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Abstract

This work addresses the Watchman Route Problem (WRP) with limited visibility,
an optimization task from computational geometry, where the goal is to find
the shortest path that ensures full visibility coverage of a known environment.
With motivation in autonomous mobile robotics, this task represents real-world
applications such as surveillance and inspection. The WRP is approached by
decomposing it into two classical problems from combinatorial optimization: the
Set Cover Problem (SCP) for selecting guard locations, and the Generalized
Traveling Salesman Problem (GTSP) for optimizing the resulting tour. The
environment is represented using both discrete and continuous polygonal domain
segmentations, enabling flexible and accurate modeling of visibility constraints.
Candidate guard locations are generated via a visibility-based heuristic, and
a GRASP-based approach is employed to solve the SCP introducing novel
weighting functions and insertion rules to better reflect spatial and geometric
considerations of the overarching task in the SCP formulation. The selected guard
positions are then connected using a TSP solver, and further refined through
large neighborhood search techniques. The entire algorithm is implemented in
C++ and validated through experimental evaluation.

Keywords: Watchman Route Problem, Computational Geometry, Combina-
torial Optimization, Metaheuristics, Path Planning

V1T






Abstrakt

Préce se zabyva problémem hledéni cesty hlidace (WRP) s limitovanou viditel-
nosti. Jedna se o optimalizacni problém z oblasti vypocetni geometrie a cilem
ulohy je najit nejkratsi cestu znamym prostredim tak, aby jeji projiti garantovalo
vizualni pokryti celé oblasti. Uloha modeluje fadu aplikaci z oblasti autonomni
mobilni robotiky, ve kterych je potreba kontrolovat ¢i hlidat znamé tzemi.
WRP je v rdmci prace feseno rokladem problému na dva klasické problémy z
oblati kombinatorické optimalizace: Set Cover Problem (SCP) s ti¢elem vybéru
vhodnych klicovych pozic cesty a Generalized Traveling Salesman Problem
(GTSP) pro vytvoreni a ndslednou optimalizaci cesty mezi témito body. Prostredi
je reprezentovano dvéma zpusoby — diskrétni aproximaci a iplnym rozdélenim
na kontinualni oblasti viditelnosti. Potencialni pozice pro vytvoreni pokryti
prostredi jsou generovany existujici heuristikou a formulavana instance SCP
je Tesena pristupem zaloZzenym na GRASP metaheuristice s navrzenim novych
vahovych funkci a pravidel pro konstrukci feseni s motivaci 1épe reprezentovat
geometricky a prostorovy charakter tilohy. Cesta skrz vybrané pozice je nalezena
za pouziti TSP fesSi¢e a dale optimalizovana za vyuziti large neighborhood
search technik. Cely algoritmus je implementovan v C++ a jeho funkcénost

byla experimentalné ovérena.

Klicova slova: Problém hledani cesty hlidace, vypocetni geometrie, kombina-
torickd optimalizace, metaheuristiky, planovani cest
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Introduction

1.1 Motivation

Path planning is a fundamental component of autonomous mobile robotics,
enabling agents to navigate through their environment in an efficient manner.
The general goal is to create an optimized and collision-free path; however, the
specific character of the application has important implications for the task
itself. There are a wide variety of limitations and obstacles to be addressed when
dealing with path planning. In so-called offline problems, the mobile agent has
full knowledge of its environment in advance, as is often the case in industrial
settings such as factories, warehouses, or other structured indoor spaces. In such
situations, the focus fully shifts from exploration to optimization, aligning closely
with classical problems in operations research and computational geometry, as
efficient path planning often presents challenges closely studied in these fields.

In operations research, path planning can be viewed through the lens of
combinatorial optimization problems such as the Traveling Salesman Problem
(TSP) [1], Vehicle Routing Problem (VRP) [2], or variants thereof, where the
objective is to minimize cost functions such as distance, time, or energy while
satisfying constraints like capacity or time windows. Sometimes, the challenges
that arise require additional spatial reasoning and overlap with problems in
computational geometry. These problems are often NP-hard, making finding
exact optimal solutions too challenging of a task for all but the smallest instances,
hence creating the need for heuristic or approximation-based methods.

In [3], the authors conduct a survey looking at various methods used in
robot path planning, focusing on heuristic approaches and comparing them to
more classic methods, noting the recent development and successful employment



1.2. Contribution

of techniques such as neural networks, genetic algorithms, and ant colony
optimization. Such methods have also been used in the field of vehicle routing
to great success [4] [5] [6].

The Watchman Route Problem (WRP) [7] occupies a similar space in this
field. It is a well-known and studied optimization problem from computational
geometry, where the objective is to find the shortest route through a known
environment such that the entire environment is visible from at least one point
on the path. In autonomous robot path planning, it holds its significance
for tasks requiring full area coverage through visibility, such as surveillance,
inspection, or monitoring, and models the challenge of computing the shortest
route accounting for geometric constraints and sensor limitations.

1.2 Contribution

This work focuses on solving the Watchman Route Problem with limited
visibility through the use and modifications of known heuristics. The problem is
reformulated into separate subproblems that are solved sequentially.

First, the WRP is reinterpreted in terms of visibility coverage, where the
objective is to determine a set of guarding locations from which an entire
environment can be observed. To generate candidate guard positions, an
existing visibility-based heuristic was used, which produces a representative
set of potential coverage points.

A custom polygonal domain discretization method was implemented, offering
a simplified yet flexible representation of the environment. This technique allows
control over the complexity of the problem instance while still reflecting essential
geometric features. In parallel, a continuous segmentation of the polygonal
domain was designed and implemented. This process involved computing all
distinct regions of the environment defined by overlaps in visibility regions
among the candidate guard locations. This was achieved through modifying a
plane sweep algorithm, handling each point where the visibility regions intersect
while keeping track of currently active polygons, enumerating each overlapping
area, as it represents a real portion of the map. The result is an algorithm
which can compute all distinct overlapping areas of generic polygons on a
2-dimensional plane.

Using the potential guarding locations and both the discrete and continuous
representations, the visibility coverage component of the WRP was formulated
as a Set Cover Problem (SCP) instance. To better reflect domain-specific
characteristics, several custom functions were introduced to determine the
weights of the instance sets, encoding spatial and geometric factors in the SCP
formulation. The SCP was then solved using a GRASP-based metaheuristic,
for which novel insertion rules were developed to guide the construction of
candidate solutions.
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Following the selection of a proper set of guard locations, the routing
component of the problem was addressed, firstly interpreting the solution of
the Set Cover Problem as a complete graph, with nodes representing chosen
guard locations and edge weights equal to geometric distances between them in
a specific environment. An initial route was computed using a third-party TSP
solver. The final solution is further improved by set-wise optimization and route
compression using a large neighborhood search technique, again considering all
the potential guard locations and treating the whole problem as a Generalized
Traveling Salesman (GTSP) instance.

The whole algorithm is implemented in C++ using open-source libraries.

1.3 Structure

In chapter [2] the Watchman Route Problem is formally introduced, alongside
its variants and existing nomenclature as presented in current literature. A
brief report on state-of-the-art methods for solving the WRP is included. The
problem is broken down into a combination of the Set Cover Problem and
(generalized) Traveling Salesman Problem, providing a formal definition, theo-
retical background, and current methods for solving both mentioned problems.
Special attention is given to GRASP-based approaches for solving the SCP
and a large neighborhood search method for the GTSP, which are used in
the following chapters.

The proposed solution is described in chapter [3| It describes the method used
for generating redundant number of potential guard locations and the designed
methods for obtaining the segmentation of the environment in two different
ways, which serve as a basis for formulating an SCP instance representing a
WRP. Furthermore, it explains the choices behind custom weight functions for
the Set Cover Problem and the proposed insertion rules for the GRASP-based
scheme used to solve the instances. It also includes a description of experiments
realized to test the proposed algorithm.

Chapter [4] includes a description of experiments performed to test the
proposed algorithm and their results, while chapter [5| delves deeper into the
strengths and weaknesses of the work, highlighting the space for possible
improvements.






Background

2.1 Watchman Route Problem

The Watchman Route Problem (WRP) is an optimization problem defined as
follows: Find the shortest possible path (cycle) within a polygonal domain[] such
that every point in the said domain is seen from at least one point on the path [7].

