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Abstract 
 

In this thesis, new magnetic materials models are presented and applied for the design of 

the magnetic sensors. The following main topics are covered both in theory and in applications. 

Mathematical models for B-H curves and magnetic hysteresis loops are developed in the 

first part. The proposed mathematical models are based on novel combined rational and power 

functions.  

The effect of magnetic permeability of solid iron rectangular conductor on field 

distribution around conductors is measured and studied in the second part. The impedance 

analysis of solid iron conductors of circular shape and rectangular shape and solid iron railway 

rails are considered at different frequencies for various irons B-H curves and electrical 

conductivities. Finite element method (FEM) and newly developed analytical method which take 

into account material non-linearity and eddy currents are used to analyze impedance of solid iron 

conductors and the calculations are compared with experimental results.   

Third part of the thesis is devoted to the analysis of position sensor for pneumatic 

cylinder. The effect of magnetic iron rod material characteristics on the performance of position 

sensor is evaluated. Thermal stability of the position sensor is also studied in this thesis. In 

addition, a flat type position sensor is presented with rectangular shape solid iron and laminated 

silicon steel moving parts. The effects of magnetic materials are calculated to optimize the flat 

type position sensor. 2D and 3D FEM together with finite difference method are used for the 

calculations. 

Fourth part of the thesis is about eddy current speed sensors. The proposed speed sensors 

are designed for solid conductive moving part. Translational and rotational configurations of the 

eddy current speed sensors are analyzed and optimized. The effects of magnetic permeability and 

electrical conductivity of the moving part iron are evaluated for the speed sensors performance.  

2D and 3D analytical models are developed and compared with FEM results and measurements. 

Static and dynamic performance of speed sensors are both calculated. Also the effect of magnetic 

shielding and yoke is taken into the account. 

 

Keywords: Magnetic materials, B-H curve and hysteresis loop modeling, magnetic sensors, 

impedance analysis, position sensor, speed sensor, analytical and numerical calculations, 2D and 

3D FEM 
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Abstrakt 
 

 V této práci jsou prezentovány nové matematické modely magnetických materiálů a tyto 

modely jsou následně použity pro návrh magnetických senzorů. Jedná se jak o teoretické analýzy, 

tak praktické aplikace  

 V první části jsou uvedeny matematické modely pro křivky B-H a hysterezní smyčky. 

Navrhované matematické modely jsou založeny na nových kombinacích racionálních a 

mocninných funkcích. 

 Druhá část práce se týká měření a studiu vlivu magnetické permeability pravoúhlého 

masivního železného vodiče na distribuci magnetického pole v jeho okolí. Impedanční analýza 

vodičů kruhového a pravoúhlého tvaru a železničních kolejnic je v této části práce provedena pro 

různé frekvence a různé magnetizační charakteristiky a elektrické vodivosti. Metoda konečných 

prvků (FEM) a nově vyvinutá analytická metoda přihlížející k nelinearitě materiálu a vířivým 

proudům se používají k analýze impedance železných vodičů, výpočty jsou porovnány s 

experimentálními výsledky. 

 Třetí část práce je věnována analýze polohového senzoru pro pneumatický válec. Je 

vyhodnocen vliv magnetické charakteristiky pístní tyče z masivní oceli na chování polohového 

senzoru. V této části práce je rovněž studována teplotní stabilita polohového senzoru. Kromě toho 

je zde prezentován plochý polohový senzor pro pravoúhlou pohyblivou část z masivního železa 

nebo laminovaných plechů z křemíkové oceli. Při optimalizaci polohového snímače plochého 

typu se vyhodnocuje vliv použitého magnetického material. Pro výpočty byly použity metody 2D 

a 3D FEM spolu s metodou konečných diferencí. 

 Čtvrtá část práce se zabývá senzory rychlosti založených na vířivých proudech. 

Navrhované snímače rychlosti jsou konstruovány pro pohyblivé masivní vodivé součásti. 

Translační a rotační konfigurace snímačů rychlosti využívající vířivých proudů jsou analyzovány 

a optimalizovány. Efekt magnetické permeability a elektrické vodivosti materiálu pohyblivé části 

je hodnocen z hlediska optimalizace parametrů těchto snímačů. Byly vyvinuty 2D a 3D 

analytické modely a porovnávány s výsledky FEM analýzy a měření. Dále byly vypočteny jak 

statické, tak i dynamické parametry vyvinutých snímačů rychlosti. Zohledněn je také 

účinek magnetického stínění a jha. 

 

Klíčová slova: Magnetické materiály, B-H křivka, modelování hysterezní smyčky, magnetické 

senzory, analýza impedance, polohový senzor, senzor rychlosti, analytické výpočty, numerické 

výpočty, 2D a 3D FEM. 
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1- State of Art 
1-1 Modeling 

 

In this part of thesis, mathematical models for B-H and magnetization curves and 

hysteresis loops for soft magnetic materials are addressed. 

 

1-1-1 B-H Curve Modeling 
 

Metallic magnetic materials are mostly iron alloys families such as cast iron and steels, 

low carbon steels, silicon steels, nickel based iron alloy and cobalt based iron alloy [1]. 

Analytical representations of the magnetization and B-H curve of magnetic materials are used for 

magnetic modeling, numerical analysis and design process. Using approximated mathematical B-

H curve could help for first design step of magnetic devices [2]-[3]. It gives simple and fast 

picture of maximum magnetic relative permeability and magnetic saturation without B-H data 

table.  

B-H curve can be represented by different closed-form formulae [4]. Rational functions 

have been presented for B-H curve modeling, in [5] - [7] and exponential functions are used in 

[8] - [10]. The modeled magnetic materials for B-H functions were silicon steel laminations and 

solid irons and steels in [4] - [10], which have small magnetic permeability especially at low 

magnetic fields. Papers [5] and [7] are mostly devoted to optimization of curve fitting. Piecewise 

modeling of B-H curve with high precision is also presented [11] but it does not obtain one 

closed-form equation. Power functions could precisely model a fraction part of B-H curve but not 

the whole B-H curve from low field part to highly saturated part [12]-[14]. 

 

1-1-2 Hysteresis Loops Modeling 
 

Jiles-Atherton and Mel’gui methods [15] – [16] were used for the magnetic hysteresis 

modeling in [17] - [19]. Preisach method and Energetic model method were described for 

hysteresis modeling in [20] - [21]. Magnetic hysteresis was analytically modeled in [22] using 

simplified Jiles-Atherton model. Pure analytical hysteresis model was presented in [23]. A 

piecewise approximation method for hysteresis modeling was used in [24]. The approaches in 

[15]-[24] need time-consuming procedure to calculate the constants and parameters and a large 

number of experiments, which are not suitable for fast calculations and design process and 

optimization. Straightforward and uncomplicated analytical equations and procedures were 

implemented in [6] and [25]. However, these methods did not show generality of the proposed 

analytical functions for different magnetic materials. Detailed analyses of hysteresis loops for 

high magnetic permeability materials and grain-oriented steel laminations were presented in [26]-

[28], in which multi-form mathematical functions are used to fit analytical hysteresis loops for 

various magnetic field strength ranges. 

 

1-2 Applications 
 

In this part of thesis, applications of modeling for impedance analysis of solid iron 

conductors, position sensors and eddy current speed sensors are addressed. 
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1-2-1 Analysis of Solid Iron Conductors and Impedance Analysis 
 

The impedance of a solid iron conductor is not only dependent on frequency, but is also 

affected by the nonlinearity of the B-H curves of solid irons and steels. The main challenge for 

impedance analysis of solid iron conductors is how to take into account the effect of the eddy 

currents in the solid iron together with nonlinearity and hysteresis effects. 

An analytical model for impedance analysis restricted to circular conductors, using an 

innovative analysis for saturation consideration in the solid iron was performed in [29]. A 

detailed linear analysis of the impedances of rectangular and circular solid iron conductors is 

presented in [30], using analytical calculations, but measurements were made only at 50 Hz. 

Approximate analytical calculations of circular solid iron conductors are shown in [31] with 

considering nonlinearity, but in that work only resistances were measured and calculated. The 

same authors claimed to present impedance results for rectangular conductors, in [32]. 

References [33] and [34] calculated the impedances of the solid iron rails with considering 

nonlinearity and rail material effects on the impedances. 

Analytical and numerical calculations for linear and nonlinear magnetic analysis have 

been performed to evaluate the eddy current and its effect on electromagnetic devices [13] and 

[35]. Although numerical calculations using the finite difference method (FDM) and the finite 

element method (FEM) are well developed, and free software and commercial software are 

accessible, a fast and easy analytical method for impedance calculations is still very desirable. 

The earliest precise eddy current analysis in a nonlinear model for solid iron was performed in 

[12], using the power function for B-H curve modeling, which was later also used in [13], [36] - 

[37]. A rectangular function was used in [38] - [40] for saturation and nonlinearity modeling in 

the B-H curve, but it is less precise than the method in [12]. Eddy current loss analysis and 

analytical modeling for nonlinearity consideration for solid and laminated iron parts exposed to 

non-sinusoidal alternating fields were described in [41], using the extended works of [38]. Only 

tangential component of magnetic field was considered in all above mentioned references. Recent 

work on analytical modeling of the eddy current in a nonlinear magnetic material was presented 

in [42], which both tangential and normal components of magnetic fields were considered. 

 

1-2-2 Position Sensors 
 

Contactless linear and angular position detection of target objects in industrial conditions 

is a challenging issue [43]-[45]. Piston position detection in a pneumatic aluminum cylinder and 

in a hydraulic solid iron cylinder is a problematic task, because the piston is shielded by 

conductive and magnetic covers [43]-[44]. The position of the piston in the cylinder is not 

symmetric as LVDT sensors [2].  

Various internal and external sensors for pneumatic and hydraulic cylinders are 

implemented for detecting piston positions. In the case of a pneumatic cylinder, internal sensors 

are inserted into the piston rod. This is mechanically complicated, and the sensors are not cost-

effective and they are unreliable. Microwave and optical sensors implemented inside the cylinder 

display the same problems [46]-[49]. For an aluminum cylinder, a permanent magnet on the 

piston can be used in external sensors. However, this approach has some disadvantages. Firstly, it 

is necessary to use an expensive non-magnetic stainless steel rod. Stainless non-magnetic steel 

must be used to cancel out the distortion of the permanent magnet fields caused by the magnetic 

iron rod. Secondly, mounting a permanent magnet on the piston is a complicated procedure. In 
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addition, the temperature dependency of the remanence flux density of a permanent magnet is a 

major weakness in a harsh environment. 

The recent works presented an AC-excited contactless piston position transducer with 

axial excitation and detection of the radial magnetic field related to the end of a magnetically soft 

iron rod [44]. A moving ferromagnetic piston rod causes changes in the magnetic field, which are 

sensed by an array of integrated fluxgate sensors mounted on the outside of the aluminum 

cylinder. The uncorrected maximum static error was ±3 mm with achievable 0.1 mm resolution. 

The dynamic performance is a limiting factor for this sensor: the dynamic error is ±3 mm even at 

a speed of 0.2 m/s. Complex signal processing of the sensor array is required for this type of 

sensor.  Similar limitations were faced when radial excitation by saddle coils was used [50].  

A simpler method is to use a variable inductance sensor. This was presented for a 

hydraulic cylinder with a non-metallic shell [51]. A modified inductance method as a position 

sensor of a power cylinder with a carbon steel shell was employed in [43], using a differential 

coils configuration [52]. Measuring the pick-up voltage for a position sensor is a well-known 

method for LVDT sensors with various cylindrical and flat shape configurations [53]-[56]. An 

alternative to the configuration for the variable inductance sensor in [43] and [51] is to implement 

coils around the iron rod instead of the cylinder. However, this is a cumbersome task, because of 

the long coil that is used for pneumatic and hydraulic cylinders [57]. Moving coils have problems 

with reliability in a harsh environment. 

Recent works on alternative configurations of position sensors using an ironless inductive 

position sensor [58], and a variable reluctance differential solenoid transducer [59], cannot be 

applied to pneumatic cylinders and hydraulic cylinders with a large stroke. 

 

1-2-3 Eddy Current Speed Sensors 
 

Sensorless speed measurement methods for rotating electrical machines are well 

developed, although their signal processing is complex and time-consuming, and may not be 

rapid enough for control purposes [60]-[61]. Optical sensors are also widely used for speed 

measurements, but they may not be appropriate for harsh and dusty environments, and they often 

need maintenance to clean out dust and dirt [2]. The use of an external magnetic field sensor 

mounted on the housing of a machine was presented in [62]. Since it is not non-destructive, it 

needs magnetic shielding against external magnetic fields. Implementing a Hall sensor in the 

stator or inside the end windings to measure the speed of the rotating rotor was presented in [63]-

[64]. However, this may be unreliable, e. g. in conditions where the winding becomes overheated. 

Variable reluctance (VR) or saliency-based speed measurements with pick-up coils or Hall 

sensors have also been used in industry for rotating machines. However, a non-salient magnetic 

surface needs to be built for operating reluctance variations or for changing the induced eddy 

current [65]-[68]. Recent works using electrostatic phenomena to measure speed were published 

in [69]-[70]. However, these sensors will be quite sensitive to dirt and dust, and they therefore 

need to be capsulated. 

Utilizing the speed component of an induced eddy current, means going back to the 

principles of the Faraday generator, unipolar generator and eddy current brake [71]-[72]. A non-

destructive testing method for metals utilizes the same principle, as has been reported in [73]-

[74]. 

Magnetic flow meters are used to measure the speed of fluids by reading the voltage 

caused by speed effects with electrodes in contact with the fluid across the fluid flowing in 
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magnetic fields perpendicular to the direction of the flowing fluid [2] and [75]. A speed sensor 

using the fluxgate effect in an amorphous ring core to measure the field of eddy currents was 

presented in [76]. This rather complicated sensor has a poor linearity error of approx. 5%. A 

rotating permanent magnet rotor for contactless eddy current speed sensing was tested and 

analyzed in [77]; this type of sensor is not easy to manufacture and use because of the moving 

part. A Hall sensor with permanent magnet excitation was presented in [78]; however, this sensor 

shows poor offset stability.  

Parallel and perpendicular types of eddy current-based speed sensors with air coils for 

excitation and pick-up voltage were analyzed and measured in detail in [74] and in [79]-[83]. The 

same parallel configuration as in [83], with one excitation coil and two pick-up coils using a 

ferrite magnetic yoke, was measured in [84]. These sensors use only aluminum for the moving 

part, though iron is a material typically used for shafts and rails. 
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2- Thesis Objectives 
 
From the fact mentioned in the previous chapter emerged the following objectives: 

 
To increase the quality of models mentioned in 1-1,  

 the development of novel mathematical models for nonlinear magnetization curves and 

hysteresis loops should be designed, 

 the assessment of analytical and numerical modeling of impedances of solid iron 

rectangular bars, cylindrical rods, and iron rails using mathematical models of 

magnetization curves should be done. 

 
Concerning applications mentioned in 1-2, the following goals emerged:  

 To develop new types of a position sensor for a pneumatic cylinder with aluminum shell 

and solid iron rod and axisymmetric coils wound around aluminum shell or iron rod using 

2D axisymmetric time-harmonic finite element method (FEM). 

 To design and analyze a flat type position sensor with solid iron and steel lamination 

armatures using developed finite difference method (FDM). 

 To evaluate magnetic materials effects on the position sensors performance. 

 To develop different types of eddy current speed sensors with translational and rotational 

motions using 2D and 3D computational models. 

 To model magnetic materials in the design process with various magnetic permeabilities 

and electrical conductivities in the conductive moving part. 
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3- The Results 
 

The results and outcomes of this thesis were presented in the journal and conference 

papers, which include 13 published journal papers and 3 conference papers. Two unpublished 

under review papers are also presented. The presented papers are categorized in two groups of 

modeling and applications.  

 

3-1 Soft Magnetic Materials Modeling and Analysis 
 

In this section, two papers describe new methods for analytical modeling of B-H curves 

and hysteresis loops for different magnetic materials, respectively. Novel combined rational and 

power functions were used for the magnetization modeling.  
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3-1-1 Analytical Functions of Magnetization Curves for High Magnetic Permeability 

Materials [J3] 

 
In this work, combined rational and power functions are used to represent magnetization 

curves of high magnetic permeability ferromagnetic materials. The proposed functions cover 

much wider range of magnetic fields than functions currently used in simulation software 

packages. The objective is to present simple functions for approximation of magnetization curves 

with minimum number of unknown constants. The calculated functions are finally compared with 

measured magnetization curves to validate the precision in a wide field range from 10
−2

A/m to 

10
6
 A/m. 

New analytical function has been presented, which can precisely model B–H curve and 

relative permeability. The selected materials were high magnetic permeability Ni-Fe alloys but 

the presented analytical function could also be used for other magnetic materials. The main 

advantages of presented function are its compact format and high precision even with low 

number of unknowns for curve fitting. The typical value of rms error ranges from 0.3% to 1.6 %. 

Standard rational function was compared with the proposed analytical function, which has the 

disadvantage of probable zeros in denominator and discontinuities in the modeled curve. 

Exponential functions for B–H curve modeling are not as precise as rational functions. The 

unknowns of the proposed analytical function could be calculated with simple curve fitting 

function. Compatibility of the proposed analytical function has been presented for modified B–H 

curve corresponding to fundamental component of flux density, which also shows high precision. 
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Analytical Functions of Magnetization Curves for High
Magnetic Permeability Materials

Mehran Mirzaei and Pavel Ripka

Faculty of Electrical Engineering, Czech Technical University, 16627 Prague, Czech Republic

In this paper, combined rational and power functions are used to represent magnetization curves of high magnetic permeability
ferromagnetic materials. The proposed functions cover much wider range of magnetic fields than functions currently used in
simulation software packages. The objective is to present simple functions for approximation of magnetization curves with minimum
number of unknown constants. The calculated functions are finally compared with measured magnetization curves to validate the
precision in a wide field range from 10−2 to 106 A/m.

Index Terms— Analytical functions, curve fitting, high magnetic permeability materials, magnetization curves.

I. INTRODUCTION

THE most industrial used ferromagnetic materials could be
categorized into two major groups of metallic and non-

metallic magnetic materials. Non-metallic magnetic materials
are composed of Ferrite families. Metallic magnetic materials
are mostly iron alloys families such as cast iron and steels,
low carbon steels, silicon steels, nickel-based iron alloy, and
cobalt-based iron alloy [1].

The nickel-based iron alloys (Ni-Fe) have special industrial
applications because of very high maximum permeability
with small hysteresis losses and considerably high electri-
cal resistivity. The high magnetic permeability is caused by
small hysteresis loop and very low-magnetic coercive force,
which makes sharp changing of magnetic flux density at low-
magnetic field strength. These characteristics show suitable
applications of Ni-Fe alloy for telecommunication functions.
They have also numerous industrial applications such as mag-
netic sensors, high efficiency transformers, magnetic recording
heads, and magnetic shields [1]–[3].

Analytical representations of the magnetization and B–H
curve of magnetic materials are used for magnetic modeling,
numerical analysis, and design process. Using approximated
mathematical B–H curve could help for first design step
of magnetic devices [3]. It gives apparent and fast picture
of maximum magnetic relative permeability and magnetic
saturation without B–H data table. B–H curve could be
represented by different closed-form formulas [4]. Several
publications have presented detailed analysis for B–H curve
modeling, for example, rational function [4]–[7] and expo-
nential function [8]–[10]. The modeled magnetic materials
for B–H functions were silicon steel laminations and solid
irons and steels in [4]–[10], which have a small magnetic
permeability especially at low-magnetic fields. References [5]
and [7] are mostly devoted to optimization of curve fitting.
Piecewise modeling of B–H curve with high precision is also

Manuscript received March 9, 2018; accepted April 10, 2018. Date
of publication May 8, 2018; date of current version October 17, 2018.
Corresponding author: M. Mirzaei (e-mail: mirzameh@fel.cvut.cz).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TMAG.2018.2827932

presented [11] but it does not obtain one closed-form equation.
Power functions could precisely model a fraction part of
B–H curve but not the whole B–H curve from low field part
to highly saturated part [12]–[14].

In this paper, rational function and power function are
combined for modeling very high permeability B–H curves.
The constants of the proposed function are calculated by
curve fitting tool. It is shown that the proposed function
can accurately fit the measured B–H curve despite its non-
complicated equation. Finally, the proposed function is used
for curve fitting of modified B–H curve corresponding to
fundamental component of flux density for ac analysis.

II. BASIC STUDY

A. Assumptions
Magnetization parameter, J versus magnetic field strength

and relative magnetic permeabilities are represented as
follows:

J = B − µ0 . H

µr,a = 1

µ0
· B

H

µr,d = 1

µ0
· d B

d H
= 1

µ0
· d(µ0.µr,a · H )

d H

= µr,a + H · dµr,a

d H
(1)

where µ0, µr,a , and µr,d are free space magnetic permeability,
apparent relative permeability, and differential relative perme-
ability. In order to calculate the analytical function, it must
be considered that magnetization, J , is becoming constant
when magnetic field strength, H is moving toward infinite and
apparent and differential relative permeabilities must have one
maxima between magnetic field strength, H = 0 until H = ∞.
The former condition is necessary to model Rayleigh region
of the B–H curve.

B. Basic Function
First-order rational function is a simple analytical function,

which could match with B–H curve from low field to highly
saturation. The main disadvantage of the first-order rational

0018-9464 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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Fig. 1. Schematic B–H curve based on (2)—-parameters a and a� are the
same for all curves.

function is that it is not able to model Rayleigh region
and relative permeability maxima could not be reproduced.
In order to improve it, power of parameter, x, must be adjusted
to value above 1

f (x) = a · xb

1 + a� · xb
, ( f (x) = J, x = H ) (2)

where a, a�, and b are constants. The relative magnetic
permeability for basic function (2) is as follows:

f (x) = a · xb

1 + a� · xb
, (J = f (x), x = H )

µr,a = 1 + 1

µ0
· a · xb−1

1 + a� · xb

µr,d = µr,a + 1

µ0
· (b − 1) − a� · xb

(1 + a� · xb)2 · a · xb−1

= 1 + 1

µ0
· a · b · xb−1

(1 + a� · xb)2 . (3)

Maximum values for relative magnetic permeability is given
in (4). It is shown that smaller non-integer b less than 2 makes
it possible increase maximum relative magnetic permeability
and decrease corresponding field strength, H without changing
parameters a and a�, which is required for high permeability
magnetic materials modeling. Parameters a and a� could be
adjusted for matching formula for the modeling of the satu-
ration and knee of B–H curve. Fig. 1 shows schematic view
of B–H curves and relative magnetic permeabilities versus
magnetic field strength, which maximum value of differential
relative permeability is always bigger than maximum value of
apparent relative permeability

µr,a

(
x = b

√
b − 1

a�

)
= µmax

r,a = 1 + 1

µ0

a
( b−1

a�
) b−1

b

b

µr,d

(
x = b

√
b − 1

a� · (b + 1)

)
= µmax

r,d = 1 + 1

µ0

a
(

b−1
a�(b+1)

) b−1
b

4·b
(b+1)2

.

(4)

III. PROPOSED FUNCTION

One possible form of the proposed function for combined
rational function and power function could be as follows:

f (x) =

∑
i=1,2,...

ai · xbi

1 + ∑
i=1,2,...

a�
i · xbi

, ( f (x) = J m, x = H n) (5)

where ai , a�
i , bi , m, and n are constants.

The big range of magnetic field strength between the small
values for maximum relative permeability and large values
for high saturation make to choose m and n values not equal
to one. The parameters m and n are adjusted to improve
curve fitting process; they have positive values less than 1.
The relative apparent permeability and relative differential
permeability are analytically calculated as

µr,a = 1 + 1

µ0
·
⎛
⎜⎝

∑
i=1,2,...

ai · H n·bi−m

1 + ∑
i=1,2,...

a�
i · H n·bi

⎞
⎟⎠

1
m

µr,d = 1 + 1

µ0
· 1

m
·
⎛
⎜⎝

∑
i=1,2,...

ai · H n·bi

1 + ∑
i=1,2,...

a�
i · H n·bi

⎞
⎟⎠

1−m
m

× C1 − C2(
1 + ∑

i=1,2,...

a�
i · H n·bi

)2

C1 =
∑

i=1,2,...

ai · n · bi · H n·bi−1 ·
⎛
⎝1 +

∑
i=1,2,...

a�
i · H n·bi

⎞
⎠

C2 =
∑

i=1,2,...

ai · H n·bi ·
∑

i=1,2,...

a�
i · n · bi · H n·bi−1. (6)

Different high permeability materials are used from two
material data resources [15]–[17] to validate the analytical
functions.

A. First Group of Materials
In this section, three Ni-Fe magnetic materials are used for

curve fitting [15], [16]. The number of power functions is
limited to maximum three in the numerator and denominator
of rational function

f (x) = a1 · xb1 + a2 · xb2 + a3 · xb3

1 + a�
1 · xb1 + a�

2 · xb2 + a�
3 · xb3

. (7)

The number of unknowns in (7) is 9 with other unknown
parameters m and n, which will be totally 11. The curve
fitting process is used to find the unknowns [18]. The para-
meters m and n are adjusted by trial and error and they are
not calculated by curve fitting to decrease the complexity of
curve fitting.

The results are presented in Figs. 2–4 for three high perme-
ability magnetic materials with relative permeability between
50 000 and 500 000. The unknowns are calculated with curve
fitting.

1) Moly Permalloy: a1 = −2.679, a�
1 = −0.8315,

a2 = 2.758, a�
2 = 0.9487, a3 = 0.08104, a�

3 = 0.09077,
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Fig. 2. Curve fitting for B–H curve.

Fig. 3. Curve fitting for µr,a –H curve—-apparent relative permeability.

b1 = 28, b2 = 27.74, b3 = 39.48, m = 0.56,
and n = 0.07.

2) Supermalloy: a1 = 17.37, a�
1 = 19.92, a2 = 0.52,

a�
2 = 0.2364, a3 = 0.8789, a�

3 = 6.982, b1 = 85.01,
b2 = 11.73, b3 = 73.74, m = 0.56, and n = 0.07.

3) Mumetal: a1 = 0.04578, a�
1 = 0.0576, a2 = 0.617,

a�
2 = 0.469, a3 = −0.3419, a�

3 = −0.3305, b1 = 33.42,
b2 = 15.65, b3 = 22.79, m = 0.56, and n = 0.07.

B. Second Group of Materials
Two Ni-Fe magnetic materials are used for curve fitting

from material data resource [17]. The calculated curves and
analytical functions unknown are presented in Figs. 5–7.

1) Metglas: a1 = 219.2, a�
1 = 6661, a2 = 722.9, a�

2 =
770.4, a3 = 0.2055, a�

3 = 0.1705, b1 = 5.941, b2 =
7.817, b3 = 11.3, m = 0.56, and n = 0.63.

2) Nickel-Steel: a1 = 0.05361, a�
1 = 0.04131, a2 = 0.1532,

a�
2 = 0.09216, a3 = −0.04524, a�

3 = −0.02018,

Fig. 4. Curve fitting for µr,d –H curve—-differential relative permeability.

Fig. 5. Curve fitting for B–H curve.

TABLE I

NORMALIZED RMS ERROR AND NORMALIZED MAXIMUM ERROR

b1 = 3.961, b2 = 1.069, b3 = 3.552, m = 0.56, and
n = 0.63.

Table I presents maximum and rms errors for five analyzed
materials. The large value for maximum errors is due to
mismatching between the curve fitting function and measured
data at one point.
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Fig. 6. Curve fitting for µr,a –H curve—-apparent relative permeability.

Fig. 7. Curve fitting for µr,d –H curve—-differential relative permeability.

TABLE II

NORMALIZED RMS ERROR AND NORMALIZED MAXIMUM

ERROR—FUNCTION WITH LESS UNKNOWNS

IV. ALTERNATIVE FUNCTIONS

Shorter form of the proposed analytical function and stan-
dard rational function, (8) and (9), is also evaluated. Table II
shows corresponding errors for using (8), which are totally
increased in comparison with the longer form function in (7).

Fig. 8. Curve fitting for B–H curve—calculated rational function (9)
unknowns: a1 = 0.7828, a2 = −228.1, a3 = 969.1, a4 = −2581, a5 = 3194,
a�

1 = −290.6, a�
2 = 937.9, a�

3 = −1792, a�
4 = 634, and a�

5 = 3323.

The rational function with fifth-order and 10 unknown
results are presented in Fig. 8. Two discontinuities are
observed due to the zeros in the denominator of rational
function, which is common for rational function curve fitting.
It needs complicated algorithm to remove zeros [5], [7]. This
phenomenon has less probability to happen in the proposed
analytical function because powers of parameter, x, is not an
integer number as in (9)

f (x) = a1 · xb1 + a2 · xb2

1 + a�
1 · xb1 + a�

2 · xb2
, ( f (x) = J m, x = H n)

(8)

f (x) = a1 · x + a2 · x2 + a3 · x3 + a4 · x4 + a5 · x5

1 + a�
1 · x + a�

2 · x2 + a�
3 · x3 + a�

4 · x4 + a�
5 · x5

( f (x) = J, x = H ). (9)

The unknowns are calculated for (8) with curve fitting as
follows.

1) Moly Permalloy: a1 = 4.256, a�
1 = 4.894, a2 = −4.337,

a�
2 = −5.592, b1 = 2.527, b2 = 1.222, m = 0.56, and

n = 0.07.
2) Supermalloy: a1 = 0.6312, a�

1 = 0.7258, a2 = −0.4198,
a�

2 = −1.408, b1 = 4.737, b2 = 0.1899, m = 0.56, and
n = 0.07.

3) Mumetal: a1 = 0.4232, a�
1 = 0.5815, a2 = 0.003329,

a�
2 = 0.004199, b1 = 15.23, b2 = 30.72, m = 0.56, and

n = 0.07.
4) Metglas: a1 = 0.000468, a�

1 = 0.0004867, a2 =
−0.0002592, a�

2 = −0.9988, b1 = 0.6358, b2 =
0.000674, m = 0.56, and n = 0.63.

5) Nickel-Steel: a1 = 0.1039, a�
1 = 0.09879, a2 =

0.001024, a�
2 = 0.0008324, b1 = 2.629, b2 = 4.219,

m = 0.56, and n = 0.63.
Comparison of other functions such as exponential func-
tions or closed-form trigonometric functions is skipped to be
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Fig. 9. Curve fitting for B1–H curve.

Fig. 10. Curve fitting for µr,a,1–H curve–apparent relative permeability.

presented in this paper, which could give less precision rather
than rational function.

V. MODIFIED B–H CURVE

A modified B–H curve is used when magnetic materials are
involved in ac or time harmonic analysis especially with high
non-linearity. The B–H curve is modified to B1–H , which
B1 is the fundamental component of flux density when field
strength changes in sinusoidal form [14], [15].

Figs. 9 and 10 show the B1–H curve from measured
values and curve fitting function. The results are promising for
B1–H curve. The calculated results for maximum error of flux
density and relative permeability, rms error of flux density and
relative permeability are 1.41% and 1.41%, 0.29% and 0.70%,
respectively.

VI. CONCLUSION

New analytical function has been presented, which could
precisely model B–H curve and relative permeability. The
selected materials were high magnetic permeability Ni-Fe
alloys but the presented analytical function could also be
used for other magnetic materials. The main advantages of
presented function are its compact format and high precision
even with low number of unknowns for curve fitting. The
typical value of rms error ranges from 0.3% to 1.6 %.

Standard rational function was compared with the proposed
analytical function, which has the disadvantage of probable
zeros in denominator and discontinuities in the modeled curve.
Exponential functions for B–H curve modeling are not as
precise as rational functions. The unknowns of the proposed
analytical function could be calculated with simple curve
fitting function.

Compatibility of the proposed analytical function has been
presented for modified B–H curve corresponding to funda-
mental component of flux density, which also shows high
precision.
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3-1-2 Hysteresis Loops Modeling using Combined Rational and Power Functions [S2] 

(Paper submitted for publication in Journal of Magnetism and Magnetic Materials) 
 

Simple and precise hysteresis models with a small number of parameters allowing fast 

calculation are required for the magnetic analysis, as the field is calculated in a very large number 

of points. This paper presents a new simple method for modeling the hysteresis loops of soft 

magnetic materials using combined rational and power functions. Three approaches are used to 

model the hysteresis loops analytically. In the first approach, the upper and lower curves of the 

hysteresis loops are estimated and are calculated separately, using combined rational and power 

functions. In the second approach, the hysteresis loops are calculated using the DC magnetization 

curve and combined rational and power functions, applying a phase shift in the magnetic field 

strength variations relative to the magnetic flux density. The third approach presents a novel 

method for modeling hysteresis loops: first, the model is fitted to the “mean curve”, which is in 

the middle of the measured hysteresis curve, and as a second step the phase shift is calculated as 

in the second approach. A solid iron sample with a rectangular cross section is used for the 

measurements and the hysteresis modeling. The proposed method is also applied to model the 

hysteresis loops of a magnetic material with high magnetic permeability and grain oriented steel, 

to show the generality of the proposed methods. 

The proposed analytical methods for hysteresis loop modeling utilize a single closed-form 

equation for the entire B-H loop, which is simpler to implement than multi-function modeling of 

hysteresis loops. It has been shown that the methods presented for hysteresis modeling are a good 

compromise between simplicity and high accuracy. The third approach to model hysteresis loops 

is the most precise method, and it is very suitable for fast hysteresis modeling. The generality of 

the proposed method for various magnetically soft materials has been demonstrated on 

construction iron, grain-oriented steel and high-permeability amorphous alloy magnetic materials. 

Greater precision could be obtained with higher order combined rational and power functions, but 

this would increase the computational time. Calculating the phase shift between magnetic flux 

density B and magnetic field strength H is essential for resistance and inductance analysis of solid 

iron busbars in power systems, as it has a big influence on the phase angle of the impedance. 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

  

Abstract—Simple and precise hysteresis models with a small 

number of parameters allowing fast calculation are required for 

the magnetic analysis, as the field is calculated in a very large 

number of points. This paper presents a new simple method for 

modeling the hysteresis loops of soft magnetic materials using 

combined rational and power functions. Three approaches are 

used to model the hysteresis loops analytically. In the first 

approach, the upper and lower curves of the hysteresis loops are 

estimated and are calculated separately, using combined rational 

and power functions. In the second approach, the hysteresis loops 

are calculated using the DC magnetization curve and combined 

rational and power functions, applying a phase shift in the 

magnetic field strength variations relative to the magnetic flux 

density. The third approach presents a novel method for 

modeling hysteresis loops: first, the model is fitted to the “mean 

curve”, which is in the middle of the measured hysteresis curve, 

and as a second step the phase shift is calculated as in the second 

approach. A solid iron sample with a rectangular cross section is 

used for the measurements and the hysteresis modeling. The 

proposed method is also applied to model the hysteresis loops of a 

magnetic material with high magnetic permeability and grain-

oriented steel, to show the generality of the proposed methods. 

 
Keywords—Hysteresis loops, modeling, combined rational and 

power functions, analytical  

I. INTRODUCTION 

Analyzing the magnetic characteristics of soft magnetic 

materials is the key to the evaluation and design of 

electromagnetic devices. For example, the hysteresis loop 

effects in the impedance of solid irons and steels for current 

carrying busbars and high-permeability magnetic materials are 

critical for the performance of magnetic sensors, and they 

should be considered and analyzed in the design process [1]-

[3]. Hysteresis loop models are used to analyze 

electromagnetic devices in transient and steady state analysis 

[4]-[5]. 

Various methods for hysteresis loop modeling of magnetic 

materials have been presented and their appropriateness are 

compared [6]. Preisach method for hysteresis modeling is well 

described in [7].It is based on the phenomenological and 

mathematical modeling methodand not a physical based 

method. Itcan accurately model major and minor hysteresis 

loops with high accuracy.Jiles-Atherton method and energetic 

model are physical based and they depend on micromagnetic 

 
 

characteristics of the magnetic materials [8]-[10].For example, 

a comparison between Preisach and Jiles-Atherton for 

hysteresis modeling was presented in [11], which 

showsextensive measurements requirements for parameters 

identifications using Preisach model with less problems for 

precise fitting with measurements. Jiles-Atherton method has 

opposite properties. However, time-consuming proceduresare 

required to calculate the constants and parameters in [6]-[15], 

and they are not easy handling for fast design and analysis 

process and optimization of the magnetic 

devices.Straightforward and uncomplicated analytical 

equations and procedures were implemented in [16]-[18]. 

However, these methods did not show generality of the 

proposed analytical functions for different magnetic materials. 

Detailed analyses of hysteresis loops for high magnetic 

permeability materials and grain-oriented steel laminations 

were presented in [19]-[21], in which multi-form 

mathematical functions are used to fit analytical hysteresis 

loops for various magnetic field strength ranges. 

Combined rational and power functions were used in [22] to 

model magnetization characteristics without hysteresis. In this 

paper, we present three methods for introducing hysteresis into 

such a model. The aim is to keep the approximation very 

simple, so that the model has only minimum parameters and is 

suitable for design and calculation. The measured hysteresis 

loops of construction solid iron sample with a rectangular 

cross section are modeled and shown. The calculated phase 

shift between the magnetic flux density and the magnetic field 

strength is applied to calculate the phase angle of the solid iron 

impedance. The hysteresis loops of a high-permeability 

magnetic material and grain-oriented steel are also modeled in 

this paper to show the generality of the proposed method. 

II. MEASUREMENT OF HYSTERESIS LOOPS 

A compensated permeameter is used to measure DC 

magnetization and the B-H curve and hysteresis loops for a 

rectangular solid iron sample (Fig. 1). A compensated 

permeameter is an instrument for measuring hysteresis loops 

for an open sample at DC and low frequency [23]. A solid iron 

sample with a rectangular cross section (5 mm ∙ 30 mm) is 

used for the measurements and for hysteresis modeling. Four 

hysteresis loop measurements are presented with maximum 

magnetic field strengths of 500 A/m, 1000 A/m, 3000 A/m 

and 6000 A/m, respectively. The measured DC magnetization 
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curve for a solid iron sample is shown in Fig. 2. 

III. MATHEMATICAL APPROACH 

The analytical function of the magnetization or magnetic 

flux density B versus the magnetic field strength H curve in 

(1) can be represented as in (2) and (3), using combined 

rational and power functions [22]:  � = � + ��. � (1) 
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Fig. 1. A DC compensated permeameterand its elements (compensating coil, 

excitation coil, Fluxgate sensor) 

 

Fig. 2. DC magnetization curve for solid iron - Measurements using 

permeameter and analytical curve fit using function in (4) 
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Whereai, ci and bi are constants which are calculated using 

curve fitting, and µ0 is the magnetic permeability of the free 

space. Parameter b0is considered to be equal to 1 in this paper. 

Term µ0·H in (1)-(3) is negligible and it is not considered for 

the curve fitting because of the low magnetic fields (< 10000 

A/m) in modeling the hysteresis loops.  

IV. MODELING OF HYSTERESIS LOOPS 

In this paper, first order combined rational and power 

functions for modeling a DC magnetization curve are only 

used as follows in two forms of (4) and (5), which also take 

into account the change in the polarity of the magnetization 

curve for positive and negative values of the magnetic flux 

density and the magnetic field strength.  

 � = �� ⋅ � ⋅ |�|�!"� 
�� ⋅ |�|�! + 1�⁄  (4) 

 

 � = �� ⋅ � ⋅ |�|�!"� 
�� ⋅ |�| + 1��!⁄  (5) 

 

A. First approach 

In the first approach to the modeling of hysteresis loops, the 

upper and lower curves of the hysteresis loops are calculated 

separately as described in appendix A, using the proposed 

functions in (6) - (9). Four parameters, a1, a´1, b1 and c1, are 

constants, and they are calculated by curve fitting. 
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Fig. 3. Hysteresis loop modeling for solid iron (Hm = 6000 A/m) - 

Measurements using permeameter and analytical curve using second approach 

in (6) and (7) 

 

 

Fig. 4. Hysteresis loop modeling for solid iron (Hm = 3000 A/m) 

Measurements using permeameter and analytical curve using first approach in 

(6) and (7) 

 

 

 

 

TABLE I.  HYSTERESIS LOOPS PARAMTERS FOR THE FIRST APPROACH 

USING (6) AND (7) 

Parameter Value 

a1 – Hm = 6000 A/m 

b1 – Hm = 6000 A/m 

c1 – Hm = 6000 A/m 

a´1 – Hm = 6000 A/m 

a1 – Hm = 3000 A/m 

b1 – Hm = 3000 A/m 

c1 – Hm = 3000 A/m 

a´1 – Hm = 3000 A/m 

7.021·10-4 

1.122 

3.531·10-4 

3.013·10-5 

1.999·10-4 

1.319 

1.199·10-4 

1.653·10-5 

 

Fig. 3 and Fig. 4 show a comparison between measurements 

and analytical model using the first approach. The results of 

the first approach for hysteresis loop modeling are as much as 

necessaryprecise and the results approximately fit with the 

measurements. The constants of the upper and lower curves in 

the first approach, using (6) and (7) could be calculated (Table 

I) using the curve fitting tool and alsothe iterative method 

described in appendix B. 

B. Second approach 

Parameter x in (2) and (3) can be replaced by function 

Hm·cos(θ-θo) to model hysteresis loops, where Hm is the 

maximum magnetic field strength (Fig. 5), and θo is the phase 

shift. Fig. 5 presents a schematic model of the hysteresis loops 

using the first order function in (2) or (3) for different phase 

shifts θo and parameter bi=1 in (2) or (3). A higher value for 

parameter b1 makes the magnetization curve and the hysteresis 

loops sharper, and a change to phase shift θo makes the 

hysteresis loops wider or narrower.In the second approach, the 

DC magnetization curve is used as the method shown in Fig. 

6, replacing parameter H with the use ofHm·cos(θ-θo) in (4) 

and (5) to obtain (10) and (11). The phase shift θo is calculated 

to minimize the difference between the analytical model of the 

hysteresis loops and the measurements.  

 

Fig. 5. Schematic models of hysteresis loops for different phase shifts, 

θomodeled by analytical function in (4) 



 

 

Fig. 6. Schematic model of the hysteresis loop and DC magnetization 

curvemodeled by analytical function in (4) 

 

 � = �� ⋅ �% ⋅ cos
) − )*�⋅ |�% ⋅ cos
) − )*�|�!"� 
�� ⋅ |�% ⋅ cos
) − )*�|�! + 1�⁄  −+ ≤ ) ≤ + (10) 

 � =�� ⋅ �% ⋅ cos
) − )*� ⋅|�% ⋅ cos
) − )*�|�!"� 
�� ⋅ |�% ⋅ cos
) − )*�| + 1��!⁄  (11) 

 

 

 

Constants a1, b1 and c1 in (4) for the DC magnetization 

curve (analytical), shown in Fig. 2, are calculated as 4.528·10-

4, 1.145 and 2.150·10-4, respectively. The constants in a1, b1 

and c1 in (5) are calculated to be equal to 9.827·10-5, 1.439 and 

9.556·10-4, respectively. An excellent fit between the 

measurements and the analytical model for the DC 

magnetization curve is shown in Fig. 2, except where the field 

values are very low.The results for hysteresis modeling are 

shown in Fig. 7 and Fig. 8. The phase shift angle θo in the 

second approach is calculated as 4.0 Deg. and 7.5 Deg. for the 

maximum magnetic field strength, 6000 A/m and 3000 A/m, 

respectively. The hysteresis loops for lower fields have bigger 

phase shifts between the magnetic flux density and the 

strength of the magnetic field.Both the first approach and the 

second approach have limited precision, especially for 

hysteresis loops at lower magnetic field strengths. 

 

Fig. 7. Hysteresis loop modeling for solid iron (Hm = 6000 A/m) - 

Measurements using permeameter and analytical curve using second approach 

in (10) 

 

Fig. 8. Hysteresis loop modeling for solid iron (Hm = 3000 A/m) - 

Measurements using permeameter and analytical curve using second approach 

in (10) 

C. Third approach 

The third approach to hysteresis loop modeling in this paper 

uses “mean curve f”, which is the average of the rising and 

falling branches of the hysteresis curve Hf (B)  =  (Ha (B)+Hd 

(B))/2, as shown in Fig. 6. As a second step, an analytical 

function in (4) or (5) is fitted to curve f; and finally the phase 

shift is calculated to this curve to model the hysteresis:  

 

 



 

�- = �# = �. �- = 
�# + �.� 2⁄  (12) 

 

 

Fig. 9 - Fig. 12 show a comparison between measurements 

and third approach models for different maximum values of 

the strength of the magnetic field. The third approach provides 

more precise models than the first and second approaches. The 

calculated constants of (10) and the phase shift angles are 

presented in Table II for different maximum values of the 

magnetic field strength, using curve fitting and minimizing the 

difference between the measurements and the models of 

hysteresis loops. The hysteresis loop modeling fits better with 

the measurements at higher maximum magnetic field 

strengths, Hm = 6000 A/m and 3000 A/m (Fig. 9 and Fig. 10). 

The measurements are less symmetric at lower Hm = 1000 

A/m and 500 A/m, which causes the greater visual difference 

in Fig. 9 and Fig. 10. Equation (13) replaces parameter 

Hm·cos(θ-θo) in (10) with parameter H=Hm·cos(θ), which is 

easier to handle for the analysis. The upper and lower curves 

of the hysteresis loops can be distinguished: the plus sign (+) 

in (13) corresponds to the upper curve of the hysteresis loop 

(downward magnetization), and the minus sign (-) corresponds 

to the lower curve (upward magnetization). Calculations of 

hysteresis losses can be made using (13), as the upward and 

downward magnetization curves are separated. 

 

 

Fig. 9. Hysteresis loop modeling for solid iron (Hm = 6000 A/m) -

Measurements using permeameter and analytical curve using third approach 

in (10) 
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Appendix B shows simple iterative methods to calculate 

parameters of the hysteresis models for first and third 

approaches.  

 

 

Fig. 10. Hysteresis loop modeling for solid iron (Hm = 3000 A/m) -

Measurements using permeameter and analytical curve using third approach 

in (10) 

 

Fig. 11. Hysteresis loop modeling for solid iron (Hm = 1000 A/m) - 

Measurements using permeameter and analytical curve using third approach 

in (10) 



 

 

Fig. 12. Hysteresis loop modeling for solid iron (Hm = 500 A/m) -

Measurements using permeameter and analytical curve using third approach 

in (10) 

 

Fig. 13. Magnetic flux distribution in one quarter of a rectangular solid 

conductor- without hysteresis (above)and with hysteresis (below) 

The first and third approach for hysteresis modeling 

showbetter accuracy than the second approach. However, 

more hysteresis loop input data are required for the first and 

third approaches. The first approach can be used when there is 

no access to hysteresis loop data. 

TABLE II.  HYSTERESIS LOOPS PARAMTERS FOR THE THIRD APPROACH 

USING (10) 

Parameter Value 

a1 – Hm = 6000 A/m 

b1 – Hm = 6000 A/m 

c1 – Hm = 6000 A/m 

θo – Hm = 6000 A/m 

a1 – Hm = 3000 A/m 

b1 – Hm = 3000 A/m 

c1 – Hm = 3000 A/m 

θo– Hm = 3000 A/m 

a1 – Hm = 1000 A/m 

b1 – Hm = 1000 A/m 

c1 – Hm = 1000 A/m 

θo– Hm = 1000 A/m 

a1 – Hm = 500 A/m 

b1 – Hm = 500 A/m 

c1 – Hm = 500 A/m 

θo– Hm = 500 A/m 

9.472·10-3 

0.7315 

3.678·10-3 

4.0 Deg. 

1.04·10-2 

0.7211 

4.347·10-3 

7.5 Deg. 

6.104·10-3 

0.855 

5.872·10-3 

20 Deg. 

4.044·10-3 

0.9236 

6.245·10-3 

24.8 

V. IMPEDANCE ANALYSIS OF SOLID IRON BUSBAR  

The effect of hysteresis on the internal impedances of a 

solid iron conductor is considerable and it must be taken into 

account, as shown in [1] and [24]. Impedance angle θz in (14) 

is dependent on the phase shift angle θo between B and H. 

