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Abstract

Main topic of this work is modeling and
calibration of cameras for autonomous
driving. It summarizes theory needed for
the task of both internal and external
calibration. This theory is used for mod-
eling and calibration of middle-FOV and
wide-FOV cameras. It includes tangen-
tial and equidistant projection models and
polynomial and division model of radial
distortion. For calibration of wide-FOV
cameras are presented methods for initial
estimate of camera parameters based on
minimization of reprojection error caused
by large radial distortion. For both types
of camera is proposed method for esti-
mation of relative pose of two cameras
based on observation of planar objects
by both cameras from different positions.
All methods are verified on multi-camera
platform in laboratory environment.

Keywords: Camera calibration, camera
modeling, Calibration of multiple
cameras, autonomous driving
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Abstrakt

Hlavnim tématem této préice je modelo-
vani a kalibrace kamer pro autonomni
fizeni. Prace shrnuje teorii potfebnou pro
zjisténi interni a externi kalibrace kamer.
Tato teorie je vyuzita pro modelovani a ka-
libraci kamer s normalnim objektivem i 8i-
rokouhlym objektivem typu rybi oko. Mo-
delovani zahrnuje ekvidistantni a tangen-
ciadlni model projekce a polynomialni a po-
dilovy model zkresleni. Pro kalibraci Siro-
kouhlych kamer jsou predstaveny metody
pro pocatecni odhad parametru zalozené
na minimilizaci reprojektivni chyby zpu-
sobené velkym radidlnim zkreslenim.Pro
oba typy kamer je predstavena metoda
pro odhad relativni pozice dvou kamer,
kterd je zalozena na pozorovani vice rovin
obéma kamerami z rtiznych pozic. Metody
kalibrace jsou verifikovany na pohyblivé
kamerové platformé v laboratornich pod-
minkéach.

Klicova slova: Kalibrace kamer,
modelovani kamer, kalibrace vice kamer,
autonomni tizeni

Preklad nazvu: Kalibrace vice kamer
pro autonomni rizeni
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Chapter 1

Introduction

Geometric calibration of multiple cameras mounted on a vehicle is a neces-
sary prerequisite for vision-based perception system for autonomous driving.
Camera perception systems are widely used in field of autonomously driven
vehicles. Advantage of camera as perception system is that it collects large
amount of data about surroundings of vehicle. With recent development
of machine learning, especially of convolutional neural networks, these data
can be segmented and classified effectively. Information about road, other
vehicles, pedestrians, traffic signs and many other things can be extracted
from the data. Image data are combined with depth information, which is
obtained either by Lidar or by reconstruction from multiple camera views.
Generally there are many types of cameras with different technical parameters
and physical properties, that are used. In this place calibration of cameras
comes in use, so that connection between image and real physical world can
be made. This means that measurements like distances between objects and
dimensions of objects can be done. Also information from multiple cameras
and Lidar sensors can be fused. 3D reconstructions from cameras can become
more imporatant for autonomous driving after study from Cornell university
[1] suggested it as cheaper alternative for Lidar sensors. This work focuses
both on internal and external calibration of multiple cameras.

. 1.1 Goals of this thesis

First goal of this thesis was to study theory of mathematical modeling
and calibration, which can be applied on multi-camera moving platform



1. Introduction

in laboratory that consists of both middle-FOV and wide-FOV cameras.
Second goal was to use this theory to propose method for intrinsic and
extrinsic calibration of those cameras. Last goal was to verify these methods
in laboratory environment using correspondences given by coded markers.
Further motivation that exceeds scope of this work is to adapt these methods
to use real-world objects instead of markers for calibration. This would mean
that calibration could be done outside of laboratory without preparation.

. 1.2 Sources for this thesis

This work mainly builds on theory presented in Multiple view geometry
by Hartley and Ziessermann [2]. Calibration of middle-FOV camera was
performed according to Zhang’s [3] procedure. For calibration of wide-FOV
camera was studied paper by Ch. Mei and T. Rives [4] but in the end their
method wasn’t used. Regarding calibration of multiple cameras a paper by
E. Malis and M. Vargas [5] about decomposition of homography induced by
plane was studied and some ideas from this paper were tested.