A further generalization of the problem introduces a finite visibility radius d
for the watchman, which is referred to as d—WRP in the literature. However,
unlike in the original case with infinite visibility, where surveying the boundary
P ensured full coverage of the environment P, this no longer holds with
limited visibility. For this reason, some authors make a distinction between
d-Watchman Route Problem (the goal si to survey the boundary P) and d-
Sweeper Route Problem (both the boundary P and the entire P must be

visible from the route) [9].

With motivation from the field of mobile robotics, the authors of [10]
also introduce a non-zero radius r, representing the physical size of a mobile

autonomous agent performing the surveillance task, referring to the problem
as rd—Watchman Route Problem (rd—WRP).

This work focuses on the d—WRP with the objective of surveilling the entire
area of a known polygonal domain P.

LPolygonal domain, P, having n vertices and h holes, is a closed, multiply-connected region
whose boundary is a union of n line segments, forming h + 1 closed (polygonal) cycles. (A
simple polygon is a polygonal domain with 2 = 0.) [§]
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2.1.1 Solving the WRP

If the polynomial domain P is rectilinear (all sides meet at right angles) and
without holes, this problem can be solved in O(n) computational time [11]. For
a general polygon without holes, [12] proposes an O(n?) algorithm.

For a general polygonal domain with holes, WRP is NP-hard as proved in
[13]. The authors of |14] provide a polynomial-time approximation algorithm
with an approximation factor of O(log®n). Here, the approach is to partition
the problem into outer WRP and inner WRP, where a solution to Outer WRP
surveils the entire area of P outside of the route and serves as an initial input for
Inner WRP, which seeks to minimize the route while simultaneously surveilling
all of P which lies inside the route. Similarly, the authors of [15] split the
problem into two — proposing to solve Art Gallery Problem first, obtaining
the minimum number of guarding locations to cover the entirety of P, and
then solving Traveling Salesman Problem, finding the shortest route to visit
all guarding locations found in the previous step. This approach, where the
problem is partitioned into two easier problems that are then solved separately,
is called decoupling and is often used to solve general (d—)WRP.

Techniques outside of decoupling are presented by the authors of [16], where
a self-organizing map (SOM) schema is proposed. A more novel approach, which
also avoids the need for decoupling, is presented in [10], where the authors cover
the environment by a set of convex polygons, each polygon being completely
visible from any of its interior points or any point on its border. By visiting each
of such polygons, the theoretical watchman can surveil the entire environment.

2.2 Decoupling the WRP into Set Cover and
Traveling Salesman Problem

A decoupling approach of choice in this work is treating the WRP as a combina-
tion of the Set Cover Problem and Traveling Salesman Problem. The following
chapters introduce the SCP and present an overview of state-of-the-art methods
that have been successfully used to solve it. Chapter provides a proper
schema how to perform this decoupling.

2.2.1 Set Cover Problem

The Set Cover Problem (SCP) is a well-known combinatorial optimization
problem. The general formulation is as follows: Given a set of elements (universe
U), and a set of subsets (collection C'), whose union equals U, find the smallest
sub-collection of C' such that its union is U. The SCP is NP-hard |17] and has
been used to formulate and help solve many different problems [1§], [19].
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The SCP can be formulated as a following integer linear program [20]:

minimize Z T
ceC
subject to: doa>1 for each ec U
cecc
variables: z. € {0,1} for each ce C

The weighted or non-unicost Set Cover Problem introduces a slightly modified
objective: instead of minimizing the number of selected subsets, each set is
given a weight /cost w,., and the objective function then minimizes > .o w, - ..
In practical applications, it is convenient to represent SCP instances using an
incidence matrix A € {0, 1}Vl where A.. = 1 if element e is covered by
subset ¢. The ILP formulation then becomes:

minimize Z We * T
ceC
subject to: Z Acc-xc>1 for each ec U
ceC
variables: z. €{0,1} for each ce C
parameters: we, € R for each ce C
A..€{0,1} for each ec U, ceC

When using this representation, it is easier to think of the subsets ¢ of collection
C' as columns and the elements e of the universe U as rows of the matrix A,
as they are represented by those respective dimensions.

The SCP has been successfully solved by GRASP-based [21] algorithms.
Authors of [22] focus on the unicost SCP. Transforming the SCP into a Mazimum
Satisfiability (MAX-SAT) Problem, multiple different procedures are tested and
evaluated. As presented, a GRASP-based approach showed very promising
results. In [23], a modified Meta-RaPS (Meta-heuristic for Randomized Priority
Search) meta-heuristic introduces an advance during the construction phase: the
candidates are sorted by a wider selection of priority rules (with simple greedy
being one of them) and only %priority of the time, the top candidate is selected,
with (100- %priority) times being replaced by a random candidate.

More recently, the authors of [24] have used this aforementioned selection
of varying priority functions as proposed in Meta-RaPS, while creating a new
set of rules for iterative column instantiation. Firstly, the rows are sorted by
the number of columns that cover them in ascending order. Then, during each
iteration, given a specific priority value of all columns f(c), choose column ¢
to be added to the solution following one of these rules:

 randomly with probability proportional to —f(c)
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« minimizing f(c)

with the first rule followed with a probability of 1 — ﬁ and the second rule

taking effect with the probability of m Here, #cols is equal to the number

of columns that can cover the current uncovered row.

2.2.2 Decoupled problem formulation

The Watchman Route Problem can be decoupled into the Set Cover Problem
and the Traveling Salesman Problem using the following schema:

« Let S be a segmentation of the polygonal environment P. s;Ns; = 0 for
each i, j,i#jand U s =S8
SGS
o Let G be a set of potential guards, which represent sensing locations along
a route through the environment.

e Let M be a set of subsets of GG, where each m; € M, m; C G is a subset
that expresses which guards can cover the area s;.

Then it is possible to formulate an instance of a Set Cover Problem, where
universe U is represented by the segmentation S and collection C' is represented
by wisibility mapping M.

A solution to such a formulated problem is a set of guards (sensing locations)
which, when all visited in an arbitrary order, guarantee to create a route which is
a feasible solution to the WRP. Obviously, the objective when constructing this
route is to minimize the distance traveled, which leads to the second separate
optimization problem, Traveling Salesman.

2.3 Formulating the WRP as a Generalized
Traveling Salesman Problem

Similarly, considering the abundance of potential guard locations and the need
to cover an entire physical area segmented into clusters with spatial relevance,
the WRP can be viewed through the lens of finding the shortest route in a
complete, partitioned graph. This problem is known as Generalized Traveling
Salesman and is described in this chapter.

2.3.1 Generalized Traveling Salesman Problem

The Generalized Traveling Salesman Problem (GTSP), sometimes also referred to
as Set Traveling Salesman Problem is a generalization of TSP, the arguably most
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famous problem in combinatorial optimization. In GTSP, the input is a complete
directed graph with vertices V', edges E and edge weights w; G = (V, E, w) with
its n vertices partitioned into m disjoint sets. The goal is to find the minimal
closed route (cycle) that visits each set exactly once (sometimes at least once).
Since GTSP is a direct generalization of TSP, it is also NP-hard, and there
exists no approximation algorithm for the general problem. For a special case
where the edge weights are metric, an approximation algorithm with a factor
of O(log®n - loglogn - logm) is presented in [25].

In [26], the authors present a metaheuristic algorithm for symmetric GTSP
based on iterative local search, creating three new GTSP neighborhoods to be
used during variable neighborhood descent, all of which allow simultaneous
modifications of the sequence of the sets and the selection of vertices per set.
In addition, these are accompanied by neighborhood exploration algorithms
that run in worst-case polynomial time.

Large Neighborhood Search (GLNS) heuristic for the GTSP

An adaptive large neighborhood search heuristic for the GTSP is proposed by
authors of [27]. In an adaptive large neighborhood search, an initial solution
is randomly generated, and later iteratively improved by removing vertices
that are part of the solution and inserting different vertices, with the number
of removed vertices chosen randomly, all while following specially designed
removal/insertion rules. Said rules are the key component of this algorithm.
Acceptance of the modified solution is based on a standard simulated annealing
criterion as proposed in [2§].