Table III shows a comparison of the impedance angles 

between measurements and simulations. Ho is the strength of 

the magnetic field on the circumference of a rectangular solid 

iron conductor, which is calculated by the applied current I, 

the rectangular conductor cross section thickness t, and the 

width w, in (15).  

The magnetic flux distribution in one quarter of a 

rectangular solid conductor is shown in Fig. 13, with and 

without taking hysteresis into consideration, showing the 

difference, especially in the middle of the conductor. 7 = 8 + 9:, ); = �<�=�>
 :/8� (14) 

 �* = 0.5 B 
= + C�⁄  (15) 

TABLE III.  IMPEDANCE PHASE ANGLE  

Parameter Value 

θZ – Ho = 500 A/m (Exp.) 

θZ – Ho = 500 A/m (FEM without hysteresis) 

θZ – Ho = 500 A/m (FEM with hysteresis)  

θZ – Ho = 1000 A/m (Exp.) 

θZ – Ho = 1000 A/m (FEM without hysteresis) 

θZ – Ho = 1000 A/m (FEM with hysteresis) 

31.66 Deg. 

43.58 Deg. 

30.78 Deg. 

31.43 Deg. 

43.49 Deg. 

32.92 Deg. 

 

It is essential to take the hysteresis angle into consideration 

in internal impedance calculations, as presented in Table III. 

The impedance angle θz in (14) decreases by about 12 Deg., 

which causes a lower inductive part or inductance, and a 

higher resistive part or resistance. 

VI. HIGH MAGNETIC PERMEABILITY MATERIAL 

A highly magnetic permeability material, Vitrovac 6025X 

[25], is also considered for hysteresis modeling. The 

calculated constants of (10) and (11) are presented in Table IV 

and Table V. The phase shift angle is calculated as 10.9 Deg. 

The modeled hysteresis loop shows noteworthy accuracy (Fig. 

14) for high magnetic permeability materials, despite the less-

than-perfect symmetrical measured hysteresis loop. The values 

of parameter b1 in Tables IV and V are higher than for solid 

iron in Table II, due to the higher permeability. The phase 

shift angle is considerably smaller than for solid iron at the 

same maximum magnetic flux density value of about 0.5 T, as 

high-quality magnetic materials have narrow hysteresis loops 

in order to have lower iron and hysteresis losses. 

TABLE IV.  HYSTERESIS LOOP PARAMTERS FOR THE THIRD APPROACH – 

USING (10) 

Parameter Value 

a1 

b1 

c1 

θo 

0.2439 

1.103 

0.4363 

10.9 Deg. 



 

 

Fig. 14. Hysteresis loops modeling for high magnetic permeability material 

(Hm = 30 A/m) - Measurements [25] and analytical curve using third approach 

in (10) 

 

Fig. 15. Hysteresis loops modeling for grain oriented steel(Hm = 131 A/m) - 

Measurements [26] and analytical curve using third approach in (10) 

 

 

 

 

 

 

TABLE V.  HYSTERESIS LOOP PARAMTERS FOR THE THIRD APPROACH – 

USING (11) 

Parameter Value 

a1 

b1 

c1 

θo 

0.2963 

1.212 

0.5783 

10.9 Deg. 

VII. GRAIN ORIENTED STEEL 

Hysteresis loops of grain-oriented steel are modeled using 

the third approach. Table VI presents the calculated 

parameters of hysteresis loops at various values of Hm. Fig. 

15- Fig. 18 show modeled hysteresis loops in comparison with 

the values presented in [26]. Modeled hysteresis loops could 

be better fitted with the use of higher order combined rational 

and power functions, but this would substantially increase the 

computation time.   

TABLE VI.  HYSTERESIS LOOPS PARAMTERS FOR THE THIRD APPROACH 

USING (10) 

Parameter Value 

a1 – Hm = 131 A/m 

b1 – Hm = 131 A/m 

c1 – Hm = 131 A/m 

θo – Hm = 131 A/m 

a1 – Hm = 38 A/m 

b1 – Hm = 38 A/m 

c1 – Hm = 38 A/m 

θo – Hm = 38 A/m 

a1 – Hm = 21 A/m 

b1 – Hm = 21 A/m 

c1 – Hm = 21 A/m 

θo – Hm = 21 A/m 

a1 – Hm = 14 A/m 

b1 – Hm = 14 A/m 

c1 – Hm = 14 A/m 

θo – Hm = 14 A/m 

0.9282 

0.8899 

0.5429 

5.0 Deg. 

0.312 

1.349 

0.2006 

13.9 Deg. 

0.2124 

1.378 

0.1438 

20 Deg. 

0.1519 

1.403 

0.1257 

24.0 

 

The maximum differences are seen for the hysteresis loop 

with Hm = 131 A/m. This is because of the different phase 

shift in the hysteresis loops for low value fields, for medium 

value field ranges and for high value field ranges. The 

differences could be reduced by using a variable phase shift 

instead of a constant phase shift for the hysteresis loop for 

high fields, which is planned for future work. The value of 

parameter b1 goes down from low fields to high fields because 

the magnetization curve has sharper changes in the low fields. 

 



 

 

Fig. 16. Hysteresis loops modeling for grain oriented steel(Hm = 38 A/m) - 

Measurements [26] and analytical curve using third approach in (10) 

 

Fig. 17. Hysteresis loops modeling for grain oriented steel(Hm = 21 A/m) - 

Measurements [26] and analytical curve using third approach in (10) 

 

Fig. 18. Hysteresis loops modeling forgrain oriented steel (Hm = 14 A/m)  - 

Measurements [26] and analytical curve using third approach in (10) 

VIII. DISCUSSIONS  

Calculated phase shift, θo (Tables II and VI) curve versus 

magnetic field strength, H for solid iron and grain-oriented 

steel are shown in Fig. 19 and Fig. 20. They show the 

maximum phase shift corresponds to the maximum relative 

magnetic permeability, which confirms same conclusion in 

[24], [27].  

The presented hysteresis modeling using third approach is 

fast and precise, which is crucial for electromagnetic devices 

analysis [28]-[33] with less time-consuming process. 

 

 

Fig. 19. Relative magnetic permeability, µ r curve versus magnetic field 

strength, H and phase shift angle, θo curve versus H– solid iron 



 

 

Fig. 20. Relative magnetic permeability, µ r curve versus magnetic field 

strength, H and phase shift angle, θo curve versus H– Grain oriented steel 

Micromagnetic models can simulate soft and hard magnetic 

materials [34]-[35] at very small scale and find magnetic 

domains with exact physical basis. 

Hysteresis loop models including micromagnetic and 

physical parameters are ideal for understanding of the 

magnetization processes [36]-[37]. Such models are available, 

but they have complicated curve fitting [38]. The disadvantage 

of these methods is that they are very time consuming and 

therefore less practical for magnetic materials in macroscopic 

range [39]. 

IX. CONCLUSIONS 

The proposed analytical methods for hysteresis loop 

modeling utilize a single closed-form equation for the entire 

B-H loop, which is simpler to implement than multi-function 

modeling of hysteresis loops. It has been shown that the 

methods presented for hysteresis modeling are a good 

compromise between simplicity and high accuracy. The third 

approach to modeling hysteresis loops is the most precise 

method, and it is very suitable for fast hysteresis modeling. 

Modeling can be made also using known physical parameters 

Hc,Br, Hm and Bm as shown in Appendix B.The generality of 

the proposed method for various magnetically soft materials 

has been demonstrated on construction iron, grain-oriented 

steel and high-permeability amorphous alloy magnetic 

materials. Greater precision could be obtained with higher 

order combined rational and power functions, but this would 

increase the computational time.  

Calculating the phase shift between magnetic flux density B 

and magnetic field strength H is essential for resistance and 

inductance analysis of solid iron busbars in power systems, as 

it has a big influence on the phase angle of the impedance.  

X. APPENDIX A 

Two auxiliary curves, p and m(Fig. 21) in (16) are extracted 

from curves corresponding to rising (lower) and falling 

(upper) curves, a and d of hysteresis loops [16].  Functions in 

(17) – (20) are assumed for the mathematical modeling of the 

curves p and m. 

 �D = �% = �# = �. �D = 
�. + �#� 2⁄  �% = 
�. − �#� 2⁄  � = �D ± �% (16) 

 �D = �� ⋅ � ⋅ |�|�!"� 
�� ⋅ |�|�! + 1�⁄  (17) 

 �% = ��′ ⋅ 
|�%|�! − |�|�!� 
�� ⋅ |�|�! + 1�⁄  (18) 

 �D = �� ⋅ � ⋅ |�|�!"� 
�� ⋅ |�| + 1��!⁄  (19) 

 �% = ��′ ⋅ 
|�%|�! − |�|�!� 
�� ⋅ |�| + 1��!⁄  (20) 

 

 

Fig. 21. Schematic model of the hysteresis loop used in first approachmodeled 

by analytical function in (6) and (7) 

XI. APPENDIX B 

An alternative method for calculating of the constants of the 

first approach in (6) and (7) is using equations in (21)-(24). 

Equations (21)-(23) correspond to the three points (0, ±Br), 

(±Hc, 0) and (±Bm, ±Hm) in a hysteresis loop, which are 

obvious points in any hysteresis loop. Hc, Br and Bm are 

coercivity force, remanence and the maximum flux density of 

the hysteresis loop corresponding to the maximum magnetic 

field strength,Hm, respectively. Another equation is required to 

calculate four constants,a1, b1, c1 and a´1, which corresponds 

to the differential permeability, µ r-d-A inpoint A,(HA, Br) of Fig. 



 

21. Point (HA, Br) in the curve p corresponds to the remanence 

magnetic flux density, Br. 

A simple numerical procedure is used to calculate constants, 

a1, b1, c1 and a´1. Firstly, initial value 1 is considered for the 

constant, b1. Constant, a´1 is calculated using (21) in second 

step. Equation (22) is used to obtain constant, a1 in third step 

with calculated value, a´1 from second step. Calculated 

constant, a1 from (22) is replaced in (23) to obtain constant, c1 

in fourth step. Constant, b1 is recalculated using (24) and 

calculated constants, a1, c1 and a´1 in previous steps. The final 

and converged values of constants, a1, b1, c1 and a´1 could be 

calculated after 10 to 20 iterations, which takes less than 1 

second time for the calculations. Fig. 22 shows hysteresis loop 

modeling of solid iron using first approach with calculated 

constants, a1, b1, c1 and a´1in Table VII as described in (21)-

(24). 

 
0, ±�E� → �E = ��′ ⋅ |�%|�! , ��′ = �E |�%|�!⁄  (21) 

 
±�G , 0� → 0 = �� ⋅ |�G|�! 
�� ⋅ |�G|�! + 1�⁄ − ��′⋅ 
|�%|�! − |�G|�!� 
�� ⋅ |�G|�! + 1�⁄  �� = ��′ ⋅ 
|�%|�! |�G|�!⁄ − 1� (22) 

 
±�%, ±�%� → �% = �� ⋅ |�%|�! 
�� ⋅ |�%|�! + 1�⁄  �� = �� ⋅ 1 �%⁄ − 1 |�%|�!⁄  (23) 

 �D = �� ⋅ � ⋅ |�|�!"� 
�� ⋅ |�|�! + 1�⁄  �E".�� = H�D H�⁄ = �� ⋅ I� ⋅ |�|�!"� 
�� ⋅ |�|�! + 1��⁄  I� = �E"."J�� ⋅ 
�� ⋅ |�J|�! + 1�� 
�� ⋅ |�J|�!"��⁄  (24) 

 

 

Fig. 22. Hysteresis loop modeling for solid iron (Hm = 3000 A/m) - 

Measurements using permeameter and analytical curve using first approach in 

(21) -(24) 

 

TABLE VII.  HYSTERESIS LOOPS PARAMTERS FOR THE FIRST APPROACH 

USING (21) AND (24) -FIG. 22 

Parameter Value 

a1 – Hm = 3000 A/m 

b1 – Hm = 3000 A/m 

c1 – Hm = 3000 A/m 

a´1 – Hm = 3000 A/m 

7.0134·10-4 

1.1222 

3.7749·10-4 

7.6792·10-5 

 

Also the alternative approach to the curve fitting method for 

calculating four constants a1, b1, c1 and θoof third approach in 

(10) has similar numerical procedure as first method in (21)-

(24), which are presented in four equations in (25) - (28).In 

order to calculate the phase shift, θo, the phase angle, θc is 

calculated according to (25). The phase shift, θo is obtained 

with condition in (26). The initial values of the parameters a1 

and c1 are calculated from (27) with consideration of initial 

value 1 for b1, which correspond to two points (Hm, Bm) and 

(HA, Br) in Fig. 6. Constant, b1 is recalculated using (28) and 

calculated constants, a1and c1in previous steps. The 

differential permeability, µ r-d-Acorresponds to point A, (HA, Br) 

of Fig. 6. The final and converged values of constants, a1, 

b1and c1could be calculated after 10 to 20 iterations. Fig. 23 

and Fig. 24 show hysteresis loop modeling of solid iron and 

grain oriented steel using third approach with calculated 

constants, a1, b1, c1 and θoin Tables VIII and IX as described 

in (25)-(28). 

 � = �G = �% ⋅ �KL
)G� , )G = − cos"�
�G �%⁄ � , −+ ≤ )≤ 0 � = −�G = �% ⋅ �KL
)G� , )G = + − cos"�
�G �%⁄ � , 0 ≤) ≤ + (25) 

 �
� = �G� = 0 � = �� ⋅ �% ⋅ �KL
)G − )*�⋅ |�% ⋅ cos
)# − )*�|�!"� 
�� ⋅ |�% ⋅ cos
)# − )*�|�! + 1�⁄= 0 → )G − )* = − + 2⁄ → )* = + 2⁄ + )G = + 2⁄ −cos"�
�G �%⁄ � (26) 

 �% = �� ⋅ |�%|�! 
�� ⋅ |�%|�! + 1�⁄  �E = �� ⋅ |�J|�! 
�� ⋅ |�J|�! + 1�⁄  �� = �% ⋅ �E 
�E − �%� ∙⁄ 
1 |�%|�!⁄ − 1 |�J|�!⁄ � �� = 1 
�E − �%� ∙⁄ 
�% |�%|�!⁄ − �E |�J|�!⁄ � (27) 

 �- = �� ⋅ � ⋅ |�|�!"� 
�� ⋅ |�|�! + 1�⁄  �E".�� = H�- H�⁄ = �� ⋅ I� ⋅ |�|�!"� 
�� ⋅ |�|�! + 1��⁄  I� = �E"."J ∙ �� ⋅ 
�� ⋅ |�J|�! + 1�� 
�� ⋅ |�J|�!"��⁄  (28) 

 

TABLE VIII.  HYSTERESIS LOOPS PARAMTERS FOR THE THIRD APPROACH 

USING (25)-(28) – FIG. 23 

Parameter Value 

a1 – Hm = 500 A/m 

b1 – Hm = 500 A/m 

c1 – Hm = 500 A/m 

θo– Hm = 500 A/m 

5.728·10-3 

0.8407 

8.017·10-3 

28.8 



 

 

Fig. 23. Hysteresis loop modeling for solid iron (Hm = 500 A/m) - 

Measurements using permeameter and analytical curve using third approach 

in (25) - (28) 

 

Fig. 24. Hysteresis loops modeling for grain oriented steel (Hm = 38 A/m) -

Measurements [26] and analytical curve using third approach in (25) -(28) 

TABLE IX.  HYSTERESIS LOOPS PARAMTERS FOR THE THIRD APPROACH 

USING (10) -FIG. 24 

Parameter Value 

a1 – Hm = 38 A/m 

b1 – Hm = 38 A/m 

c1 – Hm = 38 A/m 

θo – Hm = 38 A/m 

0.3774 

1.2581 

0.2414 

12.0 Deg. 
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3-2 Applications 
 

In this section, 16 papers describe applications of magnetic material modeling. Firstly, 4 

papers concerning analysis of solid iron conductors are presented. Secondly, 6 papers are 

concerned about different types of position sensors. And finally, 6 papers present the results 

about linear and rotational eddy current speed sensors.  
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3-2-1 Solid Iron Conductors Analysis 

 
3-2-1-1 The Effect of Conductor Permeability on Electric Current Transducers [J1] 

 
In this work, experimental works and theoretical analysis are presented to analyze the 

influence of the conductor permeability on the precision of yokeless current sensors. The results 

of finite-element method (FEM) fit well the measured field values around the conductor. Finally 

we evaluate the difference in magnetic fields distribution around non-magnetic and magnetic 

conductor. The calculated values show that the permeability of the ferromagnetic conductor 

significantly affects the reading of the electric current sensors even at DC. 

In this work, measurements and calculations of magnetic flux densities around a 

rectangular conductor were presented. Solid iron and copper were used for conductor material. 

We measured the material properties to be used for FEM simulations and verified the fit with 

measured field values around the conductor. General conclusion is that yokeless current sensors 

cannot be used for iron busbars without recalibration. Maximum error caused by the busbar 

permeability is 33% at DC and in minimum distance between the sensor and the busbar. If the 

distance is increased to 6 mm, the error drops to 10 %. The error is slightly decreasing with 

frequency, indicating that the difference in resistivity between copper and iron is not the 

dominant source of the error. 
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3-2-1-2 Analysis of Material Effect on Rail Impedance [C1] 

 
In this work, two different solid iron materials are used for two different size rails. The 

internal impedances, resistances and inductances of the rails are evaluated and analyzed with time 

harmonic and time stepping finite element methods. Two solid iron materials have different B-H 

curves and electrical conductivities. The analysis will be presented for different currents at 

different frequencies, 10 Hz - 10 kHz. The inductance analysis using finite element method is 

also performed under simultaneous large DC signal and small AC signal. 

Different solid iron materials effects on the impedance of rails were presented. Analytical 

methods and FEM were used for the simulations. Presented analytical methods are quite precise 

in comparison with FEM, which could be used for fast analysis of rails impedances. Approximate 

analytical methods were presented for two approximated models, circular and rectangular solid 

conductors. Inductances and resistances were calculated at DC and AC currents with and without 

iron non-linearity effects. The material effects such as different electrical conductivities and B-H 

curves are not negligible at low and high frequencies. The hysteresis effects have considerable 

influences on the resistances and the inductances of the rails. 
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Abstract—In this paper, two different solid iron materials are 
used for two different size rails. The internal impedances, 
resistances and inductances of the rails are evaluated and 
analyzed with time harmonic and time stepping finite element 
methods.  Two solid iron materials have different B-H curves and 
electrical conductivities. The analysis will be presented for 
different currents at different frequencies, 10 Hz - 10 kHz. The 
inductance analysis using finite element method is also 
performed under simultaneous large DC signal and small AC 
signal.  

Keywords—rail, material, impedance, analysis 

I. INTRODUCTION 

The rails are electrically used for traction power currents 
and signaling circuits. Therefore impedance analyses of the 
rails are critical for power system analysis and accurate control 
signaling. The rail inductance value is required for signaling 
circuit analysis. Rail impedance and earth impedance is used in 
the power system dynamic analysis during unbalanced 
conditions.  

AC and DC analysis of rail impedance are both required for 
AC and DC systems. Using power electronics switching in DC 
traction systems causes both DC signals and AC signals 
simultaneously in the rail, which means that incremental 
permeability is required for impedance analysis for AC 
component. Same phenomena are happening for impedance 
analysis of the rail for signaling circuits when power currents 
exist in the rails. Impedance of iron rails are highly dependent 
on the current and the frequency, which is caused by nonlinear   
B-H curve and high electrical conductivity of the solid iron rail. 

Several papers were presented for impedance analysis of 
the iron rails [1]-[11]. Few papers presented detailed analysis 
of the rails impedances [8] - [10], which lack rail material 
effect on the rails impedances. References [8] - [10] study non-
linearity and hysteresis effects on the rail impedances but they 
do not precisely illustrate different materials effects on the rails 
impedances.  

Two materials with different B-H curves and electrical 
conductivities are used for simulations in this paper. Two iron 
rails are used with different dimensions. Two simplified 
circular and rectangular shapes equivalent models will be 
presented for each rail, which will be analyzed with finite 
element method (FEM) and analytical method for using as 
equivalent models of the complicated shapes of the rails.      

II. DIMENSIONS AND MATERIALS 

A. Dimensions and Material data 
The rails dimensions are shown in Fig. 1 for two rail 

models, A and B. 

Two different solid iron materials 1 and 2 are used, with 
corresponding μr-H curves (relative magnetic permeability 
versus magnetic field strength) shown in Fig. 2. Electrical 
conductivities for materials 1 and 2 are 4.45 MS/m and 
5.07 MS/m, respectively.  

   

Fig. 1. Rails dimensions and corresponding magnetic flux distribution at 
50 Hz - Model A (left) and Model B (right)  

 

 

Fig. 2. Materials 1 and 2 - μr - H 



III. APPROXIMATE EQUIVALENT MODLES 

Two equivalent models are considered for the rails 
configuration in Fig. 1. First equivalent model is circular shape 
and second equivalent model is square shape, for which edge 
and corner effects could be seen unlike circular shape model. 
The dimensions of equivalent models are calculated from 
circumferences and areas of the rails. Rail area value is used 
for equivalent models dimensions calculations when skin effect 
is low and current is smoothly distributed in the rail cross 
section. Rail circumference value is applied for high skin effect 
to calculate equivalent models dimensions. Equivalent radius, 
re and edge, ae sizes for circular shape and square shape models 
are as following in (1) and (2):  
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where, S and C are area and circumference of the rails cross 
section. 

 Cross section area and circumference of rails A and B are 
3837.3 mm2, 473.77 mm, 2070.8 mm2 and 356.41 mm. Only 
rails models are considered in the internal impedance 
calculations and surrounding air region is neglected due to the 
high permeability of the solid iron.  

A. Circular shape models 
Equivalent radii, re,S, re,C for rails A and B are calculated 

using (1), equal to 34.95 mm, 75.4 mm, 25.67 mm and 56.72 
mm, respectively. Fig. 3 shows equivalent circular models with 
half model configuration for rails A and B. 

 

   

Fig. 3. Equiavlent circular models radius and magnetic flux distribution at 
50 Hz- from left to right, equivalent area to rail A, equivalent 
circumference to rail A, equivalent area to rail B and equivalent 
circumference to rail B  

   

Fig. 4. Equivalent square models edge and magnetic flux distribution at 
50 Hz- from left to right, equivalent area to rail A, equivalent 
circumference to rail A, equivalent area to rail B and equivalent 
circumference to rail B  

B. Square shape models 
Equivalent edges, ae,S, ae,C for rails A and B are calculated 

using (2), equal to 61.95 mm, 118.44 mm, 45.51 mm and 
89.10 mm, respectively. Fig. 4 shows equivalent square models 
with half model configuration for rails A and B. 

Table I shows finite element analysis of the resistances and 
the inductances of the rails with relative magnetic permeability, 
µr = 250 and two different conductivities.  The conductivities 
have 12% difference, which has significant influence about 
3.5% - 9% on resistances and inductances at 10 Hz and 50 Hz.   

TABLE I.  RESISTANCE AND INDUCTANCE PER METER RESULS FOR 
REAL MODELS USING FEM 

µr= 250 
Rail A Rail B 

4.45 MS/m 5.07 MS/m 4.45 MS/m 5.07 MS/m 

R,DC 58.6 µΩ 51.4 µΩ 108.5 µΩ 95.3 µΩ 

L,DC 2.61 µH 2.61 µH 2.73 µH 2.73 µH 

R,10Hz 101.7 µΩ 94.2 µΩ 154.0 µΩ 140.1 µΩ 

L,10Hz 1.41 µH 1.36 µH 1.63 µH 1.57 µH 

R,50Hz 226.1 µΩ 211.8 µΩ 296.3 µΩ 278.8 µΩ 

L,50Hz 0.71 µH 0.66 µH 0.93 µH 0.88 µH 

TABLE II.  RESISTANCE AND INDUCTANCE PER METER RESULS FOR 
EQUIVALENT CIRCULAR MODELS USING FEM 

σi= 4.45 
MS/m 

µr= 250 

Rail A Rail B 

Equi. Area Equi. circu. Equi. area Equi. circu. 

R,DC 58.6 µΩ 12.6 µΩ 108.6 µΩ 22.2 µΩ 

L,DC 12.5 µH 12.5 µH 12.5 µH 12.5 µH 

R,10Hz 230.0 µΩ 102.9 µΩ 321.4 µΩ 137.9 µΩ 

L,10Hz 3.40 µH 1.58 µH 4.61 µH 2.10 µH 

R,50Hz 496.5 µΩ 228.7 µΩ 684.8 µΩ 301.5 µΩ 

L,50Hz 1.52 µH 0.70 µH 2.06 µH 0.94 µH 



TABLE III.  RESISTANCE AND INDUCTANCE PER METER RESULS FOR 
EQUIVALENT SQUARE MODELS USING FEM 

σi= 4.45 
MS/m 

µr= 250 

Rail A Rail B 

Equi. area Equi. circu. Equi. area Equi. circu. 

R,DC 58.6 µΩ 16.0 µΩ 108.5 µΩ 28.3 µΩ 

L,DC 11.04 µH 11.04 µH 11.04 µH 11.04 µH 

R,10Hz 209.7 µΩ 104.7 µΩ 295.6 µΩ 141.5 µΩ 

L,10Hz 3.01 µH 1.58 µH 4.07 µH 2.10 µH 

R,50Hz 444.6 µΩ 227.7 µΩ 614.7 µΩ 305.0 µΩ 

L,50Hz 1.35 µH 0.71 µH 1.84 µH 0.94 µH 

 

The FEM results for equivalent circular and square models 
are presented in Tables II and III. The approximate models 
equivalent to cross section areas of the rails are not suitable for 
resistance and inductance analysis for AC currents, because the 
currents and fields are mostly located near the skin of the 
models. Therefore, the models equivalent to circumferences of 
the rail are more practical.  

The approximate models equivalent to rails circumference 
show promising results in Table II and III for higher 
frequencies in comparison with real rail impedance analysis in 
Table I. Fig. 5 shows magnetic flux distributions in the rail 
models and equivalent models at DC and 50 Hz currents. 
Magnetic flux distributions at 50 Hz are located close to the 
rail wall and magnetic fields intensities are independent of rail 
shape unlike DC field model. Therefore the approximate 
models results are coinciding well with real rail results at AC 
currents.  

 

   

   

Fig. 5. Magnetic flux distribution at DC (left) and 50 Hz (right) in real model 
of rail A and equivalent models of rail A (up with square equivalent) and 
rail B (bottom with circular equivalent) for equal circumferences 

C. Analytical Formulations 
The electric field, Ez in the circular conductor and resulting 

internal impedance, Zin for the circular conductor with outer 
radius r are given as following [12]: 

          

f

jj

r
r

rI
rEZ

i
i

i

z
in

⋅⋅=⋅=

=+==

⋅
⋅⋅

⋅⋅⋅
==

πωμμμ
μωσ

δ
δ

μωσα

α
α

πσ
α

2,

)
2

(,
1

),1(Besseli

),0(Besseli

2

)(

0r

         (3) 

where, I , σi, µ0, µr and f are applied current, solid iron 
electrical conductivity, free space permeability, relative 
magnetic permeability and frequency, respectively. δ is the 
classical skin depth formula. 

The simpler formula for equivalent circular model 
impedance could be as following [12]: 

                               







 −⋅=







 ++⋅=

⋅
=+=

r
rRL

r
rRR

r
RLjRZ

i
in

32

3

2

32

3

4

1

2

1
,

dc

dc

2dc

δ
δω

δ
δ

πσ
ω

                (4) 

 

It is assumed that magnetic field is tangential to outer 
surface of solid iron equivalent square model because of high 
magnetic permeability of solid iron relative to the surrounding 
air region [12]. The approximate formula for internal 
impedance, Zin is given in (5) with square edge value, a, which 
is the average integral of electric field on the outer surface of 
the rectangular conductor: 
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The simpler formula for the equivalent square model 
impedance could be as following: 
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The analytical results for resistances and inductances of 
approximate circular and square models are presented in 
Tables IV and V. They coincide well with FEM results, which 
show high precision of analytical models. The simpler 
formulas in (4) and (6) are also precise despite their simple 
function form. The FEM and analytical results for simplified 
models match better with FEM results for real rail models at 
higher frequencies due to the higher skin effects.  



TABLE IV.  RESISTANCE AND INDUCTANCE PER METER RESULS FOR 
EQUIVALENT CIRCULAR MODELS USING ANALYTICAL 

σi= 4.45 
MS/m 

µr= 250 

Rail A Rail B 

Using (3) Using (4) Using (3) Using (4) 

R,10Hz 102.6 µΩ 102.6 µΩ 137.9 µΩ 137.9 µΩ 

L,10Hz 1.58 µH 1.58 µH 2.10 µH 2.10 µH 

R,50Hz 225.5 µΩ 225.5 µΩ 301.1 µΩ 301.1µΩ 

L,50Hz 0.71 µH 0.71 µH 0.94 µH 0.94 µH 

TABLE V.  RESISTANCE AND INDUCTANCE PER METER RESULS FOR 
EQUIVALENT SQUARE MODELS USING ANALYTICAL 

σi= 4.45 
MS/m 

µr= 250 

Rail A Rail B 

Using (5) Using (6) Using (5) Using (6) 

R,10Hz 107.5 µΩ 107.5 µΩ 146.3 µΩ 146.3 µΩ 

L,10Hz 1.58 µH 1.58 µH 2.10 µH 2.10 µH 

R,50Hz 230.4 µΩ 230.4 µΩ 309.6 µΩ 309.6 µΩ 

L,50Hz 0.71 µH 0.71 µH 0.94 µH 0.94 µH 

IV. NONLINEAR ANALYSIS 

A. DC Current 
Fig. 6 shows inductances at DC currents.  The inductances 

profile versus current is similar to µr-H curves in Fig. 2 
because the internal inductance is proportional to relative 
magnetic permeability at very low frequencies and DC. The 
corresponding curve fitting function is as following for 
inductance versus current:  
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Fig. 6. DC inductance of the rails versus DC current (curve fitting function 
parameters: RailA Material 1 (p1=1.825,p2=7.608,p3=6.733,q1=1.324,q2=
1.447),Rail A Material 2 (p1=2.393,p2=11.62,p3=10.17,q1=2.24,q2=1.575
),Rail B Material 1 (p1=1.492,p2=7.264,p3=6.474,q1=1.657,q2=1.315),   
Rail B Material 2 (p1=1.734,p2=11.26,p3=10.34,q1=2.489,q2=1.708)) 

B. AC Current 
The time stepping FEM is required to calculate accurately 

nonlinear eddy current analysis. For example, the resistance 
can be calculated from time stepping analysis as following:  
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where, PL is the average of power losses of the rail with AC 
current. Time stepping FEM is time consuming, which could 
be replaced by nonlinear time harmonic FEM with some 
approximations. Magnetic flux density, B and magnetic field 
strength, H cannot be sinusoidal in the same time because B-H 
curve is nonlinear. It is assumed that H is sinusoidal and B is 
not sinusoidal. In order to compute magnetic fields in time 
harmonic domain, only fundamental component of B is 
considered and other harmonics are ignored due to the 
negligible effect on the eddy current losses [13]. Fig. 7 shows 
losses for rail A with material 1 at 50 Hz and current amplitude 
500 A. The average value for losses is 32.66 W, which means 
resistance of the rail equal to 261 μΩ/m. The calculated 
resistance from time harmonic FEM is almost the same value 
as 261 μΩ/m from time stepping FEM. Fig. 8-Fig. 11 show 
resistances and inductances of the rails A and B with two 
materials 1 and 2 using time harmonic FEM [13]. The 
resistances increase and inductances decrease with increasing 
frequency due to the skin effect. The resistances and 
inductances values and their maxima are highly dependent on 
the materials.  The corresponding currents for maximum values 
of resistances and inductances are independent of frequencies 
and they are almost the same for the rails A and B. The rail B 
is smaller and its resistance and inductance are larger than 
resistance and inductance of rail A. The effects of materials 
decrease at higher currents because of saturation effects on the 
relative permeability. The permeabilities differences are 
decreasing with increasing currents and corresponding 
magnetic fields.  

 

Fig. 7. Losses versus time for rail A with material 1 at 50 Hz and current 
amplitude 500 A - time stepping finite element method 



 

Fig. 8. AC resistance of the rails at 10 Hz 

 

Fig. 9. AC internal inductance of the rails at 10 Hz 

In order to consider hysteresis effects, hysteresis angle is 
taken into account in time harmonic FEM as following [13]-
[14]: 
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where, φh(B), µe(B), µe-max(B) and φh-max are flux density 
dependent hysteresis angle, flux density dependent efficient 
relative permeability, maximum efficient relative permeability 
and maximum hysteresis angle. 

The calculated resistances and inductances at 500 A are 
shown in Table VI when maximum hysteresis angle, φh-max = 
30 Deg. is considered.  

 

 

Fig. 10. AC resistance of the rails at 50 Hz 

 

Fig. 11. AC internal inductance of the rails at 50 Hz 

TABLE VI.  RESISTANCE AND INDUCTANCE PER METER RESULS USING 
FEM WITH HYSTERESIS EFFECTS - 500 A 

500 A 
Rail A Rail B 

Material 1 Material 2 Material 1 Material 2 

R,10Hz 148.6 µΩ 189.0 µΩ 223.5 µΩ 247.3 µΩ 

L,10Hz  1.60 µH 1.77 µH 1.91 µH 2.17 µH 

R,50Hz 323.8 µΩ 422.6 µΩ 473.2 µΩ 548.9 µΩ 

L,50Hz 0.77 µH 0.80 µH 1.01 µH 1.03 µH 

 

The resistances increase and inductances decrease with 
consideration of hysteresis effects.  

 



V. SMALL SIGNAL ANALYSIS 

Impedance analysis of the rail for signaling circuits when 
DC power currents exist in the rails are evaluated. Signaling 
currents in comparison with power currents for railways is 
negligible, which small signal analysis could be used for 
impedance analysis of the rails at high frequencies [8]. 
Differential or incremental magnetic permeability, μd 
( dHdB //1 0μ ) is calculated for resistance and inductance 
analysis in the simulations (Fig. 12). It could be assumed that 
magnetic fields are mostly concentrated on the very small 
region on the skin of the rail due to the very high frequency of 
signaling circuits. Therefore magnetic permeability is 
considered constant in the skin depth and it is equal to the 
differential permeability corresponding to the magnetic field 
strength on the surface of rail. In order to obtain differential 
permeability from μd-H curve, surface magnetic field strength 
of the rail, Ho must be calculated: 

                                     
C
IHo =                                      (10) 

Table VII presents resistances and inductances at 10 kHz 
with different differential permeabilities using (4) or (6). The 
resistances are much higher and inductances are much lower in 
comparison with low frequencies, 10 Hz and 50 Hz. 

TABLE VII.  RESISTANCE AND INDUCTANCE PER METER RESULS USING 
ANALYTICAL METHOD AT 10 KHZ 

500 A 
Rail A Rail B 

Material 1 Material 2 Material 1 Material 2 

R, μd=250 3151.5 µΩ 2952.0 µΩ 4192.8 µΩ 3927.2 µΩ 

L, μd=250  0.050 µH 0.047 µH 0.067 µH 0.062 µH 

R, μd=750 5452.7 µΩ 5107.9 µΩ 7251.7 µΩ 6793.0 µΩ 

L, μd=750 0.087 µH 0.081 µH 0.115 µH 0.108 µH 

 

 

Fig. 12. Materials 1 and 2 - μd - H 

VI. CONCLUSIONS 

Different solid iron materials effects on the impedance of 
rails were presented.  Analytical methods and FEM were used 
for the simulations.  

Presented analytical methods are quite precise in 
comparison with FEM, which could be used for fast analysis of 
rails impedances. Approximate analytical methods were 
presented for two approximated models, circular and 
rectangular solid conductors. 

Inductances and resistances were calculated at DC and AC 
currents with and without iron non-linearity effects. The 
material effects such as different electrical conductivities and 
B-H curves are not negligible at low and high frequencies.  

The hysteresis effects have considerable influences on the 
resistances and the inductances of the rails.  
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3-2-1-3 Impedance of Iron Conductors with Circular and Rectangular Shapes [C2] 

 
The impedance of rectangular and circular shape solid iron conductors is studied in this 

paper. 2D analytical model is presented for linear iron materials with different relative magnetic 

permeability and the results are compared with finite element method (FEM). Experiments are 

performed to measure the impedances. Nonlinear time harmonic FEM results are compared with 

experimental results for detailed evaluations. Different solid irons are considered for the 

measurement and the simulations. 

The impedances of circular and rectangular conductors are presented. Analytical method 

and FEM are used for the evaluations. The experimental results prove the validity of calculations 

for different currents for circular and rectangular conductors with solid iron materials. 

Considering hysteresis angle for B-H curve in the analysis shows better results for impedance 

phase angle in comparison with measurement. The B-H curve shape has strong influence on the 

solid conductors impedances as it has been shown in the analytical modeling for different values 

of relative permeability. 
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Abstract—The impedance of rectangular and circular shape 
solid iron conductors is studied in this paper.  2D analytical 
model is presented for linear iron materials with different 
relative magnetic permeability and the results are compared with 
finite element method (FEM). Experiments are performed to 
measure the impedances. Nonlinear time harmonic FEM results 
are compared with experimental results for detailed evaluations. 
Different solid irons are considered for measurement and 
simulations. 

Keywords— Impedance, iron, conductor, FEM, analytical 

I. INTRODUCTION  

Solid iron conductor is rarely used in comparison with 
copper and aluminum conductor in the large electrical systems 
because of higher electrical resistivity. Nevertheless solid iron 
conductor could be utilized when mechanical stability and 
robustness is vital. For example, earthing systems often use 
solid iron conductors for mechanical reasons (Fig. 1). The 
calculation of earth conductor impedance is needed for 
dynamic analysis of electrical systems under overload or fault 
conditions [1]-[2]. AC resistance or impedance using analytical 
formulas for copper and aluminum materials of various 
conductor shapes and dimensions could be approximately 
calculated [3]-[5]. But it would be complicated to obtain 
general formula for solid iron conductor because AC resistance 
and impedance of conductor is highly dependent on B-H 
characteristics of solid iron conductor and its shape. The 
analysis of the solid iron conductor must be differently treated 
than non-magnetic conductors [6]-[7]. 

Several analytical studies have been published for 
rectangular and circular conductors in order to calculate AC 
losses and resistance and impedance using complex 
formulations. The analytical calculations show precise results 
with linear permeability [8]-[9], but the analytical results with 
consideration of nonlinear B-H curve is less precise [10]-[11]. 
Regardless of the high accuracy of FEM, it is complicated and 
time consuming especially with nonlinearity and skin effects in 
the solid iron conductor. Modeling solid iron parts for different 
electromagnetic devices with taking into account eddy currents 
is always a challenging issue [12]-[14]. 

In this paper, simple analytical methods with linear 
permeability for solid iron conductor with circular and 
rectangular shapes are presented. 2D time harmonic FEM using 

FEMM package is used for simulations too. Experimental 
works are performed to measure impedance of conductors. 
Five conductors with rectangular and circular shapes are 
selected for measurement and simulations. They have different 
B-H curves and electrical resistivities. The simulations results 
and measurement results are finally compared for detailed 
evaluations of impedances at different AC currents. The 
excitation current frequency is 50 Hz for all cases. 

II. MODELING 

A. Conductor Models 

Fig. 2 shows rectangular shape and circular shape solid iron 
conductors, dimensions and magnetic flux distribution, which 
caused by AC current in z-direction.  

The round conductors have 7 mm, 10 mm and 15 mm 
radius, r and rectangular conductors have 10 mm and 5 mm 
width, a and 16 mm and 30 mm length, b, respectively. It is 
assumed that the conductors are long, i.e. the third dimension 
(z-direction) has negligible effect on conductor impedance per 
unit length.  

 

Fig. 1. Iron solid iron conductor, which used for earthing in power station [7] 

   

Fig. 2. Rectangular shape and circular shape solid iron conductors, 
dimensions and magnetic flux distribution calculůated by FEM 
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B. Material Data 

The B-H curves for different solid iron conductors are 
measured with double E-shape yoke method [15]. 

The measured B-H curve is usually available at the limited 
number of points and ranges of magnetic flux density, B and 
magnetic field strength, H values.  In order to estimate B-H 
curve at all points, a rational curve fitting function is used. 
Equation (1) shows the proposed rational function with 
constants, p1, p2, p3, p4, q1, q2, q3, q4 and q5 for relative 
magnetic permeability, μr. μ0 is the permeability of open space.  

Approximated μr-H curves are shown in Fig. 3 and Fig. 4 in 
comparison with measurement. The comparison between the 
curve fitting functions and the measured B-H curves shows 
high precision of the proposed function. 
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where, Hm,1 and Hm,2 are constant parameters for curve fitting 
functions. Table I presents rational functions constants. 

The electrical conductivities, σi of circular conductors with 
radius 7 mm, 10 mm and 15 mm are 4.605 MS/m, 4.45 MS/m 
and 5.54 MS/m, respectively and rectangular conductor with 
edges dimensions 10mm*16mm and 5mm*30mm are 
5.0 MS/m and 5.07 MS/m, respectively.   

 

 

Fig. 3. Relative magnetic permeability, μr-H curve - curve fitting function 
versus measurement for iron conductor with circular shape, 7 mm radius 
(Hm,1=3571, Hm,2=3828), 10 mm radius (Hm,1=3098, Hm,2=3571) and 15 mm 
radius (Hm,1=3335, Hm,2=3506) 

 

Fig. 4. Relative magnetic permeability, μr-H curve - curve fitting function 
versus measurement for iron conductor with rectangular shape, edges 
dimension 10 mm*16 mm  (Hm,1=3913, Hm,2=3725) and edges dimension 
5 mm*30 mm  (Hm,1=3068, Hm,2=3261) 

TABLE I.  PARAMETERS OF RELATIVE PERMEABILITY 

 

Parameters 

Circ. 
7 mm 

Circ. 
10 mm 

Circ. 
15 mm 

Rect. 
10mm*
16mm 

Rect. 
5mm* 
30mm 

p1 380.1 419.4 450.9 410.15 506.9 
p2 -687.8 1068 1264 1333 1339.5 
p3 -2365 907.8 1180 1440 1182.5 
p4 -1302 257.6 366.9 517.85 349.15 
q1 1 1 1 1 1 
q2 -0.603 3.643 3.985 4.54 4.0125 
q3 -8.065 5.058 6.013 8.0085 6.0305 
q4 -10.55 3.159 4.056 6.387 4.0105 
q5 -4.09 0.7463 1.029 1.922 0.9957 

III. LINEAR PERMEABILITY ANALYSIS 

A. Circular Conductor 

The electric field in the circular conductor, Ez and resulting 
internal impedance for circular conductor is given as following 
[5]: 
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where, f and δ are frequency and the classical skin depth, 
respectively. 

The simplified form of (2) for the case of small skin depth 
in comparison with conductor radius, r is presented in (3): 
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B. Rectangular Conductor 

Equation (4) presents integral of electric field, Ez and 
calculated internal impedance, Zin in the rectangular conductor. 
It is assumed that magnetic field is tangential to outer surface 
of solid iron conductor because of high magnetic permeability 
of solid iron relative to the surrounding air region [5]. The 
approximate formula for internal impedance, Zin in (4) is the 
average of integral of electric field around outer surface of 
rectangular conductor. The simplified form of (4) is also 
presented in (5). 
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Fig. 5 shows the internal impedance results for circular 
conductor, which exhibit high accuracy of simplified analytical 
formula in (3).  Fig. 6 presents the internal impedance for 
rectangular conductors. The impedance increases with 
increasing magnetic permeability because of higher skin 
effects. 

Fig. 7 and Fig. 8 show impedance phase angles versus 
permeability, which is increasing to the angle 45 deg. at higher 
permeabilities. 

C. Hysteresis effects 

Hysteresis effects on the impedances and phase angle could 
be considered in (6) and (7) using (3) and (5): 
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Considering hysteresis effects using a phase shift between 
B and H causes higher resistance and lower inductance. The 
absolute value of impedance shows very small changes by 
hysteresis effects but phase angle decreases. 

 

Fig. 5. Internal impedance versus relative magnetic permeability at 50 Hz for 
circular conductor - approximate equation (3) and FEM simulations 

 

Fig. 6. Internal impedance versus relative magnetic permeability at 50 Hz for 
rectangular conductor- approximate equation (5) 
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Fig. 7. Internal impedance phase angle versus relative magnetic permeability 
at 50 Hz for circular conductor - using analytical equation (3) and FEM 
simulation 

 

Fig. 8. Internal impedance phase angle versus relative magnetic permeability 
at 50 Hz for rectangular conductor - using analytical equations (4) and (5) 

The analytical and FEM [16] results coincide with higher 
accuracy for circular conductor in comparison with rectangular 
conductor due to the absence of edge effect. 

IV. NONLINEAR ANALYSIS 

The nonlinear B-H curve is considered for higher field 
amplitudes. In our analysis we consider that I and thus H is 
sinusoidal and B is non-sinusoidal. In order to compute 
magnetic fields in harmonic time domain, only fundamental 

component of B is considered and other harmonics are ignored 
due to the negligible effect on the eddy current losses [16]. 

The relative magnetic permeability versus radial distance 
from the conductor center, µr are shown in Fig. 9 -Fig. 10. The 
depicted relative magnetic permeability is calculated using 
normal component of B and H to the paths, which is shown in 
Fig. 9 and Fig. 10 with red color.  

The relative magnetic permeability curves are different for 
circular and rectangular conductors mainly because of different 
µr-H curve according to Fig. 3 and Fig. 4. 

 

 

Fig. 9. Relative magnetic permeability, µr versus radial distance form the 
conductor center for circular conductors 

 

Fig. 10. Relative magnetic permeability, µr versus distance from center for 
rectangular conductors 
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The relative permeability curve starts from initial 
permeability of solid irons and increase to maximum 
permeability. The magnetic fields are zero in the center of 
conductor and increasing to maximum value at the outer 
circumference of the conductor. 

V. EXPERIMENTAL RESULTS 

In order to validate the calculations, five conductors 
(Fig. 2) were tested at different currents. A sinusoidal current 
was applied in the rectangular and circular conductors. An 
oscilloscope was used to read voltage between two points on 
the conductors. The voltage was measured at 30 cm distance on 
the conductors. 

The measured voltages for circular and rectangular 
conductors and fundamental component are shown in Fig. 11 at 
current amplitude 100 A and frequency 50 Hz. The voltages 
are not sinusoidal at 100 A due to the iron nonlinearity. The 
impedances are calculated using fundamental component of 
voltages, V1 divided by applied current: 

I

V
Z 1                                                                                 (8) 

The measured impedances and phase angles are presented 
in Fig. 12 and Fig. 13. In order to improve accuracy of 
calculations, hysteresis angle is taken into account as following 
[16]-[17]: 
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where, φh(B), µe(B), µe-max(B) and φh-max are flux density 
dependent hysteresis angle, flux density dependent efficient 
relative permeability, maximum efficient relative permeability 
and maximum hysteresis angle. 

 

 

Fig. 11. Experimental voltages versus time for current amplitude 100 A 

 

Fig. 12. Absolute value of impedance - measurement and FEM (hysteresis 
angle = 30 Deg.) 

 

Fig. 13. Phase angle of impedance - measurement and FEM (hysteresis angle 
= 30 Deg.) 

The calculated phase angles for the impedances are 
matching better with measurement when maximum hysteresis 
angle 30 Deg., φh-max is considered.  The impedance phase 
angle is around 33 Deg. at highest current and saturation.  

