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Chapter 1

Introduction

Nonlinear acoustics is the branch of acoustics, where, contrary to linear acoustics, the
amplitudes of the individual acoustic variables cannot be considered infinitesimally small
anymore. The finite-amplitudes of the acoustic-field quantities result in interesting phenom-
ena, such as harmonic distortion, generation of shocks or steady fluid flows, and many others.
These phenomena may be of interest in various applications, or they may be undesirable. In
both cases, it is important to understand them.

When the nonlinear effects connected with the finite-amplitude acoustic fields are stud-
ied theoretically, the well-established linear theory cannot be employed anymore. That is
why nonlinear model equations, derived in the various degrees of simplification, are searched
for. The most simple models allow for their analytical solutions, either exact or approximate
ones. However, in many cases, these analytical solutions are not known, or they are so compli-
cated that their practical utilization is hardly possible. In these cases, various computational
methods find their application.

In the following chapters, three topical problems of nonlinear acoustics are presented and
discussed, to which the author contributed during the last ten years, mainly employing various
numerical computational techniques.

First, it is an efficient generation of high-amplitude waves in acoustic resonators. We
show that it is possible to maximize the acoustic pressure amplitude of the standing wave by
choosing a suitable resonator shape. The appropriate shape depends on the driving method,
and we propose a computational procedure for its determination. We demonstrate the func-
tionality of the proposed approach in the case of a loudspeaker-driven resonator. We also
present the design and mathematical model of a compact resonant system for the generation
of a low-frequency acoustic wave with a large amplitude of the acoustic particle displacement.

Second, it is the understanding of the complex behavior of Rayleigh streaming in high-
amplitude acoustic fields. Even if acoustic streaming was first theoretically studied almost 140
years ago, there have been unexplained discrepancies between the theoretical predictions and
experimental data since today. Employing numerical simulations, we have revealed a strong
sensitivity of the acoustic streaming structure on the transverse temperature distribution in
the streaming fluid. With this knowledge, we have identified a physical mechanism that
explains the experimental observations.

Third, it is an easy-to-use computational approach for modeling highly-directional low-
frequency sound beams radiated from small transducers–the parametric acoustic array. Con-
trary to the previously published works, our approach is not limited by the paraxial approxi-
mation so that the off-axis field, as well as the near-field, can be predicted.
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Chapter 2

Resonators for the generation of
high-amplitude acoustic fields

2.1 Introduction

It has been known for about fifty years, see [1, 2], that it is difficult to mechanically drive
standing acoustic wave in a closed fluid-filled tube (an acoustic resonator) into high ampli-
tudes, because nonlinear effects cause the transport of acoustic energy into higher harmonics,
which results in the generation of a shock wave and thereby to increased acoustic energy
dissipation.

On the other hand, many following studies have shown that if the resonators are suitably
shaped, it is possible to generate effectively standing acoustic waves even with overpressure
exceeding the ambient pressure several times, which enables their utilization in a variety of
practical applications. Pumping of fluids, stabilization of electric discharges [3, 4] for plasma-
chemical reactors or thermoacoustics [5] can be given as examples.

D. F. Gaitan and A. A. Atchley [6] showed that introduction of the cross-section variability
in a piston-driven resonator can significantly reduce energy transfer from the fundamental to
the higher modes, prevent shock-formation and increase an amplitude of the standing wave.

Ch. C. Lawrenson et al. [7] presented in their experimental paper concept of Resonant
Macrosonic Synthesis (RMS) whereby they obtained acoustic pressure amplitude more than
an order larger than it had been possible before. The concept is based on so-called disso-
nant resonators, whose varying-cross-section cavities don’t have the higher eigenfrequencies
coincident with the harmonics of the nonlinearly distorted waveform, which results in the
suppression of a shock-wave formation. The authors demonstrated a strong dependence of
obtained maximum amplitude on the resonator shape (cylindrical, conical, horn-cone hybrid
and bulb).

Yu. A. Ilinskii et al. [8] presented in their seminal theoretical paper a quasi-one-dimensional
model equation expressed in terms of the velocity potential for description of high-amplitude
standing waves in axi-symmetric, but otherwise arbitrarily shaped acoustic resonators. The
model comprises nonlinearity, viscous bulk attenuation and, entire-resonator driving by an
inertial force (shaker-driving). A numerical algorithm was proposed for integration of the
model equation in the frequency domain, the numerical simulations were conducted in case
of a cylindrical, conical and bulb-shaped resonator. The numerical results were in a good
agreement with the experimental ones. The model was subsequently supplemented [9] to
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account for energy losses in the boundary layer and the losses due to acoustically generated
turbulence.

M. F. Hamilton et al. [10] and M. P. Mortell and B. R. Seymour [11] investigated theoret-
ically the dependence of the resonance frequencies of the varying-cross-sectioned resonators
on their shapes and their nonlinear shifts.

Y.-D. Chun and Y.-H. Kim [12] investigated numerically the influence of an entirely-
driven resonant cavity shape on the compression ratio (ratio of the maximum and minimum
pressure attained at chosen point in the resonator cavity during one period) using a quasi-one-
dimensional model equation based on the conservation laws integrated in the time-domain
using a high-order finite-difference scheme. From the several simple studied shapes (cylindri-
cal, conical, 1/2-cosine and 3/4-cosine), the 1/2-cosine offered the best performance.

R. R. Erickson and B. T. Zinn [13] developed a Galerkin-method-based algorithm for time-
domain integration of the model equation proposed in paper [8]. They also showed that the
exponentially shaped resonator’s compression ratio strongly and non-trivially depends on its
geometrical parameters.

C. Luo et al. [14] studied theoretically the effect of the resonator shape and dimension on
its compression ratio in the case of axi-symmetric and low-aspect-ratio exponential geometry,
observing its decrease with shortening the resonator length and smaller radius-to-length ratio.
X. Li et al. [15] optimized the parameters of simple-shaped resonator cavities in order to
maximize the compression ratio by means of numerical simulations based on a nonlinear
wave equation with volume acoustic energy attenuation model [8]. Within the numerical
experiments, they achieved the value of 48 in the case of an optimized horn-cone shape.
C. Luo et al. [16] conducted numerical experiments in order to compare piston- or shaker-
driving of exponentially shaped cavity finding similar results. Q. Min et al. [17] demonstrated
experimentally the possibility of generating strongly nonlinear acoustic fields in loudspeaker-
driven dissonant tubes.

In all the above-mentioned papers, the same approach was employed, i.e. the resonator
shapes were described using smooth elementary functions with fixed or adjustable (Refs. [13],
[15]) parameters, e.g., all the resonator cavities were non-symmetrical, wide at one end and
narrow at the other one, where the maximum pressure (or compression ratio) were obtained.

In this chapter, a more general approach is presented. We employ parametrizing acoustic
resonator shapes using control points interconnected with cubic-splines. Employing a lin-
ear theory, suitable shapes of resonators maximizing acoustic pressure in the resonators are
searched for. As the optimization is based on a linear theory, the model cannot predict the
amplitudes and phases of the higher harmonics, which is the cornerstone of the RMS tech-
nique. However, cross-section variability makes the optimized resonator shapes dissonant and
therefore shock-wave formation is suppressed. As a result, the optimized resonator shapes
provide higher amplitudes of acoustic pressure than the ones proposed previously provided
that the higher harmonics are not excited too much.

Within this chapter, a closely related topic–generation of a low-frequency standing wave
with high amplitude of acoustic particle displacement, is also discussed.

This chapter is based on author’s works [18, 19, 20, 21, 4], see also the Appendices A.1,
A.2, A.3, A.4, and A.5.
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Figure 2.1: Resonator with a variable cross-section, driven by an inertial force, or a vibrating
piston.

2.2 Optimized resonators: A simplified approach

2.2.1 Mathematical model

For the description of the acoustic field in a fluid-filled variable-cross-section resonator, see
Fig. 2.1, driven by an external (inertial) force or a vibrating piston, we can issue from the
quasi-one-dimensional model equation derived in [8], which, after linearisation, has the form

c20
r2

∂

∂x

(
r2
∂ϕ

∂x

)
− ∂2ϕ

∂t2
= −δv

r2
∂2

∂t∂x

(
r2
∂ϕ

∂x

)
+

das
dt
x, (2.1)

where ϕ is the velocity potential, x is the spatial coordinate along the resonator cavity, t
is the time, r = r(x) is the varying resonator radius, c0 is the small-signal speed of sound,
as = as(t) is the driving acceleration, δv = (ζ + 4η/3)/ρ0 is the attenuation coefficient, where
ζ and η are the bulk and shear viscosities. Left side of Eq. (2.1) represents the Webster’s
horn equation, see, e.g., [22, 23, 24], the first term on the right side accounts for the acoustic
energy dissipation, the last term represents the driving by an inertial force.

In the first approximation, acoustic velocity v and acoustic pressure p′ can be calculated
from the velocity potential as

v =
∂ϕ

∂x
, p′ = −ρ0

∂ϕ

∂t
− ρ0asx, (2.2)

where ρ0 is the fluid ambient density.
If the resonator is driven by an inertial force, Eq. (2.1) is solved with the boundary

conditions ∂ϕ/∂x = 0 for x = 0 and x = l, where l is the resonator length. If the resonator is
driven by a piston at x = l vibrating with velocity up(t), Eq. (2.1) is solved with the boundary
conditions ∂ϕ/∂x = 0 for x = 0, and ∂ϕ/∂x = up(t) for x = l.

For some shape functions r(x), analytical solutions to Eq. (2.1) are known, but, in gen-
eral, the solution must be searched numerically. Within this work, the solution was sought
employing the method of eigenfunction expansions, see, e.g., [25], as follows.

For a given shape function r(x), eigenfunctions Fk and corresponding eigenfrequencies Ωk

were found by a numerical solution of the equation

1

π2R2

d

dX

(
R2 dF

dX

)
+ Ω2F = 0 (2.3)
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with homogeneous Neumann boundary conditions at X = 0 and X = 1. Here, X = x/l,
R = r/l, and Ω = ω/ω0 is the dimensionless frequency, where ω0 = πc0/l is the first angular
resonant frequency of a constant-cross-sectioned resonator with length l. The individual values
Ωk thus represent the individual resonant frequencies of the shaped resonator.

Employing this information, see [18] (Appendix A.1), acoustic pressure amplitude p0 at a
given point in the resonator (here, x = 0), for a given resonance frequency Ωk and driving
acceleration amplitude a0 can be calculated as

p0s = βKsa0s, p0p = βKpa0p.

Here indices s,p stand for s=shaker (inertial force) driving, and p=piston driving; the coeffi-
cient β = ρ0c0l

2/π2δv depends on the fluid material properties and the resonator length, and,
finally,

Ks =
π

Ωk

∣∣∣∣ 〈X|Fk〉〈Fk|Fk〉
Fk(0)

∣∣∣∣ , (2.4a)

Kp =
1

πΩ3
k

∣∣∣∣〈1 + 2X(dR/dX)/R + π2Ω2
kX

2/2|Fk〉
〈Fk|Fk〉

Fk(0)

∣∣∣∣ , (2.4b)

where

〈F |G〉 =

∫ 1

0

F (X)R2(X)G(X) dX.

The factors Ks, Kp are dimensionless factors which depend on nothing but the resonator
shape. From here, it follows that if a resonator shape maximizing the acoustic pressure
amplitude is to be determined, the shape factors (2.4) are the quantities to be maximized.
The different forms of the factors Ks and Kp indicate that the optimum resonator shape
depends on the method of driving.

2.2.2 Resonator shape function and its optimization

So as not to restrict the resonator’s shape to a specific pre-defined elementary function with
only a few adjustable parameters, it is defined using N control points distributed regularly
at positions

Xi =
i

N − 1
, i = 0, 1, . . . , N − 1,

whose corresponding values R(Xi) = Ri are found in a pre-defined interval Ri ∈ 〈Rmin, Rmax〉.
The function R(X) is obtained using the cubic-spline-interpolation of the control points

(the function and its first and second derivatives are continuous) with zero derivatives at the
ends of the interval. The values Ri are chosen in order that Rmin ≤ R(X) ≤ Rmax for any
X ∈ 〈0, 1〉. With the resonator shape defined, an eigenfrequency Ωk is looked for numerically
in an interval 〈Ωmin,Ωmax〉.

As an objective function to be maximized, the shape factors (2.4) are used.
As the parameter search space for the objective function is many- (N -) dimensional (RN),

and moreover, it is not continuous (some control-points sets lead to R(X) that does not lie in
the pre-defined interval 〈Rmin, Rmax〉, possibly there is no eigenfrequency Ωk ∈ 〈Ωmin,Ωmax〉),
a heuristic optimization methods seem to have reasonable use for this type of problem [26].
In this concrete case, a variant of Evolution Strategies (µ + λ)-ES was utilized. For more
details, see [18] (Appendix A.1).
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Cylindrical, R(X) = const. Conical, Rmin/Rmax = 1/9
Ks = 1.27, Kp = Ks/2 Ks = 1.77, Kp = 1.14
Ωk = 1, 2, 3, 4, 5, . . . Ωk = 1.28, 2.23, 3.19, 4.15, 5.13, . . .

Opt. for shaker, Rmin/Rmax = 2/5 Opt. for piston, Rmin/Rmax = 2/5
Ks = 2.98 Kp = 6.08
Ωk = 0.61, 1.90, 3.14, 3.90, 5.05, . . . Ωk = 0.64, 1.61, 2.75, 3.93, 5.07, . . .
Opt. for shaker, Rmin/Rmax = 1/5 Opt. for piston, Rmin/Rmax = 1/5
Ks = 5.46 Kp = 38.38
Ωk = 0.36, 1.95, 3.43, 3.96, 5.41, . . . Ωk = 0.38, 1.48, 2.78, 4.08, 5.33, . . .

Table 2.1: Parameters of individual resonant cavities.

2.2.3 Numerical results

Within the numerical experiments, the resonator shapes were parametrized employing N = 10
control points. As it is reasonable to assume that the resonator’s performance depends on
the ratio of the minimum and maximum radius, the numerical experiments were conducted
for Rmin/Rmax = 1/5 and 2/5, both, for the shaker and piston driving.

The numerical results are summarized in Tab. 2.1, where, for the sake of comparison, there
also are shown the results for a constant-cross-sectioned (cylindrical), and a conical resonator
with Rmin/Rmax = 1/9 (similar to the one studied in [8]). As it turns out that the resonators
are most effectively driven at the fundamental resonance Ω1, the shape factors Ks, Kp are
always presented for Ω1.

For the cylindrical resonator, the shape factor for the shaker-driven resonator attains the
value of Ks = 1.27, the one for the piston driving Kp = Ks/2, which means, that with the
same acceleration amplitude, the piston-driving provides half an acoustic pressure amplitude
than in the case of the shaker-driving. Major disadvantage of this simple shape is the fact,
that the higher eigenfrequencies are the integer multiples of the fundamental eigenfrequency
which results in substantial nonlinear distortion in the high-amplitude fields and evolution of
the shock-wave.

In the case of the conical resonator, see Tab. 2.1, the factors Ks and Kp attain higher
values than in the previous case and again, the shaker-driving is more effective. What is
also important is the fact that the higher eigenfrequencies are not the integer multiples of
the first one, so that the nonlinearly generated higher harmonics are not coincident with the
eigenfrequencies and thus they are suppressed.

The shapes of the optimized resonators are depicted in Fig. 2.2 and their parameters are
summarized in the bottom two rows of Tab. 2.1. It can be seen that the optimum shapes are
rather simple, the ones for the piston driving are symmetric, whereas the ones for the shaker
driving are non-symmetric.

Generally, the shape factors for the optimized resonators exceed the ones for the simple-
shaped ones (cylindrical, conical), the smaller the ratio Rmin/Rmax, the higher the values of
the shape factors. Surprisingly enough, for a given value of Rmin/Rmax, the shape factor for
the piston driving optimization exceeds the one for the shaker driving one.

A common feature of the optimized resonators is the fact that they are low-frequency ones,
for example, for the piston driving optimization, for Rmin/Rmax = 2/5, Ω1 = 0.64, and for
Rmin/Rmax = 1/5, Ω1 = 0.38. The optimized resonators, as it can be expected, are dissonant
– the higher eigenfrequencies are not the integer multiples of the first one, which helps to
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Figure 2.2: Optimized resonator shapes for shaker and piston driving, Rmin/Rmax = 2/5, and
Rmin/Rmax = 1/5.
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Figure 2.3: Frequency characteristics of the piston-optimised piston-driven resonator with
Rmin/Rmax = 2/5 for different normalized driving acceleration amplitudes A0p.

prevent the shock formation at large acoustic pressure amplitudes. For more details, see [18]
(Appendix A.1).

It is important to bear in mind that the optimization was based on the linear theory,
but, in the high-amplitude acoustic fields, nonlinear phenomena take place and influence the
overall performance. For this reason, nonlinear theory introduced in [8] was used to study the
optimized resonators’ properties at large amplitudes. As the working medium, air at normal
conditions was used, see [18] (Appendix A.1) for the details.

Figure 2.3 shows the frequency characteristics (amplitude of the fundamental harmonics
at X = 0) of the piston-optimized piston-driven acoustic resonator with Rmin/Rmax = 2/5 for
different normalized piston acceleration amplitudes. The frequency characteristics exhibits
softening behavior with hysteresis for higher driving accelerations.

Left panel of Fig. 2.4 shows the distribution of amplitudes of the first three harmonics of
acoustic pressure along the same resonator as in the previous case for Ap0 = 5 × 10−4 and
Ω = 0.586. This frequency is reached using slow downwards frequency-sweep, at this point,
maximum amplitude of the acoustic pressure is attained (see Fig. 2.3). The small-amplitude
resonance frequency for this resonator (see Tab. 2.1) is Ωlin = 0.642. It can be seen that
the acoustic field is strongly nonlinearly distorted and that the 2rd harmonics attains similar
amplitudes as the fundamental one. The right panel of Fig. 2.4 shows the same for the conical
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Figure 2.4: Distribution of acoustic pressure amplitude spectrum along the resonator axis;
left panel: piston-optimized resonator, Rmin/Rmax = 2/5; right panel: conical resonator,
Rmin/Rmax = 1/9. In both the cases, the resonators are driven with a vibrating piston with
the same normalized acceleration amplitude A0p = 5× 10−4.

resonator (Tab. 2.1). It can be observed that the 1st harmonics attains approximately only
half an amplitude at X = 0 compared with the optimized resonator.

It has been shown that the piston driving gives rise to higher acoustic pressure amplitudes
than the shaker driving when the optimized resonators are used with the same driving acceler-
ation amplitudes. Even if the shaker-driven cavity is technically much simpler in the concrete
applications (there is no need of tightening of the moving piston), it requires more powerful
(and thus more expensive) driving system. Replacement of the moving piston with e.g., a
horn-driver thus seems to show a direction to low-cost applications utilizing high-amplitude
acoustic fields. The presented approach can also be easily modified to design, e.g., resonators
with pre-defined frequency characteristics.

It is important to emphasize that the used model is rather simplified. However, this
approach allows to formulate simple results which have, on the other hand, limited validity.
In the following section, more realistic physical model including the dissipation effect of the
boundary layer as well as the non-acoustic dissipation mechanisms is adopted. The interest
is especially focused on the optimization of a complex system consisting of a resonant cavity
attached to a horn-driver used as a driving element.

2.3 Optimized resonators: A loudspeaker-driven res-

onator

2.3.1 Mathematical model

For the description of finite-amplitude standing waves in axisymmetric variable-cross-section
resonators, the following quasi-one-dimensional model equation derived in the second approx-

9



imation was used (see [19] – Appendix A.2):

∂2ϕ

∂t2
− c20
r2

∂

∂x

(
r2
∂ϕ

∂x

)
= − ∂

∂t

(
∂ϕ

∂x

)2

− γ − 1

2c20

∂

∂t

(
∂ϕ

∂t

)2

−

− xdas
dt

+
δ

c20

∂3ϕ

∂t3
− 2c20ε√

πr2

∫ t

−∞

1√
t− τ

∂

∂x

[
r
∂ϕ(x, τ)

∂x

]
dτ, (2.5)

where the meaning of the individual symbols is the same as in Sec. 2.2.1. Moreover, γ
is the adiabatic exponent, δ = [ζ + 4η/3 + κ(1/cV − 1/cp)]/ρ0 is the diffusivity of sound,
where η, ζ are the coefficients of shear and bulk viscosity, respectively, κ is the coefficient of
thermal conduction, cp, cV are the specific heats at constant pressure and volume, respectively.
Coefficient ε is defined as ε =

√
ν0[1+(γ−1)/

√
Pr], where ν0 = η/ρ0 is the kinematic viscosity,

and Pr = ηcp/κ is the Prandtl number.
The substantial difference between the model represented by Eq. (2.5), and the one rep-

resented by Eq. (2.1), is the accounting for the energy losses in the viscothermal boundary
layer (represented by the last term on the right side of Eq. (2.5)). Additional losses due to
acoustically generated turbulence [9] can be incorporated into this term in a straightforward
way.

In the case of the piston- or shaker-driving, Eq. (2.5) can be solved with the same boundary
conditions as it has bee mentioned in Sec. 2.2.1. If a loudspeaker at x = l is used as a driving
element the boundary conditions can be given as

dϕ

dx

∣∣∣
x=0

= 0, L [p′(x = l), v(x = l), u] = 0, (2.6)

where L is a linear operator describing the relationship between the acoustic pressure p′,
acoustic velocity v, and the driving voltage u in the loudspeaker model, see the details in [19]
(Appendix A.2).

2.3.2 Optimization procedure

The optimization procedure developed in this case is similar to the one described in Sec. 2.2.1
as it is detailed in [19] (Appendix A.2). Again, the resonator shape is parametrized by a set
of N control points, which are interconnected by cubic splines. Equation (2.5) is linearised
and solved numerically in the frequency domain; in the case of the loudspeaker driving, the
boundary conditions are represented by Eq. (2.6). As before, the quantity to be maximized
is the acoustic pressure at one end of the resonator (x = 0), namely, the objective function
was introduced as

kpu =
|p̂′(x = 0,Ω = Ωresonance)|

|û| , (2.7)

where p̂′, û represent the complex amplitudes of the acoustic pressure and the loudspeaker
driving voltage. The dimensionless frequency Ω is introduced the same way as in Sec. 2.2.1;
the resonance is determined by searching for the maximum in a pre-defined interval Ωresonance ∈
〈Ωmin,Ωmax〉 employing the Brent’s method [27].
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Figure 2.5: Model geometry of the internal waveguide of loudspeaker driver Selenium D405Ti;
l1 = 24 mm, l2 = 21 mm, l3 = 14 mm, r1 = 25 mm, r2 = 39.5 mm, r3 = 53.5 mm. The total
resonator length l = lext + l1 + l2 + l3.
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Figure 2.6: Left panel: shape of the optimized resonator; right panel: distribution of normal-
ized acoustic pressure amplitude along the resonator axis. The grey area delimits the driver’s
internal waveguide.

2.3.3 Results

Physical and numerical experiments were conducted with air as a working medium at room
conditions. The resonator shape was parametrized employing N = 10 control points, the
loudspeaker used for the driving was the compression driver Selenium D405Ti. The driver
has an output radius r1 = 25 mm and an internal waveguide, see Fig. 2.5 which becomes a
part of the resonant system. The length of the optimized (external) part of the resonator was
set to lext = 30 cm, its radius at x = lext (where it is attached to the driver) r(lext) = r1, see
Fig. 2.5, and the minimum allowed radius rmin = r1/5.

The electromechanical model parameters of the driver were determined by measurement,
see [19] (Appendix A.2) for the details.

Shape of the optimized resonator can be seen in the left panel of Fig. 2.6. Its profile is
very simple and smooth, the radius decreases towards the position x = 0, where the acoustic
pressure amplitude is maximized. The right panel of Fig. 2.6 shows the distribution of the
acoustic pressure amplitude (divided by the driving voltage) along the resonator axis.

In order to assess the performance of the optimized solution, the results were compared
with the case of a cylindrical resonator (r(x) = r1), and a conical resonator (with radius
decreasing from r1 to r1/5 at x = 0); all the resonators have the same length lext = 30 cm.
The parameters are summarized in Tab. 2.2. It can be seen that the optimized resonator
provides ca. 6× higher pressure then the cylindrical resonator, and ca. 2.4× higher pressure
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Resonator kpu [Pa/V] Ωresonance

Cylindrical 451 0.828, 1.783, 2.869, 3.883, 4.909, . . .
Conical 1133 1.089, 2.012, 3.012, 3.983, 4.982, . . .
Optimized 2693 1.188, 1.789, 2.916, 4.064, 4.921, . . .

Table 2.2: Parameters of simple-shaped resonators and the optimized one; driving by the
loudspeaker driver.

than the conical one. All the resonators are dissonant, which is, besides the variability of the
cross-section, caused by the properties of the loudspeaker’s electromechanical system, and by
the thermoviscous boundary layer accounted for in the model.

2.3.4 Experimental validation

The numerical results have also been validated experimentally. The above-mentioned resonant
cavities were milled in two pieces of a duralumin block and attached to the pressure driver
Selenium D405Ti. The experimental results were compared with the numerical ones obtained
using Eq. (2.5) which was solved numerically in the frequency domain. The model of additional
losses due to acoustically generated turbulence in boundary layer [9] provided good agreement
of theoretical and experimental data in the case of the strongest driving of the optimized
resonator.

Figure 2.7 shows frequency characteristics of amplitude of the first harmonics of acoustic
pressure measured and calculated in the case of individual resonators for different driving
voltage amplitudes. The agreement of the experimental and numerical data is quite good in
the case of the cylindrical (top-left) and conical resonator (top-right) even for higher driving
voltages. In the case of the optimized resonator, the agreement is a little worse. For driving
voltage amplitude of 1 V, the resonance frequency calculated fr calc = 571 Hz differs from
the resonance frequency measured fr meas = 551 Hz by 3.6%. This discrepancy can possibly
be attributed to the differences between the mathematical description of the resonator shape
and the actual shape of the manufactured resonator. Considering this fact, the frequencies in
the bottom panel of Fig. 2.7 were normalized to individual resonance frequencies Ω′ = f/fr,i.

For driving voltage amplitude of 15 V the first harmonics in the optimized resonator attains
an amplitude of |p̂′1| = 36 000 Pa at resonance, which is 2× more than in case of the conical
resonator and 5.4× more than in case of the cylindrical resonator. It can be seen in Fig. 2.8
that the time-course of the acoustic pressure is distorted, but a shock-wave is not present due
to the resonator dissonance.

The presented results show that even if the optimization procedure is based on a linear
theory (and thus it cannot predict behavior of strongly nonlinear acoustic fields), it provides
a systematic means of design of resonant cavities for high-amplitude acoustic applications
such as, e.g., thermoacoustic devices. Utilizing the appropriately optimized resonant cavities
together with commercially available loudspeakers could increase economic attractiveness of
potential applications.
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Figure 2.7: Frequency characteristics of amplitude of the first harmonics of acoustic pressure
in loudspeaker-driven cylindrical, conical, and optimized resonator–comparison of theoretical
and experimental data.
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Figure 2.8: Time course of acoustic pressure measured in the optimized resonator at f =
549 Hz (resonance), driving voltage amplitude u0 = 15 V.
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2.4 Acoustic particle displacement resonator

One way to enhance destruction of toxic pollutants, decomposition of volatile organic com-
pounds or combustion, is using a non-thermal plasma. Therefore, the creation of a space-
and time-homogeneous non-equilibrium low-temperature plasma in the entire discharge re-
actor volume is an important pre-requisite for triggering these processes and for increasing
their efficiency. We have demonstrated, see [4] (Appendix A.5), that the application of an
acoustic field on the discharge in the filamentary streamer regime substantially extends the
range of currents for which the discharge voltage remains more or less constant, i.e., it allows
a substantial increase in the power delivered to the discharge. The application of an acous-
tic field on the discharge causes the discharge to spread within the discharge chamber, see
Fig. 2.9, and consequently, a highly reactive non-equilibrium plasma is created throughout
the inter-electrode space.

Figure 2.9: Negative corona discharge in air at atmospheric conditions in acoustic field. RMS
value of the discharge voltage: 8.4 kV, RMS value of the discharge current: 33.5 mA, frequency
of the acoustic wave: 50 Hz, amplitude of acoustic velocity: 25 ms−1, amplitude of acoustic
particle displacement: 8 cm.

For these applications, a compact resonator driven with two loudspeakers, allowing for
the generation of low-frequency (tens of hertz) acoustic field with high amplitude of acoustic
velocity and particle displacement, has been developed. In order to be able to predict its per-
formance and optimize its parameters, corresponding mathematical model has been proposed,
see [21] (Appendix A.4).

2.4.1 Arrangement

The proposed device, see [21] (Appendix A.4) for the details, is schematically depicted in
Fig. 2.10. It consists of two electrodynamic transducers (loudspeakers) B&C 6MD38-8, en-
closed in small loudspeaker-boxes, connected in antiphase in series, which drive acoustic field
in a waveguide (plexiglass tube with inner radius r1 = 12 mm, length 2 × l1 = 300 mm and
thickness 2 mm) through conical segments (made from plastic funnels, small inner radius
r1 = 12 mm, large inner radius r2 = 75 mm, length l2 = 60 mm) and short segments with
inner radius r2 and length l3 = 40 mm. Due to the antiphase driving of the loudspeakers, the
primary acoustic field (the first harmonics) has node of the acoustic pressure and anti-node
of the acoustic velocity and the particle displacement at the centre of the waveguide.
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Figure 2.10: Arrangement of the device.

2.4.2 Mathematical model

High-amplitude acoustic field inside a variable-cross-section waveguide can be described using
a set of two quasi-one-dimensional equations, see [21] (Appendix A.4) for the derivation:

∂p′

∂x
= −ρ0

∂v

∂t
− p′

c20

∂v

∂t
+
v

c20

∂p′

∂t
+

2

r

dr

dx
ρ0v

2 +
ρ0δv
c20

∂2v

∂t2
, (2.8a)
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ρ0c20

∂p′
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v +
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2ρ20c
4
0

∂p′2

∂t
+

1

2c20

∂v2

∂t
+

δt
ρ0c40

∂2p′

∂t2
+

2ε

r2
∂1/2(rv)

∂t−1/2∂x
. (2.8b)

Meaning of the individual symbols is the same as used in Secs. 2.2.1, 2.3.1, moreover, δt =
κ(1/cV − 1/cp)/ρ0 is the diffusivity of sound due to the thermal conduction.

Set of equations (2.8) is equivalent to Eq. (2.5), however, instead of velocity potential being
used as the variable, acoustic pressure and velocity are used instead, which is more suitable
in this case. Similarly as in Eq. (2.5), additional losses due to the acoustically generated
turbulence, which appear to play an important role in this case, are incorporated into the
coefficient ε in a straightforward way, see [9].

Similarly as in Sec. 2.3.1, the loudspeakers are modelled employing a linear lumped-element
model, which represents the boundary conditions for Eq. (2.8); the corresponding model
parameters are determined by measurement, see [21] (Appendix A.4) for the details.

It is well-known from hydraulics that pressure drops appear in high-Reynolds-number flows
through channels with cross-section changes (junctions). These effects are called the minor
losses, they result from flow separation, vorticity generation, turbulence and other effects.
For a steady flow, the pressure drop resulting from the minor losses is characterized by the
dimensionless parameter K as

∆p =
1

2
Kρv2, (2.9)

where ρ is the fluid density and v is the flow velocity. The values of K for variety of geometries
are tabulated, see, e.g., [28].

Relation (2.9) can according to Iguchi’s hypothesis, see, e.g., [29], be used even in case of
unsteady flows represented by acoustic waves, if the acoustic particle displacement amplitude
is larger than all other dimensions in the vicinity. According to [29, 30], Eq. (2.9) can be in
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Figure 2.11: Frequency characteristics of amplitude of the first harmonics of acoustic velocity
(left) and particle displacement (right) measured at the centre of the waveguide for various
driving voltage amplitudes u0.

case of oscillatory flows rewritten as

∆p′(t) = −1

2
Kρ0|v(t)|v(t), (2.10)

where v(t) now stands for the acoustic velocity. The minus sign in Eq. (2.10) provides the
correct sign of the pressure drop with respect to the flow orientation. In this case, minor
losses are modelled at the junctions of the constant-cross-section part of the waveguide (with
radius r1) and the conical segments, see Fig. 2.10.

Equation (2.8), together with the relationship modelling the minor losses was solved nu-
merically in the frequency domain, see [21] (Appendix A.4) for the details.

2.4.3 Results

All experiments were conducted in air at room conditions. Corresponding parameters were
used in the numerical model.

Two 1/8” microphones were placed symmetrically along the centre in the waveguide wall,
see Fig. 2.10, separated by the distance of 2 × h = 160 mm, measuring acoustic pressures
p′A(t) and p′B(t). Acoustic velocity and particle displacement at the centre of the resonator
were determined by two-microphone method, see, e.g., [31].

Left panel of Fig. 2.11 shows frequency characteristics of amplitude of the first harmonics of
acoustic velocity measured using the two-microphone technique at the centre of the waveguide
for several driving voltages u0. It can be observed that for u0 = 35 V, the velocity amplitude
reaches the value of 36.3 m/s at resonance frequency of 66 Hz. In this case, the power input
of the device is 29 W. It is apparent that due to nonlinear losses, the maximum velocity
amplitude is not proportional to the driving amplitude and that there is small resonance-
frequency shift–the resonance frequency increases with the driving voltage amplitude.

Right panel of Fig. 2.11 shows frequency characteristics of amplitude of the first harmonics
of acoustic particle displacement at the centre of the waveguide for several driving voltages.
The maximum displacement amplitude reaches value of 8.8 cm for u0 = 35 V and f = 64.5 Hz.

Acoustic velocity in the waveguide is almost distortion-free even if the acoustic pressure
in the narrow tube is distorted by the second harmonics, see Fig. 2.12. The reason is that the
second harmonics distribution is symmetric, i.e. p̂′2(x) ≈ p̂′2(−x), and almost constant along
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Figure 2.12: Left: acoustic pressures p′A, p′B measured for u0 = 35 V and f = 66 Hz, right:
corresponding acoustic velocity.
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Figure 2.13: Comparison of experimental and theoretical results.

the narrow tube which results in a negligible acoustic pressure gradient and acoustic velocity
(see below).

Figure 2.13 shows dependence of the acoustic velocity amplitude at the centre of the
waveguide on driving voltage amplitude for f = 65 Hz; measured and calculated using the
proposed model with individual loss mechanisms taken into account.

It can be seen that if the minor losses and the losses due to the turbulence in the boundary
layer [9] are not taken into account (black line), the model predicts almost linear dependence
of the acoustic velocity amplitude on the driving amplitude as the energy dissipation in
higher harmonics is negligible. This is because of the fact that the higher harmonics are
not resonantly amplified (the resonator is strongly dissonant) and thus the acoustic energy
transfer into them is ineffective. The blue line corresponds to the situation when turbulent
losses are taken into account and minor losses are not. Again, the model overestimates the
velocity amplitude. When all the nonlinear loss mechanisms are taken into account, the model
(red line) fits the experimental data well.

Figure 2.14 shows distribution of amplitudes of the first three harmonics of acoustic pres-
sure and velocity calculated for u0 = 35 V and f = 65 Hz. The vertical lines delimit the
central narrow part of the waveguide. It can be observed that in correspondence with the
adopted assumptions, the pressure gradient of the first harmonics is almost constant along the
narrow part of the waveguide, whereas the second harmonics amplitude is almost constant (its
gradient has almost zero value). In the central part, the amplitude of the second harmonics
exceeds the first one. The jumps at the junctions of the central waveguide with the conical
segments follow from the adopted “local” model of the minor losses.

The proposed arrangement allows for an efficient generation and resonant amplification
of low-frequency sound fields, where its physical dimensions are much smaller than the wave-
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Figure 2.14: Distribution of the acoustic pressure (left) and the particle velocity (right) har-
monics amplitudes along the waveguide, u0 = 35 V, f = 65 Hz.

length, in the current case λ/ltot ≈ 7.5. The primary motivation for its design was the
stabilization of electric discharges in plasma-chemical reactors, but, there are many other
potential applications. We have demonstrated that in order to predict its performance accu-
rately, non-classical means of the acoustic energy dissipation, such as the turbulence in the
viscous boundary layer and minor losses, must be taken into account.
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Chapter 3

Thermal effects on Rayleigh acoustic
streaming

3.1 Introduction

Acoustic streaming [32, 33, 34, 35] is another physical phenomenon which can be encountered
in acoustic resonators. It refers to a second-order net mean fluid flow generated by and
superimposed on the first-order acoustic field. Apart from the fact that the acoustic streaming
is an interesting physical phenomenon, it plays an important role in many applications where
it can be both useful or undesirable. For example, in thermoacoustics [29], the streaming
is usually an unwanted mechanism of convective heat transport which reduces the efficiency
of high-amplitude thermoacoustic devices; on the other hand, the heat transport supported
by acoustic streaming [36] could find its application in cooling hot objects like electronic
components. In acoustofluidics [37], the acoustic streaming prevents manipulation of small
particles by acoustic radiation force in microfluidic devices; on the other hand, it can be
actively utilized in these devices for mixing and pumping fluids.

Based on different mechanisms by which acoustic streaming is generated, it can be sorted
[35] into several categories. Boundary-layer-driven streaming, or Rayleigh streaming, appears
in a standing wave resonator because of shear viscous forces near the fluid-solid boundary.
Eckart streaming (or “quartz wind”) is generated as a result of attenuation of high-intensity
travelling acoustic waves within the fluid volume. Jet-driven streaming is associated with
the periodic suction and ejection of a viscous fluid through a change of cross-section area in
a resonator. Finally, there is a travelling-wave (Gedeon) streaming associated with acoustic
wave propagating in a waveguide with a looped topology. This text is further focussed on the
boundary-layer-driven (Rayleigh) streaming.

The first observational evidences of the acoustic streaming date back to the mid-nineteenth
century, when M. Faraday observed steady air currents established adjacent to vibrating
elastic surfaces [38]. A similar phenomenon had been noticed by Savart a few years earlier. In
another experiment, V. Dvořák observed mean air flows in high-amplitude standing wave in
a Kundt’s tube [39]. The flow was from the acoustic velocity anti-node towards the acoustic
velocity node close to the tube wall. In the tube interior, there was a return flow in the
opposite direction–from the acoustic velocity node to the acoustic velocity anti-node.

Acoustic streaming is a nonlinear effect, so that it cannot be analysed employing the
methods of linear acoustics. Lord Rayleigh [40] was the first one who provided the theoretical
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Figure 3.1: Rayleigh streaming calculated employing Eqs. (3.1): top–acoustic velocity along
the centerline, middle–streamlines, bottom–streaming velocity profile along the centerline.
Here, uR = 3u20/16c0 is so-called Rayleigh velocity.

explanation for both the above-mentioned phenomena. To solve the nonlinear fluid-dynamics
equations, he used the method of successive approximations, in which the first-order solution
(acoustic field) is used to calculate the driving functions for the second-order solution (stream-
ing field), where both the solutions are calculated by linearised equations. This approach has
become a predominate analytical tool since then for the study of the acoustic streaming.

Regarding the Dvořák’s observation, Rayleigh considered a standing acoustic wave between
two parallel plates separated by the distance 2H. He assumed that the plates’ separation
distance was much larger than the viscous boundary layer thickness, and much smaller than
the wavelength.

If the acoustic particle velocity along the centerline is

u1 = u0 cos(kx) cos(ωt),

where u0 is the acoustic velocity amplitude at the antinodes, k is the wavenumber, x is the
spatial coordinate along the centerline, ω is the angular frequency, and t is the time, the
Rayleigh solution far from the boundary layer can be approximated, see, e.g., [35, 40], as

u2 = − 3u20
16c0

sin(2kx)

[
1− 3

(
1− y

H

)2]
, (3.1a)

v2 = − 3u20
16c0

2kH cos(2kx)

[
1− y

H
−
(

1− y

H

)3]
(3.1b)

where u2, v2 are the streaming velocities along and perpendicular to the plates, respectively,
c0 is the small-signal sound speed, and y is the spatial coordinate parallel to the plates.

Equations (3.1) describe the outer (= outside the boundary-layer) streaming cells asso-
ciated with the Rayleigh streaming. Each of the streaming cells, see Fig. 3.1, spans quarter
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a wavelength in the axial direction and half the channel width in the transverse direction.
Along the centerline, the axial streaming velocity profile u2 is sinusoidal with the period of
half the wavelength.

H. Schlichting theoretically studied the acoustic streaming inside the boundary layer in
a standing wave along a flat plate [41]. He predicted the existence of “inner” streaming
vortices with quarter a wavelength size in the axial direction, and the width comparable to
the boundary layer thickness. V. K. Schuster and W. Matz, see [42], reproduced the Rayleigh’s
calculation for the problem of a standing acoustic wave in a cylindrical tube with radius R.

More recently, acoustic streaming in a thermoviscous fluid confined between two arbitrarily
separated plates having non-zero mean axial temperature gradient was studied by R. Waxler
[43]. When the analysis was applied for the case of plates spacing large compared to the visco-
thermal boundary layer thickness, outer as well as inner streaming profiles were obtained.
H. Bailliet et al. [44] incorporated temperature dependence of viscosity and heat conduction
and extended the analysis also for cylindrical geometry.

M. F. Hamilton et al. [45] presented a fully analytical solution for acoustic streaming
generated by a standing wave in a rectangular channel (resonator) of arbitrary width, driven
with an inertial force and filled with a viscous fluid. They have shown that apart from the
driving frequency, the acoustic streaming structure, see Fig. 3.2, depends only on the ratio of
the channel half-width H, and the viscous boundary layer thickness. They have determined
the critical value of this ratio necessary for the development of the outer streaming cells. In
related work [46], the authors further generalized the solution to take into account thermal
conductivity and temperature-dependence of viscosity of the fluid and extended the analysis
for the case of cylindrical tubes.

λ/2

0

0 Lx

y

H

Inner vortices

Outer vortices

Figure 3.2: Structure of the inner and outer streaming cells in a resonant channel.

The above-mentioned theoretical works [41, 42, 43, 44, 45, 46] employ the original Rayleigh’s
approach [40] in treating the second-order momentum equation for the averaged streaming
velocity. Namely, the equation is linearised, which substantially simplifies the analysis, how-
ever, this way, the inertial effects on the streaming flow are not captured. In the case of
“slow” streaming these effects are negligible compared to the viscous effect on the streaming
flow and the employed approach provides correct results.

Employing a perturbation analysis with asymptotic expansions, L. Menguy and J. Gilbert
[47] calculated “nonlinear,” or “fast” acoustic streaming generated by a standing wave in a
cylindrical waveguide, demonstrating the distortion of the streamlines as a consequence of
inertial effects on the streaming fluid motion.
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They have identified a parameter–the nonlinear Reynolds number

Renl =

(
u0
c0
× R

δv

)2

, (3.2)

where u0 is the standing wave amplitude, R is the waveguide radius, and δv is the viscous
boundary layer thickness. This parameter determines whether the fluid inertia effects on the
streaming motion can be neglected (Renl � 1 – streaming can be considered as “slow”) or
not. Their analysis, due to the convergence issues, covers the region Renl / 6.

Acoustic streaming in high-amplitude acoustic fields–fast streaming–is today most often
theoretically studied by methods of computational fluid dynamics (CFD), i.e., by the direct
numerical solution (DNS) of the compressible Navier-Stokes equations in the time domain.

M. K. Aktas and B. Farouk [48], and V. Daru et al. [49] studied acoustic streaming gener-
ated by strongly nonlinear acoustic fields in two-dimensional rectangular channels employing
this approach. They observed complex streaming patterns strongly deviating from the slow
streaming ones, [45, 46], including the development of additional outer vortices. I. Reyt et al.
[50] conducted the numerical simulations as well as measurements for the case of a cylindri-
cal tube. Even if the methods of CFD are rather straightforward, allowing for the study of
acoustic streaming in complex geometries, they are computationally very costly, because the
need to capture the structure of boundary layers requires a very fine time-step of integration
and the transients can be even hundreds or thousands of cycles long. For this reason, see, e.g.,
the argumentation in [49], the numerical simulations are conducted for very small resonators
operating at the ultrasonic frequencies, which complicates the comparison of the numerical
results with experimental data, as for these small geometries, the experimental measurements
would be hardly possible.

Experimental methods for the study of the fast Rayleigh streaming (conducted at the
audio frequencies) utilize Laser Doppler Velocimetry (LDV), see, e.g., [50, 51, 52, 53, 54] or
Particle Image Velocimetry, see, e.g., [53, 55, 56, 57].

Of these works, M. W. Thompson et al. [51] used LDV for the measurement of the acoustic
streaming in a cylindrical tube at high values of Renl. They found out that for higher values
of Renl, the streaming profile deviates considerably from the prediction by N. Rott [58] or
L. Menguy and J. Gilbert [47]. They have shown in an experimental way that this streaming
profile distortion is connected with temperature gradient developed along the resonator walls
due to thermoacoustically driven heat flux. At the time, there has not been any theory at
hand explaining this behaviour, nevertheless, the authors have speculated that this effect may
be connected with the heat carried by the streaming flow.

I. Reyt et al. [50] compared their measurements of acoustic streaming in a cylindrical
resonator using LDV with the numerical data obtained by a DNS. They obtained similar
experimental results (distorted streaming profiles) as M. W. Tnompson et al. [51] with a
small temperature gradient along the resonator. The numerical calculations were performed
at the condition of isothermal resonator walls; qualitative and overall quantitative agreement
between the experimental and numerical results has been achieved so that the authors iden-
tified the inertial effects as the primary reason for the distortion of the streaming profile for
high values of Renl.

In their recent work, V. Daru et al. [59] argue, based on the results of numerical experi-
ments, that the inertial effects cannot be the leading mechanism of the streaming structure
distortion observed in experiments and DNS; they consider the role of the nonlinear interac-
tions between the streaming flow and the acoustic field.
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We show in the following sections, by means of numerical simulations, that the acoustic
streaming structure is extremely sensitive to the fluid temperature distribution transverse to
the resonator axis, and that even for moderate values of Renl, the streaming profile can be
considerably distorted from the sinusoidal one, predicted by the Rayleigh’s theory, if there
is even weak temperature gradient along the resonator walls. This acoustic-field-amplitude-
dependent distortion is not caused by the effect of the fluid inertia, but, it is connected with
the streaming-driven convective heat transport in a fluid with a mean temperature gradient.
The streaming profile distortion described within this work is of the same type as it has been
found in experiments [50, 51, 53, 54].

The results described within this work cannot be obtained using the previous theoretical
models dealing with acoustic streaming in temperature-inhomogeneous fluids [58, 43, 44], as
these models do not take into account the transverse temperature distribution and they do
not capture the effect of the acoustic-streaming-driven convective heat transport.

The rest of this chapter is based on the author’s works [60, 61, 62], see also the Appendices
A.6, A.7, and A.8.

3.2 Mathematical model

Being an inherently nonlinear effect, acoustic streaming must be studied employing nonlinear
equations. Namely, the Navier-Stokes equations of the fluid dynamics, see, e.g., [63], are
most often used as the starting point in the context of acoustic streaming. In order to avoid
computationally very demanding direct numerical integration of the Navier-Stokes equations,
which has been employed previously [48, 49, 50], especially on large geometries (compared to
viscous boundary layer thickness), the variant of the method of successive approximations,
used in a similar context by A. Boufermel et al. [64], was adopted. Within this approach, the
fluid-dynamics variables are decomposed as

ϕ = ϕ0 + ϕa + ϕn, ϕn � ϕa,

where ϕ0 represents the steady state mean value of a quantity ϕ without acoustic perturbation,
ϕa represents the first-order acoustic perturbation (primary field), harmonic in time with an
angular frequency ω, and ϕn represents the products of nonlinear interactions including higher
harmonics as well as time-independent (or slowly varying) components (secondary field).
Next, a time-average of this relation is calculated over one period of the acoustic component,
resulting in 〈ϕ〉 = ϕm(r, ts) = ϕ0 + 〈ϕn〉, where ϕm represents an averaged quantity, variable
in space (r is the position vector), and slowly varying in the time (ts is the “slow” time related
to the large-time-scale phenomena).

