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Abstract

We investigate a special class of Poisson—Lie T-plurality transfor-
mations of Bianchi cosmologies invariant with respect to non-semisimple
Bianchi groups. For six-dimensional semi-Abelian Manin triples b i a
containing Bianchi algebras b we identify general forms of Poisson—
Lie identities and dualities. We show that these can be decomposed
into simple factors, namely automorphisms of Manin triples, B-shifts,
B-shifts, and “full” or “factorized” dualities. Further, we study effects
of these transformations and utilize the decompositions to obtain new
backgrounds which, supported by corresponding dilatons, satisfy Gen-
eralized Supergravity Equations.
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1 Introduction

Duality transformations play crucial role in the study of various aspects of
string theory and related fields. They connect theories in different coupling
regimes or, in the case of T-duality, backgrounds with distinct curvature
properties. Both Abelian T-duality [1] and its non-Abelian generalization
|2, 3] rely on the presence of symmetries of sigma model backgrounds. Dual
sigma model related to the original one by T-duality is obtained by gaug-
ing of the symmetry and introduction of Lagrange multipliers. However, the
symmetries are not preserved in the non-Abelian case, meaning we may not
be able to return to the original model by dualization. Despite this serious
issue we see renewed interest in (non-)Abelian T-duality (NATD). The pro-
cedure was extended to RR fields in [4, 5] and is used frequently to find new
supergravity solutions, see e.g. |6, 7| and references therein. It also applies
in the study of integrable models [8, 9, 10]. In this paper we are going to
present new solutions of the Generalized Supergravity Equations obtained by
action of Poisson-Lie identities and Poisson-Lie dualities introduced in [11]
on the Bianchi cosmologies [12]|. This extends list of results obtained in [13].
Poisson—Lie T-duality [14] introduces Drinfel’d double as the underlying
algebraic structure of T-duality and replaces symmetry of the sigma model
background by the so-called Poisson—-Lie symmetry [15]. This allows us to
treat both models equally and solves the above mentioned problem. We shall
use this formalism through the whole paper. In the case of (non-)Abelian
T-duality the Lie group 2 of Drinfel’d double splits into Lie subgroups ¢
and ¢ of equal dimension, where the former represents symmetries of the
original background while the latter is Abelian. In this paper we consider only
these semi-Abelian Drinfel’d doubles as we focus on dualization of particular
backgrounds and the presence of symmetries remains crucial in such casel.
Poisson-Lie duality exchanges roles of ¢ and % and we understand it as a
change of decomposition (4]¥) of Z to (4]%) and vice versa. Beside (¥|9)

and (9|9) there might be other decompositions (54|€4) (%\%) of a Drinfel’d

1See [16] for discussion on this topic.



double Z that can be used to construct mutually related sigma models. The
corresponding transformation between sigma models was denoted Poisson—
Lie T-plurality [17]. Decompositions of low-dimensional Drinfel’d doubles
were classified in papers [18, 19, 20] in terms of Manin triples (0, g, g) that
represent decompositions of Lie algebra 9 of the Drinfel’d double Z into
subalgebras g and g corresponding to subgroups ¢ and ¥.

In our recent paper [11] we noted that besides (non-)Abelian T-duality
there exist other transformations that either preserve or exchange the alge-
bras g and g of the Manin triple (9,g,8). We shall call them Poisson-Lie
identities and Poisson—Lie dualities. Similar transformations were studied
in [21] to get insight into the structure of the so-called NATD group of T-
duality transformations. Beside others, this group contains automorphisms
of the algebras forming Manin triples, B-shifts, $-shifts?, “factorized” du-
alities and their compositions. These, however, have to be understood as
special cases of Poisson—Lie T-plurality. We continue the investigation of the
NATD group probing its structure for low-dimensional Drinfel’d doubles,
where general forms of Poisson—Lie identities and dualities can be identified.
We show that all transformations are finite compositions of the special el-
ements of NATD group that were mentioned earlier. It turns out that the
effect of automorphisms and B-shifts on resulting backgrounds can be often
eliminated by a change of coordinates, hence, we identify what parameters
of the transformations are relevant.

Long-lasting problem appearing in discussion of non-Abelian T-duality
is that dualization with respect to non-semisimple group ¢ leads to mixed
gauge and gravitational anomaly, see [24], proportional to the trace of struc-
ture constants of g. Authors of paper [13] have found non-Abelian T-duals
of Bianchi cosmologies [12| and have shown that instead of standard beta
function equations the dual backgrounds satisfy the so-called Generalised
Supergravity Equations containing Killing vector J whose components are
given by the trace of structure constants. For Bianchi V' cosmology this was
observed already in [25]. Therefore, it is natural to ask if backgrounds and
dilatons obtained from Bianchi cosmologies by Poisson—Lie identities and du-
alities satisfy Generalised Supergravity Equations as well and what Killing
vectors have to be used. We show that components of 7 are determined
by trace of structure constants, however, one must carefully inspect what
groups (or subgroups of) ¢ truly participate in the duality transformation.

2 3-shifts are also referred to as TsT transformations, see [22, 23].



For Yang—Baxter deformations of AdSs x S° the problem of finding J was
addressed in |26, 27| and physical meaning of J was found in |28]. Discus-
sion on the Poisson—Lie duality and plurality of the Generalized Supergravity
Equations can be found e.g. in [29] and [30].

We start with a short description of Poisson—Lie T-plurality in section 2,
where necessary formulas are summarized and general forms of transformed
backgrounds are presented. In sections 3-7 we investigate various transfor-
mations of Bianchi cosmologies focusing on groups that are not semisimple.
Since calculations with general transformations often result in rather com-
plicated backgrounds that cannot be displayed, detailed description is given
only for special elements of the NATD group. Summary of transformed
backgrounds can be found in the Appendix.

2 Basics of Poisson—Lie T-plurality

In the first two subsections we recapitulate Poisson—Lie T-plurality with spec-
tators [14, 17, 31]. We follow the summary given in [11].

2.1 Sigma models

Let .# be (n + d)-dimensional (pseudo-)Riemannian target manifold and
consider sigma model on . given by Lagrangian

£:6—¢ufpu(¢)6+¢ua ¢M :¢M(U+>O—)> n = 1>7n+d

where tensor field F = G + B on .# defines metric and torsion poten-
tial (Kalb-Ramond field) of the target manifold. Assume that there is a
d-dimensional Lie group ¢ with free action on .# that leaves the tensor in-

variant. The action of ¢ is transitive on its orbits, hence we may locally
consider 4 ~ (M |9) x G4 =N x ¥, and introduce adapted coordinates

{Sas o}, a=1,....n=dimA, a=1,...,d=dim¥

where s, label the orbits of ¢4 and are treated as spectators, and x, are group
coordinates®. Dualizable sigma model on 4" x ¢ is given by tensor field F

3Detailed discussion of the process of finding adapted coordinates can be found e.g. in
[31, 32, 33]



defined by (n + d) x (n + d) matrix E(s) as

Flsa) =€) B0, = (5 0)

where e(z) is d X d matrix of components of right-invariant Maurer—Cartan
form (dg)g™ on .

Using non-Abelian T-duality one can find dual sigma model on A" x
o/, where o/ is Abelian subgroup of semi-Abelian Drinfel’d double ¥ =
(¢|<7). The necessary formulas will be given in the following subsection as
a special case of Poisson—Lie T-plurality. In this paper the groups ¢ will
be non-semisimple Bianchi groups. Bianchi cosmologies are defined on four-
dimensional manifolds, hence d = 3, n = 1, and we denote the spectator as
t := s;. Elements of the group ¢ shall be parametrized as g = e*171 72127375
where e7272¢%375 and €775 are normal subgroups of 4. Similarly, elements of
of are parametrized as § = @11 ¢#2T” @5 T°

2.2 Poisson—Lie T-plurality with spectators

For certain Drinfel’d doubles several decompositions may exist. Suppose
that 2 = (¢|9) splits into another pair of subgroups & and &. Then we can
apply the full framework of Poisson-Lie T-plurality |14, 17| and find sigma
model on A x &.