 Precise nonlinear FEM calculations are more practical to 
calculate solid iron conductors impedance, which is 
complicated for analytical methods [18]-[19]. The edge effects 
and finite dimensions effects of conductors are easily to be 
considered in FEM despite the longer simulations time. Exact 
implementing nonlinearity of solid irons with taking into 
account exact µr curve is rather complicated.   
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Fig. 14. Conductor model with boundray conditions and magnetic flux 
distribution – magnetic vector potential, Az=0 

VI. DISCUSSIONS OF BOUNDARY CONDITIONS EFFECTS 

Fig. 14 shows the computational model with boundary 
conditions. Table II shows resistances and reactances of solid 
conductors with and without external inductances. Without 
external inductances means that the boundary conditions, Az=0 
is exactly on the outer surface of the conductor and 
surrounding air region is removed. Table II presents the results, 
which show small influence of external inductance on the 
whole impedance of the solid conductors. 

TABLE II.  RESISTANCES AND REACTANCES WITH AND WITHOUT 
EXTERNAL INDUCTANCES AT 100 A USING FEM 

R (mΩ/m) 
ωL (mΩ/m) 

Parameters 

Circ. 
7 mm 

Circ. 
10 mm 

Circ. 
15 mm 

Rect. 
10mm*
16mm 

Rect. 
5mm* 
30mm 

R, with ext. 3.803 2.383 1.517 2.777 2.136 
ωL, with ext. 3.593 2.637 1.833 2.656 2.332 
R, without ext. 3.803 2.383 1.517 2.776 2.132 
ωL, without ext. 3.283 2.350 1.570 2.349 2.035 

VII. CONCLUSIONS 

The impedances of circular and rectangular conductors are 
presented. Analytical method and FEM are used for 
evaluations. The experimental results prove the validity of 
calculations for different currents for circular and rectangular 
conductors with solid iron materials. Taking into account 
hysteresis angle for B-H curve in the analysis shows better 
results for impedance phase angle in comparison with 
measurement. 

The B-H curve has influential effects on the solid 
conductors impedances as it has been shown in the analytical 
modeling for different relative permeability. 
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3-2-1-4 Impedance of Solid Iron Conductors at High Frequencies [S1] 

(Paper submitted for publication in International Journal of Electrical Power & Energy 

Systems) 

 
Impedance analyses of a number of solid iron conductors at high frequencies are 

presented in this paper. The impedance of solid nonmagnetic conductors is well documented. 

However, there have been fewer studies of solid magnetic conductors, because of complications 

caused by strong nonlinearity. Nevertheless, some industrial applications require ferromagnetic 

conductors, and a simple method for expressing their impedance is desirable. Solid iron 

conductors of various shapes are considered here. Analytical methods are developed that take 

into the account the eddy currents in the solid iron and its magnetic nonlinearity. Magnetization 

curves of solid iron conductors were measured using the yoke method and using a permeameter. 

The nonlinear time harmonic finite element method is used for impedance calculations of solid 

iron conductors. The impedance measurement results are compared with the calculations using 

analytical method and with finite element calculations. Hysteresis effects on resistance and 

inductance are also taken into consideration. The calculated results are compared with 

measurements at different currents and frequencies. 

Impedance measurements of solid iron conductors of various cross section shapes at high 

frequencies have been presented in this paper. 2D time harmonic FEM and a 1D time harmonic 

analytical method were utilized for the analysis of solid iron conductor impedances. The solid 

iron conductors with different magnetization characteristics and electrical conductivities were 

considered in order to evaluate the effects of the materials on the impedances. Analytical 

functions for modeling the B-H curves and the magnetic permeability curves were developed for 

all types of soft magnetic materials for fast analytical analysis of the impedances. Neglecting the 

hysteresis effects causes a large error in the resistance and internal inductance calculations. 

However, the absolute value of the impedance is almost unchanged. Solid iron conductors with 

higher permeability have larger impedances, because the skin depth is smaller. It is therefore 

recommended to use solid iron conductors with lower permeabilities. The impedance increases 

with the current until the maximum magnetic permeability point, and it decreases at higher 

currents because of saturation and decreasing magnetic permeability. The measured B-H curves 

were obtained using a yoke device and using a permeameter. A permeameter provides more 

accurate B-H results than a yoke at low magnetic field strength. The magnetic fields operate at 

low values inside solid iron conductors, as the applied current is low at the higher frequencies 

presented in this paper. 

 

 

 

 

 

 

 

 

 

 

 

 



 

Abstract—Impedance analyses of a number of solid iron 

conductors at high frequencies is presented in this paper. The 

impedance of solid nonmagnetic conductors is well documented. 

However, there have been fewer studies of solid magnetic 

conductors, because of complications caused by strong 

nonlinearity. Nevertheless, some industrial applications require 

ferromagnetic conductors, and a simple method for expressing 

their impedance is desirable. Solid iron conductors of various 

shapes are considered here. Analytical methods are developed 

that take into the account the eddy currents in the solid iron and 

its magnetic nonlinearity. Magnetization curves of solid iron 

conductors were measured using the yoke method and using a 

permeameter. The nonlinear time harmonic finite element 

method is used for impedance calculations of solid iron 

conductors. The impedance measurement results are compared 

with the analytical method and with finite element calculations. 

Hysteresis effects on resistance and inductance are also taken 

into consideration. The calculated results are compared with 

measurements at different currents and frequencies.  

 
Index Terms—Impedance, high frequencies, solid iron 

conductors, eddy currents, nonlinearity, saturation 

I. INTRODUCTION 

lectric power lines use highly conductive copper, or they 

use aluminum when mass minimization of the electrical 

conductor is a critical issue. Solid iron and steel conductors 

are rarely used for power currents, except in railways, where 

the iron rails are utilized for carrying AC and DC power 

current for the electricity requirements and for the traction of 

trains and locomotives. Signaling currents in the kHz 

frequency range flow simultaneously with power DC and AC 

current in the iron rails [1]-[5], and this makes it necessary to 

analyze the impedance of iron conductors in high frequency 

operations. Solid iron and steel conductors could be utilized in 

cases when mechanical strength is critical, e.g. for grounding a 

power station [6]. Impedance analyses of magnetic solid iron 

conductors are less known than impedance analyses of 

nonmagnetic copper and aluminum conductors [7].  
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The impedance of a solid iron conductor is not only 

dependent on frequency, but is also affected by the 

nonlinearity of the B-H curves of solid irons and steels. The 

main challenge for impedance analysis of solid iron 

conductors is how to take into account the effect of the eddy 

currents in the solid iron together with nonlinearity and 

hysteresis effects. 

Studies and analyses of eddy currents in solid iron and 

steels have a long history in the design of electromagnetic 

devices [8]-[11]. Analytical and numerical calculations for 

linear and nonlinear magnetic analysis have been performed to 

evaluate the eddy current and its effect on electromagnetic 

devices [12]-[13]. Although numerical calculations using the 

finite difference method (FDM) and the finite element method 

(FEM) are well developed, and free software and commercial 

software are accessible, a fast and easy analytical method for 

impedance calculations is still very desirable. The earliest 

precise eddy current analysis in a nonlinear model for solid 

iron was performed in [14], using the power function for B-H 

curve modeling, which was later also used in [12], [15] - [16]. 

A rectangular function is used in [17] - [19] for saturation and 

nonlinearity modeling in the B-H curve, but it is less precise 

than the method in [14]. Eddy current loss analysis and 

analytical modeling for nonlinearity consideration for solid 

and laminated iron parts exposed to non-sinusoidal alternating 

fields are described in [20], using the extended works of [17]. 

Recent work on analytical modeling of the eddy current in a 

nonlinear magnetic material was presented in [21], but it is 

complicated to implement and it was not proved for a practical 

application. 

An analytical model for impedance analysis of circular 

conductors only, using an innovative analysis for saturation 

consideration in the solid iron was performed in [22]. A 

detailed linear analysis of the impedances of rectangular and 

circular solid iron conductors is presented in [23], using 

analytical calculations, but measurements were made only at 

50 Hz. Approximate analytical calculations of circular solid 

iron conductors are shown in [24], but in that work only 

resistances were measured and calculated. The same authors 

claimed to present impedance results for rectangular 

conductors, in [25]. The authors measured and calculated 

impedances for circular and rectangular solid iron conductors 

at 50 Hz in [6]. However, no detailed analysis of the 

impedances for solid iron conductors at higher frequencies is 
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available in the literature. 

Measurements and theoretical analyses for resistance and 

inductance calculations of solid iron conductors with various 

magnetic characteristics are presented in this paper. Various 

dimensions of circular, rectangular and hexagonal conductors 

are considered. Magnetic devices for measuring B-H curves 

for solid iron conductors are also shown. A fast analytical 

method is presented that takes into the account the eddy 

currents and nonlinearity, and the results for impedance 

analyses of solid iron conductors are compared with 

measurements and with 2D time harmonic finite element 

results. The major objective of this paper is to measure and 

analyze the impedances of solid iron conductors at high 

frequencies of 400 Hz and 1000 Hz. In addition, the results of 

impedances for a rectangular conductor at 50 Hz are presented 

for a comparison between low frequency and high frequency.  

II. IMPEDANCE MEASUREMENTS 

Fig. 1 shows a schematic model [26] and the experimental 

set up for impedance measurements of solid iron conductors. 

Six different solid iron conductors with circular, rectangular 

and hexagonal cross sections (Fig. 2) with various cross 

section areas, were tested at various currents. A sinusoidal 

current, I, was applied to the solid conductors. An oscilloscope 

was used to read the voltage between two points on the 

conductors, as shown in Fig. 1. The voltage, U , was measured 

at l = 30cm distance on the conductors. The current was also 

measured with an oscilloscope, using a current probe. 

Only the fundamental component of the voltage, U1 , is 

considered for calculating the impedance, Z , of solid iron 

conductors with nonlinear magnetization: 
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Fig. 1. A schematic model for impedance measurements, and the experimental 

set up for impedance measurements, using an oscilloscope 

 

Fig. 2. The circular, rectangular and hexagonal-shaped solid iron conductors: 

dimensions and magnetic flux distribution calculated by FEM for a half model 

The impedance phase angle, θZ is dependent on the B-H 

curve of solid iron conductor, its hysteresis loop and external 

fields of conductor, which are investigated in detail in the next 

sections.  

III. MAGNETIC MEASUREMENTS 

Firstly, the B-H curves for the different solid iron 

conductors are measured with the double E-shape yoke 

method, see Fig. 3 [27]. The B-H curves of all solid iron 

conductors in Fig. 2 are measured using 6 cm-long samples 

from all solid conductors. The magnetic field strength, H , is 

measured using a Gaussmeter, and magnetic flux density is 

measured using a fluxmeter [27]. 

A compensated permeameter is also utilized for measuring 

DC magnetization and the B-H curve, and for measuring the 

hysteresis loops for the rectangular-shaped solid iron sample, 

(Fig. 4). The compensated permeameter can measure the 

hysteresis loops for an open magnetic sample at DC and low 

frequency [27] - [28]. Only the rectangular solid iron 

conductor with dimensions of 5×30 mm was measured with a 

permeameter to compare the results with the yoke method. 

Combined rational and power functions [29] for fitting the 

function curve are used to model analytically the B-H curve in 

appendix I. This will subsequently be used for fast analytical 

calculations in appendix II for precise interpolation within the 

measured B-H data and for precise extrapolation outside the 

measured B-H data. 

 

 
Fig. 3.  The yoke device for B-H measurements and a 3D model 

 



 
Fig. 4.  The compensating permeameter device for B-H measurements and a 

3D model 

 

Fig. 5. a) The measured B-H curves using a yoke and using a permeameter, 

and the calculated curves (left) and the B1-H b) μr-H curves and the calculated 

B1-H curves and μr-1-H curves (right) corresponding to the fundamental 

component of the magnetic flux density, B1(μ0 ·μr-1=B1/H) 

 

 

 

Fig. 6. Measured impedances and impedance angles at 400 Hz and at 1000 Hz 

 

Fig. 7. Measured hysteresis loops, using the permeameter  

 

Fig. 8. a) Fundamental component of the magnetic flux density in comparison 

with the original non-sinusoidal curve corresponding to the  hysteresis loop 

with the sinusoidal magnetic field strength of maximum, 500 A/m (left), b) 

the hysteresis angle caused by the hysteresis effect at different maximum 

magnetic field strengths 

In time harmonic FEM and analytical calculations [16], [30] 

for an analysis of magnetic saturation, the conventional 

method takes into consideration the fundamental component 

of flux density, B1. B1-H and the corresponding relative 

magnetic permeability curve, µ r-1-H, are therefore calculated 

and are obtained from B-H. Fig. 5 shows B-H, B1-H, µ r-H  and 

µ r-1-H for a rectangular 5×30 mm conductor measured by a 

yoke and by a permeameter. The two measurements match 

less well in low fields, as is shown more clearly in the µ r-H 

and µ r-1-H curves. 

IV. IMPEDANCERESULTS 

The measured impedances and phase angles are presented 

in Fig. 6 for various solid iron conductors at 400 Hz and 1000 

Hz. The solid conductors have different circumferences (Fig. 

2) and magnetization curves, as shown in appendix I, which 

affect the impedances and their phase angle. The impedances 

are proportional to the inverse of the circumference of the 

solid conductor at high frequencies, as the magnetic flux is 

concentrated near the circumferences of the conductors 

(appendix II). The impedances increase with increasing 

current as the relative magnetic permeability increases. 

However, the phase angles of the impedances decrease with 

increasing current. The measured impedances include the 

external inductance, which is difficult to measure or subtract. 

Fig. 7 shows the measured hysteresis loops of a solid 5×30 

mm conductor in various magnetic field strength ranges, using 



a permeameter. The phase shift between B and H caused by 

hysteresis can be calculated by the phase difference of the 

assumed sinusoidal magnetic field strength, H, and the 

fundamental component of the resulting magnetic flux density, 

as shown in Fig. 8. The hysteresis phase shift, θh , has its 

maximum value above 26 deg. 

The results of 2D time harmonic FEM, neglecting the 

external inductance and measurement, are compared for  the 

rectangular solid 5×30 mm conductor shown in Fig. 9. In 

order to improve the accuracy of the FEM calculations, the 

hysteresis angle is taken into the account as follows [30]-[31]: 
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where θh(B), µe(B), µe-max(B) and θh-max are the flux density 

dependent hysteresis angle, the flux density dependent 

efficient relative permeability, the maximum efficient relative 

permeability, and the maximum hysteresis angle. The 

influence of hysteresis is negligible on absolute value 

impedance. The phase angle of the impedance calculated by 

FEM coincides better with measurement when the hysteresis 

angle, 30 deg, is taken into consideration.  

The calculations with the measured B-H curve using a 

permeameter provide a better match with the measurement, as 

the B-H curve has higher values especially at low fields. It can 

be mentioned here that a permeameter is more precise than a 

yoke device for low fields. The B-H curves measured by a 

yoke and by a permeameter are almost the same for high fields 

(Fig. 5). 

 

 

 

Fig. 9. Measured and FEM-calculated impedances and impedance angles  

 

Fig. 10. Measured resistances and FEM calculated resistances  

 

Fig. 11. Measured impedances and FEM and analytical calculated values 

 

Fig. 12. Magnetic flux distribution with an external boundary condition 

Fig. 10 presents a comparison between measured 

resistances and FEM results with the B-H curve measured by a 

permeameter. The resistance increases when the hysteresis 

angle is taken into consideration. The analytical calculation of 

impedances presented in appendix II takes the nonlinearity 

into account and provides a closer match with the FEM results 

(Fig. 11). This shows the high accuracy of the analytical 

method presented here and the corresponding assumptions in 

the analytical calculations.  

The contribution of the external inductance is given by the 

size of the external boundary condition. Table I presents the 

effects of the size of the external boundary condition on the 

impedance, the impedance phase angle and the resistance of 

the solid iron conductors, using the FEM model, see Fig. 12. 

This shows that the resistance is almost the same for all 

external boundary conditions. 



 

Fig. 13. Measured and calculated FEM impedances, resistance and impedance 

angles at 50 Hz 

TABLE I EFFECT OF APPLYING AN EXTERNAL BOUNDARY CONDITION (FIG. 
12) 

|Z|, R (mΩ) 

θZ (deg) 

Parameters, Rect. 5×30mm, I = 20 A 

400 Hz 1000 Hz 

R |Z| θZ R |Z| θZ 

No ext. 5.1 7.6 47.6 8.0 11.8 47.5 

ro=50 mm 5.1 8.3 51.7 8.0 13.5 53.8 

ro=100 mm 5.1 8.5 53.1 8.0 14.2 55.8 

ro=200 mm 5.1 8.8 54.5 8.0 15.0 57.7 

ro=500 mm 5.1 9.2 56.1 8.0 15.9 59.9 

ro=1000 mm 5.1 9.5 57.2 8.0 16.6 61.3 

 

The impedance phase angle increases when the external 

boundary condition becomes bigger. Theoretically, the phase 

angle of impedance with linear magnetic characteristics is 45 

deg, and it is less than 45 deg with non-linear magnetic 

characteristics and hysteresis effects (appendix II). It can be 

concluded that the phase angle higher than 45 deg in Fig. 6 is 

partially caused by external inductance. The measured and 

FEM calculated impedance, impedance phase angle and 

resistance of a rectangular solid iron conductor at 50 Hz is 

shown in Fig. 13 for higher currents.  The impedance and the 

resistance have their maximum value at about 50 A, which 

corresponds to the maximum permeability, as mentioned in 

Table I4 (appendix I).  

V. CONCLUSION 

Impedance measurements of solid iron conductors of 

various cross section shapes at high frequencies have been 

presented in this paper. 2D time harmonic FEM and a 1D time 

harmonic analytical method were utilized for the analysis of 

solid iron conductor impedances. The solid iron conductors 

have different magnetization characteristics and electrical 

conductivities, in order to evaluate the effects of the materials 

on the impedances. Analytical functions for modeling the B-H 

curves and the magnetic permeability curves were developed 

for all types of soft magnetic materials for fast analytical 

analysis of the impedances. 

Neglecting the hysteresis effects causes a large error in the 

resistance and internal inductance calculations. However, the 

absolute value of the impedance is almost unchanged. 

Solid iron conductors with higher permeability have larger 

impedances, because the skin depth is smaller. It is therefore 

recommended to use solid iron conductors with lower 

permeabilities. The impedance curve versus current increases 

with the current until the maximum magnetic permeability 

point, and it decreases at higher currents because of saturation 

and decreasing magnetic permeability. 

The measured B-H curves were obtained using a yoke 

device and using a permeameter. A permeameter provides 

more accurate B-H results than a yoke at low magnetic field 

strength. The magnetic fields operate at low values inside 

solid iron conductors, as the applied current is low at the 

higher frequencies presented in this paper. 

Despite their high impedance, especially at high 

frequencies, in comparison with copper and aluminum 

conductors, solid iron conductors are a suitable option for 

electricity and signal transmission lines with high mechanical 

tension and low magnetic reluctance [32]-[37].   

VI. APPENDIX I 

A measured B-H curve is usually available at a limited 

number of points and ranges of magnetic flux density, B, 

values and magnetic field strength, H , values.  In order to 

estimate the B-H curve at all points for analytical calculations, 

combined rational and power functions for fitting the function 

curve are used. Equation (I1) shows the proposed function 

with constants, a, a1, c, c1, b, and d for relative magnetic 

permeability, μr , which are calculating using curve fitting. μ0 

is the permeability of an open space. Equation (I2) presents 

the calculated magnetic permeability corresponding to the 

fundamental component of the magnetic flux density, B1 , 

when the field strength, H changes in a sinusoidal form. The 

constants, a', a'1, c, c'1, b', and d' are calculated using curve 

fitting. 

Approximated μr-H and μr-1-H curves in comparison with 

measurement are shown in Fig. I1. The comparison between 

the curve fitting functions and the measured B-H curves shows 

the high precision of the proposed function. Tables I1-I3 

present the parameters and constants of (I1) and (I2). 
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TABLE I1 PARAMETERS OF RELATIVE PERMEABILITY USING A YOKE 

 

Parameters 

Circ. 

7 mm 

Circ. 

10 mm 

Circ. 

15 mm 

Rect. 

10×16

mm 

Rect. 

5×30 

mm 

Hex. 

9.8 mm 

 

a 9.48e-7 1.55e-6 7.13e-8 3.78e-6 6.19e-8 2.42e-7 

a1 3.96e-7 1.64e-6 3.47e-8 8.68e-3 3.07e-8 1.15e-7 

b 1.946 1.846 2.542 1.222 2.722 2.354 

c 1.85e-5 8.61e-8 8.88e-6 4.55e-7 1.5e-8 2.54e-5 

c1 1.79e-5 2.92e-8 5.43e-5 2.38e-7 1.51e-4 1.25e-3 

d 1.515 2.24 1.524 2.589 1.571 1.153 



TABLE I2 PARAMETERS OF RELATIVE PERMEABILITY USING A YOKE 

 

Parameters 

Circ. 

7 mm 

Circ. 

10 mm 

Circ. 

15 mm 

Rect. 

10×16

mm 

Rect. 

5×30 

mm 

Hex. 

9.8 mm 

 

a´ 1.79e-7 1.87e-6 3.86e-8 2.3e-6 5.57e-7 1.81e-7 

a´1 7.09e-8 4.62e-6 1.47e-8 7.33e-4 2.23e-7 6.61e-8 

b´ 2.254 1.668 2.563 1.40 2.409 2.301 

c´ 3.64e-5 1.19e-7 1.06e-5 7.25e-8 1.05e-7 3.27e-5 

c´1 6.35e-5 4.08e-8 3.43e-5 2.98e-8 2.38e-3 4.42e-4 

d´ 1.373 2.264 1.551 2.669 1.199 1.211 

TABLE I3PARAMETERS OF RELATIVE PERMEABILITY USING A YOKE AND A 

PERMEAMETER 

 

Parameters 

yoke/ 

Rect. 5×30mm 

Permeameter/ 

Rect. 5×30mm 

a / a´ 6.19e-8 / 5.57e-7 1.0e-6 / 5.11e-6 

a1 /a´1 3.07e-8 / 2.23e-7 2.42e-5 / 4.56e-5 

b / b´ 2.722 / 2.409 1.971 / 1.745 

c / c´ 1.5e-8 / 1.05e-7 2.47e-8 / 5.97e-8 

c1 /c´1 1.51e-4 / 2.38e-3 1.12e-8 / 2.058e-8 

d / d´ 1.571 / 1.199 2.997 / 2.722 

TABLE I4 MAXIMUM RELATIVE MAGNETIC PERMEABILITY AND THE 

CORRESPONDING MAGNETIC FIELD STRENGTH (USING A YOKE) 

 

Parameters 

Circ. 

7 mm 

Circ. 

10 mm 

Circ. 

15 mm 

Rect. 

10×16

mm 

Rect. 

5×30 

mm 

Hex. 

9.8 mm 

 

Hm 924 1351 1010 994 819 1133 

μr-m 548 472 588 389 552 390 

 

Table I4 presents the maximum relative magnetic 

permeability and the corresponding magnetic field strength 

(Fig. II1). 

The electrical conductivities, σ , of circular conductors with 

a radius of 7 mm, 10 mm and 15 mm are 4.605 MS/m, 

4.45 MS/m and 5.54 MS/m, respectively. The values are 

5.0 MS/m and 5.07 MS/m for rectangular conductors with 

edge dimensions of 10mm·16mm and 5mm·30mm, 

respectively. And it is 5.56 MS/m for the hexagonal 

conductor. 

VII. APPENDIX II 

The one dimensional (1D) field solution is considered using 

the Maxwell equations [12]. The magnetic flux density is 

directly solved and used in this paper for the impedance 

calculations of the solid iron conductor. The shape and form 

of the solid conductor is neglected, and the analysis is 

performed using a simplified model in Cartesian coordinates. 

The rationale behind this approach is that the magnetic flux 

concentrates mostly near the surface of a solid iron conductor. 

The circumference of the conductor is therefore essential for 

the impedance analysis. 

 

 

 

 

 

Fig. I1. μr-H curves and μr-1-H curves corresponding to the fundamental 

component of magnetic flux density, B1 – measured using the yoke method 

 

Fig. II1. a) The schematic flux distribution within the skin depth, δ , of the 

conductor (left) and b) a schematic model of B-H curve and the relative 

magnetic permeability curve, μr-H (right) 

The 1D model is shown in Fig. II1 a). Only the x 

component of the magnetic flux density, Bx , and the magnetic 

field strength, Hx are used in the magnetic field solutions.  

The impedance of the conductor, Z, the resistance, R, and 

the inductance, L, with circumference length, C, are calculated 

as follows [13]: 
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where, σ, I, μr and f are iron conductivity, amplitude of the 

current, relative magnetic permeability and frequency, 

respectively. δ is skin depth. Ho is the magnetic field strength 

on the surface of conductor.  

Skin depth, δ is smaller at higher frequencies, and the 

magnetic flux penetrates less in solid irons and steels. The 

impedance and resistance are higher with higher magnetic 

permeability, but they decrease with higher conductivity. 

The hysteresis effect is the phase difference between B and 

H. B lags H by an angle, θ, to model the hysteresis in a linear 

magnetic material which, the hysteresis loop becomes an 

ellipse [13]. Complex permeability is used in (II3) to model 

the hysteresis effects [13]. The resistance increases and the 

inductance decreases when the hysteresis angle is introduced 

in (II1), as shown in (II4) in a linear magnetic material. The 

absolute value of the impedance, |Z|, is unchanged. 
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In order to consider analytically the nonlinearity in the 

analytical calculations of the impedance, the assumption in 

(II5) for B-H curve modeling is made [14], [16]. The constants 

a and b are obtained by curve fitting. 
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The first assumption in (II5) is the approximate function for 

the B-H curve. The second assumption in nonlinear solution is 

that the magnetic permeability varies in proportion to the 

inverse of the square of the distance from the surface of solid 

iron part, and the magnetic field vanishes to zero at 

penetration depth δo [14], [16]. The disadvantage of the 

assumption for function μx versus y is that μx is infinite at y= δo 

or H=0 (dashed line in Fig. II2 b)), which is not realistic. 

However, it does not significantly change the accuracy of 

analytical method. Therefore, the impedance, the resistance 

and the inductance of solid iron conductors are calculated in 

(II6) by substituting equivalent relative permeability, μr-e of 

(II7) in (II1): 
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μx,0 is magnetic permeability on the surface of the 

conductor. The unknowns α΄, α˝ and δo are calculated as 

follows [14], [16]:  
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The impedance angle changes from 45 deg. in linear model 

of (II1) to smaller values in nonlinear model of (II6), which 

depends on parameter, b in (II5). The parameter, b is less than 

1 for high fields and it could be close to zero in highly 

saturation conditions, while it is close to 2 at low fields [15]. 

Therefore, impedance phase angle changes between 35 deg. 

and 51 deg. for nonlinear model. 

Fig. II2 a) shows a comparison between the analytical and 

FEM impedance results for linear magnetic materials, and a 

comparison for nonlinear magnetic materials is shown in Fig. 

II2 b). The comparisons show that the analytical methods are 

highly accurate. The nonlinearity effects are well modelled in 

the analytical calculations. The surface impedances versus 

surface magnetic field strength with different B-H curves 

corresponding to the different solid iron conductors (Fig. 2) 

are compared in Fig. II3. The surface impedance for the 

circular solid iron conductor with a 15 mm radius is the 

highest, because of the higher relative magnetic permeability.  

 

 

Fig. II2. a) Impedance variation versus the relative magnetic permeability 

curve, μr , for a linear magnetic material (left), b) impedance variation versus 

magnetic field strength on the surface of the conductor, Ho , for a non-linear 

magnetic material (right) 



 

Fig. II3. Surface impedance variation versus magnetic field strength on the 

surface of the conductor, Ho , for a non-linear magnetic material 
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3-2-2 Position Sensors 

 
3-2-2-1 Inductance Position Sensor for Pneumatic Cylinder [J2] 

 
The position of the piston in pneumatic cylinder with aluminum wall can be measured by 

external inductance sensor without modifications of the aluminum piston and massive iron piston 

rod. The inductance coil is solenoid wound around the cylinder. For frequencies below 20 Hz the 

inductance is increasing with inserting rod due to the rod permeability. This mode has 

disadvantage of slow response to piston movement and also high temperature sensitivity. At the 

frequency of 45 Hz the inductance is position independent, as the permeability effect is 

compensated by the eddy current effect. At higher frequencies eddy current effects in the rod 

prevail, the inductance is decreasing with inserting rod. In this mode the sensitivity is smaller but 

the sensor response is fast and temperature stability is better. We show that FEM simulation of 

this sensor using measured material properties gives accurate results, which is important for the 

sensor optimization such as designing the winding geometry for the best linearity and 

compensation of the temperature dependence. The best temperature stability of 0.03%/K was 

found at 70 Hz, where the inductance change with position 1.5 mH is still high. We also show 

that the parameter important for the performance is induced voltage rather than inductance. 
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3-2-2-2 Temperature Influence on Position Transducer for Pneumatic Cylinder [C3] 

 
In this paper, temperature sensitivity of inductance position transducer of a pneumatic 

cylinder system is presented. The magnetic solid iron rod and aluminum piston position changes 

the inductance of the tubular coil around the aluminum pneumatic cylinder. The measurement 

and finite element method are used to evaluate inductances versus piston position at different 

frequencies. Temperature effect on the coil inductance is analyzed. Temperature of the iron rod 

and the aluminum cylinder are changed for the temperature sensitivity analysis. The measured 

iron rod temperature dependence is in the order of 0.45 %/°C at 100 Hz and 0.27 %/°C at 200 Hz. 

Finally a small compensating solenoid coil is used at one side of the cylinder (entrance side for 

piston) to compensate temperature dependency effects. 

We evaluated temperature dependence of inductive position transducer for piston in 

pneumatic cylinder. The electrical conductivity temperature dependence is the main factor in the 

inductance variation versus temperature. The iron rod magnetic permeability variation effects 

versus temperature are negligible. The sensor is less temperature dependent for higher excitation 

frequencies, but the temperature dependence of sensitivity is high in the order of 0.45 %/°C at 

100 Hz and 0.27 %/°C at 200 Hz. The main coil inductance variation versus temperature can be 

corrected using compensating coil because compensating coil inductance is less dependent on the 

iron rod and piston position and depends linearly on the temperature. 
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Abstract—In this paper, temperature sensitivity of inductance 
position transducer of a pneumatic cylinder system is presented. 
The magnetic solid iron rod and aluminum piston position 
changes the inductance of the tubular coil around the aluminum 
pneumatic cylinder. The measurement and finite element method 
are used to evaluate inductances versus piston position at 
different frequencies. Temperature effect on the coil inductance 
is analyzed. Temperature of the iron rod and the aluminum 
cylinder are changed for the temperature sensitivity analysis. 
The measured iron rod temperature dependence is in the order 
of 0.45 %/°C at 100 Hz and 0.27 %/°C at 200 Hz. Finally a small 
compensating solenoid coil is used at one side of the cylinder 
(entrance side for piston) to compensate temperature dependency 
effects. 

Keywords—temperature; transducer; pneumatic; cylinder 

I. INTRODUCTION 
Different methods for the piston position sensing are used 

with internal and external sensors for pneumatic cylinder. 
Internal sensors inserted into the piston rod are mechanically 
complicated and expensive and not reliable. The same problem 
applies for the microwave and optical sensors inside the 
cylinder [1]. External sensors with permanent magnet on the 
piston can be used for aluminum cylinder. Using permanent 
magnets has disadvantages. The first disadvantage is that these 
sensors require non-magnetic stainless steel rod, which is 
expensive. The non-magnetic iron rod is used to avoid 
distorting of permanent magnet fields. Second disadvantage is 
difficult mounting of permanent magnet on the piston. Third 
disadvantage is high temperature dependency of permanent 
magnets remanence flux density. We recently developed AC 
contactless piston position transducer with axial excitation and 
detection of radial magnetic field associated with the end of 
rod made of magnetically soft iron. The disadvantage of this 
sensor is its short linear stroke which leads to the necessity of 
using linear sensor array, making the device rather complicated 
[2]. In order to improve previous method, we returned to the 
simple concept of variable inductance sensor. This type of 
sensor was already used for hydraulic cylinders with composite 
non-conductive shell [3]. We have shown that variable 
inductance sensors can also be used to measure position of the 
piston in pneumatic cylinder with aluminum shell. The 
inductance of the solenoid wound on outer surface of the 
cylinder is changing with piston position even though the 
cylinder is made of conducting material, which partly shields 
the AC field [4]. Improving magnetic position sensor 

sensitivity and decrease environmental effects such as stray 
fields and temperature are important topics [5]-[9].  

In this paper, theoretical analysis and experimental results 
of piston position transducer for pneumatic cylinder are 
presented. The inductance of axisymmetric wound solenoid 
around cylinder is used for piston position measurement. 
Temperature dependency of inductance is investigated at 
different piston positions and solenoid excitation frequencies. 
2D axisymmetric time harmonic finite element method (FEM) 
is used for theoretical inductance analysis of solenoid coil on 
the outer surface of the conducting cylinder. The FEM 
inductance calculations and comparison with experimental 
results could help for better understanding of physics of 
inductance analysis. The calculations and measurement are 
performed at different temperatures of cylinder-piston system 
components to analyze sensitivity of inductance versus 
temperature and to select optimum excitation frequency. 

II.  INDUCTANCE TRANSDUCER OF PNEUMATIC CYLINDER  
Fig. 1 shows the schematic model of inductance transducer 

for pneumatic cylinder. It shows that magnetic iron rod and 
piston movement changes magnetic reluctance for the coil flux, 
which affects inductance of the coil. Iron rod length, iron rod 
diameter, aluminum cylinder length, aluminum cylinder outer 
diameter, aluminum cylinder thickness, aluminum piston 
thickness and number of turns of main coil are 700 mm, 
20 mm, 500 mm, 60 mm, 2 mm, 10 mm and 800, respectively. 
The electrical resistivities of iron rod and aluminum cylinder 
versus temperature are given as follows: 
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The relative magnetic permeability of the soft iron used for 
the piston rod at low magnetic fields was estimated between 50 
and 100, but the precise measurement would be affected by 
necessary machining during the preparation of the sample. 
More precise evaluation of permeability can be made by 
measuring the inductance as shown in the next section. 
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Fig. 1. Schematic model of inductance transducer for pneumatic cylinder 

III. ONE PRELIMINARY EXAMPLE 
In order to evaluate iron rod permeability, one preliminary 

example is analyzed before main topic of inductance 
transducer is presented. The model is a simple structure with 
short coil shown in Fig. 2 and Fig. 3. First we measured and 
calculated inductance value of the coil without the iron rod 
(case 1). Then we adjusted the value of permeability so that the 
FEM results [10] fit the measured values of room-temperature 
inductance (Case 2). The resulting relative permeability was 
77.5. We calculated and measured inductance at elevated 
temperature (case 3) with the same value of permeability 
(Table. I). The FEM results coincide well with experimental 
results for all three cases and showing the validity of the model 
and evaluated permeability. The measurements suggest that the 
temperature dependence of permeability plays minor role.  The 
inductance measurements are done by LCR meter. 

TABLE I.  INDUCTANCES BASIC MODEL - CASE 1 : WITHOUT IRON ROD, 
CASE 2: WITH IRON ROD AT ROOM TEMPERATURE AND CASE 3 : WITH IRON 

ROD AT 68 OC 

Cases 
f = 100 Hz 

Experimental (μH) FEM (μH) 
1 257.5 253.0 (98.3%) 
2 407.0 385.0 (94.6%) 
3 415.5 390.0 (93.9%) 

IV. TEMPERATURE DEPENDENCE 
The inductance of the long solenoid coil sensor is 

increasing with inserting the rod due to its permeability at very 
low frequencies, below 30 Hz. However, the dependence is 
opposite for higher excitation frequencies: with inserting the 
rod, the coil inductance is decreasing due to the eddy currents 
[4]. Fig. 4 shows the magnetic field distribution in the piston 
rod. Low field values allow using magnetic model with 
constant permeability as Fig. 3. Despite lower sensitivity, the 
inductances at 100 Hz and 200 Hz are most relevant for the 
intended application because the values linearly change with 
iron rod and piston position and the response of position sensor 
excited at these frequencies would be fast enough to detect fast 
movements of the iron rod and piston position. We will show 
that the iron rod temperature dependence of the sensor is lower 
at higher frequencies. In order to understand temperature 
dependence of the sensor the pneumatic aluminum cylinder 
and iron rod were heated up separately to evaluate temperature 
dependency of sensor inductances. Fig. 5 and Fig. 6 show that 
pneumatic aluminum cylinder temperature has much higher 
influence on sensor inductances than the temperature of the 
piston rod at 100 Hz and 200 Hz. The FEM results for 

inductances show same tendency versus temperature using 
precise and correct material parameters in FEM model. Only 
cylinder and iron rod electrical resistivity have been changed in 
FEM, which shows iron relative magnetic permeability has not 
been affected by changing temperature.  

 

Fig. 2. The model (left), magnetic flux distribution without iron rod (middle) 
and magnetic flux distribution with iron rod (right) 

 

Fig. 3. Magnetic flux density distribution (left) and magnetic field strength 
distribution (right), which shows low magnetic field 

 

 

Fig. 4. Magnetic flux distribution (up) and magnetic field strength 
distribution (bottom) in inductance transducer of pneumatic cylinder 



The signal from the short axisymmetric compensation coil 
(Fig. 7) located at the beginning of the cylinder can be used to 
compensate for the temperature effects.  Fig. 7 shows that with 
the exception of the beginning area, the inductance of this coil 
does not depend on the piston position. The number of turns in 
the compensating coil is 10 and inductances values are in μH. 
The compensating coil inductance versus iron rod temperature 
is shown in Fig. 8, when iron rod and piston position is at end 
of cylinder. The compensating coil inductances linearly 
increase with temperature in the order of 0.45 %/°C at 100 Hz 
and 0.27 %/°C at 200 Hz (Fig. 8). The linear changing of 
compensating coil inductance versus temperature helps to find 
iron rod temperature and compensate main coil inductance 
error at higher temperatures.   

 

Fig. 5. Inductances at different temperatures for main coil - 100 Hz 

 

Fig. 6. Inductances at different temperatures for main coil - 200 Hz 

 

Fig. 7. Inductances versus piston position for compensating coil 

 

Fig. 8. Inductances versus iron rod temperature for compensating coil – 
measurement, only iron rod has been heated 

V. CONCLUSIONS 
We evaluated temperature dependence of inductive position 

transducer for piston in pneumatic cylinder. The electrical 
conductivity temperature dependence is the main factor in the 
inductance variation versus temperature. The iron rod magnetic 
permeability variation effects versus temperature are 
negligible. The sensor is less temperature dependent for higher 
excitation frequencies, but the temperature dependence is high 
in the order of 0.45 %/°C at 100 Hz and 0.27 %/°C at 200 Hz. 
The main coil inductance variation versus temperature can be 
corrected using compensating coil because compensating coil 
inductance is less dependent on the iron rod and piston position 
and depends linearly on the temperature.  
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3-2-2-3 Transformer Position Sensor for A Pneumatic Cylinder [J6] 

 
A novel transformer-based sensor for a pneumatic cylinder enables measurements of the 

piston position to be made through a thick conductive cylinder. Unlike existing industrial 

solutions, which are mainly based on a moving magnet, our sensors do not require modifications 

to the parts inside the cylinder. Finite element analysis results are compared with measurements 

at various piston positions and excitation frequencies. Using a suitable model for the magnetic 

properties of the iron piston rod, we achieved good agreement between the model and reality. 

When the sensor is operated at 100 Hz, the sensitivity is 200 mV/FS and the raw linearity error is 

1.6% of the full 400 mm stroke. 

FEM modeling and experimental results for a transformer position sensor for a pneumatic 

cylinder have been presented. The results show the feasibility of using the principle of a linear 

transformer with a moving core for measuring the position of the piston in a pneumatic cylinder. 

Compared to conventional LVDT, our sensor has a highly asymmetric core which moves inside 

the conducting cylinder. The sound match between FEM results and measurements shows that 

FEM can be used for optimizing a position sensor of this type. The temperature sensitivity of the 

secondary coil voltage has been calculated for various iron and aluminum temperatures. The 

effect of the change in the electrical resistivity of an aluminum cylinder is clearly dominant at 

100 Hz excitation frequency. Temperature compensation can be easily made by using the voltage 

across the excitation coil. Using only fixed copper coils for excitation and pick up make the 

proposed position sensor for pneumatic cylinder more cost effective than position sensor using 

rare earth NdFeB permanent magnets and an array of Hall sensors. In industrial applications, 

single-chip synchronous detector such as AD630 can be used for the output voltage processing. 

Due to its simplicity the proposed position sensor is suitable for harsh environment such as high 

temperature and vibrations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



T

P
F

a

A
R
R
A
A

K
P
T
P
C
F

1

c
p
m
a
i
i
T
a
s
U
h
w
p
a

t
t
fi
t
r
e
l
c

h
0

Sensors and Actuators A 294 (2019) 91–101

Contents lists available at ScienceDirect

Sensors  and  Actuators  A:  Physical

j ourna l h o mepage: www.elsev ier .com/ locate /sna

ransformer  position  sensor  for  a  pneumatic  cylinder

avel  Ripka ∗,  Mehran  Mirzaei,  Andrey  Chirtsov,  Jan  Vyhnanek
aculty of Electrical Engineering, Czech Technical University, Prague, 16627, Czech Republic

 r  t  i  c  l  e  i  n  f  o

rticle history:
eceived 14 January 2019
eceived in revised form 12 April 2019
ccepted 28 April 2019
vailable online 11 May  2019

a  b  s  t  r  a  c  t

A  novel  transformer-based  sensor  for a pneumatic  cylinder  enables  measurements  of  the  piston  position
to be  made  through  a thick  conductive  cylinder.  Unlike  existing  industrial  solutions,  which  are mainly
based  on  a moving  magnet,  our  sensors  do  not  require  modifications  to  the parts  inside the  cylinder.

Finite  element  analysis  results  are  compared  with  measurements  at various  piston  positions  and  exci-
tation  frequencies.  Using  a suitable  model  for the  magnetic  properties  of the  iron  piston  bar,  we achieved
eywords:
osition sensor
ransformer
neumatic
ylinder

good  agreement  between  the  model  and  reality.
When  the  sensor  is  operated  at 100  Hz,  the  sensitivity  is 200  mV/FS  and  the raw  linearity  error  is 1.6%

of  the  full  400  mm  stroke.
© 2019  Elsevier  B.V.  All  rights  reserved.
inite element method

. Introduction

Sensing the position of a piston inside a pneumatic aluminium
ylinder is a challenging task which is necessary for controlling the
iston. The piston is shielded by the aluminium cylinder, which
akes piston position measurements difficult. Various techniques

re used for piston sensing transducers. Direct mounting of sensors
nside the piston rod requires a gun-drilled long precise hole, which
s expensive and may  reduce the mechanical stability of the rod [1].
he use of microwave sensors on the piston is not reliable, and it is
lso mechanically complicated [2]. An optical scale [3] or a magnetic
cale [4] on the piston rod allows only incremental position sensing.
sing of magnetostrictive delay line principle is not suitable for
arsh environment [5–7]. Remanent field of ferromagnetic piston
as used in [8] for position measurement. This approach is not
ractical, as the remanent field changes with time and temperature
nd can also be significantly changed by external magnetic fields.

The method currently used by industry is external sensing of
he piston position using a permanent magnet mounted on the pis-
on with a non-magnetic stainless-steel rod. Permanent magnet
elds are measured by an array of magnetic field sensors to detect
he piston position. Although this method is robust and reliable, it
equires a piston rod made of non-magnetic stainless steel, which is

xpensive. The authors recently developed an AC-excited contact-
ess piston position transducer with axial excitation [9]. The field
hanges caused by a moving ferromagnetic piston rod are sensed
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E-mail address: ripka@fel.cvut.cz (P. Ripka).

ttps://doi.org/10.1016/j.sna.2019.04.046
924-4247/© 2019 Elsevier B.V. All rights reserved.
by an array of integrated fluxgate sensors. While 0.1 mm  resolution
is achievable, the uncorrected maximum static error was  ±3 mm.
Limiting factor for this transducer is the dynamic performance: the
maximum dynamic error is ±3 mm  even at speed of 0.2 m/s. This
type of sensor also requires complex signal processing of the sen-
sor array. Similar results were obtained using radial excitation by
saddle coils [10].

A much simpler solution is to evaluate the inductance of a
solenoid coil around an aluminium cylinder and sensing piston.
This type of sensor was developed by Sumali et al. [11], but only
for cylinder made of non-conducting composite. Later simulations
have shown that the linearity error of such sensor can be decreased
by proper design of the coil [12]. We  have experimentally verified
the performance of a transducer of this kind even for the con-
ducting cylinder within the industrial temperature range [13,14].
However, the dynamic performance of a sensor based on measured
inductance is problematical. Measuring the voltage induced into
the secondary coil is a faster solution for dynamic position sens-
ing of the piston. The transformer-based position transducer is a
well-known solution [15–22]. One excitation coil and several pick-
up coils are implemented in the transformer type of the position
transducer. While the moving coil type [15,18,19] is not practical
for our application, however, the conventional LVDT transducer,
which uses a ferromagnetic core instead, is more suitable [16,17].
Our aim was to adopt the LVDT principle for cases with a highly
asymmetric core that moves inside the conducting cylinder.
In this paper, a transformer-based position sensor for a pneu-
matic cylinder with an aluminium shell, an aluminium piston and
a ferromagnetic steel rod is analysed, designed and evaluated. A 2D
axisymmetric finite element method (FEM) is used for the mod-

https://doi.org/10.1016/j.sna.2019.04.046
http://www.sciencedirect.com/science/journal/09244247
http://www.elsevier.com/locate/sna
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sna.2019.04.046&domain=pdf
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Fig. 1. A model of the transformer position sensor for a pneumatic cylinder – the full
model (above), the axisymmetric model at the zero position of the piston (middle),
and  the axisymmetric model at the end position of the piston (below).

Table 1
Dimensions and Material Data.

Parameter Value

Cylinder outer diameter, Dco 60 (mm)
Cylinder inner diameter, Dci 56 (mm)
Cylinder axial length, Lc 500 (mm)
Piston outer diameter, Dpo 56 (mm)
Piston inner diameter, Dpi 20 (mm)
Piston axial length, Lp 10 (mm)
Iron rod diameter, Di 20 (mm)
Iron rod axial length, Li 700 (mm)
Number of turns for the excitation coil, Ne 800
Number of turns for each pick up coil, Npc 77
Number of pick up coils, np 9
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Fig. 2. Relative magnetic permeability, �r-Im curve when the piston is in the end
position - (estimated from the inductance [13]).
Wire diameter, Dw 0.56 (mm)
Aluminium electrical conductivity at 20 ◦C, �Al 30.5 (MS/m)
Iron  electrical conductivity at 20 (oC), �i 4.51 (MS/m)

lling. A frequency analysis with and without the iron rod and
iston is performed in order to find proper operational conditions
or the best precision. We  also discuss how to read the secondary
oils voltages to achieve the best sensor characteristics.

. Model of pneumatic cylinder

Fig. 1 shows the pneumatic cylinder model at different piston
ositions. Two sets of coils are used for the position sensor.

The model has an axisymmetric configuration, which reduces
he model to a 2D configuration for the simulations. The first layer is
he excitation coil, which is wound around the aluminium cylinder.
he second layer coil is divided into 9 sections of pick-up coils.

Table 1 shows the dimensions of the pneumatic cylinder and the
aterial data.

