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Abstract

This habilitation thesis summarizes relevant advancements in approximating
optimal strategies in large extensive form games (EFGs). It argues that limited
scalability of pre-existing methods is one of the main reasons why modeling
relevant real world problems as extensive form games has been infeasible. This
habilitation thesis summarizes relevant advancements in approximating optimal
strategies in large extensive-form games (EFGs). It argues that limited scala-
bility of pre-existing methods is one of the main reasons why modeling relevant
real-world problems as extensive form games has often been infeasible.

The thesis first focuses of more classical abstraction-based methods to in-
crease scalability. It seeks more efficient solution techniques for compactly rep-
resented games and afterwards focusses on automated construction of compact
game abstractions guided by the process of their solving.

Even with recent advancements, the abstraction-based solution techniques
have severe limitations, as we demonstrate in one of the attached papers. There-
fore, we later focus on online game solving methods, which do not create a
strategy for all possible decision points in the game in advance, but compute the
strategy only for the situations that actually occur while playing the game. This
type of solution methods was always preferred for perfect information games,
but only our recent results allow for generalizing these methods to imperfect
information games in a principled and theoretically sound way. We present
variants of depth-limited look-ahead search as well as Monte Carlo tree search
techniques for imperfect information games with formal performance guaran-
tees.
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Chapter 1

Introduction

Game theory is a formal framework for analyzing behavior of self-interested
agents interacting in a shared environment. It describes the possible outcomes
of these interactions and the computational branch of the field has recently pro-
vided algorithms for approximating the optimal strategies of the agents for
increasingly complex games. These advancements led to expert level game
playing algorithms for a range of recreational games (such as Chess [Hsu06],
Go[SHM+16], or Poker[BBJT15]), but also to creating strategies for real-world
problems, such as auctions [CSS06], various physical or network security prob-
lems, and law enforcement scenarios [Tam11]. Strategies computed by game-
theoretic algorithms are in daily use by airport security patrols [JTP+10] and
coast guards [SAY+12].

Despite this success, there are fundamental limitations in applicability of
game theoretic methods to the real world. Two of the most apparent are lim-
ited scalability of the approaches to larger settings and the complexity of
modelling the real-world situations. These two problems are often closely in-
terconnected. Modelling a real world problem in more details leads to larger
models that are not solvable by existing techniques. Limiting the size of the
model makes it less similar to the actual real-world problem and therefore the
strategies computed in this model are less likely to perform well in practice.

The scalability is a major problem, even though an optimal strategy in many
games can be found in a time polynomial in the size of the game [KMVS96].
Games are often defined by compact rules, but the explicit representation of
the game is usually exponential in several parameters. For example, No-Limit
Texas Hold’em played at the Annual Computer Poker Competition has more
than 10160 distinct decision points [Joh13]. A robotic visibility-based pursuit-
evasion game with two pursuers and one evader on a four-connected graph and
100 moves time limit has more than 10180 decision points. These numbers are
many orders of magnitude larger than the believed number of atoms in the
observable universe. Therefore, it is not likely that we will ever be able to
create an explicit representation of the optimal strategy for these games.

This is not a major problem in perfect information games, such as chess or
go. A common approach applicable in these games, which is explained in basic
AI textbooks, is to reason about each situation only when it arises. In perfect
information games, we can create a short look-ahead tree starting from the
current position and use a heuristic evaluation function after few actions to keep
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the size of the tree manageable (Chapter 5, [RN10]). Additionally, we can use
Monte Carlo simulations from the current state of the game to evaluate available
actions and choose the most promising one [KS06]. These are the methods that
created the expert level programs that has beaten best human professionals in
perfect information games, such as, backgammon, checkers, chess or go.

However, real-world problems usually do not have perfect information. Net-
work administrators do not know when the hackers strike and what tools they
use. An airport security officer does not know which passengers are carrying
a contraband. Security scenarios are generally games of imperfect informa-
tion, more similar to poker. There has been a large body of research on poker
and imperfect-information extensive-form games (EFGs) in general in last two
decades. Since players do not know the current state of the game, it was long
believed that it is not possible to compute a strategy only for the current deci-
sion in an imperfect information game and provide any performance guarantees.
Until the end of the year 2016, the most successful approach for creating strate-
gies for large extensive-form games was abstraction. For example, a game
with 10160 terminal states would be abstracted to up to 1013 states by assuming
that distinct situations in the game are sufficiently similar to be considered the
same. The smaller version of the game would then be solved offline and the so-
lution would be heuristically mapped to the original game. This approach may
produce meaningful strategies, and requires only minimal computation power
at the time of play. On the other hand, our previous results show that even the
most advanced poker bots created by this methodology loose four times more
than always blindly folding against an exploitative adversary [LB17].

A main disadvantage of offline solution techniques is the requirement to store
a strategy for any situation that may occur in the (possible abstracted) game.
However, in large games, even if we play them for several human life-times,
we will encounter only a tiny proportion of the possible states in the game.
It is desirable to be able to compute the strategy only for the situations that
we encounter. There has been previous work on adapting the online solution
methods from perfect information games, such as MCTS and expectimax search
to imperfect information games [CPW12, RNK+10]. Even though this leads to
strong play in some domains [LSBF10, NW12], there are no performance guar-
antees on these methods and we have shown that their performance can even
get worse with increasing thinking time per move [Lis14a]. Therefore, we have
created the first theoretically sound online solution method for imperfect infor-
mation games - online outcome sampling [LLB15]. The algorithm guarantees
that as we increase the thinking time per move, the empirical play of the algo-
rithm is closer to the Nash equilibrium.

The guarantee of convergence to Nash equilibrium assured by OOS is rel-
evant in smaller games, but in larger games, the thinking time required to
guarantee near equilibrium play is impractically long. Without the ability to
generalize among similar states, it is impossible to guarantee good performance
in an arbitrary game, if the thinking time allows us to see only a tiny fraction
of all possible situations in the game. In [MSB+17], we have shown that the
knowledge learned about a small fraction of situations in a game can be gener-
alized to the whole game at least in games similar to poker. We have proposed
a theoretically sound heuristic look-ahead search algorithm for poker. The
algorithm, called continual resolving, is able to compute strategies online only
for the situations that occur in a game. We have shown that the extra infor-



mation necessary to start reasoning about the strategy from a current situation
can be compactly summarized in a vector of probabilities and a vector of coun-
terfactual values. These vectors can be soundly updated after all events that
can occur during the gameplay. Furthermore, we have derived a special form of
heuristic evaluation function that can be used for imperfect-information games
and we have shown that this function is learnable by deep neural network based
on sample solutions of relatively small number of simpler situations. This al-
gorithm was the first that was able to outperform professional poker players in
no-limit Texas hold’em.

This success inspired our current research on generalization of continual re-
solving to be applicable in domains beyond poker. In our recent paper [SKL19],
we show that after minor modification, continual resolving can be soundly ap-
plied in any two-player zero-sum extensive form game. The representation and
learnability of a suitable heuristic evaluation function in other domains is the
focus of our current work.

In Chapter 2, we present a brief high level overview of the main game the-
oretic concepts necessary to understand this text. In Section 3, we focus on
related work and our contribution to creating and solving abstractions of large
games. Afterwards, we will explain the context and our contributions in online
game playing algorithms in domains beyond finite perfect information settings.
Next, we conclude the thesis and present future research directions. Finally, we
append selected works as they have been published in peer-reviewed journals
and conferences in Appendix A.



Chapter 2

Background

This chapter briefly introduces the intuition behind the most important game
theoretic concepts used in this text. The papers in the appendix include the
thorough formal definitions.

2.1 Extensive Form game

Extensive form games (EFG) represents the space of all possible developments
of a game. In perfect information games, they are also known as game trees.
Nodes in the tree represent possible states in the game and the root of an EFG
represents the initial state of the game. In each node of the tree, a single player
chooses and action to play next. These actions are represented as edges in EFG.
Besides the regular players, the game also includes a special chance (or nature)
player, whose actions represent stochastic events happening in the game. The
leaf nodes in an EFG represent terminal states of the game and assign a utility
value to each player. If the utility of one player is always minus the utility of the
other player, hence always when one player is winning the other one is losing,
the game is called zero-sum.

The imperfect information in an EFG is represented by information sets,
which group the nodes which the acting player cannot tell apart. As a result,
the same player has to act in all nodes of an information set and the same
actions have to be available in all of them. The strategy the player plays also
has to be consistent over all these nodes.

Figure 2.1 presents the EFG representation of a simple poker game, called
Kuhn poker. There are two players: Ann (red) and Beth (blue). Initially, each
of the players ante one chip (not present in the figure). The chance player
(green) plays first and deals each player one of cards {1,2,3}. The last card
stays face down. Next, Ann can either check or raise by adding another chip.
If Ann checks, Beth has the options to raise or check. After the raise, Ann
can fold, or call and add the second chip as well. Afterwards, the player with a
higher card wins the two chips and the other player loses them, as it is indicated
by the numbers at the leaves of the game. The information sets are indicated
by the dashed lines. After the initial chance move, Ann knows the card she
got (the first number at the chance action), but does not know which of the
remaining two cards Beth got. Similarly, when Beth moves, she knowns her
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Figure 2.1: Extensive form game representation of a simple poker game, called
Kuhn poker.

own card and Ann’s previous move, but both options for Ann’s card are in the
same information set.

Optimal strategies in EFGs often require randomization. It is not enough
to choose the best action in each information set, we need to choose the best
probability distribution over the actions. The most common notion of optimality
used in games is the notion of Nash equilibrium. It is a tuple of strategies, one for
each player, such that no player can improve her expected utility by deviating
to a different strategy.

2.2 Standard Solution Techniques

Nash equilibrium in two player zero-sum games can be found in polynomial time
by linear programming [KMVS96]. However, substantially better performance
in large games can be achieved by iterative algorithms design particularly for
games, such as excessive gap technique (EGT) [GHPS07] and counterfactual re-
gret minimization (CFR) [ZJBP08]. These algorithms are, in essence, similar to
gradient descent in individual player’s strategies, but they need to be designed
more carefully to guarantee the convergence to a Nash equilibrium. The imple-
mentation simplicity led to the wide adaptation of CFR and its modifications
that allowed solving increasingly large games [LWZB09, JBBB12, TBJB15]. It
resulted in finding an essentially optimal solution to the smallest variant of
poker played by people [BBJT15]. This relatively simple variant of poker has
approximately 1013 decision points. The pre-computed strategy required 900
CPU-years of computation and is 11 TB large, even after extremely efficient
domain-specific compression.



Chapter 3

Solving Large Games Using
Abstractions

Solving imperfect information games is substantially more complicated than
solving perfect information games. The players need to reason not only about
the possible future actions of the opponent, but also about the possible current
states the game, opponent’s belief about the states of the game, opponent’s be-
liefs about player’s own beliefs, etc. This has two important consequences. First,
the optimal strategies in imperfect information games are typically randomized.
Instead of a single action in each situation, the strategies prescribe a probabil-
ity distribution over the available actions. These strategies need to be found by
continuous optimization methods and not a simple search [KMVS96]. Second,
the imperfect information makes the strategies in distant parts of the game
interdependent. Optimal strategy following one sequence of actions depends
on the strategy planned for completely different sequences of actions [LLB15].
Therefore, it is impossible to reason about different decisions completely inde-
pendently of each other.

For a long time, the only possibility for approximating the optimal strategy
for an imperfect information game was to compute the optimal strategy for
each possible decision point in the game offline, prior to playing the game,
using continuous optimization techniques. For sequential games, this initially
meant solving an exponentially large normal-form representation of the game.
The first algorithm that scaled beyond toy problems is the sequence form linear
program [KMVS96], which is polynomial in the size of the game tree. On the
other hand, the size of the game tree is still exponential in the number of players,
and the number of consequent decisions in the game. Therefore, this algorithm
is still not sufficient to compute strategies for realistic problems, such as poker
games played by people.

3.1 Abstraction Methodology

The most prominent method for playing larger games was creating an abstrac-
tion, solving it, and using a heuristic mapping to find a situation from the
abstract game that is closest to the situation reached in the gameplay [GS13].
For almost a decade, the community of Annual Computer Poker Competition
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(ACPC)1 adopted this methodology and focused on creating algorithms capable
of solving larger and larger abstract versions of poker games.

The first large step was moving from general purpose LP solvers to iterative
algorithms design particularly for games, such as excessive gap technique (EGT)
[GHPS07] and counterfactual regret minimization (CFR) [ZJBP08]. The imple-
mentation simplicity led to the wide adaptation of CFR and its modifications
that allowed solving increasingly large games [LWZB09, JBBB12, TBJB15]. It
resulted in finding an essentially optimal solution to the smallest variant of
poker played by people [BBJT15]. This relatively simple variant of poker has
approximately 1013 decision points. The pre-computed strategy required 900
CPU-years of computation and is 11 TB large, even after extremely efficient
domain-specific compression. Hence, computing the complete strategy offline
cannot scale to substantially larger games.

The size of games commonly encountered by people can be many orders of
magnitude larger than the 1013 decision points. For example, two player no-
limit Texas hold’em variant used at ACPC has approximately 10160 decision
points [Joh13]. The abstraction methodology is able to compress the game to
the solvable 1013, but it requires merging 10147 distinct decision points from the
original game to a single decision point in the abstract game. As a result, the
exact same strategy would be played in all of these decision points, which is not
likely to be close to the optimal play.

