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Nomenclature

𝑎 Regression rate coefficient [−]

𝑎𝑡 Thickness parameter [𝑚2/𝑠]

𝐵 Blowing parameter [−]

𝑐 Specific heat capacity [𝐽/𝑘𝑔/𝐾]

𝑐* Characteristic velocity [𝑚/𝑠]

𝐶𝐵1, 𝐶𝐵2 Blowing correction coefficients [−]

𝐶𝐹 Thrust coefficient [−]

𝑐𝑓 Skin friction coefficient [−]

𝐹 Thrust [𝑁 ]

𝐺 Local mass flux [𝑘𝑔/𝑚2/𝑠]

𝐺𝑜 Oxidizer mass flux [𝑘𝑔/𝑚2/𝑠]

ℎ Enthalpy [𝐽/𝑘𝑔]

ℎ Melt layer thickness [𝑚]

ℎ𝑚, ℎ𝑒 Total heats of melting and entrainment [𝐽/𝑘𝑔]

Δ𝐻𝑣,𝑒𝑓𝑓 Effective heat of vaporization [𝐽/𝑘𝑔]

𝐼𝑠𝑝 Specific impulse [𝑁𝑠/𝑘𝑔]

𝐾 Concentration [−]

𝐾 Entrainment parameter constant [𝑚4.4𝑠1.4/𝑘𝑔2.4]

𝐿 Latent heat [𝐽/𝑘𝑔]

𝐿 Length of fuel grain [𝑚]

𝑀 Molar mass [𝑔/𝑚𝑜𝑙]

�̇� Mass flow rate [𝑘𝑔/𝑠]
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Nomenclature

𝑚 Mass [𝑘𝑔]

𝑀𝑒 Exit mach number [−]

𝑛 Regression rate exponent [−]

𝑝𝑐, 𝑝𝑒 Chamber pressure and exit pressure of the nozzle [𝑃𝑎]

𝑞 Heat flux [𝑊/𝑚2]

𝑅 Radius [𝑚]

�̇� Regression rate [𝑚𝑚/𝑠]

𝑅𝑒 Reynolds number [−]

𝑅𝑒𝑛𝑡 Entrainment parameter [−]

𝑆𝑡 Stanton number [−]

𝑇 Temperature [𝐾]

𝑡 Time [𝑠]

𝑢 Streamwise velocity component [𝑚/𝑠]

𝑧 Axial location [𝑚]

Greek Letters

𝛿 Characteristic thermal thickness [𝑚]

𝜖 Area ratio [−]

𝛾 Specific heats ratio [−]

𝜆 Thermal conductivity [𝑊/𝑚/𝐾]

𝜇 Viscosity [𝑁𝑠/𝑚2]

𝜑 Non-dimensonal regression rate [−]

𝜓 Thickness parameter [−]

𝜌 Density [𝑘𝑔/𝑚3]

Subscripts

𝑎 Ambient

𝑐 Convective

𝑐𝑙 Classical

𝑒 Boundary layer edge

𝑒𝑛𝑡 Entrainment
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Nomenclature

𝑓 Final

𝑓 Fuel

𝑓𝑙 Flame

𝑔 Gas phase

𝑖 Initial

𝑙 Liquid phase

𝑚 Melting
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𝑟 Radiative
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Introduction

Chemical propulsion systems can be categorized into three major groups based
on the phase state of their propellants. Propellants of chemical rocket engines con-
sists of oxidizer and fuel. First group are liquid rocket engines, where both propel-
lants are in liquid state. Second group are solid rocket motors, where both propellants
are mixed together in solid state. Third group are hybrid rocket motors, where one
propellant is in solid state stored in combustion chamber and other in liquid state
stored in a tank. Hybrid rocket motors are divided based on configuration of their
propellants into classical, where oxidizer is in liquid state and fuel is in solid state
or inverse, where it’s opposite. Classical hybrids are more widely used than inverse,
so the focus will be on them.

In classical hybrids, typically cylindrical solid fuel grain with single or multiple
ports is stored already in combustion chamber where it burns with oxidizer through
its ports. Liquid (or gaseous) oxidizer is stored in a tank which is located above
combustion chamber. Oxidizer tank can be pressurised by helium. Oxidizer is fed
into the combustion ports either by a gas pressure or by a pump system. Oxidizer
flow is controlled by a valve. Oxidizer is then injected through injector to create
uniform flow and is ignited. The hot gases created by combustion are then expanded
through the nozzle to generate thrust.

Figure 1: Scheme of classical hybrid rocket motor [1]

Unlike liquid and solid rockets, hybrid rockets are the least developed and there
is potential for significant improvements and as an option for specific future gener-
ation propulsion systems. Hybrid rocket motors are so far mostly used in academic
sphere by universities. Only commercial use is by company Virgin Galactic in sub-
orbital spacecraft SpaceShipOne and SpaceShipTwo that just recently successfully
flew with the crew. In recent years there’s been big interest in using hybrid rocket mo-
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Introduction

tors for medium sized sub-orbital sounding rockets and companies and universities
started to develop and build their own medium sized hybrid motors. For example
in Taiwan is being developed two-stage suborbital hybrid rocket Hapith I, which
should be able to reach maximum height of 308 𝑘𝑚. [2] Thrust of these rockets is
in tens of kN.

Figure 2: Hapith I suborbital launch vehicle [2]

Advantages and Disadvantages
As hybrid rockets differ from liquid and solid rockets, they hold number of

advantages and disadvantages. The main advantages are:
1) Safety: By storing solid fuel and liquid oxidizer separately, there is no risk

of explosion, as it is at solid rockets, where oxidizer and fuel are mixed together.
Hybrid rocket propellants are then non-explosive and non-toxic so they can be man-
ufactured, transported, and handled safely.

2) Simplified throttling: Throttling can be regulated by regulating oxidizer flow
with control valve. Decrease of oxidizer flow will decrease evaporation of fuel and
it decreases thrust. Motor can be also completely shut down and then reignited.
Compared to liquid rockets it doesn’t need synchronization of fuel and oxidizer flow.

3) Non-sensitivity to cracks: Burning of fuel occurs only where where it encoun-
ters the oxidizer flow, which means it doesn’t depend on pressure as solid rockets
are. Cracks in fuel are then non-catastrophic.

4) High performance: Hybrid rockets have higher 𝐼𝑠𝑝 than solid rockets. Pro-
pellants LOX and HTPB have vacuum specific impulse almost 360 s (3531 Ns/kg)
which is comparable to liquid bipropellant LOX/RP-1. [3] Since hybrids need only
half of turbo-machinery than liquid rockets, they have less weight and density spe-
cific impulse is higher than liquids.

5) Low cost: Safety features also causes low cost for manufacture and handling
of propellants. Also thanks to small complexity, fabrication cost of the motor is low.

Also, there are some disadvantages:
1) Low regression rate: To have higher thrust requires higher mass of fuel to

be burned, which means larger fuel surface area. By increasing inner diameter, re-
gression rate is lower. This problem is solved either by creating multiple ports in
combustion chamber that provide adequate burning surface and higher regression
rate or using solid propellant that liquefy on surface.

2) Combustion efficiency: As burning oxygen flows through combustion cham-
ber, it doesn’t mix properly with fuel, therefore resulting in a lower impulse efficiency.

3) O/F shift: As the area of the port is increasing during burning time, burning
surface increases, but regression rate decreases faster, so fuel mass flow rate decreases
which causes oxidizer/fuel ratio to slightly shifts higher, which lowers the motor
performance.
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Chapter 1

Theory

In this chapter will be discussed various theories and analyses about how hy-
brid rocket motors work. It includes propellants that were tested and can be used,
process of combustion and different theoretical models. Most of the classical theory
is introduced in book Fundamentals of Hybrid Rocket Combustion and Propulsion
by CHIAVERINI, Martin J.; KUO, Kenneth K [1][4][5] and combustion of paraffin
waxes in Ref. [6] and [7]

1.1 Typical fuels and oxidizers
Compared to liquid and solid rockets, hybrid rockets have large variety of com-

binations of fuels and oxidizers because two phases are available. Classical hybrids
have the largest number of possible propellants combinations, where oxidizers are
easier to store in liquid or gaseous state and there is also large number of possible
solid fuels. Inverse hybrids have problem to have oxidizer in solid form, as they are
either less effective than liquid or there is problem storing them in cryogenic form.
Fuels in liquid form also pose danger of explosion.

Inert solid fuels are generally hydrocarbons that burn with oxygen. Best per-
formance and mechanical properties have natural rubbers and polymeric synthetic
rubbers based on the polybutadiene monomer (PB). The most popular, based on
cost and commercial availability, is HTPB (hydroxyl-terminated polybutadiene).
Other hydrocarbons that have been used, are the paraffin waxes, polyethylene (a
higher molecular weight version of paraffin), Plexiglas (PMMA), metatoluene di-
amine/nylon, and, in earlier small-scale testing, the common fuels, coal and wood.
[4] Plexiglas is mostly used in small laboratory scale motors.

Disadvantage of classical hybrid motor fuels and especially rubbers as HTPB
is low burning rate, which means it has problem to create high thrust. To increase
thrust and burning rate, certain metal additives can be used to increase weight and
radiation heat transfer to the fuel. Common additive metal is nano-sized aluminium
powder. [4] It will although slightly decrease specific impulse 𝐼𝑠𝑝. Next option is
to create multiple ports in fuel grain that will have smaller cross section area and
increase burning area. Downside is then leftover fuel slivers after burn and also web
support for the ports that create extra weight.