. Magnetic properties of the iron rod
The correct relative magnetic permeability is important for FEM
imulations and analysis. It is difficult to estimate the relative mag-
etic permeability of the iron rod, because the magnetic fields
re low [13]. The relative magnetic permeability can therefore be
Fig. 3. Relative magnetic permeability, the �r-H curve - measured from yoke, and
�r-He, calculated from Fig. 2 (He is effective H on the surface of the iron rod).

considered as the initial permeability. Solid irons and steels have
different initial permeability, depending on the chemical composi-
tion and the processing [23].

One method for finding the relative magnetic permeability is to
use the excitation coil inductance. We  measured this inductance for
a fully-inserted rod, and we estimated the permeability iteratively
using the FEM model. Fig. 2 shows the relative magnetic perme-
ability versus the excitation current amplitude evaluated by this
method. The relative magnetic permeability increases with increas-
ing current, because the operating points are in the Rayleigh region
of the B–H curve.

A second method for estimating the relative magnetic perme-
ability for low fields is to extrapolate the B–H curve for small field
values. In standard material models, the measured B–H curve is usu-
ally available only for fields above 50 m T [24]. The simplest method
for estimating the relative magnetic permeability for lower fields
is a simple line, which is calculated on the basis of the first two

points from the measured B and H values. The simple equivalent
line curve fitting function estimates initial permeability around 70
(Fig. 3). The estimated values from the B–H curve are compatible
with the estimated value from the measured inductance, �r = 77.5
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Table 2
Field End Effect C.

Lew (mm)  C – using (3) C – using (4)
P. Ripka et al. / Sensors and

Fig. 2). The increasing relative magnetic permeability for a higher
xcitation coil current and higher magnetic field strength should
e taken into account for precise simulations of a position sensor.

. Operation theory

.1. Inductances of air core solenoid coils

The magnetic vector potential of a finite-length solenoid coil is
alculated as follows [25,26] at an arbitrary point with cylindrical
oordinates r and z:

A� = �0 · N · I · rw

�
·
� 0.5Lw

−0.5Lw

�
2 − k2

1

�
· K(k2

1) − 2 · E(k2
1)

 ̌ · k2
1

dl

˛ =
�

r2
w + r2 + (z + l)2 − 2 · rw·r

ˇ =
�

r2
w + r2 + (z + l)2 + 2 · rw·r

k1 =
�

1 − ˛2

ˇ2

(1)

here, �0 is the permeability of the open space, N is the number
f turns of the solenoid coil, I is the current, rw is the mean radius
f the solenoid coil, Lw is coil length, K are the complete elliptic
ntegrals of the first kind, and E are the complete elliptic integrals
f the second kind.

Fig. 4 shows the magnetic flux distribution for various finite
ength solenoid coils. The end effects are more visible in a shorter
oil, which changes the inductance considerably, than when an
nfinite length solenoid coil is used.

The self inductance of the air core solenoid coil L, and of the
nduced voltage U are as follows with negligible wires diameters:
 = L · dI

dt
, L = C · N2

� , � = Lw

�0 · � · r2
w

(2)

ig. 4. Magnetic flux distribution in a solenoidal coil (the red dashed line shows
he solenoid coil) using (1), which depicted sizes are in meter unit - solenoid length
80 mm (left), solenoid length 240 mm (middle), and solenoid length 120 mm (right)
ith  coil radius 30 mm (For interpretation of the references to colour in this figure

egend, the reader is referred to the web version of this article.).
480 0.949 0.947
240 0.902 0.894
120 0.818 0.788

where C is the end effect factor caused by the finite length of the
solenoid coil. Parameter C is equal to 1 for a solenoid coil of infinite
length. Parameter C can be computed [27] using the exact formula
in (3) or using the approximate formula in (4):

C = 8
3 · �

· rw

Lw
·
�

1 − k2
2

k3
2

· K
�

k2
2

�
+ 2k2

2 − 1

k3
2

· E
�

k2
2

�
− 1

�

k2 =

	



�

�
rw

Lw


2

�
rw

Lw


2
+ 0.25

(3)

C = 1 − 8
3 · �

· rw

Lw
(4)

The resulting mutual inductance between the excitation coil
with axial length, Lew and the pick up coil with axial length Lpw

(Fig. 1) and induced voltage Um can be presented as follows:

Um = M · dI

dt
, M = C · Ne · Np

� = Np

Ne
· L (5)

where, Ne ( = 800) is the number of turns for the exciting coil, and Np

(ne·Npc = 693), is the total number of turns for the pick-up coil. For
simplicity, the effects of the wires diameters are neglected when
computing (3)-(5) as the wires diameters are very small in compar-
ison with coil radius.

Table 2 shows parameter C for various solenoid coil lengths. It
decreases with decreasing coil length, Lew. The smaller rw/Lew ratio
causes the smaller field end effects of a solenoid coil of finite length.

4.2. Real inductances

A conductive aluminium cylinder and piston and a conductive
solid iron rod cause a change in the self-inductance of the exciting
coil, and also mutual inductance between the exciting coil and the
pick-up coil, because of the induced eddy currents in the solid parts
and the high permeability of iron.

A 2D axisymmetric finite element method is used to calculate
the self-inductance and the mutual inductance, taking into account
the solid aluminium cylinder and the solid iron rod [24]. Eqs. (6) and
(7) present the governing equations extracted from the Maxwell
equations for a 2D axisymmetric model [25]. The first term of (7)
is for the excitation coil region, and the second term is for the solid
conductive parts of the cylinder and the iron rod (Fig. 1).

Br = � · Hr, Bz = � · Hz

1
r

∂
∂r

�
r
∂A�

∂r

�
− A�

r2
+ ∂2

A�

∂z2
= −� · J�

Br = −∂A�

∂z
,  Bz = 1

r

∂
�

rA�

�

∂r

(6)

J� = Js

J� = −�
∂A� = −jω�A�, ω = 2�f

(7)
∂t

where, Br is the radial component of the magnetic flux density,
Hr is the radial component of the magnetic field strength, Bz is
the axial component of the magnetic flux density, Hz is the axial
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Fig. 5. Magnetic flux distribution using FEM at 100 Hz in a solenoidal coil without an
iron rod and without an aluminium cylinder (left), with only an aluminum cylinder
(centre), and with an iron rod and with an aluminium cylinder - solenoid length
480  mm with a coil radius of 30 mm.
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Fig. 7. Inductance versus frequency, using FEM - with an aluminum cylinder and
with an iron rod - solenoid coil length 480 mm (�r = 77.5).
ig. 6. Inductance versus frequency using FEM - with an aluminium cylinder and
ithout an iron rod - solenoid coil length 480 mm.

omponent of the magnetic field strength, � is the relative mag-
etic permeability, Aϕ is the magnetic vector potential, Jϕ is the
zimuthal-angle component of the current density, Js is the source
urrent density (excitation coil), and � is the electrical conductiv-
ty of the solid parts (the aluminium cylinder and the iron rod). f is
lectrical frequency.

Fig. 5 shows the magnetic flux distribution with and without
n iron rod and an aluminium cylinder, calculated by FEM. It is
lear that the conductive parts have a significant influence on the
istribution of the magnetic flux. The self-inductance of the exciting
oil and the mutual inductance are shown in Figs. 6–8. The ratio
etween self inductance and mutual inductance in Figs. 6–8 follows

he correspondence in (5), which is related to the number of turns
f the exciting coil Ne and the pick-up coil Np.
Fig. 8. Inductance versus frequency, using FEM - without an aluminum cylinder and
with an iron rod - solenoid coil length 480 mm (�r = 77.5).

The self inductances at low frequencies in Fig. 6 are 4.7 mH for an
infinite solenoid and 4.5 mH for a finite solenoid coil, which corre-
spond to (2) - (4). The inductances decrease due to the skin effect in
the conductive parts at higher frequencies f. A stronger skin effect
reduces the effective area for magnetic flux inside the solenoid
coil, which results in decreased self-inductances and mutual induc-
tances.

The aluminium cylinder has a dominant effect on the induc-
tances in the high frequency range above 100 Hz, compare Figs. 6 -
8. The resistive part is caused mainly by the induced eddy currents
in the conductive parts of the iron rod and the aluminium cylinder.
The curves for parameters L·f and M·f  in Figs. 6–8 are proportional
to the induced voltages in the excitation coil and in the secondary
coil. Local maxima occur at about 100 Hz–200 Hz in Fig. 6 and at

10 Hz in Fig. 7. In Fig. 8, parameters L·f and M·f  versus frequency
increase continuously until 1000 Hz. This shows that the eddy cur-
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Fig. 10. Inductance versus iron rod position using FEM (with a linear curve fit equa-
tion) - without an aluminum cylinder - solenoid coil length 480 mm - �r = 77.5.
ig. 9. Equivalent circuit for a pneumatic cylinder with the transformer model – the
xcitation coil is in the primary side.

ents in the cylinder have a stronger effect than the eddy currents
n the piston rod.

Fig. 9 shows the equivalent circuit of a pneumatic cylinder with
n open secondary transformer model. Inductance Lo represents
he standard equivalent circuit components in parallel connection
elated to the total magnetic energy, and resistance Ro represents
he standard equivalent circuit components in parallel connection
elated to the total eddy current losses. The hysteresis losses are
eglected, because the magnetic fields in the iron are very small.
he excitation coil resistance is 13.7 	.  Resistance Ro is very large
hen the eddy current losses and the coil resistance are negligible

 this is true only at very low frequencies. Inductance Lo changes
ramatically from 4.5 mH  to 34 mH  when the ferromagnetic rod is

nserted – compare Fig. 7 with Fig. 6.
All measured and calculated inductances L in this paper are for

eries connection. However the equivalent circuit corresponding to
ore losses (Ro) and magnetic energy (Lo) for transformer is usually
hown in parallel connection. The components in the equivalent
eries connections, L and R, are calculated:

L = Ro
2

ω2Lo
2 + Ro

2

· Lo

R = ω2Lo
2

ω2Lo
2 + Ro

2

· Ro

(8)

The first term concerning inductances is shown in Figs. 6–8. It is
bvious that inductance L always decreases versus frequency. Eq.
9) shows the excitation coil induced voltage, Ve and the secondary
r pick-up coil induced voltage, Vp. The induced voltages have real
arts (Ve-r and Vp-r) and imaginary parts (Ve-i and Vp-i) referred to
pplied current I as a reference.

Ve = (R  + jωL) · I, Ve−r = R · I, Ve−i = ωL · I

Vp = Np

Ne
Ve, Vp−r = Np

Ne
R · I, Vp−i = Np

Ne
ωL · I

(9)

.3. Inductances versus Iron rod and piston position

Fig. 10 presents the inductances versus the position of the iron
od, without an aluminium cylinder, and Fig. 11 presents the induc-
ances versus the position of the iron rod, with an aluminium
ylinder. The inductances increase at DC and AC with greater pene-
ration of the iron rod inside the solenoid coil without an aluminium
ylinder, because the magnetic flux reluctance decreases as the
igh-permeability iron rod penetrates further inside the solenoid

oil. The reverse occurs when an aluminium cylinder is added to
he model, due to the high reaction fields of the induced eddy cur-
ents in the aluminium cylinder shell and the lower resistance Ro

n (8) and the lower corresponding equivalent inductance L.
Fig. 11. Inductance versus iron rod position using FEM (with a linear curve fit equa-
tion) - with an aluminum cylinder - solenoid coil length 480 mm-  �r = 77.5.

5. Experimental results

Fig. 12 shows the experimental set-up for a pneumatic position
sensor. A reference position sensor is used, which is connected to
the iron rod. All the design data of the position sensor are presented
in Table I [13]. We  used a Senpos MRTM500 type potentiometric
linear position sensor with a measurement range of 500 mm and
a linearity error of 0.05%. Lock-in amplifier is used for the mea-
surement of the output voltage of our sensor. The power supply
for excitation coil is a Keithley 3390 50-MHz signal generator with
internal impedance 50 	.
The magnetic field strength distributions in the pneumatic
cylinder for various positions of the iron rod and the piston are
presented in Fig. 13 at 100 Hz and at exciting current amplitude of
116 mA.  The magnetic fields are higher in the model with the pis-
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Fig. 12. Measurement set-up for a pneumatic position sensor.
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ig. 13. Magnetic field strength distribution using FEM [24] at 100 Hz for the piston
r = 100.

on at the beginning of the cylinder, which causes higher magnetic
nergy in the system and higher self-inductance and mutual induc-
ance than when the piston and the iron rod are at the end of the
neumatic cylinder.

The current of the exciting coil decreases slightly with increasing
iston position and iron rod position (Fig. 14). The total impedance
f the exciting coil increases, as shown in the circuit in Fig. 14.

The voltage source with amplitude of 10 V is in series with 70
 resistances, which causes small changes in the current with the

osition of the iron rod and the piston.

.1. Secondary voltage versus the position of the piston and the

ron rod

Figs. 15–17 show the experimental and FEM results for the sec-
ndary coils-induced voltage. The change in the current with the
 begining of the cylinder (left) and for the piston at the end of the cylinder (right) -

position of the piston is taken into consideration in the simula-
tions. The FEM results for the induced voltages coincide well with
the measurements. The relative permeability �r is considered to
be equal to 100 (Figs. 2 and 3) in the simulations, based on the
exciting current in Fig. 14. The real part and the imaginary part of
the secondary coil-induced voltage change almost linearly with the
position of the piston in Fig. 17, which can be considered as a posi-
tion meter for the pneumatic cylinder. The curve fit linear function
for iron rod position X versus induced voltage V is presented in (10):

X = X0 + K · V (10)

The constant X0 (mm)  and the constant K (mm/mV) are pre-

sented in Fig. 18 for 400 mm stroke. The root mean square error
(RMSE) values as an indicator [11] for showing the closeness for 11
measured values to the curve fit linear function in (10) are 5.03 mm
for the real part of the voltage and 6.31 mm for the imaginary part
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Fig. 14. Measured current of the excitation coil versus piston position, with
schematics of the excitation circuit - the resistance of 20 	 is for the current mea-
surement.
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Fig. 16. Induced voltages for secondary coils numbers 8 and 9 in series (end coils).
Fig. 15. Induced voltages for secondary coil number 5 - middle coil.

f voltage. The real part of the induced voltage shows more lin-
ar characteristics than the imaginary part of the induced voltage,
ased on RMSE.

Another indication for linearity of the position sensor is the cor-
elation coefficient R2. It is 0.9984 for the real part of the voltage
nd 0.9974 for the imaginary part of the voltage, which shows that
he real part of the voltage is a more linear curve. Fig. 19 shows
osition errors versus piston position

The sensor characteristics deviate from linear at both ends of the
ylinder. This can be partly compensated by increasing the number
f turns for the peripheral coil sections or via calibration, but it

hould be noted that, for real pneumatic cylinders, the piston stroke
s always shorter than the cylinder length. We  therefore evaluate
inearity error for 400 mm stroke.
Fig. 17. Induced voltages for all secondary coils connected serially.

5.2. Secondary voltage versus frequency

The excitation coil current changes with frequency (Fig. 20)
because of the increase in coil impedance at higher frequencies.

The secondary induced voltages at various excitation coil fre-
quencies are shown in Figs. 21–23. The changes in current with
frequency are taken into account in the simulations.

The results for different frequencies without an iron rod and
with a fully-inserted iron rod and piston in the cylinder show the
sensitivity of the position sensor versus frequency.

For the real part, the sensitivity maximum is 150 mV at 100 Hz
and the sensitivity decreases rapidly at higher frequencies. How-
ever, the maximum sensitivity for the imaginary part is 100 mV

at 200 Hz and at higher frequencies it may  therefore be preferable
to use the imaginary part of the induced voltage for fast moving
cylinders.
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Fig. 18. Piston position versus induced voltage and corresponding curve fit line
functions.

Fig. 19. Position error versus piston position.

Fig. 20. Measured current of the excitation coil versus frequency – the piston posi-
tion is at the end of the cylinder.

Fig. 21. Induced voltage for the full secondary coil with and without a piston iron
rod - Air means without an iron rod, and iron means with a fully-inserted iron rod.

Fig. 22. Phase angle of the induced voltage for the full secondary coil with and
without a piston iron rod.

Fig. 23. Difference in induced voltage between two extreme positions of the piston.
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Fig. 24. The induced eddy current in the aluminium cylinder with and without an
iron rod.
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Fig. 26. Induced voltages for a full secondary coil at 190 Hz  (FEM simulation).

Fig. 27. Excitation coil inductance for various iron rod permeabilities – the piston
position is at cylinder end position.
Fig. 25. Phase angle of the induced current in the aluminium cylinder.

The amplitude and the phase of the induced current in the alu-
inium cylinder are shown in Figs. 24 and 25. The phase angle
ithout an iron rod (air) is about 90 deg. (Fig. 25) at low frequency,

0 Hz, which shows negligible resistance of the aluminium cylin-
er at a low frequency. The same phenomenon is shown in Fig. 22
ith an inserted iron rod: the ferromagnetic material of the rod

auses a phase shift even at small frequencies. The imaginary part
f the induced current without an iron rod (Air) in Fig. 24 shows a
aximum absolute value similar to Fig. 21 at about 190 Hz. From

he measurements and simulations shown in Fig. 23, we can iden-
ify two prospective working frequencies for the position sensor:
or the real part of the induced voltage, maximum sensitivity is
round 80 Hz, and for the imaginary part the sensitivity maximum
s at 190 Hz. The secondary induced voltage is therefore also recal-
ulated at 190 Hz, see Fig. 26. The difference between the maximum
oltage and the minimum voltage (imaginary parts) are higher at
90 Hz than at 100 Hz, which means higher sensitivity to piston
osition or less source power consumption at the same sensitiv-
ty as 100 Hz. To improve the dynamic performance, the excitation
requency can be raised to 400 Hz.
6. Iron permeability effect

Figs. 27 and 28 show the excitation coil inductance and the
secondary coil induced voltages versus the iron permeability.
The negative slope is caused by the aluminium shell, and corre-
sponds with the results shown in Fig. 11 and discussed in section
IV. It is clear that iron permeability has a high impact on the
position sensor outputs. It has to be measured, as various mag-
netic irons and magnetic steels could be used for the piston iron
rod [23].

7. Temperature dependency

Fig. 29 shows temperature effects on the induced voltage
in the secondary coil. The electrical conductivity temperature
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Fig. 28. Induced voltages for a full secondary coil for various iron rod permeabilities
–  the piston position is at cylinder end position.
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[16] M.  Kilani, S. Taifour, L. Al-Sharif, Effect of design geometry on the
performance characteristics of linear variable differential transformers, Sens.
ig. 29. Induced voltages for a full secondary coil at various iron and alumium
emperatures (�r = 100)- the excitation frequency was 100 Hz.

ependency coefficient for iron, ci and for aluminium, cAl are as
ollows:

�i(
oC) = �i(20oC)/(1 + ci · (
 − 20))

�i(20oC) = 4.509 MS/m,ci = 0.0027356

�Al(
oC) = �Al(20oC) · (1 + cAl · (
 − 20))

�Al(20oC) = 30.5 MS/m,  cAl = 0.0041

(11)

here � is electrical conductivity.
It is shown that an increase in the temperature of the iron rod

as a negligible effect on the induced voltage, but the temperature
f the aluminium changes the induced voltage of the secondary coil
onsiderably. The imaginary part of the induced voltage increases
%–10% for a higher temperature of aluminium cylinder. This is

imilar to the change in the exciting coil inductance reported
n [13]. The effect of temperature on iron rod permeability is
egligible [14].

[

tors A 294 (2019) 91–101

8. Conclusions

FEM modelling and experimental results for a transformer posi-
tion sensor for a pneumatic cylinder have been presented. The
results show the feasibility of using the principle of a linear trans-
former with a moving core for measuring the position of the piston
in a pneumatic cylinder. Compared to conventional LVDT, our
sensor has a highly asymmetric core which moves inside the con-
ducting cylinder.

The sound match between FEM results and measurements
shows that FEM can be used for optimizing a position sensor of
this type.

The linearity rms  error is maximum 1.6% of the full 400 mm
stroke without any compensation.

The temperature sensitivity of the secondary coil voltage has
been calculated for various iron and aluminium temperatures. The
effect of the change in the electrical resistivity of an aluminium
cylinder is clearly dominant at 100 Hz excitation frequency. Tem-
perature compensation can be clearly made by using the voltage
across the excitation coil. However, this topic lies beyond the scope
of the present paper.

Using only fixed copper coils for excitation and pick up make
the proposed position sensor for pneumatic cylinder more cost
effective than position sensor using rare earth NdFeB permanent
magnets and an array of Hall sensors. In industrial applications,
single-chip synchronous detector such as AD630 can be used for
the output voltage processing. Due to its simplicity the proposed
position sensor is suitable for harsh environment such as high tem-
perature and vibrations.
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3-2-2-4 Temperature Stability of the Transformer Position Transducer for Pneumatic 

Cylinder [J10] 

 
This paper presents the analysis and design of a transformer position sensor for pneumatic 

cylinder considering temperature stability. Two solenoid coils as excitation coil and pick up coil 

around cylinder are used for position transducer. The effects of temperature of aluminum cylinder 

and iron rod with different ferromagnetic materials on position sensor performance are analyzed 

and measured. We found that the effect of temperature dependence of shell resistivity is 

dominant, while the effect of permeability change is negligible. Based on the simulations and 

measurement, we suggest simple method of temperature compensation. 

Thermal stability of transformer position sensor for a pneumatic sensor has been 

presented. Temperature of the aluminum cylinder has highest impact on the induced voltage; both 

real and imaginary components change considerably. Using different solid iron rods with 

different relative magnetic permeabilities and conductivities has negligible effect on the 

measured induced voltage of the pick up coil especially at 200 Hz. Excitation frequency 200 Hz 

is also more suitable for position sensing in dynamic conditions. The effects of temperature on 

the induced voltage of pick up coil could be corrected using a compensating ring coil in the 

beginning of pneumatic cylinder as it would not be dependent on iron rod position. Another 

possibility is to measure the cylinder temperature and make compensation by calculations. 

Imaginary part of the induced voltage is more suitable for the temperature compensation, as the 

error is constant with position and the temperature position error can be expressed by single 

coefficient. 
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A B S T R A C T

This paper presents the analysis and design of a transformer position sensor for pneumatic cylinder considering
temperature stability. Two solenoid coils as excitation coil and pick up coil around cylinder are used for position
transducer. The effects of temperature of aluminum cylinder and iron rod with different ferromagnetic materials
on position sensor performance are analyzed and measured. We found that the effect of temperature dependence
of shell resistivity is dominant, while the effect of permeability change is negligible. Based on the simulations
and measurement we suggest simple method of temperature compensation.

1. Introduction

Position sensors are key components for the industrial automation
[1–3]. Detection of piston position inside aluminum shell of pneumatic
cylinder is not easy task. Different methods were introduced, such as
direct mounting of sensors inside the piston rod, microwave sensors
mounted on the piston, optical or magnetic scales, which are not reli-
able and are mechanically complicated. The most popular method used
in the industry is using external sensors, which measure magnetic field
of permanent magnet mounted on the piston. It needs large number of
sensors with complicated signal processing and expensive non ferro-
magnetic iron rod. A simpler method is to measure inductance of so-
lenoid coil around cylinder [4–6]. The problem of this solution is slow
response and large temperature dependence [5–6]. Therefore, we de-
signed novel position sensor based on transformer configuration [7].

In this paper, temperature stability of a transformer-based position
sensor for a pneumatic cylinder with an aluminum shell, an aluminum
piston and different ferromagnetic iron rods is analyzed and measured.
A simplified and fast 2D axisymmetric analytical method and 2D time
harmonic axisymmetric finite element method (FEM) are utilized for
simulations and analysis. Four iron rods with different magnetic char-
acteristics are considered.

2. Model

The model and dimensions and parameters of a pneumatic cylinder
with transformer position sensor are presented in Table I and Fig. 1. The
iron rod and aluminum piston and cylinder are parts of the pneumatic

cylinder. Two layers of windings with axisymmetric configuration are
used for transformer position transducer: the first layer is excitation coil
and second layer is pick up coil. The electrical conductivity temperature
dependency are measured and presented in Table II for aluminum cy-
linder and iron rods using (1).

= + −σ θ σ c θ( C) (20 C)/(1 ( 20))o o (1)

3. Simplified model

A simple model without finite length effects of pneumatic cylinder is
developed for fast evaluations of iron rod and aluminum cylinder ma-
terials and excitation current frequency. The general governing differ-
ential equation [8] is in (2) for 5 regions of computational model
(Fig. 2). Region 1 is for iron rod (zero to radius r1), region 2 is air region
(radius r1 to r2), region 3 is aluminum cylinder (radius r2 to r3), region 4
is excitation coil (radius r3 to r4) and region 5 is pick up coil and air
region beyond pick up coil (radius r4 to infinite).

∂
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where, Aφ,n is azimuthal magnetic vector potential in region n, σ is
conductivity, µ is magnetic permeability, Js is current density in the
excitation coil region and f is frequency. The solutions of (2) for 5 re-
gions are as follows:
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C11, C21, C22, C31, C32, C41, C42 and C52 are constants which are
calculated using boundary conditions between regions 1–5 [8]. µ0 and
µi,r are air permeability and iron rod relative permeability, respectively.

The self inductance of excitation coil with current amplitude Im, Ls,
induced voltage in the pick up coil, UM and mutual inductance, M are
calculated in (4) [8]. The variations of mutual inductance versus iron
rod conductivity and relative permeability are shown in Fig. 3, which
shows mutual inductance and induced voltage is less sensitive to iron
rod conductivity and relative permeability at higher frequencies be-
cause of big reaction fields of induced eddy currents in the aluminum
cylinder [7].
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4. Iron rod relative permeability estimation

Fig. 4 shows setup for measurement to estimate relative magnetic
permeability and evaluate temperature effect as presented in Table III.
The relative magnetic permeability values are estimated for the best fit
between induced voltage in the pick up coil calculated by FEM and
measured.

The magnetic permeability increases with increasing temperature,
which was expected for solid irons and ferromagnetic materials [9,10].

Table 1
Transformer position transducer parameters.

Parameter Value

Cylinder outer diameter, Dco 60 (mm)
Cylinder inner diameter, Dci 56 (mm)
Cylinder axial length, Lc 500 (mm)
Piston outer diameter, Dpo 56 (mm)
Piston inner diameter, Dpi 20 (mm)
Piston axial length, Lp 10 (mm)
Iron rod diameter, Di 20 (mm)
Iron rod axial length, Li 700 (mm)
Number of turns for the excitation coil, Ne 800
Number of turns for pick up coil, Npc 693
Wire diameter, Dw 0.56 (mm)

Table 2
Temperature dependency coefficients- conductivity.

Materials σ (20 °C) – MS/m c

Al cylinder 30.5 0.0041
Iron rod 1 6.31 0.0069
Iron rod 2 4.11 0.0051
Iron rod 3 4.59 0.0049
Iron rod 4 5.69 0.0051

Table 3
Temperature dependency coefficients- permeability.

Materials μr (25 °C) μr (50 °C)

Iron rod 1 119.42 (100%) 124.35 (104.1%)
Iron rod 2 83.41 (100%) 87.04 (104.4%)
Iron rod 3 90.66 (100%) 95.38 (105.2%)
Iron rod 4 114.83 (100%) 116.64 (101.6%)

Table 4
Induced voltages (mV) comparison for different iron rods at 100 Hz-
Measurement.

Piston position Iron Rod 1
25/50 °C

Iron Rod 2
25/50 °C

Iron Rod 3
25/50 °C

Iron Rod 4
25/50 °C

250 mm Re 37.93/38.35 37.9/38.6 38.05/38.55 38.1/-
Im 28.53/28.48 28.65/28.8 28.68/28.68 28.41/28.52

450 mm Re 51.9/52.7 52.0/52.97 51.92/53.1 51.8/52.42
Im 19.76/19.61 20.22/20.22 20.35/20.2 19.98/19.92

Table 5
Induced voltages (mV) comparison at different iron rod 3 temperatures at
100 Hz-FEM.

Piston
position

μr = 90.66 σ = 4.48
MS/m 25 °C

μr = 95.36 σ = 4.0
MS/m 50 °C

μr = 90.66 σ = 4.0
MS/m 50 °C

Re Im Re Im Re Im

250 mm 37.43
100%

28.46
100%

37.85
101%

28.23
99%

37.72
101%

28.32
100%

450 mm 52.17
100%

19.98
100%

52.96
102%

19.47
98%

52.71
101%

19.67
99%

Fig. 1. Pneumatic cylinder with transformer position sensor.

Fig. 2. Analytical model for pneumatic cylinder (left) and magnetic flux dis-
tribution in partial model of pneumatic cylinder (right).
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5. Experimental results

The experimental set-up for a pneumatic position sensor and re-
ference potentiometric position sensor with 500 mm range is shown in
Fig. 5. Induced voltage is measured using a Lock-in amplifier.

5.1. At room temperature

Measured induced voltages in the pick up coil at 100 Hz and 200 Hz
are shown in Fig. 6. Excitation coil is connected to a signal generator
with 50 Ω internal resistance with voltage amplitude 2.5 V. Excellent
linearity of 0.65% is noticed especially at 200 Hz between 50 mm and
450 mm of piston positions for real part (Re) and imaginary part (Im) of
the induced voltage, which shows suitability of proposed position

sensor for pneumatic cylinder, as the piston stroke is shorter than the
cylinder length for real pneumatic cylinders [7]. Effects of different iron
rods with different conductivities and relative permeabilities are
slightly distinguishable in the imaginary part of the induced voltage at
100 Hz. Fig. 7 shows bigger magnetic field strengths using FEM at
starting point of piston position in the pneumatic cylinder, which
causes higher imaginary part of induced voltages at starting point in
comparison with end position of piston.

5.2. At 50 °C

Iron rods temperature effects on the induced voltages are presented
in Table IV, which shows small effects on the induced voltage especially
in imaginary part of voltage. Only iron rods were heated for higher

Fig. 3. Variation of mutual inductance between excitation coil and pick up coil
versus iron rod conductivity and iron rod permeability at 100 Hz and 200 Hz.

Fig. 4. Proposed model for relative permeability measurement.

Fig. 5. Pneumatic cylinder and reference position sensor.

Fig. 6. Measured induced voltage in pick up coil versus iron rod and piston
position- real (Re) and imaginary (Im) components of voltages are obtained
relative to the excitation coil current as a reference signal.
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temperature, 50 °C. The corresponding maximum position temperature
error was 0.4 mm/K for real part and 0.1 mm/K for imaginary part.

Temperature rise in the aluminum cylinder has the main impact on
the induced voltage of pick up coil in comparison with temperature rise
in the iron rod as shown in Fig. 8. The resulting total position

temperature error is 2 mm/K for Im part, while for Re part the tem-
perature dependence is more complex and cannot be described by
simple coefficient.

FEM analyses show the same tendency as measurements. FEM
analysis also shows that changing of relative permeability and con-
ductivity of the iron rod has equal influence on the induced voltage
(Table V).

6. Conclusion

Thermal stability of transformer position sensor for a pneumatic
sensor has been presented. Temperature of the aluminum cylinder has
highest impact on the induced voltage; both real and imaginary com-
ponents change considerably.

Using different solid iron rods with different relative magnetic
permeabilities and conductivities has negligible effect on the measured
induced voltage of the pick up coil especially at 200 Hz. Excitation
frequency 200 Hz is also more suitable for position sensing in dynamic
conditions.

The effects of temperature on the induced voltage of pick up coil
could be corrected using a compensating ring coil in the beginning of
pneumatic cylinder as it would not be dependent on iron rod position.
Another possibility is to measure the cylinder temperature and make
compensation by calculations. Imaginary part of the induced voltage is
more suitable for the temperature compensation, as the error is con-
stant with position and the temperature position error can be expressed
by single coefficient.
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3-2-2-5 Design of A Flat-Type Magnetic Position Sensor using A Finite-Difference Method 

[J8] 

 
This study presents an analysis and the design of a new flat-type position sensor with an 

external armature. One excitation coil and two antiserially connected pickup coils are used in the 

stationary part. Solid iron segments or steel lamination segments are used for the moving 

armature. The proposed position sensor was modeled using linear movement. A two dimensional 

finite-difference method was developed and was used for fast analysis and for optimizing the 

sensor. The induced eddy currents in the solid armature were taken into account in the finite-

difference analysis. The finite-difference calculations were compared with 2D and 3D finite-

element method simulations and with experimental results. Unlike previous designs, the authors’ 

new sensor has no moving coil. Various dimensions of the armature and the gaps have been taken 

into account in the modeling and in experiments at two frequencies. We have verified by 3D 

FEM and experiments that 2D FDM analysis is reasonably precise and reasonably fast for flat 

type position sensor design and optimization. 3D effects are notable, but they can be neglected to 

save simulation time in the first step in optimizing the design of a flat-type magnetic position 

sensor. 

The magnetic fields in the armature are low. It is, therefore, preferable to use a thin or 

laminated armature and to operate the sensors at high frequencies, if the application allows. A 

magnetic position sensor with a steel lamination armature at 400 Hz shows superior results, as the 

eddy currents are minimized even at 400 Hz, thanks to the lamination. The sensor that has been 

developed has a total error of 0.23 mm RMS for 36 mm range without any compensation for non-

linearity. This is acceptable for applications such as an elevator cabin landing position sensor. 

The power consumption at 50 Hz and 400 Hz is 10 mW. The analysis presented here was limited 

to a simple sensor with antiserially connected pickup coils. Advanced LVDTs often compensate 

temperature effects and air-gap variations by more complicated processing of the sensor output. 

The simulation procedures presented here can also be utilized in the analysis of such schemes. 

Both compensations would be necessary for this practical application. A weak point in the flat-

type LVDT is its sensitivity to the movement of ferromagnetic bodies in the vicinity of the 

sensor.  
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Abstract: This study presents an analysis and the design of a new flat-type position sensor with an external armature. One
excitation coil and two antiserially connected pickup coils are used in the stationary part. Solid iron segments or steel lamination
segments are used for the moving armature. The proposed position sensor was modelled using linear movement. A two-
dimensional finite-difference method was developed and was used for fast analysis for optimising the sensor. The induced eddy
currents in the solid armature were taken into account in the finite-difference analysis. The finite-difference calculations were
compared with 2D and 3D finite-element method simulations and with experimental results. The sensor has a total error of 0.23 
mm root-mean-square for 36 mm range without any compensation. Unlike previous designs, the authors’ new sensor has no
moving coil.

 Nomenclature
Az z-axis component of the magnetic vector potential
f frequency
µ magnetic permeability = µrµ0
σ electrical conductivity
Js source current density
R µm/µn
µm magnetic permeability of region m
µn magnetic permeability of region n
wc coils width
hc coils height
de excitation coil inner distance
dp pickup inner coil distance
t distance between coils sides
wi armature width
hi armature iron height
g distance and gap between coils and armature
L square box edge length for boundary conditions
µr−i initial relative magnetic permeability of the armature
σi electrical conductivity of the armature
M mutual inductance between coils
Ψ mutual flux linkage between coils
V induced voltage in the pickup coils
X armature position
N number of turns of the pickup and excitation coils
I current amplitude
Li armature width in the z-direction

1 Introduction
The linear variable differential transformer (LVDT) is a very
popular magnetic position sensor because of its non-contact nature
and its high precision [1]. Owing to its simple and robust structure,
it is suitable for industrial applications. The conventional LVDT
sensor is cylindrical with an axially symmetric configuration [2–4].
A flat-shaped LVDT is more suitable for harsh environments
because the stationary parts and the moving parts (the armature)
can be completely physically isolated, unlike in the case of the
cylindrical LVDT [5–10]. LVDT sensors can be constructed with
an armature (magnetic core) [2, 3, 7, 8] or can be coreless [4–6, 9,
10]. Despite its high brittleness, ferrite is a widely used material for

LVDT sensors with magnetic cores. LVDT sensors with nickel–
iron and cobalt–iron alloys show enhanced performance, but these
alloys are more expensive [11]. The influences of magnetic
materials must be taken into account in the design of position
sensors [11, 12]. A cylindrical LVDT is usually highly immune to
interference, e.g. from movements of ferromagnetic objects in the
close vicinity. It often even has magnetic shielding around the coil.

However, for some installations, the flat design of the LVDT is
required with physically separated stationary and moving parts. An
example of such an application is an elevator cabin landing
position sensor, which may have a single armature connected to the
cabin and one coil system in each floor. Magnetic sensors would be
better resistant to dust and oil than the optical sensors, which are
currently used for this application. A flat-type coreless LVDT
sensor was presented in [5–6, 9–10], with a moving excitation coil
or pickup coils. This solution with moving coils is impractical, and
sensors with a large stroke suffer from low reliability.

We address this problem by introducing a novel type of flat
LVDT sensor with an external armature made of solid iron (SI) and
steel lamination (SL). The advantage of this design compared with
existing solutions is the absence of a moving coil, and thus high
robustness and reliability. A two-dimensional (2D) finite-difference
method (FDM) [13, 14] description has been developed for a flat-
type LVDT sensor, taking into account the eddy currents in the
armature [15, 16]. The design of the position sensor could be
optimised by using the FDM presented here to provide improved
precision and performance [17–19]. The 3D finite-element method
(FEM) was also used to evaluate 3D effects on the flat-type
position sensor [20]. The main purpose of this paper is to present
the design and analysis of a new flat-type position sensor with an
SI armature using fast and precise FDM. For comparison, an SL
armature is also used to evaluate the material effects. We compare
the efficiency and the precision of the 2D FDM model with 2D and
3D FEM models. The modelling results are verified by
measurements on the sensor demonstrator. We limit our analysis to
a simple sensor with antiserially connected pickup coils. We do not
take into consideration the shielding against external DC fields that
also suppresses the influence of nearby ferromagnetic bodies.

2 Model
Fig. 1 shows the flat LVDT sensor and its equivalent electric
circuit. The magnetic shield or yoke is not considered in this paper.
The performance of an LVDT sensor is similar to the performance
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of a transformer with an open-circuit secondary coil. The primary
coil and the secondary coils are the excitation coil and pickup coils
in the LVDT sensor, respectively. The pickup coils are connected in
series anti-phase (antiserial), which gives zero output voltage for
the null (centre) position of the armature.

3 Finite-difference method
The general partial differential equation in the 2D x–y-plane using
Maxwell equations is as follows [16]:

∂2Az

∂x2 + ∂2Az

∂y2 − jωμσAz + μJs = 0

ω = 2π f
(1)

Only linear magnetic modelling using the initial permeability is
considered here, due to the low magnetic fields in the sensor, and
non-linearity and hysteresis effects are neglected. Third term in (1)
is zero for non-conductive (no eddy current effects) coils and air
regions. Fourth term in (1) is zero in armature and air regions.
Fig. 2 shows a schematic finite-difference meshed model for two
regions m (grey colour) and n (white colour), and a 5-node finite-
difference mesh element. The two adjacent regions m and n could
have a common edge or common vertices at the corners and
boundaries. Parameters p·h, q·h, r·h and s·h are the mesh
dimensions in the x and y directions in Fig. 2b. The finite-
difference equation of (1) for either region m or region n is
presented in (2), using Taylor expansions [14]

Az, 1

p ⋅ (p + r) + Az, 2

q ⋅ (q + s) + Az, 3

r ⋅ (p + r) + Az, 4

s ⋅ (q + s)

− 1
p ⋅ r + 1

q ⋅ s + jωμσ ⋅ h2

2 ⋅ Az, 0 + μJs ⋅ h2

2 = 0
(2)

The centre point 0 in the element has magnetic vector potential
Az,0, and the magnetic vector potential at nearby node 1 is Az,1, at
node 2 the magnetic vector potential is Az,2, at node 3 it is Az,3 and
at node 4 it is Az,4. Equation (3) presents the finite-difference
equation when node 0 with magnetic vector potential Az,0 is on the
boundary edge between regions m and n [15, 16]

Az, 1

p + (p ⋅ R + r)
q ⋅ (q + s) ⋅ Az, 2 + R

r ⋅ Az, 3 + (p ⋅ R + r)
q ⋅ (q + s) ⋅ Az, 4

− 1
p ⋅ r + 1

q ⋅ s ⋅ (p ⋅ R + r) + jωμσ ⋅ p ⋅ h2

2 ⋅ Az, 0

+μJs ⋅ p ⋅ h2

2 = 0

R = μm
μn

(3)

Equations (2) and (3) can be simplified further when the mesh
element has the same sizes for the element edges (p = q = r = s = 1),
which are presented in (4) and (5), respectively

Az, 1 + Az, 2 + Az, 3 + Az, 4 − 4 + jωμσ ⋅ h2 ⋅ Az, 0

+μJs ⋅ h2 = 0
(4)

Fig. 1  Model
(a) Flat-type position sensor with a magnetic armature (top), (b) Equivalent electric circuit model (bottom)

 

Fig. 2  FDM
(a) Schematic model of finite-difference meshed elements for adjacent regions m and n (left), (b) For a finite-difference mesh element (right) – region m with the grey colour is
surrounded by region n with white colour
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Az, 1 + (R + 1)
2 ⋅ Az, 2 + R ⋅ Az, 3 + (R + 1)

2 ⋅ Az, 4

− 2 ⋅ (R + 1) + jωμσ ⋅ h2

2 ⋅ Az, 0 + μJs ⋅ h2

2 = 0
(5)

The finite-difference equation for a node on the corner located on
the boundary between regions m and n is [14–16]:

(R + 1)
2 ⋅ Az, 1 + R ⋅ Az, 2 + R ⋅ Az, 3 + (R + 1)

2 ⋅ Az, 4

− 3 ⋅ R + 1 + jωμσ ⋅ h2

4 ⋅ Az, 0 + μJs ⋅ h2

4 = 0
(6)

It is considered that region m contains the source current, and it is
the conductive region in (3), (5) and (6) [15, 16].

Fig. 3 presents a computational model for a flat-type position
sensor for FDM modelling. 

The solution space is limited to ±160 mm and the condition Az 
= 0 is applied at the solution space boundary (Fig. 3). The magnetic
flux densities are calculated at the centre point of each element
inside any region in (7), using the approximations in (8)

Bx, 0 = ∂Az
∂y = Az, 2 − Az, 4

h ⋅ (q + s)

By, 0 = − ∂Az
∂x = Az, 1 − Az, 3

h ⋅ (p + r)

(7)

Az, 0 = s ⋅ Az, 2 + q ⋅ Az, 4

q + s → (Bx, 0)

Az, 0 = r ⋅ Az, 1 + p ⋅ Az, 3

p + r → (By, 0)
(8)

The magnetic flux densities at the common edge boundary, and the
common corner boundaries between regions m and n, for example,
in Fig. 2b could be approximately written as in the equations
below, respectively:

Bx, 0 = Az, 2 − Az, 4

h ⋅ (q + s)

By, 0 = 0.5 ⋅ Az, 1 − Az, 0

h ⋅ p + Az, 0 − Az, 3

h ⋅ r

(9)

Bx, 0 = 0.5 ⋅ Az, 2 − Az, 0

h ⋅ q + Az, 0 − Az, 4

h ⋅ s

By, 0 = 0.5 ⋅ Az, 1 − Az, 0

h ⋅ p + Az, 0 − Az, 3

h ⋅ r

(10)

Fig. 2 shows a simplified FDM mesh model to explain the FDM
used in this paper. Each node is adjacent to four nodes, which is
totally five nodes for each mesh inside the model, except the nodes
on the boundary with determined zero magnetic vector potential.
Each node can be inside a region or on the boundary between
different regions, as shown in Fig. 2.

4 FDM simulations
Table 1 presents flat-type position sensor dimensions and
properties. The other dimensions are defined in Fig. 3. The initial
relative magnetic permeability µr−i (which is 100 for SI and 1000
for SL) and the electrical conductivity σi of the SI and SL armature
are also presented in Table 1. The initial permeability is used
because the magnetic fields in the position sensor are very small.

Two source frequencies 50 and 400 Hz were selected for the
first analysis of the flat-type position sensor. The corresponding
skin depths for SI are calculated for the mesh size at these
frequencies, using the following equation [1]:

δi = 2
ωμr − iμ0σi

(11)

The skin depths are 3.2 mm at 50 Hz and 1.1 mm at 400 Hz.

Fig. 3  Computational model for finite-difference analysis of a flat-type
position sensor with boundary conditions

 

Table 1 Flat-type position sensor parameters
Parameter Value
N 70
I 0.165 A
L 320 mm
wc 5 mm
hc 8 mm
wi 50 and 70 mm
hi 5 and 0.5 mm
de 24 mm
dp 37 mm
g 5.4 mm
t 3 mm
σi 5.07, 3.14 MS/m
µr−i 100 and 1000
Li 30 mm
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Figs. 4 and 5 show the magnetic flux distribution. The length of
square box L for the boundary conditions is considered to be 320 
mm, which is a satisfactory value for precision and speed of
simulation. The effect of the induced eddy current in the SI
armature is obvious at 400 Hz (Fig. 5). Figs. 6 and 7 present the
magnetic flux distribution for different heights of the SI armature
and different coils and armature gap g to evaluate the sensitivity
and the performance of the magnetic position sensor. 

Fig. 8 presents the magnetic vector potential versus distance on
the line in the middle of the coils. The difference between the DC
and 50 Hz values is negligible, while the magnetic vector potential
results vary considerably and are reduced on one side at 400 Hz.
The x component of the magnetic flux density curve at 1 mm
below the surface of the moving iron part is presented in Fig. 9. 
The field values are in the mT range, which confirms the use of the
constant initial relative magnetic permeability in the magnetic
modelling. Only AC models are used for the design of the position
sensor, as there is no induction component at DC.

The centre position for the armature is that the vertical
symmetry lines of the coils and the armature align (Fig. 4). The
relations between the magnetic vector potential and induced
voltage V and mutual inductance M are [21]

V = − dΨ
dt = − jωN∮ Az dl (12a)

M = −N∮ Az dl
I (12b)

where Ψ is the mutual flux linkage between the excitation coil and
pickup coils.

The induced voltage V in the pickup coils and mutual
inductance M between the excitation coil and pickup coils are
particularly influenced by the induced eddy current in the SI at
higher frequencies.

The induced voltage V and the mutual inductance M are
numerically calculated from the relations

V = − jωNLi

∑
k = 1, 2, …

K
Az, k

l − Az, k
r

K
(13a)

M = −NLi
I

∑
k = 1, 2, …

K
Az, k

l − Az, k
r

K
(13b)

Equations (13a) and (13b) are calculated using (12a) and (12b) for
FDM by averaging on the coil sides cross-section and subtracting
the left (l) and right (r) of the coil sides [21]. The integral path in
(12a) and (12b) is only in the z-direction, as only the z component
of the magnetic vector potential Az is considered in 2D FDM
analysis (Fig. 10). Parameter K is the number of nodes of FDM on
the cross-section of the coil sides.

Mutual inductances with different armature widths and heights
are presented in Table 2, for DC and 400 Hz for the zero position
of the armature. The width of the armature has a substantial effect
on mutual inductance M. A change in the height of the armature
from 5 to 3 mm gives 1% less influence on the mutual inductance.
However, the mutual inductance decreases by about 5% for 1 mm
in height. A larger gap g causes less influence of the height and
width of the armature on the mutual inductances. The increasing
gap from 5.4 to 10.8 mm has a larger influence than other
parameters.

The influence of the induced eddy current in the SI armature on
the mutual inductance is evident in a comparison between 400 Hz
and DC. Reducing the height of the armature has less influence on
the mutual inductance at 400 Hz independent of gap values g
because skin depth is smaller and the magnetic flux is concentrated
on the surface of the SI armature. This can be used for applications
measuring the positions of changing targets.

The induced eddy current in the armature causes the self-
inductance of the excitation coil and mutual inductances between

excitation coil and pickup coils to be complex value. It can be
explained that the phase angle shift between flux linkage and
excitation coil current is non-zero or phase angle shift between
induced voltage and excitation coil current is not 90°. Therefore,
the inductance values calculated by (13b) are complex numbers
because of the induced eddy currents in the SI armature.