The 2d-dimensional Lie algebra 0 of the Drinfel’d double Z is equipped
with an ad-invariant non-degenerate symmetric bilinear form (.,.). Let ? =
g gand 9 = g g be two decompositions (Manin triples (9,g,g) and
(0,8,9)) of d into double cross sum of subalgebras [34] that are maximally
1sotr0plc with respect to (., > The pairs of mutually dual bases T, € g, T €
g and T €g, T*cg,a=1,...,d, satisfying

(T,, Ty) = 0, (T*,T% =0, (T, T") = 3L, (2)
(T,.T,) =0, (T°, T% =0, (T,, T = &

then must be related by transformation

-+ ) ;

~—



where C' is an invertible 2d x 2d matrix. Due to ad-invariance of the bilinear
form (.,.) the algebraic structure of 9 is given both by

T T) = f5Te  [TT) =BT LT =T+ ' @)
and
L, T)) = fET,  [T°,19) = fIT, (1,19 = {7+ " (5)

Given the structure constants FZ; of 0 = g g and ]/51’; of 0 = g > g, the
matrix C' has to satisfy equation

CPCFT = F&Cr. (6)
To preserve the bilinear form (.,.) and thus (2), C also has to satisfy
CaCy(Do)pg = (Do)ab (7)
where (Dy),, are components of matrix Dy that can be written in block form
as
Dy = GZ (1)2) . (8)
In other words, C' is an element of O(d,d) but, unlike the case of Abelian

T-duality, not every element of O(d, d) is allowed in (3).
For the following formulas it will be convenient to introduce d x d matrices

P,Q,R,S as ~ ~
()= () =7 9)-(7) ©

and extend these to (n + d) x (n + d) matrices

1, 0 (0, O (0, O (1, O
(i p) e-(b o) m-(vR) (VY
to accommodate the spectator fields. It is also advantageous to introduce
block form of E(s) as

o ( Easls) Eals) o
E()_<Eaﬂ(s) Eab(s))’ B=1,....n, ab=1,....d



The sigma model on .4 x ¢ related to (1) via Poisson—Lie T-plurality is
given by tensor

F(s,3) = &(3) - B(s,8)-E7(@), &) = (10” g&)) (10)

where €() is d x d matrix of components of right-invariant Maurer—Cartan
form (dg)g~" on 2
E(s,#) = (Lnsa + E(s) - T(2)) 7" E(s)= (E7'(s) + (@) ", (11)

(Ob ())’

and matrices Z(A) and a(z) are submatrices of the adjoint representation

)=b(2)-T+a '(&)-T.

~)

adg-1(
The matrix E(s) is obtained by formula
E(s)=(P+E(s)-R)™" - (Q+ E(s) - ) (12)
so it is necessary® that
det (P + E(s)-R)# 0 # det (Q+ E(s) - S).

Formulas (10)—(12) reduce to those for full Poisson-Lie duality if we choose
P=5=05and Q = R = 1,;. Furthermore, for a semi-Abelian Drinfel’d
double the well-known Buscher rules for (non-)Abelian T-duality are restored.
If there are no spectators the plurality is called atomic.

2.3 Poisson—Lie identities and Poisson—Lie dualities

Let us now restrict our considerations to mappings (3) that preserve the
Manin triple, i.e. § =g, g = g, and that satisfy (6) and (7). They are the
Poisson-Lie identities. The Maurer-Cartan form (dg)g~' remains unchanged

nvertibility of E(s) is not required in the first expression in (11) and only
det (P + E(s) - R) # 0 is required. However, for regular E(s) the formulas simplify.



but E(s) transforms as in (12). Moreover, for non-Abelian T-duality the
algebra g is Abelian, i.e. § = a, thus b and II vanish, and we may write®

F(s,z) = E(x)- E(s) - 7 (x).

Let us note that both backgrounds F(s,z) and F(s, ) are invariant with
respect to the group ¢.

For special transformations mentioned in the introduction we can further
specify the resulting backgrounds. Namely, matrices

n=(p ) (13

are always among the transformations (3) preserving the Manin triple 0 =
g aif Ais an automorphism® of g. Transformed F(s) then reads

Bls)=A-E(s)- A", A= ( o 21)

Transformations (3) of the form

_ (1« B T _
[B_(O ld)’ BT =B (14)

are called B-shifts, since the background F (s,z) obtained by this transfor-
mation is given by

B(s) = (E(s) - B). B:(OO” g)

Tensor F differs from the original one by an antisymmetric term B =
—&(x)-B-E(z)T that, however, for solvable Bianchi algebras does not produce
supplementary torsion. Therefore, for all investigated Bianchi cosmologies F
is gauge equivalent to the initial tensor F.

[-shifts are generated by transformation matrices

fﬁ—(lﬁd 10d), g =-p

5Since ¥ = & we omit the hat over group coordinates and write simply .
60ur approach differs from [21], where the authors consider vector space isomorphisms
of Lie algebra of the Drinfel’d double rather than automorphisms of a chosen Manin triple.




and the transformed F(s,z) is given by
~ . = 0, O
B = (-85 Be. =5 ).

For invertible E(s), we may write E(s) = (E(s)™ = B)_l.

Beside these transformations we may also encounter mappings I that
switch some of the basis vectors T; <> T; while preserving structure coeffi-
cients of the Manin triple. These “factorized” dualities can be interpreted
as dualization with respect to subgroups of ¢. In general, these cannot be
written concisely in block form and we do not discuss them here. We shall
see many examples in the following sections.

Let us further investigate Poisson—Lie dualities, i.e. mappings (3) that
change Manin triple 9 = g1 a to 0 = a1 g. Equation (3) implies that

(- ()0 ()

Therefore, Poisson—Lie dualities are composed of Poisson-Lie identities / and
“full” T-duality D, that exchanges all generators of g and a as T; <> T; for
1 =1,...,d. In this way we can define dual B-shifts, dual -shifts and dual
automorphisms. B

Backgrounds on ¢4 = &7 obtained from (1) by Poisson—Lie dualities have
the form

Fiod) = (B0 +0@) . Giw - (50 )

because &(%) = a(i) = 14. For solvable groups ¢ we have by,(%) = 15 e

It is possible to be more specific when we restrict to specific elements
of the NATD group. In the presence of spectators, however, the formulas
for Poisson—Lie dualities are quite complicated. Fortunately, we do not need
their full form since E,3(s) and E,;(s) in E(s) vanish for the backgrounds
discussed in the rest of the paper. Hence ]?a/g( ) = Fap(s) and plurality
affects only Fop(s, :1:) The transformations we are interested in, therefore,
concern only the Fab(s &) block of the resulting background tensor F.

For the dual B-shift

DB:DO-[B:(IOd };) B"=-B

10



and vanishing E,s(s), Eay(s) the matrix ( E~(s) + II(Z )) has the form

(B
(0 -, zabm)'

For solvable groups (5(50) — B)ap = f5,%c — Bap. As we shall see, for some
groups this enables us to get rid of some parameters of By, by coordinate
transformations.

General formulas for dual S-shift

DﬁZDO'I/&Z(i 10d>, Bl =-p

in the presence of spectators are complicated and not particularly illuminat-
ing. For vanishing E,z3(s), Eap(s) one gets

Bls) = ( Fop E&f(S) —5 ) |

Let us focus on the role of automorphisms I4 and their duals now. As
conjectured in [21], it turns out that all Poisson-Lie identities and Poisson—
Lie dualities are generated by automorphisms of Manin triples, B-shifts, (-
shifts and factorised dualities. Moreover, in most of the examples of Bianchi
cosmologies discussed later we find that the general C' matrix in (3) splits as

C=1I4-C 14

where C" is either Ip, Ig, Ir or their duals. Transformed backgrounds then
can be written as

Fls,@) =E(2) Ay~ E'(s,2) - A - E7 () (15)
where

-1

E(s,2) = ((Q’ + AL E(s)ATS) T (P + A E(s) ATR)) + ALTi( )Ag)
and P, Q' \'R',S" are found from C’. As expected, these expressions can be

interpreted as application of Poisson—Lie T-plurality on a background given
by matrix E'(s) = A, E(s).AT. Important is that A, can be eliminated from

11



(15) by suitable transformation of group coordinates. Using the transforma-
tion properties of the covariant tensor F we may try to integrate the Jacobi

matrix )

-
i 0z

A oA

to find coordinates ' such that (15) simplifies to

— 2@ (Al (@ (@) (16)

p

~

F(s,2) =

M)

(2)- E'(s, #) - ET(2).

These transformations can be always found for Poisson—Lie dualities on semi-
Abelian Drinfel’d double where g = a and e(2) = 1. In this case J = A, the
transformation is linear and can be even combined with the coordinate shifts
mentioned earlier for dual B-shifts.

2.4 Generalized Supergravity Equations and transfor-
mation of dilaton

One of the goals of this paper is to verify whether backgrounds obtained
from Poisson-Lie identities and dualities satisfy (Generalized Supergravity
Equations of Motion. We adopt convention used in [13] so the equations
read’

1
0= Ry — ;HupoHS" + ViXo + Vo X, (17)
1
0= 5V Hyp + XPHppy + V,.X, =V, X,, (18)
1
0= R— 5 Hyor H'7 44V, X" —4X, X" (19)

where V is covariant derivative and
X, =0,24+TJ"Fou.

For vanishing vector J the usual one-loop beta function equations, i.e. con-
formal invariance conditions, are recovered.
Under (non-)Abelian T-duality dilaton transforms as

. 1
CI>:<I>+§lndetM (20)

"We consider purely bosonic backgrounds.

