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Abstrakt

Tato práce se zabývá kalibračńımi metodami pro ťri pokročilé materiálové modely,

jmenovitě elastoplastický Cam-Clay, Von Wolffersdoffov̊uv hypoplastický model

pro hrubozrnné zeminy a Maš́ınův hypoplastický model pro jemnozrnné zeminy

s náležitými konstitutivńımi rovnicemi a kalibračńımi postupy pro materiálové

parametry. Následně je provedena sensitivńı analýza materiálových parametr̊u,

jej́ıž výsledky jsou zohledněny p̌ri vývoji kalibračńıho programu ExCalibre. Tento

program určuje materiálové parametry na základě zkoušek stlačitelnosti a tri-

axiálńıch zkoušek. Následně je provedena korelace mezi materiálovými parametry

a materiálovými charakteristikami zemin. Práce je zakončena p̌ŕıkladem imple-

mentace Von Wolffersdoffova hypoplastického modelu do programu GEO5 MKP.
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Abstract

This thesis is dedicated to the development of calibration methods for three ad-

vanced constitutive models of soils, namely elastoplastic Cam-Clay model, Von

Wolffersdoff’s hypoplastic model to coarse grained soils and Masin’s hypoplastic

model for fine grained soils. Corresponding constitutive equations and recom-

mended calibration methods for their parameters identification are thoroughly

described. Following the results of a sensitivity analysis which was performed on

the models parameters, a development of a calibration software ExCalibre is de-

scribed. The calibration software determines the models parameters on the basis

of compression and triaxial laboratory experiments. Subsequently, the correla-

tion analysis is performed for hypoplastic models to establish the link between

the models parameters and soil properties. The thesis is concluded with an

implementation of the hypoplastic sand model into the GEO5 FEM software.
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Introduction

Even though the geotechnical engineering has experienced a significant devel-

opment in the field of a constitutive modelling and numerous new approaches,

such as hypoplasticity or bounding surface plasticity have been pursued, these

advanced theories are still less common in engineering practise and their use

is mostly limited to the academic studies. This state is probably caused by

the lack of either knowledge regarding the theory of advanced soil models or

tools necessary for the prompt and reliable calibration of the models parame-

ters. Therefore, the complexity of the calibration is often beyond capabilities of

a common engineer. This thesis, therefore, aims at facilitating operations related

to the calibration of advanced soil models and thus narrow the gap between the

academic and engineering community. In order to meet this goal, the thesis is

concerned with three objectives.

The first objective is to develop an easily accessible calibration software

for the advanced constitutive models, which requires a minimum of external

user’s intervention with clearly interpretable results. To this purpuse, a calibra-

tion software ExCalibre was developed at the Czech Technical University with

the cooperation of Charless University and Geotechnica plc. The constitutive

models selected for the calibration are elastoplastic Modified Cam-Clay model,

Wolffersdorff’s hypoplastic sand model and Masin’s hypoplastic clay model. A

theory regarding the selected constitutive models is thoroughly described in the

first chapter. Recommended and proposed calibration methods are described in

the second chapter and the third chapter is dedicated to the methods solving

nonlinear equations and methods integrating differential equations. The ExCali-

1



bre software operates as a free to use online application which in exchange for a

service gather the calibration input data. Establishing the calibration procedures

was preceded by the sensitivity analysis which indicated an impact of each param-

eter individually on the models predictions. Following the sensitivity analysis, the

calibration procedures were developed and thoroughly tested. The testing was

performed on a library of laboratory experiments provided by Charless University

and Geotechnika plc. consisting of coarse grained soils from nine locations and

fine grained soils from seventeen locations. A development of software ExCalibre

is described in the fourth chapter.

The second objective is to find correlations between the soils characteristics

and hypoplastic models parameters. This correlations should later serve as a

tool for a prompt estimation of the parameters values. The calibration of the

models parameters was performed by the software ExCalibre. An assessment and

evaluation of the correlations in the fifth chapter was achieved by emloying linear

and nonlinear regression. It was revealed that strong correlations can be found in

case of the hypoplastic clay model while the correlations were less significant in

case of the hypoplastic sand model. All the observed correlations can be found

in the Appendix A and Appendix B.

The third objective was to implement the hypoplastic sand model to GEO5

FEM software and thus supplementing a constitutive soil models library. The

implementation and its testing against the Triax software is described in the

sixth chapter. Triax is a single element software developed for various constitutive

models simulating laboratory experiments.

The future works related to the topic of this thesis might be dedicated to

the extension of the constitutive models calibrated by the ExCalibre software. The

intergranular enhancement of the hypoplastic models could be of the particular

interest. Furthermore, the observed correlations can be later improved once

additional laboratory input data are gathered through the ExCalibre software.

2



1. Constitutive models

Constitutive models together with the finite element method softwares form an in-

herent tool in the nowadays engineering calculations. Due to a rapid development

in the Information Technology, engineers are provided with higher computational

power and more sophisticated numerical models that can be employed. However,

the use of the advanced soil models in the practise is still rare and more simple

elasto-plastic models such as Mohr-Coulomb are often preffered. Even though

these simple models can well predict a stress failure, their predicted stress strain

response does not agree with a state and history dependent behaviour of soils.

It is worth noting, however, that the prediction capabilities of these models can

be improved with further extensions or enhancements.

Extensions of the basic soil models

• Strain hardening/softening - Enables expansion of the yield surface with

respect to the evolution of the plastic strain.

• Additional stiffness - Adds additional stiffness for unloading or links the

stiffness evolution with depth.

• Cut off models - Adds addtitional yield surface to reduce accessible tensile

stresses.

• Cap models - Adds addtional yiled surface along the hydrostatic axis to

avoid excessive stresses.

More advantageous can be the use of advanced soil models that can well

predict both soil failure and nonlinear stress strain behaviour as well as strain

hardening and softening. The state of advanced soil models is usually presented

in the common space of a deviatoric stress q, mean stresses p and void ratio

e in q × p × e space, while all admissible states are covered by the so called

3



CHAPTER 1. CONSTITUTIVE MODELS

Figure 1.1: State Boundary Surface

State Boundary Surface (SBS) as shown in Fig. 1.1. The following advanced soil

models are addressed in the thesis:

Advanced soil models

• Modified Cam-Clay model [2]

• Masin’s hypoplastic clay model [3]

• Von Wolffersdoff’s hypoplastic sand model [4]

Further sections are concerned with the basic features of both basic and

advanced soil models. The basic models are represented by the Mohr-Coulomb

model as it well represents usually employed models in FEM softwares and the

advanced soil models are represented by the Cam-Clay model and hypoplastic

sand and hypoplastic clay models. The following tensorial multiplications are

used in this chapter:

• AAA ·BBB = Ai j Bjk = Cik

• AAA : BBB = Ai j Bi j = c

• AAA⊗BBB = Ai j Bkl = Ci jkl

• ||AAA|| =
√

Ai j Ai j

4



1.1. ELASTOPLASTIC MODELS

1.1 Elastoplastic models

This section is dedicated to the elastoplastic theory and it is further divided

into three parts. The first part aims to outline the general elastoplastic theory,

relations and mathematical formulations. The second part is focused on the

Mohr-Coulomb model for it represents one of the stepping stones in geotechnical

numerical modelling and it is up to day one of the most often employed constitu-

tive model. The third part is concerned with the Modified Cam-Clay model. This

model successfully incorporates the stiffness dependency on a density represented

by a void ratio e and belongs to the group of so called Critical State Soil Models.

1.1.1 General definitions

The father of plasticity is often regarded Henri Tresca who observed by thorough

testing a relation between the yielding and maximal shear stress [5]. The Tresca

failure criterion forms an infinite hexagonal prism in the principal stress space

called the yield surface. This prism is symmetric along the so called hydrostatic

axis which can be characterized by the condition of an equilibrium of the principal

stresses σ1 = σ2 = σ3. According to this condition, one can reach an infinite

mean stress p without failure while exhibiting the elastic strain εεεel . However,

if any of the principal stresses increases independently of the others, the stress

state will eventually reach the yield surface and the plastic strain εεεpl will be

produced. The exact position of the stress state in the principal stress space

with respect to the yield surface is described by the loading function F (σσσ,κκκ),

where σσσ represents the Cauchy second order stress tensor and κκκ vector of the

state hardening parameters. The yield surface is in the pripcipal stress space

defined by the condition F (σσσ,κκκ) = 0.

Described behaviour demonstrates the main feature of the elastoplastic

model that is decomposition of the total strain εεεtot into the elastic εεεel and plastic

εεεpl components. The elastoplastic material exhibits plastic yielding if both con-

ditions in Eq. (1.1.1) are fulfilled, i.e. the stress state occurs on the yield surface

5



CHAPTER 1. CONSTITUTIVE MODELS

while a further loading is conducted

F (σσσ,κκκ) = 0,

(
∂F

∂σσσ

)
: dσσσ > 0. (1.1.1)

The pure elastic strain emerges in one of the scenarios defined by Eqns. (1.1.2)–

(1.1.4):

• The stress state occurs on the yield surface with subsequent unloading

F (σσσ,κκκ) = 0,

(
∂F

∂σσσ

)
: dσσσ < 0. (1.1.2)

• The stress state occurs on the yield surface with subsequent neutral loading

F (σσσ,κκκ) = 0,

(
∂F

∂σσσ

)
: dσσσ = 0. (1.1.3)

• The stress state occurs inside the yield surface upon loading

F (σσσ,κκκ) < 0. (1.1.4)

The stress state cannot occur outside of the yield surface and thus, the condition

presented by Eq. (1.1.5) is not admissible

F (σσσ,κκκ) > 0. (1.1.5)

In order to assure that the stress state remains on the yield surface dur-

ing loading, the total differential of the first condition in Eq. (1.1.1) called the

consistency condition becomes zero, see Eq. (1.1.6)

dF =

(
∂F

∂σσσ

)
: dσσσ +

(
∂F

∂κκκ

)
· dκκκ = 0. (1.1.6)
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1.1. ELASTOPLASTIC MODELS

The determination of direction of the plastic strain increment dεεεpl according

to the principal strains requires to involve the hypothesis of the so called flow

rule, which postulates that the direction of the plastic date occurs perpendicular

to the so called plastic potential surface G. Similarly to the yield surface F , the

plastic potential surface is defined in the principal stress space by G = G (σσσ,κκκ).

The case when Eq. (1.1.7) is applied is called the associated plasticity, otherwise

is called the non-associated plasticity. In general, Eq. (1.1.7) is not in agreement

with the behaviour of soil

F (σσσ,κκκ) = G (σσσ,κκκ) . (1.1.7)

The increment of the plastic strain is then evaluated by Eq. (1.1.8), where

dλ is a scalar variable called plastic multipl ier . It is clear that dλ = 0 in the

case of elastic response and the condition λ > 0 generates plastic strain

dεεεpl = dλ
∂G

∂σσσ
. (1.1.8)

The increment of the total strain dεεεtot is defined as a sum of the elastic dεεεel

and plastic dεεεpl strain increments, see Eq. (1.1.9). When deriving the increment

of the elastic strain dεεεel from Eq. (1.1.9) and subsequently substituting into

the constitution relation for the elastic material one can obtain relation for the

elasto-plastic material in Eq. (1.1.10), where DDDel represents the elastic stiffness

matrix

dεεεtot = dεεεel + dεεεpl , (1.1.9)

dσσσ = DDDel : (dεεεtot − dεεεpl ) = DDDel :

(
dεεεtot − h(F )dλ

∂G

∂σσσ

)
, (1.1.10)

, where

h[F ] =

0, F < 0,

1, F ≥ 0.
(1.1.11)
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The function h(F ) is so called heaviside function representing a typical

switch function of the elastoplastic models. It is worth noting that once the

condition F ≤ 0 is broken for a new stress increment, the loading condition

is changed from elastic to plastic and the intersection between the direction of

loading and yield surface has to be found in order to correctly initiate the plastic

loading.

The magnitude of the plastic multiplier dλ can be derived from the consis-

tency condition Eq. (1.1.6) when rearranged to the so called Melan’s form, see

Eq. (1.1.12),

dF =

(
∂F

∂σσσ

)
: dσσσ + Hdλ (1.1.12)

with

H = −
(
∂F

∂κκκ

)
· ∂κ
∂λ

, (1.1.13)

where H represents the modulus of plastic hardening.

When substituting the expression of dσσσ from Eq. (1.1.10) to the consis-

tency condition Eq. (1.1.6), the formulation of dλ yields Eq. (1.1.14). Further

substitution into Eq. (1.1.10) for dλ from Eq. (1.1.14) produces Eq. (1.1.15)

dλ =

(
∂F

∂σσσ

)
: DDDel : dεεεtot

H +

(
∂F

∂σσσ

)
: DDDel :

(
∂G

∂σσσ

) , (1.1.14)

dσσσ =

DDDel −

(
DDDel :

∂G

∂σσσ

)
⊗
(
∂F

∂σσσ
: DDDel

)
H +

(
∂F

∂σσσ

)
: DDDel :

(
∂G

∂σσσ

)
 : dεεεtot = (1.1.15)

= DDDelpl : dεεεtot , (1.1.16)

, where DDDelpl represents so called elastoplastic tangent stiffness matrix [6].
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From the abovementioned stress-strain relations, it is clear that the direc-

tion of the plastic flow is independent of the stress direction and the direction

of the plastic flow is defined solely by the plastic potential surface. Furthermore,

the plastic flow can be further divided into a deviatoric and volumetric plastic

strain. In the case of simple elastoplastic models such as Mohr-Coulomb or

Drucker-Prager, the non-associated plasticity can be employed in the way that

the resulting plastic strain represents actual soil state, i.e., positive volumetric

strain for loose sand and negative volumetric strain for overconsolidated sand

while sheared under drained conditions. Hereinafter, the Mohr-Coulomb and

Cam-Clay model will be discussed. The Mohr-Coulomb model is still probably

the most common elastoplastic model in a general engineering practice and the

Cam-Clay model can be seen as the the stepping stone in the attempt to reliably

simulate soil’s behaviour and it is often incorporated in the FEM software model

libraries.
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1.1.2 Mohr-Coulomb model

The Morh-Coulomb model connects Mohr’s circle with Coulomb’s failure crite-

rion. The typical feature of this model is a characterization of a soil state with

respect to the current stress state only. Neither density of the specimen nor

history of a loading are considered. Model’s yield surface F (σ1,σ2,σ3) = 0 is

defined with the aid of the principal stresses by

F (σ1,σ2) =
1

2
(σ1 − σ2) +

1

2
(σ1 + σ2) sinϕ− c cosϕ = 0 (1.1.17)

for one side of an infinite hexagonal pyramid opened along the hydrostatic axis,

see Fig. 1.2. The plastic potential surface G (σ1,σ2,σ3) = 0 can be defined by

G (σ1,σ2) =
1

2
(σ1 − σ2) +

1

2
(σ1 + σ2) sinψ = 0. (1.1.18)

Equtions for the other sides of the yield surface can be derived by the

permuatation of the stress indexes [6]. The Mohr-Coulomb model requires the

following parameters:

• E - Young’s modulus

• ν - Poisson’s ratio

• c - Cohesion

• ϕ - Angle of internal friction

• ψ - Angle of dilatancy

It is worth noting that these parameters are rather state variables than

soil’s parameters as they are valid only for a certain range of stresses. Conse-

quently, the same soil occurring in different states should be defined by different

sets of parameters. Even though the resulting stress/strain relation of the Mohr

Coulomb model is not accurate it still well manages to address the stress failure

criterion of the soil specimen [6].
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Figure 1.2: Mohr-Coulomb failure surface in the principal stress space

Though the parameter ψ is recommended to be derived from internal fric-

tion angle ϕ as ψ = ϕ - 30, the parameter ψ can be set in a specific way to

simulate three different conditions:

• ψ = 0 - No volumetric strain is produced during plastic yielding

• ψ > 0 - Soil exhibits a dilation during plastic yielding, the soil is relatively

dense

• ψ < 0 - Soil exhibits a contraction during plastic yielding, the soil is rela-

tively loose

In the case of single element test softwares which represent a convenient

tool to show a constitutive models’ behaviour and capabilities, the calculation of

stress and strain increment is often changed from the principal stress space σ1, σ2,

and σ3 to the space of invariant stresses p and q which is not, however, possible

in the case of the Mohr-Coulomb model since the yield surface has sharp edges

and therefore more then one side of the yield surface pyramid is affected during

a triaxial compression/extension. In addition, further equations in this section

are expressed in the principal stresses and strains which enables to rewrite the

Cauchy second order stress tensor as a vector.
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For the sake of clarity the calculation of a stress/strain increment is shown

hereinafter. As it was pointed out in Eqns. (1.1.1)–(1.1.4) a typical feature of

the elasto-plastic models is a switch function which determines whether the state

is on or inside of the yield surface and the stress/strain increment is calculated

accordingly.

Given the fact that the specimen is experiencing a strain driven loading and

the condition Eq. (1.1.4) or Eq. (1.1.2) is fulfilled, the stress state occurs inside

the yield surface and the stress increment is defined by

dσσσ = DDDel · dεεεtot , (1.1.19)

where

dσσσT = dσσσT (dσ1, dσ2, dσ3), (1.1.20)

dεεεT
tot = dεεεT

tot(dεtot,1, dεtot,2, dεtot,3) (1.1.21)

and

DDDel =


E (1− ν)

(1 + ν)(1− 2ν)
ν ν

ν
E (1− ν)

(1 + ν)(1− 2ν)
ν

ν ν
E (1− ν)

(1 + ν)(1− 2ν)

 .

However, if the condition Eq. (1.1.1) is to be fulfilled, the stress increment

is calculated by Eq. (1.1.15) with corresponding partial derivations defined by

dF

dσ
=

1

2
(1 + sinϕ,−1 + sinϕ, 0)T (1.1.22)

and

dG

dσ
=

1

2
(1 + sinψ,−1 + sinψ, 0)T (1.1.23)
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If no hardening parameter κκκ is defined, the hardening modulus H = 0 and

the plastic pultiplier dλ from Eq. (1.1.10) and Eq. (1.1.14) takes a form of

dλ =

(
(1 + sinϕ)EDdε1 + (−1 + sinϕ)EDdε2

(1 + sinϕ)ED(1 + sinψ) + (−1 + sinϕ)ED(−1 + sinψ)

)
, (1.1.24)

where

ED =
E (1− ν)

(1 + ν)(1− 2ν)
(1.1.25)

The stress increment defined by Eq. (1.1.10) can be for the Mohr-Coulomb

model expressed in the matrix notation by


dσ1

dσ2

dσ3

 =


ED ν ν

ν ED ν

ν ν ED





dεtot,1

dεtot,2

dεtot,3

− h(F )
1

2
dλ


1 + sinϕ

−1 + sinϕ

0


 .

(1.1.26)
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1.1.3 Modified Cam-Clay model

A significant step forward in the constitutive modelling of soil’s behaviour was the

Original CamClay model [7]. This model successfully incorporated an influence

of a void ratio e and divides material properties to state variables and material

parameters. Cam-Clay belongs to the group of the so Critical State Soil models

and thus the model predicts a failure once the critical state is reached and no

other volumetric strain increment is generated. A shortcoming of this model

was the shape of the yield surface which was created by a curve of a natural

logarithm. This shape consequently led to a nonzero increment of the plastic

deviatoric strain dεεεv
pl during loading along the isotropic normal compression line

(INCL). Later work on the Modified Cam Clay (MCC) model replaced logarithmic

shaped yield surface by the elliptic one [2]. The Cam-Clay model is defined by

the following parameters.

• λ - Slope of the NCL line in the lnp × e space

• e0 - Void ratio at p = 1kPa on the INCL line in the lnp × e space

• κ - Slope of the swelling line in the lnp × e space

• ν - Poisson’s ratio

• Mcs - Slope of the critical state line (CSL) in the deviatoric plane

The ellipsoidal yield surface in the principal stress space, see Fig. 1.3a, is

defined by Eq. (1.1.27), where pc represents the overconsolidation pressure

F (p, q, pc) =
q2

M2
cs

+ p2 − pcp = 0. (1.1.27)
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(a) MCC failure surface in the principal stress space (b) MCC failure surface in the meridian stress space

Figure 1.3: MCC failure surface

The typical feature of the Cam-Clay model is the isotropic hardening/softenning

rule, see Eq. (1.1.28), which defines the relation between the overconsolidation

pressure pc and volumetric plastic strain εv
pl and thus controls the expansion of

the elliptical yield surface

ṗc =
pc(1 + e)ε̇pl ,v

λ− κ
. (1.1.28)

Due to the shape of the yield surface, the distance between the initial

critical void ratio and isotropic void ratio can be calculated by Eq. (1.1.29),

where ec0 represents the critical state void ratio at p = 1kPa

ec0 = e0 − λln2. (1.1.29)

The relations for the bulk modulus K and shear stiffness modulus G are

defined by

K =
p(1 + e)

κ
(1.1.30)
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and

G =
3(1− 2ν)

2(1 + ν)
K (1.1.31)

Furthermore the model exhibits the elastic strain increment dεv
el during un-

loading or loading inside the yield surface, see Eq. (1.1.32), and the plastic volu-

metric strain strain dεεεv
pl during expansion of the yield surface, see Eq. (1.1.33).

ṗ =
pε̇el ,v (1 + e)

κ
, (1.1.32)

ṗ =
pε̇tot,v (1 + e)

λ
. (1.1.33)

The stress/strain increment predicted by the Modified Cam-Clay model for

the elastic loading/unloading is defined by

dσσσ = DDDel · dεεεtot (1.1.34)

with

dσσσT = (dp, dq), (1.1.35)

dεεεT
tot = (dεtot,p, dεtot,q) (1.1.36)

and

DDDel =

[
K 0

0 3G

]
(1.1.37)

where the elastic matric DDDel is defined with the aid of the moduli K and G .

In the case of plastic loading the stress increment is defined by Eq. (1.1.10)

while the partial derivatives of the elastoplastic stiffness matrix Eq. (1.1.15) are

expressed below
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dF

dp
= 2p − pc , (1.1.38)

dF

dq
=

2q

3M2
cs

, (1.1.39)

H =
F

dκκκ

dκκκ

dλ
= −(2p − pc)

pcp

λ− κ
. (1.1.40)

The resulting plastic multiplier dλ and increment of plastictic strains are

expressed by

dλ =


(2p − pc)K dεtot,p +

2q

3M2
cs

dεtot,q

(2p − pc)
−pcp

λ− κ
+ (2p − pc)2K +

(
2q

3M2
cs

)2

3G

 (1.1.41)

and

dεεεpl = dλ
dF

dσσσ
. (1.1.42)

Substituting G for F in Eq. (1.1.42) when comparing to Eq. (1.1.8) implies

associative flow rule.

The increment of the overconsolidation pressure pc from Eq. (1.1.28) is

integrated and expressed by

dpc = exp

(
−dεpl ,v

(λ− κ)

)
. (1.1.43)

The stress increment Eq. (1.1.10) of the Modified Cam-Clay model can

defined with the aid of Eqns. (1.1.34)–(1.1.42) in the terms of matrix notation

by

(
dp

dq

)
=

[
K 0

0 3G

][(
dεtot,p

dεtot,q

)
− h(F )dλ

(
2p − pc

2q/3M2
cs

)]
. (1.1.44)
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Even though the model provides a nonlinear relation between the stress and

strain, it still exhibits a recoverable elastic strain at large deformations, which is

in contradiction with observed soil behaviour and thus is not suitable for cyclic

loadings. Furthermore, the Modified Cam-Clay model tends to overestimate the

peak friction angle ϕp during shearing on the dry side and the shape of the yield

surface in the meridian space also does not well correspond with the observation

and overestimates the stress failure in the triaxial extension. These shortcomings

might lead to unsafe designs. The Cam-Clay model serves as the baseline for

many different later works and modifications of the Critical State Soil models,

such as [8].
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1.2 Hypoplastic models

The following chapters are dedicated to the theory of hypoplasticity. The section

General definitions covers in short a development of the hypoplasticity from the

very beginning to the comprehensive Von Wilffersdorff’s and Masin hypoplastic

models. The second and third section concentrates on the particular examples of

the hypoplastic models for sands and clays which calibrations are required from

calibration program.

1.2.1 General definitions

The initial studies and development of the hypoplastic equations put forth by

Kolymbas in [9] are reviewed first. The Bauer and Gudehus hypoplastic model,

which incorporated dependency on the void ratio and stress level is discussed

next and finally the Von Wolffersdorff’s hypoplastic sand model and Masin’s

hypoplastic clay model is introduced.

Initial studies

The hypoplasticity emerges in the 70s as an alternative approach to the elasto-

plastic constitutive modelling of granular materials behaviour such as coarse

grained soils. Unlike the theory of elastoplasticity, which in general employs

the yield surface to simulate failure and divides the total strain to the elastic and

plastic, the hypoplasticity does not involve yield surface to simulate failure and

the failure is a consequence of reaching the critical state.

Analogous to the elastoplasticity, the hypoplasticity in the literature distin-

guishes between two surfaces:

• Limit surface - Can be also referred to as a failure surface or yield surface.

This surface is defined in the stress space by the condition of vanishing

both stress rate σ̇ = 0 and volumetric strain rate.