The mutual inductances between the excitation coil and pickup
coils for the right (M1) and left (M2) pickup coils and their
difference, M1–M2 (differential inductance) versus the positions of
the armature, are shown in Figs. 11 and 12, which are almost
sinusoidal in shape [22]. Only the real parts are shown, and the
imaginary part of the mutual inductance is not considered as in
Table 2. The differential inductances change linearly from the zero
position of the armature to close to maximum values.

They are odd symmetric functions relative to the zero position.
The gradient of the differential inductance curve is higher for an
armature 50 mm in width than for an armature 70 mm. The
maximum differential inductance values are about 14 µH, at 25 and
20 mm for armatures of 70 and 50 mm length, respectively.

5 Experimental results
Fig. 13 shows experimental elements, coils and armatures, and also
the Stanford Research SR 830 lock-in amplifier and the Keithley
3390 signal generator. The armatures are of SI 5 mm in thickness
and electrical steel 0.5 mm in thickness.

The experimental results and the FDM results for the
differential voltage amplitudes of the pickup coils for the SI
armatures are presented in Fig. 14, for 400 Hz, and in Fig. 15 for
50 Hz. The polarity of the differential voltages is determined based
on the phase angles. They contain both inductive and resistive
components.

The linear region of the differential voltage curves is used for
the magnetic position sensor. The magnetic sensor shows better
sensitivity or higher voltage at a smaller distance with the 50 mm
armature, and better sensitivity at a longer distance with the 70 mm
armature in the linear region of the curves. The maximum values of
the differential voltages are located at the same position as the
maximum values of the differential mutual inductances curves M1–
M2 in Figs. 11 and 12. Also, Figs. 16 and 17 show the differential
voltages for an armature of SLs. The maximum values are higher,
especially at higher frequencies, due to the higher initial
permeability 1000 and the smaller height (Fig. 18). The main
sources of the differences between the experimental results and
FDM results for differential voltages are the effects of the 3D,
which are not taken into account in the 2D finite-difference
analysis.

6 Numerical analysis evaluations
Table 3 shows comparisons between FDM results, 2D FEM
calculations and 3D FEM calculations [20] for differential voltages
for different positions of an SI armature 70 mm in width. The 3D
FEM results agree better with the experimental results, because 3D
FEM takes into account the 3D effect, which is not negligible for
rectangular coil fields [23] in a magnetic position sensor. The 2D
FDM and 2D FEM results are both higher than the experimental
results and 3D FEM results. Taking 3D effects into account reduces
the differential voltages and the corresponding mutual inductances
between the exciting coil and pickup coils. The 2D FDM
calculations that have been developed agree well with 2D FEM at
50 Hz.

Reducing the height of the armature reduces the high-frequency
effects of the induced eddy currents in the SI (see Fig. 19). The
results for differential voltage with and without taking into account
the electrical conductivity of the armature show small differences
for an SI armature 1 mm in height. The maximum value of the
differential voltage for an SI armature 1 mm in height is almost
unchanged in comparison with an SI armature 5 mm in height at
400 Hz (Fig. 14).
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Fig. 4  Magnetic flux distribution at 400 Hz with zero position armature – SI armature width and height = 70 and 5 mm (the boundary edge is 320 mm in
length)

 

Fig. 5  Magnetic flux distribution at DC (top), at 50 Hz (middle) and 400 Hz (bottom) – SI armature shifted 20 mm from the centre (armature width = 70 mm
and height = 5 mm)

 

Fig. 6  Magnetic flux distribution at 400 Hz for SI armature height = 5 mm (top), 3 mm (middle) and 1 mm (bottom) – armature shifted 10 mm from the centre
(armature width = 50 mm)
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Fig. 7  Magnetic flux distribution at 400 Hz with the SI armature shifted 20 mm from the centre and armature width = 70 mm (top) and the armature shifted
10 mm from the centre and armature width = 50 mm (bottom) – the gap between the coils and armature, g, is doubled and is equal to 10.8 mm

 

Fig. 8  Real part of the magnetic vector potential versus distance on the red line in the middle of the coils – SI armature 70 mm width and 5 mm height
(armature shifted 20 mm from the centre)

 

Fig. 9  Real part of the x component of magnetic flux density versus distance on the red line 1 mm below the surface of the armature – SI armature 70 mm
width and 5 mm height (armature shifted 20 mm from the centre)
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7 Linearity
A linear approximation of the relation between the differential
voltage V and armature position X is

X = C ⋅ V (14)

Constant C depends on the width of the armature and the frequency
of the excitation coil (Table 4). Table 5 presents the root-mean-

Fig. 10  Coil model with coil sides In (Ar) and Out (Al)
 

Table 2 Mutual inductance between the excitation coil and pickup coil at zero position of the armature
Height, mm Width, mm Inductance, µH Gap, g, mm

DC 5 70 43.5 5.4
400 Hz — — 41.3 —
DC 3 70 43.1 5.4
400 Hz — — 41.3 —
DC 1 70 41.4 5.4
400 Hz — — 41.1 —
DC 5 50 39.0 5.4
400 Hz — — 37.6 —
DC 3 50 38.6 5.4
400 Hz — — 37.4 —
DC 1 50 37.4 5.4
400 Hz — — 37.3 —
DC 5 70 37.0 10.8
400 Hz — — 36.0 —
DC 1 70 36.0 10.8
400 Hz — — 35.9 —
DC 5 50 34.7 10.8
400 Hz — — 34.1 —

 

Fig. 11  Mutual inductance versus armature position – the SI armature is 70 mm in width (400 Hz) – FDM
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square error (RMSE) values as an indicator [12] to show the
closeness of the Q measured values to the linear curve fit in (14). 

The linear ranges considered here are  − 12 to  + 12 mm for an
armature 50 mm in width and  − 18 to  + 18 mm for an armature 70 

mm in width. Reducing the manufacturing tolerance of the
magnetic sensor and induced eddy currents in the SI could reduce
the RMSE in Table 5.

Fig. 12  Mutual inductance versus armature position – the SI armature is 50 mm in width (400 Hz) – FDM
 

Fig. 13  Experiment elements – coils and SI and SL armatures – lock-in amplifier and signal generator
 

Fig. 14  Differential voltage versus SI armature position – 400 Hz (experimental versus FDM)
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8 Discussion
Although non-commercial and commercial finite-element software
for 2D and 3D electromagnetic analyses for magnetic devices and
sensors is highly accessible and has high precision [24–30], fast
and sufficiently precise in-house analytical and numerical
approaches to the design and optimisation of electromagnetic
devices [31–36] are always in demand in industry and academic.
Easy post-processing of magnetic analysis, fast parametric analysis
and flexible optimisation are major advantages of in-house
analytical and numerical computational tools for all types of
electromagnetic devices such as magnetic sensors and actuators.

3D numerical calculations are more time-consuming, as they
have more unknowns to solve. 3D finite-difference equations have
three components of the magnetic vector potential, in comparison
with only one component of the magnetic vector potential in the
2D FDM presented in this paper. It is not economical or efficient to
use 3D computation in the whole design process of our sensor, as
the difference between 2D simulations and 3D simulations is only
10%, as shown in Table 2.

SI and steel maybe a fundamental component of magnetic
position sensors [24]. If this is the case, induced eddy currents
should be considered. It is essential to take into consideration the

magnetic permeabilities and electrical conductivities of magnetic
materials [37] in the design of magnetic position sensors.

The effects of the magnetic shield and the yoke in Fig. 1a are
not considered in this paper. These parts will provide improved
sensitivity.

9 Conclusion
We have developed a novel flat LVDT sensor with an external
armature and without moving coils. Finite-difference analysis and
experimental results have been presented for SI and electrical SL
armatures. Various dimensions of the armature and the gaps have
been taken into account in the modelling and in experiments at two
frequencies. We have verified by 3D FEM and experiments that 2D
FDM analysis is reasonably precise and reasonably fast for flat-
type position sensor design and optimisation. 3D effects are
notable, but they can be neglected to save simulation time in the
first step in optimising the design of a flat-type magnetic position
sensor.

The magnetic fields in the armature are low. It is, therefore,
preferable to use a thin or laminated armature and to operate the
sensors at high frequencies, if the application allows. A magnetic
position sensor with an SL armature at 400 Hz shows superior
results, as the eddy currents are minimised even at 400 Hz, thanks

Fig. 15  Differential voltage versus SI armature position – 50 Hz (experimental versus FDM)
 

Fig. 16  Differential voltage versus SL armature position – 400 Hz (experimental versus FDM)
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to the lamination. High operational frequency also improves the
dynamic performance of the sensor. The sensor that has been
developed has a total error of 0.23 mm RMS for 36 mm range
without any compensation for non-linearity. This is acceptable for
applications such as an elevator cabin landing position sensor. The
power consumption at 50 and 400 Hz is 10 mW. For the final
design, the operation frequency maybe further increased and the
number of turns of the coils should be optimised taking into
account the sensitivity and the power consumption.

The analysis presented here was limited to a simple sensor with
antiserially connected pickup coils. Advanced LVDTs often
compensate temperature effects and air-gap variations by more
complicated processing of the sensor output. The simulation
procedures presented here can also be utilised in the analysis of
such schemes. Both compensations would be necessary for this
practical application.

A weak point in the flat-type LVDT is its sensitivity to the
movement of ferromagnetic bodies in the vicinity of the sensor. If
this situation is anticipated, the FDM simulation method presented
here can be used to estimate the influence on the precision of the
sensor and to evaluate the efficiency of the magnetic shielding.
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Fig. 17  Differential voltage versus SL armature position – 50 Hz
(experimental versus FDM)

 

Fig. 18  Magnetic flux distribution at 50 Hz with the SL armature shifted
20 mm from the centre and armature width = 70 mm (top) and with the
armature shifted 10 mm from the centre and armature width = 50 mm
(bottom) – the gap, g = 5.4 mm

 

Table 3 Differential voltage versus SI armature position at
50 Hz – comparison between experimental, FDM, FEM 2D
and FEM 3D
Position, mm Experiment, mV FDM, mV FEM 2D,

mV
FEM 3D,

mV
9 0.40 0.45 0.46 0.42
18 0.80 0.90 0.89 0.80
27 0.91 1.04 1.04 0.90
 

Fig. 19  Differential voltage versus SI armature position with a moving
part 1 mm in height (FDM)

 
Table 4 Constant C for various SI and SL armature widths
and frequencies

70 mm 70 mm 50 mm 50 mm
400 Hz 50 Hz 400 Hz 50 Hz

C, SI, mm/mV 3.4 22 2.3 16
C, SL, mm/mV 2.3 18 1.8 14
 

Table 5 RMSE for various SI and SL armature widths and
frequencies

70 mm 70 mm 50 mm 50 mm
400 Hz 50 Hz 400 Hz 50 Hz

RMSE, SI, mm 0.23 0.26 0.43 0.48
RMSE, SL, mm 0.26 0.33 0.64 0.50
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3-2-2-6 A Novel Position Sensor with Conical Iron Core [J12] 

 
A novel position sensor for pneumatic and hydraulic cylinder applications is presented in 

this paper. The solid iron core conical in shape surrounded by axisymmetric coils is an essential 

part of the proposed position sensor. The axisymmetric coils are used for excitation and voltage 

measurements. The conical solid iron core is annealed to homogenize the magnetic properties and 

to increase its permeability. This improves the performance of the position sensor in terms of 

sensitivity and linearity. Analytical and finite element analyses are utilized along with 

measurements in order to analyze the performance of the position sensor. The position sensor 

performs measurements of excitation coil inductance and pick-up coil voltages. Various 

frequencies are considered for the analysis and for the measurements. The measurement results 

show that the maximum linearity error is about 4% for the manufactured sensor, and it is 

calculated to have a maximum value of 1% for the theoretical model. The achievable resolution 

of the proposed sensor is about 0.4 mm. 

Experimental results and theoretical calculations have been presented for a position sensor 

with a conical solid iron core. Despite its simplicity, the proposed position sensor shows 

promising performance. The main purpose of the position sensor is for detecting the position of 

the piston in pneumatic cylinders and in hydraulic cylinders. However, it could be operated for a 

wide range of industrial applications. A 2D axisymmetric analytical method and 2D 

axisymmetric FEM were used to evaluate and analyze the performance of the position sensor. An 

analytical method is preferred in the design and optimization stages rather than 2D FEM, as a 

parametric analysis of the position sensor is easier and faster. It is preferable to operate the 

position sensor at high frequencies; 400 Hz and above is preferable, as the dynamic performance 

is better. High precision of large range position measurements can be achieved with the conical 

iron rod configuration, without the use of a long excitation coil and pick-up coils. The linearity of 

the results presented here can be improved by an iron rod with a smoother conical surface, as the 

angle of the conical surface slope must be constant in whole range of the conical part. Optimizing 

the conical iron rod and the size and the positions of the coils could improve the linearity and 

could reduce the linearity error to considerably below 1%. It has been shown that proper 

annealing of the iron rod has a considerable impact on the performance of a position sensor in 

terms of increasing the sensitivity and the linearity, as the magnetic permeability is increased and 

is homogenized especially in the machined conical surface. 
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 

Abstract— A novel position sensor for pneumatic and hydraulic cylinder applications is presented in this paper. The solid iron core 

conical in shape surrounded by axisymmetric coils is an essential part of the proposed position sensor. The axisymmetric coils are used 

for excitation and voltage measurements. The conical solid iron core is annealed to homogenize the magnetic properties and to increase 

the permeability of the conical solid iron core. This improves the performance of the position sensor in terms of sensitivity and 

linearity. Analytical and finite element analyses are utilized along with measurements in order to analyze the performance of the 

position sensor. The position sensor performs measurements of excitation coil inductance and pick-up coil voltages. Various 

frequencies are considered for the analysis and for the measurements. The measurement results show that the maximum linearity 

error is about 4% for the manufactured sensor, and is calculated to have a maximum value of 1% for the theoretical model. The 

achievable resolution of the proposed sensor is about 0.4 mm. 

 

Index Terms—Novel position sensor, conical iron core, annealing, eddy current, measurements, analytical and finite element 

analysis 

I. INTRODUCTION 

Ontactless linear and angular position detection of target objects is always a challenging issue [1]-[3]. Piston position 

detection in a pneumatic aluminum cylinder and in a hydraulic solid iron cylinder is a problematic task, because the piston is 

shielded by conductive and magnetic covers [1]-[2]. The position of the piston in the cylinder is not symmetric. In addition, it is 

a one-sided movement, whereas LVDT position sensors [4] are two-sided moving armature budges. 

Various internal and external sensors for pneumatic and hydraulic cylinders are implemented for detecting piston positions. In 

the case of a pneumatic cylinder, internal sensors are inserted into the piston rod. This is mechanically complicated, and the 

sensors are not cost-effective and are unreliable. Microwave and optical sensors implemented inside the cylinder display the 
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same problems [5]-[8]. For an aluminum cylinder, a permanent magnet on the piston can be used in external sensors. However, 

this approach has some disadvantages. Firstly, it is necessary to use an expensive non-magnetic stainless steel rod. Stainless non-

magnetic steel must be used to cancel out the distortion of the permanent magnet fields caused by the magnetic iron rod. 

Secondly, mounting a permanent magnet on the piston is a complicated procedure. In addition, the temperature dependency of 

the remanence flux density of a permanent magnet is a major weakness in a harsh environment. 

The authors recently presented an AC-excited contactless piston position transducer with axial excitation and detection of the 

radial magnetic field related to the end of a magnetically soft iron rod [2]. A moving ferromagnetic piston rod causes changes in 

the magnetic field, which are sensed by an array of integrated fluxgate sensors mounted on the outside of the aluminum cylinder. 

The uncorrected maximum static error was ±3 mm with achievable 0.1 mm resolution. The dynamic performance is a limiting 

factor for this sensor: the dynamic error is ±3 mm even at a speed of 0.2 m/s. Complex signal processing of the sensor array is 

required for this type of sensor.  Similar limitations were faced when radial excitation by saddle coils was used [9].  

A simpler method is to use a variable inductance sensor. This was presented for a hydraulic cylinder with a non-metallic shell 

[10]. A modified inductance method as a position sensor of a power cylinder with a carbon steel shell was employed in [1], using 

a differential coils configuration [11]. We have presented an analysis and experimental results confirming that variable 

inductance sensors can also be utilized for detecting the piston position in pneumatic cylinder with an aluminum shell [12]. The 

inductance of solenoid coils wound around an aluminum cylinder changes with the position of the magnetic iron rod and the 

position of the piston, which is affected by the induced eddy current in the aluminum shell. The temperature stability of a 

variable inductance sensor for a pneumatic cylinder was studied in [13]. The dynamic performance of the variable inductance 

position sensor is problematic. A faster and more reliable solution, especially for dynamic performance, is to read and measure 

the voltage, e.g. the pick-up coil voltage of a second coil wound around the first layer of the coil on the aluminum cylinder [14]. 

Measuring the pick-up voltage for a position sensor is a well-known method for LVDT sensors with various cylindrical and flat 

types shape configurations [15]-[18]. An alternative to the configuration for the variable inductance sensor in [1], [10] and [12]-

[14] is to implement coils around the iron rod instead of the cylinder. However, this is a cumbersome task, because of the long 

coil that is used for pneumatic and hydraulic cylinders [19]. Moving coils have problems with reliability in a harsh environment. 

In this paper, we present a novel position sensor with a conical solid iron rod. It has one excitation coil and two pick-up coils 

with axisymmetric configurations. The novel position sensor in this paper is simple, cost effective, compact and free of 

expensive materials, for example, permanent magnets and stainless steel. The new idea of conical iron rod used as piston iron rod 

could be constructed from any mechanical stable construction iron steel and it is no need to use special steel, for example, 

stainless steel. The concept of proposed position sensor is nondestructive for hydraulic and pneumatic cylinders. And no 

additional elements and sensor are added in cylinders, which are the main disadvantage of previous industrial concepts for the 
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position sensor in hydraulic and pneumatic cylinders. Compared to existing designs, our sensor has no moving coils, compact 

size and simple design.. Because of that it is very robust against external harsh environment. Unlike DC sensors based on magnet 

attached to the piston, which require expensive stainless-steel piston rod material, the conical piston rod used in our sensor can 

be made of ordinary steel, which is cost effective. 

The inductance of the excitation coil and the induced voltage in the serially connected pick-up coils change with the 

displacement of the conical iron rod. The proposed position sensor is short and has small coils, which makes it appropriate and 

easy to mount in hydraulic and pneumatic cylinders. The inductance measurements are performed with an LCR meter, and 

precise measurements of the voltage of the pick-up coils voltage are made with a lock-in amplifier. 2D axisymmetric analytical 

and finite element analyses with an eddy current solver are performed in order to evaluate the performance of a position sensor 

with a conical solid iron core at different frequencies, along with the measurements.  

II. MODEL OF THE POSITION SENSOR  

A. Structure  

A 3D model of the proposed position sensor with a conical solid iron rod with an axisymmetric configuration is shown in 

Fig. 1. One excitation coil and two serially connected pick-up coils on the left and right sides of the excitation coil are used for 

the position sensor. Fig. 2(a) shows the 2D schematic side view for the position sensor with a conical iron rod. The iron is solid, 

and the induced eddy current in the iron rod is investigated in this paper. The full-scale moving range of the position sensor is 

500 mm. 

B. Dimensions and parameters  

The dimensions and the parameters of the position sensor are presented in Table I, according to Fig. 2 (a).  
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TABLE I 

DIMENSIONS AND PARAMETERS OF THE POSITION SENSOR  

Parameter Value 

Ne 

Np 

100 

50 

Ia 65.12 (mA) 

L 700 (mm) 

L1 0 (mm) 

L2 40 (mm) 

D1 19.7 (mm)  

D2 30 (mm)  

Dw 40 (mm) 

le 10.4 (mm) 

lp 5.35 (mm) 

dw 

hw 

1.75 (mm) 

0.5 (mm) 

σi 5.54 (MS/m) 

µr-i 115 

 

where Ne is the number of turns in the excitation coil, and Np is the number of turns in the pick-up coil, Ia is the rms value of 

current in the excitation coil, σi is the conductivity of the iron rod at room temperature, and μr-i is the relative magnetic 

permeability of the iron rod.  

III. PERFORMANCE ANALYSIS OF THE POSITION SENSOR  

An analytical method is used for fast analysis and parametric calculations of a position sensor with a conical iron rod using the 

simplified model in Fig. 2 (b). The conical iron rod is replaced by the equivalent cylindrical model in order to compute the 

magnetic and electric parameters analytically. Diameter Dm in Fig. 2 (b) is calculated equal to the diameter of the conical iron rod 

corresponding to the position of the midpoint of the excitation coil. The effective diameter, Dm, in the analytical model of the 

equivalent cylindrical rod is adjusted for each position of the coils. The self-inductance of the excitation coil and the pick-up coil 

voltage with an air core and an iron core in (A5) – (A6) are calculated using appendix A. 
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Fig. 1.  3D model of a position sensor with a conical iron rod with an excitation coil and two serially connected pick-up coils 

 

 

Fig. 2.  Schematic model of the side view of the position sensor with a conical iron rod, (a) the real conical model (top), (b) the equivalent cylindrical model for a 

conical iron rod (bottom) 

 

The relative initial magnetic permeability is considered in this paper, as the magnetic fields of the excitation coil are very 

small. The B-H curve and the relative magnetic permeability curve are presented in appendix B for the iron rod material. The 

typical value, 115, is estimated for the relative magnetic permeability of a solid iron structure, in Table I. The relative initial 

magnetic permeability of typical construction steels can vary between 50 and 200 without annealing [20]. This will be measured 

and analyzed in the sections below. 

Firstly, the inductance of the excitation coil and the voltage of the pick-up coils are calculated and are compared with 

measurements with an air core and with a cylindrical (non-conical) iron core, in order to validate the analytical formulas in (A5)-
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(A8). A comparison between analytical calculations and the measurement results is presented in Table II and III. This 

comparison shows the high precision of the analytical method. The cylindrical iron rod (non-conical) is 520 mm in length and 

30 mm in diameter. The coils are located in the middle of the axial length of the iron rod, in order to minimize finite axial length 

effects. 

Fig. 3 shows analytical calculations of the excitation coil inductance and the pick-up coil voltages of a position sensor with a 

conical iron core (parameters and dimensions as in Table I at 100 Hz, 200 Hz, 400 Hz and 1000 Hz). Excellent linearity is 

observed. The excitation coil inductance decreases with frequency due to the smaller skin and flux penetration depth in the solid 

iron core and the higher magnetic reluctance. The pick-up coil voltage increases with frequency. The sensitivity of the imaginary 

component of the voltage is higher than the real component of the voltage. The zero position in the graphs corresponds to the 

point at a distance of 100 mm from the head of the conical iron rod (a smaller diameter, D1, in Fig. 2). The imaginary component 

(Im) and the real component (Re) of the voltage are calculated based on the excitation coil current as a reference signal. 

 

TABLE II 

A COMPARISON BETWEEN ANALYTICAL AND EXPERIMENTAL RESULTS WITH AN AIR CORE 

Parameter Exp./Ana. 

Ls-air 577 (μH)/570(μH) 

Up-air– 100 Hz 10.71 (mV)/10.45(mV) 

 

TABLE III 

A COMPARISON BETWEEN ANALYTICAL AND EXPERIMENTAL RESULTS WITH AN IRON CYLINDRICAL CORE  

Parameter Experiment /Analytical (μr=115) 

Ls-iron-20 Hz 

Ls-iron-100 Hz 

Ls-iron-200 Hz 

Ls-iron-400 Hz 

2.28 (mH) / 2.25(mH) 

1.62 (mH)/ 1.66(mH) 

1.40 (mH) / 1.44(mH) 

1.22 (mH) / 1.26(mH) 

Up-iron– 1 Hz 

Up-iron– 20 Hz 

Up-iron– 100 Hz 

Up-iron– 200 Hz 

Up-iron– 400 Hz 

0.25+i·1.14 (mV) / 0.04+i·1.09 (mV) 

5.88+i·15.80 (mV) / 4.78+i·15.17 (mV) 

23.11+i·52.02 (mV) / 20.04+i·51.66 (mV) 

39.90+i·85.83 (mV) / 35.53+i·86.41 (mV) 

67.56+i·141.12 (mV) / 61.93+i·143.58 (mV) 
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Fig. 3.  Variation of the excitation coil self-inductance and the pick-up coil voltage at 100 Hz, 200 Hz, 400 Hz and 1000 Hz (µr=150) - analytical 

IV. EXPERIMENTS  

Fig. 4 shows the experimental setup and elements for a position sensor with a conical iron rod. A SR865 2 MHz DSP lock-in 

amplifier (LIA) and an HP 4263B LCR meter are used for the voltage and inductance measurements. The excitation coil is 

connected to a Keithley 3390 50-MHz signal generator with internal resistance of 50 Ω. The serially connected pick-up coils are 

directly connected to the input terminal IN-A of the LIA without any interface. The terminal for the reference signal of the LIA 

is connected in parallel with small resistance, which is serially connected with the excitation coil. Therefore, the excitation coil 

current is the reference signal and the real and imaginary components of the pick-up coil voltage can be measured relative to the 

excitation coil current. The excitation and pick-up coils are electrically connected for grounding via the LIA. The maximum 

output voltage of the signal generator is selected as 10 V (amplitude) to get the maximum excitation current and the maximum 

sensor output and sensitivity. The conical iron rod was manufactured using a machine tool from a cylindrical iron rod 700 mm in 

axial length and 30 mm in diameter. The surface of the conical iron part was not faultlessly smooth, which can affect the linearity 

of the proposed position sensor. 

A. Without Annealing  

Fig. 5 shows the magnetic flux distribution using 2D axisymmetric FEM [21], using a time harmonic (eddy current) solver at 

different positions of the coils relative to the conical iron rod. An ideal shape and surface are considered for the conical iron rod 

model in the FEM simulations according to Table I.  The simulations and measurements range is 500 mm from 100 mm of 

conical iron rod head to 600 mm as shown in Fig. 5.  
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Fig. 4.  Measurement elements for the position sensor, the LCR meter, the signal generator, the lock-in amplifier, the coils and the conical iron rod and schematic 

diagram of inductance meter and lock in amplifier 

 

Fig. 5.  Distribution of the magnetic flux lines for different positions of the coils using FEM, (left) coil position at 500 mm, (middle) coil position at 250 mm, 

(right) coil position at 0 mm (f =100 Hz) – the total axial length of the iron is 700 mm 

 

The measured and simulated self-inductance and pick-up voltage values versus the coil position are depicted in Fig. 6, without 

annealing at 100 Hz and 400 Hz. The analytical results correspond very well with FEM, which shows negligible effects of the 

approximations used in the analytical method.  
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Fig. 6.  Variation of the excitation coil self-inductance and the pick-up coil voltage at 100 Hz and at 400 Hz – non-annealed  

 

The estimated relative magnetic permeability is about 125 using the inductance measurement, and it is estimated to be about 

150 using the measured pick-up voltage. The excitation coil current is smaller for the inductance measurement using the LCR 

meter than the current for pick-up coil voltage measurement using a lock-in amplifier. The magnetic field that is produced is 

therefore lower in the iron rod for the inductance measurements because the current is lower. The magnetic permeability is 

higher for a high current or for the equivalent magnetic field strength in the iron rod, as the operating point is in the Rayleigh 

region of the B-H curve.  

The inductances and the pick-up voltages increase monotonically until position 400 mm, and then they decrease until position 

500 mm, which is not expected for the FEM and analytical calculations. The first reason for this is the non-smooth conical 

surface near the end position, 500 mm due to machining. The second reason is presumed to be a non-homogenized magnetic 

permeability distribution, again due to machining. This could be minimized with proper annealing [22]. With more precise 

machining or casting, the non-straight measured curves and their fluctuations in the whole range of measured positions, in 

comparison with the straight curve of the simulated values, could also be improved by annealing and removing the salient parts 

in the conical surface. 

B. With Annealing  

The relaxation and homogenization annealing process is performed in order to improve the magnetic properties of the conical 

iron rod. The rod was annealed in vacuum, for 2 hours at 800 oC, was slowly (8 hours) cooled down to 500 oC, and was rapidly 

cooled (1h) to room temperature (appendix C). In order to evaluate the annealing effect, firstly two small samples (annealed and 
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non-annealed) 70 mm in axial length and 30 mm in diameter, from the same material as the conical iron rod, were used for the 

measurements and the simulations, as shown in Fig. 7.  

TABLE IV 

A COMPARISON BETWEEN ANALYTICAL AND EXPERIMENTAL RESULTS WITH AN IRON CORE-NON-ANNEALED 

Parameter Experiment / FEM (μr=115) 

Ls-iron-20 Hz 

Ls-iron-100 Hz 

Ls-iron-200 Hz 

Ls-iron-400 Hz 

1.61 (mH) / 1.62 (mH) 

1.44 (mH) / 1.47(mH) 

1.33 (mH) / 1.37 (mH) 

1.21 (mH) / 1.25 (mH) 

Up-iron– 1 Hz 

Up-iron– 20 Hz 

Up-iron– 100 Hz 

Up-iron– 200 Hz 

Up-iron– 400 Hz 

0.09+i·0.51 (mV) / 0.01+i·0.52 (mV) 

1.0+i·9.87 (mV) / 0.85+i·9.86 (mV) 

8.57+i·43.22 (mV) / 7.51 +i·43.41 (mV) 

19.92+i·77.88 (mV) / 17.72+i·79.21 (mV) 

42.4+i·136.1 (mV) / 39.41+i·140.4 (mV) 

 

TABLE V 

A COMPARISON BETWEEN ANALYTICAL AND EXPERIMENTAL RESULTS WITH AN IRON CORE-ANNEALED  

Parameter Experiment / FEM (μr=400) 

Ls-iron-20 Hz 

Ls-iron-100 Hz 

Ls-iron-200 Hz 

Ls-iron-400 Hz 

1.70 (mH) / 1.70 (mH) 

1.61 (mH) / 1.61(mH) 

1.53 (mH) / 1.54 (mH) 

1.44 (mH) / 1.46(mH) 

Up-iron– 1 Hz 

Up-iron– 20 Hz 

Up-iron– 100 Hz 

Up-iron– 200 Hz 

Up-iron– 400 Hz 

 0.09+i·0.55 (mV) / 0.01+i·0.54 (mV) 

0.68+i·10.60 (mV) / 0.53+i·10.46 (mV) 

5.63+i·49.80 (mV) / 5.13+i·48.75 (mV) 

13.80+i·95.02 (mV) / 13.05+i·92.52 (mV) 

32.60+i·178.65 (mV) / 31.89+i·172.05 (mV) 

 

Fig. 7.  Annealed and non-annealed iron rods 70 mm in length (left), and the magnetic flux distribution and the magnetic field strength at f= 100 Hz with μr=115 

(right) 
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Fig. 8. The variation in the excitation coil self-inductance and the pick-up coil voltage at 100 Hz and 400 Hz –annealed  

 

Tables IV and V present a comparison of measurement results with and without annealing. The estimated relative magnetic 

permeability is increased 3.5 times (400/115) in the annealed sample relative to the non-annealed sample. The maximum change 

in the results due to annealing occurred at 400 Hz, where there was a change of about 20%. 

A monotonic increase in the measured inductances and voltages continued until 450 mm in the annealed conical iron rod (Fig. 

8). This shows a larger linear range and values closer to the simulations results. It can be assumed that the break point in the 

measurement curves at 450 mm was caused by imperfect machining of the conical surface. Annealing increases the sensitivity of 

the position sensor between 25% in the inductance values at 100 Hz and 45% in the voltage values at 400 Hz due to the higher 

magnetic permeability. 

The simulated voltages and inductances (Fig. 8) after annealing of the conical iron rod at 100 Hz is less linear, especially after 

the start point and before the end point in the annealed iron core. This could be caused by the increased relative magnetic 

permeability and higher finite length effects. 

Magnetic yoke around the coils using thin permalloy tape or silicon steel lamination increases the sensitivity of the position 

sensor and shields it against external magnetic fields. This phenomenon will be investigated in our future work to evaluate the 

increasing sensitivity and the improving linearity. 

V. LINEARITY ANALYSIS 

The piston stroke and the realistic range of movement of the piston are typically shorter than the cylinder length for a real 
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pneumatic cylinder, as reported by our team in [14]. The linearity analysis was therefore performed between 50 mm and 

450 mm. The range of movement of the piston was reported to be practically 400 mm in [14]. The linear curve function between 

the relative position of the coils and conical iron rod, X (mm) versus the  inductance or the voltage, Y (mH or mV) is presented as 

follows: 

ܺ ൌ ܥ ∙ ܻ ൅ ܺ଴ 

(1) 

 

Table VI presents the values of the parameters in (1). The linearity error is calculated from the linear curve function values, Xl, 

in (1) and the experimental values, Xm, for a 400 mm stroke using as follows: 

 

ሺ%ሻ	ݎ݋ݎݎܧ ൌ ሺ ௟ܺ െ ܺ௠	ሻ/400 ∙ 100 

(2) 

TABLE VI 

THE LINEAR CURVE FUNCTION BETWEEN THE RELATIVE POSITION OF THE COILS AND THE CONICAL IRON ROD, X , VERSUS THE MEASURED INDUCTANCE OR 

VOLTAGE, Y 

Curves X=C·Y+X0 

Ls-iron-100 Hz 

Ls-iron-200 Hz 

Ls-iron-400 Hz 

Ls-iron-1000 Hz 

1181·Y-1966 

1411·Y-2072 

1717·Y-2232 

2249·Y-2498 

Up-iron– 100 Hz 

Up-iron– 400 Hz 

32.56·Y-1918 

12.24·Y-2121 

 

The error calculations are shown in Fig. 9, which has maximum values of about 4% for the experimental results. The overall 

linearity using the measured inductance at 200 Hz (Fig. 10) is the finest results in terms of linearity. The error results for the 

analytical calculations show a maximum error of 1% for a 400 mm stroke, which can be achieved for a precisely machined rod. 

It should be noted that these results were obtained without any corrections. 

The linearity errors using the analytical model increase at extreme positions of 25 mm and 475 mm, because of the finite 

length effects (end effects) of the conical iron rod. The first suggestion is to increase the axial length of the conical iron rod in 

order to reduce the finite length effect errors. The second suggestion is to optimize the dimensions of the coils and of the conical 

surface in order to minimize the linearity error caused by the finite length of the iron rod. However, this topic lies beyond the 

scope of our paper.  
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Fig. 9. Error calculations for a 400 mm stroke based on the inductance and voltage values– using an annealed conical iron rod 

 

Fig. 10. Variation of the excitation coil self-inductance at 200 Hz and at 1000 Hz –annealed 

 

The conical iron rod diameters were measured at each distance of 1 cm for precise modeling of the real surface of the 

manufactured conical iron rod in the FEM environment. A comparison of the FEM results between a more precise model of the 

manufactured conical iron surface and the smooth (perfect) surface of the conical iron rod is shown in Fig. 11. It confirms that 

some nonlinearities in the measurement results are caused by the non-uniform and non-smooth surface of the manufactured 

conical iron rod.  
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Fig. 11. A comparison between the FEM results for the smooth ideal surface and for more precise surface modeling of the manufactured conical iron rod 

VI. DISCUSSION 

A potential method for compensating the temperature, the material effects of the solid iron rod, and the changes in eccentricity 

is the multi-frequency sensor technique and the pulsed eddy current method [23]-[24], which will be investigated in future work. 

The temperature of the iron rod changes the electrical conductivity and the magnetic permeability, which affect the reluctance of 

the magnetic flux path and the magnetic flux penetration depth, hs (Fig. 2 b), and the skin effect depth, δ. 

The non-uniformity of the depth on the surface of the conical iron rod strongly affects the measurement accuracy in terms of 

fluctuations of the results if it is greater than the skin depth [4]: 

 

ߜ ൌ ඨ
2

௜ߪߤ߱
, ߱ ൌ  ݂ߨ2

(3) 

 

where, μ, σi and f are the magnetic permeability, the electrical conductivity and the frequency, respectively. In addition, the use of 

artificial neural networks to make the conical surface as perfect as possible can prevent fluctuations of the results, and can 

improve the linearity by about one order of magnitude [18]. 

Recent works on alternative configurations of position sensors using an ironless inductive position sensor [25], and a variable 

reluctance differential solenoid transducer [26], cannot be applied to pneumatic cylinders and hydraulic cylinders with a large 
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range of operating positions. 

Despite its simplicity, the analytical method developed here has almost the same accuracy as 2D FEM, because the effects of 

the finite length of the iron rod are negligible at frequencies above 400 Hz, even with high relative magnetic permeability of 

about 400-500. Analytical methods are always preferable to numerical calculations [27], if their accuracy is within a satisfactory 

range [24].   

Voltage measurements are more dynamic, are preferable, and are suitable for position measurements relative to the inductance 

measurement. Two serially connected pick-up coils on the left and right sides of the excitation coil is preferred to a single pick-

up on one side of the excitation coil, in order to avoid end effects (the finite axial length effect of conical iron) by vectorial 

summation or by averaging the voltages of the two pick-up coils. The pick-up voltage can be on top of the excitation coil if the 

excitation coil inductance is required for position measurements. The induced voltage will be proportional to the inductance of 

the excitation coil because of the high coupling between the excitation coil and the pick-up coils. The use of fast rms 

measurements of voltages is not recommended, as rms or the absolute value is the vectorial summation of the real and imaginary 

components of the voltage. This will be less linear than the linearity of the individual real and imaginary components. The main 

drawback of measuring a real or imaginary component could be less dynamic performance of the sensor because of more time-

consuming signal processing. However, it is more tolerant to noise than a simple rms reading. 

The proposed position sensor is cost effective, small compact for structure of excitation and pick up and measurement system 

and it can be easily shielded and protected against external magnetic elements and fields, which is its main advantage to previous 

academic and industrial position sensors for hydraulic and pneumatic cylinders [1], [5] and [10]. The proposed position sensor 

has simple signal processing unit, which is a merit to reduce cost and increase fault tolerant capability of the sensor in the harsh 

environment. 

One possible limitation of the proposed position sensor is when it operates in variable temperature environments without 

temperature compensation:  temperature affects the magnetic permeability, the conductivity and the performance of the sensor. 

Real or imaginary component can be evaluated by single-chip LIA such as AD630, so that the cost is not significantly higher 

than evaluation rms. Another advantage of using LIA is that the sensor is less sensitive to noise and interference in comparison 

with simple rms reading. 

VII. CONCLUSION 

Experimental results and theoretical calculations have been presented for a position sensor with a conical solid iron core. 

Despite its simplicity, the proposed position sensor shows promising performance. The main purpose of the position sensor is for 

detecting the position of the piston in pneumatic cylinders and in hydraulic cylinders. However, it could be operated for a wide 
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range of industrial applications.  

A 2D axisymmetric analytical method and 2D axisymmetric FEM were used to evaluate and analyze the performance of the 

position sensor. An analytical method is preferred in the design and optimization stages rather than 2D FEM, as a parametric 

analysis of the position sensor is easier and faster. It is preferable to operate the position sensor at high frequencies; 400 Hz and 

above is preferable, as the dynamic performance is better. 

High precision of large range position measurements can be achieved with the conical iron rod configuration, without the use 

of a long excitation coil and pick-up coils. The linearity of the results presented here can be improved by an iron rod with a 

smoother conical surface, as the angle of the conical surface slope must be constant in whole range of the conical part. The 

maximum linearity error was shown to be 4% for the measurement results of the manufactured model, and the maximum error 

was 1% for the theoretical model. Optimizing the conical iron rod and the size and the positions of the coils could improve the 

linearity and could reduce the linearity error to considerably below 1%. This is a topic for investigation in future work. The 

effect of the iron rod materials must be taken into consideration and must be compensated, as construction steels and irons have 

different initial permeability and electrical conductivity.  

It has been shown that proper annealing of the iron rod has a considerable impact on the performance of a position sensor in 

terms of increasing the sensitivity and the linearity, as the magnetic permeability is increased and is homogenized especially in 

the machined conical surface.  

Using proposed position sensor in this paper for pneumatic and hydraulic cylinders simplify signal processing unit of the 

sensor and avoid using destructive methods on the cylinders unlike previous concepts. It has merits in terms of simplicity, cost 

effective and compactness, which is always demanded in industrial applications with mass productions. 

In order to provide increased sensitivity and improved linearity for future work on this topic, it is necessary to achieve precise 

manufacturing of the conical iron rod in order to have a faultless conical surface; to optimize the dimensions and the relative 

positions of the coils; to calculate the optimum axial length of the conical iron; and to use a magnetic yoke and shielding. A 

dynamic analysis of the performance of the sensor in transient conditions and an evaluation of thermal stability are also required 

in order to present the proposed sensor for industrial applications. 

APPENDIX A: ANALYTICAL EQUATIONS 

A sketch of the conical iron rod is transformed into an equivalent cylindrical rod with diameter Dm (Fig. 2). The diameter, Dm, 

is calculated equal to the diameter of the conical iron rod corresponding to the midpoint position of the coils, as shown in Fig. 2.  

The governing differential equations versus the magnetic vector potential for three regions (Aϕ,1 the part of the air beyond the 

coils in region 1, Aϕ,2 for region 2 in the part of the air between the iron rod and the coil, and Aϕ,3 for the iron rod in region 3) in 

Authorized licensed use limited to: CZECH TECHNICAL UNIVERSITY. Downloaded on July 27,2020 at 11:27:44 UTC from IEEE Xplore.  Restrictions apply. 



0018-9456 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TIM.2020.2999691, IEEE
Transactions on Instrumentation and Measurement

the computational model of Fig. A1 are extracted from the Maxwell equations in the cylindrical coordinates [28] – [31]. The coil 

area regions are transformed into line regions to simplify the computational model, as the radial thickness of the coils is just 

0.5 mm (Fig. A1). Only the azimuthal component of the magnetic vector potential, Aϕ, is considered, because of the 

axisymmetric structure [28]: 

 

1 ⁄ݎ ߲ ⁄ݎ߲ ൫ݎ థ,ଵܣ߲ ⁄ݎ߲ ൯ ൅ ߲ଶܣథ,ଵ ⁄ଶݖ߲ െ థ,ଵܣ ⁄ଶݎ ൌ 0 

1 ⁄ݎ ߲ ⁄ݎ߲ ൫ݎ థ,ଶܣ߲ ⁄ݎ߲ ൯ ൅ ߲ଶܣథ,ଶ ⁄ଶݖ߲ െ థ,ଶܣ ⁄ଶݎ ൌ 0 

1 ⁄ݎ ߲ ⁄ݎ߲ ൫ݎ థ,ଷܣ߲ ⁄ݎ߲ ൯ ൅ ߲ଶܣథ,ଷ ⁄ଶݖ߲ െ థ,ଷܣ ⁄ଶݎ ൌ ௜ߪ ⋅ ଷߤ ⋅ థ,ଷܣ߲ ⁄ݐ߲  

(A1) 

The method of separation of variables (the Fourier method) is used to solve (A1) [27]-[31]. It is assumed that magnetic fields 

change sinusoidal versus time and periodically in z-direction with period length 2L. Therefore derivations versus z and t (time) 

could be replaced as following: 

 
∅ܣ ൌ ܴሺݎሻ ∙ ܼሺݖሻ ∙ ܶሺݐሻ (A2-1) 

 

ܼሺݖሻ ∝ expሺെ݆݉ ∙ ሻݖ , ݉ ൌ
ߨ݊
ܮ
	, ܶሺݐሻ ൌ 	 expሺ݆߱ ∙ ሻݐ , ߱ ൌ  ݂ߨ2

∅ܣ߲
ݐ߲

ൌ ,		∅ܣ݆߱
∅ܣ߲
ݖ߲

ൌ െ݆|݉|ܣ∅	,
߲ଶܣ∅
ଶݖ߲

ൌ െ݉ଶܣ∅ 

 (A2-2) 
 

where, ω=2πf is angular frequency in rad/s. The solutions versus radius as follows: 
 

థ,ଵܣ ൌ 	 ෍ ൫ܥଵଵܫଵሺ|݉| ∙ ሻݎ ൅ |݉|ଵሺܭଵଶܥ ∙ ሻ൯ݎ
௡ୀേଵ,േଷ,⋯

∙ ݁௝ሺఠ௧ି௠௭ሻ 

థ,ଶܣ ൌ 	 ෍ ൫ܥଶଵܫଵሺ|݉| ∙ ሻݎ ൅ |݉|ଵሺܭଶଶܥ ∙ ሻ൯ݎ
௡ୀേଵ,േଷ,⋯

∙ ݁௝ሺఠ௧ି௠௭ሻ 

థ,ଷܣ ൌ 	 ෍ ൫ܥଷଵܬଵሺߛ ∙ ሻݎ ൅ ଷଶܥ ଵܻሺߛ ∙ ሻ൯ݎ
௡ୀേଵ,േଷ,⋯

∙ ݁௝ሺఠ௧ି௠௭ሻ 

ߛ ൌ ඥെ݉ଶ െ  ௜ߪଷߤ݆߱

(A2-3) 

where I1, J1, K1and Y1 are Bessel functions with order 1 [32]. n is the space harmonic order. L is the axial length of the iron rod. 

C11, C12, C21, C22, C31 and C32 are constants that are obtained by the following boundary conditions between regions 1, 2 and 3: 

 

థ,ଵܣ ቆ
௪ᇱܦ

2
ቇ ൌ థ,ଶܣ ቆ

௪ᇱܦ

2
ቇ , థ,ଶܣ ൬

௠ܦ
2
൰ ൌ థ,ଷܣ ൬

௠ܦ
2
൰ 
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௭,ଵܪ	 ቆ
௪ᇱܦ

2
ቇ െ ௭,ଶܪ ቆ

௪ᇱܦ

2
ቇ ൌ ,௦ܬ ௭,ଶܪ										 ൬

௠ܦ
2
൰ ൌ ௭,ଷܪ ൬

௠ܦ
2
൰	 

 

௪ᇱܦ ൌ ௪ܦ ൅ ݄௪ 

 

௦ܬ ൌ ෍ ௦௡ܬ
௡ୀേଵ,േଷ,⋯

∙ ݁௝ሺఠ௧ି௠௭ሻ, ௦௡ܬ ൌ
2
ߨ݊

݊݅ݏ ൬݉
݈௘
2
൰ ∙ ௘ܰ ∙ ௔ܫ

݈௘
 

௭ܪ ൌ 1 ⁄ݎ ߲ ⁄ݎ߲ ൫ܣݎథ൯/ߤ 

(A3) 

where, Hz is the magnetic field strength. 

The self-inductance of the excitation coil, Ls and the pick-up coil voltage, Up are calculated using following equations: 

௦ܮ ൌ
ߖ
௔ܫ
ൌ ௘ܰ ∙ ׬ ݏథ݀ܣ

௔ܫ ∙ ݈௘
, 	ܷ௣ ൌ െ݆߱ߖ ൌ െ݆߱ ௣ܰ ∙ ݏథ݀ܣ׬

݈௣
, ݏ݀ ൌ ݖ݀߶݀ݎ ൌ ݖ݀ݎߨ2 ൌ ௪ᇱܦߨ  ݖ݀

(A4) 

Parameter Aϕ in (A4) is the magnetic vector potential on the boundary between regions 1 and 2. We used Aϕ,3 in (A2-3) for 

integration in (A4). The integral in (A4) is performed on the boundary between regions 1 and 2, where the surface regions of the 

coils are simplified as a line region between regions 1 and 2 in Fig. A1 in 2D view, and they are cylindrical surfaces as shown in 

Fig. A1. The integration in (A4) is performed on the cylindrical surface of the coils as shown in Fig. A1. The integrations for the 

voltage of the two pick-up coils are summed, as they are serially connected. 