Given a graph G = (V, E, w), partition P = {V},...,V,,} and a partial tour
T = (Vr, Er), denote the sets already visited by T" as Pr. Then, the framework
for the overall insertion heuristic is as described in algorithm [T}

Algorithm 1: Framework of insertion heuristics. Taken from [27].

Input: A GTSP instance (G, Py) and a partial tour 7' = (Vg, Er) of G

Output: An updated partial tour T' that visits one additional set

Pick a set V; in Py \ Pr

Find an edge (z,y) € Er and vertex v € V; that minimizes
w(xvv) +U)(’U,y) —w(x,y)

Delete the edge (z,y) from Er, add edges w (z,v) and w (v,y) to Er
and add v to Vp

return 7'

N =

w

=~

There are four different insertion heuristics that can be followed to pick a
set V; in step 2 (as published in [29]). Those are:
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1. Nearest:
V;* = arg min min dist(Vi, u)
ViePy\Pp “€VT
2. Farthest:
V¥ = arg max min dist(V;, u)
ViePy\Pp “EVT
3. Random: pick a set V; uniformly randomly from Py \ Pr.
4. Cheapest:

arg min min {w(z,v) +w(v,y) —w(z,y)}
Vi€Py \Pr veV, (z,y)EET

with distance between set V; and vertex u ¢ V; defined as:

dist (V;, ) = min {min {w (v,u), w (u,v)}} (2.1)

veV;

In GLNS [27], the authors propose a unified insertion heuristic, combining
all four of the aforementioned variants into a single rule. First, given a partial
tour T, a distance between T" and each V; € Py \ Pr is computed as

d; = dist(V;, T") = min dist(V;, u) (2.2)
ueVp
where dist(V;, u) is the same as in equation (2.1). Denoting £ as the number

of sets yet to be visited by tour 7" and given a parameter A € [0,00), a set
for the insertion heuristic is chosen as described in algorithm [2l The choice of

Algorithm 2: Set selection for the unified insertion heuristic. Taken
from [27].

Input: A GTSP instance (G, Py), a partial tour 7' = (Vr, Er) of G,

A€ [0,00)

Output: A set V; € Py \ Pr

1 Randomly select k € {1,..., L} following unnormalized probability mass
function [A%, A1, ... A1

2 Pick the set V; € Py \ Pr with the kth smalles distance d; to the tour.
3 return V;

parameter A gives control over preferred insertion heuristic.

10
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2.3.2 WRP formulation using GTSP

Following the same schema as described in Chapter [2.2.2] upon obtaining
segmentation S of the polygonal domain, a set of potential guard locations G
and a visibility mapping M, it is possible to express an instance of WRP
as a GTSP instance.

Here, the guards are equal to the vertices V' of a complete directed graph, the
paths between the guards being the edges E and the weights w being the lengths
of such paths. A slight complication occurs when formulating the partition of
vertices into sets, as in GTSP, the sets are disjoint, meaning that a single vertex
can not be assigned to multiple sets. Given the character of the original problem,
this does not hold for set covering — a single guard can fully surveil multiple
segments of S, just like a subset of a collection can contain multiple elements of
the universe in SCP. However, the transformation of a GTSP with intersecting
sets into one with disjoint sets is quite straightforward, as described in [30]:

e Let G =(V, E, w) be a complete graph with clusters (sets) Cy, C1, ..., Cp.
These clusters might intersect.

o The vertices in V' are denoted by numbers 0,1,...,n

o Forallz =1,...,n, S, ={i €Z;i€[l,m]; ze€C;};S,isaset of indices
of all clusters containing x

o forallz=1,...,n,let ¢, = |9,]

Then it is possible to create a graph G’ = (V' E’, w') with m+ 1 non-intersecting

clusters C, C1,...,C! . For each vertex x in V', V'’ will contain ¢, copies of x

denoted u,; for all i € S,, with u,; in C}. The weights in w’ equal to:
1. 0 for all edges (uy;,uy ;) foreach x =1,... ., nand all i,j € S,

2. wy, for all edges (uy;,u, ;) for each distinct z,y = 1,...,n and all i €
Sz, J €Sy

This leads to an increase in problem size, but such formulated problem can
be an input into any existing GTSP solver.

11
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Proposed Solution

This chapter describes the proposed approach for solving the d-WRP. Firstly,
an existing heuristic is used to generate a set of potential guard locations G
in a known environment. The output of this step is a set of coordinates which
guarantee a full coverage of the environment. The selected heuristic is used in
such a manner that there is an overabundance of generated locations so that
it is possible to find good quality solution during the next steps. An overview
of this heuristic is in Chapter

The environment is then represented in two independent ways. Chapter
describes a simple discrete approximation of arbitrary resolution, which provides
an imperfect representation while offering a full control over the problem size.
Chapter proposes an algorithm which, when provided with visibility fields
of potential guard locations, enumerates all distinct segments which are results
of the overlapping fields of view of each guard in set (G. This continuous
representation is complete and allows for the generation of a proper solution for
the Watchman Route problem, but leads to a greater problem size.

Both approaches are used when obtaining a visibility mapping M of the set
of guards and the environment, which allows for the formulation of the SCP
instance. See Chapter for a proper definition of visibility mapping M and
a schema on how the problem is formulated. This enables the use of an SCP
solver to obtain a selection of guard locations providing full coverage of the
environment while minimizing a specified cost of the selected guards.

Chapter is dedicated to the part of the framework where the SCP is solved,
describing the GRAPS-based metaheuristic used and custom cost functions and
construction insertion rules. Those were designed with spatial-based reasoning
to further increase the quality of the solution found with respect to the original

13



3.1. Generating potential guard locations

problem; finding the optimal route through the environment.

Chapter describes how the problem can also be solved as an instance
of the Generalized Traveling Salesman Problem. GLNS, a large neighborhood
search heuristic for the GTSP, described in Chapter [2.3.1], is used as a technique
for further optimization of the solution found using the decoupled approach.

A diagram depicted in Figure shows the entire solution framework.

Potential Guard
Location
Generation

Visibility radius
(Density control)

Maximum Sampling angle /

\ Continuous
Segmentation

)4
Visibility radius Visibility
(WRP Instance) Mapping
Set Cover Problem

GTSP
Formulation Formulation

% ( )
Guards weight function scp WRP Solution
Guards insertion rule d=5

Seed Grid resolution

Discrete
Segmentation

Figure 3.1: Flowchart of the entire solution framework

3.1 Generating potential guard locations

The heuristic used to generate potential guard locations is taken from [31]. Here,
the authors formulate the Omnidirectional Sensor Placement Problem (OSPP),
seeking to place a minimum number of static point sensors in a continuous 2D
environment to achieve a user-defined coverage of the area. Importantly, the
problem setting is compatible with the one discussed in this work, defining both
unlimited Vis,(g) and limited-range visibility model Visy(g) within a polygonal
domain W with holes. The definitions of visibility models are stated in Equations
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3. Proposed Solution

(3.1) and (3.2) and are adopted for the purpose of this work.

Visw(9) :={p € W; gp C W} (3.1)
Visq(g) :={p € W; gp C WA |lg —pl| < d} (3.2)
Where gp is a line segment connecting ¢ and p and ||.|| is the Euclidean norm.

The proposed framework is a class of hybrid accelerated refinement (HAR)
heuristics. This technique utilizes a set of different sensor-placement methods
and refines their output by efficiently filtering out redundant sensor locations.
The core of this algorithm is iteratively choosing the guard location which covers
the largest uncovered area of the environment and eliminating guard locations
which become obsolete in the process.

In the context of generating potential guard locations for the WRP route,
the output of this method is a "well behaved" candidate for several reasons:

1. The generated guard locations guarantee full coverage of the environment.

2. The spatial distribution of the generated locations is approximately uniform
across the defined region.

3. Visibility radius of the sensors is an input parameter, allowing fully custom
sampling factor (setting the visibility radius lower increases the number of
generated locations and vice versa).

Increasing the number of potential guarding locations expands the overall
problem size, resulting in greater computational complexity. However, it also
improves the upper bound of the quality of the achievable solution by offering
more flexibility in optimization.

To ensure a big enough set of potential guarding locations, input visibility
radius for the heuristic was set to values below 1 meter, with all further
experiments being conducted with visibility radius d > 2 meters.