3



1.1. Typical fuels and oxidizers

Figure 1.1: Example of multi-port fuel grain [8]

Another option how to increase burning rate is to use paraffin (wax) based
fuels where burning rate is 3-4 times higher than that of conventional HTPB. [9]
They belong to group of normal alkanes which are fully saturated, straight chain
hydrocarbons with the chemical formula C𝑛H2𝑛+2. They are identified by the carbon
number 𝑛, which goes from 1 (methane) up. The high heat of combustion (due to
the high hydrogen to carbon ratio), low cost, availability and chemical inertness
characteristics of n-alkanes makes them ideal fuels for combustion systems. Paraffin
waxes have carbon number 𝑛 from about 16 to 40. Another alkane of the interest is
pentane (𝑛=5), that is naturally liquid, so it has to be kept in cryogenic temperature
using liquid nitrogen with temperature 77 K. Other alkanes are Polyethylene (PE)
waxes (𝑛=40-300) and High Density Polyethylene (HDPE) polymer (𝑛>300). [6]
These are naturally in solid state so they don’t need to be cooled down. Pentane
is used as pure n-alkane, but most of other fuels with higher carbon number, as
Paraffin and Polyethylene waxes are used as mixtures of n-alkanes with different
carbon numbers, because as pure they have bad mechanical properties (they are
brittle). Their carbon number is then calculated as number average. In polymer
science is used useful concept, polydispersity (PD), which is the ratio of the weight
average carbon number to to the number averaged carbon number. For example
Paraffin wax FR5560 has number averaged carbon number 32 and polydispersity
1.1. [6]

Liquid oxidizers are the same as in liquid rocket engines. The most commonly
used oxidizer is liquid or gaseous oxygen (LOX or GOX) because of its high oxidation
potential and therefore it has the highest specific impulse from all other oxidizers.
[4] Another oxidizers also used are N2O, N2O4, H2O2 and FLOX (2/3 F2 + 1/3 O2).
Nitrous oxide (N2O) has been tested in smaller scale motors [10], where was proven
its lower specific impulse. FLOX is an experimental high energetic oxidizer that has
been developed by NASA in 1960s. [4] It hasn’t been well used yet in practical use
because of toxicity of its combustion products, especially hydrofluoric acid (HF).

In table 1.1 are shown common fuel and oxidizer combinations from which will
be selected best suitable combination for designed motor. In Figure 1.2 is plotted
theoretical characteristic velocity 𝑐* as a function of oxidizer to fuel ratio for different
combinations of propellants mentioned above.
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1.2. Combustion process and regression rate

Fuel Oxidizer Optimum O/F Sea level 𝐼𝑠𝑝 [Ns/kg] 𝑐* [m/s]
HTPB LOX 1.9 2746.8 1820.3
HTPB FLOX(OF2) 3.3 3080.3 2042.5
Paraffin LOX 2.5 2756.6 1804.4
Paraffin N2O 8 2432.9 1605.7
HTPB/Al(60%) FLOX(OF2) 2.5 3060.7 2006.2

Table 1.1: Performance of hybrid propellants, 𝑝𝑐 = 3.45 𝑀𝑃𝑎 and 𝑝𝑒 = 1 𝑎𝑡𝑚 [4]

Figure 1.2: Characteristic velocity 𝑐* as a function of oxidizer to fuel ratio for different
combinations of propellants [11]

1.2 Combustion process and regression rate
Combustion in hybrid rockets doesn’t occur directly on the surface of the fuel,

but in a turbulent boundary-layer created by oxidizer flow as shown in Figure 1.3.
Boundary-layer is assumed to be turbulent due to the high Reynolds number of
the oxidizer flow and also due to the destabilizing influence of mass injection at
the solid surface. Boundary-layer is split into three zones. One is a flame zone,
where concentrations of oxidizer and fuel are sufficient for combustion to occur.
Flow below flame zone is fuel rich, where normal gradient of temperature is in the
same direction and flow above flame zone is oxidizer rich and gradient of temperature
is in the opposite direction. Heat from the flame zone is transferred by convection
and radiation to the solid fuel surface. The flame zone is located at approximately
10–20 % of the boundary-layer thickness above the surface. This theoretical model
of boundary-layer combustion was first introduced by Marxman and Gilbert in 1962.
[1]
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1.2. Combustion process and regression rate

Figure 1.3: Model of boundary-layer in combustion chamber [8]

Combustion in rocket engine is most efficient when it occurs in certain optimal
O/F ratio, which is a ratio of oxidiser mass flow rate �̇�𝑜 to fuel mass flow rate �̇�𝑓 .
Efficiency of combustion in rocket motors is represented by characteristic velocity 𝑐*,
which reflects the propellants energy, and specific impulse 𝐼𝑠𝑝, which can be described
as produced thrust from 1 𝑘𝑔 of propellants per second and can be calculated as
total thrust 𝐹 over total propellants mass flow rate �̇�𝑝 and it also equals escape
velocity 𝑣𝑒. Optimal O/F ratio doesn’t always have to be equal to stoichiometric ratio
of oxidizer and fuel and it’s already found by experiments for each combination of
propellants, which is shown in Table 1.1. When O/F ratio shifts higher from optimal
during the burn, combustion efficiency decreases.

The key parameter for designing hybrid rocket motor is regression rate �̇�, which
represents how fast fuel is converted from a solid-phase to a gas. Units of regres-
sion rate are in 𝑚𝑚/𝑠. Solid fuel converts to a gas either directly by sublimation,
which is a phase transition from a solid to gas without entering liquid phase or by
pyrolysis, "a solid-to-gas phase change that is accompanied by a chemical change,
such as the polymer chain breaking, cyclization, and re-organization that occurs in
the in-depth near-surface region when polymer-based fuels degrade and regress." [1]
Vaporised fuel is then transported to the flame zone by convection and diffusion,
that’s why it’s also called diffusion flame zone. There it mixes and chemically re-
act with gaseous oxidizer which has been transported through the boundary layer
from the core flow region via turbulent diffusion. Heat from the chemical reaction
then sustain further pyrolysis, which is also called as wall blowing effect. However,
the fuel mass flux due to pyrolysis blocks some of the heat transfer to the surface,
which causes a decrease in the regression rate, which in turn, weakens the blocking
action, so again more heat reaches the surface, and so on. This tendency toward a
self-regulating interaction between heat flux, mass blowing, and heat flux blockage
is a distinguishing characteristic of hybrid combustion. [1]

Paraffin waxes have slightly different process of burning, where they create
melted liquid layer on the surface, that then spray droplets into the gas flow. This
special process will be discussed later, because the combustion is similar as in clas-
sical polymer based fuels.
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1.2. Combustion process and regression rate

1.2.1 Heat-transfer-limited theory,
To optimize the design of high-performance hybrid motor, it is important to un-

derstand the physical processes that govern solid-fuel regression. Internal ballistics
of the hybrid motor is very complex and it can’t be precisely modelled with sim-
ple equations. There are multiple theories how to analyse regression rate in hybrid
motors. The most influential is by Marxman and Gilbert. Their analysis is based
on experiments they did mostly on HTPB fuel. Based on their theory, also called
heat-transfer-limited theory, regression rate of solid fuel is governed by heat flux
convected and radiated from the flame zone to the surface. The energy flux balance
at the fuel surface can be expressed as

𝑞𝑡𝑜𝑡 = 𝜌𝑓 �̇�Δ𝐻𝑣,𝑒𝑓𝑓 (1.1)

where 𝜌𝑓 is solid fuel density in [𝑔/𝑐𝑚3] and Δ𝐻𝑣,𝑒𝑓𝑓 is the effective heat of gasifica-
tion of the solid fuel which is total energy required to heat a unit mass of the solid
fuel from its initial temperature and then to vaporize it. This equation states that
the enthalpy delivered to the fuel surface via solid-fuel regression equals the total
heat flux incident on the fuel surface and also that product of solid-fuel density and
regression rate must equal to the pyrolyzed-fuel mass flux. [1]

In classical hybrids using only polymers without metal additives, heat transfer
by convection is dominating and radiative heat flux can be neglected. By assuming
turbulent boundary-layer along the whole length of fuel grain, Marxman and Gilbert
expressed total heat flux and developed an equation for the local solid-fuel regression
rate given by

𝜌𝑓 �̇� = 𝐶𝐺𝑅𝑒−0.2
𝑥 (𝑆𝑡/𝑆𝑡0)(𝑢𝑒/𝑢𝑓𝑙)[(ℎ𝑓𝑙 − ℎ𝑤)/Δ𝐻𝑣,𝑒𝑓𝑓 ] (1.2)

where 𝐶 is a function of the mainstream Mach number (about 0.03 for the low Mach
numbers encountered in hybrids), 𝐺 = (�̇�𝑜 + �̇�𝑓,𝑙𝑜𝑐)/𝐴𝑝 is the local mass flux due
to both oxidizer injection and all upstream fuel addition, where 𝐴𝑝 is port cross
section area, its units are in [𝑘𝑔/𝑚2/𝑠]. The ratio of Stanton numbers, 𝑆𝑡/𝑆𝑡0, also
referred as blocking factor, represents the fraction of heat transferred to the surface
by convection when compared to the case with no wall blowing (no blocked heat).
Typically its value is lower than 0.2. 𝑢𝑒/𝑢𝑓𝑙 is the ratio of gas stream velocity at
the edge of the boundary-layer to the velocity at the flame zone. Marxman et al.
showed that the velocity ratio is determined by the flame position in the boundary
layer and that it may be obtained by using the integral technique of boundary-layer
theory and can be expressed as [1]

𝑢𝑒

𝑢𝑓𝑙

= 𝐾𝑜𝑒 + (𝐾𝑜𝑒 +𝑂/𝐹𝑓𝑙)[(ℎ𝑓𝑙 − ℎ𝑤)/Δ𝐻𝑣,𝑒𝑓𝑓 ]
𝑂/𝐹𝑓𝑙[(ℎ𝑓𝑙 − ℎ𝑤)/Δ𝐻𝑣,𝑒𝑓𝑓 ] (1.3)

where 𝐾𝑜𝑥𝑒 is oxidizer concentration at the edge of boundary-layer which is for
oxygen 1, (ℎ𝑓𝑙 − ℎ𝑤) = Δℎ is the stagnation enthalpy difference between the flame
zone and the surface (wall). 𝑂/𝐹𝑓𝑙 is the oxidizer to fuel ratio at the flame zone and
together with the (ℎ𝑓𝑙 − ℎ𝑤)/Δ𝐻𝑣,𝑒𝑓𝑓 factor are assumed to be independent of axial
location and to be constant for certain oxidizer/fuel combination.