The self-inductance of the excitation coil with an air core, Ls-air , and with an iron core, Ls-core, and the pick-up coil voltage with 

an air core, Up-air , and with an iron core, Up-core, are calculated in (A5) – (A8), using (A4).  
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௪ᇱܦ

2
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௪ᇱܦ
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ቇ൱ 

(A5) 

ܷ௣ି௔௜௥ ൌ ݆߱ ∙ ෍ ௔ܥ
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(A8) 

where I0, J0 and K0 are Bessel functions with order of 0 [32]. 

Fig. A2 shows the magnetic flux distribution calculated using an analytical method for different equivalent iron rod radiuses, 

which correspond to different positions of the coils relative to the conical iron rod, 500 mm, 250 mm and 0 mm.  
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Fig. A1.  Computational 2D axisymmetric model for a position sensor with a conical iron rod – transformation of the real shape of the conical iron rod to a 

cylindrical iron rod with the equivalent diameter, Dm, which changes with the position of the coils 

 

Fig. A2.  The magnetic flux distribution for different positions of the coils, using an analytical method, equivalent iron rod radius = 14.2 mm (left) corresponding 

to coils position at 500 mm,, equivalent iron rod radius = 12.4 mm (middle) corresponding to coils position at 250 mm, equivalent iron rod radius = 10.6 mm  

(right) corresponding to coils position at zero position (0 mm) - (f=100 Hz, μr-i= 125) 

APPENDIX B: B-H CURVE AND MAGNETIC RELATIVE PERMEABILITY CURVE 

Fig. B1 presents the B-H curve and the magnetic relative permeability curve of a solid iron conical rod [33].  The initial 

relative magnetic permeability is extrapolated. It is estimated to be about 100 to 150, as it would be problematic to make direct 

measurements of the B-H curve and of the relative magnetic permeability at low magnetic fields. 
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Fig. B1.  The B-H curve and the relative magnetic permeability curve for material of conical iron rod – non-annealed  

 

The hysteresis effects in conical iron rod are neglected in this paper as sensor operates at low magnetic fields less than 

75 A/m, which equivalent hysteresis angle is below 10 Deg. [34].  

APPENDIX C: ANNEALING PROCESS AND TEMPERATURE CURVE 

The graph for the annealing process is shown in Fig. C1. It was performed at MEDUNA vakuova kalirna, s.r.o. 

(https://www.kalirna.cz). Two temperatures are shown, one of which is for the air temperature, and the other is from the 

temperature meter inside a sample located in close proximity to the conical iron rod.  

 

Fig. C1.  Temperature profile of the annealing process versus time (hour) 
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3-2-3 Eddy Current Speed Sensors 

 
3-2-3-1 Eddy Current Linear Speed Sensor [J4] 

 
Novel eddy current speed sensor with axisymmetric coils and solid iron rod as moving 

part is presented. The analysis is performed for both dc and ac coil currents and for variable 

iron rod translational speed. The coil inductance and induced voltage results using the 

analytical method and finite-element method calculation are compared with the measured 

values. Two different coil configurations are used for simulations and measurement. 

Analytical model results coincide well with FEM results and experimental results. The 

analytical model could be used for speed sensor optimization. Inductances of excitation coils 

linearly change with the speed at dc currents and low frequencies in model B, which could be 

used as a speed meter. Pickup coils voltage versus speed has linear dependence. The 

presented speed sensor could be used for linear machines and pneumatic and hydraulic 

cylinders. 
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Eddy Current Linear Speed Sensor
Mehran Mirzaei , Pavel Ripka , Andrey Chirtsov , and Jan Vyhnanek

Faculty of Electrical Engineering, Czech Technical University, 166 36 Prague, Czech Republic

Novel eddy current speed sensor with axisymmetric coils and solid iron rod as moving part is presented. The analysis is performed
for both dc and ac coil currents and for variable iron rod translational speed. The coil inductance and induced voltage results
using the analytical method and finite-element method calculation are compared with the measured values. Two different coil
configurations are used for simulations and measurement.

Index Terms— Analysis, eddy current, linear, speed sensor.

I. INTRODUCTION

THE speed sensors are used for rotating and translational
objects in many applications. Different types of sensors

such as a non-magnetic optical sensor or variable reluctance,
eddy current based and Hall effect magnetic sensors could
be utilized for speed sensing. Magnetic sensor principles are
based on magnetic properties of sensing material or change of
parameters of the magnetic circuit [1]. Magnetic sensors are
more reliable and robust to dust and dirt, which is a common
problem in many applications. Magnetic sensors could have
moving or stationary permanent magnet or electric circuit
as a magnetic source. They are contactless and have high
possibility to be implemented in dirty and high-temperature
environment [2]. Contactless translational speed and position
sensors are required for the pneumatic and hydraulic cylinders,
flat-type or tubular linear motors and actuators and generators
for free piston engine and other industrial applications [3], [4].
Available contactless magnetic sensors require non-smooth
moving metallic part or permanent magnets for excitation.
Another disadvantage of the existing solution is a strong
dependence on the distance. Speed probe based on eddy
currents in the metallic body moving in the field of permanent
magnet was using a Hall sensor, which has poor offset
stability [5]. Using speed effects on the induced eddy currents
of permanent magnet fields in the moving part was also studied
in [6] for metal part defect detection. Speed sensor based on
linear variable differential transformer operation with ferrite
yoke is presented in [7], which was presented for flat-type
moving part. A speed sensor based on the high sensitivity of an
amorphous core with ring shape mounted on solid iron E shape
core for magnetic field excitation was shown in [8], which has
the disadvantage of the necessity of using amorphous core with
zero-magnetostriction and sharp rectangular B–H curve.

Our solution for linear speed measurement is based on a
single coil and coil pair with dc and ac excitations. We present
fast and precise analytical method to calculate coil inductance
and induced voltages in the pickup coils taking into account
eddy currents in the iron rod caused by alternating current
and iron rod speed for an axisymmetric model. Finite-element
method (FEM) simulations and experimental results are also
presented.

Manuscript received July 14, 2018; revised September 9, 2018; accepted
September 17, 2018. Date of publication October 10, 2018; date of current
version December 18, 2018. Corresponding author: M. Mirzaei (e-mail:
mirzameh@fel.cvut.cz).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TMAG.2018.2872123

Fig. 1. Speed sensor coils and iron rod—3-D model and 2-D model.

II. MODEL AND MATERIAL DATA

Fig. 1 shows axisymmetric 3-D model and 2-D model with
concentric stationary coils and moving the iron rod. Three coils
are implemented for magnetic field excitations and measure-
ments for two different configurations. The first configuration,
model A has one excitation coil (number 2 in Fig. 1) and two
antiserially connected pickup coils for measurement (numbers
1 and 3). The second configuration, model B has one pickup
coil (number 2) and two excitation coils (numbers 1 and 3),
which are antiserially connected. The speed of moving iron
rod is in the axial direction. Parameters L, ri , rc, d , w, and h
are the axial length of the iron rod, the outer radius of the iron
rod, the inner radius of coils, coils distance, coils thickness,
and coils height, respectively.

Solid iron is used for moving the iron rod. Initial relative
magnetic permeability is only considered for magnetic analysis
because of low magnetic fields, which is estimated to be
about 77.5 [9]. The electrical conductivity of solid iron rod
is 4.45 MS/m at room temperature.

III. ANALYTICAL MODELING

The Maxwell equations are used to compute speed sensor
performance [10]. Final differential equations in cylindrical
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coordinate have only azimuthal angle component of the mag-
netic vector potential, Aϕ and current density, Jϕ because
of 2-D axisymmetric configuration. The magnetic flux density
and the magnetic field strength have only radial and axial
components, Br , Bz , Hr , and Hz , respectively,�
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where μ and σ are the magnetic permeability and the electrical
conductivity, respectively.

The induced eddy current in the iron rod with the electrical
conductivity, σi due to the iron rod speed, V must be consid-
ered in the equations

Jϕ = −σi
d Aϕ

dt
= −σi
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dt
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�
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�
. (2)

The computational model is divided into four parts.
Parts 1–4 are iron rod region, air region between the iron
rod and coils, coils region, and air region beyond coils,
respectively,
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where Js is the source current density in the coils.
The method of separation of variables (method of Fourier)

is used to solve (3)–(5) [10].
They are assumed that magnetic fields change sinusoidally

versus time and periodically in the z-direction with the
period length 2L. Therefore, derivations could be replaced as
following:

Aϕ = R(r) · Z(z) · T (t) (6)

Z(z) ∝ exp (− jm · z) , m = nπ

L
T (t) ∝ exp ( jω · t)

∂ Aϕ,1

∂ t
= jω · Aϕ,1

∂ Aϕ,1

∂z
= − jm · Aϕ,1,

∂2 Aϕ,1

∂z2 = −m2 · Aϕ,1 (7)

where ω is the angular frequency in rad/s.

The solutions versus radius, r are as follows:

Aϕ,1 =
�

n=±1,±3,...

(C11 · J1(γ · r) + C12 · Y1(γ · r))
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−m2 − jμ1σi (ω − m · V )
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(C41 · I1(m · r) + C42 · K1(m · r)) (8)

where J1, Y1, I1, and K1 are Bessel functions and L1 is
Struve function. C11, C12, C21, C22, C31, C32, C41, and C42
are constants, which are obtained by the following boundary
conditions:

Aϕ,1 (r = 0) = 0

Aϕ,1 (r = ri ) = Aϕ,2 (r = ri )

Hz,1 (r = ri ) = Hz,2 (r = ri )

Aϕ,2 (r = rc) = Aϕ,3 (r = rc)

Hz,2 (r = rc) = Hz,3 (r = rc)

Aϕ,3 (r = rc + w) = Aϕ,4 (r = rc + w)

Hz,3 (r = rc + w) = Hz,4 (r = rc + w)

Aϕ,3 (r = ∞) = 0. (9)

Parameter Jm in (8) for coils region for single-coil excitation
and two antiserially connected coils could be calculated as
follows, respectively,

Jm = 2

nπ
· sin



m · h

2
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��
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���
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h · w
(10)

where N and I are the number of turns per coil and current,
respectively. Struve function L1 is complicated for calculation
and shows instability. An approximation is used to replace
Struve function, L1 with a simpler one. It is assumed that
the current density change is directly proportional or inversely
proportional with the radius and it is not constant in the coil
cross section. Therefore, solutions of (4) for magnetic vector
potentials, Aϕ,3, are as following for linear current change and
inversely current change with radius, respectively,
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Fig. 2. Experimental set up.

TABLE I

PARAMETERS OF SPEED SENSOR

Fig. 3. Magnetic flux distribution in model A at dc current [0 m/s (left) and
+5 m/s (right)].
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+ μ3 Jm

m2 · r

�
. (11)

IV. EXPERIMENTAL AND SIMULATION RESULTS

Fig. 2 and Table I show the experimental setup for eddy
current linear speed sensor and parameters. The axial length
of the iron rod is considered large enough to decrease end
effects caused by the finite length of the iron rod. The number
of turns per coil, N is 47. Figs. 3 and 4 show the magnetic
flux distribution in models A and B at dc current and iron
rod speed 0 and 5 m/s, which are calculated by the analytical
method. The effect of speed on the flux distribution could
be more distinguished in the iron rod region and in the air
region end parts. The induced eddy current due to the iron
rod speed causes unsymmetrical magnetic flux distribution.

Fig. 4. Magnetic flux distribution in model B at dc current—two excitation
coils are connected antiserially [0 m/s (left) and +5 m/s (right)].

TABLE II

COMPARISON BETWEEN EXPERIMENTAL AND ANALYTICAL

RESULTS—MODEL A (EXCITATION CURRENT

AMPLITUDE = 0.165 A)

Self-inductance, LS and mutual inductance, L M could be
calculated as follows [11]:

LS, L M = �

I
= N

�
Aϕ · dV

I · hw
(12)

where � is the total average flux linkage or mutual flux linkage
over coils cross-sectional area. The integration is applied
on each coil volume. Table II gives the experimental and
analytical results for self-inductance and mutual inductance
between the adjacent coils at zero speed, which present appro-
priate precision for the analytical method. The self-inductance
has only inductive component in Table II and the mutual
inductance has inductive and resistive components, where the
resistive component is caused by induced eddy currents in
the iron rod. Eddy currents are only generated in the regions
where the excitation field has a radial component. Fig.5 shows
the analytical and FEM results for the coils inductances and
induced voltages of models A and B.

The inductances changes versus speed are negligible in
model A at dc current and 100 Hz ac current. The variations
of inductances are more obvious in model B, which could
be used as a speed meter. The induced voltages amplitude
changes linearly with the speed in Fig. 5. The induced
voltage amplitude—speed ratio is about 150 μV/ (m/s). The
experimental and analytically calculated results for induced
voltage of model A versus time at different speeds are shown
in Fig. 6. The experimental voltage results are recorded by
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Fig. 5. Coils inductances (top) and induced voltages (bottom)—induced
voltage in model A is the difference voltage between pick up coils 1 and 3.

Fig. 6. Measured speed (top), measured voltage (bottom left), and analytical
calculated voltage (bottom right)—model A with current amplitude 165 mA.

oscilloscope for a time range. The analytical induced voltages
coincide well with the experimental results, which show the
accuracy of the proposed analytical method. The acceleration
effects are neglected in the analytical modeling and only pure
inductive effects are considered. The sign of speed could not
be observed from the amplitude of induced voltage but it could
be computed by relative phase angle to excitation current.

Fig. 7. Comparison between the estimated speed and the measured speed.

The comparison between the estimated speed and the mea-
sured speed (Fig. 6) is shown in Fig. 7, which presents an
appropriate accuracy. The induced voltage amplitude—speed
ratio, 150 μV/ (m/s) is used to convert induced voltages to the
speed. The estimated speed results could be obtained using
voltage peaks or voltage rms or rectified dc value in each half
period.

V. CONCLUSION

A translational speed sensor for an axisymmetric moving
part was presented. Analytical model results coincide well with
FEM results and experimental results. The analytical model
could be used for speed sensor optimization. Inductances of
excitation coils linearly change with the speed at dc currents
and low frequencies in model B, which could be used as a
speed meter. Pickup coils voltage versus speed is a linear
curve. The presented speed sensor could be used for linear
machines and pneumatic and hydraulic cylinders.
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3-2-3-2 Rotational Eddy Current Speed Sensor [J5] 

 
A novel eddy current speed sensor is developed to measure the rotational speed of 

conductive objects. The sensor consists of one excitation coil and two pick-up coils around a 

rotating cylinder or rod. The sensor does not use magnetic yoke. For the analysis and 

experimental verification, we used 30 mm diameter non-magnetic aluminum and also magnetic 

solid iron cylinders. The calculated and measured speed ranges are up to 1200 r/min. A 2-D 

analytical method is developed to calculate sensor performance. A 2-D finite element model is 

also used for simulations to compare results with the 2-D analytical method. A 3-D finite-element 

analysis is required to take into account significant 3-D effects due to the air coil configuration. 

The experimental results are presented at different steady-state speeds. The calculation results are 

compared with measurements to validate theoretical models and sensor performance. 

The eddy current speed sensor shows high linearity even at low speeds. For ferromagnetic 

rods, we suggest a novel double-layer configuration: non-magnetic conductive ring or shell on 

top of the iron rod minimizes the influence of the permeability changes. The main advantage of 

the novel sensor is that it has neither mechanical nor electrical contact to the rotating rod. 

Different configurations of rotational speed sensor and parameters were evaluated in this 

paper. The measurements and calculations have been done up to 1200 r/min but the proposed 

speed sensor is also suitable for higher speeds as it does not have mechanical and electrical 

limitations. The whole coils span is less than 180 deg, which allows installing them on one side 

of the rotating rod and the sensor is contactless. The double-layer rod can significantly improve 

eddy current speed sensor performance when the rotating rod must be from magnetic steel. By 

using the highly conductive non-magnetic shell, the sensitivity is improved, and it becomes less 

susceptible to permeability changes. 
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Rotational Eddy Current Speed Sensor
Mehran Mirzaei , Pavel Ripka , Jan Vyhnanek , Andrey Chirtsov , and Vaclav Grim

Faculty of Electrical Engineering, Czech Technical University in Prague, 16627 Prague, Czech Republic

A novel eddy current speed sensor is developed to measure the rotational speed of conductive objects. The sensor consists of one
excitation coil and two pick-up coils around a rotating cylinder or rod. The sensor does not use magnetic yoke. For the analysis and
experimental verification, we used 30 mm diameter non-magnetic aluminum and also magnetic solid iron cylinders. The calculated
and measured speed ranges are up to 1200 r/min. A 2-D analytical method is developed to calculate sensor performance. A 2-D finite
element is also used for simulations to compare results with the 2-D analytical method. A 3-D finite-element analysis is required
to take into account significant 3-D effects due to the air coil configuration. The experimental results are presented at different
steady-state speeds. The calculation results are compared with measurements to validate theoretical models and sensor performance.
The eddy current speed sensor shows high linearity even at low speeds. For ferromagnetic rods, we suggest a novel double-layer
configuration: non-magnetic conductive ring or shell on top of the iron rod minimizes the influence of the permeability changes.
The main advantage of the novel sensor is that it has neither mechanical nor electrical contact to the rotating rod.

Index Terms— 2-D analytical method, 2-D and 3-D finite-element method (FEM), air coil, eddy current, rotational speed sensor.

I. INTRODUCTION

SPEED sensors are a key component of control
and monitoring systems in linear and rotating

machines [1], [2]. Optical speed sensors are representatives
of the well-established non-magnetic technology. Magnetic
speed sensors utilize variable reluctance effect, eddy current
effect, and Hall effect [3]. The contactless magnetic speed
sensors are a better option for industrial speed sensors
application in a harsh environment with a high probability of
dirt and dust in comparison with non-magnetic speed sensors.
Existing magnetic speed sensors usually use permanent
magnets or current-carrying coils as the excitation source.
Permanent magnets are either mounted on the moving part
or stationary—in both cases, the sensors suffer from the
temperature dependence of the magnet properties and they
are also sensitive to the change in the distance between the
moving and stationary parts [4], [5].

Speed probe based on eddy currents and reluctance varia-
tions in a metallic body moving in the field of the permanent
magnet using the Hall sensor or pick-up coil was presented
for some applications in [5] and [6]. A speed sensor based
on high sensitivity of an amorphous core with ring shape
mounted on a solid iron E-shape core for magnetic field
excitation was shown in [7], which has the disadvantage of the
necessity of using amorphous core with zero-magnetostriction
and sharp rectangular B−H curve. Different structures of
eddy current speed sensor with non-perpendicular and per-
pendicular coils were presented with analytical models based
on Fourier transform in [8]–[10]. Speed sensor based on the
linear variable differential transformer (LVDT) configuration
with ferrite yoke is presented in [11], which was presented
for flat type moving part using outcomes in [8]–[10]. Non-
ferromagnetic moving conductors such as aluminum are only
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used in [5]–[11], which are not complicated for measurement
and simulations. An eddy current linear speed sensor with
axisymmetric structure was developed and measured at vari-
able linear speeds with a ferromagnetic iron rod [12], whose
magnetic relative permeability was measured and estimated for
precise simulations and analysis. Rotational eddy current speed
sensor could be a very appropriate option for some applica-
tions such as turbochargers [13]–[15], which is problematic
for the conventional speed sensor.

In our linear speed sensor, we use single-coil excitation coil
with ac current and two antiserially connected pick-up coils
for the measurement [12] without using ferromagnetic yoke as
back iron for flux. In this paper, we suggest a similar scheme
for rotational speed sensing. Despite the similar principle,
the description of the rotational sensor requires a different
approach.

Fast and precise 2-D analytical methods are presented to
calculate coupling inductances and induced voltages into the
pick-up coils taking into account eddy currents in the rotating
conductive rod caused by alternating current and moving
conductive rod speed for a rotating model using Fourier series.
General closed-form equations are also obtained for output
results. 2-D and 3-D finite-element method (FEM) simulations
with consideration of rotating part speed are also presented to
compare with analytical calculations and consider 3-D effects.
Different relative magnetic permeabilities are considered for
the rotating solid iron part. Cylindrical aluminum rod and solid
ferromagnetic iron rod are both used in the measurement for
the rotating part, and the experimental results are compared
with the analytical and FEM calculations. The induced volt-
ages of pick-up coils are measured with a lock-in amplifier.

The main novelty of this paper is double-layer configuration:
non-magnetic conductive ring on top of the iron rod minimizes
the influence of the permeability changes of the rod.

II. MODEL AND COILS CONFIGURATIONS

Fig. 1 shows the 3-D model of the rotating rod and speed
sensor coils. The middle coil is considered as excitation coil
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Fig. 1. 3-D model of rotating eddy current speed sensor—first configuration
of coils: one excitation coil and two antiserially connected pick-up coils.

TABLE I

ROTATING SPEED SENSOR PARAMETERS

and left- and right-hand side coils are the pick-up coils in the
first configuration. It is also possible to use left- and right-
hand sides antiserially connected coils as excitation coils and
the middle coil as a pick-up coil. The rotating rod is solid iron
or aluminum. The axial length of the rotating rod is considered
large enough in comparison with coil dimensions.

It is clear that the induced voltage in the pick-up coils in
both the above-mentioned configurations is zero at zero speed
because the net flux linkage is zero.

Fig. 2 and Table I show the parameters and dimensions
of the rotational speed sensor. Parameters ri , rwi, rwo, g, θo,
θi , Li , σal, σi , and μri are the outer radius of rotating rod,
inner radius of coils, outer radius of coils, gap between coils
and rotating rod, outer angle of coils, inner angle of coils,
straight part length of coils in the axial z-direction, aluminum
electrical conductivity, iron electrical conductivity, and iron
relative magnetic permeability, respectively.

III. 2-D MODELING

A. Analytical

The Maxwell equations are used to compute speed sensor
performance [16], [17]. Final differential equations in the
cylindrical coordinate have only axial z-component of mag-
netic vector potential Az and current density Jz because of the
2-D configuration. Magnetic flux density and magnetic field
strength have only radial and azimuthal components, Br , Bθ ,

Fig. 2. 2-D model and dimensions.

Hr , and Hθ , respectively,[
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=

[
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] [
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]
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=
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∂θ

−∂ Az

∂r

⎤
⎥⎦ (1)

where μ and σ are the magnetic permeability and electrical
conductivity, respectively.

The induced eddy current in the rotating rod with electrical
conductivity σ due to the iron rod speed ωr must be considered
in the equations [18], [19]

Jz = −σ

(
∂ Az

∂ t
+ dθ

dt

∂ Az

∂θ

)
= −σ

(
∂ Az

∂ t
+ ωr

∂ Az

∂θ

)
. (2)

The computational model is divided into four parts.
Parts 1–4 are the rotating rod region, air region between
rotating rod and coils, coils region, and air region beyond coils,
respectively,

1

r

∂

∂r

(
r
∂ Az,1

∂r

)
+ 1

r2

∂2 Az,1

∂θ2 = μ1 ·σ
(

∂ Az,1

∂ t
+ωr · ∂ Az,1

∂θ

)

(3)
1

r

∂

∂r
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r
∂ Az,3
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+ 1

r2

∂2 Az,3

∂θ2 = −μ3 · Js (4)

1

r

∂

∂r

(
r
∂ Az,2,4

∂r

)
+ 1

r2

∂2 Az,2,4

∂θ2 = 0 (5)

where Js is the source current density in the coils.
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The method of separation of variables (method of Fourier)
is used to solve (3)–(5) [16], [17].

It is assumed that magnetic fields change sinusoidally
versus time and periodically in the θ -direction with a period
length 2π . Therefore, derivations could be replaced as follows:

Az = �(θ) · R(r) · T (t) (6)

�(θ) ∝ exp(−jm · θ)

T (t) ∝ exp( jω · t)
∂ Az

∂ t
= jω · Az

∂ Az

∂θ
= − jm · Az,

∂2 Az

∂θ2 = −m2 · Az (7)

where ω is the angular frequency in rad/s.
The solutions versus radius r are as follows:

Az,1 =
∑

m=±1,±2,...

(C11BesselI(m1, γ · r)

+ C12BesselK(m1, γ · r))

γ = √
jμ1σ(ω − m · ωr )

Az,2 =
∑

m=±1,±2,...

(C21rm1 + C22r−m1)

Az,3 =
∑

m=±1,±2,...

(C31rm1 + C32r−m1 + Az,s)

Az,s = μ3 Jm

m2 − 4
· r2 (m1 �= 2), Az,s = μ3 Jm

16
· r2(1 − 4 log(r)) (m1 = 2)

Az,4 =
∑

m=±1,±2,...

(C41rm1 + C42r−m1)

m1 = |m| (8)

where C11, C12, C21, C22, C31, C32, C41, and C42 are the
constants and these are obtained by the following boundary
conditions:

Az,1(r =0) = 0

Az,1(r = ri ) = Az,2(r = ri ), Hθ,1(r = ri ) = Hθ,2(r = ri )

Az,2(r =rwi) = Az,3(r = rwi), Hθ,2(r = rwi) = Hθ,3(r =rwi)

Az,3(r = rwo) = Az,4(r = rwo), Hθ,3(r =rwo) = Hθ,4(r =rwo)

Az,3(r = ∞) = 0. (9)

Parameter Jm in (8) for coils region for single-coil excitation
and two antiserially connected coils could be calculated,
respectively, as follows:

Jm = j

mπ
CJ · Js

Jm = −1

mπ
CJ · Js · 2 · sin

(
mθd

2

)

CJ =
(

cos

(
m

θi

2

)
− cos

(
m

θo

2

))
, θd = 2π

3

Js = N I
(θo−θi )

4 · (r2
wo − r2

wi

) (10)

where N and I are the number of turns per coil and current
amplitude (Table I), respectively. The parameter θd is the
angle between coils B and C centers, which is considered

equal to 120◦. It is considered that all coils have the same
dimensions in this paper. Mutual-induced voltage VM and
mutual inductance L M could be calculated as follows [18]:
VM = −d	M

dt
=−jωN

∮
Azdl=−jωN ·Li ·

(
A+

z − A−
z

)
(11)

Lm = 	M

I
= N · Li · ∫ (

A+
z − A−

z

) · ds

I · aw

aw = (θo − θi)

4
· (r2

wo − r2
wi

)
, ds = r · dr · dθ (12)

where 	M is the total average mutual flux linkage over coils
a 2-D cross-sectional area. The surface integration in (12) is
applied to each coil cross-sectional area. A+

z and A−
z are the

magnetic vector potentials in go and return paths of the coil.
Integration in (11) is for the ideal case with an infinitesimal
coil cross section. Integration in (12) is for the real case
of the coil cross section, which is averaged over the coil
cross-sectional area.

The differential voltage between the left- and right-side
pick-up coils (B and C in Fig. 2) is presented in the following
equations. The differential voltage polarity changes as speed
direction changes according to

Vd = VM,l −VM,r = jω·(L M,r −L M,l)· I (13)

Vd = VM,l −VM,r = jωN Li

aw

×
∑

m=±1,±2,...

(
CV CJ

4

m
sin

(
mθd

2

))

CV = C31
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wo −rm1+2
wi

m1+2
+C32

r−m1+2
wo −r−m1+2

wi

−m1+2
+ μ3 Jm

m2−4
C

C = r4
wo−r4

wi

4
(m1 �= 2),

CV = C31
rm1+2

wo −rm1+2
wi

m1+2
+C32 log

(
rwo

rwi

)
+ μ3 Jm

16
C

C = r4
wo−r4

wi

4

−
(

r4
wo ·

(
log(rwo)− 1

4

)
−r4

wi ·
(

log(rwi)− 1

4

))

(m1 = 2). (14)

Magnetic flux penetration in the rotating rod decreases with
ac excitation current [19] at 30 and 90 Hz and +1200 r/min
speed due to the skin effect (Figs. 3 and 4). Less flux
penetration in the rotating rod at higher frequency causes less
differential mutual flux linkage and decreases speed sensitivity
of the eddy current speed sensor (Table II).

B. FEM

A 2-D time-transient finite element with the consideration
of motion is considered for numerical calculations [20]. Fig. 5
shows the differential voltage amplitude results of antiserially
connected pick-up coils versus speed using 2-D analytical and
2-D FEM. The analytical calculations coincide well with 2-D
FEM, which shows the accuracy of the analytical method.
Excellent linearity is depicted in Fig. 5, which presents the
suitability of the proposed sensor for speed measurement.
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Fig. 3. Magnetic flux distribution at 30 Hz and +1200 r/min with rotating
iron rod-first configuration of coils: one excitation coil and two antiserially
connected pick-up coils—analytical method.

Fig. 4. Magnetic flux distribution at 90 Hz and +1200 r/min with rotating
iron rod-first configuration of coils: one excitation coil and two antiserially
connected pick-up coils—analytical method.

Higher frequency of 90 Hz is more suitable for differential
voltage measurement despite lower flux linkage at higher
frequencies.

C. Parameters Variation

Fig. 6 shows changing of magnetic flux distribution for a
rotating iron rod at +1200 r/min and 90 Hz and flux linkage
between pick-up coils and excitation coil with decreasing

TABLE II

DIFFERENTIAL MUTUAL FLUX LINKAGE AT DIFFERENT

FREQUENCIES—+1200 r/min

Fig. 5. Differential voltage versus speed for rotating aluminum rod (Al) and
rotating iron rod (Ir)—analytical versus 2-D FEM.

gap g (left) and increasing gap and coils angles θo and θi

(right). The difference between the outer and inner angles of
coils is considered to be constant in this paper. 3-D graphs
shown in Figs. 7 and 8 related to variations in differential
induced voltage amplitude versus gap and outer angle of coils
show several tendencies. Increasing outer angle of coils to
a maximum value of 60◦ increases the coupling between
the excitation coil and pick-up coils and differential induced
voltage.

Decreasing gap does not have the same effect for the iron
and aluminum rods as the flux leakage (non-coupled flux
between the excitation coil and the pick-up coils) increases
with decreasing gap below 2 mm due to the high magnetic
permeability of iron compared with aluminum. The maximum
values of differential induced voltages are 30 μV for a rotating
iron rod and 145 μV for an aluminum rod, respectively.
Optimum and efficient gap for the rotating iron rod for the
maximum differential voltage is calculated as 1.75–2 mm with
the outer angle of coils 60◦ (Fig. 7). A larger air gap is
mechanically better and coils are safer when the rod is rotating
at high speeds. Fig. 9 presents the differential induced voltage
versus relative permeability and conductivity for rotating iron
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Fig. 6. Magnetic flux distribution at 90 Hz and +1200 r/min with rotating
iron rod-modified gap (left) between coils and rod g to 0.5 mm (rwi− ri =
0.5 mm) and modified gap (right) g to 3 mm and also modified coil inner
angle θi = 47.4◦ and modified coil outer angle θo = 60◦ —analytical method.

Fig. 7. Variation of differential voltage (amplitude) versus gap g and outer
angle of coil θo for rotating iron rod at 90 Hz and 1200 r/min—analytical
method.

rod. Decreasing magnetic relative permeability causes higher
induced voltage similar to increasing iron electrical conduc-
tivity. It also shows that relative magnetic permeability has
a higher influence than electrical conductivity. This is a weak
point of such sensor, as permeability is temperature dependent.
The differential induced voltage versus electrical conductivity
for a non-magnetic rotating rod (μr = 1) is shown in Fig. 10.
It can be concluded that, for example, copper is more efficient
than aluminum.

Increasing frequency up to 1000 Hz increases differential
induced voltages for aluminum and iron rods, as shown

Fig. 8. Variation of differential voltage (amplitude) versus gap g and outer
angle of coil θo for rotating aluminum rod at 90 Hz and 1200 r/min—analytical
method.

Fig. 9. Variation of differential voltage (amplitude) versus electrical conduc-
tivity and magnetic permeability for rotating iron rod at 90 Hz and 1200 r/min
(θo = 46◦ and g = 1.25 mm)—analytical method.

in Fig. 11. The curves for rotating iron rod and aluminum
rods do not have the same tendency versus frequency because
of the high permeability of iron rod. Very high frequency is
not recommended because the surface properties of conductive
rods have large influence due to small penetration depth. The
surfaces of conductive objects are usually more affected, for
example, by manufacturing process and corrosion.

Skin depths are presented in Table III at different frequen-
cies. Larger skin depths cause a higher differential flux linkage
as shown in Table II and higher differential voltage.

Only linear magnetic modeling using initial permeability is
considered in this paper due to the low magnetic fields in the
sensor and nonlinearity and hysteresis effects are neglected.
Relative magnetic permeability μri = 100 (Table I) is selected
for the used rotating iron rod in this paper.
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Fig. 10. Variation of differential voltage (amplitude) versus electrical
conductivity for rotating aluminum rod at 90 Hz and 1200 r/min (θo = 46◦
and g = 1.25 mm)—analytical method.

Fig. 11. Variation of differential voltage (amplitude) versus frequency at
1200 r/min (θo = 46◦ and g = 1.25 mm)—analytical method.

IV. 3-D FEM MODELING

A. Static Rotor

A 3-D analysis is required for more accurate analysis of
air coil’s eddy current speed sensor taking into account 3-D
effects such as 3-D flux and eddy currents distributions in the
conductive rotating rods. First, the 3-D eddy current analysis
(time harmonic) was done using ANSYS/Maxwell software
package [20] to evaluate the 3-D FEM model accuracy and
parameters such as relative permeability of the iron rod
as mentioned in Table I. Calculated self-inductance of the
excitation coil and induced voltages in one of the pick-up
coils at different frequencies is compared with experimental

TABLE III

SKIN DEPTH AT DIFFERENT FREQUENCIES

TABLE IV

INDUCTANCE OF EXCITATION COIL AT DIFFERENT FREQUENCIES-3-D

FEM VERSUS EXPERIMENT

TABLE V

INDUCED VOLTAGES IN ONE OF THE PICK-UP COILS AT DIFFERENT

FREQUENCIES—3-D FEM VERSUS EXPERIMENT

results in Tables IV and V. The calculated self-inductance
shows high accuracy. Lower accuracy in the calculated mutual-
induced voltage is due to the higher sensitivity to pick-up
coils relative locations to the excitation coil and also probably
manufacturing tolerance.

B. Rotating Rotor

3-D time transient FEM is used to take into account the
rod rotating motion [20]. Fig. 12 shows the meshed model of
conducting rods and coils. Half of the model is shown because
of symmetry. Second-order elements are used. The sizes of
elements are selected based on a compromise between the
skin depth in the rotating rod and precise differential voltage
calculations and also simulation time. The total axial length
of rotating iron rod and rotating aluminum rod is considered
as 100 mm in the 3-D FEM simulations.

V. EXPERIMENTS

The experimental setup is shown in Figs. 13 and 14. Lock-in
amplifier SR 830 is used to measure precisely small voltage of
pick-up coils and to minimize noise effects. Signal generator
Keithley 3390 50 MHz with an internal resistance of 50 

is connected to the excitation coil. The aluminum or iron rod
is connected to the shaft of a dc motor. The speed range is
between 0 and 1200 r/min. The axial length of rotating rods
is considered 200 and 100 mm to evaluate its influence on the
speed sensor performance.

Fig. 15 shows the experimental results and 3-D FEM
calculations for differential induced voltage versus speed.
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Fig. 12. Meshed model of the eddy current speed sensor.

Fig. 13. Experimental setup for rotational eddy current speed sensor—sensor
mounted on rotating rod.

The 3-D FEM calculations coincide very well with experi-
ments with small error (Fig. 16). Sensitivity of the speed
sensor is higher for the rotating aluminum rod rather than
the iron rod. The linearity of the eddy current speed sensor is
excellent despite the simple structure of the proposed sensor.
It has been verified that differential induced voltage is the same
for two axial lengths of rotating rods, 100 and 200 mm.

The differential induced voltages are measured and calcu-
lated in 2-D and 3-D at 30 and 90 Hz, respectively. The
3-D FEM results are higher than 2-D analytical and 2-D
FEM calculations (Fig. 5) due to the 3-D effects in the
rotating iron rod. 3-D FEM is more precise in comparison

Fig. 14. Experimental setup for rotational eddy current speed sensor—signal
generator and lock-in amplifier.

Fig. 15. Induced-voltage versus speed for rotating aluminum rod (Al) and
rotating iron rod (Ir)—experiments versus 3-D FEM.

with measurement despite its longer simulations time. 3-D
modeling is necessary for air coil or yokeless magnetic
devices. Time-consuming 3-D FEM model simulations slow
down fast optimization and analysis that is why 2-D mod-
els, especially analytical, are preferable at the design stage.
Dynamic response of the eddy current speed sensor is higher
at 90 Hz, which is important for acceleration and deceleration
operations. The sensitivity of eddy current speed sensor for
the iron rod should be improved as most of the industrial
applications are made with solid iron rather than non-magnetic
stainless steel or aluminum.

VI. DOUBLE-LAYER ROD

Figs. 17 and 18 show a newly proposed double-layer rod
with magnetic flux distribution. Center rod is solid iron and
aluminum shell is the second layer. The second layer could be
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Fig. 16. Error of 3-D FEM results relative to measurements.

Fig. 17. Magnetic flux distribution at 90 Hz and +1200 r/min with
double-layer rotating iron (outer radius 13 mm) and aluminum shell
(with 2 mm thickness)—first configuration of coils: one excitation coil and
two antiserially connected pick-up coils—analytical method.

any other non-magnetic metal such as copper or brass. Double-
layer moving or rotating part is a well-known configuration
to improve performance of the solid rotor rotating induction
motor or solid secondary linear induction motors [21], [22].
It increases equivalent conductivity of rotating rod and causes
low magnetic reluctance using high permeability iron part.
The double-layer rotating rod can be easily manufactured by
adding a simple shell or ring to the iron rod.

The rotating rod shown in Fig. 17 has a total outer radius
of 15 mm with an iron rod radius of 13 mm. Iron rod radius is
considered fixed, 15 mm, and the total outer radius is 16 mm,
as shown in Fig. 18, with a 1.25 mm gap and same coil angle
as Fig. 17. Both the models show improved flux linkages of
the pick-up coils in comparison with a complete iron rod.

Differential voltage variations versus aluminum shell thick-
ness for fixed rotating rod outer radius of 15 mm is shown

Fig. 18. Magnetic flux distribution at 90 Hz and +1200 r/min with
double-layer rotating iron (with radius 15 mm) and aluminum shell
(with 1 mm thickness)—first configuration of coils: one excitation coil and
two antiserially connected pick-up coils—analytical method.

Fig. 19. Variation of differential voltage (amplitude) versus aluminum layer
thickness with double-layer rotating iron and aluminum shell (with t mm
thickness as shown in Fig. 18)—fixed total outer radius 15 mm.

in Fig. 19 at 90 Hz and 1200 r/min, which has a maximum
value of 189 μV (analytical calculations) with an aluminum
shell thickness of 3.5 mm. It shows considerable improvement
in the speed sensor output and sensitivity. The 3-D and 2-D
FEM results approve analytical estimation for the speed sensor
performance improvement with the double-layer configuration.

Using higher conductivity, aluminum shell or copper shell
could increase more the output differential voltage.
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Fig. 20. Variation of differential voltage (amplitude) versus second layer
shell thickness (with t mm thickness as shown in Fig. 18)—iron rod part has
15 mm radius—analytical method.

Fig. 20 shows the speed sensor output voltage for the
double-layer rotating rod with a fixed rotating iron rod radius
of 15 mm in comparison with completely aluminum rod
and iron rod with the same outer radius at 90 Hz and
1200 r/min. The maximum value for induced voltage is
268 μV with the aluminum shell thickness of 6 mm, as shown
in Fig. 20. The induced voltage in the double-layer rod
is considerably higher than a complete aluminum rod. The
induced voltage in a complete iron rod does not consider-
ably increase even with much higher radius as shown in
Fig. 20.

The effect of aluminum shell or ring height is evaluated,
as shown in Figs. 21 and 22. Fig. 21 shows the eddy current
distribution for long shell, and Fig. 22 shows the eddy current
distribution for short shell. The calculated differential induced
voltage is 110 μV in the long shell aluminum model and it
becomes 66 μV in the short shell aluminum model due to the
modified path for induced eddy currents [23], [24].

Fig. 23 presents the induced voltage versus relative magnetic
permeability μr for different aluminum shell thicknesses of the
double-layer rotating rod with a fixed outer radius of 15 mm
at 90 Hz and 1200 r/min. Induced voltages decrease 56% for
full iron rotating rod with zero aluminum shell thickness and
6.1% with 1 mm aluminum shell thickness when μr changes
from 50 to 150. However, induced voltages only increase
0.23% with 2.35 mm aluminum shell thickness and 1.23%
with 3.5 mm aluminum shell thickness. It shows that the
effect of relative magnetic permeability could be minimized by
adjusting the aluminum shell thickness. Gradient of induced
voltage versus relative magnetic permeability is negative at
small aluminum shell thickness and it is positive at bigger
aluminum shell thickness.

The voltages are rather low, but for only 50-turn coil. A real
number of turns can be higher, and it is practically limited only

Fig. 21. Eddy currents distribution in the double-layer rotating iron +
aluminum shell at 1200 r/min and 90 Hz (outer radius of iron is 14 mm
and aluminum shell thickness is 1 mm)—long aluminum shell.

Fig. 22. Eddy currents distribution in the double-layer rotating iron +
aluminum shell at 1200 r/min and 90 Hz (outer radius of iron is 14 mm
and aluminum shell thickness is 1 mm)—short aluminum shell with 30 mm
height.

by parasitic capacitances. For example, setting number of turns
for the excitation coil and pick-up coils equal to 1000-turn
can increase the eddy current speed sensor output with a gain
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Fig. 23. Variation of differential voltage (amplitude) versus iron rod
permeability at different aluminum layer thicknesses—1200 r/min and
90 Hz—analytical method.

of 400 for the same excitation current, as the induced voltage
is proportional to the square of a number of turns.

VII. CONCLUSION

A novel rotational eddy current speed sensor was presented.
Analytical and numerical FEM calculations were used to
analyze and improve the performance of the proposed speed
sensor. A 2-D analytical method is faster and more suitable for
the design of eddy current speed sensor despite it being less
precise in comparison with 3-D FEM for air coil configuration.

Different configurations of rotational speed sensor and para-
meters were evaluated in this paper. The measurements and
calculations have been done up to 1200 r/min but the proposed
speed sensor is also suitable for higher speeds as it does not
have mechanical and electrical limitations. The whole coils
span is less than 180◦, which could be installed in one side of
the rotating rod and it is mechanically contactless with rotating
rod.

The double-layer rod can significantly improve eddy current
speed sensor performance when the rotating rod must be
from magnetic steel. It needs only high electrical conductivity
non-magnetic ring, or shell, for example, made of aluminum
or copper. By using the highly conductive non-magnetic shell,
the sensitivity is improved, and it becomes less susceptible to
permeability changes.
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This paper presents the design and modeling of a linear eddy current speed sensor with a 

flat type structure and an air coil configuration. The theory of the eddy current speed sensor is 

based on utilizing the speed component of the induced currents in a solid moving conductor 

under stationary or alternating source fields. The stationary part comprises one rectangular 

excitation coil and two antiserially connected rectangular pick-up coils on the left and right sides 

of the excitation coil in the direction of the trajectory of the moving part. The moving part is 

considered firstly as a rectangular conductive ferromagnetic solid iron plate, and secondly as a 

rectangular aluminum plate. A 3D analytical model using Fourier series is developed to analyze 

the linear speed sensor in Cartesian coordinates. In addition, the 3D numerical finite element 

method is used for simulations of the linear speed sensor, and the results are compared with the 

results for analytical methods. The effects of iron permeability on the speed sensor are calculated 

for a rectangular ferromagnetic solid iron bar or conductor. The experimental results are 

presented for a linear speed sensor for a rectangular ferromagnetic solid iron plate and also for a 

rectangular aluminum plate, at variable speeds.  

The core of this paper is precise analysis method allowing fast design and suitability 

evaluations of eddy current speed sensors with both non-ferromagnetic and ferromagnetic 

materials for moving parts, which were overlooked in the literature. The performance and the 

design of a flat type eddy current speed sensor with air coils have been analyzed. The linearity of 

the proposed speed sensor is excellent, despite its simple configuration. The calculated and 

measured speed range has been considered up to 2 m/s, but it can be extended for higher 

translational speed. The proposed eddy current speed sensor could be used for all types of linear 

machines, as it has a simple structure and precise performance. The air coil configuration enables 

the proposed eddy current speed sensor to be very compact and cost-effective. The effects of the 

material of the conductive moving parts have been evaluated. They have been shown to have a 

very critical influence on the design and analysis of eddy current speed sensors, and they must be 

taken into account. The output results and the performance of an eddy current speed sensor with a 

ferromagnetic moving part differ greatly from the results and the performance with a non-

magnetic moving part. It is critical to compensate the magnetic permeability and also the 

conductivity of the moving part in the design of this sensor. Temperature stability and the effects 

on the conductive moving part must also be taken into consideration, as the conductivity and 

even the magnetic permeability of the moving part are affected by temperature. 
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A B S T R A C T

This paper presents the design and modeling of a linear eddy current speed sensor with a flat type structure and
an air coil configuration. The theory of the eddy current speed sensor is based on utilizing the speed component
of the induced currents in a solid moving conductor under stationary or alternating source fields. The stationary
part comprises one rectangular excitation coil and two antiserially connected rectangular pick-up coils on the left
and right sides of the excitation coil in the direction of the trajectory of the moving part. The moving part is
considered firstly as a rectangular conductive ferromagnetic solid iron plate, and secondly as a rectangular
aluminum plate. A 3D analytical model using Fourier series is developed to analyze the linear speed sensor in
Cartesian coordinates. In addition, the 3D numerical finite element method is used for simulations of the linear
speed sensor, and the results are compared with the results for analytical methods. The effects of iron perme-
ability on the speed sensor are calculated for a rectangular ferromagnetic solid iron bar or conductor. The
experimental results are presented for a linear speed sensor for a rectangular ferromagnetic solid iron plate and
also for a rectangular aluminum plate, at variable speeds. The calculation and the experimental results show that
the speed sensor outputs differ completely for solid iron conductive plates and for aluminum conductive plates,
due to the different electrical conductivities and magnetic permeabilities.

1. Introduction

Speed sensors are needed for rotating and translational energy
converters [1–5]. Non-magnetic optical sensors, variable reluctance
sensors, eddy current-based sensors and Hall effect magnetic sensors
can be developed for speed measurements. Magnetic sensors could have
a moving or stationary permanent magnet or coil as the excitation
source. The principles of magnetic sensors are based on the magnetic
properties of the sensing material, or on a change in the parameters of
the magnetic circuit [6]. Magnetic sensors are more reliable and more
robust to dust and dirt than non-magnetic sensors [7,8], especially
when the position and the speed of moving objects are being measured.

Eddy current-based speed sensors are widely used for various con-
figurations and applications [6] and [9–15]. For example, the Faraday
generator, the homopolar generator and magnetic flowmeters [6] and
[15] are the earliest utilization of the speed effect in moving conductive
objects subjected to magnetic fields. Perpendicular and non-perpendi-
cular pick-up coils for eddy current speed sensors are analyzed using
the Fourier transform in [9–11], as is presented later using a ferrite core
in [12]. Aluminum moving part is used in [9–12], which has relative
magnetic permeability equal to 1. An eddy current speed sensor with an

axisymmetric structure was developed and measured at variable speeds
with a ferromagnetic iron rod [13]. It has three coils for excitation and
pick-up voltage. The eddy current-based speed sensor has a quite simple
and cost-effective structure, which is an essential consideration for in-
dustrial applications.

