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Abstrakt

Poissonovska regrese je populdrni zobecnény linedrni model pouzivany k mo-
delovani diskrétnich ndhodnych veli¢in, typicky poc¢ti. Tato prace je zamérena
na problematiku jejiho sekven¢niho odhadovani s regresnimi koeficienty poten-
cidlné pomalu proménnymi v ¢ase. Je pouzita vhodné aproximace normalnim
rozdélenim, aby tak bylo mozné ucinit v Bayesovském kontextu. Rovnéz je dis-
kutovana kalibracni technika pro zvyseni kvality odhadii. Na zavér je navrzen
pripad pouziti predstaveného pristupu v doméné zpracovani signalu, zejména
jeho pouziti v difuznich sitich (diffusion networks) pro realizaci distribuova-
ného kolaborativniho odhadovani.

Klicova slova Poissonovska regrese, Bayesovska inference, distribuované
odhadovani, kolaborativni odhadovani
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Abstract

The Poisson regression is a popular generalized linear model used to model
discrete count variables. This thesis is focused on the problem of its sequen-
tial estimation under potentially slowly time-varying regression coeflicients.
A convenient approximation by normal distribution is used to do so in the
Bayesian setting. Also, a calibration technique is discussed to enhance the
estimation quality. Finally, a use case of the proposed approach in the sig-
nal processing domain is suggested, in particular, its application in diffusion
networks to perform distributed collaborative estimation.

Keywords Poisson regression, Bayesian inference, distributed estimation,
collaborative estimation
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Introduction

This thesis is focused on models of discrete counts used, e.g., to describe epi-
demiological data, the number of stock market transactions in finance, traffic
intensities in networks and transportation, the number of particle arrivals in
physics, or phenomena in social networks [[ll, 2]. High counts can be gener-
ally approximated by continuous data models, but those can fail if the counts
are small and include many zeros [3]. The thesis is specifically focused on
the Poisson regression model. At first, its low-cost real-time sequential es-
timation is proposed to deal with streaming data. Then a method for its
distributed inference in networks of collaborating agents (sensors) is devised
as an application in the signal processing domain. The author is not aware of
any existing sequential distributed or non-distributed alternative. The known
non-distributed Poisson models rely on computationally intensive optimiza-
tion techniques [4, b], making their usage in online tasks, such as dealing with
streaming data or effective processing of big data, difficult.

Distributed inference of unknown variables in networks of collaborating
agents has become an established discipline in the signal processing domain.
Its applications may be found in sensor networks, smart grids and microgrids,
t[oT (Internet of Thing§)|, big data, social networks, and other types of net-
worked systems [6, 7, 8, 9].

Generally, three communication and information processing strategies can
be distinguished: the incremental strategy, consensus, and diffusion [10, 11].
In this thesis, the point of interest is the diffusion strategy, where the informa-
tion exchange runs on a single time scale and within one network hop distance
[12]. Many popular sequential inference algorithms have found their more or
less modified diffusion counterparts. To name only a few: the LMS (leas
Eean sc&@@sﬂ (13, 14, 15, 16, [7], RLS (recursive least squares)J [12], Kalman
filters [[L7, 18], Bernoulli filters [19], particle filters [20, 21, 22], or the quasi-
Bayesian mixture estimation algorithm [23]. A unifying Bayesian framework
for diffusion inference of a wide class of models was designed in [24] and [25].

There are several major difficulties. First, the sequential estimation of the




INTRODUCTION

Poisson model is generally impossible due to its functional form and the static
estimation requires a numerical optimization method to be used (as described
in Section ) It is shown that a way towards the solution provides the
Bayesian paradigm along with a couple of approximations providing stable and
analytically tractable results. There are several novel points in the proposed
algorithm. Firstly, the static Bayesian Poisson regression [26] is recasted into
an algorithm for online estimation of potentially slowly time-varying regression
coefficients. Secondly, a rule for the combination of these estimates in diffusion
networks is shown.

Some of the key aspects of this thesis, along with the results of a simu-
lated example, have already been presented in [27]. However, in this thesis,
the theoretical background is further explored, along with the detailed discus-
sion of alternative methods. The effects of different hyperparameter values
and different network configurations on the accuracy of estimation depend-
ing on the nature of the data are also examined. Finally, some other topics
are mentioned that can be researched in the future as part of the author’s
postgraduate studies.

The thesis is structured as follows: The problem is described in Chapter m,
where an algorithm for the sequential estimation is also shown. The following
Chapter E sheds light on the usage of the proposed modeling approach in the
signal processing domain, specifically the distributed estimation. In Chapter [,
several sets of simulated examples are presented to demonstrate the efficiency
of the proposed method. Finally, Chapter {l summarizes topics that can be
further explored in the future.



CHAPTER ].

Sequential Inference of the
Poisson Model

We consider a discrete-time modeling of a stochastic process {Y;;t =0,1,...}
with mutually independent observations y; € N. Let Y; be a random variable
that is determined by a known regressor x; € R", and an unknown vector of
possibly slowly time-varying regression coefficients 8; € R™. The relationship
characterizes the IGLM (generalized linear model)l 4]

E[Yi|zs, B = g~ (Ba1), (1.1)

where g(-) is a known link function. The product ]z; is called the linear
predictor. It is useful to note that the identity function g(-) provides the
ordinary linear regression model [28]. In the case of y; € N, the natural
logarithm plays the role of the link function,

9(E[Yi|ze, Bi]) = log(E[Yy|xt, B]) = Bl s, (1.2)

resulting in the Poisson regression model

Y, ~ Po(A\) = Po (g™ (B]x1)) = Po (exp (8] 1)) . (1.3)
The expected value and the variance are
E[Yi|we, B] = var(Yilze, Br) = A\ = exp(Bfa1), (1.4)

and the [pdf (probability density function)l of the model reads

Ae=M eBlawy o= exp(Bar)

f(ytlze, Be) = i o : (1.5)

Generally, direct Bayesian inference of s is analytically intractable
(except for the linear regression model) due to the lack of convenient con-
jugate prior distributions. Therefore, the inference mostly relies on

d
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(Markov chain Monte Carlo) methods [b], which are not suitable for real-time
sequential analyses. Some w—speciﬁc lower-complexity workarounds were
proposed, e.g., the normal Laplacian approximation of the posterior @ in lo-
gistic regression [29], or the three-stage approximation Poisson — log-gamma
— normal ﬁ in the static Poisson model [26]. The later will be adopted
below to propose the sequential Bayesian estimator.

