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Chapter 1

Introduction

The concept of a semiring generalizes the notion of a ring, allowing the additive
substructure to be only a commutative semigroup instead of an abelian group. In
this way the semirings become a natural generalization of algebraic structures as
rings or distributive lattices that are intrinsically quite different.

Classical examples of these objects are the semiring of natural numbers or the
semiring of positive rational numbers. The main part of the theory of semirings is
connected with modern algebra but their origin goes back to the works of Dedekind
[18], Macaulay [80], Krull [72] and N&ther [93] in connection with the study of ideals
of aring. They also appeared in papers of Hilbert [43] concerning the axiomatization
of natural and non-negative rational numbers. Semirings stayed for a long time
outside the main interest as their structure is, in comparison with the rings, more
general and hence harder to investigate. But, starting with the 70’s, the recognition
of their need and importance in applications brought a deeper research on them
(currently there are several thousands of papers - a huge list of them is in [32]).
Semirings appear in a natural way in computer science and serve as an algebraic
tool in the theory of automata, the theory of formal languages, the optimization
theory or the graph theory [8, 211, 34, 37, [74, [75]. Currently, the semirings are
intensively studied in tropical geometry that may be viewed as a piece-wise linear
version of the classical algebraic geometry, see e.g. [30), 47, 48]. Basic information on
algebraic properties and applications of semirings can be found, e.g., in [35] [36] [42].

This habilitation thesis consists of an introductory text and a collection of se-
lected research publications. It deals with two topics. The first one includes com-
mutative ideal-simple semirings and related problems on the structure of finitely
generated semirings. The second topic deals with congruence-simple semirings. In
both cases we will mainly consider such semirings whose additive semigroup has
some distinguished properties, in particular when this semigroup is idempotent.

Ideal- and congruence-simple semirings are two basic concepts that generalize the
notion of a simple ring. In an ideal-simple semiring S every ideal I has either one
element or I = S. Significant classes of such semirings are semifields and parasemi-
fields, where the multiplicative part (up to at most one element) forms a group.



Most of the theory and applications of ideal-simple semirings concerns the commu-
tative semirings. Commutative (para)semifields appear naturally in various parts of
mathematics as in tropical mathematics [47, 81], in control theory and optimization
[31L, [85], in cluster algebras [62), 02] that are connected to mirror symmetries, polyhe-
dral geometry, toric geometry or Teichmiiller theory, in combinatorics [7, [73, 87] and
other areas [32, 35 [36]. An important subclass of parasemifields are the idempotent
ones that are nothing else but the lattice-ordered groups [105]. These groups arise
in many parts of mathematics and are closely related to MV-algebras that are the
algebraic counterparts of many-valued Lukasiewicz logic |20} 80), O1].

Commutative semirings in general appear in the ideal theory of commutative
rings and number theory [41], [77], [83] [103], in the theory of ordered rings [101], as
Grothedieck semirings of isomorphism classes [4, 40], in idempotent analysis [67]
and other areas of mathematics [32], [35]. In spite of that, commutative semirings are
still not well understood and even the structure of finitely generated objects remains
still undiscovered.

The remaining topic of the thesis concerns congruence-simple semirings. These
semirings (and semiring congruences) are studied for their basic structural role
within the theory (see e.g. [32, B3|, 135, [61), 88]). The classification of congruence-
simple semirings was initiated in [23] and further investigated, e.g., in [24], [56, 66].
The finite cases were especially studied in [63, 89, 108]. In view of their complex
structure, congruence-simple semirings are also suggested as suitable candidates for
a post-quantum cryptography [22], 84 [107], i.e., for the protocols that might with-
stand attacks via quantum computing.

The thesis is organised as follows. Chapter 2 contains the basic terminology.
Chapter 3 is devoted to ideal-simple semirings and related problems on the additive
structure of semirings that are commutative and finitely generated (CF). It sum-
marizes main results proved in [57, [64], 69, [70), [7T]. We present several conjectures
from [64], 69] [70] that were motivated by a research on commutative ideal-simple
semirings in [23, 53]. In the first set of partially equivalent conjectures it is assumed
that if a semiring S € CF is additively divisible (and, possibly, it has a unity) then S
is additively idempotent. The second set of conjectures proposes that if the semiring
S € CF has some weaker forms of additive divisibility then S is additively torsion
(both additively torsion and additively regular, resp.). We confirm these conjec-
tures for the semirings with one generator. Further, we consider these conjectures
on a point-wise level, i.e., we assume the corresponding properties and implications
only for a single element a in a semiring S € CF. In this case we show that such
implications hold, in terms of free objects in the variety of commutative semirings,
only for a special set of elements in one-generated semirings. We also prove that
every at most countable semigroup A(+), in particular the rationals Q(+), can be
embedded into the additive reduct of a one-generated semiring. This result shows
that one-generated semirings are essentially different from commutative rings where
this cannot happen. As a final result we show that every commutative parasemifield



S € CF is additively idempotent. This generalizes the results proved in [49, [52] [54]
and provides an answer to a question in [23] on ideal-simple semirings.

In Chapter 4 we recall the basic classification of congruence-simple semirings from
[24] and provide examples of their application in cryptography that were described
in [22, 107]. In [63] finite congruence-simple semirings were studied with the help of
their semimodules. As a generalization of this approach we provide in [65] a charac-
terization of a subclass of additively idempotent congruence-simple semirings with a
bi-absorbing element in terms of their semimodules of a special type (o-characteristic
semimodules). This result is, moreover, an analogy to a similar conclusion about
congruence-simple semirings with a zero in [66]. We also show that o-characteristic
semimodules are uniquely determined. Finally, in [65] we present a generalization
of a result in [50] that concerns congruence-simple semirings of endomorphisms of
semilattices.

Appendix A contains the publications attached to the thesis.






Chapter 2

Preliminaries

2.1 Semigroups

In the sequel we use a few notions of semigroup theory. By N (N, resp.) we denote
the set of all positive (non-negative, resp.) integers. Recall that a semigroup A(+)
is a non-empty set A with a binary associative operation +. For a positive integer
ne€Nandce A, put nc=c+---+c. An element a € A is called

——

n—times

e neutral < a+ x = x + a = x for every element x € A,

e absorbing < a+ x = x + a = a for every element x € A,

e idempotent < a = a + a,

e torsion < the semigroup N -a = {ka | k € N} is finite,

e reqular < there is b € A such that a = a + b+ a,

o completely reqular <> there is b € A such that a =a+b+aanda+b=0+a.

o divisible (uniquely divisible, resp.) < for every n € N there is (a unique, resp.)
¢ € A such that a = nc.

We assign such a notion to the semigroup A itself if every element of A has the
respective property. A semilattice is a commutative and idempotent semigroup. A
monoid is a semigroup with a (unique) neutral element.

Let us note that an element a € A is completely regular if and only if a lies in
some subgroup of A. By adopting our definition, such a group is for instance the
semigroup generated by elements a and b with the neutral element e = a +b. Hence
an element a € A generates a subgroup of A (i.e., the semigroup N - a is a group) if
and only if a is completely regular and torsion.

Besides the regular and completely regular semigroups, further significant classes
of semigroups are inverse semigroups (those regular semigroups where all idempo-
tents mutually commute) and Clifford semigroups (those regular semigroups where
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every idempotent commutes with each element), for an overview see [45]. Clifford
semigroups are also characterized as semilattices of groups. All these classes of
semigroups provide various generalizations of the notion of a group.

Clearly, for commutative semigroups, all the four notions (to be regular, com-
pletely regular, inverse or Clifford) coincide.

2.2 Semirings

A semiring S(+,-) is an algebraic structure such that S is a non-empty set equipped
with two binary operations + and - such that

e S(+) is a commutative semigroup,
e S(+) is a semigroup,
e a(b+c¢)=ab+ ac and (b+ c)a = ba + ca for every a,b,c € S.

A semiring is commutative if its multiplicative semigroup is commutative. In the
definition we in general do not require any constants. However, the semirings often
do have constants and the significant cases in this aspect are the following ones.
The semiring S is said to have

e a unity 1g € S < S(-,1g) is a monoid,

e a zero Og € S & S(+,0s) is a monoid and Og is an absorbing element with
respect to the multiplication,

e a bi-absorbing element og € S < og is an absorbing element with respect to
both operations addition and multiplication.

A semiring S is called additively constant if there is an element o € S such that
a+b=oforall a,b € S. In this case 0 = 0og € S is always a bi-absorbing element
of the semiring S.

A semiring S is called a parasemifield if S(-) is a group and S is called a semifield
if there is a multiplicatively absorbing element w € S such that the set S\ {w} is
a multiplicative group. By a proper semiring (semifield, resp.) we mean a semiring
(semifield, resp.) that is not a ring.

In the investigation of the structural properties of any algebraic systems, simple
objects play a very important role. For example, the classification of finite simple
groups received a vast attention and is completely known.

The notion of simplicity for a given algebraic structure may in general depend
on the choice of a significant property and often is related to homomorphic images
of the given structure. For semirings, there are two principal concepts of simplicity
- congruence-simple and ideal-simple semirings.
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An ideal (left ideal, resp.) I of a semiring S is a non-empty set such that for all
a€Sandz,y€lisar,ra,x+y €l (ax,z+y € I, resp.).

A congruence p C S x S on a semiring S is an equivalence such that (a,b) € o
implies both (a + ¢,b+ ¢) € p and (ac, be), (ca, cb) € o for all a,b,c € S.

A semiring S is called congruence-simple if S has precisely two congruences, and
tdeal-simple if every ideal I of S has either only one element or [ = S.

For rings these two notions coincide but for semirings they substantially differ.
Ideal-simple semirings can be seen as an analogy to simple semigroups (that are
defined also by ideals) while congruence-simple semirings are analogous to simple
groups (that are also defined by congruences).

As an example of a semiring that is ideal-simple but not congruence-simple, let
us consider the semiring S = Q" x Q" with component-wise standard operations on
the positive rationals Q*. On the other hand, the semiring S = {a—bv/2|a,b € Ny}
with so called tropical addition z ® y = max{z,y} and multiplication z @y = x +y
for all z,y € S is congruence-simple but not ideal-simple.

In this thesis we will investigate properties of idempotency, regularity, torsion
and divisibility within a semiring S(+, -) only with respect to its additive semigroup
S(+) (up to an exception in Theorem [4.2.1]). Sometimes we will emphasize this fact
with the word additively. So we call, for instance, an element a € S (additively)
idempotent if a is idempotent within the semigroup S(+). Similarly, we assign all
these notions to the semiring S itself (e.g., we say that S is idempotent) if every
element of S has the respective property.

Let x1,...,2, be a set of variables. By N[zy,...,x,] we denote the semiring of
all non-zero polynomials over these variables with non-negative integer coefficients.
Obviously, the semiring Nlxy, ..., z,| has a unity. By F(z1,...,x,) we denote the

free semiring with the free basis x,...,x, in the category of all commutative se-
mirings. Hence F'(z1,...,x,) consists of all those polynomials in N[z, ..., x,] that
have no constant terms. Thus, F'(xy,...,z,) does not have a unity.

For a semiring S and a non-empty set X C S we denote by (X)) the sub-
semigroup of the semigroup S(+) that is generated by the set X and by (X) the
subsemiring of S that is generated by X. We say that a semiring S' is finitely ge-
nerated if there is a finite subset Y C S such that S = (Y). In particular, S is
one-generated if there is an element w € S such that S = {f(w) | f € F(z)} (be-
cause such a semiring is always commutative). For the sake of simplicity we denote
by CF the class of all finitely generated commutative semirings.

Finally, as we will also deal with semimodules in Chapter 4, let us recall this
notion. For a commutative semigroup M (+), let us denote by End(M)(+,0) the
semiring of all endomorphisms of the semigroup M (+) with the usual composition
(fog)(m) = f(g(m)) and point-wise addition (f + g)(m) = f(m) + g(m) of maps
f,9 € End(M) for any m € M.

Now, M is called a (left) S-semimodule for a semiring S if S acts on M via a
semiring homomorphism @ : S — End(M). Such an action ®(s)(m) of the element
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s € S on the element m € M is usually abbreviated as sm. The semimodule M
is called faithfull if ® is a monomorphism and minimal if |[M| > 2 and for every
S-subsemimodule N of M such that |[N| > 2is N = M.

Obviously, every left ideal I of S is an S-semimodule with a natural action given
by ®(s)(m) =s-m, for s € S and m € I. A left ideal [ is minimal if it is minimal
as the natural S-semimodule.



Chapter 3

Commutative ideal-simple
semirings and related problems on
finitely generated semirings

3.1 Commutative ideal-simple semirings

Most of the theory and applications of ideal-simple semirings are related to the
commutative case. Commutative semirings are closely connected with the study
of ideals in commutative algebra, theoretical arithmetics, number theory and with
so called tropical mathematics. The tropical mathematics is nothing but commu-
tative algebra that is based on tropical semirings instead on commutative rings.
A typical example of such a semiring are the real numbers with maximum as the
additive operation and the usual addition in the reals as the multiplicative opera-
tion. Tropical mathematics has a natural connection to algebraic geometry with
growing development in this direction (see e.g. [16} 48, 86, O8]). Typical varieties
here are the polyhedral complexes which have strong applications in enumerative
algebraic geometry. Tropical mathematics is also useful in studying piece-wise linear
functions in optimization problems (see e.g. [31], [78 85]). Another interesting ap-
plication of tropical mathematics is in computational phylogenetics [95] [100], where
a phylogenetic tree of the genetic relationship is constructed from a given distance
matrix.

The commutative (congruence- or ideal-) simple semirings were characterized
and partially classified in [23]. A commutative ideal-simple semiring S with at least
three elements falls precisely into one of the following cases:

e S is a zero-multiplication ring (i.e., ab = 0 for all a,b € S) of finite prime
order;

e S is a field;
e S is a proper semifield;

e S is a parasemifield.



This basic classification raised further fundamental structural questions on commu-
tative semirings.

3.2 Conjectures related to idempotency

In this section we present several conjectures on finitely generated commutative
semirings. These conjectures are related to each other and have the two following
motivations.

The first motivation is connected with commutative ideal-simple semirings. To
obtain a more detailed insight into them it is natural to start with finite or, rather,
with finitely generated cases. Finite cases in the basic classification include finite
fields, zero-multiplication rings of finite prime order, the trivial semiring and semi-
fields that are either additively constant or additively idempotent [23], 3.2]. These
cases do not seem to share any common features. On the other hand, by a classical
result, no infinite field can be finitely generated as a (semi)ring. Hence, consid-
ering finitely generated cases in the basic classification that are infinite, one ob-
tains only proper semifields or parasemifields. It was conjectured that such infinite
cases have to be additively idempotent or additively constant (for the details, see
[23, 149, 511, B53]).

The second motivation comes from a kind of a “folklore” theorem in the ring
theory saying that a finitely generated commutative ring cannot contain the field
Q of rationals. In this context a natural question suggests itself whether or not an
analogous theorem remains true for semirings.

Motivated by these questions, a sequence of further conjectures on finitely ge-
nerated commutative semirings was proposed in [64]. One of the key notions in
these conjectures is the (additive) divisibility. This property has allowed to extend
formulations of conjectures from ideal-simple semirings to arbitrary commutative
semirings that are finitely generated.

The conjectures are listed below. Let us make a few comments to more explain
their formulations. Note that the idempotency trivially implies the divisibility. Also,
every parasemifield S is additively divisible as its unity 1g has this property. This
immediately follows from the fact that the unity 1g is contained in the smallest
(prime) subparasemifield P of S and such P either consists of a single element or it
is isomorphic to the parasemifield Q™ of the positive rationals.

Further, the divisible structures (e.g., the divisible groups) are usually expected
to be “large”. On the other hand, the finitely generated objects are usually “small”.
In the case of the commutative semirings, the only way for these two properties to
co-exist seems to be in the idempotency of the given object. Such an expectation
is supported also by classical results in the theory of semigroups and rings. In a
residually finite semigroup every element is divisible if and only if it is idempotent
(see [I7]). In particular, this is true also for a finitely generated commutative semi-
group, as such a semigroup is residually finite by a well known theorem of Mal'cev

10



[82]. Similarly, in a finitely generated commutative ring the only divisible element
is the zero element.

Finally, an interesting result was obtained for compact topological semirings
with a unity [58]. It says that the set A of all additively divisible elements of such
a semiring is non-empty, topologically closed and every element of A is additively
idempotent.

All these results support the plausibility of the following conjectures. Let us recall
that by CF we denote the class of all finitely generated commutative semirings.

Conjectures (Part I)

(1) Every infinite ideal-simple semiring S € CF is idempotent or (additively)
constant.

(1) Every parasemifield S € CF is idempotent.
(2) No semiring S € CF contains a copy of the semiring Q.

(2’) No semiring S € CF with a unity contains a copy of the semiring Q% that
shares this unity.

(2”) Every divisible semiring S € CF with a unity is idempotent.
(3) Every uniquely divisible semiring S € CF is idempotent.
(3’) Every divisible semiring S € CF is idempotent.
These conjectures are related in the following way.
Theorem 3.2.1. ((164]) 3) & (3') = (2)& (2) < (2") = (1)< (1)

The equivalence of (1) and (1’) was investigated in [53] and proved in [51]. In
[64] we proved the rest of the implications and equivalences (in [64], Conjecture (1)
is not cited in its right form, the additively constant case was omitted there). In
[64] we also provided a basic characterization of the idempotency in terms of the
divisibility (unique divisibility, resp.) in the commutative semirings.

Assigning properties (the divisibility or the idempotency) to a given structure
(semigroup, ring, semiring) can be seen as a global approach. In this way our con-
jectures are formulated. On the other hand, we can also study these properties in a
point-wise nature, i.e., we assign them to a given element a € S only. According to
the known results mentioned above, divisibility implies idempotency for a single ele-
ment in the case of semigroups or rings that are commutative and finitely generated.
In view of these results we can ask the following question.

e To what extend is this behaviour (i.e., that the divisibility point-wisely im-
plies the torsion) preserved or generalized in finitely generated commutative

semirings?
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We provide an answer in terms of free objects in the category of the commutative
semirings (Section [3.3).

Finally, let us note that divisibility was investigated also for non-commutative
structures. Divisible semigroups were studied in [I3, 102], and as topological semi-
groups (in particular, the compact ones) they were investigated, e.g., in [6], 9 10
1T, [12), 14, 29, [44]. Unlike the commutative case, there exist infinite but finitely
generated divisible (non-commutative) groups (see [39] and [94]).

In rings, the problem whether a finitely generated non-commutative ring may
contain the field Q seems to be still open. Nevertheless, in a related problem of
finding an infinite division ring which is finitely generated as a ring [25, Problem
1.171], the first steps were recently made in [I].

3.3 Idempotency and divisibility in one-generated
semirings

For the investigation of conjectures listed in Section [3.2] a natural approach is to
start with semirings with one generator. It turns out that this case brings surprising
results and that also the proofs are not straightforward.

In [54] it was proved that no non-trivial parasemifield is a one-generated semiring.
This trivially confirms Conjecture (1) for such a case. In [71] we proved Conjectures
(3’) and (2”) for one-generated semirings. In addition, Conjecture (3’) was confirmed
for the case of two generators where one of them was the unity. Our approach was
based on rewriting the polynomials.

Theorem 3.3.1. ([71]) Every one-generated divisible semiring is idempotent. More-
over, if the generator is multiplicatively invertible then the semiring is finite.

Notice that in contrast to the case of parasemifields there do exist one-generated
additively idempotent semifields [51].

Further, in [71] we have investigated embeddings of semigroups into the additive
part of the finitely generated commutative semirings and we have obtained the
following surprising result.

Theorem 3.3.2. ([T1]) Let A(+) be an at most countable commutative semigroup,
neN, ay,...,a, € A and f € N[xy,..., 2, be a non-constant polynomial.

If either n > 2 or if f contains at least two different monomials, then there are
a commutative semiring S and elements wq, ..., w, € S such that

(i) S = {g(wla . 7wn) |g S N[mla oo wxn]};
(ii) A(+) is a subsemigroup of S(+),
(iii) f(wy,...,w,) =ay.
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Moreover, if n > 2 and f = x1 then S can be chosen such that w; = a; for every
i=1,...,n—1.

First, let us note that the proof of Theorem works indeed for the non-
constant polynomials (in [71] this condition was omitted). Constant polynomials
f = k € N are not covered by this theorem (in fact, they are assumed to have
restrictions that follow from Conjectures (4) and (5) in the next Section [3.4)).

Further, let us notice that if, in addition, f has no constant term then, according
to the proof of Theorem [3.3.2] A C {g(w1,...,w,)|g € F(a1,...,2,)} and S might
be in this case chosen to be a factor of the free commutative semiring F'(z1, ..., x,).

An immediate corollary is now the following.

Corollary 3.3.3. ([71]) Every at most countable commutative semigroup is con-
tained in the additive part of some one-generated semiring.

This result shows that there is a significant difference between proper semirings
and rings - finitely generated commutative rings cannot for instance contain the
group Q(+) as a subgroup in their additive reducts, while semirings may do. On
the other hand, our conjectures still suppose that the semiring Q*(+,-) cannot be
contained as a subsemiring in any finitely generated commutative semiring.

The only case of a non-constant polynomial in Theorem that remained
uncovered was for n = 1 and the given polynomial has only one monomial. This
situation that corresponds to a one-generated semiring was further investigated in
[70] and has resulted into the following theorem.

Theorem 3.3.4. ([70]) Let S be a semiring generated by an element w € S. Then
for k,m € N and an element z = kw™ € S the following holds:

o 2z is divisible < z 1s idempotent.

Now we can provide the promised answer to the question from Section (3.2] in

terms of the free commutative semirings F(zy,...,x,) (it follows from Theorems
B.3.2 and B.3.4).

Theorem 3.3.5. Let n € N. For f € F(xy,...,x,) the following are equivalent:

(i) For every semiring S and every semiring epimorphism ¢ : F(x1,...,2,) = S,
the element @(f) is divisible if and only if p(f) is idempotent.

(1)) n=1 and f =k - 27" for some k,m € N.

3.4 Conjectures related to torsion

Results concerning the connection between the idempotency and the divisibility
motivated us to find a similar correspondence between the torsion (as a relaxed
version of the idempotency) and some weaker version of the divisibility.
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Within our investigating of the torsion, a special attention was paid to the case
when a given element in a semiring S lies in some subgroup of the additive reduct
of S. A semiring where every element has such a property is (additively) regular
and, due to the commutativity of its additive reduct, it is also (additively) inverse.
Regularity and inversion are classical properties studied in semigroups (see e.g. [38,
45, [76, ©96]). They are natural generalizations of the notion of a group. Within
the additive reducts of semirings these properties were investigated in more detail
e.g., in [35, B9, 60, O7, Q9. 106]. Here a more general notion of a semiring was
assumed with a generally non-commutative additive reduct. To illustrate how these
types of semirings are close to rings it is worth mentioning that recently [46] a
characterization of additively regular semirings was provided - they are precisely
those semirings (with a unity and a zero) where every semimodule has an injective
envelope.

Based on these motivations for semirings from the class CF we have suggested
notions of almost-divisibility (as a counterpart to the torsion) and strong almost-
divisibility (as a counterpart to the torsion together with the regularity). Of course,
both these new properties were chosen to be weaker than the original divisibility.
The name of the second one is introduced in this thesis to make the reading simpler.

For a semiring S and a non-empty subset M of integers N, let us call an element
a€sS

o M-divisible < for every m € M there is ¢ € S such that a =m - c.

e almost-divisible < there is an infinite set P of prime numbers and b € (a)" =
N - a such that b is P-divisible.

o strongly almost-divisible < there is an infinite set P of prime numbers such
that a is P-divisible.

Again, we assign such a notion to the semiring S itself if every element of S is so. For
a subset X C S, let us still denote by (%)S ={a e S|(Fzr € X)(3Fm e M)z =ma}
the set of all possible fractions of all elements of X with respect to the set of
“denominators” of M.

The following diagram shows the natural relations between all the properties
that we consider. It is not difficult to check the validity of the implications.

idempotent — regular and torsion - torsion

Y 4 Y

divisible = strongly almost-divisible = almost-divisible.

Now we may naturally ask whether the vertical implications can be reversed for a
semiring S € CF. Based on these questions the following conjectures were suggested
in [69] and [70].
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Conjectures (Part II)([69, [70])
(4) Every strongly almost-divisible semiring S € CF is regular and torsion.
(5) Every almost-divisible semiring S € CF is torsion.
The previous and the new conjectures are related as follows.
(5) = (&) — (3)

Since the proof of these implications is not explicitly written in the attached papers,
let us make a short explanation. The implication (4)=-(3) follows immediately
from the basic characterization of the additive idempotency in terms of the additive
divisibility [64] 3.1.1]. To see the implication (5)=(4), one only needs to prove that
for a torsion semiring S € CF the strong almost-divisibility implies the regularity.
By [64, 2.1], there is k& € N such that kz = 2kx for every z € S. Hence, by the
basic properties of the cyclic semigroups, the set G, = {fx | ¢ € N, £ > k} is a finite
additive group for every x € S. Now, by the strong almost-divisibility, for every
a € S there is a prime number p € N big enough such that a = px € G, for some
x € S. Thus the element a is contained in an additive group and the semiring S is
therefore regular.

Similarly, as in Section [3.2, we may ask whether the remaining vertical implica-
tions in the diagram can be reversed for a single element a € S in a finitely generated
commutative semiring S.

These questions as well as the new conjectures are again supported by results on
the commutative semigroups and rings that we have shown in [69] and [70].

Theorem 3.4.1. ([69, [70])
(1) For a finitely generated commutative ring R and a € R the following holds:
e a is almost-divisible < a s torsion.

(2) For a residually finite commutative semigroup A (i.e., for A that is a subdirect
product of finite commutative semigroups) and a € A the following holds:

e a is reqular and torsion < a is M -divisible for some infinite set M C N;
e a is torsion < there is b € N-a such that b is M -divisible for some infinite

set M C N.

Let us note that the validity of Theorem |3.4.1] can also be extended to non-
commutative residually finite semigroups if the regularity of an element is substi-
tuted by a complete regularity of this element (to preserve the property that the
element a generates a finite group).
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3.5 Torsion and divisibility in one-generated se-
mirings

In [69] we have investigated the relation between the torsion and the almost-divisibi-
lity in the finitely generated commutative semirings. In particular, we have studied
the question when the almost-divisibility implies the torsion point-wisely in terms of
the free objects. For reasons similar to Section (by using Theorem on the
embedding of semigroups), the only case that needed to be investigated was the case
of a semiring S with one generator w € S. Within this semiring the only elements
that were uncovered in Theorem were elements of the form kw™ for k, m € N.
Further, in [70] we have studied an analogous problem that concerns the strong
almost-divisibility. Our answers to both questions are similar to Theorem [3.3.5]

Theorem 3.5.1. ([69]) Let n € N. For f € F(xy,...,x,) the following are equiva-
lent:

(i) For every semiring S and every semiring epimorphism ¢ : F(z1,...,x,) — S,
the element @(f) is almost-divisible if and only if p(f) is torsion.

(i) n=1and f =k -z for some k,m € N.
Theorem 3.5.2. Let n € N. For f € F(xy,...,x,) the following are equivalent:

(i) For every semiring S and every semiring epimorphism ¢ : F(z1,...,x,) — S,
the element p(f) is strongly almost-divisible if and only if p(f) is torsion and
reqular .

(i) n=1and f =k -z for some k,m € N.

Let us emphasize that Theorem (that follows immediately from [70], 0.1]
and Theorem is not an easy consequence of Theorem . A non-trivial
part in its proof is the case when for the given k,m € N and w € S there are
polynomials f,(x;) € F(z1) (indexed by infinitely many prime numbers p) such that
kw™ =p- f,(w), the degrees of f, are arbitrarily large and f,, contain monomials of
degrees less than m.

An immediate consequence of Theorems [3.5.1] and [3.5.2 is a confirmation of

Conjectures (4) and (5) for the one-generated case of semirings.

Theorem 3.5.3. ([69,[70]) Every one-generated almost-divisible semiring is torsion.
FEvery one-generated strongly almost-divisible semiring is torsion and reqular.

According to these results, equivalences between the (versions of) divisibility
and the (versions of) torsion on the point-wise level may hold (in terms of the free
objects) only for special elements in the one-generated semirings. For such a kind
of an element a € S it is then natural to further investigate the set (1%) g of all its
possible fractions in the semiring S. The following theorem in [70] gives a certain
limitation.
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Theorem 3.5.4. ([70]) Let S be a semiring generated by w € S. For every m € N
there is k € N such that for the set M = {¢ € N | ged(¢, k) = 1} we have (%)S -
(w,w?, ..., w™ 7 . In particular, ()¢ C (w) ™.

This result can be interpreted in a way that “most” of the fractions of the element
a = w™ is concentrated in a “small” part of the semiring S (i.e., these fractions are
contained in a finitely generated subsemigroup of S(+)). On the other hand, an
example in [70, 0.5] shows that a similar property does not hold in general for the
remaining elements a = kw™, where k > 2.

To conclude this section, let us illustrate the behaviour of the set of fractions in

the finitely generated commutative rings. Here we have obtained a stronger result
[70].

Theorem 3.5.5. ([70]) Let R be a finitely generated commutative ring and G(+)
be a finitely generated subgroup of R(+). Then there is k € N such that for the set
M ={l eN| ged(l,k) =1} we have (Q)R C@q.