. 1.3 Structure of this thesis

Theoretical concepts of camera modeling needed for calibration such as
projection models and radial distortion are described at Chapter 2. Chapter
3 is about methods for calibration of camera internal parameters. Existing
methods and some new approaches for calibration are introduced and tested
on middle-FOV and wide-FOV cameras. Chapter 4 describes method for
calibration of relative pose of two cameras, which is based on observing
multiple planes from two views by both cameras. Chapter 5 describes technical
background of this thesis. Final chapter is conclusion of this work.



Chapter 2

Theoretical background

. 2.1 Introduction

This chapter presents theory that is used for modeling of camera projection
and for calibration of camera model parameters.

. 2.2 Camera model

In this work camera is modeled from perspective of geometrical optics. Cam-
era model is mapping between 3D world and 2D image. It consists of rigid
transformation of world points into camera coordinates, central projection,
distortion model and affine transformation between camera internal 2D coor-
dinate system and image coordinate system. Block scheme of camera model
can be seen at Figure 2.1.

world Camera Projection Distorted

coordinates 3D coordinates 3D coordinates 2D coordinates 2D Ic’ggrgdeinates 0

E— K external ———»  Projection model —» Distortion model ~——» K internal e

Figure 2.1: camera block model
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B 2.2.1 External calibration matrix

External camera calibration matrix [2] Kcy € R3%4 represents rigid transfor-
mation between 3D world coordinates and 3D camera coordinates. It contains
parameters, which describe rotation R and translation ¢ between world and
camera coordinates systems. This information can be interpreted as camera
position and orientation in space. Matrix can be written as

1 Ti2 T3t
Kept = |21 122 123 t2| = [R’t} ) (2.1)
r31 r3z T3z t3

where t = —Rc and c is position of camera centre in world coordinates. The
transformation is performed as matrix multiplication

LT
Tc
Ye | = Kept Y . (22)
Ze f}

Coordinates with ¢ subscript are in camera coordinate frame. Coordinates
with w subscript are in world coordinate frame.

B 2.2.2 Central projections

We are considering central projection model only. A camera projection is
mapping between 3D points and their 2D projection. We are using two types
of projection — tangential and equidistant. In this section uppercase letters
X, Y, Z are used for 3D points and lowercase letters u, v are used for 2D
projections. Further we define

R=VX21YV? (2.3)
r = Vu? + v?

a =arctan2(R, Z), (2.5)

where R is distance between optical axes and 3D point, r is radius of point
in image plane and « is angle between ray from camera centre to 3D point
and optical axes.



2.2. Camera model

B Tangential projection

The first projection we used is tangential projection [2], Figure 2.2. This
projection can be used for modeling cameras with rectilinear or almost
rectilinear lenses with low radial distortion. This projections maps 3D points
to their projections on image plane perpendicular to optical axis. Projection
is given by formula

r = tan(a), (2.6)

O-1) e

which leads to

y
Image plane X
XP/
C P
O o
f z

Figure 2.2: Tangential projection

B Equidistant projection

The second projection used in this work is equidistant projection [6], Figure 2.3.
This projection can be used for modeling cameras with lenses with significant
radial distortion (e.g. fisheye lenses). This projection maps 3D points to
surface of unit sphere with centre identical to camera centre. Advantage of

5



2. Theoretical background

this projection is that it can project points from all around the camera so it
can model even spherical lens. Projection is given by formulas

r=ao (2.8)
and
U a (X
SRTI R
Y
X
xp/.

C P -

Figure 2.3: Equidistant projection

B 2.2.3 Radial distortion

Process of image creation cannot be fully described by projection, because
lenses generally perform more complex projection. This behaviour causes
distortions in images. In this work only radial distortion is considered. For
each point on image plane the radial distortion can be described as a function
of radius of this point f(r). Radius of the distorted point is

rqg =rf(r). (2.10)

Generally the function f(r) has unknown parameters that need to be esti-
mated.



2.2. Camera model

B Polynomial distortion model

The first method is polynomial model [2].The Function f(r) is approximated
by polynomial (2.11). The distortion is described by 3 parameters k1, ko, k3.