3.2 Compact Game Representation

One way abstractions of a size that is only a tiny fraction of the full size of the
game can be representative is if the original game is fundamentally sparse. For
example, assume a player can make one of ten irrelevant actions at the beginning
of the game, such as choosing the color of their pieces. This action has no impact
on the strategy in the game, but makes the explicit representation of the game
ten times larger. An abstraction merging the same states with different colors
together is sufficient to find the optimal strategy of the complete game.

This trivial example of sparsity can be avoided by not modeling the irrele-
vant decision in the game. However, more complex forms of sparsity, such as
irrelevance of the order of execution of some of player’s actions, or sparsity of
interaction between the strategies of different players are more difficult to cap-
ture. Therefore, it is often captured in the form of compact representation of
the models of the game. Compact representations model a problem using sub-
stantially less parameters and a set of structural assumptions. An extreme case
of compact representation of no-limit Texas hold’em with 10160 decision points
is a short computer program encoding the game rules in combination with an
interpreter for the used programming language.

Using a compact representation of a problem does not necessarily make it
computationally simpler. The asymptotically optimal algorithm to solve the
problem may still use generation of its explicit representation as the first step.
If solving the original problem requires linear time and its compact represen-
tation is logarithmic in the size of the original problem, solving the compact
representation of the problem may be exponential.

1http://www.computerpokercompetition.org/



3.2.1 Normal Form Games with Sequential Strategies

Normal Form Games with Sequential Strategies (NFGSS) are a particularly
useful compact representation of extensive form games introduced in [BJTK15].
They allow capturing a limited dependence of players’ rewards on the history
of their actions. Furthermore, they assume that players do not learn any infor-
mation about their opponent’s actions before the game is over. These restric-
tions allow describing extensive form games with substantially less parameters,
compared to their explicit representation, but still keep the computational com-
plexity of finding the Nash equilibrium of the game polynomial in the size of
the compact representation. NFGSS has been used to model border protection
scenarios as well as ticket inspection problems.

The Nash equilibrium of a NFGSS can be found by linear programming
[BJTK15]. However, linear programming has relatively high memory and com-
putation time requirements. In computational poker research, CFR has been
shown to be much more efficient.

In [LDB16], we show that CFR-based algorithms are preferable to LPs also
for NFGSS. We propose an adaptation of the CFR+ algorithm for NFGSS. We
prove that it is guaranteed to converge in this class of games and compare its
performance to the standard methods based on linear programming and incre-
mental game generation. We validate our approach on two security-inspired
domains. We show that with a negligible loss in precision, CFR+ can compute
a Nash equilibrium with five times less computation than its competitors. This
paper represents the first successful demonstration that the CFR-based algo-
rithms, developed for computational poker, can improve the state of the art in
security games modeling real world security problems. The paper describing
these results is attached in Appendix A.

3.3 Simultaneous Abstraction and Solving

If a game model we want to solve is too large, we can sometimes find an effi-
cient compact representation of the game as explained in the previous section.
However, efficiently solvable compact representations often have very restric-
tive assumptions. Previous poker research, therefore, often focused on creating
abstractions by merging large sets of distinct decision points to the same de-
cision points in the abstract game. First abstractions were created by hand.
Later, methods based on automated clustering of similar decision points based
on domain-dependent metrics have been introduced [GSS07a]. It is not clear
how to generalize these abstraction techniques to domains beyond poker.

The abstraction techniques developed for poker construct the abstract game
before solving the game and then use standard solution techniques to solve
the abstract game. As a result, the abstraction is not optimized to a particular
solution of the game in any way. This is clearly suboptimal, since the granularity
of the abstraction after an action never played in the optimal solution is typically
the same as after an action that is always played.

In [CLB18], we reduce the memory required for computing and representing
a (near) optimal strategy for a game using automatically-constructed imperfect-
recall abstractions created by domain-independent algorithms with respect to
the solution being computed.



Domain independent Most existing methods for automatically constructing
abstractions in extensive-form games were designed primarily for poker. They
explicitly work with concepts like cards and rounds of the game [SL00, BBD+03],
or at least assume that the actions are publicly observable [BS15] and ordered
[GSS07b]. This is not true in many other domains (e.g., in security). The
algorithms we proposed are completely domain-independent and applicable to
any extensive-form game. They only require a definition of the game and a
desired distance of the solution from the equilibrium in the original game.

Imperfect recall Computationally efficient algorithms for computing (near)
optimal strategies in extensive-form games [vS96, ZJBP08, HGPnS10] require
players to remember all the information gained during the game: a property de-
noted as perfect recall. Therefore, the automated abstraction methods designed
to be used with these algorithms [GSS07b, BS15] must construct perfect-recall
abstractions to provide performance guarantees. Requiring perfect recall has,
however, a significant disadvantage – the number of decision points and hence
both the memory required during the computation and the memory required to
store the resulting strategy grows exponentially with the number of moves. To
achieve additional memory savings, the assumption of perfect recall may need
to be violated in the abstract game resulting in imperfect recall. Using imperfect
recall abstractions can bring exponential savings in memory, and these abstrac-
tions are particularly useful in games in which the exact knowledge about the
past is not required for playing optimally. While it can be easy to identify spe-
cific examples of imperfect recall abstractions for some games, it is very difficult
to systematically and algorithmically identify which information is required for
solving the original game and which can be removed only form the structure of
the game. For example, in imperfect information card games, it is usually im-
portant to estimate the cards the opponent currently holds in her hand. While
past events generally reveal some information, it is not clear which exact event
is relevant or not.

The only pre-existing method for automatically constructing imperfect-recall
abstractions with qualitative bounds is presented in [KS16]. This method con-
siders only a very restricted class of imperfect-recall abstractions. In short,
the information sets can be merged only if they satisfy strict properties on the
history of actions and there is a mapping between the applicable actions in
these information sets, such that future developments of the game and possi-
ble rewards are similar (see [KS16] for all the details). n our work, we take
a different approach and instead of constraining which information sets can be
merged, we design algorithms that similarly to inflation operation [Dal53] refine
information sets where necessary. Our approach, however, does not require any
specific structure of the abstract game or the information sets being refined.
We introduce two domain-independent algorithms, which can start with an ar-
bitrary imperfect recall abstraction of the solved two-player zero-sum perfect
recall EFG. The algorithms simultaneously solve the abstracted game, detect
the missing information causing problems and refine the abstraction to include
this information. This process is repeated until provable convergence to the
desired approximation of the Nash equilibrium of the original game.

Our algorithms can be initialized by an arbitrary abstraction since the choice



of the initial abstraction does not affect the convergence guarantees of the al-
gorithms. Hence, for example in poker, we can use the existing state-of-the-art
abstractions used by the top poker bots. Even though these abstractions have
no guarantees that they allow solving the original poker to optimality, our al-
gorithms will further refine these abstractions where necessary and provide the
desired approximation of the Nash equilibrium in the original game. If there
is no suitable abstraction available for the solved game, the algorithms can
start with a simple coarse imperfect recall abstraction (we provide a domain-
independent algorithm for constructing such abstraction) and again update the
abstraction until it allows approximation of the Nash equilibrium of the original
game to the desired precision. The initial paper describing a subset of these
methods [CBL17] is attached in Appendix A. The full paper describing the
details of this approach is under review and the preprint is available on arXiv
[CLB18].

3.4 Abstractions Summary and Future Work

Abstraction are a common solution to solving games that are too large to be
solved in their original form. If the game model includes enough additional
structure, compact representations can be used to solve it optimally. However,
many problems do not allow for efficient compact representations or at least it is
not obvious how to find them. Therefore, a lot of poker research has focused on
creating lossy abstractions that aspire to capture the most important strategic
aspects of the original game in a substantially smaller abstract game. Regard-
less of some success in smaller games [RFR08, CLB18], the top no-limit poker
programs created using this methodology are four times worse than not looking
and cards and folding all hands. The paper [LB17] presenting the method for
evaluation of the quality of large poker abstraction along with the results on the
state of the art poker bots is attached in Appendix A.

Abstraction methodology with abstractions constructed statically before solv-
ing the problem does not seem to be promising for solving very large games.
However, the abstraction methodology can still be useful. The recent research
[BLGS18, LHG+18] shows initial promising results in using neural networks
to create dynamic abstractions, which in addition to reducing the number of
parameters allow non-trivial generalization of computation results between sim-
ilar decision points in the game. Another use for abstractions is introduced in
[BSA18], where even very week abstractions have been shown to provide useful
approximations of the values achievable by the players in the game. Therefore,
I believe abstraction can still be a useful component of strong game playing
algorithms.



Chapter 4

Playing Large Games with
Online Computation

The interdependence of optimal strategies in different decision points of imper-
fect information games caused that for a long time, algorithms for computing
the (near) optimal strategies in extensive form games computed the strategy
for all decision points in a game at once. The requirement to pre-compute and
store the strategy for all decisions is extremely limiting. In perfect information
games, we avoid this problem by computing a strategy for a particular game
situation online, only when it occurs in the game. This property of game play-
ing algorithms is so compelling, that many researchers gave up the optimality
guarantees and developed online algorithms that empirically perform well in
some classes of imperfect information games [LSBF10, CPW12, LBP12]. These
algorithms are often effective, but may make easily exploitable mistakes in some
situation. The lack of theoretic guarantees makes them hard to use for example
in real world security settings, where a motivated attacker might exploit their
flaws.

There are only few online algorithms for imperfect information games with
performance guarantees. To the best of my knowledge, the first was online
outcome sampling (OOS) [LLB15], developed as a part of my PhD studies. It
combines the incremental game generation of Monte Carlo tree search with a
sound variant of CFR. This algorithm is guaranteed to produce an optimal strat-
egy after sufficient computation time. However, the bounds are not practical
for realistically long computations. Furthermore, it is often outperformed by
the non-sound alternatives in experiments.

The second, and much more practically successful theoretically sound online
algorithm for imperfect information EFGs is the one we used in DeepStack, first
no-limit Texas hold’em poker bot that outperformed human professional players
[MSB+17]. This algorithm summarizes all it needs to know about the part of the
game that already cannot occur to a vector of probabilities and counterfactual
values, and limits the depth of reasoning about the game using a special form of
evaluation function, represented by an artificial neural network. The high-level
idea of the algorithm is quite general, but in its current form, it heavily relays
on the specific structure of poker. Since the all hidden information in Texas
hold’em is created at the beginning of the game and all future information
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is public, the maintained summary vectors of probabilities and counterfactual
values have fixed length and very clear semantics. Since the game is divided to
clear rounds, these rounds create natural places where to replace the rest of the
game by the neural network.

The success of DeepStack then inspired further development of algorithms
using either only online computations [SKL19] or a combination of offline pre-
computation with online reasoning [BSA18].

4.1 Monte Carlo Tree Search in Imperfect In-
formation Games

A classic example of using online computation in perfect-information games is
the minimax search with heuristic evaluation function, which is typically used in
chess programs [RN09]. However, a significant jump in the performance of the
state-of-the-art solvers for many perfect-information problems, such as the game
of Go [GS11], or domain-independent planning under uncertainty [KE12] was
recently caused by Monte Carlo Tree Search (MCTS) algorithm. The main idea
of Monte Carlo Tree Search is running a large number of randomized simulations
of the problem and learning the best actions to choose from the experience. The
earlier simulations are generally used to create statistics that help to guide the
later simulations to more important parts of the search space and eventually
decide on the best action to play in the current state of the game.

Games with imperfect information are fundamentally more complicated than
perfect-information games, because of the need for randomized strategies and
high interdependence of the optimal strategy in distinct decision points. Game
theory provides means to deal with all these complications, but previous at-
tempts to adapt MCTS to imperfect-information games generally did not try
to ensure optimality of the strategies from the perspective of game theory. The
algorithms were developed mainly based on heuristics and analogies with the
perfect information case. In [Lis14a], we show that the lack of theoretical foun-
dations of the algorithms causes pathologies, such as more computation time
per move leading to worse, more exploitable, strategies. There are several fun-
damental concepts in game theory, which can help in designing algorithms for
creating strategies in complex games. The notion of Nash equilibrium defines the
optimal strategy against the strongest possible opponent with well-understood
quality guarantees against suboptimal opponents. Our contribution in MCTS
algorithms for imperfect information games is mainly in creating variants of the
algorithms that are guaranteed to converge to the Nash equilibrium.

4.1.1 Simultaneous Move Games

Our contribution can be divided to two parts. In the first, we address the
extensive-form games with simultaneous moves, but otherwise perfect informa-
tion. Even this class of games includes some of the challenges present in fully
imperfect information games, such as the need for randomized strategies. In
[LKLB13], we have shown that the MCTS algorithm for this class of games
can be easily modified to guarantee convergence to an approximate equilib-
rium with a large class of selection functions. We made the theoretical analysis



substantially more extensive and further improved the performance of the mod-
ified MCTS algorithm in [KL18]. Since the modifications introduced to MCTS
in order to guarantee its convergence made the empirical speed of the con-
vergence slower, we have also investigated an alternative direction of creating
sound MCTS algorithm. We have developed an online version of Monte Carlo
Counterfactual Regret Minimization for simultaneous move games, which we
first introduced in [LLW13] and further developed and thoroughly evaluated in
[BLL+16]. The key difference between this algorithm and the standard MCTS
framework is that the updates in different states of the game are not performed
independently from the strategy in the rest of the game, but they take into
account information about the contribution of individual players to the prob-
abilities that the updated state of the game is visited. Furthermore, it uses
important sampling corrections to remove the bias in the state value estimates
that would otherwise be caused by exploration. The details of the algorithm
are described [BLL+16] included in Appendix A.

