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MASTER‘S THESIS ASSIGNMENT 

I. Personal and study details 

474744 Personal ID number:  Procházka  Ondřej Student's name: 

Faculty of Electrical Engineering Faculty / Institute: 

Department / Institute:    Department of Cybernetics 

Cybernetics and Robotics Study program: 

Cybernetics and Robotics Branch of study: 

II. Master’s thesis details 

Master’s thesis title in English: 

Trajectory Planning for Autonomous Landing of a Multirotor Helicopter on a Boat  

Master’s thesis title in Czech: 

Plánování trajektorie pro autonomní přistání vícerotorové helikoptéry na loď  

Guidelines: 

The thesis aims to tackle the problem of path and trajectory planning for autonomous landing of a multirotor Unmanned 
Aerial Vehicle (UAV) on top of a catamaran Unmanned Surface Vehicle (USV). UAV helicopters might be soon become 
useful in autonomous scanning and gathering litter from the surface of water bodies. Autonomous UAV docking onboard 
a small ship becomes a challenging and vital sub-task of such a large endeavor. This thesis will focus on the problem of 
designing an approach and safe landing strategy that could cope with the nonlinear motion of a boat on a wavy water 
surface. The thesis consists of the following tasks: 
• Familiarize yourself with the MRS UAV System [1] for control, estimation, and simulation of multirotor helicopters. 
• Study the existing approaches of autonomous trajectory generation and planning for autonomous landing of a UAV on 
top of a moving USV. 
• Prepare a realistic simulation environment in the Gazebo/ROS simulator that includes a catamaran boat. Prepare a 
path-following feedback controller for the boat in order to automate testing during development. 
• Define a set of estimated states (e.g., the USV’s position, velocity) that are needed for autonomous landing on the boat. 
The requirements will be conveyed to a fellow student, the designer of a state predictor for the USV. 
• Design and implement a method for automated path and trajectory generation for autonomous landing of a quadrotor 
UAV on top of a moving catamaran USV. 
• Verify the proposed system using the simulation environment. If possible, given the current social situation, and if the 
hardware allows, conduct experiments using a real-world robotic setup. 

Bibliography / sources: 

[1] Tomas Baca, Matej Petrlik, Matous Vrba, Vojtech Spurny, Robert Penicka, Daniel Hert and Martin Saska. The MRS 
UAV System: Pushing the Frontiers of Reproducible Research, Real-world Deployment, and Education with Autonomous 
Unmanned Aerial Vehicles. Journal of Intelligent & Robotic Systems 102(26):1–28, May 2021. 
[2] Tomas Baca, Petr Stepan, Vojtech Spurny, Daniel Hert, Robert Penicka, Martin Saska, Justin Thomas, Giuseppe 
Loianno and Vijay Kumar. Autonomous Landing on a Moving Vehicle with an Unmanned Aerial Vehicle. Journal of Field 
Robotics 36(5):874-891, 2019. 

Name and workplace of master’s thesis supervisor: 

Ing. Tomáš Báča, Ph.D.    Multi-robot Systems  FEE 

Name and workplace of second master’s thesis supervisor or consultant: 

   

Deadline for master's thesis submission:   10.01.2023 Date of master’s thesis assignment:   25.01.2022 

Assignment valid until:   30.09.2023 

___________________________ ___________________________ ___________________________ 
prof. Mgr. Petr Páta, Ph.D. 

Dean’s signature 
prof. Ing. Tomáš Svoboda, Ph.D. 

Head of department’s signature 
Ing. Tomáš Báča, Ph.D. 

Supervisor’s signature 

© ČVUT v Praze, Design: ČVUT v Praze, VIC CVUT-CZ-ZDP-2015.1 



III. Assignment receipt 
The student acknowledges that the master’s thesis is an individual work. The student must produce his thesis without the assistance of others,
with the exception of provided consultations. Within the master’s thesis, the author must state the names of consultants and include a list of references.

.
Date of assignment receipt Student’s signature

© ČVUT v Praze, Design: ČVUT v Praze, VIC CVUT-CZ-ZDP-2015.1 



iv

Acknowledgements

First and foremost, I would like to express my gratitude to my supervisor, Ing. Tomáš
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Abstract

This thesis focuses on the design, implementation and veri�cation of trajectory plan-
ning for the landing of an unmanned multirotor helicopter on the deck of a moving
boat. The work builds on an already existing system that provides accurate esti-
mation and prediction of vessel's states, as well as a system of precise autonomous
control of an Unmanned Aerial Vehicle (UAV). The main focus of this work lies
in designing a trajectory generator that uses Unmanned Surface Vehicle (USV)'s
states and creates trajectories for the unmanned helicopter. The concept of Model
Predictive Control, which takes advantage of an optimisation problem solver based
on �rst-order solution methods, is utilised in the process. This allows the use of a
relatively accurate model of the UAV to describe its dynamics. Thanks to that, it
is possible to include position, orientation, linear velocities and Euler rates in the
planning of the trajectory. The trajectory generator is capable of creating trajecto-
ries from take-o� to touch-down while all the computations are performed onboard
the UAV in real-time. The overall system's functionality is veri�ed in di�erent sim-
ulations and real-world experiments.

