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Abstract

The topic of this thesis is statistical signal
processing in the MAC stage of simple
WPNC radio networks. The readers will
first get acquainted with the fundamentals
of digital communication, estimation and
Wireless physical layer network coding
(WPNC).

Then the work focus on finding algo-
rithms for estimating amplitude, phase
and delay in BPSK two-source channel,
using the Least Square estimator.

Part of the thesis is also computer sim-
ulations, verifying given results.
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Abstrakt

Tématem této prace je zpracovani stochas-
tickych signali MAC fize jednoduchych
WPNC radiovych siti. Ctenaii se nejprve
seznami se zaklady digitalni komunikace,
estimace a kddovani na fyzické vrstve sité
(WPNC).

Préace je dale zamérena na hledani algo-
ritmu pro estimaci amplitudy, faze a zpoz-
déni ve dvouzdrojovém kanalu s modulaci
BPSK za pouziti estimatoru nejmensich
Ctverc.

Soucésti prace jsou také pocitacové si-
mulace, potvrzujici dané vysledky.

Klicova slova: WPNC, hierarchicky
MAC kanal, estimator kanalu

Preklad nazvu: Estimace stavu
sitového kanalu pro WPNC radiové sité
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Chapter 1

Introduction

Wireless physical layer coding (WPNC) is a concept providing a faster form
of communication than traditional ways. On the opposite of them, in WPNC,
one node receives messages from multiple sources simultaneously. The relays
typically are not able to decode the initial messages, but it is not a problem
because, in destinations, enough information for decoding them is provided.
One of the biggest problems we are dealing with in WPNC is interference,
negatively affecting observation, WPNC is hence still under research.






Chapter 2

Digital Communication

In this chapter, fundamentals of digital communication will be introduced.
Modulator is block, which discrete data (in either time and values) transforms
into continuous signal. Input-output relation for modulated signal is

s(t) =" g(gn,t — nTy), (2.1)

where s(t) is signal, g denotes modulation, ¢, is channel signal and T} is
symbol period.

If we want to have linear modulation, we have to use modulation pulse
with unit energy,

/_O:O GO dt =1, (2.2)

and the input-output relation then is
S(t) = ZQn(dm Un)g(t - nTs)7 (2.3)
n

where ¢,, depends on data d,, and modulator state o,,.
For modulation without memory this relation becomes simpler, because
there is only one state of modulator, so we get

S(t) = Z Qng(t - nTs)7 (2'4)

where g, = d,,. Memoryless modulation has to fulfill Nyquist condition.

Definition 2.0.1. (Nyquist condition) Pulses ¢g; and g2 are Nyquist, if they
hold

[ i+ mTgs0)dt = 0, vim 0, (2.5)

where * denotes comlex conjugate. [4]
In other words, two pulses are Nyquist, if they are orthogonal for their every
nonzero integer shift.

Pulse is Nyquist, if holds

/Oo g(t +mTs)g*(t)dt =0, Vm # 0. (2.6)

—00



2. Digital Communication

B 2.1 Constellation space

Definition 2.1.1. (Constellation space) Constellation space is a orthonormal
signal space representation of modulated signal. The basis of constellation

space is
{Guitni = {Gi(t = nT}Ysy, (2.7)

where n denotes sequence number and i is index of modulation dimension. [4]

Definition 2.1.2. (Constellation points) For every nth symbol there exists
vector s, called constellation point. [4] His components s, ; are defined as

- / TS0t — 0Ty dt = 0. (2.8)

—0o0

If pulses are orthonormal and Nyquist, we can write
Ci(t — nTs) = gi(t — nTy), (2.9)
Sni = qni, 1 € {1,...Ns}. (2.10)
If in addition modulation is linear (Ns = 1), then
C(t—nTy) = g(t - ), (2.11)

Sn,i = Sn = Qn. (2.12)

B 2.1.1 PSK modulation

Phase Shift Keying (PSK) modulation is linear modulation with all constella-
tion points on unit circle, thus all points has same symbol energy and the
difference between them is only in phase shifting. Constellation points g,
then are

gn € {' M} Mot (2.13)

where M, is size of alphabet.
Binary Phase Shift Keying (BPSK) is modulation with M, = 2 and its
constellation points are

an € {—1,1}. (2.14)

Quaternary Phase Shift Keying (QPSK) has M, = 4 and constellation
points

1+ -147 —-1—35 1—3

qne{ﬂ, 7 ﬂ’\@}‘ (2.15)




2.2. AWGN channel

Im Im
1 7 Re L 1 Re
(a) : BPSK (b) : QPSK

Figure 2.1: PSK decision regions

. 2.2 AWGN channel

In reality all signals include distortion and thus we have to use mathematical
models. One of the most used models is Additive White Gaussian Noise
(AWGN) channel. This noise has zero mean, his spectral power density S, (f)
is constant for all frequencies

(2.16)

and distrubution of this noise is normal with zero mean. Input-output relation

of AWGN channel is

y(t) = z(t) + w(t), (2.17)

where y(t) is received signal, z(t) is sent signal and w(t) is Additive White
Gaussian Noise.
Probability density function (PDF) of w is
2

1 W

o

= e
2 )
2moy,

N
Y

puw(w) (2.18)

2

« is variance of w.

where o






Chapter 3

Statistical Signal Processing

One of the main topics of this thesis will be Statistical Signal Processing
(SSP). The main goal is to reconstruct the signal initially sent from the source
and find the channel’s properties.