Our solution for flat type linear speed measurements is based on a
single coil excitation coil with an AC current and two pick-up coils for
measurements without using a ferromagnetic yoke. In order to analyze
the eddy current speed sensor, a fast and precise 3D analytical method
is presented for calculating the coil inductance and the induced voltages
in the pick-up coils. This method takes into account the eddy currents in
the moving conductive part caused by alternating current and the speed
of the moving current part for a flat shape model, using Fourier series.
General closed-form equations are also obtained for the output results.
A 3D time-stepping finite element method (FEM) simulation taking into
account the speed of the moving part is also presented for a comparison
with analytical calculations. Various relative magnetic permeabilities
and conductivities are considered for the solid iron moving part in order
to evaluate the effects of the electrical and magnetic parameters on the
performance of the eddy current speed sensor. The sensitivity of the
eddy current speed sensor versus the gap between coils and moving
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plate is also evaluated. Flat shape aluminum rectangular plates and
solid ferromagnetic iron rectangular plates are both used in the mea-
surements for the moving part, and the experimental results at variable
speeds are compared with analytical calculations.

2. Model and coil configurations

Fig. 1 shows a 3D model of a flat type eddy current speed sensor
coils and solid conductor moving part. The middle coil is the excitation
coil, and the coils on the left and right sides are the pick-up coils, which
are connected antiserially. The moving part is made of solid iron or of
aluminum. Only 1-D movement is considered with speed, V in the di-
rection of the x-axis (Fig. 1).

It is obvious that the induced voltage in the pick-up coils is zero at
zero speed, because the net flux linkage is zero in the antiserially
connected pick-up coils (Fig. 1).

Fig. 2 and Table 1 show the parameters and the dimensions of a
linear speed sensor. Parameters d, h, t, g, w1, w2, σal, σi and µri are the
thickness of the moving part, the coil height, the coil thickness, the gap
between the coils and the moving part (the air gap), the inner width of
the coils in the x-direction, the inner width of the coils in the z-direc-
tion, the electrical conductivity of aluminum, the electrical con-
ductivity of iron, and the relative magnetic permeability of iron, re-
spectively. Regions 1, 2, 3, 4 and 5 in Fig. 2 (above) are the region

below the moving part, in the moving part, the air region between the
coils and the moving part, in the region of the coils, and the air region
above the coils, respectively.

3. 3D modeling

3.1. Analytical

3D modeling and analysis is required for the proposed eddy current
speed sensor, because the air coil configuration is used. 2D analysis is
not accurate enough to take the 3D fluxes into account. The general
partial differential equations in 3D, using the Maxwell equations, are as
follows [16–18]:
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where H is magnetic field strength, B is magnetic flux density, J is
current density, A is magnetic vector potential, µ is relative magnetic
permeability, σ is electrical conductivity, Ax and Az are the x-axis and z-
axis components of the magnetic vector potentials, and Js,x and Js,z are
the x-axis and z-axis components of the source current densities in the
excitation coil.

Only linear magnetic modeling using the initial permeability is
considered here, due to the low magnetic fields in the sensor, and
nonlinearity and hysteresis effects are neglected.

The y-component of the magnetic vector potential is assumed to be
zero, because the excitation coil is parallel to the x-z plane, and the y-
component of the source current density is therefore zero [9] and [16]
and also the dimensions of conducting object are enough large in
comparison with excitation coil. This assumption helps to solve analy-
tically computational model of the eddy current sensor.

The method of separation of variables (the Fourier method) is used
to solve (1) [16] and [19]. It is assumed that the magnetic fields change
sinusoidally against time and anti-periodically in the x-direction with
period length 2l and in the z-direction with period length 2L. It is as-
sumed that the computational model of eddy current sensor is artifi-
cially repeated in longitudinal direction and transversal direction as
shown in Fig. 3. Therefore the derivations in (1) can therefore be re-
placed as follows using the method of separation of variables:

Fig. 1. Flat type eddy current speed sensor.

Fig. 2. Computational models – in the x-y plane (above) and in the x-z plane
(below).

Table 1
Linear speed sensor parameters.

Parameters Values

I 154mA
N 100
d 5mm and 10mm
h 5.0 mm
t 2.5 mm
g 2mm
w1 30mm
w2 30mm
σal 30.3 MS/m
σi 5.24MS/m
µri 100
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where f is frequency. m and n are harmonic orders. The magnetic flux
densities and eddy current densities are forced to be zero at boundaries
x= ± l/2 and z= ± L/2 using assumptions of the model in Fig. 3. The
solutions of (1) versus y for regions 1 (Az,1, Ax,1), 2 (Az,2, Ax,2), 3 (Az,3,
Ax,3), 4 (Az,4, Ax,4) and 5 (Az,5, Ax,5) are presented in (5).

Harmonic orders are only odd numbers as the computational model
is symmetric and it is anti-periodically repeated.
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where C11, C12, C21, C22, C31, C32, C41, C42, C51 and C52 are constants,
and they are calculated by the boundary conditions between regions 1
to 5 in (6).
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where Hx are Bx are the x-component of the magnetic flux density and
magnetic field strength, respectively. Parameter Jp

m n, in (5) for coil
excitation is obtained as follows:
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where N and I are the number of turns per coil and the current am-
plitude (Table 1), respectively.

In this paper, it is considered that the excitation coil and the pickup
coils have same dimensions and number of turns. The mutually-induced
voltage, UM, and the mutual inductance, LM, can be calculated as fol-
lows [16,20,21]:

∫ ∫
= = = −L

I
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I h t
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· ·
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M
4

M M (8)

where ΨM is the total average mutual flux linkage over the volume of
the coils. Line integration of A4 (magnetic vector potential in the coil
region 4 in (5) is applied to each coil in the current flow direction, as in
an excitation coil. The surface integration in (8) is for the coil cross-
section area, which is averaged over the coil cross-section area, h·t.

The differential voltage between the left and right side pick-up coils
(Fig. 1) is presented in (9) and (10). The polarity of the differential
voltage changes with the changes in speed direction, according to (9)
and (10).
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where w3 is the distance between the centers of pick-up coils and the
center of the excitation coil.

The magnetic flux lines distribution and the eddy current distribu-
tion for iron and aluminum moving parts at 100 Hz and 2m/s are
shown in Figs. 4–7. The magnetic flux lines distribution is corre-
sponding to the contour plot of z-component of magnetic vector po-
tential, Az in the x-y plane (z= 0), which Ax is zero. The eddy current
distribution is contour plot of streamline function, Iy in (11) in x-z plane

Fig. 3. Longitudinal view of anti-periodically repetition (above) and transversal
view of anti-periodically repetition.
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The iron moving part is 5 mm in thickness, and the aluminum
moving part is 10mm in thickness (Table 1). The skin depths are
2.2 mm for the iron moving part, and 9.1mm for the aluminum moving
part, at 100 Hz. The speed effect on the differential induced voltage
could be higher for an aluminum moving part than for an iron moving
part, as the skin depth is greater in aluminum (Fig. 5). The deformation
and the extension of the induced eddy currents in the iron moving part
due to the speed effect is larger, because of the higher relative

permeability. Figs. 8 and 9 show differential voltages and flux linkages
versus frequency for iron and aluminum moving parts. The differential
voltage for the iron moving part increases with frequency, with the
exception of some fluctuation between 75 Hz and 125 Hz (Fig. 8). The
maximum differential voltage value for the aluminum moving part is
located at 75 Hz in Fig. 9, and the differential voltage decreases con-
tinuously at higher frequencies for the aluminum moving part. The flux
linkages decrease at higher frequencies, which shows that lower fre-
quencies or DC are best for obtaining maximum flux linkage or mag-
netic flux density, and the flux linkages are more sensitive to speed at
lower frequencies.

The differential voltages and flux linkages versus the gap between
the coils and the moving part are shown in Fig. 10. The differential
voltage and the flux linkage decreases monotonically in the case of the
aluminum moving part. The differential voltages and the flux linkages
for the iron moving part have maximum values for a 3.5mm gap. This is

Fig. 4. Magnetic flux distribution in the x-y plane for the iron moving part at
100 Hz and 2m/s.

Fig. 5. Magnetic flux distribution in the x-y plane for the aluminum moving
part at 100 Hz and 2m/s.

Fig. 6. Eddy current distribution in the x-z plane on the surface of the solid iron
moving part at 100 Hz and 2m/s – analytical method.

Fig. 7. Eddy current distribution in the x-z plane on the surface of the alu-
minum moving part at 100 Hz and 2m/s – analytical method.

Fig. 8. Amplitude of differential induced voltage and flux linkage versus fre-
quency for the iron moving part – airgap, g=2mm (µri = 100).
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due to the high permeability of the iron moving part. The differential
voltage and the flux linkage are higher for an aluminum moving part
than for an iron moving part for different gaps and frequencies, see in
Figs. 8–10.

The differential voltage for a non-magnetic moving part (for ex-
ample in this paper, aluminum) versus conductivity is shown in Fig. 11.
The maximum value is at 22.0 MS/m.

The differential voltage for a magnetic moving part versus con-
ductivity and relative magnetic permeability is presented as a 3D plot in
Fig. 12. The relative magnetic permeability varies between 50 and 150,
which is an acceptable range for low magnetic fields. Nonlinearity is
neglected in the simulations, and constant magnetic permeability is
used in the simulations as the magnetic field in the eddy current speed
sensor is small. The assumed range of conductivity is between 4 MS/m
and 6 MS/m, which is an expected range for construction steels and

irons. The maximum and minimum differential voltage values for iron
moving parts are located at conductivity= 6 MS/m, relative magnetic
permeability= 50 and conductivity= 4 MS/m, relative magnetic per-
meability= 150, respectively. The sensitivity of the eddy current speed
sensor to variations in magnetic permeability is much higher. The
sensitivity for an aluminum moving part to variations in conductivity
are much lower than for an iron moving part within the same range of
conductivity variations (Fig. 11).

The sensitivity of an eddy current speed sensor to the thickness of
the moving parts is dependent on the material of the moving part and
on the excitation frequency (Fig. 13), because of the skin effects and the
flux penetration depth in the conductive moving parts. The maximum
values of the differential voltages for iron moving parts are located at a
thickness of 4mm for 100 Hz and at a thickness of 2mm for 200 Hz.
Thicknesses of 6mm and 3mm are the positions of the maximum values

Fig. 9. Amplitude of the induced differential voltage and flux linkage versus
frequency for the aluminum moving part – airgap, g=2mm.

Fig. 10. Amplitude of the induced differential voltage and flux linkage versus
gap, g (µri = 100).

Fig. 11. Amplitude of the induced differential voltage versus conductivity for a
nonmagnetic moving part, e.g. aluminum.

Fig. 12. Amplitude of the induced differential voltage versus conductivity and
magnetic relative permeability for a magnetic moving part.
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of the differential voltages for an aluminum moving part at 100 Hz and
200 Hz, respectively.

Excellent linearity characteristics of a flat type eddy current speed
sensor up to 2m/s is shown in Fig. 14. The linear function equations
between the differential voltage, Ud, and the moving part speed, V, are
shown as follows:

=U K V·d (12)

= ′ ′ = −V K U K K· ,d
1 (13)

Constant K is calculated in Fig. 14. An eddy current speed sensor
with an iron moving part has greater sensitivity at 1000 Hz than at
100 Hz. However, it is not recommended to operate the sensor at very
high frequencies due to the smaller skin depth and the greater sensi-
tivity to the surface of an iron moving part, because iron and steel
surfaces are affected by corrosion.

3.2. FEM

Time-stepping 3D FEM is used to model a flat type eddy current
speed sensor, taking into account the speed of the moving part. Figs. 15
and 16 show the eddy current distributions in the iron and aluminum
moving parts. The eddy currents are weaker in the iron moving part,
and they are located closer to the surface than in the case of the alu-
minum moving part. Only one half of the FEM model is analyzed, as the
model is symmetric to the X-Y plane. A comparison between 3D FEM
and the 3D analytical calculations shows that the 3D analytical calcu-
lations, which are much faster than 3D FEM, are highly accurate (Tables
2–6). The difference between 3D FEM and the 3D analytical

Fig. 13. Amplitude of the induced differential voltage versus moving part
thickness – airgap, g=2mm (µri = 100).

Fig. 14. Amplitude of induced differential voltage versus moving part thickness
– airgap, g=2mm (µri = 100).

Fig. 15. Eddy current distribution in the x-z plane on the surface of a solid iron
moving part at 100 Hz and 2m/s (µri = 100) – FEM.

Fig. 16. Eddy current distribution in the x-z plane on the surface of an alu-
minum moving part at 100 Hz and 2m/s – FEM.

Table 2
Comparison between analytical and 3D FEM at different speeds – differential
voltage (amplitude).

g=2mm Iron (d=5mm) Aluminum (d=10mm)
f=100Hz Analytical/FEM Analytical/FEM

V=0.5m/s 0.019/0.017 mV 0.090/0.080mV
V=1.0m/s 0.037/0.034 mV 0.181/0.161mV
V=2.0m/s 0.074/0.069 mV 0.370/0.333mV
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calculations can be reduced by using a finer mesh and a larger number
of mesh elements and a smaller time step for the simulations. However,
this significantly increases the 3D FEM simulation time. The relative
magnetic permeability of iron is considered to be equal to 100 in the
simulations.

Parameters l and L in Figs. 15 and 16 correspond to the parameters
for the analytical calculations, which are mentioned in (3) and Fig. 3.
These parameters are used in the analytical calculations. Parameter l is
selected equal to 250mm, and parameter L is 100mm, which is similar
to the width of the iron and aluminum plates. The maximum values for
harmonic orders m and n are selected to be 200 and 100, respectively.
These values are a compromise between accuracy and simulation time
for the analytical method.

4. Experiments

Figs. 17 and 18 show the experiment set-up elements with the coils
and with iron and aluminum moving parts and measurement devices,
oscilloscope, reference position sensor and signal generator. The high
accuracy of the analytical method for calculating the mutual induced
voltage in one of the pick-up coils using (14) is shown in Table 7, in
comparison with measurements at zero speed of the moving part.
Table 8 also presents a comparison between the analytical calculations
using (15) and (16) and the experimental values for the self- in-
ductances of the excitation coil. This illustrates the high precision of the
proposed analytical method.
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Table 3
Comparison between analytical and 3D FEM at higher frequency – differential
voltage (amplitude).

g=2mm Iron (d=5mm) Aluminum (d=10mm)
V=2.0m/s Analytical/FEM Analytical/FEM

f=200Hz 0.083/0.078 mV 0.289/0.263 mV

Table 4
Comparison between analytical and 3D FEM for higher gap – differential vol-
tage (amplitude).

V=2.0m/s Iron (d=5mm) Aluminum (d=10mm)
f=100Hz Analytical/FEM Analytical/FEM

g=4mm 0.077/0.075 mV 0.27/0.247mV

Table 5
Comparison between analytical and 3D FEM for different moving part thickness
– differential voltage (amplitude).

g=2mm Iron Aluminum
f=100Hz
V=2.0m/s Analytical/FEM Analytical/FEM

d=5mm – 0.42/ 0.376mV
d=10mm 0.066/0.064 mV –

Table 6
Comparison between analytical and 3D FEM for different material data – dif-
ferential voltage (amplitude).

g=2mm Iron (d=5mm)
Analytical/FEM

Aluminum (d=10mm)
Analytical/FEMf=100Hz

V=2.0m/s

σal = 58MS/m – 0.314/0.286 mV
σal = 22MS/m – 0.379/0.342 mV
σi = 4.0 MS/m (µri = 150) 0.054/0.051 mV –
σi = 6.0 MS/m (µri = 50) 0.119/0.108 mV –

Fig. 17. Experiments elements – excitation and pick-up coils and aluminium
plate (10mm in thickness) and iron plate (5 mm in thickness).

Fig. 18. Measurement devices – oscilloscope, signal generator and reference
position sensor.

Table 7
Comparison between the analytical and experimental – induced voltage of one
of the pick-up coils (rms value).

Iron (g=2mm) Air
Analytical/Exp. Analytical/Exp.

f=100Hz 3.320/3.488 mV 2.192/2.253 mV
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In Tables 7 and 8, ‘Air’ means that there is no conductive moving
part, ‘Iron’means that the iron moving part is located in the gap, g and g
is the distance between coils and iron moving part.

Eqs. (17) and (18) are used for the analytical calculations of tran-
sient differential voltages at variable speeds. Acceleration effects (the
second term in (17)) are neglected in (18). The parameter, K in (18) at
100 Hz are calculated equal to 0.18mV/m/s for the aluminum moving
part and 0.037mV/m/s for the iron moving part as presented in Fig. 14.

=
−

=
∂ −

∂
+

∂ −
∂

U
d L L I

dt
L L I ωt

t
L L I

V
dV
dt

(( )· )

(( )· ·sin( )) (( )· )
·

d
r l

r l r l

M, M, s

M, M, M, M, s
(17)

≈
∂ −

∂
= −

=

U
L L I ωt

t
ω L L I ωt

K V ωt

(( )· ·sin( ))
·( )· ·cos( )

· ·cos( )

d
r l

r l
M, M,

M, M,

(18)

The analytically calculated results and the experimental values for
differential voltages versus time at various speeds (Fig. 19 and Fig. 22)
are shown in Figs. 20, 21 and Figs. 23, 24. The relative instantaneous
positions of coils and moving parts are measured by a Senpos
MRTM500 type potentiometric linear position sensor (Fig. 18) with a
measurement range of 500mm and linearity error of 0.05%.

The relative speed is calculated numerically using differentiation of
relative positions of moving part and the coils versus time. The ex-
perimental differential voltage results and instantaneous relative posi-
tions of moving part and the coils are saved by a digital oscilloscope as

shown in Fig. 18. Signal generator (Fig. 18) with internal resistance
50Ω and voltage amplitude 10 V is connected to the excitation coil. The
speed is variable function versus time, which affects the differential
voltage of eddy current speed sensor. The analytical induced voltages
coincide well with the experimental results, showing the accuracy of
the proposed analytical method. The main sources of differences be-
tween the experimental calculations and the analytical calculations
may be the tolerances of the elements in the experimental set up, for
example, the gap (lift off) between the coils and the moving parts and
the relative magnetic permeability for the iron moving part (Fig. 24).

The direction (sign) of the speed could not be calculated from the
amplitude of the induced voltage, but it could be obtained by calcu-
lating the phase angle relative to the excitation current. The speed
values could be calculated by the voltage peaks or by the voltage RMS

Table 8
Comparison between analytical and experimental – self inductances.

f=100Hz Iron Air
Analytical/Exp. Analytical/Exp.

g=- – 583.3/613.0 µH
g=1.0mm 820.8/843.0 µH –
g=2.0mm 771.6/785.0 µH –
g=6.0mm 673.0/698.0 µH –
g= 7.0mm 659.8/682.0 µH –

Fig. 19. Applied experimental speed versus time for an aluminium moving part.

Fig. 20. Experimental differential voltage versus time for an aluminium moving
part – 100 Hz.

Fig. 21. Analytically calculated differential voltage versus time for an alumi-
nium moving part – 100 Hz.
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or the rectified DC value in each half period can be used. Minima and
maxima of the differential voltage in Figs. 20 and 23 correspond to the
zero crossing and maximums of speed in Figs. 19 and 20.

The parameter, K in (18) for iron moving part changes from
0.037mV/m/s for relative magnetic permeability, µri = 100 to
0.027mV/m/s for µri = 150 at 100 Hz. The parameter, K (=0.18mV/
m/s) for the aluminum moving part is a fixed value for constant gap.
The speeds of moving parts in Figs. 19 and 22 are changing between
−1.75m/s to +1.75m/s. The induced voltage is higher for aluminum
moving part in the same speed range in comparison with iron moving
part.

Using ratiometric output U1−U2/(U1+U2) would be the first
choice to compensate lift off changing and materials effects of moving
part. This technique is successfully utilized in LVDT sensors. However,
verification of such compensation is out of the scope of the present

paper and will be a subject of the future study
Second potential approach to compensate the lift off changing and

materials effects is using multi-frequency sensor technique, which is
well proved in [22]; we also plan to examine this method in our future
work.

Time stepping 3D FEM with motion consideration was implemented
to analyze eddy current speed sensor, where sliding mesh is utilized to
model moving part motion. Two fixed meshes are considered for sta-
tionary part and moving part and they are linked to each other by
sliding mesh technique. Analysis of eddy current speed sensor using
time stepping 3D FEM with motion is especially time consuming and
complicated process and also with high probability of numerical errors,
which could be mitigated using presented precise analytical method.

The methodology utilized in this paper to evaluate speed effect is
also used, for example, for non-destructive testing (NDT) of metallic
bodies [23–25]. Motion-induced eddy current thermography for high-
speed inspection has been presented in [23] using equivalent rotating
(travelling) magnetic field generated by three phase windings. The
evaluation of effects of speed component of eddy current on the mag-
netic flux leakage inspection for non destructive testing of thick-wall
steel pipe has been published in [24]. Utilizing speed effects on the
induced eddy current in the conductive moving bodies with perpendi-
cular configuration of coils relative to the moving body for non-de-
structive testing was presented in [25].

The presented contactless speed sensor shows better fittingness in
terms for robustness and structure simplicity for practical applications
in comparison with other contactless speed sensor [26].

5. Conclusion

The core of this paper is precise analysis method allowing fast de-
sign and suitability evaluations of eddy current speed sensors with both
non-ferromagnetic and ferromagnetic materials for moving parts, which
were overlooked in the literatures.

The performance and the design of a flat type eddy current speed
sensor with air coils have been analyzed. Analytical models and 3D
FEM calculations have been presented. The use of a fast and precise 3D
analytical method is essential for the fast design and optimization of an
air coil eddy current speed sensor. The linearity of the proposed speed
sensor is excellent, despite its simple configuration. The calculated and

Fig. 22. Applied experimental speed versus time for an iron moving part.

Fig. 23. Experimental differential voltage versus time for an iron moving part –
100 Hz.

Fig. 24. Analytically calculated differential voltage versus time for an iron
moving part – 100 Hz.
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measured speed range has been considered up to 2m/s, but it can be
extended for higher translational speed. The proposed eddy current
speed sensor could be used for all types of linear machines, as it has a
simple structure and precise performance. The air coil configuration
enables the proposed eddy current speed sensor to be very compact and
cost-effective.

The effects of the material of the conductive moving parts have been
evaluated. They have been shown to have a very critical influence on
the design and analysis of eddy current speed sensors, and they must be
taken into account. The output results and the performance of an eddy
current speed sensor with a ferromagnetic moving part differ greatly
from the results and the performance with a non-magnetic moving part.
It is critical to compensate the magnetic permeability and also the
conductivity of the moving part in the design of an eddy current speed
sensor. Temperature stability and the effects on the conductive moving
part must also be taken into consideration for an eddy current speed
sensor. The conductivity and even the magnetic permeability of the
moving part are affected by temperature.

The proposed configuration is without the use of a magnetic yoke
for the coils, and without magnetic shielding. Adding a magnetic yoke
to the sensor configuration could increase the output and the sensitivity
of the sensor, and would shield the sensor from magnetic parasitic ef-
fects. Perpendicular configurations of the pick-up coils are alternatives
to the flat type configuration aimed at reducing the longitudinal length
of the sensor. However, perpendicular configurations would reduce the
sensitivity of the sensor, and would decrease the magnetic coupling
between the excitation coil and the pick-up coils.
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This paper presents the design and analysis of a new eddy current speed sensor with 

ferromagnetic shielding. Aluminum and solid iron are considered for the moving part. One 

excitation coil and two antiserially connected pick up coils are shielded by a thin steel lamination. 

3D time stepping finite element analysis is used to analyze the sensor performance with different 

magnetic materials and compare with experimental results. The compactness, simplicity and 

excellent linearity with different magnetic materials for the moving part show uniqueness of the 

proposed speed sensor.  

The proposed shielded eddy current speed sensor has sensitivity 110 μV/m/s for iron 

rotating disk at 300 Hz and 210 μV/m/s for aluminum rotating disk at 120 Hz. The magnetic 

shielding acts also as magnetic yoke and it increases the sensor sensitivity as it decreases 

magnetic reluctance for the magnetic flux. The 3D FEM calculations show that the shielding 

increases sensitivity by a factor over 2, but its main role is to suppress sensitivity to external 

magnetic fields and ferromagnetic objects. The linearity error is 0.26% for iron moving part at 

300 Hz. The sensitivity can be increased several times by increasing the number of turns of all 

coils; the limitations are the parasitic capacitances and shielding saturation. The sensor can be 

optimized in terms of linearity and sensitivity using 3D FEM as the simulation results fit well 

with the measured values. The sensor requires temperature compensation of the material 

properties and also compensation for the changes of lift-off: using ratiometric output (V1 − 

V2)/(V1 + V2) would be the first choice. This technique is successfully utilized in LVDT 

sensors. However, verification of such compensation is out of the scope of the present paper. 
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A B S T R A C T

This paper presents the design and analysis of a new eddy current speed sensor with ferromagnetic shielding.
Aluminum and solid iron are considered for the moving part. One excitation coil and two antiserially connected
pick up coils are shielded by a thin steel lamination. 3D time stepping finite element analysis is used to analyze
the sensor performance with different magnetic materials and compare with experimental results. The com-
pactness, simplicity and excellent linearity with different magnetic materials for the moving part show un-
iqueness of the proposed speed sensor. The shielding increases sensitivity and reduces the influence of close
ferromagnetic objects and interferences on the sensor performance.

1. Introduction

Speed sensors are vital parts of linear and rotating machines for
control and protection purposes [1–3]. Contactless magnetic speed
sensors are resistant against dust and oil, which brings them ad-
vantage over optical sensors [4]. The most popular sensor type is
based on the reluctance variation. Eddy current speed sensors work for
all conducting moving bodies including those with smooth surface.
They have simple construction and present favorable solution espe-
cially at high speeds. Longitudinal and perpendicular configurations
of eddy current speed sensors and speed effects utilizations were
presented in [5–11]. The presented models in [5–11] had only non-
magnetic aluminum moving part. However, they are simpler for
analysis and impractical for industry in comparison with solid iron
moving part. The authors analyzed and tested eddy current speed
sensors for solid iron moving parts with linear configuration [12] and
rotational configuration [13] without magnetic yoke and shield. These
sensors suffered from sensitivity to magnetic interference and also to
the presence of ferromagnetic materials from their vicinity. The
magnetic shielding acts also as a yoke and it can increase the sensi-
tivity of eddy current speed sensors as it provides low magnetic re-
luctance for the magnetic flux. The eddy current speed sensors are
more reliable and mechanically stable in comparison with other speed
sensors [14,15].

In this paper, a linear eddy current speed sensor with magnetic
shielding using 0.5 mm silicon steel lamination is presented. Aluminum
and solid iron moving bodies are both used in the finite element method
(FEM) modeling and measurements. The effects of magnetic materials
of the shielding are also investigated. Different excitation frequencies

and speeds are considered in the measurements and analysis to obtain
best sensor output linearity and sensitivity.

2. Eddy current speed sensor

2.1. Model

Table 1 and Fig. 1 present the eddy current speed sensor model and
parameters. Parameter, V is the speed in Fig. 1.

2.2. Operation theory

Two pick up coils (Figs. 1 and 2) are antiserially connected. Ideally
induced voltage and net flux in the antiserially pick up coils are zero at
zero speed because left and right side coils have same flux linkage with
the excitation coil. The net total flux of antiserially connected pick up
coils is nonzero at nonzero speed because pick up coils sense different
flux linkages due to the induced eddy currents as shown in Fig. 2. The
flux linkages of pick up coils are affected unevenly by motion compo-
nent of induced eddy current [5,16]. As speed increases, the difference
between induced voltages of left and right side coils increases, which is
utilized for the speed sensing for the solid conductive moving objects.

3. Speed sensor measurements

3.1. Experimental setup

Experimental set up and measurement devices are shown in Fig. 3. A
rotating disk (aluminum and iron) with thickness 5 mm is considered as
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moving part. The disk rotates between −500 rpm up to +500 rpm and
center of eddy current speed sensor is located 22.5 cm distance from
disk center.

The dimensions of eddy current speed sensor are reasonably small in
comparison with rotating disk. Therefore, it can be assumed that eddy
current speed sensor sense linear speed relative to the rotating disk. The
electrical conductivities of iron and aluminum disk were measured and
mentioned in Table 1 at room temperature. A lock-in amplifier is used
for precise measurements of the pick up coils voltage. A signal gen-
erator with internal resistance 50 Ω is connected to the excitation coil.

Fig. 4 shows a schematic block diagram, which can be considered
for possible electronic design for the sensor.

3.2. Speed sensor results

Figs. 5 and 6 present measured absolute value of measured voltage,
Va of pick up coils:

= +V V Vr ia
2 2 (1)

where Vr and Vi are real component and imaginary components of in-
duced voltage in the antiserially connected pick up coils relative to the
excitation coil current as reference signal. The polarity of absolute
value of voltage is calculated using phase angle shift relative to the

Table 1
Eddy current speed sensor parameters.

Parameters Values

I excitation coil current amplitude 166 mA
N number of turn in all coils 100
L moving part width 100 mm
hm moving part thickness 5.0 mm
hc coils thickness 4.7 mm
wc, o outer coil width 29.0 mm
wc, i inner coil width 25.0 mm
ws ferromagnetic shield width 30 mm
ls ferromagnetic shield length 90 mm
σal moving part aluminum conductivity at room temperature 33.5 MS/m
σi moving part solid iron conductivity at room temperature 6.0 MS/m
µri relative magnetic permeability of moving part solid iron 100
σs silicon steel shield conductivity 3.1 MS/m
µrs relative magnetic permeability of silicon steel shield 1000

Fig. 1. Eddy current speed sensor with steel lamination for shielding.

Fig. 2. 2D schematic models of eddy current speed sensor and moving part with single excitation coil and antiserially connected pick up coils – at zero speed (up) and
nonzero speed (bottom).
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excitation coil current.
Pick up induced voltages for the iron rotating disk increase with in-

creasing excitation coil frequency, which is different to the aluminium
rotating disk. Linearity of induced voltage versus linear speed for iron
rotating rod is the best at 300 Hz and it is the best between 120 Hz and
180 Hz for aluminium rotating disk. The gap between coils of eddy cur-
rent speed sensor and rotating disk is about 6.25 mm, which is sufficient

reasonable value for many industrial applications. High linearity of in-
duced voltage curve versus speed makes the proposed sensor to be suitable
device for speed measurement. The real and imaginary components of
induced voltages show different tendency versus speed (Figs. 7 and 8).

Real component of induced voltage is more linear versus speed for
all frequencies in comparison with imaginary component and its line-
arity is less dependent on the excitation frequency. Real component of

Fig. 3. Experimental set up – rotating disk (aluminum and solid iron) as moving part and eddy current based speed sensor (left) and signal generator and lock-in
amplifier (right).

Fig. 4. Schematic block diagram to demonstrate the possible electronics diagram to process speed sensor output signal.

Fig. 5. Measured voltage of pick up coils for iron rotating disk at different
frequencies – absolute value.

Fig. 6. Measured voltage of pick up coils for aluminum rotating disk at different
frequencies – absolute value.
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induced voltage is proportional to the losses component in the rotating
disk, which could be more reluctant to the speed sensor lift off.

It is shown that eddy current speed sensor sensitivity is highly de-
pendent on the moving part material properties. Conductivity of alu-
minum and iron moving part and relative permeability of iron moving
part could change eddy current speed sensor outputs [13]. Compen-
sating moving part material properties on the eddy current speed sensor
output is a challenging issue and it must be addressed.

The root mean square error (RMSE) for linearity in percentage value
as an indicator [17] is calculated about 0.26% for iron rotating disk at
300 Hz. It is representation of the fitness of the measured values to the
linear approximation.

Fig. 9 shows the error in percent of full range as an alternative
approach for linearity error evaluation of speed sensor. It shows that
real component of induced voltage is more linear than imaginary
component of induced voltage: the maximum error of the real part is
only 0.3%, while it is 2.5% for the imaginary part.

4. 3D FEM analysis

The performance of eddy current speed sensor is analyzed using time
stepping 3D FEM tool [18]. The motion of moving part is considered at
different speeds. Sliding mesh method is used in the FEM tool to model
motion of moving part. The eddy current effects are taken into account in
the shielding too as well as conductive moving part. In order to model
accurately the skin effects in the moving part and shielding, the mesh
sizes are adjusted accordingly. Second order elements are utilized in the
FEM tool. Therefore, high accuracy analysis could be achieved.

Only half of model is analyzed because of symmetry to save simu-
lation time. Eddy current distribution in the aluminum moving part at
zero speed and 10 m/s are shown in the Figs. 10 and 11. Eddy current
distribution changes from symmetric form (Fig. 10) to asymmetric form
(Fig. 11) due to the speed effect, which causes different induced voltage
in the left and right side pick up coils.

4.1. Comparison between experiments and FEM

Table 2 presents comparison between 3D FEM analysis and mea-
surements at 2 m/s, 5 m/s and 10 m/s for aluminum and iron rotating
disks. 3D FEM results coincide very well with measurements, which
show accuracy of 3D FEM. And its suitability is shown for further steps,
for example, eddy current speed sensor optimization and material ef-
fects evaluations. Fig. 12 shows comparison between experimental and
3D FEM results versus time for rotating iron disk at 10 m/s. Linear
model is used for the simulation as sensor size and dimensions are very
small in comparison with rotating disk. It is convenient to use disk or
cylinder as a fine approximation for linear motion [19–22].

4.2. Ferromagnetic materials evaluation of magnetic shield and moving part

Table 3 presents effect of relative magnetic permeability of iron

Fig. 7. Measured real component (Re) and imaginary component (Im) of in-
duced voltage of pick up coils for iron rotating disk.

Fig. 8. Measured real component (Re) and imaginary component (Im) of in-
duced voltage of pick up coils for aluminium rotating disk.

Fig. 9. Linearity error versus speed for absolute, real and imaginary compo-
nents of induced voltages.
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moving part on the sensor output. With increasing permeability, the
sensitivity is decreasing due to the decreasing of the penetration depth.
Relative magnetic permeability varies for different steels and irons
[23,24].

Effect of magnetic shielding is evaluated in the Table 4. First case is
silicon steel with 0.5 mm thickness and estimated relative magnetic
permeability 1000. The relative magnetic permeability in the second
case is changed to 100, which induced voltage decreases considerably
because of higher reluctance in the magnetic flux path. Third case is

Ferrite core with 5 mm thickness and relative magnetic permeability
2000 for magnetic shielding, which induced voltage increases. How-
ever, eddy current speed sensor becomes thicker and less compact.

5. Discussions

The mutual flux between excitation coil and pick up coils, λ is
proportional to the number of turns of the excitation coil, Ne (=N) and
the number of turns of pick up coils, Np (=N):

N Ne p (2)

Therefore, increasing number of turns could increase mutual flux
linkage and induced voltage in the pick up coils. The limitations are two
reasons: saturation of ferromagnetic shielding and parasitic capaci-
tances of the multi-turn coils.

The proposed eddy current speed sensor has compact structure, it is
cost effective, and requires no modifications for the moving parts.
Therefore, it shows significant merits in comparison with electrostatic
phenomena-based and saliency-based speed sensors [14,15].

The sensor output voltage contains noise mainly on power line

Fig. 10. Eddy current distribution in the aluminium moving part at zero speed.

Fig. 11. Eddy current distribution in the aluminium moving part at 10 m/s.

Table 2
Comparison between experimental results and FEM for induced voltage (mV)
–rms value.

2 m/s
Exp./FEM

5 m/s
Exp./FEM

10 m/s
Exp./FEM

Aluminum 120 Hz 0.42/0.429 1.057/1.075 2.085/2.185
Aluminum 240 Hz 0.318/0.294 0.815/0.845 1.793/1.889
Iron 120 Hz 0.168/0.17 0.427/0.446 0.959/0.99
Iron 240 Hz 0.207/0.212 0.514/0.513 1.022/1.0
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frequency and its multiples mainly from electromagnetic interference.
The lock-in amplifier which is based on the synchronous detection
operation effectively suppresses these interferences and extracts clean
signal. The disadvantage of this technique is the necessity of using the
low pass filter (Fig. 4), which slows down the sensor response. Low
interference is occurred due to the differential pick up coils connection.

6. Conclusions

The proposed shielded eddy current speed sensor has sensitivity
110 µV/m/s for iron rotating disk at 300 Hz and 210 µV/m/s for alu-
minum rotating disk at 120 Hz. The magnetic shielding acts also as
magnetic yoke and it increases the sensitivity of eddy current speed
sensors as it decreases magnetic reluctance for the magnetic flux. The
3D FEM calculations show that the shielding increases sensitivity by a
factor over 2, but its main role is to suppress sensitivity to external
magnetic fields and ferromagnetic objects. The linearity error is 0.26%
for iron moving part at 300 Hz.

The sensitivity can be increased several times by increasing the
number of turns of all coils; the limitations are the parasitic capaci-
tances and shielding saturation. The sensor can be optimized in terms of

linearity and sensitivity using 3D FEM as the simulation results fit well
with the measured values.

The sensor requires temperature compensation of the material
properties and also compensation for the changes of lift-off: using ra-
tiometric output V1 − V2/(V1 + V2) would be the first choice. This
technique is successfully utilized in LVDT sensors. However, verifica-
tion of such compensation is out of the scope of the present paper.
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FEM results of induced voltage (mV) for different iron moving part permeability
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Table 4
FEM results of induced voltage (mV) for different magnetic shield materials
–rms value.

10 m/s120 Hz 1 − µrs = 1000
σs = 3.14 MS/m

2 − µrs = 100
σs = 3.14 MS/m
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Fig. 12. Comparison between experimental and 3D FEM curves versus time at
10 m/s.
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This letter presents a novel speed sensor based on motion-induced eddy currents in 

conductive moving parts. The magnetic yoke is an E-shaped ferrite core. The excitation coil is on 

the center leg of the E-core, and two antiserially connected pick-up coils are on the side legs. 

Solid iron and aluminum materials are used for the moving part in the simulations and in the 

measurements. Two-dimensional and 3-D finite element methods are used for a detailed analysis 

and for the parametric calculations of the eddy current speed sensor. Despite its simple structure, 

the proposed eddy current speed sensor shows high linearity. The analysis and the measurements 

are performed at various speeds and excitation frequencies for an evaluation of the performance 

of the eddy current speed sensor. The minimum linearity error is less than 0.5%. 

The merits of the proposed sensor that have motivated the authors are its cost-

effectiveness, its compact and simple structure, and the possibility to use single-chip signal 

processing unit. The main limitation of the proposed speed sensor and challenge for the further 

development lie in temperature compensation for harsh and hot environments. Measurements and 

simulations of the eddy current speed sensor were performed for a speed range of ±14.1 m/s, at 

various frequencies from 100 to 800 Hz. The material of the moving part has a fundamental 

effect on the performance. The power consumption of the sensor at 30 mA excitation current is 

only 0.15 W. Compensation of the material effects, lift-off, and moving part temperature must be 

considered for industrial applications, but the study of these topics lies beyond the scope of this 

letter. 
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Abstract—This letter presents a novel speed sensor based on motion-induced eddy currents in conductive moving parts.
The magnetic yoke is an E-shaped ferrite core. The excitation coil is on the center leg of the E-core, and two antiserially
connected pick-up coils are on the side legs. Solid iron and aluminum materials are used for the moving part in the
simulations and in the measurements.Two-dimensional and 3-D finite element methods are used for a detailed analysis and
for the parametric calculations of the eddy current speed sensor. Despite its simple structure, the proposed eddy current
speed sensor shows high linearity. The analysis and the measurements are performed at various speeds and excitation
frequencies for an evaluation of the performance of the eddy current speed sensor. The minimum linearity error is less
than 0.5%.

Index Terms—Magnetic instruments, eddy currents, speed sensor, ferrite E-core, iron, aluminum, finite element method, measurement.

I. INTRODUCTION

Speed measurements and speed assessments are vital in a range
of applications with translational motion, e.g., on a railway line [see
Fig. 1 (a)], and in applications with rotating motion for control, mainte-
nance, and protection purposes [Addabbo 2019]. Various methods and
technologies are currently used for speed measurements, e.g., optical
sensors, capacitive sensors, and also magnetic reluctance and eddy
current saliency-based sensors, which are, however, not resistant to
dust and dirt or require modification of the moving part [Manyala
2013, Li 2019].

The use of an eddy current is a well-known technique for various
electromagnetic applications [Gonen 1965, Gong 2019, Guilizzoni
2019, Tsukada 2019]. An eddy current speed sensor could be an
appropriate option for speed measurements, as it is a nondestructive
methodology with a cost-effective and simple configuration. Recent
works [Sonoda 1985, Takehira 1988, Cardelli 2013, Itaya 2013] on
eddy current speed sensors have focused on the nonferromagnetic
moving conductive part, mainly aluminum, which is a less widely
used material than solid iron and steel for moving objects. Speed
measurements and performance analyses are much easier to make for
nonferromagnetic moving parts than for an iron moving part, because
not only the conductivity of the moving part but also its magnetic
permeability has to be taken into account.

The authors of this letter have recently developed various types
of eddy current speed sensors with iron and aluminum moving parts
for rotating and translational motions [Mirzaei 2019a, 2019b, 2020a,
2020b]. These sensors have been designed and analyzed both with
an air core and with a magnetic yoke. The magnetic yoke was used
to improve the sensitivity of the sensor and for magnetic shielding
purposes. The eddy current sensor proposed in this letter has a new
configuration with a compact structure, using a ferrite E-core. This
provides considerably greater sensitivity. The two-dimensional (2-D)
time-stepping finite element method (FEM) is used for fast parametric
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Fig. 1. (a) Eddy current speed sensor with linear translational motion
for a railway application. (b) Detailed model.

calculations of the new eddy current speed sensor. Three-dimensional
FEM is also used for precise calculation. Calculated results are verified
by measurements at various speeds and frequencies.

II. EDDY CURRENT SPEED SENSOR MODEL

Fig. 1(b) shows a 3-D model of the proposed eddy current speed
sensor for translational motion. The solid conducting moving part has
speed V in the x-direction. The model shows three rectangular coils.
The coil in the middle is the excitation coil, and the double side coils
are antiserially connected pick-up coils. The induced voltage in the
antiserially connected pick-up coils is zero at zero speed of the moving
part, because the left and right coils have the same mutual magnetic
flux linkage with the excitation coil. At nonzero speed, the differential
induced voltage is proportional to the speed value.

Equation (1) presents the induced eddy current, Je, in the conductive
moving part with a smooth (not salient) surface in the direction of the
translational motion [Hammond 1971, Binns 1992]. The first term
and the second term in the right-hand side of the equality in (1) are the
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Fig.2. Magnetic flux distribution at 120 Hz and 14.1 m/s for the moving
iron part using 2-D FEM.

transformer component caused by the time variation of the source field,
and the motional component proportional to the speed V, respectively
[Hammond 1971]. Their reaction fields of the motional component
of the induced eddy current, Je, cause an unequal and asymmetric
magnetic flux distribution in the left and right legs of the E-core and
the corresponding pick-up coils

Je = −σ · ∂A

∂t
+ σ · V × ∇ × A, B = ∇ × A (1)

where σ is the electrical conductivity of the moving conductive part,
A is the magnetic vector potential, and B is the magnetic flux density.

III. PARAMETRIC ANALYSIS OF THE EDDY
CURRENT SPEED SENSOR

The distribution of the induced eddy current in the conductive
moving part has a 3-D configuration [Bolton 1969]. However, 2-D
time-stepping FEM, taking into account the speed of the moving part,
is used for the parametric calculations, although it is less accurate than
time-stepping 3-D FEM. Two-dimensional FEM is faster, which makes
it more suitable for parametric analysis. The maximum linear speed
considered in this letter is 14.1 m/s. Fig. 2 shows the magnetic flux
distribution at 14.1 m/s using 2-D time-stepping FEM [Ansys/Maxwell
2019], which is asymmetric due to the speed of the moving part.
The asymmetric magnetic flux in the ferrite core causes different flux
linkage and induced voltage in the pick-up coils. The third-dimension
effects are neglected in the 2-D FEM analysis.

Fig. 3 presents the variations of the differential induced voltage of
the pick-up coils versus the relative permeability µr and the electrical
conductivity σ for the iron moving part and for the nonmagnetic
moving part (for example, aluminum or copper). The induced voltage
in the iron moving part increases with decreasing relative permeability
and with increasing conductivity at 120 and 800 Hz. The induced
voltage at 800 Hz is less sensitive to the material properties of the
iron moving part (variations less than 15%) than the induced voltage
at 120 Hz (variation less than 25%). The range of the variations
for relative permeability is considered between 75 and 125, and for
electrical conductivity the range is between 4 and 6 MS/m. These are
quite common values for various construction irons and steels [Mirzaei
2020c]. The induced voltage is more sensitive to the conductivity at
800 Hz than at 120 Hz in the nonmagnetic moving part. The induced
voltage increases with increasing frequency until 800 Hz for the iron
moving part with relative permeability 100 and conductivity 6.0 MS/m
(see Fig. 4). However, the induced voltage has a maximum value
at about 200 Hz, and the value decreases for the aluminum moving
part with conductivity 33.5 MS/m. The flux linkages decrease versus
frequency for both the iron moving part and the aluminum moving
part. This shows that the difference in the magnetic flux densities on

Fig. 3. Variation of the induced voltage versus the material properties
of the moving part at 14.1 m/s for ferromagnetic iron and for nonmag-
netic moving parts.

Fig. 4. Variation of the induced voltage and the flux linkage versus
frequency at 14.1 m/s.

the left and right sides of the excitation coil is most sensitive at low
frequencies or for dc. This contrasts with the variation of the induced
voltage versus frequency, which in the ideal case is linear due to the
induction law.

IV. EXPERIMENTAL RESULTS

The structure and the measurement elements of the eddy current
sensor are shown in Fig. 5. Rotating iron and aluminum disks are used
to model the moving part in the experimental setup [Iwamoto 1973,
Coho 1975]. A signal generator with internal resistance Rin = 50 �

is used as a source for the excitation coil. The induced voltages are
measured using an SR 860 lock-in amplifier. The real and imaginary
components of the induced voltage are measured with phase relative
to the excitation coil current. The number of turns per coil is 1000.
The resistance and the inductance of the excitation coil mounted on
the ferrite core without a conductive moving part nearby are measured
as Rc = 166 � and Lc = 89.25 mH, respectively. The variation of the
inductance of the excitation coil versus frequency is shown in Fig. 6,
with a magnetic gap of 5 mm between the ferrite core and the moving
part. The inductance decreases with frequency due to the reaction fields
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Fig. 5. Experimental setup. A speed sensor with a ferrite E-core and
coils, rotating disk to model linear speed and signal generator, and lock-
in amplifier.

Fig. 6. Excitation coil inductance and excitation current (rms) versus
frequency at a constant input source voltage of 7.07 V (rms).

of the induced eddy current. The measured current of the excitation
coil Irms decreases with frequency f as the source voltage Us is constant
Irms = Us/

√
(Rin + Rc )2 + (2π f Lc )2.

The measured induced voltages of the antiserially connected pick-up
coils are shown in Figs. 7 and 8 at various frequencies between −14.1
and +14.1 m/s for the moving part. The sensitivity and the linearity
of the real and imaginary induced voltage of the eddy current speed
sensor show different tendencies for the iron and aluminum moving
parts. All results for the real and imaginary components of the induced
voltage show a roughly ideal linear curve versus speed between −5
and +5 m/s. The real component (Re) of the induced voltage for the
iron moving part has the finest linearity at higher frequencies for the
whole speed range of ±14.1 m/s. The sensitivity of the eddy current
speed sensor increases versus speed for the iron moving part with the
same excitation coil current. The sensitivity is higher for the aluminum
moving part at low frequencies, and it is higher for the iron moving part
at higher frequencies. The absolute (Abs) component of the induced
voltage Ua is calculated with an imaginary value Ui and with a real
value Ur: Ua = √

U 2
r + U 2

i . Table 1 presents the sensitivity coefficient
C mV/m/s for the iron moving part, using Fig. 7.

Fig. 9 shows the induced eddy current distributions, depicting an
asymmetric shape because of the speed effects of the moving part. The
calculated results using 2-D and 3-D time-stepping FEM in comparison

Fig. 7. Real and imaginary components of induced voltages (rms)
versus speed at various frequencies. Iron moving part.