Keywords Unmanned Aerial Vehicles, Unmanned Surface Vehicles, Trajectory Plan-
ning, Model Predictive Control, Landing

Abstrakt

Tato pr�ace se zab�yv�a n�avrhem, implementac�� a ov�e�ren��m syst�emu pl�anov�an�� trajek-
tori�� pro p�rist�an�� bezpilotn�� multirotorov�e helikopt�ery na palub�e pluj��c�� lodi. Pr�ace
navazuje na ji�z existuj��c�� syst�em, kter�y poskytuje odhad a predikci stav�u lodi, a
tak�e na syst�em p�resn�eho autonomn��ho �r��zen�� bezpilotn�� helikopt�ery. Hlavn�� n�apln��
t�eto pr�ace je n�avrh gener�atoru trajektori��, kter�y implementuje sledov�an�� stav�u lodi
a vytv�a�r�� trajektorie pro bezpilotn�� prost�redek. V procesu je vyu�zit koncept predik-
tivn��ho �r��zen�� (Model Predictive Control), kter�y k �re�sen�� optimaliza�cn��ch probl�em�u
vyu�z��v�a metody prvn��ho �r�adu. To umo�z�nuje pou�zit�� relativn�e slo�zit�eho modelu bezpi-
lotn��ho prost�redku pro popis jeho dynamiky. Diky tomu je mo�zn�e do pl�anov�an��
trajektorie zahrnout pozici, �uhel nato�cen��, line�arn�� rychlost a rychlost zm�eny Eu-
lerov�ych �uhl�u. Gener�ator trajektori�� je schopn�y vytv�a�ret trajektorie od vzletu a�z po
p�rist�an��, zat��mco v�sechny v�ypo�cty jsou prov�ad�eny na palub�e bezpilotn��ho prost�redku
a prob��haj�� v re�aln�em �case. Funkcionalita celkov�eho syst�emu je ov�e�rov�ana v simu-
lac��ch i b�ehem re�aln�ych experiment�u.

Kl���cov�a slova Bezpilotn�� Prost�redky, Bezpilotn�� Plavidla, Pl�anov�an�� Trajektori��,
Automatick�e �R��zen��, P�rist�av�an��
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Chapter 1

Introduction

There has been a signi�cant development in the domain of Unmanned Aerial Vehi-
cles (UAVs) in the past decades. Electronic components have been reduced in size, and the
capacity of batteries has increased as well as their energy density. Thanks to technological
advancements, powerful on-board computers provide good performance for demanding control
algorithms that ensure precise and agile manoeuvrability. Therefore, drones have enormous po-
tential in the public and industrial realm. The general public is the most familiar with UAVs
that are made for capturing photos and videos. These multirotor helicopters are equipped
with a high-resolution camera and can 
y long distances. Even if these UAVs have function-
alities like \follow me" or \prede�ned shot", a pilot is still required to issue these commands.
However, as was mentioned before, powerful hardware, which allows for an implementation of
planning algorithms for generating 
ight path based on surrounding world observation is avail-
able. This enables the operation of fully autonomous UAVs, which can carry out sophisticated
tasks, such as surveillance of certain areas or searching for missing persons [1].

Search and Rescues (SARs) multirotor helicopters are specialised UAVs equipped with
professional sensors and use self-determining evaluation systems for autonomous operation [2].
Moreover, these drones can be used for monitoring people's o�shore safety and warn against
sharks or identify swimmers in distress [3]. An illustration of such a drone can be seen in
Fig. 1.1. These drones can also be used to detect garbage on the water surface that can be
picked up by the drone itself or information about the waste's location can be shared with
an Unmanned Surface Vehicle (USV) which secures the trash collection [4]. The UAVs are
designed to operate mainly above the sea without the possibility of landing on land, hence the
presence of a mother ship is required in the vicinity. This means that the UAVs must be able
to take-o� and land on the boat's deck, even in case of large waves. Since the take-o� rarely
represents many complications, this thesis focuses on trajectory planning for the autonomous
landing of a multirotor helicopter on a boat.