B 3.1 Nuisance parameters

Nuisance parameter w from
z=xz(f,w), (3.1)

is parameter that is unnecessary for us, but has impact on observation.
Nuisance parameters can be eliminated from the observation

p(l6) = [ p(@l6.w)p(w) dw (32)
p((0) = [ TTp(eil0.w)p(e) du (33)
k

p(x|0) = H/ H p(xk|0, wi)p(w;) dw;, (3.4)

{wi} Ar(w;)

where Ap(w;) is is set of indices k for which w; affects xy, it is called Trace
set. Cardinality of Trace set is Trace length

Li(w;) = card Ap(w;), (3.5)

Li(w) = max; Lt (w;). (3.6)

ow we can use this to elimininate noise from WPNC channel from previous
chapter. We have channel in form

y=x+w, (3.7)

hence we can write

p(ylz, w) =6(y —x —w). (3.8)

7



3. Statistical Signal Processing

Now we can eliminate noise

pyle) = | plyke, wipa(w) dw (3.9)
pyfe) = [ oy @~ wpu(w) dw. (3.10)
Thanks to the sampling property of Dirac delta we get
p(ylT) = puw(y — =) (3.11)
1 _lw=al? =)
Hluie) = 1;[ dng2 O T Tee T (3.12)

. 3.2 Cramer-Rao Lower Bound

Cramer-Rao Lower Bound is criterion that tells us, how good can be unbiased
estimator at the best in terms of stochastical parameters.

Theorem 3.2.1 (CRLB for scalar § € R). The regularity condition for the
observation is

O0ln p(x|0)}
E|l————| = 1
] o, (3.13)
if it holds, then variance of any unbiased estimator is
A 02 1np(x|0) -
or equivalently
2\ —1
var[d] > | —E [({M(XW} i (3.15)
00
Theorem 3.2.2 (CRLB for 8 € CV*1'). The regularity condition for is
)1
p| 20| (3.16)
00*

if it holds, then the error covariance matrix C = E {(é —0)(0 — O)H} ,

where B denotes the conjugate transpose, is
Cc>JY0), (3.17)

where J71(0) is Fisher information matrix

~ ~ T
36) = E [<8lnp(x\0)> <8ln1~)(x\9)> ] 5 (3.18)

00* 00

8



3.3. Sufficient statistic

. 3.3 Sufficient statistic

Definition 3.3.1 (Statistic). Statistic is function y = T'(x), that does not
depend on 6.[5]

Definition 3.3.2 (Sufficient Statistic). Sufficient statistic is statistic y = T'(x),
that contains all available information necessary for estimator @ such that

0(x) = 0(T(x)).]5] (3.19)

B 34 Types of estimators

There are a couple of different estimators. We will provide some of the most
popular types of them.

B 3.4.1 Maximum likelihood

The goal of Maximum likelihood (ML) estimator is to find the most probable
input in input-output relation

0 = arg mz}xp(x\é). (3.20)
0
ML estimator in linear AWGN model. Assume linear AWGN model

x = HO + w, where w is gaussian noise with covariance matrix C. Then the
ML estimation is

6 = H'C'H)'H Y C ' (3.21)
and Fisher information matrix is
J(6) =HIC'H. (3.22)

ML estimators are relatively straightforward and usually provide good per-
formance, but on the other hand we have to know stochastical properties of
observation.

B 3.4.2 Bayesian estimators

In Bayesian estimators we define Loss function L(6, é) representing price for
making error. Mean value of Loss function is called Bayesian risk

R(6) = Exp [L(a, é)] (3.23)

R(0) = / L(0,6)p(6]x)p(x) d6 dx. (3.24)
=) 16}

Goal of Bayesian estimators is to minimize Bayesian risk. We can also define
Conditional Bayesian risk

R(6|x) = o L(6,6)p(0]x) d6. (3.25)

p(0]x) > 0, so minimization of R(6|x) minimizes R(6) as well.

9



3. Statistical Signal Processing

B mAP

There are couple of different Bayesian estimators, first of them is Maximum
A posteriori (MAP) estimator. Loss function of MAP estimator is

[0, 16— 8] < A .
£(6,0) — A Ag -5 0F 3.26
0.0)={" 10415 A Do (3.26)
Bayesian risk R(6) in MAP is
R(f) = /{ } {}L(H,é)p(0|x)p(x)d0dx (3.27)
x 0

R(0) = /{ . (1— /{ oy, 10000 d9> p(x) dx. (3.28)

Now we can discuss inner integral

li L(0,6)p(0|x)do = i L(0,6)d0p(0|x), (3.29
o0t {Ae(0)} (6,6)p(6) o0t {A0(0)} (6,6) dbp(fx), (3.29)

the integral of Loss function is non-negative function, so we can write this
expression as ap(6|x), where a > 0. Bayesian risk R() is then minimized by
maximization of p(6|x)

6 = argmin R(6) = arg max p(|x). (3.30)
] 6

B MMSE

Another option is Minimal Mean Square Error (MMSE) estimator. Bayesian
loss function is square error

L(6,6) = ||0 — 6| (3.31)

As the name of this estimator suggests, Bayesian risk is minimal mean square
error

R(§) = /{ . /{ 10 §)12p(6]x)p(x) 46 dx. (3.32)

Criterion of optimality does not depend on x, so
arg min R(6) = arg min / 16 — 8]12p(6]x) d6. (3.33)
0 0 Jiey
The minimum of this function is at a stationary point %R(éﬂ g6 = 0, so at

first we take the derivative of R(6) with respect to 6
0

96 Jio 10 — 0))°p(0]x) dO = o —2(6 — 6)p(0]x) d6, (3.34)
and for 6 = @ we have to find the solution of this equation at zero
/ —2(6 — 6)p(8|x) d0 = 0 (3.35)
{6}
o— /{ ,, 09(01%) 0 = El6)x]. (3.36)