M

3.6 Commutative parasemifields

In this section we provide an answer to Conjecture (1’) on parasemifields. Let us
recall that a parasemifield is a semiring where the multiplicative semigroup is a group
(for on overview, see e.g. [104]). Natural examples are the parasemifield of positive
rationals QT or positive reals R* (with standard operations) or parasemifields of all
continuous positive real-valued functions on a topological space X equipped with
the point-wise addition and multiplication. Let us recall that parasemifields are also
essential structures in tropical geometry, they are used in representation theory for
constructing cluster algebras [28] or appear in the process of so called dequantization
[78].

Another type of examples of parasemifields arises through a natural duality
with (abelian) lattice-ordered groups ({-groups) that play an important role in al-
gebra and related areas of mathematics, see e.g [68], [79, [I01]. An (abelian) ¢-group
G( -, "L 1,A,V) is an algebraic structure such that G( -, ! 1) is an abelian
group, G(A,V) is a lattice and for all a,b,c¢ € G it holds that a(bV ¢)v = ab V ac
and a(b A c¢) = ab A ac.

Such an /-group is now term-equivalent to a commutative idempotent parasemi-
field G(+,-, ~1, 1) with the correspondence of the operations given by a Vb= a+b
and a Ab= (a' +b"1)"! forall a,b € G.

An (-group G (and the corresponding parasemifield) is called wunital if there is
an element u € G such that for every x € G there is n € N with = < u". The class
of all unital abelian /-groups is categorically equivalent via the celebrated Mundici
functor with the class of MV-algebras [90]. These provide a useful tool in studying
the multi-valued logic of Lukasiewicz [5], 19, 20}, 80, O1].
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The equivalence between a commutative parasemifield S and its ¢-group coun-
terpart preserves finite generation in the sense that S is finitely generated as an
(-group if and only if S is finitely generated as a parasemifield. However, these cases
are not equivalent to the property of being finitely generated as a semiring (i.e.,
when S € CF), which is generally stronger. In [52] it was noted that a commutative
idempotent parasemifield S € CF is unital as an ¢-group. In [I5] finitely generated
unital (abelian) ¢-groups were classified using the combinatorial notion of a stellar
sequence, which is a sequence of certain simplicial complexes in [0, 1]" C R". Based
on this approach, in [52] idempotent parasemifields that are finitely generated as
semirings were classified using the notion of a rooted tree.

As it was mentioned in Section .2 a conjecture was raised (Conjecture (1'))
that every commutative parasemifield that is finitely generated as a semiring has
to be idempotent. In [54] and [49] this conjecture was confirmed for the case of at
most two generators.

Our result in [57] proves Conjectures (1) and (1’) in the full generality and it is
also a continuation of the study of idempotent parasemifields in [52].

Theorem 3.6.1. ([57]) (a) Every commutative parasemifield that is finitely genera-
ted as a semiring is additively idempotent.

(b) Every commutative proper semifield that is finitely generated as a semiring
15 either additively idempotent or additively constant.

(¢) Every commutative proper finitely generated ideal-simple semiring is either
additively idempotent or additively constant.

Let us recall that the latter theorem can also be understood as an extension of
a theorem saying that every (commutative) field that is finitely generated as a ring
has to be finite.

The key point for proofs in [57] was a careful study of convex cones associated
to parasemifields. It turned out that they had a distinguished property called pris-
mality (see [57] for more details). As a corollary, in [57] we obtained the following
result.

Corollary 3.6.2. ([57]) Let S be a commutative parasemifield that is finitely gene-
rated as a semiring. Then S is finitely generated as a multiplicative semigroup.
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Chapter 4

Congruence-simple semirings

4.1 Basic classification and cryptographical appli-

cations

In order to develop a structure theory for semirings, the congruence-simple semi-
rings are one of the basic objects to study. They provide the simplest cases of
subdirectly irreducible semirings that, according to the Birkhoft’s theorem, are
the basic buildings blocks in the variety of semirings. A deeper interest in the
congruence-simple semirings started quite recently. These semirings are studied
not only for their structural role but also because of their applications (see e.g.
[23] 24] 26| 56l [61), 88, 89 [108]). It was shown (see e.g., [84]) that there are close
connections between the public key cryptography based on the Discrete Logarithm
Problem and the congruence-simple semirings and their semimodules. In particular,
the use of the congruence-simple semirings is advantageous to avoid the Pohlig-
Hellman type attacks, as the computation within such a semiring can not be sim-
plified by any non-trivial semiring homomorphism.

Commutative congruence-simple semirings were successfully characterized and
partially classified in [23] with an exception of the subsemirings of positive reals.
Surprisingly, even the structure of subsemirings (and subsemigroups) of Q - a fairy
basic object - is not well understood (in contrast to the structural properties of the
subrings and subgroups of Q which are quite well known). A significant contribution
to this problem was presented in [55, [56]. In this work all maximal subsemirings of
the positive rational numbers were found and classified (with the help of prime p-adic
valuations) and a similar problem for the congruence-simple ones was solved. Such a
maximal congruence-simple subsemiring of Q% is of the form {z € QT | a*® < z},
where 0 < a < 1 is a real number and v, is a valuation for a prime number p. These
semirings are all non-isomorphic so there is uncountably many of them. As an open
question it remains, whether or not the list of the congruence-simple subsemirings
of QT found in [56] is already complete. These results were a part of author’s
dissertation.
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A (generally non-commutative) congruence-simple semiring S with at least three
elements fits into precisely one of the following four basic classes (see [24]):

e S is additively constant;
e S is additively cancellative (i.e., a +c¢ # b+ c for all a,b,c € S, a # b);

e S is additively nil of index 2 (i.e., there is 0 € S such that 2a = o for every
acS)and S={a+bl|a,be S};

e S is additively idempotent.

The first class consists of all multiplicative congruence-simple semigroups (with an
absorbing element) that are equipped with a constant addition. Semirings in the
second class can be embedded into rings, so this class includes all simple rings and
many subsemirings of ordered rings. Examples of this type are for instance the
semiring of all n X n matrices over positive rationals Q or the semiring of positive
reals R™. The third class may contain only infinite non-commutative semirings [27].
An example of this type was constructed in [26] but the rest of this class remains
enigmatic so far.

Finally, the fourth class can be viewed as congruence-simple semirings consisting
of (some) endomorphisms of a given semilattice. Thanks to this natural interpre-
tation, this class is of interest in the theory as well as it has a potential in the
applications. Finite semirings of this type were used for a construction of the Diffie-
Hellman type of cryptographical protocols ([84, 89]). Possible links of the infinite
semirings to cryptography are not clear yet but this direction can be promising,
especially in the case when the semirings satisfy some finiteness conditions.

To illustrate an application of semirings in the cryptography, let us provide the
following two key-exchange protocols adapted from [22] [107]. Here two participants
Alice and Bob want to agree on a common secret key k via an unsecured channel
for their communication.

Protocol 1. Alice and Bob publicly agree on a proper congruence-simple semi-
ring S and an element v € S. Then:

1. Alice chooses a random element o € S as her secret key. She computes A = a-u
as her public key and sends A to Bob.

2. Bob chooses a random element 5 € S as his secret key. He computes B = u-f3
as his public key and sends B to Alice.

3. Alice computes kg = a- B =a- (u-f).
4. Bob computes kg = A- = (a-u)- p.
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At the end of the protocol, both users obtain the same common secret key k =k, =
kp=a-u-f.

In order to break this protocol and find &k (by knowing S, u, A and B only), it is
sufficient to find an element o/ € S such that o -u = A (or solve the similar problem
for B). Then o/ - B = (o -u) - = A- [ = k. This task seems to be difficult, as the
multiplication in S is not invertible in general and we cannot use any non-trivial
homomorphism on S to simplify the computation and gain in this way additional
information.

In the second protocol we use the fact that for an element v € S and for two poly-
nomials f(z),g(z) € F(x) with non-negative integer coefficients (and no constant
terms) the elements f(u) € S and g(u) € S mutually commute in S.

Protocol 2. At the beginning both users Alice and Bob publicly agree on a
proper congruence-simple semiring S and two elements «, § € S that do not com-
mute. Then:

1. Alice selects as her secret key two random polynomials p;(z), pa(z) € F(x).
She computes her public key A = pi(a) - p2(5) and sends A to Bob.

2. Bob selects as his secret key two random polynomials ¢;(x), g2(z) € F(x). He
computes his public key B = ¢1(«) - g2(f) and sends B to Alice.

3. Alice computes k4 = pi(«) - B - pa(5) = p1(a) - ((h(Oé) : Q2(ﬁ)) - pa().

4. Bob computes kg = qi(a) - A+ ¢2(8) = (@) - (p1() - p2(B)) - g2(B).

At the end of the protocol, both users obtain the same common secret key k =k, =
/{ZB.

The problem on which the security of this protocol is based is as follows. To find
the key k (by knowing S, a, 8, A and B only) it is sufficient to find polynomials
(), ph(x) € F(z) such that A = p/(«) - p4(5) (or solve the same problem for B).
Then p/ () B-py(8) = pi(@) - (a1(a) - @(8)) -pa(8) = ai(a) - (P (@) ps(B)) - a2(8) =
q(a)-A-q(B) =k

Also, this task seems to be generally difficult for the reasons similar to the
previous protocol.

4.2 Idempotent semirings with a bi-absorbing ele-

ment

A fruitful approach for studying the congruence-simple additively idempotent se-
mirings is to consider them as semirings of endomorphisms of their idempotent
semimodules (i.e., of semilattices). The case when such an S-semimodule M has
many endomorphisms coming from the semirings S is of special importance (see e.g.
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[2, 3, 50} [63], [66]). By investigating such type of semimodules, the finite congruence-
simple semirings were classified in [63, [I08] up to an exceptional case of additively
idempotent semirings with a bi-absorbing element. By extending similar ideas to
generally infinite semirings we have studied a notion of an o-characteristic semimod-
ule in [65].

To define this notion, let us first denote by End,; (M), for a semilattice M (+) with
the greatest element oy, € M and with |M| > 2, the semiring of all endomorphisms
of M(+) that preserve the element oy,. Further, let X;(M) be the set of all such
endomorphisms ¢ € End; (M) with the range ¢(M) = {op,u} for some u € M\
{on} such that the downwards closed subsemilattice {x € M |p(x) < u} has a
greatest element. Now, a semilattice M with the greatest element o,, € M and
with |M| > 2 is called an o-characteristic S-semimodule if it is equipped with an
injective semiring homomorphism ® : S — End; (M) such that X;(M) C ®(S).

In [65] we have shown a uniqueness of such a semimodule for the additively
idempotent semirings with a bi-absorbing element.

Theorem 4.2.1. ([65]) Let S be an additively idempotent semiring with a bi-absorbing
element. If M 1is an o-characteristic S-semimodule, then S has at least one minimal
left ideal and M is isomorphic to any such a minimal left ideal of S. Moreover, the
semiring S then has at most one minimal left ideal I such that 2* = x for every
xel.

In mathematics there often appear semirings that have a zero element (i.e., the
additively neutral and multiplicatively absorbing element). For additively idempo-
tent semirings the zero element is the least element (with respect to the natural
order), while, on the contrary, a bi-absorbing element is the greatest element. These
two cases are essentially different (and disjoint for non-trivial semirings) and they
cannot be transformed one to the other by simply turning the semiring “upside-
down”. A congruence-simple semiring with a zero is either a ring or it is additively
idempotent [24].

Finite idempotent congruence-simple semirings with a zero were fully charac-
terized in [108]. In [66] a similar characterization was generalized to some infinite
cases. Finite idempotent congruence-simple semirings with a bi-absorbing element
were studied in [63] and a subclass of such semirings that, in addition, have an addi-
tively neutral element was characterized by an existence of an irreducible idempotent
semimodule (see [63] for the detailed definitions).

Our generalization of the characterization in [63] and also an analogy to the
result in [66] now reads as follows.

Theorem 4.2.2. ([65]) Let S be an additively idempotent semiring with a bi-absorb-
ing element and with an additively neutral element. Assume further that |S| > 3
and

o cvery downwards closed subsemilattice K of S(+) such that both the sets K
and S\ K are infinite has a greatest element.
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Then the following three conditions are equivalent:
(i) The semiring S is congruence-simple and has at least one minimal left ideal.
(ii) There is an o-characteristic S-semimodule M .

(111) S is congruence-simple and there is a faithful minimal S-semimodule L.

To present our final result, let us denote by X (M), for a (non-trivial) semilattice
M with a greatest element oy, the set of all endomorphisms from End; (M) with
the range of cardinality at most 2. Clearly, X;(M) C X (M).

In [50] it was shown that a subsemiring S of End; (M) containing the set X (M)
is congruence-simple if and only if for every a € S there is e € X (M) such that
e <a.

We have generalized this result in [65] by assuming that S contains, in comparison
to [50], only the set X (M) that is in general substantially smaller than X (M).

Theorem 4.2.3. ([65]) Let M be a semilattice with a greatest element oy and
|M| > 2. Let S be a subsemiring of End;(M) such that X;(M) C S. Then S has a
bi-absorbing element and

(i) the following two conditions are equivalent:

(a) S is congruence-simple,

(B) for every a € S there are e € X1(M) and b € S such that eb < a.
(i1) the following two conditions are equivalent:

(v) S is congruence-simple and for all w € M \ {op} and a € S the set
A={zx e M|ax < w} is upwards bounded in M \ {opn} (provided that
A is non-empty),

(6) for every a € S there is e € X1(M) such that e < a.
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ABSTRACT. We present a series of open questions about finitely generated commutative semirings
with divisible additive semigroup. In this context we show that a finitely generated additively di-
visible commutative semiring is idempotent, provided that it is torsion. In the particular case of a
one-generated additively divisible semiring without unit, such a semiring must contain an ideal of
idempotent elements.
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It is well known that a commutative field is finite provided that it is a finitely generated ring.
Consequently, no finitely generated commutative ring (whether unitary or not) contains a copy
of the field Q of rational numbers. On the other hand, it seems to be an open problem whether
a finitely generated (commutative) semiring S can contain a copy of the semiring (parasemifield)
Q™ of positive rationals. Anyway, if S were such a (unitary) semiring with 1g = 1g+, then the
additive semigroup S(+4) should be divisible. So far, all known examples of finitely generated
additively divisible commutative semirings are additively idempotent. Hence a natural question
arises, whether a finitely generated (commutative) semiring with the divisible additive part has to
be additively idempotent (see 1.1(A)).

Analogous questions were studied for semigroups. According to [9: 2.5(iii)], there is a finitely
generated non-commutative semigroup with a divisible element that is not idempotent. Moreover,
there exists infinite but finitely generated divisible (non-commutative) group (see [12] and [19]).
(Uniquely) divisible semigroups were studied in [7,20] and as topological semigroups, especially
the compact case, in [3-6,8,10,11,13] and recently in [2]. The property of additive divisibility in
compact topological semiring was investigated in [17].

The present short note initiates a study of additively divisible commutative semirings together
with a series of open questions about the finitely generated cases (see 1.1).

1. Conjectures

Throughout the rest of the paper, all algebraic structures involved (as semigroups, semirings,
groups and rings) are assumed to be commutative, but, possibly, without additively and/or mul-
tiplicatively neutral elements. Consequently, a semiring is a non-empty set equipped with two
commutative and associative binary operations, an addition and a multiplication, such that the
multiplication distributes over the addition. A semiring S is called a ring iff the additive semigroup
of S is a group and S is called a parasemifield iff the multiplicative semigroup of .S is a non-trivial
group. We denote by 1g € S the fact that S has a multiplicative unit 1g (in the opposite case we
write 1g € .5).

2010 Mathematics Subject Classification: Primary 12K10, 16Y60, 20M14.

Keywords: commutative semiring, divisible semigroup, idempotent, torsion.
The second author was supported by the project LC 505 of Eduard Cech’s Center for Algebra and Geometry.
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We will use the usual notation: N for the semiring of positive integers and Q7 for the parasemi-
field of positive rationals.

Let A(+) be a semigroup. An element a € A is called divisible (uniquely divisible, resp.) iff for
every n € N there exists b € A (a unique, resp.) such that @ = nb. A semigroup is called divisible
(uniquely divisible, resp.) if every its element is divisible (uniquely divisible, resp.). Clearly, A
is divisible iff A = nA for every n € N. The class of divisible semigroups is closed under taking
homomorphic images and cartesian products and contains all divisible groups and all semilattices
(i.e., idempotent semigroups).

Let S be a semiring. For an element a € S denote ord(a) := card({ka| k € N}) € NU {oo}
the order of a. For a subset ) # X C S put (X) the subsemiring of S generated by X. A
semiring is called additively divisible (additively uniquely divisible, resp.) iff its additive part is
a divisible semigroup (uniquely divisible semigroup, resp.). A commutative semigroup M (+) is
called an S-semimodule iff there is a semiring homomorphisms ¢: S — End(M(+)). In the case
when 1g € S and ¢(lg) = idg, the S-semimodule M is called unitary. Let D(S) denote the
semiring extending S where a multiplicative unit is added freely. Now S can naturally be treated
as a unitary D(S)-semimodule.

Examples 1.

(i) The semiring Q% is additively (uniquely) divisible.

The zero-multiplication ring defined on the Priifer group Z,~ is both additively divisible and
additively torsion. Of course, the ring is neither additively idempotent nor finitely generated. The
(semi)group Zpe (+) is not uniquely divisible.

Consider a non-trivial semilattice L. Then the product L X Zpe is a torsion divisible semigroup
that is neither a semilattice nor a group.

(ii) Let R be a (non-zero) finitely generated ring (not necessary with unit). Then R has at least
one maximal ideal I and the factor-ring R/I is a finitely generated simple ring. However, any such
a ring is finite and consequently, R is not additively divisible.

CONJECTURES 1.1. Consider the following statements:
(A) Every finitely generated additively divisible semiring is additively idempotent.
Every finitely generated additively uniquely divisible semiring is additively idempotent.

No finitely generated semiring contains a copy of Q.

)
)
) No finitely generated semiring with a unit element contains a copy of Q* sharing the unit.
) Every finitely generated additively divisible semiring with a unit is additively idempotent.
) Every parasemifield, that is finitely generated as a semiring, is additively idempotent.

)

Every infinite finitely generated ideal-simple semiring is additively idempotent. (A semirings
is called ideal-simple iff every its proper ideal is trivial. For further details see [1].)

PRrOPOSITION 1.1. (A) <= (Al) = (B) <= (Bl) <= (B2) = (C) < (C1).
The proof of 1.1 follows in the last section 5. The conjecture (C) (with the equivalent ver-
sion (C1)) was stated in [15] and was confirmed for the one-generated case in [16] and for the

two-generated case in [14]. The other conjectures are supported by further study in this paper
(especially by 3.1, 3.2, 3.2.3, 4.2, 4.1 and 2).

2. Preliminaries

LeEMMA 2.1. Let O # X be a subset of a semiring such that m = sup{ord(a)| a € X} € N. Then
sup{ord(b) | b € (X)} < co. Moreover, there is r € N such that 2rb = rb for every b € (X).

Proof. Forevery a € X there are k,t € N such that ka = (k+t)a and k+¢ < m+1. Furthermore,
20a = La for some ¢ € N, ¢ < m+1. Setting r = (m + 1)!, we get 2ra = ra for every a € X. Hence
ord(b) < 2r — 1 for every b € (X). O
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LEMMA 2.2. Let S be a semiring. Let a,b € S be such that ka = la + b for some k,l € N, k # [.
If ord(b) s finite, then ord(a) is so.

Proof. There are m,n € N such that m < n and mb = nb. Then nka = nla + nb = nla + mb =
(n — m)la + m(la + b) = (n — m)la + mka = ((n — m)l + mk)a. Since k # [, we see that
(n —m)k # (n —m)l and nk # (n — m)l + mk. Consequently, ord(a) is finite. O

LEMMA 2.3. Let S be a semiring. If w € S, a,b,c € D(S)w and m € N are such that ma = mb
and mec = w, then a = b.

Proof. For every d € D(S)w, there is ag € D(S) with d = aqw. Now, a = a,w = agme =
Qe0gmw = a.ma = a.mb = a.apmw = ayme = apw = b. O

Remark 1. Let S be a semiring and z,v € S be such that x = 2x + v. Put w, = z + v. Then w,
is an idempotent, © = x + w, and the set {b € S| z = x + b} is a subsemigroup of S(+) with w,
as an (uniquely determined) absorbing element.

3. Additively divisible semirings

THEOREM 3.1. ([9: 2.5(1)]) A divisible element in a finitely generated commutative semigroup is
idempotent. In particular, a commutative semigroup is finitely generated and divisible if and only
if it is a finite semilattice.
ProroSITION 3.1.1. The following are equivalent for a commutative semiring S:

(i) S is additively idempotent.

(ii) S is additively divisible and bounded (i.e. sup{ord(a)| a € S} < o0).

(i) S is additively uniquely divisible and torsion.
Proof. First, (i) = (ii) and (i) = (iii) are easy.

(i) = (i): By 2.1 there exists n € N such that 2na = na for every a € S. Since S is divisible,
we have a = nb, and so 2a = 2nb = nb = a.

(ili) = (i): Since S is torsion, for every a € S there is k € N such that 2ka = ka. Now, S is
additively uniquely divisible, hence k(2a) = ka and 2a = a. O

THEOREM 3.2. A finitely generated additively divisible semiring S is additively idempotent, pro-
vided that it is torsion.

Proof. Follows immediately from 2.1 and 3.1.1. O

To verify the following two statements is an easy exercise.

PROPOSITION 3.2.1. A semiring S is uniquely additively divisible if and only if it is a unitary
QT -semimodule. In this case the structure of the QF-semimodule is unique and provides a structure
of the QT -semialgebra (i.e. qa-b=a-qb for all g € Q" and a,b € 9).

PROPOSITION 3.2.2. Let S be an additively divisible semiring with a unit 1g € S. Then S is
additively uniquely divisible and either S is additively idempotent or it contains a subsemiring @
such that Q = QT and 15 = 1¢.

PROPOSITION 3.2.3. Let S be a non-trivial additively divisible semiring. Then S is not finitely
generated, provided that it is additively cancellative.

Proof. The difference ring R = S — S of S is additively divisible, and hence it is not finitely
generated by 1(ii). Then S is not finitely generated either. O

On a semiring S define a relation g = {(a,b) € S x S| (Im € N)[ma = mb]}. Clearly, og is a
congruence of S and 0g/,; = id. The following assertion is easy to verify (by 3.1.1).
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PROPOSITION 3.2.4.

(i) A semiring S is torsion if and only if the factor-semiring S/og is torsion.

(ii) Let S be an additively divisible semiring. Then the factor-semiring S/os is additively
uniquely divisible. If, moreover, S is torsion, then og is just the smallest congruence of S such
that the corresponding factor-semiring is additively idempotent.

4. One-generated additively divisible semirings

In this section, let S be an additively divisible semiring generated by a single element w € S.
Further, let 2 be a variable and F(z) denotes the free commutative semiring with the basis {z}
(i.e. F(x) consists of just all non-zero polynomials over z with non-negative integer coefficients
and with zero constant terms).

PROPOSITION 4.1. The semiring S is additively uniquely divisible.
Proof. Follows from 2.3. (]

PROPOSITION 4.2. The semiring S is additively idempotent, provided that ord(w™) is finite for
some m € N.

Proof. Let n € N be the smallest number with ord(w™) finite. If n = 1, then the result follows
from 3.2, and so we assume, for contrary, that n > 2. Since S(+) is divisible, there are v € S,
k € NU{0} and a polynomial f(z) € F(z)U {0} such that w = 2v and v = kw + wf(w).
Hence w" ™! = 2kw" ™! 4 2w" ™! f(w). By our assumption, 2w" ! f(w) is of finite order. If k = 0,
then clearly ord(w”~!) is finite, and if & > 1, then ord(w”~!) is finite as well, by 2.2, the final
contradiction. (]

PROPOSITION 4.3.
(i) If u e S is such that w = wu, then u = 1g.

(ii) 15 € S (i.e. S is unitary) if and only if S = S. In this case there exists w=! in S and
8™ = 8™ for all n,m €N (here S*¥ = ({a1...ax| a; € S}) for k €N).

Proof.

(i) Let w = wu. Since S = D(S)w, for every a € S there is a, € D(S) such that a = a,w.
Hence a = a,w = a,wu = au for every a € S. Thus u = 1g.

(ii) Let S2 = S. Then w € S = S? and there is a non-zero polynomial f(z) € F(z) such that
w = wf(w). By (i), f(w) = 1s. Now, since 1g € S = S2, we have, similarly, that 15 = wv for
some v € S. Hence w™! = v € S. The rest is obvious. O

LEMMA 4.1. Let k € N, k > 2 and w € SU {0} be such that w = kw + u. Then there exists
v e SU{0} such that a = 2a + va for every a € S.

Proof. Let u = mw + wf(w), where m € NU {0} and f(z) € F(z) U{0}. If f(x) = 0, then
ord(w) is finite, S is idempotent by 3.2 and we can put v = 0.

Hence assume that f(z) # 0. Putn =m+k and b = f(w) € S. We have w = nw +wb. Adding
(n—2)w to both sides of this equality, we get (n—1)w = 2(n—1)w+wb. Since w is a generator and
S is additively divisible, we have b = (n — 1)v for some v € S. For every a € S there is a, € D(5)
such that a = (n — 1)agw. Hence a = ag(n— 1w = aq(2(n—1)w + (n — 1)wv) = 2a+ av for every
acs. g

THEOREM 4.1. If1g ¢ S, then there exists v € S U {0} such that {a +va| a € S} is an ideal in
S consisting of idempotent elements.

Proof. Since S is divisible, there is f € F(z) such that w = 2f(w). By 4.3(ii), we get that
f(x) = kx + g(z) for some k € N, k > 2 and g € F(z) U{0}. Now, by 4.1, there is v € SU {0}
such that a = 2a 4 va for every a € S. Finally, a + va is idempotent for every a € S by 1. (|
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Surprisingly, the assumption of not having a unit allows to prove more in 4.1. Such a situation is
not too common. To illustrate some other cases and techniques that support the Conjecture 1.1(A)
see the Examples 2.

Examples 2.

(i) Since S is additively divisible, there are polynomials f,(z) € F(z), for n € N, such that
w = nf,(w). If the degrees of the polynomials f,, are bounded by a common constant, we get that
S is additively idempotent, by 3.1.

(i) Let n,m, k, ! € N be such that n'~! # m* =1 and suppose that w = nw" and w = mw'. Then
S has a unit and is additively idempotent. Indeed, nm*w* = n(mw')* = nw* = w = mw' =
m(nwk)! = mnlwk. Since nm* # mn!, the element w*' is of finite order and S is additively
idempotent by 4.2.

(iii) Let w = 2(w +w?) and w = 3(w+w?). Then S is additively idempotent again. To show it,
add first these two equalities to obtain 2w = 5w + 2w? + 3w?. Now, since w? = 2w? + 2w3 we can
substitute in 2w = 5w+ (2w? + 2w?) + w? = 5w +w? +w3. Hence 4w = 10w+ (2w? + 2w?) and by
the same substitution we get 4w = 10w +w?. Finally, 8w = 20w + 2w? = 18w + (2w + 2w?) = 19w
and w is of finite order. Thus S is additively idempotent by 4.2.

5. Conclusion

Proof of 1.1. First, it is clear that (A) = (A1), (B) = (B1) and (A) = (B2). Furthermore,
(C) <= (C1) by [15: 5.1]. Now, assume that (Al) is true and let S be a finitely generated
additively divisible semiring. By 3.2.4(ii), S/og is additively uniquely divisible and, of course, this
semiring inherits the property of being finitely generated. By (A1), the semiring S/og is additively
idempotent, and hence the semiring S is additively torsion by 3.2.4(i). Finally, S is additively
idempotent by 3.1.1. We have shown that (A1) = (A) and consequently, (A) <= (Al).

Next, let (B1) be true and let S be a finitely generated semiring containing a subsemiring
Q=Q". Put P=5-1¢g. Then P is an ideal of S, 19 = 1p, @ C P and the map s — slg is a
homomorphism of S onto P. Thus P is a finitely generated semiring and this is a contradiction
with (B1). We have shown that (B1) = (B) and consequently, (B) <= (B1).

The implication (B2) = (B1) is easy, since every semiring S with a unit element 1g that
contains a subsemiring @ = Q7 with 1g = 1g+ is additively divisible (for a € S and m € N choose
b= (mls) la € S and get a = mb).

The implication (B) = (B2) follows immediately from 3.2.2.

We have shown that (B) = (B2) = (B1) < (B).

Finally, the implication (B2) = (C) follows from the fact that every parasemifield S is addi-
tively divisible, since the prime parasemifield of S containing 1g is isomorphic either to Q* or to
the trivial semiring. O

Remark 2. Let us modify the assertion of 1.1 by omitting the statement (C1) and, for a fixed
n € N, substituting “finitely generated” by “n-generated” in the statements of 1.1. Notice that in
this case the proof of 1.1 works as well.

Remark 3. Note that using the Birkhoff’s theorem we can consider an equivalent version of the

conjecture (A):

(A’) Every finitely generated subdirectly irreducible additively divisible semiring is additively
idempotent.