Figure 1.1: Shark spotter. Adopted from [5].
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1.1 State of the art

In order to study the landing on a 
oating vessel, it is necessary to start with de�nition of
the word \landing", which is an act or process carried out by the multirotor UAV that leads
to contact with the ground or with a determined platform for touch-down. In a standard
situation, when the drone is operating above land and landing can be performed almost
anywhere, it is not a problem to execute such a manoeuvre even without knowing the exact
altitude and height above the ground. The UAV uses a set prede�ned descent speed and the
touch-down is determined by monitored output thrust. This allows it to detect when the drone
entirely sits on the ground only from the force which is required for hover [6].

If the UAV utilizes a sensor, which provides information about the drone's height, the
landing can be performed more precisely with regard to descending speed. Unfortunately, both
manoeuvres mentioned above can not ensure that the landing will be done in a suitable place.
As a solution, the Global Navigation Satellite System (GNSS) is typically used outdoors to
provide the drone's exact location. Based on the knowledge of the drone's precise position, a
fail-safe \return to home" can be implemented to ensure that the drone will land in the same
place where the take-o� was carried out. Of course, the spot for the landing can be chosen
wherever since that the Earth's surface is well documented and the safe spots for landing can
be selected. However, this method still su�ers from low accuracy and weak or interrupted
signal from the GNSS.

To increase precision of the UAV's landing, a camera or a stereo camera can be mounted
to the UAV to obtain visual information about the landing spot. Thanks to these sensors,
data for computer vision is available and therefore it is possible to attach a recognisable visual
landmark on the landing site, which can improve the stability and accuracy for autonomous
landing even if the Global Positioning System (GPS) is not available. On heliports, a big
letter H or X is commonly used, however, this does not provide as much information as the
usage of special tags. In [7], the proposal of a coloured marker with Vision-based position and
attitude estimation for a UAV is presented. Similarly, the AprilTag is a black and white 
exible
visual reference system that has many methods of use and therefore it is more studied in [8].
Nevertheless, both tags can be used as a reference to obtain UAV's orientation and location
relatively to the landing pad and thus this information can be used in control algorithms.
In [9], the algorithm for real-time estimation of the landing pad using AprilTag is presented.
Moreover, Proportional-Integral-Derivative (PID) controller described in [10] was used for
vision-based autonomous landing which calculates with a USV without roll, pitch and heave
motions. Therefore, the USV must 
oat straight in constant speed and as smooth as possible.

Other method, which uses Open Source Computer Vision Library (OpenCV) to detect
ArUrco markers [11] for robust and accurate landing on a moving target, is presented in [12].
Using two tags enables utilisation of the �rst marker to guide the UAV during the approach
and tracking whereas the second tag is placed on the helipad. The Visual Slide Landing (VSL)
approach enables landing on a boat, in a situation where it's not possible to hover above the
helipad and perform a regular landing because of sails or cables.

Information from the vision sensors can be used to control the UAV, thus the Position-
Based visual servoing (PBVS) and Image-Based Visual Servoing (IBVS) are mentioned in [13].
The PBVS method works in Cartesian space and whereas the IBVS approach works with the
image input from sensors directly. The IBVS su�ers from camera calibration errors, however,
the PBVS may su�er from position estimation errors. Moreover, it is worth mentioning that
the method assumes that the UAV's attitude changes are small and therefore can be neglected.
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Furthermore, this method uses future estimation of the landing spot for smoother control,
using the Kalman �lter. The output from the IBVS controller is yaw rate, descent speed
and linear lateral velocities. The solution described above was tested using a real world deck
simulation platform which proves that the controller is capable to land in such conditions.

As long as the UAV's computer is capable of computing the estimated state and position
of the USV in real-time, it can be assumed that the Central Processing Unit (CPU) is powerful
enough to also calculate a prediction of the USV's states in the future. The information
about the position or even the knowledge of movements of the boat in the future can be
used by a method called Model Predictive Control (MPC), which is also known as receding
horizon control or moving horizon control [14], [15]. The use of the MPC �nds application
in many projects. One of the most closely related projects could be landing on a moving car
[16]. This study may be used as a starting point for this thesis, but naturally, many other
aspects, like heave and side slips caused by waves, must be studied further. Landing on a

oating vessel is more closely studied in [17]. Moreover, there already exists a research that
implements not only Linear Model Predictive Control (LMPC) but also Nonlinear Model
Predictive Control (NMPC) for helicopters [18].