Applying this scheme, see [62] (Appendix A.8) for the details, we get the equations for
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the first-order acoustic quantities (denoted with the index “a”)

∂ρa
∂t

+ ∇ · (ρmua) = 0, (3.3a)

ρm
∂ua

∂t
+ ∇ ·

{
paI − µm

[
∇ua + (∇ua)

T
]

+
2

3
µm(∇ · ua)I

}
= −ρma, (3.3b)

ρmcpm

(
∂Ta
∂t

+ ua ·∇Tm

)
− ∂pa

∂t
−∇ · (κm∇Ta) = 0, (3.3c)

pa
pm

=
Ta
Tm

+
ρa
ρm
, (3.3d)

where ρ is the fluid density, p is the pressure, u is the fluid particle velocity, T is the temper-
ature, a is the inertial acceleration (driving the acoustic field), cpm = cp(Tm), µm = µ(Tm),
and κm = κ(Tm), where cp is the specific heat capacity at constant pressure, µ is the shear
viscosity, and κ is the coefficient of thermal conduction. Further, I is the identity matrix,
and the upper index T stands for the matrix transpose.

Similarly, the equations for the time-averaged quantities can be obtained in the form

∂ρm
∂ts

+ ∇ · (ρmum) = M, (3.4a)

ρm
dum

dts
+ ∇ ·

{
pmI − µm

[
∇um + (∇um)T

]
+

2

3
µm(∇ · um)I

}
= F, (3.4b)

ρmcpm
dTm
dts
− dpm

dts
−∇ · (κm∇Tm) = Q, (3.4c)

pm = ρmRsTm, (3.4d)

where Rs is the specific gas constant, and the operator d()/dt stands for the material deriva-
tive. The source terms M,F, and Q emerge in Eqs. (3.4) as a consequence of employing the
method of successive approximations; they comprise nonlinear combinations of the first-order
acoustic field quantities, calculated from Eqs. (3.3), see [62] (Appendix A.8) for the details.
Namely, M is the mass source, F represents the excitation force (Reynolds stress, the force
caused by the dependence of viscosity on acoustic temperature), and Q represents the heat
source.

In context of the acoustic streaming, averaged mass transport velocity (the ratio of the
total mass flux to the average density–further referred to as the streaming velocity) is of
interest, see, e.g., [45, 64], which is introduced as

Um = um + 〈ρaua〉/ρm.
The sets of equations (3.3) and (3.4) are mutually coupled. The mean temperature distri-

bution calculated from Eqs. (3.4) needs to be known for the calculation of the acoustic-field
quantities from Eqs. (3.3), and the acoustic-field quantities need to be known for the calcu-
lation of the source terms M,F, and Q for Eqs. (3.4)–not shown here, see [62] (Appendix
A.8).

However, in the case of “weak acoustic field” (and very slow streaming), the situation gets
simplified substantially. In these conditions, if the acoustic streaming-driven heat convection
can be neglected compared to the heat conduction, the energy equation (3.4c) decouples from
the set of equations (3.4) and (3.3), and in the steady-state, it gets the form

∇ · (κm∇Tm) = 0. (3.5)
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Figure 3.3: Geometry of the problem.

This means that the equations can be solved step by step, see [61] (Appendix A.7):

1. The fluid mean temperature is calculated using Eq. (3.5) supplemented with appropriate
boundary conditions.

2. The first-order acoustic field in the fluid with the mean temperature distribution Tm(r)
is calculated using Eqs. (3.3).

3. The second-order time-averaged field is calculated using the set of Eqs. (3.4a), (3.4b),
and (3.4d).

All the equations, for both the decoupled as well as the coupled problem, were solved
numerically employing the finite-element software COMSOL Multiphysics [65], see also [61, 62]
(Appendices A.7, A.8) for the details of the implementation.

3.3 Numerical results

3.3.1 Configuration and parameters of the simulations

The numerical simulations were conducted for the case of a rigid-walled cylindrical tube (res-
onator) with the length L and the inner radius R. The tube was assumed to be closed with
rigid caps at the ends, and filled with air (considered as an ideal gas) at normal pressure.
Acoustic field was assumed to be driven by a time-harmonic inertial acceleration at the fre-
quency of λ/2−resonance, oriented along the tube symmetry axis, see Fig. 3.3. Due to the
symmetry, the problem was solved in 2D axi-symmetric r, z-cylindrical coordinate system.

The boundary conditions (BCs) on the resonator walls for the acoustic-field equations
(3.3) were set as follows. The acoustic temperature Ta = 0 (isothermal BCs), the acoustic
velocity vector ua = 0 (no-slip BCs). The BCs for the second-order averaged field were set
as Tm = Tw, where Tw is a prescribed wall temperature, and um = 0 (no-slip BCs).

3.3.2 Slow streaming with the convective heat transport neglected

First, the simpler problem of the slow streaming, in which the acoustic-streaming-driven
convective heat transport can be neglected, was studied. As it has been mentioned in Sec. 3.2,
in this case, the model equations decouple and the steady-state mean fluid temperature can
be calculated using Eq. (3.5).
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Figure 3.4: Wall temperature distribution–Eq. (3.7).

Based on a parametric study, it has been shown in [61] (Appendix A.7) that the acous-
tic streaming structure is particularly influenced by the mean temperature gradient in the
direction perpendicular to the resonator axis1.

If ∆rTm(z) = Tm(0, z)−Tm(R, z) < 0, acoustic streaming near the resonator axis is locally
supported, if ∆rTm(z) > 0, it is locally opposed which may even result in the streaming ve-
locity reversal near the resonator axis, which is connected with the development of additional
outer vortices.

It is interesting to note that even if there were previous works taking into the account
temperature gradients in the resonant channels ([58, 43, 44]), the authors did not consider
the transverse temperature gradient, and they only considered the temperature gradient in
the axial direction – to which the acoustic streaming is not very sensitive.

However, the transverse temperature gradient in the resonator fluid is directly connected
with the temperature distribution along the resonator walls. It can be shown, see, e.g., [66],
that if L� R, it approximately holds

Tm(r, z) ≈ 1

4

d2Tw
dz2

(
R2 − r2

)
⇒ ∆rTm(z) ≈ R2

4

d2Tw
dz2

. (3.6)

The influence of the fluid temperature variation is demonstrated in the following example.
Let’s assume a tube (resonator) with the radius R = 1.5 cm and the length L = 30 cm. The
wall temperature distribution is set as

Tw(z) =
∆Tw

2

[
1 + cos

(
2πz

L

)]
+ Tw0, (3.7)

where Tw0 = 20 ◦C, and ∆Tw differs in individual cases. The temperature distribution (3.7)
is depicted in Fig. 3.4.

The numerical results are always presented for the case of λ/2-resonance. As the resonance
frequency depends on the fluid temperature distribution, its value is searched for by frequency
sweep maximizing the acoustic pressure at point (r, z) = (0, 0) in the resonator.

Figure 3.5 shows the streamlines for various values of ∆Tw. The red lines correspond
to counter-clockwise rotating streaming cells, the blue lines correspond to clockwise rotating
ones. The top-left panel shows the case of ∆Tw = 0 ◦C (no temperature inhomogeneity),
where two outer vortices of the Rayleigh streaming can be observed. The inner boundary-
layer Schlichting vortices are also present, but, they cannot be seen as in this case the ratio of
the resonator radius and the viscous boundary layer thickness is ca. 164. It can be observed

1In the work [61], the resonant channel was assumed to be a rectangular one, in this case, the geometry
is cylindrical one. Nevertheless, the qualitative behaviour of the acoustic streaming is the same in both the
geometries.
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Figure 3.5: Acoustic streaming structure for the wall temperature distribution given by
Eq. (3.7) for various values ∆Tw.

Figure 3.6: Left: Normalized streaming velocity along the resonator axis for ∆Tw =
(0, 20, 40, 60, 800, 100) ◦C. Right: transverse temperature differences for the same values of
∆Tw.
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in the rest of the panels in Fig. 3.5 that as the wall temperature difference ∆Tw increases,
two additional outer cells emerge, pushing the original outer cells towards the ends of the
resonator.

The development of the additional outer streaming cells is connected with the streaming
velocity reversal in the vicinity of the resonator axis, as it was explained earlier. For various
values of ∆Tw, the left panel of Fig. 3.6 shows the z-component of the streaming velocity
along the resonator axis, normalized to the Rayleigh velocity2

uR =
3

8

u2a0
c0
, (3.8)

where ua0 is the amplitude of the longitudinal acoustic velocity component on the resonator
axis. The red line corresponds to ∆Tw = 0 ◦C; the distribution is sinusoidal, as it is predicted
by previous works, see, e.g., [42, 46]. With the increasing value of ∆Tw, the distribution
deviates more and more from the sinusoidal one, and for ∆Tw ' 40 ◦C, the streaming velocity
reversion occurs. The right panel of Fig. 3.6 shows the reason for the local streaming velocity
deviation–the transverse temperature difference ∆rTm. As it was explained earlier, if ∆rTm <
0, the streaming velocity is supported (increased), and if ∆rTm > 0, the streaming velocity is
opposed (in a force-like manner), and it is ultimately reversed. Note that very small values
of ∆rTm are enough to completely change the acoustic streaming structure. More numerical
examples can be found in [61], see Appendix A.7.

3.3.3 The effect of convective heat transport on the acoustic stream-
ing structure

Within this section, it is shown that even for moderate values of Renl, the streaming profile can
be considerably distorted from the sinusoidal one predicted by the Rayleigh’s theory, if there
is even a weak temperature gradient along the resonator walls. This acoustic-field-amplitude-
dependent distortion is not caused by the effect of the fluid inertia, but, it is connected with
the streaming-driven convective heat transport in a fluid with a mean temperature gradient.

In order to capture the streaming-driven convective heat transport, Eqs. (3.3) and (3.4)
must be solved simultaneously as one set of equations, see the details in [62] (Appendix A.8).
All the numerical results presented here are calculated in the conditions of λ/2-resonance,
which is searched for by a frequency sweep.

The parameters used for the numerical simulations presented here are the same as the
ones used in Sec. 3.3.2. Also, Eq. (3.7) is used to prescribe the resonator wall temperature
distribution. Using the formula (3.7)–cf. the previous section, in this context has a particular
importance.

Formula (3.7) models, see [51], the steady-state wall temperature distribution due to the
thermoacoustic heat transport. In the standing wave, there exists a time-averaged heat flux
between the walls and the inner fluid which transports the heat from the acoustic-velocity
antinodes towards the acoustic-velocity nodes [67, 5]. This flux, which is proportional to the
square of the acoustic velocity amplitude [67], is balanced by the heat conduction within the
walls and the heat flux to the outer environment; the resulting wall-temperature gradient thus
depends on particular external factors, and that is why it is prescribed by Eq. (3.7) here.

2The definition of uR is different for rectangular and cylindrical resonators (cf. Fig. 3.1), see, e.g., [46].
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Figure 3.7: Normalized (left panel) and non-normalized (right panel) streaming velocity along
the resonator axis, ∆Tw = 8 ◦C, Renl = 0.001, 0.2, 0.4, . . . , 2.8, 3.0; steady state.

Figure 3.7 shows the distribution of steady-state averaged mass transport velocity along
the resonator axis for individual values of Renl both normalized to the Rayleigh velocity (left
panel) and non-normalized (right panel).

Here, Renl is not exclusively understood as a measure of the flow-inertia effect on the
streaming field, it is employed as an established parameter related to the streaming velocity
(according to the Rayleigh’s theory, streaming velocity should be proportional to Renl).

In the case of Renl = 0.001, the streaming velocity has such a small value that the con-
vective heat transport is negligible. The normalized streaming velocity along the axis reaches
the maximum value of Umz/uR ≈ 1; the distribution slightly differs from the sinusoidal one
[42]. If the streaming velocity increases, its distribution quickly gets distorted, and the value
of the normalized streaming velocity in maxima decreases. With further increasing Renl, the
normalised streaming velocity between the velocity nodes and antinodes further decreases; it
reaches zero value for Renl ≈ 2.4 and its direction reverses for higher values of Renl. Consider-
ing the non-normalised streaming velocity, the situation looks somewhat more complex; while
its value increases with Renl monotonically near the acoustic velocity nodes and antinode,
between them, it first increases, then reaches maximum, decreases and then changes its sign.
It can be seen in both the versions of the figure that the incremental change of the streaming
velocity is bigger for lower values of Renl then for higher ones.

Figure 3.8: Streaming velocity (z-component) and streamlines for ∆Tw = 8 ◦C and different
values of Renl; steady state.

Figure 3.8 shows the streamlines for the case of Renl = 0.001 and Renl = 3.0. If the
streaming velocity is small (left panel), two outer vortices can be observed as expected [46].
The inner vortices are not appreciable because of the high value of the ratio of the resonator
radius and the viscous boundary layer thickness. For higher streaming velocity (right panel)
the streamlines are distorted, and two weak additional outer vortices appear near the resonator
axis, which is connected with the reversal of the streaming velocity at the resonator axis seen
in Fig. 3.7. More numerical examples are given in [62] (Appendix A.8).
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This behaviour can be explained employing the observations outlined in Sec. 3.3.2 and
thoroughly examined in [61] (Appendix A.7). If the resonator driving is increased, Renl
increases, acoustic streaming becomes a more effective means of the heat transport which
results in the re-distribution of the mean fluid temperature. Acoustic streaming convects the
heat along the resonator axis from the warmer areas near the end-walls towards the resonator
centre, see Fig. 3.9.

0
0 Lz

r

R

Q̇Q̇

Figure 3.9: Heat transport in a resonator due to acoustic streaming.

However, this heat transport also increases the value of ∆rTm(z) in the resonator central
part, see the example in Fig. 3.10, leading to the opposition to the acoustic streaming and
reducing its effectiveness in convecting the heat. This effect manifests itself by decreasing in-
cremental temperature change with increasing Renl seen in Fig. 3.10. This feedback behaviour
explains the distortion of the streaming structure in temperature-inhomogeneous fluids and
its dependence on Renl through the convective term um ·∇Tm in the energy equation (3.4c).

Figure 3.10: Distribution of temperature difference ∆rTm(z) along the resonator for ∆Tw =
8 ◦C and Renl = 0.001, 0.2, 0.4, . . . , 2.9, 3.0.

The departure of the streaming velocity distribution from the sinusoidal one presented
in Fig. 3.7 is of the same type as it has been found experimentally [50, 51, 53]. In the
above-mentioned experiments, the reason for the departure is two-fold: (a) because of the
thermoacoustically induced temperature distribution along the resonator walls, and (b) be-
cause of the inertial effects of the streaming flow. In the experiments, these two effects come
hand in hand as the streaming velocity, as well as the heat flux between the resonator wall
and the inner fluid, are proportional to the square of the acoustic velocity. The numerical
results presented here were obtained for Renl ≤ 3, which means that the inertial effects on
the streaming fluid flow are small [47] and the streaming field distortion is caused purely by
the fluid temperature inhomogeneity.

3.4 Discussion

We have shown that the acoustic streaming structure is extremely sensitive to the fluid trans-
verse temperature distribution, which is an important fact for thermoacoustic applications
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where an intricate interactions between acoustic, thermal, and streaming fields play a crucial
role.

We have also demonstrated, that even in the case of relatively weak temperature gradi-
ents, the acoustic-streaming-driven convective heat transport is responsible for a considerable
distortion of the streaming profile, this effect is much stronger than the effect of the fluid
inertia on the streaming flow. The streaming profiles observed within this work are consis-
tent with the available experimental data. Based on the results obtained within this work,
this conclusion can be drawn. For a good quantitative agreement between experimental and
theoretical data, the thermal effects must be comprised within the model describing acoustic
streaming, and even slight wall-temperature gradients cannot be ignored any more.
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Chapter 4

Non-paraxial model of parametric
acoustic array

4.1 Introduction

The concept of parametric acoustic array (PAA) has been introduced in 1963 by P. J. West-
ervelt [68]. This technique allows to generate low-frequency highly directional side-lobes-free
sound beams from sources (radiators) with relatively small aperture. The principle is as
follows, see Fig. 4.1, and, e.g., [68, 34, 69].

Primary wave source (ultrasonic transducer)

Primary (ultrasonic) beam Secondary (audio) beam

Virtual array

Figure 4.1: Generation of audible sound beam through PAA.

Two collimated ultrasonic beams of similar frequencies are radiated in the same direction,
where at least one of them has a finite amplitude. As these (primary) waves propagate in the
medium, nonlinear effects give rise to the generation of a secondary field, one component of
which is the (low-frequency) difference-frequency one, by forming a phased array of virtual
sources that resonantly pump acoustic energy into this component. The directivity of this low-
frequency wave is much higher than if it were radiated directly by the primary-field radiator.
It is obvious that a small percentage change of one of the primary frequencies results in a
large percentage change in the difference-frequency, which means that wideband radiation (in
the difference-frequency) can be accomplished using a narrowband high-frequency transducer.
Since its discovery the PAA has found its application in sonar, parametric loudspeakers, etc.,
see e.g., [70, 71, 72, 73, 74, 75].

The process of the generation of a difference-frequency wave in a field of highly-directional
finite-amplitude primary waves is a rather complex one, and its mathematical description
requires some degree of approximation and simplification. This problem has been addressed
by many authors in different ways.
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In his pioneering work, P. J. Westervelt [68] described the far-field properties of the
difference-frequency waves based on the assumption that the nonlinear interactions are limited
only to the near-field of the primary waves which were modelled as collimated plane waves.
T. G. Muir and J. G. Willette [76] calculated the sum- and difference-frequency field under
the assumption that the nonlinear interactions take place only in the far-field of the primary
waves, which were modelled analytically using the formula for the far-field of a uniformly
vibrating piston. G. S. Garrett et. al. [77] proposed a model for the parametric radiation
from an axisymmetric source in the quasilinear and paraxial approximation based on the
numerical calculation of a triple integral. T. Kamakura et. al. [78] studied the propagation
of high-amplitude waves generated by a piston vibrating at two similar frequencies by nu-
merical integration of parabolic KZK equation. In works [79, 80], method of multi-Gaussian
beam expansion has been employed for the fast calculation of difference-frequency fields in
the quasi-linear and paraxial approximation. H. Nomura et. al. [81] simulated the parametric
sound generation by means of direct numerical integration of the Navier-Stokes equations in
the time domain. This approach in principle allows to study more complex configurations,
however, the numerical integration in the time domain over a large spatial domain (if the
far-field behaviour is studied) results in an enormous computational time and a big amount
of stored data which need to be post-processed in order to obtain the spectral content of the
sound field.

The common characteristic of most of the above-mentioned papers and many others is that
the difference-frequency field is calculated in the paraxial approximation, which means, that
the corresponding models provide reliable results up to ca. 20◦ from the transducer axis and
they fail to provide any prediction in the nearfield. Within the following text, we introduce
a computationally efficient approach that does not rely on the paraxial approximation and
that can be used for the study of more complex problems than what has been studied in the
previous works. The rest of this chapter is related to the author’s works [82, 83, 84], see the
Appendices A.9, A.10, and A.11.

4.2 Model equations

As the acoustic fields employed in PAA are usually only weakly nonlinear, wave equations
derived under the second-order approximation are accurate enough to capture the important
physical effects (nonlinearity, diffraction, thermoviscous dissipation).

Such a wave equation, derived by S. I. Aanonsen et al., see, e.g., [85, 34], reads

∇2p′ − 1

c20

∂2p′

∂t2
+
δ

c20
∇2∂p

′

∂t
= − β

ρ0c40

∂2p′2

∂t2
−∇2L − 1

c20

∂2L
∂t2

, (4.1)

where p′ is the acoustic pressure, t is the time, c0 is the small-signal adiabatic sound speed,
ρ0 is the ambient fluid density, β is the parameter of nonlinearity of the fluid, for an ideal gas
β = (γ+1)/2, where γ is the adiabatic exponent, δ = [4µ/3 + µB + κ (1/cV − 1/cp)] /ρ0 is the
diffusivity of sound, where µ, µB are the coefficients of shear and bulk viscosity, respectively, κ
is the coefficient of thermal conduction, and cp, cV are the specific heats at constant pressure
and volume, respectively. The symbol L stands for the Lagrangian density which reads

L = ρ0
v2

2
− p′2

2ρ0c20
, (4.2)
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where v2 = v · v is the square of the acoustic particle velocity vector.
In the second approximation, L = 0 in the case of progressive plane waves. Then, the

general model equation Eq. (4.1) reduces into the well-known Westervelt equation1 [85, 34, 68]
which reads

∇2p′ − 1

c20

∂2p′

∂t2
+
δ

c20
∇2∂p

′

∂t
= − β

ρ0c40

∂2p′2

∂t2
. (4.3)

As it is discussed in Refs. [85, 34] the Westervelt equation describes correctly (in the
second-order approximation) plane progressive waves, however, even with the omission of
the Lagrangian density, the cumulative nonlinear effects are still captured correctly even in
the case of non-plane wave propagation, the Lagrangian density is associated only with local
(non-cumulative) nonlinear effects. Due to its relative simplicity [compared to Eq. (4.1)] the
Westervelt equation is widely used in the modelling of PAA.

If we introduce the velocity potential ϕ such that v = ∇ϕ and employ the second-
order relationship between the acoustic pressure and the velocity potential, see, e.g., [20]
(Appendix A.3),

p′ = −ρ0
∂ϕ

∂t
− ρ0

2
(∇ϕ)2 +

ρ0
2c20

(
∂ϕ

∂t

)2

, (4.4)

in the second approximation, the wave equation Eq. (4.1) can be recast [85] into

∇2ϕ− 1

c20

∂2ϕ

∂t2
+
δ

c20
∇2∂ϕ

∂t
=

1

c20

∂

∂t

[
(∇ϕ)2 +

β − 1

c20

(
∂ϕ

∂t

)2
]
, (4.5)

which is the well-known Kuznetsov equation [86]. Equations (4.1) and (4.5) are derived under
the same degree of approximation and they are equivalent. Note, that Eq. (4.5) is related to
Eq. (2.5).

4.3 Successive approximations

Solution of the wave equations presented in Sec. 4.2 can be substantially simplified under the
assumption of weakly nonlinear field, employing the method of the successive approximations,
see, e.g., [34]. Similarly as it has been used in Sec. 3.2, the quasi-linear solutions of the
governing equations are assumed to have the form

ψ(r, t) = ψ1(r, t) + ψ2(r, t), (4.6)

where ψ represents the given acoustic variable (acoustic pressure, velocity potential), ψ1 is
the linear solution (approximation) of Eqs. (4.1), (4.3), or (4.5), representing the primary
field, and ψ2 is a small correction to ψ1, representing the secondary field due to the nonlinear
interactions. Obviously, |ψ2| � |ψ1|.

The primary (ultrasonic) acoustic field is assumed to be composed of two time-harmonic
fields at similar frequencies fc (carrier), and fs (side-band), where fc > fs. Within this
work, the difference-frequency component fd of the secondary field is of the interest, where
fd = fc − fs. Being time-harmonic, all the components of the acoustic variables are further
represented by their complex amplitudes ψj(r, t) = <[ψ̃j(r)e iωjt], where j = c, s, d, and i =√
−1.

1This equation was employed by P. J. Westervelt in his pioneering work on PAA [68].

35



For the primary-field components, the linearised Eqs. (4.1), (4.3), or (4.5) reduce to
homogeneous Helmholtz equation

∇2ψ̃j + k2j ψ̃j = 0, (4.7)

where j = c, s, and kj ≈ ωj/c0 − iω2
j δ/2c

3
0 is the complex wavenumber the imaginary part of

which describes the thermoviscous attenuation.
For the difference-frequency secondary field, Eqs. (4.1), (4.3) reduce to inhomogeneous

Helmholtz equation
∇2p̃d + k2dp̃d = q̃pd, (4.8)

where the source term

q̃pd =
βω2

d

ρ0c40
p̃cp̃
∗
s −

(
∇2 − k2d

)
L̃d, (4.9)

where

L̃d =
ρ0
2
ṽc · ṽ∗s −

p̃cp̃
∗
s

2ρ0c20
(4.10)

for Eq. (4.1). The asterisk stands for the complex conjugate, and L̃d = 0 for the Westervelt
equation [Eq. (4.3)].

For the difference-frequency secondary field, Eq. (4.5) reduces to

∇2ϕ̃d + k2dϕ̃d = q̃ϕd, (4.11)

where

q̃ϕd =
iωd

c20

[
ṽc · ṽ∗s + (β − 1)

ωcωs

c20
ϕ̃cϕ̃

∗
s

]
. (4.12)

Using the difference-frequency, and primary-field velocity potentials, the difference-frequency
acoustic pressure can be calculated, employing Eq. (4.4), as

p̃d = −iωdρ0ϕ̃d −
ρ0
2
ṽc · ṽ∗s +

ρ0ωcωs

2c20
ϕ̃cϕ̃

∗
s . (4.13)

4.4 Numerical strategies

There are several numerical strategies for the solution of the above-mentioned equations, some
of them are discussed in the following text. These strategies can be demonstrated on a simple
model problem–the parametric radiation of a baffled circular piston, see Fig. 4.2.

The piston is assumed to have the radius a, its complex vibration amplitude ũj being an

axi-symmetric one, i.e., ũj = ũj(r), where r =
√
x2 + y2.

4.4.1 Direct numerical integration

Complex amplitude of the acoustic pressure of the primary field at a point P, for the calculation
of the source terms (4.9), (4.12), can be calculated employing the Rayleigh integral, see, e.g.,
[23], as

p̃j(r) =
ikjρ0c0

2π

∫ ∞
−∞

∫ ∞
−∞

ũj(x
′, y′)

e−ikjR

R
dx′dy′, j = c, s, (4.14)

36



x

y

z

P

r

r
′

R

dS′

Figure 4.2: Geometrical arrangement; P is the point, where acoustic field is determined.

where R =
√

(x− x′)2 + (y − y′)2 + z2. The other acoustic-field variables, such as the velocity
potential and the particle velocity vector can be calculated from Eq. (4.14) employing linear
theory, see [84] (Appendix A.11).

Once the source term for the inhomogeneous Helmholtz equation (4.8) or (4.11) has been
(formally) determined, the difference-frequency field can be calculated employing the Green’s
theory, see, e.g., [87]. For example, in the case of Eq. (4.8), the solution reads

p̃d(r) =
1

4π

∫ ∞
z′=0

∫ ∞
y′=−∞

∫ ∞
x′=−∞
q̃pd(r′)

(
e−ikdR

+

R+
+

e−ikdR
−

R−

)
dx′dy′dz′, (4.15)

where

R− =
√

(x− x′)2 + (y − y′)2 + (z − z′)2, R+ =
√

(x− x′)2 + (y − y′)2 + (z + z′)2,

see [82] (Appendix A.9). Solution to Eq. (4.11) would be formulated analogously.
Equation (4.15) represents the exact solution to the inhomogeneous Helmholtz equation,

however, as it is based on the fifth-fold integral, its numerical evaluation is extremely difficult,
which is also complicated by the oscillatory character of the argument of the integral (4.14).

4.4.2 Multi-Gaussian beam expansion

In the cases of |kca| ∼ |ksa| � 1, i.e., the primary wave is radiated in the form of highly
directional beams, multi-Gaussian beam expansion can be applied.

Here, the Green’s function in Eq. (4.14) can be simplified into the Fresnel approximation,
see, e.g., [88], as

e−ikjR

R
≈ 1

z
exp

{
−ikj

[
z +

(x− x′)2 + (y − y′)2
2z

]}
. (4.16)
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If, subsequently, the distribution of the piston velocity is expanded into a series of the Gaussian
functions g(ξ), see [89],

ũj(r =
√
x2 + y2 = aξ) = ũ0jf(aξ) ≈ ũ0jg(aξ), where g(ξ) =

N∑
n=1

Ane−Bnξ2 ,

where ũ0j represents complex amplitude, and An, Bn are complex coefficients, Eq. (4.14) can
be integrated analytically, resulting in

p̃j(r) = iρ0c0ũ0jkja
2e−ikjz

N∑
n=1

An exp
[
−kjBn(x2+y2)

kja2−2iBnz

]
kja2 − 2iBnz

. (4.17)

Again, the other acoustic variables can be calculated from the solution (4.17) employing linear
theory and substituted into the source terms of the inhomogeneous Helmholtz equation (4.8)
or (4.11). For example, the solution to the Westervelt equation can be obtained using the
formulas (4.17), (4.9), and (4.15) in the form of a three-fold integral. Numerical examples
demonstrating this approach can be found in [82] (Appendix A.9).

Determination of the multi-Gaussian beam expansion coefficients

As the Gaussian functions are non-orthogonal, we have used a heuristic method for calculation
of these coefficients. Unlike Wen and Breazeale [89] and others, we proposed to search for
them by minimization of the function

Q(A1, B1, . . . , AN , BN) =

∫ ∞
0

∣∣∣∣∣f(ξ)−
N∑
n=1

Ane−Bnξ2

∣∣∣∣∣
2

ξ dξ. (4.18)

The differential ξdξ stems from the fact that the integration takes place in the polar coor-
dinates (Wen and Breazeale [89] and others omitted the multiplicative weighting factor ξ in
the differential). Apart from the geometrical meaning of the coefficient ξ, its presence in
formula (4.18) greatly simplifies evaluation of the function in some important cases as it is
demonstrated in [83] (Appendix A.10).

4.4.3 Finite element method

Another approach for avoiding the direct numerical evaluation of the fifth-fold integral in-
troduced in Sec. 4.4.1 employs the finite element method (FEM) for the calculation of the
secondary field [Eqs. (4.8) or (4.11)], see [84] (Appendix A.11). The primary field [Rayleigh
integral (4.14)] can be either calculated (a) numerically as a two-fold integral, (b) employing
the boundary element method (BEM), or (c) the finite element method, see the discussion in
[84] (Appendix A.11). The approaches (a,b) are less heavy on the computational resources,
as the primary field is only evaluated at the mesh points for the secondary-field equation.
Moreover, the approaches (a,b) do not require the introduction of non-reflecting boundary
conditions preventing the spurious reflections of the primary waves. The approaches (a,b)
have been implemented in the finite-element software COMSOL Multiphysics [65], see [84]
(Appendix A.11) for the details.
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Figure 4.3: Comparison of the numerical results: difference-frequency wave, fd = 1 kHz, piston
with parabolic velocity distribution; the vertical dashed line marks the Rayleigh distance.

4.5 Numerical results and discussion

Here, we present some results obtained employing the approach described in Sec. 4.4.3. Within
all the examples shown here, acoustic field is calculated in air at normal conditions, and
classical thermoviscous attenuation is taken into account. In all the following cases, the carrier
frequency fc = 40 kHz, and the primary-field source (radiator) has the radius a = 2 cm. As the
problem possesses the axial symmetry, the acoustic field is calculated in (r, z) axi-symmetric
cylindrical coordinates.

The complex amplitude of the piston vibration velocity at frequencies fc, fs is assumed to
have the form

ũj(r) = u0 (uniform distribution),
ũj(r) = u0(1− r2/a2) (parabolic distribution),
ũj(r) = u0(1− r2/a2)2 (quartic distribution),

(4.19)

where j = c,s. In all the numerical results presented here, for the simplicity, u0 = 1 m s−1.
Figure 4.3 shows the distribution of the amplitude of the acoustic pressure of the difference-

frequency wave (fd = 1 kHz) along the z-axis in the near-field of the carrier wave (for fc =
40 kHz, the Rayleigh distance Rr = <[kc]a

2/2 = 14.6 cm). The velocity-distribution of the
piston is the parabolic one, see Eq. (4.19).

The difference-frequency field is calculated employing Eq. (4.1), (red line), the Westervelt
equation [Eq. (4.3), blue line], and the Kuznetsov equation [Eq. (4.5), green line]. As Eq. (4.1)
and the Kuznetsov equation are derived under the same approximation, the numerical results
correspond to each other very well. As in the Westervelt equation the Lagrangian density
[Eq. (4.2)] is assumed to be zero, which is not fulfilled in the near-field of the primary wave,
the prediction by the Westervelt equation differs from Eq. (4.1) and the Kuznetsov equa-
tion. However, in the far-field, beyond the Rayleigh distance, the predictions of all the three
equations match to each other as it is expected.

As the numerical evaluation of the source term [Eq. (4.9)] for Eq. (4.1) is much more
expensive than the source term [Eq. (4.12)] for the Kuznetsov equation, as it is necessary to
calculate the second-order spatial derivatives of the primary-field quantities, the Kuznetsov
equation [Eq. (4.5)] is employed for the calculation of the near field further on.

Figure 4.4 shows the acoustic pressure amplitude of the difference-frequency wave along
the z-axis for fd = 1 kHz and individual piston velocity distributions [see Eq. (4.19)]. The solid
lines correspond to the predictions by the Kuznetsov equation, the dashed lines are related to
the Westervelt equation. It can be observed that the structure of the near-field (resolved by the
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Kuznetsov equation) depends on the piston velocity distribution2 and again, the predictions of
both the equations correspond to each other in the far-field. The difference in the amplitudes
(at a given point in the far-field) for the individual piston velocity distributions are caused
by the fact that the amount of the radiated acoustic energy for the individual cases differs.

Figure 4.5 shows the directivity function D(ϑ) = |p̃(r0, ϑ)/p̃(r0, 0)| calculated at the dis-
tance r0 = 2 m from the centre of the piston with the parabolic velocity distribution. It
can be observed that the low-frequency difference-frequency field (solid lines) has a similar
directivity as the high-frequency carrier wave (dashed line), and that the directivity of the
difference-frequency wave increases with its frequency. Radiation from this piston directly at
the frequencies shown in the figure (500 Hz – 5 kHz) would be essentially omnidirectional.

More numerical results and examples, including the parametric radiation from the horned
piston are given in [84] (Appendix A.11).

The presented computational approach represents an efficient tool for the study of para-
metric radiation of low-frequency highly directional sound beams. As the method is not based
on the paraxial approximation, both the near-field as well as the of-axis field is properly re-
solved. Employing the BEM-FEM methods also enables to study more complex configura-
tions, utilizing, e.g., horns, acoustic lenses, phononic crystals, etc.

2It is also shown in [84] (Appendix A.11) that the structure of the near-field (resolved by the Kuznetsov
equation) is strongly frequency-dependent.
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Chapter 5

Conclusions and future outlooks

Within this thesis, I have summarized part of the work on which I have collaborated with my
colleagues during the last ten years and which contributed to solving existing problems and
furthered understanding of fundamental phenomena in the field of nonlinear acoustics. These
are the main results that we have achieved:

� We have proposed a systematic approach for determining the shapes of acoustic res-
onators maximizing the acoustic pressure amplitude. We have shown that these shapes
differ for the individual methods of driving. The proposed approach has been validated
experimentally. With these optimized resonators, high-amplitude acoustic fields can be
generated efficiently, which is important for the potential applications.

� Employing numerical experiments, we have revealed the high sensitivity of the Rayleigh
acoustic streaming structure on the transverse temperature gradients in fluid-filled
acoustic resonators. With this knowledge, we have identified a feedback mechanism
that explains the distortion of the streaming profile observed in experiments. By this
work, we have contributed to the solution of one of the contemporary problems of non-
linear acoustics.

� We have proposed a versatile computational approach for the study of parametrically
radiated sound. The proposed method does not employ the paraxial approximation and
allows for the studying of complex configurations. The proposed approach represents
an easy-to-use tool that can be utilized for the design and optimization of small, highly-
directional audio-frequency radiators.

In my future work, I would like to capitalize on the methods and results described within
this thesis, together with those I have not included, see, e.g., [90, 91, 92, 93, 94, 95]. These
are the possible directions of my future research:

� Acoustic black holes, which are theoretically predicted structures minimizing the acous-
tic wave reflection. The basic principle here is the slow-down of the sound speed to
zero in the “singularity.” Apart from the fact that these non-conventional structures
are very interesting from the theoretical point of view, they may represent an attractive
alternative to conventional treatments employing a bulk of porous absorbing materials.

� Broadband perfect absorbers, which are finely-tuned resonant structures allowing for
almost 100 % acoustic energy absorption. In these structures, only their inherent losses
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are usually employed, which leads to relatively simple designs with compact dimensions,
again, avoiding a bulk of porous absorbing materials.

� Phononic structures for the sound insulation, combining the effect of Bragg scattering
with local resonances. These structures represent light-weight alternatives to conven-
tional sound barriers. Incorporation of the local resonators and structural optimiza-
tion can dramatically increase the sound insulation performance, especially in the low-
frequency range, preserving compact dimensions.

� And whatever interesting the future brings. . .
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[62] M. Červenka and M. Bednař́ık, “Numerical study of the influence of the convective heat
transport on acoustic streaming in a standing wave,” J. Acoust. Soc. Am., vol. 143, no. 2,
pp. 727–734, 2018.

[63] B. Lautrup, Physics of Continuous Matter, Second Edition: Exotic and Everyday Phe-
nomena in the Macroscopic World. Boca Raton: CRC Pres, 2011.

[64] A. Boufermel, N. Joly, P. Lotton, M. Amari, and V. Gusev, “Velocity of mass transport
to model acoustic streaming: Numerical application to annular resonators,” Acust. Acta
Acust., vol. 97, pp. 219–227, 2011.

[65] Acoustics Module User’s Guide, COMSOL Multiphysics® v. 5.3a. Stockholm, Sweden:
COMSOL AB, 2017.

[66] N. Sugimoto and K. Tsujimoto, “Amplification of energy flux of nonlinear acoustic waves
in a gas-filled tube under an axial temperature gradient,” J.Fluid Mech., vol. 456, pp. 377–
409, 2002.

[67] P. Merkli and H. Thomann, “Thermoacoustic effects in a resonance tube,” J.Fluid Mech.,
vol. 70, pp. 161–177, 1975.

[68] P. J. Westervelt, “Parametric acoustic array,” J. Acoust. Soc. Am., vol. 35, pp. 535–537,
1963.

[69] W.-S. Gan, J. Yang, and T. Kamakura, “A review of parametric acoustic array in air,”
Appl. Acoust., vol. 73, pp. 1211–1219, 2012.

[70] M. Yoneyama and J. Fujimoto, “The audio spotlight: An application of nonlinear inter-
action of sound waves to a new type of loudspeaker design,” J. Acoust. Soc. Am., vol. 73,
pp. 1532–1536, 1983.

[71] F. J. Pompei, “The use of airborne ultrasonics for generating audible sound beams,” J.
Audio Eng. Soc., vol. 47, pp. 726–731, 1999.

[72] U. Sayin, P. Art́ıs, and O. Guascha, “Realization of an omnidirectional source of sound
using parametric loudspeakers,” J. Acoust. Soc. Am., vol. 134, pp. 1899–1907, 2013.

[73] N. Tanaka and M. Tanaka, “Active noise control using a steerable parametric array
loudspeaker,” J. Acoust. Soc. Am., vol. 127, pp. 3526–3537, 2010.

[74] K. Tanaka, C. Shi, and Y. Kajikawa, “Binaural active noise control using parametric
array loudspeakers,” Appl. Acoust., vol. 116, pp. 170–176, 2017.

[75] M. Arnela, O. Guasch, P. Sánchez-Mart́ın, J. Camps, R. M. Alsina-Pages, and
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Summary
This paper deals with the optimization of an acoustic resonator shape in order to maximize acoustic pressure
amplitude. The resonator shape is described using the cubic splines which interconnect a set of control points
whose positions are determined using an evolutionary algorithm. As an objective function, numerical solution
of modified Webster’s equation is used. Numerical results show that the optimized resonators are rather simple-
shaped, they differ for a piston- or shaker-driving and the fundamental resonance frequencies are lower than in
the case of a constant-cross-section resonator. A nonlinear theory is used for assessment of finite-amplitude fields
in the optimized resonators.
PACS no. 43.20.Ks, 43.25.Gf

1. Introduction

Many studies so far published have shown that it is possi-
ble to generate standing acoustic waves of such high am-
plitudes which enable their utilization in practical applica-
tions.

Gaitan and Atchley [1] showed that introduction of the
cross-section variability in a piston-driven resonator can
significantly reduce energy transfer from the fundamental
to the higher modes, prevent shock-formation and increase
amplitude of the standing wave.

Lawrenson et al. [2] presented in their experimental
paper concept of Resonant Macrosonic Synthesis (RMS)
whereby they obtained acoustic pressure amplitude more
than an order larger than it had been possible previously.
The concept is based on so-called dissonant resonators,
whose varying-cross-section cavities don’t have the higher
eigenfrequencies coincident with the harmonics of the
nonlinearly distorted waveform which results in the sup-
pression of a shock-wave formation. The authors demon-
strated a strong dependence of obtained maximum am-
plitude on the resonator shape (cylindrical, conical, horn-
cone hybrid and bulb).

Ilinskii et al. [3] presented in their theoretical paper a
quasi-one-dimensional model equation expressed in terms
of the velocity potential for description of high-amplitude
standing waves in axi-symmetric but otherwise arbitrarily
shaped acoustic resonators. The model comprises nonlin-
earity, viscous bulk attenuation and entire-resonator driv-

Received 1 August 2012,
accepted 17 December 2012.

ing by an external force (shaker-driving). A numerical al-
gorithm was proposed for integration of the model equa-
tion in the frequency domain, the numerical simulations
were conducted in the case of a cylindrical, conical and
bulb-shaped resonator. The numerical results were in good
agreement with the experimental ones. The model was
subsequently fulfilled [4] to account for energy losses in
the boundary-layer and the losses due to acoustically gen-
erated turbulence.

Hamilton et al. [5] investigated theoretically depen-
dence of the resonance frequencies of the varying-cross-
sectioned resonators and their nonlinear shifts.

Chun and Kim [6] investigated numerically the influ-
ence of an entirely-driven resonant cavity shape on the
compression ratio (ratio of the maximum and minimum
pressure attained at one point in the resonator cavity during
one period) using a quasi-one-dimensional model equa-
tion based on the conservation laws integrated in the time-
domain using a high-order finite-difference scheme. From
the several simple shapes (cylindrical, conical, 1/2-cosine
and 3/4-cosine) studied, the 1/2-cosine offered the best
performance.

Erickson and Zinn [7] developed a Galerkin-method-
based algorithm for time-domain integration of the model
equation proposed in Ilinskii’s et. al. paper [3]. They also
showed that the exponentially shaped resonator’s com-
pression ratio strongly and non-trivially depends on its ge-
ometrical parameters.

Luo et al. [8] studied theoretically effect of the resonator
shape and dimension on its compression ratio in the case of
axi-symmetric and low-aspect-ratio exponential geometry,
observing its decrease with decreasing resonator length
and smaller-radius-to-length ratio.
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Li et al. [9] optimized by means of numerical simula-
tions the parameters of simple-shaped resonator cavities in
order to maximize the compression ratio. They achieved
the value of 48 in the case of an optimized horn-cone
shape.

Luo et al. [10] conducted numerical experiments in or-
der to compare piston- or entire-driving of exponentially
shaped cavity finding similar results.

In all the above-mentioned papers, the same approach
was utilized, i.e., the resonator shapes were described us-
ing a smooth elementary function with fixed or adjustable
(Erickson and Zinn [7], Li et al. [9]) parameters, e.g., all
the resonator cavities were non-symmetrical, wide at one
end and narrow at the other one, where the maximum pres-
sure (or compression ratio) were obtained.

In this paper, a more general approach is used as a start-
ing point. The axi-symmetric resonator shapes are not re-
stricted to a-few-parameter elementary functions, they are
rather parametrized using a set of control points which are
interconnected using the cubic splines.

The appropriate shapes are determined in order that
acoustic pressure at one resonator’s end were maximized
either in the case of a piston- or shaker-driving. Even if the
optimization is performed using a linear theory, the results
are verified using a nonlinear model.

Section 2 deals with description of the linearized model
equations describing the acoustic field in an axi-symmetric
resonator and their solutions. The optimization algorithm
is described in section 3. The numerical results are then
presented in section 4.

2. Description of Acoustic Field in a Res-
onator Using Linear Theory

2.1. Model Equation

For description of the acoustic field in a variable-cross-
section resonator driven by an external (inertial) force, we
can issue from the quasi-one-dimensional model equation
derived in [3], which has the form
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where ϕ is the velocity potential, x is the spatial coordi-
nate along the resonator cavity, t is time, r = r(x) is the
varying resonator radius, c0 is small-signal speed of sound,
as = as(t) is the driving acceleration (the acceleration with
which the entire resonator cavity attached to a shaker os-
cillates), δ = (ζ + 4η/3)/ρ0 is an attenuation coefficient,
where ζ and η are bulk and shear viscosities, respectively,
ρ0 is ambient fluid density and γ is the Poisson’s constant.

After linearization, equation (1) reduces into the form

c20
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Left side of equation (2) represents the Webster’s equa-
tion. In the first approximation, an acoustic pressure p can
be calculated from the velocity potential using formula

p = −ρ0
∂ϕ

∂t
− ρ0asx. (3)

For the sake of the subsequent analysis, it is convenient to
introduce dimensionless variables, e.g. in form

X =
x

l
, T = ωt, R =

r

l
,
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lω2
0
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ϕ

l2ω0
, P =

p

π2ρ0c
2
0

,

where l is the resonator length, ω is the driving frequency
and ω0 = πc0/l is the first eigenfrequency for a constant-
cross-section resonator. Using these new variables, equa-
tions (2) and (3) have the form

1
π2R2

∂

∂X
R2 ∂Φ

∂X
−Ω2 ∂

2Φ
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− GΩ
π3R2
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where
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dAs

dT
X,

and

P = −Ω∂Φ
∂T

− AsX, (5)

where Ω = ω/ω0 and G = πω0δ/c
2
0.

As it is assumed that the resonator cavity has rigid walls
and end caps, the boundary conditions for the velocity po-
tential have form

V (0, T ) =
∂Φ
∂X X=0

= V (1, T ) =
∂Φ
∂X X=1

= 0. (6)

If the resonator cavity is driven using a vibrating piston
positioned at X = 1 (instead of entire-driving) having
dimensionless velocity Up = Up(T ), it holds true that in
equation (4) Ds = 0 and the inhomogeneous boundary
conditions have the form1

V (0, T ) =
∂Φ
∂X X=0

= 0,

V (1, T ) =
∂Φ
∂X X=1

= Up. (7)

1 Within the scope of the linear approximation, it is assumed that the
velocity Up(T ) has such a small amplitude that the position of the piston
can be assumed to be constant [Xp(T ) = 1].
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It is further advantageous to homogenize the boundary
conditions (7) introducing new variable Ψ(X, T ) obeying
relation

Φ = Ψ +
X2

2
Up ⇒ V =

∂Φ
∂X

=
∂Ψ
∂X

+XUp (8)

Substituting the relations (8) into equation (4) results in
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because G 1. The boundary conditions for equation (9)
then have the form

∂Ψ
∂X X=0

=
∂Ψ
∂X X=1

= 0. (11)

If the driving acceleration is harmonic, having the form
As(T ) = As0 cos(T ) = As0 exp(iT ) and we are
only looking for the stationary solutions Φ(X, T ) =

Φ̃(X) exp(iT ) , then equation (4) can be rewritten into
the form

1
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R2 dΦ̃
dX
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R2 dΦ̃
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Similarly, equation (9) can be recast into the form
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2.2. Solution of the Model Equations

Equations (12) and (13) can be solved using the method
of eigenfunction expansions [11]. Nontrivial solutions
{Fk, k = 1, 2, . . . } of equation (Sturm-Liouville problem)

1
π2R2

d
dX

R2 dF
dX

+ Ω2F = 0 (14)

with homogeneous boundary conditions

dF
dX X=0

=
dF
dX X=1

= 0

exist for certain values (eigenfrequencies) {Ωk}. These
eigenfunctions (eigenmodes) are orthogonal for individual
eigenfrequencies Ωk, which in this case means that

Fk|Fj =
1

0
R2(X)Fk(X)Fj(X) dX = 0 (15)

for k = j and because the functions {Fk} form a complete
set, the solution of equation (12) can be written as

Φ̃(X) =
∞

k=1

α̃kFk(X), (16)

where α̃k are complex coefficients. Substituting the above
relation into equation (12) yields

∞

k=1

πΩ2 − πΩ2
k − iGΩΩ2

k α̃kFk = iπΩAs0X.