Of course, it would be sufficient if such a semiring was finite. Unfortunately, this is not true.
Take for instance the tropical semiring — the set of integers Z equipped with a @ b = min{a, b} as
addition and a ® b = a + b as multiplication for a,b € Z (this semiring is two-generated and has
just two congruences). Nevertheless, it is an open question whether also one-generated subdirectly
irreducible additively divisible semiring can be infinite.
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Finally, Mal’cev [18] proved that every finitely generated commutative semigroup is residually
finite (i.e. it is a subdirect product of finite semigroups). Notice, that also the additive part of
a finitely generated free additively idempotent semiring is a residually finite semigroup. If this is
true also for every finitely generated additively divisible semiring, we get a nice positive answer to
the conjecture (A).
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We study the structure of one-generated semirings from the symbolical point of view
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1. Introduction

Commutative semirings became widely used in different parts of pure and applied
mathematics (for an extensive overview and introduction to the theory see [6, 7, 9]).
An important milestone in the study of their basic properties was the classification
of simple semirings [4] (for a more recent result in non-commutative semirings
see [17]). This research further motivated a series of quite strong conjectures stated
in [13] and claiming that every finitely generated additively divisible semiring (pos-
sibly with unit) is additively idempotent. With the additional assumption that the
multiplicative part is a group, these conjectures have been confirmed for the at
most two-generated case in [10, 12]. First steps toward the general cases have been

*Corresponding author.
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made in [13]. Equivalent expressions of these problems in terms of free commutative

semirings are as follows.

Conjecture 1.1. Let k € N and {fin|n e N&i=1,...,k} CNlzy,...,zi] be a
set of polynomials that have zero constant terms. The system of relations

ri=n- fin(r1,...,25) where neN, i=1,...,k
implies relations x; = 2-x; for all i =1,...,k by using only addition and multipli-
cation in N[zy, ..., x].

Conjecture 1.2. Let k € N and {f,|n € N} C N[zy,...,x%] be a set of polyno-
mials. The system of relations

l=n-fy(x1,...,25) wheren € N
implies relation 1 = 2 by using only addition and multiplication in N[zq, ..., xy].

This formulation suggests to approach these problems from a computational
point of view (for rewriting techniques in semirings see e.g. [1, 14]). In this paper
we use some types of rewriting in the free semiring N[z| that will help us to under-
stand better the structure of one-generated semirings in the context of numerical
semigroups. We give affirmative answers for the one-generated case of both Con-
jectures 1.1 and 1.2. Surprisingly, in the cases where the generator is not invertible,
the proof is easier, since the system of relations describing the additive divisibility is
more restricted. In the second part of our paper we show that every at most count-
able commutative semigroup is contained in the additive part of some one-generated
semiring.

We believe that our approach will be useful for further study (not only of semir-
ings) and its detailed description may bring suggestions how to attack both of the
conjectures for cases with more generators. Therefore we bring full proofs of all the
auxiliary statements needed.

The main idea of proving the Conjectures 1 and 2 for the one-generated case is
the following: To show idempotency of a semiring S it is enough to check that a
generator w € S is torsion (Theorem 5.1). This is easy (Proposition 5.1), if there is
some common bound of the degree for infinitely many polynomials f,, € N[z] such
that 1s = n - f,(w). Fortunately, we can almost always reduce the degree of such
polynomials using a particular rewriting algorithm (Lemma 4.4).

2. Preliminaries

Throughout this paper, a semiring S will be a non-empty set equipped with two
commutative and associative binary operations, an addition and a multiplication,
such that the multiplication distributes over the addition. Due to the more tra-
ditional notion of a semiring in computational mathematics, we will assume (in
contrast to papers [4, 10, 11, 13]) that there is a multiplicatively neutral element
in S (denoted as 1g), unless we stress that this assumption is omitted.
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We use the usual notation: N for the semiring of positive integers, Ny for the
semiring of non-negative integers, Z for the ring of integers and Q for the ring of
rational numbers.

For a set of variables X we denote Ny[X] the semiring of all polynomi-
als with non-negative integer coefficients over the variables X. Further, we set
N[X] := No[X]\{0} the subsemiring of No[X] consisting of all nonzero polynomials.
The latter semiring N[X] is a free object with basis X in the category of all com-
mutative semirings with units and with homomorphisms preserving these units. In
this sense we say that a semiring S is generated by a subset {wq,...,w,} C S iff
S={f(w,...,wp) | f €N[z1,..., 2]}

For a semiring (S, +,-) with additively neutral element 0 let (D)™ denote the
submonoid of (5, +) generated by the set D C S.

We will always consider the natural pre-order <g on the semiring S defined as

a<gb<a=0b or (dceS)a+c=0b.

This pre-order is compatible with multiplication and addition and depends on the
choice of the semiring (e.g. 2 £y 1 in (N,+,-) but 2 <z 1 in (Z,+,-)). The usual
order in Z will be denoted as <.

The following notion establishes the connection between semirings and sub-
monoids of (Ng, +).

Definition 2.1. Let S be a semiring. For a € S denote
I, (S) := {k € No | " <5 15}

the set of all powers of a that are contained in 1g (with respect to ), and
Pol, :={h € N[z] | h(a) = 15}

the set of all polynomials expressing 1g via the element a € S. We will omit the
reference to S in I1,(S) and write only II, if there is no confusion.

For f =3, a;x" € No[z] put 7(f) := {k € No | 2" <y,s) f} the set of all powers
of = that are contained in f. If 0 # f we denote ldeg(f) := min(w(f)) the least
power of z appearing in f and lc(f) := aqeg(s) the leading coefficient of f.

Proposition 2.1. Let S be a semiring, a € S. Then 11, is a submonoid of (Ng, +).

Proof. Clearly, 0 € II,. Let k,¢ € II,. Then 1g >g a* and 1g >g a’. Hence
lg >gaf =1g-aF >ga’ aF = a* and k + ¢ € 11,. O
Proposition 2.2. Let S be a semiring, a € S. Let g € Pol, and f1, fo € No[x]. Then

(i) 1 € Pol,.
(ii) fi1+ f2 € Poly & fig + f2 € Pol,.
(iii) 1+ fo €Pol, &1+ f1 + fo € Pol,, if 1 + f1 € Pol,.

In particular, Pol, is a submonoid of (No[z],-) and U;cp,, 7(f) C L.
Moreover, if S is generated by a then I, = J;cpyy, 7(f)-
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Proof. Conditions (i) and (ii) follow immediately from the definition. To show (iii),
let 1+ f1 € Pol,. By (ii), 1 4+ f2 € Pol, < 1- (1 + f1) + f2 € Pol,. The rest is easy.
O

Remark 2.1. In the sequel we will need the following assertions that are either
well known or are easy to verify.

(1) Every submonoid A of (Ny, +) is finitely generated and there is n € Ny such
that d- (n+Np) C A C d- Ny, where d = ged(A) € Ny (see e.g. [15]).

(2) In every idempotent semiring the natural pre-order is an order (see e.g. [8]).

(3) Let S be a semiring generated by w € S and ged(I1,,(S)) = d > 0. Then the
relation =g 4 on N[z|, defined as

f(@) =s.0.9(x) & f(w?) = g(w?) for every f,g € Nlz]+

is a semiring congruence on N[z]. For S := N[z] and w:=z,=,, € 5, the

following conditions hold:

f(w) = gw) & f(w?) = g(w?) for every f,g € N[z],
Polg(S) = {h(z) € N[z] | h(2?) € Pol,,(S)},

ged(I(9)) = 1.

(4) Let T be a semiring (not necessarily with unit) and let w € T'. Then the relation
= on N|z|, defined as

/=5,d

f(z) = g(z) & wf(w) = wg(w) for every f,g € N[z],

is a semiring congruence on N[z]. The semiring T := N|z] /= has a unit and
is generated by w := x,= € T. For every f,g € N[z], the following conditions
hold:

fw) = g(w) & wf(w) = wg(w).

(5) Let S be a semiring and a = a + b for some a,b € S. Then a = a + nb for every
n € N.
(6) Let S be a semiring generated by w € S. Then:

e lseS+S5 < (3f € Poly) f(1) > 2.
e w is invertible < (3f € Poly,) 1deg(f) > 1 (see [13]).

3. Numerical Semigroups and Rewriting in the Free Semiring N[x]

In this section we introduce such types of rewriting, which help us later to derive
the main theorems. As a consequence we naturally obtain an interesting interplay
between submonoids of (Ng, +) and polynomials from N[z| in the sense of “gener-
ating polynomials” (see Remark 3.2).

Let us now state the main types of rewriting.
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Definition 3.1. Let r =}, AP, s = > keN, prr® € Nlx] (with A\, ux € No)
and ', r"”, s’ h, f,g € N[z] be polynomials and d € Ny be a non-negative number.
We define the following types of rewriting:

(Ia)

d;h
r—r

if 7/ = A\gx?h + (r — A\gz?) and ' # r.
(Ib)

(r,s) ik, (r',s")

if v’ = Agz?h + (r — Agz?), 8" = paxth + (s — pgx?) and (r',s') # (r, s).
(IT)

11

r ——r
(£.9)
if
e lc(f) | le(r),
o deg(g) < deg(f) < deg(r),
® I >Ny 128% 2 f,

o ! — (T . lc(r) 5f) + ll((::((f)x g,

where § = deg( ) deg(f) € No.

Remark 3.1. Under the conditions of Definition 3.1, we always have deg(r”) <
deg(r) in (II). If a € S is such that h(a) = 1g then 7'(a) = r(a) in (Ia), and if
a € S is such that f(a) = g(a) then r”(a) = r(a) in (IT). This is important since
the rewriting will be used mainly for polynomials from Pol,.

The main purpose of type (II) is decreasing the degree of a rewritten polyno-
mial. This is done in a similar way as in the Buchberger algorithm. In contrast
to it, types (Ia) and (Ib) generally increase the degrees. They are motivated by a
demand to add new monomials into the given polynomial (as in Proposition 3.3
and consequently in Lemma 4.2) and to “blow up” its coefficients (as in Theo-
rem 3.1). Finally, the crucial application is a tandem of types (Ia) and (II) in
Lemma 4.4.

Adding new monomials (and also their eliminating) illustrates Fig. 1 where
polynomial h substitutes exponent by appearing in 7(f) by a new set of exponents
bo + {ao,...,a,} that becomes be part of 7w(f’). This happens since ldeg(h) > 1.
In the case when ldeg(h) = 0, the exponent by remains in 7w (f’).

To study the behavior of rewriting (Ia) and (Ib) we introduce the notion of
derived sequences. A link between these sequences for a couple of polynomials and
a single polynomial provides Proposition 3.1.
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+ay,

“+ao

| | |
by by  seeseees b

| |
00 bo by by

Fig. 1. Rewriting of type (Ia): f Lboih, f! where w(f) = {bo,...,bm}, m(h) = {ao,...,an} and
ldeg(h) > 1.

Definition 3.2. Let f, g, h € N[z] be polynomials and let deg(h) > 0.
A sequence {(fn,gn,dn)|n € No} C N[z| x N[z] x Ny defined recursively as

 fo= [, 90 =g and do = min{ldeg(f),1deg(9)},

dnsh . . .
e (frn,gn) — (fut1,9n+1) and dpp1 = min{i € 7(fr41) Un(gny1)|i > d,} for
n € Ny

will be called the sequence derived from (f,g) by h.
In the case when f = g we (obviously) may use a shorter notation {(f,,d,)|n €
No} € N[z] x Ny and call it the sequence derived from f by h.

Notice that since deg(h) > 0 in Definition 3.2, both derived sequences are well
defined.

Proposition 3.1. Let r,s,h € N[z] and deg(h) > 0. Let {(ry, sn,dn)|n € No} be
the sequence derived from (r,s) by h. Then {(r, + sn,dy) |n € No} is the sequence
derived from r 4 s by h.

Moreover, the set M = {n € No|r, # rps1} is infinite. If M is listed as a
strictly increasing sequence {nk}ren,, then {(rn,,dn,)|k € No} is the sequence
derived from r by h.

Proof. Proof of the first claim goes easily by induction. The sequence {d, }nen,
is strictly increasing. Since deg(h) > 0, we can, by construction of the derived
sequence, immediately prove by induction that for every n € Ny there are i € 7(r,)
and j € m(s,) such that i,j > d,. This implies that the set M = {n € Ng|r,+1 #
rn} is infinite. Suppose now that we have a strictly increasing integer sequence
{nk}keNo C Ny such that M = {nk | k€ No}.

dp, ;h
By construction of the derived sequence, we clearly have that r,,, —— 711y, =
Tnyy, for every k € Np.
To complete our proof we need to show that d,, = ldeg(r,,) and d,,,, =

min{i € 7(ry, ) |7 > dy,} for every k € Ny. To do this at once, set d_; = —1,
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n_1 =0 and ¢y = min{i € 7(ry, ) |7 > dp,_, } for k € Ng. Then ¢y = ldeg(ry,) and
we are going to prove that d,, = cj for every k € Ny. If ni, = 0 for some k£ € Ny we
clearly have k = 0 and d,,, = dy = ldeg(r¢) = ldeg(ry, ), since ro # 71 in this case.
For the rest of the proof assume therefore for the given k, that ng > 0.

Since Ty, # T14n,, we obtain that d,,, € 7(r,, ) and therefore d,, > ci. From
the monotonicity of the sequence {d,, } nen, thereism € {ng_1+1,nx_1+2,..., 1%}
such that d,,—1 < ¢ < d,. Since r,, = r,,, we have ¢ € m(r,,) = 7(ry,) and
therefore ¢, > d,, by the definition of d,,. Hence d,, = ¢ € w(ry,) = 7(rm)-
This implies r,, # 7m,+1 and hence we get ny = m by the choice of ng. Thus
¢ = dy, = dyp, and we are done. O

Now, let h = >""" Nz € N[z] be a polynomial and A, ..., A, > 0. It is useful
to notice that the polynomials in the sequence derived from 1 by h imitate the way
how the submonoid IT = (7(h))™ of (Ng, +) is constructed from the generating set
7w(h) = {ao,...,a,}. Indeed, every element of II appears (at least once) in a node
of the tree in Fig. 2. The edges of the tree labeled with “ 4 a;” represent adding
the value a; by moving down in the tree to one level lower.

The following lemma describes basic properties of the derived sequences. The
proof is straightforward by an inductive argument.

Lemma 3.1. Let f,h € N[z],IT = (x(h))T and N = deg(h) > 0. Let {(fn,dn)|n €
No} be the sequence derived from f by h. Then for every n € Ny we have

1) d, € w(fn),
7 (ldeg(f) if ldeg(h) = 0,
2) ldeg(fn) = {dn if 1deg(h) > 1,

(

(2)

(3) deg(fn+1) = max{deg(f),dn + N},
§4; (m(fn)\{dn}) U{dn + N} C 7(fri),

5) {do,...,dn} € 7(fn) and fr <njg] frr1, if ldeg(h) = 0.

Proposition 3.2. Let f,h € N[z] and 11 = (w(h))*. Let {(fn,dn)|n € No} be the
sequence derived from f by h. Then

n(f)+ I ={d,|n € Np}.

ooooooo

Fig. 2. The tree diagram of a monoid ({ag, ..., an)",+).
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Proof. First, observe that 7(f,,)\7(fn) C dpt1 + No if m > n. This follows easily
by induction using A\C' C (A\B) U (B\C) for arbitrary sets A, B, C.

Now, we have II; := {dm |m € No} C U, ey, 7(fn) € Il2 := m(f) + II. To show
that IIy C II;, assume the contrary. Let a := min(Ilp\II; ). Clearly, a > 0.

Since a € Ily, we have a = b+ k, where either b =0 and 0 # k € w(f) or b € Il
and 0 # k € w(h). In the first case we have a = k € 7(f) = w(fo). In the second
one we obtain b € Ilj, since b = a — k < a, and therefore there is my € Ny such
that b =d,,, and a = b+ k € 7(f,+1) by construction of f,,,+1. Since a ¢ II;, we
get inductively, by Lemma 3.1(4), that a € 7(f,,) for almost all m € N.

Now, there is m; € Ny such that d,,, < a < d,+1. Since a ¢ II;, we have
a # dpm,+1 and a ¢ 7(fm,,), by the definition of d,,,+1. Finally, we can choose
mgo > mq such that a € 7(f,,)\7(fm,). By our observation, we get a > dy,, 41, a
contradiction. O

In the case of numerical semigroups, polynomials in the derived sequence
behave asymptotically quite simple properties — their monomials cover an interval
within the semigroup and the appropriate coefficients increase above any lim-
its (see Proposition 3.3 and Theorem 3.1). This observation is important for
further applications in our paper — the main rewriting method for decreasing the
degree of a polynomial (4.4) and dealing with the case of an invertible generator
(Theorem 4.1).

Recall that a subsemigroup II of the semigroup (Ng,+) is called numerical if
No\II is a finite set (or equivalently, if ged(I) = 1). Numerical semigroups appear
in several branches of mathematics such as algebraic geometry or number theory.
For more details see [3, 5, 15].

Proposition 3.3. Let f,h € N[z]| be such that I1 = (w(h))T is a numerical semi-
group. Let N = deg(h) and let {(fn,dn)|n € No} be the sequence derived from f
by h.
Then there is ng € N such that for every n € Ng,n > ng we have
(n(f) +I) N {k € No | k < deg(f)} if ldeg(h) =0,
mlfn) = dp +{0,1,...,N -1} if Jdeg(h) > 1,

deg(fn) =dn+ N —1=deg(fn+1) — 1 and d,, = d,,—1 + 1.

Proof. By Remark 2.1(1) there is k&1 € N such that k1 + No C «(f) + II and
deg(f) < k1. By Proposition 3.2, there is n; € N such that d,,, = k; and d,, 11 =
d, + 1 for every n > nq.

First, we show by induction that for every i € {0,..., N — 1}

dpy +{i, NNN+1,... , N+i— 1} S a(fizn,)-

For i = 0 this is obvious and for the induction step and i + 1 < N it follows from
Lemma 3.1(1) and Lemma 3.1(4) and the fact that di4,, = k+d,, for k € Ny. For
i = N — 1 we therefore obtain dy_14,, +{0,1,...,N =1} C7(fn_14n,)-
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Now, set ng = N — 1+ nj and let n > ng. Similarly as before we get

dp +{0,1,...,N =1} C w(fn).
If 1deg(h) > 1 we obtain 7(f,) = dn, +{0,1,..., N — 1} by Lemma 3.1(1) and (2).
In the remaining case, when ldeg(h) = 0, we have {dy,...,d,} C =w(fn), by
Lemma 3.1(5). By Proposition 3.2, we further get (n(f) + ) N {k € N|k <
deg(fn)} C {di|i € Ny & d; < deg(fn)} € {do,...,dn} U{k € N|d,, < k <
dp + N — 1} C w(fyn). The equality 7(f,) = (7(f) +II) N {k € No |k < deg(fn)

now follows immediately.

—

O

Definition 3.3. Forn € Ny put ¢, :== 1+ 2 + 22 +--- + 2" € N[z].

Theorem 3.1. Let h € N[z| be such that I = (w(h))T is a numerical semigroup,
N = deg(h),1deg(h) > 1 and h(1) > 2. Let r,s € N[z] and {(ry, sn,dn) |n € No} be
the sequence derived from (r,s) by h.

Then for every K > 0 there is nxg € N such that

Tn,Sn EN[w] K- .Z'd"SN_l
and
w(ry) =m(sp) =d, +{0,1,...,N — 1}

for everyn € Nyn > ng.

Proof. We prove our assertion for K = 2", m € Ny by induction on m.

First, let m = 0. By Proposition 3.1, there is a sequence {py }ren, € No such that
the sequence {(rp,,dp,) |k € No} is derived from r by h. By Proposition 3.3, there
is ko such that w(rp, ) = dp, +{0,1,...,N—1} and dp, = d,,_, +1 for every k > k.
Since the sequence {d,}nen, is strictly increasing, we obtain that there is n’ € N
such that 7 (r,) = d,+{0,1,..., N—1} for every n > n’. By a symmetric argument
for s, we get that there is ny € N such that 7(ry,) = 7(s,) =d, +{0,1,...,N — 1}
for every n > nj.

Assume now that our assertion holds for K = 2. Since h(1l) > 2, we get,
by the first part, that there is nj € N such that «(r,) = d,, +{0,1,...,N — 1}
for every n > njy and r,; = f + g for some f,g € N[z|. Clearly, the sequence
{(rnr 41, dnr 1) | k € No} is derived from r,, by h. By Proposition 3.1, there is a
sequence {(f, gk, ex) |k € No} derived from (f,g) by h such that ey = d,,; 1 and
Tn,+k = fx + gi for every k € No. By our induction assumption there is kx € N
such that fi,gx >nje) K - 2%en—1 and 7(fx) = 7(gx) = ex +1{0,1,...,N — 1}
for every k € N, k > kg. Hence for every n > nb, = n} + kx we get that
Tn = fnont + Gn-n; >N 2K - ey and 7(r,) = d, + {0,1,...,N — 1}. By
a symmetric argument we get the same property for the second polynomial s and
our proof is done. O

Remark 3.2. Definitions 3.1 and 3.2 can be extended to polynomials from Ry [z].
Let f = \az™ + --- A% € R(J{[:c] where aq,...,a, € N and A,..., A\, > 0
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and IT = (aj,...,a,)" be the submonoid of (Ny,+). Fixing the generating set
{ai,...,an}, for a € I let Comb, = {(k1,...,kn) € (No)" |a =" k;a;} denote
all the possible combinations of {a1,...,a,} expressing a and put

_ k1 kn
Ay = Yo ARk
(k1,...,kn)€Comb,

Now, let {(fn,dy)|n € No} be the sequence derived from 1 by 1+ f. One can
show that within the power-series semiring R [[x]] we have

lim f, = Z A,z

n—o00
a€ell

Moreover, the sequence derived from 1 by f is of a similar form {(f,,d,)|n €
No} and the coefficient of the least monomial appearing in fn (i.e. of the monomial
x9) is equal to Ay, for every n € Ny and all elements of II are listed in this way,
i.e. Il = {d,, |n € Ny}, by Proposition 3.2.

4. Applications of Rewriting for One-Generated Semirings

Through this section, let S always be a semiring generated by w € S, i.e. § =
{f(w)| f € Nlz]}. Our main aim here is to show that “most” of the elements of
the form (k- 1g)™!, where k € N, are contained in some “restricted area” (see
Lemma 4.2).

We achieve this by decreasing the degree of the appropriate polynomial expres-
sions of these elements. Since in semirings we cannot use subtraction, we “blow
up” coefficients of the polynomial using rewriting of type (Ia) first and then we use
rewriting of type (II) to decrease the degree (see Lemma 4.4).

For this purpose we need a key property of S, namely that 1g >g 2 1g. This
property can be easily derived when ldeg(f) = 0 for every f € Pol,, (i.e. w is not
invertible, by Remark 2.1(6)), but in the opposite case, when there is an inverse
to w, this property is not obvious at all. Therefore we have to guarantee it by
Theorem 4.1, which provides even a much stronger information. Namely, it gives
a full characterization of the case when the generator w of S is invertible and the
canonical pre-order merges all elements.

First, in Lemma 4.1 we concentrate properties of Pol,, into a single polynomial.

Lemma 4.1. Let 1g € S + S. Then there is g € Pol, such that ged(mw(g)) =
ged(I1,,) and g(1) > 2. Moreover:

(1) If there is f1 € Poly, such that 1deg(fi) > 1, then g can be chosen with
ldeg(g) > 1.

(2) If there is 1 # fo € Poly, such that ldeg(f2) = 0, then g can be chosen with
ldeg(g) = 0. If, in addition, 1g >g 2 - 1g, then g can be chosen such that
I, = (7(g9))" and g >y 2.
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Proof. By Remark 2.1(6), there is f € Pol,, such that f(1) > 2. We can assume
that f has at least one coefficient larger than 1, i.e. f = 2z* 4 ry for some k € Ny
and ro € Ng[z] (otherwise we take f? € Pol,). Since II,, is a semigroup, there are
a,b € I, and hy, hy € Poly, such that d = a — b, h1 >z 2% and hy >y 2. Put
go = 2%hy + 2%hg + 1. Clearly, go(1) > 2, go >Nz 2¥h1 + 2Fhy >ypy) 2°TF + 2PTF
and go € Poly,, by Proposition 2.2. Since a + k,b+ k € w(go) and d = ged(Il,,) <
ged(m(go)) < ged(a + k,b+ k) = ged(a + k,(a + k) — (b+ k)) < d, we have
ged(m(go)) = d.

(i) Now, let f; € Pol,, and ldeg(f1) > 1. Put g1 = f1go. Obviously, ¢1(1) > 2,
ldeg(g1) > 1 and g1 € Poly, by Proposition 2.2. By construction of gg, we have
a+n,b+n € w(g1) for some n € Ny. Since g; € Pol,,, we get d = ged(Il,) <
ged(m(g1)) < ged(a+n,b+n) = ged(a+n, (a+n)—(b+n)) < d similarly as before.
Thus ged(m(g1)) = d.

(ii) If fo = 1+ s € Pol, where s € Nz| then, by Proposition 2.2, we have
g2 =1-go+ s € Poly, gcd(m(g2)) = d, ldeg(g2) = 0 and g2(1) > 2, again.

Assume now that 1g >g 2 - 1g. By Remark 2.1(1), II,, is generated by
ai,...,ar € No. Hence 1g >g w® foreveryi=1,...,k. Since 1g >g 2-1g, we have
lg >gn-1g for every n € N. Thus 1g >g 2-15—#22.“:1 1lg >3 2-154—2?:1 w® and
there is g3 € Pol,, such that {a1,...,ar} C 7(g3), g3 >npz 2 and I, = (7(g3)) ™.

O

The following lemma roughly says that if 1¢ >g 2-1g, then Pol,, has “enough
polynomials with large coefficients” (or that “every polynomial covered by II,, can
be covered by some polynomial from Pol,,”).

Lemma 4.2. Let ged(Il,) =1 and 1g >5 2 - 1g. Then there is ng € N such that
for every r € N[z| and n € N with

n > max{deg(r),no} and w(r) C I,
there is h € Pol,, such that

deg(h) =n and h >yjr+ 1.

Proof. By Lemma 4.1(2), there is s € N[z| such that s >y, 2, s(w) = 1g and
I, = (mw(s))". Let {(Sm,dm)|m € No} be the sequence derived from 1 by s. By
Proposition 3.3 and Lemma 3.1(5), there is n; € N such that for every m € N,
m > ny is Sy, € Poly, m(sm) = I, N{0,1,...,deg(sm)}, Sm >Nz 51 >nN[z] 2 and
deg(sm+1) = deg(sm) + 1.

Put ng = deg(sy,,) and let r € N[z] and n € N be such that n > max{deg(r),no}
and m(r) C IL,. Then there are m € N and t € N[z] such that deg(s,,) = n and
Sm = 2+t. Let K be the maximum of all coefficients of the polynomial r + 1. Since
m(r) CIL, N{0,1,...,deg(sm)} = 7(sm), we have that r + 1 <y 1 + K(1 + 1) €
N|z]. By Proposition 2.2(iii), h = 1 + K(1 +t) € Pol,, is the desired polynomial.

O
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In Lemma 4.3 we find a “universal” couple (f, g) for rewriting of the type (II).
Lemma 4.3. Let gcd(Il,) = 1. Then there are f,g € N[x] such that

(1) deg(g) < deg(f),

(2) g(w) = f(w),

(3) n+w(g),n+7n(f) C I, for every n € Ny,
(4) 1

4) le(f) | 1c(h) for every h € Pol,, such that deg(h) > 0.

Proof. Since ged(Il,) = 1, the set Pol, = {h € Pol,|deg(h) > 0} is non-empty.
Let d = ged{lc(h) |h € Pol}. Then there are r1,...,r, € Pol} and si1,...,s, €
Pol;, such that d = d* —d~ where d* = Y1 lc(r;) and d= = Y7 le(s;).
By Remark 2.1(1), there is ng € N such that ng + Ng C II,,. Hence we have
ki,...,kn € ng +Ng and ¢4, ...,4,, € ng+ Ng such that deg(z¥ir;) = deg(x?s;)
for all 7 and j.

Now, set fi =Y i afiry, g1 =Y 1 ak, fo = 27:1 ztis; and go = Z;”’:l xli
Then lc(f1) = dT, le(f2) = d- and m := deg(f1) = deg(f2). Since deg(r;) > 1,
deg(s;) > 1, 1g = ri(w) and 1g = s;(w) for all i and j, we have deg(f,) > deg(g,)
and g,(w) = fp(w) for p = 1,2. Further, fi = dt2™ + hy and fo = d~ 2™ + ho, for
some hy, hs € Ng[z] such that deg(hi) < m, deg(hs) < m.

Finally, set f = dz™ + g2 + hy1 and g = g1 + he. Then

g9(w) = g1(w) + ha(w) = fi(w) + ho(w) = d"w™ + hy(w) + ha(w)
= dw™ + (d~w" + ha(w)) + hq (w)
= dw™ + fo(w) + ha(w)
= dw™ + g2(w) + b1 (w) = f(w).
Obviously, (1), (2), (3) and (4) are true. E

Finally, Lemma 4.4 provides a method how the degree of a certain polynomial
expression can be decreased. However, the coefficients in the resulting polynomial
are increased on the other hand.