Expansion of the aforementioned approaches for the UAV's precise landing on the boat's
deck can be found in [19]{[21]. This work summarises usage of Signal Prediction Algorithm
(SPA), Active Heave Compensation (AHC) and Landing Period Indicator (LPI). The SPA
includes mode detection, estimation and prediction of the USV's states, which uses Fast
Fourier Transformation (FFT) to identify frequency, amplitude and phase of the roll and pitch
movements. During the landing phase the algorithm increases and decreases the prediction
horizon based on the estimated time to landing and also validates the size of the roll, pitch
movements using thresholds. On the other hand, LPI uses the estimation of the ship's energy
to determine an opportunity to land. To increase safety during landing the AHC is proposed
in the same papers. The approach of this algorithm is to stabilise the UAV above the deck to
ensure a smooth landing taking into account raising and lowering of the deck, therefore it can
be used together with SPA or LPI. Moreover, the same algorithm is used to estimate time to
landing. Unfortunately, these methods are not perfect and have their limitations, which are
derived from the parameters of the boat used for the experiment (30 m long, with 5:9 m beam,
a draft of 2 m and mass of 218 t) and thresholds for roll (� 5°) and pitch ( � 2°). To determine
the ship's movements, three Light Detection and Rangings (LiDARs) sensors are used, which
is highly dependent on the boat being in the Field of View (FOV), and there is no veri�cation
that the followed object is in fact the intended vessel. On the other hand, the UAV was able
to follow and land on a Navy patrol vessel moving roughly 5 m s� 1 (10 kn) in 10 m s� 1 wind.

Due to the fact, that the weather and wind conditions at sea are often severe, the UAV
must be capable of 
ight in such conditions. It is not only more challenging to 
y in such
conditions, but bigger and more frequent waves are formed. The dynamic landing on moving
platform in turbulent wind conditions is studied in [22].

Last but not least it is necessary to mention that also the boat itself can participate in
the landing. For example, Wave Adaptive Modular Vessel (WAM-V) boats are equipped with
joints on its 
oats which reduces rocking caused with waves. Moreover, in [17] the UAV and
the USV collaborate to reach their goal.
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1.2 Contributions

This thesis presents a customisable trajectory generator for a precise landing of a mul-
tirotor helicopter on top of a moving vessel. The system is fully autonomous and capable
of creating a trajectory for the UAV from take-o� to touch-down in real time. The trajec-
tory generator is built on MPC based full-state tracker. Therefore, the generated trajectories
already include the UAV's dynamics. As an internal model of the MPC, a linear model of
the UAV consisting of twelve states is being used. Thanks to that, not just position but also
orientation, linear velocities and Euler rates are taken into account during the creation of
the full-state requirement for the trajectory generator. Nevertheless, the system would not
work without the prediction of the USV's states. These states are being used during the �nal
approach manoeuvre to reduce the harshness of impact of the UAV's legs on the deck. More-
over, the attitude angles of the UAV can be aligned with the USV's. The presented trajectory
generator was incorporated into the Multi-robot Systems (MRS)'s UAV control system and
tested in realistic simulations. The system was also deployed in real-world experiments.

1.3 Outline

This thesis consists of seven major chapters, excluding Introduction chapter (Chap. 1)
and Conclusion chapter (Chap. 9). The Chap. 2 which follows after the chapter Introduction is
called Preliminaries. This chapter describes all preliminaries, from the mathematical notation,
over the de�nition of the coordinate frame and modelling of the USV, to the MRS UAV control
system, on which this thesis relies. The next chapter, Chap. 3, introduces the concept of
trajectory tracker based on MPC. The chapter also contains a mathematical derivation of the
objective function. Chap. 4 describes the UAV's nonlinear mathematical model. This chapter
also includes the identi�cation of the parameters that describe the UAV. The trajectory
creation is introduced in Chap. 5. The Chap. 6 is devoted to the development tools which
were used to develop and verify the proposed solution in this thesis. These development
tools include ROS, MATLAB, Gazebo simulator and quadratic programming solvers. The
simulation validations are described in Chap. 7. The last Chap. 8, is devoted to real-world
experiments and includes images taken during those experiments.
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Chapter 2

Preliminaries

This chapter is dedicated to introducing the foundations, that are used as a basis for
the trajectory planner designed in this thesis. Therefore, common reference frames (Sec. 2.2),
mathematical modelling of the USV (Sec. 2.3.1), description of the USV's states estimation
and prediction (Sec. 2.3.2), description of the MRS UAV control pipeline (Sec. 2.4) and hard-
ware used in real-world experiments (Sec. 2.5) are presented in the following sections.