P(r) =1+ kyr? + kor® + kar® (2.11)

For the purposes of camera calibration an inverse function for the polynomial
distortion is needed. It is approximated by polynomial (2.12). Coefficients of
this polynomial are obtained by following procedure by Drap and Lefévre [7]

Q(r) =1+ byr? + bor® + byr® (2.12)
by =~k (2.13)
by = 3k% — ko (2.14)
by = 8kiky — 12k — k3. (2.15)

I Division distortion model

Second method for distortion estimation is division model [8]. Advantage of
this model is its easy invertibility and only one parameter to be estimated.
Forward transformation (distortion) is

r = r (2.16)

L+ \/1+ A5

where ) is parameter of distortion, r4 is radius of distorted point, d,, is radius

of circle in image that is not changed. The inverse transformation is
1—A
r=——73T4q (2.18)
1-— )‘E

(2.17)

Td

(2.19)

Il 2.2.4 Internal calibration matrix

Internal calibration matrix [2] K;,; € R3*3 represents affine transformation
between camera internal coordinates and image coordinates. It contains

7
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parameters which describe properties of the camera sensor. These are scales
of axes oy, ay, skew s and position of the image centre g, yo. The matrix
can be written as

Qg s X
Kint: 0 Oy Yo | - (2.20)

Uim Uq
Vim | = Kint | va | - (2.21)
1 1

. 2.3 Camera calibration

Calibration of camera is a process of determining unknown parameters of
camera model. This process is based on taking pictures of object with known
geometrical properties and significant points which can be detected. These
detected points are reprojected by camera model. Parameters of model
are determined by minimization of reprojection error. Formally it can be
expressed as

p" = argmin f(z, p). (2.22)

f(x,p) is objective function, x is set of coordinates of detected points and p
is set of camera model parameters.



Chapter 3

Internal camera calibration

. 3.1 Introduction

This chapter describes methods of internal camera calibration. These methods
provide modular approach to camera calibration. Depending on situation
different models of cameras and distortion can be used. These methods were
verified by several experiments. For all experiments calibration board with
chessboard pattern was used. Example of the calibration board is at Figure
3.1. Results of these experiments are at the end of this chapter.

250 4
500 4
750 4
1000 4
1250 +
1500 +

1750 +

[+] 250 500 750 1000 1250 1500 1750

Figure 3.1: Aruco calibration board
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B 3.2 Utility function

In Section 2.3 we introduced calibration as an optimization problem. The
specific instance of utility function that is used in this chapter is

1 “ o
fproj dist = WZ > |lo — projectionyro dist (Tgrids Ris ti, K, Paist)||>-
=112 =1 zeX;

(3.1)

Expression (3.1) represents RMS of projection error over all detections. De-
pending on situation it is fiun poty for combination of tangential projection
and polynomial distortion, fiun 4y for combination of tangential model and
division distortion, feq o1, for combination of equidistant model and poly-
nomial distortion, feq 4ipy for combination of equidistant model and division
distortion. X is set of detections for image 7, 4,4 is grid point corresponding
to detection x, R;,t; is pose of camera relative to grid for image ¢, K is internal
calibration matrix, P are parameters of the distortion model.

. 3.3 Middle-FOV cameras

In this section methods for middle-FOV cameras are introduced. Middle—
FOV camera is usually rectilinear with low radial distortion so tangential
projection was chosen to model it. For distortion both division and polynomial
model were used. Calibration was done in the way of Zhang’s flexible camera
calibration [3]. Multiple images with different position of calibration board
were used. First internal calibration matrix K is estimated directly from
multiple views of calibration board. With known K pose of camera R, t
relative to calibration board is obtained for each image. Then radial distortion
is estimated after pose. With known initial values projection error is optimized
by a numerical optimization method method.

10



3.3. Middle—-FOV cameras

B 3.3.1 Initial estimation of K

Zero skew parameter and fixed aspect ratio was considered for calibration so
matrix w was estimated as

w1 0 w2
w=1|0 w w3]. (3.2)
W2 W3 W4

Linear constraints given by homographies between detected image points and
grid point coordinates were used for estimation of w. Homography for each
image can be written as

H=[h hy hg. (3.3)
Each homography than adds 2 constraints [2] on w

hlwhy =0 (3.4)

hfwhy = hlwhs.