4.1.2 Generic Imperfect Information Games

Our second line of contributions are MCTS algorithms for generic imperfect
information games. Since creating theoretically sound MCTS algorithms for
generic imperfect information games is more challenging. Our earlier algorithms
for these games also lack guarantees of convergence to the optimal strategy.

In [LBP12], we have demonstrated that using MCTS leads to more efficient
play in visibility-based pursuit evasion, compared to the fixed-depth search al-
gorithm constituting the state of the art for that domain. Afterwards, we were
gradually improving the aspects of the algorithm that prevented establishing
the convergence guarantees. We started modelling the exact information both
players have in a game [LPS+12], we explored selection functions that guaran-
tee convergence at least in the smallest games [Lis14a], and we added modelling
of the probability distribution over the possible opponent’s states after some
moves are played [Lis14b]. These improvements proved to be helpful in partic-
ular domains, but they were not sufficient to guarantee the convergence to the
optimal strategies in general.

Removing limitations of MCTS may lead to a theoretically sound algorithm,
however, it proved to be difficult to provide convergence guarantees even if they
may hold [KL18]. Therefore, we changed our strategy. We started with a game
solving algorithm with well-understood theoretical guarantees and we modified
it to a MCTS-style algorithm. The original algorithm, Monte Carlo Counter-
factual Regret Minimization (MCCFR)[LWZB09], is an offline algorithm, which
explicitly represents a strategy for all decision points in the game. Starting form
a uniform strategy, it repetitively updates the strategy for the game based on
traversing a subset of the game tree. In the extreme case, called outcome sam-
pling, it traverses only a single path form the root of the game to a leaf in each
iteration. In order to turn this algorithm to a MCTS-style online algorithm, we
had to make the following modifications, while making sure we are not losing
the convergence guarantees. First, we added the incremental tree building. Ini-
tially, only the root node and the strategy in that node is explicitly present in
memory. The strategy for the remaining decision points in implicitly assumed
to be uniform. In further iterations, the explicitly stored part of the game tree
is extended in the parts where the players are likely to play and the strategy is



updated only in these parts of the game. Second, after some moves are already
played in the game and the game reaches an information set of the player using
our algorithm, we want to improve the strategy in this information set before
playing a next move. Running additional samples from the root of the game
is unlikely to reach the current information sets. However, forcing the samples
to update it may leak the information about the current information of the
player to the opponent and prevent convergence to the optimal strategy. There-
fore, we have designed two targeting schemes based on importance sampling
corrections, which improve the strategy without breaking the guarantees. The
empirical evaluation on a range of different games shows that while our novel
algorithm, Online Outcome Sampling, outperforms the heuristic alternatives on
small games, it does not perform well on larger games. The weaker practical
performance was later linked to high variance of the updates in [BLL+16]. Both
[LLB15] and [BLL+16] are included in Appendix A.

4.2 Continual Resolving

The MCTS algorithms introduced in the previous section always start their
samples from the root of the game. They focus their attention towards the
current information set reached by a player in the game, but can do so only
to a limited extend if they want to keep the optimality guarantees. This is
wasteful and it increases variance of the strategy updates. Therefore, they are
not efficient in larger games. In order to play large games online, it seems
to be important to start reasoning about the current situation, with a limited
consideration of the past. This is achieved by the algorithm called continual
resolving. We have first developed the algorithm specifically for poker as a part
of DeepStack. Afterwards, we have shown how this algorithm can be generalized
to any extensive form game.

Continual resolving is heavily based on the CFR-D algorithm [BJB14]. CFR-
D assumes the game can be split into a part played in the first few moves, called
trunk, and multiple independent sub-games, which start after the trunk is fin-
ished. These subgames are more complex than subgames in perfect information
games, since they must be composed of whole collections of subtrees instead
of a single subtree. CFR-D allows computing the optimal (Nash equilibrium)
strategy for the trunk with keeping only the trunk and one of the subgames in
memory at any time during the run of the algorithm. CFR-D is an iterative
algorithm, which in each iteration (1) performs first half of an iteration of CFR
in the trunk, (2) uses the current strategy in the trunk to consistently initialize
the subgames, (3) solves each of the subgames separately, storing only a limited
amount of information at the root of the subgame, and (4) completes the itera-
tion of CFR in the trunk based on the values computed in the subgames. After
hundreds of iterations of CFR-D, the strategy in the trunk converges close to
the optimal strategy. However, the algorithm does not store the strategy in the
subgames. Therefore, [BJB14] defines how to recover the optimal strategy in a
subgame once it is reached during the game. This process is called resolving. It
requires computing the probability of reaching all information sets of the solving
player in the root of the subgame based on the strategy in the trunk. Further-
more, it has to estimate the best possible reward the opponent can achieve after
reaching his information sets in the root of the subgame. These estimates can be



computed form the solution of the reached subgame in each iteration of CFR-D.
Continual resolving is a recursive application of the resolving process. The

game is solved from the root. While solving the game, the necessary estimates of
the bounds on the opponent values are computed for all decision points, where
the acting player can move next. Once the decision point is reached, these values
are used to start the resolving process from this position, again estimating the
required values for the possible next states. Estimating the values from the
exact solution of the subgames is not feasible for larger games. Therefore, we
have proposed two alternative ways how to do it. DeepStack uses depth-limited
game solving based on CFR-D, Monte Carlo Continual Resolving uses Monte
Carlo simulations.

4.2.1 DeepStack

Monte Carlo tree search techniques initially became successful in the game of
Go, where it is hard to create a strong heuristic evaluation function [GS11].
However, only after strong evaluation functions were realized using deep neural
networks, the combination of MCTS and evaluation functions outperformed
best humans in this game [SHM+16]. The paper describing DeepStack poker
bot [MSB+17] was the first to introduce the concept of continual resolving.
Furthermore, it makes it practical for very large domains by proposing depth-
limited game solving. The main idea comes from CFR-D. When DeepStack
decides about the next move to play, it expands the game tree only for few
next moves in the game. It uses the CFR-D algorithm to solve this look-ahead
tree. However, instead of solving the subgames at the end of the look-ahead
tree, which would be infeasible, it uses a pre-trained neural network to estimate
values provided by their optimal strategy.

The neural networks in DeepStack are trained by bootstrapping. First, small
subgames close to the end of the game, initialized by random trunk strategies,
are solved. A neural network is trained to represent the mapping form the
probabilities of reaching the information sets in these subgames to their resulting
values. Second, randomly initialized subgames further form the end of the game
are solved using depth-limited game solving utilizing the first neural network.
Next, games even further from the end are solved using the second network, and
so on.

Depth-limited continual resolving converges to the optimal strategy if the
neural networks are able to learn the required targets with high precision. In
practice, with only 3 seconds per move, this algorithm outperformed ten pro-
fessional poker players with high statistical significance. The paper describing
DeepStack is attached in Appendix A

4.2.2 Monte Carlo Continual Resolving

The most important element of the structure of a poker game used by DeepStack
is a public tree, which defines the tree of well-defined subgames. In Texas
hold’em, all hidden information in the game is created at the beginning. The
later actions by both players and chance are public (observable by everyone) and
the hidden information is revealed only after he game is finished. The public
tree decomposes the game to largely independent parts. It allows defining the
data necessary for resolving in the form of two relatively small constant-length



vectors. These vectors are stored and maintained based on the actions in the
public tree and their length is equal to the length of the hidden information
created at the beginning of the game.

General extensive-form games often contain actions unobservable by the
players. In a visibility-based pursuit-evasion game, all player’s actions are un-
observable if the players do not see each other. Furthermore, the game contains
observations related to player’s own actions, such as the absence of opponent at
a location, which do not have any equivalent in poker. The size of the hidden
information may grow to a size comparable to the number of leaves in the game
three. In other games, a public tree may not be present at all. To apply Deep-
Stack’s algorithm to an arbitrary EFG, we have to allow the summary vectors
to have very large and variable size. Moreover, we have to define sound update
rules for (partially) unobservable actions and observations other than current
actions of the opponent.

The DeepStack’s algorithm also uses poker structure to decide where to end
the look-ahead tree and use the heuristic evaluation function. It is always at
the beginning of the new round of the game after additional public cards are
revealed. These points in the game are convenient for several reasons. First,
it is trivial to identify them when building the look-ahead tree. Second, they
are sufficiently close to each other so that the look-ahead tree can always be
quickly solved in a relatively small memory. Third, they share sufficient strategic
similarity, so that their solutions can be generalized using deep neural networks.

In [SKL19], we have generalized continual resolving to be applicable in any
extensive-form game, not just poker. Furthermore, instead of using a neural
network, we construct the strategy and estimate the values necessary for re-
solving using Monte Carlo simulations. This allows easy evaluation of continual
resolving on arbitrary domains, but it does not reach the performance achiev-
able using a pre-trained evaluation function. The paper describing Continual
Resolving for arbitrary domains and Monte Carlo Continual Resolving [SKL19]
is included in Appendix A.



Chapter 5

Conclusions and Future
Work

Most of my recent research focused on approximating optimal strategies in large
extensive form games. The main properties of the algorithms I strived for are
minimal use of domain specific knowledge and well understood theoretical guar-
antees on the performance of the algorithms. I believe these properties are
important in order to understand the essence of the solved problems and maxi-
mize future impact of the produced solutions.

In my work, I have contributed to the state of the art in more classical algo-
rithms based on abstracting the large games to manageable size, but I believe
my main contribution lies in participating in creation of theoretically sound on-
line methods for approximating optimal strategies in large games only for the
decision points that occur during a specific game. This removes the memory
and computation intensive requirement of pre-computing the optimal strategy
for the whole game in advance and vastly increases the applicability of game
solving in real world problems.

DeepStack has demonstrated that we can scale online game solving to hu-
man size problems if the structure of the game is sufficiently simple. No-limit
Texas hold’em has small amount of hidden information, which does not change
during the game. Also, it has well defined ”rounds”, which are suitable for
placing the evaluation function. We have shown that this approach can be ex-
tended to games beyond poker, but in many larger games, the general algorithm
would not be practical. The main problem is an efficient representation of the
statistics required by continual resolving in games with large and dynamically
changing set of possible hidden states of the game. Novel data representations
and algorithms for their updating likely need to be developed in order to deploy
the algorithm in these games.

Even if managing the large sets of hidden information is possible, the al-
gorithm would still be able to play only zero-sum games with rational players.
Therefore, an interesting future direction, which has been explored in the offline
algorithm, but not in online algorithms is using models of bounded rationality
of the opponents. These models can be learned from historical data or based
on psychological assumptions. In both cases, it is not clear, how to incorpo-
rate them into online algorithms in a principled way. A completely new set of

18



challenges comes also from considering more than two players, or non-zero-sum
structure of rewards in the game. Game theory is no longer able to prescribe
the optimal strategy to play in the game and the players must more carefully
adapt to the play of their opponents.

Next interesting line of research is using the novel algorithms for solving ex-
tensive form games in practical applications. Most sequential decision-making
problems in network and physical security scenarios can be modeled as extensive
form games. However, existing applications of game theory in these domains
usually do not utilize this model and rather ignore the sequential nature of the
problem. Notable exceptions are out previous works on sequential reconfigura-
tion of detectors of malicious behavior in network security in order to maximize
the chance of detecting an ongoing attack [LPS+12] and selecting optimal config-
uration of honeypots to protect a specific computer network against a sequential
attack [DLK+16]. Both these works are included in Appendix A. One of the
main limitations of using EFGs in practical applications has been their limited
scalability. With the recent advancements and their further generalizations,
these or similar models can be revisited and solved in greater details.
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Artificial intelligence has seen several breakthroughs in recent years, with
games often serving as milestones. A common feature of these games is that
players have perfect information. Poker is the quintessential game of imperfect
information, and a longstanding challenge problem in artificial intelligence.
We introduce DeepStack, an algorithm for imperfect information settings. It
combines recursive reasoning to handle information asymmetry, decomposi-
tion to focus computation on the relevant decision, and a form of intuition that
is automatically learned from self-play using deep learning. In a study involv-
ing 44,000 hands of poker, DeepStack defeated with statistical significance pro-
fessional poker players in heads-up no-limit Texas hold’em. The approach is
theoretically sound and is shown to produce more difficult to exploit strategies
than prior approaches. 1

Games have long served as benchmarks and marked milestones of progress in artificial
intelligence (AI). In the last two decades, computer programs have reached a performance that

1This is the author’s version of the work. It is posted here by permission of the AAAS for personal use, not for
redistribution. The definitive version was published in Science, (March 02, 2017), doi: 10.1126/science.aam6960.
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exceeds expert human players in many games, e.g., backgammon (1), checkers (2), chess (3),
Jeopardy! (4), Atari video games (5), and go (6). These successes all involve games with
information symmetry, where all players have identical information about the current state of
the game. This property of perfect information is also at the heart of the algorithms that enabled
these successes, e.g., local search during play (7, 8).