1.1 Statical approach to estimation

As stated earlier, direct sequential inference of the Poisson model is analyti-
cally intractable, hence a different approach must be chosen. There are several
ways to work around this problem. This section focuses mainly on
|mum likelihood estimation)| [B0] and Bayesian estimation using approximation
of the posterior distribution [26].

1.1.1 Maximum likelihood estimation

From the statistical point of view, a given set of data y = [yo, y1,- -, Ym—1] 1S
a random sample from an unknown population. The aim of maximum like-
lihood estimation is to find a specific population from which the sample has
most likely been drawn. More precisely, every population is mathematically
described by a corresponding probability distribution. Every probability dis-
tribution is associated with a specific model and its parameters. Our goal
is to find a unique vector 5 = [Bo, 51, .., n—1]|T containing values of the
parameters [30].

Let f(y:|5) be the that specifies the probability of an observation
depending on the parameters 5. Given a specific vector of parameters, the
corresponding @ will show that some observations are more probable than
others. If all individual observations y; are statistically independent, then the
of the joint distribution is just a simple multiplication of individual s,
meaning

m—1

FWlB) = flyo,y1s-- s ym—118) = T f(wlB). (1.6)

t=0

However, we usually do not know the actual values of the parameters, hence we
have to find them. To solve this, we need to define the likelihood function by
reversing the roles of the observations y and the parameter vector 3, resulting
in

L(Bly) = f(y]B). (1.7)

The value of the function represents a likelihood of the parameter vector
given the observations y. It is also important to note that there is a significant

4



1.1. Statical approach to estimation

difference between the two functions f(y|5) and L(S|y), as they are both
defined on different variables [30].

Now, using the previously defined function, our goal is to find a vector B
for which the likelihood function value is the highest,

N

B = argmax L(B|y). (1.8)
VB

To do this, we can use a variety of numerical optimization methods. In some
cases, it is possible to find the maximum analytically using the derivation of
the likelihood function (if it exists). Working with this type of formula is
generally difficult. However, it is possible to work with the logarithm of the
likelihood function,

((Bly) = log L(Bly). (1.9)
Finally, to find the maximum of the function, we need to solve an equation

oL(Bly)
B

and identify its critical points. Since logarithm is a monotonic function, the
maximum of ¢(S|y) occurs at the same point as does the maximum of L(8|y)
B0

Now, let us again get back to the Poisson regression. Suppose that we
have a set of m vectors

=0, (1.10)

nweR® t=0,....,m—1, (1.11)
along with a set of m values
yi ~ Po (eﬁ”ﬁt) . (1.12)

First, we need to define the of the joint distribution of all observations.
The observations are independent, therefore using the Equation (@), the
for all k£ values y; can be written as

m—1 BTxiy ,—exp(BTx)

f(y07'"aym*1|l‘07"'axmflaﬁ): H I . (113)
t=0 C

Then, to perform and find the values of the vector 3, we need to define
a likelihood function as shown in the Equation ([L.7), resulting in

m—1 BTy ,— exp(BTa)

LBIX,Y) = ]]

=0 vt!

(1.14)
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As described earlier, it is_easier to work with the log-likelihood rather than
with the original form () We can transform the Equation () using
the principle presented in the Equation ([1.9), leading us to

m—1

CBIX,Y) =3 (BT — 7~ log(y) ) - (1.15)

t=0
Finally, to find a maximum of (), we need to solve the equation

oH(BIX,Y)
9p

The main problem is that the equation has no closed-form solution. However,
the negative log-likelihood, —¢(3|X,Y"), is a convex function, therefore a con-
vex optimization approach, such as gradient descent, can be used to find the
optimal value of B .

= 0. (1.16)

1.1.2 Bayesian estimation

There is also a different approach that does not rely on iterative optimization
algorithms. In [26], G. M. El-Sayyad describes a method to analytically es-
timate parameters S in a Bayesian setting using an approximation based on
the work of M. S. Bartlett and D. G. Kendall [B1].

Let y and 8 be random variables with S f(y|B) and 7(B), respectively.
Then, according to Bayes’ theorem

fylB)=(5)
w(Bly) = , (1.17)
f(y)
where w(f|y) is a posterior density of 5, m(f) is a prior density of 3, f(y|5)
is a likelihood of observations, and f(y) is a marginal density of observations.
The marginal density serves as a normalizing constant and due to this fact we
often write only a proportionality

m(Bly) o fylB)m(B). (1.18)

As a result of this we get a posterior distribution of .

We can now now apply Bayes’ theorem to the Poisson regression problem.
As already mentioned in the previous section, the likelihood of observations
can be written as

m—1 BTyt o — exp(BT 1)

fWos s Ym—1lz05 - o, Tm—1,8) = (1.19)

|
t=0 Yt
Choosing a reasonably vague prior [26], the posterior distribution reads as

F(ﬁ’yo; sy Ym—1,70, - - - 7xm—l) X f(yo; s 7ym—1‘x0; s 7xm—175)' (120)



1.1. Statical approach to estimation

If both the posterior distribution 7(f|y) and the prior distribution 7(3) are
from the same probability distribution family, then they are called conjugate
distributions [32]. Unfortunately, there is no conjugate prior for 5 due to the
functional form of the likelihood function of the Poisson . This, how-
ever, can be solved if we apply an approximation to the distribution of our
observations.