Multiplication of both the sides of the above equation by
function R2Fj , integration in limits 0, 1 with respect to
X and utilization of the orthogonality relation yields

α̃j =
iπΩAs0

πΩ2 − πΩ2
j − iGΩΩ2

j

X|Fj

Fj|Fj
. (17)

Substitution of equation (17) into equation (16) then re-
sults in the solution of equation (12) in the form

Φ̃(X) = iπΩAs0

∞

j=1

X|Fj Fj(X)

(πΩ2 − πΩ2
j − iGΩΩ2

j ) Fj|Fj

. (18)

Because G 1, for Ω = Ωj (at resonance) the result can
be simplified as

Φ̃(X,Ω = Ωj) ≈ −πAs0

GΩ2
j

X|Fj

Fj|Fj
Fj(X). (19)

Application of the same procedure to equation (13) yields
in

Φ̃(X) =
iAp0
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where Ap0 = iΩUp0 is a dimensionless amplitude of accel-
eration of the driving piston. At the resonance, equation
(20) reduces to

Φ̃(X,Ω = Ωj) ≈

− Ap0

πGΩ4
j
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jX

2/2|Fj

Fj|Fj
Fj(X)

− iAp0X
2

2Ωj
. (21)
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2.3. Finding the Eigenmodes and Eigenfrequencies

Nontrivial solutions of equation (14) are known in an an-
alytical form for some functions R(X) (constant, linear,
exponential, . . . ), in the other cases, they can be looked
for numerically [12]. The equation (14) can be rewritten
into the form

dF
dX

=
W

R2
,

dW
dX

= −π2Ω2R2F (22)

and integrated numerically [12] with initial conditions
{F (0) = 1,W (0) = 0}. An eigenfrequency Ωk is calcu-
lated numerically as a solution of the following equation

W (X = 1;Ωk) = 0, Ωk ∈ Ωmin,Ωmax . (23)

Once the eigenfrequency Ωk is known, the corresponding
eigenfunction Fk is also known, because it is the solution
of equation (22) with the corresponding initial conditions
and Ω = Ωk.

3. Optimization of the Resonator Shape

3.1. Description of the Resonator Shape and Its Eli-
gibility

So as not to restrict the resonator’s shape to a specific pre-
defined elementary function with only a few adjustable pa-
rameters, it is defined using N control points distributed
regularly at positions

Xi =
i

N − 1
, i = 0, 1, . . . ,N − 1,

whose corresponding values R(Xi) = Ri are found in pre-
defined interval Ri ∈ Rmin, Rmax .

The function R(X) is obtained using the cubic-spline-
interpolation of the control points (the function and its first
and second derivatives are continuous) with zero deriva-
tives at the ends of the interval. The values Ri are chosen
in order that Rmin ≤ R(X) ≤ Rmax for any X ∈ 0, 1 .

With the resonator shape defined, an eigenfrequency Ωk

is looked for numerically in an interval Ωmin,Ωmax us-
ing equation (23). If there is not any solution found, the
control-points set is rejected and a new set of values Ri is
generated and the procedure repeats.

Once an eigenfrequency Ωk is found, corresponding
eigenmode Fk(X) is also known as it is a solution of equa-
tions (22) forΩ = Ωk. With use of this information, a suit-
able objective function can be evaluated for assessment of
the resonator shape eligibility (quality).

As an objective function, the acoustic pressure ampli-
tude at X = 0 is chosen. In the sake of a shaker-driven
resonator we can, using equations (19) and (5), write

Ps0 = Ks
|As0|
G

, where Ks =
π

Ωk

X|Fk

Fk|Fk
Fk(0) , (24)

thus the resonator shape is searched for in order that the
quantity Ks (which will be called in the following text
as the eligibility factor) were maximized. In the case of a

Generation of the control points

Interpolation using the cubic splines

Assessment of the objective function

Yes

No
Yes

No
Rmin ≤ R(X) ≤ Rmax for X ∈ 0, 1

Does exist an Ωk ∈ Ωmin,Ωmax ?

Figure 1. Flowchart of the algorithm for assessment of the res-
onator shape eligibility.

piston-driven resonator, we can similarly [using equations
(21) and (5)] write

Pp0 = Kp
|Ap0|
G

, (25)

Kp =
1

πΩ3
k

· 1 + 2X(dR/dX)/R + π2Ω2
kX

2/2|Fk

Fk|Fk
Fk(0) .

Again, the resonator shape is searched for in order that the
eligibility factor Kp were maximized.

The above-described procedure is schematically de-
picted in Figure 1.

3.2. The Optimization Method

As the parameter search space for the objective function is
many- (N-) dimensional (RN ) and moreover, it is not con-
tinuous (some control-points sets lead to R(X) that does
not lie in pre-defined interval Rmin, Rmax , possibly there
is no eigenfrequency Ωk ∈ Ωmin,Ωmax ), a heuristic op-
timization method seems to have reasonable use for this
type of problem. In this concrete case, a variant of Evolu-
tion Strategies [13] (µ + λ)-ES was utilized.

The algorithm works as follows. Firstly, a population
of M parents (randomly-generated sets of control points)
is generated. For each member of the population, its ob-
jective function is evaluated according to the procedure
described in Figure 1. Then, µ members with the high-
est values of the objective function are used as parents
for the next generation. Each of the µ parents generates µ
offspring by mutation (addition of a random number with
Gaussian distribution and standard deviation σ (mutation
strength) to individual Ri) using the formula

Rioffspring = Riparent + σNi(0, 1), i = 0, 1, . . . ,N − 1.

These λ = µ×µ offspring together with their µ parents are
supplemented withM−µ(µ+1) randomly generated spec-
imen, all these are evaluated and the cycle repeats. During
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the evolution, the mutation strength σ is slowly decreased
in order to maintain the algorithm effective.

4. Numerical Results

4.1. Optimization of the Resonator Shape

Within the numerical experiments, the resonant cavities
were parametrized using N = 10 control points. As it
seems to be reasonable to suppose that for the fixed num-
ber of control points, the maximum resonator eligibil-
ity factor depends on the ratio of minimum and max-
imum radius, the resonant cavities were optimized for
Rmin/Rmax = 2/5 and 1/5, both, for shaker and piston
driving.

In all the cases, parameters of the evolutionary algo-
rithm were set as follows:M = 500, µ = 20, evolution ran
for 500 generations with the mutation strength decreasing
from σ1 = 0.01 to σ2 = 0.0001. In all the cases, the al-
gorithm was run repeatedly many rimes with reached dis-
persion of the maximized objective function in a level of
fractions of one percent.

The numerical results are summarized in Table I and in
Figures 2–7. For comparison, results for a constant-cross-
section resonator and a conical resonator with Rmin/Rmax

= 1/9 (similar to the one presented by Ilinskii et al. [3])
are included.

In the case of the constant-cross-section resonator, the
eligibility factor for the shaker-driven resonator attains
value of Ks = 1.27, the one for the piston driving Kp =
Ks/2, which means, that with the same acceleration am-
plitude, the piston-driving provides half an acoustic pres-
sure amplitude than in the case of the shaker-driving. Ma-
jor disadvantage of this simple shape is the fact, that the
higher eigenfrequencies are the integer multiples of the
fundamental eigenfrequency which results in substantial
nonlinear distortion in the high-amplitude fields and evo-
lution of the shock-wave.

In the case of the conical resonator, see Table I, the fac-
tors Ks and Kp attain higher values than in the previous
case and again, the shaker-driving is more effective. What
is also important is the fact that the higher eigenfrequen-
cies are not the integer multiples of the eigenfrequency
fundamental, so that the nonlinearly generated higher har-
monics are not coincident with the eigenfrequencies and
thus they are suppressed. The shape of the resonator cav-
ity and the first eigenmode are depicted in Figure 2.

The shapes of the acoustic resonators withRmin/Rmax =
2/5 optimized for shaker- and piston-driving together with
the corresponding eigenmodes are shown in Figure 3, the
eligibility factors and eigenfrequencies are summarized
in the second row of Table I. The optimum shapes were
searched for in the frequency interval Ω ∈ 0.2, 2.0 in all
the cases.

In both the cases, the optimum resonator shapes are
rather simple and similar, they have the maximum al-
lowed radius at both the ends, the resonator optimized for a
piston-driving is symmetric. Due to the frequency-depen-
dence of the viscous attenuation, the optimum shapes are
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Figure 3. Optimized resonator shapes and corresponding eigen-
modes for Rmin/Rmax = 2/5. (a,b): optimization for a shaker
driving, Ω1 = 0.606; (c,d): optimization for a piston driv-
ing, Ω1 = 0.642. (a) Cavity shape (shaker-optimized), (b)
Eigenmode shape (shaker-optimized), (c) Cavity shape (piston-
optimized), (d) Eigenmode shape (piston-optimized).

connected with very low fundamental eigenfrequencies
(Ω1 = 0.606 in the shaker- and Ω1 = 0.642 in the
piston-driving case). In both the cases, the higher eigen-
frequencies are not integer multiples of the fundamental
eigenfrequencies, which is important in the case of high-
amplitude fields. The eligibility factors in Table I show
that piston-driving is more effective even if the resonator
is optimized for the shaker-driving, the maximum eligibil-
ity factor Kp = 6.08 in the case of piston-driven piston-
optimized resonator, which is 9.6× more than in the case
of a piston-driven cylindrical resonator.

Similarly, shapes of the acoustic resonators with
Rmin/Rmax = 1/5 optimized for a shaker- or piston-dri-
ving together with the corresponding fundamental eigen-
modes are shown in Figure 4, the eligibility factors and
eigenfrequencies are summarized in the third row of Ta-
ble I. Comparison of Figures 3 and 4 reveals that the
optimum-resonator shapes are very similar as in the pre-
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Table I. Parameters of individual resonant cavities.

Cylindrical, R(X) = const. Conical, Rmin/Rmax = 1/9
Ks = 1.27, Kp = Ks/2, Ωi = 1, 2, 3, 4, 5, . . . Ks = 1.77, Kp = 1.14, Ωi = 1.28, 2.23, 3.19, 4.15, 5.13, . . .

Opt. for shaker, Rmin/Rmax = 2/5 Opt. for piston, Rmin/Rmax = 2/5
Ks = 2.98, Kp = 4.09, Ωi = 0.61, 1.90, 3.14, 3.90, 5.05, . . . Ks = 2.14, Kp = 6.08, Ωi = 0.64, 1.61, 2.75, 3.93, 5.07, . . .

Opt. for shaker, Rmin/Rmax = 1/5 Opt. for piston, Rmin/Rmax = 1/5
Ks = 5.46, Kp = 20.43, Ωi = 0.36, 1.95, 3.43, 3.96, 5.41, . . . Ks = 3.69, Kp = 38.38, Ωi = 0.38, 1.48, 2.78, 4.08, 5.33, . . .

Opt. for shaker, Rmin/Rmax = 2/5, Ω1 = 1 Opt. for piston, Rmin/Rmax = 2/5, Ω1 = 1
Ks = 2.27, Kp = 1.15, Ωi = 1.00, 1.82, 3.03, 3.90, 4.99, . . . Ks = 1.68, Kp = 2.85, Ωi = 1.00, 1.50, 3.10, 3.58, 5.12, . . .

Opt. for shaker, Rmin/Rmax = 1/5, Ω1 = 1 Opt. for piston, Rmin/Rmax = 1/5, Ω1 = 1
Ks = 3.03, Kp = 2.05, Ωi = 1.00, 1.34, 3.37, 4.20, 5.13, . . . Ks = 2.18, Kp = 6.65, Ωi = 1.00, 1.19, 3.01, 4.08, 5.22, . . .
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Figure 4. Optimized resonator shapes and corresponding eigen-
modes for Rmin/Rmax = 1/5. (a,b): optimization for a shaker
driving, Ω1 = 0.361; (c,d): optimization for a piston driv-
ing, Ω1 = 0.382. (a) Cavity shape (shaker-optimized), (b)
Eigenmode shape (shaker-optimized), (c) Cavity shape (piston-
optimized), (d) Eigenmode shape (piston-optimized).

vious case. In this case, the higher ratio of the maximum
and minimum radii allows further decrease of the fun-
damental eigenfrequencies (Ω1 = 0.361 in the shaker-
and Ω1 = 0.382 in the piston-driving case). Again, the
higher eigenfrequencies are not integer multiples of the
fundamental ones and the piston driving is more effi-
cient than the shaker driving, the eligibility factor for the
piston-optimized piston-driven resonator attains value of
Kp = 38.38. Comparison of the eligibility factors in Ta-
ble I clearly reveals, that increase of the ratio Rmax/Rmin

results in much bigger increase of the eligibility factor for
the piston-driven resonator than for the shaker-driven one.

In some cases, the low eigenfrequencies of the op-
timum-shaped cavities need not be preferable. If the res-
onator shape is optimized in the frequency range Ω ∈
Ωmin,Ωmax , where Ωmin > Ωopt, the algorithm finds
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Figure 5. Eligibility factors for different ratios Rmin/Rmax opti-
mized in individual frequency intervals delimited by a minimum
frequency Ω1. (a) Shaker-optimized, shaker-driving, (b) Piston-
optimized, piston-driving.

quasi-optimum shape with eigenfrequency Ω = Ωmin,
however, the appropriate eligibility factor is smaller than
in the case of the optimum-shaped resonator. The depen-
dence of the eligibility factor on the lowest allowed fre-
quency for individual Rmin/Rmax ratios are depicted in
Figure 5. It can be seen in all the cases that the lower
Ωmin > Ωopt is allowed, the higher eligibility factor is at-
tained. Higher ratio Rmax/Rmin always causes higher eli-
gibility factor for the given frequency. It can be observed
in Figure 5 that the frequency-dependence of the eligibil-
ity factor value increases with Rmax/Rmin ratio and the in-
crease is stronger in the case of a piston-driven resonator.

In Figures 6 and 7 there are the quasi-optimum res-
onator shapes and the corresponding fundamental eigen-
modes depicted for Ωmin = Ω1 = 1. The corresponding
eligibility factors and the eigenfrequencies can be found
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Figure 7. Quasi-optimum resonator shapes and corresponding
eigenmodes for Rmin/Rmax = 1/5. (a,b): optimization for a
shaker driving, (c,d): optimization for a piston driving, in both
the cases Ω1 = 1. (a) Cavity shape (shaker-optimized), (b)
Eigenmode shape (shaker-optimized), (c) Cavity shape (piston-
optimized), (d) Eigenmode shape (piston-optimized).

in the last two rows in Table I. It can be observed that in
these cases, the resonator shapes are slightly more compli-
cated. Again, the higher eigenfrequencies are not integer
multiples of the fundamental ones. Moreover, driving the

resonator cavity in different way than it was designed for,
results in significant decrease of the eligibility factor.

4.2. Finite-amplitude Acoustic Field in Optimized
Resonators

High-amplitude acoustic fields were studied using the non-
linear model equation (1) proposed by Ilinskii et al. [3].
As in the original paper, the model equation was inte-
grated numerically in the frequency domain; the two-point
boundary value problem was solved using the shooting
method, see e.g. [12].

As medium, air at normal atmospheric conditions was
assumed (ρ0 = 1.2 kg/m3, c0 = 345m/s, γ = 1.4). The
value of the attenuation coefficient G = 10−2 was used
[3, 9].

Figure 9 shows the frequency characteristics (amplitude
of the fundamental harmonics at X = 0 – one-sided spec-
trum) of the piston-optimized piston-driven acoustic res-
onator with Rmin/Rmax = 2/5 (see Figure 8 c)) for dif-
ferent piston acceleration amplitudes. The frequency char-
acteristics exhibits softening behavior with hysteresis for
higher driving accelerations.

Figure 10 (top) shows distribution of amplitudes of the
first three harmonics of acoustic pressure along the same
resonator as in the previous case for Ap0 = 5 × 10−4 and
Ω = 0.586. This frequency is reached using slow down-
wards frequency-sweep, at this point, maximum amplitude
of the acoustic pressure is attained (see Figure 9). The
small-amplitude resonance frequency for this resonator
(see above) is Ωlin = 0.642. It can be seen that the acous-
tic field is strongly nonlinearly distorted and that the 2nd

harmonics attains similar amplitudes as the fundamental
one. The bottom part of the figure shows distribution of
the static (dc) pressure change caused by the nonlinear ef-
fects. The static pressure increases by 5 kPa at the ends of
the resonator cavity and decreases by 7.5 kPa at its center.

Figure 11 shows for comparison the same data as Fig-
ure 10 but for a conical resonator with Rmin/Rmax = 1/9
(see Figure 8 b)) driven at the resonance frequency Ω =
1.285 with the piston acceleration amplitude Ap0 = 5 ×
10−4. It can be observed that the 1st harmonics attains ap-
proximately half an amplitude atX = 0 compared with the
optimized resonator and the higher harmonics are much
less developed. Due to this fact, the dc pressure change
is also smaller (it attains Δpdc = 1.2 kPa, compared with
Δpdc = 12.5 kPa in the case of the optimized resonator).

5. Discussion

An optimization algorithm was proposed for maximizing
the standing-wave acoustic pressure amplitude by shap-
ing of axi-symmetric resonator cavities. The algorithm
is based on the Webster’s equation supplemented with a
term including viscous attenuation and driving. Within this
model, there is one important parameter (Rmin/Rmax ratio)
affecting the acoustic field properties.

It has been shown that the optimum resonators are rather
simple-shaped, symmetric in the case of the piston-driving
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and non-symmetric in the case of the shaker-drivng. In
both the cases, the optimum shape shifts the resonant
frequency downwards (compared with a cylindrical res-
onator, where Ω1 = 1), the resonance frequency is the
lower, the lower the ratio Rmin/Rmax is. This behavior
can be advantageous for practical applications, because for
the given frequency (in Hertz), the resonant cavity length
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Figure 11. Top: distribution of acoustic pressure amplitude spec-
trum (one-sided) along the conical-resonator (Rmin/Rmax = 1/9)
axis; bottom: distribution of dc-pressure change (piston-driven,
Ap0 = 5 × 10−4, Ω = 1.285). (a) Individual harmonics, (b) DC
pressure change.

is smaller and for the given resonant cavity length, the
resonance frequency is lower which can be applicable in
pumping applications, where fast valves are used. The nu-
merical results also show that optimum driving is always
connected with driving of the lowest (fundamental) mode.

It has been shown that the piston driving gives rise to
higher acoustic pressure amplitudes than the shaker driv-
ing when the optimized resonant cavities are used with the
same driving acceleration amplitudes. Even if the shaker-
driven cavity is technically much simpler in the concrete
applications (there is no need of tightening of the mov-
ing piston), it requires more powerful (and thus more ex-
pensive) driving system. Replacement of the moving pis-
ton with e.g. a horn-driver thus seems to show a direction
to low-cost applications utilizing high-amplitude acoustic
fields.

Conducted numerical experiments indicate that the opti-
mized acoustic resonators provide high-amplitude acous-
tic fields also in the nonlinear regime, even if the higher
harmonics components are excited. The nonlinear inter-
actions, on the other hand, generate strong change of the
static pressure along the resonator axis which can be uti-
lized in no-valve pumping of fluids.
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It is important to emphasize that the used model is
rather simplified, e.g., all the dissipation mechanisms are
included in an experimentally justified [3, 9] parameter
G. However, this approach allows to formulate simple re-
sults which have, on the other hand, limited validity. In
the future work, the authors intend to propose more real-
istic optimization model including the dissipation effect of
the boundary layer as well as the non-acoustic dissipation
mechanisms. The interest will be e specially focused on
the optimization of a complex system consisting of a reso-
nant cavity connected to a horn-driver.
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Within this paper, optimal shaping of acoustic resonators for the generation of high-amplitude

standing waves through the use of evolutionary algorithms is discussed. The resonator shapes are

described using sets of control points interconnected with cubic-splines. Positions of the control

points are calculated by means of an evolutionary algorithm in order to maximize acoustic pressure

amplitude at a given point of the resonator cavity. As an objective function for the optimization

procedure, numerical solution of one-dimensional linear wave equation taking into account

boundary-layer dissipation is used. Resonator shapes maximizing acoustic pressure amplitude are

found in case of a piston, shaker, or loudspeaker driving. It is shown that the optimum resonator

shapes depend on the method of driving. In all the cases, acoustic field attains higher amplitude in

the optimized resonators than in simple-shaped non-optimized resonators of similar dimensions.

Theoretical results are compared with experimental data in the case of a loudspeaker driving, good

agreement of which is achieved. VC 2014 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4892751]

PACS number(s): 43.25.Cb, 43.25.Gf [MDV] Pages: 1003–1012

I. INTRODUCTION

Many studies so far published have shown that it is

possible to generate effectively standing acoustic waves

even with overpressure exceeding the ambient pressure

several times, which enables their utilization in a variety of

practical applications. Pumping of fluids, stabilization of

electric discharges1 for plasma-chemical reactors, or ther-

moacoustics2 can be given as examples.

Gaitan and Atchley3 showed that introduction of the

cross-section variability in a piston-driven resonator can

significantly reduce energy transfer from the fundamental to

the higher modes, prevent shock-formation, and increase an

amplitude of the standing wave.

Lawrenson et al.4 presented in their experimental paper

concept of Resonant Macrosonic Synthesis (RMS) whereby

they obtained acoustic pressure amplitude more than an

order larger than it had been possible before. The concept is

based on so-called dissonant resonators, whose varying

cross-section cavities do not have the higher eigenfrequen-

cies coincident with the harmonics of the nonlinearly

distorted waveform which results in the suppression of a

shock-wave formation. The authors demonstrated a strong

dependence of obtained maximum amplitude on the resona-

tor shape (cylindrical, conical, horn-cone hybrid, and bulb).

Ilinskii et al.5 presented in their seminal theoretical

paper a quasi-one-dimensional model equation expressed in

terms of the velocity potential for description of high-

amplitude standing waves in axisymmetric but otherwise

arbitrarily shaped acoustic resonators. The model comprises

nonlinearity, viscous bulk attenuation, and entire-resonator

driving by an external force (shaker-driving). A numerical

algorithm was proposed for integration of the model equa-

tion in the frequency domain, the numerical simulations

were conducted in case of a cylindrical, conical, and bulb-

shaped resonator. The numerical results were in good agree-

ment with the experimental ones. The model was subse-

quently supplemented6 to account for energy losses in the

boundary-layer and the losses due to acoustically generated

turbulence.

Hamilton et al.7 and Mortell and Seymour8 investigated

theoretically dependence of the resonance frequencies of the

varying cross-sectioned resonators on their shapes and their

nonlinear shifts.

Chun and Kim9 investigated numerically the influence

of an entirely-driven resonant cavity shape on the compres-

sion ratio (ratio of the maximum and minimum pressure

attained at a chosen point in the resonator cavity during one

period) using a quasi-one-dimensional model equation based

on the conservation laws integrated in the time-domain using

a high-order finite-difference scheme. From the several sim-

ple studied shapes (cylindrical, conical, 1/2-cosine, and 3/4-

cosine), the 1/2-cosine offered the best performance.

Erickson and Zinn10 developed a Galerkin-method-

based algorithm for time-domain integration of the model

equation proposed in paper.5 They also showed that the

exponentially shaped resonator’s compression ratio strongly

and non-trivially depends on its geometrical parameters.

Luo et al.11 studied theoretically the effect of the reso-

nator shape and dimension on its compression ratio in the

case of axisymmetric and low-aspect-ratio exponential

geometry, observing its decrease with shortening the resona-

tor length and smaller radius-to-length ratio.

Li et al.12 optimized the parameters of simple-shaped

resonator cavities in order to maximize the compression ratio
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by means of numerical simulations based on a nonlinear

wave equation with volume acoustic energy attenuation

model.5 Within the numerical experiments, they achieved

the value of 48 in the case of an optimized horn-cone shape.

Luo et al.13 conducted numerical experiments in order

to compare piston- or entire-driving of exponentially shaped

cavity finding similar results.

Min et al.14 demonstrated experimentally the possibility

of generating strong nonlinear acoustic fields in loudspeaker-

driven dissonant tubes.

High-amplitude acoustic fields in shaped resonators

were also studied numerically using conservation laws in

Refs. 15 and 16.

In all the above-mentioned papers, the same approach

was employed, i.e., the resonator shapes were described

using smooth elementary functions with fixed or adjustable

(Erickson and Zinn,10 Li et al.12) parameters, e.g., all the res-

onator cavities were non-symmetrical, wide at one end and

narrow at the other one, where the maximum pressure (or

compression ratio) was obtained.
�Cervenka and Bedna�r�ık17 used a more general approach

of parameterizing acoustic resonator shapes using control

points interconnected with cubic-splines. Using a linear

theory with a model of volume losses, they found a family of

shapes maximizing acoustic pressure at one of the cavity

ends.

This work follows-up and further develops paper17 in

two principal aspects. First, a model of dissipation of acous-

tic energy in an acoustic boundary layer was introduced as

the experiments conducted by the authors had shown limited

validity of results obtained using the model based on only

volume losses, and second, optimization for driving by a

loudspeaker driver was performed as this is probably the

most interesting case with respect to applications.

Similarly, as in Ref. 17 the optimization procedure is

based on a linear theory which means that the model cannot

predict the amplitudes and phases of the higher harmonics,

which is the cornerstone of the RMS technique. However,

cross-section variability makes the optimized resonator

shapes dissonant and therefore shock-wave formation is sup-

pressed. As a result, the optimized resonator shapes provide

higher amplitudes of acoustic pressure than the ones pro-

posed previously provided that the higher harmonics are not

excited too much.

Section II of this paper describes the mathematical

model used for description of the acoustic field in a variable

cross-section resonator together with the model of a loud-

speaker driver. Details of the numerical optimization proce-

dure are given in Sec. III. The results of numerical

experiments are discussed in Sec. IV and a comparison of

numerical and experimental data is provided in Sec. V to

validate the proposed approach. Section VI concludes the

paper.

II. MATHEMATICAL MODEL

A. Acoustic field in a resonant cavity

For a description of finite-amplitude standing waves in

axisymmetric variable cross-section resonators, the

following model equation derived in the second approxima-

tion was used:
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where u is the velocity potential, as is the acceleration of the

resonant cavity, t is the time, x is the spatial coordinate along

the resonator cavity, r ¼ rðxÞ is its radius, c0 is the small-

signal sound speed, c is the adiabatic exponent, d ¼ ½f
þ4g=3þ jð1=cV � 1=cpÞ�=q0 is the diffusivity of sound,

where g, f are the coefficients of shear and bulk viscosity,

respectively, j is the coefficient of thermal conduction, cp,

cV are the specific heats at constant pressure and volume,

respectively, and q0 is the ambient fluid density. Coefficient

e is defined as e ¼ ffiffiffiffiffi
�0
p ½1þ ðc� 1Þ=

ffiffiffiffiffi
Pr
p
�, where �0 ¼ g=q0

is the kinematic viscosity and Pr ¼ gcp=j is the Prandtl

number.

Derivation of the model Eq. (1) is briefly outlined in the

Appendix. The terms on the left-hand side represent the lin-

ear wave equation describing one-dimensional wave motion

in a rigid-walled waveguide filled with non-dissipative fluid,

the first two terms on the right-hand side represent the

nonlinear effects, the third term represents driving by the

entire-resonator shaking, the fourth term represents the

thermo-viscous bulk attenuation and finally, the last term

represents the thermo-viscous attenuation due to the bound-

ary layer. Additional losses due to acoustically generated

turbulence6 can be incorporated into this term in a straight-

forward way.

The applicability of Eq. (1) is limited by the second-

order approximation, by condition of a small fractional

change of the velocity potential over the cross-section, which

can be formulated as krjdr=dxj=2� 1, see Pierce,18 where k
is the wavenumber and further, by small thickness of the

boundary layer dbl �
ffiffiffiffiffiffiffiffiffiffiffi
�0=x

p
� r.

As the aim of this work is to optimize the acoustic-

resonator cavities for moderate acoustic fields and because

the nonlinearly generated higher-harmonic components are

usually suppressed in shaped resonators, the second-order

nonlinear terms in Eq. (1) are omitted (the equation is linear-

ized) so that the equation reads
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: (2)

Acoustic velocity v and acoustic pressure p0 (in the first

approximation) can be calculated from the velocity potential

using the well-known formulas

v ¼ @u
@x

; p0 ¼ �q0

@u
@t
:
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As we are further focused on harmonically-driven

steady-state acoustic fields, we can represent all the acoustic

quantities as qðx; tÞ ¼ <½q̂ðxÞeixt�. Substitution into Eq. (2)

results in

1� 2effiffiffiffiffi
ix
p

r

� �
d

dx
r2 dû

dx

� �
þ 2effiffiffiffiffi

ix
p dr

dx

dû
dx

þ x2

c2
0

1� ixd
c2

0

� �
r2û ¼ ixxr2âs

c2
0

: (3)

Depending on the manner of driving, the following

boundary conditions are imposed. Driving by the entire-reso-

nator-body shaking

dû
dx

����
x¼0

¼ dû
dx

����
x¼l

¼ 0; (4)

where l is the resonator cavity length; driving by a vibrating

piston at x ¼ l [in Eq. (3), âs ¼ 0�

dû
dx

����
x¼0

¼ 0;
dû
dx

����
x¼l

¼ âp

ix
; (5)

where âp is a phasor of the piston acceleration; and driving

by a loudspeaker driver at x ¼ l [in Eq. (3), âs ¼ 0�

dû
dx

����
x¼0

¼ 0; L p̂0 x ¼ lð Þ; v̂ x ¼ lð Þ; û
� 	

¼ 0; (6)

where L is a linear function of an acoustic pressure phasor p̂0,
an acoustic velocity phasor v̂, and a driving voltage phasor û
describing (modeling) the driver (loudspeaker), see below.

As a general analytical solution of Eq. (3) is not known

for general rðxÞ, it has to be solved numerically. For this rea-

son, dimensionless variables are convenient to introduce,

e.g., in the form

X ¼ x

l
; R ¼ r

l
; A ¼ â

lx2
0

; U ¼ û
l2x0

; X ¼ x
x0

;

where x0 ¼ pc0=l corresponds to the first eigenfrequency of

a constant cross-section resonator ended with rigid caps.

Using these new variables, Eq. (3) can be rewritten as

dU
dX
¼ W

R2
; (7a)
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iX
p

R2
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Wþ ip2XR2XA; (7b)

where G ¼ px0d=c2
0 is a coefficient accounting for thermo-

viscous volume dissipation and C ¼ 2e=
ffiffiffiffiffiffiffiffiffi
pc0l
p

is a coeffi-

cient accounting for influence of the boundary layer.

Equations (7a) and (7b) form a set of four first-order

linear ordinary differential equations for real and imaginary

parts of the variables U and W. The equations were inte-

grated numerically using the adaptive-stepsize eight-order

Runge-Kutta method; the boundary-value problem was

solved using the shooting method.19

B. Loudspeaker driver

Driving the resonator by a loudspeaker driver is mod-

eled using Eq. (6). In this case, the used relation has the

form

½ZeZ0m þ ðBlvcÞ2� v̂ � ZeSdp̂0 � Blvcû ¼ 0; (8)

see Fig. 1 and, e.g., Merhaut,20 where Ze ¼ Re þ ixLe is the

electrical impedance of the driver voice coil, Re is the elec-

trical resistance, and Le is the electrical inductance; Z0m ¼ Zm

þS2
d=ixCa, where Zm ¼ Rm þ ixM þ 1=ixCm is the driver

mechanical impedance, Rm is the mechanical resistance of

the driver diaphragm suspension, M is the moving mass of

the driver diaphragm assembly, Cm is the mechanical com-

pliance of the driver diaphragm suspension; Sd is the effec-

tive piston area of the diaphragm, Ca ¼ Vb=q0c2
0 is the

acoustic compliance of the enclosure behind the diaphragm,

where Vb is its volume; B is the magnetic flux density in the

driver air gap and lvc is the length of the voice coil in the

magnetic field.

III. OPTIMIZATION OF A RESONATOR SHAPE

A. Description of a resonator shape and its eligibility

So as not to restrict a resonator shape to a specific

pre-defined elementary function with only a few adjustable

parameters, it is defined using N control points distributed

regularly at positions

Xi ¼
iL

N � 1
; i ¼ 0; 1;…; N � 1;

where L ¼ 1 in case of a piston- or shaker-driven resonator

(entire resonator body is optimized) and L < 1 in case of a

loudspeaker-driven resonator (part of the resonator cavity is

constituted by the internal waveguide of the loudspeaker

driver). The corresponding values RðfXigÞ ¼ fRig are

searched for within a pre-defined interval Ri 2 hRmin; Rmaxi.
The function RðXÞ ¼ RðX; f½Xi; Ri�gÞ is then constructed

using the cubic-spline-interpolation of the control point pairs

½Xi; Ri� (the function and its first and second derivatives are

continuous) with zero derivatives at the ends of the interval.

The values Ri are further required to guarantee the condition

Rmin � RðXÞ � Rmax for any X 2 h0; Li: (9)

FIG. 1. Lumped-element circuit model of a loudspeaker driver.
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The used optimization criterion (objective function) was

the one for maximization of the acoustic pressure amplitude

at resonance frequency at one of the ends (x ¼ 0) of the

acoustic resonator; in case of a piston- or a shaker-driving, it

is defined as

kpa ¼
jp̂0 x ¼ 0; X ¼ Xresonanceð Þj

jâj ; (10)

where â ¼ âp for piston-driving and â ¼ âs for shaker-

driving. In case of a loudspeaker-driving, it is defined as

kpu ¼
jp̂0 x ¼ 0; X ¼ Xresonanceð Þj

jûj : (11)

The parameters kpa and kpu are further called the eligibility
factors. It is necessary to note that the value of the eligibility

factor depends on the resonator length (due to frequency-

dependence of the losses), maximum and minimum allowed

resonator radii Rmax, Rmin and, in case of loudspeaker-

driving, on the physical parameters of the driver’s model. As

it is further shown, it is useful in some cases to restrict the

allowed resonance frequency (which depends on the resona-

tor shape) in certain limits Xresonance 2 hXmin; Xmaxi. Using

this restriction, the resonator shape can be optimized for

being driven at a certain pre-defined resonance frequency.

B. Optimization procedure

For given model parameters and constraint conditions,

the eligibility factor kpx ¼ kpxðfRigÞ is a function of N varia-

bles RN ! R, whose maximum is to be found. As the maxi-

mized function probably possesses a multimodal topology

and as the definition domain of kpx is discontinuous [some

fRig sets do not comply with the condition (9), especially at

the vicinity of the maximum], heuristic optimization meth-

ods seem to have reasonable use for this problem. In this

case, an uncorrelated-mutation-with-one-step-size variant of

self-adaptive (l, k)-ES Evolution Strategies21 was used.

In short, the procedure works as follows. A population

of k individuals is generated, each of whom is characterized

by its genome, namely, the set of control points fRig. For the

first time, the control point sets are generated randomly.

The individuals are assessed and l best of them (the ones

with the highest values of the objective function kpx) are

employed as parents. From the set of parents, pairs are ran-

domly drawn, recombined and mutated until a new genera-

tion of k offspring is generated. The process continues until

the objective function value of the best offspring increases.

In this case, these values were used: l ¼ 20, k ¼ 7l.

Assessment of the objective function (the eligibility fac-

tor) works as follows, see Fig. 2. First, a control points set is

randomly generated in a specified range (the first generation)

or it is obtained by recombination and mutation within the

process of evolution (the following generations). In the

second case, it is checked whether the control points lie

within the pre-defined interval; if not, the control points set

is discarded. Then, after interpolation by cubic splines, it is

checked whether condition (9) is fulfilled; if not, the control

points set is discarded. Subsequently, it is checked whether a

resonance occurs in a pre-defined interval hXmin; Xmaxi. For

this purpose, Brent’s method22 is used for searching for a

resonance maximum in the given frequency interval. If

found, the resonator’s eligibility is calculated using Eq. (10)

or (11).

Because of its stochastic character, the process of maxi-

mization of the eligibility factor was repeated many times so

that the dispersion of the results could be assessed.

IV. NUMERICAL RESULTS

The numerical experiments were conducted for hard-

walled axisymmetric cavities filled with air at room

conditions (c0 ¼ 345:2 m/s, q0 ¼ 1:193 kg/m3, c ¼ 1:402,

cp ¼ 1004 J/kg K, g ¼ 1:827� 10�5 kg/ms, f ¼ 1:096

�10�5 kg/ms, j ¼ 25:87� 10�3 J/K ms). In all cases, the

cavities were parametrized using N ¼ 10 control points.

A. Piston or shaker driving

Here, it is assumed that the resonator cavity is driven by

entire-shaking of its body with acceleration as or by a piston

positioned at x ¼ l vibrating with acceleration ap.

1. Frequency dependence

The optimization method allows searching for an

optimum shape of the resonant cavity in given frequency

interval hXx; Xx þ DXi which allows studying also the

quasi-optimum cases and frequency dependence of the reso-

nator shape and eligibility. In this case, the optimum shape is

defined as the one maximizing the eligibility factor defined

using Eq. (10).

Figure 3 shows results for DX ¼ 0:1, the resonator

length l ¼ 30 cm, maximum allowed radius rmax ¼ 2:5 cm,

and individual minimum allowed radii such that rmin=rmax

¼ 1=5; 2=5 and 3=5. The courses in the left part of the fig-

ure are related to driving at the first eigenfrequency, the ones

in the right part are related to driving at the second

eigenfrequency.

FIG. 2. (Color online) Flowchart of the algorithm for assessment of the reso-

nator shape eligibility.
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The figure clearly shows that decreasing ratio rmin=rmax

allows to attain higher values of kpa and to decrease the mini-

mum resonance frequency. In case of the piston-driving, kpa

for the first eigenfrequency depends on the allowed fre-

quency interval hXx; Xx þ DXi only moderately, whereas in

case of the shaker-driving, higher values of kpa are attained

at higher frequencies.

In case of the piston-driving, the optimum shapes (for

individual frequency ranges) have maximum allowed radius

rmax at the piston-end (x ¼ l) and they attain the minimum

allowed radius rmin, not necessarily at the place where the

acoustic pressure is maximized (x ¼ 0). The resonator

shapes change substantially according to the frequency inter-

val of optimization. Two examples for rmin=rmax ¼ 1=5 can

be seen in Fig. 4. The top two figures show the resonator

shape (crosses denote the positions of the control points) and

distribution of amplitude of acoustic pressure divided by am-

plitude of the driving acceleration at the global maximum

(X1 ¼ 0:450, kpa ¼ 40:07 kg/m2). It can be seen that the

resonator shape is rather symmetric and very simple, similar

to the corresponding case studied in Ref. 17. The bottom

two figures show a high-frequency quasi-optimum case

(X1 ¼ 1:300, kpa ¼ 34:06 kg/m2), the shape is non-

symmetric with minimum radius at x ¼ 0.

As was mentioned above, the maximum value kpa

obtained in case of the shaker-driven resonators strongly

depends on the frequency interval of optimization. The lower

the value of rmin=rmax the lower resonance frequency can be

obtained, but the maximum kpa values are substantially

smaller than at higher frequencies. It can be seen in Fig. 3

that for lower frequencies, the maximum values kpa are the

same for different minimum allowed values of rmin=rmax, the

smallest values of resonator radii do not attain the minimum

allowed radius rmin.

Figure 5 shows the optimum shape of the shaker-driven

resonator for rmin=rmax ¼ 1=5 and distribution of the acoustic

pressure amplitude divided by amplitude of the driving

acceleration for driving at resonance (X1 ¼ 1:488, kpa

¼ 49:45 kg/m2). The resonator is bottle-shaped and

dissimilar to the optimum shapes for piston-driving.

The numerical results show that either in the case of

shaker- or piston-driving, the driving at the first eigenfre-

quency provides a higher value of kpa; for the same ratio

rmin=rmax, shaker-driving offers higher maximum kpa than

the piston-driving. Optimum resonator shapes are different

for shaker- and piston-driving. The numerical results

obtained for the optimized resonators and some simple-

shaped resonators are listed in Table I for comparison. It can

be noticed that the dimensionless resonance frequencies of

the shaped resonators are not integer multiples of the first

one—the resonators are dissonant. This fact prevents forma-

tion of a shock wave even at high amplitudes of acoustic

field. The dissonance in the case of the cylindrical resonator

is caused by the boundary-layer dispersion.

2. Sizing

Figure 6 shows the dependence of kpa for piston- and

shaker-optimized resonators on their dimensions. In both

cases, Rmax ¼ 1=12 and Rmin ¼ Rmax=5 and l ¼ 0:2 m–0.4 m.

The kpa parameter increases with the resonator dimensions

in a super-linear way �l3=2, because (1) with the increasing

FIG. 3. (Color online) Eligibility factors calculated in individual intervals

hXx; Xx þ DXi in the case of piston- and shaker-driving.

FIG. 4. (Color online) Optimized resonator shape and distribution of nor-

malized acoustic pressure amplitude along the resonator cavity for

rmin=rmax ¼ 1=5 and piston-driving. Top two figures—global optimum

(X1 ¼ 0:450, kpa ¼ 40:07 kg/m2); bottom two figures—high-frequency

quasi-optimum (X1 ¼ 1:300, kpa ¼ 34:06 kg/m2).

FIG. 5. (Color online) Optimized resonator shape and distribution of normal-

ized acoustic pressure amplitude along the resonator cavity for rmin=rmax

¼ 1=5 and shaker-driving; global optimum (X1 ¼ 1:488, kpa ¼ 49:45 kg/m2).
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resonator length, its resonance frequency decreases and the

boundary-layer absorption is proportional to
ffiffiffiffi
x
p

, and (2)

with increasing resonator dimensions, the ratio of section to

circumference increases which decreases the influence of the

boundary-layer absorption. In the studied interval of resona-

tor dimensions, the optimization algorithm always con-

verged to the same resonator shapes (depicted in the top part

of Fig. 4 and in Fig. 5.

Similar characteristics can be found for variable resona-

tor length l and fixed values of rmin and rmax. Because in this

case the ratios of section to circumference do not change

with the resonator length, the ratio kpa increases as �
ffiffi
l
p

.

3. Comparison with previously-used shapes

In this section, parameters of acoustic fields generated in

optimized resonators are compared with the ones used by

Lawrenson et al.4 (cone, horn-cone, and bulb—in this case

only the central part for 0 � x � 28 cm is taken). In all the

cases, the individual optimized shapes have the same length

and the minimum and maximum radii as their counterparts; the

optimization is performed for shaker-driving. A comparison of

the individual shapes can be seen in Fig. 7. Table II

summarizes the parameters of the original shapes and their

optimized equivalents. It can be seen that in the case of cone

and horn-cone, the optimization results in about a twofold

increase of the kpa parameter, in the case of the bulb-shaped

cavity, the increase is not so significant as the shapes are

similar.

Figure 8 shows the dependence of the first harmonics of

acoustic pressure at the small end of the horn-cone and the

corresponding optimized cavity on the amplitude of driving

acceleration calculated at resonance using numerical solu-

tion of Eq. (1). It can be observed that the optimized resona-

tor provides higher amplitudes of acoustic pressure even in

the case of relatively strong fields. Due to dissonance, non-

linear distortion is small in both cases, e.g., for the optimized

shape and jâsj ¼ 400 m/s2, jp̂2=p̂1j ¼ 5:6% and

jp̂3=p̂1j ¼ 6:7%. It can also be seen in Fig. 8 that the slope of

the characteristics for the optimized cavity decreases with

increasing driving amplitude mainly as a result of increasing

losses due to transition to turbulence6 in the boundary layer

in the longer narrow part of the resonator cavity.

TABLE I. Parameters of some simple-shaped and optimized resonators with

l ¼ 30 cm. In variable-cross-section resonators, rmin ¼ 0:5 cm, rmax ¼ 2:5

cm.

Cylindrical, r ¼ 2:5 cm

Xi ¼ 0:997; 1:996; 2:995; 3:995; 4:994; :::

Piston-driving: kpa ¼ 13:24 kg/m2

Shaker-driving: kpa ¼ 26:47 kg/m2

Conical

Xi ¼ 1:188; 2:126; 3:089; 4:065; 5:050; :::

Piston-driving: kpa ¼ 18:40 kg/m2

Shaker-driving: kpa ¼ 28:45 kg/m2

Piston-driving optimized, global optimum

Xi ¼ 0:450; 1:454; 2:605; 3:728; 5:147; :::

kpa ¼ 40:07 kg/m2

Piston-driving optimized, high-frequency quasi-optimum

Xi ¼ 1:300; 1:597; 2:893; 3:615; 5:155; :::

kpa ¼ 34:06 kg/m2

Shaker-driving optimized, global optimum

Xi ¼ 1:488; 1:992; 3:080; 4:157; 5:101; :::

kpa ¼ 47:70 kg/m2

FIG. 6. (Color online) Dependence of kpa on the resonator dimensions in the

case of piston- and shaker-optimization. In both cases, Rmax ¼ 1=12 and

Rmin ¼ Rmax=5.

FIG. 7. (Color online) Resonator shapes used by Lawrenson et al. (Ref. 4)

and their equivalents optimized for shaker-driving.

TABLE II. Comparison of parameters of resonator shapes used by

Lawrenson et al. (Ref. 4) with the corresponding ones optimized for shaker-

driving.

Cone, Lawrenson et al. (Ref. 4), Eq. (3)

Xi ¼ 1:282; 2:230; 3:185; 4:151; 5:126; :::

Shaker-driving: kpa ¼ 45:51 kg/m2

Optimized equivalent

l ¼ 17 cm, rmin ¼ 0:56 cm, rmax ¼ 5:12 cm

Xi ¼ 1:648; 2:076; 3:164; 4:261; 5:205; :::

Shaker-driving: kpa ¼ 91:82 kg/m2

Horn-cone, Lawrenson et al. (Ref. 4), Eq. (4)

Xi ¼ 1:444; 2:258; 3:083; 4:067; 5:067; :::

Shaker-driving: kpa ¼ 87:75 kg/ m2

Optimized equivalent

l ¼ 24 cm, rmin ¼ 0:68 cm, rmax ¼ 7:27 cm

Xi ¼ 1:681; 2:084; 3:206; 4:298; 5:210; :::

Shaker-driving: kpa ¼ 163:34 kg/m2

Bulb, Lawrenson et al. (Ref. 4), Eq. (5)

Xi ¼ 1:811; 2:475; 3:213; 4:181; 5:168; :::

Shaker-driving: kpa ¼ 161:94 kg/m2

Optimized equivalent

l ¼ 28 cm, rmin ¼ 0:56 cm, rmax ¼ 7:70 cm

Xi ¼ 1:739; 2:104; 3:276; 4:383; 5:242; :::

Shaker-driving: kpa ¼ 203:01 kg/m2
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B. Driving by a loudspeaker driver

For both numerical and real experiments with a loud-

speaker driver, a Selenium (Brasil) D405Ti compression driver

was used, from which the phase-plug was removed. Parameters

of its lumped-element-circuit model were determined by

measurement as follows: Re ¼ 6:5X, Le ¼ 6:7� 10�5 H,

Rm ¼ 7:48 kg/s, M ¼ 4:1 g, Cm ¼ 1:24� 10�5 s2/kg,

Vb ¼ 187 cm3, Sd ¼ 90 cm2, and Blvc ¼ 9:6 Tm. The driver

contains a variable-cross-section axisymmetric internal wave-

guide of length lint ¼ 59 mm and r1 ¼ 25 mm output radius.

Its geometrical model is depicted in Fig. 9.

Due to the internal waveguide, the entire resonator

length is given as

l ¼ lint þ lext;

where lext is the length of the external waveguide whose

shape is optimized.

Because of the internal waveguide and acoustic imped-

ance of the driver’s mechanism, the optimum resonator

shapes substantially differ from the ones found for the case

of the piston-driving.