• Boundary surface - Also can be referred to as state boundary surface,

asymptotic state boundary surface, swept-out memory surface. These ti-
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tles, however, does not always represent the same thing. The state bound-

ary surface covers all admissible states, the asymptotic state boundary sur-

face and swept-out memory surface represents all asymptotic states, e.i.,

states that are reached after a sufficient amount of loading in the same

strain rate direction. One of these state is also the critical state.

As the soil is in general subjected to the large deformation and, the differ-

ence between the original undeformed and the final deformed state is distinguish-

able. The theory of infinitesimal small strain theory is thus insufficient and finite

strain theory is needed. Kolymbas[9] used Jauman objective stress rate tensor σ̊σσ

defined by

σ̊σσ = σσσ + σσσ ·WWW −WWW · σσσ, (1.2.1)

where σσσ and WWW is the Cauchy stress rate tensor and the spin rate tensor, respec-

tively. In order to fulfill the objectivity condition, the objective stress rate tensor

σ̊σσ has to comply with

σ̊σσ′ = QQQ · σ̊σσ ·QQQT , (1.2.2)

where QQQ represents the rotation matrix.

Kolymbas [9] expressed the Jauman tensor as a symmetric tensor-value

function HHH of a strain rate DDD and Cauchy tensor σσσ as

σ̊σσ = HHH(σσσ, DDD). (1.2.3)

In order to fulfil the requirement of the objectivity, the function HHH has to fulfil

the condition

QQQ ·HHH(σσσ, DDD) ·QQQT = HHH(QQQ · σσσ ·QQQT , QQQ ·DDD ·QQQT ), (1.2.4)
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which implies the independence of coordination system.

The tensor-value function HHH of two symmetric tensors can be decomposed

as Eq. (1.2.5) shows, where φi are isotropic scalar functions, which form a func-

tion basis composed of ten invariants. These functions multiply the so called

generators. For the function of two isotropic symmetric tensors there are nine

generators (III,σσσ,DDD,σσσ2,DDD2,σσσ·DDD+DDD·σσσ,σσσ2·DDD+DDD·σσσ2,σσσ·DDD2+DDD·2σσσ,σσσ2·DDD2+DDD2 · σσσ2), see

[9] [10] [11].

HHH(σσσ, DDD) = φ0III + φ1σσσ + φ2DDD + φ3σσσ
2 + φ4DDD2+

φ5(σσσ ·DDD + DDD · σσσ) + φ6(σσσ2 ·DDD + DDD · σσσ2)+

φ7(σσσ ·DDD2 + DDD2 · σσσ) + φ8(σσσ2 ·DDD2 + DDD2 · σσσ2) (1.2.5)

φi = φi (trσσσ, trσσσ2, trσσσ3, trDDD, trDDD2, trDDD3,

tr(σσσ ·DDD), tr(σσσ2 ·DDD), tr(σσσ ·DDD2), tr(σσσ2 ·DDD2)) (1.2.6)

When permutating the invariants in the isotropic scalar functions φi one

can create a great number of the tensor-value functions HHH. In addition, the

mathematical software was used in order to find the most suitable form of the

function HHH. The selection of an appropriate function was subjected to the study

of:

• Shape of response envelopes

• Proportional strain paths

• Drained triaxial test, oedometric test and simple shear test

• Limit surface

The functions which provided an unacceptable prediction of a soil behaviour

were rejected. After some modification the most suitable equation was received

in the form of: [11] [12]
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σ̊σσ = HHH(σσσ, DDD) = C1DDDtrσσσ + C2
σσσtr(σ · Dσ · Dσ · D)

trσσσ
+

(
C3
σ · σσ · σσ · σ
trσσσ

+ C4
σσσ∗ · σσσ∗

trσσσ

)
||DDD||,

(1.2.7)

where

σσσ∗ = σσσ − 1

3
trσσσ111, (1.2.8)

111 = δi j . (1.2.9)

Coefficients Ci represent material constants and σσσ∗ the deviatoric stress

tensor where 111 is the identity matrix and δi j Kronecker delta. Such an equation

can be further simplified to

σ̊σσ = LLL(σσσ, DDD) + NNN(σσσ, DDD) = LLL(σσσ) : DDD + NNN(σσσ)||DDD|| (1.2.10)

with respect to DDD, where LLL and NNN represent linear fourth and nonlinear second

order tensor, respectively. The effect of the tensors can be presented in such

way that when omitting the tensor NNN from Eq. (1.2.10) the response envelope

would have an elliptic shape with the original stress placed into the centre of the

ellipse and therefore, provides a hypoelastic response. Incorporating the tensor

NNN into Eq. (1.2.10) moves and rotates the response envelope out of the original

stress state. Tensor DDD can be separated from both tensors when defined in the

principal stress and strain space, as further evolution of Eq. (1.2.10) shows. The

basic hypoplastic equation is thus obtained, which is in the nature nonlinear and

produce two different stiffnesses for the loading and unloading conditions. Notice

that the tensor function Eq. (1.2.10) contains only one state variable, which is

the tensor stress σσσ [12].

Bauer’s and Gudehus’ hypoplastic model

The next step in the development of the hypoplastic models was an explicit

formulation of the critical state and incorporating the void ratio e as a state
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variable. The critical state can be characterized by vanishing of stress rate and

volumetric strain rate under continuous stretching, see Eq. (1.2.11).

σ̊̊σ̊σ = LLL(σσσ) : DDD + NNN(σσσ)||DDD|| = 0. (1.2.11)

In [13] the failure surface f of the hypoplastic model was found by following

analysis. Since the hypoplastic model is strain rate independent the strain tensor

DDD can be expressed as a unit tensor with property

DDDT : DDD = 1 (1.2.12)

applied. When deriving strain tensor DDD from Eq. (1.2.11) the analogue of the

elastoplastic flow rule at the critical state is formed by

DDD

||DDD||
=
−→
DDD = DDD = −LLL−1 : NNN, (1.2.13)

where
−→
DDD represents the direction of strain rate. At this poing, the direction of

the plastic flow was not determined in advance unlike in the case of elastoplastic

models such as the Mohr-Coulomb, Cam-Clay etc. [13]. Similar approach of

deriving both the failure surface and flow rule was adopted later by Wolffersdoff

[14] and Niemunis [15].

The failure surface f is expressed by Eq. (1.2.14) when substituting Eq. (1.2.13)

to Eq. (1.2.12) as

f (σσσ) = NNNT : (LLL−1)T : LLL−1 : NNN− 1 = 0 (1.2.14)

Since the σσσ and DDD are related at the failure surface f by Eq. (1.2.13), they are

coaxial, which is not, however, in a general case satisfied [13].

Incorporating the dependency of the model on the void ratio was the next

logical step, since the behaviour of soils is significantly influenced by the stress

state and void ratio relation. The observations of triaxial tests suggest [13]:
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• The dilatancy and the peak friction angle decrease with an increasing con-

fining pressure for the identical initial void ratio.

• The dilatancy and the peak friction angle decrease with an increasing initial

void ratio for the identical confining pressure.

• When the dense specimen is subjected to the low confining pressure, the

stress strain curve exhibits a peak followed with softening, which later

stabilizes on a certain level of stress while the deformation continue. Such

a state is referred to as critical state and is characterized by the critical

void ratio and critical friction angle.

• A dense specimen under a high confining pressure and loose specimen under

a low confining pressure do not show the peak followed by softening and

exhibits a similar behaviour.

According to the aforesaid propositions, the hypoplastic constitutive equa-

tion should be written in the term of [13]

σ̊σσ = HHH(σσσ, DDD, e), (1.2.15)

with the void ratio rate defined by

ė = (1 + e)trDDD. (1.2.16)

Bauer [16] and Gudehus [17] put forward the form of hypoplastic as

σ̊σσ = fb(e,σσσ)fe(e)[LLL(σ̂σσ) : DDD + fd (e)NNN(σ̂σσ)||DDD||], (1.2.17)

which significantly improved the hypoplastic sand model by implementing the

effect of the void ratio and stress level via scalar functions of barotropy (fb),

and pyknotropy (fe , fd ). Equation (1.2.17) is thus a modification of the original

hypoplatic equation (1.2.10). The tensor σ̂σσ denotes the so called granular stress

ratio tensor. The precise form of the scalar functions and tensors is revealed in

subsequent sections.
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Von Wolffersdoff’s hypoplastic model

Although significantly improved, the model overestimated the critical state

for directions other then the one corresponding to the triaxial test. The model

also did not have an explicitly defined failure surface, which, according to the

conducted studies, shaped as a three-sided cone with the vertex situated in the

origin of the principal stress space resembling the Matsuoka-Nakai failure surface

[14, 17]. According to the predefined abovementioned shape, Wolffersdorff mod-

ified the tensors LLL and NNN of Eq. (1.2.17) in order to respect the Drucker-Prager

and Matsuoka-Nakai failure surface [14], the resulting failure surface in principal

stress space is illustrated in Fig. 1.4.

Figure 1.4: Hypoplastic sand failure surface in the principal stress space

In spite of explicitly incorporating the failure surface, the hypoplastic model

is still not applicable to simulate a cyclic loading, for it exhibits too low initial

stiffness. Such a drawback is eliminated when using enhancement of small strain

stiffness model introduced in [18], which reliably simulates now number of cyclic

loadings and significantly increases the initial stiffness.

Generalized hypoplasticity

Even though the initial studies were conducted by the trial and error optimiza-

tion, the eventual hypoplastic equation took a form Eq. (1.2.10). In [12] it was
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shown that for the critical state the stress increment holds σ̊σσ = 0 and the strain

direction at the critical state is derived as

−→
DDD = −LLL−1 : NNN, (1.2.18)

which can be seen as the counterpart of the elastoplastic flow rule Eq. (1.1.8)

[15].

Furthermore, with additional modification an expression for the failure sur-

face f can be obtained when normalizing both sides of Eq. (1.2.18). Thus the

direction of the strain rate
−→
DDD is excluded from Eq. (1.2.19) and the relation for

the failure surface f is expressed solely in terms of stresses as

f = ||LLL−1 : NNN|| − 1 = 0, (1.2.19)

which can be seen as an counter part of the elastoplastic yield surface Eq. (1.1.1).

In [15] and [19] it was stated that the tensors LLL and NNN are interconnected

and a change in one tensor might inconveniently change other features of the

model such as a hypoplastic flow rule or shape of the yield surface etc. Therefore,

Niemunis in [15] introduced tensorial function BBB as

BBB = LLL−1 : NNN (1.2.20)

and direction of flow mmm

mmm =
−→
BBB . (1.2.21)

at the critical state (̊σσσ = 0, tr(DDD) = 0). From Eq. (1.2.19), respective Eq. (1.2.22),

the inequality -1<f<0 is satisfied and f = -1 is applied for isotropic compression

and f = 0 for the critical state. The function f thus can be expressed as

f = ||BBB|| − 1 = 0. (1.2.22)
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The degree of nonlinearity Y was introduced as a convenient function

replacing f , see Eq. (1.2.23). The function Y , respectively f , has to be carefully

selected as it controls a nonlinear behaviour between the limits -1<f<0

Y = f + 1. (1.2.23)

The general ized form of the hypoplastic equation (1.2.10) then takes the

form of

σ̊σσ = LLL : (DDD− Y mmm||DDD||) (1.2.24)

Rearrangement of Eq. (1.2.10) allows to define separately the forth or-

der tensor LLL, which represents a tangent stiffness of the hypoelastic constitutive

model, hypoplastic flow rule mmm and shape of the failure surface f . Similar ap-

proach was earlier undertaken by Von Wolffersdoff in [14] while Niemunis in [18]

came to the more general form, which was later adopted by Masin in [19].
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1.2.2 Von Wolffersdorff’s hypoplastic sand model

The Wolffersdorff’s hypoplastic model is nowadays widely used in the academic

field and is referred to as the hypoplastic model for sand or hypoplastic model

for coarse grained soils. Based on the Bauers’s and Gudehus’s model, Wolffers-

dorff improved the hypoplastic equation for the predefined failure surface, the

hypoplastic model for sand can be expressed in the basic form of Eq. (1.2.17).

σ̊σσ = fb(e,σσσ)fe(e)[LLL(σ̂σσ) : DDD + fd (e)NNN(σ̂σσ)||DDD||]

The forth order tensor LLL and the second order tenor NNN are expressed in the

form respecting the Drucker-Prager and Matsuoka-Nakai failure surfaces as

LLL =
1

σ̂σσ : σ̂σσ

(
F 2III + a2σ̂σσ ⊗ σ̂σσ

)
(1.2.25)

and

NNN =
aF

σ̂σσ : σ̂σσ
(σ̂σσ + σ̂σσ∗), (1.2.26)

where

III = IIIi jkl = δikδj l (1.2.27)

represents the forth order identity matrix. Scalar functions a and F are expressed

by

a =

√
3(3− sinϕc)

2
√

2 sinϕc

(1.2.28)

and

F =

√
1

8
tan2 ψ +

2− tan2 ψ

2 +
√

2 tanψ cos 3ϑ
− 1

2
√

2
tanψ, (1.2.29)

with invariants

tanψ =
√

3||σ̂σσ∗|| (1.2.30)
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and

cos 3ϑ = −
√

6
tr (σ̂σσ∗ · σ̂σσ∗ · σ̂σσ∗)

(σ̂σσ∗ : σ̂σσ∗)
3
2

. (1.2.31)

Stress tensors σ̂̂σ̂σ and σ̂̂σ̂σ∗ represents the stress ratio and the deviatoric part of the

stress ratio respectively

σ̂σσ =
σσσ

trσσσ
, (1.2.32)

σ̂σσ∗ = σ̂σσ − 1

3
111. (1.2.33)

Von Wolffersdorff’s hypoplastic model employs eight parameteres ϕc , hs , n,

ed0, ec0, ei0, α and β which are discussed together with the calibration procedures

later in Chapter 2.

• hs - Granular hardness

• n - Parameter controling the curvature of the compression line

• ei0 - Limiting void ratio of the isotropic compression line

• ec0 - Limiting void ratio of the critical compression line

• ed0 - Limiting void ratio of the highestdensity compression line

• ϕc - Critical state friction angle

• α - Exponent controlling peak friction angle

• β - Exponet controling model’s stiffness

Hereinafter, the scalar functions fd , fe and fb are described in detail as

they incorporate the influence of the stress level and density into the hypoplastic

model.
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Pyknotropy

Bauer [17] introduced scalar functions fb,fe and fd in order to cover the very

basic characteristics of soil mechanics that is the pressure and density dependency.

Dependency of the density is characterized by functions fe and fd as follows:

fd = rαe (1.2.34)

with

re =
e − ed

ec − ed
(1.2.35)

and

fe =
(ec

e

)β
, (1.2.36)

where ec represents a void ratio at the critical state, ed void ratio of the maximal

density and e the current state of the void ratio. It is said that 1-re corresponds

to the density index Id . It can be simply deduced that when the void ratio e

corresponds to the void ratio of the maximal density ed in Eq. (1.2.34), then the

function fd = 0 and Eq. (1.2.17) is reduced to the hypoelastic form. When the

initial void ratio increases, the peak friction angle and the dilatancy decreases, the

function fd thus controls a relative height of the peak in the stress/strain curve

under the triaxial loading (peak friction angle). The parameter α usually falls

within the range 0.1<α<0.3. The function fe increases the stiffness (increase

the size of a response envelope) with increasing density and thus the position

of the peak in the stress/strain curve. The parameter β falls within the range

1<β<1.1 [17] [16].

Barotropy

The pressure dependency of the void ratio can be according to [16] defined for

the proportional isotropic compression in the p × e space by

ei = ei0 exp

[
−
(

3p

hs

)n]
. (1.2.37)

30



1.2. HYPOPLASTIC MODELS

It was stated that this relation well correlates with the evaluation of numer-

ous tests and well matches various granular materials for wide range of stresses

[16]. This equation can be seen as a counterpart to the expression for the propor-

tional isotropic compression of the Cam-Clay model Eq. (1.1.33) in the ln p × e

space. However, the initial void ratio ei0 corresponds with the mean pressure p

= 0. When differentiating Eq. (1.2.37) with respect to time, one obtains

3ṗs =
ėi

ei0

hs

n

(
3ps

hs

)1−n

. (1.2.38)

The parameter ei0 here represents the maximal void ratio, which corre-

sponds to the arrangement of particles in the gravitation free space. The pa-

rameter hs stands for the granular hardness and the exponent n controls the

curvature of the void ratio evolution curve, p represents the mean stress. It is

postulated that the limiting void ratios of the critical state ec and the maximal

density ed decrease with the mean pressure in the same manner as the isotropic

void ratio ei by

ec

ei
=

ec0

ei0
(1.2.39)

and

ed

ei
=

ed0

ei0
. (1.2.40)

Therefore, analogous equations to Eq. (1.2.37) were adopted for the evo-

lution of the critical state void ration ec

ec = ec0 exp

[
−
(

3p

hs

)n]
(1.2.41)

and void ratio at the maximal density ed as

ed = ed0 exp

[
−
(

3p

hs

)n]
. (1.2.42)
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All three limiting curves are depicted in Fig. 1.5. Any state above ei or

beneath ed curve is not admissible. Figure 1.6 depicts the presumed hypoplastic

sand model’s state boundary surface in the principal stress space. It is worth

noting the limitation of the state boundary surface in between both isotropic

NCL and line of maximal density.

Figure 1.5: Limiting void ration curves in p × e Figure 1.6: Hypoplastic sand SBS

The form of the scalar function fb can be derived from the Eq. (1.2.17)

while considering the proportional isotropic compression. When substituting the

Eqns. (1.2.25)–(1.2.30) and Eq. (1.2.37), one can obtain

fb =
hs

nhi

(
ei0

ec0

)β
1 + ei

ei

(
−3p

hs

)1−n

, (1.2.43)

with scalar function hi defined by

hi =

[
3 + a2 −

√
3a

(
ei0 − ed0

ec0 − ed0

)α]
. (1.2.44)
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1.2.3 Masin’s hypoplastic clay model

Despite the fact that the Von Wolffersdorff hypoplastic model well characterizes

coarse grained soils such as sands, it was discussed in [20] and later mentioned in

[11] and [19] that Von Wolffersdorff’s hypoplastic model does not well simulate

the behaviour of clays. Given the fact that the shape of the response envelope

is influenced by the single parameter ϕc , it exhibits extremely slender shape of

response envelope for low critical friction angles which are characteristic for clays.

The shear stiffness is therefore underestimated. Herle and Gudehus in [20] put

forth an enhancement which included two additional constants c1 and c2 and one

additional parameter r adjusting the tensor LLL. This parameter controls the bulk

and shear stiffness ratio at isotropic state, which is according to research almost

equal to 1 [20]. This model improved the prediction capability of the hypoplastic

model for soils with low friction angle. However, there were observed several

shortcomings and the model required further improvements. [19]

• The model defines nonzero minimal void ratio ed0, which is not in agree-

ment with the characteristics of fine grained soils, where ed0 equal to zero

is admissible [19].

• It is not possible to explicitly determine the slope of the swelling line while

subjected to unloading. The slope of swelling line is modified by both

index parameters α and β, where fitting the parameters to swelling line is

performed on the basis of parametric study [19].

• In the case of clay, it is possible to write the stress/void ratio relation for

proportional loading in terms of logarithmic expression. Such an expression

was already adopted by elastoplastic CamClay model, which is sufficiently

accurate and can be defined by two parameters. The swelling line can be

then defined by a single parameter [19].

Different approach was taken by Masin [19] who developed a hypoplastic

model for clay based on theory of the generalized hypoplasticity proposed by

Niemunis [15]. He introduced parameters λ∗,κ∗,N ,ϕc and ν which are in the
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physical meaning closely related to the parameters of the model Cam-Clay. The

model, however, had a several drawbacks such as an unrealistic shape of the

boundary surface for high ratios of parameter’s combinations κ∗/λ∗, an incorrect

development of shear stiffness during shearing and a problematic definition of the

tensor LLL, which made it uneasy for a future development or enhancement by a

small strain stiffness model [3]. Masin later redefined his original model [19] in

[3] with the aid of the studies [21, 22, 23] where was defined so called Asymptotic

State Boundary Surface (ASBS). Asymptotic State Boundary Surface covers all

states, characteristic for soil behaviour [24] called asymptotic states which are

ultimately reached after sufficient stretching, see Fig. 1.7a. In this thesis, Masin’s

version of the hypoplastic model for clays [3] is considered with those following

parameters:

• λ∗ - Slope of the NCL line in the lnp × ln(1+e) space

• N - Position the NCL line in the lnp × ln(1+e) space

• κ∗ - Slope of the swelling line in the lnp × ln(1+e) space

• ν - Poisson’s ratio

• ϕc - Critical state friction angle

The meaning of parameters λ∗, κ∗, N and ϕc are ilustrated in Fig. 1.7b

for the compression test as well as in the meridian space. The original basic

hypoplastic Eq. (1.2.17) and later generalized form Eq. (1.2.24) can be rewritten

to

σ̊σσ = fsLLL : DDD− fd

f A
d

AAA : ddd||DDD||, (1.2.45)

while tensors NNN and LLL takes the form of Eq. (1.2.46) and Eq. (1.2.47), respectively

NNN = −AAA : ddd

fs f A
d

, (1.2.46)

LLL = III +
ν

1− 2ν
111⊗ 111. (1.2.47)
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The forth order tensor AAA emerges from the condition σ̊σσ = 0 applied in

Eq. (1.2.17) while scalar function f A
d represents the value of pyknoropy fd on

ASBS. The tensor DDDA is an asymptotic strain related to the current stress state

AAA = fsLLL +
σσσ

λ∗
⊗ 111. (1.2.48)

The proposed shape of the ASBS respects the Matsuoka-Nakai failure cri-

terion in the deviatoric plane and fulfils the equality of the mobilized friction

angle ϕm and the critical state friction angle ϕc = ϕm for pe/p = 2, where

pe represents the Hvorslev equivalent pressure. Since the critical state occurs

at pe/p = 2, CSL in lnp×ln(e+1) space is similarly to MCC model defined by

Γ = N − λ∗ln2.

(a) HC ASBS surface in the principal stress space (b) HC model parameters in the meridian stress space

Figure 1.7: HC failure surface

The failure function f is expressed by

f = Fm +

(
p

pe

)ω
− 1 = 0, (1.2.49)

where Fm is the Matsuoka-Nakai factor expressed in the terms of stress invariants

I1, I2 and I3 defined by
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Fm =
9I3 + I1I2
I3 + I1I2

, I1 = trσσσ, (1.2.50)

I2 =
1

2

[
σσσ : σσσ − I1

2
]

,

I3 = detσσσ.

The second term in Eq. (1.2.49) assures the value of the mobilised friction

angle ϕm = 0 for p/pe = 1, ϕm = ϕc for p/pe = 2 and ϕm = 90◦ for p/pe =

∞. The exponent ω from Eq. (1.2.50) is expressed by

ω = − ln (cos2 ϕc)

ln 2
+ a(Fm − sin2 ϕc). (1.2.51)

The second term in Eq. (1.2.51) influences the shape of ASBS in meridian space

for other stress states which can be modified through the shape factor a and

consequently influencing the peak friction angle. For a = 0.3 the shape of ASBS

in the meridian plane resemble the Cam-Clay model on the wet side of the failure

surface.

The asymptotic strain direction ddd is defined by

ddd =
DDDA

||DDDA||
, (1.2.52)

where DDDA represents the mutual dependency of strain and stress directions and

can be seen as a hypoplastic flow rule

DDDA = −σ̂̂σ̂σ∗ + 111

[
2

3
− cos 3θ + 1

4
F 1/4

m

]
F ξ

m − sinξ ϕc

1− sinξ ϕc

. (1.2.53)

Among the most important features are the predictions of the critical state when

the mobilised friction angle ϕm = ϕc , for the isotropic compression ϕm = 0.

To predict the K0 state the Jaky formula K0 = 1 - sinϕc should be fulfilled.

Limits of the mobilised friction angle are ϕm = 90◦, which is rather a theoretical

limitation.
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The values of the exponent ξ

ξ = 1.7 + 3.9 sin2 ϕc , (1.2.54)

was found as a result of optimalization seaking the best fit with the Jaky formula

[11].

Pyknotropy

The pyknotropy factor fd controls a nonlinear part of the hypoplastic equation

and consequently soil’s stiffness dependency on the relation of the mean stress

p and Hvorlev stress pe in the form of

fd =

(
2p

pe

)α
, (1.2.55)

where

α = 2 (1.2.56)

The pyknotropy factor fd for the state occuring on the ASBS designated as f A
d

is defined by

f A
d = 2α(1− Fm)α/ω (1.2.57)

and arises from the combinations of the Eqns. (1.2.49)–(1.2.55).

Barotropy

Masin’s model employs a pressure dependency of the void ratio similar to the

Cam-Clay model, see Eq. (1.1.33), which well correlates with the clay’s behaviour.

Pressure/void ratio dependency takes the form of

pe = exp

[
N − ln (1 + e)

λ∗

]
(1.2.58)
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and in the rate form of

ṗ = −pe

λ∗

(
ė

1 + e

)
, (1.2.59)

and

trDDD = εv =
ė

1 + e
. (1.2.60)

The barotropy factor is derived from Eq. (1.2.45) while considering unload-

ing from the isotropic state. The equation (1.2.45) then takes a form

ṗ = −fs

(
1

3
+

ν

1− 2ν

)
ė

1 + e
− fs

(
1

3
+

ν

1− 2ν
+

p

λ∗

)
ė

1 + e
, (1.2.61)

while ε̇v = ė/(1 + e). Furthermore, considering Eq. (1.2.59) the barotropy takes

a form of

fs =
2p

2

(
1

λ∗
+

1

κ∗

)
1− ν
1 + ν

(1.2.62)

Three advanced constitutive models, namely elastoplastic Modified Cam-

Clay, hypoplastic sand model and hypoplastic clay model, were described in detail

in the preceding sections. Even though the models are based on two distinct

theories the more generalized approach developed by Niemunis in [15] gives an

opportunity to develop hypoplastic models in the way resebling elastoplastic con-

stitutive models such as failure/yield surface plastic/hypoplastic flow rule etc.