12



where matrix M is given by “group block” E,, of E(s) and submatrices of
adjoint representation as

M = (Ew(s) + (&) -a (7)) = (Ey'(s) +b(7) -a (7)) "

The formula (20) can be utilized not only for “full” duality given by Dy, but
also for factorized dualities. However, for successful application of this rule it
is necessary to identify the dualized directions, meaning we have to consider
only subgroups of ¢ and corresponding submatrices Fy, a, b.

For general Poisson—Lie T-plurality the dilaton transformation rule was
given in [17] and further studied in [37]. In the current notation we can write
it as

B(s,7) =0(s,z) — %m ‘ det ((N + ﬁ(;f:)M) am) ‘

+ % In ’ det ((1 +II(z) E(s)) a(x))

, (21)

M=8"-E(s)-Q", N=PT'-RTE(s).

From the the two possible decompositions of elements of Drinfel’d double
l=g(@)h(F) =§(@)n(z), €D, geb9 hec¥ % hed

we can in principle express coordinates « in terms of & and z. The expression
is thus nonlocal in the sense that ® may depend also on coordinates Z of 4.
For Poisson—Lie identities we do not encounter this problem so it is plausible
to use (21) to calculate dilatons corresponding to B-shifts and [§-shifts. For
semi-Abelian Drinfel’d double we find that dilaton does not change under
B-shifts I, while under Iz it transforms as

~

1
O(s,x) = P(s,z) — 5 In|detl— 5- Eu(s). (22)
For duals Dg = Dy - Ip and Dg = Dy - Iz we get the correct dilaton by

formula (20) applied on the dilaton and background obtained earlier from
identities /p and Ig.

13



3 Bianchi V cosmology

As a warm up we shall study the well-known Bianchi V' cosmology. Let
us consider six-dimensional semi-Abelian Drinfel’d double® 9 = (ZBy|o)
whose Lie algebra @ = by < a is spanned by basis (T}, T, T3, T, T2, T3).
The non-trivial commutation relations of the generators of by are

11, T3] = T, [Th, T3] = Ts. (23)

The group Ay is not semisimple and trace of its structure constants does
not vanish.
The sigma model background® is given by metric (B =0 and F = G)

-1 0 0 0
0 ¢ 0 0
0 0 e*o1¢? 0
0 0 0 e

Flt,z1) = (24)

Left-invariant vector fields that satisfy (23) and generate symmetries of this
background are

‘/126331_3:28302_1.381‘37 ‘/2:89627 deaxg,

In fact, the background is flat and torsionless so the standard beta function
equations are satisfied if we choose zero dilaton ® = 0. This background was
studied already in [38], where it was first noticed that duals with respect to
non-semisimple groups are not conformal. The related gravitational-gauge
anomaly was later investigated in [39].

8By %y, resp. by, we denote the Bianchi V group, resp. its Lie algebra. & and a
denote three dimensional Abelian group and its Lie algebra respectively. Similar notation
will be used in the following sections.

9E(s) is restored from F(s,x) by setting group coordinates to zero.

14



3.1 Poisson—Lie identities and dualities

Mappings C' that preserve the algebraic structure of Manin triple (9, by, a)
and generate Poisson-Lie identities are given by matrices

1 ci2 3 —ciac15 — C13C16 C15 C16
0 co2 a3 —cCi5C22 — C16C23 0 0
[ 0 32 €33 —C15C32 — C16C33 0 0
1 0 0 0 1 0 0 ’
O O O €13€32—C12€C33 €33 C32
€22C€33—C23C32 €22C33—C23C32 €23C32—C22C33
O O O €13€22—C12C23 €23 Cc22
C23C€32—C22C33 €23C€32—C22C33 €22€33—C23C32
-1 C12 C13 C12€C15 + C13C16  C15 Ci6
0 0 0 C12C25 + C13C26  Co5  Cog
I — 0 0 0 C12C35 + C13C36  C35 C36
2 0 0 0 -1 0 O
O €36 €35 €16€35—C15C36 0 0
C25C36 —C26C35 €26C35 —C25C36 C26C35—C25C36
O €26 €25 €16C25 —C15C26 0 0
€26C35 —C25C36 C25C36 —C26C35 C25C36 —C26C35

One can see that for c¢;5 = c16 = 0 the matrix [; simplifies to the block form
(13) given by automorphisms of algebra by that in general read

1 a1 ais
A = 0 92 A923 . (25)
0 az ass

For ¢19 = ¢13 = €93 = ¢39 = 0 and c99 = ¢33 = 1 matrix I; reduces to B-shift
(14) of the form

1 00 0 Ci5 Ci6

010 —C15 0 0

o 0 01 —C16 0 0
B=1000 1 0 o0 (26)

000 O 1 0

000 O 0 1

15



On the other hand7 for C1g = C13 = C96 = C35 = 0, Cor = C36 = 1 matrix [2
equals to

100 0 00
0 00 0 10
0 00 0 01

Ir = 0 00 =100 (27)
0 10 0 00
0 01 0 00

Matrix I switches basis vectors Ty, T3 and T2, T3. We identify its action
as factorized duality with respect to Abelian subgroup generated by 15, T5.
The change of sign of T} is necessary for being an automorphism of by < a.
To study models generated by I; and I, we decompose these matrices
into product of special elements of NATD group. Namely, we note that [;
can be written as
Iy =14-1p

where 4 is given by (25) and Ip is the B-shift (26). Similarly, I can be
decomposed as
Iy =14, - Ip - Ig

for automorphisms A; and A, of the form (25). This decomposition is not
unique. To identify relevant parameters of I5 we choose the simplest possible
14, while including the rest of the parameters in 14, as follows:

1 —C12 —C13 1 Ci5 Ci6
Al = 0 1 0 s AQ = 0 Con  Cog . (28)
0 0 1 0 c35 c36

Matrices generating Poisson—Lie dualities can be obtained from those
above by left-multiplication by matrix (8) representing canonical or “full”
duality. This way we get dual automorphisms generated by

0 AT—I
DA=D0-1A=<X ( 03 )

16



dual B-shifts generated by

000 1 0 0
000 O 1 0
000 O 0 1
DB o DO . ]B N 1 00 0 Ci5 Cig ’
010 —C15 0 0
0 0 1 —C16 0 0
and factorized duality
0 00 —1 00
0O 1.0 0 00O
0O 01 0 00
De=Do-le=1"_1 090 0 0 0 (29)
0 00 0 10
0 00 0 01

that can be interpreted as Buscher duality with respect to 77 accompanied
by a change of sign in the dual coordinate.

3.2 Transformed backgrounds
3.2.1 B-shifts

Let us now apply Poisson-Lie identities on the sigma model (24). Plugging
I into formulas (9)—(12) we get rather complicated background tensor. Nev-
ertheless, I; decomposes as I = I4- Iz and we can get rid of the parameters
that come from 14 by a change of coordinates found by integrating the Jacobi
matrix (16). Indeed, after coordinate transformation

—T —X
Y1 = T1, Yo = —Ci2€ "'+ Coallg + €373, Y3 = —Ci3€ '+ Co3g + 3373

we find that the symmetric part of F equals to the original metric (24). The
antisymmetric part

0 0 0 0
o 0 0 —e¥t C15 —e¥t C16
By =19 eney 0 0

0 €y1016 0 0

17



generated by the B-shift represents a torsionless B-field. Up to coordinate
transformations we would get the same background using Ig instead of the
full I so, from the point of view of Poisson—Lie identity, we consider these
matrices equivalent. In other words, Poisson—Lie identity with respect to Ig
and [ is just a gauge transformation of the original background, there is no
change in the dilaton field, and ® = ® satisfies beta function equations.

Background calculated using D = Dy - [; is too extensive to be displayed.
Nevertheless, a change of coordinates (16) simplifies it to the form that one
would obtain using Dpg. Subsequent coordinate shift

T = c12(P2 — c15) + c13(¥s — c16) + U1,
Ty = c2(Y2 — c15) + c23(Y3 — c16),

Ty = c32(P2 — 15) + €33(Us — ¢16)

that agrees with the discussion in section 2.3 eliminates the parameters of
Dy completely, producing tensor

—1 0 0 0
0o -t " U
~ tA+75+03 tA+55 403 tA+g5+73
F(t, o, U3) = 0 —— U 1493 _ Y273 . (30
A Rl e N ) 12 (t44+g3+93 )
0 —__Us _ G273 t'+33
Uity 2(t4g3+3) (4 +i3+i3)

The same background can be obtained via full duality using Dy, and, as dis-
cussed in [38, 39], it is not conformal. The standard beta function equations
cannot be satisfied by any dilaton ®. On the other hand, dilaton

1
B(t, 5o Gs) = —5 I (* (35 + 95 + "))

together with background (30) satisfy Generalized Supergravity Equations
(17)—(19) if we choose J = (0,2,0,0). Components of the Killing vector
J are given by trace of structure constants'® of by as J% = fi.. The dila-
ton agrees with the formula (20), and we conclude that up to a coordinate
transformation the background (30) found using Dp or D; is equivalent to
non-Abelian T-dual investigated in [13].