These constrains form homogeneous system of linear equations Aw = 0. This
system is solved by total least squares method using SVD of matrix A. Finally
the matrix K was computed from

wt=KKT (3.6)

by Cholesky decomposition.

B 3.3.2 Pose estimation

With known matrix K pose of camera in relation to calibration board can
be obtained using Zhang’s method [3]. Transformation between board and
image coordinates can be written as

U
s|lv K[rl Ty T3 t]
1

o 8
—
o
\]
S~—

H

K [7“1 ro t] . (3.8)

11



3. Internal camera calibration

For each image, pose can be than extracted from homography as follows

r= MK "1hy (3.9)

ry = AK "1hy (3.10)

r3 =171 XTg (3.11)

t=AK"'hy (3.12)

—1 —1 —1
)\ = (HK h1||-2FIIK h2||) _ (3.13)
Now we have pose in form of translation vector and rotation matrix

R = [7"1 9 7‘3} (3.14)

which as computed does not necessarily fulfill condition RTR = I so it is
approximated by rotation matrix Q [9] that is the nearest matrix fulfilling
mentioned condition in the sense of Frobenius norm.

B 3.3.3 Distortion model parameters estimation

Last step of internal calibration is to estimate parameters of a distortion
model. This part is different for polynomial and division model.

B polynomial model

Polynomial model parameters were obtained using least squares method [10]
from equations

k1T2 + k2T4 + k37‘6 =7rg—T. (315)

Undistorted points are computed as projection of gridpoints and distorted
points are computed using inverse transfomation K from image detections.
Each pair of points generates one equation for their radii.

B division model

Initial estimate of division model parameters was done by minimizing pro-
jection error. Parameters obtained in previous sections were used. Initial
value for division model were set to A = 0. Estimated value was obtained by
minimization of objective function (3.1) with respect to A.

12



3.4. Wide—FOV cameras

B 3.3.4 Overall optimization

Last procedure is overall optimization to refine estimated parameters. This
procedure has two parts. One part is optimization of R and t for each
image with fixed K and distortion parameters. Other part is optimization
of parameters K and distortion parameters with fixed R and t. Objective
function for this optimization is (3.1). These two parts can be iterated until
convergence.

. 3.4 Wide-FQOV cameras

In this section methods for wide-FOV cameras are introduced. Wide-FOV
camera has curvilinear mapping so equidistant projection was chosen to model
it. For distortion were used both polynomial and division model. Methods
from previous section couldn’t be used because of high radial distortion. For
initial estimate of parameters we tested different methods. In all methods
fixed aspect ratio and zero skew in internal calibration matrix are assumed.

B 3.4.1 Initial estimation of K and distortion

This section presents methods which use minimization of reprojection error to
estimate internal parameters. First method is based on plane fitting. Second
method is based on estimation of homography between grid coordinates and
rays that corresponds to detected points in images.

B Calibration with planes

In this approach the fact that corners of calibration chessboard lie in lines in
real 3D world and that each of these lines can be viewed as intersection of
chessboard plane with plane that goes through camera centre is used. It is
considered that each of the corners is at least in one vertical and one horizontal
line. Also detected positions of these corners in image are known and can be
assigned to their grid position on chessboard, therefore sets of points that lie
in one line are known. Inverse distortion and projection is applied on each

13



3. Internal camera calibration

of these sets and 3D rays are obtained. Those 3D rays are fitted with plane
that goes through camera centre. Each ray gives one constraint on the plane
and these constraints form homogeneous system of linear equations An = 0.
Normal vector n of this plane is found by total least squares using SVD of
matrix A. Now dot product is used to project 3D rays to this plane. Then
projection model and distortion is applied to obtain image positions of these
plane points. Now euclidean distances between original detections and these
projected points are measured. RMS of these distances over all points and all
lines is minimized with respect to scale a, and image centre zg, yo. Image
centre is initialized with imagzwidth ,image;"eight. Scale was initialized by guess
based on image observation. Then with these parameters fixed the error is
optimized with respect to distortion parameters. Distortion parameters are
initialized to O.