A significant advantage of the hypoplastic models is a lack of the switch

function, which not only divides total strains εtot into the elastic εel and plastic

εpl parts but also requires to satisfy a consistency condition Eq. (1.1.6) once the

plastic strain is generated. The hypoplastic models on the other hand does not

distingush between the elastic and plastic strains.
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procedures

Hereinafter, the calibration mechanisms for hypoplastic sand and hypoplastic clay

model will be described. The Modified Cam-Clay model calibration is merged

with the calibration of hypoplastic clay model since both models’ parameters are

closely related.

2.0.1 Von Wolffersdoff’s hypoplastic model for sand

Von Wolffernsdorff’s hypoplastic model for sand defines eight parameters ϕc ,

hs , n, ed0, ec0, ei0, α and β, which can be divided into two groups according

to a laboratory test that has to be conducted in order to obtain the desired

values. The first group of parameters, namely ϕc , α and β, can be preferably

determined from the results of a drained triaxial test. The second group of

parameters hs , n, ed0, ec0 and ei0 can be obtained from either oedometric or

isotropic compression test. The parameters governing C SL, namely hs , n and

ec0 can also be determined from the set of undrained triaxial test [11, 1].

Critical state friction angle ϕc

The critical state friction angle ϕc influences the hypoplastic model through

Eqns. (1.2.26)–(1.2.28). The critical state occurs when the stress rate and the

volumetric stress rate vanish. The critical state friction angle ϕc can be directly

calculated from the results of a triaxial shear test displayed in the invariant space

s ′× t ′ , where stresses s ′ and t ′ are the effective stresses defined in terms of the

effective principal stresses as

s ′ = (σ′1 + σ′3)/2 (2.0.1)
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and

t ′ = (σ′1 − σ′3)/2 (2.0.2)

To gain reliable results three triaxial shear tests are usually performed to

evaluate ϕc . In the case of sand soils it is preferred to perform drained triaxial test

as it is promptly executed because of highly porous structure of sands. Parameter

ϕc can be estimated using the least square method as

t ′ = a × s ′ (2.0.3)

with the slope of the critical state line a

a =

n∑
i=1

s ′i t
′
i

n∑
i=1

s ′2i

. (2.0.4)

Stresses s ′i and t ′i in Eq. (2.0.4) represent the critical state reached for the i -th

triaxial test. Evaluation of the critical state friction angle is straightforward with

the aid of

ϕc = arcsin (a), (2.0.5)

see also Fig. 2.1, where are depicted three undrained triaxial tests and slope a of

CSL in t ′ × s ′ space.

Figure 2.1: Undrained triaxial tests in s′ × t′
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Although ϕc can be determined by Eq. (2.0.5) when conducting the triaxial

test, it is possible to estimate ϕc as an angle of repose ϕrep as was presented in

[1]. The idea is that the soil reaches a quasi-critical state owing to the steady

flow of grain rolling downhill. The angle of repose is measured from the base of

a heap made by lifting of a funnel filled with a coarse soil. The funnel should be

lifted slowly and continuously so that no dynamic waves are inflicted upon the

heap. The measured angle of repose is also influenced by a roughness of a base

beneath the heap. The base should be rough to restrict sliding of grains on the

base.

This method is suitable particularly for dry granular soils with grains sizes

smaller than 0.1mm. If the volume of these grains is beneath 20%, they do not

have a significant effect on the measurement and thus can be sieved out. With

an increasing percentage of fine grains, the influence of cohesive forces caused

by air humidity generates an unrealistically high ϕc . Executing of the triaxial

shear test then becomes inevitable. It is, however, possible that the deformation

localize into a shear band in which an actual stress does not correspond to the

measured stress. In order to minimalize the effect of localization, the specimen

should be in the loosest possible state and the frictionless platens in the triaxial

test should be used [11, 16].

Parameters hs and n

The granular hardness hs and the exponent n can be found in Eqns. (1.2.37)–

(1.2.43) and thus imply increasing bulk modulus with the mean pressure p. To

determinate parameters hs and n either oedometric or isotropic compression test

results can be used while considering K0 to be a constant for a proportional

loading along NC L. Since the specimen for the eodometric test should be in the

loosest possible state, similarly to the assumption of the critical state that arise

during the formation of heap mentioned previously, we can consider the specimen

to be in the critical state. Then the Jaky formula K0 = 1-sinϕc is sufficiently

justified and one can write
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p =
σa + 2K0σa

3
. (2.0.6)

Equation (2.0.6) can be written in the logarithmic expression as

lnσa = ln

(
3p

1 + 2K0

)
= ln

(
3

1 + 2K0

)
+ ln p. (2.0.7)

The compression index Cc denotes the tangent of an oedometric curve in ln σa×e

space, see Fig. 2.2a,

Cc =
∆e

∆ lnσa
. (2.0.8)

According to Eq. (2.0.7), the compression index Cc can be expressed in the therm

of mean stress p as

Cc =
∆e

∆ ln p
. (2.0.9)

The oedometric test might be more appreciated as it is simple to execute

and allows for reaching higher pressure values. The specimen should be prepared

in a very loose state. It should be either dry or fully saturated in order to

suppress cohesive or chemical forces which might influence the progression of

proportional loading curve. The calibration of the parameters hs and n is not

recommended to perform by means of regression analysis or at least not initially,

as both parameters influence the very same compression curve and thus one can

obtain more combinations of hs and n to define the same curve. Consequently,

it is recommended to evaluate these parameters such as to reflect their physical

meaning. The granular hardness hs can be directly obtained when differentiating

Eq. (1.2.37) with respect to time as

e = −ne

(
3p

hs

)n(
3p

hs

)−1(
3p

hs

)
= −ne

p

(
3p

hs

)n

p (2.0.10)
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and with the aid of Eq. (2.0.9) as

hs = 3p3

(
ne3

Cc,3

) 1
n

. (2.0.11)

The most suitable way si to obtain the parameter hs from the central part of the

compression line and thus capture the overall slope of the compression line, see

Fig. 2.2a, where the recommended state is designated with subscript 3 [11, 16].

The exponent n can be obtained when considering two different states on

the proportional loading curve with unique values of the mean pressure p and

void ratio e as

n =

(
hs

3p1

)n
Cc,1

e1
=

(
hs

3p2

)n
Cc,2

e2
(2.0.12)

then

n =

ln

(
e1Cc,2

e2Cc,1

)
ln

(
p2

p1

) . (2.0.13)

It is preferable to choose states on the far extremes of the compression curve

labelled with subscripts 1 and 2 in Fig. 2.2a [11, 16].

n =

ln

(
e1Cc,2

e2Cc,1

)
ln

(
p2

p1

) (2.0.14)

Fig. 2.2b and Fig. 2.2c show the effect of parameters hs and n. The

granular hardness hs controls the overall slope of the proportional compression

curves, whereas the exponent n affects its curvature. It is worth pointing out

that even though Eq. (1.2.37) is valid for wide range of stresses it is less reliable

for mean stresses p ∼= 0 and p → ∞. The parameters hs and n derived by

aforesaid procedure are accurate only for non-crushing values of pressure as hs

and n change with the change of granulometric properties and non-zero initial

stress values [11, 16, 1].
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(a) Compression index (b) effect of hs (c) effect of n

Figure 2.2: Parameters hs and n

Initial critical void ratio ec0

An evolution of the critical void ratio ec with the mean pressure p is defined

by Eq. (1.2.41), where ec0 refers to the critical void ratio at p = 0. Given

that the parameters hs and n are already known, ec0 can be obtained from the

oedometric or isotropic compression test. It has been experimentally confirmed

that ec0 closely corresponds to the emax and equality emax ≈ ec0 is admissible.

The test to determine emax is conducted by pouring a sand to the mold so that

the sand is in the naturally loose state. Since the specimen for the oedometric

test should be prepared in the loose state, that means

e0 ≈ emax , (2.0.15)

it is possible to consider the initial void ratio e0 at the beginning of the compres-

sion as the critical void ratio ec0 at the zero pressure.

If the compression curves are not a reliable source of information, ec0 can

be obtained from the triaxial undrained test as the critical state is eventually

reached for the particular mean stress p and the corresponding critical void ratio

ec . When substituting these values to Eq. (1.2.41) the evaluation of ec0 is

straightforward, see Fig. 2.3. Obtaining the parameters of C SL from the drained

triaxial test is not possible since since the void ratio in the shear band, where the

critical state occurs, does not correlate with the void ratio of the whole specimen

[11, 1].
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Figure 2.3: Calibration of ec0 from undrained triaxial tests

Initial isotropic void ratio ei0

An evolution of the isotropic void ratio ei with the mean pressure p is defined

by Eq. (1.2.37). The parameter ei0 is more a fictitious value as it is represented

by an array of identical spherical in the gravity free space. Although such a state

is experimentally unfeasible, it can be postulated that [11, 1]

ei0 = 1.2emax . (2.0.16)

Void ratio at the maximal density ed0

The parameter ed0 represents a void ratio of maximal density in the gravity

free space. Its evolution is given by Eq. (1.2.42). The best densification can be

reached by cyclic shearing with a small amplitude and constant vertical pressure.

One thus gets the maximal density void ratio ed for a given mean pressure p,

see Fig. 2.4. Thereafter ed0 is obtained by substituting reached void ratio ed to

Eq. (1.2.42). Based on experimental studies the parameter can be estimated as

[11, 1]

ed0 = 0.5ec0. (2.0.17)
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Figure 2.4: Evaluation of ed0

Exponents α and β

Although explicit procedures to obtain both exponents can be found in [1], it

seems to be advantageous to obtain these parameters by means of a parametric

study providing all other parameters are already evaluated. The exponent α

appears in Eq. (1.2.34).

(a) The effect of parameter α (b) The effect of parameter β

Figure 2.5: Parameters α and β

It influences the nonlinear part of the hypoplastic model for the current den-

sity and controls the value of the peak friction angle ϕp. The parameter β in

Eq. (1.2.36) influences the overall stiffness for the current density and conse-

quently the position of the peak of the triaxial stress/strain curve. Effects of

both α and β for the drained triaxial test are demonstrated in Fig. 2.5.
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The effect of parameter α under undrained triaxial conditions is demon-

strated in Fig. 2.6. Similarly to the drained conditions the increasing parameter

α promote more dilatative behaviour, see Fig. 2.6a. This behaviour can be also

expressed by the evolution of the mobilized friction angle ϕmob or its conterpart

η = q/p from the meridian plane, see η plotted with axial strain εa in Fig. 2.6b.

(a) Effect of α in p × q (b) Effect of α on Mmob

Figure 2.6: Effect of the parameter α under undrained triaxial conditions
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2.0.2 Masin’s hypoplastic model for clays

and Modified Cam-Clay model

Modified Cam-Clay model is defined by five parameters, namely λ, κ, e0, ν and

Mcs and its yield surface creates an ellipsoid in the principal stress space along

the hydrostatic axis.

The hypoplastic clay model is defined by five parameters, which properties

are almost identical to those needed in the formulation of the elastoplastic Cam-

Clay model. The hypoplastic model’s ASBS resembles the yield surface of the

Cam-Clay model the deviatoric plane and requires the following five parameters

λ∗, κ∗, N , ν and ϕc .

This section the most notably concentrated on the calibration of the hy-

poplastic clay model while a calibration differences are mention in case of MCC

model. All parameters can be calibrated on the basis of basic laboratory tests,

namely the triaxial shear test and the isotropic compression or oedometric test.

Critical state friction angle ϕc and slope Mcs

The critical state friction angle ϕc can be directly calculated from the results

of triaxial shear test displayed in the s ′×t ′ space. A similar procedure as used for

the calibration of ϕc for hypoplastic sand model can be adopted. It is preferable

to conduct the triaxial test on the reconstituted soil specimens since the critical

state can be easier observed. The reconstituted sample has a consistency at the

liquid limit wL and is made from the original sample. It is not admissible to use

estimation ϕc ≈ ϕrep.

Modified Cam-Clay model defines the slope of critical state line Mcs , see

Fig. 1.3b, in the deviatoric plane instead of critical state friction angle ϕc . The

parameter Mcs can be calculated for the triaxial compression according to

Mcs =
6 sinϕc

3− sinϕc
(2.0.18)

Parameters λ∗ and κ∗

These parameters are defined in the ln (e + 1)× ln p space, see Fig. 2.7. Both
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parameters can possibly be determined from oedometric or isotropic compression

test without any other modification. In the case of overconsolidated soils, it is

more convenient to perform the tests on the reconstituted soil samples. As

Fig. 2.7 illustrates for an undisturbed specimen, it might not be possible to

determine correct λ∗ due to the limitations of the laboratory devices. In Fig. 2.7

are depicted differences in the final values of the NCL slope λ∗r for reconstituted

and λ∗u for the undisturbed specimen. The former one has shattered structure

but its slope of the correct NCL remains the same. Futhermore, an incorrect

value of parameter λ∗ = λ∗u also predicts an incorect value of N = Nu.

Figure 2.7: Parameter λ∗ and different sample conditions

The parameter κ∗ should be preferably calibrated form the results of undis-

turbed soil samples in order to capture the soil structure behaviour, since it also

controls a nonlinear behaviour inside the state boundary surface. Both parame-

ters can be directly evaluated from the laboratory test when converting εv × p

or εa × σa to ln (e + 1) × ln p space. The void ratio ei at the loading step i is

calculated as

ei = (1 + e0) exp (εv ,i )− 1. (2.0.19)

Parameters λ∗ and κ∗ can be subsequently evaluated by
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λ∗ =
ln (1 + emax−1)− ln (1 + emax )

ln pmax − ln pmax−1
(2.0.20)

and

κ∗ =
ln (1 + emax+1)− ln (1 + emax )

ln pmax − ln pmax+1
, (2.0.21)

where the subscript index max refers to the step with the maximal stress

level. Subscripts max−1 and max + 1 then refer to the previous and subsequent

loading step respectively. These calculations are shown in Fig. 2.8 for both

parameters λ∗ and κ∗.

(a) Determinition of the parameter λ∗ (b) Determinition of the parameter κ∗

Figure 2.8: Determinition of the parameters λ∗ and κ∗

The exact procedure is used for the determinition of parameters λ and κ of MCC

while ln p × e space has to be considered for the calibration.

Parameter N

The parameter N , similarly to ei0 in hypoplastic sand model, controls the posi-

tion of NCL in the ln (e + 1)× ln p space and corresponds to the void ratio at the

mean stress p=1 kPa. It is depicted in Fig.2.9a together with parameters λ∗ and

κ∗. The parameter N can be directly calibrated from the isotropic compression

test when passing isotropic NCL with the slope of λ∗ through the maximal stress

of loading step according to
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Niso = ln (emax + 1) + λ∗ ln pmax . (2.0.22)

The parameter is marked as Niso in Fig. 2.9a. However, when the oedometric test

is used for the calibration, the loading path is parallel to the isotropic compression

path and the obtained parameter Nedo is shifted beneath the isotropic compres-

sion line. The value of Nedo has to be then adjusted by ∆N . This adjustment

can by performed by running the simulation of oedometric test with already cal-

ibrated parameters, including Nedo and plot the results of the simulation against

the data of the oedometric laboratory experiment. The vertical difference ∆N

between both curves implies the correct position of NCL, see Fig. 2.9a. The

calculation of N with respect to the oedometric test is defined by

Nedo = ln (emax + 1) + λ∗ lnσa,max (2.0.23)

and

Niso = ∆N + Nedo (2.0.24)

Furthermore, the value of parameter N can be different for the reconstituted

and undisturbed soil sample due to the soil structure. In case of cemented soils

it is recommended to use the model for meta-stable structure [25] and calibrate

the final value of N based on the results derived from a reconstituted soil sample

(Nr ) and additionaly take into account the cementing by sensitivity variable s,

see Fig 2.9b. This model, however, is not considered in this thesis.
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(a) The effect of the laboratory test on N (b) The effect of the soil structure on N

Figure 2.9: Parameter N under different conditions

For the minor structure effects, it is thus preferable to calibrate N from

the undisturbed soil sample and consequently properly capture compression test.

Desctibed procedure can be used for the determinition of parameter e0 controling

the position of INCL of the MCC model. The space ln p×e has to be once again

considered for the calibration.

Parameter ν

The parameter ν controls the ratio of the bulk modulus Ki and shear stiffness

modulus Gi at the isotropic state.

(a) The effect of ν on hypoplastic model (b) The effect of ν on MCC model

Figure 2.10: The effect of ν under undrained triaxial conditions

52



The most convenient way of its determination is to employ the parametric study

of triaxial shear test in the q× εa plane as seen in Fig. 2.10a for different values

of ν.

Since the parameter ν controls nonlinearity of the hypoplastic model, its

value should be prefferably calibrated using an undisturbed soil sample, which

is more relevant to the current state of soil. The parameter ν in MCC model

controls the relation of elastic shear modulus G and bulk modulus K , therefor, it

should be preferably calibrated on the elastic part of the shear test, see Fig. 2.11a.

The effect of the parameter ν under drained conditions is shown in Fig. 2.11b.

(a) The effect of ν on hypoplastic model (b) The effect of ν on MCC model

Figure 2.11: The effect of ν under drained triaxial conditions

An inseparable part of the calibration is the determination of the initial

void ratio e so that the critical state is reached at the same value of a deviatoric

stress for both the simulation and laboratory experiment, see Fig. 2.12 for the

effect of the initial void ratio under the undrained triaxial conditions.

In case of the drained triaxial test the determinition of the initial void ratio

aims match the the peach friction angle ϕc of both simulataion and experiment

results,see Fig 2.13 for the effect of the initial void ratio under the drained triaxial

conditions.
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Figure 2.12: The effect of the initial void ratio under undrained triaxial conditions

Figure 2.13: The effect of the initial void ratio under drained triaxial conditions

.
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3. Solution strategies

The key aspect in the analysis of advanced soil models is to properly integrate

constitutive equation

σ̇σσ = DDDt(σσσ,κκκ) : ε̇εε (3.0.1)

and find the best estimation of the tangent stiffness matrix DDDt and consequently

a stress increment ∆σσσ corresponding to a given strain increment ∆εεε as

∫ t+∆t

t

∆σσσ

∆t
dt =

∫ t+∆t

t

DDDt(σσσ,κκκ) :
∆εεε

∆t
dt. (3.0.2)

Equation (3.0.1) represents the form of the stress-strain law to be inte-

grated over the time intervat ∆t as suggested by Eq. (3.0.2) to yield

σσσn+1 = σσσn + ∆σσσ, (3.0.3)

where

σσσ(t = 0) = σσσn (3.0.4)

and

σσσ(t = 1) = σσσn+1. (3.0.5)

Given a specific form of dσσσ we distinguish between the explicit,

σσσn+1 = σσσn + DDDt(σnσnσn,κnκnκn) : ∆εεε, (3.0.6)

and implicit,
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σσσn+1 = σσσn + DDDt(σn+1σn+1σn+1,κn+1κn+1κn+1) : ∆εεε, (3.0.7)

integration scheme [26]. As suggested by Eqns. (3.0.4)–(3.0.5) the pseudotime

t lies with in the interval t ∈< 0, 1 >.

Example of the explicit methods are the forward Euler method and the

forward Runge-Kutta method in various modifications. The accuracy of both

methods is heavily influenced by the size step as the error at the end of the each

step is added to the total error. Consequently, the substepping is often used to

reduce this effect.

Implicit methods are represented by the backward Euler method and the

backward Runge-Kutta methods. Since σσσn+1 in Eq. (3.0.7) is not known in

advance, the solution requires root finding iteration procedure such as the Newton

method at each step. Even though the implicit methods are more computation

demanding, they are valued for their high calculation stability [27]. An example

of a widely used implicit Euler’s method is the Closest Point Projection Method

(CPPM) in solving the elastoplastic constitutive equation with performing the so

called elastic predictor and plastic corrector steps [28].

Subsequent sections will focus on Newton method, the adaptive forward

Euler method and the Runge-Kutta-Fehlberg method. Newton’s method is prob-

ably one of the most distinguished optimization method and its application can

be found in many engineering softwares. This method is also used in the cal-

ibration software ExCalibre for the optimization. The Runge-Kutta-Fehlberg45

method is used in the Fine’s GEO5 FEM software in the integration of the hy-

poplastic differential equation and the Euler method represents a stepping stone

in the evaluation of the differential equations.

3.0.1 Newton’s method

Apart from the use of the Newton-Raphson method in the pursue of the function’s

root f (x) = 0 of at least once differentiable function, Newton’s optimization

method can be used in optimization procedure while searching for the stacionary
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points f ′(x) = 0 for at least twice differentiable function. This procedure can be

used in a process of a minimization of the objective function value f (x) while at

the same time finding the best solution x .

The Newton’s method uses the second order approximation of f (x) in each

step and requires at least twice differentiable function defined as

xn+1 = xn − γ
f ′(xn)

f ′′(xn)
(3.0.8)

in the case of one variable and

xxxn+1 = xxxn − γHHH(f (xxxn))−1 · 555f (xxxn) (3.0.9)

in the case of multi-variable space, where

HHH(f (xxxn)) =


∂2f

∂x2
1

· · · ∂2f

∂x1xn
...

. . .
...

∂2f

∂xnx1
· · · ∂2f

∂x2
n

 (3.0.10)

represents a positive semi-definite hessian matrix containing second order partial

derivatives and

555 f (xxxn)T =

(
∂f

∂x1
, · · · ,

∂f

∂xn

)
(3.0.11)

is the gradient 555f (xnxnxn) contains first order partial derivatives. A scalar γ might

be used in order to keep a next step in reasonable bounds and belong to l-limits

0 < γ ≤ 1.

A weakness of the Newton’s method (as well as other gradient based meth-

ods) is its dependency on the initial estimation x0 since the function f (x) can

define several local extremes while the object of interest is the global minimal

one. Attention thus has to be paid as the best selection of the first estimation or,

in the case of high uncertainty, the optimization can be conducted from sevelal
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initial approximations. Moreover, this comes to extreme attention in the case of

higher number of variables where also statistic sampling methods are exploited

in order to choose a representative combination of a given variable space.

Since the Newton’s optimization uses the second order approximation at

each step and converges towards the closest stationary point the method can

converge to either maximum or minimum, see Fig. (3.0.8). In the case when

minimization is in the interest a control of the gradient should be employed and

thus force a convergence towards the minimum value of the objective function

f (x) [27].

(a) Newton’s 2nd order approximation (b) Finite difference method

Figure 3.1: Newton’s method approximation

Newton’s method in this thesis is used to minimize an error function repre-

senting a deviation between a given laboratory experiment and a corresponding

numerical simulation. During the optimization the best solution f ′(x) = 0 for the

relevant material parameter or state variable is found. If the explicit expression

of the error function is absent, the function derivatives have to be obtained by

means of the finite difference method. The first and second derivatives are then

expressed as shown in Fig. 3.1b by
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df (x)

dx
=

f (x + h)− f (x − h)

2h
(3.0.12)

d2f (x)

dx2
=

f (x + h)− 2f (x) + f (x − h)

h2
(3.0.13)

for one variable and by

df (x)

dx
=

f (x + h)− f (x − h)

2h
(3.0.14)

d2f (x)

dx2
=

f (x + h)− 2f (x) + f (x − h)

h2
(3.0.15)

∂f (x1, x2)

∂x1
=

f (x1 + h1, x2)− f (x1 − h1, x2)

2h1
(3.0.16)

∂f (x1, x2)

∂x2
=

f (x1, x2 + h2)− f (x1, x2 − h2)

2h2
(3.0.17)

∂2f (x1, x2)

∂x2
1

=
f (x1 + h1, x2)− 2f (x1, x2) + f (x1 − h1, x2)

h2
1

(3.0.18)

∂2f (x1, x2)

∂x2
2

=
f (x1, x2 + h2)− 2f (x1, x2) + f (x1, x2 − h2)

h2
2

(3.0.19)

∂2f (x1, x2)

∂x1x2
=

(
f (x1 + h1, x2 + h2)− f (x1 + h1, x2 − h2)−

1

−f (x1 − h1, x2 + h2) + f (x1 − h1, x2 − h2)

1

)
1

4h1h2
(3.0.20)

for two variables. The size of the step h has a significant impact on the final

solution and convergence of the Newton’s method.
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3.0.2 Explicit Euler’s method

The Euler method is a simple technique to solve a differential equation once the

initial conditions are known. The first order Euler method is defined by

dσσσ = DDDn(σσσn,κκκn)dεεε (3.0.21)

(3.0.22)

and

σσσn+1 = σσσn + dσσσ, (3.0.23)

which means that the local truncation error is proportional to the square of the

step size. This method is heavily size step dependent as the error at the end of

each step is accumulated. Therefore, to keep the eventual error small the size

step has to be kept small.