3.2 Discrete environment representation

For ease of implementation and fully customizable problem size, it is desirable
to represent the environment as a grid of points (further referred to as seeds) of
predetermined resolution. Note that such a representation does not represent the
environment in its entirety; however, as proved by later experiments, with high
enough grid resolution, it rarely leads to leaving any areas uncovered on simpler
maps. The resolution of the point grid is an input parameter of the algorithm.
Figure depicts the principle of discrete environment representation.

The visibility mapping M is obtained by determining whether the seed s; is
visible from the guard g; for each pair (g;, s;). This step has a computational
complexity of O (|S|-|G|).

15



3.3. Continuous environment representation

(a) map: Gaps, seed grid resolu- (b) map: Complex2, seed grid
tion: 50 resolution: 60

|
(¢) map: Potholes, seed grid reso- (d) map: Maze, seed grid resolu-
lution: 70 tion: 80

Figure 3.2: Example of discrete environment representation with different seed grid
resolution on four different maps, each representing an environment of 20 x 20 meters.

3.3 Continuous environment representation

In order to formulate a continuous and complete visibility mapping M for an
instance of SCP given a set of potential guarding locations, it is necessary to
enumerate all present disjoint areas which are created by overlapping visibility
fields of said guards. A simple representation of the task can be seen in Figure [3.3]

Without any obstacles present, the field of view of each guard is circular;
however in the general case (considering obstacles in the environment and its
border), it consists of a combination of radial sections and line segments. For this
reason, the entire visibility region is converted into a polygon. The maximum
sampling angle for conversion to a polygon can be arbitrarily chosen and is an
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3. Proposed Solution

VISIBILITY MAPPING:

M= {
{03},
{13,
{2},
{0,1},
{0,2},
{1,2}
b

6 segments found.

Figure 3.3: Visibility fields of three guards on map Potholes.

input parameter of the algorithm. The problem now becomes: How to find all
different overlapping regions of n non-convex polygons in a 2D plane?

It is apparent that a brute force solution will not suffice, because it would
require to check an existence of an overlap of all m-tuples of n polygons for
m = 1,...,n. Furthermore, simply enumerating all present overlaps in such
manner does not account for situations, where an overlap of m polygons is
fully inside another area, say a different polygon. Such overlapping must be
filtered out, as it would represent a non-existing space in the environment. An
illustration of this issue is depicted in Figure

VISIBILITY MAPPING:
M= A

{0},

{0,1},

@ {0,2},

{0,1,2}

Q——— }

4 segments found.

©

Figure 3.4: Overlap of polygons 1 and 2 is fully inside polygon 0, this area should
only be reported once, as an intersection of all three.
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3.3. Continuous environment representation

3.3.1 Adaptation of the Plane-Sweep Algorithm

The chosen approach is based on designing an augmentation of the Plane-Sweep
algorithm for finding all intersections of line segments in a 2-dimensional plane
as first described in [32] and later published in [33]. Here, the input is a set of
n line segments S = {si,...,s,} and the algorithm finds all their intersections
while avoiding checking all segments pairwise. The idea behind the approach is
that it is only necessary to check for an intersection of two line segments if they
are "next to each other" on the 2D plane. The algorithm moves a theoretical
sweep line in a predetermined direction, visiting all event points (start and end
points of line segments, as well as segment intersections) while keeping track
of currently active segments and their order.

This paradigm can be used to solve a problem formulated in Chapter [3.3]
With a known structure of geometrically ordered line segments, it is possible to
keep track of presently active polygons defined by said line segments. Overlapping
areas of active polygons are then detected at each event point by interpreting
the line segment ordering as described in Algorithm [6]

First, all line segment start and end points are stored in a balanced binary
search tree (BBST) structure called the event queue, with custom geometric
ordering. The usual way to order event points is primarily up-down and left-to-
right in the case where two points are next to each other on the horizontal axis.
During the execution of the algorithm, the found intersections will be inserted into
this structure as new entries, which is the reason to use a BBST. See Algorithm 3]

Algorithm 3: FindIntersections(S). Inspired by [33].

Input: A set of n line segments S = {s1,...,,}

Output: All intersections of segments in S
1 Q + {}h // event queue
2 T + {}; // sweep-line status
M~ []; // map of segments beginning points
for each segment s € S4 do

Q.insert(s,)

M(s,] < s

Q.insert(s,); // s, and s, are endpoints of s

K- N )

oo

while () is not empty do

o | p< pop(Q)
10 | HandleEventPoint(p,T)

Active line segments are also stored in a BBST structure, called the sweep-
line status. Here, line segments are ordered primarily by the coordinates of their
intersection with the sweepline. In case of an intersection of two or more segments
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3. Proposed Solution

(where the coordinates of their intersection with the sweepline is the same), their
position in the structure is determined by the angle between the segment and
the sweep-line. A visualization of this ordering is shown in Figure

[3]

[1]

sweep-line

Q SEEPLINE STATUS: [1, 4, 3, 2]

Figure 3.5: Segments ordering example.

The core procedure of the original algorithm is described in full detail
in Algorithm 4] The function ReportCurrentOverlaps(p,T) on line 1 is the
designed augmentation and is described in the following chapter. In the original
algorithm, at each event point p, all segments that start, end or go through p
are collected and inserted into three separate sets. The segments that start in p
are present in M|[p], and the other segments are present in 7. Finding a specific
element in a BBST has a complexity of O(logn), and all segments that go through
p are stored next to each other in the sweep-line status structure 7. Then, if
there is more than one segment in union of all named sets, an intersection must
be present. This is where the algorithm detects and reports the intersections.

The segments ending in p must then be removed from 7, and the segments
beginning in p must be inserted into 7. Segments that have p in their interior
might change their order, so they are removed and reinserted into the structure
(they will be sorted upon reinsertion). Set operations on lines 8 and 9 in
Algorithm 4] are responsible for this process.

Next up, one of the following situations is currently at hand: either all
segments handled in this event point p ended in p, or there are segments which
contain p and exist below the sweep-line. In the former case, the algorithm must
find the segments which are directly to the left and to the right of p and check
whether those intersect below the sweep-line; if they do, their intersection must be
inserted into @) as a new event (lines 10 to 13 of Algorithm . In the latter case,
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3.3. Continuous environment representation

there are segments in p which "continue" below the sweep-line. They are either
newly inserted into 7 or just changed their position in 7 due to being present
in an intersection. The leftmost and rightmost of these segments are checked for
intersection with their left and right neighbor in 7, respectively. Again, if such
intersections exist, they are inserted into ). See lines 14 to 20 of Algorithm
and a helper method FindNewFEvent(sy, s,,p) provided in Algorithm

It is important to note a limitation of the original plane-sweep algorithm
for intersection detection: it assumes that there are no segments that overlap,
neither partially nor completely. Due to the geometric character of the original
problem, this limitation cannot be unaddressed; visibility fields of guards are
often shaped by nearby obstacles or environment borders, which results in many
overlapping line segments. This issue is depicted in Figure[3.6] In the augmented
version of the algorithm, overlapping segments are inserted next to each other in
the tree structure in an arbitrary order, and the handling procedure described in
Algorithm [6] checks whether segments active in the current event point overlap.

Figure 3.6: Line segments defining visibility fields of three guards fully or partially
overlap on obstacle borders.
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3. Proposed Solution

Algorithm 4: Handle EventPoint(p,T). Inspired by [33].
Input: Event point p, sweep-line status 7
ReportCurrentOverlaps(p, T); // augmentation
U(p) < all segments in 7T that begin in p
C(p) < all segments in T that have p in their interior
L(p) < all segments in 7 that end in p
if |[U(p)U L(p) UC(p)| > 1 then
Report p as an intersection.

Report U(p), L(p) and C(p)

T .remove(L(p) U C(p))

9 T.insert(U(p) U C(p))

10 if U(p) UC(p) = 0 then

11 s; < first segment to the left of p
12 s, < first segment to the right of p
13 FindNewFEvent(s;, s, p)

BN o N | N

(o]

14 else

15 s’ < the leftmost segment in U(p) U C(p)
16 s; + the segment to the left of s in T

17 FindNewFEvent(s;, s, p)

18 s"” < the rightmost segment in U(p) U C(p)
19 s, < the segment to the right of s” in T
20 FindNewFEvent(s", s, p)

Algorithm 5: FindNewEvent(s;, s, p). Inspired by [33].