Wall blowing (fuel pyrolysis) is represented by blowing number 𝐵 and is ex-
pressed as

𝐵 = (𝑢𝑒/𝑢𝑓𝑙)[(ℎ𝑓𝑙 − ℎ𝑤)/Δ𝐻𝑣,𝑒𝑓𝑓 ] = 𝐾𝑜𝑒 + (𝐾𝑜 +𝑂/𝐹𝑓𝑙)Δℎ/Δ𝐻𝑣,𝑒𝑓𝑓

𝑂/𝐹𝑓𝑙

(1.4)
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1.2. Combustion process and regression rate

Blowing number is an important parameter for estimation of regression rate and
can be described as a thermodynamic parameter of the system that describes the
enthalpy driving force between the flame and the wall that causes fuel regression.

Ratio of Stanton numbers was approximated by Marxman and later adjusted
by Altman as a function of 𝐵 for 5 < 𝐵 < 100

𝑆𝑡

𝑆𝑡0
= 1.2𝐵−0.68 (1.5)

As blowing number increases, more heat gets blocked to the surface, which will
decrease 𝑆𝑡/𝑆𝑡0.

By combining Equations 1.2, 1.4 and 1.5 is obtained regression rate expression
for hybrid combustion with no radiant heat transfer [8]

�̇� = 0.036𝐺
0.8

𝜌𝑓

(︂
𝜇𝑔

𝑥

)︂0.2
𝐵0.32 (1.6)

where 𝜇𝑔 is viscosity of combustion gas. From Eq. 1.6 can be seen, that regression
rate is strongly dependent on mass flux 𝐺 and rather weakly on blowing effect
𝐵 and axial location 𝑥. Also in normal regime, regression rate doesn’t depend on
chamber pressure. As fuel burns, port diameter and therefore also burning surface
is increasing, port area is thereby increasing by 𝑅2 so mass flux is decreasing faster
and so regression rate is decreasing exponentially by time.

Oxidizer mass flow rate �̇�𝑜 is an input parameter for the combustion process
and can be directly changed. When assuming certain fixed port radius, then by
changing the size of the oxidizer flow rate, it will change by the same amount also
oxidizer flux which can be expressed as

𝐺𝑜 = �̇�𝑜/(𝜋𝑅2) (1.7)

Total mass flux can be expressed also as 𝐺 = 𝐺𝑜(𝑂/𝐹 + 1)/𝑂/𝐹 . Eq. 1.6 can
be practically used only for certain range of mass fluxes, which is called "normal"
regression rate regime that is showed in the middle of the Figure 1.4. So then oxidizer
mass flow rate and oxidizer flux have to be in certain intermediate range as well. The
upper limit is called "flooding" limit, where oxidizer flux is high enough so it will
start to extinguish fire in the flame zone and decrease heat. It appears to depend on
specific fuel/oxidizer combination and chamber pressure. Lower limit is then called
"melting limit", when oxidizer flux is so low, which causes low convective heat to the
surface, therefore, low regression rates and the heat transferred by radiation starts
to be more significant and regression rate starts to be more dependent on chamber
pressure. Depending on the specific type of fuel, this situation can lead to melting or
charring and subsurface cooking reactions that may cause the virgin fuel to undergo
depolymerization reactions well below the surface. [1]

8



1.2. Combustion process and regression rate

Figure 1.4: Regimes of regression rate depending on oxidizer flux [8]

1.2.2 Liquid layer combustion theory
In this section will be explained liquid layer combustion theory developed by

Karabeyoglu et al. [6][12] that will be able to predict the regression rate performance
of selected fuel that creates low viscosity liquid layer on burning surface. Firstly it
was developed for cryogenic propellants, such as Pentane, but it also works for
non-cryogenic materials such as Paraffin waxes. During experiments with different
propellants was found, that normal alkanes burn with 3-4 times higher regression
rate than classical HTPB. One explanation could be, that it is caused by lower effec-
tive heat of gasification Δ𝐻𝑣,𝑒𝑓𝑓 that is in classical regression Eq. 1.6 incorporated
in blowing parameter 𝐵, raised to power 0.32. Therefore increase in regression rate
would only be by 30 - 50 %. It was found that in addition to the classical gasifi-
cation, these propellants create low viscosity liquid layer on burning surface that is
hydrodynamically unstable in a strong gas flow and it causes a mass entrainment of
liquid droplets into the gas stream which is shown in Figure 1.5. The reason of the
instability is low viscosity of liquid layer of the propellant.

Figure 1.5: Schematic of the entrainment mechanism [6]

Because of the complexity of the problem, approach of the theory is split into
three steps. First step is to investigate the requirements for the formation of a melt
layer on the fuel grain. In the second, the linear stability of a thin melt layer under
the strong shear of a gas flow is being considered, of which results are then linked to
the entrainment of liquid droplets. Finally then classical heat-transfer limited theory
is adjusted because of the effect of the entrainment.
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1.2. Combustion process and regression rate

Depending on critical pressure of material and combustion chamber pressure
𝑝𝑐, fuel burns either in subcritical or supercritical regime. In subcritical regime, fuel
directly evaporates from liquid layer. In supercritical, the thermodynamic distinc-
tion between the liquid and gas phase is lost and above liquid layer is pyrolysis layer,
where fuel is as supercritical fluid which then enters gas stream and burns in the
flame zone. Surface temperature is then in subcritical regime determined by evap-
oration phenomenon and is sensitive to the chamber pressure, and in supercritical
regime it depends on the pyrolysis chemical reactions and is not dependent on pres-
sure. With increasing carbon number, critical pressure is decreasing and in infinity it
asymptotes to zero. In typical hybrid motor chamber pressures, Pentane burns sub-
critically and Paraffin waxes as n-alkanes with carbon number higher than 16 burn
supercritically. In pyrolysis process in supercritical condition paraffin decompose to
ethylene and hydrogen which can be written as [7]

𝐶32𝐻66 −→ 16𝐶2𝐻4 +𝐻2 (1.8)

Generally, total regression rate can be written as sum of vaporization compo-
nent �̇�𝑣, determined by vaporisation or pyrolysis and entrainment component �̇�𝑒𝑛𝑡,
characterised by mechanical transfer of liquid droplets.

�̇� = �̇�𝑣 + �̇�𝑒𝑛𝑡 (1.9)

The thickness of the liquid layer is determined by the convective and radiative
heat transfer as seen in Figure 1.6. The thermophysical properties of the material
both in the liquid phase and solid phase are assumed to be uniform. Fuel slab is
split into two zones. On the surface is thin liquid layer and in the supercritical
regime pyrolysis zone with supercritical fluid, where some part of fuel is already in
vapor state. Parameter 𝑌 represents fraction of liquid fuel to the total fuel mass.
The temperature varies from the wall temperature 𝑇𝑤 to the melting temperature
𝑇𝑚. Underneath is solid zone, where the temperature decreases from 𝑇𝑚 to ambient
temperature 𝑇𝑎 at infinite distance from the surface. The derivation was done using
energy balance at the phase interfaces, such as gas-liquid and liquid-solid. It has
been assumed for subcritical regime, but it’s been proven that it is also valid for
supercritical. The thermal analysis then yielded the following expression for the
thickness of the melt layer [6]

ℎ = 𝛿𝑙𝑙𝑛(1/𝜓) (1.10)
where 𝛿𝑙 is the characteristic thermal thickness in the liquid phase defined as

𝛿𝑙 = 𝜅𝑙𝜌𝑙

�̇�𝜌𝑓

= 𝜆𝑙

�̇�𝑐𝑙𝜌𝑓

(1.11)

where 𝜆𝑙 is thermal conductivity of liquid fuel, 𝑐𝑙 is specific heat capacity of liquid
phase and 𝜌𝑙 is density of liquid. 𝜓 is the thickness parameter, that depends mainly
on the thermophysical properties and radiative absorption character of the fuel and
the nature of the heat transfer to the fuel surface. The effect of the radial convection
in the liquid layer is ignored because of both the small melt layer thicknesses and low
liquid vertical velocity. For convenience, following definitions of the effective heating
parameters are introduced

ℎ𝑚 = 𝐿𝑚 + 𝑐𝑠(𝑇𝑚 − 𝑇𝑎) (1.12)

10



1.2. Combustion process and regression rate

ℎ𝑒 = ℎ𝑚 + 𝑐𝑙(𝑇𝑤 − 𝑇𝑚) (1.13)

Δ𝐻𝑣,𝑒𝑓𝑓 = ℎ𝑒 + 𝐿𝑣(�̇�𝑣/�̇�) (1.14)
𝐿𝑚 and 𝐿𝑣 are the heat of melting and vaporisation respectively. 𝑇𝑎, 𝑇𝑚 and 𝑇𝑠 are
the ambient, melting and surface temperatures of the fuel, respectively.

Figure 1.6: Schematic of the thermal model used in the melt layer thickness estimation
[12]

Solution for the thickness parameter exists for two extreme cases. First case is
where the absorption of the radiation in the liquid layer is very large. Thickness of
the liquid layer can then be expressed as

ℎ = 𝛿𝑙𝑙𝑛[1 + 𝑐𝑙(𝑇𝑠 − 𝑇𝑚)/ℎ𝑚] (1.15)

All the radiative heat is absorbed in the gas-liquid interface. This can be ac-
complished by adding strongly absorbing material to the fuel, such as carbon black
powder.

Second case is when the absorption of the radiation in the liquid layer is very
small and all the radiative heat is absorbed in the solid. This case has practical im-
portance for cryogenic hybrids such as pentane which were tested without a radiation
absorption agent.

ℎ = 𝛿𝑙𝑙𝑛

[︃
1 + 𝑐𝑙(𝑇𝑠 − 𝑇𝑚)

ℎ𝑚 − Δ𝐻𝑣,𝑒𝑓𝑓 (𝑞𝑟/𝑞𝑡𝑜𝑡)

]︃
(1.16)

In this case liquid layer thickness is dependent on the entrainment mass transfer
that comes from effective heat of gasification and ratio of radiative heat flux to the
total heat flux.