Slone in [29] put forth an adaptive solution of the modified Euler method

by subdividing of the loading step into smaller substeps. The modified Euler

method calculates an average tangent stiffness operator D’D’D’. Consequently, the

method is of the second order (local truncation error is proportional to the cube

of the step size) defined by

DDD′n =
1

2
[DDDn(σσσn,κκκn) + DDDn+1(σσσn+1,κκκ)n+1] , (3.0.24)

while

dσσσ = DDD′ndεεεk (3.0.25)

and

dεεεk = qdεεε, (3.0.26)
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see Fig. 3.2b. The most importat aspect is the adaptive reduction of the step

size with respect to the truncation error EEE defined as

EEEσk+1 =
1

2
[−dσσσn + dσσσn+1] (3.0.27)

by the factor

q = 0.8

(
T OLσ

Rσ
k+1

)1/2

, (3.0.28)

where

Rσ
k+1 =

||EEEσk+1||
||σσσk+1||

≤ T OLσ. (3.0.29)

T OLσ in Eq. (3.0.29) represents the assumed tolerance usually defined in the

limits of 10−2 − 10−5 [29].

(a) Second order Euler approximation (b) Finite difference method

Figure 3.2: Second order Euler approximation

In case of elastoplastic models, should be introduced

κn+1κn+1κn+1 = κnκnκn + g(σn+1σn+1σn+1,κnκnκn)dtk , (3.0.30)
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where

dtk = qdt (3.0.31)

to account for potential hardening. This also calls for the introduction of the

error on the hardenning parameters according to

EEEκk+1 =
1

2
[−dκnκnκn + dκn+1κn+1κn+1] (3.0.32)

Then the factor q can be expressed as

q = max

[
0.8

(
T OLσ

Rσ
k+1

)1/2

, 0.8

(
T OLκ

Rκ
k+1

)1/2
]

, (3.0.33)

where

Rκ
k+1 =

||EEEκk+1||
||κκκk+1||

≤ T OLκ. (3.0.34)

The factor q should be limited within 0.1 ≤ q ≤ 0.5.

In the initial works regarding the implementation of the hypoplastic model

explicit Euler’s first order method was used [30]. Even though the method does

not provide the same accuracy as the backward Euler method, it is often applied

and appreciated for its simplicity and calculation speed. Furthermore, it is often

difficult to obtain a partial derivatives in the case of complicated constitutive

models for the Newton’s iterative method [28]. The forward Euler method is

used as a solution method for the integration of the hypoplastic and Cam-Clay

equations in single element simulations of the Excalibre calibration software.
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3.0.3 Runge-Kutta method

The explicit Runge-Kutta-Felhberg RKF45 method is implemented in the GEO5

FEM software for the Masin’s hypoplastic clay model and the same method is

used for the Wolffersdorff’s hypoplastic model. Similarly to the Euler’s method

it is an explicit method with a simple implementation. This method requires

six tangent stiffness operator Dn+θDn+θDn+θ in each step, more specifically initial state

(θ = 0), the final state (θ = 1) and the four midpoints fulfilling 0 < θ < 1

according to Eqns. (3.0.35)–(3.0.40). When compared to Euler’s method, the

method is more demanding with respect to the computational power. On the

other hand, it is well compensated with high accuracy and calculation stability.

∆σ1σ1σ1 = DnDnDn(σnσnσn,κnκnκn)∆εεε (3.0.35)

∆σ2σ2σ2 = Dn+1/4Dn+1/4Dn+1/4(σnσnσn +
1

4
∆σ1σ1σ1,κn+1/4κn+1/4κn+1/4)∆εεε (3.0.36)

∆σ3σ3σ3 = Dn+3/8Dn+3/8Dn+3/8(σnσnσn +
3

32
∆σ1σ1σ1 +

9

32
∆σ2σ2σ2,κn+3/8κn+3/8κn+3/8)∆εεε (3.0.37)

∆σ4σ4σ4 = Dn+12/13Dn+12/13Dn+12/13(σnσnσn +
1932

2197
∆σ1σ1σ1 −

7200

2197
∆σ2σ2σ2+ (3.0.38)

+
7296

2197
∆σ3σ3σ3,κn+12/13κn+12/13κn+12/13)∆εεε

∆σ5σ5σ5 = Dn+1Dn+1Dn+1(σnσnσn +
439

216
∆σ1σ1σ1 − 8∆σ2σ2σ2 +

3680

513
∆σ3σ3σ3− (3.0.39)

− 845

4104
∆σ4σ4σ4,κn+1κn+1κn+1)∆εεε

∆σ6σ6σ6 = Dn+1/2Dn+1/2Dn+1/2(σnσnσn −
8

27
∆σ1σ1σ1 + 2∆σ2σ2σ2 −

3544

2565
∆σ3σ3σ3+ (3.0.40)

+
1859

4104
∆σ4σ4σ4 −

11

40
∆σ5σ5σ5,κn+1/2κn+1/2κn+1/2)∆εεε
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The RKF45 method executes two approximations defined by

σ1
n+1σ1
n+1σ1
n+1 = σnσnσn +

25

216
σ1σ1σ1 +

1408

2565
σ3σ3σ3 +

2197

4101
σ4σ4σ4 −

1

5
σ5σ5σ5 (3.0.41)

and

σ2
n+1σ2
n+1σ2
n+1 = σnσnσn +

16

135
σ1σ1σ1 +

6656

12825
σ3σ3σ3 +

28561

56430
σ4σ4σ4 −

9

50
σ5σ5σ5 +

2

55
σ6σ6σ6 (3.0.42)

as approximations of the forth and second order, respectively.

The adaptive evalulation of the step size at the end of each step is defined

by

h = sh, (3.0.43)

where

s =

(
T OL h

2||σ2
n+1σ2
n+1σ2
n+1 − σ1

n+1σ1
n+1σ1
n+1||

)0.25

. (3.0.44)

The consequence of Eq. (3.0.44) is an increase of the step size if the two approx-

imations are considered close or the step size is decreased if the values are not

regarded as close. T OL in Eq. (3.0.44) represents a user defined error control

tollerance.

Improving the optimization method is an ongoing process and various meth-

ods are compared and tested. In [31] modified Euler’s method, Richardson ex-

trapolation and Runge-Kutta-Dormand-Price were studied for the application

with the hypoplastic models proposed by Gudehus [17] and Bauer [16]. It was

concluded that adaptive explicit methods are well suited to the highly nonlin-

ear behaviour of the hypoplastic equation as it ensures sufficiently small step if

needed. Furthermore, the implicit method failed when the large increment step

was used. A similar study and conclusions regarding the implicit and explicit

adaptive methods was presented in [32] where again the modified Euler method,

the Richardson extrapolation, the Crank–Nicolson method and the Runge-Kutta-

Felhberg method RKF23 and RKF45 with substeping were tested with the RKF45
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method used as a benchmark. The model proposed by Wu and Kolymbas in [9]

was used ass a referrenced model. Further implementaion of the hypoplastic

models can be found in [30, 33, 34].
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4. Online calibration software

Even though the development of the more advanced soil models goes continuously

forward, the awareness of these models in the engineering community is rather

limited and the basic elastoplastic models such as the Mohr-Coulomb or their

enhancements are adopted. This state can be attributed the lack of knowledge

or tools necessary to calibrate these advanced models. Nowadays, laboratories

such as SG Geotechnika plc. provide the values of Mohr-Coulomb parameters in

the laboratory protocol as the part of their service. Calibration of more advanced

models, however, remains omitted.

To promote advanced soil models and to provide reliable and sufficient

tools a calibration online application called ExCalibre (External Calibration) was

developed in cooperation of The Czech Technical University in Prague, Charles

University and SG Geotechnika plc.

This chapter is dedicated to the calibration software ExCalibre. The chapter

is open by discussing the calibration softwares found in literature and the imple-

mented approaches to the calibration of the soil model’s parameters. Next, the

parameters sensitivity analysis, program structrure, verifications and calibration

performance will be thoroughly sescribed.

4.1 Calibration strategies

The need for reliable calibration tools, not only for a preliminary design but also

for improvement of the design during construction work led to a development of

numerous softwares identifying parameters of different soil models. The calibra-

tion procedures are regarded as the inverse analysis, since the parameters mmm of

the constitutive model MMM are not known in advance but the reaction RRR of the

system S(M,m)S(M,m)S(M,m) to the action AAA is [35] [36]
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AAA => S(M, m)S(M, m)S(M, m) => RRR. (4.1.1)

The goal of calibration is to minimize the objective error function E which

is defined as a function of a difference between the observation or experiment

Uexp and simulation Unum. The most common is the least square method. More

sophisticated formulas are also available in the litarature, see Eq. (4.1.2), where

U i
exp is the value of experimental data, U i

num is the value of simulation and wi is

the weight of the point of interest i . N is the number of observed points [37].

E =

√√√√ 1

N

N∑
i=1

wi

(
U i

exp − U i
num

U i
exp

)2

× 100 (4.1.2)

The calibration procedure itself can be in general regarded as ill-posed op-

timization problem, since the calibration offers non-unique solution to a given

problem. In geotechnics, the problem is represented by a numerical simulation

which ought to imitate the obseravation of the laboratory or field measurements

obtained either a priori or during the construction works. The laboratory mea-

surements usually consist of compression and shear experiments in order to obtain

a proper image of a soil behaviour regarding copression characteristics and shear

failure [36]. The typically conducted laboratory experiments are the oedometric

test, isotropic compression test, drained and undrained triaxial test or direct shear

test. The scheduled laboratory tests usually precede the construction works. Be-

cause the specimens intended for the laboratory test can be damaged during

the sampling and handling, the advantage of the field experiments offering the

possibility to execute the tests on the soil in its intact state can be carried out.

The field tests include, e.g., penetration test and pressuremeter test and original

design can be further improved with the monitoring of the excavation or boring

works.

Consequently, the calibration procedures can be performed with the use

of a single element method in the case of the laboratory experiments or Finite

Element Methods in the case of problems concerning the studied geotechnical
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structure. A combinations of both examples are often applied as the laboratory

experiments are supported or further specified with the field measurements, such

examples can be found in [35, 38, 39, 40]. The optimization methods solving

the calibration are divided in to these fundamental groups.

Calibration Methods

• Deterministic methods

• Stochastic methods

• Combination

The deterministic methodsThe deterministic methodsThe deterministic methods can be referred to as optimization methods that do

not involve any random search and the same solution is generated for a given

input value. The most common examples are simplex method or gradient based

methods. In order to obtain reliable results of the optimalization, the initial

starting values have to be relatively close to the global minimum, otherwise the

optimization process could find and remain in a local minimum. Another option is

initiating the optimization process from multiple initial values [41]. This problem

is even more relevant in the case of optimization with the multiple variables. The

deterministic approaches can be found in[35, 37, 38, 39, 41, 42].

The stochastic methodsThe stochastic methodsThe stochastic methods can be referred to as optimization methods gener-

ating a random variables in pursue of the minimization of the objective function.

Before the optimization itself, a sampling process in undertaken which can be

classified as random or uniform. The advantage of stochastic approach is location

of several minimums, thus better picture of the objective funstion properties is

obtained and later can be decided which of the solutions is in the best agreement

with the one’s experiences. In the case of multi-objective optimization, the best

solutions form so called Pareto frontier. [37, 40, 41, 43, 44, 45]

The calibration methods have been assessed and compared in many sci-

entific articles. In [41] deterministic simplex method with stochastic genetic

method on the calibration of elastoplastic Mohr-Coulomb model and strain hard-

ening model were compared. It was pointed out that the genetic algorithms
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was 12 times more expensive then the simplex method. Similar conclusions were

found in [37]. It seems, however, necessary to perform stochastic optimization

if the initial parameter’s values cannot be closely specified or the problem con-

tains more parameters to optimize. In addition, it has been shown in [37] that

it is highly difficult to use deterministic method to optimize more parameters

simultaneously due to their different sensitivity and coupling effect to certain

experiments.

A performance and reliability of the calibration is significantly affected by

the number of calibrated parameters and moreover types and number of exper-

iments used for the calibration as each parameter can be sensitive to a certain

type of loading. Furthermore, the experiments used fore the calibration should

be fundamentally diverse as the coupling effect can be discovered between some

parameters for a certain experiment [35].

Last but not least a correct execution of experiment is very important since

the incorrect laboratory data inconveniently influence the quality of calibration

results. Therefore, data used for the calibration should be sorted and in case of

low quality omitted from the calibration [41].

Calibrations based on either deterministic or stochastic methods often used

only a portion of model’s parameters for the calibration and the rest is calibrated

by the means of empirical relations. This assumption was usually based on the

sensitivity analysis [35, 39, 37, 42, 41]. Interestingly, the objective error function

E of the Cam-Clay model has smoother shape than simple Mohr-Coulomb model

which imply better agreement of the advanced model with soil behaviour [41].

Very promising approach for the geotechnical engineering is improving the

initial design parameters by the field monitoring. Such an approach, however,

requires well executed initial calibration [38].

In conclusion, even though the stochastic methods are a powerful tool in

the case of poorly defined problem and when there is not available enough con-

clusive data, it is more time demanding and requires higher knowledge of the

stochastic methods to perform a correct sampling and to chose proper set of

parameters from the results. Since advanced soil models have their parameters
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well defined according to the thoroughly examined soil’s asymptotic behaviour,

i.e. well illustrated by the Normal Compression Line or Critical State Line, it is

advantageous to use empirical calculations to obtain the initial values of models

parameters for the deterministic methods such as Newton optimalization. Thus

as long as the experiments are correctly performed and small number of parame-

ters are optimized simultaneously, the rapid convergence towards global minimum

is guaranteed.

4.2 Sensitivity analysis

A library of specimens from sixteen location in total was available for a devel-

opment of the calibration software. The list of available locations including the

number and types of available experiments can be found in Appendix A.

Properly defining the calibration procedure calls for a sensitivity analysis as

it provides a sufficient evidence of the parameters effect on the model behaviour.

The sensitivity can be evaluated by so called scaled sensitiv i ty

SSi j =
∂ei

∂pj
pj

√
wi (4.2.1)

and composite scaled sensitiv i ty

C SSj =

√√√√ 1

N

N∑
i=1

((
∂ei

∂pj
pj

√
wi

)2
)

(4.2.2)

proposed in [46], where pj is the value of the j-th parameter, ei represents,

according to Eq. (4.2.1), the objective error function associated with the j-th

value of the parameter p. The parameter wi is the weight factor set to one. The

sensitivity ∂ei/∂pj is calculated with the aid of the finite difference, where the

step size is set to pj/100. Summation goes through all observation, that is all

specimens.

Five specimens were used to perform the sensitivity analysis. The value of

C SS is calculated for each specimen separately in order to observe and compare
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possible discrepancies in each individual specimen and parameter. Eventually,

the overall C SS is calculated for all specimens. Parameters of each specimen for

all three calibrated constitutive models Cam-Clay (CC), hypoplastic clay (HC)

and hypoplastic sand (HS) are summarized in Tab. 4.2–Tab. 4.4. The sensitivity

analysis was performed for all three models on one oedometric test and one

undrained triaxial test in the case of fine grained soils and one oedometric test and

one drained triaxial test in the case of coarse grained soils. It is worth noting that

almost all specimens used for the sensitivity analysis were reconstituted except

of a Metro2 oedometric test. The results of the sensitivity analysis nevertheless

do not seem to be influenced by this condition.

In the case of triaxial tests, two analyses were conducted as well. The

first objective function is evaluated on the vases of the deviatoric stress E (q)

and the second on the basis of axial deformation E (εa). The particular spaces

for the evaluation of the objective error function E in Tab. 4.1 were carefully

chosen in accordance with the calibration procedures described in Chapter 2 Pa-

rameteres and calibration procedures. Similar sensitivity analyses can be found

in [36, 39, 45]. Table 4.1 shows individual laboratory test with the corresponding

stress/strain and stress/void ratio spaces and their objective error functions E .

Table 4.1: Sensitivity analysis charecteristics

OED CIUP CID

HC lnσa × ln (e + 1) E (ln (e + 1)) εa × q E (q) - -

εa × q E (εa)

CC lnσa × e E (e) εa × q E (q) - -

εa × q E (εa)

HS σa × e E (e) - - εa × q E (q)

εa × q E (εa)
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Table 4.2: Hypoplastic clay parameters

λ∗ κ∗ N ν ϕ

Metro1 0.065 0.015 0.799 0.01 33.5

Metro2 0.046 0.004 0.632 0.30 35.7

Hajek 0.041 0.006 0.637 0.27 36.0

Bilina1 0.048 0.008 0.728 0.25 28.1

Bilina2 0.063 0.007 0.999 0.32 26.9

Table 4.3: Elastoplastic Cam-Clay parameters

λ κ e0 ν Mcs

Metro1 0.085 0.010 1.008 0.01 1.353

Metro2 0.059 0.010 0.790 0.01 1.449

Hajek 0.057 0.008 0.834 0.20 1.463

Bilina1 0.070 0.017 0.975 0.18 1.117

Bilina2 0.108 0.007 1.509 0.20 1.065

Table 4.4: Hypoplastic sand parameters

hs n ei0 ec0 ed0 α β ϕcv

Dobrany 17676 0.479 1.234 1.028 0.519 0.04 3.7 41.1

Hrusovany 100 0.0500 2.326 1.938 0.969 0.03 3.9 42.6

Jablonec 100 0.050 2.788 2.323 1.162 0.01 1.8 42.6

Kralupy 17503 0.220 1.471 1.226 0.613 0.13 3.1 41.2

Stvanice 3010 0.218 1.775 1.479 0.739 0.14 4.0 35.8
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4.2.1 Hypoplastic clay model

The sensitivity analysis performed on the hypoplactic clay model reveals that by

far the most important parameter is N . Surprisingly, N has the highes impact

on the results in cases of both oedometric and triaxial tests with λ∗ being the

second most important parameter, see Figs 4.1–4.3.

The impact of N is not only confirmed by each single C SS but also by

the overall C SS by a large margin, see Figs. 4.3d, 4.3f, 4.3h. The precision of

the model behaviour is thus mainly driven by the position of the isotropic normal

compression line not only in the case of consolidation tests but, surprisingly, also

in the case of triaxial test where in the comparison the critical state friction angle

ϕc has a minor role. Consequently, a significant emphasis thus should be placed

on the appropriate calibration of the parameters λ and N controlling the position

of the isotropic normal compression line with especial emphasise on N . It is

worth noting that the position of the CSL is correlated to the position of INCL

by the value λ∗ ln 2.

The parameter κ∗, controlling the bulku modulus, appears as the third

most influential parameter in the oedometric test, see Fig. 4.3d. Although with

a comparatively smaller affect, this result is justified as the parameter κ∗ controls

the unloading and reloading part of the consolidation test. Since the specimens

are reconstitued the over-consolidation ratio OC R is close to 1. Consequently,

reloading and thus the influence of the parameter κ might be limited. Parameters

ν and ϕc have a minor impact on the compression behaviour. Since the parameter

ν controls the relation of Ki and Gi and only a small amount of the deviatoric

stress q is produced during the oedometric test, the influence of ν should have

been observed small, see Fig. 4.3d.

In the case of the triaxial test for E (q), the critical state friction angle ϕc

gains an importance, even though still comparatively smaller when comparing

the I NC L controling parameters, see Fig. 4.3f. The effect of ν and κ is observed

insignificant.

The overall effects of the parameters κ and ν on E (εa) is also observed an

insignificant. The parameter κ∗ is observed to have two times larger impact on
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the triaxial test than ν, see Fig. 4.3h. Since the observed effect of the parameter

ν is insignificant, it can be calibrated as the last parameter to improve the model’s

nonlinear behaviour.
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(a) Metro1 - Oedometric test (b) Metro2 - Oedometric test

(c) Metro1 - CSS Oedometric test (d) Metro2 - CSS Oedometric test

(e) Metro1 - CSS Undrained Triaxial test (f) Metro2 - CSS Undrained Triaxial test

(g) Metro1 - CSSUndrained triaxial test E(q) (h) Metro2 - CSS Undrained triaxial test E(q)

(i) Metro1 - CSS Undrained triaxial test E(εa) (j) Metro2 - CSS Undrained triaxial test E(εa)

Figure 4.1: Sensitivity analysis: Metro1, Metro2
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(a) Bilina1 - Oedometric test (b) Bilina2 - Oedometric test

(c) Bilina1 - CSS Oedometric test (d) Bilina2 - CSS Oedometric test

(e) Bilina1 - CSS Undrained Triaxial test (f) Bilina2 - CSS Undrained Triaxial test

(g) Bilina1 - CSSUndrained triaxial test E(q) (h) Bilina2 - CSS Undrained triaxial test E(q)

(i) Bilina1 - CSS Undrained triaxial test E(εa) (j) Bilina2 - CSS Undrained triaxial test E(εa)

Figure 4.2: Sensitivity analysis: Bilina1, Bilina2
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(a) Hajek - Oedometric test (b) Hajek - Undrained triaxial test

(c) Hajek - CSS Oedometric test (d) Overall CSS Oedometric test

(e) Hajek - CSS Undrained triaxial test E(q) (f) Overall CSS Undrained triaxial test E(q)

(g) Hajek - Undrained triaxial test E(εa) (h) Overall CSS Undrained triaxial test E(εa)

Figure 4.3: Sensitivity analysis: Hajek, Overall
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4.2.2 Modified Cam-Clay model

The sensitivity analysis of the Modified Cam-Clay model revealed very similar

effect of the parameters as in the case of hypoplastic clay model. This is par-

ticularly true in the case of oedometric tests and triaxial test with error function

E (q) where the error function are mostly sensitive to the parameters e0 and λ.

This is true with the exception of the specimen Bil ina2 where is not established

a clear leading parameter and the effect of the parameter λ is noticeably dimin-

ished. The overall sensitivity show the most influential parameters e0 and λ, see

Fig. 4.6d and Fig. 4.6f.

The sensitivity of triaxial test with the error function E (εa) shows the

highest sensitivity to Poisson’s ratio ν, which controls the relation between bulk

modulus K and shear modulus G . The second parameter is κ while the effect

of parameters λ, e0 and ϕc cannot be distinguished, see Fig. 4.6h. This is in

contrast with the results of hypoplastic clay sensitivity study where the parameter

ν has the least impact.

The Modified Cam-Clay model parameters have almost identical interpre-

tation as the parameters of hypoplastic clay model. Furthermore, it was also

observed in this sensitivity study that the Modified Cam-Clay model is sensitive

to the parameters in idential way as the hypoplastic clay model. Therefore, it

can be concluded that the calibration procedure can be defined in the same way

for both hypoplastic clay a Modified Cam-Clay model.

79



CHAPTER 4. ONLINE CALIBRATION SOFTWARE

(a) Metro1 - Oedometric test (b) Metro2 - Oedometric test

(c) Metro1 - CSS Oedometric test (d) Metro2 - CSS Oedometric test

(e) Metro1 - CSS Undrained Triaxial test (f) Metro2 - CSS Undrained Triaxial test

(g) Metro1 - CSSUndrained triaxial test E(q) (h) Metro2 - CSS Undrained triaxial test E(q)

(i) Metro1 - CSS Undrained triaxial test E(εa) (j) Metro2 - CSS Undrained triaxial test E(εa)

Figure 4.4: Sensitivity analysis: Metro1, Metro2
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(a) Bilina1 - Oedometric test (b) Bilina2 - Oedometric test

(c) Bilina1 - CSS Oedometric test (d) Bilina2 - CSS Oedometric test

(e) Bilina1 - CSS Undrained Triaxial test (f) Bilina2 - CSS Undrained Triaxial test

(g) Bilina1 - CSSUndrained triaxial test E(q) (h) Bilina2 - CSS Undrained triaxial test E(q)

(i) Bilina1 - CSS Undrained triaxial test E(εa) (j) Bilina2 - CSS Undrained triaxial test E(εa)

Figure 4.5: Sensitivity analysis: Bilina1, Bilina2
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(a) Hajek - Oedometric test (b) Hajek - Undrained triaxial test

(c) Hajek - CSS Oedometric test (d) Overall CSS Oedometric test

(e) Hajek - CSS Undrained triaxial test E(q) (f) Overall CSS Undrained triaxial test E(q)

(g) Hajek - Undrained triaxial test E(εa) (h) Overall CSS Undrained triaxial test E(εa)

Figure 4.6: Sensitivity analysis: Hajek, Overall
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4.2.3 Hypoplastic sand model

The sensitivity analysis of the oedometric test reveals the importance of the

three comression related parameters hs , n and ei0, which is in accordance with

the calibration procedures suggested in Chapter 2 Parameteres and calibration

procedures. This trend is observed for all individual oedometric tests C SSi and

futher supproted by the overall C SS , see Fig. 4.9d

The parameter ec0 is recommended to be calibrated first either from the

C I UP test or oedometric test while considering the position of the initial state

of the compression test being on the C SL. The parameters ei0 and ed0 then can

be derived from the empirical relations. Considering the observed sensitivity it

might be suggested to calibrate ei0 together with the parameters hs and n by

the means of multi-dimensional optimization. The parameters ec0 and ed0 are

derived next using the same empirical relation or if possible to determine ec0 from

the C I UP test independently. Other parameters seem to have a little influence

on the oedometric test and their evaluation from this test is not justifiable.

The highest impact on the triaxial test regarding E (q) has the critical state

fricion angle ϕc . This tendancy has been observed in each C SS . The second

parameter is ec0. Those two parameters control a location of the critical state.