10



3.4. Types of estimators

B 343 LS

A goal of Least Squares (LS) estimator is to minimize difference between re-
ceived signal and signal model. Unlike ML knowing of stochastical parameters
is not needed. Metric of LS estimator is

6 = argmin ||x — s(9)|?, (3.37)
0

where s(0) is signal model and x(s(@)) is measured signal.
Assume linear signal model s = H@, LS estimation is then

6 = arg min ||x — HO|%. (3.38)
6

The solution of this equation is
6 = (H"H)'H"x. (3.39)

Expression (HPH)~'HHY is called Pseudoiverse of H and its notation is HT,
Linear LS hence can be written in form

6=Ht' (3.40)

Notice similarity with ML estimation of linear AWGN signal. LS is basically
ML with ignoring covariance C. If noise w in is independent and identically
distributed, then C = I, and hence ML=LS.

11
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Chapter 4
WPNC

B 41 The 2-way relay channel

We can show advantage of using WPNC in 2-way relay channel (2-WRC),
which is the simplest topology, in which WPNC can be used, consisting of 2
sources A and B and 1 relay R.

[3n by
Figure 4.1: 2WPNC in traditional radio network

In traditional way, we need 4 phases to transmit data from A to B and
data from B to A. In first phase A transmits data b, to R, then R retransmits
it to B, in next 2 steps data by from B are transmit from B to R and finally
from R to A.

Network-Layer Network Coding on the other hand needs only three phases,
first 2 phases are reserved for transmit data b, from A to R and data b, from
B to R, now we need to describe data b, on R, which are function of both b,
and by, such that b, is exclusive OR (XOR) function of b, and b,

b?" = ba @ bb‘ (4‘1)

In third phase R transmits b, to both nodes A and B, where another XOR
function is needed, for node A we get

by = b Dby = (bgy ® by) B by =bp D (bg ®by) =by B O, (4.2)
and similarly for node B
be = b, @ by = by D O. (4.3)

In WPNC first 2 phases are joint into 1, so in the first phase data b, and
by are sent to R, and then R transmits b, simultaneously to both A and B,
and overall just 2 phases are needed.

13



4. WPNC

. h- ~ by ~
. \4’, - -, : ____________ b, 7
S. | D S
. P N e s
h ' b|-.

Figure 4.2: 2WPNC

B a2 Relay strategies

The simplest strategy is to directly store received signal and then retransmit
it, this strategy is called Amplify and Forward (AF). The disandvantage of
AF is fact, that noise at the receiver is also amplified.

The other option is to etimate received signal before retransmiting it to
another node, this strategy is known as Decode and Forward (DF) and has 2
basic ways, how to do it.

The first of them consists of decoding each source separately, computing
the network code and forwarding it, the commonly used name of this strategy
is Joint Decode and Forward (JDF).

The second one is the strategy described above, in which relay decodes
network code function of received signal and retransmit it without knowledge
of each source. We call this strategy Hierarchical Decode and Forward (HDF).

We need 2 stages to successfully transmit data from sources to destination,
at the first step, called Multiple Access Channel (MAC), sources transmit
information to neighboring relays, where are data from multiple sources are
processing and furthermore send to destination, at the second stage denoted
Broadcast Channel (BC).

Network coded symbol, transmited in BC phase, we denote Hierarchical
Information (HI). For succesful decoding destination needs also direct infor-
mation about some source, known as Hierarchical Side Information (HST).
Note that HSI can me transmit to destination in MAC phase.

We can describe this on example of butterfly network, consists of 2 sources
S, and Sp, 1 relay R and 2 destinations D, and D,. In MAC phase S,
transmit data b, to destination D, and relay R, simultaneously b, is send
from S, to R, and D,. Then in R function b, = f(b,,bp) is computed and
furthermore, in BC phase, retransmit to destinations D, and D,,.

B 4.3 BPSK hierarchical MAC

We assume two-source BPSK MAC channel with messages b, and b,. Codesym-
bols ¢4, cn € {0,1} use BPSK alphabet s4,,sp, € {£1}. Observation
model is memoryless AWGN channel of length NV

Ty = SA,n(CA,n) + SBJL(CB,n) + W, (44)

14



4.3. BPSK hierarchical MAC

where noise has variance o2, and probability density function

2

w
= ——). 4.5
Pu() = 5z el 57 (45)

The hierarchical mapping function is XOR
Cn = CAn P CBp- (4.6)

However, in real systems, messages contains fading, denoted h 4, respectively
hp, observation function is then in the shape

Tn = hA,nSA,n + hB,nSB,n + Wn, (47)

note, that fading is complex function. We can define function u,, = f(sa, sg, ha, hB),
this function

UABn = hansan +hBnSBn- (4.8)

In the two-source channel we can also use relative fading h

hp hp
g - 2

hasa+ hpsp = ha(sa+ B), h= . (4.9)
ha ha
For M-source MAC the function w is
M
Up = Z hm,nsm,na (410)

m=1

where M denotes number of messages and n is length of codewords. Input-
output system for this channel is

M
Ty = Z hnnSmn + Wy, = Up(Cn) + Wy (4.11)

m=1
B 4.3.1 Hierarchical demodulator in Gaussian channel

As in chapter 2, we need some metric to decide, which symbol was send. The
goal is to find most probable code from set ¢ = f(¢). Probabilities for each
codesymbols in memoryless AWGN channel are

1
2702

w

y y 1 -

P(@n|én) = pu(Tn — un(én)) = eXp(_EHxn - un(cn)||2), (4.12)
This function is Gaussian, and hence it is maximized by minimization of
exponent, so we find the point from ¢, closest to z, this point is denoted
minimum hierarchical distance point. The metric used in this scenario is
Fuclidian distance

p%[min(:E’Cn) = min |lzn — un(én)||27 (4.13)
Cn:f(én)=cn

note, that this metric is usable only for medium to high SNR. This metric is
called Hierarchical distance (H-distance) metric.