Since liquid layer thickness is dependent on regression rate, independent thick-
ness parameter is introduced.

𝑎𝑡 = ℎ�̇� = 𝜆𝑙

𝑐𝑙𝜌𝑓

𝑙𝑛(1/𝜓) (1.17)

From experiments of strong blowing on thin liquid layers was developed formula
for mass entrainment per unit area.

�̇�𝑒𝑛𝑡 = �̇�𝑒𝑛𝑡𝜌𝑓 = 𝐾
𝑐𝑓ℎ

𝛽𝜌𝑙𝐺
2𝛼

𝜇𝑙

= 𝐾
𝑐𝑓𝑎

𝛽
𝑡 𝜌𝑙

𝜇𝑙

𝐺2𝛼

�̇�𝛽
(1.18)
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1.2. Combustion process and regression rate

𝐾 is the empirical entrainment parameter constant, that is only parameter that
can be freely adjusted to match experimental data, 𝑐𝑓 is skin friction coefficient,
dynamic pressure exponent 𝛼 and the thickness exponent 𝛽 are selected as 1.5
and 2 respectively. [6] As can be seen, entrainment regression rate depends both
on operational parameters, as local total mass flux 𝐺 and total regression rate �̇�,
and on liquid fuel properties as its viscosity, density and thickness parameter. By
dividing solid fuel density on right side, liquid fuel properties can be introduced as
entrainment coefficient 𝑎𝑒𝑛𝑡, where skin friction coefficient 𝑐𝑓 can be included into
parameter 𝐾.

�̇�𝑒𝑛𝑡 = 𝑎𝑒𝑛𝑡
𝐺3

�̇�2 and 𝑎𝑒𝑛𝑡 = 𝐾
𝑎𝛽

𝑡 𝜌𝑙

𝜇𝑙𝜌𝑓

(1.19)

Modification of the Classical Theory for Entrainment: Instability of liq-
uid layer and entrainment of liquid droplets causes three major modifications to the
classical heat-transfer-limited theory. First is, that the effective heat of gasification
is reduced as heat of vaporization is only needed for vaporization regression rate
component, which can be seen in Eq. 1.14 that is derived from following relation.

𝑞𝑡𝑜𝑡 = ℎ𝑒𝜌𝑓 �̇� + 𝐿𝑣𝜌𝑓 �̇�𝑣 = Δ𝐻𝑣,𝑒𝑓𝑓𝜌𝑓 �̇� (1.20)

Also enthalpy difference between surface and flame zone is reduced, because there
are liquid droplets. This reduction is smaller than reduction of Δ𝐻𝑣,𝑒𝑓𝑓 , therefore
the reduction in the flame enthalpy is assumed to be negligible.

Second modification is, that the blocking factor 𝑆𝑡/𝑆𝑡0 is altered because of
the two-phase flow. First approximation is, that the effect of liquid droplets on the
momentum and energy transfer is being ignored. Therefore blocking factor is only
a function of evaporation blowing number 𝐵𝑔, that only includes the gaseous phase
mass transfer from the fuel surface.

𝑆𝑡/𝑆𝑡0 = 𝑓(𝐵𝑔) (1.21)

As 𝐵𝑔 is small, Eq. 1.5 can not be used as the blocking factor gets even larger than
one. Second approximation is, that evaporation of the droplets released from the
liquid surface into the gas stream does not take place beneath the flame sheet. This
is due to high blowing rates, therefore there is low residence time of droplets between
the liquid surface and the diffusion flame.

Third modification is, that the ripples formed on the liquid layer surface increase
the surface roughness, therefore the heat transfer from the flame front to the surface.
This has although smaller influence than previous two.

For calculation of total regression rate, the energy balance at the liquid-gas
interface is estimated as

�̇�𝑣 + [𝑅ℎ𝑒 +𝑅ℎ𝑣(�̇�𝑣/�̇�)]�̇�𝑒𝑛𝑡 = 𝐹𝑟

0.03𝜇0.2
𝑔

𝜌𝑓

(1 + 𝑞𝑟/𝑞𝑐)𝐵
𝑆𝑡

𝑆𝑡0
𝐺0.8𝑧−0.2 (1.22)

where 𝑅ℎ𝑒 and 𝑅ℎ𝑣 are the non-dimensional energy parameters for entrainment and
vaporization respectively, described as

𝑅ℎ𝑒 = ℎ𝑚

Δ𝐻𝑣,𝑒𝑓𝑓

and 𝑅ℎ𝑣 = 𝑐𝑙(𝑇𝑠 − 𝑇𝑚)
Δ𝐻𝑣,𝑒𝑓𝑓

(1.23)

𝐹𝑟 is the roughness parameter that accounts for the increased heat transfer by
wrinkling of the liquid surface. Since it is relatively small, it is assumed to be unity.
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1.2. Combustion process and regression rate

The right side of Eq. 1.22 is similar to Eq. 1.6, but here is also included radiative heat
flux 𝑞𝑟. From experiments was radiative to convective heat flux ratio 𝑞𝑟/𝑞𝑐 estimated
to be 0.1.

New curve fit for Eq. 1.21 was given in Ref. [12] as

𝑆𝑡

𝑆𝑡0
= 2

2 + 1.25𝐵0.75
𝑔

= 𝐶𝐵1

𝐶𝐵1 + 𝐶𝐵2(�̇�𝑣/�̇�𝑐𝑙)0.75 (1.24)

where coefficients 𝐶𝐵1 and 𝐶𝐵2 are defined as

𝐶𝐵1 = 2
2 + 1.25𝐵0.75 and 𝐶𝐵2 = 1.25𝐵0.75

2 + 1.25𝐵0.75 (1.25)

Note that blowing number 𝐵 is for the classical regression rate �̇�𝑐𝑙 where there
is no entrainment and can be estimated by Eq. 1.4. �̇�𝑐𝑙 is then calculated as slightly
modified Marxman Eq. 1.6.

�̇�𝑐𝑙 =
0.03𝜇0.2

𝑔

𝜌𝑓

(1 + 𝑞𝑟/𝑞𝑐)𝐵𝐶𝐵1𝐺
0.8𝑧−0.2 (1.26)

All the above equations form a nonlinear set of algebraic equations which can
be solved for a given propellant combination to obtain the total regression rate
as a function of the axial location and local mass flux. To simplify the nonlinear
equations, it is convenient to introduce non-dimensional regression rate variables,
where regression rates are normalized by classical regression rate.

𝜑 = �̇�/�̇�𝑐𝑙 , 𝜑𝑣 = �̇�𝑣/�̇�𝑐𝑙 , 𝜑𝑒𝑛𝑡 = �̇�𝑒𝑛𝑡/�̇�𝑐𝑙

and
𝑅𝑒𝑛𝑡 = 𝑎𝑒𝑛𝑡

𝐺3

�̇�3
𝑐𝑙

(1.27)

Eqs. 1.9, 1.19 and 1.22 can be rewritten into set of three nonlinear equations for
the three unknown non-dimensional regression rates. Entrainment parameter 𝑅𝑒𝑛𝑡

is derived from Eq. 1.28 of 𝜑𝑒𝑛𝑡.

𝜑𝑒𝑛𝑡 = 𝑎𝑒𝑛𝑡𝐺
3

�̇�2�̇�𝑐𝑙

�̇�2
𝑐𝑙

�̇�2
𝑐𝑙

= 𝑅𝑒𝑛𝑡

𝜑2 (1.28)

𝜑𝑣 +
(︃
𝑅ℎ𝑒 +𝑅ℎ𝑣

𝜑𝑣

𝜑

)︃
𝜑𝑒𝑛𝑡 = 1

𝐶𝐵1 + 𝐶𝐵2𝜑𝑣

(1.29)

𝜑 = 𝜑𝑣 + 𝜑𝑒𝑛𝑡 (1.30)

From the set of nonlinear equations were numerically evaluated non-dimensional
regression rates variables for range of 𝑅𝑒𝑛𝑡 from 0 to 300, which is a practical range of
operation, and they are shown in Figure 1.7. Following vales were used in calculation:
𝐵 = 4.7, 𝑅ℎ𝑒 = 0.051, 𝑅ℎ𝑣 = 0.433. Then by interpolation was determined simple
equation [6]

𝜑 = 1 + 0.61𝑅0.4
𝑒𝑛𝑡 (1.31)
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Figure 1.7: Non-dimensional regression rates 𝜑 as function of entrainment parameter
𝑅𝑒𝑛𝑡 [6]

By combining Eqs. 1.26 and 1.27 is expressed entrainment parameter and for
better fit to experimental data exponents are slightly changed [6]

𝑅𝑒𝑛𝑡 = 𝐾
𝑎2

𝑡𝜌
2
𝑓𝜌𝑙

𝜇𝑙

𝐶−2
𝐵1𝐵

−3(1 + 𝑞𝑟/𝑞𝑐)−3𝐺0.4𝑧0.4 (1.32)

Total regression rate can be then simply calculated as

�̇� = 𝜑�̇�𝑐𝑙 (1.33)

1.3 Numerical methods
Internal ballistic parameters of combustion chamber can be investigated also

using computational fluid dynamic (CFD) modelling, that has been considerably
developed recently. CFD modelling is becoming a key tool for reducing the hybrid
rocket operation uncertainties and development cost. Using CFD modelling can be
predicted the fuel regression rate. It is more advanced than classical analysis that
relies only on boundary-layer assumptions to determine the heat flux to the fuel
surface. In CFD are also accounted more complex physical interactions, like the
effects of turbulence, chemistry, fluid-surface interaction, and radiation. Most of the
effort has been addressed to classical non-liquefying fuels. [5] In this theory focus is
more on paraffin-based fuels, so the model for polymer fuels is modified to account for
the burning of paraffin fuels by including an additional equation for the calculation
of the regression rate component determined by the entrainment of liquid fuel into
the main flow. [13] The computational approach is able to compute the correct flow
field, capture the fluid–surface interaction without losing predictive capabilities, and
account for the radiative heat transfer. [14]

A common strategy is solving the Reynolds averaged Navier-Stokes (RANS)
equations, with suitable turbulence closure and combustion models. Since chemical
and fluid-dynamic characteristic times are much shorter than the regression rate time
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scale, steady-state solution of RANS equations is mostly used. [13] In supercritical
condition, which is typical for paraffin, viscosity and diffusivity are close to those
of a gas and the turbulent diffusion and convection are significantly faster than in
the liquid phase, therefore the RANS equations for single-phase multi component
turbulent reacting flows can be solved at supercritical turbulent conditions, where
fuel is supposed to enter the combustion chamber from the solid wall as 100% gaseous
ethylene. Entrainment of fuel in supercritical condition is in form of turbulent mixing
process.
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Chapter 2

Preliminary motor design

In this chapter is described design process of hybrid rocket engine for specified
requirements. Primary use of designed hybrid motor will be in single stage sounding
rocket that will be able to reach upper parts of the atmosphere.