Figure 10 shows the optimum shape for lext ¼ 30 cm,

rmax ¼ rðx ¼ lintÞ ¼ r1 ¼ 2:5 cm (the external resonator

radius matches the internal waveguide output), and rmin

¼ rmax=5 and the corresponding wavemode. Its parameters,

together with the ones for some simple-shaped non-opti-

mized resonator cavities attached to the driver are shown in

Table III. It can be observed that the acoustic pressure ampli-

tude in the optimized cavity attains almost 6� higher ampli-

tude than in the case of a cylindrical cavity and 2:4� higher

amplitude than in the case of a conical cavity (with the same

rmin=rmax ratio).

It can be observed that even in the case of the cylindrical

resonator, the resonance frequencies are not integer multi-

ples of the first one which is caused mainly because of the

driver’s variable-cross-section internal waveguide and out-

put impedance of the driving mechanism.

V. EXPERIMENTAL VALIDATION

To validate the numerical results, some experiments

with loudspeaker-driven resonators were conducted. The

above-mentioned Selenium D405Ti compression driver with

removed phase-plug was utilized together with three axisym-

metric resonators: (a) cylindrical one with r ¼ 2:5 cm

and lext ¼ 29:8 cm; (b) conical one with rmin ¼ 0:5 cm, rmax

¼ 2:5 cm; and lext ¼ 30 cm, and (c) the driver-optimized

one depicted in Fig. 10. The variable cross-section resona-

tors were milled in two pieces of a duralumin block and

stuck together. Acoustic pressure was measured using 1/8 in.

G.R.A.S. (Denmark) Type 40DP microphone placed at the

symmetry-axis at the end of the resonators opposite the

driver. All the measurements were conducted in air at room

conditions. The experimental results were compared with the

numerical ones obtained using Eq. (1). The model of addi-

tional losses due to acoustically generated turbulence in

boundary layer6 provided good agreement of theoretical and

experimental data in the case of the strongest driving of the

optimized resonator. The parameter n characterizing the ra-

tio between the dynamic viscosity and the eddy viscosity6

was set to n ¼ 1.

FIG. 8. (Color online) Amplitude of the first harmonics of acoustic pressure at

the small end of the horn-cone and corresponding optimized resonator as a

function of driving acceleration amplitude; calculated at resonance frequency.

FIG. 9. Model geometry of the internal waveguide of loudspeaker driver

Selenium D405Ti; l1 ¼ 24 mm, l2 ¼ 21 mm, l3 ¼ 14 mm, r1 ¼ 25 mm,

r2 ¼ 39:5 mm, and r3 ¼ 53:5 mm.

FIG. 10. (Color online) Optimized resonator shape and distribution of

normalized acoustic pressure amplitude along the resonator cavity for

rmin=rmax ¼ 1=5 and driving with a loudspeaker driver. The vertical line

denotes the beginning of the driver’s internal waveguide. (X1 ¼ 1:188,

kpu ¼ 2693 Pa/V).

TABLE III. Parameters of some simple-shaped and optimized resonators

with lext ¼ 30 cm driven by the loudspeaker driver. In variable-cross-section

resonators, rmax ¼ 2:5 cm, rmin ¼ rmax=5.

Cylindrical, r ¼ 2:5 cm

Xi ¼ 0:828; 1:783; 2:869; 3:883; 4:909; :::

kpu ¼ 451 Pa/V

Conical

Xi ¼ 1:089; 2:012; 3:012; 3:983; 4:982; :::

kpu ¼ 1133 Pa/V

Optimized

Xi ¼ 1:188; 1:789; 2:916; 4:064; 4:921; :::

kpu ¼ 2693 Pa/V
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Figures 11–13 show frequency characteristics of ampli-

tude of the first harmonics of acoustic pressure measured and

calculated in the case of individual resonators for different

driving voltage amplitudes. The agreement of the experi-

mental and numerical data is quite good in the case of the

cylindrical (Fig. 11) and conical resonator (Fig. 12) even for

higher driving voltages.

In the case of the driver-optimized resonator, the agree-

ment is a little worse. For driving voltage amplitude of 1 V,

the resonance frequency calculated fr calc ¼ 571 Hz differs

from the resonance frequency measured fr meas ¼ 551 Hz by

3.6%. This discrepancy can possibly be attributed to differ-

ences between the mathematical description of the resonator

shape and the actual shape of the manufactured resonator.

Considering this fact, the frequencies in Fig. 13 were nor-

malized to individual resonance frequencies X0 ¼ f=fr x.

Resonance frequency of the system decreases with increas-

ing driving voltage amplitude, the value of 549 Hz was

measured when 15 V driving voltage amplitude was used.

The numerical results also predict this softening-spring-like

behavior.

For driving voltage amplitude of 15 V the first harmon-

ics in the optimized resonator attains an amplitude of

jp̂01j ¼ 36 000 Pa at resonance, which is 2� more than in the

case of the conical resonator and 5:4� more than in case of

the cylindrical resonator. It can be seen in Fig. 14 that the

time-course of the acoustic pressure is distorted but a shock-

wave is not present.

VI. CONCLUSIONS

A new method was proposed for optimization the

acoustic-resonator shapes for generation of high-amplitude

acoustic fields driven by a piston, shaker, or a loudspeaker

driver. The numerical results show that the optimum shapes

differ for individual manners of driving and that use of a

properly optimized resonant cavity results in substantially

stronger acoustic field compared with simple-shaped resona-

tors of similar dimensions. Good agreement of the numerical

results with the experimental data confirms the necessity of

introduction of the model of boundary-layer acoustic energy

dissipation in the governing equations used for the optimiza-

tion procedure. The numerical experiments indicate that

similar results can be obtained either in case of piston- or

FIG. 11. (Color online). Frequency characteristics of amplitude of the first

harmonics of acoustic pressure in loudspeaker-driven cylindrical resona-

tor—comparison of theoretical and experimental data.

FIG. 12. (Color online) Frequency characteristics of amplitude of the first

harmonics of acoustic pressure in loudspeaker-driven conical resonator—

comparison of theoretical and experimental data.

FIG. 13. (Color online) Frequency characteristics of amplitude of the first

harmonics of acoustic pressure in loudspeaker-driven optimized resonator—

comparison of theoretical and experimental data.

FIG. 14. (Color online) Time course of acoustic pressure measured in the

optimized resonator at f ¼ 549 Hz (resonance), driving voltage amplitude

U0 ¼ 15 V.

1010 J. Acoust. Soc. Am., Vol. 136, No. 3, September 2014 �Cervenka et al.: Optimal shaping of acoustic resonators



shaker-driving, if correspondingly optimized resonators are

used and, moreover, a resonant cavity for piston-driving can

be tuned in a wide range of frequencies.

It has been shown that even if the optimization proce-

dure is based on a linear theory (and thus it cannot predict

behavior of strongly nonlinear acoustic fields), it provides a

systematic means of design of resonant cavities for high-

amplitude acoustic applications such as, e.g., thermoacoustic

devices or plasma-chemical reactors. Utilizing the appropri-

ately optimized resonant cavities together with commercially

available loudspeakers could increase economic attractive-

ness of these promising applications.

ACKNOWLEDGMENTS

This work was supported by GACR Grant No. P101/12/

1925. The numerical calculations were performed at

Computing and Information Centre of CTU.

APPENDIX: DERIVATION OF THE MODEL EQUATION

The second-order nonlinear model Eq. (1) is similar to

the one published in Ref. 23. It issues from the gas-dynamics

equations for one-dimensional flow in axisymmetric vari-

able-cross-section hard-walled waveguide which have the

following form (meaning of the individual symbols is

explained in Sec. II).

The continuity equation

@q
@t
þ 1

r2

@

@x
r2qv

 �

¼ 2eqffiffiffi
p
p

r2

@

@x

ðt

�1

rv x; sð Þffiffiffiffiffiffiffiffiffiffi
t� s
p ds; (A1)

where q is the total fluid density. The term on the right-hand

side describes the influence of the acoustic boundary layer

on the fluid flow. Equation (A1) corresponds to the continu-

ity equation used by Ilinskii et al.,6 the model based on this

equation provides better agreement between numerical and

experimental data than the variant of the continuity equation

used by Chester,24 especially in the case of higher values of

jdr=dxj.
In the case of high-amplitude acoustic fields, the model

of increasing effective viscosity and thermal conductivity

due to turbulence generated in the boundary layer6 describes

the well observed increase of acoustic energy dissipation.

The momentum equation, see, e.g., Ilinskii et al.,5 reads

q
@v
@t
þv

@v
@x

� �
¼�qas�

@p

@x
þ fþ4

3
g

� �
@

@x

1

r2

@

@x
r2vð Þ

� �
;

(A2)

where p is the total fluid pressure.

The state equation for an ideal gas in the second approx-

imation can be written in the form

p0 ¼c2
0q
0þ c2

0

2q0

c�1ð Þq02�j
1

cV
� 1

cp

� �
1

r2

@

@x
r2vð Þ; (A3)

see, e.g., Makarov and Ochman,25 where q0 ¼ q� q0 is the

acoustic density.

In the following text, it is assumed that the acoustic

quantities p0, q0, and v together with the fluid parameters g,

f, and j are the first order of smallness and the driving accel-

eration as is the second order of smallness.

Within the second approximation, terms of the third and

higher orders are discarded in the respective equations and

the first-order approximations are substituted into the

second-order terms. In the first approximation, the momen-

tum equation (A2) integrated with respect to the spatial coor-

dinate x and the state equation (A3) have form

p0 ¼ �q0

@u
@t
; (A4)

p0 ¼ c2
0q
0: (A5)

The first-order wave equation

1

r2

@

@x
r2 @u
@x

� �
¼ 1

c2
0

@2u
@t2

(A6)

is substituted into the second-order terms so that we can

eliminate the spatial derivatives.

Introducing the velocity potential in Eq. (A2), dropping

the third-order terms and substituting for acoustic density

from Eqs. (A4) and (A5) yields after integration with respect

to the spatial coordinate x in

p0 ¼ �q0

@u
@t
� q0axþ q0

2c2
0

@u
@t

� �2

� q0

2

@u
@x

� �2

þ 1
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0
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3
g

� �
@2u
@t2

: (A7)

Equation (A6) was used for the further simplification in one

of the second-order terms.

Introducing the acoustic quantities together with the

velocity potential in the continuity equation (A1), employing

relations (A4), (A5), and (A6) in the second-order terms and

dropping the higher-order terms results in
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r
@u x; sð Þ
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� �
ds: (A8)

Taking the time derivative of Eq. (A3), introducing the

velocity potential and employing relations (A4), (A5), and

(A6) in the second-order term results in

@p0

@t
¼ c2

0

@q0

@t
þ q0

2c2
0

c� 1ð Þ @
@t

@u
@t

� �2

� j
c2

0

1

cV

� 1

cp

� �
@3u
@t3

: (A9)

The time-derivative of Eq. (A7) together with Eqs. (A8)

and (A9) can be used to eliminate the acoustic pressure and

density resulting in the second-order model equation (1).
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Compared to the third-order model equation used by Ilinskii

et al.,5 Eq. (1) can be used for calculation of moderate acous-

tic fields with much less numerical effort.

Acoustic pressure can be calculated from the solution of

Eq. (1) using Eq. (A7). The model equation (1) can be inte-

grated numerically in frequency domain as was proposed in

Ref. 5.
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1. Introduction

The description of the behavior of nonlinear standing waves in constant-cross-sectioned
resonators represents an interesting problem both from a theoretical and practical
point of view. There are a number of model equations which can be used for this pur-
pose but limits of their applicability are not obvious.

This study aims to assess the validity of the Kuznetsov and inhomogeneous
Burgers model equations [see, e.g., Kuznetsov (1970), Gusev (1984), Rudenko et al.
(2001), Bednarik and Konicek (2004)] that include only nonlinear terms of second
order. These equations are widely used for analysis of nonlinear processes in constant-
cross-sectioned resonators, in particular in cylindrical ones. Our approach is based on
the comparison of the above-mentioned simpler model equations with a more accurate
equation containing the third-order terms [see Ilinskii et al. (1998)] whose validity has
been verified experimentally, see, e.g., Lawrenson et al. (1998).

2. Model equation

A one-dimensional wave equation describing the high-amplitude acoustic field in a
constant-cross-sectioned waveguide can be written, see Ilinskii et al. (1998), in the form

c2
0
@2u
@x2 �

@2u
@t2 þ

b
q0

@3u
@x2@t

¼ 2
@u
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@2u
@x@t
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@2u
@x2 þ

ðcþ 1Þ
2

@u
@x

� �2
@2u
@x2 ; (1)

where u is the velocity potential, v¼ @u/@x is the acoustic velocity, x is the spatial
coordinate along the waveguide axis, t is the time, c0 is the small-signal speed of
sound, q0 is the ambient fluid density, c is the Poisson’s exponent, and b¼ fþ 4g/3 is
an attenuation constant, where f and g are the bulk and shear viscosities. The first two
terms on the left-hand side of Eq. (1) represent the linear lossless wave equation and
the third term on the left-hand side describes the viscous volume attenuation. The first
two terms on the right-hand side are quadratic-nonlinear ones and the last one is a
cubic-nonlinear term. If b¼ 0, Eq. (1) represents an exact wave equation for
plane-waves in perfect gas, see, e.g., Hamilton and Morfey (1998). Acoustic pressure
can be calculated from the solution of Eq. (1) as

p0 ¼ q0c2
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see Ilinskii et al. (1998). If the cubic-nonlinear term in Eq. (1) is dropped and
@2u=@t2 ¼ c2

0@
2u=@x2 is substituted into the corresponding terms (the third one on the

left-hand side and the second one on the right-hand side), the error is a third-order
small and the resulting equation reads
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" #
; (3)

which is the well-known Kuznetsov equation,1 see Kuznetsov (1970).
Acoustic pressure can be calculated from the solution of Eq. (3) using Eq. (2)

or, for consistency, it can be recast in the second approximation using the Taylor series
expansion into the form

p0 ¼ �q0
@u
@t
� q0

2
@u
@x
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þ q0

2c2
0

@u
@t
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þ b
@2u
@x2 : (4)

If Eq. (1) or (3) is used for calculation of acoustic field in an acoustic resona-
tor driven by a vibrating piston, they can be supplemented with the following bound-
ary conditions:

@u
@x

� �
x¼0
¼ 0;

@u
@x

� �
x¼L
¼ vpðtÞ; (5)

where L is the length of the resonant cavity and vp(t) is the velocity of the vibrating
piston.

The inhomogeneous Burgers equation is another model equation which can be
used for the description of nonlinear standing waves in the cylindrical resonator. The
inhomogeneous Burgers equation can be derived from the Kuznetsov equation (3).
There are several ways how to derive this model equation [see, e.g., Gusev (1984),
Rudenko et al. (2001), Enflo and Hedgerg (2002)]. However, all of these derivation-
procedures follow from the assumption that the acoustic field inside the cylindrical res-
onator can be described as a superposition of two nonlinear counter-propagating
waves u6 which are coupled only by conditions on the resonator side-walls. This
assumption means that we can ignore a mutual interaction of the counter-propagating
waves. To justify the assumption we can use the method which has been sketched, e.g.,
in Gusev (2005) and Gusev et al. (1999).

Within the framework of the second order approximation of the nonlinear
acoustics we can suppose that each of the counter-propagating waves is relatively weak
in its amplitude and therefore the nonlinear processes are also weak. The relative
weakness of the nonlinear processes allows us to suppose that wave profiles of the
counter-propagating waves vary slowly with time and propagation distance, i.e., the
changes in the wave profiles are assumed to be small for distances of order O(k) and
times of order O(T), where k is the wavelength and T is the wave period. We can for-
malize the mentioned statement by the fact that we will search for the solution of the
Kuznetsov equation (3) in the following form:

u ¼ luþðt1 ¼ lt; x1 ¼ lx; sþ ¼ t� x=c0Þ � lu�ðt1 ¼ lt; x1 ¼ lx; s� ¼ tþ x=c0Þ; (6)

where l< 1 is a small scaling parameter and t1 and x1 represent slow time and space
coordinates. After substituting the expression (6) into Eq. (3), considering b � l and
ignoring the terms of the order 3 and higher we obtain
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where b¼ (cþ 1)/2. The second term in square brackets in Eq. (7) represents the inter-
action of the counterpropagating waves.

Equation (7) formally contains two unknowns (u6), two fast variables (s6),
and two slow variables (t1, x1). The fast variables are not independent because they are
connected by the relation s�¼ sþþ 2x/c0. Therefore in the coordinate system (t1, x1,
sþ), accompanying the wave propagating to the right, the function u�ðt1; x1; s�Þ
¼ u�ðt1; x1; sþ þ 2x=c0Þ is a fast varying function of coordinate x. After using the
following operator:

h� � �i � 1
k

ðxþk=2

x�k=2
� � �ð Þdx; (8)

we can conduct the formal procedure of the separation of the counter-propagating
waves because uþ does not depend on the fast coordinate x and consequently the oper-
ator (8) does not influence uþ and its derivatives. Assuming the absence of an average
directional motion of fluid and the wave periodicity we can write
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Therefore by the averaging we obtain
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After application of the operator (8) in the coordinate system (t1, x1, sþ) for Eq. (7)
we obtain an equation only for uþ. Repeating this procedure for the coordinate system
(t1, x1, s�) accompanying the wave propagating to the left, we get an equation only
for u_.

The separated equations have the form
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Within the framework of second order theory it is possible to consider the interactions
of the counter-propagating waves to be ineffective, which means that effects of the
interactions do not accumulate. Consequently, the operator (8) retains in Eq. (7) only
the terms which provide the influence accumulating with propagation distance [Gusev
et al. (1999)]. This conclusion has been clarified in the works Rudenko et al. (2001)
and Rudenko (2009) whose explanation is based on an approximate solution of the
one-dimensional Westervelt equation for ideal fluids. Taking into account the relation

v6 ¼
@u6
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¼ 7

1
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þ l
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and keeping the assumed second order of accuracy of Eq. (10) we can rewrite it for
acoustic velocities as
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Here Eq. (12) is expressed in the original physical coordinates t and x.
As the nonlinear standing wave in a resonator is given as the superposition of

two nonlinear counter-propagating waves we can write
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v ¼ @u
@x
¼ @uþ

@x
� @u�

@x
¼ vþ � v�: (13)

The boundary conditions (5) can be formulated in this case as

v ¼ ðvþ � v�Þx¼0 ¼ 0; (14)

v ¼ ðvþ � v�Þx¼L ¼ vpðtÞ ¼ �v0 sinðxtÞ; (15)

and an initial condition can be given as

v6ðt ¼ 0Þ ¼ 0; (16)

where v0 is the velocity amplitude of the exciting piston which vibrates with an angular
frequency x. The angular frequency is assumed to be equal to one of the resonator
eigenfrequencies (the resonance condition) that is given as

xn ¼
npc0

L
; n ¼ 1; 2:3;… : (17)

With respect to the conditions (14)–(16) it is possible to apply the method of
successive-approximations to Eqs. (12) which leads to the following forced model equa-
tions [see, e.g., Gusev (1984)]:

@�v6

@t
� b

c0
�v6

@�v6

@s6

� b
2q0c2

0

@2�v6

@s6
2 ¼

v0c0

2L
sinðxs6Þ; (18)

where �v6 represents the acoustic velocity of the counter-propagating waves in the first
approximation, see, e.g., Gusev (1984). Equation (18) represents the inhomogeneous
Burgers equation.

The acoustic velocity of the standing wave can be calculated from solution of
Eq. (18) [see Bednarik and Konicek (2004)] as

vðt; xÞ ¼ �vþðt; sþÞ � �v�ðt; s�Þ �
v0x
L

cos
xx
c0

� �
sinðxsÞ: (19)

3. Comparison of numerical solutions of individual model equations

The model equations (1) and (3) were solved numerically in the time domain using the
algorithm proposed in Cervenka (2007) whereas Eq. (18) was solved numerically in the
frequency domain, see, e.g., Ginsberg and Hamilton (1998). For all the numerical

Fig. 1. (Color online) Comparison of amplitudes of the first five harmonics (one-side spectrum) of acoustic pres-
sure at x¼ 0 calculated using Eqs. (1) and (3).

M. Bednarik and M. Cervenka: JASA Express Letters [http://dx.doi.org/10.1121/1.4865262] Published Online 19 February 2014

J. Acoust. Soc. Am. 135 (3), March 2014 M. Bednarik and M. Cervenka: Equations for description EL137



calculations the driving piston vibrated at the fundamental eigen-frequency of (x¼x1)
and air at room conditions was assumed as fluid and G¼pxb/(q0c2

0)¼ 10�3.
Numerical results are compared in Figs. 1–3. From these figures it is evident that there
are only slight differences between the results of numerical solutions of the assumed
model equations, even for relatively strong excitation of acoustic waves.

The comparison of numerical solutions of Eqs. (1) and (3) for the acoustic
pressure is depicted in Figs. 1 and 2. It is obvious from Fig. 1 that the amplitudes of
the first five harmonics are practically identical. One can observe a small discrepancy
between the numerical solutions for U0¼ v0/(pc0)¼ 2� 10�3 in Fig. 2 which is caused
by the fact that a bit higher value of a dc-pressure follows from the model equation
(1). The numerical solution for the acoustic velocity of all the model equations are
sketched in Fig. 3. Again we can observe a slight difference of the solution of Eq. (1)
with respect to the other solutions. This slight difference is reflected in a small shape
asymmetry of the standing wave and is caused by a fine nonlinear resonance frequency
shift following from the model equation (1). The numerical results show that unlike
Eqs. (1) and (3), the inhomogeneous Burgers equation (18) does not capture this effect,
however, relatively high nonlinear attenuation causes that the influence of the nonlin-
ear resonance frequency shift can be ignored for acoustic fields up to the acoustic
Mach number of about 0.1. The numerical solutions of Eqs. (3) and (18) are almost
identical for all the driving amplitudes excluding the Gibbs oscillations.

4. Conclusion

In this work we presented three widely used model equations for the description of
nonlinear standing waves in constant-cross-sectioned resonators with rigid ends. One

Fig. 2. (Color online) One period of steady-state acoustic pressure at x¼ 0 calculated using Eqs. (1) and (3).

Fig. 3. (Color online) One period of steady-state acoustic velocity at x¼L/2 calculated using Eqs. (1), (3), and (18).
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of the model equations is more accurate by taking into account nonlinear effects of the
third order. The remaining two model equations (3) and (18) can be derived from this
more accurate one under certain assumptions. The model equations were solved
numerically and numerical results were compared to each other to check whether
acoustic fields inside the constant-cross-sectioned resonators satisfy the conditions
under which the simpler model equations have been derived. By comparing the results
of the model equations it can be stated that it is possible to use both the Kuznetsov
and inhomogeneous Burgers equations for the description of nonlinear standing waves
in the constant-cross-sectioned resonators even for relatively high sound pressure levels
of practical interest (the acoustic Mach number of about 0.1). Unlike Eqs. (1) and (3),
the inhomogeneous Burgers equation (18) does not capture the resonance frequency
shift. If generation of higher harmonics is not suppressed, relatively high nonlinear
attenuation prevents the effect of nonlinear resonance frequency shift to manifest itself
in a substantial way. In the case of any method used for suppression of the higher har-
monics it would probably be necessary to take into account this effect and to verify
the applicability of the inhomogeneous Burgers equation using a more complex model.

From this conclusion it follows that in the case of relatively high nonlinear
attenuation, an acoustic field inside the constant-cross-sectioned resonators can be
described as a superposition of two nonlinear counter-propagating waves. It is also pos-
sible to ignore their mutual interactions because these waves couple only weakly and
their coupling does not have cumulative character. For this reason we can use the far
simpler inhomogeneous Burgers equation in comparison with Eq. (1) for analysis of
nonlinear acoustic fields and a possible derivation of approximate analytical solutions.
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a b s t r a c t

A simple device consisting of a waveguide and two loudspeakers is proposed for generation of
low-frequency standing acoustic field with high amplitude of acoustic velocity and particle displacement,
which is primarily intended to be used for stabilization of electric discharges in acoustic field. A coupled
model of loudspeakers and nonlinear wave equation including waveguide radius variability, thermovis-
cous attenuation in boundary layer and minor losses is developed. The results of the conducted experi-
ments validate the model revealing that the minor losses and acoustically generated turbulence in the
boundary layer represent an important means of acoustic energy dissipation in this and similar
applications.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years, some non-conventional applications utilizing
high-amplitude acoustic fields have begun to develop; acoustic
compressors, mixers, thermoacoustic engines or refrigerators can
serve as an example. Another example is stabilization of electric
discharge in acoustic pressure node of a high-amplitude standing
wave, see e.g. [1,2], which finds its application in plasma-
chemical reactors increasing the efficiency of the processes leading
to the destruction of toxic pollutants, decomposition of volatile
organic compounds, etc. It has been found in work [2] that acoustic
field with high amplitude of particle displacement plays a key role
in these processes so it is desirable to find an effective way of its
generation. As the acoustic displacement amplitude is for given
acoustic velocity amplitude inversely proportional to frequency,
it is necessary, in case of standing waves, to pay an attention to
reasonable dimensions of the used machinery.

For this reason (and we are convinced that there would also be
other applications) a simple device has been proposed for genera-
tion of standing acoustic field with high amplitudes of acoustic
particle displacement, which is the subject of this article.
Section 2 describes its construction and experimental techniques
used, Section 3 deals with a theoretical model which is needed in
order to understand the underlying physics. Section 4 presents
the obtained results and comparison of experimental data with
the model predictions, Section 5 then concludes the article.

2. Experimental setup

2.1. Low-frequency acoustic resonator

The proposed device allowing generation of acoustic field with
high amplitude of acoustic velocity and displacement is schemati-
cally depicted in Fig. 1. It consists of two electrodynamic transduc-
ers (loudspeakers) B&C 6MD38-8 (power handling 240 W),
enclosed in small loudspeaker-boxes, connected in antiphase in
series, which drive acoustic field in a waveguide (plexiglass tube
with inner radius r1 ¼ 12 mm, length 2� l1 ¼ 300 mm and thick-
ness 2 mm) through conical segments (made from plastic funnels,
small inner radius r1 ¼ 12 mm, large inner radius r2 ¼ 75 mm,
length l2 ¼ 60 mm) and short segments with inner radius r2 and
length l3 ¼ 40 mm. Due to the antiphase driving of the loudspeak-
ers, the primary acoustic field (the first harmonics) has node of
acoustic pressure and anti-node of acoustic velocity and particle
displacement at the centre of the waveguide. The loudspeakers
are driven by a harmonic signal which is amplified using power
amplifier Akiyama AMD400.

2.2. Measurements

Electrical and acoustical measurements on the proposed device
were conducted as follows.

Input electrical impedance was measured using a home-made
program written in LabView which controls a sine-wave generator
(Agilent U2761A) and AC voltmeter and ammeter (Agilent
U2741A). The generated signals were amplified by a power
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amplifier, the measurements were conducted at constant voltage
amplitude. The same equipment was used for measurement of
impedance characteristics of the loudspeakers in vacuum in order
to determine their parameters, see e.g. [3], using the nonlinear
least-squares fit.

Acoustic velocity and particle displacement at the centre of the
device were determined using the two-microphone method, see
e.g. [4]. Two 1/8’’ microphones (G.R.A.S. Type 40DP) were placed
symmetrically along the centre in the waveguide wall separated
by the distance of 2� h ¼ 160 mm, measuring acoustic pressures
p0AðtÞ and p0BðtÞ. If the microphones separation 2� h� k, where k
is the wavelength, acoustic velocity v between the microphones
can be calculated using the linearised Euler’s equation as

vðtÞ ¼ 1
q0

Z
p0BðtÞ � p0AðtÞ

2h
dt; ð1Þ

where q0 is the ambient fluid density. Acoustic particle displace-
ment nðtÞ can be then calculated as

nðtÞ ¼
Z

vðtÞdt: ð2Þ

The microphone signals were amplified (G.R.A.S. Type 26AC
Preamplifiers + G.R.A.S. Type 12AB Microphone Power Module)
and digitized using DAQ card (National Instruments PCI-6251) con-
trolled by a LabView-written program; the integrals in Eqs. (1) and
(2) were calculated using the FFT method implemented in Matlab.

3. Theoretical model

3.1. Model equation for acoustic field in a waveguide

High-amplitude acoustic field inside a variable-cross-section
waveguide can be described using a set of two quasi-one-
dimensional equations

@p0
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¼ �q0

@v
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� p0

c2
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@v
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þ v

c2
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þ 2

r
dr
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q0v2 þ q0dv

c2
0

@2v
@t2 ; ð3aÞ

@v
@x
� 2e

r2

@1=2ðrvÞ
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0
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� 2
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v þ c
2q2

0c4
0

@p02
@t

þ 1
2c2

0

@v2

@t
þ dt

q0c4
0

@2p0

@t2 ; ð3bÞ

where p0 ¼ p� p0 is the acoustic pressure, p is the total pressure, p0

is the ambient pressure, v is the acoustic velocity, t is the time, x is
the spatial coordinate along the waveguide, r ¼ rðxÞ is its radius, c0

is the small-signal speed of sound, c is the adiabatic exponent,
dv ¼ ðfþ 4g=3Þ=q0 is the diffusivity of sound due to viscosity, where
g; f are the coefficients of shear and bulk viscosity, respectively,
dt ¼ jð1=cV � 1=cpÞ=q0 is the diffusivity of sound due to thermal

conduction, where j is the coefficient of thermal conduction and
cp; cV are the specific heats at constant pressure and volume,

respectively. Further, e ¼ ffiffiffiffiffi
m0
p ½1þ ðc� 1Þ=

ffiffiffiffiffi
Pr
p
�, where m0 ¼ g=q0 is

the kinematic viscosity and Pr ¼ gcp=j is the Prandtl number. The
term with coefficient e describes the acoustic energy dissipation
in the boundary layer; additional losses due to acoustically gener-
ated turbulence, which appear to play an important role in this case,
are incorporated into the coefficient e in a straightforward way, see
Appendix A and [5].

Eq. (3) are derived in the second approximation, they account for
waveguide cross-section spatial variability, nonlinearity, thermo-
viscous volume attenuation and thermoviscous attenuation in the
boundary layer. The derivation is briefly sketched in Appendix A.
Use of Eq. (3) in this case is more advantageous than employing
the model equations used e.g. in works [6,7], as Eq. (3) are
formulated using the primary acoustic variables p0; v and it is thus
simple and straightforward to couple them to a model of an
electro-acoustic transducer or to a model of the minor losses.

As we are further focused on periodic steady-state acoustic
fields, the acoustic quantities are represented as

qðx; tÞ ¼ 1
2

XN

n¼�N

q̂nðxÞeinxt ; ð4Þ

where qðx; tÞ stands for p0ðx; tÞ;vðx; tÞ and q̂nðxÞ represents individ-
ual (complex) harmonics. Further, x is the driving frequency, N is
the number of harmonics taken into account and q̂�nðxÞ ¼ q̂�nðxÞ,
where the asterisk denotes the complex conjugate, because of the
fact that physical quantities are represented by real functions.
Substituting expansion (4) into Eq. (3) results in a set of 2N þ 1 ordi-
nary differential equations (ODEs) for phasors p̂00; . . . ; p̂0N; v̂1; . . . ; v̂N .
The ODEs were integrated numerically using the adaptive-step-size
eight-order Runge–Kutta method, see e.g. [8].

3.2. Model of the loudspeakers

The loudspeakers situated at the ends of the waveguide, see
Fig. 1, are modelled using lumped-element circuits, see e.g. [3],
the corresponding equations represent the boundary conditions
for Eq. (3) at x ¼ �l (the left loudspeaker) and x ¼ l (the right loud-
speaker) and have the form

ZeZ0m þ ðBlvcÞ2
h i

v̂n þ ZeSdp̂0n � BlvcûL
n ¼ 0 for x ¼ �l; ð5aÞ

� ZeZ0m þ ðBlvcÞ2
h i

v̂n þ ZeSdp̂0n � BlvcûR
n ¼ 0 for x ¼ l; ð5bÞ

where Ze ¼ Re þ inxLe is the electrical impedance of the loud-
speaker voice coil, Re is the electrical resistance and Le is the
electrical inductance; Z0m ¼ Zm þ S2

d=inxCa, where Zm ¼ Rmþ
inxM þ 1=inxCm is the loudspeaker mechanical impedance, Rm is

Fig. 1. Arrangement of the device.
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the mechanical resistance of the diaphragm suspension, M is the
moving mass of the diaphragm assembly, Cm is the mechanical
compliance of the diaphragm suspension; Sd is the effective piston
area of the diaphragm, Ca ¼ Vb=q0c2

0 is the acoustic compliance of
the enclosure behind the diaphragm, where Vb is its volume; B is
the magnetic flux density in the loudspeaker’s air gap and lvc is
the length of the voice coil in the magnetic field. Finally, ûL

n, ûR
n rep-

resent the driving voltage of the left and the right loudspeaker.
The two-point boundary-value problem (5) for Eq. (3) was

solved using the shooting method, see e.g. [8].

3.3. Minor losses

It is well-known from hydraulics that pressure drops appear in
high-Reynolds-number flows through channels with cross-section
changes (junctions). These effects are called the minor losses, they
result from flow separation, vorticity generation, turbulence and
other effects. For a steady flow, the pressure drop resulting from
the minor losses is characterized by the dimensionless parameter
K as

Dp ¼ 1
2

Kqv2; ð6Þ

where q is the fluid density and v is the flow velocity. The values of
K for variety of geometries are tabulated, see e.g. [9].

Relation (6) can according to Iguchi’s hypothesis, see e.g. [10],
be used even in case of unsteady flows represented by acoustic
waves, if jn̂1j is larger than all other dimensions in the vicinity
[10–12]. The minor loss coefficients for oscillatory flows have been
studied both theoretically and experimentally, see e.g. [13,14].
According to [10,11], Eq. (6) can be in case of oscillatory flows
rewritten as

Dp0ðtÞ ¼ �1
2

Kq0jvðtÞjvðtÞ; ð7Þ

where vðtÞ now stands for the acoustic velocity. The minus sign in
Eq. (7) provides the correct sign of the pressure drop with respect to
the flow orientation. It is known that the value of K differs in case of
contracting flow (the fluid flows in the direction of decreasing pipe
radius), K ¼ Kcon, and expanding flow (the fluid flows in the direction
of increasing pipe radius), K ¼ Kexp. In the case of acoustic field, the
flow changes its orientation twice every cycle. Here, the values of
Kcon and Kexp are assumed to be constant. In this case, minor losses
are modelled at the junctions of the constant-cross-section part of
the waveguide (with radius r1) and the conical segments.

The model of minor losses (7) is included into the model of
acoustic field in the waveguide as follows. Model Eq. (3) is inte-
grated in frequency domain along the spatial coordinate x from
x ¼ �l to x ¼ �l1, which means that values of v̂nð�l1Þ and p̂0nð�l1Þ
are known here. Then, time course of one period of acoustic veloc-
ity vð�l1; tmÞ;m ¼ 0; . . . ;M is calculated using Eq. (4), subse-
quently, and the time course of the pressure drop is calculated
using Eq. (7), where Kcon or Kexp are chosen according to the sign
of vð�l1; tmÞ at the particular times tm. Finally, Dp̂0n are calculated
numerically using the Fourier integral (which is implemented
using the Simpson’s rule) and values of v̂nð�l1Þ; p̂0nð�l1Þ þ Dp̂0n are
used as an initial condition for numerical integration of Eq. (3)
from x ¼ �l1 to x ¼ l1 where the same procedure is repeated.

4. Results and discussion

All experiments were conducted in air at room conditions.
Corresponding parameters were used in the numerical model.
According to [9], the minor loss coefficients for given geometry
were determined as Kexp ¼ 0:87 and Kcon ¼ 0:28.

Frequency characteristics of input electrical impedance of the
device measured with loudspeakers connected in series in anti-
phase and in-phase (shown only for reference) are presented in
Fig. 2. In both the cases, amplitude of the driving voltage was set
to 1 V. The vertical arrow marks the resonance peak (operating
point) in vicinity of which maximum values of acoustic velocity
and particle displacement are attained; here, the local maximum
of input impedance is found at f rez ¼ 64:3 Hz. This resonance is
associated with the first antisymmetric mode of the waveguide
with acoustic pressure node at the centre (the corresponding reso-
nance frequency of this waveguide ended by rigid caps, according
to eigenfrequency analysis made using COMSOL Multiphysics,
equals to 86.5 Hz). The main resonance peak (for both the loud-
speaker connections) is associated with the electro-mechanical
resonance of the loudspeakers, the resonance frequencies differ
(392 Hz, 402 Hz) as in the individual cases, the loudspeakers are
loaded by different input impedances of the waveguide. It can be
seen that these resonance peaks are not symmetric which may
be caused by the fact that the loudspeakers’ diaphragms (cones)
do not vibrate as rigid bodies any more at these frequencies, see
e.g. [3]. The low-frequency resonance peak for the loudspeakers
connected in-phase disappears as the acoustic resonance fre-
quency of the first symmetric mode of the waveguide is 537 Hz
(calculated using COMSOL Multiphysics).

Fig. 3 shows comparison of measured input electrical impe-
dance modulus (connection in antiphase) with the model data in
the vicinity of the operating point. The volume Vb (associated with
the acoustic compliance) of the loudspeaker-boxes as well as the
acoustic resistance of the boxes were slightly adjusted to fit the
measured data; especially the value of Vb is hard to determine
due to complicated geometry of the rear-side of the loudspeakers.
It can be seen that the measured and theoretical results correspond
to each other well; the agreement of measured and theoretical data
decreases with increasing frequency as the membrane vibration at
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Fig. 2. Input electrical impedance of the device measured with loudspeakers
connected in antiphase and in-phase.
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Fig. 3. Input electrical impedance of the device with loudspeakers connected in
antiphase; comparison of measured data and model.
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higher frequencies cannot be described using a lumped-element
model.

Fig. 4 shows frequency characteristics of amplitude of the first
harmonics of acoustic velocity measured using the two-
microphone technique at the centre of the waveguide for several
driving voltages (in this and all the remaining cases, the loudspeak-
ers are connected in series in antiphase). It can be observed that for
U ¼ 35 V, the velocity amplitude reaches the value of 36.3 m/s at
resonance frequency of 66 Hz. In this case, the power input of
the device is 29 W. Even in this case, the time-course of acoustic
velocity is almost distortion-free (amplitude of the second
harmonics is 0.07 m/s, amplitude of the third harmonics is
0.27 m/s). It is also apparent that due to nonlinear losses, the
maximum velocity amplitude is not proportional to the driving
amplitude and that there is small resonance-frequency shift–the
resonance frequency increases with the driving voltage amplitude.

Acoustic velocity in the waveguide is almost distortion free
even if the acoustic pressure in the narrow tube is distorted by
the second harmonics, see Fig. 5. The reason is that unlike the first
harmonics of acoustic pressure spatial distribution along the
waveguide is antisymmetric, i.e. p̂01ðxÞ � �p̂01ð�xÞ, as the loud-
speakers are driven in antiphase, the second harmonics distribu-
tion is symmetric, i.e. p̂02ðxÞ � p̂02ð�xÞ, and almost constant along
the narrow tube which results in negligible gradient and thus
velocity.

Fig. 6 shows frequency characteristics of amplitude of the first
harmonics of acoustic particle displacement measured at the
centre of the waveguide for several driving voltages. The

characteristics are similar as those shown in Fig. 4 as the resonance
peaks are rather broad, the decrease of amplitude above the reso-
nance frequency is faster as jn̂1j ¼ jv̂1j=x; the maximum displace-
ment amplitude reaches value of 8.8 cm for U ¼ 35 V and
f ¼ 64:5 Hz.

Fig. 7 shows dependence of acoustic velocity amplitude at the
centre of the waveguide on driving voltage amplitude for
f ¼ 65 Hz; measured and calculated using the proposed model
with individual loss mechanisms taken into account.

It can be seen that if the minor losses and the losses due to tur-
bulence in the boundary layer [5] are not taken into account (dot-
ted line), the model predicts almost linear dependence of the
acoustic velocity amplitude on the driving amplitude as the energy
dissipation in higher harmonics is negligible. This is because of the
fact that the higher harmonics are not resonantly amplified (their
frequencies are not coincident with the higher eigenfrequencies
due to varying radius of the waveguide, see e.g. [7], and the loud-
speakers’ acoustic impedance) and thus the acoustic energy trans-
fer into them is ineffective. The dashed line corresponds to the
situation when turbulent losses are taken into account and minor
losses are not, again the model overestimates the velocity ampli-
tude. When all the nonlinear loss mechanisms are taken into
account, the model (solid line) fits the experimental data well.
The small discrepancies for ca. U > 25 V may be caused by
decreased loudspeakers’ force factor Blvc due to high voice-coil
excursion in the magnetic field, see e.g. [15].

Fig. 8 shows distribution of amplitudes of the first three har-
monics of acoustic pressure calculated for U ¼ 35 V and
f ¼ 65 Hz. The vertical lines delimit the central narrow part of
the waveguide. It can be observed that in correspondence with
the previously employed assumptions, the pressure gradient of
the first harmonics is almost constant along the narrow part of
the waveguide, whereas the second harmonics amplitude is almost
constant (its gradient has almost zero value). In the central part,
the amplitude of the second harmonics exceeds the first one. The
jumps at the junctions of the central waveguide with the conical
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Fig. 4. Frequency characteristics of amplitude of the first harmonics of acoustic
velocity measured at the centre of the waveguide for various driving voltage
amplitudes.
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bottom: corresponding acoustic velocity.
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Fig. 7. Comparison of experimental results with model.
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segments follow from the adopted ‘‘local’’ model of the minor
losses.

Fig. 9 shows distribution of the first three harmonics of acoustic
velocity calculated for the same conditions. It can be observed that
the higher harmonics are negligible and that the amplitude of the
first one is almost constant along the narrow part of the waveg-
uide, which justifies using Eq. (1) for determination of acoustic
velocity.

5. Conclusions

A simple resonant system for generation of low-frequency oscil-
latory flows with high amplitudes of acoustic velocity and particle
displacement has been developed. The device was mainly aimed to
be utilized for stabilization of electrical discharges for
plasma-chemical reactors, but it can find its use in technological
applications where strong acoustic fields are needed. Theoretical
model has been proposed taking into account nonlinear effects
(harmonics generation), losses in the acoustic boundary layer and
the minor losses. Results of the conducted experiments are in good
agreement with the theoretical ones validating the model, which
can thus be employed for subsequent optimization of the resonant
system. For example, the resonance frequency can be easily tuned
by adjusting the central waveguide length or the volume of the
loudspeaker boxes. As it has been shown that the minor losses
due to relatively steep waveguide radius changes represent a sig-
nificant means of the acoustic energy dissipation, the effectiveness
of the device could be further improved by using e.g. exponential
horns for coupling the loudspeakers to the central waveguide.
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Appendix A. Derivation of the model equations

The set of second-order nonlinear Eqs. (3) follows from the
gas-dynamics equations for one-dimensional flow in an axisym-
metric variable-cross-section hard-walled waveguide which have
the following form (meaning of the individual symbols is explained
in Section 3.1).

The continuity equation

@q
@t
þ 1

r2

@

@x
r2qv
� �

¼ 2eq
r2

@1=2ðrvÞ
@x@t�1=2 ; ðA:1Þ

where q is the total fluid density and the Riemann–Liouville frac-
tional integral of order 1=2 of a function f ðtÞ on the right side of
Eq. (A.1) is defined as

@�1=2f
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1ffiffiffiffi
p
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f ðsÞffiffiffiffiffiffiffiffiffiffiffi
t � s
p ds: ðA:2Þ

In frequency domain, it describes losses proportional to 1=
ffiffiffiffiffiffi
ix
p

.
The term on the right side of Eq. (A.1) describes the influence of

the acoustic boundary layer on the fluid flow. Eq. (A.1) corresponds
to the continuity equation introduced in [5].

Following [5], the model of additional losses due to the acousti-
cally generated turbulence is incorporated into the coefficient e by
replacing the dynamic viscosity g by

~g ¼ g 1þ f0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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where Re is the Reynolds number based on the boundary layer
thickness and Re0 ¼ 400 is the Reynolds number for which the tran-
sition to turbulence in the boundary layer of oscillating pipe flow
occurs [16]. Further, f0 � 1:75 is a parameter that characterizes
the ratio between the dynamic viscosity and the eddy viscosity;
for further details, see [5].

The momentum equation see e.g. [7], reads

q
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The state equation for an ideal gas in the second approximation
can be written in form

p0 ¼ c2
0q
0 þ c2

0

2q0
ðc� 1Þq02 � q0dt

r2

@

@x
r2v
� �

; ðA:4Þ

see e.g. [17], where q0 ¼ q� q0 is the acoustic density.
In the following text, it is assumed that the acoustic quantities

p0; q0 and v together with the parameters dv; dt and e are the first
order of smallness. Within the second approximation, terms of the
third and higher orders are discarded in the respective equations
and the first-order approximations are substituted into the
second-order terms.

In the first approximation, the continuity equation (A.1), the
momentum Eq. (A.3) and the state Eq. (A.4) have the form
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p0 ¼ c2
0q
0: ðA:5cÞ

It can be easily shown that in the first approximation, Eq. (A.5)
can be combined into a wave equation
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Fig. 8. Distribution of acoustic pressure harmonics amplitudes along the waveg-
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Fig. 9. Distribution of acoustic velocity harmonics amplitudes along the waveguide,
U ¼ 35 V, f ¼ 65 Hz.
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Eq. (3a) is derived as follows. Acoustic quantities are substituted
into Eq. (A.3), the third-order term is discarded and the spatial
derivatives in the dissipation terms are eliminated using Eq. (A.6)
resulting in

@p0

@x
¼ �q0

@v
@t
� q0

@v
@t
� q0v

@v
@x
þ q0dv

c2
0

@2v
@t2 :

Acoustic density can be eliminated from the second term on the
right side using Eq. (A.5c), the derivative of the acoustic velocity in
the third term using Eqs. (A.5a) and (A.5c), resulting in Eq. (3a).

Eq. (3b) is derived as follows. Substituting acoustic quantities
into Eq. (A.1) results in
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To eliminate the acoustic density from the first term on the
right side, Eq. (A.4) is rewritten using Eqs. (A.5a) and (A.5c) as

q0 ¼ p0

c2
0

� c� 1
2q0c4

0

p02 � dt

c4
0

@p0

@t
:

Acoustic density, its spatial derivative and the spatial derivative
of the acoustic velocity are eliminated from the second, third and
the fourth term using Eq. (A.5) which after some little algebra
results in Eq. (3b).
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Abstract
For a negative corona discharge under atmospheric pressure in different regimes, we
investigated the effects of an acoustic field both on its electrical parameters and on the change
in its visual appearance. We found that the application of an acoustic field on the true corona
discharge, for particular currents, decreases the discharge voltage. The application of an
acoustic field on the discharge in the filamentary streamer regime substantially extends the
range of currents for which the discharge voltage remains more or less constant, i.e. it allows a
substantial increase in the power delivered to the discharge. The application of an acoustic
field on the discharge causes the discharge to spread within the discharge chamber and
consequently, a highly reactive non-equilibrium plasma is created throughout the
inter-electrode space. Finally, our experimental apparatus radiates almost no acoustic energy
from the discharge chamber.

Keywords: negative corona discharge, acoustic field, discharge spread

(Some figures may appear in colour only in the online journal)

1. Introduction

From the standpoint of environment protection, increasing
the efficiency of the processes leading to the destruction of
toxic pollutants, decomposition of volatile organic compounds
or combustion is an important task. One way to enhance
these processes is using a non-thermal plasma. Therefore, the
creation of a space- and time-homogeneous non-equilibrium
low-temperature plasma in the entire discharge reactor volume
is an important pre-requisite for triggering these processes
and for increasing their efficiency. Space homogenization is
usually understood as the creation of a plasma that is distributed
more or less uniformly throughout the entire volume of the
discharge reactor. Time homogenization means the creation of
such conditions that allow obtaining an approximately regular
train of current and voltage pulses, which are distributed
uniformly in time.