2.1 De�nitions

2.1.1 Mathematical notation

The mathematical notation, nomenclature and notable symbols used in this thesis are
shown in the table Table 2.1.

x , � vector, pseudo-vector, or tuple
x̂ , !̂ unit vector or unit pseudo-vector
ê 1 ;ê 2 ;ê 3 elements of the standard basis
X ; 
 matrix
I identity matrix
0 zero matrix
x = a| b inner product of a, b 2 R3

x = a � b cross product of a, b 2 R3

x ( n ) = x | ê n nth vector element (row), x ; e 2 R3

X ( a;b ) matrix element, (row, column)
xd xd is desired, a reference
_x; •x; _•x 1st , 2nd , and 3rd time derivative of x
x [n ] x at the sample n
SO(3) 3D special orthogonal group of rotations
SE(3) SO(3) � R3 , special Euclidean group
R set of real numbers
Z set of integers
x > ; x | transposition of the vector x
diag([a; b; : : : ; z]) diagonal matrix composed of a; b; : : : ; z on its diagonal
X = A �̂ B takes matrix A and multiplies every element of the matrix B
W world reference frame
C; B body-�xed multirotor and body-�xed vessel frames of reference
R b

w rotation matrix from the world frame to the vessel's body-�xed frame
R c

w rotation matrix from the world frame to the UAV's body-�xed frame
Q objective function matrix (associated with process states)
P terminal penalty weight matrix (associated with process states)
R objective function matrix (associated with process inputs)
�; �;  roll, pitch and yaw angles
h heading
t time
k iteration step

Table 2.1: Mathematical notation, nomenclature and notable symbols.
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2.1.2 Path

Path is a set of waypoints de�ned as f (x1; y1; z1; h1); : : : ; (xN ; yN ; zN ; hN )g, where
N 2 Z+ of points which de�ne the position and heading in 3D space.

2.1.3 Trajectory

Trajectory is a path regularly sampled at � t time increments between individual points.

2.1.4 Linearity

A function f (x) is linear if and only if the Additivity and Homogeneity are satis�ed:

f (x + y) = f (x) + f (y); (2.1)

f (�x ) = �f (x): (2.2)

2.1.5 Linear time-invariant system

Linear time-invariant (LTI) system is a system which meets the condition of linearity
and which is time-invariant. The system can be introduced in a discrete form as

x [t+1] = Ax [t ] + Bu [t ]; (2.3)

y [t ] = Cx [t ] + Du [t ]; (2.4)

where x [t ] 2 Rn is the state vector at the samplet, u [t ] 2 Rm is the input vector, y [t ] 2 Rn is
the output vector, A 2 Rn� n is the main system's dynamics matrix,B 2 Rn� m is the system
input matrix, C 2 Rn� n represents output matrix and D 2 Rn� m is a feed-forward matrix.

2.1.6 Solvers for Model Predictive Control

Solvers for MPC are online numerical algorithms for solving MPC problems.

2.2 Common reference frames

Since we operate in the open three-dimensional Euclidean space, de�ning various coor-
dinate frames of reference is crucial for increasing transparency and comprehensibility. Within
these systems, the mathematical model of the UAV and USV will be de�ned.

According to [23], it is convenient to de�ne Earth-centered inertial (ECI) and Earth-
centered Earth-�xed (ECEF) coordinate frames. ECI is a non-accelerating reference frame
placed at the centre of Earth in which Newton's laws of motion apply. On the contrary,
ECEF's origin remains �xed to the Earth's centre, but axes rotate relatively to the inertial
frame ECI. Therefore, the latter is usually used for global navigation and guidance.

The following coordinate system is de�ned relative to the Earth's reference ellipsoid, and
its origin's position is determined with longitude and latitude angles in ECEF. The geographic
reference frame is de�ned as North East Down (NED) or East North Up (ENU). The axis
of the NED points to the true north, east and directly to the Earth's centre. On the other
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Figure 2.1: Coordinate systems illustration, whereW represents local ENU frame,C denotes
multirotor's body-�xed frame and B symbolises vessel's body-�xed frame.

hand, ENU's axes point to the east, true north and in the opposite direction from the Earth's
centre. The NED frame is commonly used in the aerospace industry as well as in the marine
industry. However, the ENU is predominantly used in robotics. Both coordinate frames are
used for 
at Earth navigation, and therefore, it is expected that the origin of this frame stays
�xed in one location on the Earth's surface. Therefore, it is also necessary to assume that the
operating space is limited only to the local area.

The last coordinate system which will be used is a body-�xed frame. The origin of this
frame usually coincides with the object's centre of gravity, and the x-axis points to the forward
direction. The directions of the remaining axes can be chosen, such as the coordinate frame
will be right-handed.