0Compared to [13], in the present nomenclature the matrices F representing back-
ground tensors are transposed. This results in change of sign of J.
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3.2.2 Factorized dualities

Using Iy = 14, - IF - 14, in formulas (9)—(12) we get background that can be
brought to the form

-1 0 0 0
2
j__\_(t y ) 0 t —eylclg —eylclg
1) = 2y

’ 0 6y1612 et21 0

2y1

0 €y1C13 0 et2

by coordinate transformation
—T —X
Y1 =T1, Yo = —Ci5€ '+ CosTo + C35%3, Y3 = —C16€ ' + CosTa + C36T3

whose Jacobi matrix (16) is determined by A, in (28). The background
differs from F calculated using [ since I 4, changes E(s) before the factorized
duality is applied. However, the only difference is in the antisymmetric part
B. For I, there is a torsionless B-field, while for Ir the B-field vanishes
completely. The metric has vanishing scalar curvature but is not flat. Further
coordinate transformation

t:\/—2uv+2u+z§+z2, Yo = U 23,
1 —2uv + 2u+ 235 + 23
9125111 2 ; Ys =uzy

brings it to the Brinkmann form of plane parallel wave [40] with
2 23+ 21 o 2 2
ds® = 2————du” + 2dudv + dz3 + dzj.
u

Corresponding dilaton follows from the formula (20) if the factorized du-
ality (27) is interpreted as Buscher duality'! with respect to two-dimensional
Abelian subgroup generated by left-invariant fields V, = 0,,, V5 = 0,,. Met-
ric (24) is written in coordinates adapted to the action of this subgroup and
for the duality given by Ir we can write

. 1 1 6211
O(t,x1) = §1ndetM: §lndet( tg 6221 ) =—Int*+2y; = —2Inu.

$2

HFollowed by a change of sign in the spectator coordinate .
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Dual dilaton for background given by I5 is derived from the altered E'(s) =
A1 E(s)AT and differs from the previous expression by a constant. We again
conclude that backgrounds found using I and I differ only by a coordinate
and gauge transformation and can be considered equivalent. They satisfy
beta function equations, or Generalized Supergravity Equations (17)—(19)
where 7 is zero vector.

Background obtained by Poisson—Lie transformation using matrix Dy has
the form

-1 0 0 0
0 1 __2 U3
- 2(g3+93+1) AU+l 93+93+1
F(t, 92, 73) = 0 __ B (B g : (31)
G242 +1 G2 +g2+1 2 +ja+1
0 —= 93 %203 t2 g§+1)
2+ +1 PR+ GEAiE+L

The same background is obtained using Dy = Dy - Iy = Dy - 14, - Ir- 14, after
change of coordinates

Ty = c15(Y2 — c12) + c16(Us — c13) + T,
To = o5(P2 — c12) + c26(Y3 — C13),
Ty = c35(Y2 — c12) + c36(Us — c13).

Thus, we are able to eliminate all parameters appearing in Dy. The back-
ground is torsionless and together with dilaton

Bt o, s) = — 0 (7 (3 + 7 + 1)) (32)
satisfies beta function equations, i.e. the Killing vector in the Generalized
Supergravity Equations is zero. Explanation is that we can interpret the fac-
torized duality (29) as Buscher duality of (24), this time with one-dimensional
Abelian subgroup generated by left-invariant field V; = 0,, — 22 0, — ©3 Oy,.
In adapted coordinates {s1, s2, s3,y1}

t=s1, T1=vy1, x2=se ", x3=s53e ",

where Vi = 0,,, the tensor (24) is manifestly invariant with respect to shifts
in y; since
-1 0 0 0
0 s 0 —5%59
F(Sla S92, 83) - 0 0 S% —8%83
0 —sisy —sisy st(si+s2+1)
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Buscher duality with respect to y; then restores the tensor (31) and dilaton
(32) agrees with formula (20).

To sum up, in this section we have shown that backgrounds emerging
from general Poisson—Lie identities or dualities differ from those obtained
from special elements of NATD group only by a coordinate or gauge trans-
formation. From now on we shall display results for these special elements
and only comment on the general cases.

4 Bianchi 1] cosmology

Several results for Bianchi 171 cosmology are similar to those for Bianchi V.
The algebra 0 = by > a of six-dimensional gemNi—Abelian Drinfel’d double
(PBr11|) is spanned by basis (Ty, Ty, T3, T, T?%, T?). Non-trivial commuta-
tion relations of the generators of b;;; are

[Ty, T5) = —T5, (33)

while a is Abelian. The trace of structure constants does not vanish and
group Ay is not semisimple. The background given by metric

-1 0 0 0
0 t 0 0

0 0 0 t?e 2

is flat, torsionless, and invariant with respect to symmetries generated by
left-invariant vector fields

‘/1:811 +1’33x37 %:ax27 Vz’):arg

satisfying (33). As the background is flat and torsionless the dilaton & can
be chosen zero. Authors of [41] mention this background in their analysis and
note that its non-Abelian dual does not satisfy the standard beta function
equations.

4.1 Poisson—Lie identities and dualities

Tab. 1 summarizes all eight types of solutions of equations (6) and (7) with
structure constants F' = F'. These give rise to Poisson—Lie identities and
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(%[}]Lﬂ) C matrix
-1 c12 a3 c14 % ci6
c12 L
0 O 0 €52 C52 0
n 0 0 0 €13C36 0 c36
0 0 0 —1 0 0
0 59 0 (614*661132616)652 0 0
0 0 1 €16 0 0
C36 €36
-1 c12 ci3 c14 76147;1236“" c16
0 coo 0 (014*C3132016)C22 0 0
I 0 0 0 C13C36 0 C36
0 0 0 —1 0 0
0 0 0 c12 1
1 &32 22
0 0 =2 cae 0 0
ciatcizcie
1 c2 c3 c14 s . ce
0 0 0 —az ! 0
C52 C52
Is 0 0 c33 —C16€33 0 0
0 0 0 1 0 0
0 c2 O % 0 0
0 0 0 —4s 0 =+
€33 €33
1 c2 ci3 c14 —76144;?23“6 c16
(c1a+ci13cip)can
0 co2 0 e 0 0
I 0 0 c33 —C16C33 0 0
0 0 0 1 0 0
0 0 0 —az L 0
22 €22
0 0 0 —4as 0 L
€33 €33
-1 0 c3 czce ci5  cie
0 0 0 0 o= 0
I 0 0 0 c13C36 0 C36
5 0 0 0 -1 0 0
0 c52 0 C15C52 0 0
o o Lt 4 9 0
€36 C36
-1 0 c3 «ci3ci6 c15  Ci6
0 c2 0 csc2 O 0
0 0 0 ci3cse 0 c36
Is 0 0 0 -1 0 0
0 0 0 0 L9
€22
0 0 1 16 0 0
€36 €36
1 0 c13 —cC13C16 C15 Cl6
0 0 0 0 L0
C52
Ir 0 0 €33 —C16C33 0 0
0 0 0 1 0 0
0 c52 0 —C15C52 0 0
o 0o o —as 0o X
€33 c3
1 0 3 -—cscie c5  ci6
0 coo2 0 —C15C22 0 0
0 0 c33 —C16C33 0 0
Is 0 0 0 1 0 0
0 0 0 0 L9
. c22
0 0 0 _c3 0 1
€33 €33

Table 1: PLT-identities of Drinfel’d double (%#;;|%7).
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dualities of (Arr|/). Nevertheless, all the identities are composed of auto-
morphisms (13) with
1 aip a3
A= 0 ag9 0 5 (35)
0 0 ass

B-shifts of the form (26), and factorized dualities'?

100 0 00
0 10 0 00
0 00 0 0 1

In=1 9 00 -1 0 0 (36)
0 00 0 10
0 01 0 00

and

100000
0000T10
001000

=1 090010 0 (37)
010000
00000 1

Matrices generating Poisson—Lie dualities can be again obtained from those
above by left-multiplication by the matrix (8) representing full duality.

4.2 Transformed backgrounds
4.2.1 B-shifts

Using Ip (26) in the formulas (9)—(12) we find that the background F has
the same metric as the original model (34). In addition to that, a torsionless
B-field

0 0 0 0

o o 0 0 —Ci15 —0166_331

Bla) = | | . 0 0 (38)
0 crge™ 0 0

121, and Ip appear as special cases of I, and Iy, factorized dualities Ir , Ir, and their
composition appear in I, I, I3, I, Is, I7 and their duals.
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appears. This agrees with the interpretation of action of Iz as gauge trans-
formation. There is no change in the dilaton and & = ®. With the full
solutions I, and I3 we get the same background as for /5. Indeed, both these
matrices decompose as

Iy =141, Is=14-1p

with I, given by (35). A linear change of coordinates (16) thus restores the
metric (34) and torsionless B-field (38)'3.
Dual background calculated using matrix Dg = Dy - Ig produces tensor

-1 0 0 0
O t2 t2015 c16—I3
f _ o t4+0%5t2+(6167f3)2 t4+€§5t2+(01~67§3)2 t4+6§5t2~+(61673~33)2
(t, $3) = . t2¢15 t*4-(c16—23) c15(&3—ci6)
t4+6%5t2+(61671‘3)2 t4+c%5t2+(0167§33)2 t4+6%5t2+(6167f3)2
0 Z3—c1e c15(Z3—ci6) t*4cis
tA 42,12+ (c16—3)2 titcipt2+(c16—23)%  tiHcigt2+(c16—3)?