1 ¢ <+ intersection of s; and s,

2 if c exists then

3 if (¢, <py) or (¢, =p,and ¢, > p,) then
// ¢ is below or to the right of p

4 Q.insert(c)

Algorithm Augmentation

As already mentioned in Chapter [3.3.1] the idea behind the plane-sweep aug-
mentation is this: If, at each event point p, the algorithm keeps track of all
currently active segments in their geometric order, and these segments define
the boundaries of closed polygons in the plane, it is possible to enumerate all
currently active polygons and report their overlaps below the sweepline. This
process is described in Algorithm [ and Figure visually shows what the
output of ReportCurrentOverlaps(p) is.
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3.3. Continuous environment representation

Figure 3.7: At event point p (yellow), the ReportCurrentOverlaps(p) function
reports all areas below p in terms of polygon overlaps. The dotted arrow symbolizes
that the procedure moves from left to right, as it iterates over currently active segments
in this order.

Algorithm 6: ReportCurrentOverlaps(p,T)

W N

© 0w I o O

10
11
12
13

14
15
16
17

Input: Event point p, sweep-line status 7
Output: All overlapping areas of polygons which are active below p

Pa—{}; // set of open polygons
Prow +——1
Tpow < —1
Pp «{}; /* Set of polygons which have a defining segment

with Prow s Tnow */
for each segment s € S4 do
s < angle between the sweep-line and s
x4 < x coordinate of the intersection of s with the sweep-line
if (05 = Vnow and Ty = Tpow) OF Prow = Tnow = —1 then
L Pg.insert(PolygonID(s))

else
PA%(PAUPB)\(PAQPB>
if P4 is not empty then

L Report Py

Pnow = Ps

Tpow < T

Pg.clear()
Pg.insert(PolygonlID(s))
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3. Proposed Solution

Here are some of the more crucial parts of the procedure: a structure that
keeps track of the polygons which are open in each iteration is denoted Pj.
All segments which are currently active at event point p are checked in their
geometric order (as they are stored in the sweepline status, so there is no
need to re-sort). The for loop starting at line 6 iteratively collects all line
segments with the same angle ¢, and same intersection with the sweep-line z
and stores their respective polygon IDs in Pg. When the angle or intersection
of the current segment is different from those of the previous segments (else
clause on line 11), it is necessary to check which polygons are being opened
and closed by line segments stored in Pg up until now. The set operation on
line 12 is responsible for this step: P4 N Pg defines all polygons which are
present in both sets, meaning those were open before this iteration (they are
in P4), and are being closed in this iteration (the part of Pg which is also in
P4). P4 U Pp contains all polygons that were open before (P,4), are now being
opened or closed (Pg). By performing set subtraction (P4 U Pg) \ (P4 N Pg),
the resulting set will only contain polygons which:

1. Were open in the previous iteration and are not being closed in the current
iteration.

2. Were not open in the previous iteration and are being open now.

The contents of the open polygon set P4 can now be reported, as there is a
physical area in the environment where all these polygons overlap. After this
step, set Pp is emptied, because from this iteration onward, it will be keeping
track of segments with new values of ¢ and x;.

3.4 Solving the decoupled WRP

With a set of potential guarding locations and visibility mapping obtained as
described in the previous chapter, it is possible to formulate an instance of
the Set Cover Problem (see Chapter and find a solution using any SCP
solver. This chapter describes the methods used to achieve this goal, namely
the GRASP heuristic and domain-specific details which were employed to better
serve the original purpose of the problem.

3.4.1 GRASP
The Greedy Randomized Adaptive Search Procedure (GRASP), introduced

in [21], builds a randomized solution using a greedy strategy, then refines it
through local search. This process repeats until a chosen stopping criterion
is met (see Algorithm (7).
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3.4. Solving the decoupled WRP

Algorithm 7: GRASP(I). Inspired by [21].
Input: Problem Instance I
Output: Best found solution of instance I.
1 bestSolution <— None
2 while Stopping criterion not met do
solution < ConstructGreedyRandomizedSolution(I)
solution < I'mproveByLocalSearch(l, solution)
if costOf(solution) < costOf(bestSolution) then
L bestSolution < solution

@ ok W

7 return bestSolution

3.4.2 Using GRASP for the Set Cover Problem

For the clarity of the rest of this chapter, consider that an instance I of the
SCP consists of:

e« Number of elements n
o« Number of subsets m

o Adjacency matrix A € {0,1}"*™, where each row represents an element
and each column represents a subset. If A;; =1, then element (row) 7 is
covered by subset (column) j.

« Vector c of length m of costs associated with the subsets. c¢; € R is the
cost of including subset (column) j in the solution.

Therefore, when talking about a specific SCP instance, all the information
above is available.

The construction phase for the SCP is designed as follows: first, for each
column 7, calculate how many uncovered rows are covered by it. Denote this
number as u;. Then for each column, calculate its score e; = 1_?% and keep
note of the lowest e,,;, and highest e,,,, scores. Construct the candidate list by
putting columns with e; > €, + ®(€maz — €min) o0 it. « € [0, 1] is a parameter
that controls the greediness of this process — the higher the value of «, the better
the score is required for the column to be put on the candidate list. Then select
one of the columns on the candidate list by a chosen method, here referred to as
the "insertion rule". Mark all rows covered by the selected guard. Repeat this
process until the solution is feasible, that is, all rows are covered. See Algorithm
Bl An overview of proposed insertion rules is described in the following chapters.
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3. Proposed Solution

Algorithm 8: scpConstructInitial Solution (I, «)

Input: Problem Instance I
Output: Initial greedy randomized solution

1 solution <+ {}

2 covered < {}

3 nCovered < (

a4 while nCovered < n do

5 Emin — OO

6 €maz — —OO

7 | CL « {}

8 for each column c¢; do

9 u; < number of uncovered rows which ¢; covers
10 e; <+ u;j/(1+¢j)

11 if e; < emin then

12 L Emin < €;

13 if e; > €4, then

14 L maz < €j

15 for each column c¢; do

16 if e; > emin + (€maz — €min) then

17 L CL.add(e;)

18 k < InsertionRule(CL)

19 solution.insert(k)

20 Update covered, nCovered according to the chosen column k

21 return solution

The local search operators later used during the improvement phase are
1-0, 1-1 and 2-1 exchange.

1-0 Exchange

The purpose of 1-0 exchange is to remove useless columns from the solution.
All columns selected during the initial construction process are checked to see
whether they offer "unique' coverage, that is, if they cover a row which no other
column in the solution covers. Columns not meeting this condition are removed
from the solution. The pseudocode is in Algorithm [9
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3.4. Solving the decoupled WRP

Algorithm 9: 1-0 Exchange for local search
Input:
Problem Instance [
Solution X, containing indices of columns which are part of the solution
Map T, where T[j] is the set of rows covered by column j,
Vector v, where vli] is the number of columns in the solution which
cover row 1%
Output: Improved solution X
for each j € X do
1s_useless <+ true
for each i € T'[j] do
if v[i] <1 then
L 1s_useless < false

aoh~ W N

if is wuseless then
for each i € T'[j] do

| Vi)« v[i] -1

9 remove j from X

=Y

10 return X

1-1 Exchange

1-1 exchange iteratively attempts to improve the current solution by replacing
one column in the solution with another that is not currently selected. For each
column in the solution, it identifies rows that would become uncovered if that
column were removed. It then looks for an unused column that has a lower
cost and can cover all of those critical rows. If such a column is found, the
algorithm performs the exchange, updates the row coverage counts, and restarts
the process. This continues until further improving exchanges can not be made.
The 1-1 exchange is decsribed in detail in Algorithm [10]
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3. Proposed Solution

Algorithm 10: 1-1 Exchange for local search
Input:
Problem Instance 1
Solution X, containing indices of columns which are part of the solution
Map T, where T[j] is the set of rows covered by column j,
Vector v, where v[i] is the number of columns in the solution which
cover Trow ¢
Output: Improved solution X
1 improved < true;
2 while improved do