Lemma 4.4. Let gcd(Il,) =1 and 1g >g5 2 15.
Let f,g € N[z] be as in Lemma 4.3 and ng be as in Lemma 4.2. Set N =
max{ng,deg(f)} € N. Then for every r € N[z] and k € N fulfilling

ls =k-r(w), ged(k,lc(f)) =1, 7>y 1 and deg(r) >N
there are h € Pol,, and s,t € N[x] such that

0;h
r—Ss——1t
(£.9)

and deg(r) = deg(s) > deg(t),t >niy 1,7(w) = s(w) = t(w).
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Proof. Set ny = deg(f) > 1 and ¢ = lc¢(f). Let us now have r € Njz| and k € N
such that 15 = k-r(w), ged(k,c) = 1, r >yp 1 and deg(r) > N. Put ¢’ = lc(r). By
the choice of f, we have ¢ | k¢. Thus ¢’ = ed for some d € N, since ged(c, k) = 1.

For n = deg(r) we have n > N > n; and therefore, by Lemma 4.3(3), 2" ™ f =
c-z™ + f1 for some f; € N[z] such that deg(f1) < n —1 and 7(f;) C IL,. Since
n > N > ng, there is, by Lemma 4.2, h € Pol,, such that 1 +d - f1 <y, h and
deg(h) =n — 1.

By the rewriting rule (Ia), there is s € N[z| such that r P, s and deg(s) = n,
le(s) = ¢ and s >yjy h. Hence s >yjy 2™ and s >y b >y d - f1 + L
Therefore we get s >y /2™ +d - fi +1 = daz"~™ f + 1. By the rewriting rule

(IT), there is t € N[z] such that s W t >nig) 1, deg(t) < deg(s) = deg(r) and
7g
t(w) = s(w) = r(w). O

Definition 4.1. We say that a semiring S has a loop if there are a,b € S such that
a=a-+b.

Theorem 4.1. Let w be invertible in S. Then the following conditions are
equivalent:

(1) a>g b for all a,be S.
(2) 1s € S+ S,ged(Il,) =1 and S has a loop.

Proof. (1) = (2): Apply (1) ona=1g and b =15 + w.

(ii) = (i): Let a,b € S and f,g € N[z] be polynomials such that a = f(w) and
b=g(w).

By Remark 2.1(2) and (6) and Lemma 4.1(1) there is h € N[z] such that
ldeg(h) > 1, ged(w(h)) =1, h(1) > 2 and h(w) = 1g. Put N = deg(h).

Since S has a loop, there are r, s € N[z] such that r(w) = r(w)+ s(w). Applying
Theorem 3.1 on the couple (r, s), we get that there are m € N and 7, § € N[z| such
that 5§ >z 2"en—1, 7(7) = 7(5) = m+{0,1,...,N -1} and 7(w) = r(w), 5(w) =
s(w). Hence, by Remark 2.1(5), we have 7(w) = #(w) + ¢5(w) >g £ - w™en_1(w)
for every ¢ € N. Setting K as the maximum of all coefficients of the polynomial 7
we have K - x™en_1 ZN[z] T

Further, applying Theorem 3.1 on the couple (f,g), there are n € N and f,g €
N[z] such that n > m, f >Nz K2"en -1, ﬂ(f) =n(g) =n+{0,1,...,N — 1} and
fw) = f(w) = a, g(w) = g(w) = b. Setting L as the maximum of all coefficients
of the polynomial g, we have L - z"en_1 >Ny g-

Finally, we obtain

a=fw)>s K- -w'eny_1(w) >s w" " (w) >g L-w"en_1(w) >5 §(w) =b

and we are done. O
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In the context of the Theorem 4.1 let us note that the canonical pre-order can
reach two extremes in semirings — either it merges everything (e.g. rings) or it is
an order, in the so-called dioids [8] (e.g. idempotent semirings).

Corollary 4.1. Let 1g € S + S,ged(Il,) = 1 and let S have a loop. Let k € N.
If k- 1g is invertible in S, then 1g >g k- 1g.

Proof. Let k-1g be invertible and r € N[z] be such that r(w) = (k-1g)~!. Clearly,
it is enough to show that r(w) >g 1g. If w is not invertible, then ldeg(r) = 0, by
Remark 2.1(6). Thus r >y, 1 and 7(w) >5 1s. If w is invertible, then r(w) >5 1g,
by Theorem 4.1. O

Theorem 4.2. Let ged(Il,) € {0,1} and let S have a loop. Then there are ¢ € N
and N € N such that

(k-ls)_l€N0-15+N0-w+---+N0-wN

for every k € N, with k - 1g invertible and ged(k,c) = 1.

Proof. Let k € N and a € S be such that 1g = (k-1g)-a=k - a.

First, assume that 1g ¢ S+ S. Then Pol,, C {z™|n € Ny}, by Remark 2.1(6).
Thus we obviously have k = 1 and (k-1g)"! = a = 1. Hence we can set ¢ = 1 and
N =0.

Now, if ged(IT,,) = 0 then Pol,, C {¢z° | ¢ € N}. Therefore (k-15) ' =a € N-1g
and we can set ¢ =1 and N = 0 again.

Finally, suppose that 1g € S + S and ged(Il,) = 1. Let N and f be as in
Lemma 4.4. Set ¢ = le(f). Now, let k& € N be such that ged(k,c) = 1. By Corol-
lary 4.1, we have 1g >g k- 1g, i.e. a = (k-1g)~! >g5 1g. Therefore there is r € N|z]
such that a = r(w) and r >y, 1. Our assertion now follows immediately by using
Lemma 4.4 repeatedly. O

5. One-Generated Divisible Semirings are Idempotent

In this section we finally confirm both Conjectures 1.1 and 1.2 for the case of one
generator.

Let (A,+) be a semigroup and () # M C N be a set. An element a € A is called
M -divisible iff for every n € M there is b € A such that a=b+---+b.

n-times

A semiring (S, +, -) is called additively divisible iff every element of the additive
semigroup (S, +) is N-divisible. A semiring (.5, +, -) is called additively idempotent
iff a4+ a =a for every a € S.

Proposition 5.1. Let (A,+) be a finitely generated commutative semigroup. Let
M C N be an infinite set and {v,, € A|m € M} be a subset of A.
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Then there are £ € Nymq,....,my € M and c1,...,cp, dy,...,dy €N such that

¢ l 0 J4
Z CiMy * Uy, = Zdimi ‘U, and Z c; #* Zd""
i=1 i=1 i=1 i=1
In particular, if a € A is M-divisible then a is torsion.

Proof. The first part of our assertion is enough to prove for finitely generated free
commutative semigroups, i.e. for A = Nf\{0}, k € Nand 0 = (0,...,0) € N§.

Let W be the affine subspace of Q* generated by the set {mv,, |m € M} and
let u - v denote the standard scalar product of the vectors u,v € QF. We show
that 0 € W. Assume the contrary. Then W # QF and there are 0 # uy € Z* and
0 # dy € Z such that ug - w = dy for every w € W. Hence ug - (mv,,) = do and
m | dy for every m € M. Since M is infinite, we have dy = 0, a contradiction.

Now, since 0 € W, there are { € N, my,...,my € M and e,cy,...,cy,
di,...,dy € N such that Zle Ci;di - MUy, = 0 and Zle Ci%di = 1. Hence
2521 CiMy » Um,; = 25:1 dim; - Uy, and Zf:l ¢ # Zf:l d;.

Finally, if a € A is M-divisible then for every m € M there is u,, € A such
that a = mu,,. Hence, by our previous part, there are £ € N, mq,...,my € M
and ¢1,...,¢s, di,...,d; € N such that ¢ = Y0 ¢, # Si_,d; = d and
c-a= Zle ca = 25:1 CiMiUp, = Zle dimity,, = Zle d;a = d - a. Thus a is
torsion. O

Theorem 5.1 ([13, 3.3]). A finitely generated additively divisible semiring S is
additively idempotent, provided that it is torsion.

Theorem 5.2. Fvery one-generated additively divisible semiring is additively idem-
potent. Moreover, if the generator is invertible then the semiring is finite.

Proof. Let S be an additively divisible semiring generated by w € S.

First, we show that S has a loop. The relation = on S, defined as a = b if and
only if a + z = b+ z for some z € S, is a semiring congruence of S and S = S)=
is again a finitely generated commutative semiring that is, moreover, additively
cancellative. Hence the Grothendieck ring G(S) of S, defined as the difference ring
of S (ie. G(S) = S — §), is a finitely generated commutative ring and S is a
subsemiring of G(S). Since G(S) is additively divisible and finitely generated as
well, it must be a trivial ring. Hence 1g = 15 + 1g and therefore there is z € S such
that 1g + 2z =15 + (1g + z). Thus S has a loop.

Now, let us assume that ged(Il,) € {0,1} and let ¢ € N and N € N be as in
Theorem 4.2. Set P = {p € P|gcd(p,c) = 1} and let A be a subsemigroup of (5, +)
generated by {1g,w,...,w"™}. By the divisibility of S and Theorem 4.2, for every
p € P wehave (p-1g)~! € A, i.e. there is a, € A such that 15 = p-a,. Hence 15 is
a P-divisible element of the finitely generated subsemigroup A. By Proposition 5.1,
1g is torsion. Thus S is additively idempotent, by Theorem 5.1.
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Consider now, in addition, for a while that w is invertible. By Remark 2.1(6) we
have ged(I1,,) > 0, hence ged(Il,,) = 1. Since 1g = 15+ 1g, we get, by Theorem 4.1,
that the natural pre-order <g is trivial. On the other hand <g has to be an order,
by Remark 2.1(2). Thus S is a trivial semiring.

To complete our proof assume now that ged(IL,) = d > 0. Let S = N[z] /=, ,
and W = x/=,, € 5, where the relation =g 4 is defined in Remark 2.1(3). Then
S is a semiring generated by w and ged(Il#(S)) = 1, by Remark 2.1(3). Since S
is additively divisible, S is additively divisible as well. Thus, by the previous part
of the proof, 15 = 15+ 13 (and W = lg in case that w is invertible). Therefore
ls = 1g+1g (and w? = 15 if w is invertible), by Remark 2.1(3), and S is additively
idempotent (and finite if w is invertible), which concludes our proof. O

Corollary 5.1. Let S be a semiring (not necessary with unit) and w € S be such
that S = {f(w) | f € zN[z]} (i.e. S is generated by w in a more general sense). If
S 1s additively divisible, then it is also additively idempotent.

Proof. Follows immediately from Remark 2.1(4) and Theorem 5.2. O

6. Embedding of Semigroups into the Additive Part of Semirings

In this part we show that additive semigroups of finitely generated semirings are
more colorful than those of rings, in the sense that every at most countable com-
mutative semigroup is contained in the additive part of some finitely generated
semiring (see Theorem 6.1 and Corollary 6.1). For this purpose we use a notion of
strongly affine set, which preserves congruences of the additive part of a semiring
(see Proposition 6.1).

Through this section let always {x1, z2, ...} and {y1,y2, ...} be mutually disjoint
sets of pair-wise distinct variables. For n € N put F), := No[z1,...,x,].

To simplify our notation, we set a few auxiliary notions.

Definition 6.1. Let n € N. For o = (iy,...,i,) € NI set #® = x!' ...2!» and
| =>77_, ik. For f € F, set

D, (f) = max{|a||a e N &z* <p, f}
the (upper) graded degree of f and
do(f) = min{|o||a € Ny &2 <p, f}

the lower graded degree of f,if f # 0, otherwise put D, (f) = —oo and d,(f) = oc.

A set ) # U C F, will be called strongly affine < for every m € N and
fi,..., fm € U is every polynomial ® € F,[y1,...,Ym], such that ®(f1,..., fi) €
(U)T, of the form ®(y1,...,ym) = g+ Y 1oy kiy; for some ky, ..., ky, € Ny and
ge (Ut (ie. @€ (UU{ys,...,yn)7T).
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Remark 6.1. It is easy to check that the following are equivalent for () # U C F,,,
n € N:

(1) For every m € N, all pair-wise distinct f1,..., fm € U and every polynomial
® € Fyulyi,...,ym] such that ®(f1,..., fm) € (U)Tis @ € (UU{y1,...,yn ).

(2) U is strongly affine.

(3) (U)T\{0} is strongly affine.

A strongly affine set allows to find an embedding of the additive semigroups.

Proposition 6.1. Let n € N,U C N[xy,...,x,] be a strongly affine set and G =
(U)"\{0}.

Then pN (G x G) = p for every semigroup congruence p of G, where p is the
semiring congruence of N[xy, ..., x,] generated by p.

In particular, (G/,,+) is a subsemigroup of (N[x1,...,xy]/5 +).

Proof. First, by Remark 6.1, GG is also strongly affine.
Let p be a semigroup congruence of G. Clearly, p N (G x G) D p. To show the
opposite inclusion we only need to prove the implication

(9,h € G&(g,h) €p) = (g,h) €p

for the couples (g, h) of the form g = ®(f1,..., f;n) and h = ®(f1,..., fm), where
meN, ®e Fy[yi,...,ym] and (fi, f;) € p for every i =1,...,m.

Having now such a couple, we get, by assumption, that ® = gg + Zgl k;y; for
some k; € Ng and g9 € G. Hence g = gg + Zzl kifi, h = go + Z:’il kzﬁ and
(g,h) € p, since p is a semigroup congruence on G. O

Proposition 6.2. Let n € N.

(1) Let O £V C U C F,. If U is strongly affine, then V is strongly affine and
0¢V.

(2) The set {f} is strongly affine for every 0 # f € F,.

(3) The set {x1,...,x,} is strongly affine.

Proof. Follows easily using Remark 6.1. O

Lemma 6.1. Let n, ko € Ng,
A={f € F|Do(f) < ko}
and
B={a3 €F,|ko+1<keNy}

Set H=(AuB)*.
If f € H\U;en, N21, 0 # o € Ni and there is h € H such that 2 f <p, h then
x*f e A.
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Proof. Assume, for contrary that Dy (zf) > ko for some f € H\U;cy, NzJ and
0 # a € Nj. Then, since z*f + g € H for some g € F,,, there is m € N such that
a = (m,0,...,0) € NI and f contains a monomial z}, for some i € Ny, such that
m+ i = 3F where kg + 1 < k € N. By the definition of H, we either have i < kg
or i = 3P for some kg + 1 < p € N. In the first case we get i < kg < 3F0 < 3k—1
and in the second case we get 37 =i = 3¥* — m < 3¥ and p < k. Thus, we always
have i < 38! and therefore m = 3% — i > 3k — 3k=1 > 3k—1 > 3ko > [, Hence
de(2¥f) = dp(x®) + dp(f) > dp(x®) = m > ko. It follows that 2*f € (B)T. By the
definition of B and by the choice of f, f must now contain at least one another
monomial 33{, with ¢ # j € Ny. Since 2@ f € (B)*, we get that m + j = 3¢ for some
ko + 1 < ¢ € N. Consequently, as before, j < 3¢~

Finally, we may assume, without loss of generality, that ¢ < j. Then k < ¢ — 1
and 31 > j—1= 3t —3k >3 361> 35_1, a contradiction. O

The following assertion provides a sufficient condition when a strongly affine
set with restricted graded degree can be extended to an infinite strongly affine
set.

Proposition 6.3. Letn € N and K C F,, be such that

(1) ko =sup{Dz(f)[f € K} < o0,
(2) K is strongly affine,
(3) Kn (UjeNO Nzi) = 0.

—

Set M = {xi’kﬁl + :r:fk € F,|ko+1<keN}. Then K UM is strongly affine.
Moreover, if K is a basis of the free commutative semigroup (K)*\{0}, then
K UM is a basis of the free commutative semigroup (K U M)*\{0}.

Proof. We divide the proof into four steps. Set G = (K UM)T\{0}. For 0 < mg <
m € N let there be f1,..., fing € K, fimot1y---sfm € M and ® € F,[y1,...,Ym]
such that ®(f1,..., fm) € G.

(1) Assume first, for contrary, that there is i € {mo + 1,...,m} such that
the polynomial ® (considered as an element of the semiring Rly;], where R =
Folyi, - 3 Yi—1,Yit1,---,Ym]) is either of degree higher than 1 in y; or that the
coefficient from R at y; is different from a non-negative integer.

Then z%f; <p, ®(f1,...,fm) € G for some 0 # o € Nj. By Lemma 6.1, we
have D, (fi) < Dy(x®) 4+ Dy (fi) = Do (x*f;) < ko, contradicting f; € M.

(2) Now, by part (1), there are polynomials g € F,, ¥1 € F,[y1,...,Ym,] and
Uy € (Ymgt1s---,Ym) T such that ¥ has a zero constant term and ®(y1,...,ym) =
\Ill(yla <o 7ym0) + \:[12(ym0—|—1, s ,ym) +g.

Assuming further, for contrary, that D,(Vi(f1,...,fm,)) > ko, there are
0 # B € Ny and j € {1,...,mo} such that 2°f; <p Wi(f1,. ., fmo) <F,
®(f1,..., fm) € G and D, (2P f;) > ko. By Lemma 6.1, we get again D, (2 f;) < ko,
a contradiction.
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Hence D, (V1 (f1,---, fmo)) < ko-

(3) Obviously, there are g1,g2 € F, such that g = g1 + g2, Dz(91) < ko and
dx(gz) > ]{70. Set (I)l(yla Ce ,ymo) = \I/l(yl, e ,ymo) + g1 and (I)Q(ym0+1, e ,ym) =
U (Ymot1s---Ym) + g2. By (2) we have D, (P1(f1,..., fm,)) < ko and further
is dp(Po(fing+1s---» fm)) > ko. Hence we get that ®1(f1,..., fm,) € (K)T and
Po(frmgt1s-- -5 fm) € (M)T.

Now, the set K is strongly affine and therefore ®1 € (K U {y1,...,Ym,}) "

(4) Finally, assume that go # 0. Both ®o(frgt1s-- -, fm) and Yo frgt1s-- - fm)
belong to (M)™ C F,. Hence there are k € N, £y,...,{; € Z and pair-wise dif-
ferent e1,...,ex € M such that go = Po(fingt1s---y fm) — Yo(frmgt1y---s fm) =
21;21 lpep € Zlx1,...,x,). But g2 € F, = N[zq,...,2,] and Dy(e,) # Dy(eq) for
all p # q. Therefore ¢, >0 for all p=1,...,k and g2 € (M) ™.

We conclude with @(y1,...,ym) = P1(Y1,- -+ Ymo) + PL2o(Ymo+1, - - > Ym) € (KU
MU Q.. .y}

The rest is easy. O

Finally, we show that not only every countable semigroup A can be embedded
into the additive part of some finitely generated semiring S, but also that it can be
done in a way that a given element of A may be mapped almost arbitrarily to S
(resp. that A may contain almost all generators of 5).

Theorem 6.1. Let (A,+) be an at most countable commutative semigroup, n €
Nyaq,...,a, € A and f € N[zq, ..., x,].

If either n > 2 or f contains at least two different monomaals, then there is a
commutative semiring S generated by a set {wn,...,wy,} C S such that (A,+) is a
subsemigroup of (S,+) and f(wi,...,w,) = a;.

Moreover, if n > 2 and f = x1 then S can be chosen such that w; = a; for every
i=1,...,n—1.

Proof. First observe, that having an infinite strongly affine set L = {f1, f2,...}
No[z1,...,2,], such that L is a basis of the free commutative semigroup G
(L)T\{0}, there is an epimorphism ¢ : (G,4+) — (A,+) such that o(f;) = a;
for every ¢ € {1,...,n}. Set p = kery and let p be the semiring congru-
ence of N[zy,...,x,]| generated by p. Then, by Theorem 6.1, there is an embed-
ding v : (A,+) = (G/p,+) <= (N[z1,...,2,]/5,+) such that v(a;) = fi/5 =
fi(x1/5,...,xn/5) for every i =1,...,n.

Now it remains to find a suitable set L. Put ko = D, (f).

For n = 1 and f that contains at least two different monomials set L = {f} U
{237 4 23 ko +1 < k € N},

If n>2and f # x; then f ¢ |

J€No
weset L= {f}U{zd"" + a3 |ko+1<keN}.
Finally, for n > 2 and f = x; we set L = {z1,. .. ,xn_l}u{xf’fﬁl —Hcik | ko+1 <

k € N}.

1M

NZL‘gO for some ig € {1,...,n}. In this case
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Now, by Propositions 6.2 and 6.3, L is strongly affine and our proof is done.
O

Let us still point out the following important fact.

Corollary 6.1. Every at most countable commutative semigroup is contained in
the additive part of some one-generated semiring.

In view of Corollary 6.1, we may ask whether there is a single common one-
generated semiring containing all such semigroups. This question is equivalent to
an existence of a countable commutative semigroup that contains every at most
countable commutative semigroup. Considering the case of groups only, there is
such a group, namely the sum of countably many copies of the divisible group
Q@ (Q/Z), but in the case of semigroups a positive answer seems to be unlikely.
Note that, according to [16], it is possible to reduce this problem to the case of
divisible semigroups.

In the context of the Conjecture 1.1 it is now clear that in a semiring S generated
by {w1,...,wi} C S a system of equations

a=n-f,(wy,...,wg),n €N

where a € S and {f, € N[z1,...,zx]|n € N} is generally not enough to provide
idempotency of a general element a € S, even in the case when this element is
torsion (simply choose the Priifer group A = Zp~ and use Theorem 6.1). This is
a substantial difference to the case of finitely generated commutative rings where
there are no additively divisible elements except zero.

7. Further Questions

In this paper we have shown that a list of relations 1 = nf,,(z) where f,(z) € N[x],
n € N implies 1 = 2 in N[z|. Although we have used a computational approach, our
result is not purely algorithmic. Therefore the following questions are of interest.

Question 7.1. Let () # M C Nz] be a set and let = be a semiring congruence
of N[z| generated by the set {1} x M. Is there some rewriting system that decides
whether f(z) =1 for given f(z) € N[x]?

Question 7.2. Having (a free commutative semiring) F' = Nlzy,...,x,] and a
congruence = on F' generated by a subset of F' x F, is there a rewriting system
that decides whether f = ¢ for given polynomials f,g € F'?

In the context of Question 7.1, let us still provide description of the semiring-
congruence class that contains the unit.

Proposition 7.1. The following conditions are equivalent for ) # M C F =
NO[xla SR 7$k]:

(1) M ={f € F|f=1} where = is a semiring congruence on F generated by the
set {1} x M.
(2) 1eMand (Vfr,f2e F)VgeM) fi+faeM & fig+ foe M.
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Proof. The implication (1)=-(2) is easy. For the opposite direction we clearly have
MC{feF|f=1}= M. We show inductively that a € M belongs to M based
on the number of couples from {1} x M that we need to connect a and 1 within
the congruence =. Let b € M be connected with a by (1,g) € {1} x M. Then there
are f1, fo € F such that either a = f1 + f2 and b = fig+ f2 or that a = fig + fa
and b = f1 + f2. In both cases a € M and we are done. O

Based on the computational approach, it seems that the following generalization
of Conjecture 1.1 might be true.

Conjecture 7.1. Let S be a finitely generated commutative semiring and M be
a finitely generated S-semimodule. If the semigroup M is divisible, then M s
tdempotent.

This conjecture is also a natural generalization of the following fact: Fvery
finitely generated commutative semigroup (i.e. a finitely generated N-semimodule)
that is divisible, is also idempotent. For the proof see e.g. [2].

Remark 7.1. Note that, according to Theorem 5.2, the Conjecture 7.1 holds
when both S and M are one-generated. Indeed, let m € M be a generator of
the S-semimodule M. We can assume without loss of generality that M is unitary
as an S-semimodule (otherwise we add a unit to S freely). For a,b € S set a = b
if and only if am = bm. Clearly, = is a congruence of the semiring S and S,= is
additively divisible, since M is so. By Theorem 5.2, S,= is additively idempotent.
Hence m = 1gm = 2 - 1gm = 2m and the semigroup M is idempotent as well.
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Abstract It is conjectured that (additive) divisibility is equivalent to (additive) idem-
potency in a finitely generated commutative semiring S. In this paper we extend this
conjecture to weaker forms of these properties—torsion and almost-divisibility (an
element a € S is called almost-divisible in S if there is b € N - a such that b is
divisible in S by infinitely many primes). We show that a one-generated semiring is
almost-divisible if and only if it is torsion. In the case of a free commutative semiring
F(X) we characterize those elements f € F(X) such that for every epimorphism 7
of F'(X) torsion and almost-divisibility of 7 ( f) are equivalent in 7w (F (X)).

Keywords Commutative semiring - Divisible semigroup - Idempotent - Torsion

1 Introduction

Throughout the paper we assume that all algebraic structures (semigroups, monoids,
semirings, groups and rings) are commutative.

In the theory of abelian groups, divisibility is one of the key notions [2—4], since
injective modules are just all divisible groups. While a non-trivial divisible group can
not be finitely generated, an abelian group A which is divisible with respect to some
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integer k > 2 might be non-trivial and finitely generated. Such a group A has to be
finite and, therefore, divisible with respect to infinitely many prime numbers.

Similarly, a finitely generated ring R with divisible additive group (R, +) has to
be trivial, but there are non-trivial rings—e.g. the polynomial ring Z,[x]—which are
finitely generated and the additive group (R, +) is divisible only with respect to almost
all prime numbers. Moreover, such a ring R always has to be torsion.

Our main intention is to generalize similar notions to semirings. In [9] it was conjec-
tured that a finitely generated semiring with divisible additive part has to be idempotent
(see 2.1 for all the necessary definitions). This hypothesis was motivated by the clas-
sification of simple semirings in [1] and was confirmed for the one-generated case in
[10]. Under the additional assumption that the multiplicative part of the semiring is a
group, this was proved for the at most two-generated case in [6] and [7].

In this paper we introduce the notion of almost-divisibility (see 2.1), which produces
the following diagram:

idempotency — divisibility
4 U

torsion = almost-divisibility.

We will study these properties in the frame of additive semigroups of finitely generated
semirings. To the author’s best knowledge, this is the first work on an equivalence
between torsion and some sort of divisibility (even in the case of rings).

Additive parts of even one-generated semirings behave very wildly in general, as
they may contain an arbitrary countable (commutative) semigroup, e.g. (Q, 4) or the
Priifer group Z oo (see [10] for the detailed construction). On the other hand, additive
groups of finitely generated rings are much more restricted (e.g. the only divisible
subgroups they may contain are trivial).

Despite this contrast between rings and semirings, we find, surprisingly, for both
structures similar theorems characterizing torsion elements via almost-divisibility
(Theorems 4.4 and 5.1). This description is made in terms of free semirings and
is of a “point-wise” nature. However, such an analogy turns out to be valid for special
elements in one-generated semirings only (Theorem 5.2). Therefore we suggest a new
conjecture of “global” character for finitely generated semirings (Conjecture 5.4):

Every almost-divisible finitely generated semiring has to be torsion.

This new hypothesis seems to be more plausible and extends naturally the result
obtained in [10]. We confirm it for the one-generated case as well (Theorem 5.5).

Finally, let us point out that we substantially simplify the approach in [10], which
uses rewriting of polynomials and the proof there is very long and technical. Simplicity
of the main part of the proof in this paper (Theorem 4.4; the key Lemmas 4.1 and 4.3)
is based on a special choice of a partial semigroup in Definition 2.1. To prove our
assertions we use Laurent polynomials which help us to deal with the case when it is
not possible to factor out common monomials from polynomial expressions on both
sides of equalities. Such an approach consequently allows to involve naturally the
methods from ring theory and results on finitely generated semigroups to prove our
main goal on semirings.
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2 Preliminaries

By a (commutative) semiring we mean a non-empty set equipped with two commu-
tative and associative binary operations, an addition and a multiplication, such that
the multiplication distributes over the addition. No constants, like additively and/or
multiplicatively neutral elements, will be required and since all the investigated prop-
erties of semirings will be related to the additive semigroup only, we will usually omit
the word additively which would stress this fact (e.g. we say “divisible” instead of
“additively divisible”).

We will use the usual notation: N (N, resp.) for the semiring of positive (non-
negative, resp.) integers, Z for the ring of integers, Z~ for the set of negative integers
and Q for the ring of rational numbers.

Definition 2.1 Let (A, 4+) be a commutative semigroup. For an element a € A and
ke Nletk-a=a+ ---+ abethe k-fold sumofa.SetN-a ={{-a| ¢ € N}.
Letd # M < N. Anelementa € A is called

torsion & |N - a| < oo.

idempotent <> a +a = a.

M -divisible (in A) <& (Yn € M)(3c € A)a=n-c.

divisible (in A) < a is N-divisible (in A).

almost-divisible (in A) < there is b € N - a such that b is P-divisible (in A) for
some infinite set of prime numbers P.

In the case of a semiring (S, +, -) we use the same notions for an element a € S
with respect to the semigroup (S, 4). Consequently, we assign such a notion to the
semiring S itself if and only if every element of S is so.

Further, for n > 1, we denote by F(xy, ..., x,) the free commutative semiring
with the basis {x, ..., x,} (i.e., F(x1, ..., x,) consists of all non-zero polynomials
over variables {xi, ..., x,} which have non-negative integer coefficients and do not

contain a constant term).
For a semiring (S, +, -) we always consider the natural pre-order <g on S defined
as

a<sb & a=bor(dceS)a+c=>b

fora, b € S.This pre-order is compatible with multiplication and addition and depends
on the choice of the semiring (e.g. 2 fN lin (N, +,-)but2 <z lin (Z, +, -)).