(39)
whose curvature and torsion do not vanish. We can get rid of the parameter
ci6 by shift in 23, but c;5 remains. As earlier, backgrounds calculated using
D4:D0']4:D0'IA'IB or DgZDO'IgzDO'IA'IB differfiomfonly
by a transformation of coordinates. For nonzero c;5 the tensor F is not the
same as non-Abelian dual of (34) that can be found using Dy. Nevertheless,
if we understand the duality with respect to Dg = Dy - I as full duality
applied to background changed by Iz, the correct dilaton can be found from
(20) as

8 1 s
O(t,73) = —5 In (t* + cf5t* + (c16 — x3)2) : (40)

Such @ satisfies the Generalized Supergravity Equations for Killing vector
J = (0,—1,0,0) whose components are given by trace of structure constants
of by as suggested in [13].

4.2.2 Factorized dualities

Poisson—Lie identities (36) and (37) can be interpreted as Buscher duali-
ties with respect to one-dimensional Abelian subgroups generated by left-
invariant fields V3 = 0,, resp. Vo = 0,,.

Dualization with respect to V5 does not change F at all due to the form
of the metric (34). The background is invariant with respect to Ip,. Its dual

13The parameter ci5 has to be replaced by —Cl“tfil;clﬁ for 1.
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given by Dp, = Dy - Ip, needs to be understood as dual with respect to non-
Abelian group generated by Vi, V3 that is not semisimple. The background
and dilaton are the same as for the full duality Dy. We can read them from
(39), (40) setting ¢15 = c¢16 = 0. The same results, up to a coordinate or
gauge transformation, are obtained for the full solutions I3, I7, see Tab. 1,
and their duals D3, D7 since

Is =14, Ip, - Ip- 14, I; =14, - Ip, - Ip.

Dualization with respect to Vs, i.e. Poisson—Lie identity [r,, produces
metric

-1 0 0 0
~ 0 t2 0 0
‘F(tyxl) = 0 0 1 0 (41)
0 0 0 <
whose scalar curvature vanishes. In coordinates
t:\/z§—2u(v—1), Ty = Zzy,
1 29 -1
r1=—=1In %3 u(v ) , T3 = UZ3
2 u?

it acquires the Brinkmann form of a plane parallel wave with
2 4 o 2 2
ds” = 2—du” + 2dudv + dz5 + dzj.
u
As expected, dilaton calculated via formula (20)

~ 1 1 1 0 1
(I)(t,l’l) = élndetM = §lndet ( e—21 > = —5111 t2 — X

satisfies beta function equations, or Generalized Supergravity Equations with
J = 0, since we have dualized with respect to Abelian subgroup of %;;.
Poisson—Lie identities [y, I, I5 and Ig decompose as

I = 1p, - Ip, - Ip, - 14, Iy =14, - Ip, - Ip - 14,
Is =14, Ip - Ip, - 14, Ie =10, Ip - Ip-14,.

Resulting backgrounds differ from (41) only by a change of coordinates and
torsionless B-field of the form (38) and can be found in Tab. 3.
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Dual background produced by Dp, = Dy - Iy, reads

-1 0 0 0
i P S
]:(t’i'?)) _ 0 t ($8+1) 1 6+

0 A0 A

Together with the dilaton

D(t,73) = —%ln (#* (23 +1))

found from (20) this background satisfies beta function equations. Factorized
duality given by Dp, can be once again interpreted as Buscher duality with
respect to symmetry generated by Vi, V5. The same result is obtained for
Ds = Dy-I5. For Dy, Dy, Dg the tensor F and dilaton ® contain a parameter
that cannot be eliminated by coordinate or gauge transformation. Interested
reader may find its full form in Tab. 3 in the Appendix.

5 Bianchi VI, cosmology

Semi-Abelian Drinfel’d double .@~: &%’wﬁld) has Lie algebra 9 = by, < a
spanned by basis (T}, Ty, T3, T",T?,T?) and the nontrivial comutation rela-
tions of by, are't

[Tl,TQ] == KTQ, [Tl,Tg] = Tg, K % —1. (42)

Trace of structure constants does not vanish and group Ay, is not semisim-
ple. In the parametrization used in [13] Bianchi VI, cosmology is given by
metric

—e4Way (1) %as(t)%as(t)®> 0 0 0

0 a1 (1)? 0 0

F(t> 331) = 0 0 e2nmla2(t)2 0
0 0 0 e*1az(t)?

(43)

M Note that for K = 0, or kK = 1, these are comutation relations of b;;7, or by, respec-
tively. The case k = —1 will be treated separately in section 6.

26



where the functions a;(t) are

m2+1

K 2 K— "62
ar(t) = " ( p 1) T b T (),
K
Bt Ja R pat K
ay(t) = e*® P e 2 sinh™ =1 (pst), (44)
K

1

k+1 _

o) = 0 (g ) e s s
K

The background is invariant with respect to symmetry generated by left-
invariant vector fields

‘/1 = éizl — RT3 éztg - J?3é)r37 ‘/é = é)rga ‘/é = ézrg

satisfying (42). For dilaton ®(t) = ¢;t the beta function equations reduce to
condition
2 (R*+r+1Dpt  p3
! (k+1)2 4"

The background is torsionless and for ¢; = 0 also Ricci flat.

5.1 Poisson—Lie identities and dualities

Poisson—Lie identities of Drinfel’d double (%y,_|47) are given by matrices

1 ci2 ¢z —ciecis —ci3ci6 Ci15 Cis
0 Co29 O —C15C922 0 0
I — 0 0 C33 —C16C33 0 0
L= 0O 0 O 1 0O O
00 0 —c2 L 0
00 0 —ai 0 =+
c33 €33
—1 ci2 c13 cipci5 +ci3Cis C15 Cig
0 0 0 C12Co5 e 0
I, — 0 0 0 C13C36 0 C3g
2= 0 0 O —1 0 0
0 L 0 4as 0 0
c25 Cc25
0o 0 -+ ae 0 0
C36 C36
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The algebra by, admits automorphisms (35) and matrices 14 of the form
(13) are among the special cases of I;. Clearly, I; is a product Iy = 14 - Ip
of automorphisms and B-shifts (26). Matrix I can be written as I, = I, -
Ip - 14, where Ip is the factorized duality (27) and I4,, [, are given by
automorphisms (28). Poisson—Lie dualities are obtained by multiplication
by DQ.

5.2 Transformed backgrounds
5.2.1 B-shifts

Using I; directly in formulas (9)—(12) we get rather complicated background
tensor. However, since [ splits as I} = I 4 - I, the dependence of F on the
parameters appearing in I4 can be eliminated by transformation (16). The
background obtained using I; is equivalent to that obtained by B-shift (26)
and reads

—e 1O q, (t)2ay(t)%as(t)? 0 0 0
= i 0 aq (t)2 —6’“81015 —€$1C16
‘F(t7 33'1) - 0 6’“51615 e?nxl Qs (t)2 0
0 e"lcig 0 e*ag(t)?

Beside the original metric (43) we have obtained a torsionless B-field. To-
gether with the original dilaton ®(¢;) = ¢t the background satisfies beta
function equations.

Dual background F calculated using Dy = Dy - Iy = Dy - 14 - I is again
too complicated to display. Nevertheless, linear transformation of coordinates
(16) followed by shift in g9, 3 simplifies the background to

]:(t7 g?u gS) =
—e 4 q, (t)2ay(t)%as(t)? 0 0 0

0 az(t)?az(t)? ra3(t)ga a2 (t)%§3
A A A

0 _ kaz(t)?g2  a1(t)?a3(t)*+73 _ Ki2d3 )
Q, A 2 By o

0 _a2(t)Ps _ kG273 a1(t)?az(t)*+r°g3
A A A

where

A = ar(t)?as(t)?as(t)? + K*gaas(t)? + as(t)*g3.
These results are the same as results obtained by full duality Dy. Dual dilaton

1
®(t)g27 g?)) = Clt - 5 In A
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found from formula (20) satisfies the generalized supergravity equations (17)-
(19) where components of Killing vector J = (0,x + 1,0,0) correspond to
trace of structure constants of by . Dualization with respect to Dy can be
treated as canonical duality in spite of the fact that it contains also B-shifts
and automorphisms.