The sources of low-temperature non-equilibrium plasmas
are various types of electrical discharges, which also include
the corona discharge. One of the drawbacks of this discharge
is that with increasing current the discharge goes to a spark.
However, in connection with the creation of a highly reactive

non-equilibrium plasma throughout the entire volume of a
discharge chamber, the attention of researchers has become
focused on the filamentary streamer discharge regime, which
precedes the spark. Different approaches can be used to
prevent the transition to the spark. In addition to the pulse
energization of the discharge, a gas flow [1–3], a magnetic field
[4–6] and an acoustic or ultrasound field [7, 8] can be applied to
the discharge. The key role of using the acoustic field is in the
suppression of the thermal instability caused by the increased
temperature of the gas, which is associated with the increased
discharge current [9]. In addition, acoustic waves applied to the
discharge can also enhance the chemical reactions occurring in
the non-equilibrium plasma; this process is sometimes called
sonification [10]. An interesting non-traditional application of
ultrasonic waves on corona discharge is presented in [11]. In
this paper, ultrasonic waves were used to improve the charging
performance of a corona charger in electrophotography.

In the case of acoustic field application on the discharge,
the pressure variations associated with the passage of the
acoustic waves in the discharge volume affect the flow of
charged particles between the discharge electrodes through
collisions between neutral particles and ions [12, 13] and
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Figure 1. Experimental arrangement.

consequently, they influence not only the electrical parameters
of the discharge but also its visual appearance.

A common problem arises if an acoustic field is utilized
in sonification techniques or applied to a discharge; an audible
sound of high intensity up to 160 dB [10] is used, which can
affect human hearing. To tackle this issue, we have developed
a special arrangement of sound-generating unit such that no
sound is detected outside of the discharge chamber. In addition,
our experimental arrangement solves another problem; that is
associated with the dilution of the working gas, which occurs
in cases where the gas flow is used to stabilize the discharge.

Our experiments were focused on the effects of an applied
acoustic field on the volt–ampere characteristics of the razor
blade to a wire discharge in air at atmospheric pressure and
the corresponding changes in its visual appearance. The goal
of our study was to stabilize the discharge and to obtain
uniform distribution of the non-equilibrium plasma over the
entire length of the electrodes. The obtained results could
be used for increasing the efficiency of processes leading to
the destruction of toxic pollutants, decomposition of volatile
organic compounds or plasma-enhanced combustion.

2. Experimental arrangement and description of
measurements

2.1. Experimental arrangement

The experimental arrangement used to study the interaction of
an acoustic field with a negative corona discharge in different
regimes is shown in figure 1. It comprises a cylindrical
discharge chamber D, connected on each side to sound-
generating unit equipped with loudspeakers L1 and L2. The
discharge chamber D incorporates an electrode system; the
cathode C is connected via the ballast resistor RB = 6.8 MW
to the high-voltage power source HVPS, 0–30 kV/5 mA.

A stainless steel razor blade of length 37 mm is used as the
cathode C and stainless steel wire of diameter 1.4 mm and
length 80 mm serves as anode A. The distance d between
the electrodes is 10.7 mm and the electrodes are positioned
at the centre of the discharge chamber. An oscilloscope OSC,
mA-meter M1, mV-meter M2, ac/dc thermocouple converter
T, three high-voltage probes HVP1−3 and ballast resistor RB

are used for electrical parameters diagnostics. A function
generator FG with a power audio-amplifier AA serves for the
excitation of the loudspeakers.

The acoustic field is generated by means of two
loudspeakers L1 and L2 (B&C 6MD38-8) with membrane
diameters of 150 mm, connected out of phase and placed in
a loudspeaker box.

The generated acoustic waves are led into the discharge
chamber D via two 80 mm-long conical adapters CA1 and
CA2, which are made from polyvinyl chloride and match the
loudspeaker diameter of 150 mm with the 24 mm diameter of
the chamber. The loudspeakers generate an acoustic field with
an acoustic velocity antinode (and acoustic pressure node) at
the centre of the discharge electrodes. The wavelength of this
low-frequency wave is of the order of several metres, so that the
acoustic velocity vector in the entire discharge volume may be
regarded as spatially uniform. Owing to this arrangement and
the fact that the loudspeakers are connected out of phase, the air
in the cylindrical chamber executes an oscillatory motion along
its axis. In contrast with common applications of acoustic
resonators in sonification techniques [10], the unique feature of
the proposed arrangement is its almost absolute silence. This is
because the acoustic pressure in the chamber attains relatively
small amplitudes and the nearby out-of-phase loudspeakers
radiate into the loudspeaker box as an acoustic dipole.

The loudspeakers are excited by the audio power
amplifier AA and the delivered power is determined from
the measurement of voltage (voltmeter V) and current
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Figure 2. Photograph of the experimental apparatus.

(ammeter A). The input harmonic signal for the power audio-
amplifier is supplied from the function generator FG, which is
also used to synchronize the oscilloscope OSC. A photograph
of the experimental apparatus is shown in figure 2.

2.2. Electrical measurements

To assess the effect of the acoustic field on the electrical
characteristics of the discharge, we measured the discharge
voltage and current and using these quantities, we constructed
the V–A characteristics of the discharge. In the case of the
true corona discharge, switch S is in position 1 (figure 1)
and the anode A is grounded via the magneto-electric
milliammeter M1.

To measure the electrical parameters of the discharge in the
filamentary streamer regime, the situation is more complicated
because of the voltage and current pulsations. Typical time-
resolved voltage and current signals are shown in figure 3
and details of the same picture for a different time scale are
illustrated in figure 4.

The voltage and current pulses are caused by the
discharging of the parasitic capacitor formed by the electrode
system and components of the electric circuit (i.e. high-voltage
probes, ballast resistor, wires). Small current pulses that
appear before the main streamer and cause the decrease in
the discharge voltage U can also be seen in figure 3. From our
analysis based on the recorded current and voltage signals it
can be concluded that the amplitudes of typical current pulses
reach up to several amperes, they are irregularly distributed in
time, and their number with increasing source voltage increases
as far as the acoustic field causes sufficient time and spatial
separation of the individual pulses. Typical duration of the
current pulse is about 10 ns.

To avoid problems associated with large amounts of
data, necessary for sampling the discharge current signal
for the evaluation of the mean discharge current during
relatively long acoustic wave periods (sampling 0.5 GS s−1

through 50 ms time), we measured the root mean square
(RMS) value of the discharge current by means of an ac/dc
thermocouple converter. In this case, switch S is in position 2
(figure 1) and anode A is grounded via the parallel combination
of resistor RT and a heated wire of the vacuum-type
ac/dc thermocouple converter T. The thermocouple converter
measures the discharge current RMS value irrespective of its
time dependence. The resistance of RT was chosen to match
the current range of the ac/dc converter. The converter was
calibrated correspondingly and the thermoelectric voltage was
measured by the mV-meter M2. Diodes D1–D3 are used to
prevent overloading of the measuring devices and the capacitor
C serves as a trap for parasitic signals.

The output voltage from the high-voltage power source
HVPS and the discharge RMS voltage are also measured by
an oscilloscope through the high-voltage probes HVP2 and
HVP1, respectively.

2.3. Acoustic measurements

Our study focused on the effects of acoustic waves on the
electrical parameters of the discharge and on the change in its
visual appearance. In addition to the frequency, the amplitude
of the acoustic velocity was also used as a parameter for
the presentation of the effects of the acoustic field on the
V–A characteristics of the discharge. The amplitude of the
acoustic velocity was determined using measurements from
two microphones. This approach is based on the linearized
Euler equation

ρ0
∂v
∂t

= −∇p, (1)

where ρ0 is the density of air, v is the acoustic velocity vector,
p is the acoustic pressure and t is time. The component of the
gradient of acoustic pressure between two points of coordinates
(x0 + h/2, y0, z0) and (x0 − h/2, y0, z0) can be approximated
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Figure 3. Time-resolved discharge current I (yellow, vertical scale 1A/div), discharge voltage U (blue, vertical scale 2.5 kV/div), time
(horizontal scale 100 µs/div).

Figure 4. Time-resolved discharge current I (yellow, vertical scale 1 A/div), discharge voltage U (blue, vertical scale 2.5 kV/div), time
(horizontal scale 20 ns/div).

using finite differences as

∂p

∂x

∣∣∣∣
x0,y0,z0

≈
p(x0 + h/2, y0, z0, t) − p(x0 − h/2, y0, z0, t)

h
.

(2)

We assume that h � λ, where λ is the wavelength of the
acoustic wave and h is the distance between these points. If
we denote

pA = p(x0 + h/2, y0, z0, t), pB = p(x0 − h/2, y0, z0, t) (3)

as the acoustic pressures measured at positions pA and pB (see
figure 1), separated by distance h and placed symmetrically
to the discharge electrodes centre, the x-component (along the
chamber axis) of the acoustic velocity vector can be written as

vax ≈
1

ρ0h

∫
(pB − pA)dt. (4)

Thus, by measuring the acoustic pressures pA and pB in
two different positions inside the cylindrical chamber, this
component of acoustic velocity vector can be found [14].

For our experimental conditions we had h = 16 cm
and the density of air at STP ρ0 = 1.2 kg m−3. Finally,
the integral given by equation (4) was calculated using the
Fast Fourier transform. The acoustic pressures were measured
using 1/4 inch GRAS, type 40BP microphones. The maximum
electric power applied to loudspeakers for frequency 50 Hz
is 100 W. There is zero amplitude of the first harmonics of
acoustic pressure at the centre of the discharge chamber and
it slowly increases to about 830 Pa at a distance 8 cm from
the centre. The amplitude of a second harmonics is about
190 Pa and is more or less spatially uniform along the discharge
chamber. Amplitudes of the higher harmonics are negligible.

3. Experimental results and discussion

The experiments were performed with ambient air at a
temperature of 24±2 ◦C, relative humidity of 40% and pressure
of 1013 ± 20 hPa. The frequency of the applied acoustic field
changed from 24 to 100 Hz. The amplitudes of the acoustic
velocities varied up to 25 m s−1. The blade electrode was
biased negatively. All photographs were taken with the same
shutter speed of 1/5 s and aperture 5.6.

The V–A characteristics were studied both for the true
corona as well as for the discharge in a filamentary streamer
regime (transient spark). For the true corona, the V–A
characteristics are given as the discharge voltage versus
discharge current. For the discharge in the filamentary
streamer regime, the V–A characteristics are presented as the
RMS value of the discharge voltage versus the RMS value of
the discharge current.

An acoustic field with various acoustic velocity
amplitudes was used for the study of its effect on the discharge.

The visual appearance of the discharge in stationary air
without the application of an acoustic field is shown in figure 5.
It can be seen that the discharge is constricted into the channel
between the edge of the razor blade and wire electrode, which
corresponds to the filamentary mode of a non-stationary glow
discharge at atmospheric pressure [15].

When we applied one-dimensional motion to the air, from
right to left of the discharge chamber, the streamers were
shifted in the direction of air motion (see figure 6). This is an
illustrative example of the fact that the positions and shapes of
the streamers can be affected efficiently by the oriented motion
of the gas.
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Figure 5. Discharge in stationary air without application of the
acoustic field; discharge voltage 3.9 kV, discharge current 1.7 mA.

Figure 6. Discharge in air, which is moving from right to left; RMS
of the discharge voltage: 13.7 kV, RMS of the discharge current:
12 mA, mean velocity of air: 40 m s−1.

3.1. Effect of amplitude of acoustic velocity on discharge
performance

Our research focused on the investigation of the effects of
acoustic velocity amplitude and frequency on the electrical
parameters of the discharge and on the change of its visual
appearance in order to stabilize the discharge. The experiments
were performed with frequencies of acoustic field ranging from
24 to 100 Hz. For the purposes of illustration, we present the
results for the frequency of 50 Hz. For other frequencies, we
obtained similar results when the ratio of acoustic velocity to
frequency was the same.

Figure 7 shows the V–A characteristics of the true corona
discharge both for the situation without the application of an
acoustic field and for cases with the application of an acoustic
field on the discharge.

It can be seen that if the current in the true corona
discharge is very small (smaller than approximately 30 µA),
the application of an acoustic field has almost no effect on
the discharge voltage. When the discharge current exceeds
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Figure 7. V–A characteristics of the true corona discharge for
stationary air and for the discharge with an acoustic field with
various amplitudes Va of acoustic velocity.

this value, the application of an acoustic field for a particular
current decreases the discharge voltage. It can also be seen that
the decrease in the discharge voltage depends slightly on the
amplitude Va of the acoustic velocity. When this amplitude
exceeds approximately 5 m s−1, the decrease in the corona
discharge voltage is no longer a function of this velocity.

The fact that for very small currents (smaller than
approximately 30 µA) the application of the acoustic field does
not affect the electrical parameters of the discharge can be
explained based on the following considerations. When the
current is restricted to a very small value, the discharge is
in the Townsend regime. In this case, the discharge volume
is customarily divided into an ionization (active) region and
a drift region. Ionization, or production of charged particles,
takes place only in the vicinity of an electrode where the electric
field is sufficiently high. The ionization region, which is a
relatively small region in the vicinity of the sharp electrode
edge, is characterized by a strong non-uniform electric field.
In the drift region of the corona discharge, the electric field
distribution is more uniform and its magnitude is smaller than
in the ionization region. The ionization processes, which
determine the discharge current, occur mainly in the ionization
region of the discharge. The effectiveness of these processes
depends on the reduced electric field E/n, where E is the
electric field strength and n is the concentration of neutral
particles. As long as the thickness of the ionization region can
be estimated roughly to be about 1 mm, which represents about
one-tenth of the inter-electrode distance for our experimental
conditions, the dominant effect on ionization is from the strong
electric field in this region and the effect of changes in the
concentration of neutral particles due to acoustic perturbations
can be neglected.

This conclusion is supported by the fact that because of
the shear friction, the acoustic particle velocity decreases from
the maximum at the axis of the discharge chamber to zero
at the chamber walls or electrodes. It can be shown that the
thickness of this viscous acoustic boundary layer, see [16], can
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Figure 8. V–A characteristics of the discharge in the filamentary
streamer regime for various amplitudes Va of acoustic velocity.

be calculated as

δv =
√

2ν

ω
,

where ν is the kinematic viscosity of the fluid and ω is the
angular frequency of the acoustic field. For air at standard
temperature and pressure and for a frequency of the acoustic
field of 50 Hz, the thickness of the acoustic boundary layer
is δv ≈ 0.3 mm. Therefore, it is obvious that the presence
of an acoustic field in the entire volume of the discharge
chamber has only marginal effects on the discharge current
and consequently, on its V–A characteristics.

The situation is slightly different for currents exceeding
a value of approximately 30 µA, when the application of an
acoustic field for a particular current decreases the discharge
voltage. In electronegative gases such as air, the main charge-
carrying species are negative ions. The space charge of these
ions limits the currents in the drift region [17]. The mass of
negative ions is approximately the same as the mass of neutral
particles, the motion of which we affect via the application
of the acoustic field. In this case, the oscillatory bulk motion
of air, which is perpendicular to the vector of current density,
through collision of neutral particles with negative ions, affects
the collision frequency, conductivity and consequently, the
current density. Thus, for example, the application of an
acoustic field on the discharge substantially extends the range
of currents for the discharge in the diffuse glow regime. The
typical discharge currents in this regime are higher compared
with currents of the true negative corona [15]. With an
increasing number of glow discharge channels along the razor
edge, the total current increases and the discharge voltage
decreases in comparison with the discharge at the same current
without an acoustic field.

Figure 8 shows the V–A characteristics of the discharge
in the filamentary streamer regime with an applied acoustic
field of various acoustic velocity amplitudes Va. From these
characteristics, it can be seen that in the filamentary streamer
regime, the acoustic field affects the discharge substantially.

Figure 9. Photograph of the discharge corresponding to point A in
figure 8; RMS value of the discharge voltage: 12.6 kV, RMS value
of the discharge current: 12.0 mA, amplitude of acoustic velocity:
Va = 7 m s−1.

First, the application of the acoustic field extends the range
of currents for which the discharge voltage remains more
or less constant, i.e. the application of the acoustic field
allows a substantial increase in the power delivered to the
discharge. This result is very useful from the standpoint of
plasma-chemical applications. Second, it can also be seen
from the V–A characteristics that with increasing amplitude
of the acoustic velocity, the region in which the discharge
in the filamentary streamer regime can survive is extended
substantially.

Generally, the increase in discharge current causes an
increase in heat produced by the discharge and consequently,
the development of thermal instability, which is ultimately
responsible for the transition of the discharge to a
spark. However, from our results, it can be concluded
that the application of the acoustic field prevents the transition
to the spark. This can be understood by taking into account
the visual appearance of the discharge, as shown in figures 9
and 11. The RMS value of the discharge voltage for the
discharge in figure 9 (point A in figure 8) is 12.6 kV and
for figure 11 (point C in figure 8), it is 11 kV. However, the
RMS value of the discharge current is increased from 12 mA
(figure 9) to 34 mA (figure 11). These photographs show that
for the part of the V–A characteristics for which the discharge
voltage remains more or less constant (for currents smaller
than currents corresponding to points A and C in figure 8)
with increasing current, the number of strong current streamers
per unit length of the blade electrode increases. This causes
an increase in heat production and consequently, without the
acoustic field, it causes development of thermal instability.

In the case of an applied acoustic field, the increase in
currents for which the discharge in the filamentary streamer
regime can exist, as well as its increase with the increase in
acoustic velocity amplitude, can be explained by a greater
mixing of air in the inter-electrode volume due to the oscillatory
bulk motion of the air perpendicular to the discharge current
density. This more intense mixing of air results in more
efficient heat transfer from the streamers to the surrounding

6



Plasma Sources Sci. Technol. 23 (2014) 035005 R Bálek et al

air, followed by a decrease in the temperature of air, which
leads to the suppression of thermal instability.

Thus, the increase in discharge current for a particular
acoustic velocity amplitude, which can be seen in the V–A
characteristics in figure 8, is caused by the increase in the
number of strong current streamers. The conditions for thermal
stability of the discharge must be fulfilled for point A as well
as for point C.

Generally, thermal instability can be prevented if the gas
residence time τres in the discharge is small compared with
the heating time τheat, so that the neutral molecules are able
to leave the volume of the discharge before they become too
‘hot’ [18], i.e. if

τres < τheat. (5)

In the true corona discharge, the heating time is long because of
the small specific energy input. However, the situation is quite
different in the case of the discharge in the filamentary streamer
regime and it is even more complicated when the discharge is
exposed to the acoustic field. In this case, we assume that a
small volume element of air executes simple harmonic motion
with a particular frequency.

The heating time τheat is also a variable quantity, which
is determined mainly by the electrical parameters of the
discharge.

According to [18], this time is for a single neutral given as
the inverse of the electron–neutral heating collision frequency
νen, which in turn is the electron density ne times the rate
constant for vibrational excitation of the neutral ken, or τheat =
1/(neken). For molecular gases such as air, the vibrational
excitation of the molecule is the fastest mode of energy transfer
among the electrons and the neutrals. For nitrogen and 1.2 eV
electrons, ken = 5 × 10−9 cm3 s−1. From the expression for
the heating time, it is obvious that the decisive parameter in
this case is the concentration of electrons ne.

From our experimental results, shown in figure 8, we
shall estimate the density of electrons ne in the streamer based
on the thermal stability condition and we shall compare the
obtained value with the results presented in the literature.
As the discharge voltage for currents smaller than the one
corresponding to point C (for amplitude of acoustic velocity
Va = 25 m s−1) is approximately constant, we can roughly
assume that the parameters of the streamers are similar. To
the first approximation, we shall also neglect the interaction
among the streamers in the case of higher currents. For currents
smaller than the current corresponding to point C, the discharge
does not transit to a spark; condition (5) must be satisfied for
this region of currents. This result can be explained by the fact
that the current in the case of higher currents (e.g. point C) is
distributed among a bigger number of streamers than it is in the
case of a smaller current (point A); therefore, the condition for
thermal stability written for one individual streamer is satisfied.

The residence time τres for a particular frequency of
acoustic field can be evaluated as a ratio of the diameter of
streamers dstr and the amplitude of the acoustic velocity Va.
For our experimental conditions, the amplitude of acoustic
velocity ranges from 7 to 25 m s−1. For evaluation of the
gas residence time, we take the time required to travel the
distance equal to the diameter of a streamer. The diameter of a

streamer dstr is certainly a variable quantity, which depends on
particular conditions and it also changes during the streamer
development. We did not explicitly measure the streamer
diameters but we estimated its value from the photographs of
the discharge. We obtained values in the range 35–110 µm,
which is in good agreement with the values presented in
[19–21]. For a rough evaluation, we take as a streamer diameter
its average value of dstr ≈ 70 µm. Consequently, the gas
residence time is constant for a particular value of the acoustic
velocity amplitude.

Thus, for the smallest amplitude of acoustic velocity
Va = 7 m s−1, we obtain the gas residence time: τres ≈ 10 µs.

For the fulfilment of condition (5), the heating time must
be longer than the gas residence time. To estimate the upper
limit of the electron density ne, we assume that the heating
time is equal to the gas residence time, i.e.

τres = τheat. (6)

Taking into account that τres ≈ 10 µs, using equation (6),
we obtain ne ≈ 2 × 1013 cm−3 for the electron density.
Therefore, for higher values of electron density the discharge
will be more thermally stable. The values of electron density
presented in [19, 22] range from 108 to 1014 cm−3; therefore,
our value fits into this interval.

Similar estimations concerning the electron density can
also be performed for the other two values of acoustic velocity
of 13 and 25 m s−1. It should be, however, pointed out that
the presented analysis is very rough and should be considered
as a starting point for our in-depth research of the effect of
acoustic field on the distribution of streamers in the discharge.
A more detailed model will require the knowledge of densities
of electrons, densities of neutrals, temperatures, etc, so that
e.g. the vibrational–translational relaxation or diffusion could
be included in the model.

From figure 8, it is also obvious that if we follow
the V–A characteristics of the discharge for one particular
amplitude of acoustic velocity, after reaching the maximum
current, the V–A characteristics perform a loop. This loop
is characterized by the decrease in the discharge voltage
accompanied by a decrease in the RMS discharge current and
the V–A characteristics approach point B or D. The total current
consists of a dc and a pulsed component. The part of V–A
characteristics with lower RMS discharge voltage would not
appear if mean values of discharge current were used.

Photographs in figures 9 and 11 show the change of visual
appearance of the discharge and its change from the filamentary
streamer regime (points A and C in figure 8) to the glow regime
and filamentary regime (figures 10 and 12, points B and D in
figure 8) for various acoustic velocity amplitudes.

Figure 9 shows a discharge in the filamentary streamer
regime, which is spread over the entire length of the razor
blade. The side effects are also shown, i.e. the spread of the
discharge to the sides caused by the acoustic field. In contrast
with the situation in figure 10, there is almost no glow in the
vicinity of the wire electrode.

In the photograph of the discharge shown in figure 10, a
glow can be seen near the anode wire. The presence of this
glow is perhaps due to the increased electric field caused by
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Figure 10. Photograph of the discharge corresponding to point B in
figure 8; RMS value of the discharge voltage: 5.0 kV, RMS value of
the discharge current: 3.0 mA, amplitude of acoustic velocity:
Va = 7 m s−1.

Figure 11. Photograph of the discharge corresponding to point C in
figure 8; RMS value of the discharge voltage: 11.0 kV, RMS value
of the discharge current: 34.0 mA, amplitude of acoustic velocity:
Va = 25 m s−1.

the negative ion sheath formed in air [23]. As can be seen in
figure 12, in the case of higher values of acoustic velocity, we
were unable to reach the glow discharge regime and we have
only the filamentary streamer discharge regime.

The experimental outcome based on these photographs is
that the applied acoustic field affects the shape and positions
in which the streamers begin to originate. The streamers occur
in the positions where the conditions for their occurrence are
fulfilled. The streamers’ repetition frequency depends on the
parameters of the electrical circuit.

The streamers cause heating of the surrounding air. Owing
to the action of the acoustic field, the region of heated air
during the time is determined by this repetition frequency
displaced into a position depending on the instantaneous value
of the acoustic velocity. In this position, the conditions for the
occurrence of a new streamer are more favourable, because of
the lower density of neutrals in the warmer air compared with

Figure 12. Photograph of the discharge corresponding to point D in
figure 8; RMS value of the discharge voltage: 8.4 kV, RMS value of
the discharge current: 33.5 mA, amplitude of acoustic velocity:
Va = 25 m s−1.

the conditions at the original streamer position. Meanwhile,
cold air is supplied into the original position of the streamer
due to the action of the acoustic field. This mechanism is then
repeated. However, it should be noted that the ‘direction’ of
apparent motion of the streamers depends on the coincidence
between the time when the streamer originates and the direction
of the vector of the acoustic velocity at that time.

4. Conclusions

We have developed an experimental setup for the study of the
interaction of an acoustic field with a negative corona discharge
in different regimes with no acoustic output from the discharge
chamber. We investigated the effect of the acoustic field on the
electrical parameters of the discharge between the razor blade
and wire electrodes and on the change in its visual appearance.
Our findings can be summarized as follows:

• We found that the application of the acoustic field on
the true corona discharge for a particular current slightly
reduces the discharge voltage and extends the region of
the diffuse glow discharge to higher currents.

• Application of the acoustic field on the discharge in the
filamentary streamer regime and in the following glow
discharge substantially extends the range of currents for
which the discharge voltage remains more or less constant,
i.e. it allows a substantial increase in power delivered to
the discharge.

• Application of the acoustic field on the discharge causes
the discharge to spread in the discharge chamber and
consequently, a highly reactive non-equilibrium plasma
is created throughout the entire inter-electrode space.

The obtained results dealing with the effect of acoustic field
on a streamer corona discharge could be used for increasing
the efficiency of plasma-chemical processes leading to the
destruction of toxic pollutants, decomposition of volatile
organic compounds or plasma-enhanced combustion. Apart
from these uses there are also emerging applications involving

8
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the usage of acoustic field for surface modification, surface
treatment through enhancement of transport of reactive species
generated in the plasma to the treated material in order to
improve its wettability, printability or adhesion.

The obtained results dealing with the effect of acoustic
field on diffuse glow discharge could also be possibly
used for plasma-medical applications, such as sterilization,
decontamination purposes or for suppression of microbially
induced corrosion.
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a b s t r a c t

Acoustic streaming in 2D resonant channels with uniform or non-uniform cross-sections is
studied within this work. An inertial force as well as a vibrating boundary are assumed for
driving the acoustic field. The method of successive approximations is employed to derive
linear equations for calculation of primary acoustic and time-averaged secondary fields
including the radiation pressure and themass transport velocity. Themodel equations have
a standard form which allows their numerical integration using a universal solver; in this
case, COMSOL Multiphysics was employed. As this software is based on the finite element
method, it is simple and straightforward to perform the calculations with moderate
computational costs even for complex geometries, whichmakes the proposed approach an
operative tool for study of acoustic streaming. The numerical results are validated for the
case of a rectangular channel by comparison with previously published analytical results;
an excellent agreement is found. The numerical results show that the acoustic streaming
can be quite complex even in rectangular channels and its structure depends on themanner
of driving. Examples of acoustic streaming in wedged and elliptical channels are given to
demonstrate a strong dependence of the acoustic streaming structure on the resonator
shape.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Acoustic streaming [1–4] refers to a second-order net mean fluid flow generated by and superimposed on the first-
order acoustic field. Based on different mechanisms by which acoustic streaming is generated, it can be sorted [4] into
several categories. Boundary-layer-driven streaming, first analysed by Rayleigh [5], appears in a standing wave resonator
because of shear viscous forces near the fluid–solid boundary. Eckart streaming (or ‘‘quartz wind’’) is generated as a result
of attenuation of high-intensity travelling acoustic waves within the fluid volume. Jet-driven streaming is associated with
the periodic suction and ejection of a viscous fluid through a change of cross-section area in a resonator. Finally, there is a
travelling-wave (Gedeon) streaming associated with acoustic wave propagating in a waveguide with a looped topology.
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Being an inherently nonlinear effect, acoustic streaming cannot be analysed using the apparatus of linear acoustics. If
its velocity is considerably smaller than the acoustic particle velocity amplitude, it is called ‘‘slow’’. The effect of inertia on
the ‘‘slow’’ streaming motion is neglected by comparison with viscous effects and thus, it can be analysed employing the
perturbation theory resulting in linear equations for the second-order field variables including the streaming velocity vector.
In the case of ‘‘fast’’ or ‘‘nonlinear’’ streaming, the effect of inertia on the streaming motion cannot be neglected any more
and its analysis is usually performed numerically by means of methods of computational fluid dynamics.

Apart from the fact that acoustic streaming is an interesting physical phenomena, it plays an important role in many
applications where it can be useful or undesirable. For example, in thermoacoustics [6], streaming is usually an unwanted
mechanism of convective heat transferwhich reduces the efficiency of high-amplitude thermoacoustic devices; on the other
hand, the heat transfer supported by acoustic streaming [7] could find its application in cooling hot objects like electronic
components. In acoustofluidics [8], acoustic streaming prevents manipulation of small particles by acoustic radiation force
in microfluidic devices; on the other hand, it can be actively utilized in these devices for mixing and pumping fluids.

This work is focused on the numerical analysis of ‘‘slow’’, boundary-layer-driven acoustic streaming in channels
(resonators) with non-uniform cross-section. In related previous theoretical works, acoustic streaming in a thermoviscous
fluid confined between two arbitrarily separated plates having non-zero mean temperature gradient was studied by
Waxler [9]. Bailliet et al. [10] incorporated temperature dependence of viscosity and heat conduction and extended the
analysis also for cylindrical geometry. Hamilton et al. [11] presented fully analytical solution for acoustic streaming
generated by a standingwave in a rectangular channel of arbitrarywidth filledwith a viscous fluid; inwork [12], the authors
further generalized the solution to take into account thermal conductivity and temperature-dependence of viscosity of the
fluid and extended the analysis for the case of cylindrical tubes. They discussed the structure of inner (boundary layer,
Schlichting) and outer (Rayleigh) vortices and the conditions necessary for their development.

In works [9–12] the method of successive approximations was employed limiting the analysis to the case of ‘‘slow’’
streaming.

Employing a perturbation analysis with asymptotic expansions, Menguy and Gilbert [13] calculated ‘‘nonlinear’’ acoustic
streaming generated by a standing wave in a cylindrical waveguide demonstrating the distortion of streamlines as a
consequence of inertial effects on fluid motion. They have identified a parameter — nonlinear Reynolds number Renl =

(M × R/δv)2, where M is the acoustic Mach number, R is the waveguide radius and δv is the width of the viscous boundary
layer, which determines whether the fluid inertia effects on the streaming motion can be neglected (Renl ≪ 1, streaming
can be considered as ‘‘slow’’) or not.

Aktas and Farouk [14], Daru et al. [15] studied acoustic streaming generated by strongly nonlinear acoustic fields in
two-dimensional rectangular channels employing numerical integration of compressible Navier–Stokes equations. They
observed complex streaming patterns referred to as ‘‘irregular’’ streaming.

Reyt et al. [16] studied numerically (direct numerical integration of Navier–Stokes equations) as well as experimentally
‘‘fast’’ acoustic streaming in a cylindrical duct reporting development of additional outer vortices as a result of inertial effects
on streaming motion. Antao and Farouk [17] presented the streaming patterns in a conical resonator.

Themethods and tools of computational fluid dynamics are todaywell-developed, allowing for direct simulation of ‘‘fast’’
acoustic streaming in shaped resonant channels. On the other hand, direct numerical integration of Navier–Stokes equations
is computationally very costly, because the need to capture the structure of boundary layers requires a very fine time-step of
integration and the transients can be even hundreds or thousands of cycles long. This fact essentially excludes thesemethods
to be used as operative instruments for prediction/control of acoustic streaming in practical applications. The analytical
or semi-analytical methods based on the perturbation analysis are limited to ‘‘slow’’ streaming in simple geometries
(rectangular, cylindrical), the corresponding formulas are quite complicated and they often require some numerical
sub-calculations.

For the case of ‘‘slow’’ streaming, the present work attempts to combine the advantages of these two approaches. The
method of successive approximation is used to first calculate the primary acoustic field and subsequently the streaming
field. The finite element method is employed for calculation of both the fields so that complex geometries can be easily
addressed. Section 2 of the article presents themathematicalmodel and its implementation in commercial software COMSOL
Multiphysics. Section 3 presents the validation of the model and examples of streaming fields in resonant channels with
uniform or non-uniform cross-sections, driven by an inertial force or by an oscillating boundary. Finally, Section 4 draws
some concluding remarks.

2. Material and methods

2.1. Mathematical model

As the acoustic streaming is generated by nonlinear effects, the Navier–Stokes equations serve as the starting point for
its mathematical description. The mass, momentum and energy1 equation can be written in form

1 Derivation of the energy equation in this particular form can be found e.g. in [18].
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dρ
dt

= −ρ∇ · u, (1a)

ρ
du
dt

= ∇ · σ + f , (1b)

ρcp
dT
dt

− αT
dp
dt

= ∇ · (κ∇T )+ τ : ∇u, (1c)

where ρ is the density, u is the velocity vector, T is the temperature, p is the pressure, f is the body force density, if the
resonant channel is driven by an inertial force (by entire-body shaking) it reads f = −ρa(t), where a(t) is the channel’s
acceleration. Further, cp is the specific heat capacity at constant pressure, α is the isobaric coefficient of volumetric thermal
expansion and κ is the coefficient of thermal conduction. The total stress tensor σ is defined as

σ = −pI + τ = −pI + µ

∇u + (∇u)T


−


2µ
3

− µB


(∇ · u)I, (2)

where τ is the viscous stress tensor,µ is the shear viscosity,µB is the bulk viscosity and I is the identitymatrix. In this study,
the parameters cp, µ, µB and κ are assumed to be temperature-independent.

In Eqs. (1), the material derivative is defined as

d(−)
dt

=
∂(−)

∂t
+ (u · ∇)(−).

It is assumed that the fluid is an ideal gas for which the state equation has the form p = ρRT , where R is the specific gas
constant and thus α = −(∂ρ/∂T )p/ρ = 1/T .

Set of Eqs. (1) is solved using the method of successive approximations. It is assumed that the field variables can be
expressed as series

p = p0 + ϵp1 + ϵ2p2 + · · · , u = ϵu1 + ϵ2u2 + · · · ,

ρ = ρ0 + ϵρ1 + ϵ2ρ2 + · · · , a = ϵa1,

T = T0 + ϵT1 + ϵ2T2 + · · · ,

where ϵ ≪ 1 is a small parameter (representing e.g. the acoustic Mach number), p0, ρ0 and T0 are the ambient quantities
(without sound) considered as constants in time and space, p1, ρ1, T1 and u1 are the primary acoustic variables supposed to
be harmonic with angular frequency ω, which is the frequency of driving. The quantities with indices bigger than one are
the nonlinearly generated terms; in this case, the terms with indices bigger than two are omitted.

Within the method of successive approximations, the above series are substituted for the field quantities and the
equations for the same order of ϵ are found.

For ϵ1, we can write

∂ρ1

∂t
+ ρ0∇ · u1 = 0, (3a)

ρ0
∂u1

∂t
− ∇ ·


−p1I + µ


∇u1 + (∇u1)

T
−


2µ
3

− µB


(∇ · u1)I


= −ρ0a1, (3b)

ρ0cp
∂T1
∂t

−
∂p1
∂t

− ∇ · (κ∇T1) = 0, (3c)

together with the linearized state equation

p1
p0

=
T1
T0

+
ρ1

ρ0
. (4)

Eqs. (3), (4) can be used for calculation of the primary acoustic field.
For ϵ2 the continuity equation (1a) can be rewritten as

∂ρ2

∂t
+ ∇ · (ρ0u2 + ρ1u1) = 0. (5)

Aswe are further focused on slowly time-varying processes involving acoustic streaming, Eq. (5) is averaged over one period
τ = 2π/ω resulting in

∂ρ̄2

∂ts
+ ∇ · (ρ0ū2 + ⟨ρ1u1⟩) = 0, (6)

where the bar denotes the one-period-averaged quantities, ts is the time related to the large time-scale phenomena [19]
such as the acoustic streaming. As the primary field is supposed to be time-harmonic, it holds ⟨fg⟩ = ℜ[f̃ g̃∗

]/2,where f̃ , g̃
represent the complex amplitudes of the quantities f , g and the asterisk stands for the complex conjugate.
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If we introduce the averaged mass transport velocity, see e.g. [1,11,19]

ūM
= ū + ⟨ρ1u1⟩/ρ0, (7)

Eq. (6) can be rewritten as

∂ρ̄2

∂ts
+ ρ0∇ · ūM

= 0. (8)

Similarly, the momentum equation (1b) for ϵ2 and the averaged mass transport velocity can be written as

ρ0
∂ūM

∂ts
− ∇ ·


−p̄2I + µ


∇ūM

+ (∇ūM)T

−


2µ
3

− µB

 
∇ · ūM

I


= F , (9)

where

F = −ρ0∇ · ⟨u1u1⟩

−
1
ρ0

∇ ·


µ


∇⟨ρ1u1⟩ + (∇⟨ρ1u1⟩)

T
−


2µ
3

− µB


(∇ · ⟨ρ1u1⟩) I


− ⟨ρ1a1⟩. (10)

Finally, the energy equation (1c) for ϵ2 can be written as

ρ0cp
∂ T̄2
∂ts

−
∂ p̄2
∂ts

− ∇ · (κ∇T̄2) = Q , (11)

where

Q = −cp


ρ1
∂T1
∂t


− ρ0cp⟨u1 · ∇T1⟩ + ⟨u1 · ∇p1⟩. (12)

The energy-dissipation term from Eq. (1c) was omitted. Eqs. (8), (9) and (11) form together with the state equation

p̄2
p0

=
T̄2
T0

+
ρ̄2

ρ0
+

⟨ρ1T1⟩
ρ0T0

(13)

a set of equations for the calculation of the slowly-varying products of nonlinear interactions, where the averaged mass
transport velocity ūM is of the primary interest here.

In the steady state, when the one-period-averaged quantities do not change with the time ts, Eqs. (8), (9) and (11) reduce
into

∇ · ūM
= 0, (14a)

∇p̄2 − µ∆ūM
= F (14b)

−∇ · (κ∇T̄2) = Q . (14c)

As the viscosity is assumed to be temperature-independent, Eqs. (14a) and (14b) are decoupled from Eq. (14c).

2.2. Numerical solution of the model equations

Themodel equations were solved numerically using COMSOLMultiphysics, which is a commercial software based on the
finite element method. An approach similar to the one presented in work [20] was employed, here, all the calculations were
performed using the Acoustics Module, namely, the Aeroacoustics branch. The numerical procedure works as follows.

First, primary field quantities p1, u1, T1 and ρ1 are calculated using the Linearized Navier–Stokes, Frequency Domain
(lnsf) study type, which solves Eq. (3) in the frequency domain. The term −ρ0a is used as a volume source for the
Navier–Stokes equation if the inertial driving is assumed. The resonance frequency is determined using the frequency sweep.

Second, employing again the Linearized Navier–Stokes, Frequency Domain (lnsf) study type, Eqs. (14) are solved for the
averaged quantities p̄2, ūM, T̄2 and ρ̄2; Eqs. (14) have formally the same form as Eqs. (3), only the volume sources differ; they
are calculated using formulas (10) and (12) employing the previously calculated primary variables.

Within the Acoustic Module of the COMSOL Multiphysics, only the frequency-domain and the time-domain (transient)
studies are implemented for the linearized Navier–Stokes equations. In order to reduce the computational cost, the
steady-state secondary field is calculated using the frequency-domain analysis at the frequency of 0 Hz.2

The numerical calculations were performed in 2D Cartesian x-y geometry, see Fig. 1, modification for 2D axi-symmetric
geometry would be simple and straightforward. Resonant cavities were assumed to be symmetric with respect to the x-axis

2 Actually, frequency of 10−16 Hz was used which effectively eliminates the derivatives with respect to time in Eqs. (14).
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Fig. 1. Geometry of the computational domain — rectangular, wedged and elliptical channel.

with no-slip and isothermal walls; driven with harmonic acceleration with zero y-component in the case of an inertial
driving. The isothermal boundary conditions reflect the fact that the solid walls of resonant cavities usually have heat
capacity and conduction high enough to enforce constant temperature at the solid–fluid boundaries.

Computational meshes were constructed in order to resolve properly the boundary layers along the walls, mapped
(structured) as well as unstructured quadrilateral meshes with refinement along the walls were found to work well; the
independence of numerical results on the mesh density was checked. As the volume sources for Eqs. (9), (11) depend on the
spatial derivatives of the primary field quantities, the computational mesh must be rather fine.

As the steady averaged mass transport velocity field is divergence-free, see Eq. (14a), it can be represented by a stream
function ψ , such that

ūM
x =

∂ψ

∂y
, ūM

y = −
∂ψ

∂x
.

From here, we can write

∆ψ =
∂ ūM

x

∂y
−
∂ ūM

y

∂x
. (15)

Eq. (15) is the Poisson’s equation for the stream function whose contours represent the streamlines. It can be solved
numerically using the COMSOL Multiphysics’ Mathematics/Classical PDEs Interface with the homogeneous Dirichlet
boundary conditions once the streaming velocity vector components ūM

x , ū
M
y have been determined.

3. Results and discussion

Hamilton et al. [11,12] have shown that for given fluid in a rectangular channel, apart from the driving frequency, the
acoustic streaming structure depends only on the ratio of the channel half-width H , see Fig. 1, and the viscous penetration
depth δv =

√
2µ/ρ0ω. As the resonant channels are usually driven near their first resonance frequencies ω0 ∼ πc0/L,

it holds δv ∼
√
L and for given H/δv ratio, the resonant channel aspect ratio scales as L/H ∼

√
L. As a result, it is more

convenient to perform the numerical experiments for short resonant channels. In this case, the length of the channels, filled
with air at temperature T0 = 20 °C and normal atmospheric pressure, was chosen as L = 1 cm.

All the numerical results presented below correspond to the ‘‘slow’’ streaming régime and they are valid, see [13], for

Renl =


umax

c0
×

H
δv

2

≪ 1,

where umax is the maximum axial acoustic velocity amplitude in the channel.

3.1. Rectangular channel — an inertial driving

To validate the proposed computational approach, the numerical results were compared with the analytical ones
presented by Hamilton et al. [12] for the case of a rectangular channel driven by an inertial force (the entire-body
shaking). These analytical formulas are derived from a simplified mathematical model and they are often employed as a
benchmark when algorithms for calculation of acoustic streaming are developed. Slight discrepancies can be thus expected
in comparisons with current, more complex model, and that is why a detailed analysis is worthwhile.

Differences between analytical and numerical results can be observed even in the case of the primary acoustic field. Fig. 2
shows the distribution of acoustic pressure and velocity amplitude along the axis of a resonator driven at the λ/2 resonance
(this frequency of f = 16 833 Hzmaximizes the amplitude of acoustic velocity at the centre of the resonator) for H/δv = 20
and driving acceleration amplitude a0 = 1 m/s2. It can be observed that the analytical formulas predict the amplitudes
higher by ca. 4% compared to the numerical model; the difference decreases with decreasing width of the channel (e.g. for
H/δv = 7 the analytical model overestimates the amplitudes by ca. 1 %).

This discrepancy stems from the fact that the analytical model [12] does not take into account the thermal losses at
the resonator end walls (at x = 0 and x = L) whereas the current model does. Fig. 3 shows the distribution of acoustic
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Fig. 2. Acoustic pressure and velocity amplitude distribution along the axis of a rectangular resonator driven by the entire-body shaking at the λ/2
resonance, H/δv = 20.

Fig. 3. Acoustic temperature and density amplitude distribution along the axis of a rectangular resonator driven by the entire-body shaking at the λ/2
resonance, H/δv = 20.

(a) H/δv = 7. (b) H/δv = 20.

Fig. 4. Averaged mass transport velocity in a rectangular resonator driven by the entire-body shaking at the λ/2 resonance.

temperature and density along the resonator axis near the left end wall, where the thermal boundary layer with thickness
δκ =


2κ/ρ0cpω connectedwith the thermal losses can be observed. If the isothermal boundary conditions at the endwalls

are replaced by adiabatic ones in the numerical model, the differences between the field-quantities amplitudes predicted
by numerical and analytical model are negligible. The only exception is the y-component of acoustic velocity near the end
walls, as the analytical model does not fulfil the no-slip boundary condition for u1y here in order to comply with a relative
simplicity.

Fig. 4 shows the averaged mass transport velocity calculated using the proposed method and analytical formulas for
H/δv = 7 and H/δv = 20. The velocities are normalized, following [11,12] using the Rayleigh velocity uR = 3/16 · u2

0/c0,
where u0 = |ũ1x(L/2, 0)| is the maximum longitudinal velocity in the resonator driven at resonance. It can be observed,
that in both the cases, the agreements of the results is perfect. It should be noted, that the physical (non-normalized) values
of the velocities would differ because the primary-field amplitudes slightly differ as it was shown above, but, this fact is
concealed by the normalization (the corresponding values of u0 were used in the individual cases). The only appreciable
difference between the numerical and analytical results in Fig. 4 can be observed in case of longitudinal component ūM

x near
the end walls, where the analytical model, unlike the numerical one, does not fulfil the no-slip boundary condition ūM

= 0
in order to comply with a relative simplicity. The difference is more prominent for lower ratios H/δv.

The differences between the numerical and analytical results in the vicinity of the resonator end walls are further shown
in Fig. 5(a)–(c), where the streamlines as well as the y-component of averaged mass transport velocity distribution are
depicted. Fig. 5(a) shows the case of H/δv = 4, where the left part of the clockwise-rotating inner (Schlichting) vortex
is seen together with the region of increased positive velocity ūM

y near the end wall predicted by the numerical model.
This increased velocity region is observable also in case of a wider channel, H/δv = 7, see Fig. 5(b), where apart from the
inner vortex, the right part of a counter-clockwise-rotating outer (Rayleigh) vortex can be seen.3 It can be observed that in
connectionwith the increased velocity ūM

y near the endwall, the inner vortex is extended along thewall and the outer vortex
to the vicinity of the symmetry axis. Similar inner-vortex distortion near the end wall can be observed in numerical results

3 Hamilton et al. [11] have shown that the outer vortices are present when H/δv > 5.7.
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(a) H/δv = 4, f = 15 710 Hz. (b) H/δv = 7, f = 16 293 Hz. (c) H/δv = 20, f = 16 833 Hz.

Fig. 5. Streamlines and ūM
y in the vicinity of end wall, driving by the entire-body shaking at λ/2 resonance.

Fig. 6. Streamlines and ūM
x in channels with different widths driven by the entire body shaking at 3λ/2 resonance.

by Daru et al. [15]. Fig. 5(c) shows the same situation for H/δv = 20, where the outer vortex is dominant and the region of
increased velocity ūM

y is in the numerical results appreciable only in the vicinity of the inner vortex. It can also be seen in
Fig. 5(a)–(c) that the streamlines calculated using the analytical formula crosses the left end wall which is a non-physical
effect.

It is well understood, see e.g. [11,12], that the ‘‘slow’’ acoustic streaming structures in resonant channels driven by the
entire-body shaking at λ/2 resonance is composed of λ/4-long inner and outer vortices (if the channel is wide enough). It
should be mentioned that even the structure of the vortices of ‘‘slow’’ streaming can be rather complex, if higher resonant
modes are driven, see Fig. 6. For driving at 3λ/2 resonance and H/δv = 7 (left panel), some vortices are hardly developed
and there are bigger structures appreciable spanning a half the resonator body. If the ratio H/δv = 12 (right panel), almost
regular structure of the inner and outer vortices appears. These more complex streaming structures are caused by the fact
that for lower ratiosH/δv, strong acoustic energy dissipation is present and the primary acoustic field is not entirely spatially
periodic, see Fig. 7, but, the acoustic streaming structure preserves the symmetry with respect to axis x = L/2.