15
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Chapter 5

Two source network MAC phase
estimation with BPSK

This chapter aims to construct an estimator of MAC phase in the butterfly
network with eliminating noise, fading consisting of phase and amplitude
changes, and time delay. We will use the BPSK alphabet and a set of two
orthogonal signals.

P b,
LS. " D.
P R
_.'."\ P
:.‘. Sy ;‘ bi_ D, ‘
e bt \‘___”___/

Figure 5.1: Butterfly network

The signal received in relay is combination of messages from both sources
burdened by fading and time delay. The channel is AWGN with complex
noise

x(t) = hgSa(Cayt — 7o) + hpsp(cp, t — 1) + w(t), (5.1)

where h; = n;e/%i, n;, 0; € R and s4(t), sp(t) are orthogonal signals originated
as combinations of modulation pulses g

si(t) = Z qig(t —nTs). (5.2)

However, if time delays 7,, 7, = 0, we can work on the level of constelation
space, where s; = 1 for ¢; = 1 and s; = —1 for ¢; = 0, as we use BPSK
modulation. Hence we can rewrite equation into the form

x = hgSa(ca) + hpsp(cp) + w. (5.3)

17



5. Two source network MAC phase estimation with BPSK

ba, by ‘ Sa, Sb ‘ b, =b, by | s

0,0 | -1,-1 0 1
01 | -1,1 1 1
1,0 | 11 1 1
1,1 | 11 0 -1

Table 5.1: Decoding table for two source BPSK channel

. 5.1 Hierarchical demodulator in two source
channel

We will start with the simplest case, the AWGN channel without any fading
and delay.

Ty = Sq + Sp + w. (5.4)
Hierarchical demodulator for AWGN channel is as follows

1 1

p(z|sa, sp) = om0l exp (—E(QTR — (50 + 55))%). (5.5)
Useful function is
ur(cr) = Sa + sp, (5.6)

where ¢, is sequence b, by, it means that for example if the data ¢, = 10, so
b, = 1 and by, = 0. Minimal hierarchical distance of this channel is

p%{mm(x'ra ur(cr)) = Héin |z — ur(ér>H2- (5.7)
As b, = 0 for u,(¢,;) = £2, and b, = 1 for u,(c,) = 0, we can write

A

b, =1 for |R[z,]| <1
b, = 0 for |R[z,]| > 1.

18



5.2. AWGN channel with fading

2 Im
1.5r

1 L
05r

0

Re

-0.5r

q1F
-1 5t

-2

-4 3 2 1 0 1 2 3 4
Figure 5.2: Decision regions for h, = hy =1
And for message retransmit to the receiver holds
A 1
sp = 2(by — 5) (5.10)

B 52 AWGN channel with fading

The channel model for AWGN channel with fading, but without any delay, is
X = hgSa + hysp + wW. (5.11)

Function uy(cy) = hgsa + hpSp, that means, that hierarchical PDF is

1 1
P(@n|haSans hosen) = 37 €XP (——202 |lzn — (haSan + hbsb,n)HQ), (5.12)
w w
N 1
RaSa, hysp) = R — h 2y, (5.13
plxhasashisn) = 3 5 e (=g pllen — (hasan +hossa)). (513

where N is dimension of messages. Hierarchical demodulator is then

1
o exp (5 llan — (hasan + b)),
w T
(5.14)

N « . 1
p(x|haSa, hpSp) = arg gringré ; Sro

and appropriate hierarchical distance

p%{min(ajn’ [haSa,n, BbStn]) = Z min ||z, — (haSan + hbéb,n)||2~ (5.15)
n

Sa,nySb,n

Now please let us look at this function forming Euclidian metric in equation
5.15. We assume the properties of noise are unknown. We will hence use

19



5. Two source network MAC phase estimation with BPSK

that metric for the rest of this section. Note that this is the Least Squares
estimator mentioned above

PQ(UUm [hm h‘b7 Sa,n, Sb,nD = Hanz + Hhasa,n ‘2 + thsb,nH2 + 2m[< hasa,n§ hbsb,n >]
—2R[< xp; haSan >) — 2R[< s hysppn >).
(5.16)

elPa el lies on unity circle and sq.p, Spn = £1, > [|e7%254, n||%, respectively
lle7%b sy, m||? is then equals to 1 and hence can be discarded

pQ(xn’ [ha7 hy, Sa,n; SbW]) = ||5Un||2 + ||77a||2 + Han2 + 29%[77a77b5a,n826j(%_%)]
_Qmﬂxn|€j%’"77a52,n€_j%] - 2%[|xn|ej“’zv"nbs§7ne_j%].
(5.17)

Assuming s,, sp are real, we can write this equation in the shape

p2(5'3m [has b, Sans Sbnl) = ||5UnH2 + H77aH2 + H77b||2 + 277a77b5a,n5;;,n cos(¢a — ¥b)