5.2.2 Factorized dualities

Poisson—Lie identity I in (27) can be interpreted as Buscher duality with re-
spect to two-dimensional Abelian subgroup generated by left-invariant fields
Vo = 0y,, V3 = 0,,. Resulting curved background

—e W () %ay(t)as(t)®> 0 0 0
~ B 0 al(zf)2 20 0 A
F(t,a) = 0 0 22?:)12 0 (45)
0 0 0 =i
and dilaton 2rt1)
~ 1 e\
(I)(t, 33'1) = Clt + 5 In (W) (46)

calculated by formula (20) satisfy beta function equations with vanishing
Killing vector J since we have dualized with respect to Abelian group.

Poisson—Lie identity Iy = I4,-Ip-14, gives a background whose metric can
be brought to the form (45) by coordinate transformation (16). There is also
a torsionless B-field depending on constants coming from 7,4, that transforms
E(s) to E'(s) = A;E(s)AT. Dilaton found by (20) from E’(s) differs from
(46) only by a constant shift and we may conclude that results of duality
with respect to I, deviate from those obtained by Iy only by coordinate and
gauge transformation.

After a suitable coordinate transformation we find that both matrices
Dp =Dy Ip and Dy = Dq - 14, - Iy - 4, produce background

—e~ 424202 0 0 0
0 1 K32 a?ﬁ}a
~ A A
F(t, 52, 5) = 0 kaZjy 93(a+a3i)  waZadieis
> A 2 2 A2 2~2
0 _a3§3  ka3a3fais ‘13(%""$ agyz)
A A A

where
A = ai(t)’ + s2az(t)?75 + as(t)*73.
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This background is the same as the one that would be obtained by performing
Buscher duality with respect to symmetry generated by V. Dilaton

1
q)(tmqj% gi’)) = Clt - 5 In A

satisfies ordinary beta function equations.

Let us note that results of this section hold also for k = 0,1, i.e. for
Bianchi 771 and Bianchi V. Dualities with respect to these groups were
treated in sections 3 and 4 with different initial backgrounds.

6 Bianchi VI _; cosmology

For Bianchi V' /_; cosmology we shall consider Manin triple (9, by ,, a) whose
algebraic structure is given by comutation relations (42) with k = —1. Struc-
ture coefficients of Lie algebra by ;_, are traceless and the group %y ;_, is not
semisimple. Metric has the form (43) with functions

P2+ pit oot

ay(t) = /prexp ((Tpl) + <I>(t)> L ag(t) = ag(t) = /pge' s T20
(47)
and dilaton is again ®(t) = ¢;t. The beta function equations are satisfied if

1
i = £ (2P + p3).

6.1 Poisson—Lie identities and dualities

Poisson—Lie identities of Drinfel’d double (#y_,|<) are given by matrices

-1 ci2 C13 C12C15 + C13C16 C15 C16
O O C32 €C16C32—C12C36 C36
C32C56 —C36C52 €32C56 —C36C52 €36C52 —C32C56
I — 0 c3 0 C15C32 + C13C36 0 C36
| =
0 0 0 -1 0 0
0 5 0 C15C52 + C13C56 0 Cs6
0 O C52 €16C52 —C12C56 C56
C36C52 —C32C56 C36C52—C32C56 C32C56 —C36C52
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and

1 C12 €13 —Ci2C15 — C13C16  C15 C16

O C33 O €15€33 —C13€C35 O C35
€33C55—C35C53 €35C53—C33C55 €35C53—C33C55

I, — 0 C33 —C16C33 — C12C35 C35
g =

0 0 0 1 0 0

0 0 C53 —C16C53 — C12C55 Csp 0

O C53 €C15€53 —C13C55 C55
€35C53—C33C55 €33C55—C35C53 €33C55—C35C53

As special cases we find two types of automorphisms 14 and 4 given by

1 ap a3 -1 a2 a3
A=1 0 ayp 0 , A = 0 0 ag |,
0 0 oass 0 aszxp O
B-shifts generated by matrix
1 00 O bia b
01 0 —bia 0 b
00 1 —biz —bay O
Is=1000 1 o o0 |’ (48)
000 O 1 0
000 O 0 1
[-shifts
1 0 0O 00O
0 1 0O 00O
j 0 0 1 0 00
/1o 0o 0 100
0 0 Pz 01 0
0 —fP3 0 0 0 1

and factorized dualities (27). To analyze results following from application
of Poisson—Lie identities I; and I, it is helpful to find their decomposition
into products of special elements of NATD group. Depending on the values
of parameters the matrices can be written as

IA/'IB'Iﬁ fOYC56§£O
[1: ]A"IB']B fOI‘C56:O,C327£0
IA'IB']F fOI'C562632:O
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and
[A'IB'IB fOI‘C557£O

]2: IA'Iﬁ'[B fOI"C55:O,033§£O
IA"]B'IF fOI'C552033:0

for some I4, I, Ip, Ig and Ip. The parameters rising from I4 and /4 can
be again eliminated by coordinate transformation (16). It is thus sufficient to
discuss backgrounds obtained from I, I3, I and their products. Multiplying
these matrices by Dy we get Poisson—Lie dualities.

6.2 Transformed backgrounds
6.2.1 B-shifts

Transformed background

—e~ W, (t)%ay(t) 0 0 0
= . 0 aq (t)z —blge_“ —b136x1
‘F(t7 xl) - 0 b126711 6723316,/2 (t)Q _b23 (49)
0 b13€x1 b23 6211&2 (t)2

given by B-shift differs from original F by a torsionless B-field and together
with the dilaton ® = ¢t satisfies beta function equations.

Coordinate shifts eliminate bq5, b3 in the dual obtained from Dy - I so it
reads

—e 1M q2qd 0 0 0
~ 0 astbdy  _ J2a3tbusds  a3is—basi
.F(ZfN ~): 25 5 2 28 T
1 Y2,Y3 0 az92—b2393 ajas+y; bozai+7293

A

0 _ gsas+tbosfe  §agz—basal a?a§+§§

A A A

where

A = (as(t)* +033) a1 (t)® + aa(t)* (75 + 73) -
The constant bo3 remains. For dilaton

1
q)(t,gg, g?,) = Clt — 5 In A

beta function equations are satisfied. Vanishing of vector J corresponds to
the fact that structure constants of by;_, are traceless.
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6.2.2 [-shifts

Background given by [-shift is

—6_4¢(t)a1(t)2a2 (t)4 0 0 0
- 0 aq (t>2 0 0
]:(t, ZEl) = 0 0 e~ 21ay(t)? Bazaz(t)? (50)
B2ia2(t)4+1 /325, o(t )4+1
0 0 _ _Basaz()* “lag(t)?

533‘12(75)4""1 523‘12( )A+1

and together with the dilaton calculated by formula (22)

() = eyt — %ln (B35a2(t)* +1)

satisfy beta function equations. Although matrices Ip and I do not com-
mute, backgrounds obtained from Ip - Iz and Iz - I are the same and differ
from F in (50) only by a torsionless B-field.

The dual obtained from Dy - I is

F(t, &g, 73) =
—e 1M a2q} 0 0 0

0 a? 523a§i3—52 B23Z2a2+E3
aja3+r3+i5 a3+33+33 a5 +13+i3

0 B23ZzaZ+T2 a1“2+ Bgsa%Jrl)i (ﬁ§3a%+1ji2i3*523a%a%
a%a%+iﬂ%+i§ a3 (a a2+x2+xd a% (a%a%—i—i%—&-ig)

0 Baza3®a—i3 523“1“%"’( ‘1§+1)9~5 3 a%a2+(523a2+1)52
a?al+33+73 a3 (a a%+x2+x3) a3 (a a%+x2+x3)

and with dilaton

(I)(t, jg, i’g) = Clt — %ln (ag(t)z (al(t)2 az(t)2 + i‘g + Zi‘g))

they satisfy beta function equations. Tensors F arising from Dy - Ip - I
and Dy - Ig - Ip are too extensive to be displayed here. Nevertheless, it is
straightforward to calculate them and verify that together with corresponding
dilatons they satisfy beta function equations.

6.2.3 Factorized dualities

Poisson—Lie identity (27), interpreted as Buscher duality with respect to
symmetry generated by V, and V3, produces metric (45) with x = —1 and
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functions ay(t) = as(t) given by (47). Dilaton calculated by the formula (20)

~

1
P(t) = 1t — B Inay(t)* = —(cy + po) t + const.

satisfies beﬁa function equations. Background obtained from Ip - Iy differs
from this F only by a torsionless B-field that is the same as in (49). Let us
note that for ¢; = —ps the metric is Ricci flat.