Suppose that we have a random variable

Z ~T(k,0), (1.21)

where a corresponding reads

F(lk,0) = F(kl)ekzkleé. (1.22)

If we transform the said random variable in the sense
Z =log Z ~logT'(k,0), (1.23)

we get a distribution whose pdf reads

1 s exp(3)
o 2D

f(z|k,0) = F(kz)eke e

(1.24)

According to [26] and [B1], if the value of k is large and 6 = 1, then the
distribution of Z can be approximated as

Z ~ N(logk, k™). (1.25)

If we take a closer look at Equation (), we can see a familiar pattern in
the formula. By using the previously described approximation, we can rewrite
the of the observations as

F@os s ym-1lzo, - xm—1,8) = ] " (1.26)
t=0
mil ex TE
= H l;eﬁgxtytefw (127)
o Yt T(ye)1v
m—1 1
~ [ =N (Bl logys, y; ') (1.28)
t=0 Yt
1 m—1
X exp <—2 y (BT — log yt)2> . (1.29)
t=0

The of the posterior distribution of § can be then approximated as

1 m—1
T(BlYo, -+ - s Ym—1,T0; - - -, Typ—1) X €Xp <—2 > y(BTmy - logyt)2> . (1.30)
=0
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Finally, we need to find the expected value of the posterior distribution. Ac-
cording to [26], by setting a vector

.
tZ[\/yT)logyo \/?mlogym_d ; (1.31)

and a matrix

70,00/Y0 e Z0,n—1/Y0
U= : - , (1.32)

Tm—1,0/Ym—1 Tm—1n—1v/Ym—1

we can obtain the posterior expected value of 8 as
E(8) = (UTU)"UTt. (1.33)

As we can see in Equation ([l.33), the expected value is obtained using
only a simple formula, which is computationally more efficient than numeri-
cal methods used with . That, however, can have a negative impact on
accuracy of resulting estimates.

To compare both methods, and Bayesian estimation using the pre-
viously described approximation, in terms of accuracy of their estimates, we
can use a simple simulation where we incrementally increase the data size.
Fig. shows estimates of parameters (8 for different data sizes. In both
cases, the size was incrementally increased by 10. Real value of the parame-

ters 5 = [0.9,0.6,0.3,0.1]7. Fig. @ shows evolution of the IRMSE (root meanl

1 K,
RMSEy(3;) = J —— > (Bir — Bi)?
t+1%
i=0,...,n—1,
t=0,...,m—1, (1.34)

for both methods. As we can see, the second method is less accurate.

1.2 Stabilization of variance

A commonly encountered problem of the Poisson models evident from (@)
is that the variance is equal to the expected value. Suppose that we have
a Poisson variable

Yy ~ Po(\y). (1.35)

It is generally known that for large values of ), it approaches the normal
distribution with both the expected value and the variance equal to A; [B3].

8
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Figure 1.1: Real and estimated values of § for different sizes of data. The solid
line depicts the real value of parameters, the dashed line represents estimates
of , and the dotted line represents estimates of the Bayesian method using
the approximation presented by El-Sayyad [@]

Hence, a convenient function h(-), serving as a variance-stabilizing transfor-
mation, may be used to improve the estimation quality. This function can
take many forms with varying accuracy and ease of implementation. Lists of
these transformations are summarized, e.g., in [4] or [@

As shown in [@] and [@], if we standardize the Poisson variable, meaning

glw) = L2
VAL

then for large \;, it has approximately standard normal distribution with mean
E(Y;) = 0 and variance var(Y;) = 1.

One of the simplest of these transformations is the square-root transfor-
mation h(y:) = /vt [@, @] When we apply the transformation to the said

(1.36)

9
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Figure 1.2: Evolution of the RMSE. The dashed line represents RMSE of
estimates, and the dotted line represents RMSE of estimates of the El-Sayyad’s
method [26].

variable, then the transformed variable is approximately normally distributed
[4],

V= VT~ N (VA ) (1.37)

and the error term is O(A\; ). As also stated in [4], the variance is only approx-
imately constant. To be more precise, examining the asymptotic expansion,
the subsequent terms actually read as

. 1
E(Y;) ~ ﬁ( _ 8A) , (1.38)
N 1+ 8%

var(Yy) ~ (1.39)

4
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1.2. Stabilization of variance

2
There is another power transformation, Y%, meaning h(y;) = y?. As
stated in [4], the transformed variable is more symmetric than the previous

one, with the skewness being O(); %) The important feature of both this and
the previous transformation is that none of them requires any direct knowledge
about the actual value of \;.

In [4], there is another alternative transformation that provides approxi-
mate symmetry and also stability of variance. It requires knowledge about )\,
and is described as

1 11 _1
h(yt) _ 3yt2 - 3yt6 At?) +1%At 2 lf yt 7é 07 (1 40)
—(20)7 + 1N 2 if y, = 0.

The resulting transformed variable is standard normal for large values of A;.

In [36], Bartlett also discusses a logarithmic transformation for specific
cases where, even after applying the square-root transformation, the variance
is still slightly correlated to the mean. The transformation reads

h(ye) = A; tsinh ™ (A /) (1.41)

or equivalently

h(y:) = A\ tlog <\/1 + My + A,:@) . (1.42)

The transformation is more exact due to the fact that it requires a good
estimation of ;. For cases, where this is not possible, it is suggested to use
a transformation

h(yt) = log(y: + 1), (1.43)

which can deal with zeros and also provides good results [36].

Figure E shows a comparison of different transformations (namely h(y) =
Vyand h(y) = y%) and their convergence to the normal distribution. Each row
shows a histogram of a random sample generated from the Poisson distribution
for a specific values of A. Shown is also a density estimated using the Gaussian
IKDE (kernel density estimation)| [B7] method along with the approximated
normal distribution. Table |1_]] then shows a comparison of the real mean and
variance and the sample mean and variance. As we can see from both the plots
and the table, the square-root transform deviates only slightly and converges
relatively fast.

A convenient transformation of the Poisson variable can improve the mod-
eling quality. We will stick with the square-root transformations for its general
simplicity and effectiveness.
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SEQUENTIAL INFERENCE OF THE POISSON MODEL

1.