In the sequel we will work with partial subsemigroups of (Z, +) (aset¥d # A C Z
is a partial subsemigroup of (Z, +) if there is a relation D C A x A such that for
every (a,b) € D we have a + b € A, see [5]). For the sake of completeness we will
prove a basic property of a special type of such partial semigroups.

Theorem 2.2 (i) Every subsemigroup A of (No, +) is finitely generated and there is
n € Ng such thatd - (n +No) € A C d - Ny, where d = gcd(A) € Np.

(ii) Let A be a partial subsemigroup of (Z., +) such that for every o, B € A we have
a+pBeAifa>0.
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IfANZ~ #0 # ANN then either A =d -Z or A =d - (no + Ny) for some
ng € 2, where d = gcd(A) € Np.

Proof (i) See [12, Chap. 1, Sect. 2].

(i) Letd™ = min(ANN) > 0andd™ = —max(ANZ~) > 0.Thend ™ +(—d ™) €
Aand —d~ < —d~ +d* <d'.Henced™ =d*(=dy) and {—dy, 0, dy} C A.

Let a € A N N. Then there are k, r € Ny with O < r < dy such that a = dok + r.
Now, by iteration argument, 0 < a + i(—dp) € A foreveryi = 1,...,k. Thus
0 <r =a—kdy € A and, consequently, r = 0 by the choice of d*. Hence
ANN=dy-N.

Let —b € ANZ~.Thenthereare £, s € NowithO < s < dypsuchthatb = dol +s.
Hence 0 < dy —s = dop(£ + 1) + (—b) € A and, consequently, s = 0 by the choice
of d*. Thus b = dyt and —dyi = dy( — i) + (—b) € Aforeveryi =1,...,L.

Therefore dy = gcd(A) and either A = dy - Z or A = dy - (ng + Np) for some
no € . O

The following definition is crucial for our next steps.

Definition 2.3 Let S be a commutative semiring. For w € S and k, n € N, put
My (S ={aeZln+a>0&k-w"™ <gk-w"}.

This is a generalization of the submonoid I1,(S) = {o¢ € Np| w* <g lg} of
(Np, +) introduced in [10].

Proposition 2.4 Let S be a commutative semiring, w € S and n,k € N. Let A =
kl'Iw,n(S). Then (A, +) is a partial submonoid of (7., +) such that for every o, B € A
we havea + B € Aifa > 0.

If ANN £ (, then there is ng € 7 such that d - (ng + No) € A C d - Z, where
d = gcd(A) € N. If, moreover, ANZ~ # O then ng € Z can be chosen such that
A=d - (no+ Np).

Proof Leta, B € Aando > 0. Thenk-w"+® <g k-w" and k-w"t# <g k-w". Since
o > 0,wehave k-w"t¢t# <g k-w"t® and therefore k- w" ¥ +F <g k-w" ™ <g k-w".
Thus o 4+ B € A. The rest follows immediately from 2.2. O

3 Torsion and divisibility in rings and semigroups

First, we derive auxiliary results for finitely generated semigroups and show that
almost-divisibility is the right notion that is equivalent to torsion in finitely generated
rings.

Lemma 3.1 /10, Proposition 5.1] Let (A, +) be a finitely generated commutative
semigroup. Let M C N be an infinite set and {v,,| m € M} C A. Then therearel € N,
miy,...,mg € Mandcy j,...,cej €N, j=0,1such that Zle Ci.oM; * Uy, =

13
V4 Y4 V4
i1 Ciimi - Uy and i1 ¢io # D i Cil-
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Proposition 3.2 Let (A, +) be a commutative monoid, B C A be a finitely generated
submonoid, T be the submonoid of all torsion elements of A.

Letu € A andlet M C N be an infinite set, {v,,| m € M} C B and {t,,| m € M} C
T be such that u = mv,, + t,, for every m € M. Then u is torsion.

Proof By3.1,thereare{ € N,my,...,mg € Mandcyj,...,cej €N, j=0,1such
thatv = Zle Ci oMUy, = Zle Ci 1M -V, and co = Zle Cio # Zle ci1=cj.
Sets;j = > cijmi tm, € Tforj =0,1.Thencj -u =3 _ ciju =
Zle ci, j(mivm; + tm;) = v+ 5. Since s, s; € T, there is a common k € N such
that ksg = 2ksg and ksy = 2ks;.
Now, (kco+kcy)-u = kv+kso+kv+ks; = 2kv+2kso) +ks1 = 2kco-u+ksq.
Finally, multiplying this equation by two, we get

2k(co+ c1) - u = 4dkco - u + 2ksy = 2kcy - u + kco - u + ksy)
= 2kco - u+ (kco +kcy) -u =kQBco+cy) -u.

Hence u is torsion since 2k(co + ¢1) # k(3co + c1). O
As an immediate consequence we obtain:

Theorem 3.3 Let (A, +) be a finitely generated commutative semigroup. The follow-
ing are equivalent for a € A:

(1) a is torsion.
(i1) k - a is M-divisible for some infinite set M C N and some k € N.

Notice that if A is a finitely generated semigroup such that A = k - A for some
k > 2, then A is M-divisible for M = {k"| n € N} and therefore torsion and finite by
3.3.

Rings now offer further equivalent descriptions of torsion compared to semigroups.

Theorem 3.4 [8, 5.2] Let R be a finitely generated commutative ring with unity and
let M be a finitely generated unitary R-module such that pM = M for infinitely many
prime numbers p. Then there is n € N such that nM = Q.

Theorem 3.5 Let R be a finitely generated commutative ring. The following are equiv-
alent fora € R:

(1) a is torsion.

(i1) a is P-divisible for some infinite set of prime numbers P C P.
(iii) k - a is divisible for some k € N.
(iv) a is almost-divisible.

Proof The implications (i)=>(ii1) and (iii)=>(iv) are easy.

(1)=(ii): Let a be torsion. Then there is k € N such that ka = 0. Set P = {p €
P| ged(p,k) = 1}. For p € P there are i, j € Z such that 1 = ik + jp, hence
a =ika + jpa = p - ja. Thus a is P-divisible.

(i1)=>(i): We show that the set / = {x € R| x is P-divisible} is a torsion group.
Clearly, I is a non-zero ideal of R. The set M = {b € R| (In € N) nb € [} is also an
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ideal of R and I € M. Since R is noetherian, M /I is a finitely generated R-module.
Further, the group (M /1, +) is torsion and for a set of generators of M /I we therefore
have a common ny € N such thatng - M /I = 0.

Now, the set P = {p € P| gcd(ng, p) = 1} is infinite. We show that M C pM for
every p € P.Leth € M and p € P. Then there are k, £ € Z such that 1 = kn + {p.
Hence b = k(ngb) + p(€b). Since nob € I, there is ¢ € R such that pc = nob € I.
Therefore c € M and we have b = p(kc + ¢b) € pM.

Finally, we have obtained that pM = M for every p € P. Clearly, M is a finitely
generated unitary R-module with respect to some finitely generated commutative ring
R with unit. Hence M is a torsion group, by 3.4, as well as /.

(iv)=(): Let b = ka be P-divisible for some infinite set of prime numbers P C P
and some k € N. Thus b is torsion, by the previously proved implication (i1)=>(1).
Hence a is torsion. O

4 Torsion and almost-divisibility in one-generated semirings

First, let us recall the notion of the Grothendieck ring G (S) of a commutative semiring
(S, +, ). Itis gonstructed as follows (see e.g. [11]):
On the set § = § x S we define operations @ and © by

(a,b)® @, b)y=(a+d,b+?b) and (a,b) ® (@', b)) = (aa’ + bb',ab’ + a’'b)
and a relation ~ by
(a,b)~ @ ,b) & @teS)a+b +t=a +b+t

for every a,a’, b, b’ € S. Now ~ is a congruence on the semiring (S, ®, ®) and
GS)=S /~ 18 a ring. We also have a semiring homomorphism § — G(S), defined
by a — (2a,a)/~ fora € S.

We are now going to generalize Theorem 3.5 from rings to one-generated semirings
(see 4.4). The key-point are the properties of ¥IT,,, ,, (S) formulated in Proposition 2.4.

Lemma 4.1 Let S be a commutative semiring generated by w € S. Let n,k € N be
such that k - w" is P-divisible in S for some infinite set of prime numbers P C P and
My . (S) NN #£ .

Then there is a polynomial f € F(z) and ki, k2, £y € N such that ki # ky and
kiwd® + f(w?) = kyw?® + f(w?), where d = ged (FI1,, 4(S)).

Proof Let L(z) denote the semiring of all non-zero Laurent polynomials over a variable
z with non-negative integer coefficients and consider the free semiring F'(z) to be
contained naturally in L(z). Clearly, L(z) is generated by {z, z~!}. Set a relation =
on L = L(z) as follows:

For g(z),h(z) € L we put g = h if and only if there is £ € N such that
g(2)z% h(2)z' € F(z) and g(wHHw?® = h(w?)w?. It is easy to check that = is
a semiring congruence on L.
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By 24, kl'lw,n(S) C d-7Z. Since k - w" is P-divisible in §, for every p € P thereis
f»(2) € Lsuchthat f,(z%)z" € F(z)andk-w" = p- f,(w?)w". Hence k = p- f,(2)
and k - 1= is a P-divisible element in the finitely generated semiring L,=. Letu €
G(L /=) correspondto 1,= € L= inthe finitely generated Grothendieck ring G (L /=).
Then the element k - u € G(L =) is P-divisible. By 3.5, u is torsion and therefore, by
the Grothedieck construction, there is a Laurent polynomial fo(z) € L and ky, ky € N,
k1 # ko such that k1 + fo(z) = ko + fo(z). According to the definition of =, there is
o € Nsuchthat fy(2)z% € F(z) and kw4t + fo(w?)w?o = krw 0+ fo(w?)wito,
Now, set f(z) = fo(z)zg0 and we are done. O

Remark 4.2 Let S be a commutative semiring generated by w € S and letn € N.

(1) Let k € N. If f € F(x) is such that {8 € Z| xP*" is contained in f(x)} <
kHw’n(S) then there is £ € N such that k - f(w) <g k€ - w".

(1) Set a relation ~, , on (S, +) such that a ~, , b if and only if there is j € N
such that a + jw" = b 4 jw". It is easy to check that ~,, , is a congruence on the
semigroup (S, +).

Lemma 4.3 Let n,k € N and S be a commutative semiring generated by w € S
such that kl'[w’n(S) NN # @. Further, let w : (S, +) — (S/~,,,, +) be the natural
semigroup epimorphism (see 4.2(ii)).

Ifk-w" is P-divisible in S for some infinite set of prime numbers P C IP, then there
is mo € N such that the element 7 (w**™) is torsion in 7 (S) for every o € kl'[w,n(S),
o = mo.

w,n

Proof Set d = ged (*11,,,(S)). By 4.1, there is a polynomial f € F(z) and
ki, ks, Lo € N such that k| # k» and kjw?® + f(w?) = kw0 + fw?). Fur-
ther, by 2.4, there is jo € N such thatd - (jo+ No) C kvan(S). Setmg = d(jo+ {o)
and let f be of the form f(z) = >~ a;7', where a; € Ny.

Now, let o € kl'[w,,,(S) C d - 7Z be such that « > mq. Then @« = dj for some
J > Jjo+ £ and for every i € Ny we therefore have o +d(i — o) =d(j — o +1i) €
d - (jo+No) C ¥, (S). Set g(z) = f(z)z* 0" = 3, _ga;z@Hdi—tortn ¢
F(z). Obviously, we have {8 € Z| zP*7 is contained in g(z)} C kl'lw,n(S) and hence,
by 4.2(i), there is £ € N such that

k- fwhHw 0t = k. g(w) <g k- w".
Therefore there is u € S such that u + k - f(w?)w* 40" = k(¢ + 1) - w".
Finally, multiplying the equality k; w?% + f (w¥) = kow?® + £ (w?) by the element
k - w*—4%+" and then adding the element u to both sides we get

kkjw* ™ + k(0 + 1) - w" = kkow®™ + k(£ + 1) - w"

where kky # kk;. Therefore 7 (w**") is a torsion element of the semigroup 7 (S) =
S/~ forevery a € kl'lw,n (S) such that a > my. O

The semiring version of Theorem 3.5 now reads as follows:
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Theorem 4.4 Let S be a semiring generated by w € S. The following are equivalent
for an element v € |, .y Nw":

(i) v is torsion.
(ii) k - v is divisible for some k € N.
(iii) v is almost-divisible.

Proof The implications (i)=>(ii) and (ii)=>(iii) are obvious.

(ii1)=(1): Letv = c-w" forsome c € Nandn € N. Let k € N be such thatk - v is
P-divisible for some infinite set of prime numbers P C P.

First, assume that kcl'lw, 2(S) NN = (. In this case k - cw” is a P-divisible element
of a subsemigroup A of (S, 4+) which is generated by the elements w, w?, ..., w".
Hence v = cw" is torsion, by 3.3.

Now, let k"l'lw,n(S) NN # @andletm : (S,+) - (S)~,,,+) be the natural
semigroup epimorphism [see 4.2 (ii)]. By 4.3, there is my € N such that for every
o€ k"l'[w,n(S), o > mo is T (w* ™) a torsion element of 7 (S).

Further, let A be the monoid obtained from 7 (S) (i.e., we adjoin a unit element
0 to 7 (S) if there is none). Let B be the submonoid of A generated by the finite
set {m(w*™)| a € k"l'[w,n(S) & a < mgp}. Similarly, let C be the submonoid of A
generated by the set {m(w*")| a € kcl'lw,n(S) & o > myg}. Clearly, B is finitely
generated and C is torsion. Since kc - w" is P-divisible, for every p € P there are
rp € Band s, € C suchthat kc - w(w") = p(r, +s,). Therefore, by 3.2, kc - w(w")
is a torsion element of 7 (S). Thus there are j, ki, ko € N such that k; # k> and
kikc - w" 4+ j - w" = kokc - w" 4+ j - w". Hence w"” and v = ¢ - w" are torsion
elements. O

5 Conclusion and further questions

Compared to rings, Theorem 4.4 provides information about a quite special kind of
elements in one-generated semirings only. But as Theorem 5.2 shows, it is not possible
to expect such a description in full generality (i.e., for other kinds of elements or for
cases of several generators).

Before we formulate the main result, let us recall a theorem from [10] (here
F(x1,...,x,)1s a free commutative semiring with basis {xq, ..., x,}):

Theorem 5.1 [10, Theorem 6.1] Let (A, +) be an at most countable commutative

semigroup,n € N,a € Aand f € F(x1, ..., Xp).
If either n > 2 or f contains at least two different monomials, then there is a
commutative semiring S generated by a set {w1, ..., w,} € § such that (A, +) is a

subsemigroup of (S, +) and f(wy, ..., w,) = a.
Now, we can summarize our results as follows:

Theorem 5.2 Let n € N. The following are equivalent for f € F(xy1,...,X,):

(1) For every semiring S and every semiring epimorphism ¢ : F(x1,...,x,) — S,
the element @( f) is torsion if and only if it is almost-divisible in S.
(i) n=1and f =k - x{' for some k,m € N,
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Proof (1)=(1): Let n > 2 or let f contain at least two different monomials.
Choose some a € QT. By 5.1, there is a semiring S and a semiring epimor-
phism ¢ : F(xi,...,x,) — S such that (Q1, +) is a subsemigroup of (S, +) and
©(f) =a € S. Since £a € Q7 is divisible and torsion-free for every £ € N, we get
that ¢ ( f) is almost-divisible but not torsion.

(i1)=(1): Follows immediately from 4.4. O

Remark 5.3 (i) In view of Theorem 3.3 (4.4, resp.) it seems to be likely that if an
element is divisible by infinitely many numbers (primes, resp.), then not only it is
torsion, but it should generate a finite group.

(i1) Assume now that, for a semigroup A and a given element a € A, the following
conditions hold:

e The set F, = {x € A| (3n € N) a = nx} of all possible fractions of a in A is
contained in some finitely generated subsemigroup of A.
e The element a is divisible in A by an infinite set of integers.

Under these assumptions, a is torsion, by Theorem 3.3.

On the other hand, in a semiring S generated by w € §, divisibility of an element
a € J,eny Nw" C S by infinitely many primes forces torsion as well (see Theorem
4.4). Therefore it is natural to ask whether or not this is caused by some restrictions
on the set F, for such an elementa € S.

In particular, we ask whether, fora € aen Nw' C S, the set Fy, is contained in
some finitely generated subsemigroup of (S, +) (or whether at least a “substantial”
part of F, has this property).

Finally, by Theorem 5.2, torsion and almost-divisibility are not generally equivalent
for a single element in a finitely generated semiring. However, when we consider all
elements at the same time, the situation may be different and the following might be
true:

Conjecture 5.4 For a finitely generated commutative semiring S, the following are
equivalent:

e Every element of S is torsion.
e Every element of S is almost-divisible.

This conjecture is now confirmed for the one-generated case, by 4.4:

Theorem 5.5 Every one-generated almost-divisible semiring is torsion.
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Let (S,4,:) be a semiring generated by one element. Let us denote this element by
w € S and let g(z) € x - N[z] be a polynomial. It has been proved that if g(z) contains
at least two different monomials, then the elements of the form g(w) may possibly be
contained in any countable commutative semigroup. In particular, divisibility of such
elements does not imply their torsion. Let, on the other hand, g(x) consist of a single
monomial (i.e. g(z) = ka™, where k,n € N). We show that in this case, the divisibility
of g(w) by infinitely many primes implies that g(w) generates a group within (S, +).
Further, an element a € S is called an m-fraction of an element z € S if m € N and
z =m -a. We prove that “almost every” m-fraction of w™ can be expressed as f(w) for
some polynomial f € x - N[z] of degree at most n.

Keywords: Commutative semiring; divisible semigroup; idempotent; inverse semigroup.

Mathematics Subject Classification: 16Y60, 20M14, 20M 18, 13C12

In this paper, a (commutative) semiring (S, +,-) is a non-empty set equipped with
two commutative and associative binary operations, an addition and a multiplica-
tion, such that the multiplication distributes over the addition. We denote by (D)™
the subsemigroup of (5, 4+) generated by a non-empty subset D of S. In particular,
for a € S we have (a)" = {a,2a,---}.

Let M be a non-empty subset of positive integers N. We say that an element
a€sSis

e torsion < (a)™ is finite,

e M -divisible (in S) < for every m € M there is b € S such that a = m - b,

e divisible (in S) < a is N-divisible (in S),

e almost divisible (in S) < there is an element b € (a)* that is P-divisible (in S)
for some infinite set P of prime numbers.
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We assign such notions to the entire semiring S when every element of S is so. We
adopt all the semiring notions to a commutative semigroup, too.

As an analogy to an mth root of an element for m € N, we say that an element
a € S is an m-fraction of an element z € S if z = m - a. Finally, let us denote by

(z) ={aeS|(FreX)FmeM)x=ma}
M S

the set of all M-fractions of a non-empty subset X in a commutative semiring S,
where M is a non-empty subset of positive integers.

One-generated semirings may possibly contain any countable commutative semi-
group (A, +) in their additive semigroups [8]. Moreover, let f(z) € = - N[z| be a
polynomial containing at least two different monomials and let a € A. Then there
is a semiring S generated by w € S such that (A4, +) is a subsemigroup of (S, +)
and a = f(w) [8, Theorem 6.1]. In particular, divisibility of such elements does not
imply their torsion.

The only terms in the free semiring x - N[z| that cannot be mapped arbitrarily
in this way are the polynomials f(x) = kz™, where k,n € N. In this paper, we
investigate their properties related to the divisibility in more detail. The first steps
were made in [7], where it was shown that the almost divisibility implies the torsion
of elements kw™.

Theorem A ([7, Theorem 3.4]). Let S be a semiring generated by w € S. Then
for every z € Un€N<w")+ the following conditions are equivalent:

(i) the semigroup (z)T is finite,
(ii) z is almost divisible in S.

In [7], it was also conjectured that in a finitely generated commutative semiring
the almost divisibility of all elements shall imply their torsion. A particular version
of this conjecture can be stated as follows:

Conjecture 1. Let S be a finitely generated commutative semiring. Then the fol-
lowing conditions are equivalent:

(i) For every element z € S the semigroup (z)™ is a group.
(ii) Every element z € S is P-divisible in S by for some infinite set P of primes.

Note that the condition (i) in Conjecture I can be expressed in a form that
the semigroup (S,+) is Clifford and torsion. Let us recall that a semigroup is
Clifford if it is completely regular and inverse (see e.g. the monograph by Grillet [3]).
Inverse semigroups possessing 2-divisibility were also recently studied by Araijo and
Kinyon [1]. It should also be observed that in a weaker form of Conjecture I, the first
condition of the equivalence is replaced with idempotency and the second condition
is replaced with N-divisibility. Thus, this note can be viewed as a contribution to
the study of idempotent semirings at large (see e.g. [5, 6] and [9]).
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The validity of Conjecture I can easily be inferred from the validity of the original
hypothesis (there is a common bound on all orders of all elements). However, as
it was noticed above, such a conjecture requires that all elements share a given
property (the divisibility by infinitely many prime numbers). In this paper, we
investigate the case when only a single element has this property. In particular, we
are going to establish the following result:

Theorem 0.1. Let S be a semiring generated by w € S. Then for all z €
Unen(w™™ the following two conditions are equivalent:

(i) the semigroup (z)™ is a group,
(ii) z is P-divisible in S for some infinite set P of primes.

In particular, for all z € |, e (w™) " the following two conditions are equivalent:

(iii) z is idempotent,
(iv) z is divisible in S.

Theorem 0.1 is a particular case of Theorem A. It confirms the natural expecta-
tion that if P-divisibility is related to an element z itself (and not only to some of its
multiples) then the cyclic semigroup (z)™ becomes a group. It is also an extension
of the following theorem by Clark, Holland and Székely [2]:

Theorem B ([2, Theorem 2.5(i)]). FEvery divisible element in a finitely gener-
ated commutative semigroup is idempotent.

However, the proof of Theorem 0.1 is not as straightforward as it may seem. The
main problem is the case when for the given k,n € N there are polynomials f,,(x)
of arbitrary large degrees such that kw™ = m - f,,(w) and when the polynomials
fm also contain some monomials of degrees less than n.

Further, we also generalize another theorem that is originally formulated in [2].

Theorem C ([2, Theorem 2.7]). If (A, +) is a residually finite semigroup then
every divisible element of A is idempotent.

Our generalization reads as follows:

Theorem 0.2. Let (A,+) be a residually finite semigroup and z € A. Then the
following two conditions are equivalent:

(i) the semigroup (z)™ is a group,
(ii) z is M-divisible in A for some infinite set M of positive integers.

In particular, this is also true if A is a finitely generated commutative semigroup
(such a semigroup is residually finite by a well-known theorem of Mal’cev [10]).
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To continue, in [8], it was proved that there are restrictions on the set of fractions
of a generator of a semiring. The result was as follows:

Theorem D ([8, Theorem 4.2]). Let S be a semiring generated by w € S and
let S have a unity 1s. Then there are k € N and i € N such that

<%)S C (w,wQ, . ,wi>+,

where M = {m € N| ged(m, k) = 1}.

We extend and improve on this result to all powers of the generator w € S in
the following way.

Theorem 0.3. Let S be a semiring generated by w € S. For every n € N there is
k € N such that

(wﬁ)s C (w,w?, ..., w7,

where M = {m € N| ged(m, k) = 1}. In particular, (%)S C (w)™T.

This result shows that fractions of elements w™ are surprisingly restricted in the
sense that almost every fraction of w™ can be expressed as f(w) for some polynomial
f € x-N[z] of degree at most n. Here, the expression almost every means that there
is a finite set of primes P and the given statement is true for every number that
is not divisible by any prime from P. Exercising some more effort, it can be shown
that in Theorem 0.3 there is a universal £ € N for all n € N.

Finally, we provide a far stronger version of Theorem 0.3 in the case of commu-
tative rings:

Theorem 0.4. Let R be a finitely generated commutative ring and G be a finitely
generated subgroup of (R,+). Then there is k € N such that (%)R C G, where
M = {m e N| ged(m, k) = 1}.

Remark 0.5. (i) Note (Results 1.1(i)) that if z € S is M-divisible (in S), M is
infinite and (ﬁ) o is contained in a finitely generated subsemigroup of (S, +), then
z is torsion. Therefore, Theorem A follows from Theorem 0.3 in the special case
when z = w". In this case, we obtain henceforth a better insight into the structure
of such a semiring.

(ii) Unlike Theorem 0.1, Theorem 0.3 cannot be extended to all elements of
the set |J,cy(w™) ™. Indeed, consider a semiring (S, +,-) with a multiplicatively
absorbing element 0 such that the semigroup (S\{0},-) is isomorphic to (N, +).
Let w € S\{0} be the (unique) generator of this semigroup. Let us define the
additive operation by setting a +b = 0 for all a,b € S. Clearly, S is a semiring
generated by w. For every non-empty set M of N\{1} and for all n,k € N, k > 2 we
obtain z := kw"™ = 0 and (ﬁ) g = 5. Hence, (ﬁ) ¢ Is not contained in any finitely
generated semigroup of (S, +). Therefore, there is no upper bound on the degrees
of polynomials expressing elements from the set (ﬁ) 5
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(iii) In Theorem 0.3, we do not require (%)S C (w™)T for n > 2. Indeed,
assume a semiring (S, +,-) with a multiplicatively absorbing element 0 such that
the semigroup (5, -) has a presentation <w |wntl = 0>. The additive operation is
defined by setting a + b = w™ for all a,b € S\{0} and ¢+ 0 = 0+ ¢ = ¢ for every
c € S. Clearly, S is a finite semiring generated by the element w and for every

non-empty subset M of N\{1}, we obtain (ﬁ)s = S and (w™)* = {w"}. Hence

(wﬁn)s Z (w™)*.

1. Proofs

In this section, let S always denote a semiring. Let us consider the natural pre-order
<g on S defined for a,b € S in the following manner: a <g b if and only if a = b or
a+ c = b for some ¢ € S. We also view S naturally as a unitary D(.S)-semimodule,
where D(S) is the semiring extending S with a multiplicative unit added freely. For
an element a € S, let ord(a) denote the order of a (i.e. ord(a) is the cardinality of
the semigroup (a)™).

Results 1.1. We shall use the following results (here Z denotes the set of all
integers):

(i) [7, Theorem 2.3] In a finitely generated commutative semigroup A, an element
a € A is torsion provided that there is b € (a)™ and an infinite set M C N
such that b is M-divisible in A.

(ii) [5, Lemma 2.3] Let z € S and m € N be such that the set (%)D(S)z is non-
empty. If u,v € D(S)z and mu = mv, then u = v.

(iii) [7, Theorem 1.2] For w € S and n,k € N the set

Mpn(S):={(cZ|n+0>0 & k-w"™ <gk-w"}

is of the form *II,, ,,(S) = {d - no,d - (ng +1),...,—d,0,d,...} for some ny <
0 < d provided that *II,, ,,(S) contains at least one positive and at least one
negative integer.

(iv) [4, Theorem 5.1] Let R be a finitely generated commutative ring. Then there
are a finite subset of primes P and a free commutative subgroup F' of the
additive group (R, +) such that R/F' is a P-group.

To prove the Theorems 0.1 and 0.3, we will need a few lemmas. In the beginning,
let us recall that for an element a € S the semigroup (a)* is a group if and only if
there is k € N such that a = a + ka.

Lemma 1.2. Let (A,+) be a semigroup and let a,b,c,z € A and j,k,{, m € N.

(i) If a = a + ¢, then a = a + nc for every n € N. If, moreover, b >4 a, then
b=0b+ nc.
(ii) If m > j and ja = (j + k)a, then ma = (1 + k)ma.
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(iii) Ifb >4 (k-ord(kz))-z, then there is £ € N such that b = b+ (kz. In particular,
if m > k- ord(kz) then, mz = (1 + ¢k)mz. .

(iv) If a = ¢+ z and z = ma, then for every i >0 is a= (Z;:o mi)c+m'z.

(v) If ged(k,m) = 1, then there is ig € N such that m"™ =1 (mod k) and therefore
Z;Oko ml = kZ om? =0 (mod k).

Proof. The items (i) and (iv) follow easily by induction and (v) is well known.
To prove (ii), use (i) for ma >4 ja and ja = ja + ka.
It remains to show (iii). Since the order of kz is finite, there are j/,¢ € N such
that j'(kz) = j'(kz) + ¢(kz) and j’ < ord(kz). Therefore, we have

b>4 (k-ord(kz)) -z >4 j'k=.

Now, it remains to use the item (i) in a suitable way. Finally, the particular case,
when we assume m > k-ord(kz), follows from the inequality mz >4 (k-ord(kz))-z
with help of the item (i), again. O

Lemma 1.3. Let (A,+) be a semigroup. Let z € A be a torsion element and
a € (myy)a be such that a >4 z. Then both ()T and (a)™ are groups.

Proof. By our assumption, there is m > 2 such that z = ma. By Lemma 1.2(iv),
we have a >4 m"z for every n € N. Now, there is ng € N such that m™® > ord(z),
hence a >4 m™z >4 ord(z) - z. By Lemma 1.2(iii), there is £ € N such that
a = a+{z=a+ fma. This implies that (a)™ and (z)* are groups. O

Lemma 1.4. Let z € S be torsion. If the set (N\?l})’p(s)z is non-empty then (z)™

is a group and (%)p(s)- € (2)".