The founder of modern game theory and computing pioneer, von Neumann, envisioned
reasoning in games without perfect information. “Real life is not like that. Real life consists of
bluffing, of little tactics of deception, of asking yourself what is the other man going to think
I mean to do. And that is what games are about in my theory.” (9) One game that fascinated
von Neumann was poker, where players are dealt private cards and take turns making bets or
bluffing on holding the strongest hand, calling opponents’ bets, or folding and giving up on the
hand and the bets already added to the pot. Poker is a game of imperfect information, where
players’ private cards give them asymmetric information about the state of game.

Heads-up no-limit Texas hold’em (HUNL) is a two-player version of poker in which two
cards are initially dealt face-down to each player, and additional cards are dealt face-up in
three subsequent rounds. No limit is placed on the size of the bets although there is an overall
limit to the total amount wagered in each game (10). AI techniques have previously shown
success in the simpler game of heads-up limit Texas hold’em, where all bets are of a fixed size
resulting in just under 1014 decision points (11). By comparison, computers have exceeded
expert human performance in go (6), a perfect information game with approximately 10170

decision points (12). The imperfect information game HUNL is comparable in size to go, with
the number of decision points exceeding 10160 (13).

Imperfect information games require more complex reasoning than similarly sized perfect
information games. The correct decision at a particular moment depends upon the probability
distribution over private information that the opponent holds, which is revealed through their
past actions. However, how our opponent’s actions reveal that information depends upon their
knowledge of our private information and how our actions reveal it. This kind of recursive
reasoning is why one cannot easily reason about game situations in isolation, which is at the
heart of heuristic search methods for perfect information games. Competitive AI approaches
in imperfect information games typically reason about the entire game and produce a complete
strategy prior to play (14–16). Counterfactual regret minimization (CFR) (14,17,18) is one such
technique that uses self-play to do recursive reasoning through adapting its strategy against itself
over successive iterations. If the game is too large to be solved directly, the common response
is to solve a smaller, abstracted game. To play the original game, one translates situations and
actions from the original game to the abstract game.

Although this approach makes it feasible for programs to reason in a game like HUNL, it
does so by squeezing HUNL’s 10160 situations down to the order of 1014 abstract situations.
Likely as a result of this loss of information, such programs are behind expert human play. In
2015, the computer program Claudico lost to a team of professional poker players by a margin
of 91 mbb/g (19), which is a “huge margin of victory” (20). Furthermore, it has been recently
shown that abstraction-based programs from the Annual Computer Poker Competition have
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massive flaws (21). Four such programs (including top programs from the 2016 competition)
were evaluated using a local best-response technique that produces an approximate lower-bound
on how much a strategy can lose. All four abstraction-based programs are beatable by over
3,000 mbb/g, which is four times as large as simply folding each game.

DeepStack takes a fundamentally different approach. It continues to use the recursive rea-
soning of CFR to handle information asymmetry. However, it does not compute and store a
complete strategy prior to play and so has no need for explicit abstraction. Instead it consid-
ers each particular situation as it arises during play, but not in isolation. It avoids reasoning
about the entire remainder of the game by substituting the computation beyond a certain depth
with a fast approximate estimate. This estimate can be thought of as DeepStack’s intuition:
a gut feeling of the value of holding any possible private cards in any possible poker situa-
tion. Finally, DeepStack’s intuition, much like human intuition, needs to be trained. We train it
with deep learning (22) using examples generated from random poker situations. We show that
DeepStack is theoretically sound, produces strategies substantially more difficult to exploit than
abstraction-based techniques, and defeats professional poker players at HUNL with statistical
significance.

DeepStack
DeepStack is a general-purpose algorithm for a large class of sequential imperfect information
games. For clarity, we will describe its operation in the game of HUNL. The state of a poker
game can be split into the players’ private information, hands of two cards dealt face down, and
the public state, consisting of the cards laying face up on the table and the sequence of betting
actions made by the players. Possible sequences of public states in the game form a public tree
with every public state having an associated public subtree (Fig. 1).

A player’s strategy defines a probability distribution over valid actions for each decision
point, where a decision point is the combination of the public state and the hand for the acting
player. Given a player’s strategy, for any public state one can compute the player’s range,
which is the probability distribution over the player’s possible hands given that the public state
is reached.

Fixing both players’ strategies, the utility for a particular player at a terminal public state,
where the game has ended, is a bilinear function of both players’ ranges using a payoff matrix
determined by the rules of the game. The expected utility for a player at any other public
state, including the initial state, is the expected utility over reachable terminal states given the
players’ fixed strategies. A best-response strategy is one that maximizes a player’s expected
utility against an opponent strategy. In two-player zero-sum games, like HUNL, a solution
or Nash equilibrium strategy (23) maximizes the expected utility when playing against a best-
response opponent strategy. The exploitability of a strategy is the difference in expected utility
against its best-response opponent and the expected utility under a Nash equilibrium.

The DeepStack algorithm seeks to compute and play a low-exploitability strategy for the

3



P R E - F L O P

F L O P

Raise

RaiseFold
Call

Call

Fold

Call

Fold
Call

CallFold

Bet
Check

Check

Raise
Check

T U R N

-50

-100

100

100

-200

Fold

1

22

1

1

2 2

1

Figure 1: A portion of the public tree in HUNL. Nodes represent public states, whereas edges
represent actions: red and turquoise showing player betting actions, and green representing
public cards revealed by chance. The game ends at terminal nodes, shown as a chip with an
associated value. For terminal nodes where no player folded, the player whose private cards
form a stronger poker hand receives the value of the state.

game, i.e., solve for an approximate Nash equilibrium. DeepStack computes this strategy dur-
ing play only for the states of the public tree that actually arise. Although computed during
play, DeepStack’s strategy is static, albeit stochastic, because it is the result of a deterministic
computation that produces a probability distribution over the available actions.

The DeepStack algorithm (Fig. 2) is composed of three ingredients: a sound local strategy
computation for the current public state, depth-limited lookahead using a learned value func-
tion to avoid reasoning to the end of the game, and a restricted set of lookahead actions. At a
conceptual level these three ingredients describe heuristic search, which is responsible for many
of AI’s successes in perfect information games. Until DeepStack, no theoretically sound appli-
cation of heuristic search was known in imperfect information games. The heart of heuristic
search methods is the idea of “continual re-searching”, where a sound local search procedure is
invoked whenever the agent must act without retaining any memory of how or why it acted to
reach the current state. At the heart of DeepStack is continual re-solving, a sound local strategy
computation which only needs minimal memory of how and why it acted to reach the current
public state.

Continual re-solving. Suppose we have taken actions according to a particular solution strat-
egy but then in some public state forget this strategy. Can we reconstruct a solution strategy
for the subtree without having to solve the entire game again? We can, through the process of
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re-solving (17). We need to know both our range at the public state and a vector of expected
values achieved by the opponent under the previous solution for each opponent hand (24). With
these values, we can reconstruct a strategy for only the remainder of the game, which does not
increase our overall exploitability. Each value in the opponent’s vector is a counterfactual value,
a conditional “what-if” value that gives the expected value if the opponent reaches the public
state with a particular hand. The CFR algorithm also uses counterfactual values, and if we use
CFR as our solver, it is easy to compute the vector of opponent counterfactual values at any
public state.

Re-solving, however, begins with a strategy, whereas our goal is to avoid ever maintaining
a strategy for the entire game. We get around this by doing continual re-solving: reconstructing
a strategy by re-solving every time we need to act; never using the strategy beyond our next
action. To be able to re-solve at any public state, we need only keep track of our own range
and a suitable vector of opponent counterfactual values. These values must be an upper bound
on the value the opponent can achieve with each hand in the current public state, while being
no larger than the value the opponent could achieve had they deviated from reaching the public
state. This is an important relaxation of the counterfactual values typically used in re-solving,
with a proof of sufficiency included in our proof of Theorem 1 below (10).

At the start of the game, our range is uniform and the opponent counterfactual values are
initialized to the value of being dealt each private hand. When it is our turn to act we re-solve the
subtree at the current public state using the stored range and opponent values, and act according
to the computed strategy, discarding the strategy before we act again. After each action, either
by a player or chance dealing cards, we update our range and opponent counterfactual values
according to the following rules: (i) Own action: replace the opponent counterfactual values
with those computed in the re-solved strategy for our chosen action. Update our own range using
the computed strategy and Bayes’ rule. (ii) Chance action: replace the opponent counterfactual
values with those computed for this chance action from the last re-solve. Update our own range
by zeroing hands in the range that are impossible given new public cards. (iii) Opponent action:
no change to our range or the opponent values are required.

These updates ensure the opponent counterfactual values satisfy our sufficient conditions,
and the whole procedure produces arbitrarily close approximations of a Nash equilibrium (see
Theorem 1). Notice that continual re-solving never keeps track of the opponent’s range, instead
only keeping track of their counterfactual values. Furthermore, it never requires knowledge of
the opponent’s action to update these values, which is an important difference from traditional
re-solving. Both will prove key to making this algorithm efficient and avoiding any need for the
translation step required with action abstraction methods (25, 26).

Continual re-solving is theoretically sound, but by itself impractical. While it does not ever
maintain a complete strategy, re-solving itself is intractable except near the end of the game.
In order to make continual re-solving practical, we need to limit the depth and breadth of the
re-solved subtree.
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Limited depth lookahead via intuition. As in heuristic search for perfect information games,
we would like to limit the depth of the subtree we have to reason about when re-solving. How-
ever, in imperfect information games we cannot simply replace a subtree with a heuristic or
precomputed value. The counterfactual values at a public state are not fixed, but depend on how
players play to reach the public state, i.e., the players’ ranges (17). When using an iterative
algorithm, such as CFR, to re-solve, these ranges change on each iteration of the solver.

DeepStack overcomes this challenge by replacing subtrees beyond a certain depth with a
learned counterfactual value function that approximates the resulting values if that public state
were to be solved with the current iteration’s ranges. The inputs to this function are the ranges
for both players, as well as the pot size and public cards, which are sufficient to specify the
public state. The outputs are a vector for each player containing the counterfactual values of
holding each hand in that situation. In other words, the input is itself a description of a poker
game: the probability distribution of being dealt individual private hands, the stakes of the
game, and any public cards revealed; the output is an estimate of how valuable holding certain
cards would be in such a game. The value function is a sort of intuition, a fast estimate of the
value of finding oneself in an arbitrary poker situation. With a depth limit of four actions, this
approach reduces the size of the game for re-solving from 10160 decision points at the start of
the game down to no more than 1017 decision points. DeepStack uses a deep neural network as
its learned value function, which we describe later.

Sound reasoning. DeepStack’s depth-limited continual re-solving is sound. If DeepStack’s
intuition is “good” and “enough” computation is used in each re-solving step, then DeepStack
plays an arbitrarily close approximation to a Nash equilibrium.

Theorem 1 If the values returned by the value function used when the depth limit is reached
have error less than ε, and T iterations of CFR are used to re-solve, then the resulting strategy’s
exploitability is less than k1ε + k2/

√
T , where k1 and k2 are game-specific constants. For the

proof, see (10).

Sparse lookahead trees. The final ingredient in DeepStack is the reduction in the number of
actions considered so as to construct a sparse lookahead tree. DeepStack builds the lookahead
tree using only the actions fold (if valid), call, 2 or 3 bet actions, and all-in. This step voids
the soundness property of Theorem 1, but it allows DeepStack to play at conventional human
speeds. With sparse and depth-limited lookahead trees, the re-solved games have approximately
107 decision points, and are solved in under five seconds using a single NVIDIA GeForce GTX
1080 graphics card. We also use the sparse and depth-limited lookahead solver from the start of
the game to compute the opponent counterfactual values used to initialize DeepStack’s continual
re-solving.

Relationship to heuristic search in perfect information games. There are three key chal-
lenges that DeepStack overcomes to incorporate heuristic search ideas in imperfect information
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Figure 2: DeepStack overview. (A) DeepStack reasons in the public tree always producing
action probabilities for all cards it can hold in a public state. It maintains two vectors while
it plays: its own range and its opponent’s counterfactual values. As the game proceeds, its
own range is updated via Bayes’ rule using its computed action probabilities after it takes an
action. Opponent counterfactual values are updated as discussed under “Continual re-solving”.
To compute action probabilities when it must act, it performs a re-solve using its range and the
opponent counterfactual values. To make the re-solve tractable it restricts the available actions
of the players and lookahead is limited to the end of the round. During the re-solve, counterfac-
tual values for public states beyond its lookahead are approximated using DeepStack’s learned
evaluation function. (B) The evaluation function is represented with a neural network that takes
the public state and ranges from the current iteration as input and outputs counterfactual values
for both players (Fig. 3). (C) The neural network is trained prior to play by generating ran-
dom poker situations (pot size, board cards, and ranges) and solving them to produce training
examples. Complete pseudocode can be found in Algorithm S1 (10).

games. First, sound re-solving of public states cannot be done without knowledge of how and
why the players acted to reach the public state. Instead, two additional vectors, the agent’s range
and opponent counterfactual values, must be maintained to be used in re-solving. Second, re-
solving is an iterative process that traverses the lookahead tree multiple times instead of just
once. Each iteration requires querying the evaluation function again with different ranges for
every public state beyond the depth limit. Third, the evaluation function needed when the depth
limit is reached is conceptually more complicated than in the perfect information setting. Rather
than returning a single value given a single state in the game, the counterfactual value function
needs to return a vector of values given the public state and the players’ ranges. Because of this
complexity, to learn such a value function we use deep learning, which has also been successful
at learning complex evaluation functions in perfect information games (6).