3 improved <— false;

4 for each j,,, € X and not improved do

5 toCover <+ {};

6 for each i € T'[j,) do

7 if v[i] <1 then

8 L toCover < toCover U{i};

9 for j;, < 0 to m — 1 and not improved do
10 if ¢[jim| — cljout) < 0 and j;, ¢ X and T'[j;,] 2 toCover then
11 for each i € T}, do

12 L vii] < v[i] — 1;

13 for each i € T'[j;,) do

14 L vi[i] < v[i] + 1;

15 X X\ {Jout} U {Jn};

16 improved <— true;

17 return X

2-1 Exchange

2-1 Exchange works very similar as 1-1 exhange, except that this time, instead
of removing a column and seeing whether another cheaper column can replace it
while making the solution feasible, columns are removed in pairs and replaced
by a single column which has a lower cost than the two removed combined,
while covering the missing rows, if such column exists. The process repeats
until no further improving exchanges are possible.
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3.4. Solving the decoupled WRP

Algorithm 11: 2-1 Exchange for local search
Input:
Problem Instance
Solution X, containing indices of columns which are part of the solution
Map T, where T[j] is the set of rows covered by column j
Vector v, where v|i] is the number of columns in the solution which
cover row 1%
Output: Improved solution X

1 improved < true;

2 while improved do

3 improved <— false;

4 for each distinct pair ji,j» € X and not improved do

5 v’ «+ copy of v;

6 toCover < {};

7 for each i € T[j;] do

8 L v'[i] < V'[i] = 1;

9 for each i € T'[j,] do

10 L v'[i] « V'[i] — 1,

11 for each row i such that v'[i] <0 do

12 L toCover < toCover U {i};

13 for j;, < 0 to m — 1 and not improved do

14 if c[jm| — c[j1] — c[j2) < 0 and j;, ¢ X and T'[j;] 2 toCover
then

15 for each i € T'[j;,) do

16 | Vi) Vi) + 1

17 X X\ {1, 52} U {Jin}s

18 v+ V/;

19 improved < true;

20 return X

3.4.3 Determining guard cost

A crucial part of an SCP instance is the vector of costs c¢. As a reminder, in
the decoupled formulation, columns (subsets) of the SCP instance are potential
guarding locations on a 2 dimensional map. For the purposes of obtaining better
results in the later task of finding a shortest route through the environment, the
costs should reflect some sort of geometrical relevancy of each guard. In total,
three different cost functions for potential guards were designed:

e Unicost — the cost of all guards is set to 1. This means that during the
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construction of the candidate list, all guards are equally likely to be put
on the list.

« Base — the cost of each guard c(g,) is calculated as the sum of distances
from this guard to all other potential guards in the environment.

c(g;) =Y dist(g;, gr) (3.3)
keG

« Quadratic — the cost of each guard c¢(g;) is calculated as the sum of
distances from this guard to all other potential guards in the environment,
squared:

c(g;) = (Z diSt(gjagk)) (3.4)

keG

The idea behind tying the cost of each guard to its distance from all other
guards on the map is to prioritize guard locations that are in the middle of larger
areas and suppress those located near concave corners. During preprocessing
of each SCP instance, guard costs are normalized to the interval [0, 1]. This
normalization is primarily driven by technical constraints: as the problem
size grows (with more guards and larger maps), costs can increase without a
guaranteed upper bound, potentially causing variable overflow during runtime.

3.4.4 Custom insertion rules for the initial solution con-
struction

As described in Algorithm [§] after constructing candidate list C'L, one of the
columns on the list must be selected and inserted into the solution. The
proposed insertion rules are:

« Random choice — randomly select a guard from the candidate list C'L.

o« MinMinPath — for each guard on the candidate list g. € C'L and each
distinct pair of guards that are already part of the solution g;, g; € X,
find the shortest path g; — g. — gx. Then, choose the the guard with the
minimal shortest path.

g* = argmin min_(dist(g;, g.) + dist(ge, gx)) (3.5)
ge€CL 95-9KE€S

« MaxMinPath — for each guard on the candidate list g. € C'L and each
distinct pair of guards that are already part of the solution g;, gr € &,
find the shortest path g; — g. — gx. Then, choose the the guard with the
mazimal shortest path.

g* = argmax min_(dist(g;, g.) + dist(ge, gx)) (3.6)
ge€CL  95,9kE€S

29
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3.5 Solving the WRP as a Generalized Trav-
eling Salesman Problem

Using the schema described in Chapter [2.3.2] the Watchman Route Problem is
also formulated and solved as a GTSP instance. The solver used for this purpose
is a large neighborhood search heuristic published in [26], further referred to as
GLNS. A short overview of this method is provided in Chapter [2.3.1]

A note on the language used in this chapter: while in the Set Cover + TSP
decoupled approach it is convenient to think of each guard as covering some
distinct areas on a map ("guard i covers areas x, y, z"), in GTSP, it makes
more sense to think of guards as vertices which belong to clusters ("guard i
belongs to clusters z, y, z"). Furthermore, using the term 'cluster" instead
of "set" for the GTSP should decrease the undesired confusion between the
two approaches. For the purpose of solving the Watchman Route Problem,
those formulations mean the same thing.

As already mentioned in Chapter [2.3.2] formulating the WRP as a GTSP
instance can not be done without expanding the instance due to the natural
characteristic of individual guard locations (vertices) being part of multiple
clusters, which is resolved by creating duplicate vertices for each cluster they
are present in and setting an edge of weight 0 between the duplicates. Figure
3.8 shows a visual representation of the process on a minimal example with
vertices 1, 2, 3 and clusters A, B, C, D, E.

AB
B,C.D

1 2

A B

B C

D

Figure 3.8: A visual representation of formulating a GTSP instance with vertices
which belong to multiple sets as a one-in-a-set instance.

At the beginning of each GLNS run, the solver constructs a random initial
solution. At first, two random vertices from different clusters are selected
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and then the solver inserts new vertices into the solution until all clusters are
represented in the solution. This phase of the algorithm can be substituted
by supplying the solver with a result of the decoupled approach and building
the initial solution from it. This process is complicated a little by the need
to reformulate the found SCP solution such that it fits the expanded instance.
This process is described in Algorithm [12]

Algorithm 12: Transformation of a solution of the decoupled approach
to a solution of an expanded GTSP instance
Input:
Tour through the original graph T
Expanded instance of the original graph with map C, where C[i] is a
cluster that vertex ¢ in the expanded graph belongs to
Map D, where D[j] is a set of indices expressing which vertices in an
expanded graph are duplicates of vertex j

Output:
Tour through the expanded graph T.,, which is equivalent to the input
tour in the original graph
Ty  []
Ty + [}
Comp <[]
visited < {}
for each j € T do
for each duplicate d € D[j] do

L Timp-push(d)

Cimp-push(C[d])

W g O A W N =

for each k € 1}, do
10 if Cynplk] ¢ visited then

11 L Tewp-push(k)

12 return 7.,

©

3.6 Implementation details

The whole algorithm was implemented in C4++. For computing visibility regions,
fundamental geometric operations and visualization, TE¥iVis [34] was used. The
algorithm implemented to obtain continuous environment representation relies
on the use of the GMP [35] library for multi-precision arithmetic. The Traveling
Salesman instances were all solved using the LKH3 [36] solver. The GLNS solver
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used is originally written by authors of [26] in Julia. For compatibility with the
rest of the work, a C++ implementation provided by [37] was used.
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Results

4.1 Technical setting

All further tests were performed on one or multiple of the following maps: Gaps,
Complex2, Potholes, and Maze, as they are displayed on Figure All maps
have been scaled so that they represent a 20x20 meters environment. All other
variables and input parameters used to run specific tests are always provided
with the results in the following chapters. All experiments were performed
on an Apple MacBook Pro, with an Apple M3 Pro 12-core CPU, 18 GB of

RAM, and running MacOS 15.3.2.
131
iRy

(a) Gaps (b) Complex2 (c) Potholes (d) Maze

[N I .
I N
[
’

Figure 4.1: Maps used in further experiments.
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4.2. SCP Approach

4.2 SCP Approach

4.2.1 Parameter testing

d=4, |G| =371 d =4, |G| =1530
([ [ ]
o |
1104 110
1081 @
[ [ b4
3 108 3
s 3
g g 101
k9] k9]
o 106 1 Q
8 S 1041
104
® o 102
([ o D) ([
Py [ ]
102 1 1004
665 670 675 680 685 1560 1570 1580 1590 1600 1610 1620
Runtime (ms) Runtime (ms)
d =20, |G| =371 d =4, |G| = 1530
62 i
[ ] L4 65.0 e
601 62.5
58 4
o o 60.01
2 2
© o
S 561 >551 0
v [
2 2
£ 5
87 © 55.01
o )
o o
521 52.5
5019 50.0 1
(4 { [ )
48 e e 47.5 1 s o L]
740 745 750 755 760 765 1715 1720 1725 1730 1735 1740 1745 1750 1755
Runtime (ms) Runtime (ms)
unicost - random base - random quadratic - random

I unicost - minminpath I base - minminpath B quadratic - minminpath
Il unicost - maxminpath Il base - maxminpath Il quadratic - maxminpath

Figure 4.2: Results of the decoupled approach: average performance of different
combinations of SCP metrics and insertion rules. Map: Complex?2.