2.1 Propellants selection
For the first analytical approach to obtain preliminary design parameters of the

motor, Eq. 1.6 for regression rate can be empirically simplified as [8]

�̇� = 𝑎(𝐺𝑜)𝑛 (2.1)

where 𝑎 and 𝑛 are regression rate ballistic coefficients that are based on correlations
from previous experiments. Units of oxidizer flux 𝐺𝑜 are in [𝑔/𝑐𝑚2/𝑠] (1 𝑔/𝑐𝑚2/𝑠 =
10 𝑘𝑔/𝑚2/𝑠) and regression rate �̇� in [𝑚𝑚/𝑠]. Disadvantage of using this empirical
equation is, that ballistic coefficients are determined only for specific combination
of fuel and oxidizer and for another fuel with even slightly different properties, bal-
listic coefficients might be different. Note that also test values of oxidizer flux 𝐺𝑜

and regression rate �̇� are actually average values of the test burn and not instan-
taneous values, since it’s not possible to measure instantaneous port radius during
the burn. For preliminary design and selection of right propellants it is enough and
instantaneous values are assumed to be the same as average ones.

Figure 2.1: Empirical correlations for selected fuels [1]
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In Figure 2.1 are shown acquired regression rates correlations for some typical
hybrid motor fuels in combination with liquid oxygen. Between red lines is shown
range of oxidizer mass fluxes from 5 to 45 𝑔/𝑐𝑚2/𝑠 for designed motor, which will
be shown later. For selection of fuel it is important to have the highest possible
regression rate at similar operating condition, as for the same size, more thrust can
be produced. Highest regression rate has number 8, which is 87% FR5560 Paraffin
+ 13% nano-sized aluminium, but it’s been tested only on short range. Its ballistic
coefficients are 𝑎 = 0.6, 𝑛 = 0.73. [1] Number 5 is vortex HTPB, which is not con-
sidered, as for simplicity is considered only classical design. Number 6 is FR5560
Paraffin wax (SP-1a) used by Karabeyoglu in his experiments. Its ballistic coeffi-
cients are 𝑎 = 0.488, 𝑛 = 0.62. [9] Classical HTPB is number 9, which ballistic
coefficients are 𝑎 = 0.14, 𝑛 = 0.68.

As fuel is selected paraffin wax, because it has the highest regression rate for
required range of fluxes and is more suitable with its properties. Also its price is
relatively low compared to HTPB. As oxidizer, liquid or gaseous oxygen is selected,
because of its high oxidizing potential and it’s easy to obtain.

For better view, regression rate is plotted as function of oxidizer flux 𝐺𝑜 for
paraffin wax SP-1a/LOX and HTPB/LOX for comparison, which is shown in Figure
2.2.

Figure 2.2: Regression rate �̇�(𝐺𝑜) for paraffin SP-1a/LOX and HTPB/LOX

2.1.1 Paraffin FR5560 (SP-1a) properties
As seen in Liquid layer combustion theory by Karabeyoglu, the most crucial

parameters of fuel are its viscosity 𝜇𝑙 and density 𝜌𝑙 at the effective liquid layer
temperature. Next important parameters for simulation are its melting and surface
temperature. Its number averaged carbon number 𝑛 is 32 and weight averaged num-
ber 𝑛𝑤 is 35.2. Ambient temperature 𝑇𝑎 is assumed to be 298 K. Melting temperature
𝑇𝑚 is calculated based on ABC (asymptotic behavior correlations) method, that can
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be used on other alkanes, using equation

𝑇𝑚 = 𝑌∞ − (𝑌∞ − 𝑌0)𝑒𝑥𝑝[−𝛽(𝑛− 𝑛0)𝛾] (2.2)

where 𝑌∞ = 418.07, 𝑌0 = −6288460, 𝛽 = 8.929364, 𝛾 = 0.0690406, 𝑛0 = 0.34979.
Which for 𝑛 = 32 is 342.9 K (69.75 ∘C). The most complicated is the surface
temperature 𝑇𝑠, which is already calculated by Karabeyoglu and is read from the
graph in Figure 2.3 for certain n-alkane. For carbon number 𝑛 = 32 it is about 857
K. Effective fluid layer temperature is then calculated as

𝑇𝑙 = 𝑇𝑠+ 2𝑇𝑚
3 (2.3)

because surface temperature 𝑇𝑠 is calculated before droplets entrainment, so after
it will be lower. Effective fluid layer temperature 𝑇𝑙 is then is 514.3 K.

Figure 2.3: The temperature field of n-alkanes[6]

Viscosity and density at liquid phase at the effective fluid temperature are also
calculated by ABC method and are plotted in Figure 2.4. Only liquid viscosity 𝜇𝑙

is calculated using weight averaged number. For Paraffin FR5560 it is 0.9 𝑚𝑃𝑎.𝑠.
Liquid density 𝜌𝑙 is 674 𝑘𝑔/𝑚3. Solid fuel density 𝜌𝑓 is then found to be 920 𝑘𝑔/𝑚3.
[9]
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Figure 2.4: The viscosity, liquid density and thickness parameters evaluated at the effec-
tive fluid temperature for the series of n-alkanes [6]

2.2 Experimental test results
Test results from already built hybrid motors are very beneficial for design of

future motors. Because of the problem with scaling of motors, tests should be taken
on motors with similar size. One of them was built in Stanford University and tested
at Hybrid Combustion Facility (HCF) at NASA Ames Research Center where its
outer diameter is 19.1 cm and grain length 𝐿𝑓 1.15 m and 0.78 m. [9] In table 2.1
are showed results from some selected tests.

R𝑖

[𝑐𝑚]
L𝑓 [𝑚] �̇�𝑜

[𝑘𝑔/𝑠]
𝐺𝑜𝑖

[𝑔/𝑐𝑚2/𝑠]
�̄�𝑜

[𝑔/𝑐𝑚2/𝑠]
¯̇𝑟
[𝑚𝑚/𝑠]

O/F 𝜂𝑐* [-] t𝑏 [𝑠]

5.6 0.775 2.03 20.60 14.47 2.40 3.05 0.85 9.35
5.65 1.148 2.11 21.04 14.69 2.74 1.78 0.78 8.15
7.05 1.148 4.45 28.50 22.05 3.18 2.69 0.84 6.2
5.85 1.148 4.42 41.11 26.96 3.82 2.48 0.87 7.25
5.65 1.148 4.40 43.87 27.05 3.66 2.57 0.88 8.45
5.65 0.775 4.39 43.77 27.13 3.90 3.84 0.90 8.3
5 1.148 4.43 56.40 32.44 3.84 2.72 0.85 8.25
5.65 1.148 5.55 55.34 34.66 4.25 2.89 0.88 8.2
4.45 1.148 4.44 71.37 36.80 4.17 2.66 0.85 8.3

Table 2.1: Experimental motor tests [9]

From test results can be seen, that 𝑐* efficiency 𝜂𝑐* , which is actual 𝑐* to the-
oretical, is between 0.78 and 0.9 and it improves with increasing O/F. Maximum
theoretical specific impulse is at an O/F ratio of 2.7, but taking into account effi-
ciency, best average O/F ratio is about 3 as can be seen in Figure 2.5. 𝑡𝑏 is a burn
time of the motor, that depends on initial radius 𝑅𝑖 and average regression rate ¯̇𝑟.
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Figure 2.5: Motor delivered 𝑐* as function of O/F [9]

2.3 Combustion chamber design
As the thrust tends to decrease during the burn, initial thrust 𝐹𝑖 is therefore

assumed to be 15 kN. Initial oxidizer to fuel mass flow rate ratio 𝑂/𝐹𝑖 is chosen
from Table 1.1 to be 2.5. Into account is also taken that hybrid motors are not 100
% efficient, so it is assumed 90 % efficiency, so then assumed specific impulse is
specific impulse from Table 1.1 multiplied by efficiency which is 2 480.94𝑚/𝑠. Since
combustion doesn’t depend strongly on pressure, chamber pressure 𝑝𝑐 can be then
slightly lower than in Table 1.1. Initial chamber pressure is then assumed to be
2.5 𝑀𝑃𝑎. Required initial propellants mass flow rate can be calculated as initial
required thrust 𝐹𝑖 over specific impulse 𝐼𝑠𝑝.

�̇�𝑝𝑖
= 𝐹𝑖

𝐼𝑠𝑝

= �̇�𝑜 +𝑚𝑓𝑖
(2.4)

which is 6.05 𝑘𝑔/𝑠 for required thrust. Specific impulse may also slightly vary, de-
pending on the shape of the nozzle, ambient pressure and efficiency of combustion
of propellants. Fuel and oxidizer flow rates can be calculated as

�̇�𝑓𝑖
= �̇�𝑝𝑖

𝑂/𝐹𝑖 + 1 (2.5)

�̇�𝑜 = �̇�𝑝𝑖
− �̇�𝑓𝑖

(2.6)

which are 1.73 𝑘𝑔/𝑠 and 4.32 𝑘𝑔/𝑠 respectively. Oxidizer flow rate is considered to
be kept constant during the burn.