Relationship to abstraction-based approaches. Although DeepStack uses ideas from ab-
straction, it is fundamentally different from abstraction-based approaches. DeepStack restricts
the number of actions in its lookahead trees, much like action abstraction (25, 26). However,
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each re-solve in DeepStack starts from the actual public state and so it always perfectly un-
derstands the current situation. The algorithm also never needs to use the opponent’s actual
action to obtain correct ranges or opponent counterfactual values, thereby avoiding translation
of opponent bets. We used hand clustering as inputs to our counterfactual value functions, much
like explicit card abstraction approaches (27, 28). However, our clustering is used to estimate
counterfactual values at the end of a lookahead tree rather than limiting what information the
player has about their cards when acting. We later show that these differences result in a strategy
substantially more difficult to exploit.

Deep Counterfactual Value Networks
Deep neural networks have proven to be powerful models and are responsible for major ad-
vances in image and speech recognition (29, 30), automated generation of music (31), and
game-playing (5, 6). DeepStack uses deep neural networks with a tailor-made architecture, as
the value function for its depth-limited lookahead (Fig. 3). Two separate networks are trained:
one estimates the counterfactual values after the first three public cards are dealt (flop network),
the other after dealing the fourth public card (turn network). An auxiliary network for values
before any public cards are dealt is used to speed up the re-solving for early actions (10).

Architecture. DeepStack uses a standard feedforward network with seven fully connected
hidden layers each with 500 nodes and parametric rectified linear units (32) for the output. This
architecture is embedded in an outer network that forces the counterfactual values to satisfy
the zero-sum property. The outer computation takes the estimated counterfactual values, and
computes a weighted sum using the two players’ input ranges resulting in separate estimates of
the game value. These two values should sum to zero, but may not. Half the actual sum is then
subtracted from the two players’ estimated counterfactual values. This entire computation is
differentiable and can be trained with gradient descent. The network’s inputs are the pot size as
a fraction of the players’ total stacks and an encoding of the players’ ranges as a function of the
public cards. The ranges are encoded by clustering hands into 1,000 buckets, as in traditional
abstraction methods (27, 28, 33), and input as a vector of probabilities over the buckets. The
output of the network are vectors of counterfactual values for each player and hand, interpreted
as fractions of the pot size.

Training. The turn network was trained by solving 10 million randomly generated poker turn
games. These turn games used randomly generated ranges, public cards, and a random pot
size (10). The target counterfactual values for each training game were generated by solving
the game with players’ actions restricted to fold, call, a pot-sized bet, and an all-in bet, but no
card abstraction. The flop network was trained similarly with 1 million randomly generated
flop games. However, the target counterfactual values were computed using our depth-limited
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Figure 3: Deep counterfactual value network. The inputs to the network are the pot size,
public cards, and the player ranges, which are first processed into hand clusters. The output
from the seven fully connected hidden layers is post-processed to guarantee the values satisfy
the zero-sum constraint, and then mapped back into a vector of counterfactual values.

solving procedure and our trained turn network. The networks were trained using the Adam
gradient descent optimization procedure (34) with a Huber loss (35).

Evaluating DeepStack
We evaluated DeepStack by playing it against a pool of professional poker players recruited
by the International Federation of Poker (36). Thirty-three players from 17 countries were
recruited. Each was asked to complete a 3,000 game match over a period of four weeks between
November 7th and December 12th, 2016. Cash incentives were given to the top three performers
($5,000, $2,500, and $1,250 CAD).

Evaluating performance in HUNL is challenging because of the large variance in per-game
outcomes owing to randomly dealt cards and stochastic choices made by the players. The better
player may lose in a short match simply because they were dealt weaker hands or their rare
bluffs were made at inopportune times. As seen in the Claudico match (20), even 80,000 games
may not be enough to statistically significantly separate players whose skill differs by a consid-
erable margin. We evaluate performance using AIVAT (37), a provably unbiased low-variance
technique for evaluating performance in imperfect information games based on carefully con-
structed control variates. AIVAT requires an estimated value of holding each hand in each public
state, and then uses the expected value changes that occur due to chance actions and actions of
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Figure 4: Performance of professional poker players against DeepStack. Performance esti-
mated with AIVAT along with a 95% confidence interval. The solid bars at the bottom show the
number of games the participant completed.

players with known strategies (i.e., DeepStack) to compute the control variate. DeepStack’s
own value function estimate is perfectly suited for AIVAT. Indeed, when used with AIVAT we
get an unbiased performance estimate with an impressive 85% reduction in standard deviation.
Thanks to this technique, we can show statistical significance (38) in matches with as few as
3,000 games.

In total 44,852 games were played by the thirty-three players with 11 players completing the
requested 3,000 games. Over all games played, DeepStack won 492 mbb/g. This is over 4 stan-
dard deviations away from zero, and so, highly significant. Note that professional poker players
consider 50 mbb/g a sizable margin. Using AIVAT to evaluate performance, we see DeepStack
was overall a bit lucky, with its estimated performance actually 486 mbb/g. However, as a lower
variance estimate, this margin is over 20 standard deviations from zero.

The performance of individual participants measured with AIVAT is summarized in Fig-
ure 4. Amongst those players that completed the requested 3,000 games, DeepStack is esti-
mated to be winning by 394 mbb/g, and individually beating 10 out of 11 such players by a
statistically significant margin. Only for the best performing player, still estimated to be losing
by 70 mbb/g, is the result not statistically significant. More details on the participants and their
results are presented in (10).
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Table 1: Exploitability bounds from Local Best Response. For all listed programs, the value
reported is the largest estimated exploitability when applying LBR using a variety of different
action sets. Table S2 gives a more complete presentation of these results (10). ‡: LBR was
unable to identify a positive lower bound for DeepStack’s exploitability.

Program LBR (mbb/g)

Hyperborean (2014) 4675
Slumbot (2016) 4020

Act1 (2016) 3302
Always Fold 750

DeepStack 0 ‡

Exploitability
The main goal of DeepStack is to approximate Nash equilibrium play, i.e., minimize exploitabil-
ity. While the exact exploitability of a HUNL poker strategy is intractable to compute, the re-
cent local best-response technique (LBR) can provide a lower bound on a strategy’s exploitabil-
ity (21) given full access to its action probabilities. LBR uses the action probabilities to compute
the strategy’s range at any public state. Using this range it chooses its response action from a
fixed set using the assumption that no more bets will be placed for the remainder of the game.
Thus it best-responds locally to the opponent’s actions, providing a lower bound on their overall
exploitability. As already noted, abstraction-based programs from the Annual Computer Poker
Competition are highly exploitable by LBR: four times more exploitable than folding every
game (Table 1). However, even under a variety of settings, LBR fails to exploit DeepStack at all
— itself losing by over 350 mbb/g to DeepStack (10). Either a more sophisticated lookahead is
required to identify DeepStack’s weaknesses or it is substantially less exploitable.

Discussion
DeepStack defeated professional poker players at HUNL with statistical significance (39), a
game that is similarly sized to go, but with the added complexity of imperfect information.
It achieves this goal with little domain knowledge and no training from expert human games.
The implications go beyond being a milestone for artificial intelligence. DeepStack represents
a paradigm shift in approximating solutions to large, sequential imperfect information games.
Abstraction and offline computation of complete strategies has been the dominant approach for
almost 20 years (33,40,41). DeepStack allows computation to be focused on specific situations
that arise when making decisions and the use of automatically trained value functions. These
are two of the core principles that have powered successes in perfect information games, albeit
conceptually simpler to implement in those settings. As a result, the gap between the largest
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perfect and imperfect information games to have been mastered is mostly closed.
With many real world problems involving information asymmetry, DeepStack also has im-

plications for seeing powerful AI applied more in settings that do not fit the perfect information
assumption. The abstraction paradigm for handling imperfect information has shown promise
in applications like defending strategic resources (42) and robust decision making as needed
for medical treatment recommendations (43). DeepStack’s continual re-solving paradigm will
hopefully open up many more possibilities.
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8. L. Kocsis, C. Szepesvári, Proceedings of the Seventeenth European Conference on Machine
Learning (2006), pp. 282–293.

9. J. Bronowski, The ascent of man, Documentary (1973). Episode 13.

10. See Supplementary Materials.

11. In 2008, Polaris defeated a team of professional poker players in heads-up limit Texas
hold’em (44). In 2015, Cepheus essentially solved the game (18).

12. V. L. Allis, Searching for solutions in games and artificial intelligence, Ph.D. thesis, Uni-
versity of Limburg (1994).

13. M. Johanson, Measuring the size of large no-limit poker games, Technical Report TR13-01,
Department of Computing Science, University of Alberta (2013).

14. M. Zinkevich, M. Johanson, M. Bowling, C. Piccione, Advances in Neural Information
Processing Systems 20 (2008), pp. 905–912.

15. A. Gilpin, S. Hoda, J. Peña, T. Sandholm, Proceedings of the Third International Workshop
On Internet And Network Economics (2007), pp. 57–69.

12



16. End-game solving (17, 45, 46) is one exception to computation occurring prior to play.
When the game nears the end, a new computation is invoked over the remainder of the
game. Thus, the program need not store this part of the strategy or can use a finer-grained
abstraction aimed to improve the solution quality. We discuss this as re-solving when we
introduce DeepStack’s technique of continual re-solving.

17. N. Burch, M. Johanson, M. Bowling, Proceedings of the Twenty-Eighth Conference on
Artificial Intelligence (2014), pp. 602–608.

18. M. Bowling, N. Burch, M. Johanson, O. Tammelin, Science 347, 145 (2015).

19. We use milli-big-blinds per game (mbb/g) to measure performance in poker, where a milli-
big-blind is one thousandth of the forced big blind bet amount that starts the game. This
normalizes performance for the number of games played and the size of stakes. For com-
parison, a win rate of 50 mbb/g is considered a sizable margin by professional players and
750 mbb/g is the rate that would be lost if a player folded each game. The poker community
commonly uses big blinds per one hundred games (bb/100) to measure win rates, where 10
mbb/g equals 1 bb/100.

20. J. Wood, Doug Polk and team beat Claudico to win $100,000 from Microsoft & The Rivers
Casino, Pokerfuse, http://pokerfuse.com/news/media-and-software/26854-doug-polk-and-
team-beat-claudico-win-100000-microsoft/ (2015).
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Simultaneous move games model discrete, multistage interactions where at each stage 
players simultaneously choose their actions. At each stage, a player does not know what 
action the other player will take, but otherwise knows the full state of the game. This 
formalism has been used to express games in general game playing and can also model 
many discrete approximations of real-world scenarios. In this paper, we describe both 
novel and existing algorithms that compute strategies for the class of two-player zero-sum 
simultaneous move games. The algorithms include exact backward induction methods with 
efficient pruning, as well as Monte Carlo sampling algorithms. We evaluate the algorithms 
in two different settings: the offline case, where computational resources are abundant 
and closely approximating the optimal strategy is a priority, and the online search case, 
where computational resources are limited and acting quickly is necessary. We perform a 
thorough experimental evaluation on six substantially different games for both settings. For 
the exact algorithms, the results show that our pruning techniques for backward induction 
dramatically improve the computation time required by the previous exact algorithms. For 
the sampling algorithms, the results provide unique insights into their performance and 
identify favorable settings and domains for different sampling algorithms.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Strategic decision-making in multiagent environments is an important problem in artificial intelligence. With the growing 
number of agents interacting with humans and with each other, the need to understand these strategic interactions at a 
fundamental level is becoming increasingly important. Today, agent interactions occur in many diverse situations, such as 
e-commerce, social networking, and general-purpose robotics, each of which creates complex problems that arise from 
conflicting agent preferences.
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Much research has been devoted to developing algorithms that reason about or learn in sequential (multi-step) inter-
actions. As an example, adversarial search has been a central topic of artificial intelligence since the inception of the field 
itself, leading to very strong rational behaviors in Chess [1] and Checkers [2]. Advances in machine learning for multi-step 
interactions (e.g., reinforcement learning) have led to self-play learning of evaluation functions achieving master level play 
in Backgammon [3] and super-human level in Atari [4].

The most common model for these multistage environments is one with strictly sequential interactions. This model is 
sufficient in many settings [5], such as in the examples used above. On the other hand, it is not a good representation of 
the environment when agents are allowed to act simultaneously. These situations occur in many real-world scenarios such 
as auctions (e.g., [6]), autonomous driving, and many video and board games in the expanding gaming industry (e.g., [7,
8], including games we use for our experiments). In all of these scenarios, the simultaneity of the decision-making is 
crucial and we have to include it directly into the model when computing strategies. One of the fundamental differences 
of simultaneous move games versus strictly sequential games is that the agents may need to use randomized (or mixed) 
strategies in order to play optimally [9], i.e., to maximize their worst-case expected utility. This means that agents may need 
to randomize over several actions in some states of the game to guarantee the worst-case expected utility, even though the 
only information that is hidden is each player’s action as they play it.