3.2. Rectangular channel — a boundary driving

Another usual way of exciting acoustic field in a resonator is by means of a vibrating side-wall. In this case, it is assumed
that a part of the wall at x = L vibrates harmonically such that its velocity distribution is

v =


[v0 sin(ωt), 0] for y < ξH,
[0, 0] for y ≥ ξH,

where v0 is the vibration velocity amplitude and in the following numerical examples, ξ = 0.95.
Fig. 8 shows the comparison of normalized averagedmass transport velocity distribution in a rectangular channel driven

by a vibrating wall and by an inertial force at λ/2 resonance. The left panel 8(a) shows the case of H/δv = 7, f = 16 210 Hz.
It can be observed that the streaming velocity amplitude and distribution differ substantially depending on the manner of
driving. In the case of boundary driving, the component ūM

x does not keep the antisymmetry with respect to x = L/2 axis
even at the resonance. This behaviour is caused by strong acoustic energy dissipation resulting in broken symmetries of the
primary field. The right panel 8(b) shows the case of H/δv = 20, f = 16 823 Hz. It can be seen that with increasing ratio
H/δv, the difference between the results for individual manners of driving decreases. The reason is that for increasing ratio
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Fig. 7. Acoustic pressure and velocity amplitude distribution along the axis of a rectangular resonator driven by the entire-body shaking at the 3λ/2
resonance, a0 = 1 m/s2 .

(a) H/δv = 7. (b) H/δv = 20.

Fig. 8. Averaged mass transport velocity in a rectangular resonator driven by a moving boundary or by an inertial force at the λ/2 resonance.

Fig. 9. Streamlines and ūM
x in a channel driven by a moving boundary at λ/2 resonance, H/δv = 7.

H/δv, the resonator quality factor increases and the asymmetry of the primary as well as the secondary field in the case of
the boundary driving is less prominent.

The structure of streamlines for the case H/δv = 7 is depicted in Fig. 9. It can be observed that the structure of inner and
outer vortices is deformed, some streamlines span the entire resonator body. The detail of streaming near the vibrating wall
can be seen in the right part of the figure. The structure of the small vortices depends on the driving velocity distribution (in
this case given by the parameter ξ ) and the ratioH/δv. In any case, the driving velocity distribution influences the streaming
structure only in the close proximity of the vibrating wall.

3.3. Wedged channel

As an example of acoustic streaming in a variable-cross-sectioned geometry, the case of a wedged channel driven by an
inertial force is presented here. The channel half-width is described using the function

yH = Hn +
Hw − Hn

L
x,

where Hn is the narrow-end half-width and Hw is the wide-end half-width, see Fig. 1.
Fig. 10 shows the x-component of averaged mass transport velocity along the channel axis for Hn = 0.05 mm and

Hw/Hn = 1, 1.5, 2, 2.5, . . . , 5. In all the cases, the channelwas driven at its first resonance frequency,whichwasdetermined
as the one maximizing acoustic pressure amplitude |p̃1(0, 0)|. For example, for Hw/Hn = 1 (rectangular channel), f =

14 805 Hz (Hn/δv = 2.8), for Hw/Hn = 5, f = 17 618 Hz. In all the cases, ūM
x is normalized by velocities uR determined

with u0 being the maximum acoustic velocity amplitude along the axis. It can be seen in Fig. 10 that the streaming velocity
distribution along the axis changes substantially with increasing Hw/Hn, it even reverses its direction in some regions.

The reason for reversing the streaming direction seen in Fig. 10 can be observed in Fig. 11. If Hw/Hn = 2 (the left panel),
only two inner vortices are present where the left one rotates clockwise and the right one rotates counter-clockwise which
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Fig. 10. Normalized ūM
x along the axis of a wedged resonator for Hw/Hn = 1, 1.5, 2, 2.5, . . . , 5. The case of Hw/Hn = 1 is represented by dashed line.

Fig. 11. Streamlines and ūM
x in wedged channels driven at the first resonance frequency.

(a) Normalized ūM
x along the axis for

H = 0.05, 0.075, 0.1, 0.15, 0.2 mm.
(b) Streamlines and ūM

x for H = 0.1 mm.

Fig. 12. Acoustic streaming in an elliptical resonant channel driven at the first resonance frequency.

is why the streaming velocity is negative on the left side and positive on the right side of the channel axis. As the ratioHw/Hn
increases (the case of Hw/Hn = 4 is shown in the right panel of Fig. 11), the third (outer) clockwise-rotating vortex begins
to develop in the wider part of the resonant channel pushing the first two vortices leftwards, which reverses the streaming
velocity direction and makes the streaming structure more complex.

3.4. Elliptical channel

An example of acoustic streaming in an elliptical channel driven by an inertial force is presented here. The major
semi-axis of the channel is L/2, the minor semi-axis is H , see Fig. 1. As before, the resonator is driven by the entire body
shaking along its x-axis at its first resonance (maximizing acoustic velocity amplitude at its centre).

Fig. 12(a) shows the x-component of averaged mass transport velocity along the channel axis for H = 0.05, 0.075,
0.1, 0.15, 0.2 mm (H/δv = 3.1, 4.7, 6.3, 9.6, 12.9). In all the cases, ūM

x is normalized by velocities uR determined using the
acoustic velocity amplitudes at the channel centre. It can be observed in Fig. 12(a) that for the smallest minor semi-axis, the
streaming velocity is negative in the left part of the axis and positive in the right part as there are only two inner vortices
present. As the ratio H/δv increases, two outer vortices begin to appear in the central part of the resonator changing the
streaming direction along the axis and pushing the inner vortices out of the bulk of the resonator. For the highest value of
H/δv, the streaming along almost all the axis is dominated by the outer vortices.

The distribution of the x-component of averaged mass transport velocity and the streamlines for the case of H/δv = 6.3
can be seen in Fig. 12(b). It can be observed that the outer vortices reside in the central part of the resonant channel and the
inner vortices mould them along the entire channel’s wall.

4. Conclusions

A set of equations for calculation of the averaged mass transport velocity was derived from the Navier–Stokes
equations using the method of successive approximations. As the proposed equations have the standard form of linearized
Navier–Stokes equations, they can be numerically integrated using a universal solver, in this case, Acoustic Module of
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commercially available software COMSOLMultiphysics was employed, which is today a widely used tool in acoustic design.
As this software utilizes the finite element method, ‘‘slow’’ acoustic streaming even in complex geometries can be easily
studied. If the primary acoustic field is calculated in the frequency domain and the acoustic streaming is studied in the steady
state, there is no need for high computational resources, in this case, all the calculations were performed on a contemporary
desktop computer. The numerical method was validated using the analytical formulas [12] for the case of a rectangular
resonator driven by an inertial force; an excellent agreement was found except for the end-effects, where the proposed
model provides more physically accurate results.

It has been shown that the acoustic streaming can be quite complex even in the case of rectangular channels if higher
modes are driven; its structure also depends on the manner of driving, especially for lower ratios H/δv. The ability of
the proposed method to calculate acoustic streaming patterns in complex geometries was demonstrated for the case of
a wedged and elliptical resonant channel. It has been shown that the acoustic streaming structure is strongly influenced by
the resonator shape which can be employed for designing resonant channels with specific properties.

The proposed computational approach, due to its versatility and simplicity, can find its use as a tool e.g. in designing the
lab-on-a-chip acoustophoretic systems or in other areas where the acoustic streaming takes place.
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Acoustic streaming in 2D rectangular resonant channels filled with a fluid with a spatial tempera-

ture distribution is studied within this work. An inertial force is assumed for driving the acoustic

field; the temperature inhomogeneity is introduced by resonator walls with prescribed temperature

distribution. The method of successive approximations is employed to derive linear equations for

calculation of primary acoustic and time-averaged secondary fields including the streaming veloc-

ity. The model equations have a standard form which allows their numerical integration using a uni-

versal solver; in this case, COMSOL Multiphysics was employed. The numerical results show that

fluid temperature variations in the direction perpendicular to the resonator axis influence strongly

the streaming field if the ratio of the channel width and the viscous boundary layer thickness is big

enough; the streaming in the Rayleigh vortices can be supported as well as opposed, which can ulti-

mately lead to the appearance of additional vortices. VC 2017 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4985386]
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I. INTRODUCTION

Acoustic streaming1,2 refers to a second-order net mean

fluid flow generated by and superimposed on the first-order

acoustic field. There are several different mechanisms by

which acoustic streaming is generated;2 within this work,

attention is paid to boundary-layer-driven streaming, first stud-

ied by Lord Rayleigh,3 appearing in a standing wave resonator

because of shear viscous forces near the fluid-solid boundary.

If the velocity of acoustic streaming is small enough so

that the effect of inertia on the fluid motion can be neglected

by comparison with viscous effects, we speak about “slow”

streaming. In the case of “fast” or “nonlinear” streaming, the

effect of inertia cannot be neglected any more. Whether

acoustic streaming is in slow or fast regime can be deter-

mined using the nonlinear Reynolds number4 Renl.

Acoustic streaming in resonators has been studied theo-

retically as well as experimentally. For theoretical study of

the slow streaming5–8 (Renl � 1), methods of perturbation

analysis can be employed, theoretical study of the fast acous-

tic streaming9–13 (Renl � 1) is usually based on methods of

computational fluid dynamics. Structure of the slow streaming

consists of inner (boundary-layer) and outer (Rayleigh) vorti-

ces if the resonant channel is wide enough,7,8 in the case of

the fast streaming, the outer vortices are distorted, additional

vortices may appear10,11 or the streaming structure can be

irregular.9 Experimental methods utilize laser Doppler veloc-

imetry11,14–16 or particle image velocimetry.16–19

Acoustic streaming plays an important role in thermoa-

coustics, where it usually represents an unwanted mecha-

nism of convective heat transfer which reduces the

efficiency of high-amplitude thermoacoustic devices; on the

other hand, the heat transfer supported by acoustic stream-

ing20 could find its application in cooling hot objects like

electronic components. In their experimental work,

Thompson et al.14 reported a strong sensitivity of acoustic

streaming velocity on thermoacoustically induced tempera-

ture gradient along the resonator axis. Recently, by compar-

ing experimental data with results of numerical simulations,

Reyt et al.11 have shown that the departure of acoustic

streaming from slow- to fast-regime (distortion of vortices,

the appearance of additional outer vortices) is caused mainly

by the effects of inertia on the streaming flow, however, ther-

mal effects are important and may cause the discrepancy

between results of numerical simulations and the experimen-

tal data. Heat transfer in rectangular channels with differen-

tially heated walls and corresponding streaming structures

have also been studied by means of numerical simula-

tions21–23 as well as experimentally.24,25

Even if acoustic streaming in resonators has been exten-

sively studied and its behaviour and properties are relatively

well understood, resources regarding its interaction with

temperature-inhomogeneous fields are relatively scarce,

which was the motivation for us to carry out this study. The

work is focused on the properties of slow-streaming struc-

tures in fluid-filled rectangular resonant channels (resona-

tors) with spatially variable walls’ temperature distribution,

which introduces fluid-temperature inhomogeneity.

In Sec. II of this paper, model equations are derived,

and a procedure for their numerical integration is proposed.

In Sec. III, numerical results are validated against an analyti-

cal model, and a strong dependence of acoustic streaming

structure on the fluid temperature distribution is demon-

strated on three model cases. In Sec. IV, the numerical

results are analysed and discussed, and some generalities are

outlined; Sec. V concludes the paper.a)Electronic mail: milan.cervenka@fel.cvut.cz
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II. THEORETICAL MODEL

A. Model equations

As the acoustic streaming is a result of nonlinear wave

interactions, the Navier-Stokes equations serve as the start-

ing point for its mathematical description. The mass,

momentum, and energy equation can be written in form

dq
dt
¼ �q$ � u; (1a)

q
du

dt
¼ $ � rþ f ; (1b)

qcp

dT

dt
� aT

dp

dt
¼ $ � j$Tð Þ þ s : $u; (1c)

where q is the density, u is the velocity vector, T is the tem-

perature, p is the pressure, f is the body force density, as the

resonant channel is driven by an inertial force (by entire-

body shaking); it reads f ¼ �qaðtÞ, where aðtÞ is the chan-

nel’s acceleration. Within this work, effect of gravity on fluid

flow is not taken into account. Further, cp is the specific heat

capacity at constant pressure, a is the isobaric coefficient of

volumetric thermal expansion and j is the coefficient of ther-

mal conduction. The total stress tensor r is defined as

r ¼ �pI þ s

¼ �pI þ l $uþ $uð ÞT
h i

� l
2

3
� ~V

� �
$ � uð ÞI; (2)

where s is the viscous stress tensor, l is the shear viscosity,
~V ¼ lB=l, where lB is the bulk viscosity and I is the identity

matrix. Generally, the material parameters are temperature-

dependent, i.e., l ¼ lðTÞ; j ¼ jðTÞ; cp ¼ cpðTÞ.
In Eqs. (1), the material derivative is defined as

dð�Þ=dt ¼ @ð�Þ=@tþ ðu � $Þð�Þ. It is assumed that the

fluid is an ideal gas for which the state equation has the form

p¼ qRT, where R is the specific gas constant and thus

a¼�(@q/@T)p/q¼ 1/T.

Within this work, the set of Eqs. (1) is solved using the

method of successive approximations, i.e., it is assumed that

the field variables can be expressed as series

p ¼ p0 þ �p1 þ �2p2 þ � � � ; u ¼ �u1 þ �2u2 þ � � � ;
q ¼ q0 þ �q1 þ �2q2 þ � � � ; a ¼ �a1;
T ¼ T0 þ �T1 þ �2T2 þ � � � ;

where �� 1 is a small dimensionless parameter (corre-

sponding to the acoustic Mach number), p0, q0, and T0 are

the ambient quantities (without sound) considered as con-

stants in time. It is assumed that p0 ¼ const; T0 ¼ T0ðrÞ, and

q0 ¼ q0ðrÞ ¼ p0=RT0ðrÞ. Further, p1, q1, T1 and u1 are the

primary acoustic variables supposed to be harmonic with

angular frequency x, which is the frequency of driving. The

quantities with indices bigger than one are the nonlinearly

generated terms; in this case, the terms with indices bigger

than two are neglected.

Within the method of successive approximations, the

above series are substituted into Eqs. (1) and the equations

for the same order of � are found.

For �0, we obtain

$ � ðj0$T0Þ ¼ 0; (3)

where j0¼j(T0).

For �1, we can write

@q1

@t
þ $ � q0u1ð Þ ¼ 0; (4a)

q0

@u1

@t
� $ �

�
�p1I þ l0 $u1 þ $u1ð ÞT

h i

� l0

2

3
� ~V

� �
$ � u1ð ÞI

�
¼ �q0a1; (4b)

q0cp0

@T1

@t
þu1 �$T0

� �
�@p1

@t
�$ � j0$T1ð Þ ¼ 0; (4c)

where cp0 ¼ cpðT0Þ; l0 ¼ lðT0Þ, together with the linearised

state equation p1=p0 ¼ T1=T0 þ q1=q0. Equations (4) can be

used for calculation of the primary acoustic field.

For �2 the continuity equation (1a) can be rewritten as

@q2

@t
þ $ � q0u2ð Þ ¼ �$ � q1u1ð Þ: (5)

As we are further focused on slowly time-varying pro-

cesses involving acoustic streaming, Eq. (5) is averaged over

one period s¼ 2p/x resulting in

@�q2

@ts

þ $ � q0�u2ð Þ ¼ M; (6)

where the bar denotes the one-period-averaged quantities, ts
is the time related to the large time-scale phenomena.26 The

source term reads

M ¼ �$ � hq1u1i: (7)

Here, hfgi ¼ <½~f ~g��=2; the tildes represent the complex

amplitudes of the corresponding quantities and the asterisk

stands for the complex conjugate.

Similarly, the momentum equation (1b) for �2 can be

written as

q0

@�u2

@ts

� $ �
�
��p2I þ l0 $�u2 þ $�u2ð ÞT

h i

�l0

2

3
� ~V

� �
$ � �u2ð ÞI

�
¼ F; (8)

where

F¼�
*

q1 a1þ
@u1

@t

� �+
�q0h u1 �$ð Þu1i

þ$ �
*

l0bl

T0

T1 $u1þ $u1ð ÞT� 2=3þ ~V
� �

$ �u1ð ÞI
h i+

:

(9)
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Here, the following relation was used:

l Tð Þ � l T0 þ �T1ð Þ � l0 þ �
l0bl

T0

T1;

where bl ¼ T0 � ð@l=@TÞT0
=l0. The last term in the source

term (9) accounts for the periodic variation of the viscosity

due to the acoustic temperature6,8 T1.

The energy equation (1c) for �2 can be written as

q0cp0

@ �T2

@ts

þ �u2 � $T0

� �
� @�p2

@ts

� $ � j0$ �T2ð Þ ¼ Q;

(10)

where

Q ¼ �cp0

�
q1

@T1

@t

	
� q0cp0hu1 �$T1i

�cp0hq1u1i �$T0 þ hu1 �$p1i þ$ �
�

j0bj

T0

T1$T1

	

þl0

�
$u1 þ $u1ð ÞT � 2

3
� ~V

� �
$ � u1ð ÞI


 �
: $u1

	
:

(11)

Here, the following relation was used:

j Tð Þ � j T0 þ �T1ð Þ � j0 þ �
j0bj

T0

T1;

where bj ¼ T0 � ð@j=@TÞT0
=j0. Acoustic-temperature-

induced variation of the heat capacity was not taken into

account in Eq. (10) because it is weaker than in the case of

the viscosity and thermal conduction coefficients.

In the steady state, the averaged quantities do not

depend on time and thus Eqs. (6), (8), and (10) reduce into

$ � ðq0�u2Þ ¼ M; (12a)

�$ �
�
��p2I þ l0 $�u2 þ $�u2ð ÞT

h i

� l0

2

3
� ~V

� �
$ � �u2ð ÞI

�
¼ F; (12b)

q0cp0�u2 � $T0 � $ � ðj0$ �T 2Þ ¼ Q: (12c)

Notice that at this level of approximation, Eqs. (12a) and

(12b) are decoupled from Eq. (12c) and Eq. (12c) is not in

fact needed for the calculation of the acoustic streaming

field. As a result of this, it is necessary to bear in mind that

this model does not take into account the convective heat

transport due to the acoustic streaming and the consequent

temperature re-distribution. The background temperature T0

for Eqs. (4) and (12) is calculated a priori employing Eq. (3)

and corresponding boundary conditions.

The structure of acoustic streaming can be easily visual-

ised in the following way. If we introduce the averaged mass
transport density �mM ¼ q0�u2 þ hq1u1i ¼ q0�uM, where �uM

is the averaged mass transport velocity,7,26 the continuity

equation (12a) can be rewritten as

$ � �mM ¼ 0: (13)

As the steady averaged mass transport density field is

divergence-free, the stream function w can be introduced

such that in 2D Cartesian coordinates it holds

�mM
x ¼

@w
@y

; �mM
y ¼ �

@w
@x

:

From here, we can calculate the stream function as

@2w
@x2
þ @

2w
@y2
¼ @ �mM

x

@y
�
@ �mM

y

@x
: (14)

The contours of the stream function represent the

streamlines.

B. Numerical solution of the model equations

All the model equations were solved numerically using

finite-element-method software COMSOL Multiphysics. An

approach similar to the one presented previously27–29 was

employed here. The numerical procedure is schematically

depicted in Fig. 1 and it works as follows.

First, an equilibrium temperature distribution T0 in the

resonant channel is calculated employing Eq. (3) using cor-

responding boundary conditions for walls’ temperature. For

this purpose, Heat Transfer in Fluids, Stationary study type

is employed.

Second, the primary field quantities p1, u1, T1, and q1

are calculated using the Linearised Navier-Stokes,

Frequency Domain (lnsf) study type, which solves Eqs. (4)

in the frequency domain. The term �q0a1 is used as a vol-

ume source in the momentum equation. The resonance fre-

quency is determined using the frequency sweep.

FIG. 1. (Color online) Flowchart of the computational procedure.
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Third, employing again the Linearised Navier-Stokes,

Frequency Domain (lnsf) study type, Eqs. (12) are solved for

the averaged quantities �p2; �u2; �T2, and �q2; Eqs. (12) have

formally the same form as Eqs. (4), only the volume sources

differ; they are calculated using formulas (7), (9) and (11)

employing the previously calculated primary variables.

Within the Acoustic Module of the COMSOL

Multiphysics, only the frequency-domain and the time-

domain (transient) studies are implemented for the linearised

Navier-Stokes equations. In order to reduce the computational

cost, the steady-state secondary field is calculated using the

frequency-domain analysis at the frequency of 0 Hz [actually,

the frequency of 10�16 Hz was used which effectively elimi-

nates the derivatives with respect to time in Eqs. (12)].

Fourth, the Poisson’s equation (14) is solved employing

Mathematics/Classical PDEs Interface with the homoge-

neous Dirichlet boundary conditions once the averaged mass

transport density has been determined in the previous step.

The numerical calculations were performed in 2D

Cartesian x-y geometry (see Fig. 2) modification for 2D axi-

symmetric geometry would be straightforward. The physical

conditions were assumed to be symmetric with respect to the

x axis so that the computational domain represented only a

half of the resonant cavity. No-slip and isothermal walls of

the cavity were assumed; driving with harmonic acceleration

with zero y-component was taken into account. The isother-

mal boundary conditions reflect the fact that the solid walls

of resonant cavities usually have heat capacity and conduc-

tion high enough to enforce constant temperature at the

solid-fluid boundaries.

Computational meshes were constructed in order to prop-

erly resolve the boundary layers along the walls, mapped

(structured) meshes with refinement along the walls were

found to work well; the independence of numerical results on

the mesh density was checked. Moreover, numerical results

were compared with an analytical model (see Sec. III A).

As the volume sources (7), (9), and (11) depend on the

spatial derivatives of the primary field quantities; rather fine

computational mesh is required. For example, in the case of

a resonant channel with the dimensions of 1.5 cm	 30 cm,

the total number of used mesh-points was 240	 1100, where

20 regularly spaced mesh-points discretized the boundary

layer thickness, and 50 mesh-points were used for a smooth

transition from the boundary layer to the inner volume,

where the mesh-points were regularly spaced again.

III. NUMERICAL RESULTS

Hamilton et al.7,8 have shown that the streaming struc-

ture in a rectangular resonant channel driven at its resonance

frequency depends on the ratio of the resonator half-width H

and the viscous boundary layer thickness dv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l=q0x

p
.

As at the resonance x 
 pc0/L, it holds dv 

ffiffiffi
L
p

and thus

the resonator aspect ratio scales as L=H 

ffiffiffi
L
p

for given ratio

H/dv. That is why it is more convenient to study small reso-

nator cavities, e.g., L 
 1 cm, if various aspects of acoustic

streaming are studied (corresponding model equations are

solved) numerically.9–11,13,23 Within this work, we do not

limit ourselves to study of small resonators. It means that the

numerical calculations require higher computational resour-

ces, but, as the equations are integrated in the frequency

domain, the calculations can be performed on a desktop

computer (in all the studied cases, less then 45 GB of RAM

were allocated by COMSOL). A typical computational time

is ca. 30 s for the calculation of the background temperature,

ca. 3 min for the primary field, ca. 3 min for the secondary

field, and ca. 30 s for the stream function (Intel Core

i7-5820 K processor).

The resonant cavities studied within this work were

assumed to have imposed temperature of walls Tw¼Tw(x),

and to be filled with air at normal atmospheric pressure. The

temperature-dependent values of the material parameters l,

j and cp are implemented in the material database of

COMSOL Multiphysics, the ones for air were used here.

All the numerical and analytical results are presented in

the conditions of the first resonance which was searched for

by a frequency sweep by maximization of the acoustic veloc-

ity amplitude in the resonator.

A. Comparison with an analytical model

In order to check that the computational mesh is fine

enough to resolve the boundary layer properly and that the

numerical results are reliable, they were compared with the

predictions of the analytical model by Hamilton et al.8 for

the case of a temperature-homogeneous fluid.

In this case, L¼ 30 cm, H¼ 1.5 cm, T0¼ 20 �C,

f¼ fres¼ 570.5 Hz, resulting in H/dv¼ 164. Figure 3 shows

the averaged mass transport velocity in the resonator as pre-

dicted by numerical and theoretical model. The averaged

mass transport velocity is normalized using the Rayleigh

velocity uR ¼ 3=16 � u2
0=c0, where u0 ¼ max½j~u1xðx; 0Þj� is

the maximum longitudinal velocity amplitude in the resona-

tor driven at its resonance frequency and c0 is the speed of

sound. It can be seen that the numerical and analytical results

FIG. 2. (Color online) Geometry of the computational domain.

FIG. 3. (Color online) Comparison of numerical and analytical results: aver-

aged mass transport velocity in a resonator, T0¼ 20 �C, H/dv¼ 164.
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correspond to each other very well. Generally, the analytical

model overestimates the amplitudes of the primary-field

quantities as it does not take into account thermal losses at

the side walls29 x¼ 0 and x¼L, this disagreement is con-

cealed in Fig. 3 because of the normalisation.

Figure 4 shows the distribution of streamlines for the

same conditions as in the previous case, two Rayleigh vorti-

ces rotating in the opposite directions can be observed in the

figure. The fluid circulates from the acoustic-velocity nodes

(resonator end walls) along the resonator axis toward the

acoustic-velocity antinode (resonator centre) and returns in

the near wall region to close the loop; the fluid in the left

vortex rotates anti-clockwise, the fluid in the right vortex

rotates clock-wise. The inner vortices cannot be observed in

the figure because of the high value of H/dv. Again, the cor-

respondence between the numerical and analytical results is

very good except for the close proximity of the side walls

x¼ 0 and x¼L, where the analytical model does not capture

the streaming field correctly.29

B. Streaming in a fluid with spatially varying
temperature

1. Case 1

Let us assume the resonator walls with the temperature

distribution given as

Tw ¼
DT

2
1þ cos

2px

L

� �
 �
þ Tw0; (15)

where Tw0 is the minimum temperature of the resonator

walls and DT is the maximum temperature difference. The

formula (15) serves as the boundary condition for Eq. (3) for

calculation of the fluid ambient temperature T0ðrÞ. In all the

following cases, Tw0¼ 20 �C and temperatures DT differ.

The wall temperature distribution (15) corresponds to

the case of thermoacoustically driven heat transport along

the resonator walls from acoustic-velocity antinode toward

the acoustic-velocity nodes.14

The top part of Fig. 5 shows the distribution of the ambi-

ent temperature in a resonator with L¼ 30 cm, H¼ 1.5 cm,

and DT¼ 20 �C. The solid line corresponds to the tempera-

ture along the wall T0(x, H), the dash-dot line corresponds to

the temperature along the resonator axis T0(x, 0). The tem-

peratures slightly differ as it follows from the solution of Eq.

(3). The bottom part of the figure shows the streaming struc-

ture in the resonator. In this and the following figures, the

clockwise rotating vortices are denoted by red lines; the anti-

clockwise rotating ones are denoted by blue lines. It can be

observed (in comparison with Fig. 4) that due to the fluid

temperature inhomogeneity, there are two additional vortices

present in the central part of the resonator. The appearance

of the additional vortices is connected with the reversion of

the streaming velocity in the central part of the resonator.

Figure 6 shows the averaged mass transport velocity dis-

tribution along the x axis in the resonator with L¼ 30 cm,

H¼ 1.5 cm, and DT¼ 0 �C, 5 �C, 10 �C,…, 60 �C. If DT
� 10�C (dashed line in Fig. 6), the reversion of the averaged

mass transport velocity appears. The figure reveals a strong

dependence of acoustic streaming structure on the tempera-

ture difference as well as its overall increase with the

FIG. 4. (Color online) Comparison of numerical and analytical results:

streamlines in a resonator, T0¼ 20 �C, H/dv¼ 164.

FIG. 5. (Color online) (Top) Distribution of the ambient temperature along

the resonator wall and along its axis, Tw given by Eq. (15), DT¼ 20 �C,

L¼ 30 cm, H¼ 1.5 cm. (Bottom) Streamlines in the resonator.

FIG. 6. (Color online) Averaged mass transport velocity along the resonator

axis, L¼ 30 cm, H¼ 1.5 cm, and DT¼ 0 �C, 5 �C, 10 �C,…, 60 �C; dash-dot

(red) line: DT¼ 0 �C, dashed (black) line: DT¼ 10 �C.

FIG. 7. (Color online) Averaged mass transport velocity along the resonator

axis, L¼ 30 cm, H¼ 5, 6, 7,…, 12 mm and DT¼ 100 �C; dash-dot (red) line:

H¼ 5 mm, dashed (black) line: H¼ 8 mm.
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increased value of DT. For bigger values of DT, the stream-

ing velocity within additional vortices can exceed the

streaming velocity within the Rayleigh vortices.

Figure 7 demonstrates the fact that for the given resona-

tor length and the wall temperature difference DT, the

appearance of the additional vortices depends on the resona-

tor width. In this case, L¼ 30 cm, DT¼ 100 �C, and H¼ 5,

6, 7,…, 12 mm. For example, for H¼ 5 mm, the ratio H/dv

varies in the interval 42.8–55.4, for H¼ 12 mm, it varies in

the interval 103.0–132.7. It can be observed that the stream-

ing reversion appears in wider resonators, in this case, for

H � 8 mm (dashed line).

Figure 8 shows the distribution of the averaged mass

transport velocity along the axes of resonators with different

lengths L¼ 1, 2, 3,…, 10 cm, but the same aspect ratio H/

L¼ 1/20 and DT¼ 100 �C. For example, for L¼ 1 cm, the

ratio H/dv varies in the interval 23.4 – 30.1, for L¼ 10 cm, it

varies in the interval 74.3 – 95.5. It can be observed that the

additional vortices do not appear in the resonators with the

lengths of 1 cm and 2 cm, and they are more pronounced in

bigger resonators with higher ratio H/dv.

Figure 9 shows the distribution of the averaged mass

transport velocity along the axes of resonators with different

lengths L¼ 5, 10, 15,…, 30 cm, but the same DT¼ 100 �C
and the same ratio H/dv, which varies (because of the wall

temperature distribution) in the interval ca. 79–101. As the

ratio H/dv is kept constant, the resonator aspect ratio

decreases with increasing length. For example, for L¼ 5 cm,

H/L¼ 1/13.3, for L¼ 30 cm, H/L¼ 1/32.6. It can be

observed that the bigger the resonator aspect ratio H/L, the

bigger the streaming velocity within the additional vortices.

It follows from the Figs. 6–9 that for the appearance of

the additional vortices in a resonator with given geometry,

the wall temperature variation DT must be big enough. The

additional vortices (if present) are more pronounced in reso-

nators with bigger aspect ratio H/L and the ratio H/dv.

2. Case 2

Let us assume the resonator walls with the temperature

distribution given as

Tw ¼
DT

2
1� cos

2px

L

� �
 �
þ Tw0; (16)

contrary to the previous case, here, the wall temperature

increases toward the resonator centre. The meaning of the

individual symbols is the same as before, again, in all the

following cases, Tw0¼ 20 �C and temperatures DT differ.

The top part of Fig. 10 shows the distribution of the

ambient temperature along the wall and the axis of a resona-

tor with L¼ 30 cm, H¼ 1.5 cm, and DT¼ 20 �C. Again, tem-

peratures slightly differ as it follows from the solution of Eq.

(3). The bottom part of the figure shows the streaming struc-

ture in the resonator. It can be observed that due to the fluid

temperature inhomogeneity, there are two additional vortices

present, which, contrary to the previous case, reside near the

end-walls of the resonator cavity.

The appearance of the additional vortices is connected

with the reversion of the streaming velocity near the end-

walls. Figure 11 shows the averaged mass transport velocity

distribution along the x axis in a resonator with L¼ 30 cm,

H¼ 1.5 cm, and DT¼ 0 �C, 5 �C, 10 �C,…, 60 �C. When DT
� 15�C (dashed line in Fig. 11), the reversion of the aver-

aged mass transport velocity appears. Again, a strong depen-

dence of acoustic streaming structure on the temperature

difference DT can be observed. Numerical results show the

similar qualitative behaviour of the additional vortices as a

function of the resonator geometry as in the previous case.

3. Case 3

Let us assume the resonator walls with the temperature

distribution given as

FIG. 8. (Color online) Averaged mass transport velocity along the resonator

axis, L¼ 1, 2, 3,…, 10 cm, H¼L/20 and DT¼ 100 �C; dash-dot (red) line:

L¼ 1 cm.

FIG. 9. (Color online) Averaged mass transport velocity along the resonator

axis, L¼ 5, 10, 15,…, 30 cm, H/dv the same for all the resonators,

DT¼ 100 �C; dash-dot (red) line: L¼ 5 cm.

FIG. 10. (Color online) (Top) Distribution of the ambient temperature along

the resonator wall and along its axis, Tw given by Eq. (16), DT¼ 20 �C,

L¼ 30 cm, H¼ 1.5 cm. (Bottom) Streamlines in the resonator.
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Tw ¼
Tw0 for x < x1;

Tw0 þ DT
x� x1

x2 � x1

for x1 � x < x2;

Tw0 þ DT for x  x2:

8><
>: (17)

The temperature distribution (17) is a typical one encoun-

tered in thermoacoustics. The meaning of the individual

symbols is the same as before, again, in all the following

cases, Tw0¼ 20 �C and temperature differences DT differ.

The top part of Fig. 12 shows the distribution of ambient

temperature along the wall and the axis of a resonator with

L¼ 30 cm, H¼ 1.5 cm, and DT¼ 20 �C. The temperatures

slightly differ as it follows from the solution of Eq. (3) in the

vicinity of x¼ x1 and x¼ x2, where the wall-temperature pro-

file changes. The bottom part of the figure shows the stream-

ing structure in the resonator. It can be observed that due to

the fluid temperature inhomogeneity, there is one additional

vortex present occupying the right-central part of the resona-

tor. It can also be observed that the streamlines are much

denser in the right part of the resonator, where the tempera-

ture inhomogeneity is present, meaning that the streaming is

stronger here.

Figure 13 shows the averaged mass transport velocity

distribution along the x axis in a resonator with L¼ 30 cm,

H¼ 1.5 cm, and DT¼ 0 �C, 5 �C, 10 �C,…, 30 �C. It can be

observed that in the right part of the resonator, the streaming

velocity manifests strong dependence on DT. Numerical

results show the similar qualitative behaviour of the addi-

tional vortex as a function of the resonator geometry as in

the previous cases.

IV. ANALYSIS OF THE NUMERICAL RESULTS

A. General observations

Numerical results presented in Sec. III B reveal that for

the given wall-temperature maximum difference DT, the

temperature effects on the streaming are more prominent for

higher values of H/L and H/dv.

The Figs. 5, 10, and 12 suggest that the streaming struc-

ture is influenced particularly by ambient temperature varia-

tion along the y-axis. If DT0/Dy> 0, the streaming in the

Rayleigh vortices is supported; on the contrary, if DT0/

Dy< 0, the streaming in the Rayleigh vortices is opposed,

which may result in the streaming velocity reversion and

appearance of additional vortices.

If we assume that the typical length of the wall-

temperature variation is much bigger than the resonator half-

width H, we can write30

T0 x; yð Þ � Tw xð Þ þ 1

2

d2Tw

dx2
H2 � y2
� �

; (18)

which means that the streaming field is particularly influ-

enced by wall temperature variation at the positions, where

jd2Tw=dx2j reaches high values, which can be observed in

Figs. 5, 10, and 12.

B. Acoustic streaming in a transverse temperature
gradient

The fact that the acoustic streaming structure is sensitive

to the ambient temperature variation along the y axis can be

demonstrated as follows. Let us assume the fluid ambient
temperature distribution in form

T0 x; yð Þ ¼ Tw0 þ DT0

H � y

H
; (19)

where Tw0¼ 20 �C and temperatures DT0 differ. The relation

(19) represents an ambient temperature distribution with a

constant slope along the y-axis. For example, the streaming

field for resonator dimensions L¼ 30 cm, H¼ 1.5 cm, and

DT0¼ 0.3 �C can be seen in Fig. 14.

FIG. 11. (Color online) Averaged mass transport velocity along the resona-

tor axis, L¼ 30 cm, H¼ 1.5 cm, and DT¼ 0 �C, 5 �C, 10 �C,…, 60 �C; dash-

dot (red) line: DT¼ 0 �C, dashed (black) line: DT¼ 15 �C.

FIG. 12. (Color online) (Top) Distribution of the ambient temperature along

the resonator wall and along its axis, Tw given by Eq. (17), DT¼ 20 �C,

L¼ 30 cm, H¼ 1.5 cm. (Bottom) Streamlines in the resonator.

FIG. 13. (Color online) Averaged mass transport velocity along the resona-

tor axis, L¼ 30 cm, H¼ 1.5 cm, and DT¼ 0 �C, 5 �C, 10 �C,…, 30 �C; dash-

dot (red) line: DT¼ 0 �C, dashed (black) line.
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It can be observed that a relatively small temperature

inhomogeneity of DT0¼ 0.3 �C along the y axis can dramati-

cally change the streaming pattern, here, two additional outer

vortices along the resonator axis appear.

Figure 15 shows the distribution of the streaming veloc-

ity along the resonator axis y¼ 0 and along the line x¼ 3L/4

for the above case for different values of DT0. If DT0< 0, it

holds @T0/@y> 0 and the streaming velocity is supported. On

the contrary, if DT0> 0, the streaming velocity begins to

reverse in the vicinity of the resonator axis for DT0 � 0:2�C,

which is accompanied by the appearance of additional vorti-

ces; for DT0¼ 1.0 �C, these additional vortices occupy most

of the resonator volume (the Rayleigh vortices are pushed

toward the resonator wall).

C. Summary

The above-presented facts can be summarized as fol-

lows. For the given resonator length L and the wall tempera-

ture distribution Tw, the streaming is more influenced by the

wall temperature distribution for higher aspect ratios H/L,

see Fig. 7; first, as with increasing H the temperature differ-

ence DT0 along the y axis increases [see Eq. (18)] and sec-

ond, as the ratio H/dv increases as well. If for the given wall

temperature distribution the resonator length L is varied and

the resonator aspect ratio is kept constant (Fig. 8), the

temperature variation along the y axis is the same for all the

cases, and the streaming structure dependence on H/dv ratio

is observed.

V. CONCLUSIONS

A set of equations for calculation of streaming field in a

temperature-inhomogeneous fluids was derived from the

Navier-Stokes equations using the method of successive

approximations. The derived equations have a standard form

of the linearised Navier-Stokes equations so that they can be

numerically integrated using a universal solver, in this case,

Acoustic Module of commercially available COMSOL

Multiphysic was employed. As the equations for the primary

field are solved in the frequency domain, and the equations

for the secondary field are solved for the steady-state, there

is no need for extensive computational resources. The influ-

ence of fluid-temperature inhomogeneities on the streaming

structure was studied in the case of rectangular resonant

channels with the spatial distribution of walls’ temperature.

It was shown that the fluid temperature inhomogeneity

influences the streaming structure significantly if there is a

spatial temperature variation in a direction perpendicular to

the resonator axis, and if the ratio H/dv is big enough. It was

shown that depending on the spatial temperature distribution

slope, the streaming in the Rayleigh vortices can be sup-

ported or opposed. Eventually, additional vortices can

appear.

As the corresponding model equations were derived

employing the method of successive approximations under

the condition of small Mach number, they do capture the

effect of the ambient temperature distribution on the stream-

ing structure, but, they do not take into account the stream-

ing as a means of heat transport (advection) influencing the

fluid ambient temperature distribution, which is consistent

with the assumption of streaming in a slow regime. In strong

acoustic fields, dissipation of acoustic energy, as well as

thermoacoustic phenomena, lead to complicated fluid tem-

perature distributions which may influence the streaming

structure and vice versa.

To sum up, this work indicates that the thermal effects

on streaming are strong especially in larger geometries, for

which the standard numerical models require an excessive

amount of computational effort. In our future work, we

would like to address this issue and to propose a theoretical

model capable of capturing mutual streaming / thermal field

interactions in larger geometries, yet requiring reasonable

computational resources.
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Within this work, acoustic streaming in an air-filled cylindrical resonator with walls supporting a

temperature gradient is studied by means of numerical simulations. A set of equations based on suc-

cessive approximations is derived from the Navier-Stokes equations. The equations take into account

the acoustic-streaming-driven convective heat transport; as time-averaged secondary-field quantities

are directly calculated, the equations are much easier to integrate than the original fluid-dynamics

equations. The model equations are implemented and integrated employing commercial software

COMSOL Multiphysics. Numerical calculations are conducted for the case of a resonator with a

wall-temperature gradient corresponding to the action of a thermoacoustic effect. It is shown that

due to the convective heat transport, the streaming profile is considerably distorted even in the case

of weak wall-temperature gradients. The numerical results are consistent with available experimental

data.VC 2018 Acoustical Society of America. https://doi.org/10.1121/1.5023217
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I. INTRODUCTION

The acoustic streaming generated by a plane standing

wave in an acoustic resonator has been studied extensively

in the past both by analytical and experimental methods.

Rayleigh1 first calculated acoustic streaming in wide

two-dimensional channels whose width is much bigger than

the viscous boundary layer; the corresponding formulas for

wide cylindrical tubes were derived by Schuster and Matz.2

The thermal effects were first considered by Rott.3

Within their theoretical work, Menguy and Gilbert4 iden-

tified a dimensionless parameter characterizing the streaming

flow—the nonlinear Reynolds number

Renl ¼
u0
c0

� �2 R

dv

� �2

; (1)

where u0 is the velocity amplitude of the standing wave, c0
is the speed of sound, R is the resonator radius, and dv is the
viscous boundary layer thickness. If Renl� 1, the effect of

inertia on the streaming flow can be neglected by compari-

son with viscous effects and we speak about the “slow”

streaming; on the contrary, if Renl� 1, the effect of inertia

cannot be neglected anymore and we speak about the “fast”

streaming. In the “slow r�egime,” the streaming structure

does not depend on the acoustic field amplitude, in the “fast

r�egime,” the effect of inertia, according to the theory by

Menguy and Gilbert,4 causes a specific streaming-profile dis-

tortion which increases with the increasing value of Renl.

Several analytical or semi-analytical models for slow

streaming have been proposed5–8 for resonators of arbitrary

width or radius; these models employ the methods of pertur-

bation analysis. Numerical methods of the computational

fluid dynamics have been employed for the study of the fast

acoustic streaming.9–11 Within these works, it has been con-

firmed that if Renl� 1, the streaming structure is strongly

distorted and additional vortices can even appear.

Thompson et al.12 used laser Doppler velocimetry (LDV)

for measurement of the acoustic streaming in a cylindrical

tube at high values of Renl. They found out that for higher

values of Renl, the streaming profile deviates considerably

from the prediction by Rott3 or Menguy and Gilbert.4 They

have shown in an experimental way that this streaming profile

distortion is connected with temperature gradient developed

along the resonator walls due to thermoacoustically driven

heat flux. At the time, there has not been any theory at hand

explaining this behaviour.

Reyt et al.11 compared their measurements of acoustic

streaming in a cylindrical resonator using LDV with the

numerical data obtained by a direct numerical integration of

Navier-Stokes equations. They obtained similar experimen-

tal results (distorted streaming profiles) as Thompson et al.12

with a small temperature gradient along the resonator. The

numerical calculations were performed at the condition of

isothermal resonator walls; qualitative and overall quantita-

tive agreement between the experimental and numerical

results has been achieved so that the authors identified the

inertial effects as the primary reason for the distortion of the

streaming profile for high values of Renl.
�Cervenka and Bedna�r�ık13 have recently shown that (a) the

slow-streaming profile is particularly sensitive to the tempera-

ture variation in the direction perpendicular to the resonator

axis, (b) this variation can be caused by the wall-temperature

gradient if the resonator is wide enough, and (c) additional

outer streaming cells can appear like in the case of the fast

streaming in resonators with isothermal walls.10,11 The under-

lying mathematical model does not take into account acoustic

streaming as a means of heat transport which means that the

results are only valid for small streaming velocities.a)Electronic mail: milan.cervenka@fel.cvut.cz
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In a very recent work, Daru et al.14 argue, based on the

results of numerical experiments, that the inertial effects can-

not be leading mechanism of streaming structure distortion

observed in experiments and direct numerical simulations;

they consider the role of the nonlinear interactions between

the streaming flow and the acoustic field.

Within this work, we show by means of numerical simu-

lations that even for moderate values of Renl, the streaming

profile can be considerably distorted from the sinusoidal one

predicted by Rayleigh’s theory, if there is even weak temper-

ature gradient along the resonator walls. This acoustic-field-

amplitude-dependent distortion is not caused by the effect

of the fluid inertia, but it is connected with the streaming-

driven convective heat transport in a fluid with a mean tem-

perature gradient. The streaming profile distortion described

within this work is of the same type as it has been found in

experiments.11,12,15,16

The results described within this work cannot be obtained

using the previous theoretical models dealing with acoustic

streaming in temperature-inhomogeneous fluids,3,5,6,13 as these

models do not capture the effect of the acoustic-streaming-

driven convective heat transport.

Section II of this paper describes the theoretical model

and the numerical procedure; examples of numerical results

are presented in Sec. III. A discussion and explanation of the

observed effects are given in Sec. IV; Sec. V then concludes

the paper.

II. THEORETICAL MODEL

A. Model equations

The study of the acoustic streaming starts with the

Navier-Stokes equations, which can be written as17

dq
dt

¼ �q$ � u; (2a)

q
du

dt
¼ $ � rþ f ; (2b)

qcp
dT

dt
� aT

dp

dt
¼ $ � ðj$TÞ þ s : $u; (2c)

where q is the fluid density, u is the velocity vector, T is the

temperature, p is the pressure, and f is the body force den-

sity, as the resonator is assumed to be driven by an inertial

force (by entire-body shaking); it reads f ¼ �qaðtÞ, where
aðtÞ is the resonator acceleration. Within this work, the effect

of the gravity on fluid flow is not taken into account. Further,

cp is the specific heat capacity at constant pressure, a is the

isobaric coefficient of volumetric thermal expansion, and j
is the coefficient of thermal conduction. The total stress ten-

sor r is defined as

r ¼ �pI þ s ¼ �pI þ l $uþ $uð ÞT
h i

� l
2

3
� ~V

� �
$ � uð ÞI; (3)

where s is the viscous stress tensor, l is the shear viscosity,
~V ¼ lB=l, where lB is the bulk viscosity and I is the

identity matrix. The material parameters are assumed to be

temperature-dependent, i.e., l¼ lðTÞ; j¼ jðTÞ; cp ¼ cpðTÞ.
In Eq. (2), the material derivative is defined as dð�Þ=

dt ¼ @ð�Þ=@tþ ðu � $Þð�Þ. It is assumed that the fluid is an

ideal gas for which the state equation has the form p¼ qRsT,
where Rs is the specific gas constant and thus a ¼ �ð@q=
@TÞp=q ¼ 1=T.

Within this work, Eq. (2) is solved using the method of

successive approximations rather than by a direct numerical

integration. Similarly, as in Boufermel et al.,18 the field vari-

ables are written as

u ¼ u0 þ ua þ un; un � ua; (4)

where u0 represents the steady state mean value of quantity

u without acoustic perturbation, ua represents the first-order

acoustic perturbation (primary field), harmonic in time with an

angular frequency x, and un represents the products of nonlin-

ear interactions including higher harmonics as well as time-

independent (or slowly varying) components (secondary field).

If we calculate a one-period time average of relation (4),

we get

hui ¼ umðr; tsÞ ¼
1

Ta

ðtsþTa

ts

uðr; tÞ dt ¼ u0 þ huni; (5)

where Ta¼ 2p/x and ts represents the slow time related to

the large-time-scale phenomena.18

The equations for the first-order acoustic field quantities

can be found by substituting relations (4) and (5) into Eq. (2)

and discarding the second-order and higher-order terms except

for the time-averaged ones. We get

@qa
@t

þ $ � ðqmuaÞ ¼ 0; (6a)

qm
@ua
@t

� $ � �paI þ lm $ua þ $uað ÞT
h i�

�lm
2

3
� ~V

� �
$ � uað ÞI

�
¼ �qma; (6b)

qmcpm
@Ta
@t

þua � $Tm
� �

�@pa
@t

�$ � jm$Tað Þ¼ 0; (6c)

where cpm ¼ cpðTmÞ; lm ¼ lðTmÞ, together with the linear-

ised state equation pa=pm ¼ Ta=Tm þ qa=qm. Equation (6)

can be used for calculation of the primary acoustic field.