h(y) =y h(y) = /Y h(y) =y
EY) | var(Y) | E(R(Y)) | var(h(Y)) | E(h(Y)) | var(h(Y))
] s* h(y) s* h(y) 5>
=1 1.0000 | 1.0000 | 1.0000 0.2500 | 1.0000 0.4444
1.0006 | 0.9999 | 0.7735 0.4024 | 0.8374 0.5266
A =2 2.0000 | 2.0000 | 1.4142 0.2500 | 1.5874 0.5600
1.9945 | 2.0038 | 1.2652 0.3937 |  1.4612 0.6675
A=3 3.0000 | 3.0000 | 1.7321 0.2500 | 2.0801 0.6410
2.9981 | 3.0113 | 1.6301 0.3408 | 1.9829 0.7218
N=4 4.0000 | 4.0000 | 2.0000 0.2500 | 2.5198 0.7055
4.0073 | 4.0006 | 1.9237 0.3065 | 2.4417 0.7627
A=5 5.0000 | 5.0000 | 2.2361 0.2500 | 2.9240 0.7600
5.0030 | 5.0049 | 2.1718 0.2863 | 2.8531 0.8021
X =10 || 10.0000 | 10.0000 | 3.1623 0.2500 | 4.6416 0.9575
10.0113 | 10.0212 | 3.1224 0.2621 | 4.5914 0.9788
X =20 || 20.0000 | 20.0000 | 4.4721 0.2500 | 7.3681 1.2064
19.9984 | 19.8296 | 4.4436 0.2531 | 7.3263 1.2075
X =30 || 30.0000 | 30.0000 | 5.4772 0.2500 | 9.6549 1.3810
29.9809 | 30.0480 | 5.4522 0.2542 | 9.6145 1.3930
X =40 || 40.0000 | 40.0000 | 6.3246 0.2500 | 11.6961 1.5200
40.0256 | 39.8460 | 6.3067 0.2513 | 11.6684 1.5199
X =50 || 50.0000 | 50.0000 | 7.0711 0.2500 | 13.5721 1.6373
50.0033 | 50.1447 | 7.0534 0.2524 | 13.5423 1.6467

Table 1.1: Comparison of means and variances of different transformations for specific
(E(Y)) and the real variance (var(Y')) along with the sampled mean () and the sampled variance (s2).

values of . Shown are the real mean
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1.2. Stabilization of variance

Due to the change of variables theorem, the of Y} is

dh~ ()
~ _ 71 ~
f@tlze, Be) = f (h (yt)> ‘dﬂt (1.44)
~2
)\%’t e—)\t ~
72 24 (1.45)
Py} o= exp(Bla)
- 7 - 22Ut (1.46)
Yi-
2 T2 T 1
— Bizty; ,—exp(Bizt) | 1.47
e e —, .
) % (147)

where the gamma function follows from z! = 2I'(z).

Although the square-root transformations stabilizes the properties of the
modeled random variable, the problem of nonexistent conjugate prior still
persists. Therefore, instead of using the normal , we will stick with the
functional form () in the following steps.

13



1. SEQUENTIAL INFERENCE OF THE POISSON MODEL

hiy) =y
0.20 - o #y
™ 0.15 - gy
I : 3 3
< 3
= o010} \
= g A
0.05-4 \
\\
0.00 ~ ;
4 6
\.\
_ 015 y
B 3
L 0.10+ 1
1>y 1
= 1
0.05 - \
\\\
0.00 ——
6
0.4 o
_0.10- i
g 0.3 P
l i
< ! ‘5
= 0.05 - 0.21 ] \
& j
Y
0.1~ 7 \
)’ \\
0.00 0.0 L—= ' ~
0 5
0.4
0.08 - BN
- 0.3 f A
S 0.06 [
1}
0.2 1 ] 1
~ 4 1
S 0.04 ," \
=
0.02 - 0.1 J \
J \
\
0.00 0.0 . ~
5 10
y

Figure 1.3: Comparison of different transformations and their convergence
to the normal distribution for different values of A\. The first column shows
a histogram of a sample generated from the Poisson distribution along with
the real density of the Poisson distribution and @ of the sample. The
second column shows the transformation h(y) = /y along with and
of the corresponding normal distribution. The third column shows the same
for the transformation h(y) = y%. Grey bars represent a histogram of the
random sample. Dotted lines represent a density. Dashed lines in the
first column represent the density of the Poisson distribution, while in the
second and third columns they represent the of the corresponding normal
distribution.
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1.3. Approximate sequential estimation of 3

1.3 Approximate sequential estimation of
Let us introduce the notation:

To:t—1 = [T, - - -, Te—1], (1.48)

Joi1 = [or - G1]. (1.49)

The prior 7(B¢|xo:t—1, Yo1—1) contains all available statistical information
about the past observations and regressors necessary for the estimation of
B¢ The initial variables o and xo represent the prior knowledge (pseudo-
observations) available at the very beginning of the modeling, e.g., given by
an expert, or obtained from historical observations.

The update of the prior distribution of 5; by recently observed 1; and x;
provides the Bayes’ theorem

T (@t|ze, Be)m(Be|xo:t—1, Yo:e—1)

f(J:O:tv gO:t)
_ T (@elze, Be)m(Be|xo:—1, Yo:t—1)
g f@elze, BT (Belzo:e—1, You—1)dBe

where the integral in the denominator serves as the normalizing constant,
ensuring that the resulting posterior function is a that integrates to one.

7T(ﬁt|$0:t7 g():t) =

(1.50)

1.3.1 Sequential estimation with conjugate prior

The Bayesian update () does not generally yield posterior distributions in
closed forms. An important exception is the case of models that belong to
the exponential family of distributions estimated with conjugate prior distri-
butions [32].

Definition 1.1. (Exponential family): Let Y; be a random variable with
a parameter B;. The distribution of Y; belongs to the exponential family if its
@ has a form

F@ilze, Be) = k(ae, Ge)1(Br)e" BT @) (1.51)

where 7(f;) is the natural parameter, i.e., a function of the original parameter
Bt, and T'(z4, ) is a sufficient statistic that comprises all information neces-
sary for the estimation of ;. The functions k(z,y;:) and I(5;) are the base
measure and the normalizing function, respectively.

Definition 1.2. (Conjugate prior distribution): The prior distribution for the
estimation of ; conjugate to the model ([l.51]) is characterized by the prior
hyperparameters Z; of the same size as T'(x¢, J¢), and a scalar positive v, that
is dropped if [(5;) = 1 for all §;. Its @ has the form

T(Be|Ze—1, v1-1) = m(Zp—1, ve1)l(By) " NP TE (1.52)

15



1. SEQUENTIAL INFERENCE OF THE POISSON MODEL

where m(Z;_1,14-1) is a known function, and [(/3;) is the same function as in

(51).