The lower the actual void ratio e is found bellow the corresponding critical state

void ratio ec the more significant is dilatancy and the higher the peak friction

angle ϕp is. The critical frication angle ϕc influences a value of the critical

state deviatoric stress q. The sensitivity analysis thus provides reasonable and

justifiable results. Other parameters do not seem to have an overall unique

position. However, it is worth pointing out the influence of the parameter α of

the Jablonec specimen’s C SS − E (q), where due to the limiting value of the

parameter α the results of the sensitivity analisys indicate the minor effect of

this parameter.

In the case of C SS - E(εa) the results of the senstivity analysis are difficult

to clearly evaluate since the overall C SS does not significantly stress out any

parameter. The change of any parameter thus can have a similar effect on the

simulation regarding E (εa). However, following the calibration procedure from
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Chapter 2 Parameteres and calibration procedures and assuming the parameters

n, hs , ec0, ei0, ed0 and ϕcs be alredy known, the parameter β is clearly observed

as a leading parameter for the simulation of stiffness degradation of a drained

triaxial test. The similar conclusion can be drawn when focusing on the E (q)

where the leading role is captured by the parameter α.
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(a) Dobrany - Oedometric test (b) Hrusovany - Oedometric test

(c) Dobrany - CSS Oedometric test (d) Hrusovany - CSS Oedometric test

(e) Dobrany - Drained triaxial test (f) Hrusovany - Drained triaxial test

(g) Dobrany - CSS Drained triaxial test E(q) (h) Hrusovany - CSS Drained triaxial test E(q)

(i) Dobrany - CSS Drained triaxial test E(εa) (j) Hrusovany - CSS Drained triaxial test E(εa)

Figure 4.7: Sensitivity analysis: Dobrany, Hrusovany
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(a) Stvanice - Oedometric test (b) Jablonec - Oedometric test

(c) Stvanice - CSS Oedometric test (d) Jablonec - CSS Oedometric test

(e) Stvanice - Drained triaxial test (f) Jablonec - Drained triaxial test

(g) Stvanice - CSS Drained triaxial test E(εq ) (h) Jablonec - CSS Drained triaxial test E(εq )

(i) Stvanice - CSS Drained triaxial test E(εa) (j) Jablonec - CSS Drained triaxial test E(εa)

Figure 4.8: Sensitivity analysis: Stvanice, Jablonec

86



4.2. SENSITIVITY ANALYSIS

(a) Kralupy - Oedometric test (b) Kralupy - Drained triaxial test

(c) Kralupy - CSS Oedometric test (d) Overall CSS Oedometric test

(e) Kralupy - CSS Drained triaxial test E(εq ) (f) Overall CSS Drained triaxial test E(εq )

(g) Kralupy - CSS Drained triaxial test E(εa) (h) Overall CSS Drained triaxial test E(εa)

Figure 4.9: Sensitivity analysis: Kralupy, Overall

87



CHAPTER 4. ONLINE CALIBRATION SOFTWARE

Another method how to demonstrate the the effect of parameters is shown

in Fig. 4.10a and Fig. 4.10c, which plot the normalised SS for the oedometric

and triaxial tests E (q). It can be observed from Fig. 4.10a that even though the

parameters λ∗ and N have a significant impact on the hypoplastic clay model’s

behaviour, they influence the model in an opposite way in both triaxial and

oedometric test. The same is true in the case of Modified Cam-Clay model for

the parameters e0 and λ, see Fig. 4.10b.

In case of the parameters κ∗ and ν the coupling effect can be seen for both

oedometric and triaxial tests, which further ephasise the necessity to calibrate

each model on the basis of different test.

(a) Hypoplastic clay

(b) Modified Cam-Clay

(c) Hypoplastic sand

Figure 4.10: Normalised SS
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Normalised SS fot the hypoplastic sand reveals the highest sensitivity to

the parameter ϕc in the case of triaxial test and to the parameter ei0 in the case

of oedometric test. Furthermore, the opposite effect of parameters hs and ei0 to

the parameter n in confirmed. The coupling effect and a negligible sensititivity

to the parameters ed0 and α in the case of oedometric test is shown once again

when comparing with Fig. 4.9d.

The sensitivity analysis revealed the effects of the models parameters on the

selected laboratory tests. Consequently, it indicates what parameteres should be

under close scrutiny and what precision should be applied during the calibration.

From the observations, it can be pointed out that the parameters controlling the

asymptotic behaviour have a crutial impact on the models’ behaviour. This can

be observed for both clay models (N , λ∗ and e0, λ), and hypoplastic sand model

(ϕc , ei0, hs ,n).

It can be concluded that the parameters N and λ∗ of the hypoplastic clay

model, which control the position of the NC L and C SL in the ln p × ln (e + 1),

should be calibrated with the maximal precision and under the constant scrutiny

as these parameters have the most significant impact on the model prediction.

The calibration of these parameters from the results of the oedometric or isotropic

consolidation test is straight forward. Even though the parameter ϕc does not

have such an impact as the previous parameters, it is easily obtained from the

triaxial shear test in p × q space given the fact that the critical state is reached

during shearing. These free parameters influencing the model asymptotic be-

haviour. The parameters κ∗ and ν influencing the stiffness and consequently the

nonlinearity of the model behaviour and their impact is proven as less significant.

However, small effect of κ∗ can be caused due to chosen reconstituted condition

of specimens. Evaluation of these parameters can be obtained by the parametric

study of the consolidation test in ln p× ln (e + 1) and triaxial shear test in εa×q

space, respectively. It can be also concluded that due to the observed similar

sensitivity of both clay models, they can be calibrated with a similar procedure.

The similar conclusion can be drawn for the hypoplastic sand model. The

parameters ei0, hs and n controlling the isotropic NC L gain the highest signif-
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icance for the consolidation test. The parameter ec0 reveals an importance in

triaxial shear test with E (q). The parameters controlling the position of the NC L

and C SL should be thus calibrated with the maximal effort and precision. The

parameter ϕc shows the highest impact on the triaxial shear test and its values

can be obtained from the triaxial shear test as in the case of the hypoplastic clay

model. The parameter β controls the shear stiffness and reveals that it has some

impact on the oedometric test, consequently the recalibration of the oedomteric

test parameters might be necessary after β is calibrated.
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4.3 Matlab Beta version

In this section an assessment of the created calibration procedure for the Ex-

Calibre software is described. The assessment was performed with help of Doc.

Masin’s group at Charles University. Bc. Igor Sula in particular was employed in

the assessment works for the hypoplastic clay and hypoplastic sand model. Sula

used his works and findings for his master degree thesis in [47]. The assessment

itself was performed by combining a manual calibration performed by Charles

University and automatic calibration procedures for a given laboratory test.

The initial calibration procedures were created and tested in Matlab 2014b

since it uses a simple programming language and provides wide range of func-

tional and graphical support for the academic programming and thus enables

instant display of required data. In the Matlab version of the calibration soft-

ware the sufficiency of Newton’s optimization method regarding the convergence

and shape of the objective functions was also tested. This is well represented

in Fig. 4.11 and Fig. 4.12 which depict a converging iteration procedure for the

parameter ν of the hypoplastic clay model and parameters hs and n of the hy-

poplastic sand model, respectively. In Fig. 4.11 the objective error function is

calculated for three experiments of an undrained triaxial test.

Figure 4.11: Iteration procedure - parameter ν

This figure undoubtedly indicates a smooth shape of the objective function

and a distinguishable global minimum. Blue and red colours represents an itera-
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tion procedure starting from two different initial values of the parameter ν. The

iteration procedure for the parameters hs and n in Fig. 4.12 does not exhibit the

same smooth evolution of the objective function. However, an estimation of the

global mininum is established more accurately as the step size of the iteration is

decreased.

Figure 4.12: Iteration procedure - parameters hs and n

During the testing phases it was pointed out that since the parameters do

not always have a clearly established limiting values, it is reasonable to gradually

decrease the itaration step size in order to obtain the most percise recults possible

and at the same time to maintain a rapid convergence speed. In addition, the

gradient iteration procedures were proven to be sufficient while sequential pa-

rameters calibration was applied in the clear hierachical order. This was possible

due to a clear physical meaning of the model parameteres and their relevance for

certain laboratory tests and importances revealed in the Section 4.2 Sensitivity

analysis.

The calibration software for the hypoplastic clay and hypoplastic sand

model created in Matlab software was compiled into a simple stand alone appli-

cation that operates within a default folder. In order to simplify the comparative

works, the calibration application requires the input data to be preset in the cer-

tain predefined *.xlsx format. The calibration results are eventually saved into

the Output.xlsx and Output.txt files.
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4.3.1 Hypoplastic clay model - Comparative study

In case of the hypoplastic clay, the assessment of the calibration procedures was

performed on the laboratory sets from twelve locations. The comparative study

was focused on comparing the following results:

• Oedometric test in ln p × ln(e + 1) space

• CIUP triaxial test in εa × q space

• CIUP triaxial test in p × q space

• CID triaxial test in εa × εv space

• CID and CIUP triaxial test in εa × q space

In the thesis [47] in particular depicted and commented the calibration

results of the specimens Bilina 1, Prackovice and Ujezd pod Troskami was dis-

cussed. For the sake of clarity, examples from the study and thesis [47] are

displayied in the Fig. 4.13 for the specimens Bilina1 and Ujezd Pod Troskami. In

both cases, the comparison of the oedometric test shows a significant discrep-

ancy between a simulation and experiment at the end of the loading part. This

was caused by inappropriate interpretation of the laboratory results. The labora-

tory results are delivered in engineering strains, which means that the strain are

calculated with respect to the original shape of the specimen by

εeng
a =

L0 − L

L0
. (4.3.1)

The engineering strains provides a reasonable estimate in the range of small

deformations ε < 0.2%. However, in the case of the soil laboratory experiments

the resulting deformation can reach even more than ε > 20%. Since the model

is defined in the stress and strain rates, the deformation is calculated according

to the state at the beginning of each loading increment. All the laboratory

experiments, thus, should be transformed from engineering strains εeng
a to true

strains εnat
a as is implied by
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εnat
a = − ln

(
L

L0

)
= − ln (1− εeng

a ) (4.3.2)

Unlike the engineering strains, the true strains are calculated with respect to the

actual current length as

dεnat
a =

dl

L
(4.3.3)

and

∫ εtrue
a

0

dεtrue
a =

∫ l

L

dl

L
. (4.3.4)

It is worth noting that engineering and true strain are comparable up to the

strains ε ≈ 0.2%.

Results of the Bilina1 undrained triaxial test are in a good match. Unlike

the oedometric test, the initial void ratio of the triaxial test has to be adjusted

according to the critical state so that the the simulation reaches the same devia-

toric stress at the failure as the experiment. The initial void ratio of the undrained

triaxial test is calibrated with respect to the deviatoric stress reached at the criti-

cal state. During the undrained shearing the void ratio remains the same. In the

case of a drained test, however, it seems to be more appropriate to establish the

initial void ratio with respect to the evolution of volumetric strain as Fig. 4.13d

indicates. The study also revealed a significant impact of an extreme value of the

parameter ν > 0.4 on the unloading part of a consolidation test and indicates

the importance of recalibration of the parameter κ from the consolidation test

as it leads to the excessive swelling. This is depicted by Fig. 4.13b.

94



4.3. MATLAB BETA VERSION

(a) Bilina1 - Oedometric test (b) Ujezd pod Troskami - Oedometric test

(c) Bilina1 - CIUP test (d) Ujezd pod Troskami - CID test

(e) Bilina1 - CIUP test (f) Ujezd pod Troskami - CID test

Figure 4.13: Examples from the comparative study [47]

The assessment also encountered an error connected to the filtering out

of an unloading and reloading paths from the experimend data. The calibration

was also performed for each consolidation test separatelly and did not account

for a differences between reconstituted and undisturbed specimens.
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The comments from the comparative study can be summarized in several points:

• Transform engineering strains εeng
a to true strains εtrue

a

• Establish the initial void ratio of a drained triaxial test with respect to the

evolution of the volumetric strain εv

• Adjust the parameter κ with respect to the new parameter ν

• Filtering out the reloading/unloading paths in the compression test

• Distinguish the reconstitued and undisturbed specimens in the calibration

• Enable a calibration of the model parameters from the multiple compression

tests

4.3.2 Hypoplastic sand model - Comparative study

Similarly to the comparative study undertaken for the hypoplastic clay, the com-

parative study for hypoplastic sand model was performed on six sand soil spec-

imens. Since the calibration procedures are more difficult owing to the higher

number of the calibrated parameters the comparative study also found serious

drawbacks regarding the calibration of the drained triaxial test. The examples

of the comparative study are again taken from [47], more specifically the speci-

mens from the locations Dobrany and Rohatec are presented. The results of the

oedometric tests once again indicate the problem pointed out earlier, that is the

difference between engineering εeng and true strains εtrue . However, the results

of the triaxial test indicate more serious problem. Even though the calibration of

the initial void ratio was calibrated from the evolution of the volumetric strain εv

it has the same impact on the peak friction angle as the parameter α. This issue,

together with the calibration performed with the aid of the engineering strains

εeng , predicted an unrealistic behaviour which is documented in Fig. 4.14c and

Fig. 4.14d by the excessive value of the peek friction angle ϕp.
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(a) Dobrany - Oedometric test (b) Rohatec - Oedometric test

(c) Dobrany - CID test (d) Rohatec - CID test

(e) Dobrany - CIUP test (f) Rohatec - CID test

Figure 4.14: Examples from the comparative study [47]

All the specimens were of the reconstituted nature and distinguish between

the undisturbed and reconstituted specimens was not necessary. However, to

consider the specimens condition should be possible.
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The comparative study on the hypoplastic sand model suggests to:

• Transfer engineering strains εeng
a to true strains εtrue

a

• Omit calibration of the initial void ratio from the triaxial drained test

• Filter out the reloading/unloading paths in the compression test

• Enable a calibration of the model parameters from the multiple compression

tests

The feedback received from the comparative study was put under scrutiny

and modifications of the calibration were made. However, the calibration of the

initial void ratio of the drained send for the hypoplastic clay model remained

calibrated on the basis of the peak friction angle ϕc and not volumetric strain εv ,

since the reached critical state void ratio during the appears only inside the shear

band and thus does not represent the whole body of specimen. After the second

review of the calibration software the calibration procedures were considered

successful and the testing phase was completed. This enabled implementation

into the C# language and creating the online calibration software ExCalibre.
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4.4 C# version

The online software Excalibre was developed in Microsoft Visual Studio in co-

operation with Ing. Tomas Janda, Ph.D and Ing. Stepan Benes. The Excalibre

software is currently available at the website:

soilmodels.com/excalibre/

Each member of a team developed a separate libraries focused on a different

issues, commonly known a projects. Tomas Janda developed a project called

DRI V E R storing single element libraries for the hypoplastic clay, hypoplastic

sand and Cam-Clay model. A single element software calculate the stress and

strain evolution based on the initial and loading conditions. Stepan Benes work

was focused on the development of the user interface called W E B . This section

is dedicated to the description of the project C ALI BE R storing methods used

for the calibration of the advanced soil models parameters.

The software diagram is depicted in Fig. 4.15 which distinguishes two sec-

tions of the software. The blue box represents a simulation section which simu-

lates a laboratory test according to the predefined state and loading conditions.

This section directly interacts with DRI V E R and plots results in the user in-

terface. The calibration section is represented by a green box. The input data

are uploaded into the web application and once the model for a calibration is

selected, the data are sent to C ALI BE R . Based on the calibration methods,

the C ALI BE R interacts with DRI V E R . The progress of the calibration is si-

multaneously sent to W E B . Once the calibration is finished the results are

displayed. These resuls include the values of the calibrated parameters and ini-

tial void ratios of the calibrated experiments. Chart plots for both experiment

and simulated data are also available. The Excalibre software also provides an

option of changing values of parameters or the initial void ratios accordingly and

RE C ALC ULAT E new results as Fig. fig:excalirbeDiagram indicates.
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Figure 4.15: Diagram of the Excalibre software

Next sections thoroughly describe the C ALI BRAT I ON I NPUT data,

C ALI BE R methods.

4.4.1 Input data

The Excalibre input data are formed by laboratory experiment records ordered in

*.xlsx file in the special form predefined for each laboratory experiment specially.

The records of each experiment are saved in the separate sheet labeled with a

code name characterizing the experiment and the nature of the specimen. The

code itself consists of three parts. First part of the code name designates a type

of the experiment as follows:

• OED - Oedometric test

• ISOT - Isotropic compression test

• CIUP - Undrained triaxial test with meassuring pore pressure

• CID - Drained Triaxial test

The nature of the specimen is further specified by a suffiex −NAT or

−RE C which are abbreviations of natural (undisturbed) or reconstituted (dis-

turbed) specimen, respectively. Furthermore, each sheet is numbered with re-

spect to the related experiment and its order in the sequence. The complete code
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name of the sheet representing single oedometric experiment conducted on the

natural undisturbed specimen and occurring as the first in the sequence of these

tests reads as OE D − NAT − 1. Similarly, the code name C I UP − RE C − 2

thus represents an undrained triaxial test performed on the reconstituted speci-

men and it is second in the sequence of such experiment. An unlimited number

or experiments and their combinations can be uploaded. The software will select

each record for a separate calibration. However, it is worth noting that higher the

number of uploaded experiments is, the higher the computational cost is. Each

laboratory experiment data requires not only an initial void ratio to establish an

initial state but also data records:

• OED

– axial stress σa

– axial strain εa

• ISOT

– mean stress p

– volumetric strain εv

• CID

– axial strain εa

– volumetric strain εv

– mean stress p

– deviatoric stress q

• CIUP

– axial stress σa

– mean stress p

– deviatoric stress q

Appart from the experiment results, the data file also includes sheets with

code names IDX AND GRAD and NOTES. The sheet IDX AND GRAD includes

index characeristic:

• USCS classification

• Liquid limit WL

• Plastic limit WP

• Specific gravity Gs

• Angle of repose ϕr ep (if provided)

• Records of the gradation test
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Sheet NOTES consist of a general informations that can be helpful for the

calibration or classification. Templates of the input data of gathered specimens

are available to download from the website of the ExCalibre software and the

corresponding calibrated parameters are also displayed.

4.4.2 Project Caliber

The methods of C ALI BE R PROJECT are divided into several separate source

codes and classes with respect to their purpose. The source codes relevant to

the calibration procedures are:

• SortData.cs

• Compression.cs

• Triaxial.cs

• Caliber.cs

Once the input data is uploaded, W E B creates an instance of the class

C al iber I nput which is filled with the list of uploaded laboratory tests, their

records and conditions. Once the calibration is complete, C ALI BE R creates an

instance of the class C al iberOutput and sent results to W E B . Hereinafter, a

content of the mentioned source codes will be briefly discussed. More attention

will be dedicated to the classes including calibration methods themselves.

4.4.3 Source code SortData.cs

This code includes several methods which deal with the experiment and simulated

data and prepare the calibration return output, see Fig. 4.4.3.
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SortData.cs

public class SortData

public CreateCaliberOutput

public ModifyData

public CalculateData

public DifferenceFunction

Fig.4.4.3: SortData.cs content

CreateCaliberOutput

Input:Input:Input: CaliberInput caliberInput

Output:Output:Output: CaliberOutput caliberOutput

This method receive a class C al iber I nput data which stores the experiments

recorded data ordered in IDictionary type values and creates an instance of the

class C al iberOutput. Both these classes are defined out of the C al iber source

files. The method C reateC al iberOutput employs variables of the IDictionary

type. IDictionary is type that uses a str ing key word to store certain data and

thus enables an easy search mechanism. The class C al iberOutput includes

these data:

• IDictionary OedDriverInputs

• IDictionary CiupDriverInputs

• IDictionary CidDriverInputs

• IDictionary IsotDriverInputs

• IDictionary OedMeasuredData

• IDictionary CiupMeasuredData

• IDictionary CidMeasuredData

• IDictionary IsotMeasuredData

• IDictionary OedComputedData

• IDictionary CiupComputedData

• IDictionary CidCompuredData

• IDictionary IsotComputedData

• IDictionary CalibreMessages
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IDictionaries with suffix Driver I nputs includes data of the class DrivedI nputs,

which are crucial for a successful lunch of DRI V E R , namely initial void ra-

tio and stress state, loading conditions, type of experiment (OED, CIUP, CID,

ISOT) and the parameters of selected constitutive model. As the name indi-

cates, the suffix MeassuredData includes an experimentally measured data and

C omputedData represents simulated data provided by DRI V E R . The key word

used in IDictionary matches with the name of the spreadsheet related to the given

experiment, e.g. CIUP-NAT-2, OED-REC-1, etc.

ModifyData

Input:Input:Input: double PhiC

CaliberInput caliberInput

Output:Output:Output: IDictionary cidData

IDictionary ciupData

IDictionary compressionLoading

IDictionary compressionUnloading

CaliberOutput caliberOutput

The method Modif yData takes a care of a transforms the experimentally mea-

sured engineering strains εeng to true strains εtrue , excluding unloading/reloading

parts of the compression test except for the last unloading step. This method

loads the MeasuredData and Driver I nputs in the C al ibreOutput. It is com-

mon for all three constitutive models. Furthermore, the method creates data

sets necessary for the calibration such as the ln p × ln (e + 1) diagram for the

hypoplastic clay model, ln p × e diagram for the Cam-Clay model and p × e

diagram for the hypoplastic sand model in case of the compression tests. These

data are divided into the loading and unloading parts as some parameters are

calibrated solely on the loading and some on the unloading parts. In addition,

the pore pressure u calculated. The triaxial test data sets are created separately

for drained and undrained conditions.

The method C alculateData is used at the end of the calibration to sim-

ulate a given experiment with respect to its initial conditions and saves the data
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into ComputedData in the CaliberOutput.

DifferenceFunction

Input:Input:Input: double[,] experimentData

double[,] driverData

Output:Output:Output: double difference

The last method in Sortdata.cs is the Diff erenceFunction. This method is used

in the optmizing methods to calculate the objective error function by Eq. (4.1.2)

with weight wi = 1 on 100 points uniformly distributed along a given experiment

data, see Section 4.1 for more details. The intermediate points are interpolated

between two closest data points.

105



CHAPTER 4. ONLINE CALIBRATION SOFTWARE

4.4.4 Source code Compression.cs

The source code is divided into two classes separated according to the constitutive

model. The class C lay is composed of methods focusing on the hypoplastic clay

and Cam-Clay model. There are six methods, three focused on a direct calcula-

tion of parameters λ∗, κ∗, N and subsequently their optimization, see Fig. 4.4.4.

The calculation methods use Eqns. (2.0.20)–(2.0.24), see Section 2.0.2 for more

details. The class Sand is similarly assembled and employes Eqns.(2.0.6)–(2.0.13)

from Section 2.0.1. All optimization methods employ the Newton’s optimization

method.

Compression.cs

public class Clay

public CalibreLambda

public CalibreKappa

public CalibreN

public OptimizeLambda

public OptimizeKappa

public OptimizeN

public class Sand

public CompressionIndex

public CalibreN

public CalibreHs

public CalibreLimitingVoidRatios

public OptimizeHsN

Fig.4.4.4 Compression.cs diagram

4.4.4.1 class Clay

CalibreLambda

Input:Input:Input: IDictionary compressionLoading

Output:Output:Output: double lambda

The parameter λ∗ for the hypoplastic clay or λ for Cam-Clay model is calculated
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from the tangent at the end of the loading step corresponding to a 1/100th of

the applied mean stress p or axial loading stress σa. Parameter is calculated from

Eq. (2.0.20).

CalibreKappa

Input:Input:Input: IDictionary compressionUnloading

double lambda

Output:Output:Output: double kappa

The parameter κ∗ for the hypoplastic clay or κ for Cam-Clay model is calculated

from the tangent at the beginning of the unloading step corresponding to a

1/100th of the applied mean stress p or the axial loading stress σa. The value

of the parameter κ∗ of κ is limited to the 1/5th of the parameter λ∗ respective

λ. It is provided by Eq. (2.0.21).

CalibreN

Input:Input:Input: IDictionary compressionLoading

double lambda

Output:Output:Output: double N

The parameter N is calculated with the aid of the parameter λ∗ or λ as Eq. (2.0.24)

or Eq. (2.0.22) implies.

OptimizeLambda

Input:Input:Input: IDictionary compressionLoading

CaliberOutput caliberOutput

ModelParams parameters

Output:Output:Output: double lambda

This method does not use the method Diff erenceFunction from SortData.cs

but rather calculates an objective function as a squared difference of tangents

between the experimental and simulated data at the last loading step. The

current tangent value is calculated from the last 1/100th of the applied loading

stress, see Fig. 4.16.
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Figure 4.16: Optimization of the parameter λ∗

The tangents designated λ∗s and λ∗e stand for the simulated and experiment

tangnents. The objective of the optimiation is to equilize the parameters, i.e. λ∗s

= λ∗e .