Since paraffin wax has relatively high regression rate, fuel grain is then selected
as simple single port with cylindrical shape with port radius R. From Eq. 2.1 can
be by integrating and some adjustments obtained expression for instantaneous port
radius at certain time of the burn [8]

𝑅(𝑡) =
[︂
𝑎(2𝑛+ 1)

(︂
�̇�𝑜

𝜋

)︂𝑛

𝑡+𝑅2𝑛+1
𝑖

]︂1/(2𝑛+1)
(2.7)
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where 𝑅𝑖 is an initial port radius. Then, by knowing constant oxidizer mass flow
rate, oxidizer mass flux based on time 𝐺𝑜(𝑡) can be found and then by using Eq. 2.1
also time progress of regression rate �̇�(𝑡) during the burn. Length of the fuel grain
can be calculated from relation of initial fuel mass flow rate and burning area as

𝐿𝑓 = �̇�𝑓𝑖

2𝜋𝑅𝑖𝜌𝑓𝑟𝑖

(2.8)

Instantaneous fuel mass flow rate can be then expressed as

�̇�𝑓 (𝑡) = 2𝜋𝜌𝑓𝐿𝑓𝑎
(︂
�̇�𝑜

𝜋

)︂𝑛 [︂
𝑎(2𝑛+ 1)

(︂
�̇�𝑜

𝜋

)︂𝑛

𝑡+𝑅2𝑛+1
𝑖

]︂(1−2𝑛)/(1+2𝑛)
(2.9)

In Eq. 2.9 can be seen, that for 𝑛 = 0.5, fuel mass flow rate stays constant
during whole burn time, for 𝑛 > 0.5 mass flow rate starts to decrease with time
and for 𝑛 < 0.5 it will increase with time. With the same analogy will progress also
thrust during the burn, which is dependent on fuel mass flow rate. Typical values of
𝑛 for classical hybrid motors are between 0.4 and 0.7. So for most cases, fuel mass
flow rate decreases with time. With decreasing fuel mass flow rate, 𝑂/𝐹 ratio starts
to increase, which will decrease motor efficiency. Total consumed fuel during burn
the whole burn can be expressed as

𝑚𝑓 (𝑡𝑏) = 𝜋𝜌𝑓𝐿𝑓

[︂
𝑎(2𝑛+ 1)

(︂
�̇�𝑜

𝜋

)︂𝑛

𝑡𝑏 +𝑅2𝑛+1
𝑖

]︂(1−2𝑛)/(1+2𝑛)
(2.10)

Since length of the fuel grain depends on initial radius, it’s good to analyze,
how change of 𝑅𝑖 will affect other motor properties. Firstly is analyzed final radius
𝑅𝑓 . Using Eq. 2.7, final radii are then calculated for set of initial radii and also for
different burn times 𝑡𝑏. Secondly are calculated lengths of fuel grain, where initial
fuel mass flow rate is selected by required thrust. With increasing initial radius is
also increasing required fuel grain length. Also using Eq. 2.10 is calculated consumed
fuel mass for different 𝑅𝑖 and 𝑡𝑏. With increasing burn time is also increasing final
radius, and therefore also required propellants mass. Then initial thrust to weight
ratio TWR is decreasing with increasing burn time. It can be seen from analysis
that the smaller the initial radius, the slightly higher the TWR. Initial radius is
then limited only by "flooding" limit, therefore the highest possible initial regression
rate that will be in normal regime. Final radius is then limited by lowest possible
regression rate and also required lowest TWR for the rocket to be able to lift off,
which is defined by the burn time. Burn time 𝑡𝑏 is then analysed and estimated in
next subsection. "Flooding" limit of the maximum oxidizer flux is set by the range of
fluxes from already conducted tests on paraffin wax. Maximum initial oxidizer flux
of successful test was about 70 𝑔/𝑐𝑚2/𝑠. [9] Initial radius can be calculated as

𝑅𝑖 =
√︃

�̇�𝑜

𝜋𝐺𝑜𝑖

(2.11)

Therefore for oxidizer mass flow rate 4.32 𝑘𝑔/𝑠, minimum initial port radius is 4.43
𝑐𝑚. Although most of the other tests had lower initial oxidizer mass flux, so then
initial port radius is selected to be 5.5 𝑐𝑚 with initial oxidizer mass flux of 45.5
𝑔/𝑐𝑚2/𝑠 and initial regression rate about 5.2 𝑚𝑚/𝑠.
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2.3.1 Burn time analysis
In this section are analysed motor properties that depend on selected burn time

of the motor. Analysis is using values from Table 2.3 and is done for burn times 30
s, 45 s and 60 s. Properties that are affected by burn time are final (outer) radius
𝑅𝑓 , propellants mass 𝑚𝑝, dry mass 𝑚𝑑 (construction), thrust to weight ratio of the
whole rocket and the height that the rocket will reach.

Final radius is calculated using Eq. 2.7, oxidizer mass is calculated as 𝑚𝑜 = �̇�𝑜𝑡𝑏
and fuel mass using Eq. 2.10. Dry mass is assumed to be 70 % of propellants mass.
This assumption is very general and might later change by analyzing structure more
deeply. Thrust 𝐹 is then calculated for small time intervals Δ𝑡 = 0.1 𝑠 by multiplying
specific impulse 𝐼𝑠𝑝 by propellants mass flow rate �̇�𝑝 = �̇�𝑜+�̇�𝑓 , where fuel mass flow
rate is calculated using Eq. 2.9. Instantaneous rocket mass is calculated as reversed
vector of calculated propellants masses for each time interval plus dry mass. Then
can be calculated instantaneous thrust to weight ratios during the burn.

To calculate the height that the rocket will reach when starting vertically, drag
force also has to be taken into account. Drag force can be calculated as

𝐹𝐷𝑛 = 1
2𝜌𝑛𝑣𝑛

2𝐶𝐷𝐴 (2.12)

where 𝜌𝑛 is air density at certain height ℎ𝑛 using standard atmosphere, 𝐶𝐷 is drag
coefficient which is for the conical tip 0.5 and 𝐴 is cross section area, where radius
is taken as final radius for certain burn time plus thickness that is assumed as 3 cm.
Acceleration is then calculated by small time intervals as

𝑎𝑛 = 𝐹𝑛 − 𝐹𝐷𝑛 −𝑚𝑡𝑜𝑡𝑛𝑔

𝑚𝑡𝑜𝑡𝑛

(2.13)

where 𝑛 = 0, 1, 2, .... Velocity and height are then calculated by small time intervals
until burn time is reached as

𝑣𝑛+1 = 𝑣𝑛 + 𝑎𝑛Δ𝑡 (2.14)

ℎ𝑛+1 = ℎ𝑛 + 𝑣𝑛Δ𝑡 (2.15)
their final values are then burnout velocity 𝑣𝑜𝑢𝑡 and height ℎ𝑜𝑢𝑡. After burnout rocket
continues to climb up and starts to decelerate due to gravity and drag force until
maximum height ℎ𝑚𝑎𝑥 where it reaches zero velocity. In Table 2.2 are calculated
values for three different burn times. Since there is not great difference in maximum
reached heights between 45 s and 60 s, therefore burn time 𝑡𝑏 of around 45 s seems
to be the best option, so final radius 𝑅𝑓 is then rounded to 16 𝑐𝑚 and burn time is
then around 48 s.

t𝑏 [s] 30 45 60
R𝑓 [cm] 13.24 15.51 17.43
m𝑝 [kg] 174.17 259.1 343.28
m𝑑 [kg] 121.92 181.35 240.3
TWR𝑖 [-] 5.16 3.47 2.62
v𝑜𝑢𝑡 [m/s] 1230 1251 1217
h𝑜𝑢𝑡 [km] 17.43 24.37 29.91
h𝑚𝑎𝑥 [km] 76.26 97.61 102.8

Table 2.2: Burn time analysis
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2.3. Combustion chamber design

Figure 2.6: Height profile of rocket flight with 𝑡𝑏=48 s

Figure 2.7: Acceleration profile of rocket flight with 𝑡𝑏=48 s

In Figure 2.6 can be seen height profile of rocket flight, where height in blue is
during motor burn and in orange is after motor burn when rocket is decelerating.
Maximum reached height is 99.6 km. From Figure 2.7 can be seen, that maximum
reached acceleration is at the end of the burn and is 5.5 g. The largest uncertainty
that might affect the results is rocket empty mass which consists of motor construc-
tion as combustion chamber, oxidizer tank, piping, valves, injector, nozzle, rocket
structure and payload. The second largest uncertainty is actual specific impulse
and therefore also actual thrust. As the oxidizer to fuel ratio increases during the
burn, specific impulse will tend decrease. On the other hand with increasing height,
ambient pressure will decrease, therefore specific impulse will increase.
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2.3.2 Preliminary results
Eq. 2.1 is valid only for oxidizer to fuel ratios between 1.7 and 2.3. For O/F

ratios significantly higher it is better to use following equation with O/F correction
[9]

�̇� = 0.163𝐺0.62
𝑜[︁

(1 + 1
𝑂/𝐹

)0.38 − 1
]︁
𝑂/𝐹

(2.16)

Firstly by using Eq. 2.1 at the beginning of the burn, O/F is 2.5 which is relatively
close and doesn’t need to be corrected, but at the end of the burn is 3.3 which is
getting more significantly higher and then equation with O/F correction should be
used. All results in Tables 2.2 and 2.3 are then calculated using equation with O/F
correction, where port radius is calculated at small time steps with Δ𝑡 = 0.1 𝑠.

In Table 2.3 are summarised selected and calculated values for preliminary
design of hybrid motor using paraffin wax SP-1a and liquid oxygen as propellants.
Note that this design is only based on equation that was evaluated from calculated
average regression rates for average oxidizer mass flux. Therefore in next chapter is
done more detailed analysis and simulation.