_2|xn|77a52,n cos(Qz,n — Pa) — 2I$n\77b8?§,n cos(Pz,n — ¥b),
(5.18)

and if in addition s,, s; are orthogonal, we can furthermore simplify the
expression by discarding the term of both s, and s

P*(@n, [has b, Sans $5.0))* = [l + llnall* + Iy

. . (5.19)
_2’xn|77a5a,n cos(Qz,n — Pa) — 2|1‘n|77b5b,n cos(@z,n — ¥b)-

Hierarchical distance for the whole sequence is sum of all components
P2 (%, [has b, sassb]) = D 1%+ [nall + I l1* + 2name8a, 56" cos(va — o1)
n

—2[X[na8a" cos(x — wa) — 2[x|ms},, cos(px — ¥b),
(5.20)

respectively
(%, [has hy, sa,8b]) = D 1%+ 17al* + [|mp]|* + 200784, 5" cos(wa — ¢b)
n

—2[x[nasa” cos(x — wa) — 2[X|mps},,, cos(px — b)),
(5.21)

if the signals are orthogonal.

B 5.2.1 Estimation of real fading

We will at first discuss the case of the known phase shift. Without loss
of generality, we assume that phase shift of both signals are equal to zero,
wa =pp =0, 0 <ng,m < 1. The signal received in relay is

X = 748a + MpSp + W. (5.22)

20



5.2. AWGN channel with fading

For PDF in channel with real fading holds

P(X[NaSa, MSb) = > _

n

1
2ro2, exXp (_E”xn — (NaSan + anb,n)HQ)v (5.23)

Hierarchical distance metric is modification of equation [5.20 for ¢, = @ =0
PP(%, [1asa, msw]) = D (lzall® + [nall® + lmwll* + 200m50,n55

n (5.24)
—29“1[%]%82,71 - Qm[xn]nbsg’n).

Now our goal is to find the minimum of this function [7,, 7] = arg ming, 5, 0.

We will do it be derivating the function p? with respect to 7, and 1, and set
it equal to zero. These derivates are

9p2(x, [NaSas MSb))

) = 2(277& + 27758@,”8;;,71 - Qm[xn]sz,n) (525)
Na n

2
Op* (%, [11aSa, MSb)) _ S @0+ 20a5amst . — 2R [z0)sh ), (5.26)

oy —
and for n; = 7; holds

o= S Oty — Mosansin) (5.27)
A 1 * A *
M = " Z(m[‘rn]sb,n - nasa,nsb,n)' (5.28)

n

Il CRLB

For minimal variance of fading parameter 7,, 1 in this channel holds

-1
Var(ﬁa) > <—E léﬂ hlpbdﬁaﬁ]b)}) (529)

g

-1
var(ijy) > (—E la2 mpé’%"“’ m’)D : (5.30)

where — Inp(x|ng, ) = 0%92‘ p? is already known and was mentioned in
equation [5.24. First derivatives are

01 1
O pCelie ) _ _ 1Sy, + 2psansiy — 2Rfoalss,)  (531)
8"70, O.w ~ ) )
01 1
Opias ) 1S~ (o0, 1 2yt — 2Raalsin). (5:32)
anb O.w - ) )
Second derivatives are straightforward
H? In p(x|7a, 7p) 1 2N
o3 :—0722:—0—2 (5.33)
Ma w n w
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5. Two source network MAC phase estimation with BPSK

0% In p(x1a, 1) 1 2N
52 =—-=> 2=-". (5.34)
771) Ow n Ow
Fisher information matrices are
0% In p(x|1a, 1) 2N
Jna:na = (E [ a/\2 = — o (535)
la Ow
02 In p(x|nq Ub)}) 2N
Jop = | —E " = —. (5.36)
To>TIb ( [ 677[3 0_121)
And according to CRLB for variances holds
o2
var(fg) > ﬁ (5.37)
o2
var(7p) > 2—“’ (5.38)
B Example
Assume set of two orthogonal signals given by matrix G
G- H _11] , (5.39)

where the first column represents signal s, and the second one signal s. It
means, that s, 1, 54,2 are equal to 1 for ¢, = 1, and to -1 for ¢, = 0. For ¢;, = 1
we get 551 = 1, sp0 = —1 and for ¢, = 0 5,1 = —1, respectively s, o = 1. We
can write the matrix S of signals s,, sp as

1 1][d
S = [1 _1] [d;]’ (5.40)

where d; = 1 for ¢; =1 and dy = —1 for ¢; = 0. The signal x can be written
in the matrix form at the shape
o ha hb d1 w1
X = lha _hb] da + s (5.41)
respectively
X = l’“ T ] Gl |u (5.42)
Na —M| |d2 wa
And in the equation form
X = ha8a71 + hbSbJ + w1 + ha8a72 + hbsb,g + wo (543)
X = 1qSa,1 + MpSp,1 + W1 + NaSa,2 + MpSp,2 + Wo. (5.44)

First step is to decode signals s, and s,. We will use hierarchical distance
metric approximation, so |R[zy]| < 1 is decoded as a symbol 0, R[z,] < —1
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5.2. AWGN channel with fading

T ‘ xT9 éa da éb db
02 ]1]1]0]-1
01-2]0]-1]1]1
2101111
22,1010 1]-1]0]-1

Table 5.2: Decoding table for channel with real fading

as a symbol -2 and R[z,] > 1 as a 2. It is not an optimal demodulator and
does not work well for low SNR and significant fading, but it is the best
option if both fading and SNR are unknown. The following table shows, how
Ca, Cp, respectively dg, dp, are decoded.