OptimizeKappa

Input:Input:Input: IDictionary compression Loading

IDictionary compressionUnloading

CaliberOutput caliberOutput

ModelParams parameters

Output:Output:Output: double kappa

Since the parameter κ∗ affects unloading as well as reloading part of the compres-

sion experiment, the objective function of the κ∗ optimization uses Diff erenceFunction

for both loading and unloading part of the compression test while a weight of

the function w is distributed between the loading and unloading part as follows:

wload =
Lload

Lunload
, (4.4.1)

where
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L =
n∑

i=1

√
(pi+1 − pi )2 + (ei+1 − ei )2. (4.4.2)

L represents the lenght of the compression diagram in ln p×ln(e+1) space for the

loading (Lload ) and unloading (Lunload ) part of the diagram. Since the unloading

part is often ommited, the objective function calculated from the loading part is

multipied by the weight wload , see Eq. (4.4.1). The weight of the unloading part

is set wunload = 1 in the case when unloading is available or wunload = 0 in the

case when unloading part is not available.

OptimizeN

Input:Input:Input: IDictionary compressionLoading

CaliberOutput caliberOutput

ModelParams parameters

Output:Output:Output: double N

This method uses the objetive function as the squared difference in ln(e + 1)

for the hypoplastic model or difference in e for the Cam-Clay model between

experimental and simulated data at maximal loading stress.

4.4.4.2 class Sand

The class Sand employs five method. Four are focused on a direct calculation of

the hypoplastic sand parameters hs and n and the compression index Cc accoring

to the Eqns. (2.0.6)–(2.0.13). The method OptimizeHsN employs Newton’s

optimization method for the parameters hs and n. When using Eq. (2.0.10) the

initial limiting void ratios ei0, ec0 and ed0 are backward calculated knowing the

values hs and n and at the same time considering that the initial void ratio of

the compression test einit is located on the C SL.
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CompressionIndex

Input:Input:Input: IDictionary compressionLoading

Output:Output:Output: double[] Cc

The compression index is calculated according to Eqns. (2.0.6)–(2.0.9) for three

points of the compression curve. The output of this method is a vector of three

Cc values.

CalibreHs

Input:Input:Input: IDictionary compressionLoading

ModelParams parameters

double[] Cc

Output:Output:Output: double hs

The parameter hs is calculated according to Eq. (2.0.11) with the aid of the

compression index Cc corresponding to the center of the compression curve.

CalibreN

Input:Input:Input: IDictionary compressionLoading

ModelParams parameters

double[] Cc

Output:Output:Output: double n

The parameter n is calculated according to the Eqns. (2.0.12)–(2.0.13) from

the parameter hs and two values of Cc corresponding to the extemes of the

compression curve.

CalibreLimitingVoidRatios

Input:Input:Input: IDictionary compressionLoading

ModelParams parameters

double[] eTemp

Output:Output:Output: ModelParams parameters

double[] eTemp

The limiting void ratios are calculated according to Eqns. (2.0.15)–(2.0.17). In

the case that more compression experiments are presented, the vector eTemp
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represents the initial state (void ration einit and mean stress p) of the experiment

which initial state occurs on C SL and relates to the maximal value of ec0 through

Eq. (1.2.41). This comes from the assumption that in the case of the loose sand

the parameter ec0 can be estimated as ec0 = emax and since the specimens of

different densities can be presented, the specimen in the loosest state, e.g. has

the highest initial void ratio einit , is considered at the critical state and thus

occuring on the C SL. Since the parameter ec0 is related to the mean stress p =

0 kPa, ec0 is calculated with the aid of etemp and Eq. (1.2.41).

For the void ratio of the maximal density ed0 = 0.5×ec0 is given a condition

that any initial void ratio cannot occur beneath limiting void ratio curve ed with

the safety 1.05 as

ed0 =
ed

1.05 exp

[
−
(

3p

hs

)n] . (4.4.3)

The parameter ei0 is calculated according to Eq. (1.2.39).

OptimizeHsN

Input:Input:Input: IDictionary compressionLoading

ModelParams parameters

CaliberOutput caliberOutput

double[] eTemp

Output:Output:Output: ModelParams parameters

double[] eTemp

This method employs the Newton optimization method for two variables simulta-

neously since both marameters hs and n define the shape of the same compression

curve. For each combination of hs and n the method CalibreLimitingVoidRatios

is called. It recalibrates the parameters ei0, ec0 and ed0 while the CSL goes

through the state defined by etemp. The output of the method are thus not only

the updated parameters hs and n but also the vector eTemp and limiting void

ratios.
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4.4.5 Source code Triaxial.cs

Similarly to the code sourse C ompression.cs the Triaxial .cs is also divided

into two separate classes according to the constitutive model. The class C lay is

dedicated to hypoplastic clay and Cam-Clay models and calibrates the parameter

ν and the initital void ratios while the separate methods are created for the

experiments C I D and C I UP .

Triaxial.cs

public class Clay

public CalibrePhiCid

public CalibrePhiCiup

public OptimizeVoidRatioCiup

public OptimizeVoidRatioCid

public OptimizeNuCiup

public OptimizeNuCid

public class Sand

public OptimizeVoidRatioCiup

public OptimizeVoidRatioCid

public OptimizeAlphaCid

public OptimizeAlphaCiup

public OptimizeBetaCid

public OptimizeBetaCiup

Fig. 4.4.5 Triaxial.cs diagram

4.4.5.1 class Clay

CalibrePhiCiup and CalibrePhiCid

Input:Input:Input: CaliberInput caliberInput

ModelParams parameters

Output:Output:Output: double Phi

These methods calculate the critical state friction angle ϕc according to Eqns. (2.0.1)–

(2.0.5).
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OptimizeVoidRatioCiup

Input:Input:Input: CaliberOutput caliberOutput

ModelParams parameters

IDictionary ciupData

Output:Output:Output: CaliberOutput caliberOutput

In the case of hypoplastic clay model, the method is optimizing the initial void

ratio einit according to the maximal reached deviatoric stress q with the aid of

Newton’s optimization method. If the Cam-Clay model is calibrated, the initial

void ratio einit is calculated by

einit = e0 + κ(ln pc − ln p)− λ ln p. (4.4.4)

OptimizeVoidRatioCid

Input:Input:Input: CaliberOutput caliberOutput

ModelParams parameters

IDictionary cidData

Output:Output:Output: CaliberOutput caliberOutput

In the case of hypoplastic clay model, the method is optimizing the initial void

ratio einit according to the maximal deviatoric stress q if the peak friction angle

ϕp is higher than the critical state friction angle ϕcv . if not, the objective error

function is calculated by Diff erenceFunction on the entire experiment in the

εa × q space. The critical state is considered to be reached at the end of the

experiment. In the case of Cam-Clay model, the initial void ratio einit is calculated

from

pc =

(
−q2

M2
− p2

)
1

p
(4.4.5)

and (4.4.6)

einit = e0 + κ(ln pc − ln p)− λ ln p. (4.4.7)

The initial void ratio is thus optimized to reached the approximated value of the

maximal deviatoric stress q and not the evolution of the volumetric strains.
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OptimizeNnuCiup and OptimizeNnuCid

Input:Input:Input: CaliberOutput caliberOutput

ModelParams parameters

IDictionary ciupData

Output:Output:Output: double ν

Since ν is a stiffness controlling parameter, the objective error function is calcu-

lated on a difference of εa in the εa×q space. The difference function is calculated

from the part of the diagram reaching 0.9×qmax (maximal deviatoric stress) in

the case of hypoplastic clay model and 0.5×qmax in the case of Cam-Clay model.

4.4.5.2 class Sand

The class Sand is similarly dedicated to the parameters of the hypoplastic sand

model α and β and initial void ratios, the methods are again divided according

to the experiments C I D and C I UP , see Fig. 4.4.5.

OptimizeVoidRatioCiup

Input:Input:Input: CaliberOutput caliberOutput

ModelParams parameters

IDictionary ciupData

Output:Output:Output: CaliberOutput caliberOutput

This method is optimizing the initial void ratio einit according to the maximal

deviatoric stress q at the end of the experiment. During the optimization, the

method always checks whether einit falls within the limiting void ratio curves ei

and ed .

OptimizeVoidRatioCid

Input:Input:Input: CaliberOutput caliberOutput

ModelParams parameters

IDictionary ciupData

Output:Output:Output: CaliberOutput caliberOutput

This method is optimizing the initial void ratio einit according to the maximal
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deviatoric stress q if the peak friction angle ϕp is higher than the critical state

friction angle ϕc . if not, the objective error function is calculated by Difference-

Function on the entire experiment in the εa × q space. The critical state is said

to be reached at the end of the experiment. Similarly to the OptimizeVoidRa-

tioCiup the method again controls whether einit falls within the limits of ei and

ed .

OptimizeAlphaCid

Input:Input:Input: CaliberOutput caliberOutput

ModelParams parameters

IDictionary ciupData

Output:Output:Output: double α

Calibration of the parameter α is executed according to the value of the peak

friction angle ϕp represented by the hardening/softening peak in the εa×q space.

The objective error function is calculated as the difference between the peak of

the simulation and the peak of the experiment data. If any peak is not observed

the objective error function is calculated by DifferenceFunction while the whole

diagram of εa × q is taken into the consideration.

OptimizeAlphaCiup

Input:Input:Input: CaliberOutput caliberOutput

ModelParams parameters

IDictionary ciupData

Output:Output:Output: double α

The parameter α controls the peak friction angle ϕp for the drained triaxial

experiment. In the case of undrained triaxial experiments the degree of the

overconsolidation can be characterized by the mobilized friction angle ϕmob and

its counter part η in the meridian space p× q. The parameter α is optimized by

the minimizing of the objective error function of between the maximal simulated

and measured η.

115



CHAPTER 4. ONLINE CALIBRATION SOFTWARE

OptimizeBetaCid and OptimizeBetaCiup

Input:Input:Input: CaliberOutput caliberOutput

ModelParams parameters

IDictionary ciupData

Output:Output:Output: double β

As a stiffness governing parameter, β is calibrated from the εa × q space, while

the objective error function is calculated from the part of the diagram reaching

0.9×qmax .
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4.4.6 Source code Caliber.cs

C al iber .cs is the main calibration code where all the calibration methods are

linked together to calibrate each induvidual constitutive model. The file includes

several public and several private classes and methods. The publ ic classes

and methods are accessible from other codes without restrictions, the pr ivate

classes, however, include an auxiliary methods that are not ment to be accessed

from the outside methods and serve only for the purposes of the calibration. The

following structure depicts classes and methods included in Caliber.cs:

Caliber.cs

public class ProgressData

public class CaliberException

public class Caliber

public void CheckConsystency

public async CalibrateHCAsync

public async CalibrateCCAsync

public async CalibrateHSAsync

public async CalibrateAsync

private class HcTriaxialCalibre

public TriaxialCiupTest

public TriaxialCidTest

private class HsTriaxialCalibre

public TriaxialCiupTest

public TriaxialCidTest

private class HcCompressionCalibre

public CompressionTest

Fig.4.4.5 Caliber.cs diagram
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public class ProgressData

This class contains method public ProgressData which returns progress of

the calibration. This comes in favour in a particularly difficult and long lasting

calibrations since async methods enables to return an intermediate calculation.

public class CaliberException

Contains public CaliberException method, which returns an information about

stage and result of the calibration.

public class Caliber

This class includes three main calibration related methods, namely Calibrate-

HCAsync, CalibrateCCAsync and CalibrateHSAsync. They are asynchronic cal-

ibration procedures for the hypoplastic clay, Cam-Clay and hypoplastic sand

model. These methods are consisting of various methods from SortData.cs,

Compression.cs and Triaxial.cs placed in a specific sequance in order to provide

the best possible calibration outcome.

The classes HcTriaxialCalibre and HsTriaxialCalibre are private classes re-

lating to the hypoplastic clay and hypoplastic sand models, respectively. These

classes include methods TriaxialCiupTest and TriaxialCidTest, which represent

subprocedures of the superordinate method that are called from.

CalibrateHCAsync, CalibrateCCAsync and CalibrateHSAsync will be now

discussed in detail as they represent the core of the calibration software.
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4.4.7 CalibrateHCAsync/CalibrateCCAsync methods

This method consists of various methods placed

in a specific order to create an effective and

realiable calibration software for the hypoplas-

tic clay model. The method is asynchronic and

thus enables to continuously return the results

of intermediate calculations. The process of the

calibration is characterized by Fig. 4.4.6. So

called flowcarts are a conveniet way of descript-

ing such processes. The following symbols of

the flowcharts are used:

The round boxes symbol-

izes the initial and final

stage of the calibration

procedure.

The simple box symbolizes

a symple process consist-

ing of a single method.

The complex box symbol-

izes a process consisnting

of several mothods and

possibly loops.

The rhombus symbolizes

a point in the proce-

dure where the decision

YES/NO is made. Fig.4.4.6 CalibrateHCAsync’s diagram
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Each individual step will be now discussed and more complex processes will

be drawn out with the aid of the flowcharts symbols and methodology taken from

literature.

Calibrate ϕc

At this point, the ϕc is calibrated by the method CalibrePhiCiup or Cali-

brePhiCid from the triaxial tests data with the aid of Eqns. (2.0.1)–(2.0.5). It

is important to calibrate ϕc first as it is used lately in calculation of the radial

stresses σr with the aid of the Jaky’s formula.

Modify input data

This stage initiates a calibration output with the CreateCalibrationOutput

method, which is at the end of calibration handed over to W E B . The mod-

ification of the data by the method ModifyData accounts for the transformation

of engineering strain εeng to the true strain εtrue , filtering out unloading/reloading

cycles, additional quantities such as void ratio e and pore pressure u, etc.

Calculate λ∗,κ∗, N

The initial values the parameters λ∗, κ∗ and N of the hypoplastic clay or λ and

κ and e0 of the Cam-Clay model are calculated by the methods CalibreLambda,

CalibreKappa and CalibreN. The graphical representation of this process is de-

picted in Fig. 4.17. This process distinguishes the reconstituted and natural

specimens. The parameter λ∗ is thus preferably calculated from the reconsti-

tuted specimens while κ∗ and N are calculated from the natural undisturbed

specimens. In the case that both reconstituted and natural specimens are

available, it is esential to distinguish between the Nrec and Nnat as they might

significantly differ due to difference in structure between these two specimens’

states. The values of these parameters serve as initial estimates for the iterative

procedures.
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Figure 4.17: Flowchart of the initial λ∗, κ∗ and N evaluation

Optimize λ∗,κ∗, N

Once the initial estimates are obtained, the optimization can be executed by

methods OptimizeLambda, OptimizeKappa, OptimizeN. The process once again

takes into account specimens condition, i.e. reconstituted or natural . If only

the reconstituted specimens are available, the optimization of the parameters

κ∗ and N is executed, while λ∗ is assumed to be well established by the calcu-

lation. This assumption has been confirmed by an observation of the calibration

results. Similar process is employed for the natural specimens where one more

condition is adopted. If there are reconstituted specimens the related Nrec has
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to be calibrated, while λ∗ is once again considered to be well established from

the previous calculation process. If no reconstitued specimens are available the

optimization of the parameter λ is executed since the direct calculation of λ∗

performed on the natural specimens is usually not sufficient.

Figure 4.18: Flowchart of λ∗,κ∗ and N optimization process
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The optimization of each parameter is performed in the close succession while

a small number of iterations in the individual methods for each parameter are

chosen in order to obtain a smooth optimization process. This is promoted by

the fact that each parameter has its own physical meaning. The whole iterative

process undergoes in the loop, which is terminated by two conditions. Either

the optimization has found the minimal extreme of the objective function E or

the maximal number of iterations in the loop has been reach. Even though

the maximal number of iterations is set to 50, the optimization was usually

terminated due tu the minimal value of E with respect to the selected error εi

within 10 iterations. Once the conditions are met, the iteration is terminated.

The optimization of the parameter N is then carried out one more time since it

has the highest impact on the model’s prediction. This was well observed in the

Section 4.2 Sensitivity analysis.

Optimize ν

Since parameter ν controls the relation of the bulk modulus Ki at the isotropic

state and shear modulus Gi under undrained conditions, the optimization prefers

undrained triaxial experiments to drained ones. Prior to the optimization of ν

performed by the method OptimizeNuCiup or OptimizeNuCid it is necessary to

find a proper initial void ratio einit . The appropriate einit that correlates with

an deviatoric stress at the critical state in the case of undrained conditions is

optimized by the method OptimizeVoidRaioCiup, while the OptimizeVoidRaio-

Cid method is used to find einit corresponding to the maximal deviatoric stress,

see Fig. 4.19. Once the parameter einit is adjusted, the optimization of ν is

performed.
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Figure 4.19: Flowchart of ν optimization
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The process of two optimizations is placed in an outer loop, which are terminated

by two conditions defined by the maximum iteration steps or by a minimum error.

Since ν is a stiffness related parameter the calibration preferes to adopt natural

undisturbed specimens as it better represents the structure of the soil. The same

assumption is used for drained triaxial tests.

Optimize κ∗, N

As it was pointed out in the verification of the calibration methods in the

Section 4.3.1, the parameter ν can at its higher values significantly influence the

compression test, more espreciselly the swelling line. Thus an adaptation of the

compression test is performed, see Fig. 4.20.

The process is structured in the same way as the Optimize λ∗, κ∗, N

process. The parameter κ∗ controlling the swelling line is optimized first using

preferably the natural specimen. In the case when both natural and undisturbed

specimens are available a modification of Nrec might be necessary and thus its

optimization is performed.
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Figure 4.20: Diagram of the CalibrateHCAsync method
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Adjusting einit

The last optimization in the calibration proce-

dure is concerned with the initial void ratios,

see Fig. 4.4.6. This process goes though each

available experiment and optimize its initial

void ratio einit and subsequently saves this void

ratio into the output file. Providing that the

parameter Nrec was calibrated, the initial void

ratios of reconstituted compression samples

are calculated so that the equality Nrec = N

is fulfilled. Subsequently, all the void ratios at

each loading steps are adjusted.

Caliber output With

the adjustment of einit , the calibration is finished

and thefofore, the last remaining step is to

calculate a simulation of all the available tests

according to their initial states and calibrated

parameters and eventually save those data into

the output file.

Fig.4.4.6 Diagram of the

CalibrateHCAsync method
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4.4.8 CalibrateHSAsync method

Similarly to the CalibrateHCAsync this method

is also asynchronic and starts with a calculation

of the critical state friciton angle ϕc and modi-

fication of the uploaded data. Considering the

performed sensitivitiy analysis, the hypoplastic

sand model does not have that distinct impact

of the parameters as hypoplastic clay model,

therefore, the optimization of the compression

driving parameters has to be performed even

on the level of triaxial experiments. First, com-

pression line controling parameters hs , n, ei0,

ec0 and ed0 are optimized. The OptimizeHsN

method uses more iteration steps on this level

in order to get a good fit of the compression

curve. In the next step parameters α and β are

optimized with simultaneous optimization of the

compression parameters with smaller number of

steps and step sizes in order to provide smooth

iteration process.

At the end of the optimization, adjustment

of the initial void ratios is performed to fit

the uploaded data. At last simulations to fill

caliberOutput SimulatedData IDictionaries are

carried out.

Fig.4.4.6 CalibrateHSAsync’s diagram
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Calibrate ei0, ec0 ed0, hs , n The

calibration of the compression curve parameteres

start with the evaluation of compression indexes

Cc by CompressionIndex method which are need

for further direct calculation of the parameters

hc and n by calibreHs and calibreN methods.

Once these parameters are obtained the initial

limiting void ratios ei0, ec0 and ed0 are calcualted

and the variable etemp is related to compression

experiment that provides the highest parameter

ec0 by the CalibreInitialVoidRatios methods.

In the next step, the OptimizeHsN method us-

ing Newton’s method for two variables hs and

n is used. A new set of the parameters ei0, ec0

and ed0 is calculated for each combination of hs

and n. Unlike in the case of the hypoplastic clay

model, this procedure makes no differences be-

tween the reconstituted and natural specimens

as it is assumed that all the compression curves

are driven in p × e by the same parameters hs

and n regardless of their initial void ratio. Fig.4.4.6 Flowchart of ei0, ec0, ed0, hs

and n optimization
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Fig.4.4.6 Flowchart of α and β optimization
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Optimize α, β, ei0, ec0 ed0, hs , n

This process resebles the process of Optimize ν of the CalibrateHSAsync method,

however, the aditional parameter α controling the peak friction angle ϕc brings

some more difficulties. Since the parameteres are originally defined for the drained

condition, the drained triaxial experimets are preferred to undrained. If available,

the natural specimens are preferred since they better represent conditions of the

undisturbed soil mass.

The first parameter to calibrate is the stiffness governing parameter β. This

aligns peeks states in εa × q of both simulation and experiment data. Then the

parameter α can be calibrated. Since the parameter α has the similar impact on

the model prediction as the initial void ratio of the specimen einit , the calibration

of the initial void ratio is here omitted. Keeping in mind that the parameters of

the hypoplastic sand model do not have as distinguishable effect on the model

prediction as the hypoplastic clay model the adjustment of the compression pa-

rameters ei0, ec0 ed0, hs and n is executed. The outer loop is canceled once the

terminating conditions are met.

There have been cases, when it was not possible to reach an overconsol-

idation states indicated by the experiment data even when α = 0.9. This can

be caused either by the inefficient maximal loading stress during a compression

experiment or by the high density of the compression specimen which initial void

ratio einit was used to derive parameters ei0, ec0 and ed0. In such a case, the new

iteration is started, while the void ratios at the end of the drained triaxial tests

are taken into acount as they should be close to the C SL, although that it is

not precise estimation since the void ratio at the critical state occurs only in the

shear band itself but not in the rest of the specimen. The value of the variable

etemp from the compression test thus might be interchanged for the final value

of the void ratio of the drained triaxial test.

In the case of the undrained triaxial test, the parameter β is optimized first

similarly to the drained case. However, the optimization of the initial void ratio is

performed and followed by the calibration of the parameter α. It is worth noting

that the calibration based on the undrained experiments were performed only on
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clays because the undrained triaxial tests for sand were not available. Finally, the

optimization of the compression parameters ei0, ec0 ed0, hs and n is performed.

Optimize ei0, ec0 ed0, hs , n, etemp

In the case that the parameter α < 0.9

during iterations, the simple opti-

mization method OptimizeHsN is

lunched to adjust a compression curve

according to the new parameters α

and β. However, if this condition is

not longer valid, the compression curve

is calibrated only based on the direct

calcualtions as shown in Fig. 4.4.6.

The process CHECK TRIAX is not

a method but rather a short code

calculating the parameter ec0 based on

the void ratio at the end of the triaxial

test and parameters hs and n accoring

to Eq. (1.2.41).

Fig.4.4.6 Flowchart of the compression subprocedure
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This chapter presented calibration methods available in the literature which

can be generally classified as stochastic or deterministic. Both methods have ad-

vantages and disadvantages characteristic to its nature. In this calibration soft-

ware the determininistic Newton’s optimization method was employed, bearing in

mind the advantage of knowning the physical meaning of the models parameters.

In the next part the sensitivity analysis was introduced which aimed to refine

and tune the calibration methods suggested in the literature. The hypoplastic

clay model and Cam-Clay model showed a strong sensitivity to the asymptotic

parameters λ∗ and N or λ and e0 while the hypoplastic sand model proved to be

sensitive to more parameters. The next section shown calibration verification of

the Matlab beta version which was verified in cooperation with Masin’s team at

Charles University in Prague.

For the sake of the clarity the calibration software ExCalibre regarding the

used methods and procedures was thoroughly described. The calibration software

was further used to calibrate the available specimens which models’ parameters

and soil characteristics are accesible on the ExCalibre website. Calibrated data

were used in order to obtain a correlations between the models parameters and

soil characteristics.
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This chapter is dedicated to the correlation analysis performed on the gathered

specimens. The specimens were collected from seventeen localities of fine grained

soils and ten localities of coarse grained soils. The data of the laboratory protocol

contained not only records of the compression and triaxial experiments but also

index characteristics, USCS classification and the particle size distribution.

The correlations were performed for both hypoplastic models by means

of linear regression and correlation coefficient r . The correlations were sought

both between the models parameters and soil characteristics and the models

parameters itself. The linear regression for one variable is approximated by

ŷ = β0 + β1x (5.0.1)

with regression parameters β0 and β1 calculated according to Eqns. (5.0.2)–

(5.0.7) as

β0 = ȳ − β1x̄ , (5.0.2)

β1 =
Sxy

Sxx
, (5.0.3)

where

Sxx =
n∑

i=1

x2
i −

n∑
i=1

x2
i /n (5.0.4)

Sxy =
n∑

i=1

xi yi −
n∑

i=1

xi

n∑
i=1

yi/n (5.0.5)

x̄ =

∑n
i=1 xi

n
(5.0.6)

ȳ =

∑n
i=1 yi

n
. (5.0.7)

The correlation coefficient r is given by Eq. (5.0.8) [48]

r =
Sxy√

Sxx

√
Syy

. (5.0.8)
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In case that nonlinear relation was observed between variables, either exponential

functions given by

ŷ = αeβx (5.0.9)

or power function

ŷ = αxβ (5.0.10)

were tested in order to characterize the behaviour. The parameters α and β are

estimated as

α = eβ0 (5.0.11)

β = β1 (5.0.12)

The quality of the chosen model was then tested with the aid of the standardized

residuals e∗i defined as

e∗i =
yi − ŷi

s

√
1− 1

n
− xi − x̄

Sxx

, (5.0.13)

where s represents the standard deviation given by

s =

√∑n
i=1(xi − x̄)

n − 1
. (5.0.14)

It is recommended that the standardized residuals should be limited within the

boundaries e∗i < ±2 [48]. The parameters of both models were calibrated for

each specimen by the software ExCalibre and subsequently ordered into tables.