Dual background produced by Dy - [r reads

—e®Wa2ad 0 0 0
0 i _a%iz a%ig
~, . A A A
.F(t, X9, 1‘3) = 0 a%fg a% (a%Jra%a?g) a%j’cz:ig
A A A
0 _a3is adTaZs a3 (“%"‘a%‘f%)
A A
where
2 2 (~2 | ~2
A =ay(t)’ +as(t)” (35 + 73) -
This background and dilaton
~ 1
O(t,T9,73) = 1t — 5 InA
satisfy beta function equations. Background
f(t7 g?a g?)) -
—e™ 1M g2a} 0 0 0
0 b§3a3+1 o a% (bzgﬂga%-i—:ljz) a§g37b23a%§2
A A
0 a2j2—b23asys a%(a%ﬂz%ﬂ%) a%(b23a%+§2§3)
a2 (523Aﬂza2 +?§3) al <b2302 —?32@73) a? (a2ﬁa2?§2)
0 93 2 %2 1 2\91793Y35
A A A
where

A= (b%3a2<t>4 + ].) al(t)Q + ag(t)2 (g; + gg)
is obtained from Dy - Iz - Ir and with dilaton

~ 1
q)<t7g2ag3) = Clt - 5 In A

it satisfies beta function equations.
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7 Bianchi /] cosmology

Lie algebra 0 = b;; < a of the Drinfel’d double & = (%,|.</) is spanned by
basis (Ty, Ty, T3, T, T?,T®) where nontrivial comutation relations of b;; are

[Ty, T3] = T. (51)

Trace of structure constants is zero and group %;; is not semisimple.
Cosmology invariant with respect to symmetry generated by left-invariant
vector fields

‘/1:89317 %:_$3811 +8x2a %:axg

satisfying (51) is given by the metric

.F(t,l'g) =
—e1Wq, (t)%as(t)%as(t)? 0 0 0
0 a(t)? 0 ay(t)?zy
0 0 an(t)? 0 (52)
0 ar(t)®xy 0 ay(t)*x3 + az(t)?
where the functions a;(t) are
£ = 20 D1
a(t)=e cosh(pit)’
as(t) = e®+% Jeosh(prt), (53)

as in [13|. For dilaton ®(t) = ¢, t the beta function equations reduce to
4ct = psp2 — pi.

The background is torsionless and for ¢; = 0 also Ricci flat.

7.1 Poisson—Lie identities and dualities

Unfortunately, we are not able to display general forms of matrices generating
Poisson—Lie identities of Manin triple (9, b7, a) because the expressions are
too extensive. However, we were able to decompose them into products of
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automorphisms, B-shifts and [-shifts. To be more specific, all the solutions
can be written in one of the two forms

Li=Iy-Ip-Is,  L=1I4 1y Iy (54)
where automorphisms have the form (13) with

A 0 O o a
A= an axn ax3 |, A:det( 22 23)7

a3z as3
a31 azz 33

B-shifts are generated by matrix (48), and (-shifts are given by

1 0O 0 000
0 1 0 000
0 0 1 000
B0 B B 100 )
—Bi2 0 0 010
—Bs 0 0 001

There are no factorized dualities satisfying (6) and (7). Poisson-Lie duali-
ties can be obtained from identities by left-multiplication by the matrix (8)
representing full duality.

7.2 Transformed backgrounds

We already know that if Poisson—Lie identity decomposes as in (54), coordi-
nate transformations can eliminate parameters of /4 in the resulting back-
grounds. Thus it is sufficient to investigate the effects of Ip, Iz and their
products.

7.2.1 B-shifts

Structure coefficients of Manin triple (9, by, a) remain invariant under B-shift
(48) that transforms the background (52) to

ﬁ(t, IL‘Q) =
—e 4% 20,2052 0 0 0
0 a% —byo a%@ — b3
0 b12 a? biaa — baog
O CI)QCL% + b13 b23 — b12$2 CL32 =+ alzxg

36



Up to gauge transformation of the antisymmetric part it is equivalent to
(52). Together with dilaton ®(t) = ¢t the background satisfies beta function
equations.

Dependence on byg can be eliminated in background obtained from Dg =
Dy - Ig and we have

—e 1MW a2a2a2 0 0 0
0 a3a3+y3 biza3—b1371 bi3a3+b12d1
T _ A A
‘F(t7 yl) - 0 _b12a39+b13371 b3, +alal a?j1—biabi3
A A
0 b1271—b13a2 . g1a3+biabis b2,+a%a?
A A

where
A =a(t)? (a2(t)®as(t)® + 77) + biza2(t)® + bias(t)’.

With dilaton

1
(I)(t, g1> = Clt — 5 In A

given by (20) the beta function equations are satisfied. Results for the dual
B-shift differ from the canonical dual obtained by Dy not only by a shift in
y1 but also by other terms depending on bys, b3.

7.2.2 [B-shifts

Let us now investigate the transformation of metric (52) given by [-shift
(55). This Poisson—Lie identity generates

~

F(t,f]ﬁz) =
—e W q2a2a2 0 0 0
0 ﬁ a?a?piz a%(513a§+12)
A A A
0 a3a3fiz a3 (a3a3p3;+1) afa3Bia(Brzaj+az)
A A - A
0 a?(z2—a3p13) a2a3Bra(w2—a3pis)  (a2a3B%,+1)ad+a2a}
A A A
where

A= <a2(t>25%2 + a3(t)2533> al(t)2 + 1L

Together with corresponding dilaton
~ 1
O(t) = et — QIHA
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the background satisfies beta function equations. Poisson—Lie identity Ig
acting on this background adds a torsionless B-field, so we conclude that
backgrounds obtained from Ip - Ig and Iz can be considered equivalent. De-
spite the fact that Iz and Ig do not commute, F obtained from Ig - Ip is
exactly the same as for Ip - I5.

Dual background resulting from Dg = Dy - I is

F(t,Ty) =
—e W a2a2a2 0 0 0
0 (a§+ﬁfgaff§)a§+( %3a%a§+1)f§ a%(ﬁlsfﬁl*ﬁma%) a%(ﬁlsa§+512il)
a? (a%ang:E%) aZal+i? aZa3+z3
2 2 -
0 ajg (512a2+513$1) a3 i
a%a%—i—if a%ag—‘ri% a%a%—i—fc%
0 a3 (513113,—512331) & a’
a% a% +51% a% a% +:Tc% a%a%—i—f%

The dilaton is

D(t,7) = 1t — %ln (ar(t)? (az(t)*as(t)® + 27))

and it is interesting that it does not depend on (15 and Si3. Together they
satisfy beta function equations.

Dual backgrounds and dilatons found from Dy - I - Iz and Dy - 15 - Ip are
too complicated to display and not particularly illuminating so we omit them
here. Nevertheless, one can check that they satisfy beta function equations.

& C(Conclusions

We have identified general forms of Poisson-Lie identities and Poisson—Lie
dualities for six-dimensional semi-Abelian Manin triples 0 = b > a where b’s
are Bianchi algebras that generate isometries of Bianchi cosmologies. Subse-
quently we have managed decomposing both the Poisson—Lie identities and
Poisson-Lie dualities into simple factors, namely automorphisms of Manin
triples, B-shifts, 5-shifts and “full” or “factorized” dualities. This supports the
conjecture posed in [21] that NATD group is generated by these elements.
Finally, we have used these decompositions to transform Bianchi cosmolo-
gies supplemented by dilaton fields [12]. For these transformations we used
Poisson—Lie T-plurality and dilaton formula described in Section 2.
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In this way we have obtained many new backgrounds and corresponding
dilatons that solve the Generalized Supergravity Equations, and confirmed
that the Killing vector J in Generalized Supergravity Equations is given by
trace of structure constants [13]. One must, however, carefully evaluate what
groups, more precisely what subgroups of Drinfel’d double, truly participate
in the transformation since it influences resulting Killing vector. For fac-
torized dualities these subgroups often become Abelian and the Generalized
Supergravity Equations reduce to standard beta function equations. New
backgrounds, dilatons and corresponding Killing vectors are summarized in
the Tables in the Appendix. The backgrounds obtained by Poisson—Lie iden-
tities are again invariant with respect to Bianchi groups.