Lemma 1.3. The Bayesian update () multiplying the model () with

the prior () results in the posterior @ of the same functional type as
the prior, characterized by the posterior hyperparameters

Er =1+ T(x, 5r),
ve=vi1 + 1. (1.53)

Proof. The proof is straightforward. O

In cases where we have multiple data, the Bayesian update () has
a form of

k
77(/816|§0:k7 l‘O:k) X W(ﬁThAjO:Tfl) 330:771) H f(gﬂ-f;, ﬁ;) (1.54)

T=T

The of the posterior distribution is therefore characterized by the posterior
hyperparameters

k
=S+ > T2 5),
F=r
vp=vr1+k—1+1 (1.55)

This result allows for efficient sequential estimation of 3, given that the
Bayesian update () is equivalent to simple summations, and the functional
form of the posterior density is the same as that of the prior density. Due to
this fact, the posterior @ can serve as the prior M for the next time instant.

To demonstrate the described principle, we can perform Bayesian estima-
tion of the parameter A of the Poisson distribution. Suppose that we have
a Poisson variable

Y ~ Po()). (1.56)

Then the conjugate prior (see Definition @) of the parameter A is the gamma
distribution [B8], meaning

A~ T(a,b), (1.57)

where a is a shape parameter and b is an inverse scale parameter. The like-
lihood of observations y;, according to Equation () (see Definition EI),

16



1.3. Approximate sequential estimation of 3

reads
1 _
Flelh) = Jgate™ (1.58)

_ 1 Yt ,—A

= Qexp {ln ()\t e t)} (1.59)
1

= exp {y: In Ay — \¢} (1.60)
1 ] [y

_ L ) t t

| I S—
~~ U(A) ——
k(ye) n(h)  T(ye)

The of the conjugate prior distribution, according to Equation (),
reads

bai71 at—1—1 —
Tr()‘t|at—lybt—l) = F(;til)Att e bt (162)
bty 1
— 1 at—1 —br—1A¢ 1.
T 1) exp{ n ()\t e )} (1.63)
by
— F(;til) exp{(a;_1 — 1)In\p — by_1\¢} (1.64)

by InA]" a1 —1
I(a;1) — PN bi—1 (1.65)
— )t

m(E¢—1,vt—1) n(Ae) -1

If we now perform the Bayesian update (), then the posterior is of the
same functional type as the prior and is characterized by hyperparameters =;
and v; (see Equation ()) Furthermore, if we take the individual compo-
nents of the hyperparameter =;, we can obtain the actual parameters a; and
by of the posterior gamma distribution, leaving us with

ar =Z¢o + 1, (1.66)
by = E¢ 1. (1.67)

Figure @ shows results of a simulated Bayesian estimation of the parame-
ter A. In this case A = 40 and the prior parameters of the gamma distribution
a = 0.001, b = 0.001. The estimates converge to the actual value after around
1000 time steps. Figure @ shows an evolution of the of estimates. As
we can see, the @ systematically decreases with time.

17



1. SEQUENTIAL INFERENCE OF THE POISSON MODEL
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Figure 1.4: Evolution of the Bayesian estimation of parameter A of a Poisson
random variable. Solid line represents the actual value of the parameter .
Dashed line represents the Bayesian estimates.
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Figure 1.5: Evolution of the RMSE of the Bayesian estimates of parameter A
of a Poisson random variable.
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1. SEQUENTIAL INFERENCE OF THE POISSON MODEL

1.3.2 Guassian approximation of the likelihood of 5 in the
posterior distribution

When comparing the true data model () with the exponential family form
(), it is obvious that there cannot exist a convenient conjugate prior dis-
tribution of the form () For the one-shot static Poisson regression with
no variance stabilization, a workaround is suggested in [26]. It consists of ap-
proximating the likelihood of the (time-invariant) /8 for all the observed data
Tt

[yl B, z1:) = Hf(%”/gvx’r) (1.68)

in the posterior distribution by a normal distribution. The approximation
was originally proposed by Bartlett and Kendall [31]. Even though our aim
is to update the estimate of §; sequentially with the incoming observations
(and additionally we deal with the transformed variable y; = |/y;), a similar
philosophy can be adopted.

Let us once again get back to the Bayesian update () In the posterior
, the model () acts as a function of 3¢, while z; and ¥; are fixed. Figure
1.6 depicts this (renormalized) function for four selected values of y;. Suppose
that we have a real random variable u whose density function is proportional
to exp(uz) exp(—exp(u)) where z stands for a parameter. Then the density
function can be approximated by a normal distribution A'(log z, 2~ !), provided
that z is a large number [31]. In Equation () with z; and g fixed, this
leads to the approximation by N (log 72, 7, 2). However, the approximation is
crude if g is low. The mean values differ even by 0.58 if 3, = 1.

In order to compensate the approximation error under low values of ¥,
the following moment matching-based calibration is suggested: the bias of
both the approximating mean value and the standard deviation can be pre-
dicted and suppressed (with sufficient accuracy) using the regression models
with 7; in the role of the regressand. The calibrated approximative normal
distribution with the bias removed has the mean and standard deviation

,  0.5574
pe =logy; — —5—,
Yi
1 0.0724 0.2121
0= — + 4+ 1.69
‘T nm y? u} (1.69)

The coefficients were obtained from the bLS (ordinary least squares)| over the
values 7 = 1,...,100. Figures and Ilj depict the compensated approxi-
mation error and the related prediction error due to the model for the mean
value and the standard deviation, respectively. Fig. compares the true
distribution of 3, the calibrated, and the noncalibrated normal approxima-
tions. It is also important to note that since y; € N, it is possible to use a table
of precomputed values of . and o2 for low values of y; (see Table [1.2).
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Figure 1.6: Shape of renormalized function () for different fixed observa-
tion value ¥, regressor x;, and variable [3.
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Figure 1.7: Calibration of the mean value. Top: The true value of the ap-
proximation error under N (log 77, 7; 2) and its regression-based prediction.
Bottom: Evolution of the prediction error.
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Bottom: Evolution of the prediction error.
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9, and 36. The solid line depicts the true distribution, the dotted line is used
for the noncalibrated normal distribution, and the dashed line represents the
calibrated normal distribution.
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1. SEQUENTIAL INFERENCE OF THE POISSON MODEL