From d, and dj, we can now easily get 3, and §,

~ |1 1]]d
S = [1 _1] sz. (5.45)

Hierarchical distance metric is in this case

2
P?(x; [a8a, m8b]) = D (lnll® + Inall* + Insl|* + 2023036

=1 (5.46)
_2%[95n]77a§a,n - 2%[xn]nb§b,n)7
and its derivations are
dp*(x, [NaSa, MmSb))
= 4ng + 2mp84.18p.1 — 2R|[z1]8
an, Na + 210p8a,15p,1 [21]84,1 (5.47)
+21p54,28p,2 — 2R[22]34,2
8/02 (X7 [naéav nbéb})
= 4dny + 21484.18p.1 — 2R|21]8
o Ul NaSa,15b,1 [ 1] b,1 (5.48)
+2n484,28p2 — 2R[w2]8p 2.
From the properties of s, s; holds 5,1 = 842, 3,1 = —3p2, hence terms with
both 5, and 3, will be deducted, and for 7j,, 7 holds
. 1 . .
Mg = 5(9%[951}3%1 + D‘i[xg]sa,g) (549)
1 . .
M = §(m[$1]5b,1 + R[walsp2). (5.50)
CRLB in this two sources example give us
o2
var(fg) > Zw (5.51)
o2
var(fg) > Tw (5.52)
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5. Two source network MAC phase estimation with BPSK

B 5.2.2 Estimation of complex fading

Now let us consider channel with complex fading h; = 1;e/%:. Model of this
channel with two sources is

X = 1)g8267%% + mpspe’?t + w. (5.53)
The hierarchical distance metric for this case was already mentioned above

PZ(xnv [haSa,n, hosbn]) = ||xn||2 + ||77aH2 + HanQ + 277a77b3a,nsz,n cos(¢a — ¥b)

—2|n[Nasgn C0S(Pan — Pa) = 2|n|mS], COS(Pam — 1)
(5.54)

(%, [hasa; hysw]) = Y (leall® + Inall® + 1n]1* + 200755 0,n55 5 c08(2a — 2b)

n

_2|xn‘na52,n co8(Pz,n — Pa) — 2|55n|77b5lt,n cos(Pa,n — @b))
(5.55)

Minimization of amplitude and phase fading is given by the following equations

802 (l’n, [iLaSa,ny iLbSb,n] )
ONa

= Z (zﬁa + zﬁbsa,nsan COS(@& - @b)

n

_2|R‘[xn]32,n cos(Qz,n — Saa)) =0

(5.56)

8p2(xn, [iLaSa n; iLbSb 11])
2 ) — 20y + 20 Sa.nsh ., cos(Pg — @
87717 zn:( b NaSa,nSpn (90‘1 Spb) (557)

_2|R’[xn]sz,n COS(SOx,n - @b)) =0

8p2 (fljn, [}Alasa n, Bbsb n])
- B ) — — 2A N S S* Sin Da — P
%%, 2 BulbsuasiasnGe =20 o

_2|xn|77a32,2 sin(@zn — @a)) =0

8,02(1711, [}Alasa n, iLbSb n])
a, L = (20 Sa,155,1 SIn(Pa — @
9%, s ( Na™bSa,15p,1 ((PCL (Pb) (559)

=2 |55 9 5N (P20 — b)) = 0.
l CRLB

The results for CRLB of 1,, 7, will be the same as in the previous section.
We can then write

N
Var(na) > ﬁ (560)
0,2
var () > ﬁ (5.61)
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5.2. AWGN channel with fading

First derivatives with respect to ¢,, respectively ¢ are

0 In p(x|na, My 1 R A N
OWpOTI ) _ LS~ (- 3iisansiy sin(Ba — )

i (5.62)
_2|xn|77a5¢*1,2 Sin(‘Px,n - ‘ﬁa))
O In p(x[na, m) 1
- =—— D (20abSa, 1541 sIn(Pa — )
O o ER: e ¢ (5.63)
—2[zp| 7852 SI0(Pan — Pb))-
And for second derivatives holds
O np(x|na,m) 1 o, L
8772 - = 52 Z - 277a77b8a,13b,1 COS(SOa - (Pb) (5 64)
a w n .
+2‘$n’na3272 COS(SOI,n - @a))
0% In p(x|17a 1) N .
Nz : = Z — 2MabSa,155,1 cos(Pa — Pb) (5.65)
b UJ n .
+2| x|y s o cOS(Pan — b))
If signals s,, s, are orthogonal, this equations are reduced to forms
0% In p(xX[na, mo i
éy“ w1 S 2l 5 O3 — Pa) (5.66)
Na o n
0% In p(x|17a 1) 1 L )
o2 . =—— Z 2|xn|7763b,2 cos(Pzn — Pb)- (5.67)
nb Uw n
And lover bounds of variance of ¢, and ¢} are
2
o
var(¢q) > — ” ~ - ” -
¢ > (= 27y Sa,155 1 cos(Pa — Pb) + 2|z |nas} o OS(Prn — Pa))
(5.68)
o2
var(gp) > — ” - - — —,
X (= 2MaMbSa,18h 1 €08(Pa — Pb) + 2|@n M) 5 cOS(Pan — év))
(5.69)
and for orthogonal signals
o2
var > W ~ 5.70
(Pa) = S a5 o5 Pnm — ) (5.70)
o2
var(pp) > L —. (5.71)

N Z 2|xn|nb5b2C05(szn Sob)
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5. Two source network MAC phase estimation with BPSK