This paper focuses specifically on algorithms for decision-making in simultaneous move games. We cover the offline 
case, where the computation time is abundant and the optimal strategies are computed and stored, as well as the online 
case, where the computation time is limited and agents must choose an action quickly. We are concerned both with the 
quality of strategies based on their worst-case expected performance in theory and their observed performance in practice. 
We compare and contrast the algorithms and parameter choices in the offline and the online cases, and thoroughly evaluate 
each algorithm on a suite of games. Our collection covers Biased Rock–Paper–Scissors, Goofspiel, Oshi-Zumo, Pursuit–Evasion 
Games, and Tron, all of which have been used for benchmark purposes in previous work. We also perform experiments on 
randomly generated games. These games differ in the number of possible actions, the number of moves before the game 
ends, the variance of the utility values, and the proportion of states in which mixed strategies are required for optimal play.

Our experimental comparison shows that the algorithms perform differently in each case. The exact algorithms based on 
the backward induction are significantly better in the offline setting, where they are able to find the optimal strategy very 
quickly compared to the sampling algorithms. In some cases, our novel algorithm (DOαβ) solves the game in less than 2% 
of the time required by the standard backward induction algorithm. However, the exact algorithms are less competitive in 
the online setting. In contrast, the approximative sampling algorithms can perform very well in the online setting and find 
good strategies to play within a few seconds, however, they are not well-suited for offline solving of games.

The paper is structured as follows. First, we make explicit the contributions of the paper in Subsection 1.1. In Section 2, 
we present a formal introduction of the simultaneous move games that we will use throughout the paper. Section 3 follows 
with a list and discussion of the existing algorithms in the related work. In Section 4, we describe in detail selected exact 
and approximative algorithms. We first describe the algorithms in the offline setting, followed by the necessary modifi-
cations used in the online case described in Section 5. In Section 6, we present our experimental results comparing the 
algorithms. Finally, we conclude in Section 7.

1.1. Novel contributions

This paper presents detailed descriptions and analysis of recent state-of-the-art exact [10] and approximative algo-
rithms [11–13] that compute strategies for the class of two-player simultaneous move games. Furthermore, it presents 
the following original contributions:

• We present the latest variants of state-of-the-art algorithms under a single unified framework and combine the offline 
and online computation perspectives that have been previously analyzed separately.

• We describe the first adaptation of backward induction and the double-oracle algorithm with serialized bounds (DOαβ) 
[10] to the online search setting in simultaneous move games using iterative deepening and heuristic evaluation func-
tions.

• We describe a novel variant of Online Outcome Sampling [13] tailored for two-player simultaneous move games (SM-
OOS) and provide its formal analysis.

• We provide a wide experimental analysis and a comparison of these and other algorithms on five different specific 
games and on randomly generated games.

• We replicate an experimental convergence analysis for approximative algorithms that is often used in the literature as 
a demonstration that sampling-based algorithms are not guaranteed to converge to an optimal solution [14], and we 
identify the sensitivity of the existing approximative algorithms to tie-breaking rules.

Our algorithms thus allow computing offline strategies in larger games than previously possible (using DOαβ). In online 
game-playing, our algorithms are less sensitive to chosen parameters (SM-MCTS-RM) or guarantee to closely approximate 
the optimal strategies given enough time (SM-OOS). Since we describe each algorithm in a domain-independent manner, 
they can be further tailored to specific domains to achieve additional improvements in the scalability and/or game-playing 
performance.
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Fig. 1. An example of a two-player simultaneous move game. Each white matrix corresponds to a state of the game where both players (a maximizing 
player with actions in rows and a minimizing player with actions in columns) act simultaneously. The dark squares are terminal states. The values shown 
in the matrices correspond to the values of subgames (e.g., calculated by backward induction).

Fig. 2. Matrix games of Matching Pennies (left), and one with a pure Nash equilibrium (right). Payoffs for the row player are shown.

2. Simultaneous move games

A finite two-player game with simultaneous moves and chance events (also called Markov games, or stacked matrix games) 
is a tuple (N , S, A, T , ��, ui, s0), where S = D∪C ∪Z . The player set N = {1, 2, �} contains player labels, where � denotes 
the chance player, and by convention a player is denoted i ∈ N . S is a set of states, with Z denoting the terminal states, D
the states where players make decisions, and C the possibly empty set of states where chance events occur. A = A1 × A2
is the set of joint actions of individual players. We denote by Ai(s) the actions available to player i in state s ∈ S . The 
number of actions available to player i, |Ai(s)|, is called the branching factor for player i. When the player is not specified, we 
mean the joint branching factor |A(s)|. The transition function T : S × A1 × A2 �→ S is a partial function that defines the 
successor state given a current state and actions for both players. �� : C �→ �(S) describes a probability distribution over 
possible successor states of the chance event. Induced by �� , we also define P�(s, r, c, s′) as the probability of transitioning 
to s′ after choosing joint action (r, c) from s, or simply 1 when T (s, r, c) �∈ C . The utility function ui : Z �→ [vmin, vmax] ⊆ R
gives the utility of player i, with vmin and vmax denoting the minimum and maximum possible utility respectively. We 
assume zero-sum games: ∀z ∈ Z, u1(z) = −u2(z). The game begins in an initial state s0 and a subset of a game that starts 
in some node s is called a subgame. An example of such a game is depicted in Fig. 1, more examples can be found in [15, 
Chapter 5].

In two-player zero-sum games, a (subgame perfect) Nash equilibrium strategy is often considered to be optimal (the 
formal definition follows). It guarantees an expected payoff of at least V against any opponent. Any non-equilibrium strategy 
has its nemesis, which makes it gain less than V in expectation. Moreover, a subgame perfect Nash equilibrium strategy can 
earn more than V against weak opponents. After the opponent makes a sub-optimal move, the strategy will never allow it 
to gain the loss back. The value V is known as the value of the game and it is the same for every equilibrium strategy profile 
by von Neumann’s minimax theorem [16].

A matrix game is a single step simultaneous move game with action sets A1 and A2 (see Fig. 2). Each entry in the matrix 
Arc where (r, c) ∈ A1 × A2 corresponds to a utility value reached if row r is chosen by player 1 and column c by player 2. 
For example, in Matching Pennies in the left side of Fig. 2, each player has two actions (heads or tails). The row player 
receives a payoff of 1 if both players choose the same action and 0 if they do not match. In simultaneous move games, at 
every decision state s ∈ D there is a joint action set A1(s) × A2(s). Each joint action (r, c) leads to another state T (s, r, c)
that is either a terminal state or a subgame which is itself another simultaneous move game. A chance event is a state s ∈ C
with a fixed set of outcomes, each of which leads to a possible successor state. In simultaneous move games, Arc refers to 
the value of the subgame rooted in state T (s, r, c).

A behavioral strategy for player i is a mapping from states s ∈ S to a probability distribution over the actions Ai(s), 
denoted σi(s). We denote by σi(s, a) the probability that strategy σi assigns to a in s. These strategies are often called 
randomized, or mixed because they represent a mixture over pure strategies, each of which is a point in the Cartesian 
product space 

∏
s∈S Ai(s).2 Let H be a global set of histories (sequences of actions from the start of the game). Given 

2 Notice that a pure strategy is also a mixed strategy that assigns probability 1 to a single pure strategy and probability 0 to every other pure strategy. 
However, as it is common in the literature, we sometimes refer to a mixed strategy to specifically mean not a pure strategy. This is mostly clear from the 
context, but we clarify where necessary.
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Fig. 3. The matrix game of Rock, Paper, Scissors (left) and its equivalent extensive-form game representation (right). The extensive game has four states, 
two information sets (I1 and I2), and nine terminal histories: {Rr, Rp, Rs, Pr, Pp, Ps, Sr, Sp, Ss}.

a strategy profile σ = (σ1, σ2), we define the probability of reaching a history h under σ as πσ (h) = πσ
1 (h)πσ

2 (h)πσ
� (h), 

where each πσ
i (h) is a product of probabilities of the actions taken by player i along the path to h (π� being chance’s 

probabilities). Finally, we define �i to be the set of all behavioral strategies for player i. We adopt a standard convention 
that the index −i refers to the opponent of player i.

In order to define optimal behavior for this class of games, we now provide definitions of some fundamental concepts.

Definition 2.1 (Strictly dominated action). In a matrix game, an action ai ∈ Ai is strictly dominated if ∀a−i ∈ A−i, ∃a′
i ∈

Ai \ {ai} : ui(ai, a−i) < ui(a′
i, a−i).

No rational player would want to play a strictly dominated action, because there is always a better action to play 
independent of the opponent’s action. The concept also extends naturally to behavioral strategies. For example, in the game 
on the right of Fig. 2, both b and B are strictly dominated. In this paper we refer to the dominance always in this strict 
sense.

Definition 2.2 (Best response). Suppose σ−i ∈ �−i is a fixed strategy of player −i. Define the set of best response strategies 
BRi(σ−i) = {σi | ui(σi, σ−i) = maxσ ′

i ∈�i
ui(σ

′
i , σ−i)}. A single strategy in this set, e.g., σi ∈ BRi(σ−i), is called a best response 

strategy to σ−i .

Note that a best response can be a mixed strategy, but a pure best response always exists [9] and it is often easier to 
compute.

Definition 2.3 (Nash equilibrium). A strategy profile (σi, σ−i) is a Nash equilibrium profile if and only if σi ∈ BRi(σ−i) and 
σ−i ∈ BR−i(σi).

In other words, in a Nash equilibrium profile each strategy is a best response to the opponent’s strategy. In two-player 
zero-sum games, the set of Nash equilibria corresponds to the set of minimax-optimal strategies. That is, a Nash equilibrium 
profile is also a pair of behavioral strategies optimizing

V = max
σ1∈�1

min
σ2∈�2

Ez∼σ [u1(z)] = max
σ1∈�1

min
σ2∈�2

∑
z∈Z

πσ (z)u1(z). (1)

None of the players can improve their utility by deviating unilaterally. For example, the game of Rock, Paper, Scissors 
(depicted in Fig. 3) modeled as a matrix game has a single state and the only equilibrium strategy is to mix equally 
between all actions, i.e., both players play with a mixed strategy σi = σ−i = (1/3, 1/3, 1/3) giving the expected payoff of 
V = 0. Note that using a mixed strategy is necessary in this game to achieve the guaranteed payoff of V . Any pure strategy 
of one player can be exploited by the opponent; so while a pure best response to a fixed strategy always exists, it is not 
always possible to find a Nash equilibrium for which both strategies are pure. For the same reason, randomized strategies 
are often necessary also in the multi-step simultaneous move games. If the strategies also optimize Equation (1) in every 
subgame, the equilibrium strategy is termed subgame perfect.

Finally, a two-player simultaneous move game is a specific type of two-player extensive-form game with imperfect 
information. In imperfect information games, states are grouped into information sets: two states s, s′ are in an information 
set I if the player to act at I cannot distinguish whether she is in s or s′ . Any simultaneous move game can be modeled 
using information sets to represent half-completed transitions, i.e., T (s, a1, ?) or T (s, ?, a2). The matrix game of Rock, Paper, 
Scissors can also be thought of as a two-step process where the first player commits to a choice, writing it on a face-down 
piece of paper, and then the second player responds. Fig. 3 shows this transformation, which can generally be applied to 
every state in a simultaneous move game. Therefore, algorithms intended for two-player zero-sum imperfect information 
games may also be applied to the simultaneous move game using this equivalent form.
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3. Related work

There has been a number of algorithms designed for simultaneous move games. They can be classified into three cat-
egories: (1) iterative learning algorithms, (2) exact backward induction algorithms, (3) approximative sampling algorithms. 
The first type computes strategies through iterated self-play. The second type computes strategies in a game state recursively 
based on the values of its successors. The third type computes strategies by approximating utilities using sampling.

3.1. Iterative learning algorithms

A significant amount of interest in simultaneous move games was generated by initial work on multiagent reinforcement 
learning. In multiagent reinforcement learning, each agent acts simultaneously and the joint action determines how the state 
changes. Littman introduced Markov games to model these interactions as well as a variant of Q-learning called Minimax-Q 
to compute strategies [17,18]. Minimax-Q modifies the learning rule so that the value of the next state (the subgame) 
is obtained by solving a linear program using the estimated values of that subgame’s root. As it is common in these 
settings, the goal of each agent is to maximize their expected utility. In two-player zero-sum Markov games, an optimal 
policy corresponds to a Nash equilibrium strategy, which assures the agent the highest worst-case expected payoff. Initial 
results provided conditions under which approximate dynamic programming could be used to guarantee convergence to 
the optimal value function and policies [19]. Later, in [20], Lagoudakis and Parr provided stronger bounds and convergence 
guarantees for least squares temporal difference learning using linear function approximation. Bounds on the approximation 
error for sampling techniques in discounted Markov games are presented in [21], and new bounds for approximate dynamic 
programming have also been recently shown [22].

In early 2000s, gradient ascent methods were introduced for playing repeated games [23,24]. These algorithms update 
strategies in a direction of the strategy space that increases the expected payoff with respect to the opponent’s strategy. 
These were then generalized and combined, and shown to minimize regret over time [25,26], leading to strong convergence 
guarantees in multiagent learning. More no-regret algorithms followed and were applied to imperfect information games 
in sequence-form (One-Card Poker) [27]. Later, counterfactual regret (CFR) minimization was introduced for large imperfect 
information games [28]. CFR has gained much attention due to its success in computing Poker AI strategies, and recently 
an application of CFR has solved Heads Up Limit Texas Hold’em Poker [29]. In this paper we analyze the effectiveness of a 
specific form of Monte Carlo CFR for the first time in simultaneous move games.