1.4 The posterior distribution

The posterior distribution 7 (/5¢|xo.¢, Yo:t), as specified in Equation () now

consists of the normal distribution N (., 02) defined by the moments ()

and a prior distribution 7(8¢|zo:t—1, Yo:t—1). The normal distribution belongs

to the onential family (see Definition ﬂ) and its can be written in the
1.5

form (),

1 1
f(ytlxe, Br) = ——==exp {—gHﬂc,t - 5;%”2}
\/2mo2, 2054
1 -1 —1 ! He,t eyt T -2
OceXp{_QTr<[5t] [@t] [xt] [xt] Uc’t>}’ (1.70)

n=n(Bt) T(dftﬂt)

where, to avoid vectorizations, a slight simplification of the notation is used.
Due to this, the appropriate conjugate prior distribution is the normal distri-
bution with the mean vector b;_1 and the covariance matrix P,_1. The of
the prior distribution in the compatible form is

ooy [ [ P s[5 ). o

n=n(B) Ei—1

where [ is the n x n identity matrix. Then, the posterior distribution fol-
lowing from the Bayes’ rule () is (in terms of the update of the prior
hyperparameters ()) given by

Et = Et—l + T($t,gt). (1.72)

If we take a closer look at the matrix Z;_; in Equation (), it can be
expanded as

(b7 e T
Et,1 = t]__l Ptil t]_.l (173)
bi_ Pyt bl Py
—_—— — —
1x1 1xn
= ) . . (1.74)
P b P
——— ——
L nx1 nxn
Analogically
bl Pt bl P
—— N —
1x1 1xn
= = . (1.75)

Py, P
~—— ~—~—

nx1 nxn
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Similarly, the matrix T'(x¢, ;) in Equation () can be expanded as

.
l“cvt] 0.2 (1.76)

T(xe,ye) = fet -

Tt

r -2, 2 -2 T

Oct Met  Oct Moty

N—— N——
1x1 1xn

= . (1.77)
-2 —2 T
Oct Tthet  Oct Tty
—— N —
nx1 nxn

Finally, a little algebra reveals that the ‘conventional’ normal hyperparameters
of the posterior distribution are

—1
b = =¢.1m,ln
= (Et—11m1:n + (24, ﬂt)l;n,l:n)_l

-1
= <Pt__11 + ac_’fxtxD , (1.78)
and

by = PP b,

-1 -
=

= S¢,1in,1in=t,1:n,0

= (Et—1,1m,1m + T'(, @t)l;n,1:n)_1 (Bt—1,1m,0 + T(zt, Yt)1:n,0)

-1
= (P +oztmal) (i +opfauier) - (1.79)

1.5 Time-varying [,

Having constant model parameters is rather an exception than a rule. The
usual problem is that no explicit model for the evolution £;_1 — [ exists.
However, if the variations are slow, we may proceed by means of forgetting,
which means heuristic discounting of possibly outdated information about (;
from the posterior distribution. The most basic yet one of the most used
approaches to this problem is the exponential forgetting, flattening the prior
pdf by its exponentiation B9],

m(Blot-1,yo:r-1) = [7(Bi-1]T04-1,Y0:-1)]% € [0,1]. (1.80)
In conjugate priors (see Definition @) this amounts to

Vg1 < a1,
Et,1 < O(Etfl. (181)

For summary of other (more elaborate) forgetting methods, see, e.g., [40] and
the references therein.
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Algorithm 1 SEQUENTIAL P0OISSON REGRESSION
Set the prior distribution N(bg, Py). Set the forgetting factor a. For ¢t =
1,2,... do:

1. Gather observations x¢, y;.

2. Flatten the prior distribution, Eq. ()

3. Update the prior hyperparameter, Eq. ()

4. Evaluate the ﬁoint estimate b; and the covariance matrix P, from =,

Equations ([l.7§) and ()
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CHAPTER 2

Signal Processing Domain
Application

As already stated, distributed inference of unknown variables is an established
discipline in the signal processing domain. Assume that we have a network
consisting of a set Z of agents that independently observe the processes

v ~ Po(exp(8le(”), (2.1)
with the observations y,gi) being local, regressors acgi) being potentially local,
and (; being global (i.e., identical for all 7 € 7). These types of situations may
occur, e.g., in particle detection, where each agent observes different number

(%)

y; ~ of particles generated by a single underlying process, and employs a time-
series model with azgi) consisting of past observations. Let Z() denote the set
of adjacent neighbors of agent 7, and let i € Z() too. Now, suppose that at
each time_instant t, every agent ¢ may perform one mutual exchange of the
posterior s with all its adjacent neighbors j € Z() withing 1 network hop
distance. Note that the s are fully represented by Ef).

Looking closely at the Bayesian update (), we can see that =\ summa-

rizes the information contained in the past sufficient statistics T (m(Ti), 379), T =

0,...,t where T(x(()i),ﬂ(()i)) represent the initial pseudo-observations (see Sec-
tion E) Therefore, the combination of the posterior s in terms of the

hyperparameter averaging

=(4) 1 —()

= = E = 2.2

¢ card(Z()) &= ~t (22)
]GIU)

where card(Z(*)) denotes the cardinality of Z(), amounts to the uniformly
weighted Bayesian update by observations of adjacent neighbors. Analogi-
cally to Equation (), the matrix E,EZ) actually consists of the ‘conventional’
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hyperparameters, meaning

bg:(z) Ptflf(i) bgz) b27(l) Ptflv(i)

’_(l) 1x1 1xn
s —1,(i),(4) ~1,(9) 23)
Pt bt Pt
——
nx1 nxn

Thus, from a little algebra (similarly to Equations (M) and ( I 7&)) it follows
that

-1

. 1 1

B = | ——— Y Pt 2.4
t (card(I(’)) Z t ) ( )

jeZ(@®

70 _ pl0) L,(4) 3, (9)
b, = P, (cardI( > Wy ) (2.5)

jeI(U

which is known as the covariance intersection. In [24], K. Dedecius shows
that this result is Kullback-Leibler-optimal. A careful inspection of Equation
(@) shows that it actually corresponds to uniformly weighted averaging of
neighbors’ knowledge about ;. That is, however, not a problem, since the
covariance matrices Pt(j ) (see Equation (@)) effectively reflect the uncertainty
about the individual estimates. More elaborate combination strategies are

proposed, e.g., in [41].
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Algorithm 2 DIFFUSION P0OISSON REGRESSION

For each agent i € Z set the prior distribution A/ (b(()i), Poi)). Set the forgetting
factor o. For t = 1,2,... and each node i € Z do:
Local estimation:

1. Gather observations xgi), y,gi).

2. Flatten the prior distribution, Eq. ()

3. Update the prior hyperparameter, Eq. ()

Combination:
1. Get posterior pdfs W(Bt’bgj), Pt(j)) of neighbors j € Z(),

2. Combine the posterior hyperparameters, Eq. (@), or in terms of bgj )

and Pt(j ), Equations (@) and (@)
3. Evaluate the point estimate Bgi) and the covariance matrix Pt(i) from
=(0)

/PR
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CHAPTER 3

Simulation Examples

3.1 Single-node estimation with static parameters

The first set of examples demonstrates the efficiency of using the calibration
described in Section , based on the range of values of observations y;. In
all simulations, two models are compared: (i) the ‘calibrated’ model using the
mean and variance defined in Equation (), and (ii) the ‘non-calibrated’
model using the original mean and variance. Results of all simulations were
averaged over 30 independent runs. The forgetting factor was not used, mean-
ing a = 1. Both models observe the same independently generated outcomes
of a Poisson regression process. The initial prior distribution is the normal
distribution with by = [0,0,0,0]T and Py = 100- I where [ is the identity 4 x 4
matrix.

The first simulation was run with a vector of static regression coefficients
£ =10.9,0.5,0.2,0.1]T, and randomly generated regressors

T =1, (3.1)
xeq ~ U(0.3,2.1), (3.2)
a1 ~ U(0.5,2.2), (3.3)
xeq ~ U(0.9,1.5). (3.4)

Values of observations y; ranged from 2 to 33 with a mean of 8. Fig. @ shows
the evolution of RMSE for both models. As we can see, the calibrated model
clearly outperforms the non-calibrated model. Fig.B.2 then shows the stability
of estimates for one randomly selected run of the algorithm.

The second simulation was run with a vector of regression coefficients
g =10.8,0.9,1.1,1.3]7, and randomly generated regressors

IL’LQ = 1, (35)
21 ~ U(0.2,1.1), (3.6)
21 ~ U(0.1,0.9),
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Figure 3.1: Evolution of the for low values of y;.

21 ~ U(0.3,0.8). (3.8)

Values of observations y; ranged from 2 to 101 with a mean of 23. Fig. @
shows the evolution of and Fig. show the stability of estimates for
one randomly selected run. As we can see, the calibrated model still dominates
the non-calibrated one, although the difference is not as noticable as in the
previous simulation.

The last simulation in this set was run with a vector of regression coeffi-
cients § = [1.05,2.41, 3.27,3.87]7, and randomly generated regressors

20 =1, (3.9)
201 ~ U(0.06,0.1), (3.10)
21 ~ U(0.1,0.5), (3.11)
21 ~ U(0.1,0.7). (3.12)

Values of observations y; ranged from 2 to 666 with a mean of 99. Fig. @
shows the evolution of and Fig. @ show the stability of estimates for
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3.1. Single-node estimation with static parameters
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Figure 3.2: Real and estimated values of £ in time for low values of y;.

one randomly selected run. It is clear that with such large values it is no
longer possible to observe a noticeable difference in the quality of estimates.
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3.2 Single-node estimation with time-varying
parameters

The following set of examples demonstrates the accuracy of the sequential
estimation for different frequencies of parameters and different values of the
forgetting factor a (within a reasonable range from 0.95 to 1), as specified in
Section [L.5. Results of all simulations were averaged over 30 independent runs.
All models observe the same independently generated outcomes of a Poisson
regression process. The initial prior distribution is the normal distribution
with by = [0,0,0,0]T and Py = 100 - I where I is the identity 4 x 4 matrix.

The first simulation was run with a vector of time-varying regression co-
efficients

0.8 4 0.08 - sin (47 - =55)

0.4 4 0.07 - cos (27 - =55)
0.05 - cos (7 - =55) ’

—0.25 + 0.1 - sin (37 - £55)

By = t=1,...,500, (3.13)

and randomly generated regressors z; ~ U(0,5)*. Fig. @ shows the evolu-
tion of of all models and Fig. shows the stability of their estimates
from one randomly selected run. As we can see, the parameters vary rela-
tively quickly, therefore the model with the forgetting factor e = 0.95 clearly
outperforms other models in terms of accuracy.

The second simulation was run with a vector of time-varying regression
coefficients

0.7 4 0.02 - sin (7 - =55)
0.5+ 0.018 - cos (2 - =55)
/Bt: ot )
0.017 - cos (7 - 555)
—0.11 + 0.007 - sin (7 - =55)

t=1,...,500, (3.14)

and randomly generated regressors x; ~ U(0,5)*. Fig. @ shows the evolution
of |R of all models and Fig. B m shows the stability of their estimates from
one randomly selected run. In this case, the parameters are more stable and
vary relatively slowly. It is clear that the models with the forgetting factor
close to 1 perform better, especially the model with a = 0.995, while the usage
of lower values results in overall worse quality of estimation.

The last simulation was run with a vector of constant regression coefficients

0.9
0.4
Br=|yq | t=1...,50, (3.15)

—0.2

and randomly generated regressors z; ~ U(0,5)*. Fig. shows the evolu-
tion of of all models and Fig. shows the stability of their estimates
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3.2. Single-node estimation with time-varying parameters
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Figure 3.7: Evolution of the for high frequencies of time-varying pa-

rameters.

from one randomly selected run. Naturally, the model with o = 1 has the
best performance in this case. It is clear that lower values of the forgetting
factor have considerably negative impact on both the stability of estimates

and their accuracy.
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3.3. Diffusion estimation with time-varying parameters

Figure 3.13: Network topology used in the first simulation.

3.3 Diffusion estimation with time-varying
parameters

The final set of examples demonstrates the performance of the method pro-
posed in Chapter . As the author is not aware of any alternative method for
sequential modeling of counts in diffusion networks, two scenarios are com-
pared: (i) the ‘combination’ scenario using Algorithm B, and (ii) the isolated
‘no combination’ scenario.

Fig. depicts the randomly generated diffusion network of 20 nodes
with degree 3. They observe independently generated outcomes of a Poisson
regression process simulated with a vector of time-varying regression coeffi-
cients

0.7+ 0.075 - sin (37 - <L5)
_ Lt
8 — 0.5+ 0.05_802S (27 - 555) , t=1,...,500, (3.16)
0.05 - cos (7T : %)

and randomly generated regressors :nf) ~ U(0,5)* For all the nodes i €

{1,...,20}, the initial prior distribution is the normal distribution with bg) =

[0,0,0,0]T and PO(Z) = 100-I where I is the identity 4 x4 matrix. The forgetting
factor a = 0.95. The results are averaged over 100 independent runs.