Proof. Let a € D(S)z and m > 2 be such that z = ma. Since z is torsion, there
is ng € N such that m™ > ord(z). By Lemma 1.2(iii), there is ¢ € N such that
m™z = (1 4+ £)m™z. Using Results 1.1(ii) repeatedly, we obtain z = (1 + /)z.
Therefore (z)™ is a cyclic group.

Now, let us show that for N := ord(z), we have ged(m, N) = 1. Suppose, on
the contrary, that ged(m,N) = d > 1. Set j := N , k= % and u := ka. Since
u € D(S)z, we can multiply the equality z = (1 + N)z by a suitable element
from D(S) and obtain u = (1 + N)u. From z = ma = dka = du it follows that
u=u+jdu=1u+jz. As z >g u, we obtain z = (1 + j)z, by Lemma 1.2(i). This
is a contradiction with the order N of the group G := (z)7.

Finally, since G is a cyclic group of order N and ged(m, N) = 1, thereis b € G C

( )z such that z = mb. According the uniqueness in Results 1.1(ii), we obtain
=b e G = (2)T. Therefore (%)D(S)Z C (2)". O
Lemma 1.5. Let z € S. If k,m € N are such that the set (%)D(S)Z is mon-empty
and Bt > ord(kz), then (kz)" is a group.
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Proof. There is an element a € D(S)z such that kz = ma. Since m > k - ord(kz),
by Lemma 1.2(iii), there is £ € N such that mz = (1 + ¢k)mz. By multiplying this
equality by a suitable element from D(S)z, we obtain ma = (1 + ¢k)ma as well. As
kz = ma, it is therefore seen that (kz)™ is a group. O

Lemma 1.6. Letw € S, k,n € N and let "1, ,,(S) contain some negative integer.
If a € (%)S and if i €N, i > n are such that a >g kw', then a >g kw™.

Proof. Theset K := {i’ € N|i’ > n& a >g kw' } is non-empty. Put i := min(K).

Assume on the contrary, that iy > n. Since kw™ = ma >g a >g kw™, the set
"Iy (S) contains a positive integer ig — n. Therefore, by Results 1.1(iii), for the
least positive element d of *II,, ,,(S) it holds that —d € *II,, ,(S). By the choice
of d, we obtain 79 — n > d. Since —d € kHw,n(S), it follows that kw™ >g kw" <.

Multiplying this inequality by w* =", we obtain

a>g kw® = wo " kw™ >¢ w© " kw4 = kw4,

Moreover, n < ig — d and therefore the element iy — d belongs to K. This is a
contradiction with the choice of 7.
We have shown that min(K) = n. Thus a >g kw™. O

Now, let us prove the theorems of this paper. We start with the proof of Theo-
rem 0.2.

Proof of Theorem 0.2. The implication (i) = (ii) is easy. To prove the implication
(ii) = (i), let us first assume that A is finite. Since M is infinite, there are my, ms €
M, m; < my and a € A such that mja = z = moa. By Lemma 1.2(ii), we have
mia = (1 + £)mya, where £ = my — my > 0. Since z = mja, we see that (z)* a
group.

Let us prove the general case. Since A is residually finite, we can assume that
A is a subsemigroup of [],.; A;, where I is a set and for every i € I, A; are finite
commutative semigroups. Let z = {z;}ie; € A, where z; € A; for every i € I, be
M-divisible for an infinite set M C N. Consequently, for every 7 € I the element z;
is also M-divisible in A; and, by the first part of the proof, z; generates a group.
By Results 1.1(i), the element z is torsion. Hence, there are n,k € N such that
nz = (n+ k)z. It follows that nz; = (n + k)z; for every i € I. Since z; generates a
group, we obtain z; = (k + 1)z;. Finally, z = {zi}ier = {(k + 1)z }ier = (K + 1)z.
As a result, z generates a group. O

Proof of Theorem 0.1. The implication (i) = (ii) is obvious. To prove the impli-
cation (ii) = (i), choose k,n € N and assume that there is an infinite set of primes
P, and for every p € P there is a, € S such that kw™ = p-a,. By Theorem A, the
element kw™ is torsion. Set

Pi:={pePlp>k-ord(ku") & (FieN)i<n&a,>sw'}
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and
Py:={peP|p>k-ordkw™) & (FieN)i>n& a,>sw'}.
Let us now distinguish the following three cases:

(i) Let P, = (). Then the set P; is infinite and kw" is a P;-divisible element in the
semigroup (w,w?,...,w")". Hence, by Proposition 0.2, (kw™)™ is a group.
(ii) Let P = . Then the set P, has to be non-empty. Let us choose a prime
p € P,. Since p ¢ Py, we see that a, € D(S)w". Thus a, € (%)D(s)wn and,
by Lemma 1.5, we obtain that (kw™)" is a group.
(iii) Finally, assume that both the sets P; and P» are non-empty. Choose p € P;
and q € Ps.

First, let us show that there is an element a € (%)g such that a >g kw™.
Since p € P, there is 79 € N such that ¢c < n and a, >g w' . Therefore kw™ =
pa, >s ka, >s kw' and kme(S) contains a negative integer ig — n.

We already know that the element kw™ is torsion and from g > k - ord(kw™),
by Lemma 1.2(iii), we have qu™ = (1 4 ¢k)qw™ for some ¢ € N.

Further, since ¢ € P», there is i € N such that i > n and a, > w’. Therefore,

i—n

multiplying the previous equality by w'~™, we obtain quw’ = qw® + g/kw'. Since
qa, >s qu', it follows, by Lemma 1.2(i), that ga, = qa, + ¢¢kw’. Now, simply set
a := a, + fkw’. Finally, we can apply Lemma 1.6 and obtain that a >g kw".

We have found the desired element a. Now, by Lemma 1.3, (kw™)* is a group.

Now we prove the second equivalence. The implication (iii) = (iv) is obvious.
To prove the implication (iv) = (iii), let us assume that z := kw™ is divisible in S.
By the first part of the proof, (2)* is a group. We are going to prove that z has to
be idempotent.

First, let us show that z is divisible within the semigroup (w, w?, ..., w™)*. Since
z generates a group, there is a neutral element o := Nz in the group (z)*, where
N :=ord(z). As z is divisible in S, for every £ € N there are b € (w,w?, ..., w™)"

and a € D(S) such that z = (kN (b + aw™).
We show that we can, in fact, always choose a to be equal to 1. Since ao is
idempotent, we have

z =lkNb+ la(Nkw™) = (lkN)b+ Lao = ((kN)b + «o.
Further,
22 =2(lkN)b+ 2o = (CkN)b + (LN )b + o) = (CEN)b + 2
and, using the inverse of the element z, we obtain
z=UkN)b+o0= (lkN)b+ ((kN)w" = (LkN)(b+ w™).

Hence, z is a divisible element in the semigroup (w,w?,...,w™)". Thus, by Theo-

rem B, the element z is idempotent. O
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For the sake of simplicity, put Cy := {m € N| ged(m, k) = 1} for k € N.

Proof of Theorem 0.3. First, consider that w™ is not torsion. Then, by Theo-
rem A, there are only finitely many primes pq,...,p; that do not divide w™. We
can set k := py ---p; and immediately obtain that (15—:)5 = {w"}.

Now, assume that w™ is torsion. In this case, set k := ord(w™). Let a € S and
m € N be such that ged(m, k) = 1 and w™ = ma. There are f,g € = - N[z| such
that a = f(w)w" ! + g(w) and deg(g) < n — 1. Let us divide the rest of the proof
into three cases (i)—(iii). We will need the assumption that gcd(m, k) = 1 only in
the third case.

(i) If g = 0 then, by Lemma 1.4, a € (w™)™.
(i) If f =0, then a € {(w,w?,...,w" )T,
(iii) Let g # 0 and f # 0. Then, by Lemma 1.6, a >g z := w".

Therefore, by Lemma 1.3, both (z)* and (a)* are groups with a common addi-
tively neutral element o. Further, from a >g z = w"” it follows that there are
be (ww?, ..., w")" and a € D(S) such that a = az + b+ 2.

We are going to eliminate the component az. Since z = (1 + k)z, we obtain
az = az + kaz. By Lemma 1.2(i), the inequality a = az + b+ z >g az implies the
equality a = a + kaz. This yields 0o = 0 + kaz.

Now, we use the assumption ged(m, k) = 1. By Lemma 1.2(v), there is ig € N
such that Z;fo m? = {-k for some £ € N. Applying Lemma 1.2(iv) on a = (az+b)+2
and z = ma, we obtain that

a=o0o+a=o0+ (L -klaz+b)+m™*2) = (o4 kaz) + lkb+mPFz
= 0+ Lkb+ mFz = (kb + m"Fz € (w,w?, ..., w")7T.

Summing this up, we have a € (w,w?,...,w™)". Hence (%)S C (w,w?, ..., w™)*.

O
Proof of Theorem 0.4. Let us divide the proof into the torsion and torsion-free
cases.

(i) First, assume that G is torsion. Let T be the torsion part of (R, +). Since
R is noetherian, the ideal T" of R is finitely generated and there is k € N such that
ET = 0.

Now, let a € (C%)R and m € Cy be such that ma € G CT'. Then a is a torsion
element. It follows that ka = 0 € G. Since ged(m, k) = 1, we obtain that a € G.
Therefore (C%)R CcaG.

(ii) Further, suppose that R is torsion-free. By Results 1.1(iv), there is a free
commutative group F' C R and a finite set of primes Py = {p1,...,p¢} such that
R/F is a Py-group. Since G is a finitely generated group, there is i € N such that
for ng := (p1---pe)’, we have Gy := ngG C F.

The group G is also finitely generated and therefore there are free commutative
groups Fi, Fo C F such that G; C F1, the group F} is finitely generated, the group
F1 /G4 is finite and F' = Fy @ Fy. Thus, there is ny € N such that nq F; € G = noG.
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Now, set k :=mnq -p1---pe. Let a € (C%)R and m € C}, be such that ma € G.
Set b :=nga € R. Then mb = m(ngpa) € ngG = G1 C F.

Further, since R/F is a Py-group, there is a suitable j € N such that for mg :=
(p1---pe)?, we have ¢ := mob € F and mc = mo(mb) € Fy. As Fy is a direct
summand of F', we obtain that mgb = ¢ € F}, as well.

Finally, from myb, mb € F; and ged(mo, m) = 1 it follows that b € Fy. Therefore
no(nia) = n1b € nFy C G1 = npG. Since the group (R, +) is torsion-free, we can
infer that nya € G. Combining ma,n;a € G and ged(m,ny) = 1, we obtain that
a € G. Therefore (C%)R CaG.

(iii) To end the reasoning up, we prove the general case. Let T" be the ideal of all
torsion elements of R. Set H := GNT. By (i), there is k; € N such that (Cikl)R CH.

Similarly, by (ii), there is ky € N such that ({“£2/L) o C (G + T)/T. Now, put
k := ki - ko and the rest follows easily by a standard argument. O
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Abstract: We prove that a commutative parasemifield S is additively idempotent, provided that it is finitely
generated as a semiring. Consequently, every proper commutative semifield T that is finitely generated as a
semiring is either additively constant or additively idempotent. As part of the proof, we use the classification
of finitely generated lattice-ordered groups to prove that a certain monoid associated to the parasemifield S
has a distinguished geometrical property called prismality.
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1 Introduction

It is easy to see that the field Q of rational numbers is not finitely generated as a ring. More generally, a folklore
theorem (perhaps due to Kaplansky) states that if a commutative ring is simple and finitely generated, then it
is finite. Of course, such rings are precisely the finite fields IF; and the zero-multiplication rings Z, of prime
order. This result can also be viewed as a classification of all finitely generated simple commutative rings.

Semirings often behave similar to rings (see, e.g., [14] for an overview). Thus, it is natural to ask whether
a similar result as above also holds in the more general setting of semirings. In this paper we will not consider
the other natural generalization to non-commutative rings; in fact, all algebraic structures will be commu-
tative throughout the paper. Nevertheless, let us mention at least one of the latest results on simple non-
commutative rings [6].

Definition 1.1. Recall that by a (commutative) semiring we mean a non-empty set S equipped with two asso-
ciative and commutative operations (addition and multiplication), where the multiplication distributes over
the addition from both sides. A semiring S is a semifield if it contains a zero element O and the set S\ {0} is
a group with respect to the multiplication. In the case that the entire multiplicative part S(-) is a group, the
semiring S is called a parasemifield. A semiring (a semifield, resp.) is called proper if it is not a ring. Finally,
a semiring S is additively idempotent if x + x = x for all x € S and additively constant if the map Sx S — S,
(x,y) — x +y, is constant.
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In mathematics, semirings and semifields are ubiquitous, which makes them one of the fundamental alge-
braic objects. The first mathematical structure one encounters, the set of natural numbers N, is a semiring.
Besides this obvious observation, semirings and semifields play an important role in modern mathematics as
well as in a wide range of applications. Let us mention a few of them. Tropical geometry, which is essentially
algebraic geometry over additively idempotent semirings, is useful in studying piecewise linear functions in
optimization problems (see, e.g., [13, 16, 17] and the references therein). Tropical semirings are also used
in constructing cluster algebras [24] and appear in the process of so-called dequantization [27]. In number
theory, Connes and Consani [7, 8] were motivated by the goal of working over the “field of one element” [34]
(related to semirings) and extended this viewpoint further with a certain hope of proving Riemann hypoth-
esis. Their work was recently generalized by Leichtnam [26] to cover more general additively idempotent
semifields. An interesting direction is also the study of cryptography based on semirings, as developed by
Maze, Monico, Rosenthal, Zumbrégel, and others [28, 29, 38]. It could help in coping with some of the vul-
nerabilities of classical cryptography based on modular arithmetic. Semirings are also important for weighted
automata in theoretical computer science [11]. Yet another class of applications arises thanks to the corre-
spondence between certain semifields, lattice-ordered groups, and MV-algebras. These provide useful tools
in multi-valued logic [1-3, 9, 10, 30, 31]. For further applications and references, see, e.g. [14, 15, 23].

In this paper we are interested in studying finitely generated simple semirings. Unfortunately, the sit-
uation quickly becomes more convoluted than in the case of rings. First of all, ideals in semirings do not
correspond to congruences, and so one has to distinguish between congruence- and ideal-simple semirings
(i.e., those that have only the trivial congruences, and those in which there are no proper ideals). Both of
these cases were (almost completely) classified by Bashir, Hurt, Jancafik and Kepka [12]. It has turned out
that there are semirings which are finitely generated, both congruence- and ideal-simple, and yet infinite —
for instance, the additively idempotent tropical semiring Z(®, ©) with the semiring addition a @ b = min(a, b)
and multiplication a ® b = a + b. On the other hand, every finite congruence- or ideal-simple proper semiring
is either additively constant or additively idempotent [12].

Hence, we need to modify the folklore theorem to also deal with these cases. For congruence-simple semir-
ings, this quite easily follows from the classification using [12, Corollary 14.3]: Every proper finitely generated
congruence-simple semiring is either additively constant or additively idempotent.

The main result of this paper is the proof of an analogous result for ideal-simple semirings.

Theorem 1.2. (a) Every parasemifield that is finitely generated as a semiring is additively idempotent.

(b) Every proper semifield that is finitely generated as a semiring is either additively constant or additively
idempotent.

(c) Every proper finitely generated ideal-simple semiring is either additively constant or additively idempotent.

This statement can be now understood as an extension of the folklore theorem referred in the beginning, i.e.,
that every (commutative) field that is finitely generated as a ring is finite. Of course, the greatest difference is
the existence of additively idempotent semifields.

Since every semifield is clearly ideal-simple, part (b) of the theorem follows immediately from (c). Also,
one can be slightly more precise in the additively constant case. This occurs if and only if there is a finitely
generated (multiplicative) abelian group G(-) and the semiring is the semifield S := G U {0}, where 0 is a new
element. Operations that extend the multiplication on G are definedbya + b =oanda-o =oforalla, b € S.

Theorem 1.2 was at first formulated as a conjecture in [12] for the infinite cases. Our version is a slight
modification that considers proper semirings instead of infinite ones and that includes in this way also the
finite cases, whose properties were mentioned above. The equivalence of (a) and (c) was then established by
JeZek, Kala and Kepka [19, 21], and so it remained to prove (a). Initial steps in this direction were done by the
present authors and Kepka [22], and continued together with JeZek [18], where part (a) was proved in the case
of 2 generators. Note that there are no parasemifields that are 1-generated as semirings [22, Remark 4.22].

As we already mentioned, the goal of this paper is to prove Theorem 1.2 in general (by proving Theo-
rem 4.5) and to settle in this way a problem that remained open for more than fifteen years. The general idea
of the proof uses a suitable subsemiring Qs of the parasemifield S and an associated monoid Cx(S) € INj (see
Section 3 for the definitions). In the 2-generated case [18], the monoid Cx(S) was simple enough to consider
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only elementary properties of the geometry to prove the theorem. However, in the general case the monoid
has a much more complicated shape, and so the situation is significantly harder.

One key ingredient in our proof comes from the classification of finitely generated lattice-ordered groups
(¢-groups) by Busaniche, Cabrer and Mundici [5]. There is a well-known term-equivalence between £-groups
and additively idempotent parasemifields, and so Kala [20] has recently used their results to obtain a classi-
fication of additively idempotent parasemifields which are finitely generated as semirings (see Definition 3.3
below). The monoid Cx(T) associated to each of these additively idempotent parasemifields T has a special
geometric property, prismality (introduced in Section 2). Now given a general parasemifield S that is finitely
generated as a semiring, we consider its largest factor-parasemifield that is additively idempotent. The asso-
ciated monoids of both these parasemifields are the same, and so we conclude that the monoid of S is also
prismal. This then gives us the crucial missing geometrical information that allows us to finish the proof of
Theorem 4.5 (and thus also of Theorem 1.2).

As in the case of rings, these results then imply a classification of all finitely generated ideal-simple semir-
ings. If such a semiring is, moreover, a parasemifield then it must be one from Definition 3.3. The extension
to general ideal-simple semirings is then a routine application of the classification theorems of [12, 19], and
so we do not state it explicitly here. Note that an analogous result was recently proved by Schneider and
Zumbragel for simple compact (not necessarily commutative) semirings [33].

As for the organization of the paper, in the second section we introduce a property of submonoids of
(ZM, +) called prismality and study its basic properties. In the third section we prove in Theorem 3.8 that
every monoid Cx(S) associated to a finite set X, that generates a parasemifield S as a semiring, is prismal.
Finally, the fourth section uses this result to prove Theorem 4.5.

Let us conclude this introduction by pointing out that the ideas presented in this paper can probably
be generalized to the situation of additively divisible semirings. Another very interesting generalization of
our results and methods is to apply them to the Banach semifield setting of Leichtnam [26]. This should
(hopefully) allow us to generalize and extend his results (e.g., to remove Assumption 2) — we also plan to
study this in the (near) future.

2 Prismal monoids

In this section we define a property of submonoids of (Z", +) called prismality and study its behavior.

First, we need some definitions. Every vector space considered in this paper is assumed to be a real vector
space. A vector subspace V ¢ R" is said to be defined over Q if V has a basis that consists of vectors from Q".
Of course, this is equivalent to assuming that V has a basis of vectors from Z".

Let M be a subset of R". By (M) we denote the vector subspace of R" generated by M, by MX" the usual
topological closure of M and by conv(M) the convex hull of M. Further, we denote by dim(M) the dimension
of the convex hull conv(M). Note that in the case when M is a cone or a monoid, this is the dimension of the
vector space (M).

By a cone K < R" we mean a convex set such that for every non-negative real number A and every u € K,
we have Au € K. When working with a convex set A ¢ R", we will use the notion of the relative interior of A,
denoted as ri(A), that is defined as the interior of A with respect to the affine hull of A.

Definition 2.1. For a submonoid € of (Z", +) define its closure € as
€ =27Z"nconv(®)}",
Further put
V€ = {a € Z" | there exists k € N such that ka € C}.

We say that a monoid € ¢ Z" is
o pureif Ve =¢,
«  almost prismal if for every vector subspace V of R”, the monoid € n V is finitely generated,
o prismal if it is pure and almost prismal.
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Finitely generated monoids are often called affine (although we will not use this terminology). As is clear from
the definition, almost prismal monoids are a generalization of affine monoids.

We will be interested in properties of prismal monoids, namely, whether they are closed under intersec-
tions, products and homomorphic images. The answer is “Yes!”, but the arguments are not entirely easy, and
one has to be a little careful, as for example Remark 2.6 shows.

Before we can prove the closedness in Theorems 2.5, 2.10 and 2.11, we will need some technical results
on cones and monoids. These are essentially known, but not easily located in the literature, so we also include
(most of) their proofs.

Proposition 2.2 ([32, Theorems 6.3 and 6.5]). Let K, L ¢ R" be cones. Then
(i) r&®") =ri(K) and K} =i,
(ii) ri(KNL) =ri(K) nri(L) if (K) = (LY = (KN L).

Proposition 2.3. Let C, D ¢ Z" be pure monoids. Then
(i) Z"nconv(C) =C,
(i) conv(C) N conv(D) = conv(C N conv(D)) = conv(C N D).

Proof. (i) Every a € Z" n conv(C) is a convex linear combination of a finite affinely independent subset of C.
Hence, the coefficients in this combination have to be rational and, due to the convexity, also non-negative.
Thus, there is k € IN such that ka € C. Since € is pure, we obtain that a € €. The other inclusion is obvious.
(if) By (i), we see that €N conv(D) = €N (conv(D) N Z") = €N D. Hence, it is enough to show that
conv(@) N conv(D) = conv(C N D). This assertion holds if € and D are finitely generated (see [4]). For the gen-
eral case, let y € conv(@) N conv(D). Then y € conv(€’) N conv(D’) for some finitely generated submonoids
C' c Cand D’ ¢ D. Hence, we have y € conv(€’' n D) ¢ conv(€ n D). The other inclusion is obvious. O

Proposition 2.4. Let C, D ¢ Z™ be pure monoids and V a vector subspace of R". Then

CnD)nV=CnWnDnW,

where W = (CnDn V).

Proof. Set@ =CnWandD'=DnW.Then(CNnD)NnV =¢C" nD’'. Hence, (' nD') = W, and therefore we
also have (€'Y = W = (D"). Put M = conv((?’)]R" and N = conv(D’)]Rn. Then also (M) = (N) = (M nN)=W.
By Proposition 2.2 and Proposition 2.3 (ii), we now obtain
ri(M n N) = ri(M) 0 ri(N) = ri(conv(€)™") 0 ri(conv(D)®")
= ri(conv(€)) N ri(conv(D")) = ri(conv(€") N conv(D"))
= ri(conv(C' n D).

Therefore,

conv(@)® nconv(D)® = Mn N = M N®" =M n MR = ri(conv(€’ n D)X = conv(€’ n DHY'.

Finally, we obtain the equality

CAWnDnW=2Z"nconv(Cn MX nconv(D N MR =Z"nconvCnDn VX' = ECnD)nV. O
Theorem 2.5. Almost prismal monoids are closed under intersections.

Proof. Let V be a vector subspace of R" and let C, D be almost prismal monoids. By Proposition 2.4,
CndD)nW=CnWnDn Wis a finitely generated monoid, as € n W and D n W are finitely generated. The
rest is clear. O

Remark 2.6. Note that in general it need not be true that €N D = €N D (which is similar to the case of
a usual topological closure operator). An example is when m =2, C={(i, ) € ]Né |i<jori=j=0} and
D={(i,j) e N2 |i>jori=j=0}. Then €nD = {(0,0)}, while €n D = {(k, k) | k € No}. Note that in this
case, W = (€ n D) = {(0, 0)} is 0O-dimensional.
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Proposition 2.7. Let C € Z™" be a monoid. Then

(i) eis finitely generated if and only if V€ is finitely generated,

(ii) @ is almost prismal if and only if for every vector subspace V ¢ R" defined over Q, the monoid GV is
finitely generated.

Proof. It follows easily from the fact that a monoid €’ is finitely generated if and only if the cone conv(€’) is
finitely generated (as a cone), see [4]. O

Lemma 2.8. Let V ¢ R" be a vector subspace defined over Q and let v: V — R" be a linear embedding such
that v(Vnz") c Z". Then \/v(V nz") = v(V)n Z".

Proof. Since V is defined over Q, there is a basis {ui, ..., ux} € 2" of V. Then {v(uy), ..., v(ux)} € Z"is a
basis of v(V). For a € v(V) N Z", there are integersr; € Z,i=1,...,k,and s € N such that a = Zﬂ‘zl Tv(uy).
Hence, sa = v(zl’-‘=1 riuj) e v(Vnz") and a € +/v(V nz"). The rest is obvious. O

Proposition 2.9. Let C € Z" be a monoid and V < R" be a vector subspace. If C is prismal, then the monoid
€ n Vis prismal too.

Let C c V and let V be defined over Q. If v: V — R" is a linear embedding such that v(V n Z™) € Z", then
the monoid @ is almost prismal if and only if the monoid v(C) is almost prismal.

Proof. The first claim is obvious. Let now W be a vector subspace of R". Set U = v~"1(W) ¢ V. Then v(CnU) =
v(C) nv(U) = v(€) n W. By Lemma 2.8, we know that v(V) n Z™ = \/v(V n Z"). Hence, we have

v N W =v(E€nU) =2Z"nconv(v(Cn D)X

= v(V) n Z" n v(conv(€ n D)R"

= WW(V nz") nv(conv(Cn D)X
=V nz"n \/W
= \W(V nzn nconv@ n DY)

= WEN D) = WE@nviw)).

Now, the monoid v(€) n W is finitely generated if and only if \\v(C nv-1(W)) is so. And this happens if
and only if the monoid € n v-1(W) is finitely generated, by Lemma 2.7 (i).
Therefore, v(C) is almost prismal if and only if € is almost prismal. O

Theorem 2.10. A cartesian product of prismal monoids is a prismal monoid.

Proof. Let C; be prismal monoids in Z4 fori = 1, 2. Then the monoid C; x €, ¢ Z% x Z% can be expressed as
C1 x €y = (€1 x Z%) 0 (Z% x @,). In view of Theorem 2.5, it is therefore enough to prove that € x Z is prismal
whenever € is prismal.

Let € ¢ Z" be a prismal monoid and let 7: R" x R — RR" be the projection forgetting the last component.
Let V be a subspace of R" x R. Due to Proposition 2.7(ii), we may consider that V is defined over Q.

Ifker(m) = ((0,0,...,0,1)) € V,then V = W & R for some subspace W of R" x {0}. Therefore, we clearly
obtain VN(Cx2Z)=(WnEC)xZ=(WnQe)xZ. Since C is prismal, (W n €) is a finitely generated monoid
and the monoid V N (€ x Z) is finitely generated as well.

Let now ker(m) N V = 0. Set €' = V n (€ x Z). By Proposition 2.9, the monoid €’ is almost prismal if and
only if the monoid 771(C") = (V) n (€ x Z) = (V) n € is almost prismal. From the assumption we know that €
is almost prismal, hence 1(V) n € is so and, consequently, € is prismal as well. In particular, €’ = V n (C x Z)
is finitely generated.

Finally, we have verified the conditions of prismality and the monoid € x Z is therefore prismal. O

Theorem 2.11. Let m: R" — RX be a linear epimorphism such that n(Z") < Z*. If a monoid C < Z¥ is almost
prismal, then the monoid (11z:)~*(C) is almost prismal as well.
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Proof. First, assume that 77 is a canonical projection of the form n(e;) = e; fori=1,..., k and n(ej) = O for
j=k+1,...,n(where e; are the standard basis vectors). Then (n|Zn)‘1(€) =Cxz"k, By Theorem 2.10, this
monoid is prismal, provided that C is prismal.

Further, let 7 be a scaling such that n = k and n(e;) = k; - e; forsome 0 £ k; € Z,i=1, ..., n. Clearly,
\r(Z") = Z". Set € = (112:) 1 (€). Using Proposition 2.7 (i) and Lemma 2.8, we obtain that the monoid C is
almost prismal if and only if 77(C) is almost prismal. This is equivalent to

V(@) = \r((mzn)"1(€)) = Ve

being almost prismal, and that happens if and only if € is almost prismal. Since C is almost prismal, we have
proved that the monoid € = (11)27)"1(C) is almost prismal too.

Finally, in the general case, we can consider that 7 = 1 o v o T o 1, where 77 is a canonical projection,
v a scaling and 11 (15, resp.) corresponds to an isomorphism of the group 7k (zn, resp.). Now, combining
all the cases together, we obtain that from the prismality of C, it follows that (rqzn)‘l(e) is almost prismal,
too. O

Now we will be interested in establishing a decomposition of a prismal monoid into faces. Let K ¢ R" be a
convex set. A non-empty subset A ¢ K will be called a relatively open face of K if

« A isconvex,

e Tri(A)=A,

o for every line segment L ¢ K such thatri(L) n A # 0, we have ri(L) ¢ A.

Theorem 2.12. For every cone K in R" there is a (unique) decomposition K = {A; | i € I} of K into a disjoint
union of relatively open faces A; of K, i.e., K = | |;c; Ai.

Moreover, let A c Kand let x € Aand y € K\ AY". Then there is a relatively open face B € K such that the
relative interior of the line segment conv({x, y}) lies in B and dim(B) > dim(A).