As we focus on zero-sum simultaneous move games in this paper, the work on multiagent learning in general-sum and 
cooperative games has been omitted. For surveys of the relevant previous work in multiagent reinforcement learning and 
game theory (including the zero-sum case), see [30–32].

3.2. Exact backward induction algorithms

The techniques in this section are based on the backward induction algorithm (cf. [33]), a form of dynamic pro-
gramming [34] often presented for purely sequential games. A modified variant of the algorithm can also be applied to 
simultaneous move games (e.g., see [35–37]). The algorithm enumerates states of the game tree in a depth-first manner and 
after computing the values of all the succeeding subgames of state s ∈ S , it solves the normal-form game corresponding 
to s (i.e., computes a NE of the matrix game in s), and propagates the calculated game value to the predecessor. Backward 
induction then outputs a subgame perfect NE.

There are two notable algorithms that improve the standard backward induction in simultaneous move games. First is an 
algorithm by Saffidine et al. [38] termed simultaneous move alpha-beta algorithm (SMAB). The main idea of the algorithm 
is to reduce the number of the recursive calls of the backward induction algorithm by removing dominated actions in every 
state of the game. The algorithm keeps bounds on the utility value for each successor in a game state. The lower and upper 
bounds represent the threshold values, for which neither of the actions of the player is dominated by any other action 
in the current matrix game. These bounds are calculated by linear programs in the state given existing exact values (or 
appropriate bounds) of the utility values of all the other successors of the state. If they form an empty interval (the lower 
bound is greater than the upper bound), pruning takes place and the dominated action is no longer considered in this state 
afterward.

While SMAB outperforms classical backward induction, the speed-up is less significant in comparison to the second exact 
algorithm introduced in [10], a description of which is given in detail in Subsection 4.3.1. The main idea is to integrate 
two key components: (1) instead of evaluating all successors in each state of the game and solving a normal-form game, 
the algorithm exploits the iterative framework known in game theory as double-oracle algorithm [39]; (2) the algorithm 
computes bounds on the utility values of the successors by serializing the subgames and running the classic alpha-beta 
algorithm.

Finally, since simultaneous move games can be seen as extensive-form games with imperfect information, one can use 
techniques designed for large imperfect information games. An algorithm that is also built on double-oracle is the Range-
of-Skill algorithm [40]. However, the number of iterations required by this algorithm in the worst case can be large [41]. 
There are also state-of-the-art algorithms for solving generic extensive-form games with imperfect information, based on 
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sequence-form optimization problems [42–44]. However, these algorithms do not exploit the specific structure of simulta-
neous move games and could require memory that is linear in the size of the game tree. In practice, this prohibits scaling 
to larger games (see, e.g., [38]) and causes weak performance compared to tailored algorithms.

3.3. Approximative sampling algorithms

Monte Carlo Tree Search (MCTS) is a simulation-based state space search technique often used in extensive-form games 
[45,46]. Having first seen practical success in computer Go [47,48], MCTS has since been applied successfully to simultaneous 
move games and to imperfect information games [13,49,50]. Most of the successful applications use the Upper Confidence 
Bounds (UCB) formula [51] as a selection strategy. These variants of MCTS are also known as UCT (UCB applied to trees). The 
first application of MCTS to simultaneous move games was in general game playing (GGP) [52] programs: CadiaPlayer [53,
54] uses UCB selection strategy for each player in a single game tree. The success of MCTS was demonstrated by the success 
of CadiaPlayer which was the top-ranked player of the GGP competition between 2007 and 2009, and also in 2012.

Despite this success, Shafiei et al. in [14] provide a counter-example showing that this straightforward application of UCT 
does not converge to an equilibrium even in the simplest simultaneous move games and that a player playing a NE can ex-
ploit this strategy. Another variant of UCT, which has been applied to Tron [55], builds the tree as if the players were moving 
sequentially giving one of the players an informational advantage. This approach also cannot converge to an equilibrium in 
general. For this reason, other variants of MCTS were considered for simultaneous move games. Teytaud and Flory describe 
a search algorithm for games with short-term imperfect information [8], which are a generalization of simultaneous move 
games. Their algorithm uses a different selection strategy, called Exp3 [56], and was shown to work well in the Internet card 
game Urban Rivals. We provide details of these two main existing selection functions in Subsections 4.4.1 and 4.4.2. A more 
thorough experimental investigation of different selection policies including UCB, UCB1-Tuned, UCB1-greedy, Exp3, and more 
is reported in the game of Tron [57]. The work by Lanctot et al. [11] compares some of these variants and proposes Online 
Outcome Sampling, a search version of Monte Carlo CFR [58], which computes an approximate equilibrium strategy with 
high probability. We describe a new formulation of this algorithm in Subsection 4.5.1. Finally, [12,59] present variants of 
MCTS that provably converge to Nash equilibria in simultaneous move games, using any regret-minimizing algorithm at 
each stage. We elaborate on these results in Subsection 4.4.4.

There have been two recent studies that examine the head-to-head performance of these variants in practice. The 
first [60] builds on previous work in Tron by varying the shape of the initial board, comparing previous serialized variants 
of simultaneous move MCTS. The authors found that UCB1-Tuned worked particularly well in Tron when using knowledge-
based playout policies. The success of UCB1-Tuned differed in a similar study of the same variants across nine domains [61]
without domain knowledge. In this work, the chosen games were ones inspired by previous work in general game playing 
and did not include chance elements. Results indicate that parameter-tuning landscapes do not seem as smooth as in the 
purely sequential case.

3.3.1. Simulation-based search in real-time games
Real-time games are not turn-based and represent realistic physical situations where agents can move freely in space. 

The state of the game is a continuous function of time and the effect of some actions may only be realized some time after 
the decision is made. These games are often appropriately modeled as a simultaneous move game with very short delays 
(e.g., 40 milliseconds) between frames.

MCTS has enjoyed some success in these types of games, in the single-agent setting [62,63] and multiagent setting [64]. 
Much of this work is inspired by video games [65–67]. Few of these works have considered MCTS in the simultaneous move 
game directly. In one of the first papers on real-time strategy games, the authors used a randomized serialization of the 
game [68], or a strategy simulation from scripts was used to build a single matrix of values from which an equilibrium 
strategy was computed using linear programming [69]. This method can be extended to multiple nodes where internal 
nodes would correspond to scripts being interrupted to replan, similarly to [70]. MCTS-style multistage replanning was also 
applied to a real-time battle scenario which was also accurately represented as a discrete simultaneous move game [7]. 
Results of this work show that the multistage forward replanning can improve upon the single-stage forward planning, and 
can produce approximate Nash equilibrium strategies when mixed strategies are computed at each stage during the search. 
Around the same time, a serialized (sequential) version of the alpha-beta algorithm was proposed for simultaneous move 
games and run on combat scenarios [71]. This algorithm is described in greater detail in Subsection 4.2 as it forms the basis 
of the follow-up algorithm enhanced by double-oracle, presented in Subsection 4.3.

In this paper, we focus on the analysis of different algorithms for two-player simultaneous move games. Therefore, the 
problems arising from discrete modeling of continuous time and space remain outside the scope of this paper.

4. Offline strategy computation

This section focuses on algorithms that compute strategies for simultaneous move games. The baseline algorithm for 
solving simultaneous move games exactly is backward induction (BI) (Subsection 4.1). Afterwards we present a modification 
that exploits a fast computation of upper and lower bounds in a simultaneous move game (Subsection 4.2). Then, we 
further improve the algorithm by speeding up the computation of NE in matrix games, exploiting the iterative framework 
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input : s – current matrix game; i – searching player
1 if s ∈ Z then
2 return ui(s)
3 for r ∈ A1(s) do
4 for c ∈ A2(s) do
5 Arc ← ∑

s′∈S : P�(s,r,c,s′)>0 P�(s, r, c, s′) · BI(s′, i)
6 〈vs, σi(s)〉 ← solve matrix game A
7 return vs

Algorithm 1: Backward Induction algorithm (BI).

of double-oracle algorithms (Subsection 4.3). In Subsection 4.4 we describe Monte Carlo Tree Search for simultaneous move 
games. Finally, we present counterfactual regret minimization and its adaptation Online Outcome Sampling in Subsection 4.5.

4.1. Backward induction

The standard backward induction algorithm, first described for simultaneous move games in [35], enumerates the states 
in depth-first order. At each state of the game, it creates a matrix game for the current state using child subgame values, 
solves the matrix game, and propagates back the value of the matrix game. The pseudocode of the algorithm is given in 
Algorithm 1. If the successor node T (s, r, c) is a chance node, the algorithm directly evaluates all successors of this chance 
node and computes an expected utility: the value of each subgame rooted in node s′ computed by the recursive call is 
weighted by the probability of the stochastic transition P�(s, r, c, s′) (line 5).

Once the algorithm computes the value of each possible subgame following the current state s, matrix game A is well-
defined and the algorithm solves matrix game A by solving the standard linear program (LP) for normal-form games3:

max vs (2)

s.t.
∑

ai∈Ai

Aai ,a−i · σi(s,ai) ≥ vs ∀a−i ∈ A−i(s) (3)

∑
ai∈Ai

σi(s,ai) = 1 (4)

σi(s,ai) ≥ 0 ∀ai ∈ Ai(s) (5)

A linear programming algorithm computes both the value vs of the matrix game A, as well as the optimal strategy to play 
in this matrix game (variables σi(s, ai)). Value vs is then propagated to the predecessor (line 7 of Algorithm 1) and the 
optimal strategy σi(s, ai) is stored for this state. If the algorithm evaluates a terminal state, it directly returns the utility 
value of the state (line 1).

Evaluating each successor and solving an LP in each state of the game is the main computational bottleneck of the 
backward induction algorithm. The following algorithms try to prune some of the branches of the game tree in order to 
reduce this bottleneck even at the cost of multiple traversals of the game tree.

4.2. Backward induction with serialized alpha-beta bounds

Solving computationally expensive linear programs in the backward induction algorithm is necessary in game states that 
require mixed strategies. However, many realistic games include subgames where it is sufficient to use only pure strategies. 
These subgames can be found efficiently by transforming the simultaneous move game into a perfect information extensive-
form game with sequential moves and subsequently using some of the algorithms developed for this more standard setting. 
We call this purely alternating form a serialization of the original simultaneous move game. Consider a matrix game rep-
resenting a single joint action of both players. This matrix can be serialized by discarding the notion of information sets; 
hence, letting one player play first, followed by the second player. The difference between a serialized and a simultaneous 
move matrix game is that the second player to move has an advantage of knowing what action the first player chose.

Given this advantage, the value of a serialized game consisting of a single simultaneous move where player i is second 
to move is greater than or equal to the value of the original simultaneous move game from the perspective of player i, 
formally shown by the following lemma.

Lemma 4.1. Let A be a single step simultaneous move game for state s with value vs for player i. Let vi
s be the value of the serialized 

game created from game A by letting player −i move first and player i move second with the knowledge of the move played by the first 
player. Then

vs ≤ vi
s.

3 By solving a game we mean computing both the optimal value and the strategy that achieves it.
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Fig. 4. Different serializations of a simple simultaneous move game. Utility values are in the leaf nodes, the gray values correspond to the value propagation 
when solving the serialized game.

Proof.

vs = min
σ−i∈�−i

max
σi∈�i

∑
ai∈Ai(s)

∑
a−i∈A−i(s)

σi(s,ai)σ−i(s,a−i)Aaia−i

= min
a−i∈A−i(s)

max
σi∈�i

∑
ai∈Ai(s)

σi(s,ai)Aaia−i

≤ min
a−i∈A−i(s)

max
ai∈Ai(s)

Aaia−i = vi
s.

The first equality is the definition of the value of a zero-sum game. The second equality is from the fact that a best response 
can always be found in pure strategies: if there was a mixed strategy best response with expected utility vs and some of 
the actions from its support would have lower expected utility, removing those actions from the support would increase the 
value of the best response, which is a contradiction. The inequality is due to the fact that a maximization over each action 
of player −i can only increase the value. �

We can now generalize this lemma to game trees with multiple simultaneous moves.

Lemma 4.2. Consider a simultaneous move subgame defined by state s and a serialized variant of this subgame, where in each state 
player i is second to move. The value of the serialized game is an upper bound on the value of the simultaneous move subgame for 
player i.

Proof. We use Lemma 4.1 inductively. Let s be the current state of the game and let A be the exact matrix game corre-
sponding to s with utilities of player i. By induction we assume that the algorithm computes for state s some A′ so that 
each value in matrix A′ is greater than or equal to A:

∀ai ∈ Ai(s)∀a−i ∈ A−i(s) A′
aia−i

≥ Aaia−i .

Therefore, the value of matrix game v A′ ≥ v A . Finally, by Lemma 4.1 the algorithm returns value vi
A′ ≥ v A′ ≥ v A . �

An example of this serialization is depicted in Fig. 4. There is a simple matrix game for two players (the circle and the 
box player; the utility values are depicted for the circle player; the box player in the column is minimizing this value). 
There are two ways this game can be transformed into a serialized extensive-form game with perfect information. If the 
circle player moves first (the left game tree), then the value of this serialized game is the lower bound of the value of the 
game. If this player moves second (the right game tree), then the value of this serialized game is the upper bound of the 
value of the game. Since the serialized games are zero-sum perfect information games in the extensive form, they can be 
solved quite quickly by using some of the classic AI algorithms such as alpha-beta or Negascout [72]. If the values of both 
serialized games are equal, then this value is also equal to the value of the original simultaneous move game. This situation 
occurs in our example in Fig. 4, where both serialized games have value V = 3.