Initial thrust 𝐹𝑖 15 000 𝑁
Average thrust 𝐹 14 264 𝑁
Initial oxidizer to fuel ratio O/F𝑖 2.5
Final oxidizer to fuel ratio O/F𝑓 3.3
Specific impulse I𝑠𝑝 2 480.94 𝑁.𝑠/𝑘𝑔
Initial port radius R𝑖 5.5 𝑐𝑚
Final port radius R𝑓 16 𝑐𝑚
Burn time t𝑏 48 𝑠
Solid fuel density 𝜌𝑓 920 𝑘𝑔/𝑚3

Average regression rate ¯̇𝑟 2.17 𝑚𝑚/𝑠
Oxidizer mass flow rate �̇�𝑜 4.32 𝑘𝑔/𝑠
Initial propellants mass flow rate �̇�𝑝𝑖

6.05 𝑘𝑔/𝑠
Average propellants mass flow rate ¯̇𝑚𝑝 5.75 𝑘𝑔/𝑠
Oxidizer mass 𝑚𝑜 207.3 𝑘𝑔
Fuel mass 𝑚𝑓 69.2 𝑘𝑔
Fuel grain length L𝑓 1.06 𝑚
Initial chamber pressure p𝑐 2.5 𝑀𝑃𝑎

Table 2.3: Initial design parameters for Paraffin/LOX propellant combination

Average values were calculated as arithmetic average from all values during the
burn. Average regression rate ¯̇𝑟 is also the same as difference between initial and final
port radius divided by the burn time. Oxidizer mass was calculated by multiplying
oxidizer mass flow rate by the burn time. Fuel mass was calculated as volume of fuel
grain times fuel density.

In following figures are shown predicted combustion chamber parameters as
regression rate �̇�, port radius 𝑅, thrust 𝐹 and oxidizer to fuel ratio 𝑂/𝐹 during the
burn for preliminary design. Decreasing thrust is caused by decreasing fuel mass
flow rate during the burn.
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Figure 2.8: Regression rate �̇� of preliminary design during burn time

Figure 2.9: Port radius 𝑅 of preliminary design during burn time
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Figure 2.10: Thrust 𝐹 of preliminary design during burn time (constant 𝐼𝑠𝑝 = 2481 𝑚/𝑠)

Figure 2.11: Oxidizer to fuel ratio 𝑂/𝐹 of preliminary design during burn time

2.4 Motor performance
From previous experiments can be estimated characteristic velocity 𝑐* that is

from Figure 2.5 assumed to be 1550 𝑚/𝑠 and constant during the burn since effi-
ciency is improving and ideal 𝑐* is decreasing with increasing 𝑂/𝐹 ratio. Character-
istic velocity can be expressed as

𝑐* = 𝑝𝑐𝐴𝑡

�̇�𝑝

(2.17)
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and when chamber pressure 𝑝𝑐 is chosen to be 2.5 𝑀𝑃𝑎 and initial propellants mass
flow rate �̇�𝑝𝑖

is 6.05 𝑘𝑔/𝑠, then calculated throat area 𝐴𝑡 is 38.236 𝑐𝑚2, then throat
diameter can be calculated as 𝐷𝑡 = 2

√︁
𝐴𝑡/𝜋 = 6.98 𝑐𝑚. As the propellants mass flow

rate will decrease during the burn, chamber pressure is also expected to decrease.
In order to obtain theoretical internal properties resulted from the combustion

process, NASA CEA (Chemical Equilibrium with Applications) [15] online software
is used. Calculated parameters are theoretical at equilibrium point of reaction, so
actual values might slightly differ. Following theoretical parameters of exhaust gas
are chamber temperature 𝑇𝑐, density of gas 𝜌𝑔, average molar mass �̄� , specific heat
capacity at constant pressure 𝑐𝑝 and ratio of specific heats 𝛾 and they are found
for O/F range from 2.5 to 3.3 and 𝛾 and �̄� are plotted in Figures 2.12 and 2.13.
In Figures 2.15, 2.16 and 2.17 are shown all parameters at initial, average and final
O/F 2.5, 3 and 3.3.

Figure 2.12: 𝛾(O/F) Figure 2.13: �̄�(O/F)

Figure 2.14: Chamber temperature 𝑇𝑐 as function of 𝑂/𝐹
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Figure 2.15: Theoretical combustion chamber parameters at O/F=2.5 [15]

Figure 2.16: Theoretical combustion chamber parameters at O/F=3 [15]
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Figure 2.17: Theoretical combustion chamber parameters at O/F=3.3 [15]

2.4.1 Specific impulse and nozzle
After knowing theoretical parameters of exhaust gas, actual specific impulse 𝐼𝑠𝑝

can be calculated as
𝐼𝑠𝑝 = 𝐶𝐹 𝑐

* (2.18)

where 𝐶𝐹 is thrust coefficient, that reflects the expansion properties of the exhaust
gas and it gives the amplification of the thrust due to the gas expansion in the
supersonic nozzle compared to the thrust delivered if the chamber pressure only
acted over the throat area. Nozzle starts at the throat area 𝐴𝑡, where hot gases are
at speed of sound, then it’s increasing where hot gases expand. Its shape can be
either simple cone with 15∘ or 20∘ angle or it can be in shape of bell, with special
geometry, that optimizes performance of the nozzle. Shape of the nozzle will be
chosen in future work. 𝐶𝐹 can be expressed as

𝐶𝐹 = 𝛾

⎯⎸⎸⎸⎷ 2
𝛾 − 1

(︃
2

𝛾 + 1

)︃ 𝛾+1
𝛾−1

⎡⎣1 −
(︃
𝑝𝑒

𝑝𝑐

)︃ 𝛾−1
𝛾

⎤⎦+ 𝑝𝑒 − 𝑝𝑎

𝑝𝑐

𝜖 (2.19)

where 𝑝𝑒, 𝑝𝑐 and 𝑝𝑎 are the exit pressure of the nozzle, chamber pressure and ambient
pressure respectively and 𝜖 is ratio of area at the exit to the throat area of the nozzle.
Which can be also expressed as

𝜖 = 𝐴𝑒

𝐴𝑡

=
(︂
𝛾 + 1

2

)︂− 𝛾+1
2(𝛾−1)

(︁
1 + 𝛾−1

2 𝑀2
𝑒

)︁ 𝛾+1
2(𝛾−1)

𝑀𝑒

(2.20)

𝑀𝑒 is mach number at the exit of the nozzle. Exit pressure 𝑝𝑒 can be expressed as

𝑝𝑒 = 𝑝𝑐

(︂
1 + 𝛾 − 1

2 𝑀2
𝑒

)︂ 𝛾
𝛾−1

(2.21)

Combining Equations 2.19, 2.20 and 2.21 as a function of 𝑀𝑒 can be from
the plot determined maximum thrust coefficient at sea level and therefore specific
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impulse, where ambient pressure 𝑝𝑎 is 1 𝑎𝑡𝑚 (101 325 𝑃𝑎), ratio of specific heats 𝛾
is assumed to be as at the beginning of the burn, so 1.1323 and combustion chamber
pressure 𝑝𝑐 is 2.5 𝑀𝑃𝑎. In Figures 2.18 and 2.19 are plotted area ratio 𝜖 and exit
pressure 𝑝𝑒 as function of exit mach number. Exit mach number increases with
increasing exit nozzle area 𝐴𝑒, but with increasing 𝐴𝑒 is decreasing exit pressure of
the nozzle. Using Eq. 2.19 to calculate 𝐶𝐹 , and then Eq. 2.18 to calculate specific
impulse, that is then is plotted in Figure 2.20 for different ambient pressures which
are decreasing during flight with increasing altitude. Maximum 𝐼𝑠𝑝 is when exit
pressure is equal to ambient pressure, therefore ideal would be, if nozzle exit area
would be continuously increasing.

Figure 2.18: 𝜖(𝑀𝑒) Figure 2.19: 𝑝𝑒(𝑀𝑒)

Figure 2.20: 𝐼𝑠𝑝(𝑀𝑒) (𝑝𝑐 = 2.5 𝑀𝑃𝑎, 𝑐* = 1550 𝑚/𝑠)
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Area ratio 𝜖 should be selected in range of 𝑀𝑒 between 2.6 when 𝐼𝑠𝑝 at sea
level is maximum and 2.9 when it is still relatively high. Area ratio is then in range
between 4.513 and 7.269. In Table 2.4 are shown specific impulses at three selected
exit mach numbers 2.6, 2.8 and 2.9 at different altitudes. At sea level, maximum
𝐼𝑠𝑝 = 2276 𝑚/𝑠, but then with constant 𝐴𝑒 it doesn’t increase that much at higher
altitudes and at altitude of 25 𝑘𝑚 where is predicted burnout, 𝐼𝑠𝑝 = 2552 𝑚/𝑠, when
at area ratio of 7.269 𝐼𝑠𝑝 at 25 𝑘𝑚 is 2679 𝑚/𝑠. If throat area 𝐴𝑡 is 38.236 𝑐𝑚2, then
the area at the exit of the nozzle 𝐴𝑒 should be in range between 172.56 and 277.9
𝑐𝑚2 and the exit diameter of the nozzle 𝐷𝑒 between 14.8 and 18.8 𝑐𝑚. Selection of
area ratio and design of nozzle will depend on how exactly high thrust is needed
during flight, that can be found in simulation of burn or at real firing tests of the
motor.

h [𝑘𝑚] 𝑝𝑎 [𝑃𝑎] 𝐼𝑠𝑝 at 𝜖 = 4.513
[𝑚/𝑠]

𝐼𝑠𝑝 at 𝜖 = 6.178
[𝑚/𝑠]

𝐼𝑠𝑝 at 𝜖 = 7.269
[𝑚/𝑠]

0 101 325 2276 2259 2233
5 54 012 2408 2441 2447
15 12 041 2525 2601 2636
25 2 510 2552 2638 2679

Table 2.4: Specific impulse at different altitudes with different area ratio
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Chapter 3

Simulation

Analytical simulation of the burn is done using Karabeyouglu’s liquid layer
combustion theory.