Appendix

For reader’s convenience we recapitulate backgrounds and dilatons yielded
from Poisson-Lie identities and dualities in the following tables. We add
vector J as well to indicate whether the backgrounds satisfy standard beta
function equations (in which case J = 0) or Generalized Supergravity Equa-
tions (17)—(19). In the first column we display which one of the special
transformations was used to get the result. Automorphisms I, are not men-
tioned. Nevertheless, since we want to include results obtained from general
Poisson—Lie identities and dualities, some parameters appearing in the ten-
sors may arise from automorphisms. We recommend to check details in
previous sections.
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’ Brr H Transformed backgrounds, dilatons and vectors J

—e*‘@(t)a%a%a% 0 0 0
~ 0 a? —b12 a?xy — b1z
Ip F(t,x2) = L 5 !
0 b12 as bi2xo — bos
0 240 ba3 — b 2 252
r207 + 013 b23 —bi2w2 a3+ ajz;
dt)=cit, JT=0
—6744}(”&%&%&% 0 0 0
0 a3a?+g? b12a§*b13?§1 biza3+bi2d1
T _ A A A
Dp F(ty) = 0 __biza3+bisi b2, +a?a? a?g1—biabis
A A A
0 512171;513@% _?31“%+§12b13 b?ﬁz%a%
A = aq(t)? (az(t)zag(t)2 + ﬂ%) + b%3a2(t)2 + b%2a3(t)2
D(t, 1) = c1it — 3 In A, J=0
—6744}(”&%&%&% 0 0 0
0 af a?a?pB12 a3 (B13a3+w2)
Ig F(t,x2) = 2A2 2(a2 952 +1) 2,24 Aﬁ 24as)
0 7(11&1‘312 az “1“2 13 _ajaj 12(A13a3 2
0 af(w2—a3pis) a?aiﬂm(zz—a%ﬂls) (afa3 Bty +1)ai+aia]
A A
A = (az(t)?B7, + a3(t)?B7,) ar(t)® +1
@(t):qtf%lnA, J =0
]:(t75:1) =
76_44’“)61%&%(1% 0 0 0
0 (a§+6?2a%i§)a%+(ﬁ?3a%a§+1)i? ag(ﬁlsil—ﬁma%) _a%(ﬁ13a§+ﬁ12i1)
Dg af(a3a3+37) aja3+7 aja3+37
0 a3(B12a3+B13%1) a? Z
aga2+i% u%u%«ki% a%a%«ki%
0 ag(513a3—/3125€1) _ 7 a
a%a§+i§ a%a%-‘—if a%a%#—i‘%
®(t,#1) = c1t — 5 In (a1 (t)? (a2(t)as(t)? + 22)), J =

Table 2: Results for Poisson—Lie identities and dualities of Bianchi /1 cos-
mology. Functions a;(t) are given by (53) and ®(t) = c4t.
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’ Brrr H Transformed backgrounds, dilatons and vectors J

-1 0 0 0
~ 0 2 —c15  —cige” 1
Ip J:(t,zl) =
0 c15 1 0
0 cige” %1 0 t2e— 271
@ =0, J=0
-1 0 0 0
0 t2 t2C15 _ T3
~ t4c2 t2+52 titc2 t2+33 t4pc2 12432
Dp F(t,&3) = 0 _ t?cis tf*—ig c15&3
tite? t2+33 ti+c? t2+a3 tdc2 12422
T3 c15%3 t*+cis
td4c? t2+32 td4c? t2+32 td4c? t2+32
(t,#3) = — 2 In (t* + 3512 + 32), J = (0,-1,0,0)
-1 0 0 0
~ 0 t2 —c12  —ci3e” T
IFl .F(t, 1‘1) =
c12 1 0
_oa
0 cize” *1 0 = t;l
&D(t,xl):—lnt—zl, J=0
-1 0 0 0
0 1 c15 t2:7,‘3
=~ i +t?(33+1)  cfp+t2(3341) cfst+t*(#5+1)
Dry Ft2s) = 0o - cis ?(#5+1) ci5t?33
s+t (@5+1) iy t2(35+1)  cfgHt2(35341)
0 234 c15t’d@s 2 (cf5+¢%)
TR @) ARG
®(t,d@3) = —1In(3; + 1282 +¢2), J=0

Table 3: Results for Poisson—Lie identities and dualities of Bianchi 1] cos-
mology and dilaton ¢ = 0.
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’ By H Transformed backgrounds, dilatons and vectors J
-1 0 0 0
~ 0 2 —e®leys —e%legg
Ip ./—‘(lf7 xl) = 5 2
0 e®leys e“T1g 0
0 Tlcyg 0 €271 42
® =0, J=0
-1 0 0 0
t2 To Z3
~ t4 132472 t4rz2 472 t4 172472
Dp || F(t,%2,%3) = 0 : N B as
t4+32+23 t2 (t44+22+332) t2 (t4422+332)
0 i3 _ @iy 1433
td4i2+i2 2 (t4+22+33) t2(t44+22+43)
(I)(t75727i3):_%1n (t2 (I%+I§+t4))7 j:(0727070)
-1 0 0 0
~ 0 2 —e®lcip  —e®lcia
I F(t,z1) = 22,
0 e®lcyo et2 0
2x
0 e®lcyg 0 etzl
d(t,w1) = —2Int + 2z, J=0
-1 0 0 0
1 - -
~ 0 t2(32+23+1) i§+z:?,2§+1 :"r§+z§§+1
Dp F(t, &2,23) = 0 Zg t2(23+1) t23y33
T #3+a341 Z2+23+1  #2+a3+1
0 ___ %3 _ _t2Ed3 2(23+1)
#3+a3+1 #3+a3+1 #3+33+1
®(t,&,73) = —5In (* (23 + 23 +1)), T =0

Table 4: Results for Poisson—Lie identities and dualities of Bianchi V' cos-
mology and dilaton ® = 0.
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’ Bvr,

‘ Transformed backgrounds, dilatons and vectors J

5InA, J=0

—e’“’“h%a%ag 0 0 0
~ 0 a? —efTleyy  —e®leyg
Ip F(t,z1) = ﬁmll 2Ky 2
0 e c15 e as 0
0 e®lcig 0 e2wla§
D(t) = crt, J =0
—6744}(”&%&%&% 0 0 rO
0 a%ag Na%ig a;ig
=N A A A
DB “F(t7 2, xd) - 0 o nagiz a%a§+i§ _ KiEa&3
A A A
0 _a%i:;; _ KEoZg a1a2+n25c§
A A A
A = a1(t)2a2(t)?a3(t)? + k233a3(t)? + a2(t)?23
D(t,32,%3) = c1t — 3 In A, J = (0,k+1,0,0)
—e"@(t)a%a%a% 0 0 0
. 0 a% —ef"Tlcig  —e%lcyg
I F(t = 2Kk
F (t;21) 0 ef®lcyo e 0
a3
20,
0 e"%lcyg 0 ea§
D(t,z1) =cit + (k + Dz1 — In(a2(t)as(t)), J=0
76_4@(”(1%0,30% 0 0 0
0 1 &a%a’m a%a’cg
= N A A A
DF ]:(t7 9327173) = 0 _na,g'2 a%(a%«ka%i%) _Nagagigig
A A
0 70%53 _ na%a%izig, a§(af+n2a§ig
A A A
A = a1 (t)? + k2a2(t)%3 + a3(t)?23
&(t,fg,ig) =cit — 1

Table 5: Results for Poisson—Lie identities and dualities of Bianchi V I,. cos-

mology. Functions a;(t) are given by (44), k # —1 and ®(t) = ¢4t.
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(vi |

Transformed backgrounds, dilatons and vectors J

—e4®(M 24} 0 0 0
~ 0 a? —bioe™ %1 —bige®l
IB -F(t7m1) = ! 2 9
0 bioe— "1 e “*laz —bag
0 bize®1 bag eQIla%
P = cit, J =0
—e’“’“h%a% 0 0 0
0 a3+b34 _ §203+ba3fs  a3fs—basiz
= A A A
Dp F(t,92,93) = 0 a2 —bagiis aZat g3 bazad4dads
A A
0 _Qsagzb%ﬂ'z §2Q3*Ab23af a%fliﬁﬁ%
A = (a2()* +b33) a1 (t)? + a2(t)? (73 + 73)
®(t,i2,53) = c1t — 3 In A, J=0
—4P(t) ,2,4
—e ( )alaz 0 0 0
~ 0 a? 0 0
I@ .F(t,zl) = e~ 271 a% ngag
0 R0 S A
0 0 __Basas e**1a3
B3ga3+1  B3zai+1
(t) = c1t — 2 In (BZa2(t)* + 1), J=0
F(t,&2,23) =
—e1®()g24q3 0 0 0
Dﬂ a%a%-‘—ig-‘—ig afa§+i§+5:§ ) a?a%+i%+i§ )
0 B2sizas+T2 afa3+(B35a5+1)E3 (B33a5+1)&2&3—Bazaiay
e i e B {2 R T e
0 Bagadia—F3  Bazajaz+(B3za5+1)32ds afa3+(B33a5+1)E3
¢ O A (G ) 3(adaiitead)
®(t, i, 83) = c1t — 2 In (a2(8)? (a1 (t)? a2 (t)? + 22 + 2)) , J =0
—e~*®Ma2q 0 0 0
~ 0 a% 0 0
I F(t,xz1) = — 23
F (t,z1) 0 0 e a;l 0
2
0 0 o
®(t) = c1t — £ Inaz(t)*, J=0
7e’4q’<t)a%a% 0 0 0
0 1 a%iz a%ig
B L N N A A
br Flb#2,83) = 0 wdry  ad(e3ta3a)  admyry
A A A
0 _a§i3 a%igf}g aé (a%+aé£§)
A A A
A =a (t)2 + a2(t)2 (53% + fg)
D(t,&2,T3) = c1t — %IHA, J=0

Table 6:

Results for Poisson—Lie identities and dualities of Bianchi VI_;

cosmology. Functions a;(t) are given by (47) and ®(t) = ¢t.
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