Proof. ltis easy to verify that the following construction provides the desired decomposition. For every x € K,
there is a unique vector space W, of maximal dimension such that x is a relatively inner point of the convex set
Wy N K. Now, set a relation on K as x ~ y if and only if W, = W,,. This relation is an equivalence and the par-
tition sets are the desired relatively open faces of K. In particular, such a face A is of the form A = ri(Wy n K),
where x € A. O

Finally, we are ready to prove the following result, which is the culmination of this section. The corollary es-
tablishes geometrical properties of prismal monoids that will play a key role later in the proof of Theorem 4.4.
Its proof will go by downwards induction on the dimension of the face D, and so we will need to be able to re-
late the properties of lower-dimensional faces to the higher-dimensional ones, as in part (iii) of the following
corollary.

Corollary 2.13. Let C < Z" be a prismal monoid. Let K = conv(C) < R" and let K be the unique decomposition

of K into relatively open faces. For a relatively open face A € K of K let A° = A U {0} be the cone arising from A.
Set D(C) := {A° N €| A € K}. Then D(C) is a decomposition of € into pure monoids (i.e., D(C) = Upeney P

and the union is “almost disjoint”: D n D' = {0} for D # D') and for each D € D(C), the following hold:

(i) The monoid D is finitely generated.

(i) Ifdim(D) = dim(R), then D = C.

(iii) For all 0 + a € D and B € €\ D, there is & € D(C) such that dim(&) > dim(D) and & + B € €.

(iv) Forall0 + a € Dandy € D, we have a +y € D.

Proof. By the definition of the decomposition, we have D = A° n €, where A = ri(W n K) for some vector sub-
space W ¢ R" defined over Q. Clearly, D is a pure monoid.
Further, we show that D = W n € = Z" n A®". By the definition, we have
D =7Z"nconv(A° n G)]R"

and
WnC=2z"nconv(Wn )R,
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Since W ¢ R" is defined over Q, there is a pure monoid F ¢ Z" such that W = conv(¥). Hence, by Proposi-
tion 2.3 (ii), we have

A =1i(W n K) = ri(conv(F) n conv(€)) = ri(conv(F n €)).

Therefore, there is a pure monoid 3’ < Z" such that A° = A U {0} = conv(J"). Now, by Proposition 2.2 (i) and
Proposition 2.3 (ii) again, we obtain

conv(A9 N &% = A0 0 conv(@)X = AR = HW N KR = Wn KR = conv(W n ) }".

It follows that D = W € = Z" n AR,

Now we can prove the claims of the statement.

(i) Since € is prismal, D = W n € is a finitely generated monoid.

(ii) If dim(D) = dim(K), then D = A% n €, where A =ri(K) and W = (C). By the preliminary part of the
proof and by Proposition 2.2 (i), we have D = Z" n A®" = z" nK}" = €.

(iii) Let 0 £ a € Dand B € €\ D. Since D = Z" n AR, we have § € K\ AR". The rest follows immediately
from Theorem 2.12 and from the fact that € is pure.

(iv) First note that, by Proposition 2.3 (i), we have

D=CnA°=2Z"nconv(C)nA® = 7" n A°.

Now,let0#a e Dandy € D = Z" N AR". Then a € 1i(A) = A is an inner point of a convex set Aand y € A®".
Since A° is a cone, we therefore have a + y € AN 2" = D. O

3 Every monoid associated to a finite tuple of semiring-generators
of a parasemifield is prismal

Let now S be a parasemifield. We use the canonical pre-order <gs defined as a <g b if and only if @ = b or there
exists ¢ € S such that a + ¢ = b; it is in fact an order (see, e.g., [35, Section 2]). Note that it is preserved by
addition, multiplication and anti-preserved by inversion in S (i.e., a <s b impliesa™! >s b~ forall a, b € S).

Let A be the prime subparasemifield of S, i.e., the smallest (possibly trivial) parasemifield contained in S.
There are only two possibilities for A: either it is isomorphic to Q*, or it is trivial (i.e., it consists of a single
element).

Let us now introduce the set Qg of all elements that are smaller than some element of A. As was already
noticed in [18, 22], using Qs, one can define a monoid Cx(S) which plays a key role in the proofs.

The set

Qs := {a € S| there exists g € A such that a <g g}

is a subsemiring of S. Clearly, for every a, b € S such that a + b € Qg, we have that a, b € Qs.
We say that an n-tuple X = (x1, ..., xn), Wwhere x; € Sfori =1, ..., n, is a generating tuple of S (consid-
ered as a semiring) if
S={fx1,...,x0) |10+ f e N[Tq,..., Tnl},

where N[T4, ..., T,]is the semiring of polynomials over the variables T4, ..., T, with non-negative integer
coefficients.
Let X be such a generating tuple. For « = (a1, . .., an) € Njj, we put

a ,_ 41 a
X" =X Xy

and we denote by
Cx(S) := {a € Nj | x* € Qs}

the corresponding monoid assigned to X and S.
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Obviously, €x(S) is a submonoid of (N7, +) and the semiring Qs is generated by the set {x* | a € Cx(S)}.

The goal of this section is to study the monoid Cx(S) and to show its prismality. The following two results
establish some basic geometrical information about Cx(S). They were already used in [18, 22], but we include
their short proofs for the sake of completeness.

Proposition 3.1 ([22, Lemma 4.6]). Ifa € S and n € N are such that a™ € Qg, then a € Qs.

Proof. Let A be the prime parasemifield of S. If a” € Qg, then, clearly, there are u € S and g € A such that
a'+u=q".Setw=q"1+q"2a+---+qa"? +a""'. Then we have

aw+u=q"ta+q" ?a’+---+qa" ' +a" +u

2

=q"la+q"%a’ +---+qa" ' + "

=qw.
Now, a + uw™! = g € A, and therefore a € Qs. O
Corollary 3.2. Let X = (x4, ..., xn) be a generating tuple for a parasemifield S (as a semiring). Then the asso-

ciated monoid Cx(S) is pure.

In order to show the prismality of Cx(S), we need to first recall the classification of additively idempotent
parasemifields, finitely generated as semirings [20].

Definition 3.3. Let us recall the notion of a rooted tree and an £-group (additively idempotent parasemifield,
resp.) that is associated to it (for an explicit description with more details, see [20, beginning of Section 4]).

First note that to each lattice-ordered commutative group (an £-group for short) G(&, v, A) corresponds
an additively idempotent parasemifield G(v, @), and that to describe the infimum and supremum operations
A, Vin an £-group G, it suffices to describe the corresponding ordering <.

Arooted tree (T, vy) is a (finite, non-oriented) connected graph T containing no cycles and having a spec-
ified vertex, the root vg.

Attach a copy of the group of integers Z = Z,, to each vertex w of T. The ¢-group G(T, v() associated to
(T, vo) is an additive group that arises as a direct product of these groups. It remains to describe the partial
order on G(T, vo). Let ey, be the generator of the direct summand Z,,. The ordering <g(r,v,) on G(T, vo) can be
expressed as follows.

Consider (T, vo) as a partially ordered set with the greatest element vy where the ordering <(r,,,) is given
by the graph T that is considered as a Hasse diagram oriented downwards.

First, assume that T is a chain. Then <¢(r,,) is defined as the lexicographical ordering on G(T, vo) induced
by the linear ordering x(r,,) on T.

Now, consider the general case of a rooted tree. Then for a, b € G(T, vo), set a <¢(t,,) b if and only if
a <57y, b for all possible extensions of T into a chain T with the same underlying set of vertices.

By the well-known correspondence of £-groups and commutative additively idempotent parasemifields,
G(T, vo) can be treated as an additively idempotent parasemifield and <g(r,,,) is the natural ordering on this
parasemifield (for example, see [36, 37]).

Proposition 3.4. Let (T, vo) be a rooted tree and S = G(T, vo) be the additively idempotent parasemifield cor-
responding to it. Let e,, have the same meaning as in Definition 3.3 and let X be a tuple of canonical generators
of the parasemifield S considered as a semiring, i.e., X = (ew,, —€w,, . . . » €w,> —€w,), Where w1, ..., wy are all
the pairwise different vertices of the graph T. Then the associated monoid Cx(S) is prismal.

Proof. First, assume that the rooted tree is a chain. In this case, we see that S is a parasemifield corre-
sponding to an ¢-group (Z", +) with the usual lexicographical ordering <jex. In this case the canonical tu-
ple is of the form X = (e, —e1, ..., en, —€n), Where e; € Z" are the usual vectors of the standard basis (i.e.,
e1=(1,0,0,...,0),e, =(0,1,0,...,0),etc.).

As the next step we show that the monoid Dy, = {a € Z" | a <jex 0} is prismal. Clearly, the monoid D,, is
pure. Now, we proceed by induction on n > 1. The case n = 1 is obvious. For the induction step, choose a vec-
tor subspace W of R™. Due to Proposition 2.7 (ii), we may consider that W is defined over Q. If W ¢ {0} x R*" 1,
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thenD, N W = {(ai,...,an) € WNZ"| a; > 0}andif W < {0} x R*"1,then D, n W = ({0} x D_1) N W.The
induction step now follows easily and the monoid D,, is therefore prismal.
Now,
Cx(S) = {(ar, b1,...,an, bn) e N3" | (a1 — b1, ..., an —byn) € Dy}.

In other words, Cx(S) = Ng" N (71z21)"1 (D), where
7: R*" > R, n(ai,bi,...,an, by)=(ay-bi,...,an - by).

By Theorems 2.5, 2.11 and Corollary 3.2, it follows that Cx(S) is prismal.
In the case of a general rooted tree, we obtain by the definition of <g(7,,,) that

Cx(G(T, vp)) = ﬂ {€x(G(T, vo)) | T extends T to a chain}.

The monoid Cx(G(T, vo)) is therefore an intersection of prismal monoids (according to the first part of the
proof) and thus, by Theorem 2.5, Cx(G(T, vo)) is prismal as well. O

Theorem 3.5 ([20, Theorem 4.1]). Let S be an additively idempotent parasemifield, finitely generated as a
semiring. Then S is a (finite) product of parasemifields of the form G(T;, v;), where (T;, v;) are rooted trees and
G(T;, v;) are associated additively idempotent parasemifields (or equivalently £-groups).

Hence, we explicitly understand the structure of additively idempotent parasemifields and of the correspond-
ing monoids Cx(S) (by Proposition 3.4). Given a general parasemifield, we will now show that its monoid is
in fact the same as the monoid of some additively idempotent parasemifield.

Proposition 3.6. Define a congruence ~on S by x ~ y ifand only if xy ' € Qs and yx™' € Qs for x, y € S. Then
U = §,. is the largest factor-parasemifield of S that is additively idempotent.

If S is generated by a tuple X = (x4, . .., Xn) as a semiring, then U is generated as a semiring by the corre-
sponding tuple X' = (x', ..., x}), where x| = x;,_, and Cx(S) = Cx ().

Proof. First, we show that the relation ~ is indeed a congruence of the parasemifield S. The only property
that does not seem to be obvious is that x ~ y implies x + a ~ y + a for every x, y, a € S. Assume therefore that
x ~y.Thenxy! € Qs and, consequently, thereis g in the prime subparasemifield A such that x <s qy. We can
assume without loss of generality that 1 <5 g. Hence, x + a <s qy + a <s qy + qa = q(y + a) for every a € S.
We obtain that (x + a)(y + a)~! € Qs and similarly (y + a)(x + a)~! € Qs. The relation ~ is therefore indeed a
congruence.

Further, since x(2x)™! = 27! € Qs and 2x(x)™! = 2 € Qs, we have x ~ 2x. Therefore, U = S,. is an addi-
tively idempotent parasemifield. It remains to prove maximality. Let ¢ : S — T be a parasemifield homomor-
phism such that T is additively idempotent. If we have x ~ y, then, as before, we know that x <g qy for some
q € A. Hence, p(x) <1 ¢(q)(y) = @(y) and, similarly, ¢(y) <1 ¢(x). As the relation <r is an order in the ad-
ditively idempotent parasemifield T, we get that ¢(x) = ¢(y). This means that U = S,.. is the largest factor-
parasemifield of S which is additively idempotent.

Finally, let S be generated by a tuple X = (x1, ..., xp) as a semiring. Let 7: S —» U = S,. be the natural
epimorphism. Clearly, U is generated by the corresponding tuple X' = (x’l, ..., X)), where xl’. = 11(x;). Since
U is additively idempotent, 7(A) is the prime subparasemifield of U = n(S).

Let a € Cx(S). Then x* € Qs and therefore we have (x')* = m(x%) € m(Qs) < Qy. We have obtained that
Cx(S) < Cx:(U).

Let, on the other hand, be a € Cx (U). Then m(x%) = (x')* <y 1y = n(1s). Hence, there is b € S such that
1(x%) + (b)) = m(1s). It follows that x* + b ~ 1gand thereisq € Asuchthatx® + b < q - 15 = q. Thus, x* € Qg
and a € Cx(U). We have shown that Cx/ (U) € Cx(S).

Altogether we have proved that Cx (U) = Cx(S). O

Finally, it remains to deal with the dependence of Cx(S) on the generating tuple X. We start with an easy
lemma.

Lemma 3.7. Let X = (x4, ..., Xn) be a generating tuple for S such that the monoid Cx(S) is prismal. Then for
the generating tuple Y = (x4, . .., Xn, X1), the monoid Cy(S) is prismal as well.
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Proof. Cleatly, a = (ai, ..., an, ans1) € Cy(S) € R™1! ifand only if

a a an Any1 _ ,A1tAps1 A2 an
X1 X" X" = X X5% - xy" €Q,

and this is equivalent to (a1 + ans1, 2, . . ., an) € Cx(S) € R™. Set m: R™! — R" as
n(ay, ..., ans1) = (a1 + dns1, A2, . -+, An).
Then, by Theorems 2.5 and 2.11, Cy(S) = lNg+1 N (7zn1) " 1(Cx(S)) is prismal. O

Now we are ready to prove everything together and to show the main result of this section.

Theorem 3.8. Let X = (x4, ..., Xp) be a generating tuple for a parasemifield S (as a semiring). Then the asso-
ciated monoid Cx(S) is prismal.

Proof. First we show that if S is additively idempotent and finitely generated as a semiring, then there is a
tuple Y = (y1, ..., yx) of length at least two (i.e., k > 2) such that

e yiy2=1s,

« thetuple Y generates S by using only the multiplication,

¢ the associated monoid Cy(S) is prismal.

First of all, assume that S = G(T, v) for some rooted tree (T, v). Then the monoid associated to the canoni-
cal generating tuple Y is prismal, by Proposition 3.4. Clearly, the tuple Y generates S using only multiplication
(the corresponding £-group is generated by the tuple Y only as a semigroup without using the inverse and
infimum or supremum operations). In the case that S is trivial, we can set Y = (1s, 15).

Now, if S is an arbitrary additively idempotent parasemifield, then S is a finite product of parasemi-
fields S; = G(Tj, vi), by Theorem 3.5. If Y; are the corresponding canonical generating tuple of S; and we
put Y = u;Y; (i.e., the tuples are simply concatenated in some order), then Y generates S multiplicatively and
Cy(S) =1 Cv,(S:). Since all the monoids Cy,(S;) are prismal, the monoid Cy(S) is prismal as well, by Theo-
rem 2.10.

Further, we proceed with the general case of a parasemifield S generated by the tuple X = (x1, ..., x,) as
a semiring. By Corollary 3.2, the associated monoid Cx(S) is pure. As in Proposition 3.6, let U be the largest
factor-parasemifield of S which is additively idempotent and let X' = (x}, . .., x},) be the corresponding gen-
erating tuple of U. By Proposition 3.6, we know that Cx(S) = Cx(U) € IN.

By the previous part of the proof, there is a tuple Y = (y1, ..., yx) € U that generates U multiplicatively,
y1y2 = 1y and Cy(U) is prismal. The elements of X’ may be expressed as monomialsin Y, i.e., thereisa k x n
matrix A = (a;,j) with non-negative integer entries such that x]f = ]‘[;‘:1 y?” for every j=1,...,n. Clearly,
fora=(ai,...,an)" € NG, we have a € Cx/(U) if and only if Aa € Cy(U). Let v: R" — R be a linear map
corresponding to the matrix A. Clearly, Cx (U) = v-1(Cy(U)).

We can assume without loss of generality that v is an embedding. If this is not the case, then some
column (let us say the jo-th column for jo € {1,..., n}) is linearly dependent on the other columns. Let
Y’ be a generating tuple obtained from Y by doubling the element y1, i.e., Y’ = (y1,..., Yk, y1). Since
X = (I, vi™) - (v1y2), we can set

ayj,+1 ifi=2andj=jo,

J = 1 ifi=k+1andj =jo,
"o ifi = k+1andj #jo,
ai; otherwise,

and the (k + 1) x n matrix A’ = (alf’j) expresses elements from X’ with the help of Y’ in a similar manner as
before. The jo-th column of A’ is now independent on the others. We can repeat this process until we arrive
at a matrix with rank n.

Now, the linear map v: R" — Rk is an embedding and v(z") c ZX. Therefore, by Proposition 2.9,
Cx'(U) = v 1(Cy(U)) is prismal if and only if v(Cx/ (U)) = Cy(U) nIm(v) is prismal. Finally, since we know
that Cy(U) is prismal, it follows that Cx/ (U)(= Cx(S)) is prismal as well. Therefore, any monoid associated to
any tuple, that generates a parasemifield as a semiring, is prismal. O
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4 Every parasemifield that is finitely generated as a semiring is
additively idempotent

For a semiring T, the Grothendieck ring G(T) is defined in the same way as the Grothendieck group is defined
for a (commutative) semigroup. Namely, on the set T = T x T, we define the operations @ and © as

e, y)=x+x",y+y),
e, y)=xx"+yy,xy +x'y),

and a relation =~ as
(x,y) = (x',y') & thereexistst e Tsuchthatx+y +t=x"+y+t

for every x, x',y,y' € T. Now = is a congruence on the semiring (T, ®,0) and G(T) = T/:. For an element
x € T, denote by [x] the corresponding element in G(T), i.e., we have a semiring homomorphisms T — G(T),
defined as x — [x].

The motivation behind the definition of G(T) is that we would like to work with the difference ring T - T.
Unfortunately, if T is not additively cancellative, T — T is not well defined. To remedy this, one usually con-
siders the Grothendieck ring G(T) as defined above with the understanding that (x, y),~ € G(T) should corre-
spond to the difference [x] - [y].

Finally, note that for an element u € T, we have that [u] = 0 in G(T) if and only if z = u + z for some
element z € T. We will use this easy observation several times in this section, especially in the proof of
Theorem 4.4.

Theorem 4.1. The parasemifield S is additively idempotent if and only if the Grothendieck ring G(Qs) is trivial.

Proof. If S is additively idempotent, then Qs is additively idempotent as well and therefore the Grothendieck
ring G(Qgs) has to be trivial.

For the opposite implication, assume that G(Qs) is trivial. Then there is t € Qg such that t = 1 + t. By the
definition of Qg, there are u € A and s € S such that t + s = u. Therefore, we obtain u = 1 + u. This is a non-
trivial equality within the prime subparasemifield A. It follows that A can not be isomorphic to Q* (that is

additively cancellative) and, therefore, A is trivial. This means that S is additively idempotent. O
Let X = (x1,...,Xy) be a tuple that generates a parasemifield S as a semiring. Let M < INj be a subset.
Denote by Sx(M) the additive subsemigroup of S(+) that is generated by the set {x* | a € M} — recall that
x% =X xgtifa = (ay, . . ., an).

Note that if M is a submonoid of N{j(+), then Sx (M) is a semiring.

Lemma 4.2. Let X = (x1, ..., Xn) be a tuple that generates a parasemifield S as a semiring. Let C = Cx(S) and
D(C) be the decomposition of C into monoids as in Corollary 2.13.
Then for every D € D(C) and every O + a € D, the following hold:
() Ifu € Sx(€+ D), then x®u € Sx(C) = Qs.
(ii) Ifu € Qs = Sx(C), then x*u € Sx(F), where

F=Du J{€ eD(©) | dim(€) > dim(D)}.

Proof. (i) The element u is a sum of elements of the form x**#, where y € D and € €. By Corollary 2.13 (iv),
we have a + y € D ¢ C. Therefore, we obtain that x®u € Sx(C) = Qs.

(ii) The element u is a sum of elements of the form x#, where B € €. Cleatly, for S € Cn D, we have
a+pfe D ¢ F and therefore x®*# € Sx(F). Ifpe €\ D, then, by Corollary 2.13 (iii), there is & € D(C) such
that dim(&) > dim(D) and a + § € £ ¢ F. Hence, x*F e Sx(F).

Summing this up, we obtain that x®u € Sx(5). O

For aring R, let N(R) = {a € R | there exists £ € N such that a’ = 0} denote the nilradical of R.
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Remark 4.3. Inasemiring T, an element a € T is called additively divisible if for every m € N, thereis b, € T
suchthata=m- by,.

Let us recall that in a finitely generated commutative ring R, any additively divisible element a € R has
to be trivial (see, e.g., [25, Examples 1]).

Note that since the prime subparasemifield A of any parasemifield S is either trivial or isomorphic to
the positive rationals Q*, it is obvious that A is additively divisible. It follows that every parasemifield S is
additively divisible. Likewise, each subsemiring Q of S containing A is additively divisible; in particular, 15
is additively divisible in Qs.

Theorem 4.4. Let X = (x1, ..., Xn) be a tuple that generates a parasemifield S as a semiring. Then for every
0 + a € Cx(S), the element [x*] is nilpotent in G(Qs).

Proof. By Theorem 3.8, the monoid € := Cx(S) is prismal. Let D(C) be the decomposition of € into monoids
as in Corollary 2.13. Every non-zero element a € C belongs into precisely one monoid D € D(C). That is why
we prove our assertion by the downward induction on the dimension of monoids D in D(C), i.e., from the
highest dimension ny = dim(C) to the lowest one appearing in D(C).

We start with ng = dim(C). Let D € D(C) have the dimension ng. By Corollary 2.13 (i)—(ii), the monoid
Dis finitely generated and C ¢ D. It follows that the semiring Q' = S (D) is finitely generated and 1s is an
additively divisible element in Q' (as discussed in Remark 4.3). The ring G(Q’) has these properties as well
and therefore, by Remark 4.3, it must be trivial. Hence, z = 15 + z in Q' for some z € Q'.

Now, pick 0 # a € D. We have x“z = x* + x%z. By Lemma 4.2 (i), we obtain that x*z € Qg and therefore
[x%] = 0in G(Qg). In particular, [x*] is nilpotent in G(Qs).

For the induction step, assume that for the monoid D € D(C), we have that every element [x%]is nilpotent
in G(Qs) whenever the non-zero exponent 6 € Cliesinamonoid from D(C) of a bigger dimension than dim(D).
Let us still denote a few auxiliary structures.

« Denote by Q" = Sx(€ + D) the corresponding subsemiring of S.

- Foran element u € Q", we denote by [u] the corresponding element in G(Q") to distinguish it from the
notation of analogous elements [a] € G(Qs) with a € Qs.

«  Denote by R = 5@ /x5 the quotient ring of G(Q") by its nilradical.

o Letm: G(Q") — R be the natural ring epimorphism.

e Let T be the subring of R generated by the set {n([[xﬁ]]) | B e Dl

By Corollary 2.13 (i), the monoid D is finitely generated and therefore the ring T is finitely generated as well.

Now, pick O # a € D. Again, the element 15 is divisible in Qg, by Remark 4.3. Therefore, we have a set of
equalities 15 = m - z,, m € N, where z,, € Qs. It follows that x* = m - x%zy,.

Further, let us show that 7([x%z,]) € T. By Lemma 4.2 (ii), the element x“z,, is a sum of elements of the
form x#, where either Be Dor B € & forsome monoid € € D(C) such thatdim(€) > dim(D). In the first case, we
clearly have that 77([x?]) € T. Let us therefore assume the latter case of . Then, by the induction hypothesis,
[x#] is a nilpotent element in G(Qs). Since Qs < Q", there is a natural ring homomorphism G(Qs) — G(Q"),
and it follows that [[xﬁ]] is a nilpotent element in G(Q"") as well. Therefore, n([[xﬁ]]) =0 in R. In particular,
n([[xﬁ]]) = 0 e T. Summing this up, we have proved that 7([x%z,,]) € T.

Finally, as we have 1([x%z,,]) € T and r([x“]) = m - n([x*z,]) for every m € N, the element ([x*]) € Tis
now additively divisible in the finitely generated ring T. By Remark 4.3, it follows that 77([x*]) = Oin T and, of
course, the same is true in R = 6@") /5;(qm)). Hence, there is k € N such that [x*?] = 0 in G(Q"). Therefore,
there is u € Q" such that u = xk + u. Multiplying this equality by x%, we obtain that x%u = x(k*Da 4 xay,
By Lemma 4.2 (i), it follows that x®u € Qs. This means that [x**1%] = 0 in G(Qs). In other words, [x*] is
nilpotent in G(Qs).

This concludes our proof and, indeed, for every 0 # a € Cx(S) the element [x%] is nilpotent in G(Qs). [

Theorem 4.5. Every parasemifield that is finitely generated as a semiring is additively idempotent.

Proof. We can assume without loss of generality that the unity 15 is one of the generators x1, ..., x,, in
particular, x; = 15. By Theorem 4.4, the element x; = 15 is nilpotent in G(Qs). This implies that G(Qs) is
trivial. By Theorem 4.1, the parasemifield S is additively idempotent. O
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We have proved in this way Theorem 1.2 (a). As we explained in the introduction, the results of [19, 21] then
imply also parts (b) and (c) of the theorem.
Let us conclude by pointing out the following surprising corollary of our results.

Corollary 4.6. Let S be a parasemifield that is finitely generated as a semiring. Then S is finitely generated as
a multiplicative semigroup.

Proof. It follows immediately from Theorems 4.5, 3.5 and Proposition 3.4. O
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Abstract

We study additively idempotent congruence-simple semirings with a bi-absorbing
element. We characterize a subclass of these semirings in terms of semimodules of
a special type (o-characteristic semimodules). We show that o-characteristic semi-
modules are uniquely determined. We also generalize a result by Jezek and Kepka
on simple semirings of endomorphisms of semilattices.

Keywords Simple semiring - Bi-absorbing - Semimodule - Idempotent - Semilattice

Simple semirings are the structural keystones of semirings. A complete classifica-
tion of commutative simple semirings was obtained in [1]. Finite simple semirings
were classified in [6] with the exception of the case of additively idempotent semir-
ings with a bi-absorbing element.

In this paper we provide results on additively idempotent semirings with a bi-
absorbing element that will generalize the finite types studied in [6]. Our results
will include also infinite cases. We give a characterization of a subclass of these
semirings in terms of o-characteristic semimodules. Our main result (Theorem 2.2)
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will be an analogy of a similar characterization achieved for the case of additively
idempotent semirings with a zero [7, Theorem 5.1]. We also provide a generaliza-
tion (Theorem 2.4) of a result on endomorphisms of semilattices [5, Theorem 2.2].

1 Preliminaries

A semiring S = S(+, -) is an algebraic structure equipped with two associative opera-
tions, where the addition is commutative and the multiplication distributes over the
addition from both sides.

The semiring S is called (congruence-)simple if it has precisely two congruences.
A (left) S-semimodule M = ¢M is a commutative semigroup M(+) together with a
semiring homomorphism ¢ : S — End(M(+)) usually denoted as an action of S on
M in the form sm := @(s)(m) for all s € S and m € M. A semimodule ¢M is called
faithful if @ is injective (i.e., if forall a, b € S, a # b, there is at least one x € M with
ax # bx), simple if ¢M has precisely two (S-semimodule) congruences and minimal
if [M| > 2 and for every subsemimodule ¢N of ¢M such that [N| >2is N=M. A
non-empty subset I of S is a left ideal if STU (I + 1) C I. A left ideal I i1s minimal if
it is minimal as the S-semimodule (with the natural action of S). Right semimodules
and ideals are defined analogously.

The semiring S is additively idempotent iff a + a = a for every a € S. A subset K
of S is called multiplicatively idempotent iff a> = a for every a € K.

In an (additive) semigroup A = A(+), the notation 0, € A will mean that A pos-
sesses a (unique) left and right neutral element 0,. Similarly, o, € A will mean that
A possesses a (unique) left and right absorbing element o,. The notation 0, ¢ A
(o4 & A, resp.) then denotes the fact that A(4) has no such element.

If the semigroup A is idempotent (i.e., if it is a semilattice) we will always con-
sider the natural ordering a < b defined as a+ b =b for a,b € A. In this case,
0, € A is the least and 0,4 € A is the greatest element in A. A subset K of A will be
called downwards closed if the conditionsa € K, b € S and b < a imply thatb € K.

2 Main results

Let S =S(+,-) be a simple semiring with a bi-absorbing element oy € S (i.e.,
og+x=ogand x - og = 0y = 0y - x for every x € S). Such semirings can be divided
into three types (I), (I) and (I1I).

To see this, let us first consider the relation ¢ on S defined as (a,b) € o iff
2a = 2b. It is a semiring congruence on S. Since § is simple, we have |S| > 2 and
either c =S XS or 6 =idg. If 0 =S X S then § is additively nil of index 2 (i.e.,
2.8 = {og}). According to the basic classification in [2, Theorem 2.1], we obtain
that

(I) either S+ S = S and S is infinite, by [4, Corollary 8.3] (for an example see
[3])

@ Springer
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) orS+S = {04} and the multiplicative semigroup of S is congruence-simple
(many natural examples are available).