The position and orientation are described relative to the local navigation frame. The
linear and angular velocities should be expressed in a body-�xed frame. The illustration of
used reference frames is shown in Fig. 2.1.

2.3 State estimation of an unmanned surface vessel

In the thesis we rely on the prior work of Filip Nov�ak, who wrote the thesis \State
Estimation of an Unmanned Surface Vehicle by an Unmanned Multirotor Helicopter" [24].
Therefore it is possible to build on proposed methods and ways of solving both USV estimation
and USV prediction.
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2.3.1 Mathematical modelling of a marine vessel

The aforementioned thesis models the boat in 6 Degrees of Freedom (DOFs), where
nomenclature for the individual components can be seen in Fig. 2.2. Whereas the designation
of the individual angles (roll � , pitch � , yaw  ) and speed around individual axes (p rotation
around x-axis, q rotation around the y-axis, r rotation around the z-axis) is used in the
same way as for the UAV, the motion in the di�erent axis uses di�erent terminology. Surge
stands for longitudinal motion, sway for lateral motion and heavefor vertical motion in the
body-�xed reference frame [25].

Figure 2.2: Standard notation and sign conventions for ship motion description (SNAME,
1950). Adopted from [26].

Derivation of the mathematical model was inspired by a handbook, which studies the
hydrodynamic modelling and marine craft motion control systems [27]. Moreover, this liter-
ature studies the derivation of the marine craft equations of motion in great detail. Firstly,
the theory around transformations is introduced, which is used to derive the kinematics part
of the equation of motion. Since the dynamics' second part is kinetics, the literature deals
with the analysis of the forces causing the motion. This theory is hereafter enhanced with
hydrodynamic modelling.

The general form of vectorial representation of the 6 DOFs marine craft Equation of
Motion is

_� = J � (� )� ; (2.5)

where� = [ x; y; z; �; �;  ]> 2 R3�S 3 is a vector composed of positions and orientations, where
Euler angles�; � and  are de�ned on the interval S = [0 ; 2� ] and � = [ u; v; w; p; q; r]> 2 R6

is a vector, which contains linear and angular speed for all axes.J � (� ) is a transformation
matrix from a body-�xed frame to a local frame, where subscript � denotes Euler angles and
thereforeJ � (� ) �= (t w

b ; R w
b ). The second part (kinetics) of the marine craft equation of motion

has the following form:

M RB _� + CRB (� )�
| {z }

rigid-body forces

+ M A _� r + CA (� r )� r + D (� r )� r| {z }
hydrodynamic forces

+ g(� ) + go| {z }
hydrostatic force

= � + � wind + � wave;

(2.6)

where
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ˆ M RB | rigid-body system inertia matrix
ˆ CRB | rigid-body Coriolis and centripetal matrix
ˆ M A | hydrodynamic system inertia matrix
ˆ CA | hydrodynamic Coriolis and centripetal matrix
ˆ D (� r ) | damping matrix
ˆ g(� ) | vector of gravitational/buoyancy forces and moments
ˆ go | vector used for pretrimming (ballast control)
ˆ � | vector of control inputs
ˆ � wind | vector of wind forces
ˆ � wave | vector of wave-induced forces
ˆ � r = � � � c is relative velocity vector with � c as the generalised ocean current velocity

of an irrotational 
uid

Since the Equations of motion 2.5 and 2.6 are composed in total by 12 Ordinary Di�er-
ential Equations (ODEs), the order of the system is 12. This leads to a very complex system,
and thus some assumptions and simpli�cations were made. According to [24], the simpli�ed
nonlinear system is described as

_� = J � (� )� ; (2.7)

_� = M � 1(� C(� )� � D (� ) � G � ) + � wave; (2.8)

_xwave;u = fwave(xwave;u ); (2.9)

_xwave;v = fwave(xwave;v); (2.10)

_xwave;w = fwave(xwave;w ); (2.11)

_xwave;p = fwave(xwave;p); (2.12)

_xwave;q = fwave(xwave;q); (2.13)

_xwave;r = fwave(xwave;r ); (2.14)

where g(� ) � G � is a linear approximation of the restoring forces based on Archimedes'
principle. D (� ) represents damping of the system,C(� ) denotes Coriolis and centripetal
forces andM = M RB + M A . � wave is a comprehensive state vector, which contains output
signal from the wave systems andxwave includes individual states of the waves.

