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𝑘 𝑚

 



 

𝑚𝑤̈(𝑡) + 𝑘𝑤(𝑡) = 0,

𝑚 𝑘 𝑤(𝑡) 

𝑤(𝑡) = 𝑤0𝑆 sin(𝜔0 𝑡) + 𝑤0𝐶 cos(𝜔0𝑡),

 𝑤0𝑆 𝑤0𝐶 𝑡 = 0

 𝜔0

𝑤0𝐶 = 𝑤(0),

𝑤0𝑆 =  
𝑤̇(0)

𝜔0
. 

𝜔0 

𝜔0 = √
𝑘

𝑚

𝑓0

𝑓0 =
𝜔0

2𝜋
.

 

𝐹(𝑡)

𝑚𝑤̈(𝑡) + 𝑐𝑤̇(𝑡) + 𝑘𝑤(𝑡) = 𝐹(𝑡).

 𝐹(𝑡) = 𝐹𝐴 sin(𝜔𝑡) 



𝑤(𝑡) = 𝑤𝐷𝑒−ξ𝜔0𝑡 sin(𝜔𝐷𝑡 + 𝜑𝐷) + 𝑤𝐴 sin(𝜔𝑡 + 𝜑)

𝜔𝐷

𝜔

 

 



𝑛

𝑴𝒘̈(𝑡) + 𝑲𝒘(𝑡) =  𝟎,

𝑴 𝑲 𝒘(𝑡) 

𝒘(𝑡) = 𝝓(𝐴𝑐𝑜𝑠(𝜔𝑡) + 𝐵𝑠𝑖𝑛(𝜔𝑡))

𝐴 𝐵 

(𝑲 − 𝜔2𝑴)𝝓(𝐴𝑐𝑜𝑠(𝜔𝑡) + 𝐵𝑠𝑖𝑛(𝜔𝑡)) = 𝟎

(𝐴𝑐𝑜𝑠(𝜔𝑡) + 𝐵𝑠𝑖𝑛(𝜔𝑡))

(𝑲 − 𝜔𝑛
2𝑴)𝝓𝑛 = 𝟎,

𝜔𝑛 

𝝓𝑛 𝑛

𝑲 − 𝜔𝑛
2𝑴 

|𝑲 − 𝜔𝑛
2𝑴| = 𝟎.

𝑛 𝑛

𝜔𝑖 𝜔1 <  𝜔2 < ⋯  < 𝜔𝑛.

 𝝓𝑖̂ 𝝓𝑖

𝝓𝑖

 



 

𝑛

𝑴𝒘̈(𝑡) + 𝑪𝒘̇(𝑡) + 𝑲𝒘(𝑡) = 𝒇(𝑡)

𝑪 𝒘̇(𝑡) 𝒇(𝑡)

𝛼 𝛽 𝜔1

𝜉 𝒇(𝑡) = 𝒇𝑺 sin(𝜔𝑡) +  𝒇𝑪 cos(𝜔𝑡)

𝒘(𝑡) =  𝒘𝑺 sin(𝜔𝑡) +  𝒘𝑪 cos(𝜔𝑡)

(
𝑲 − 𝜔2𝑴 −𝜔𝑪

𝜔𝑪 𝑲 − 𝜔2𝑴
) (

𝒘𝑺

𝒘𝑪
) =  (

𝒇𝑺

𝒇𝑪
). 

2𝑛

𝑛

 



 

 



 

 



 



 





 

 

 

 

 



𝑓(𝑡) =
𝑎0

2
+ ∑(𝑎𝑛 cos(2𝜋𝑓𝑛𝑡) + 𝑏𝑛 sin(2𝜋𝑓𝑛𝑡) )

∞

𝑛=1

, 

𝑎𝑛 𝑏𝑛

𝑎𝑛 =  
2

𝑇
∫ 𝑓(𝑡)

𝑇

0

cos(2𝜋𝑓𝑛𝑡)  d𝑡,

𝑏𝑛 =  
2

𝑇
∫ 𝑓(𝑡)

𝑇

0

sin(2𝜋𝑓𝑛𝑡)  d𝑡.