3.1 Analytical simulation of the burn
Process of simulation is according to Karabeyouglu’s liquid layer combustion

theory described in section 1.2.2. It is done similarly as in Ref. [16]. In Table 3.1
are summarised properties of Paraffin FR5560. Liquid parameters are at effective
liquid temperature 𝑇𝑙 = 514.3 𝐾. Firstly is calculated thickness parameter 𝑎𝑡 using
Eq. 1.17 which is 9.965×10−8 𝑚2/𝑠. Then blowing parameter 𝐵 was estimated from
Figure 3.1 to 4.7 and blowing correction parameter 𝐶𝐵1 was calculated using Eq.
1.25 to 0.3339. Initial parameters as fuel grain length 𝐿𝑓 , initial port radius 𝑅𝑖,
oxidizer mass flow rate �̇�𝑜 and burn time 𝑡𝑏 were chosen from preliminary design in
Table 2.3.

𝜆𝑙

[𝑊/(𝑚.𝐾)]
𝜇𝑙

[𝑚𝑃𝑎.𝑠]
𝜌𝑙

[𝑘𝑔/𝑚3]
𝑐𝑙

[𝐽/(𝑘𝑔.𝐾)]
𝑐𝑠

[𝐽/(𝑘𝑔.𝐾)]
𝐿𝑚

[𝑘𝐽/𝑘𝑔]
𝑇𝑚

[𝐾]
𝑇𝑠

[𝐾]
ℎ𝑚

[𝑘𝐽/𝑘𝑔]
0.135 0.9 674 2725.5 2030 170 342.9 857 261.1

Table 3.1: Paraffin chemical properties

Simulation is done by dividing burn time into time steps with Δ𝑡 = 0.05 s, which
are represented with index 𝑖. Fuel grain length is axially split into 501 nodes (500
elements, each long Δ𝑧 = 2.12𝑚𝑚), that are represented with index 𝑗. Simulation
starts at 𝑡 = 0 s (𝑖 = 1), where port radius is at each axial location initial port
radius. Then local mass flux 𝐺𝑖,𝑗, which units are in 𝑘𝑔/𝑚2/𝑠, is calculated as

𝐺𝑖,𝑗 =
�̇�𝑜 +∑︀𝑗

𝑛=2 �̇�𝑓𝑖,𝑛−1

𝜋𝑅𝑖,𝑗

(3.1)

At axial location 𝑧 = 0 m (𝑗 = 1), fuel mass flow rate �̇�𝑓1,1 is 0 𝑘𝑔/𝑠 and local
mass flux 𝐺1,1 = �̇�𝑜/(𝜋𝑅1,1). At second node (𝑧 = 0.00212 m), 𝐺1,2 = 𝐺1,1 =
454.58 𝑘𝑔/𝑚2/𝑠. Entrainment parameter 𝑅𝑒𝑛𝑡 can be then calculated using Eq. 1.32.
Then using Eqs. 1.26, 1.31 and 1.33 is calculated local regression rate �̇�1,2 which is
equal also to regression rate at firs node �̇�1,1. At the end, fuel mass flow rate at each
next node is calculated as

�̇�𝑓1,𝑗
= �̇�1,𝑗/1000𝜌𝑓Δ𝑧2𝜋𝑅1,𝑗 + �̇�𝑓1,𝑗−1 (3.2)
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3.1. Analytical simulation of the burn

The same process is then done at each next node until the end of the fuel grain. At
each next time step are firstly calculated new local port radii as

𝑅𝑖,𝑗 = 𝑅𝑖−1,𝑗 + �̇�𝑖−1,𝑗Δ𝑡/1000 (3.3)

and then the same process as at first time step is repeated.

Figure 3.1: Blowing parameter 𝐵 for series of n-alkanes [6]

To be able to do simulation, entrainment parameter constant 𝐾 needs to be es-
timated. It is estimated by matching simulation average results to real experimental
test results from Karabeyoglu [9] in Table 2.1, because the tested motor had sim-
ilar size to the motor that was initially designed in previous chapter. Entrainment
parameter constant 𝐾 was estimated to be 1.6 × 104 to as closely as possible match
experimental results.

3.1.1 Results of analytical simulation
In Table 3.2 are summarised initial and average results of thrust (assuming

constant 𝐼𝑠𝑝 = 2276 𝑚/𝑠 calculated in previous chapter), propellants mass flow
rate, regression rate, oxidizer mass flux and oxidizer to fuel ratio of the simulation
for burn time 𝑡𝑏 = 48 𝑠. Propellants mass flow rate is calculated as sum of the
constant oxidizer mass flow rate �̇�𝑜 which is 4.32 𝑘𝑔/𝑠 and fuel mass flow rate at
the end of fuel grain. Average regression rate is lower than predicted in preliminary
design, therefore final average port radius is smaller than 16 𝑐𝑚 and until all fuel
get burned, actual burn time will be higher than 48 𝑠.

In the following figures are plotted final results of the analytical simulation.
These simulation results should be more precise then the preliminary design. As can
be seen in Figure 3.2, on the beginning of the fuel grain, regression rate �̇� is very
high because of the small axial distance 𝑧 which results from Eq. 1.26, where if 𝑧 = 0
𝑚, �̇� should be infinite, which of course isn’t real. Then it drops very fast and at
distance about 20 𝑐𝑚 it is at minimum and starts slightly increasing towards the
end of the grain. This reflects on progress of the port radius 𝑅 in Figure 3.3, where
it reaches 16 𝑐𝑚 only at the beginning.
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3.1. Analytical simulation of the burn

𝐹𝑖 [𝑁 ] 𝐹 [𝑁 ] �̇�𝑝𝑖

[𝑘𝑔/𝑠]
�̄�𝑝

[𝑘𝑔/𝑠]
¯̇𝑟
[𝑚𝑚/𝑠]

𝐺𝑜

[𝑔/𝑐𝑚2/𝑠]
O/F𝑖

[-]
O/F𝑓

[-]
¯𝑂/𝐹

[-]
14 730 12 454 6.46 5.46 1.87 13.05 2.02 5.04 3.87

Table 3.2: Results of the analytical simulation

Figure 3.2: 3D plot of regression rate �̇� along fuel grain during the burn

Figure 3.3: 3D plot of port radius 𝑅 along fuel grain during the burn

Then are calculated average values of regression rate and port radius along the
fuel grain and are plotted in Figures 3.4 and 3.5.
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3.1. Analytical simulation of the burn

Figure 3.4: ¯̇𝑟(t) Figure 3.5: �̄�(𝑡)

Since this simulation was done by matching entrainment parameter constant 𝐾
to approximate average regression rate and 𝑂/𝐹 ratio of previous experiments, and
done based on analytical theory, actual process of burning might be slightly different,
which should be compared in experimental test of the motor. If the simulation is
correct, then initial fuel grain radius could be adjusted along the grain, to burn at
the same rate.

In Figure 3.6 is plotted predicted thrust for different 𝐼𝑠𝑝 during flight. Simulated
thrust is decreasing more rapidly compared to the thrust of preliminary design,
therefore predicted altitude profile during flight might be slightly lower than of
preliminary design. Overall thrust can be increased by increasing oxidizer mass flow
rate �̇�𝑜 and also increasing length of fuel grain to not change the 𝑂/𝐹 ratio. Another
option could be to increase initial burning area by non-circular shape of port.

Figure 3.6: Thrust during the burn time for different 𝐼𝑠𝑝 during flight
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Conclusion

Goal of this work was to propose a concept of combustion chamber of hybrid
rocket motor with thrust higher than 10 𝑘𝑁 , that can be primarily used in sounding
rocket into mesosphere. Firstly were discussed existing fuels and oxidizers, from
which were chosen paraffin wax as fuel and liquid oxygen (LOX) as oxidizer. Then
were discussed existing models of combustion as classical theory of G.A. Marxman,
modified theory for liquefying fuels of A. Karabeyoglu and modern numerical CFD
model.

Preliminary design of motor was done based on empirical relation for chosen
propellants, that is based on past experimental results. Initial required thrust was
selected 15 𝑘𝑁 and required oxidizer mass flow rate �̇�𝑜 was calculated to be 4.32
𝑘𝑔/𝑠. Design of oxidizer inlet system could be designed for slightly higher oxidizer
mass flux than nominal of 4.32 𝑘𝑔/𝑠 in case of insufficiently high enough trust
as predicted. Preferably about 5 𝑘𝑔/𝑠. Fuel grain was designed as a single port
with initial port diameter 11 𝑐𝑚 and outer diameter 32 𝑐𝑚 with length of 1.06
𝑚. Properties of combustion gas as ratio of specific heats, average molar mass and
chamber temperature were found using NASA CEA (Chemical Equilibrium with
Applications) online software as a function of oxidizer to fuel ratio which increases
during the burn. Maximum chamber pressure was selected to be 2.5 𝑀𝑃𝑎. Nozzle
throat diameter was calculated to be 6.98 𝑐𝑚 and exit diameter between 14.8 and
18.8 𝑐𝑚.

By inserting preliminary design parameters, burn of the motor was simulated
based on the analytical liquid layer combustion theory of Karabeyoglu [6]. One un-
certainty that might cause different results is the empirical entrainment parameter
constant 𝐾 that can be freely adjusted and was only estimated by matching ex-
perimental test results of Karabeyoglu [9]. Average regression rate of simulation was
1.87 𝑚𝑚/𝑠 which is slightly lower than predicted by empirical relation for regression
rate, that was 2.17 𝑚𝑚/𝑠. Therefore also produced thrust was lower, than selected
thrust of 15 𝑘𝑁 . To fully validate the results of the simulation, a test motor with
given dimensions should be built and experimentally tested. Then the simulation
should be compared with experimental data of the measurements.

Future studies could be also focused on non-classical concepts of hybrid rocket
motors, as for example vortex motor, or helical fuel grain to increase even more
regression rate.

This study together with study of construction of hybrid motor and study of the
optimization of the nozzle serve as base guidelines for future more detailed design
for building a hybrid rocket motor.
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