The equations for the time-averaged quantities can be

found by the one-period averaging of Eq. (2). Employing

h@ð�Þ=@ti ¼ @h�i=@ts we get13,18

@qm
@ts

þ $ � qmumð Þ ¼ M; (7a)

qm
dum
dts

� $ � �pmI þ lm $um þ $umð ÞT
h i�

�lm
2

3
� ~V

� �
$ � umð ÞI

�
¼ F; (7b)

qmcpm
dTm
dts

� dpm
dts

� $ � jm$Tmð Þ ¼ Q; (7c)
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where the source termsM;F; and Q read

M ¼ �$ � hqauai; (8a)

F¼�
�
qa aþ@ua

@t

� ��
�qmh ua � $ð Þuaiþ $ �

�
lmbl
Tm

Ta

� $uaþ $uað ÞT� 2=3þ ~V
� �

$ � uað ÞI
h i�

; (8b)

Q¼�cpm

�
qa
@Ta
@t

�
�qmcpmhua �$Tai�cpmhqauai �$Tm

þhua �$paiþ$ �
�
jmbj
Tm

Ta$Ta

�

þlm

�
$uaþ $uað ÞT� 2

3
� ~V

� �
$ �uað ÞI

	 

:$ua

�
:

(8c)

Here, hfgi ¼ <½~f ~g��=2; the tildes represent the complex ampli-

tudes of the corresponding quantities and the asterisk stands

for the complex conjugate. Further, the following relation was

used:

lðTÞ � l Tm þ Tað Þ � lm þ lmbl
Tm

Ta;

where bl ¼ Tmð@l=@TÞTm=lm, and

jðTÞ � j Tm þ Tað Þ � jm þ jmbj
Tm

Ta;

where bj ¼ Tmð@j=@TÞTm=jm. Acoustic-temperature-induced

variation of the heat capacity was not taken into account in

Eq. (7c) because it is weaker than the variation of the viscosity

or thermal conduction coefficients.

The source terms [Eq. (8)] emerge in Eq. (7) as a conse-

quence of employing the method of successive approxima-

tions; they comprise nonlinear combinations of the first-order

acoustic field quantities. Namely,M is the mass source, F rep-

resents the excitation force (Reynolds stress, the force caused

by the dependence of viscosity on acoustic temperature), and

Q represents a heat source.

In the steady state, the averaged quantities do not

depend on the slow time and thus Eqs. (7a), (7b), and (7c)

reduce into

$ � ðqmumÞ ¼ M; (9a)

qmum � $um � $ � �pmI þ lm $um þ $umð ÞT
h i�

�lm
2

3
� ~V

� �
$ � umð ÞI

�
¼ F; (9b)

qmcpmum � $Tm � um � $pm �$ � ðjm$TmÞ ¼ Q: (9c)

Within this model, we do not take into account the fast

time-varying products of the nonlinear interactions (higher har-

monics), which can cause the distortion of the time-harmonic

primary acoustic field. This seems not to have any significant

impact on the results, as a considerable streaming-profile

distortion has been observed within the experiments11,12,15 for

high values of Renl and time-harmonic acoustic field.

The structure of the acoustic streaming can be easily

visualised in the following way. If we introduce the aver-
aged mass transport density Mm ¼ qmum þ hqauai ¼ qmUm,

where Um is the averaged mass transport velocity,7,18 the

continuity Eq. (9a) can be rewritten as

$ � Mm ¼ 0: (10)

As the steady averaged mass transport density field is

divergence-free, the stream function w can be introduced such

that in axi-symmetric cylindrical coordinates, it holds

Mmz ¼
1

r

@w
@r

; Mmr ¼ � 1

r

@w
@z

:

From here, we can calculate the stream function as

@2w
@r2

þ @2w
@z2

¼ @

@r
rMmzð Þ � @

@z
rMmrð Þ: (11)

The contours of the stream function represent the streamlines.

B. Numerical solution of the model equations

Equations (6) and (7) represent one set of equations

which must be solved simultaneously to capture properly the

effect of acoustic-streaming-driven convective heat transport

on the streaming structures. The source terms [Eq. (8)] for

Eq. (7) are calculated using the first-order quantities obtained

by solving Eq. (6), the mean values Tm, qm, and pm in Eq.

(6) are calculated using Eq. (7).

The model equations were solved numerically using

finite-element-method software COMSOL Multiphysics; axi-

symmetric geometry was used, see Fig. 1. Equation (6) is

implemented in the Acoustic Module’s Linearised Navier-

Stokes Interface; the equations were solved in the frequency

domain with no-slip and isothermal (Ta¼ 0) boundary condi-

tions at the resonator walls. The term �qma was used as a

volume source in the momentum Eq. (6b); the driving accel-

eration is assumed to have non-zero only the z-component

and to vary sinusoidally in time with an angular frequency

x. Equation (7) is implemented in CFD Module’s Non-

Isothermal Laminar Flow Interface; the equations were solved

using the stationary as well as the time-dependent solver. The

boundary conditions at the resonator walls were implemented

as no-slip and isothermal ones with prescribed wall tempera-

ture (Tm¼Tw).
The resonance frequency was determined by a frequency

sweep for a small driving acceleration for which the convec-

tive heat transport by the streaming could be neglected.

FIG. 1. (Color online) Geometry of the problem.
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The Poisson’s Eq. (11) was solved employing

Mathematics/Classical PDEs Interface with the homoge-

neous Dirichlet boundary conditions.

The computational mesh was constructed in order to

properly resolve the boundary layer along the walls; mapped

(structured) mesh with refinement along the walls was found

to work well; the independence of numerical results on the

mesh density was checked.

For the numerical results presented below, the total num-

ber of used mesh-points was Nr�Nz¼ 100� 200, where 15

regularly-spaced mesh-points discretized three-times the vis-

cous boundary layer thickness, and mesh-points with linearly

increasing separation-distances were used in the inner volume.

III. NUMERICAL RESULTS

A. Parameters of the numerical simulations

Within the numerical simulations, the acoustic streaming

was calculated in a resonator represented by a cylindrical tube

with rigid end-caps, length L¼ 30 cm, radius R¼ 1.5 cm, filled

with air at normal atmospheric pressure. The temperature-

dependent values of the material parameters l, j, and cp
are implemented in the material database of COMSOL

Multiphysics, the ones for air were used here. For ambient tem-

perature T0¼ 20 	C, the resonance frequency was calculated to

be fres¼ 569.2Hz and the ratio of the resonator radius to the

viscous boundary layer thickness R/dv¼ 163.4.

The resonant cavity is assumed to have imposed temper-

ature of walls

Tw ¼ DTw
2

1þ cos
2pz
L

� �	 

þ Tw0; (12)

where Tw0 is the minimum temperature of the resonator

walls and DTw is the maximum wall-temperature difference.

Formula (12) serves as the boundary condition for Eq. (7c)

for calculation of the fluid mean temperature Tm. In all the

following cases, Tw0¼ 20 	C and temperatures DTw differ.

Formula (12) models12 the steady-state wall temperature

distribution due to the thermoacoustic heat transport. In the

standing wave, there exists a time-averaged heat flux between

the walls and the inner fluid which transports the heat from

the acoustic-velocity antinodes toward the acoustic-velocity

nodes.19,20 This flux, which is proportional to the square of

the acoustic velocity amplitude,19 is balanced by the heat con-

duction within the walls and the heat flux to the outer environ-

ment; the resulting wall-temperature gradient thus depends on

particular external factors, and that is why it is prescribed by

Eq. (12) here.

All the numerical results are presented in the conditions

of the first resonance which was searched for by a frequency

sweep by maximization of the acoustic velocity amplitude in

the resonator.

B. The case of DTw5 8 	C

Within this subsection, we analyse the case of a rela-

tively large wall-temperature difference of DTw¼ 8 	C (this

wall-temperature difference was reported to be thermoacous-

tically induced in experiment15).

Figure 2 shows the distribution of steady-state averaged

mass transport velocity along the resonator axis for individ-

ual values of Renl both normalized to the Rayleigh velocity

UR ¼ ð3=8Þu20=c0 (top panel) and non-normalized (bottom

panel), where u0 is the maximum axial acoustic velocity

amplitude on the resonator axis, and c0 is the speed of sound.

Within this work, we do not exclusively understand Renl as a

measure of flow-inertia effect on the streaming field; we

employ it as an established parameter related to the stream-

ing velocity (according to the Rayleigh’s theory, streaming

velocity should be proportional to Renl).

In the case of Renl¼ 0.001, the streaming velocity

has such a small value that the convective heat transport is

negligible. The normalized streaming velocity along the axis

reaches the maximum value of Umz/UR¼ 1.009; the distribu-

tion slightly differs from the sinusoidal one,2 which is also in

line with the observations made earlier.13 If the streaming

velocity increases, its distribution quickly gets distorted, and

the value of the normalized streaming velocity in maxima

decreases; the maxima are shifted toward the acoustic velocity

nodes (resonator end-walls). For example, for Renl¼ 0.2, the

maximum value of Umz/UR¼ 0.771. With further increasing

Renl, the normalised streaming velocity between the velocity

nodes and antinodes further decreases; it reaches zero value

for Renl � 2.4 and its direction reverses for higher values

of Renl. Considering the non-normalised streaming velocity,

the situation looks somewhat more complex; while its value

increases with Renl monotonically near the acoustic velocity

nodes and antinode, between them, it first increases, then

reaches maximum, decreases and then changes its sign. It can

be seen in both versions of the figure that the incremental

change of the streaming velocity is bigger for lower values of

Renl than for higher ones.

Figure 3 shows the distribution of the z-component of

the steady-state averaged mass transport velocity along the

r-axis for z¼L/4¼ 7.5 cm, both normalized to the Rayleigh

FIG. 2. (Color online) Normalized (top panel) and non-normalized (bottom

panel) averaged mass transport velocity along the resonator axis, DTw¼ 8 	C,
Renl¼ 0.001, 0.2, 0.4,…, 2.8, 3.0; steady state.
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velocity (top panel) and non-normalized (bottom panel).

Again, it can be observed that for higher values of Renl, it

deviates considerably from the “parabolic” distribution.2,3 It

is interesting to notice that despite the streaming structure

is sensitive to the value of Renl in the inner parts of the reso-

nator, it is more or less unaffected near the walls (the nor-

malized velocity does not depend on Renl, non-normalized

velocity increases proportionally to Renl).

Figure 4 shows the streamlines for the case of Renl
¼ 0.001 and Renl¼ 3.0. If the streaming velocity is small

(top panel), two outer vortices can be observed as expected.8

The inner vortices are not appreciable because of the high

value of the ratio R/dv. For higher streaming velocity (bot-

tom panel) the streamlines are distorted, and two weak addi-

tional outer vortices appear near the resonator axis, which is

the cause of the reversion of the streaming velocity at the

resonator axis seen in Figs. 2 and 3.

In order to get some conception of the time scale of the

processes connected with the convective heat transport by

the acoustic-streaming, Fig. 5 shows the time evolution of

the averaged mass transport velocity at z¼L/4 on the reso-

nator axis for individual values of Renl. As an initial condi-

tion, the steady-state solution of Eqs. (6)þ(9) was used,

where the convective term um � $Tm was omitted in the

energy Eq. (9c). It can be seen that for small values of Renl,

the streaming velocity monotonically decreases toward the

steady-state value; for the higher values, there is an over-

shoot with possible temporary direction reversion. After the

initial faster development, the streaming velocity slowly

reaches the steady-state in less than ca. 20 s.

Figure 6 shows the distribution of the steady-state mean

temperature Tm along the resonator axis for various values of

Renl. It can be observed that with increasing Renl, mean tem-

perature in the central part of the resonator (especially in the

regions where the temperature gradient reaches the highest

values) increases as the streaming convects heat along the

axis from the acoustic velocity nodes toward the acoustic

velocity antinode. An effect of saturation can be observed in

the figure—despite that there is appreciable temperature dif-

ference between the cases of Renl¼ 0.001 and Renl¼ 1, it is

only negligible for the cases of Renl¼ 2 and Renl¼ 3. This

behaviour can be attributed to the decrease and reversion of

the streaming velocity seen in Figs. 2 and 3.

C. Different values of DTw

Similar behaviour as the one described in Sec. III B can

be observed in the case of different wall temperature differ-

ences DTw.

FIG. 3. (Color online) Normalized (top panel) and non-normalized (bottom

panel) averaged mass transport velocity along the line z¼L/4, DTw¼ 8 	C,
Renl¼ 0.001, 0.2, 0.4,…, 2.8, 3.0; steady state.

FIG. 4. (Color online) Averaged mass transport velocity and streamlines for

DTw¼ 8 	C and different values of Renl; steady state.

FIG. 5. (Color online) Time evolution of the averaged mass transport veloc-

ity at z¼L/4 on the resonator axis; DTw¼ 8 	C, and Renl¼ 0.001, 0.2,

0.4,…, 2.8, 3.0.

FIG. 6. (Color online) Mean temperature along the resonator axis

DTw¼ 8 	C, and Renl¼ 0.001, 1.0, 2.0, 3.0; steady state.
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For example, Fig. 7 shows the steady-state distribution

of the averaged mass transport velocity along the resonator

axis for DTw¼ 4 	C and different values of Renl. The stream-

ing velocity shows the same kind of distortion as in the pre-

vious case (see Fig. 2); higher values of Renl are needed

though to cause it. It is unclear whether the further increase

of Renl would cause the streaming velocity reversion as we

were not able to reach the algorithm convergence for these

conditions.

Figure 8 shows the distribution of the steady-state nor-

malized averaged mass transport velocity along the resonator

axis for Renl¼ 1 and different values of the wall temperature

difference DTw¼ 0 	C, 0.5 	C, 1 	C, 2 	C, 4 	C, 8 	C, and

16 	C. The figure reveals that the deviation from the sinusoi-

dal distribution of the streaming velocity behaves similarly

as in the case of constant wall-temperature difference and

increasing value of Renl—see Figs. 2 and 7. It can be

observed that for the high wall-temperature differences, the

streaming velocity pattern is considerably distorted even for

small values of Renl.

The sensitivity of the acoustic streaming velocity on the

wall-temperature difference is depicted in Fig. 9 where Umz/

UR at z¼ L/4¼ 7.5 cm on the resonator axis is plotted as a

function of Renl for individual values of DTw. For DTw¼ 0 	C,
the streaming velocity decreases with increasing Renl only

weakly due to the effect of streaming fluid inertia, as it has

been shown by Menguy and Gilbert.4 The higher the maxi-

mum wall-temperature difference DTw, the stronger the depen-
dence on Renl. It is interesting that the dependence is quite

appreciable even for small values of DTw, for example, for

Renl¼ 4 and DTw¼ 0.5 	C, the value of Umz/UR reaches only

70% of the value for DTw¼ 0 	C.

IV. DISCUSSION

It has been shown recently13 that the acoustic streaming

structure is particularly influenced by the mean temperature

gradient in the direction perpendicular to the resonator axis.

If DrTm(z)¼ Tm(0, z)�Tm(R, z)< 0, acoustic streaming near

the resonator axis is locally supported, if DrTm(z)> 0, it is

locally opposed which may even result in the development

of additional outer vortices.13 If the streaming velocity is

small enough for the convective heat transport to be effec-

tive, it can be approximately written21 [for the wall tempera-

ture distribution Eq. (12)] that

DrTmðzÞ � �p2R2DTw
2L2

cos
2pz
L

� �
:

This explains a small departure from the sinusoidal stream-

ing velocity distribution seen in Figs. 2 and 7 (the cases of

Renl¼ 0.001).

If the resonator driving is increased, Renl increases;

acoustic streaming becomes a more effective means of the

heat transport which results in the re-distribution of the mean

fluid temperature. Acoustic streaming convects the heat along

the resonator axis from the warmer areas near the end-walls

toward the resonator centre, see Fig. 10, which explains the

temperature increase as seen in Fig. 6.

However, this heat transport also increases the value

of DrTm(z) in the resonator central part, see an example

in Fig. 11, leading to the opposition to the acoustic streaming

and reducing its effectiveness in convecting the heat. This

effect manifests itself by decreasing incremental temperature

change with increasing Renl. This feedback behaviour explains

the distortion of the streaming structure in temperature-

inhomogeneous fluids and its dependence on Renl through the

convective term um � $Tm in the energy equation.

FIG. 7. (Color online) Normalized (top panel) and non-normalized (bottom

panel) averaged mass transport velocity along the resonator axis, DTw
¼ 4 	C, Renl¼ 0.001, 0.2, 0.4,…, 3.8, 4.0; steady state.

FIG. 8. (Color online) Normalized averaged mass transport velocity along

the resonator axis for Renl¼ 1 and DTw¼ 0 	C, 0.5 	C, 1 	C, 2 	C, 4 	C,
8 	C, and 16 	C; steady state.

FIG. 9. (Color online) Normalized averaged mass transport velocity at

z¼L/4¼ 7.5 cm on the resonator axis for DTw¼ 0 	C, 0.5 	C, 1 	C, 2 	C,
4 	C, 8 	C, and 16 	C and various values of Renl; steady state.
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The departure of the streaming velocity distribution from

the sinusoidal one presented in Figs. 2, 7, and 8 is of the

same type as has been found experimentally by Thompson

et al.12 (Figs. 5, 6, 7, and 8 there), Reyt et al.11 (Figs. 6, 7,

and 8 there), and Reyt et al.15 (Figs. 5, 6, and 10 there). In

the above-mentioned experiments, the reason for the depar-

ture is two-fold: (a) because of the thermoacoustically

induced temperature distribution along the resonator walls,

and (b) because of the inertial effects of the streaming flow.

In the experiments, these two effects come hand in hand as

the streaming velocity, as well as the heat flux between the

resonator wall and the inner fluid, are proportional to the

square of the acoustic velocity. All the numerical results pre-

sented here were obtained for Renl
 4, which means that the

inertial effects on the streaming fluid flow are small4 and the

streaming field distortion is caused purely by the fluid tem-

perature inhomogeneity. The situation captured in Fig. 8 is

also in compliance with experimental results by Thompson

et al.12 who also observed that for given Renl, the streaming

distortion depends on the temperature variation along the res-

onator walls.

The feedback mechanism described above may explain

the behaviour observed in experiments;11,12,15 in strong

acoustic fields (for Renl� 1), the streaming velocity between

acoustic velocity nodes and antinode has a much smaller

value than predicted by Rayleigh’s theory. In a strong acous-

tic field, thermoacoustic heat flux builds up a temperature

gradient along the resonator walls. The acoustic-streaming-

driven convective heat transport increases the temperature

difference in the direction perpendicular to the resonator

axis, which causes the suppression of acoustic streaming, its

ability to convect the heat, and to further increase the tem-

perature difference.

V. CONCLUSIONS

A set of equations for calculation of the acoustic stream-

ing in resonators with walls supporting a temperature gradi-

ent has been derived from the Navier-Stokes equations. The

model equations are based on successive approximations;

they take into account the acoustic-streaming-driven convec-

tive heat transport; as time-averaged secondary-field quanti-

ties are directly calculated, there is no need for an excessive

amount of the computational effort for their integration. The

proposed computational procedure has been implemented in

COMSOL Multiphysics.

A parametric study has been conducted for the case

of an air-filled cylindrical resonator with walls with a tem-

perature distribution corresponding to the one caused by the

thermoacoustic effect.

It has been shown that even in the case of relatively

weak wall-temperature gradients, the acoustic-streaming-

driven convective heat transport is responsible for a consid-

erable distortion of streaming profile; this effect is much

stronger than the effect of the fluid inertia on the streaming

flow. The streaming profiles observed within this work are

consistent with the available experimental data.

Based on the results obtained within this work, we

arrive at the conclusion that for a good quantitative agree-

ment between experimental and theoretical data, the thermal

effects must be comprised within the model describing

acoustic streaming, and even slight wall-temperature gra-

dients cannot be ignored anymore.
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This study is concerned with parametric radiation from an arbitrary axisymmetric planar source

with a special focus on low-frequency difference-frequency fields. As a model equation accounting

for nonlinearity, diffraction, and dissipation, the Westervelt equation is used. The difference-

frequency-field patterns are calculated in the quasi-linear approximation by the method of succes-

sive approximations. A multi-layer integral for calculation of the acoustic field is reduced to a

three-dimensional one by employing an approximate analytical description of the primary field

with the use of a multi-Gaussian beam expansion. This integral is subsequently reduced in the

paraxial approximation to a one-dimensional form which has previously been published in literature

and which represents a means for fast calculations of secondary acoustic fields. The three-dimen-

sional integral is calculated numerically and the numerical results predict nonzero amplitude of the

low-frequency field in the vicinity of the source which is an effect that cannot be correctly encom-

passed in the paraxial approximation. VC 2013 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4813223]

PACS number(s): 43.25.Lj [ROC] Pages: 933–938

I. INTRODUCTION

Many contemporary acoustic applications make use of

the fact that relatively directional low-frequency sound can

be radiated from small sources by means of a parametric

array.1,2 This technique is based on radiation of two high-

frequency sound beams (primary field) of similar frequencies

xa � xb in the same direction, where at least one of them

must have a finite amplitude. As these waves propagate in

medium, nonlinear interactions give rise to the generation of

a secondary field consisting of higher harmonics, sum- and

difference-frequencies, etc., by forming a phased array of

virtual sources that resonantly pump acoustic energy into

these components. It is obvious that a small percentage

change of one of the primary frequencies results in a large

percentage change in the difference-frequency, which means

that wideband radiation (in difference-frequency) can be

accomplished using a narrowband transducer.

Parametric radiation provides a means for generation of

a substantially more directional and side-lobes-free sound

beam at lower frequencies than is possible by direct small-

signal radiation by a source of the same size. However, the

former method is less efficient than the latter one.

Many papers have been dedicated to this topic. Far-field

properties of the difference-frequency waves were studied in

the pioneering work of Westervelt1 based on the assumption

that the nonlinear interactions are limited to the near-field of

the primary waves which were modeled as collimated plane

waves. Muir and Willette3 calculated the sum- and

difference-frequency field under the condition that the non-

linear interactions take place in the far-field of the primary

waves, which were modeled analytically using the formula

for the far-field of a uniformly vibrating piston. Garrett

et al.4 proposed a model for the parametric radiation from an

arbitrary axisymmetric source in the quasilinear and para-

bolic approximation based on a numerical calculation of a

triple integral. Kamakura et al.5 studied the propagation of

high-amplitude waves generated by a piston vibrating at two

similar frequencies by numerical integration of the KZK

equation using the algorithm proposed by Aanonsen et al.,6

as well as experimentally. In Refs. 7 and 8, the authors uti-

lized the method of multi-Gaussian beam (MGB) expansion

of the sound field9 for fast calculation of the secondary fields

radiated by an arbitrary axisymmetric source in the quasilin-

ear and paraxial approximation. The method was further

extended for rectangular-aperture sources.10,11

The common characteristic of most of the above-

mentioned papers and many others is the difference-

frequency field calculated in the paraxial approximation.

Even if this approach is applicable in the case of higher

difference-frequencies as is undisputedly confirmed by many

experiments, it is a question of whether the paraxial approxi-

mation provides correct results even in the case of lower

difference-frequencies. This question is the subject of this

paper. An analytic formula based on the three-fold integral is

derived from the Westervelt equation; an appropriate algo-

rithm is proposed for its numerical calculation. Certain nu-

merical results are presented in order to demonstrate the

differences between the low-frequency field patterns calcu-

lated using a fast algorithm based on the paraxial approxima-

tion and the proposed model which is not based on the

paraxial approximation.

II. THEORY

A. Westervelt equation

The Westervelt wave equation1,12 reads

a)Author to whom correspondence should be addressed. Electronic mail:

milan.cervenka@fel.cvut.cz
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Dp0 � 1

c2
0

@2p0

@t2
þ d

c4
0

@3p0

@t3
¼ � b

q0c4
0

@2p02

@t2
: (1)

Here p0 is the acoustic pressure, c0 is small-signal sound

speed, q0 is ambient density of fluid, b¼ (cþ 1)/2 is the

coefficient of nonlinearity, where c is the adiabatic exponent

and

d ¼ ½fþ 4g=3þ Kð1=cV � 1=cpÞ�=q0

is the diffusivity of sound corresponding to thermoviscous

attenuation, f and g stand for the bulk and shear viscosities,

K is the coefficient of heat conduction, and cV and cp are the

specific heats at constant volume and pressure, respectively.

The method of successive approximations is used for

integration of Eq. (1); its quasilinear solution is assumed to

have the form

p0 ¼ p01 þ p02;

where p01 is the linear solution (the first approximation) of

Eq. (1) representing the primary field and p02 is a small cor-

rection to p01 (the second approximation, jp02j � jp01j) due to

the nonlinear interaction representing the secondary field

(second harmonics, sum- and difference-frequency waves,

etc.).

As the acoustic field is assumed to be periodic in time,

individual frequency components can be written in the form

p0jðr; tÞ ¼ p00jðrÞcos ½xjt� /jðrÞ�

¼ 1

2
½qjðrÞe�ixj t þ q�j ðrÞeixj t� ; (2)

where i ¼
ffiffiffiffiffiffiffi
�1
p

; qjðrÞ ¼ p00jðrÞei/jðrÞ is the complex ampli-

tude of acoustic pressure and the asterisk denotes the com-

plex conjugate (c.c.).

B. Primary field

For the two primary waves with angular frequencies xa

and xb, where xa > xb, substitution of relation (2) into the

linearized Eq. (1) yields

Dqj þ k02j qj ¼ 0; (3)

where j ¼ a; b and k0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

j þ ix3
j d=c4

0

q
� kjþ iaj;kj¼xj=c0

is the wavenumber and aj¼x2
j d=2c3

0 is the thermoviscous

attenuation coefficient at the frequency xj. In audio- and low

ultrasonic-frequency region, relaxation processes are respon-

sible for most of the sound absorption, which is in air de-

pendent on temperature, atmospheric pressure, and water

vapor content. The sound attenuation coefficient aj for the

given frequency xj can be generalized13,14 to account for

these effects.

Supposing that the vibrating piston radiating the pri-

mary wave is placed in a baffle at the plane z¼ 0 and

the z-component of its vibration velocity reads vzjðx; y; tÞ
¼ ½wjðx; yÞe�ixj t þ c:c:�=2, then the solution of Eq. (3)

can be constructed with Green’s functions15 in the form

of the Rayleigh surface integral

qjðrÞ ¼ �
ixjq0

2p

ð1
�1

ð1
�1

wjðx00; y00Þ e
ik0jR0

R0

dx00dy00; (4)

where R0 ¼ jR0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x00Þ2 þ ðy� y00Þ2 þ z2

q
is the dis-

tance between a source element dS00 ¼ dx00dy00 and the point,

at which the acoustic field is calculated, see Fig. 1.

C. Difference-frequency secondary field

For the secondary difference-frequency wave with the

angular frequency xd ¼ xa � xb, Eq. (1) reduces to

Dqd þ k02d qd ¼
bx2

d

q0c4
0

qaq�b: (5)

As it is assumed that ð@qd=@zÞz¼0 ¼ 0 (the plane z¼ 0 is

assumed to be rigid and it does not vibrate at the angular fre-

quency xd), the solution of Eq. (5) can be constructed with

Green’s functions15 in the form of the volume integral

qdðrÞ ¼ �
bx2

d

4pq0c4
0

ð1
z0¼0

ð1
y0¼�1

ð1
x0¼�1

qaðr0Þq�bðr0Þ

� eik0dRþ

Rþ
þ eik0

d
R�

R�

� �
dx0dy0dz0; (6)

where

R� ¼ jR�j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2 þ ðy� y0Þ2 þ ðz� z0Þ2

q
;

Rþ ¼ jRþj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2 þ ðy� y0Þ2 þ ðzþ z0Þ2

q

FIG. 1. Geometrical arrangement; P is the point, where acoustic field is

determined.
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(see Fig. 1). The Green’s function used in this integral

includes contribution of the element dV0 of the virtual source

formed by the primary field (the term containing R�) as well

as the contribution of its image representing the wave

reflected from the plane z¼ 0 (the term containing Rþ).

Equation (6) for calculation of qd(r) together with Eq.

(4) represents the fifth-fold integral that is almost impossible

to be calculated numerically. For this reason, an approximate

analytic solution of integral (4) is used under the condition

of the high-frequency primary field.

D. High-frequency approximation of the primary field

If the piston radiates at such frequencies that the condi-

tion kja	 1 is fulfilled, where a is the piston characteristic

radius, the beam is reasonably directional; it is localized in

the vicinity of the z axis and the waveforms are quasi-planar,

the Green’s function in Eq. (4) can be simplified into the par-

axial (Fresnel) approximation16 as

eik0jR0

R0

� 1

z
exp ik0j½zþ ½ðx� x00Þ2 þ ðy� y00Þ2�=2z�
n o

: (7)

If, subsequently, the distribution of the piston velocity is

assumed to have an axial symmetry, it can be expanded into

the series of the Gaussian functions9

wjðx; yÞ � Wj

XN

n¼1

Ane�Bnðx2þy2Þ=a2

;

where Wj represents amplitude and the complex coefficients

An, Bn are calculated for an appropriate distribution by a nu-

merical multidimensional optimization method.9,17–19 Then,

the integrals in Eq. (4) can be calculated analytically result-

ing in the formula

qjðrÞ ¼ q0a2xjWje
ik0jz
XN

n¼1

Anexp � k0jBnðx2þy2Þ
k0ja

2þ2iBnz

� �

k0ja
2 þ 2iBnz

: (8)

Substitution of this formula into Eq. (6) results in the

three-fold integral for calculation of the difference-

frequency wave

qdðrÞ ¼ �
bq0a4x2

dxaxbWaW�b
4pc4

0k0ak0�b

�
ð1

z0¼0

eiðk0a�k0�
b
Þz0
XN

n¼1

XN

m¼1

AnA�mFaF�b
BnB�m

�
ð1

r0¼0

r0e�ðFaþF�
b
Þr02

�
ð2p

u0¼0

eik0dRþ

Rþ
þ eik0

d
R�

R�

� �
du0dr0dz0; (9)

where

Fa ¼
k0aBn

k0aa2 þ 2iBnz0
; Fb ¼

k0bBm

k0ba2 þ 2iBmz0
:

For the field at the symmetry axis, integral (9) reduces

into the two-fold one

qdð0; 0; zÞ ¼ �bq0a4x2
dxaxbWaW�b

2c4
0k0ak0�b

�
ð1

z0¼0

eiðk0a�k0�
b
Þz0
XN

n¼1

XN

m¼1

AnA�mFaF�b
BnB�m

�
ð1

r0¼0

r0e�ðFaþF�
b
Þr02 eik0

d
Rþ

Rþ
þ eik0

d
R�

R�

� �
dr0dz0:

(10)

Integrals (9) and (10) are calculated numerically.

E. Paraxial approximation of the secondary field

Using the paraxial approximation, integral (9) can be

reduced to the form equivalent to the results presented for-

merly in the work.8 The reduction consists of neglecting the

term with Rþ in the Green’s function (assuming that no sec-

ondary wave reflects from the source plane) and approximat-

ing the remaining term using a formula similar to Eq. (7).

The integrals with respect to the coordinates x0, y0 can be

then calculated analytically yielding

qdðrÞ ¼�
ibq0a4x2

dxaxbWaW�b
2c4

0k0ak0�b k0d

ðz

0

eiðk0a�k0�b Þz0
XN

n¼1

XN

m¼1

AnA�mFaF�bexpfik0djz� z0j � ðFaþF�bÞðx2þ y2Þ=½1þ iðFaþF�bÞFg�g
BnB�m½1þ iðFaþF�bÞFg�

dz0 ;

(11)

where Fg ¼ 2jz� z0j=k0d. The higher limit of integration is

limited to z because in this approximation, it is assumed that

only the nonlinear interactions between the source (piston)

plane and the appropriate point contribute significantly to

the sound field. This assumption is consistent with the para-

xial approximation describing only one-way (forward)

propagating secondary waves. The integral in Eq. (11) is cal-

culated numerically.

III. NUMERICAL ALGORITHM

High-accuracy evaluation of multidimensional inte-

grals is not easy because among other reasons it makes
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great demands on computational performance. For this

reason, it is necessary to utilize highly-efficient numerical

algorithms.

In the case of integrals (9) and (10), the infinite compu-

tational domain was reduced to a reasonable size limited by

a certain rmax and zmax. The repeated one-dimensional inte-

gration method20 was used. Within this approach, the respec-

tive procedure calculating the inner integral is repeatedly

invoked as required by the procedure calculating the outer

integral.

In the case of the above-mentioned integrals, it is neces-

sary to utilize algorithms allowing pre-defined accuracy of

calculations (it was observed that with a fixed number of dis-

crete points at which the integrated functions are evaluated,

the accuracy of results decreases with the increasing

difference-frequency value, because the integrated function

becomes more oscillatory). Here, the Romberg method uti-

lizing open formulas20 was used for calculation of the indi-

vidual one-dimensional integrals.

The numerical algorithms are implemented with use of

the Numerical Recipes Cþþ library,20 a substantial reduc-

tion of the computational time was achieved by paralleliza-

tion of the algorithms using the OpenMP library and running

on a multi-processor computer.

Coefficients of the MGB decomposition of the piston

velocity distribution were calculated using a heuristic opti-

mization method.19

IV. RESULTS

Within the numerical calculations, it was assumed that

the source velocity distribution possesses the form

vzðr; tÞ ¼ e�ðr=aÞ16

½v0acosð2pfatÞ þ v0bcos ð2pfbtÞ�; (12)

which means that the two-frequency vibration is almost spa-

tially uniform within the circle of radius a; here a¼ 0.2 m.

The corresponding coefficients of the MGB decomposition

are listed in Table I. In all the presented cases fa¼ 50 kHz

and fb¼ fa � fd, where fd is required difference-frequency.

The acoustic field is assumed to be radiated into the air with

the temperature of 24 
C, atmospheric pressure 101 325 Pa,

and 40% relative humidity. A model accounting for molecu-

lar relaxation processes13 was used for calculation of the

sound absorption coefficients aj.

As in this case kaa ¼ 192 	 1, the primary wave is

well-directional and the paraxial approximation for calcula-

tion of the primary field is applicable.

Figure 2 shows the distribution of acoustic pressure am-

plitude at the frequency fa along the axis of symmetry calcu-

lated in the linear approximation using Eq. (8) (paraxial

approximation) and using the Rayleigh integral (4). It can be

observed that except for the close vicinity of the source, the

results are almost identical so that the paraxial approxima-

tion of the formulas for calculation of the primary field does

not decrease the accuracy of the algorithm in a substantial

way.

The distribution of normalized acoustic pressure ampli-

tude at difference frequency fd along the piston axis calcu-

lated in the non-paraxial approximation using Eq. (10) and

in the paraxial approximation using Eq. (11) is shown in

Fig. 3. For individual frequencies fd, the normalized acoustic

pressure amplitude is defined as the ratio of the acoustic

pressure amplitude and the maximum acoustic pressure am-

plitude calculated in the paraxial approximation.

For all the difference frequencies fd, the paraxial equa-

tion (11) predicts a zero difference-frequency field at the pis-

ton and a steep increase of its amplitude with increasing

distance from the piston, which becomes steeper as the dif-

ference frequency lowers. By contrast, the non-paraxial Eq.

(10) predicts a non-zero amplitude of the acoustic field for

very low difference-frequencies. This situation is caused by

the fact that for low fd, the product kdL, where L is the effec-

tive length of the phased virtual source, attains a small value

which means that the source is not highly directional. It radi-

ates partly in the direction opposite the primary waves and

this backwards-traveling wave reflects from the source

plane.

For higher values of the difference-frequencies (in this

case for fd¼ 2000 Hz), both the equations provide almost the

same results. This is caused by a higher value of kdL result-

ing in a higher directivity of the virtual source and negligible

backward radiation The differences between the results for

all the frequencies fd decreases with the distance from the

piston.

Figure 4 shows a comparison of the directivity of the

difference-frequency wave in the far-field (at the distance of

200a from the piston) calculated using the non-paraxial

model (9) and in the paraxial approximation using the

TABLE I. Complex coefficients of decomposition of the spatial part of

function (12) into the series of Gaussian functions.

n An Bn

1 1.952546 – 7.094992i 5.627804 – 10.20442i

2 �9.479406þ 5.913680i 5.036574þ 4.307618i

3 7.678386þ 0.949987i 4.017862þ 0.175230i

4 5.963587� 5.346673i 4.396490þ 5.519961i

5 �7.478762� 0.945619i 4.348546� 3.827380i

6 �3.949745þ 1.589160i 4.008304� 10.03536i

7 �0.224418þ 0.091363i 1.951061þ 9.945993i

8 6.537564þ 4.840994i 7.537466� 7.511751i

FIG. 2. (Color online) Distribution of the primary wave acoustic pressure

amplitude along the piston axis calculated using Eq. (8) and the Rayleigh in-

tegral (4), fa ¼ 50 kHz, v0a ¼ 2:43 � 10�3m � s�1.
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integral (11). The case of the direct radiation of a small-

amplitude wave with frequency fd, calculated using the

Rayleigh integral (4) is also included. All the courses are

normalized to have 0 dB at the axis of symmetry (in all the

presented cases, the difference-frequency acoustic field pre-

dicted by the paraxial and non-paraxial models are the same

at the axis of symmetry, # ¼ 0
).
It can be observed that even for very low frequencies,

up to the angle ca. 30
, both the approximations (paraxial

and non-paraxial) provide the same results. For bigger

angles, the paraxial approximation predicts a lower ampli-

tude of the acoustic field than the approximation that is

non-paraxial. It can be observed that directivity of the

difference-frequency wave (calculated using the non-

paraxial approximation) decreases with its frequency. For

instance, at the angle of # ¼ 45
 with respect to the axis,

the acoustic pressure amplitude decreases by 28.8 dB at

1000 Hz, by 17.4 dB at 500 Hz, by 3.9 dB at 100 Hz, and

only by 0.9 dB at 50 Hz. At this frequency, the acoustic

field is almost omnidirectional.

V. CONCLUSION

A formula based on a three-fold integral was proposed

for calculation of the difference-frequency wave caused by

nonlinear interactions of the two-frequency primary wave

generated by a baffled axisymmetric piston. As the for-

mula is not based on the paraxial approximation of the

secondary field, it can be used for calculation of near-field

as well as wide-angle far-field patterns. On the other hand,

the numerical calculation of multi-fold integrals requires a

relatively large amount of the computational work com-

pared with the fast algorithms based on the paraxial

approximation and one-fold integration. Nevertheless, the

proposed formula allows a direct comparison of the nu-

merical results with the ones obtained in the paraxial

approximation under otherwise the same conditions and

thus it allows delimitation of the applicability of the para-

xial model.

The numerical results clearly demonstrate that in the

case of the low-frequency secondary field, its amplitude is

FIG. 4. (Color online) Comparison of the difference-frequency wave direc-

tivity calculated in the paraxial and non-paraxial approximation. For illustra-

tion, directivity of the wave radiated directly at the frequency fd is shown

(calculated using the Rayleigh integral). # is the polar angle (with respect to

the symmetry axis).

FIG. 3. (Color online) Distribution of normalized acoustic pressure ampli-

tude of the difference-frequency wave along the piston axis for different val-

ues of fd. In the non-paraxial approximation, integral (10) was used, in the

paraxial approximation, integral (11) was used.
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nonzero at the vicinity of the source, which is caused by low

directivity of the virtual source and which is a result that

cannot be predicted by any model based on the one-way (for-

ward) propagation of acoustic waves.
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Summary
This work deals with the structure and properties of multi-Gaussian beam expansion coefficients. An alternative
formulation of an objective function is proposed for heuristic calculation of the coefficients together with a pro-
cedure for reducing the dimensionality of the corresponding optimization problem to a quarter of its original size.
The proposed objective function enables us to avoid numerical integration within the process of its evaluation
in some practically important cases, which greatly speeds up the calculations. An evolutionary algorithm is em-
ployed for global minimization of the objective function resulting in determination of the multi-Gaussian beam
expansion coefficients enabling us high-accuracy analytical calculation of acoustic (ultrasonic) fields radiated
by planar sources. The calculated expansion coefficients are provided for the case of an axisymmetric uniform
piston, a simply supported or clamped disc and a thin membrane. A simple relation delimiting validity of the
approximation is found.
PACS no. 43.20.Rz

1. Introduction

Calculation of an acoustic field radiated by a baffled planar
source is a classic in acoustics, for which the well-known
Rayleigh integral, see e.g. [1], is most often employed. As
its general exact analytical solution is not known, many
numerical and approximate analytical methods have been
developed for this purpose.

A simple analytical approach based on the description
of the acoustic field as a superposition of Gaussian beams
was proposed by Wen and Breazeale [2]. The key point
of this method is in the least-squares approximation of
the axisymmetric-source velocity distribution by a series
of complex Gaussian functions, provided that (ka)2 1,
where k is the wavenumber and a is a characteristic radius
of the source. The complex coefficients of the series, due to
non-orthogonality of Gaussian functions, are determined
in the most straightforward way by means of optimization
methods, which is the key element of this approach. As
this method provides accurate results in the farfield, tran-
sient region, as well as the nearfield and due to its intrinsic
simplicity, it has been further developed by many authors.

Wen and Breazeale [3] modified the optimization algo-
rithm by including knowledge of the on-axis field to in-
crease accuracy of the method in the nearfield. Ding et al.
[4] extended the method for acoustic fields radiated by
rectangular or elliptical sources. Sha et al. [5] proposed a

Received 18 July 2014,
accepted 13 October 2014.

method of calculation of acoustic fields generated by rect-
angular sources, where the Gaussian-functions coefficients
are calculated by optimization in the k-space domain. In
their summarizing paper, Kim et al. [6] showed the rela-
tionship between the Gaussian-functions coefficients cal-
culated in spatial domain [2, 3] or k-space domain [5].
Ding and Xu [7] further generalized the method for arbi-
trary planar sources and showed the relationship between
the coefficients for spatial and k-space domain.

As the numerical optimization for calculation of the ex-
pansion coefficients is considered a numerically demand-
ing task, there have been a few attempts addressing this
issue. Ding and Zhang [8] proposed to pre-define some co-
efficients in a simple way and utilize linear dependence to
calculate the others; Liu and Yang [9] employed a similar
approach for calculation of the starting point for numerical
optimization, whereby they were able to obtain large sets
of expansion coefficients. Schmerr et al. [10] proposed a
procedure based on Prony’s method in k-space domain al-
lowing computationally efficient calculation of the expan-
sion coefficients, fully avoiding the numerical optimiza-
tion process.

Other authors [11, 12] provided some extensions con-
cerning calculation of acoustic field radiated by a certain
class of sources utilizing the expansion coefficients for a
uniform piston.

The method of multi-Gaussian expansion was further
extended by Zhao and Gang [13] who proposed a non-
paraxial approximation model; some other works [14, 15,
16] have dealt with calculation of nonlinearly generated
secondary fields.

© S. Hirzel Verlag · EAA 15
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Even if the method of multi-Gaussian beam expansion
is mature and wide-used, relatively little has been said
about the structure and properties of the expansion coef-
ficients which is the main focus of this work. In spite of
the fact that the k-space Prony’s method [10] is probably
the most effective way to calculate the expansion coeffi-
cients, it utilizes some free parameters and its results are
sub-optimal as the method does not minimize the squared
error of the approximation [17, 18]. That is why the orig-
inal approach by Wen and Breazeale [2] is adopted and
extended here. An alternative objective function is pro-
posed for the optimization procedure enabling its fast eval-
uation without necessity of numerical integration in some
important cases. Utilizing linearity of the approximation
functions with respect to some parameters, dimension of
the optimization problem is significantly reduced so that
a more accurate approximation can be reached. A heuris-
tic optimization algorithm is utilized in order to maximize
the probability of finding the global minimum of the ob-
jective function. Finally, based on the numerical results,
the structure and properties of the expansion coefficients
are discussed.

2. Theory

2.1. Mathematical model

Rayleigh integral, see e.g. [1], for calculation of an acous-
tic field radiated by a planar source placed in an infinite
baffle reads

p̂ (r) =
jkρ0c0

2π
S0

v̂n(x , y )
e−jkl

l
dx dy , (1)

where p̂ (r) is the acoustic pressure phasor at point r
= (x, y, z), v̂n(x, y) is the phasor of normal compo-
nent of the radiator’s vibration velocity, k = 2π/λ is
the wavenumber, λ is the wavelength, ρ0 is the ambi-
ent fluid density, c0 is the small-signal speed of sound,
l = (x − x )2 + (y − y )2 + z2 and S0 is an active area
of the source. It is assumed that the baffle with the radi-
ator are situated in plane z = 0 and the sound is radi-
ated into the half-space z > 0. Time-dependent quantities
are calculated from their phasor counterparts as q(r, t) =

q̂(r) exp(jωt) , ω being the angular frequency and j =√−1.
In the Fresnel approximation, see e.g. [19],

l ≈ z +
(x − x )2

2z
+

(y − y )2

2z

is substituted into argument of the exponential (phase
term) in (1) whereas l ≈ z in the denominator (amplitude
term) resulting in

p̂ (r) =
jkρ0c0e−jkz

2πz
S0

v̂n(x , y ) (2)

· exp −jk
(x − x )2

2z
+

(y − y )2

2z
dx dy .

If the source distribution has an axial symmetry v̂n(x, y)
= v̂n(r = x2 + y2) so has the acoustic field and the two-
fold Fresnel field integral can be reduced to one-fold one

p̂ (r, z) =
jkρ0c0e−jk(z+r2/2z)

z
(3)

·
∞

0
r v̂n(r )J0(krr /z)e−jkr 2/2zdr ,

where J0(·) is the first-kind zeroth-order Bessel function.
The source distribution v̂n(r) = 0 outside the radiator.

As exact analytical solutions of integral (1) and its ap-
proximation (2), (3) are known for only a few special
cases, Wen and Breazeale [2] proposed to approximate the
source distribution as

v̂n(r = aξ) = v0nf (aξ) ≈ v0ng(aξ), (4)

where g(ξ) =
N

i=1

Aie−Biξ
2
,

where a is an effective source radius and Ai, Bi are com-
plex coefficients. Substituting relation (4) into (3) enables
the integral to be evaluated analytically resulting in

p̂ (r, z) = jka2ρ0c0v0ne−jkz (5)

·
N

i=1

Ai

2Biz + jka2
exp − jkBir

2

2Biz + jka2
,

which is a superposition of Gaussian beams. Introducing
the dimensionless axial distance ζ = z/z0, where z0 =
a2/λ is the Fresnel distance, equation (5) can be simplified
into form

p̂ (ξ, ζ)
ρ0c0v0n

= jπe−jkz0ζ (6)

·
N

i=1

Ai

Biζ + jπ
exp − jπBiξ

2

Biζ + jπ
.

2.2. Objective function

Analytical formula (6) can be used for calculation of the
radiated field in the Fresnel approximation, if correspond-
ing coefficients Ai, Bi are known. As the Gaussian func-
tions are non-orthogonal it is most straightforward to use
a heuristic method for calculation of these coefficients.
Unlike Wen and Breazeale [2] and others, we propose to
search for them by minimization of the function

Q (A1, B1, . . . , AN , BN ) = (7)

∞

0
f (ξ) −

N

i=1

Aie−Biξ
2

2

ξ dξ.

The differential ξdξ stems from the fact that the integration
takes place in the polar coordinates (Wen and Breazeale
[2] and others omitted the multiplicative weighting factor
ξ in the differential). Apart from the geometrical meaning
of the coefficient ξ, its presence in formula (7) greatly sim-
plifies evaluation of the function in some important cases
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Figure 1. Objective function Q for f (ξ) = circ(ξ), N = 2, A1 =
A2 = 1 + j, (B1) = (B2) = 1.

as it is described below. Relation (7) requires (Bi) > 0
in order to assure its convergence.