B Example

Consider the same set of orthogonal signals as in previous section, given by

matrices
11 dq
- [t 2] o

~_|ha  hy | |dy w1
x- [ ][] -
The equation form of the channel model is then

X = hqSa,1 + hosp1 + w1 + haSa2 + hyspa + wo (5.74)

X = naejsoasml + nbej%sm +wq + naejsoasag + nbej“"”sbg -+ wo. (5.75)

The demodulator again uses hierarchical distance metric, where decision
regions are bounden by lines 98 = +1. The following table shows, how ¢, and
¢y are decoded. And thence we can easily get 3, 5, 3p 5, Which will be used

x1 ‘ T2 | Co (Za Cp Czb
0] 2 1 1 0]-1
0O(-2]0|-1]1]|1
2 0 1 1 1 1
210]0]-1]0/|-1

Table 5.3: Decoding table for channel with complex fading

in minimization of parameters of fading. The hierarchical distance in this
channel is

2
P (%, [haSa, hodu]) = D (I2l® + [nall® + llml* + 2namdanSn cos(wa — @3)

n=1
—2|2n|Na8an cos(0z — ©a) — 2|Tn|NbS8b.n cOS(Pz — @b))-
(5.76)
For derivations holds
8p2 (xn, [ilzaéa n; ilbéb Il])
— = = 2Ma + 2Mb8a,n 86,0 COS(Pa — @
ana zn:( Na hSa,nSb,n (@a spb) (577)
—2|xn|§a,n COS(SO(E,TL - @(Z)) = 0
apz (xn, [iLaéa n; ilbéb l‘l])
a, ol 29, + 20484.1m8p 1, cOS(Dy — B
(9771; ;( oy NaSa,nSbn (@a Qpb) (578)
—2| |8y, c08(Pzn — Pp)) =0
8p2 (l’n, [ﬁaéa n, Bbéb n])
; LT P — 20aM84.18p.1 Sin(Dgq —
a@a ;( Tla"bSa,156,1 (90a (Pb) (579)

_2’xn|77a§a,2 Sin(%v,n - (ﬁa» =0
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5.2. AWGN channel with fading

8p2 <$n, [?Laga n, }Albgb n])
2, nl) _ 2h,1584.18p.1 SiN(Py — &
9% §n ( NaTb8a,155,1 SID(Pq — Pp) (5.80)

*2|$n|7¢/b§b72 Sin(‘paz,n - @b)) =0.
Thanks to the orthogonality of 3, and 8, (regardless of ¢), terms with both 3,
and §, are zero, and these equations are a function of the only h,, respectively

hy, and this system is easily solvable. From first two equations we found out,
that 7q, 7 holds

1 . . R )
fla = 5 (12113a,1 €08(pa1 = Pa) + [22]30,2 cO8(02 = Pa)) (5.81)
N ) ) A

= 5(’$1|8b,1 cos(z1 — Pb) + 22|82 cOS(Pr2 — @) (5.82)

We will get the third and fourth equation, by substituting 7; and multiplication
by -1, to the form

$in (0,1 — Pa) 08( a1 — Pa)l1|*85 1 + sin(pa2 — va) cos(9a2 — Pa)|z2f*57 5

+2|$1||$2|§a,1§a72(Sin(‘Pﬂ:,l — Pa) COS(‘P:EQ — @a) + Sin(‘Px,Q — Pa) COS(‘Px,l - @a)) =0
(5.83)

sin(a,1 — @) cos(a,1 — @p)|1]?85 1 + sin(pa2 — @b) cos(pa2 — @b)|2|*55

+2|x1||22|86,18p,2 (sin(pe1 — Pp) cos(pg2 — Pp) + sin(pg 2 — Gp) cos(pg1 — Gp) = 0.
(5.84)

We know, that |$;,| = 1,7 =a,b, n = 1,2 and also 5,1 = 54,2, Sp2 = —3p2
hence these equations can be simplified. After some manipulations, including
using of trigonometric identity cos(a)sin(a) = 3 sin(2a), we get the final

expressions

1. . 9, 1. . 2, 5
5 SI(2¢2,1—2@a)|21| "+ 5 sin(202,2 200 ) |22] " +sin(0, 1+ 00,2~ 200 ) [ |22 = 0

(5.85)
1. N 1. R . R
3 sin(2pz1—2%) |21 ]2—1—5 Sin (2, 2—24p) | T2|* —sin(pe 14+9r 2—28p) 71| |z2| = 0.
(5.86)
And lover bounds of parameters provided by CRLB are
o2
var(fg) > Zw (5.87)
o2
var(fg) > Tw (5.88)
ar(¢a) > 7 (5.89)
var 90 - * 3 ’
¢ Zi:l 2‘$n’7la5a,2 cos(Pa,n — Pa)
o2
var(¢p) > = (5.90)

B Zi:l 2|$n|ﬁb52,2 cos(Paz,n — Pp)
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5. Two source network MAC phase estimation with BPSK

B 5.2.3 Estimation of delay

However, the situation in a channel with time delays is more complex because
signals are not orthogonal anymore. In addition, we cannot use constellation
space representation, as function z is a function of time. Also, finding the
maximum by differentiating with respect to delay can be problematic, as
these derivatives are for some pulses discontinuous. Model of this channel is

x(t) = hasp(ca,t — 7a) + hasp(cp, t — 1) + w(t). (5.91)

PDF for z(t) in this channel is given by the equation 5.92

1 1
PEOID) = 5 exb (— 3 |0 = (hasalcast = 7a) + husp(en, t = 7)),

w
(5.92)
and by dropping the properties of noise, we will get the hierarchical metric
distance