According to [24], the nonlinear model of the USV without the waves can be linearized
under the assumption that the roll and pitch angles are small. Moreover, the waves must
be described with the linear state space model. For the marine vessel, the resulting linear
equations are as follows

_� L = � ; (2.15)

_� = � M � 1(D � + G� L ) + Cwave;� ; (2.16)

_xwave;� = A wave;� xwave;� ; (2.17)

where _� L is the time derivative of the vessel's parallel coordinate system. According to [27],
� L is de�ned as

� L = J |
 ( )� ; (2.18)

which denotes the position and orientation in a global coordinate frame expressed in a body-
�xed coordinate frame, where roll and pitch angles are assumed to be small (close to zero).
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2.3.2 State estimation and prediction of a marine vessel

The precise USV's state estimation and prediction is a crucial requirement for planning
the trajectory for landing the UAV on the boat's deck or even for approach. As mentioned
in [24], the Kalman �lter is used for this purpose. Kalman �lter is a recursive algorithm
well known since 1960 when R.E. Kalman published a paper describing discrete data linear
�ltering problem [28]. Thenceforth, many extensions of Kalman �lters like Extended Kalman
Filter (EKF) [29], Iterated Extended Kalman Filter (IEKF) and Unscented Kalman Filter
(UKF) [30] were developed. The implementation and veri�cation of the individual �lters,
except IEKF, was implemented in [24]. Even though the results in [24] show that the UKF
has better results than the Linear Kalman Filter (LKF), the LKF was used. It is because the
LKF was managed to tune better during further experiments that are not stated in the thesis
mentioned above.

Figure 2.3: Diagram illustrating the operation of the linear Kalman �lter. Adopted from [31].

The illustration of the LKF iteration steps is shown in Fig. 2.3. The measurement
update step uses the information from the sensors to correct the time update step. According
to [24], the following sensors were used to obtain the USV's states. GPS and an Inertial
Measurement Unit (IMU) were mounted on the boat together with a computer and other
necessary electronics (commonly referred to as boat unit). While the GPS information is
shared using wireless communication between USV and UAV, when the boat is far away,
the measurements from IMU are used during the UAV's precise landing. Since there are
also AprilTag and UltraViolet Direction And Ranging (UVDAR)'s UltraViolet (UV) Light-
Emitting Diodes (LEDs) on the board, the information about the boat's state is also possible
to achieve by observing the USV's deck from the UAV using AprilTag or UVDAR detector
[32]{[35].

The prediction step uses the vessel's mathematical model derived in Sec. 2.3.1. The
estimation of the USV's state depends on the correction update step, but they are made
separately. Therefore, the time update step can be used for the prediction of the USV's future
states.
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2.4 Multi-robot Systems multirotor control

The Multi-robot Systems (MRS) UAV control 1 was developed by the MRS group from
the Czech Technical University (CTU). Since the group's �eld of interest is vast the control
system is very general and therefore it can be used for many projects without larger modi�-
cations [36]{[39]. The description of the system architecture is derived from the de�nition of
the MRS UAV system [6]. The control pipeline diagram is shown in Fig. 2.4.

Mission &

navigation

Reference

tracker

Reference

controller

Attitude rate

controller

IMU

UAV

actuators

Onboard

sensors

State

estimator

Odometry &

localization

trajectory reference

r d ; hd

full-state reference

� d

initialization
only

! d

Td

ad

� d

� 1 kHz

x , R , ! (100 Hz)

R , !

UAV
Embedded autopilot

Figure 2.4: A diagram of the Multi-robot Systems multirotor control architecture. According
to [6]: Mission & navigation software supplies the position and heading reference (r d, � d) to a
reference tracker.Reference trackercreates a smooth and feasible reference� for the reference
feedback controller. The feedbackReference controllerproduces the desired thrust and angular
velocities (Td, ! d) for the Pixhawk embedded 
ight controller. The State estimator fuses data
from Onboard sensorsand Odometry & localization methods to create an estimate of the UAV
translation and rotation ( x, R ).

2.4.1 Embedded autopilot

The lowest level of the control pipeline structure is called theAttitude rate controller ,
which is responsible for controlling individual motor's Revolutions Per Minute (RPM) based
on the incoming reference such that the required attitude rates of the UAV are satis�ed [40].
Overall thrust Td and angular rates ! d of the UAV are requested as the reference for this
controller. The UAV's actual state is measured with the IMU, which measures the angular
rates and acceleration in individual axes using gyroscopes and accelerometers. Everything
mentioned above is part of the embedded PixHawk 
ight controller2.