Searching for the coefficients Ai, Bi represents an op-
timization problem of minimization of a function of 4N
real variables. The main goal is to find for a given function
f (ξ) a set of coefficients Ai, Bi, minimizing the objective
function with N as small as possible, i.e., it is highly de-
sirable to find the global minimum for a given N .

Due to an oscillatory character of function (4), the ob-
jective functionQ is multimodal, i.e., there are many local
minima, where deterministic search algorithms are prone
to get stuck. An elementary example can be seen in Fig-
ure 1.

In order to increase the probability of finding the global
minimum, it is necessary to 1) reduce the problem dimen-
sion as much as possible because the time complexity of a
multidimensional search increases exponentially with the
problem dimension, 2) to reduce the evaluation time of the
objective function Q , and most importantly 3) to employ
an algorithm which is able to avoid these numerous local
minima.

These needs can be accomplished as follows. First, we
can utilize the fact that the function f (ξ) is usually real,
so that the approximation function g(ξ) should be real as
well. It means that we can impose

g(ξ) =
N/2

i=1

Aie−Biξ
2
+ A∗

i e
−B∗

i ξ
2

(8)

= 2
N/2

i=1

e−bireξ2
[aire cos(biimξ2) + aiim sin(biimξ2)],

where the asterisk denotes the complex conjugate andCi =
cire + jciim. Here, N is supposed to be even. The objective
function (7) can thus be rewritten as

Q =
∞

0
f (ξ) − 2

N/2

i=1

e−bireξ2
[aire cos(biimξ2) (9)

+ aiim sin(biimξ2)]
2

ξ dξ,

which means that the minimization problem reduces to a
2N-dimensional one. It holds aire, aiim ∈ R, bire > 0 and
biim ≥ 0.

The dimension of the problem can be further reduced
by utilizing the fact that relation (8) is linear with respect
to coefficients aire, aiim. At a minimum of function (9) it
holds

∂Q

∂akre minimum
= 0,

∂Q

∂akim minimum
= 0.

Evaluating the derivatives, we can write a set of linear
equations

N/2

i=1

aireIcc
ik +

N/2

i=1

aiimIsc
ik = Ifc

k , (10a)

N/2

i=1

aireIcs
ik +

N/2

i=1

aiimIss
ik = Ifs

k , (10b)

where

Icc
ik =

∞

0
e−(bire+bkre)ξ2

· cos(biimξ2) cos(bkimξ
2)ξdξ, (11a)

Isc
ik =

∞

0
e−(bire+bkre)ξ2

· sin(biimξ2) cos(bkimξ
2)ξdξ, (11b)

Iss
ik =

∞

0
e−(bire+bkre)ξ2

· sin(biimξ2) sin(bkimξ
2)ξdξ, (11c)

Ifc
k =

1
2

∞

0
e−bkreξ

2
f (ξ) cos(bkimξ

2)ξdξ, (11d)

Ifs
k =

1
2

∞

0
e−bkreξ

2
f (ξ) sin(bkimξ

2)ξdξ, (11e)

where Ics
ik = Isc

ki. Integrals (11a) – (11c) are elementary

Icc
ik =

1
4

bire + bkre

(bire + bkre)2 + (biim − bkim)2

+
bire + bkre

(bire + bkre)2 + (biim + bkim)2
, (12)

Isc
ik =

1
4

biim − bkim

(bire + bkre)2 + (biim − bkim)2

+
biim + bkim

(bire + bkre)2 + (biim + bkim)2
, (13)

Iss
ik =

1
4

bire + bkre

(bire + bkre)2 + (biim − bkim)2

− bire + bkre

(bire + bkre)2 + (biim + bkim)2
, (14)

integrals (11d), (11e) depend on the form of function f (ξ).
For example, for a uniform piston, it holds

f (ξ) = circ(ξ) =
1, for ξ ≤ 1,
0, for ξ > 1,

(15)
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which results in

Ifc
k =

bkre 1 − e−bkre cos(bkim)

4(b2
kre + b2

kim)

+
bkime−bkre sin(bkim)

4(b2
kre + b2

kim)
, (16a)

Ifs
k =

bkim 1 − e−bkre cos(bkim)

4(b2
kre + b2

kim)

−bkree−bkre sin(bkim)

4(b2
kre + b2

kim)
. (16b)

Similar relations can be easily obtained for a simply sup-
ported disc [20]

f (ξ) = 1 − ξ2 circ(ξ), (17)

a clamped disc [20]

f (ξ) = 1 − ξ2 2
circ(ξ), (18)

or for a general function

f (ξ) =
M

m=0

αmξ
2m circ(ξ).

Equations (10) form a set of N linear equations for N
unknown coefficients akre, akim. The coefficients akre, akim

can thus be calculated using the coefficients bkre, bkim,
minimization of function (9) then represents only an
N-dimensional optimization problem. Moreover, the ob-
jective function (9) can be rewritten using the already-
calculated quantities as

Q = Iff − 8
N/2

k=1

akreIfc
k + akimIfs

k

+ 4
N/2

k=1

N/2

l=1

akrealreIcc
kl (19)

+ akimalimIss
kl + 2akimalreIsc

kl ,

where

Iff =
∞

0
f2(ξ)ξ dξ (20)

is a constant for given function f (ξ).
To sum up, the above-mentioned approach enables us to

reduce the dimensionality of the (exponentially complex)
optimization problem to a quarter of its original size and
in some practically important cases, to avoid the lengthy
numerical calculation of (improper) integrals. In the cases
where analytical solutions of integrals (11d), (11e) are not
known, they must be calculated numerically, but we can
still greatly benefit from the advantage of the reduction of
the problem dimension.

2.3. Optimization algorithm

Due to the multimodal character of the objective function,
see Figure 1, deterministic algorithms are unsuitable for
searching the global minimum as they are generally prone
to get stuck in a local minimum, see e.g. [21]. Even if we
repeatedly generated random start-points for a determin-
istic search (Multidimensional downhill simplex method
[21] was used), the results were much worse than when
we employed an evolutionary approach. In fact, utilization
of a deterministic algorithm would not allow to study pre-
cision of the approximation as a function of number of the
expansion terms, especially for large N .

The method of choice here was a self-adaptation vari-
ant (µ, λ)-ES of Evolution Strategies [22], which in short
works as follows.

First, population of λ individuals is generated, each of
whom has a genome represented by vector

g(n) = b
(n)
1re, . . . , b

(n)
N/2re, b

(n)
1im, . . . , b

(n)
N/2im ,

n = 1, . . . , λ, values of which are generated randomly with
uniform distribution from interval

b
(n)
kre ∈ 0, Bre max , b

(n)
kim ∈ 0, Bim max .

Then, coefficients a(n)
kre, a

(n)
kim are calculated using equations

(10) and the individuals are assessed using equation (19).
The µ ones with lowest value of Q become parents who
generate new population of λ offspring by recombinations
and mutations [22]. The parents are eliminated (they die)
and the process of evolution repeats for pre-defined num-
ber of generations; the evolution was repeated many times
in order to be able to assess the dispersion of the results.

The algorithm is very easy to implement and it is robust
against numerical instabilities [system matrix (10) close
to singular], as the corresponding individuals are simply
penalized. Set of linear equations (10) is solved using LU
decomposition [21].

For example, for a uniform piston [equation (15)], pop-
ulation of λ = 105 individuals, one evolution for 20 000
generations lasts 3 s of running time for N = 10, 8 s for
N = 20, 16 s for N = 30 and 31 s for N = 40 on Intel
Core i7-2600, 3.4 GHz.

3. Numerical results

In this section, numerical results are presented which were
obtained using the above-described algorithm.

Figure 2 shows the dependence of minimum value of
the objective function Q on the number of terms N of
the Gaussian-series expansion for a uniform piston [equa-
tion (15)], simply supported [equation (17)] and clamped
[equation (18)] disc. In all these cases, integrals (11d),
(11e) are calculated analytically.

It can be observed that in the case of the uniform pis-
ton, value of Qmin decreases with N very slowly, Qmin ∼
1/N1.14, as the function (15) is discontinuous. A more sig-
nificant decrease can be observed in the case of the simply
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Figure 2. Calculated minima of the objective function Q for dif-
ferent approximated functions f (ξ) and different number N of
terms of Gaussian-series expansion.
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Figure 3. Approximation of function f (ξ) = circ(ξ) with series
of Gaussian functions for various number N of terms.

supported disc, Qmin ∼ 1/N3.35, as the function (17) is
continuous but not smooth, the smallest values for given
N are obtained for a clamped disc, Qmin ∼ 1/N5.41, as the
function (18) is both continuous and smooth.

Comparison of approximated function f (ξ) with ap-
proximate functions g(ξ) for a uniform piston is shown
in Figure 3 for N = 20, 40 and 80. It can be observed that
for N = 80, the step at ξ = 1 is well approximated, but
the Gibbs oscillations are present as it is known from the
theory of Fourier series. In all the cases, imaginary part of
the approximate function is exactly zero by definition.

Normalized acoustic pressure amplitude along the axis
of a uniform piston is depicted in Figure 4; the distribution
obtained by numerical solution of Fresnel field integral (3)
is compared with the approximate analytical one [equation
(6)] for N = 20 and 40. It can be seen that the higher N ,
the closer to the source the approximate solution corre-
sponds to the structure of the nearfield. For N = 20, the
numerical and approximate solutions correspond to each
other for ca. ζ > 0.06, for N = 40 then for ca. ζ > 0.03.

Gaussian-series expansion coefficients for N = 20 and
40 are given1 in Tables I and II; they are listed in ascend-

1 Actually, only one half (for i = 1, . . . ,N/2) of the coefficients is pro-
vided as the second half consists of their complex conjugates, see equa-
tion (8).
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Figure 4. Normalized acoustic pressure along the axis of uniform
piston; comparison of numerical solution of Fresnel field integral
(3) and the approximate solution (6) with coefficients from Ta-
bles I and II.
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Figure 5. Imaginary and real parts of coefficients Bi for a uni-
form piston and various number N of Gaussian-series expansion
terms.

ing order along the imaginary part of coefficient Bi. It can
be observed that the values (Bi) increase more-or-less
equidistantly with the value of index i; the values (Bi)
for corresponding i but different N are similar. This be-
haviour was observed in all the studied cases, for different
distributions f (ξ) and different N , which corresponds to
the findings by Liu and Yang [9]. Real parts of Bi decrease
monotonically with increasing value of index i; their val-
ues for corresponding i but different N differ. This is sum-
marized graphically in Figure 5.

On the other hand, values of real and imaginary parts of
coefficients Ai do not manifest any appreciable structure
(but |Ai| generally decreases with increasing i) and they
differ by many orders (more than a million times in the
case of a uniform piston and N = 40, see Tab. II). That
is also why it is extremely useful to calculate them [equa-
tions (10)] and not to search for them by minimizing the
function Q .

The fact that the number N of terms in approxima-
tion influences its precision in the nearfield follows from
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Table I. Coefficients for Gaussian-series expansion for f (ξ) =
circ(ξ) and N = 20; Qmin = 2.91 · 10−3.

i Ai Bi

1 −8.6553 +14.6250j 4.7052 +2.5238j
2 5.2591 +4.1360j 4.1982 +7.9418j
3 2.7368 −0.2637j 3.7368 +13.7056j
4 1.1244 −0.8024j 3.3771 +19.5740j
5 0.3782 −0.6929j 3.0749 +25.4628j
6 0.0279 −0.4835j 2.7977 +31.3366j
7 −0.1225 −0.2802j 2.5202 +37.1679j
8 −0.1547 −0.1109j 2.2135 +42.9194j
9 −0.1083 +0.0051j 1.8244 +48.5171j

10 −0.0235 +0.0370j 1.1892 +53.7313j

Table II. Coefficients for Gaussian-series expansion for f (ξ) =
circ(ξ) and N = 40; Qmin = 1.38 · 10−3.

i Ai Bi

1 −919.0626+1787.6665j 10.1017 +3.2824j
2 971.9608 −890.4911j 9.3680 +5.2055j
3 −22.4075 −86.0819j 7.0585 +11.5776j
4 −12.5680 −22.0331j 6.1791 +17.8905j
5 −7.1328 −7.4678j 5.5605 +24.0453j
6 −3.8204 −2.7572j 4.9771 +30.2200j
7 −2.1162 −1.2535j 4.5059 +36.4759j
8 −1.3087 −0.6602j 4.1460 +42.7313j
9 −0.8873 −0.3665j 3.8631 +48.9656j

10 −0.6406 −0.1970j 3.6267 +55.1749j
11 −0.4835 −0.0883j 3.4292 +61.3549j
12 −0.3706 −0.0121j 3.2479 +67.4988j
13 −0.2823 +0.0406j 3.0791 +73.6147j
14 −0.2080 +0.0761j 2.9117 +79.6956j
15 −0.1426 +0.0971j 2.7450 +85.7333j
16 −0.0837 +0.1033j 2.5623 +91.7274j
17 −0.0319 +0.0954j 2.3628 +97.6493j
18 0.0096 +0.0714j 2.1149+103.4645j
19 0.0311 +0.0338j 1.7743+109.1111j
20 0.0200 −0.0020j 1.1690+114.3444j

the structure of the coefficients and equation (6). The
higher i, the higher value of (Bi); each i-th term in
equation (6) has its counterpart with coefficients A∗

i , B
∗
i .

This counterpart-term reaches its maximum value at ζ0 =
π/ (Bi), which means that with N terms, we can expect
a good approximation for

ζ >
π

(BN/2)
≈ 1

N
, (21)

which is in good agreement with all the results presented
in this paper.

It should be emphasized here that the results presented
in Figure 4 and further in the text are compared with nu-
merical solutions of Fresnel field integral (3), which only
approximates Rayleigh integral (1) for large values of ka.
It is shown in the Appendix by way of example of a uni-
form piston that Fresnel integral provides accurate results
for ζ > ζf, where ζf decreases with increasing value of ka.

Table III. Coefficients for Gaussian-series expansion for f (ξ) =
(1 − ξ2)circ(ξ) and N = 20; Qmin = 3.25 · 10−7.

i Ai Bi

1 −3.77477 +16.91879j 7.1732 +2.3510j
2 5.35464 −3.01026j 6.5632 +7.2932j
3 −0.57540 −1.29063j 5.7106 +12.7261j
4 −0.34236 −0.11426j 4.9401 +18.5372j
5 −0.12015 +0.02345j 4.3779 +24.5100j
6 −0.04058 +0.03290j 3.9719 +30.4059j
7 −0.00691 +0.02137j 3.4778 +36.1402j
8 0.00184 +0.00835j 2.7792 +41.9362j
9 0.00206 +0.00249j 2.0998 +47.7882j

10 0.00098 +0.00016j 1.3011 +53.2824j
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Figure 6. Top:comparison of function (17) – a simply supported
disc – with Gaussian-series approximation for N = 20 (Table
III). Bottom: normalized acoustic pressure along the axis of a
simply supported disc; comparison of numerical solution of Fres-
nel field integral (3) and the approximate solution (6).

Equating ζ0 and ζf can be then used for estimation of N
(for given ka) in order that multi-Gaussian beam expan-
sion was consistent with the accuracy of Fresnel approxi-
mation.

Below in the text, Gaussian-series expansion coeffi-
cients are provided for some practically important cases
together with a comparison of numerically and analyti-
cally calculated acoustic fields.

Table III gives the expansion coefficients for a simply
supported disc described by equation (17) and N = 20. It
can be seen in Figure 6 that the numerical and approximate
solutions correspond to each other for ca. ζ > 0.06.

Table IV gives the expansion coefficients for a clamped
disc described by equation (18) andN = 16. It can be seen
in Figure 7 that the numerical and approximate solutions
correspond to each other for ca. ζ > 0.08.

Table V gives the expansion coefficients for the first
symmetric mode of a thin circular membrane which can
be described as

f (ξ) = J0(αξ) circ(ξ), (22)
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Table IV. Coefficients for Gaussian-series expansion for f (ξ) =
(1 − ξ2)2circ(ξ) and N = 16; Qmin = 9.29 · 10−10.

i Ai Bi

1 0.42318+ 12.57547j 8.80684+ 2.18977j
2 0.67681− 4.45349j 8.14912+ 6.74378j
3 −0.66361+ 0.39995j 7.05756+ 11.74892j
4 0.04467+ 0.09666j 5.85251+ 17.22696j
5 0.01564+ 0.00402j 4.69467+ 23.02244j
6 0.00277− 0.00085j 3.61568+ 29.00378j
7 0.00046− 0.00039j 2.60674+ 35.03026j
8 0.00004− 0.00011j 1.50967+ 40.78563j
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Figure 7. Top: comparison of function (18) – a clamped disc –
with Gaussian-series approximation for N = 16 (Table IV). Bot-
tom: normalized acoustic pressure along the axis of a clamped
disc; comparison of numerical solution of Fresnel field integral
(3) and the approximate solution (6).

where α = 2.4048 . . . is the first root of J0(ξ). It can be
seen in Figure 8 that forN = 16 the numerical and approx-
imate solutions correspond to each other for ca. ζ > 0.08.
In this case, integrals (11d), (11e) were calculated numer-
ically using the Romberg method [21].

4. Conclusion

We present an alternative form of the objective function
for Gaussian-series expansion based on least-squares ap-
proximation enabling its analytical evaluation in some
practically important cases. Furthermore, a procedure is
proposed for significantly reducing the dimension of the
search space, which simplifies the search for optimum pa-
rameters minimizing the objective function globally.

Gaussian-series expansion coefficients are provided for
model cases of a uniform piston, simply supported or
clamped disc and a thin circular membrane demonstrat-
ing the capability of the proposed method to approximate
transducers’ velocity distribution with high accuracy.

Structure and properties of the coefficients are analysed;
simple relationship between their number and the distance

Table V. Coefficients for Gaussian-series expansion for f (ξ) =
J0(αξ)circ(ξ) where α is the first root of J0(ξ) and N = 16;
Qmin = 2.68 · 10−7.

i Ai Bi

1 −1.12651 +16.23151j 7.6719 +2.0600j
2 2.56649 −4.38086j 6.7151 +6.6436j
3 −0.77689 −0.33961j 5.5254 +11.9874j
4 −0.14468 +0.07612j 4.5183 +17.7681j
5 −0.02082 +0.03624j 3.6929 +23.6839j
6 −0.00082 +0.01266j 2.9414 +29.6186j
7 0.00162 +0.00381j 2.2159 +35.4900j
8 0.00099 +0.00051j 1.3476 +41.0253j
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Figure 8. Top: comparison of function (22) – a thin circular mem-
brane – with Gaussian-series approximation for N = 16 (Table
V). Bottom: normalized acoustic pressure along the axis of a thin
circular membrane; comparison of numerical solution of Fresnel
field integral (3) and the approximate solution (6).

from where the expansion approximates the numerical re-
sults well is found.

It is necessary to consider that the analytical formu-
lae (5) or (6) approximate numerical solution of Fres-
nel field integral (3) and not the Rayleigh integral (1).
This means that increasing the number of terms in multi-
Gaussian beam expansion increases the approximation ac-
curacy in nearfield only if the value of ka is high enough
for Fresnel approximation to describe the appropriate re-
gion of nearfield accurately.
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A. Applicability of the Fresnel approxima-
tion

Within this section it is shown by way of an example that
results obtained using Fresnel integral (2) or (3) approx-
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Figure 10. Normalized acoustic pressure amplitude along the
axis of uniform piston; comparison of Fresnel approximation
(26) and exact solution (24) for various values of ka.

imate results calculated using Rayleigh integral (1) for
ζ > ζf, where the value of ζf depends on the value of ka.

It is well-known, see e.g. [1], that acoustic pressure am-
plitude along the axis of a uniform circular piston of radius
a can be calculated using Rayleigh integral (1) in closed
form as

|p̂ (0, 0, z)|
ρ0c0v0n

= 2 sin
k

2
z2 + a2 − z , (23)

where v0n is the piston velocity amplitude. If we introduce
the dimensionless distance ζ = z/z0, where z0 is the Fres-
nel distance, we can rewrite equation (23) as

|p̂ (0, 0, ζ)|
ρ0c0v0n

= (24)

2 sin

 (ka)2

4π

 ζ2 +
4π2

(ka)2
− ζ

 ,

which means that the only physical parameter characteriz-
ing the structure of the acoustic field is the product ka.

Similar relation can be derived in Fresnel approximation
as follows. Substituting r = 0 into equation (3) results in

p̂ (0, 0, z) =
jkρ0c0v0ne−jkz

z

a

0
r e−jkr 2/2zdr

= 2jρ0c0v0ne−jk(z+a2/4z) sin
ka2

4z
. (25)

Thus, introducing the dimensionless distance ζ , we can
write

|p̂ (0, 0, ζ)|
ρ0c0v0n

= 2 sin
π

2ζ
. (26)

Relations (24) and (26) differ only in arguments of the
sine function. Their comparison is given in Figure 9. It
can be seen that the higher value of ka, the better is the
Fresnel approximation for given ζ .

Moreover, it holds true that

lim
ka→∞

(ka)2

4π

 ζ2 +
4π2

(ka)2
− ζ

 =
π

2ζ
. (27)

The value ζf beyond which arguments of equation (24)
and (26) differ less than certain Δ can be found as

π

2ζf
− (ka)2

4π

 ζ2
f +

4π2

(ka)2
− ζf

 = Δ, (28)

which can be recast into cubic equation

2(ka)2Δζ3
f − 4πΔ2ζ2

f + 4π2Δζf − π3 = 0, (29)

the real root of which is of the interest. It approximately
holds true for large values of ka and small Δ that

ζf ≈
π

3 2(ka)2Δ
. (30)

Comparison of normalized acoustic pressure along the
axis of uniform piston calculated using Fresnel approxi-
mation (26) and exact solution (24) for various values of
ka can be seen in Figure 10.
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This work presents a versatile computational approach for the numerical modelling of a parametri-

cally generated low-frequency sound. The proposed method is based on the quasi-linear approxima-

tion, and it does not employ the paraxial approximation. The primary acoustic field is calculated by

the Rayleigh integral or the boundary element method; the secondary difference-frequency field is

calculated by the finite element method. As governing wave equations, a general second-order

wave equation for acoustic pressure, the Westervelt equation, and Kuznetsov equation are tested,

and the corresponding numerical results are compared. The proposed approach allows studying the

near-field, far-field, as well as the off-axis field of the difference-frequency wave parametrically

radiated from complex emitters. As numerical examples, parametric radiation from a baffled piston

and a piston combined with a horn are examined. VC 2019 Acoustical Society of America.

https://doi.org/10.1121/1.5126863

[NAG] Pages: 2163–2169

I. INTRODUCTION

The concept of parametric acoustic array (PAA) was intro-

duced in 1963 by Westervelt.1 This technique allows to gener-

ate low-frequency highly directional side-lobes-free sound

beams from sources (radiators) with relatively small aperture.

The principle is as follows; see, e.g., Refs. 1–3. Two collimated

ultrasonic beams of similar frequencies are radiated in the

same direction, where at least one of them has a finite ampli-

tude. As these (primary) waves propagate in the medium, non-

linear effects give rise to the generation of a secondary field,

one component of which is the (low-frequency) difference-

frequency one, by forming a phased array of virtual sources

that resonantly pump acoustic energy into this component. The

directivity of this low-frequency wave is much higher than if it

were radiated directly by the primary-field radiator.

Since its discovery the PAA has found its application in

sonar, parametric loudspeakers, etc.; see, e.g., Refs. 4–9.

The process of the generation of a difference-frequency

wave in a field of highly directional finite-amplitude primary

waves is a rather complex one, and its mathematical descrip-

tion requires some degree of approximation and simplifica-

tion. This problem has been addressed by many authors in

different ways; some examples are given below.

In his pioneering work, Westervelt1 described the far-

field properties of the difference-frequency waves based on

the assumption that the nonlinear interactions are limited only

to the near-field of the primary waves, which were modelled

as collimated plane waves. Muir and Willette10 calculated the

sum- and difference-frequency field under the assumption

that the nonlinear interactions take place only in the far-field

of the primary waves, which were modelled analytically using

the formula for the far-field of a uniformly vibrating piston.

Garrett et al.11 proposed a model for the parametric radiation

from an axisymmetric source in the quasilinear and parabolic

approximation based on the numerical calculation of a triple

integral. Kamakura et al.12 studied the propagation of high-

amplitude waves generated by a piston vibrating at two simi-

lar frequencies by numerical integration of parabolic KZK

equation. In Refs. 13–15, the method of multi-Gaussian beam

expansion has been employed for the fast calculation of

difference-frequency fields in the quasi-linear approximation,

where in Refs. 13 and 14 the parabolic approximation has

been employed for the calculation of the difference-frequency

field. Nomura et al.16 simulated the parametric sound genera-

tion by means of direct numerical integration of Navier-

Stokes equations in the time domain. This approach, in princi-

ple, allows to study more complex configurations; however,

the numerical integration in the time domain over a large spa-

tial domain (if the far-field behaviour is studied) results in a

long computational time and a big amount of stored data,

which need to be post-processed in order to obtain the spec-

tral content of the sound field.

The aim of this work is to propose a versatile and com-

putationally efficient approach to calculate the parametri-

cally generated sound field from an arbitrary primary-wave

source, not only a baffled planar piston. The only approxima-

tion adopted here is the quasi-linear one, which means that

the acoustic field is assumed to be only weakly nonlinear.

The paper is organised as follows. In Sec. II, the second-

order wave equations of nonlinear acoustics suitable for the

calculation of the parametric radiation are reviewed, and the

mutual relationships between them are mentioned. In Sec. III,

the method of the successive approximations is employed to

convert the model equations into a form suitable for the solu-

tion in the frequency domain. Section IV describes the numer-

ical method used for the solution of the model equations. In

Sec. V, predictions of the individual model equations area)Electronic mail: milan.cervenka@fel.cvut.cz
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compared in the case of a baffled planar piston radiator, and

an example of a horned piston is given to demonstrate the ver-

satility of the proposed approach. Section VI then draws

some conclusions.

II. NONLINEAR WAVE EQUATIONS

The second-order nonlinear wave equation describing

the wave propagation in a homogeneous and quiescent fluid

reads2,17

$2p0 � 1

c2
0

@2p0

@t2
þ d

c2
0

$2 @p0

@t

¼ � b

q0c4
0

@2p02

@t2
� $2L � 1

c2
0

@2L
@t2

; (1)

where p0 is the acoustic pressure, t is the time, c0 is the

small-signal adiabatic sound speed, q0 is the ambient fluid

density, b is the parameter of nonlinearity of the fluid for an

ideal gas b ¼ ðcþ 1Þ=2, where c is the adiabatic exponent,

d ¼ ½4l=3þ lB þ jð1=cV � 1=cpÞ�=q0 is the diffusivity of

sound, where l; lB are the coefficients of shear and bulk vis-

cosity, respectively, j is the coefficient of thermal conduc-

tion, and cp,cV are the specific heats at constant pressure

and volume, respectively. The symbol L stands for the

Lagrangian density, which reads

L ¼ q0

v2

2
� p02

2q0c2
0

; (2)

where v2 ¼ v � v is the square of the acoustic particle velocity

vector. Equation (1) is an approximate wave equation valid to

the second order in acoustic Mach number e ¼ v0=c0, where v0

is the maximum acoustic particle velocity. Equation (1)

accounts for mutual interactions of nonlinear and thermovis-

cous dissipative processes modifying the wave propagation in

three-dimensional space.

In the second approximation, L ¼ 0 in the case of pro-

gressive plane waves. Then, the general model equation Eq.

(1) reduces into the well-known Westervelt equation,1,2,17

which reads

$2p0 � 1

c2
0

@2p0

@t2
þ d

c2
0

$2 @p0

@t
¼ � b

q0c4
0

@2p02

@t2
: (3)

As it is discussed in Refs. 2 and 17, the Westervelt equa-

tion describes correctly (in the second-order approximation)

plane progressive waves; however, even with the omission

of the Lagrangian density, the cumulative nonlinear effects

are still captured correctly even in the case of non-plane

wave propagation, the Lagrangian density is associated only

with local (non-cumulative) nonlinear effects. Due to its rel-

ative simplicity [compared to Eq. (1)], the Westervelt equa-

tion is widely used in the modelling of PAA.

If we introduce the velocity potential u such that

v ¼ $u and employ the second-order relationship between

the acoustic pressure and the velocity potential; see, e.g.,

Ref. 18,

p0 ¼ �q0

@u
@t
� q0

2
ð$uÞ2 þ q0

2c2
0

@u
@t

� �2

; (4)

in the second approximation, wave equation Eq. (1) can be

recast17 into

$2u� 1

c2
0

@2u
@t2
þ d

c2
0

$2 @u
@t

¼ 1

c2
0

@

@t
$uð Þ2 þ b� 1

c2
0

@u
@t

� �2
" #

; (5)

which is the well-known Kuznetsov equation.19 Equations

(1) and (5) are derived under the same degree of approxima-

tion, and they are equivalent.

III. SUCCESSIVE APPROXIMATIONS

Within this work, acoustic fields are assumed to be only

weakly nonlinear, which allows to employ the method of the

successive approximations2 for solving the governing equa-

tions (1), (3), or (5). The quasi-linear solutions of the govern-

ing equations are assumed to have the form

wðr; tÞ ¼ w1ðr; tÞ þ w2ðr; tÞ; (6)

where w represents the given acoustic variable (acoustic pres-

sure, velocity potential), w1 is the linear solution (approxima-

tion) of Eqs. (1), (3), or (5), representing the primary field, and

w2 is a small correction to w1, representing the secondary field

due to the nonlinear interactions. Obviously, jw2j � jw1j.
The primary acoustic field is assumed to be composed

of two time-harmonic fields at similar frequencies fc (carrier)

and fs (side-band), where fc > fs. Within this work, the

difference-frequency component fd of the secondary field is

of interest, where fd ¼ fc � fs. Being time-harmonic, all the

components of the acoustic variables are further represented

by their complex amplitudes wjðr; tÞ ¼ <½~wjðrÞeixj t�, where

j ¼ c; s; d, and i ¼
ffiffiffiffiffiffiffi
�1
p

.

For the primary-field components, the linearised equa-

tions (1), (3), or (5) reduce to the homogeneous Helmholtz

equation

$2 ~wj þ k2
j
~wj ¼ 0; (7)

where j ¼ c; s, and

k2
j ¼

x2
j =c2

0

1þ ixjd=c2
0

) kj �
xj

c0

� i
x2

j d

2c3
0

(8)

is the complex wavenumber, the imaginary part of which

describes the thermoviscous attenuation. In audio- and low-

ultrasonic-frequency regions, relaxation processes are responsi-

ble for most of the sound absorption, which in air is dependent

on temperature, atmospheric pressure, and water vapor content.

The sound attenuation coefficient for the given frequency xj

can be generalized20,21 to account for these effects.

For the difference-frequency secondary field, Eqs. (1)

and (3) reduce to the inhomogeneous Helmholtz equation
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$2~pd þ k2
d ~pd ¼ ~qpd; (9)

where the source term

~qpd ¼
bx2

d

q0c4
0

~pc ~p�s � $2 � k2
d

� �
~Ld; (10)

where

~Ld ¼
q0

2
~vc � ~v�s �

~pc ~p�s
2q0c2

0

(11)

for Eq. (1). The asterisk stands for the complex conjugate,

and ~Ld ¼ 0 for the Westervelt equation [Eq. (3)].

For the difference-frequency secondary field, Eq. (5)

reduces to

$2 ~ud þ k2
d ~ud ¼ ~qud; (12)

where

~qud ¼
ixd

c2
0

~vc � ~v�s þ ðb� 1Þxcxs

c2
0

~uc ~u�s

� �
: (13)

Using the difference-frequency, and primary-field velocity

potentials, the difference-frequency acoustic pressure can be

calculated, employing Eq. (4), as

~pd ¼ �ixdq0 ~ud �
q0

2
~vc � ~v�s þ

q0xcxs

2c2
0

~uc ~u�s : (14)

IV. NUMERICAL METHOD

As it has been shown above, employing the method of the

successive approximations for the time-harmonic fields, the

governing nonlinear wave equations (1), (3), or (5) reduce to

the homogeneous Helmholtz equation (7) for the primary field,

and into the inhomogeneous Helmholtz equations (9) and (12)

for the difference-frequency secondary field. The source terms

[Eqs. (10) and (13)] for the secondary-field equations are calcu-

lated from the primary-field quantities.

The original idea was to calculate the primary-field, as

well as the secondary-field quantities employing the finite ele-

ment method (FEM). However, as the general rule of thumb

states that there are at least six elements per wavelength needed

for the discretization, calculation of the high-frequency primary

field in a large computational domain (external radiation prob-

lem) resulted in an extreme amount of the computer-memory

needed. Moreover, in the case of Eq. (1), where there are sec-

ond spatial derivatives of the primary-field quantities needed

for the calculation of the source terms [Eqs. (10) and (11)], the

computational mesh must be way more fine.

In order to circumvent these obstacles, the following

two approaches have been tested for the calculation of the

high-frequency primary field quantities: (a) for the case of

the radiation from a baffled piston, the Rayleigh integral was

evaluated numerically; (b) the boundary element method

(BEM) was employed. In both the cases, the low-frequency

secondary field was calculated employing FEM in COMSOL

Multiphysics (Acoustic Module, Pressure Acoustics Interface,

frequency-domain, COMSOL AB, Stockholm, Sweden).

A. Rayleigh integral

Geometrical arrangement of the piston baffled in an infi-

nite rigid plane is shown in Fig. 1.

The complex amplitude of the acoustic pressure of the

primary field at point P, for the calculation of the source

terms [Eqs. (10) and (13)], can be calculated employing the

Rayleigh integral (see, e.g., Ref. 22) as

~pjðrÞ ¼
ikjq0c0

2p

ð1
�1

ð1
�1

~ujðx0; y0Þ
e�ikjR

R
dx0 dy0;

j ¼ c; s; (15)

where ~ujðx; yÞ is the complex amplitude of the piston vibra-

tion velocity (at the given frequency)—considered to be zero

outside the piston, and

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2 þ ðy� y0Þ2 þ z2

q
:

The complex amplitude of the velocity potential is then

calculated using the formula ~uj ¼ i~pj=kjq0c0, and from here,

the x- and z-components of the acoustic particle velocity vector

~vjxðrÞ ¼
@~uj

@x
¼ 1

2p

ð1
�1

ð1
�1

~ujðx0; y0Þðx� x0Þ

� ð1þ ikjRÞ
e�ikjR

R3
dx0 dy0; (16a)

~vjzðrÞ ¼
@~uj

@z
¼ z

2p

ð1
�1

ð1
�1

~ujðx0; y0Þð1þ ikjRÞ

� e�ikjR

R3
dx0 dy0: (16b)

The x-component of the acoustic particle velocity vector

in Eq. (16a) represents a component perpendicular to the z

FIG. 1. (Color online) Geometrical arrangement; P is the point where the

acoustic field is determined.
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axis; the y-component, or the r-component (cylindrical coor-

dinates) would be calculated analogously. The Laplacian

operator in Eq. (10) was approximated using the second-

order finite differences. The surface integrals [Eqs. (15) and

(16)] were implemented as MATLAB (MathWorks, Natick,

MA) functions (employing the MATLAB function integral2);

these functions were called from COMSOL Multiphysics as

MATLAB functions—which is a feature provided by package

LiveLink for MATLAB for COMSOL Multiphysics. As the

infinite baffle is supposed to be rigid, its vibration velocity is

zero and the surface integrals [Eqs. (15) and (16)] are in fact

evaluated only over the piston surface.

B. BEM

Within the BEM, the boundary conditions are used to fit

the boundary values on the surfaces. Subsequently, the

acoustic field quantities in the fluid domain are calculated

using the boundary values during the post-processing. This

technique is usually more efficient (than, e.g., FEM) in the

cases where the surface/volume ratio of the computational

domain is small, which is the case of the problem studied

within this work (external radiation problem). Compared to

the Rayleigh integral (see Sec. IV A), radiation from more

complex sources can be studied.

Within this work, the high-frequency primary-field

acoustic quantities and the source terms [Eqs. (10) and (13)]

were calculated using Pressure Acoustics, Boundary

Elements Interface of Acoustics Module of COMSOL

Multiphysics, exported as text files, and imported to the

Acoustic Module, Pressure Acoustics Interface of COMSOL

Multiphysics to calculate the secondary field by FEM.

V. NUMERICAL RESULTS

Within all the examples shown in this section, acoustic

field is calculated in air at normal conditions, and classical

thermoviscous attenuation is taken into account. Namely,

c0 ¼ 343:2 m s�1, q0 ¼ 1:204 kg m�3, c ¼ 1:4, and d
¼ 3:764� 10�5 m2 s�1.

In all the following cases, the carrier frequency fc ¼ 40

kHz. The primary-field source (radiator) is assumed to have

an axial symmetry so that the acoustic field is calculated in

(r,z) axisymmetric cylindrical coordinates.

A. Baffled piston

Here, radiation from a baffled circular piston (see Fig. 1)

of radius a¼ 2 cm is examined. The complex amplitude of its

vibration velocity at frequencies fc; fs is assumed to have the

form

~ujðrÞ ¼ u0 uniform distributionð Þ;
~ujðrÞ ¼ u0ð1� r2=a2Þ parabolic distributionð Þ;
~ujðrÞ ¼ u0ð1� r2=a2Þ2 quartic distributionð Þ; (17)

(see Fig. 2) where j ¼ c; s; r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
	 a and, for sim-

plicity, u0 ¼ 1 m s�1. In all the numerical results presented

in this subsection, the primary acoustic field is calculated

employing the Rayleigh integral (see Sec. IV A), however,

BEM provides the same results.

Figure 3 shows the distribution of the amplitude of the

acoustic pressure of the difference-frequency wave (fd ¼ 1

kHz) along the z axis in the near-field of the carrier wave

(for fc ¼ 40 kHz, the Rayleigh distance Rr ¼ <½kc�a2=2

¼ 14.6 cm). The velocity-distribution of the piston is the par-

abolic one; see Eq. (17).

The difference-frequency field is calculated employing

Eq. (1) (red line in Fig. 3), the Westervelt equation [Eq. (3),

blue line in Fig. 3], and the Kuznetsov equation [Eq. (5), green

line in Fig. 3]. As Eq. (1) and the Kuznetsov equation are

derived under the same approximation, the numerical results

correspond to each other very well. As in the Westervelt equa-

tion, the Lagrangian density [Eq. (2)] is assumed to be zero,

which is not fulfilled in the near-field of the primary wave, and

the prediction by the Westervelt equation differs from Eq. (1)

and the Kuznetsov equation. However, in the far-field, beyond

the Rayleigh distance, the predictions of all the three equations

match each other as is expected.

As the numerical evaluation of the source term [Eq.

(10)] for Eq. (1) is much more expensive than the source

term [Eq. (13)] for the Kuznetsov equation, and as it is nec-

essary to calculate the second-order spatial derivatives of the

primary-field quantities, the Kuznetsov equation [Eq. (5)] is

employed for the calculation of the near-field further on.

Figure 4 shows the acoustic pressure amplitude of the

difference-frequency wave along the z axis for fd ¼ 1 kHz

and individual piston velocity distributions [see Eq. (17)].

The solid lines correspond to the predictions by the

Kuznetsov equation, and the dashed lines are related to the

Westervelt equation. It can be observed that the structure of

the near-field (resolved by the Kuznetsov equation) depends

on the piston velocity distribution and, again, the predictions

of both the equations correspond to each other in the far-field.

FIG. 2. (Color online) Spatial distributions of the piston velocity amplitude.

FIG. 3. (Color online) Comparison of the numerical results: difference-

frequency wave, fd ¼ 1 kHz, piston with parabolic velocity distribution; the

vertical dashed line marks the Rayleigh distance.
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The difference in the amplitudes (at a given point in the far-

field) for the individual piston velocity distributions are

caused by the fact that the amount of radiated acoustic energy

for the individual cases differs.

Figure 5 shows the normalized acoustic pressure ampli-

tude of the difference-frequency wave along the zaxis for the

parabolic piston velocity distribution and individual frequen-

cies fd. The waveforms for the individual frequencies are

normalized by the factor ðfd=1 kHzÞ2 for better legibility of

the details. The solid lines correspond to the predictions by

the Kuznetsov equation, and the dashed lines are associated

with the Westervelt equation. It can be seen that the near-

field structure resolved by the Kuznetsov equation depends

on the difference-wave frequency and is more prominent for

lower frequencies fd . In all the cases in the far-field, the pre-

dictions by both the equations match.

Figure 6 shows the directivity function Dð#Þ
¼ j~pðr0; #Þ=~pðr0; 0Þj calculated at the distance r0 ¼ 2 m

from the centre of the piston with the parabolic velocity dis-

tribution. It can be observed that the low-frequency differ-

ence-frequency field (solid lines) has a similar directivity as

the high-frequency carrier wave (dashed line), and the

directivity of the difference-frequency wave increases with

its frequency. Radiation from this piston directly at the fre-

quencies shown in Fig. 6 (500 Hz–5 kHz) would be essen-

tially omnidirectional.

Figure 7 shows the directivity function calculated at the

distance r0 ¼ 2 m from the centre of the piston with various

velocity distributions [Eq. (17)] for the difference-frequency

wave at fd ¼ 1 kHz. It can be observed that the uniform

velocity distribution provides the highest directivity, which

is associated with the fact that, in this case, the entire piston

surface vibrates with the same velocity, compared to the

case of the parabolic or quartic distributions, where the

vibration velocity decreases toward the piston edge.

B. Horned piston

Within this subsection, the capabilities of the proposed

computational approach are demonstrated on an example of

a piston equipped with a simple horn. It has been demon-

strated in the experimental work23 that if a parametric radia-

tor is equipped with a horn, its directivity and efficiency

strongly increases; later, a simple model24 is proposed.

In this work, the horn is supposed to have a hyperbolic-

cosine shape, described as

rðzÞ ¼ a coshðazÞ; where a ¼ 1

l
arccosh

b

a

� �
; (18)

(see also Fig. 8) where a is the small horn radius (throat, the

same as the piston radius), b is the larger horn radius

(mouth), and l is the horn length.

In all the numerical results presented in this subsection,

a ¼ 2 cm, b¼ 4 cm, and fc ¼ 40 kHz; the primary acoustic

field is calculated employing BEM (see Sec. IV B).

Figure 9 shows the distribution of the normalized acous-

tic pressure amplitude of the carrier wave along the z axis

for uniform piston velocity distribution and individual

lengths l of the horn. It can be observed that the structure of

the near-field is very much dependent on the horn length;

however, the far-field is not affected by the presence of the

horn significantly. The far-field directivity is similar for all

the cases, and with the increasing horn length, the on-axis

pressure slightly increases. For example, at the distance of

FIG. 4. (Color online) Difference-frequency wave along the z axis for

fd ¼ 1 kHz, and individual piston velocity distributions. Predictions are

shown by the Kuznetsov equation (solid lines) and Westervelt equation

(dashed lines).

FIG. 5. (Color online) Normalized difference-frequency wave along the z
axis for the parabolic piston velocity distribution and individual difference

frequencies. Predictions are shown by the Kuznetsov equation (solid lines)

and Westervelt equation (dashed lines).

FIG. 6. (Color online) Directivity function of the piston with the parabolic

velocity distribution calculated at the distance r0 ¼ 2 m from the piston cen-

tre; dashed line, the primary wave (40 kHz); solid lines, individual differ-

ence frequencies.

FIG. 7. (Color online) Directivity function of a piston with various velocity

distributions calculated at the distance r0 ¼ 2 m from the piston centre,

fd ¼ 1 kHz.
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r0 ¼ 2 m from the piston, the on-axis pressure amplitude

with the horn with l¼ 8 cm is by about 11% higher than

without the horn. The primary wave radiation efficiency is

not influenced by the presence of the horn significantly

because in this case <½kc�a ¼ 14:6
 1, which means that

the piston radiation impedance is close to the characteristic

one (the presence of the horn does not influence it signifi-

cantly), and the beam emitted by the piston alone is rather

directional—the first null-radiation angle for the carrier

wave is h1 ¼ 15�100.
Figure 10 shows the acoustic pressure amplitude of the

difference-frequency wave at fd ¼ 1 kHz along the z axis for

the same conditions as before. The solid lines represent the

predictions by the Kuznetsov equation, and the dashed lines

are related to the Westervelt equation. It can be observed

that with the increasing horn length, the acoustic pressure in

the vicinity of the piston rapidly increases, and this region of

the increased pressure is more-or-less limited to the dimen-

sions of the horn. Farther away from the horn (in the far-

field), the acoustic pressure amplitude is not very much

dependent on the horn length. In contrast to the predictions

by the Westervelt equation, the Kuznetsov equation predicts

small ripples in the near-field, probably caused by the exis-

tence of a partial standing wave in the horn.

The influence of the presence of a horn on the

difference-frequency wave in the far-field is demonstrated in

Fig. 11. All the parameters are the same as before, and the

acoustic field is calculated at the distance r0 ¼ 2 m from the

piston centre. It can be seen that with the increasing horn

length (from l¼ 0 cm to l¼ 6 cm), the on-axis pressure

increases with the horn length. For example, for the horn

with length l¼ 6 cm, the on-axis pressure is 11.3% higher

than without the horn. But, with the horn length increased to

l¼ 8 cm, the on-axis pressure decreases, and its amplitude is

similar to the case of l¼ 4 cm. Also, the presence of a “side-

lobe” can be observed in this case.

Figure 12 shows the directivity pattern of the difference-

frequency wave for the same parameters as shown in Fig. 11

but for the piston with parabolic velocity distribution.

Contrary to the previous case with increasing horn length l,
the on-axis pressure amplitude decreases. As before, the pres-

ence of a side-lobe can be observed in the case of l¼ 8 cm.

VI. CONCLUSIONS

Within this work, a versatile computational approach

for the numerical modelling of parametric generation of a

low-frequency sound has been described. The proposed

method is based on the quasi-linear approximation and it

does not employ the paraxial approximation. The primary

acoustic field is calculated by BEM or employing the

Rayleigh integral in the case of a baffled piston; the second-

ary difference-frequency field is calculated by FEM. Three

nonlinear wave equations derived in the second approxima-

tion have been compared: a general equation for the acoustic

pressure, the Westervelt equation, and the Kuznetsov equa-

tion for the velocity potential. It has been demonstrated that

as the Lagrangian density is neglected in the Westervelt

equation, it does not correctly capture the near-field com-

plexity of the secondary difference-frequency field. All the

equations provide the same results in the far-field. If the

information about the near-field structure of the difference-

frequency wave is needed, the Kuznetsov equation for the

velocity potential is the most suitable model equation as its

nonlinear terms do not contain the second-order spatial

FIG. 8. (Color online) Computational domain for a piston equipped with a

horn.

FIG. 9. (Color online) Normalized acoustic pressure amplitude of the carrier

wave at fc ¼ 40 kHz along the z axis for the uniform piston velocity distri-

bution and individual horn lengths.

FIG. 10. (Color online) Acoustic pressure amplitude of the difference-

frequency wave at fd ¼ 1 kHz along the z axis for the uniform piston veloc-

ity distribution and individual horn lengths; solid lines, prediction by the

Kuznetsov equation; dashed lines, prediction by the Westervelt equation.

FIG. 11. (Color online) Directivity pattern of the difference-frequency wave

at fd ¼ 1 kHz for various horn lengths l, calculated at the distance r0 ¼ 2 m

from the piston centre; piston with uniform velocity distribution.
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derivatives whose numerical evaluation is expensive and

prone to the numerical discretization errors. Two numerical

examples have been given. First, the near-field, as well as

the far-field, of a difference-frequency wave parametrically

radiated from a baffled circular piston with different velocity

distributions have been examined. Second, the radiation pat-

tern of a parametric emitter combined with a horn has been

studied. The numerical results show that in the studied cases,

the directivity of the difference-frequency wave can be

increased as well as decreased by the presence of the horn,

depending on its geometry and the piston velocity distribu-

tion. These findings are in accord with the results reported in

the experimental work,23 where, unfortunately, the geometri-

cal details have not been given. Contrary to the experimental

work23 a prominent directivity improvement, thanks to the

horn, has not been observed, which means that this effect

may be rather delicate, and it requires further study.
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