Fig. 8. Real and imaginary components of induced voltages (rms)
versus speed at various frequencies. Aluminum moving part.

Table 1. Sensitivity coefficients at 400 and 800 Hz,U = C · V .

with measurements are presented in Table 2. The measured conduc-
tivities of the material of the iron moving part and of the aluminum
moving part are 6.0 and 33.5 MS/m, respectively. The 3-D FEM results
are closer to the experimental results, especially for the aluminum
moving part. The discrepancies for the iron moving part could be due
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Fig. 9. Eddy current distribution in the moving part of a half model at
120 Hz and 14.1 m/s.

Table 2. Comparison between experimental results and 2-D and 3-D
FEM for iron moving parts (µr = 100, σ = 6 MS/m) and for aluminum
moving parts (σ = 33.5 MS/m).

to the relative magnetic permeability, which may be different from the
estimated µr = 100.

V. LINEARITY ANALYSIS

Fig. 10 presents the linearity error as a percentage of the full range
of real, imaginary, and Abs components of the induced voltage for the
iron moving part at 400 and 800 Hz. The minimum linearity error is
obtained less than 0.5% for the real component of the induced voltage
at 800 Hz. The linearity error is higher in the imaginary component of
the induced voltage, as it is more sensitive to the magnetic coupling
variation between the magnetic core and the moving part, which might
be caused by vibration of the moving disk [Mirzaei 2020a]. The
magnetic gap variation is a common problem in practical applications,
e.g., in speed measurements in railway transportation. It could be
suggested that the real component of the induced voltage be utilized for
speed measurements, and the imaginary component for compensating
the variation in the gap.

The methodologies for compensating for the variation in the gap
and the temperature were investigated in [Lu 2018, 2019]. The use of
simultaneous double frequency excitation of 400 and 800 Hz can be
proposed, as one frequency is utilized for the speed meter and another
frequency is used for compensation.

High linearity in the full speed range is preferred for the good per-
formance of the sensor. This avoids the need to improve the linearity,
e.g., with the use of software. It also simplifies the signal processing of

Fig. 10. Linearity error versus speed at various frequencies. Iron mov-
ing part.

the sensor. It has been observed that higher frequency is more suitable
for the higher speed range because there is greater linearity in the full
range of speeds.

VI. CONCLUSION

The linear eddy current speed sensor that has been presented here
shows promising performance in terms of sensitivity and linearity.

A detailed linearity analysis has been made only for the iron moving
part, as iron is the most widely used material in industrial applications,
especially for high speeds. It has been observed that higher excitation
frequency is more suitable for the higher speed range, because of better
linearity.

The merits of the proposed sensor that have motivated the authors are
its cost-effectiveness, its compact and simple structure, and the possi-
bility to use single-chip signal processing unit. The main limitation of
the proposed speed sensor and challenge for the further development
lie in temperature compensation for harsh and hot environments.

Measurements and simulations of the eddy current speed sensor
were performed for a speed range of ±14.1 m/s, at various frequencies
from 100 to 800 Hz. The material of the moving part has a fundamental
effect on the performance.

The power consumption of the sensor at 30 mA excitation current is
only 0.15 W. Compensation of the material effects, lift-off, and moving
part temperature must be considered for industrial applications, but the
study of these topics lies beyond the scope of this letter.
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3-2-3-6 Design and Optimization of an Eddy Current Speed Sensor for Rotating Rods [J13] 

 
This paper presents the design and optimization of a novel eddy current speed sensor for 

rotating rods and cylindrical shafts. The sensor consists of one excitation coil and two pick-up 

coils. All coils are stationary; we consider air coils, and we also use a magnetic yoke. We utilize a 

copper coating on an iron rod to increase the sensitivity, and we compare the performance with 

the performance achieved for an uncoated iron rod. 3D FEM is utilized for analyzing and for 

optimizing the design of the proposed sensor. The main advantages of the novel sensors are their 

simplicity, their low cost and their robust configuration. A linearity error of 0.5% has been 

achieved. The level of accuracy is limited by mechanical factors. A 1D analytical model has also 

been developed for rapid analysis and optimization of the sensor. An aluminum rod was also used 

in the measurements for a comparison with the results achieved with the iron rod. 

Various rotating rods with an only iron rod, with a copper-coated iron rod, and with an 

only aluminum rod have been considered in the measurements and in the analysis. The optimum 

angle of the coil span was obtained, i.e. 120 deg., which is identical for an excitation coil and for 

pick-up coils. The tested eddy current speed sensor was manufactured with the optimum coil span 

angle. The presented eddy current speed sensor is an appropriate selection for speed 

measurements of any type of rotating machines, for example, turbines, motors, pumps, fans and 

turbochargers. This is an advantage of the sensor, which, unlike the conventional speed sensor, 

does not need additional space in the end shaft space. Operating an eddy current speed sensor at 

higher frequencies is an efficient method for obtaining greater sensitivity. However, the skin 

depth is smaller at high frequency. Surface cracks and defects and corrosion on the conductive 

rod could have a greater effect on the performance of eddy current speed sensors at high 

frequencies, if the radial thickness of the cracks or the corrosion depth is considerable in 

comparison with the magnetic flux penetration depth. Even a small crack on the conductive 

rotating rod could cause an accuracy error and noise in the speed sensor output, as an eddy 

current speed sensor is sensitive to the smoothness of the surface of the rotating rod. The use of a 

copper coating can minimize the effect of cracks in the solid rotating rod. 
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Abstract—This paper presents the design and optimization of a 

novel eddy current speed sensor for rotating rods and cylindrical 

shafts. The sensor consists of one excitation coil and two pick-up 

coils. All coils are stationary; we consider air coils, and we also 

use a magnetic yoke. We utilize a copper coating on an iron rod 

to increase the sensitivity, and we compare the performance with 

the performance achieved for an uncoated iron rod. 3D FEM is 

utilized for analyzing and for optimizing the design of the 

proposed sensor. The main advantages of the novel sensors are 

their simplicity, their low cost and their robust configuration. A 

linearity error of 0.5% has been achieved. The level of accuracy 

is limited by mechanical factors. A 1D analytical model has also 

been developed for rapid analysis and optimization of the sensor. 

An aluminum rod was also used in the measurements for a 

comparison with the results achieved with the iron rod. 

 
Index Terms—Eddy current speed sensor, optimization, 

copper coating, electrical steel lamination, rotating rods, 

3D FEM. 

I. INTRODUCTION 

HE electrification of transportation, e.g., electric cars, 

railways and airplanes, and also renewable energies are 

continuously increasing, and this especially involves replacing 

rotating mechanical elements with their electrical counterparts. 

Traction motors, electrically-assisted turbo chargers and other 

rotating elements need speed sensing for control purposes, and 

for diagnosing and preventing mechanical and electrical faults 

[1]-[8]. The simplicity of the sensor is of no less importance 

than its precision. Speed and position sensors often need 

compensation of mechanical issues, e.g., lift off and 

eccentricity. It is therefore a key advantage to use a sensor 

with a simple design for speed measurements.   

Sensorless speed measurement methods for rotating 

electrical machines are well developed, although their signal 

processing is complex and time-consuming, and may not be 

rapid enough for control purposes [9]-[10]. Optical sensors are 

also widely used for speed measurements, but they may not be 

appropriate for harsh and dusty environments, and they often 
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need maintenance to clean out dust and dirt [11]. The use of an 

external magnetic field sensor mounted on the housing of a 

machine was presented in [12]. Since it is not non-destructive, 

it needs magnetic shielding against external magnetic fields. 

Implementing a Hall sensor in the stator or inside the end 

windings to measure the speed of the rotating rotor was 

presented in [13]-[14]. However, this may be unreliable, e. g. 

in conditions where the winding becomes overheated. 

Variable reluctance (VR) or saliency-based speed 

measurements with pick-up coils or Hall sensors have also 

been used in industry for rotating machines. However, a non-

salient magnetic surface needs to be built for operating 

reluctance variations or for changing the induced eddy current 

[15]-[18]. Recent works using electrostatic phenomena to 

measure speed were published in [19]-[20]. However, these 

sensors will be quite sensitive to dirt and dust, and they 

therefore need to be capsulated. 

There is a long history in electrical engineering of utilizing 

the speed component of an induced eddy current, going back 

to the Faraday generator and the unipolar generator. The eddy 

current brake is another use of the speed component of the 

eddy current [21]-[22]. A non-destructive testing method for 

metals utilizes the same principle, as has been reported in 

[23]-[24]. 

Magnetic flow meters are used to measure the speed of 

fluids by reading the voltage caused by speed effects with 

electrodes in contact with the fluid across the fluid flowing in 

magnetic fields perpendicular to the direction of the flowing 

fluid [11] and [25]. A speed sensor using the fluxgate effect in 

an amorphous ring core to measure the field of eddy currents 

was presented in [26]. This rather complicated sensor has a 

poor linearity error of approx. 5%. A rotating permanent 

magnet rotor for contactless eddy current speed sensing was 

tested and analyzed in [27]; this type of sensor is not easy to 

manufacture and use because of the moving part. A Hall 

sensor with permanent magnet excitation was presented in 

[28]; however, this sensor shows poor offset stability.  

Parallel and perpendicular types of eddy current-based 

speed sensors with air coils for excitation and pick-up voltage 

were analyzed and measured in detail in [24] and in [29]-[33]. 

The same parallel configuration as in [33], with one excitation 

coil and two pick-up coils using a ferrite magnetic yoke, was 

measured in [34]. These sensors use only aluminum for the 

moving part, though iron is a material typically used for 

shafts. The authors recently investigated linear speed sensors 

for variable speeds and a rotational speed sensor for constant 

speeds, using solid irons and steels for the moving part, taking 

into account the effects of the materials of the moving parts on 

the performance of the eddy current speed sensor [35]-[37]. 
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Our new eddy current speed sensor for measuring the speed 

of rotating ferromagnetic bodies is based on an optimized 

single excitation coil with an AC current and two pick-up coils 

for measurements without a magnetic yoke. This sensor has 

high sensitivity with the air coils configuration. The time 

stepping 3D finite element method (FEM) simulation, taking 

into account the speed of the rotating part, is also presented for 

a comparison with  measurements that could be used to 

estimate and optimize the performance of the eddy current 

speed sensor. A one-dimensional analytical model has also 

been developed and utilized for optimizing the design of eddy 

current speed sensors. A copper coating, which provides 

increased sensitivity, is applied to the rotating iron rod. A 

study of the magnetic shield and the magnetic yoke for the 

eddy current speed sensor, using various thicknesses and 

magnetic materials for the shield, is also presented in this 

paper. 

II. MODEL AND PERFORMANCE 

Fig. 1 shows the configuration and the structure of the 

proposed eddy current speed sensor with an air core structure 

for a rotating conductive rod. The total coils span is 360 deg., 

in order to provide increased sensitivity. One excitation coil 

and two antiserially connected pick-up coils are used.  

The magnetic flux linkages of the pick-up coils diverge from 

each other if the rotating rod speed is nonzero (Fig. 2). The 

difference in flux linkage between the left side and the right 

side pick-up coils is proportional to the speed of the rotating 

conductive rod, and it can be measured in the case of AC 

current for the excitation coil as the differential induced 

voltage. 

A simplified 1D analytical model is developed in 

appendix A for general analysis and for fast optimization of an 

eddy current speed sensor for rotating bodies (Fig. A1 (a)). 

The total angle span of the excitation coil and the pick-up coils 

covers the whole 360 deg. range, in order to achieve 

maximum sensitivity for the sensor (θp1=θe, θp2=180 deg. in 

Fig. A1 (a)). Fig. 3 (a) shows that the optimum excitation coil 

angle span, 2θe, is 120 deg. in order to obtain the maximum 

voltage difference between the pick-up coil voltages. 

However, the maximum pick-up coil voltage values are 

obtained when the excitation coil angle span, 2θe, is 180 deg. 

The induced eddy current in the rotating rod weakens the 

magnetic fields under the excitation coil and the pick-up coils, 

as shown in Fig. 4. The rotating rod speed effect causes the 

asymmetric distribution of the magnetic fields shown in Fig. 4, 

which causes the different flux linkage and the different 

induced voltage in the two pick-up coils (Fig. 3 (a)).  

Fig. 3 (b) presents a linear curve for the real, imaginary and 

absolute components of the differential voltage (relative to the 

excitation coil current as a reference signal) versus speed, 

which can be utilized as a speed meter. The phase (the 

“polarity”) of the induced voltage in the pick-up coils changes 

as the speed direction changes. The excitation current 

amplitude is considered constant at different speeds and 

frequencies in all simulations in this paper. 

 
Fig. 1.  3D model of an eddy current speed sensor, a) a rotating rod with only 

a solid iron rod (left), and b) a rotating rod with a solid iron rod coated with a 

copper layer (right) 

 

 
Fig. 2.  General view of the magnetic flux distribution in the air core eddy 

current speed sensor a) without a shield (left) and b) with a shield and a 

magnetic yoke (right) 

 

 
Fig. 3. a) Pick-up coil voltages and their voltage difference versus the 

excitation coil span (left) b) differential voltage variations versus rotating rod 

speed (right)- values calculated by the simplified 1D analytical model 

described in Appendix A  

 

 
Fig. 4. Variations in magnetic flux density under an excitation coil and pick-

up coils – the dotted line is for DC and zero speed, the dot-dashed line is for 

AC and zero speed, and the dashed line is for AC and nonzero speed. Values 

calculated by the simplified 1D analytical model described in Appendix A  
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The excitation and pick up coils have a smaller area in the 

case of a rotating rod than in the case of a similar linear speed 

sensor [35] and [37], and in addition the equivalent linear 

speed is rather low: for example, with 3 cm diameter, the 

surface linear speed of the rotating rod at 1200 rpm is less than 

2 m/s. Therefore, the sensitivity of the speed sensor for a 

rotating rod is low for low speeds, and it is more difficult to 

measure rotating speeds than linear speeds.  

III. EXPERIMENTAL RESULTS  

Fig. 5 and Fig. 6 show the experimental element, the eddy 

current speed sensor element, measurement instruments and 

schematic block diagram for speed measurements. A Keithley 

3390 signal generator with amplitude accuracy 1% of the 

setting and internal resistance of 50 Ω is used to supply the 

excitation coil. A SR 830 lock-in amplifier with gain accuracy 

±1% is utilized for the voltage measurements, in order to 

measure the voltage of the pick-up coils with minimum noise 

effects. The full scale sensitivity is 2 nV to 10 V. 

Iron rods 100 mm and 200 mm in axial length are used for 

the measurements (Fig. 5), which showed a negligible effect 

of the axial length on the sensitivity of the speed sensor. The 

outer diameter of the iron rod is 30 mm, the inner diameter of 

the coils is 33.5 mm, and the outer diameter of the coils is 

39.5 mm. All three coils are identical and have 100 turns per 

coil. The rods are connected to the shaft of the DC motor as 

the prime mover in the test bench. The measured speed range 

is between -1200 rpm and +1200 rpm. 

Fig. 7 and Fig. 8 show the measured differential voltages of 

the eddy current speed sensor versus the speed only for the 

iron rod and for the iron rod with a copper coating, at 120 Hz 

and at 180 Hz. The real (Ur), imaginary (Ui) and absolute (Ua) 

components of the differential voltage are presented: 

�� = ���� + ��� 

 (1) 

The applied current in the excitation coil is considered as the 

reference signal for calculating the real (Re) and imaginary 

(Im) components of the differential voltage. The polarity of 

the absolute values of the induced (differential) voltage is 

calculated using the phase shift between the induced voltage 

and the excitation coil current. Table I presents the linear 

curve parameters (induced voltage U, constant K, and speed S, 

using (2) fitted to the measurements in Fig. 7 and Fig. 8). The 

offset values for the voltage (Uoffset) are removed numerically 

in the absolute values of the induced voltage in Figs. 7 and 8. 

� = 	 ∙ � + �offset 
 (2) 

TABLE I 

LINEAR CURVE PARAMETERS FITTED TO THE MEASUREMENTS 

Case 
K (nV/rpm) 

120 HZ / 180 HZ 

Uoffset (nV) 

120 HZ / 180 HZ 

Only iron - Re 110.92 / 133.38 13275 / 22417 

Only iron - Im 73.09 / 79.86 -32687 / -54542 

Only iron - Abs 132.85 / 155.47 0 

With copper - Re 152.68 / 204.98  15333 / 29646 

With copper - Im 144.97 / 169.15 -40313 / -63229 

With copper - Abs 210.54 / 265.77 0 

 
Fig. 5.  Rotating solid iron rods with a thin copper layer and the coils of an 

eddy current speed sensor 

 

 
Fig. 6.  a) Schematic block diagram for speed measurement (top) and b) an 

eddy current speed sensor mounted on the rotating solid iron rod and a signal 

generator and a lock-in amplifier (bottom) 

 

 
Fig. 7.  Differential induced voltage (rms) caused by the speed of the rotating 

rod for only a solid iron rod, a) for the real and imaginary components of the 

voltage (top), and b) the absolute value of the voltage (bottom) -experimental 

results 
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The offset values are mainly caused by eccentricity, by 

prime mover or motor vibrations and the slightly asymmetric 

positions of the pick-up coils with a different magnetic 

coupling between the excitation coil and the pick-up coils. 

These offset values can easily be minimized by providing a 

more precise mechanical set-up. It is shown that the offset 

values are lower in the real component than in the imaginary 

component of the induced voltage, as the imaginary 

component is proportional to the magnetic gap, (g±∆g), and 

the real component is not roughly proportional to (g±∆g) 

according to (A8). Any fractional change in magnetic gap ∆g 

can have a greater influence on the imaginary component of 

the induced voltage. The sensitivity of the eddy current speed 

sensor is higher for the real component of the induced voltage 

than for the imaginary component of the induced voltage. 

Increasing the excitation frequency from 120 Hz to 180 Hz 

improves the sensitivity of the eddy current speed sensor by 

about 17.4% in the only iron rod and by 26.2% in the copper-

coated iron rod for absolute values of the induced voltages. 

The copper coating is 70 µm in thickness and 50 mm in 

height, see the measured results in Fig. 8. When a copper 

coating is used for the absolute values of the induced voltages, 

the sensitivities increase by 59% at 120 Hz, and by 71% at 

180 Hz, in comparison with the only iron rod. 

The amplitude of current in the excitation coil is 150 mA in 

all measurements. The influence of the excitation coil 

reactance on the excitation coil current is negligible because 

the air coil inductive reactance is small.   

 

 

 
Fig. 8.  Differential induced voltage (rms) caused by the speed of the rotating 

rod for a copper-coated solid iron rod, a) real and imaginary components of 

the voltage (top), and b) absolute value of the voltage (bottom)) -experimental 

results 

 
Fig. 9.  Measured linearity errors for the only solid iron rod 

 
Fig. 10.  Measured linearity errors for the copper-coated solid iron rod 

 

The linearity error curves versus speed for different 

components of the induced voltage are shown in Fig. 9 and 

Fig. 10, using the linear curve fit parameters in Table I. The 

maximum error is about 0.5%, except at low speeds for 

imaginary components of the induced voltage. The peaks in 

the error curves for the imaginary component are mainly 

caused by vibration of the motor shaft or by the external 

resonance effect at low speeds, which can be avoided in a 

better experimental set-up. Similar reasons as for the higher 

offset errors can provide an explanation for the higher linearity 

errors for the imaginary component of the induced voltage, 

due to higher dependency on the magnetic gap variations and 

eccentricity. 

IV. FEM ANALYSIS 

Only linear magnetic modeling using the initial 

permeability is considered here. Due to the low magnetic 

fields in the sensor, nonlinearity effects and hysteresis effects 

are neglected. The first estimate for the relative magnetic 

permeability of the iron rod is µr-i=100, and this value was 

used in the simulations. The electrical conductivity is 

measured as σi=5.54 MS/m for the iron rod. The eddy current 

distributions in the half model of the speed sensor are depicted 

in Fig. 11 using time-stepping 3D FEM. The current amplitude 

is considered 150 mA in all simulations equal to the measured 

value. 

 Tables II and III show a comparison between the 3D 

FEM results and the experimental results for the only iron rod 

and for the copper-coated iron rod. The 3D FEM results 

coincide better with the measurements in the copper-coated 
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iron rod than with the measurements in the only iron rod. This 

is because the permeability of the iron rod plays a less 

important role in the performance of the eddy current speed 

sensor. Table IV presents the effects of the permeability of the 

iron rod on the sensitivity of the eddy current speed sensor, 

confirming that it has a greater influence on the only iron rod. 

Lower relative magnetic permeability causes higher sensitivity 

because of the greater magnetic flux penetration depth and 

greater skin depth.   
TABLE II 

A COMPARISON BETWEEN MEASUREMENTS AND 3D  FEM - ONLY IRON AND 

WITHOUT A SHIELD 

 
120 Hz 

3D FEM / Exp.  

180 Hz 

3D FEM / Exp.   

300 rpm 34.5 / 40.5 µV 39.8 / 47.4 µV 

600 rpm 71.1 / 80.3 µV 80.6 / 93.7 µV 

1200 rpm 144.8/159.0µV 169.7 /186.6 µV 

 

The higher electrical conductivity of the iron rod increases 

the sensor output voltage (Table V).  

 

 
Fig. 11.  Eddy current distribution in the copper-coated iron rod at 120 Hz and 

1200 rpm 

 

 
Fig. 12.  A magnetic yoke and a shield in the eddy current speed sensor - 

shield height = 30 mm 

TABLE III 

A COMPARISON BETWEEN MEASUREMENTS AND 3D FEM - WITH COPPER 

AND WITHOUT A SHIELD 

 
120 Hz 

3D FEM / Exp.   

180 Hz 

3D FEM / Exp.   

300 rpm 61.5 / 62.2 µV 80.0 / 79.7 µV 

600 rpm 126.3 / 126.3 µV 160.5 / 159.0 µV 

1200 rpm 255.4 /252.5 µV 324.6 /320.3 µV 

 

TABLE IV 

3D FEM - WITHOUT A SHIELD 

120 Hz and  

1200 rpm 
Only Iron With copper 

µr-i=75 163.7 µV 271.2 µV 

µr-i=100 144.8 µV 255.4 µV 

µr-i=125 131.4 µV 245.2 µV 

 

TABLE V 

3D FEM - WITHOUT A SHIELD 

120 Hz and  

1200 rpm, µr-i=100 
Only Iron With copper 

σi=4.0 MS/m 127.9 µV 244.3 µV 

σi=5.0 MS/m 139.3 µV 251.9 µV 

σi=5.54 MS/m 144.8 µV 255.4 µV 

 

A magnetic shield/yoke is used to increase the sensitivity 

and to shield the sensor from external interference (Fig. 2 b)). 

A magnetic shield made of high permeability ferromagnetic 

material such as electrical silicon steel lamination, a permalloy 

sheet or a Ferrite core [11] surrounds the magnetic sensor. The 

external field cannot get into magnetic sensor due to the 

shielding effect. The shield yoke also concentrates and 

amplifies the working magnetic field of the sensors. Fig. 12 

shows the configurations of the magnetic yoke/shields. Tables 

VI – IX present the results with magnetic shields. The 

magnetic shield (0.5 mm in thickness with µr-s =1000) 

increases the sensitivity by about 700% (Table VI).   

The variations in the sensitivity of an eddy current speed 

sensor versus the magnetic permeability of a solid iron rod are 

lower for sensors with a magnetic shield (Table VIII) than for 

sensors without a magnetic shield (Table IV). Approaches 

aimed at compensating and minimizing the effect of the 

permeability of the iron rod on the performance of the sensor 

should simultaneously use a thick enough copper coating and 

a magnetic shield. 

The use of high permeability thin permalloy sheets could 

significantly increase the output of the sensor, as shown in 

Table IX. The use of a thinner permalloy sheet also helps 

toward compactness, and toward an easy and cost-effective 

manufacturing process for the eddy current speed sensor.   
 

TABLE VI 

3D FEM - ONLY IRON AND WITH A SHIELD 

0.5 mm, µr-s =1000 
120 Hz 

3D FEM  

180 Hz 

3D FEM  

300 rpm 262.3 µV 293.8 µV 

600 rpm 530.3 µV 585.5 µV 

1200 rpm 1070.6 µV 1204.9 µV 
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TABLE VII 

3D FEM - WITH COPPER AND WITH A SHIELD 

0.5 mm, µr-s =1000 
120 Hz 

3D FEM  

180 Hz 

3D FEM  

300 rpm 435.6 µV 519.4 µV 

600 rpm 894.8 µV 1055.6 µV 

1200 rpm 1799.2 µV 2135.5 µV 

 

TABLE VIII 

3D FEM - WITH A SHIELD 

120 Hz and  

1200 rpm, µr-s =1000 
Only Iron With copper 

µr-i=75 1171.7 µV 1847.7 µV 

µr-i=100 1070.6 µV 1799.2 µV 

µr-i=125 994.6 µV 1760.0 µV 

 

TABLE IX 

3D FEM - ONLY IRON AND WITH A SHIELD 

Shield thickness and 

relative permeability 

 120 Hz 

1200 rpm 

0.5 mm, µr-s =1000  1069.9 µV 

0.5 mm, µr-s =2000  1251.6 µV 

0.1 mm, µr-s =10000 

0.1 mm, µr-s =20000 

 1274.6 µV 

1366.8 µV 

V. AN ALUMINUM ROD  

Fig. 13 shows the real, imaginary and absolute components 

of differential voltage versus speed for a rotating aluminum 

rod. Table X presents the parameters of the linear curve fitting 

according to (2). The induced voltage is considerably higher in 

the aluminum rod than in the iron rod because of the greater 

magnetic flux penetration depth and the greater skin depth 

[37]. The sensitivity coefficients K in (2) are about 0.5 µV/rpm 

at 120 Hz and 0.54 µV/rpm at 180 Hz for an aluminum rod, 

while the sensitivity coefficients for the only iron rod are 

0.13 µV/rpm at 120 Hz and 0.16 µV/rpm at 180 Hz. The 

linearity errors for the only aluminum rod show higher 

nonlinearity in the imaginary component of the induced 

voltage, as in the case of the iron rod. 

A comparison between the 3D FEM results and the 

experimental results is presented in Table XI, which depicts 

higher matching than in the results for the only iron rod. The 

measured conductivity of the aluminum rod is 21.5 MS/m. 

The effects of the material properties of the aluminum rod on 

the eddy current speed sensor are limited to the electrical 

conductivity, which is easier to compensate than in the case of 

iron rods with two properties - magnetic permeability and 

electrical conductivity.  

 
TABLE X 

LINEAR CURVE PARAMETERS FITTED TO THE MEASUREMENTS 

Case 
K (nV/rpm) 

120 HZ / 180 HZ 

Uoffset (nV) 

120 HZ / 180 HZ 

Only aluminum - Re -496.65 / -403.3 -7333 / -14292 

Only aluminum - Im 63.63 / 354.03 108850 / 163040 

Only aluminum - Abs 500.72 / 536.65 0 

 

 

 
Fig. 13.  Differential induced voltage (rms) caused by the rotating rod speed 

for an only aluminum rod, a) real and imaginary components of the voltage 

(top) and b) the absolute voltage value (bottom) - experimental results 

 

 
Fig. 14.  Measured linearity errors for the only aluminum rod 

 

 
Fig. 15.  Differential flux linkage variation versus speed for the only iron rod 

and for the only aluminum rod 
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TABLE XI 

A COMPARISON BETWEEN MEASUREMENTS AND 3D FEM - ONLY ALUMINUM 

AND WITHOUT A SHIELD 

 
120 HZ 

3D FEM / EXP. 

180 HZ 

3D FEM / EXP. 

600 rpm 288.0 / 300.7 µV 305.3 / 324.8 µV 

1200 rpm 574.9 / 599.4 µV 612.2 / 641.5 µV 

VI. DISCUSSION 

Compensating the effects of material properties and 

temperature on the material properties of a conductive rotating 

rod is a key issue in the final design of an eddy current speed 

sensor for industrial applications. Recent non-destructive 

smart methods for estimating electrical conductivity and 

relative magnetic permeability using multi-frequency and 

phase signature techniques could be utilized for eddy current 

speed sensors [38]-[40]. However, this topic lies beyond the 

scope of this paper. The temperature of rotating rod is a 

critical factor for the sensor performance, as the electrical 

conductivity and the magnetic permeability of a rotating rod 

change with temperature [41]. For example, a 10% decrease in 

the conductivity of the iron rod causes a 4% reduction in 

sensor sensitivity (Table V), and a 25% increase in 

permeability causes a 7% reduction in sensor sensitivity 

(Table VIII). The self-heating of the coil is negligible, as the 

power consumption in the excitation coil of the proposed 

speed sensor is less than 0.2 W. 

The eddy current speed sensor proposed in this paper could 

also be used as a non-destructive method for making 

azimuthal vibration measurements. Measurements are made of 

the perpendicular vibrations and movements [42], and this is a 

convenient method.  

The proposed speed sensor theoretically does not have 

maximum speed constraints. Only the linearity of the eddy 

current speed sensor could limit the applicable maximum 

speed range. It is suggested to use a higher operating 

frequency for higher speed ranges in order to keep the sensor 

linearity error as low as possible, as shown in Fig. 9 and in 

Fig. 10 for absolute values of the induced voltage at 120 Hz in 

comparison with 180 Hz. The minimum measurable speed and 

sensor sensitivity depends on the rod material, the number of 

turns and the configuration of the coils, and especially on the 

sensitivity of the lock-in amplifier that is used. A minimum 

measurable speed of less than 0.1 rpm can be achieved in the 

proposed eddy current sensor with the lock-in amplifier used 

in this paper with minimum sensitivity of  2 nV. The ability to 

reduce the offset and the ability to reduce the noise are also 

the most important factors for reducing the minimum 

measurable speed. Selection of the operating frequency 

depends on the maximum sensitivity, the minimum linearity 

error and the fast dynamic response of the speed sensor. The 

results show that higher excitation frequencies cause higher 

sensitivity and relatively higher linearity. However, rod 

surface imperfections can reduce the sensor performance, as 

the flux concentrates closer to the surface of the rod, and it is 

more sensitive to non-visible small cracks and defects [23] and 

non-uniformity surface. A compromise is therefore required 

when selecting the optimum frequency for a speed range.  

It is clear that increasing the excitation frequency decreases 

the differential flux linkages of pick-up coils due to smaller 

magnetic flux penetration (Fig. 15). However, the induced 

differential voltage, and therefore the sensitivity increase with 

the frequency, as the induced voltage is proportional to the 

multiple of the flux linkage and the frequency.  

A commercial magnetic speed sensor with a tachometer 

configuration reports a 1% linearity error [43], which is higher 

than the maximum linearity error of the speed sensor proposed 

in this paper, which is 0.5%. The maximum achievable 

resolution is 4.0 rpm. 

Modeling and analyzing the eddy current speed sensor 

forms an important part of this paper, as it helps to analyze its 

performance and to optimize its parameters. The exact model 

for analysis should be three-dimensional, because the exact 3D 

distribution of the induced eddy currents is considered. A 

numerical method such as 3D FEM [44] is the first option, but 

it suffers from numerical errors, which are caused by 

insufficient mesh density, the motion of the rotating rod, and 

inadequate time steps. Increasing the mesh density and 

decreasing the time step could be a solution, but the simulation 

time will increase drastically, especially for a 3D model with 

eddy current effects in the solid conductive parts. The 

optimum solution is to develop an analytical model (appendix 

A). The equations in appendix A are extracted from the 

Maxwell equations as 3D FEM, but they are simplified for an 

analytical solution. 

The equivalent circuit of antiserially connected pick up 

coils including the self-capacitance and the capacitance 

between the coil and the ground and the conductive rod are 

shown in Fig. 16. Equation (3) presents the relationship 

between the internal induced voltage and the output voltage of 

the pick-up coil. The output voltage is equal to the internal 

voltage, because the capacitive reactance is much higher than 

the resistance and the inductive reactance at low frequencies, 

120 Hz and 180 Hz, as shown in (3). The output voltage could 

be distorted at the resonance frequency, which is much higher 

than the level of 180 Hz used in this paper. For the case of our 

100-turns pick up coils, the measured resistance, R= 15.4 Ω, 

the inductance L= 1.545 mH and the self-capacitance, Cc= 

30.5 pF, the resonance frequency can be calculated equal to 

�� = 1/2�/���� = 733	kHz. 
 

� = 1
!(�� + �#/2)% / &' + !%� + 1

!(�� + �#/2)%(�� 		≈ ��		, % = 2�� 

(3) 

 

 
Fig. 16.  A schematic model of pick-up coils with self-capacitance and 

capacitance between coil and ground and rod, and its equivalent circuit 
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However, if we increase the number of turns of this coil in 

an attempt to increase the sensitivity, the resonant frequency 

can be much lower. The capacitance between coils and rod 

and ground, Ce /2 is not considered for simplicity (Fig. 16).  

A current-to-voltage converter could be used if the 

resonance frequency is close to the operating frequency of the 

eddy current speed sensor to avoid the effects of resonance on 

the performance of the sensor [45].  

VII. CONCLUSION 

An eddy current sensor with a new structure for measuring 

the speed of a rotating rod has been presented. Various 

rotating rods with an only iron rod, with a copper-coated iron 

rod, and with an only aluminum rod have been considered in 

the measurements and in the analysis. The optimum angle of 

the coil span was obtained, i.e. 120 deg., which is identical for 

an excitation coil and for pick-up coils. The tested eddy 

current speed sensor was manufactured with the optimum coil 

span angle.  

The presented eddy current speed sensor is an appropriate 

selection for speed measurements of any type of rotating 

machines, for example, turbines, motors, pumps, fans and 

turbochargers. For example, it is appropriate for speed 

measurements for compact rotating electric devices in electric 

vehicles with limited space and weight for the powertrain, as 

the proposed eddy current speed sensor can be integrated with 

a rotating device and mounted on the shaft. This is an 

advantage of the sensor, which, unlike the conventional speed 

sensor, does not need additional space in the end shaft space. 

Operating an eddy current speed sensor at higher 

frequencies is an efficient method for obtaining greater 

sensitivity. However, the skin depth is smaller at high 

frequency. Surface cracks and defects and corrosion on the 

conductive rod could have a greater effect on the performance 

of eddy current speed sensors at high frequencies, if the radial 

thickness of the cracks or the corrosion depth is considerable 

in comparison with the magnetic flux penetration depth. Even 

a small crack on the conductive rotating rod could cause an 

accuracy error and noise in the speed sensor output, as an eddy 

current speed sensor is sensitive to the smoothness of the 

surface of the rotating rod. The use of a copper coating can 

minimize the effect of cracks in the solid rotating rod. 

A simplified 1D analytical method has been developed for a 

general analysis of the eddy current speed sensor and for 

optimizing the sensor. An analytical method is used to 

facilitate rapid analysis and rapid parametric calculations. The 

method is effective in terms of providing an analytical 

understanding of the performance of the eddy current speed 

sensor. 3D time stepping FEM, taking into account the 

rotating speed, was utilized for a detailed analysis and for 

further optimizations, including the effects of a magnetic yoke 

and a shield on the performance of the eddy current speed 

sensor.  

It has been shown that a magnetic yoke has a big influence 

on the sensitivity of the eddy current speed sensor. The use of 

a magnetic yoke can affect the linearity of the sensor. In 

addition, the magnetic properties of the yoke materials can be 

altered by ageing and by external fields. This is a drawback 

that should be taken into account in the design of the sensor. 

The linearity error is lower, the sensitivity is considerably 

higher, and the offset is lower for the real component of the 

induced voltage than for the imaginary component. The 

calculations indicate that the real component is also less 

sensitive to variations of the airgap. Using the experimental 

set-up presented in this paper, we evaluated the linear error 

and made a comparison between the real and imaginary 

components of the induced voltage. The linearity error is 

about 0.5% and less, and this can be reduced by adjusting the 

experimental set-up to avoid shaft vibrations of the prime 

mover. 

A copper coating or any non-magnetic conductive coating is 

an effective method for increasing the sensitivity and for 

reducing the effect of the magnetic permeability of solid iron. 

Selecting the optimum thickness of the non-magnetic 

conductive coating can drastically reduce the effect of the 

magnetic permeability of solid iron.  

The real component of the induced voltage is more linear 

than the imaginary component of the induced voltage. It has 

also been shown that the real component of the induced 

voltage is less sensitive to eccentricity and to vibrations, as it 

is caused by induced eddy current losses in the solid 

conductive rod. 

Planned future work will be on compensating the 

temperature dependencies of the rotating rid and yoke 

properties, and on variations of the airgap.  
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APPENDIX A 

A 1D simplified computational model is presented to justify 

the performance of the rotating eddy current speed sensor. Fig. 

A1 (a) shows the 1D computational model. For the sake of 

simplicity, only the magnetic fields in the air gap and the 

conductive non-magnetic coating are considered here. 

Therefore, the following assumptions are made: 

1) It is assumed that the coils are shielded by a non-

conductive (or laminated) magnetic material with infinite 

magnetic permeability. 

2) The magnetic core of the rotor has the same properties as 

the magnetic shield. 

3) Only the radial component of the magnetic flux density is 

considered in the modeling and in the simulations. 

4) Only azimuthal variations (∂θ) of the fields are 

considered, and radial variations (∂r) are set to zero. 

5) Only the axial component of the induced eddy current 

(the z-axis) in the conductive coating is considered. 
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Fig. A1.  a) 2D computational model (top-left), b) magnetic flux distribution 

for DC and zero speed (top-right), c) magnetic flux distribution for AC 

(100 Hz) and zero speed (bottom-left), d) magnetic flux distribution for AC 

(100 Hz) and nonzero speed (bottom-right), 

 

6) The source coils are modeled by two current sheets with 

infinitesimal thickness at angles of -θe and +θe (Fig. A1). 

7) Two pick-up coils are positioned at angles of +θp1 and 

+θp2 for pick-up coil 1 and at angles of -θp1 and -θp2 for pick-

up coil 2. 

The equations in (A1) can be derived using Ampere’s law 

and Ohm’s law, respectively [46]-[47]: 

 

+ ,-�,. = −01 ∙ 23 ∙ 4 ∙ 56 , 56 = 5� + 4
2 , + = 5 − 5� 

1
56
,23
,. = −7 &,-�,t + %�

,-�
,. (,			%� = 2� 8�60 

(A1) 

 

where, Br, is the radial component of the flux density, Jz is the 

axial component of the induced eddy current in the conductive 

coating, d is the radial thickness of the conductive coating, ri 

is the inner radius of the conductive coating, ro is the outer 

radius of the airgap region, nr is the rotational speed of the 

rotating part in rpm, and f is the electrical frequency. 

The induced eddy current has two components. The first 

term, ∂Βr/ ∂t and the second term, ωr·∂Βr/ ∂θ on the right side 

of the equality in (A1) are the transformer component caused 

by the time variation of the source field and the motional 

(speed) component, respectively [48]. The speed component 

of the induced eddy current is linearly proportional to the 

speed. Equation (A2) is extracted by substituting the first 

differential term in the second differential term of (A1): 

 

,�-�
,.� −%�

4
+ 01756�

,-�
,. − !% 4

+ 01756�-� = 0, ,,; = !%,
% = 2��	 

(A2) 

 

The magnetic flux density has two components, Br= Br, s+ 

Br, r: 

1) The source field caused by the source current sheets at 

angles of -θe and +θe: Br, s 

2) The reaction field caused by the induced eddy current in 

the conductive coating: Br, r 

The source magnetic field, Br, s can be written using 

Ampere’s law and Gauss’s law: 

 

-�,<,= = � − .#
� >#?< 01+ ,−.# 	≤ . ≤ .# 

-�,<,� = −.#
� >#?< 01+ 		 , . ≤ −.# , . ≥ .# 

(A3) 

The Fourier series method is used to solve (A2) [35]-[37] 

and [49]. The source can therefore be written in Fourier series 

format in (A4), using (A3): 

 

-�,<= B �CDE(FGHCI)
n=±1,±2,⋯

 

�C = 1
nπ N-�,<,= − -�,<,�Osin(8.#) 

(A4) 

 

Now the solution of (A2) is calculated as follows for the 

reaction field component of the magnetic flux density, Br, r : 

 

-�,�= B �C�CQDE(FGHCI)
n=±1,±2,⋯

 

�CQ = −!�CH=Q
/(8� + !�CH=Q ), 		�CH=Q

= % 4
+01756� − 8%�

4
+ 01756�	, 

(A5) 

 

The flux linkage, λ and the induced voltage, U of the pick-

up coils on the left side and on the right side of the excitation 

coil are as follows: 

 

RS=>T5U B �C(1 + �CQ )
−!8 NDHECIVW − DHECIVXODE(FG)

n=±1,±2,⋯
 

R�=>T5U B �C(1 + �CQ )
−!8 NDECIVX − DECIVWODE(FG)

n=±1,±2,⋯
 

�S = −,RS
,; = −!%RS 	, 	�� = −,R�

,; = −!%R� 	,				5U = 5 + 5�
2  

(A6) 

 

The flux linkage difference, λd, and the voltage difference, 

Ud,, between the left pick-up coil and the right pick-up coil are 

calculated: 
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Fig. A2. a) Pick-up coil voltages and their voltage difference versus rotating 

rod speed (left) b) flux linkage variations versus rotating rod speed (right)  

 

R6 = RS-R�=>T5U B 2�C�CQ
−!8 ZcosN8.T�O

n=±1,±2,⋯
− cosN8.T=O\ DE(FG) 

(A7) 

	�6 = −,R6
,; = −!%R6 = (	�6H� + !	�6H�)DE(FG) 

�6H�
= −%>T5U B 2�C�CH=Q�

8
Z]^_N8.T�O − ]^_N8.T=O\

8` + �CH=Q�
n=±1,±2,⋯

 

�6H�
= −%>T5U B 8� 2�C�CH=

Q
8

Z]^_N8.T�O − ]^_N8.T=O\
8` + �CH=Q�

n=±1,±2,⋯
 

(A8) 

 

The voltage difference equation in (A8) depends on the 

angles of θp1 and θp2, which could show the effect of the 

misalignments of the pick-up coils on the performance of the 

sensor. For example, any difference in the pick up coils span 

and relative position of them to the excitation coil could cause 

offset errors because mutual flux linkages between excitation 

coil and pick up coils become non-identical at zero speed. 

Also, the gap between the rotating rod and the coils, g, has a 

considerable effect on the performance of the sensor, as it 

affects the source field in (A3) and the reaction fields in (A5).  

Fig. A1 b), c) and d) shows the magnetic flux density 

distribution in vector form for different electric sources (DC 

and AC) and for different speeds. It is obvious that the speed 

effect causes the flux linkages in the pick-up coil on the left 

side and the pick-up coil on the right side to diverge from each 

other. The voltages and the flux linkages of the two pick-up 

coils diverge from each other, and the difference in their 

voltage and flux linkage increases as the speed increases (Fig. 

A2). The flux linkage decreases with increasing frequency, 

because the reaction fields of the transformer component of 

the induced eddy current are stronger at higher frequencies. 
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4- Conclusions 
 

 Magnetic materials modeling and their effects in position sensors and eddy current speed 

sensors applications were presented in this thesis. All goals mentioned in the Chap. 2 of Thesis 

Objectives were successfully fulfilled. Results of individual tasks follow: 

 A novel approach for analytical modeling of magnetization curves using combined 

rational and power functions was presented, which shows high precision for B-H curves 

modeling of high permeability materials as well as other types of soft magnetic materials. It was 

presented that the proposed combined rational and power functions can model DC magnetization 

curves with minimum number of unknown parameters, which could be easily calculated using 

curve fitting. Hysteresis loops were also modeled using combined rational and power functions 

with applying a phase shift between magnetic flux density, B, and magnetic field strength, H, 

which presents excellent coincidence with measurements. The developed model was used and 

verified for different soft magnetic materials, which are used for sensor and magnetic 

measurements applications. The main advantages of proposed function for hysteresis loops 

modeling are simplicity, fast calculations of parameters in the proposed function and adequate 

precision. Therefore this function is very powerful and convenient tool for use in FEM analysis 

packages. (see 3-1)  

 Impedance analysis of solid iron conductors with different shapes was presented, which 

analysis results using FEM and analytical method were compared with measurements at low and 

high frequencies. The behavior of solid iron conductors was studied at different currents and 

frequencies. The effects of magnetic characteristics and electrical conductivity of solid irons and 

steels used for solid conductors and rails were evaluated in the wide frequency range. (see 3-2-1) 

 Two types of position sensors for the pneumatic cylinders were presented, and their 

magnetic materials effects were evaluated. The first type of position sensor for the pneumatic 

cylinders uses axisymmetric coils around an aluminum cylinder, which inductance and pick up 

voltage is sensitive to the piston and iron rod position. The second type of position sensor for 

pneumatic cylinders uses a conical iron rod instead of a cylindrical iron rod, which inductance 

and the pick up voltage of axisymmetric coils wound around conical iron rod are sensitive to 

conical iron movement. A flat type position sensor with LVDT configuration was also introduced 

and designed with different magnetic materials for the armature. A finite-difference model with 

taking into account materials effects was developed for design and analysis of this sensor. Also 

analytical models and 2D and 3D finite element method were utilized for detailed performance 

analysis of the positions sensors. Different soft magnetic materials such as solid irons and silicon 

steel laminations were used in the position sensor for pneumatic cylinder and flat type position 

sensor (see 3-2-2) 

 Translational and rotational eddy current speed sensors were designed and investigated by 

taking into account the material effects of the moving part. 2D and 3D developed analytical 

methods and FEM were utilized for optimization and material effects analysis of eddy current 

speed sensors. Excellent linearity for the proposed eddy current speed sensors was depicted. The 

presented eddy current speed sensors were considered with an air core and iron core or magnetic 

yoke and shielding. One excitation coil and two differentially connected pick-up coils were used 

in the presented eddy current speed sensors in this thesis. Translational or linear eddy current 

speed sensors with flat and axisymmetric configurations were both evaluated in this thesis. 

Transient and steady-state performance analysis of eddy current speed sensors was investigated 

and an analytical formula was extracted to model the transient operation. The materials effects 
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were clearly investigated in the developed 2D and 3D analytical models as well as 2D and 3D 

time stepping FEM with taking into account moving part motion. We found that the behavior of 

eddy current speed sensors with magnetic iron moving part is completely different from sensors using 

nonmagnetic aluminum moving part. A novel configuration of moving part for rotation speed sensor 

was proposed in this thesis with double layer structure using nonmagnetic aluminum or copper 

shell, which improves sensitivity of eddy current speed sensor. (see 3-2-3) 

 

4-1 Specification of My Own Contribution to The Published Papers 
 

I was the main author for publications J1, J3-J5, J7-J13, C1-C3 and S1-S2 in section 6. 

These papers are based on my ideas and I wrote the first version of the paper. I also made all 

simulations and analytical calculations. 

For the rest of the papers I was co-author. I contributed with FEM analysis and analytical 

modeling and I also participated in the writing of the paper. 

 

4-2 Future Works 
 

Precise measurements of magnetization curves and hysteresis loops of different types of 

high permeability magnetic materials and also different solid irons could be planned for future 

works, which to be used for theoretical modeling and analysis of magnetic sensors and magnetic 

measurements. Measuring DC magnetization curves and hysteresis loops at low fields will be 

useful to evaluate the effects of magnetic characteristics of used soft magnetic materials on the 

performance of position sensors and eddy current speed sensors, which are operated at low fields. 

Replacement of pick up coils with AMR and Fluxgate magnetic sensors could be 

considered as future plans to evaluate different measurements systems for the position sensors 

and eddy current speed sensors. Also using AMR and Fluxgate magnetic sensors allow us to 

evaluate the performance of position sensors and eddy current speed sensors with DC excitation 

and to compare their performance when they are operated with AC excitations. 
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