2.4.2 Reference controller

A Reference controller generates the reference for the embedded controller based on the
full state description of the UAV de�ned as

� d = [ x; y; z; _x; _y; _z; •x; •y; •z] (2.19)

and which is the desired position and its derivatives up to the acceleration dynamics. The
controller was created for UAVs that operate at their limits and perform agile manoeuvres.
It is a nonlinear SE(3) state feedback controller, which ensures precise control, fast response

1https://github.com/ctu-mrs
2https://pixhawk.org/
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and fast convergence [41]. The controller uses a nonlinear model of the UAV dynamics as
follows

_r = v ; (2.20)

m _v = f Re3 + mge3; (2.21)
_R = R 
̂ ; (2.22)

J _
 + 
 � J
 = M ; (2.23)

where r = [ x; y; z]T is the position, R (�; �;  ) 2 SO(3) is the orientation of the UAV,

 (p; q; r) 2 R3� 3 is the angular velocity in the body-�xed frame. According to [36], the
hat symbol �̂ denotes the skew-symmetry operator according tôxy = x � y for all x ; y 2 R3.
m denotes the UAV's mass,J is an inertia matrix, M denotes total moment and g denotes
gravitation acceleration. f is the net thrust produced by the propellers.

2.4.3 Reference tracker

The third control layer generates the full state information about the UAV. The input
reference is a trajectory, which is a setf (x1; y1; z1; h1); : : : ; (xN ; yN ; zN ; hN )g, where N 2 Z+

of points which de�ne the position and heading in 3D space, regularly sampled at �t time
increments between individual points. The tracker is built on LMPC, which uses the linear
model not only as the subject for the optimisation but also to accomplish a simulated control
loop [42]. The graphical representation can be seen in Fig. 2.5. The LMPC was also sped up
with the move blocking technique [43], which allows having a prediction horizon of length 8
seconds (40 steps) without losing the accuracy and stability and still being able to solve the
optimisation problem in real-time [37]. A simulated closed loop ensures that the predicted
full-state reference is an evenly-sampled reference, which contains the desired position, its
derivatives up to the jerk, the heading, and the heading rate, supplied at 100 Hz.

LMPC Lin. model

reference

trajectory

r d ;  d

full-state

reference

� d

u

simulated control loop

Figure 2.5: An inner interconnection of the Reference tracker.

2.4.4 Mission & navigation

The Mission & navigation block is generally de�ned such that can be modi�ed to meet
the requirements for the given task freely. Nevertheless, in most situations, the block ensures
the trajectory creation out of a path or a single point in the 3D space. In order to create
the trajectory, which will take into account the UAV's dynamics, the polynomial trajectory
generation and optimisation are used [44], [45]. The generated trajectory also satis�es the
requirement that the UAV completes the path in the minimum possible time. To check that
the trajectory is feasible, the rigid-body model assumption and di�erentially 
at dynamics
are used [46]. Before publishing the result, the trajectory is checked for low and high thrust,
high velocities, high roll, pitch, yaw rates and high yaw angular accelerations.

CTU in Prague Department of Cybernetics




	Introduction
	State of the art
	Contributions
	Outline

	Preliminaries
	Definitions
	Mathematical notation
	Path
	Trajectory
	Linearity
	Linear time-invariant system
	Solvers for Model Predictive Control

	Common reference frames
	State estimation of an unmanned surface vessel
	Mathematical modelling of a marine vessel
	State estimation and prediction of a marine vessel

	Multi-robot Systems multirotor control
	Embedded autopilot
	Reference controller
	Reference tracker
	Mission & navigation
	Summary

	Hardware
	Description of the UAV
	Description of the USV


	Model Predictive Control
	Linear Model Predictive Control
	Linear Model Predictive Control based trajectory tracking
	Cost function
	Constraints
	Summary

	Nonlinear Model Predictive Control
	Comparison of LMPC and NMPC

	Mathematical modelling of the UAV
	Mathematical overview of a quadcopter
	The Quadcopter Equations of Motion
	Nonlinear model

	Model identification
	Linear approximation and discretization

	Trajectory planning
	The principle of creating trajectories
	Mission & navigation
	Trajectory planner


	Development tools
	Robot Operating System
	MATLAB
	Simulation environment
	Water and Wave-field modelling
	Multirotor Unmanned Aerial Vehicle
	Marine Unmanned Surface Vehicle

	Optimisation Solvers and Tool-kits
	Operator Splitting Quadratic Program


	Simulations and verifications
	Marine vessel carried by a current
	Landing on a vessel on a moderate sea
	Evaluation

	Marine vessel following a predefined path
	Landing on a path-following vessel
	Evaluation


	Real-world experiments
	Evaluation

	Conclusion
	Future work

	References
	Appendices
	Appendix Tests of solvers for MPC control
	Appendix Simulations verification
	Landing on a vessel on a moderate sea
	Landing on a path-following vessel

	Appendix Real-world experiment
	Appendix CD Content