(@ (), u(t) = [ — (hasa(cast = 7a) + hoss(cnt — )% (5.93)

Probability for whole signal = is given by integral with respect to time
throughout all time

© 1 1
p(z|u) = / 37 EXP (—ﬁﬂx — (haSa(Cast — 7o) + hpsp(cp, t — 13))]1) dt,
(5.94)

and similarly for hierarchical distance

P = [ o= (hasalcast = 72) + hosent = m)Pdt. (5.95)

—o0
Assume signals s,(cq,t), sp(cp,t) are combinations of rectangular pulses

if -l <t<? ifl << 3
H(t)Z{l’ if-5st=s andH(t—l)Z{l’ i st<y such that

0, else, 0, else,
1, if—i<t<3
sa(1,t) = { 0 else 2 2 (5.96)
-1, if—i<et<3
sa(O,t):{ 0 61862 2 (5.97)
1, if—<t<]
sp(l,t) =4 —1, ifi<t<3 (5.98)
0, else
~-1, if—1<e<d
sp(0,t) = 1, ifi<t<3 (5.99)
0, else
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5.2. AWGN channel with fading

sa(1 ,t) sa(o,i)

1r 4 1r X
05 4 05

0 0

t

051 1 0.5

1 1

5 4 3 2 1 0 ‘; 2 3 A‘t 5 5 4 3 2 1 0 1 2 3

(@) ca=1 (b) : ca=0

Figure 5.3: Signals possibly sent from source A

sb(1 ,t) sb(O,l)
T —
1 1 1r
05 1 05
0 0
t
-0.5F 1 -0.5
1 1
5 4 3 2 1 0 ‘; 2 3 4 5 5 4 3 2 1 0 1 2 3 4
(@):ca=1 (b): ca=0

Figure 5.4: Signals possibly sent from source B

However, in our simulation, the relay does not know the exact continuous
course, but only its samples. The model of the channel hence can be rewritten
to the shape

z(kTy) = hisi(c, (k — 74)Ty) + haso((k — ) 15) + w(t), (5.100)

where T, is step between two neighboring samples. Probabilities from equa-
tions [5.93| and [5.94] then will not be given by integrals but by the sums

Pt = Y o exp (=gl = (has(car (6 = 7a)Ta) + husa(es, (5 = 7)T)])
k=—00 w w
(5.101)
PPz, u) = Z |2 — (has(ca, (k — 7a)Ty) + hys(cy, (k — 7)Tn))||*. (5.102)
k=—o00

As mentioned above, finding analytic expressions is tricky for this problem,
so our goal is to find the numerical solver for this particular example. The
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5. Two source network MAC phase estimation with BPSK

sum from equation is meaningful only for samples, for which at least
one of the pair s, (cq,t —74), sp(cp, t —73) is non-zero, however it is not useful,
if we do not know the time delays, hence our first step will be estimation of
delays. For properties used in simulation (1q,m € (0.8,1), ¢a, ¢ € (=5, ),
Tas Ty € (0, 3)) the best way seems to be examine real part of z(t), respectively
its differentiate. If absolute value of differentiate is greater than 0.5, this
sample is investigate as possible point of leading edge of signal s,(t — 7,),
respectively sp(t — 7). And as lengths of signals, distance between its changes
and also time, in which signals without fading start, are known, we can
estimate delays 7, and 7.

Real part of x differentiate of Re(x)

2
| |
05
il
—~
B ¢
&3 @
© 05 o
o E
. £ 05
-05F r
1 15
5 4 3 2 4 0 1 2 3 4 5 5 4 3 =2 1 0 1 2 3 4 5
t t
(a) : R(x) (b) : differentiate of R(z)

Figure 5.5: Example of real part of x and its differentiate

As we have estimations 7, and 7, we can use it in demodulation of s,(c,),
respectively sp(cp) according to expression

kmaz

(@, [8a(ca), sp(cp)]) = argmin Y [lz—(sa(Cas (k—7a) Tn)+56(G, (k—7)Tn)) 1%,
a,Ch kmin
(5.103)
where ki, lays in —% + min(7,, 7p), and kg in % + max(7,,7p). And the
last step is estimating the fading hq, hp

kmaz‘
pPlovu) —arg  min Y o (iaBasa(Cas (k=)o) 4 Guso( (k=R)T3))
a,PasNb, bkmin

(5.104)
However, due the noise is impossible to find exact solution of this equation,
so it is solved numerically by comparing each options within regions (0.8,1),
respectively (=7, §), with given step between them, simulation uses step 0.01
for Ag, My and 0.05 for g, Pp.

Note. This algorithm is not robust and does not work for low SNR, in which
estimation of delays fails.
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Chapter 6

Conclusion

This thesis provides algorithms for estimating channel parameters (amplitude,
phase and delay) in H-MAC of WPNC. In the beginning, fundamentals
of digital communication and statistical signal processing are introduced.
The next chapter describes the principles of AWGN on the example of
simple topologies. The main part is focused on BPSK modulated two source
H-MAC channel, for which we created Least squares estimator for channel
parameters using data decoded from Hierarchical demodulator. For estimation
of amplitude and phase, analytical expressions were founded, and for the
estimation of delay, numerical algorithms were used. For cases without delay,
limits were established by CRLB. These results were accompanied by Matlab
simulations for simple examples.

Further work could focus on more complicated topologies and modulations.
Also, algorithms for non-orthogonal pilot signals could be provided.
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Matlab files

decision__regions.m
example_ realfading.m
example_ complexfading.m
signals.m

example delay.m
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