The proposed metaheuristics for the SCP were tested on all 4 maps mentioned
in Chapter [1.1} On all maps, each combination of SCP metric and SCP insertion
rule were tested with visibility radii d = 4 and d = 20 and with two different
sets of potential guard locations, with one being significantly larger than the
other. Therefore, 36 different configurations were tested on each map.

Each configuration was run 50 times. The results were very similar across
all 4 maps; therefore, only the results from one map (Complex2) are shown
in this chapter. Table contains the average result of each configuration,
showing the average runtime and lengths of the routes found. Figure offers
a visualization that focuses on the different combinations of SCP metrics and
insertion rules. These tests have shown that the unicost metric is significantly
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4. Results

worse then the other two, while not offering a compensation in terms of runtime,
which is very similar across all 9 configurations. The other two guard metrics,
base and quadratic provide higher quality solutions and are very comparable
in terms of both objective value and runtime, with quadratic having a slight
edge. The insertion rules seems to have little to no effect on the quality of the
solution. Due to these results, further experiments will be conducted using the
quadratic SCP metric with varying insertion rules.

4.2.2 Influence of continuous segmentation on perfor-
mance

Unlike discrete environment segmentation, which offers complete control over
problem size in the form of a definitive upper bound on the number of distinct
areas to be covered, the magnitude of continuous segmentation is a direct result of
the set of guard locations. Furthermore, the visibility radius chosen in any specific
instance has a significant impact on the number of disjoint overlapping areas.

In all of the experiments conducted, choosing to solve the continuous variant
led to a significant increase in the problem size — and since the visibility
mapping is a key component of both the decoupled and the GTSP formulation,
both of the approaches were impacted. Adding to that, when formulating the
GTSP instance, the problem size increases once more, due to the duplication
process of vertices which belong to more than one set (see Chapter . This
significant increase in problem size leads to a notably worse performance when
generating a solution using the decoupled approach. Table shows the results
of a comparative analysis of the discrete and continuous methods on the four
maps with 3 different visibility radii. Figures [4.3] [4.4] and [£.6] provide a

visual comparison of results obtained using both methods.

(a) (Discrete) (b) (Discrete) (c) (Continuous) (d) (Continuous)
Coverage Route = 51.8 m Coverage Route = 52.5 m

Figure 4.3: Results of the decoupled approach: example solution found using discrete
(a, b) and continuous (c, d) representation. Map: Gaps, d = 8.

35



4.2. SCP Approach

(a) (Discrete) (b) (Discrete) (c) (Continuous) (d) (Continuous)
Coverage Route = 85.0 m Coverage Route = 96.1 m

Figure 4.4: Results of the decoupled approach: example solution found using discrete
(a, b) and continuous (c, d) representation. Map: Complex2, d = 8.

(a) (Discrete) (b) (Discrete) (c) (Continuous) (d) (Continuous)
Coverage Route = 96.3 m Coverage Route = 149.1 m

Figure 4.5: Results of the decoupled approach: example solution found using discrete
(a, b) and continuous (c, d) representation. Map: Potholes, d = 4.

(a) (Discrete) (b) (Discrete) (c) (Continuous) (d) (Continuous)
Coverage Route = 127.0 m Coverage Route = 133.7 m

Figure 4.6: Results of the decoupled approach: example solution found using discrete
(a, b) and continuous (c, d) representation. Map: Maze, d = 6.
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Map: Complex2, Seed grid resolution: 64

d |G| Metric Insertion | N of arcas  Tour len. | Runtime (ms) Route (m)
maxmin 257 15.8 686.60 102.7692

base minmin 257 16.2 684.36 103.4583
random 257 15.8 681.40 102.9351

maxmin 257 15.8 667.86 102.8719

371 quadratic minmin 257 15.9 663.88 103.3291
random 257 15.6 675.10 102.2639

maxmin 257 16.7 681.60 110.5094

unicost minmin 257 17.1 680.62 111.1104

4 random 257 16.7 681.92 109.2209
maxmin 3273 16.1 1623.22 101.1195

base minmin 3273 16.0 1597.66 100.9632
random 3273 16.0 1607.40 100.8261

maxmin 3273 16.0 1613.20 100.7023

1530 quadratic minmin 3273 15.9 1557.40 100.4258
random 3273 16.0 1597.12 100.9466

maxmin 3273 17.0 1565.30 111.0076

unicost minmin 3273 16.8 1554.06 107.9125
random 3273 16.7 1557.56 109.6880

maxmin 2191 5.1 762.30 48.7875

base minmin 2191 5.1 757.80 48.7939
random 2191 5.1 754.56 48.4743

maxmin 2191 5.1 T747.48 48.0090

371 quadratic minmin 2191 5.0 757.40 47.9693
random 2191 5.2 766.60 48.5478

maxmin 2191 5.5 749.70 61.5609

unicost minmin 2191 5.7 754.90 61.7898

2 random 2191 5.5 741.18 59.6016
maxmin 2439 5.3 1739.88 47.8932

base minmin 2439 5.2 1726.60 48.4936
random 2439 5.3 1731.00 48.0797

maxmin 2439 5.3 1755.72 47.7544

1530 quadratic minmin 2439 5.1 1721.58 48.9427
random 2439 5.3 1723.10 48.5281

maxmin 2439 5.5 1715.30 57.9104

unicost minmin 2439 5.6 1721.58 65.2869
random 2439 5.5 1722.62 59.1121

Table 4.1: Average tour length, runtime in milliseconds and route length of the
solution obtained using the decoupled approach. Each row shows average result from

50 trial runs.
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Map Seg. Type |G| d  Areas | Tour len. | Runtime (ms) Route (m)
continuous 99 4 1528 51.8 633.40 134.8029
discrete 99 4 790 38.2 634.40 123.2538
Complex? continuous 99 8 3687 36.2 690.90 111.4411
discrete 99 8 1119 21.1 637.60 94.2552
continuous 99 12 6321 39.4 726.60 111.8430
discrete 99 12 1406 16.3 646.70 80.9070
continuous 101 4 1839 38.4 646.60 110.0638
discrete 101 4 1014 36.6 651.50 106.8854
Gaps continuous 101 8 3221 22.4 668.50 77.1829
discrete 101 8 1033 17.9 630.10 69.3639
continuous 101 12 4715 20.7 680.90 72.0364
discrete 101 12 914 13.7 644.00 64.7700
continuous 155 4 1172 64.9 675.10 165.3090
discrete 155 4 616 59.2 648.20 156.8880
Maze continuous 155 8 1659 60.1 691.20 156.1777
discrete 155 8 608 48.6 657.80 149.1679
continuous 155 12 1676 57.9 680.50 157.0555
discrete 155 12 589 47.2 644.60 147.6373
continuous 150 4 6117 106.7 1211.30 172.1007
Potholes discrete 150 4 1921 46.0 670.00 120.3842
continuous 150 8 36737 125.1 5795.10 187.2574
discrete 150 8 3066 34.6 695.40 100.2785

Table 4.2: Results of the decoupled approach: average tour length, runtime and
route length on all 4 maps with 3 different visibility radii — comparison of continuous
(max sampling angle: 0.1 rad) and discrete (seed grid resolution: 64) environment
representation. Each row shows average result from 10 trial runs.