B Calibration with homography

Second approach was to estimate homography between 3D rays and grid
points. As in previous method 2D detections were transformed to 3D rays.
Homography between those 3D points grid points was estimated. 3D rays and
corresponding grid points make constraints on homography. These constraints
form homogeneous system of equations Ah = 0. Homography is obtained by
total least squares using SVD of matrix A. Grid points were transformed by
homography and projected to image. Error is computed the same way as in
previous section. The parameters «,, xg, yo and distortion parameters were
found as in previous method.

B One way calibration with homography

This approach is similar to previous one, however it does not transform
image detections to 3D rays instead it directly projects grid points to image.
Homography is in this case part of the optimization and it was initialized with
identity matrix. This method was intended to avoid inversion of distortion
model which is not precise. Optimization is needed to be bounded, otherwise
it does not converge.

14
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B 3.4.2 Pose estimation

Now with known estimate of matrix K, the camera pose can be estimated.
First inversion of equidistant model is applied to detected points to transform
them to rays. Homography between grid points in homogeneous coordinates
and these rays is estimated. Pose is then extracted in similar way as for
middle-FOV camera

r = \hy (3.16)

o = Ao (3.17)

r3 =11 X7y (318)

t = AK 'hg (3.19)
-1

N\ = (w) , (3.20)

Rotation matrix is approximated to fulfil condition RTR = I.

B 3.4.3 Overall optimization

This part is same as for middle-FOV camera. Only the projection model
is equidistant. Objective function is expression (3.1). Both polynomial and
division model of distortion are optimized with equidistant projection.

B 35 Experimental results

In this section are presented results of experiments.

B 3.5.1 Middle-FOV camera calibration

Tables 3.4 and 3.5 presents results for calibration with polynomial and division
distortion model and corresponding projection errors respectively. Figure

15



3. Internal camera calibration

3.5 presents visualisation of projection errors for calibration with polynomial
model.

Err; s Qg X0 Yo kq ko ks
1.07 2767.45 1156.25 1035.61 -0.0046 -2.6635 0.6738

Table 3.1: Projection error and resulting focal length, image centre and polyno-
mial model parameters

Err,, s Ol X0 Yo d, A

1.37  2764.83 1156.62 1035.61 100 -0.0052

Table 3.2: Projection error and resulting focal length, image centre and division
model parameters

0 500 1000 1500 2000

Figure 3.2: Visualisation of projection errors for each point. Error vectors are
multiplied by 30 for better visibility

B 3.5.2 Wide-FOV initial parameter estimation

This section presents results of initial parameter estimation for wide-FOV
cameras. Estimated were focal length, image centre and polynomial distortion
model parameters. Tables 3.1 — 3.3 presents in order estimated scale of axes
and image centre, parameters of distortion model and projection errors.
Figures 3.2 — 3.4 presents visualization of projection errors for each method
in the same order as in tables.

16



3.5. Experimental results

method Oy X0 Yo
planes 839.46 1260.87 961.79
homography 827.70 1257.05 958.67

one way homography 841.22 1271.97 963.62

Table 3.3: Resulting focal length and image centre

method ki k; ky
planes 0.0053 0.0060 -0.0051
homography 0.0083 0.0067 -0.0055

one way homography -0.0102 0.0214 -0.0089

Table 3.4: Resulting parameters of polynomial distortion

method Erryms  Errpps(with disotortion model)
planes 1.03 0.50
homography 4.36 1.36
one way homography  2.95 1.90

Table 3.5: Projection errors

250

500

750

1000

1250

1500

1750

0 500 1000 1500 2000 2500

Figure 3.3: Visualisation of projection errors for each point for method with
planes. Errors for vertical lines are yellow. Errors for horizontal lines are red.
Error vectors are multiplied by 50 for better visibility.

17



3. Internal camera calibration

Figure 3.4: Visualisation of projection errors for each point for method with
homography. Error vectors are multiplied by 30 for better visibility.

Figure 3.5: Visualisation of projection errors for each point for one way method
with homography. Error vectors are multiplied by 30 for better visibility

B 35.3 Wide FOV camera calibration

Tables 3.6 and 3.7 presents results for calibration with polynomial and division
distortion model respectively corresponding projection errors. Figure 3.6

presents visualisation of projection errors for calibration with polynomial
model.

18





































