Each specimen is presented in the tables and in the presented charts with a

point coloured according to its USCS classification for a better overview. The

specimens are coloured as follows:

• CH - red

• CL - pink

• SM - cian

• SC - blue

• SW - green
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5.1 Hypoplastic clay model

Since the compression and shear behaviour of the fine grained soils can be in-

fluenced by its structure gained during a deposition and subsequent processes,

the correlation analysis is firstly focused on the reconstituted soil specimens and

secondly on the calibration differences between the reconstituted and natural

undisturbed specimens.

5.1.1 Reconstituted specimens

The first correlations were performed on all reconstituted specimens of all classes

according to USCS (Unified Soil Classification System). In cases when more

specimens were available from one location, the separate input files were created

for each of them. The specimens were calibrated by ExCalibre and sorted into

Tab.B.1 together with soils specifications. This table and all correlations for the

specimens are available in the Appendix B.

All the calibrations were checked and in some cases parameters κ and ν

were slightly recalibrated to improve the calibration results so that the simulation

better fits the experiment records. This, however, was not conducted to anyhow

improve the correlations. No additional changes to the calibration were made.

The following paragraphs are concerned with a discussion of the observed corre-

lations for all specimens in order to provide a clear correlations and conclusions.

5.1.1.1 Discussion of the overall correlations

This section examines the correlations observed for all specimens. The relevant

charts are also presented in the Appendix B.

The correlations between parameters reveal clear correlation r = 0.934 be-

tween the parameters N and λ∗, see Fig. 5.1. This correlation is in accordance

with the observed behaviour of clay since a study published in [49] observed a

similar correlation between the compression index Cc and void ratio e1 at the

mean stress p = 1 kPa for both reconstituted and natural specimens. The phys-

ical meaning of the compression index Cc and e1 correspond to the parameters
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N and λ∗. In addition, the correlation in Fig. 5.1 is also valid for USCS classes

containing high percentage of sand content.

Figure 5.1: Correlation between the parameters λ∗ and N∗

A week correlation is also observed for a content of sand and clay particles

r ≈ 0.7 − r ≈ 0.73, see Fig. 5.2a. Correlations according to the Atterberg’s

limits also show an indisputable correlations with the parameters λ∗ and N , see

Fig. 5.2b. Such correlations between Atterberg’s limits and the compression

index were presented in [50, 51, 52]. Clearly, these correlations are valid only for

the soils for which the Atterberg’s limits can be determined.

(a) Correlation between N and f [%] (b) Correlation between N and WL

Figure 5.2: Correlations for the parameter N

Even though the correlations of the parameter κ∗ with the parameters

λ∗ and N are r = 0.481 and r = 0.34, respectively, there is indicated a clear
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correlation from sand to clay USCS classes. However, a certain region of CH soil

specimens does not follow this correlation path, see Fig. 5.3.

(a) Correlation between the parameters λ∗ and κ∗ (b) Correlation between the parameters N and κ∗

Figure 5.3: Unrelated region of reconstituted specimens regarding the calibrated parameter κ∗

These are the specimens referred as Otaniemi and Vantilla and they are loaded

only up to 50-130kPa during the compression test subjected additionally to the

unloading/reloading loops. Although it seems that the transitional stress at the

NCL is reached, e.g. the stress when the reloading path changes to the virgin

loading path, see Fig. 5.4.

Figure 5.4: Otaniemi oedometric test ln p × ln(e + 1)

As a consequence of the low loading/unloading stress, a calibration of the param-

eter κ∗ is highly influenced by the reloading part of experiment, which is not case
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for the other reconstituted specimens. The parameter κ∗ of these specimens also

does not correlate with Atterberg’s limits and create a separate group, therefore,

it seems to be reasonable to omit these specimens in the case of correlations

related to the parameter κ, see Fig. 5.3a. Furthermore, some specimens lack the

unloading part of the compression test. Considering the fact that the parameter

κ∗ is optimized from both loading and unloading part of the compression test,

the results of the calibration might be affected by the lack of the unloading part

and thus should not be used for the correlation. This is related to the specimens

Komorany1-4, Boston, Koper1-2.

The parameters κ∗ and ν influence the triaxial test in an inverse propor-

tion which can also be seen in the correlation of these parameters. It is rather

troublesome to consider the coarse grained soils for the correlations related to

the parameter ν since this parameter controls the ratio of the shear modulus Gi

to the bulk modulus Ki at the isotropic state under the undrained conditions.

The coarse grained soils, however, were subjected to the drained conditions and

even simulation with the limiting values of the parameter ν = 0.01 and ν = 0.4

do not fit well the experimental data. The coarse grained specimens thus should

not be considered for the correlations of ν since this stiffness driving parameter

does not represent them well. Other correlations for the parameter ν were not

observed.

The critical state friction angle ϕc is directly correlated with the content of

sand particles and indirectly with the content of clay particles, see Fig.5.5a and

Fig.B.5. This well represent the observed behaviour of the sandy soils reaching

higher critical state friction angle than fine grained soils [53]. In case of the

correlation ϕc to both clay and sand percentage content can be observed a distant

point which belongs to the specimen Koper. The undrained triaxial experiments

performed on these specimens shows significant fluctuations in the deviatoric

stress q and thus its reliability is questionable, see Fig. 5.5b. It thus seems

to be reasonable to again omit this specimen from the correlation calculations.

Furthermore, the correlation related to the content of the clay particles also

results in the correlation related to the Atterberg limits. Any correlation referred
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(a) Correlation between ϕc and sand content (b) Koper Triaxil test εa × q

Figure 5.5: Specimen Koper

to the particle distribution curve such as a diameter of the sieved particles used

for the geotechnical calculations D10, D30 and D60 or the coefficient of uniformity

Cu and curvature Cz [54] were not observed. The following chapter is dedicated

to the selected correlations for the hypoplastic clay model.

5.1.1.2 Final correlations

Considering the described defective or unreliable specimens, the specimens were

sorted and the following correlations for the reconstituted specimens were ob-

served.

Parameters λ∗ and N

As it was already pointed out, the soil parameters λ∗ and N are well correlated

with Atterberg’s limits and each other. The parameter N was correlated with the

liquid limit wL with correlation coefficient r = 0.914 and plastic index IP with

correlation coeficient r = 0.893, see Fig. 5.6.
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(a) Correlation between wL and N (b) Correlation between IP and N

Figure 5.6: Correlation between Atterberg’s limits and N

The estimation of the parameter N is more reasonable according to the

liquid limit wL because the specimens in Fig. 5.7a are placed in the more contin-

uous manner and the correlation coefficient r reaches a higher value. The limits

of the correlation thus would be 20% < wL < 100%, while an equation of the

correlation reads

N = 0.2394− 0.0144× wL. (5.1.1)

Similar correlations are observed for the parameter λ∗ where the correlation

coefficient is r = 0.864 with respect to the liquid limit wL and r = 0.83 with

respect to the plasticity index IP , see Fig. 5.7.

(a) Correlation between wL and λ∗ (b) Correlation between IP and λ∗

Figure 5.7: Correlation between Atterberg’s limits and λ∗
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Furthermore, the correlation between the parameters λ∗ and N is well

depicted in the Fig. 5.8 with correlation coefficient r = 0.934. The correlation

is given by

N = 9.0045× λ∗ + 0.33836. (5.1.2)

Figure 5.8: Correlation between the parameters N and λ∗

Parameter κ∗

The correlations for the parameter κ∗ are shown in Fig. 5.9a. While a relatively

small correlation was found between the parameter κ∗ and plastic limit wP r =

0.716, better correlation was observed between the parameters λ∗ and κ∗ where

r = 0.928, see Fig. 5.9b. The correlation is defined by

κ∗ = 0.2772× λ∗ − 0.00248 (5.1.3)

Interestingly, the lower values of the parameter κ∗ belong to the coarse grained

soil which usually exhibits small amount of swelling in comparison to the fine

grained soil [53]. This correlation thus agrees with the laboratory observations.
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(a) Correlation between wP and κ∗ (b) Correlation between κ∗ and λ∗

Figure 5.9: Correlations for the parameter κ∗

Parameter ϕc

The parameter ϕc is well correlated with a content of fine and coarse size

particles. The inverse proportion can be found for the content of clay particles

d < 0.002mm with the correlation r = −0.858 and fine particles 0.002 <

d < 0.063 with the correlation r = −0.822. Similarly, the direct proportion is

found for the content of the sand particles 0.063 < d < 2mm with correlation

coefficient as r = 0.79. The correlations depicted in Fig. 5.10 thus correspond

to the observation when sand soils reach higher critical state friction angle ϕc

than fine grained soils [53]. The strongest correlation is found for the content of

clay particles. The equation of the linear regression is written as

ϕc = −0.3344× f + 39.4771, (5.1.4)

where f stands for the content of clay particles in percent. It is worth mentioning

that the correlation with the content of fine and sand particles also correlates

with the Atterberg’s limits, even though the correlations was found weak with

r = 0.558− 0.739.
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(a) Correlation between clay particles content and ϕc (b) Correlation between sand particles content and ϕc

Figure 5.10: Correlations for the parameter ϕc

Parameter ν

Since the parameter ν often reaches the limiting value ν = 0.01 for coarse

grained soils and their simulations still do not match well the experimental data,

these soils were left out.

The correlations for the stiffness controlling parameter ν was not clearly

observed, neither for Atterberg’s limits nor for the particle size content. Weak cor-

relation, however, can be observed between the parameters λ∗ with r = −0.737,

κ∗ with r = −0.613 and N with r = −0.647. Furthermore, it can be observed

from Figs. 5.11a–5.11c that for the same parameter λ∗, κ∗ or N one gets lower

value of ν (higher shear stiffness) for the CL soils and higher value ν (lower shear

stiffness) for CH soils.
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(a) Correlation between parameters ν and N (b) Correlation between parameters ν and κ

(c) Correlation between parameters ν and λ

Figure 5.11: Correlations for the parameter ν

5.1.2 Natural undisturbed specimens

The next step is to test whether the obtained correlations can sufficiently capture

the behaviour of natural undisturbed soils. This can be, however, tested only on

the experiment protocols containing both natural and reconstituted specimens.

Given the fact that the parameters λ∗, N and ϕc can be regarded as an

asymptotic states driving parameters independent of the soil structure, the pa-

rameter κ∗ is often observed with a different inclinations for unloading/reloading

at different stress levels (consolidation), see Fig. 5.12a. Thus, the determination

of the parameter κ∗ appears to be rather complicated using reconstituted sam-
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ples. Given the fact that a structure is interacting a soil mass is modelled, the

soil in its natural state is in concern. Therefore, it seems to be reasonable to

determine the parameter κ∗ based on the natural samples, this is also supported

by Fig. 5.12b. The figure shows the results of the calibration executed by the

application ExCalibre on the specimen designated as Bilina1 where the original

calibration (green) resulted in the value of the parameter κ∗ = 0.006. However,

the calibration executed on the reconstituted specimen reached the value κ∗ =

0.012. The clear contradiction can be seen in the lower value of the parameter

κ∗ for the natural specimen at a higher stress level shown in Fig. 5.12a, where

κ∗ reaches a higher value at a higher stress level. This is caused by the nature

of the calibration, where the parameter κ∗ is calibrated on both loading and

unloading parts of the compression experiment while the minimum of the error

function E (ln(e + 1)) is sought. Thus, the calibration executed on the natural

compression specimen is more influenced by the reloading part of the experiment

then in the case of a reconstituted specimen where the reloading part does not

fully manifest its influence on the calibration.

(a) Oedometric data records of Bilina1 (b) ExCalibre calibration results of Bilina1 OED-NAT-1

Figure 5.12: Bilina1 Oedometric experiments’ records and calibration results

It is also worth noting that the recorded data might be also influenced by

the consolidation behaviour of the soil, since the deformation of the loading step
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during the experiment is recorded once the primary consolidation is considered

to be finished or after a specific amount of time has passed since the last record.

Therefore, this section is dedicated to a study conducted on the parameters

κ∗ and ν only as their values differ for a different structures and states. These

assumptions are illustrated in Fig. 5.13a and Fig. 5.13b. It can easily be deduced

from Fig. 5.13a that the parameter κ∗ reaches higher values for the reconstituted

samples (red) and lower values for the natural specimens (black), i.e., lower bulk

modulus K for the reconstituted specimens and higher for the natural specimens.

This is in accordance with aforesaid conclusions regarding the specimen Bilina1.

The parameter ν in Fig. 5.13b is changing randomly for both reconstituted and

natural specimens.

(a) Variations in κ∗ (b) Variations in ν

Figure 5.13: Variation in κ∗ and ν for reconstituted (red) and natural (black) specimens
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Parameter κ∗

Since it was observed that the change in the value of the parameter κ∗ is linked

to the reloading part of the compression experiment, the correlations were also

created for the experiments initial void ratio einit and the parameter κ∗. The

values of einit for both reconstituted and natural oedometric specimens together

with calibrated parameters are presented in Tab. B.2 in Appendix B.

The correlation between the parameter κ∗ and the initial state is illustrated

in Fig. 5.14a, where ∆κ∗ is calculated as a difference between the natural and

reconstituted values of κ∗ and ∆N is calculated according to

∆N = ln(enat
init + 1)− Nrec . (5.1.5)

The parameter Nrec represents the parameter N calibrated on the reconstituted

specimen and enat
init represents the initial void ratio of a natural compression ex-

periment. This correlation was performed only on the natural specimens to find

a dependency on the position of the initial void einit according to NC L. In this

case the correlation coefficient reaches a remarkable value r = 0.826.

(a) Change of κ∗ with change of dN (b) Evolution of κ∗ with initial void ratio

Figure 5.14: Effects of the initial state on the parameter κ∗

Even better correlation r =0.911 was found directly for the parameter κ∗

and initial void ratio einit . This correlation is well illustrated in Fig. 5.14b and it
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was executed for both natural and reconstituted specimens. The linear regression

equation is given by

κ∗ = 0.018571× einit − 0.0019089. (5.1.6)

The correlations, however, were not found for the overconsolidation ratio OC R

which can once again lead to the conclusion that the calibration of κ∗ is strongly

influenced by the amount of reloading during the compression experiment.

Parameter ν

In order to find the correlations between the parameter ν and initial states

of triaxial tests, a new calibration was executed with the aid of ExCalibre. The

calibration data were prepared so that each data set was consisting of just one

triaxial test and thus each triaxial test refers to a specific value of ν. These

values can be found in Tab.B.3 and Tab.B.4 in Appendix B. However, there

were only few locations with natural triaxial specimens. The comparison of the

natural and reconstituted specimens for different initial states are displayed in

Fig. 5.15.

Figure 5.15: Parameter ν of reconstituted and natural triaxial specimens

This comparison, however, did not revealed any correlations.
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(a) Reconstituted specimens (b) Natural specimens

Figure 5.16: Correlation between the parameter ν and initial void ratio einit

The relations depicted in Fig. 5.16a distinguishes correlations between

classes CL and CH. The stiffness controlling parameter ν was not possible to

properly correlate with any characteristics. However, it was observed for both

reconstituted Fig. 5.16a and natural Fig. 5.16b specimens that the fine grained

soil class CL reached lower values of ν for the same initial void ratio and the class

CH reached the higher value. The value of parameter ν can be roughly estimated

from the correlations Fig. 5.16a ν ≈ 0.2 − 0.3. The table of calibrated param-

eters for both reconstituted and natural triaxial specimens is again provided in

the Appendix B.
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5.2 Hypoplastic sand model

The correlations for the hypoplastic sand parameters were sought in the similar

manner as in case of the hypoplastic clay model. All the specimens of all USCS

classes were used in pursuit of correlations, however, only the reconstituted speci-

mens were used in the case of fine grained soil because it is not in general possible

to extract sand specimens in its undisturbed form and subsequently subject to

further testing.

In case of sand specimens difficulties in a calibration of the oedometric test

were encountered when an initial sharp drop in void ratio e in the ln p×e space is

observed and the S shape of the loading part is produced, see Fig. 5.17. Since the

initial state for the calibration should be loose but not collapsible [16], the initial

loading part of the compression tests representing a convex shape were excluded.

It was observed that sufficient value to be omitted from the oedometric test is σa

= 40kPa. This value is designated by the red colour in Fig. 5.17. Furthermore, it

was also pointed in [16] that Eq. (1.2.37) does not well suit stress state σa ≈ 0.

The oedometric tests were once again divided into the separate files and

calibrated. The calibrated parameters for all available specimens are presented

in the Appendix C in Tab. B.1 together with correlation charts.

Figure 5.17: Excluded loading part of oedometric tests - Motol
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5.2.1 Discussion of the overall correlations

5.2.1.1 Parameter hs

Unlike the hypoplastic clay model, where the INCL is defined by two parameters

λ∗ and N , the hypoplastic sand model defines INCL by Eq. (1.2.37) with three

parameters hs , n and ei0. It is possible to observe an increasing changes in a

magnitude of the parameter hs with decreasing content of fine particles, see

Tab. C.1. While the value of hs of the specimens with a high content of fine

particles is relatively small, hs < 1000 in case of CH and hs < 2500 in case

of CL, the values of the parameter hs for the soils with high sand reach up to

hs = 58, 583. The values of the parameter hs in case of the location Rohatec

is considerably higher, in particular hs = 2.68 × 106 in case of Rohatec1 and

hs = 0.44 × 106 in case of Rohatec2. These specimens exhibit relatively small

deformations during the oedometric test in comparison with Dobrany, Komorany

and Hrusovany. Therefore, it seem to be reasonable to exclude these specimens

from the correlations relating to the parameters hs , n and ei0. The effect of

the clay and sand particles is then illustrated in Fig. 5.18. This figure shows a

tendency of soils with higher content of clay particles towards lower value of the

parameter hs . The opposit is true in case of increasing content of sand particles.

(a) Correlation between the clay partiles content and hs (b) Correlation between the sand particles content and hs

Figure 5.18: Correlations for the parameter hs

The correlations between the natural logarithm of the parameter hs and
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other parameters then show a good correlation with the parameter ei0 which

controls the position of the INCL in the ln p × e space, see Fig. 5.19a. This

figure might also suggest a more nonlinear relation in case when all soil classes

are employed. A similar correlation was found between the parameters N and λ∗

of the hypoplastic clay model. A correlation between hs and n in Fig. 5.19b shows

a similar correlation even though there are three oedometric samples from the

location Komorany belonging to the SW class, namely Komorany1, Komorany3

and Komorany4 that are calibrated with high value of the parameter n.

(a) Correlation between the parameters hs and ei0 (b) Correlation between the parameters hs and n

Figure 5.19: Correlations of the parameter hs with parameters n and ei0

This is probably due to the nature of the calibration. When the overconsol-

idation is not reached even for a value of the parameter α = 0.9 while simulating

the triaxial tests, see Fig. 4.4.6, the optimization of the parameters hs and n is

no longer conducted and they are directly evaluated by Eqns. (2.0.6)–(2.0.13).

This scenario happaned specificaly in the case of aforementioned specimens Ko-

morany. The reason is illustrated in Fig. 5.20 where it is shown that the only

oedometric specimen occuring above the critical state reached in the triaxial test

is Komorany2. The second group with a relatively high value of n belongs to lo-

cation Otaniemi and Vantila. These specimens are loaded during the oedometric

test only upto a low stress level σa = 100kPa and the curvature of the loading

part in the ln p × e space is therefore high. This results in a high value of the

parameter n. The maximal value of the parameter n then lies beneath the value
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0.4.

Figure 5.20: Performed experiments of the Komorany specimens in lnσa × e

Similarly correlated is the parameter hs with the critical state friction angle

ϕc in Fig.5.21, which thus reflects a correlation of both parameters with content

of sand particles, see Fig. 5.18b and Fig. 5.10b.

Figure 5.21: Correlations between the parameters hs and ϕc

5.2.1.2 Parameter n

The parameter n was found to be correlated solely for the coarse grained soils.

This is illustrated in Fig. 5.22a showing correlation with the parameter β. This

figure show a direct proportional correlation for coarse grained soils except for
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the specimen Bosilec. The fine grained soil on the other hand keep the a value

β ≈ 9, which is set as a limiting value for calibration. The only fine grained

specimens with a lower value belong to location Ujezd. It worths noting that the

parameter β of all coarse grained soils is calibrated based on the drained triaxial

test except of the specimen Bosilec and moreover, β of all the specimens of

fine grained soils, exept of the specimen Ujezd, is calibrated on the undrained

triaxial test. The correlation thus shows a distinct difference in calibration of the

parameter β on the basis of drained or undrained triaxial test which might be

further affected by the particle properties such as shape, angularity etc.

Correlation between the parameters n and β is shown in Fig. 5.22b. The

correlation is once again indicated only for a coarse grained soils while fine grained

soil creates a separate cloud.

(a) Correlation between the parameter n and β (b) Correlation between the parameter n and ϕc

Figure 5.22: Correlations of the parameter n with parameters β and ϕc

The study published in [1] described correlation of the parameter n with

gradation characteristics, namely d50 and C c . This trend described in [1] was

confirmed in this study and can be once again seen in both Fig. 5.23a and

Fig. 5.23b only for coarse grained soils.
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(a) Correlation between the parameter n and d50 (b) Correlation between the parameter n and Cc

Figure 5.23: Correlations of the parameter n with gradation characteristics

An interesting relation is shown for a content of fine particles in Fig. 5.24a

and sand particles in Fig.5.24b. Even though the correlation parameter r is low,

it can be clearly observed that lower values of the parameter n is related to higher

content of sand particles and the opposite is true for the content of clay particles.

(a) Correlation between the fine particles content and n (b) Correlation between the sand particles content and n

Figure 5.24: Correlations of the parameter n with particles content

157



CHAPTER 5. CORRELATIONS

5.2.1.3 Parameters ei0, ec0, ed0

This correlation is focused solely on the parameter ec0 since the parameters

ed0 and ei0 are directly derived from the parameter ec0. The parameter ec0

is correlated with the parameter ϕc in Fig. 5.25, where an inverse proportion

for the coarse grained soils is observed. This correlation is further strengthen by

Figure 5.25: Correlation between the parameters ec0 and ϕc

correlation with a content of sand particles in Fig. 5.26a, since a direct proportion

was observed in Fig. 5.10b between the content of sand particles and the critical

state friction angle ϕc . The correlation with Atterberg’s limits shows a direct

proportion. However, some specimens lacks a description of this quantities, see

Fig. 5.26.

(a) Correlation between the sand content and ec0 (b) Correlation between the plastic index Ip and ec0

Figure 5.26: Correlations of the parameter ec0 with Ip and content of sand particles
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5.2.1.4 Parameter α

It was pointed out in [1] that the peak fricion angle ϕp decreases with increasing

Cu. This was confirmed in Fig. 5.27 where the parameter α is correlated with

Cu which directly controls ϕp.

Figure 5.27: Correlation of the parameter α with Cu

Furthermore, an indirect correlation with the critical state friction angle ϕc

for coarse grained soils was observed, see Fig.5.28.

Figure 5.28: Correlation between the parameters α and ϕc

5.2.1.5 Parameter β

A stiffness driving parameter β was well correlated with the parameter n in

Fig. 5.22a. Any further correlations were not possible to observe.
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5.2.2 Final correlations

Unlike in case of the hypoplastic clay model, where it was possible to observe

the correlations for various USCS classes, the hypoplastic sand model was less

feasible to properly correlate with respect to all USCS classes. Therefore, the

main focus is on the coarse grained soils.

Parameter hs

It was shown in Fig. 5.19a, where a natural logarithm of hs with ei0 was

correlated, that a nonlinear behaviour between these parameters might exist for

various soil classes. Figure 5.29 suggesteds a nonlinear regresion estimated by

Eq. (5.0.10) and simlified to

ŷ = 277× (ln hs)−2.5 (5.2.1)

with correlation coefficiend r = 0.789.

Figure 5.29: Correlation between the parameters hs and ei0

The standardized residuals of the nonlinear model are shown Fig. 5.30.

Given the fact that the values of e∗i are small, the model should be well deter-

mined.
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Figure 5.30: Residuals e∗

In case of solely coarse grained soils, the correlation between these two

parameters is even more significant with correlation coefficient r = 0.879. Thus

the trend is preserved, see Fig. 5.31.

Figure 5.31: Correlation between the parameters hs and ei0

The correlation between the content of clay particles and parameter hs in

Fig. 5.31 was observed similarly to the parameter N in hypoplastic clay model

with correlation coefficient r = 0.737 and equation of the regression line given

by

clay% = −2.5032 ln hs + 27.2671. (5.2.2)
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Figure 5.32: Correlation of the sand particles content with hs

Parameter n

As it was suggested initially good correlations were found between the param-

eters n and β with correlation coefficient r = 0.900, see Fig. 5.33 and between

the parameters n and ϕc with correlation coefficient r = 0.862, see Fig. 5.34.

Figure 5.33: Correlation between the parameters n and β

β = 40.9366n − 3.4182. (5.2.3)
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Figure 5.34: Correlation between the parameters n and ϕc

ϕc = 65.6205n + 24.4838 (5.2.4)

In [1] a correlation between the parameter n and gradation characteristics

d50 and Cu was provided in the form

n = 0.366− 0.0341x , (5.2.5)

where

x =
Cu

d50
. (5.2.6)

The data from [1] were extracted and complemented with the calibrated

data, see Fig. 5.35. Data were calibrated individually for each oedometric test.