Fig. depicts the evolution of the averaged over all nodes. The
distributed estimation clearly improves the estimation quality, especially in
terms of the convergence rate. Note that when the estimates stabilize, the
may slightly vary due to the time-varying nature of 5;. Fig. shows
a comparison of the stability of estimates at one randomly selected node of the
network. The results show that the estimation performance of the proposed
method is generally good. It can also be concluded that the estimates of the
time-varying B; are more stable in terms of smoothness, naturally at the cost
of the communication overhead.

The second simulation demonstrates the effect of increasing the number of
nodes in the network while maintaining the same degree of nodes. Fig. M
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depicts the randomly generated network of 50 nodes with degree 3. Fig.
depicts the evolution averaged over all nodes and Fig. shows a com-
parison of the stability of estimates at one randomly selected node of the net-
work. The results show no noticeable improvement over the smaller network.

The third simulation demonstrates the effect of increasing the degree of
nodes. Fig. ﬂ depicts the randomly generated network of 20 nodes with
degree 6. Fig. 3.20 depicts the @yevolution averaged over all nodes and
Fig. B shows a comparison of the stability of estimates at one randomly
selected node of the network. In this case, the improvement in terms of both
the and the smoothness of estimates is obvious.

The last simulation shows similar results. Fig. E depicts the randoml
generated network of 50 nodes with degree 6. Fig. E depicts the @
evolution averaged over all nodes and Fig. M shows a comparison of the
stability of estimates at one randomly selected node of the network. From
these observations, it can be concluded that with the increasing degree of
nodes, the accuracy of estimates also increases.
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Figure 3.16: Network topology used in the second simulation.
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CHAPTER 4

Future Work

This thesis focuses on the sequential inference of the standard Poisson model
and its application in a distributed environment. However, there are several
topics that can be discussed in future work.

4.1 Models of counts

One of the topics is the zero-inflated Poisson regression, which is used for
modeling count data with excess zeros, e.g., number of defects in cases where
the manufacturing equipment is misaligned. It assumes that with probability
p the only possible observation is 0, and with probability 1 — p, a standard
Poisson random variable is observed [42, #3]. Let Y = [Y7,...,Y,]T be a vector
of independent responses. Then

Y, ~0 with probability p;, (4.1)
Y; ~ Poisson()\;) with probability 1 — p;, '
so that
0 with probability p; + (1 — p;)e™ ™,
v _ p y i+ ( pz)Ak (4.2)
k  with probability (1 — pi)e_)‘ik—zl, k=1,2,...

Another topic which can be discussed is overdispersion [p]. The Poisson
model is equidispersed, meaning the mean and the variance have the same
value. In many cases this is very limiting, as the actual random variable is
overdispersed and the variance may differ from the mean. One of the models
that solve this problem is the negative binomial model. The most common
implementation is the NB2 model [44]. Its reads as

—1

fylp, o) = Lly +a™) ( o )a (M)y7 (4.3)

Fy+ 1T (a ) \at+pu a~l+p
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where @ > 0 and y = 0,1, 2,... Note that the negative binomial distribution
reduces to the Poisson distribution if e = 0.

4.2 Distributed estimation

In Chapter E, an algorithm for diffusion Poisson regression was presented.
However, it only utilizes the combination phase of the estimation by diffusion
presented in [24], and skips the adaptation phase. During the adaptation
phase, every node in the network gathers observations from all of its neighbors
and performs the Bayesian update similar to Equation (),

=0 =20+ S T, 5, (4.4)
JET®

where ¢; ; are adaptation weights assigned to neighbors of the node 7. If the
observation is considered to be an outlier, then ¢; ; = 0. Otherwise ¢; ; = 1.
An algorithm which makes use of the adaptation phase, resulting in the full
|ATC (adapt—then—combine)l scenario, can be devised in the future [10, [L1].

Another interesting topic is the estimation of heterogeneous parameters,
meaning every node observes slightly (or completely) different process. In an
isolated scenario, this is naturally not a problem. However, in the case of
cooperation, the complexity is significantly high under the lack of knowledge
which parameters are shared and among which agents. In [25], a framework
for estimation of heterogeneous parameters in diffusion networks is presented,
and a simulated example shows that the collaboration improves estimation
performance of both the shared and strictly local parameters.
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Conclusion

The aim of this thesis was to compile an overview of the s and the Pois-
son regression model, focus on El-Sayyad’s approach to its Bayesian estimation
and propose a sequential variant. Another objective was to propose methods
for stabilization of the estimation procedure and study their behavior on con-
venient examples, and, if possible, suggest a use case of the proposed modeling
approach in the signal processing domain.

In Chapter [l, an overview of s and the Poisson regression model was
elaborated and a method for stabilization of the estimation was proposed.
Then, an algorithm for the sequential estimation was devised. In Chapter J,
a method for sequential distributed modeling of counts using the Poisson
model was proposed. The parameters are locally estimated using a calibrated
stabilized estimation procedure. Then, the posterior s are combined in the
network. In Chapter E, several sets of simulation examples were presented to
demonstrate the efficiency of the proposed methods and the effect of different
hyperparameter values and network configurations on the estimation quality.
Finally, Chapter # discusses a few interesting topics that can be explored in
the future, such as the zero inflation or overdispersion [43, b] and the full
diffusion strategy [10, 11].
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APPENDIX A

ATC adapt-then-combine.
GLM generalized linear model.
IoT Internet of Things.

KDE kernel density estimation.
LMS least mean squares.

MCMC Markov chain Monte Carlo.

MLE maximum likelihood estimation.
OLS ordinary least squares.
pdf probability density function.

RLS recursive least squares.

RMSE root mean square error.
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APPENDIX B

Contents of enclosed CD

readme.BXb .. vvviriienennnnnnn the file with CD contents description
ST o o PP the directory of source codes
timplementation ............... implementation sources of simulations

thesiS...cvvvveinn... the directory of IATEX source codes of the thesis
L72=5 & v the thesis text directory
Lthesis.pdf ............................ the thesis text in PDF format
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