On the other hand, leto = idg. Asa + oy = 0og = b + ogforalla,b € §, the
semiring S is not additively cancellative. According to the remaining case of
the basic classification in [2, Theorem 2.1], we obtain that

(IIT) S is additively idempotent (for natural examples, see [2, 5, 6]).

A fruitful approach of how to study simple additively idempotent semirings is
to view them as semirings of endomorphisms of their idempotent semimodules
(semilattices) [5, 6]. The case when such an S-semimodule M possesses many
endomorphisms coming from S is of special importance. In this paper we will
deal with the following notion.

Definition 2.1 Let S be a non-trivial semiring and M be an (additively) idempotent
(left) S-semimodule. We shall say that M is an o-characteristic semimodule if the
following three conditions are satisfied:

e M is faithful (and therefore |M| > 2, as S is non-trivial);
e 0y €M and Soy, = {0y, };
e There is a mapping € : M* X M — S, where M* = M\{o,,}, such that

£ )x = { oy ifxfu

v fx<u

for all (u,v) € M* X M and x € M.

According to [6, the end of Section 6] one can prove that if a finite semiring S
of type (III) possesses an idempotent irreducible S-semimodule M with a super-
fluous element (for the details, see [6]), then M is unique (up to isomorphism). It
follows that such a semimodule is, in fact, o-characteristic.

In this paper we show that an o-characteristic semimodule is always unique

(Theorem 3.9) and provide the following characterization (for the proof see
Sect. 6).

Theorem 2.2 Let S be an additively idempotent semiring with a bi-absorbing ele-
ment og and |S| > 3. Assume further that Og € S and ox € K whenever K is a down-
wards closed subsemilattice of S(+) such that both the sets K and S\K are infinite.
Then the following three conditions are equivalent:

(1) The semiring S is simple and has at least one minimal left ideal.
(i1) There is an o-characteristic semimodule M.

(111) S is simple and there is a faithful minimal semimodule L.

Moreover, if these equivalent conditions are satisfied then:
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Simple semirings with a bi-absorbing element 409

(a) Every (left) o-characteristic semimodule M is isomorphic to the multiplicatively
idempotent minimal left ideal I = S - Og of S. In particular, an o-characteristic
semimodule M is unique up to isomorphism.

(b) Every minimal left ideal of S is o-characteristic. All these minimal left ideals are
isomorphic as left S-semimodules.

Theorem 2.2 is analogous to Theorem 5.1 in [7] (see below), where the cen-
tral object was an additively idempotent semiring S’ with a zero Oy € §' (i.e.,
Oy +x=x and x-0y =0y =0y - x for every x € §’). The zero element Oy is
the least element in S’. This case is essentially different from the one with a bi-
absorbing element (that is, on the contrary, the greatest element) and we cannot
transform one into the other by simply turning the semiring “upside-down”.

Theorem 2.3 ([7], Theorem 5.1) Let S’ be an additively idempotent semiring with
a zero Oy and |S'| > 3. Assume further that oy € S" and ox € K whenever K is a
downwards closed left ideal of S’ such that both the sets K and S'\K are infinite.
Then the following three conditions are equivalent:

(i) The semiring S’ is simple and has at least one minimal left ideal.
(i1) There is a O-characteristic semimodule M.
(iii) S is simple and there is a faithful minimal semimodule L.

Moreover, if these equivalent conditions are satisfied then:

(a) Every O-characteristic semimodule M is isomorphic to some minimal left ideal
lofS'.

(b) IfJ is a minimal left ideal of S’ then the factor-semimodule J / i, is O-character-
istic.

Let us point out that also the notions used in Theorems 2.2 and 2.3 are differ-
ent. According to definitions in [7], a left ’-semimodule M’ is O-characteristic iff
M’ is faithful, 0,, € M’, §'0,,, = {0,,} and there is a mapping & : M' xM' — §'
such that

é(u,v)xz{v ifx£u

0,y ifx<u

for all (u,v) € M’ x M’ and x € M. The relation /iy, on an S’-semimodule N’ with
Oy € N'isdefined as (x,y) € fiyy © {a€ S |ax=0y}={a€ S |ay=0y}

Finally, let us mention yet another link. For a semilattice M(+) with o), € M,
let us denote by End,(M) the semiring of all endomorphisms of M that preserve
o). Every downwards closed proper subsemilattice / of M(+) and every v e M
provide a homomorphism ¢, ,, € End, (M) defined as
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_Jooy ifxeM\I
e”v(x)‘{v if x € 1.

Clearly, every ¢ € End,(M) with range of cardinality at most 2 is of this form. Now,
denote by X (M) the set of all such endomorphisms ¢;, and X,(M) the set of all
those endomorphisms e, ,, where o; € I (such a map then corresponds to £(o;, v)).

In [5] the following characterization was given.

Theorem 2.4 ([5], Theorem 2.2) Let M(+) be a semilattice such that |M| > 2 and
0y € M. Let S be a subsemiring of End,(M) such that X,(M) C S. Then S has a bi-
absorbing element and the following conditions are equivalent:

(a) Sissimple, _
(b) foreverya € S there is e € X(M) such that e < a.

Class of these semirings includes also cases studied in [6]. We provide a gen-
eralization of this result (see Propositions 4.2 and 4.3 in Sect. 4) that can be sum-
marized as follows.

Theorem 2.5 Let M(+) be a semilattice such that |M| > 2 and 0,;, € M. Let S be a
subsemiring of End,(M) such that X,(M) C S. Then S has a bi-absorbing element
and

(1) the following two conditions are equivalent:

(a) Sissimple,
(B) foreverya € S there aree € X;(M) and b € S such that eb < a.

(i1) the following two conditions are equivalent:
(y) S is simple and for allw € M* and a € S the set {x € M| ax < w} is

upwards bounded in M* (provided that this set is non-empty),
(0) foreverya € Sthereise € X,(M) such that e < a.

3 o-characteristic semimodules
To simplify the reading of the paper, from now on let S always be a non-trivial

additively idempotent semiring with a bi-absorbing element og € S. Throughout
this section, assume that S has an o-characteristic (left) S-semimodule M.
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Remark 3.1 For proving (in)equalities within the semiring S, the following easy
observation is useful: Let N be a faithful idempotent left S-semimodule such that
oy € N and Soy = {oy }. Then for all a, b € § it holds that

o a=Dbiff ax = bx for every x € N* = N\{oy};
o a < biff ax < bx for every x € N*.

Lemma 3.2 The following assertions hold:

(1) € : M*XM*" — §is an injective mapping.
(i1) &(u,o0y) = ogfor everyu € M*and ogM = {0y, }.
(i) If|M| > 3, then|S| > 4.
(iv) If|M| =2, then S = {Oq, 04} and Oy is multiplicatively neutral.

Proof (i) It follows easily from comparing images and pre-images of the corre-
sponding endomorphisms of M.

(i) Let a€S and zeM. For ¢, :=¢(,oy) €S, where ue M,
we have, by the definition, that €£,z=o0, and therefore we obtain that
(e, ta)z=¢€,2+az=oy+az=o0y =¢€,z. By Remark 3.1, it follows that
g,+a=¢, foreverya € S. Thus g, = oy. The rest is easy.

(iii) It follows from the injectivity of £(-, -) in (i).

(iv) By the assumption, we have that M = {0,,, 0;,} and 0,, # 0,,. The semigroup
End(M(+)) then consists of i1d,, and two constant mappings. By the faithfulness of
M, the semiring S embeds into End(M(+)) and because of So,, = {0,,}, we obtain
that |S| = 2. The rest is easy. O

Lemma3.3 Letu,x e M*,v,y e M anda € S. Then:

1) e(u,vu=nv.
(1)) a-e(u,v)=e(u,av).
(i) e(u,v)+e(u,y) = e(u,v+y).
Og ify£€x

av) e(x,v)-e(u,y) = eu,v) ify<x.

Proof 1t follows easily from Remark 3.1 and Lemma 3.2(ii). O
Proposition 3.4 The following assertions hold:

(i) Sx =M for every x € M*.

(11) The S-semimodule M is minimal. The only S-subsemimodules of M are {0,,}

and M.
(ii1) The semimodule M is simple.
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Proof The cases (i) and (ii) follow immediately from Lemma 3.3(i).

(iii) Let = be a congruence of M such that u=v for some u,v €M,
u#v. Since either u#u+v or v#u+v, we can assume for instance that
u<u+v. Then we have u=u+u=u+v and therefore we obtain that
u=u+v==cuu+viu=euu+v)(u+v)=o,,. Inparticular, su = so,, = o), for
every s € M. Now, by the case (i), Su = M and it follows that = is equal to the trivial
congruence M X M. O

Lemma 3.5 For any a € S the following conditions are equivalent:

(1) OgeSanda=Q0;.
(i) 0, € M and aM* = {0,,}.

Proof Assume condition (i). By Lemma 3.3(i), for every (x,y) € M* X M we have
Ogx +y = 0gx + (x, y)x = (0g + £(x,))x = e(x, y)x = y. Hence Ogx is the unique
additively neutral element of M (i.e., 0;, € M and Ogx = 0,,).

Now, assume condition (ii). Then for every s € S and x € M* we obtain that
(a+ s)x = ax + sx = 0;, + sx = sx. Hence, by Remark 3.1, it follows that a + s = s
anda =04 € S. O

Proposition 3.6 Foru e M*putT, := {e(u,v)| v € M}. Then:

(1) T,is a minimal left ideal of the semiring S and the map €(u,-) : M — T, is an
S-semimodule isomorphism.
(i1) T, is multiplicatively idempotent if and only if u = o,,. € M*.
(1) LetOg € S.ThenOg € T, if and only ifu = 0,,. € M*.

Proof (i) Follows immediately from Lemma 3.3 and Proposition 3.4.

(i1) First, let u € M* be an element such that u < v for some v € M*. Then
e(u,v) - e(u,v) =0y # €(u,v), by Lemma 3.3, and 7, is not multiplicatively
idempotent.

Now, if u = 0,,. € M*, then for every v € M we have €(u,v) - e(u,v) = €(u, v), by
Lemma 3.3, and 7, is multiplicatively idempotent in this case.

(iii) Assume, on the other hand, that u = o0,,. € M*. Then, for every y € M*,
it holds that y <oy. =u and therefore we have &(u,0,)y=0,,. Hence
e(u, 0, )M* = {0,,} and, by Lemma 3.5, we obtain that Og = ¢(«,0,,) € T,. O

Proposition 3.7 Let J be a minimal left ideal of S. Then:
(1) M and J are isomorphic left S-semimodules.

(i) a®*=aora*=ogforeverya € J.
(iii) J = Jafor everya € J such that a*> = a.
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(iv) J is multiplicatively idempotent if and only if for every a € J\{og} there is
u € M* such that aM* < u.

Proof Choose a € J\{og}. Then there is z, € M* such that az, # o,,. Take u € M*
such that az, < u. Now, by Lemma 3.3, the mapy : M = J, w(x) := e(u,x)a is an
S-semimodule homomorphism.

Since  w(zy)zg = €(u,z9)azy = z9 # 0y, We have w(z,) # og. Further,
y(oy) = €(u,0y)a = oga = og, and therefore |y (M)| > 2. Hence w(M) =J, as J
is minimal, and y is injective, as M is simple (Proposition 3.4(ii1)). Thus y is an
isomorphism.

Finally, by Lemma 3.3, we have vy (x) = e(u, x)ae(u, x)
a=e(u,x)e(u,ax)a = e(u,x)a = y(x) if ax <wu and, similarly, y(xX)y(x) = o4 if
a % u. The rest now easily follows. O

Proposition 3.8 The following are equivalent:

(1) S has a multiplicatively idempotent minimal left ideal.
(i1) There area € S andw € M* such that aM™* < w.
(iii)) Theset]l = {a € S| (Iw € M*) aM* = {w}}is a unique multiplicatively idem-
potent minimal left ideal of S.

Moreover, if these equivalent conditions are satisfied, then M* + M* = M*.

Proof The implication (iii)=(i) is obvious and the implication (i)=(ii) follows from
Proposition 3.7.

(i1)=(iii): Assume (ii). Then, obviously, e(w,w)a € I. Hence J # @ and it is easy
to see that / is a multiplicatively idempotent minimal left ideal of S.

Now, let J be a multiplicatively idempotent minimal left ideal of S. By
Proposition 3.7, there are a’ € J\{oy} and u € M* such that ’M* < u. Then
og # €(u,u)a’ € INJ and, as I and J are both minimal, we obtain that / = J. The
rest is easy. O

Theorem 3.9 The o-characteristic semimodule M is unique (up to isomorphism) and
is isomorphic to any minimal left ideal of S.

If O € S, then SOg is a multiplicatively idempotent minimal left ideal of S (and it
is isomorphic to M as a left S-semimodule).

Proof The first part follows from Propositions 3.6 and 3.7. Further, if Og € S then,
by Lemma 3.5, 0,, € M and O;M* = {0,,}. By Proposition 3.8, there is a unique
multiplicatively idempotent minimal left ideal I and, obviously, O¢ € I. Since S0y is
a left ideal and |SOg| > 2, we obtain that SOg = I, by the minimality of /. O
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4 When semirings with o-characteristic semimodules are simple

In this section we study simplicity of the semiring S. In this way we obtain sev-
eral variations of Theorem 2.4. Throughout this section let us assume again that §
has an o-characteristic (left) S-semimodule M.

Lemma 4.1 Let ¢ # idg be a congruence of the semiring S. Then (s(u, V), OS) € o for
every (u,v) € M* x M.

Proof There are a,b € S such that a < b and (a,b) € 9. By Remark 3.1, there
is we M* such that aw < bw. Now, let (u,v) € M* X M. By Lemma 3.3(ii)
and (iv), we obtain that e(aw,v)ae(u,w) = elaw,v)e(u,aw) = e(u,v)
and  e(aw,v)be(u,w) = e(aw,v)e(u,bw) =og. Hence it  follows that
(5(u, V), OS) = (e(aw, v)ae(u,w), e(aw,v)be(u,w)) € o. O

Proposition 4.2 The semiring S is simple if and only if for every a € S there are
b e Sand(u,v) € M* X M such that e(u,v)b < a.

Proof Let I = {e(u,v)b+c|b,c € S,u € M*,v € M}. By Lemma 3.3, the relation
(I x I) Uidg is a congruence of § that is non-identical. If S is simple, it follows that
I=S.

Conversely, if I = S and ¢ # idg is a congruence of S, then, given a € S, we have,
by Lemma 4.1, that e(u,v)b < a and (a,o4) = (a + €(u,v)b,a + ogb) € o. Hence,
0 = S X § and the semiring S has to be simple. O

Proposition 4.3 The following conditions are equivalent:

(1) Foreverya € S there areu € M* and v € M such that e(u,v) < a.
(i1) S is simple and for allw € M* and a € S the set A, ,, = {x E M | ax < w}is
upwards bounded in M* (provided that this set is non-empty).

Proof (i)=>(ii): Let a € S. Then, by (i), we have that &(u,v) <a for some
(u,v) € M* x M. Now, by Lemma 3.3, we obtain that £(u,v)b = e(u,v) < a for
b = &(u,u), and therefore, by Proposition 4.2, the semiring S is simple.

Further, choose we M* and let x€M be such that ax <w. Then
e(u,v)x < ax <w < 0y, and it follows that x < u. Therefore the set A, is upwards
bounded by u € M*.

(i))=>(): Let a € S\{og}. Since S is simple, we obtain, by Proposition 4.2, that
e(w,v)b < a for some (w,v) € M* X M and b € S. Further, a # o4 and hence there is
z € M* such that az # o,,. Therefore, e(w,v)bz < az < 0,, and it necessarily follows
that bz < w. Thus, A, ,, # @ and, by assumption, there is u € M* such that A, , < u.

Now, we show that e(u,v) < e(w,v)b. By Remark 3.1, it is enough to prove that
e(u,v)x < e(w,v)bx for every x € M*. If x € M* is such that bx < w then x < u and
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we have £(u,v)x = v = e(w,v)bx. In the opposite case, when bx £ w, we always
obtain that e(u, v)x < 0y, = €(w, v)bx.
Finally, e(u,v) < e(w,v)b < a and this concludes our proof. O

Proposition 4.4 [f the semiring S is simple, then for every a € S there is v € M such
that v < aM . Conversely, if this is true and o0,;. € M*, then S is simple.

Proof Assume that S is simple. By Proposition 4.2, for a € S there are b € S and
(u,v) € M* X M such that e(u, v)b < a. Hence v < e(u, v)bM < aM.

Conversely, let o). € M* and let for every a € § there be v €M such that
v<aM. Then for every x € M* we have that (s(oM*, V) + a)x = v+ ax = ax.
Hence, by Remark 3.1, it follows that €(0,,.,v) + a = a, i.e., €(0)+,v) < a. Now, by
Lemma 3.3, we obtain that €(0y., V) - €(0y+, 0yy+) = €(0y+,v) < a. Hence, by Propo-
sition 4.2, the semiring S is simple. O

Proposition 4.5 If Oy € S, then the semiring S is simple. Conversely, if the semiring
S is simple and aM* = M* for at least one a € S, then Oy € S.

Proof First, let Og € S. By Lemma 3.5, we have 0,, € M and O,M* = {0,,}.
Therefore, it follows that (e(OM,OM)OS)M* = {&(0,,04,)0,,} = {04,}. Hence
€(0y,04,)04 = Oy, again by Lemma 3.5. Now, by Proposition 4.2, the semiring S is
simple.

Now, assume the other set of conditions in our statement. By Proposition 4.2,
there are b € S and (u,v) € M* X M such that £(u,v)b < a. Since aM* = M*, for
every x € M* we have v < e(u,v)bx < ax < 0y,. It follows that v < aM* = M* and
therefore v = 0,, € M. Further, it must hold that £(u, 0,,)bM* = {0,,}. Finally, by
Lemma 3.5, we obtain that £(u, 0,,)b = Og € S. O

5 When simple and minimal semimodules are o-characteristic
Throughout this section let N be an idempotent, simple and minimal S-semimod-
ule such that [N| > 3, o,y € N and Soy = {oy}. Assume, furthermore, that N has a
minimal element w € N such that w + N* C N* for N* = N\{oy} (this occurs, for
instance, when w = 0y).

Lemma 5.1 Sx = N for every x € N*.

Proof The set N' = {x € N| Sx = {oy}} is a subsemimodule of N and oy € N'.
If N =N, then SN = {oy} and therefore the set {x, 0y} is a semimodule for every
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x € N* Since N is minimal, we get |N| = 2, a contradiction. Thus N’ = {oy}, as N is
minimal, and we obtain that Sx # {o, } and Sx = N for every x € N*. O

The following two lemmas are inspired by [6, Section 2.3] where, however,
all structures are assumed to be finite. For the sake of completeness we therefore
provide their proofs.

Lemma 5.2 For all u,y € N, y £ u, there is at least one a € S with au =w and
ay = oy.

Proof Define a relation o on N by
(x1,x,) €0 & {ax|,ax,} # {w,oy} for every a € §S.

This relation is reflexive and symmetric.

Further, we show that (x;,x,) € o implies (x; +x,x, + x) € ¢ for every x € N.
Assume, on the contrary, that there are x’ € N and a € S such that ax; + ax’ = w
and ax, + ax’ = oy. By the minimality of w, we have ax; = w = ax’. Therefore,
ax, +w = oy and, by the assumption on w, this implies that ax, = oy. Hence
{w,oy} = {ax,,ax,}, a contradiction.

Now, it easily follows that the transitive closure 7 of ¢ is a congruence of the
semimodule M. By Lemma 5.1, (x, 0y) & o for every x € N* and therefore the same
holds for the relation z. Hence 7 # N X N and, by the simplicity of N, it follows that
T =0 = 1dy.

Finally, let u,y € N be such that y £ u. Thenu < u+y and (u,u+y) ¢ idy = o.
Hence there is a € S such that {w,oy} = {au,au + ay} and au < au + ay. There-
fore au = w and oy, = au + ay = w + ay and, by the assumption on w, it follows that
ay = oy, which concludes our proof. O

Lemma5.3 Letu e N*and K, = {a € S| au = w}. Then:

(1) K, is a (non-empty) downwards closed subsemilattice of S(+).
1) If ox €K, then for everyv € N there is c € S such that for every x € N there
holds

y ifx <u.

C)C={0N ifx£u

Proof (i) By Lemma 5.1, K = K, # (. The rest is easy.
(i) By Lemma 5.1, we have bw = v for some b € S. Put ¢ = boy and let x € N.
Now, if x < u then we have oxx < opu = w and, by the minimality of w, it fol-
lows that oxx = w. Hence cx = bogx = bw = v in this case.
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On the other hand, if x £ u then there is a € K such that ax = oy, by Lemma 5.2.
Since o >a, we obtain that ogx > ax =oy. Thus we have oxgx =0y and
cx = b(ogx) = boy = oy. O

Proposition 5.4 Assume that o € K whenever K is a downwards closed subsemilat-
tice of S(+) such that both the sets K and S\K are infinite. If the semimodule M is
faithful, then it is o-characteristic.

Proof For u € N* the set K, = {a € S| au = w} is a non-empty downwards closed
subsemilattice of S(+), by Lemma 5.3(1). In case that K, is finite, we obviously have
ok € K,. If, on the other hand, K|, is infinite and N is faithful, then N has to be infi-
nite as Well The equality Su = N then by Lemma 5.1, implies that S\ K, is infinite,
too. Hence, by the assumption, we have ox €K,

Now, it holds that ox € K|, for every u € N*. Therefore, by Lemma 5.3(ii), the
module N is o- Characterlstlc O

6 When minimal semimodaules are o-characteristic for simple
semirings

In this section we prove Theorem 2.2. We will assume here, moreover, that the semi-
ring S is simple and |S| > 3. Let N be an idempotent left S-semimodule such that
oy € N and Soy = {oy}. Denote again N* = N\{oy } and define a relation yy on N
as follows:

XY Euy © {z€Nl|lax+z=0y}={z€N|ay+z=o0y} foreverya € S.

Lemma 6.1 If N is not faithful then SN = {oy }. In particular, both the right S-semi-
module S and the left S-semimodule ¢S are faithful.

Proof The relation Ay = {(a,b) € S X S| (Vx € N) ax = bx} is a congruence of the
semiring S. Since § is simple then either Ay = i1dg (and N 1is faithful) or 4y, =S X S
(and SN = {oy}).

Now, consider § as a left S-semimodule. It remains to show that A¢ # § X S.
Assume, on the contrary, that A; =S X S. Then ax = ogx = og for all a,x € S. Hence
S(+) is simple as a semilattice. But every such a semilattice has to be of cardinality
2, a contradiction. Thus the left S-semimodule § is faithful. The right case is sym-
metrical. O

Lemma 6.2 Sa # {og} # aS for every a € S\{og}.
Proof If a € S is such that Sa = {og}, then x(a + b) = og+ xb = 04 = xa for all

x,b €S. By Lemma 6.1, the right S-semimodule S is faithful, and therefore
a+ b = aforevery b € S and a = og. The other case is symmetrical. O
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Lemma 6.3 If w € N* is such that Sw = N, then ogN = {oy}. If, moreover, a is a
congruence of N that is maximal with respect to (w,oy) & a, then the factor-semi-
module N [« is both faithful and simple.

Proof First, since Sw = N, for every y € N there is ¢ € S such that y = cw. Hence
oW +y =ogw + cw = (05 + c)w = ogw for every y € § and it follows thatogw = oy,
As oy is multiplicatively absorbing, we obtain that ogy = (ogc)w = ogw = oy, for
every y € N.

Further, from Sw = N it follows that |S(N/a)| = |N/a| # 1 and, by Lemma 6.1,
the semimodule N /a is faithful.

Finally, let ¢ be a congruence of N such that @ & ¢. Then (w,0y) € o. Since
Sw =N and Soy = {oy}, we immediately have that (x,o0y) € ¢ for every x € N.
Hence ¢ = N X N and the semimodule N/« is therefore simple. O

Proposition 6.4 Let|N| > 2 and Sv = N for everyv € N*. Then:

(1) uy is a congruence of the semimodule N and the one-element subsemimodule
{oy} is a block of uy.
(11) py is the greatest (non-trivial) congruence of N.
(iii) The factor-semimodule N [ uy is faithful, minimal and simple.
(iv) IfN* + N* = N* then (x,y) € uy if and only if

{aeS|lax=o0y}={a €S| ay=oy}

for all x,y € N.

Proof (i) The verification that y, is a congruence is easy. Now, let x € N be such
that (oy,x) € uy. Then ax+z =o0y for all a €S and z € N. Thus, in particular,
ax = ax + ax = oy. Hence Sx = oy and, by Lemma 6.2, it follows that x = o0y. So
{oy }1s a block of uy.

(11) By (1), the congruence p, is non-trivial. Let @ be a non-trivial congru-
ence on N. Assuming that (oy, V) € a for some v € N* we obtain, with the help of
Sv =N and Soy = {oy}, that a = N X N, a contradiction. Therefore {oy} is a block
of a. Now, let (x,y) € @ and let a € S and z € N be such that ax + z = oy. Then
(ay + z,0y) = (ay + z,ax + 7) € a and this means that ay + z € {0y }. Hence a C py.

(iii) Since N is minimal, the semimodule N/uy is minimal as well. The rest fol-
lows immediately from Lemma 6.3.

(iv) Denote by 7 the other relation described in condition (iv) and choose
x,y € Nanda € S.If (x,y) € uy and ax = oy then we have ax + 7' = oy, for 7’ = ay
and, henceforth, oy, = ay + 7 = ay and (x,y) € 7. For the reverse implication, let
(x,y) € 7 and let z € N* be such that ax + z = oy. From N* + N* = N* it follows
that ax = oy. By our assumption we have ay = oy. Hence ay + z = o, and therefore

(x,y) € py. O
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Proposition 6.5 Let I be a minimal left ideal of S. Then:

(1) og €landSa =1 foreverya € I\{og}.
(11) The semimodule (I is faithful.
(111) p, is the greatest (non-trivial) congruence of ¢l.
(iv) The factor-semimodule 1/, is faithful, minimal and simple.

Proof The assertion (i) follows easily from Lemma 6.2. To prove (ii), we use that
|SI| # 1, by Lemma 6.2. Hence, by Lemma 6.1, the semimodule ¢/ is faithful.
Finally, (ii1) and (iv) follow immediately from Proposition 6.4. O

Lemma 6.6 Assume that Og € S. If I is a minimal left ideal of S, then 0; € I and
Oga = 0, for every a € I\ {og}.

Proof Let a € I\{og}. We have ba+ Oga = (b + Og)a = ba for every b € S. By
Proposition 6.5(i), we have Sa = I, and hence we obtain that Oga < Sa = I. There-
fore Oga = 0; € 1. O

We are in the position to prove the main result.

Proof of Theorem 2.2 (i)=(ii): Let J be a minimal left ideal. By Proposition 6.5,
the factor-semimodule J = J /u; is faithful, minimal and simple. Besides, we have
0, € J, by Lemma 6.6, and therefore 05 € J. Since |S| > 3, it follows, by the faith-
fulness of 7, that|J| > 3. Thus J is o-characteristic, by Proposition 5.4.

(i1)=(iii): Combine Propositions 4.5 and 3.4(i1).

(ii1)=>(i1): Set H = {x € L| |Sx| = 1}. Then we have o¢x € H for every x € L and
H is a subsemimodule. Since L is faithful, it follows that H # L and, as L is minimal,
there isw € L with H = {w} = o4L.

Further, from H # L we obtain that |SL| > 1 and, by the minimality of L, we
have SL = L. Therefore, as the semiring S is additively idempotent, the semimodule
SL = L is idempotent as well.

Now, for all a € S and x € L we have w+ ax = ogx + ax = ogx = w. Hence
L = SL <w and it follows that w = 0; € L. From o40; € ogL = {0, } and |So;| =1
we immediately obtain that So; = {o; }.

Finally, for x € L* = L\{o,} is [Sx| > 1 and, by minimality of L, we have that
Sx = L. Hence, by Proposition 6.4(iii), the factor-semimodule L=L /p; is faithful,
minimal and simple.

Also, from ay = (Og+a)y =0y +ay for all a € S and y € L we obtain that
Ogv < Sv = Land Ogv = 0, € L for every v € L*. In particular, 0; € L. Since |S| > 3
and So; = {03}, it follows, by the faithfulness of L, that |Z| > 3. Now, by Proposi-
tion 5.4, L is o-characteristic.

(i1)=(i): Combine Propositions 4.5 and 3.6(1).

Finally, the assertions (a) and (b) follow from Proposition 3.7 and Theorem 3.9.

O
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Remark 6.7 There are just two (additively idempotent) two-element semirings with a
bi-absorbing element (up to isomorphism). One of them possesses an o-characteris-
tic semimodule (the one with a multiplicatively neutral element), while the other not
(the one with a constant multiplication).

Example 6.8 Consider the commutative three-element semiring S with the following
Hasse diagram:

0s

151/\a

Here o4 is bi-absorbing, 1 is multiplicatively neutral and a - a = 1. Clearly, S
is simple, O¢ ¢ S and no o-characteristic semimodule exists (otherwise |S| = 2, by
Lemma 3.2(ii1) and (iv)).

At the end of this paper we would like to formulate a conjecture based on Theo-
rem 3.9 and Proposition 3.4 and related to [6, Conjecture 2.8].

Conjecture Let S be an additively idempotent semiring with a bi-absorbing element.
Then every minimal left ideal of S is simple (as a left S-semimodule).
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