,002050 | 0,192021

Table 5.3: This table contains information about how long it took each solver
to produce the solution, with the unit being milliseconds (ms).
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Chapter 6

Conclusion

At the beginning, | have familiarized the reader with a cluster of tasks from
computer vision. Next, | provided insights into the mathematical background
that covers the implementation of minimal solvers in practice, with some
speci c ones. In 4, | explained the speci ¢ implementations and my way of
testing of the techniques. Finally, | demonstrated the behaviour, speed and
numerical stability in particular, of the minimal solvers in experiments (5).

The EigenvalueSolver takes the second place with regard to speed as the
polynomial systems we are working with in this thesis having very small
amount of solutions and the construction of admissible tuples takes up
remarkable time. The ZeroDimSolve, on the other hand, is slow due to the
computation of Grébner basis. All of the minimal solvers are numerically
stable, but the EigenvalueSolver and Matlab elimination templates are few
orders of magnitude more precise than ZeroDimSolve.
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