𝑓(𝑡) =
𝑎0

2
+ ∑ 𝐵𝑛 sin(2𝜋𝑓𝑛𝑡 + 𝜑𝑛)

∞

𝑛=1

, 

𝑓𝑛

𝐵𝑛 =  √𝑎𝑛
2 + 𝑏𝑛

2

tan 𝜑𝑛 =  
𝑎𝑛

𝑏𝑛
. 

𝑓(𝑡)





 

 



𝑡𝑖  𝑡𝑖+1 𝑡𝑖+2 𝑡𝑖+3

 ∆𝑡 = 𝑡𝑖+1 − 𝑡𝑖

 

𝑴𝒓̈(𝑡) + 𝑪𝒓̇(𝑡) + 𝑲𝒓(𝑡) = 𝒇(𝑡)



𝑴 𝑪 𝑲 𝒓(𝑡)

𝒇(𝑡)

𝜉

𝜉 =
𝑐

𝑐𝑐𝑟

, 

𝑐 𝑐𝑐𝑟

𝜉 < 0,2

ξ 



ϑ

ϑ = 𝑙𝑛
𝑤(𝑡𝑖)

𝑤(𝑡𝑖 + 𝑇𝐷)
,

𝑇𝐷 𝜉 < 0,2

ϑ =̇ 2𝜋𝜉. 

ϑ  
ξ 

𝛿 𝑤

𝑤𝑠𝑡

𝛿 =
𝑤

𝑤𝑠𝑡
.

ξ 



𝛿 =
1

1 − (
𝜔
𝜔0

)
2 =

1

1 − η2
,

η 𝜔

𝜔0

 

𝐹(𝑡)



 

 

 

 

 



 



 

 



 

 

 

𝑎𝑅𝑀𝑆 = √
1

𝑇
∫ [𝑎(𝑡)]2 d𝑡

𝑇

0

. 



 

 



≤ 

 

 

 

≤ ≤ 

≤ ≤ 

≤ ≤ 



≥



 



 

 

 

 

 



 

 



 

 

 



 

 



 



 

 

 



 

 

 

 

 





 

 

 







 





 



 

 

 

 

 



 



 





 

 



 

𝑂𝐷𝑆𝐻𝑘𝑅(𝑖𝑓) 𝑂𝐷𝑆𝐻𝑘𝑅(𝑖𝑓)

𝑂𝐷𝑆𝐻𝑘𝑅(𝑖𝑓)

𝑟𝑘(𝑖𝑓)

 φ 𝑂𝐷𝑆𝐻𝑘𝑅(𝑖𝑓)

𝑇𝑘𝑅(𝑖𝑓)

𝐻𝑘𝑅(𝑖𝑓)

𝑇𝑘𝑅(𝑖𝑓) =
𝑤̈𝑘(𝑖𝑓)

𝑤̈𝑅(𝑖𝑓)
,

𝑖 𝑤̈𝑘(𝑖𝑓)

𝑤̈𝑅(𝑖𝑓)





𝑂𝐷𝑆𝐻𝑘𝑅(𝑖𝑓)



 



 



 



 



 



 





≤ 



 

 

 



 



½ · 

 

 

 

 

 



√𝑛 𝑛

 



 



 

 





























ϑ 

ξ 





ϑ ξ 



ϑ ξ 





ϑ 

ξ 





 



 

√𝑛 𝑛

𝑎𝑛,𝑅𝑀𝑆 =  𝑎 𝑅𝑀𝑆  ∙  √𝑛

𝑛 = 2

𝑎2,𝑅𝑀𝑆 = 𝑎𝑅𝑀𝑆 ∙  √2

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

• 

• 
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• 

• 
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≤ ≤

≤ ≤

≤ ≤

≥ ≥



 







 

≤ ≤

≤ ≤

≤ ≤

≥ ≥



 







 

 





 





 

ξ  





≤ ≤ ≤ ≤

≤ ≤ ≤ ≤

≤ ≤ ≤ ≤

≥ ≥ ≥ ≥
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