The inversely proportional pattern of the calibrated and extracted data can be

observed in Fig. 5.35 suggesting a bilinear relation. Furthermore, it was also

pointed out in [1] that the data values of n were obtained by a simple calculation

according to Eqns. (2.0.6)–(2.0.11) and there was not provided a clear evidence of

how well the calculated parameters represents the observed behaviour. Therefore,

the lack of data does not allow to make a clear conclusion on this particular

correlation.
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Figure 5.35: Data from [1] complemented with calibrated data

Parameters ei0, ec0, ed0

The correlation of the initial limiting void ratios is limited to the parameter

ec0 since the parameters ed0 and ei0 are derived from it, see Section 2. The best

correlation for ec0 was found for Atterberg’s limits, which is illustrated for the

liquid limit WL in Fig. 5.36. Calculation of the initial void ratios on the basis

of Atterbeg’s limits was also proposed in [17]. Unfortunately, not enough coarse

grained soils had these properties determined and the correlation is mainly drawn

owing to the data of the fine grained soils, see Fig. 5.36.

Figure 5.36: Correlation between the parameter ec0 and liquid limit WL

Parameter α

The most suitable correlation was found between the parameter α and content

of clay partcles, see Fig. 5.37. The inverse proportion implies that with increasing
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content of sand the peak friction angle ϕp increases similarly to the critical state

friction angle ϕc .

Figure 5.37: Correlation between the clay particles content and α

Parameter β

The best correlation was found between the parameter β and n as already

mentioned above.

Parameter ϕc

Correlations for the parameter ϕc were already established in the section ded-

icated to the hypoplastic clay model.
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5.3 Summary of the observerd correlations

The correlations for both hypoplastic models were performed in this chapter with

simple linear and nonlinear regression adopted. The hypoplastic clay parameters

were possible to correlate on the whole range of soil classes for the reconstituted

soil as illustrated in Appendix B. In the case of parameters λ∗, κ∗ and N it was

possible to find a clear mutual linear correlation. These parameters were further

correlated with Atterberg’s limits. These parameters were clearly selected in

Section 4.2 Sensitivity analysis as the crucial parameters for the model relevant

simulation. Given the fact that the parameters λ∗ and N are independent of the

soil state, i.e., reconstituted or natural, the correlation of the parameters λ and

N can be considered as a key finding. The critical state friction angle ϕc was

found to be well correlated with the content of clay and sand particles, which

corresponds to the observations. The correlations for the parameters κ∗ and ν

was also performed on the natural specimens. Even though the parameter κ∗ was

found to be directly correlated with the initial void ratio, the parameter ν was

not possible to properly correlate. However, in Section 4.2 Sensitivity analysis, it

was revealed that the hypoplastic model is the least sensitive to the parameter ν.

Furthermore, the values of parameter ν of calibrated specimens were observed

to fall within the limits ν ∈< 0.2, 0.3 >. Therefore, it is reasonable to estimate

parameter ν within those boundaries.

The hypoplastic sand model, however, was not possible to conclusively

correlate as rather trends were observed then the sound correlations. Experiments

executed on the reconstituted soils were used for the correlation study. However,

the fine grained soils were predominantly left out as they did not well correlate

and created a separate groups in the correlation plots. The parameter hs was

observed to correlate with the initial void ratio ei0 even with the fine grained

soils. The nonlinear relation was suggested and this relation can be seen as a

counterpart to the correlation between the parameters N and λ∗. The parameter

n controlling the nonlinear shape of NCL was observed to well correlate with the

stiffness driving parameter β and with the critical state friction angle ϕc . It was

observed in case of the parameter β that the fine grained soil distinctly reached
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the limiting value of the parameter β and created a non-correlating group. This

might be caused by the nature of calibration as well as characteristics of the soil

grains. Correlations from the study [1] were complemented with new data and

compared. The proposed trend of the parameter n with the variable x from [1]

was verified although the complemented chart created a bilinear line. It is worth

noting that the parameters calibrated in [1] were determined using Eqns. (2.0.6)–

(2.0.11). The comparison of all calibrated data were not presented. The initial

void ratio was found to be well correlated with Atterberg’s limits. However, these

characteristics were not determined for all coarse grained soils and thus the clear

conclusion cannot be in this case proposed. The parameter α was found to be

inversely correlated with the content of clay particles.

The correlation was performed only on the available specimens and it might

be necessary to extract data from available publications or libraries such as lab-

oratory data available by Prof. Torsten Wichtmann to make better conclusions.

This is particularly true in the case of hypoplastic sand model.
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6. Hypoplastic sand model

implementation to GEO5 FEM

The final chapter is dedicated to the implementation of Wolffersdorff’s hypoplas-

tic sand model described in the Section 1.2.2. The model was implemented into

the GEO5 FEM (Finite Element Method) software and thus complemented the

library of constitutive models.

The reliability of the implementation was tested against software Triax

developed by Masin [55].

6.1 Element model in GEO5

Two-element model was created to test the implementation of the hypoplastic

sand model in GEO5 FEM. To properly simulate a stress distribution in FEM,

the axisymmetric analysis was selected instead of plain strain. The difference in

both analyses is well characterized by Fig. 6.1.

The plain strain analysis, see Fig. 6.1a, considers a infinite length of the

FEM model along its longitudinal axis which results in zero strains in this di-

rection, i.e. εz = 0, however, the stress σz is calculated from the Hook’s law.

Therefore, all the quantities of stresses, strains and loadings are conveniently

determined for the longitudinal length of 1m as Fig. 6.1a indicates. This analysis

is, therefore, suitable for a design of structures where the longitudinal dimension

considerably exceeds the transverse dimensions such as foundation pits, tunnels

and other structures related to traffic. The following quantities are associated

with the plain strain analysis

σσσT = (σx ,σy ,σxy ,σz), (6.1.1)

εεεT = (εx , εy , 2εxy , εz). (6.1.2)

The axisymmetric analysis represents the body symmetric along its vertical

169



CHAPTER 6. HYPOPLASTIC SAND MODEL IMPLEMENTATION TO
GEO5 FEM

axis showing Fig. 6.1b, where Θ represents a circumferential direction and r a

diameter. Furthermore, the resulting circumferential strain is defined as εΘ = u/r

and thus is not zero. The axisymmetric model is suitable for structures symmetric

along the vertical axis such as circular foundations or foundation piles. These

stress and strain quantities are related to the axisymmetric analysis

σσσT = (σx ,σy ,σxy ,σΘ), (6.1.3)

εεεT = (εx , εy , 2εxy , εΘ). (6.1.4)

(a) Plain strain analysis (b) Axisymmetric analysis

Figure 6.1: Analyses employed in GEO5 FEM

6.1.1 Two-elements model

The axisymmetric model was created in the GEO5 FEM consisting of two el-

ements as depicted in Fig. 6.2. This setting of the model is complemented

for individual tests with particular boundary conditions in the form of supports

elements and imposed stresses and strains.
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Figure 6.2: Two elements model

Verification of the implementation was tested on the sand specimen Do-

brany with parameters of the hypoplastic sand model calibrated by ExCalibre;

the values are presented in Tab. 6.1. The weight of soil γ was set to 0 kN/m3.

Table 6.1: Doprany - Values of hypoplastic sand parameters

hs n ei0 ec0 ed0 α β ϕc

52635 0.178 1.507 1.250 0.629 0.178 4.2 36.5

6.1.2 Oedometric test

To simulated the oedometric test, the boundary conditions were set such that the

horizontal movement was restricted while the vertical movement was enabled. A

simulation of the oedometric test was driven by stress, see Fig. 6.6.

The simulation of the specimen Dobrany was divided into three phases:

consolidation, loading, unloading. Since the loading phase of the oedometric

test starts from the vertical stress state σa = 8kPa and the initial void ratio einit

= 0.996, the consolidation phase, see Fig. 6.3a, was underwent with an elastic

material. In this way, the vertical consolidation would rise upto σa = 8kPa and

the initial void ratio einit would be at the required value once the loading is

initiated.

The specimen is loaded upto σa = 1200kPa and subsequently unloaded

171



CHAPTER 6. HYPOPLASTIC SAND MODEL IMPLEMENTATION TO
GEO5 FEM

down to 10kPa.

(a) Consolidation
(b) Loading (c) Unloading

Figure 6.3: Dobrany - simulation of oedometric test

6.1.3 Triaxial test

The drained triaxial test CID-REC-1 is simulated in a similar manner with two-

elements model. The boundary conditions of this model allow both vertical and

horizontal movement while the axis is fixed. The test procedure is split once

again to preset consolidation (initial stress level) and vertical loading.

The consolidation is driven by strain as Fig. 6.4a shows. Because the

loading of the experiment starts from a combination of stresses p = 50.92kPa

and q = 2.76kPa, the strain driven consolidation is non-uniformly distributed

along the surface of model with axial and radial strain set to εa = 1.1 × 10−3

and εr = 1.0 × 10−3, respectively. In order to initiate the loading phase with

einit = 0.508, the elastic material was used for consolidation phase.

The loading phase was induced by a vertical strain εa = 0.276, see Fig. 6.4b.
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(a) Consolidation (b) Loading

Figure 6.4: Dobrany - simulation of oedometric test

6.2 Implementation

In GEO5 FEM, it is possible to obtain the calculated state variables for a given

point with aid of the tool called Monitors. In general, only the final values of

calculated variables are available for a given phase and a complete history of

the evaluated quantities is not available. However, to implement the hypoplastic

sand model, the source code of GEO5 FEM software was available and therefore,

it was possible to debug GEO5 and let all the state variables write into a text

file and later graphically displayed.

6.2.1 Two-elements model Verification

Prior to the implementation, the two-elements model was tested on the hypoplas-

tic clay model [19] which is implemented in the GEO5 FEM and software Triax.

The Bilina1 specimen and its oedometric experiment was selected for the simu-

lation, the parameters are gathered in Tab. 6.2. The simulation was performed

with the void ratio einit = 0.443. The specimen was loaded upto σa = 2415kPa

and unloaded down to σa = 7.56kPa.
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Table 6.2: Bilina1 - Values of hypoplastic clay parameters

λ∗ κ∗ N r ϕc

0.049 0.005 0.692 0.330 25.4

The comparison of both softwares GEO5 FEM and Triax simulation of

the oedometric experiment is displayed in Fig. 6.5. Only small deviations were

observed between the two simulations. Each software uses a different method

for integration of a differential constitutive equation. The software GEO5 FEM

uses Runge-Kutta-Felberg 45, see Section 3.0.3, while Triax uses Euler method,

see Section 3.0.2; a step size and preset limiting error also play a role. The

two element model is thus sufficient to perform a comparative study between

numerical simulations and experiments.

(a) σa × εa (b) lnσa × e

Figure 6.5: Comparisson of Bilina1 simulations

6.2.2 Hypoplastic sand model verification

The simulation of the oedometric and drained triaxial experiment for the spec-

imen Dobrany is shown in Fig. 6.6. The comparisons are complemented with

simulation results of a single element used in ExCalibre. The comparisons indi-

cates the hypoplastic sand model is well implemented.
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(a) σa × εa
(b) lnσa × e

(c) εa × q
(d) εa × εv

Figure 6.6: Comparisson of Dobrany simulations

The drawback of the implementation was revealed once the void ratio e

comes close or beneath the void ratio at the max density ed , which evolution

is defined by Eq. (1.2.37)–(1.2.40). This was revealed during the simulation of

unloading of oedometric test. The relation between the void ratio e and the

limiting void ratio ed influences the pyknotropy factor fd in Eq. (1.2.34) through

Eq.(1.2.35). Since the value of void ratio e should not be bellow the limiting

void ratio ed the limiting value of the pyknotropy factor should be fd = 0. The

hypoplastic equation defined by Eq. (1.2.17) then transforms into the hypoelastic

form given by

σ̊σσ = fb(e,σσσ)fe(e)LLL(σ̂σσ) : DDD. (6.2.1)

Therefore, a switch function was implemented. Once the void ratio e

reaches its limiting value ed0, the pyknotropy factor holds fd = 0, which secures

that fd does not decrease to a negative value.
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6.3 Simulations in GEO5

Apart from the two-elements model, a large scale model was tested as well in

order to fully test the reliability of the implementation. A simple model of the

foundation with loading and unloading phase was tested with the parameters

of the hypoplastic sand model selected according to Tab. 6.1 for the specimen

Dobrany. The plain strain analysis was used in this case.

6.3.1 Foundation

The FEM model was created in dimensions 30 × 15m with the structure of

foundation in the middle of the model. The length of the element edge was

chosen L = 1m with the area of radius r = 5m around the foundation refined to

the length of L = 0.1m, see Fig. 6.7.

Figure 6.7: FEM mesh in GEO5

The construction of foundation was divided into three phases:

• Initiating stress state

• Loading

• Unloading
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The geostatic stress was initiated similarly to simulation of the laboratory

experiments by the elastic analysis in the first stage. The weight of the soil was

set γ = 20 kN/m3 and a uniform vertical loading of the surface of the value fz

= 10kPa was applied. To obtain an accurate values of beneath the foundation,

the tool Monitor was used.

The structure o foundation was selected of an infinite stiffness and width of

2m. The loading of the foundation was driven by settlement in the magnitude wz

= 120mm, which is a maximal average settlement of the foundation supporting a

structure of building according to ČSN EN 1997. The results of the second phase

are displayed in Fig.6.8. The maximal vertical stress σz reached in the middle of

the foundation during the loading is σz = 76.47kPa, which is clearly within the

limits of the performed oedometric test, which was loaded approximately upto σa

= 1200kPa. A distribution of the settlement in Fig. 6.8b and distribution of the

void ratio in Fig. 6.8c well illustrates a restriction of the plastic zone beneath the

foundation and transformation of and distribution of loading to the soil mass.

The unloading in the phase three was executed so that the vertical stress

beneath the foundation decrease to the initial value of σz = 10kPa, see Fig. 6.9a.

The resulting settlement is wz = 100mm, which is shown in Fig. 6.9b, while

redistribution of the void ratio e in the soil mass can be seen in Fig. 6.9c.
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(a) Distribution of vertical stress σz

(b) Distribution of vertical settlement wz

(c) Distribution of void ratio e

Figure 6.8: Foundation settlement - Phase 2
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(a) Distribution of vertical stress σz

(b) Distribution of vertical settlement wz

(c) Distribution of void ratio e

Figure 6.9: Foundation settlement - Phase 3

179



CHAPTER 6. HYPOPLASTIC SAND MODEL IMPLEMENTATION TO
GEO5 FEM

180



Conclusions

This thesis was concerned with the advanced constitutive models and devel-

opment of the calibration procedures aiming at facilitating their use in various

engineering tasks. Three constitutive models were selected to well represent the

group of the critical state models, namely, the elastoplastic Modified Cam-Clay

[2], Wolffersdorff’s hypoplastic sand [4] and Masin’s hypoplastic clay model [3].

The first chapter was dedicated to the theoretical description of elastoplas-

tic and hypoplastic models. Each theory was described with leading constitutive

equations and relevant examples. A distinct feature of the elastoplastic models

is a switch function h(F ) changing a model response from elastic to plastic or

elastoplastic once the yield surface F is reached. This results in a separation of

the elastic dεεεel and plastic dεεεpl component of the total strains dεεεtot increments.

Furthermore, the elastoplastic models require an assumption of direction of the

plastic increment occurring perpendicular to the plastic potential G . The switch

function is source of undesired obstacles in implementation as the intersection

of loading path in the stress space with the yield surface has to be precisely

determined to change a model response.

The hypoplastic models do not possess the switch function h(F ) and an

evolution of state variables is given by one tensorial function. The initial works

on hypoplasticity showed that the models inherently possess a limit and boundary

surface as a consequence of particularly selected tensorial function [9]. Niemunis

later in [15] derived relations to independently determine the direction of the

strain increment mmm and the shape of the limit surface f .

The recommended calibration procedures for both hypoplastic models were
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reviewed and other methods were suggested where needed in the third chapter.

The fourth chapter was dedicated to the solution method of differential functions

and Newton’s optimization methods used in the thesis.

The calibration software ExCalibre was described in the fifth chapter which

calibrates parameters of the three selected constitutive models on the bases of

laboratory experiments. The development of the calibration software itself was

preceded with an assessment of published calibration softwares and approaches

to the evaluation of the models parameters. Even though the deterministic

method suffer from a localization of the local minimum, when provided with

a reliable initial guess the convergence is stable and prompt. In case of the

critical state models the asymptotic driving parameters can be well estimated

directly from the laboratory experiments while a stiffness driving parameters can

be optimized independently. Therefore, a deterministic approach was selected

for the optimization processes.

In order to properly determine the optimization procedures for each con-

stitutive model a sensitivity study was conducted. This study aimed at finding

an importance and effect of each parameter on models predictions. Therefore,

experiments of five fine grained soil were chosen for the sensitivity study in case

of the Cam-Clay and hypoplastic clay model and five coarse grained soils were

selected in case of the hypoplastic sand model. The sensitivity study revealed

a crucial importance of the asymptoty driving parameters in all three cases.

Conveniently, both the Cam-Clay and hypoplastic clay model showed identical

sensitivities which implied that the parameters of both models can be calibrated

with the same calibration methods. The study performed on the fine grained soils

revealed the most important parameters N and λ∗ in case of the hypoplastic clay

model and e0 and λ in case of the Can-Clay model, which control the position

of INCL in the ln p× e space. This was found with respect to the error functions

E (εa) in case of oedometric tests and E (q) in case of undrained triaxial tests.

The critical state friction angle ϕc was found as the third most important param-

eter, however, with a less significant effect. The models were observed to be less

sensitive towards the stiffness driving parameters κ∗, κ and ν, but an increased

182



6.3. SIMULATIONS IN GEO5

importance was found for the error function E (εa) in case of undrained triaxial

tests. This was particularly true for the Cam-Clay model. It is worth noting that

the specimens selected for the sensitivity study were in reconstituted state and

this might have caused a less significant sensitivity for the parameter κ∗ in case

of oedometric tests. The sensitivity study performed on the hypoplastic sand

model have shown a similar effect of the INCL controlling parameters, namely

parameters hs , n and ei0 in case of the oedometric test. However, for triaxial

drained test the highest senstitivity was observed for the critical state friction an-

gle ϕc for both error functions E (εa) and E (q). The parameters α and β did not

show distinct impacts in the model model prediction. The observed sensitivities

were considered when developing the calibration software.

The last section of the fifth chapter was dedicated to the thorough de-

scription of the calibration software ExCalibre. Developed calibration procedures

were tested and subsequently approved after cooperation with Masin’s team at

the Charles University in Prague. The software was written in the C # code and

is currently available on www.soilmodels.com. The software was tested on the

experiments gathered from twenty six locations of various classes and classify

according to USCS. Parameters of each of these soils are available in the library

on the website of the software.

The correlations in the sixth chapter were sought for both hypoplastic mod-

els. Even though some experiments were removed from the correlations due to

the concerns regarding the quality, they were still important during the verifica-

tion of the calibration software. The correlation of the hypoplastic clay model

was divided into two parts. First, it was focused solely on the correlations for

reconstituted soils since the specimens are often tested in its natural undisturbed

form. A strong correlation was observed between the parameters N a λ∗ with

r = 0.934. These parameters were further correlated with Atterbergs’s limits

where the correlation coefficient appear approximately r ≈ 0.9. The parameter

κ∗ was found to be well correlated with the parameter λ∗ where r = 0.923. The

critical state friction angle was directly correlated with content of sand (r = 0.79)

and indirectly with the content of clay particles (r = −0.856). The parameter ν
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was not possible to properly calibrate, however, a trend of correlation with the

parameter λ∗ was observed. Interestingly, the hypoplastic model was possible to

well correlate across the USCS classes. Given the fact that the parameters λ∗,

N and ϕc control the asymptotic behaviour of the model, the parameters κ∗ and

ν was observed of a distinct differences between reconstituted and natural spec-

imens. The parameter κ∗ was then observe to well correlate with the initial void

ratio where r = 0.826. The parameter ν was not possible to further correlate

with any available attributes by the means of the linear and nonlinear regression.

The hypoplastic sand model was possible to correlate predominantly with

coarse grained soils. Nonlinear regression was used for the correlation between

the parameters hs and ei0 for various USCS classes. This correlation was also

confirmed for the coarse grained soils only. The parameter n was found to be

well correlated with the parameters β and ϕc . In case of the parameter n, the

complementary study was also performed with the data extracted from [1]. The

premise that n indirectly correlates with d50 and directly with Cu was confirmed.

However, the complemented data created a bilinear chart. The initial limiting

void ratios represented by ec0 was found to be correlated with Atterberg’s limits.

Unfortunately, these data were not available for all coarse grained soils. The

parameter α, which affects the peak fricion angle ϕp, was indirectly correlated

with a content of clay particles. This implies a similarity with the critical state

friction angle ϕc .

The last chapter was briefly dedicated to the implementation of the hy-

poplastic sand model into the GEO5 FEM software. The implementation was

tested against the software Triax, developed by Masin. Triax is a single element

software simulation basic laboratory experiments for various constitutive mod-

els. The primary testing of the implementation was executed on a two-elements

model. Suitability of the two-elements model was initially tested on the hypoplas-

tic clay model. The basic laboratory experiments were simulated and compared

with Triax and ExCalibre. Once verified, the implementation was tested on a

large scale model simulating simple loading and unloading of a foundation. It

was then revealed the complication during an unloading once the void ratio e
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reaches its limiting value ed . It was determined that once the void ratio reaches

the value e = ed thy pyknotropy function holds fd = 0 and void ratio keeps

e = 0.

The purpose of this thesis was to facilitate the use of the advanced soil

models and thus extend their use into practice since these models are predomi-

nantly used in academic studies. Free to use software ExCalibre does not require

any additional skill and knowledge regarding the advanced constitutive models

and provides prompt and reliable calibration. The software ExCalibre now gathers

an uploaded data in an exchange for the use. Therefore, the collection of soil

used for the correlations will be extended in the future and the correlations will be

improved even though the correlation performed in this study showed significant

trends.
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A. Available specimens
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Table A.1: Available locations and performed experiments

Location USCS OED ISOT CID CIUP

NAT REC NAT REC NAT REC NAT REC

Dobrany SW - 1 - - - 3 - -

Hrusovany SW - 1 - - - 3 - -

Chyne SC - 2 - - - 3 - -

Jablonec SM - 1 - - - 3 - -

Komorany SW - 4 - - - 4 - -

Kralupy SM - 2 - - - 3 - -

Motol SC - 2 - - - 3 - -

Rohatec SP - 2 - - - 3 - -

Stvanice SM - 1 - - - 3 - -

Bangkok CH 1 - - - 5 - 5 -

Bilina 1 CL 1 1 - - - - 3 3

Bilina 2 CH 1 1 - - - - 3 3

Bilina 3 CL 1 1 - - - - 3 3

Bilina 4 CH 1 1 - - - - 3 3

Bilina 5 CH 1 1 - - - - 3 3

Bosilec SC 1 1 - - - - - 3

Boston CL - 1 - - - - - 3

Brno CH 1 - - - - - 4 -

Otaniemi CH - - - 4 - - 3 -

Vantilla CH - - - 2 - - 5 -

Hajek CL 1 1 - - - - 3 3

Hong Kong CH - - - 1 - 2 - 4

Koper 3 3 - - - - 3 -

Metro 1 CL 1 1 - - - - 3 3

Metro 2 CL 1 - - - - - 3 3

Prackovice CH 2 2 - - - - - 3

Prestice CL 1 1 - - - - - 3

Senec CL 1 1 - - - - - 3

Ujezd CL - 2 - - - 6 - -

Weald CL - 1 - - - 3 - 3
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Table B.1: Table of reconstituted specimens characteristics
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Figure B.1: Parameters correlations
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Figure B.2: Atterberg limits and parameters correlations 1
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Figure B.3: Atterberg limits and parameters correlations 2
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Figure B.4: Index and parameters correlations
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Figure B.5: Gradation and parameters correlations 1
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Figure B.6: Gradation and parameters correlations 2
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Figure B.7: Gradation and parameters correlations 3
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Table B.2: Table of natural and reconstituted oedometric specimens characteristics
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Table B.3: Table of reconstitited triaxial specimens characteristics
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Table B.4: Table of natural triaxial specimens characteristics
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Table C.1: Table of reconstituted specimens characteristics
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Figure C.1: Correlation between parameters: hs
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Figure C.2: Correlation for Atterberg’s limits and particle contens: hs
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Figure C.3: Gradation characteristics: hs
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Figure C.4: Correlation between parameters: n
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Figure C.5: Correlation for Atterberg’s limits and particle contens: n
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Figure C.6: Gradation characteristics: n
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Figure C.7: Correlation between parameters: ei0
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Figure C.8: Correlation for Atterberg’s limits and particle contens: ei0
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Figure C.9: Gradation characteristics: ei0
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Figure C.10: Correlation between parameters: α
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Figure C.11: Correlation for Atterberg’s limits and particle contens: α
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Figure C.12: Gradation characteristics: α
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Figure C.13: Correlation between parameters: β
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Figure C.14: Correlation for Atterberg’s limits and particle contens: β
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Figure C.15: Gradation characteristics: β
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Figure C.16: Correlation between parameters: ϕc
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Figure C.17: Correlation for Atterberg’s limits and particle contens: ϕc
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Figure C.18: Gradation characteristics: ϕc
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