4.3 GTSP approach

4.3.1 Instance size

The increase in instance size when formulating the one-in-a-set GTSP is noticable.
In some cases, the expanded instance reaches such a high number of vertices that
solving the instance becomes technicaly challenging (note that an instance with
n vertices requires access to a n X n matrix of edge weights, and while this matrix
can be reduced to half this size for symmetrical instances, it is often not enough).

The final number of vertices is a result of many factors: For the discrete
case, seed grid resolution plays a role, as this parameter is directly responsible
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for the number of clusters in the graph. For both the discrete and continuous
case, the obtained visibility coverage is dependent on the chosen visibility radius,
and while usually higher values lead to the creation of more distinct areas, this
is not always guaranteed. This happens when the visibility radius is so high
that entire areas defined by obstacles can be seen by many guards (an extreme
example of this is an instance where the environment is a convex polygon with
no holes and d = oco. In this case, no matter how many guards are inside this
environment, there is only one distinct area — the entire domain, and its visible
by all guards). However, higher visibility radius always leads to the need to
create more duplicates of vertices in the orignal problem, because a guard with
greater visibility radius will see more areas, therefore being a member of more
clusters. For the stated reasons, the geometric character of the environment
has a non-trivial effect on the final problem size.

Map Seg. Type |G| d Areas ‘ N of vertices
continuous 99 4 1528 14012
Complex? discrete 99 4 790 7463
continuous 99 8 3687 78416
discrete 99 & 1119 23251
continuous 101 4 1839 18960
Gaps discrete 101 4 1014 10036
continuous 101 8 3221 74002
discrete 101 8 1033 25202
continuous 155 4 1172 8433
Maze discrete 155 4 616 4380
continuous 155 8 1659 15462
discrete 155 8 608 5617

Table 4.3: Instance size of the formualated one-in-a-set GTSP problem for different
maps and visibility radii. Discrete representation was obtained using seed grid
resolution = 64 and continuous using maximum sampling angle = 0.1 rad.

4.3.2 GLNS with initial route

Combining both approaches as proposed in Chapter [3.5] promises a better
starting solution for the GLNS compared to random initial construction. This
idea proves to be correct for larger instances (tens of thousands of vertices).
While the initial solution gives GLNS a head start in larger instances, it does

not guarantee faster time to convergence nor better final solution. Figures
4.7, (4.9, show the comparison of evolution of the route length for a run
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using pure GLNS (with random initial solution) and GLNS with initial solution
taken from the decoupled approach.

Solver
105 — SCP + GLNS
— GLNS
100
S o5
o
c
g
]
=
Q
€ 90
85
80
0 10 20 30 40 50 60
Time (s)

Figure 4.7: Comparison of quality of solution found by pure GLNS and SCP +
GLNS over time, results of 10 runs with 95% confidence interval. Map: Gaps, d = 4,
|G|= 100, continuous representation with max sampling angle = 0.1 rad.

(a) (SCP) (b) (SCP) (¢) (GTSP) (d) (GTSP)
Coverage Route = 89.4 m Coverage Route = 80.4 m

Figure 4.8: Coverage + route obtained using SCP (a, b) and coverage + route
obtained using GTSP with provided initial solution (c, d). Map: Gaps, d = 4,
|G|= 100, continuous representation with max sampling angle = 0.1 rad.
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Figure 4.9: Comparison of quality of solution found by pure GLNS and SCP +
GLNS over time, results of 10 runs with 95% confidence interval. Map: Maze, d = 4,
|G|= 155, continuous representation with max sampling angle = 0.1 rad.

(a) (SCP) (b) (SCP) (¢) (GTSP) (d) (GTSP)
Coverage Route = 142.3 m Coverage Route = 131.4 m

Figure 4.10: Coverage + route obtained using SCP (a, b) and coverage + route
obtained using GTSP with provided initial solution (c, d). Map: Maze, d = 4,
|G|= 155, continuous representation with max sampling angle = 0.1 rad.
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Figure 4.11: Comparison of quality of solution found by pure GLNS and SCP +
GLNS over time, results of 10 runs with 95% confidence interval. Map: Potholes,
d = 40, |G|= 150, discrete representation with seed grid resolution = 24.
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(a) (SCP) (b) (SCP) (d) (GTSP)
Coverage Route = 68.7 m Coverage Route = 52.9 m

Figure 4.12: Coverage + route obtained using SCP (a, b) and coverage + route
obtained using GTSP with provided initial solution (c, d). Map: Potholes, d = 40,
|G|= 150, discrete representation with seed grid resolution = 24.
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4.4 Key insights

Conducted experiments proved correctness of the proposed and implemented
algorithm. When using the approximate discrete representation, the algorithm
offers a flexible framework for generating watchman routes which handles large
instances fast, but might provide solutions which do not cover the environment
fully. The quality of the solutions found is not optimal and rarely comes close to
being such, as when used in combination with a further optimization technique
(GLNS), better solutions are found.

Discrete environment representation was used mainly for algorithm parameter
optimization. Custom weight functions for setting costs of potential guards were
shown to have a huge effect on the quality of the solution. The chosen metric
values guards which are near centers of larger areas. Insertion rules for the
initial solution construction did not seem to affect solution quality greatly. It
is suspected that the local search procedure homogenizes solutions constructed
using different insertion rules.

Continuous environment representation leads to a notable increase in problem
size, which sometimes has a negative effect on the quality of found solutions.
This might be mitigated by further optimization. Solutions found using the
decoupled approach were used as an initial solution for the formulated GTSP
problem, which was solved using the GLNS heuristic. For larger instances (tens
of thousands of vertices), this proved to increase the performance of GLNS, as
the solver began with a higher quality initial solution compared to a random
one it would normally produce at the beginning of the run.
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Discussion

5.1 Conclusion

In this thesis, the Watchman Route Problem with limited visibility was in-
troduced and formulated as a combination of the Set Cover Problem (SCP)
and Generalized Traveling Salesman Problem (GTSP). Using this decoupled
formulation, a heuristic-based approach for solving the WRP was presented.

The SCP formulation was realized by deploying a prior heuristic to generate
a set of potential guard locations which guarantee full coverage and designing
two methods for creating a representation of the environment. While one of such
methods provides a discrete, approximate environment representation and allows
for fully customizable instance size, the other offers a complete, continuous
segmentation of the environment into distinct areas of visibility created by
potential guard locations. A GRASP-based metaheuristic was designed and
implemented to solve such formulated instance of the SCP, with the final solution
— a route through the environment — found using a third-party TSP solver.

Furthermore, the problem was reformulated as one-in-a-set Generalized
Traveling Salesman Problem for the purposes of further optimization using
GLNS, a state-of-the-art large neighborhood search technique. The proposed
and implemented method was experimentally validated and key outcomes of
its use were presented.
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5.2 Future outlook

A major setback of the proposed framework lies within the final problem size
when using the complete, continuous domain representation. An abundance of
potential guarding locations placed in a non-trivial environment with multiple
obstacles results in a large number of distinct segments with unique visibility
coverage. This has two main problematic consequences: first, the SCP solver is
less effective in providing a good quality solution, and second, the one-in-a-set
GTSP instance formulated in such cases becomes so large, it imposes serious
technical challenges for practical applications.

The first problem might be solved (or at least partially mitigated) by
employing a more sophisticated heuristic for solving the SCP. A possible
step could be to implement more advanced local search operators during the
GRASP procedure.

A broader solution would be to design and use a method to systematically
identify and eliminate segments, which could be ignored without losing the full
environment representation (some segments might always end up covered if,
say, other segments next to them are). With some further augmentation of the
algorithm used to obtain this representation, it would also be possible to compute
an area of each found segment and remove those which are smaller than a specified
threshold (or removing segments until a specified total threshold is reached).

Furthermore, the performance of the algorithm used for obtaining the
continuous representation could be improved by using a dynamic programming
technique during the overlap detection step, as it would remove the need
to traverse the entire sweep-line at each iteration, and instead reuse already
computed results, for the price of greater space complexity.
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