We can speed up the backward induction algorithm using bounds that are computed by the alpha-beta algorithm (de-
noted BIαβ). Algorithm 2 depicts the pseudocode. The BIαβ algorithm first serializes the game and solves the serialized 
games using the standard alpha-beta algorithm; if the bounds are equal then this value is returned directly (line 3). Note 
that in Algorithm 2 the call alpha-beta(s, i), i is the second player to move in the serialized game rooted at s. If the bounds 
are not equal, the algorithm starts evaluating successors of the current state. As before, the algorithm computes upper and 
lower bounds using the alpha-beta algorithm on serialized variants of the subgame rooted at the successor s′ (lines 9–10). 
Then, the algorithm uses the value directly if the bounds are equal (line 14), or performs a recursive call otherwise (line 12).
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input : s – current matrix game; i – searching player
1 if s ∈ Z then
2 return ui(s)
3 if (s is root) and (alpha-beta(s, i) = alpha-beta(s,−i)) then
4 return alpha-beta(s, −i)
5 for r ∈ A1(s) do
6 for c ∈ A2(s) do
7 Arc ← 0
8 for s′ ∈ S : P�(s, r, c, s′) > 0 do
9 vi

s′ ← alpha-beta(s′, i)
10 v−i

s′ ← alpha-beta(s′, −i)

11 if v−i
s′ < vi

s′ then
12 Arc ← Arc + P�(s, r, c, s′) · BIαβ(s′, i)
13 else
14 Arc ← Arc + P�(s, r, c, s′) · vi

s′
15 〈vs, σi〉 ← solve matrix game A
16 return vs

Algorithm 2: Backward Induction with serialized bounds (BIαβ).

We distinguish two cases when extracting equilibrium strategies from the BIαβ algorithm. In the first case, when a state 
is fully evaluated by the algorithm (i.e., an LP was built and solved for this state), we proceed as before and keep the pair of 
equilibrium strategies in this state. However, in the other case, the algorithms prunes certain branches and does not create 
an LP in some of the subgames. The algorithm then keeps the strategy computed by the serialized alpha-beta algorithm in 
those subgames. More precisely, for player i the algorithm keeps the pure strategy computed by alpha-beta(s, −i), where 
the opponent has an advantage of knowing the moves of player i. Such a strategy provides a guarantees for player i (it 
is not exploitable) and due to the alpha-beta cut-offs we know that there is no better strategy for player i with a higher 
expected utility.

Theorem 4.3. The algorithm BIαβ(s, i) computes the value of the subgame from state s for player i.

Proof. The correctness of the algorithm follows immediately from the correctness of the standard BI algorithm and the 
correctness of using the values computed by serialized alpha-beta (Lemma 4.2). Moreover, values computed by the serialized 
alpha-beta algorithm are used only if the upper bound equals the lower bound. �

The performance of BIαβ depends on the existence of a pure NE in the simultaneous move game. In the best case 
(i.e., there exists a pure NE), the algorithm finds the solution by solving each serialization exactly once starting from the 
root state. In the worst case, all NE require mixed strategies in every state of the game. In this case, the algorithm not 
only solves the LP in each state similarly to BI, but also repeatedly attempts to solve serialized subgames by calling the 
alpha-beta algorithm. However, this case was very rarely encountered during our experiments.

4.3. Backward induction with double-oracle and serialized bounds

The computational complexity of solving a matrix game by linear programming can be reduced by their incremental 
construction using the iterative double-oracle algorithm [39]. The following algorithm incorporates this idea to BIαβ , which 
leads to additional pruning of the game tree. First of all, we describe the main principles of the double-oracle algorithm 
for matrix games, followed by the description of the integration of the double-oracle algorithm in simultaneous move 
games [10] (denoted DOαβ).

4.3.1. Double-oracle algorithm for matrix games
The goal of the double-oracle algorithm is to find a solution of a matrix game without necessarily constructing the 

complete LP that solves the game. The main idea is to create a restricted game where the players can choose only from a 
limited set of actions. The algorithm iteratively expands the restricted game by allowing the players to choose from new 
actions. The new actions are added incrementally: in each iteration, a best response (chosen from the unrestricted action 
set) to an optimal strategy of the opponent in the current restricted game, is added to restricted game.

Fig. 5 shows a visualization of the main structure of the algorithm, where the following three steps repeat until conver-
gence:

1. Create a restricted matrix game by limiting the set of actions that each player is allowed to play.
2. Compute a pair of Nash equilibrium strategies in this restricted game using linear programming.
3. For each player, compute a pure best response strategy against the equilibrium strategy of the opponent; pure best 

response can be any action from the original unrestricted game.
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Fig. 5. Schematic of the double-oracle algorithm for a normal-form game.

The best response strategies computed in step 3 are added to the restricted game, the game matrix is expanded by adding 
new rows and columns, and the algorithm follows with the next iteration. The algorithm terminates if neither of the players 
can improve the outcome of the game by adding a new strategy to the restricted game; hence, both players play best 
response strategies to the strategy of the opponent. The algorithm maintains the values of the best expected utilities of 
the best-response strategies for each player throughout the iterations of the algorithm. These values provide bounds on the 
value of the original game V (from Equation (1)), and their sum represents the error of the algorithm which converges to 
zero.

4.3.2. Integrating double-oracle with backward induction
The double-oracle algorithm for matrix games can be directly incorporated into the backward induction algorithm: in-

stead of immediately evaluating each of the successors of the current game state and solving the linear program, the 
algorithm can exploit the double-oracle algorithm. Pseudocode in Algorithm 3 details this integration.

Similarly to BIαβ , the algorithm first tests, whether the whole game can be solved by using the serialized variants of the 
game (line 3). If not, then in each state of the game the algorithm initializes the restricted game with an arbitrary action 
(line 5)4 – A′ represents the restricted matrix game, A′

i represents the restricted set of available actions to player i. The 
algorithm then starts the iterations of the double-oracle algorithm. First, the algorithm needs to compute the value for each 
of the successors of the restricted game, for which the current value is not known (lines 8–16). This evaluation is the same 
as in the case of BIαβ . Once all values for restricted game A′ are known, the algorithm solves the restricted game and 
keeps the optimal strategies σ ′ of the restricted game (line 17). Next, the algorithm computes best responses for each of 
the player (lines 18, 19) using Algorithm 4 below, and updates the lower and upper bounds (line 20). Finally, the algorithm 
expands the restricted game with the new best response actions (line 21) until the lower and upper bound are equal. Once 
the bounds are equal, neither of the best responses improves the current solution from the restricted game; hence, the 
algorithm has found an equilibrium of the complete unrestricted matrix game corresponding to state s.

Now we describe the algorithm for computing the best responses on lines 18 and 19. The pseudocode of this step is 
depicted in Algorithm 4. The goal of the best response algorithm is to find the best action from the original unrestricted 
game against the current strategy of the opponent σ ′

−i . Throughout the algorithm we use, as before, vi
s′ to denote the 

upper bound of the value of the subgame rooted in state s′ computed using alpha-beta(s′, i). These values are computed on 
demand, i.e., they are computed once needed and cached until the game for state s is solved. Moreover, once the algorithm 
computes the exact value of a particular subgame, both upper and lower bounds are updated to be equal to the exact value 
of the game.

The best response algorithm iteratively examines all actions of player i from the unrestricted game (line 3). Every action 
ai is evaluated against the actions of the opponent that are used in the optimal strategy from the restricted game (line 5). 
Before evaluating the successors, the algorithm determines whether the current action ai of the searching player i can still 
be the best response action against the strategy of the opponent σ ′

−i . In order to determine this, the algorithm computes 
value λai that represents the lower bound on the expected utility this action must gain against the current action of the 
opponent a−i in order for action ai to be a best response. λai is calculated (line 7) by subtracting the upper bound of 
the expected value against all other actions of the opponent (vi

T (s,ai ,a
′−i)

) from the current best response value (v B R
i ) and 

normalizing with the probability that the action a−i is played by the opponent (σ ′
−i(a−i)). This calculation corresponds to 

a situation where player i achieves the best possible utility by playing action ai against all other actions from the strategy 
of the opponent and it needs to achieve at least λai against a−i so that the expected value for playing ai is at least v B R

i . If 
λai is strictly higher than the upper bound on the value of the subgame rooted in the successor (i.e., vi

T (s,ai ,a−i)
) then the 

algorithm knows that the action ai can never be the best response action, and can proceed with the next action (line 9). 
Note that λai is recalculated for each action of the opponent since the upper bound values can become tighter when the 
exact values are computed for successor nodes s′ (line 13).

4 In practice we use the first action of a shuffled ordered set Ai for each player i. This initialization step can be improved with domain knowledge and 
by adding more actions.
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input : s – current matrix game; i – searching player; αs, βs – bounds for the game value rooted in state s
1 if s ∈ Z then
2 return ui(s)
3 if (s is root) and (alpha-beta(s, i) = alpha-beta(s,−i)) then
4 return alpha-beta(s, −i)
5 initialize A′

i , A′
−i with arbitrary actions from Ai, A−i

6 repeat
7 for r ∈ A′

i , c ∈ A′
−i do

8 if A′
rc is not initialized then

9 A′
rc ← 0

10 for s′ ∈ S : P�(s, r, c, s′) > 0 do
11 vi

s′ ← alpha-beta(s′, i)
12 v−i

s′ ← alpha-beta(s′, −i)

13 if v−i
s′ < vi

s′ then
14 A′

rc ← A′
rc + P�(s, r, c, s′) · DOαβ(s′, i, v−i

s′ , vi
s′ )

15 else
16 A′

rc ← A′
rc + P�(s, r, c, s′) · vi

s′
17

〈
vs, σ

′〉 ← solve matrix game A′
18

〈
v B R

i ,aB R
i

〉 ← BR(s, i, σ ′
−i , βs)

19
〈
v B R

−i ,aB R
−i

〉 ← BR(s, −i, σ ′
i , −αs)

20 αs ← max(αs, −v B R
−i ), βs ← min(βs, v B R

i )

21 A′
i ← A′

i ∪ {aB R
i }, A′

−i ← A′
−i ∪ {aB R

−i }
22 until αs = βs

23 return vs

Algorithm 3: Double-Oracle with serialized bounds (DOαβ).

input : s – current matrix game; i – best-response player; σ ′
−i – strategy of the opponent; λ – bound for the best-response value

1 v B R
i ← λ

2 aB R
i ← null

3 for ai ∈ Ai do
4 vai ← 0
5 for a−i ∈ A′

−i : σ ′
−i(a−i) > 0 do

6 vai ,a−i ← 0

7 λai ←
v B R

i −∑
a′−i ∈A′−i \{a−i } σ ′−i (a

′−i )·vi
T (s,ai ,a

′−i )

σ ′−i (a−i )

8 if λai > vi
T (s,ai ,a−i )

then
9 continue from line 3 with next ai

10 else
11 for s′ ∈ S : P�(s, ai , a−i , s′) > 0 do
12 if v−i

s′ < vi
s′ then

13 vai ,a−i ← vai ,a−i + P�(s, ai , a−i , s′)· DOαβ(s′, i, v−i
s′ , vi

s′ )
14 else
15 vai ,a−i ← vai ,a−i + P�(s, ai , a−i , s′) · vi

s′
16 vai ← vai + σ ′

−i(a−i) · vai ,a−i

17 if vai ≥ v B R
i then

18 v B R
i ← vai

19 aB R
i ← ai

20 return 〈v B R
i , aB R

i 〉
Algorithm 4: Best Response with serialized bounds (BR).

If the currently evaluated action ai can still be a best response, the value of the successor is determined (first by 
comparing the bounds). Once the expected outcome against all actions of the opponent is known, the expected value of 
action ai is compared against the current best response value (line 17) and saved if the expected utility is higher (line 19). 
These best response actions are allowed in the next iteration of the double-oracle algorithm and the algorithm progresses 
further as described.

When extracting strategies from DOαβ , we proceed exactly as in the case of BIαβ: either a double-oracle is initialized 
and solved for a certain matrix game and we keep the equilibrium strategies from the final restricted game, or the strategy 
is extracted from the serialized alpha-beta algorithms as before.

Theorem 4.4. The DOαβ(s, i, αs, βs) algorithm computes the value of the subgame defined by state s for player i.

Proof. The correctness of the algorithm follows from the correctness of the standard BI algorithm, Lemma 4.2, and the 
correctness of the double-oracle algorithm for matrix games [39]. We use them inductively for state s and assume DOαβ

for all the children of s returned correct values when called. Since we are using the classical double-oracle on a matrix 



12 B. Bošanský et al. / Artificial Intelligence 237 (2016) 1–40

Fig. 6. Simultaneous Move MCTS example. Here, Xs′ represents the cumulative payoff of all simulations that have passed through the cell, while ns′
represents the number of simulations that have passed through the cell.

game corresponding to state s with correct values, we only need to show that the best-response algorithm with serialized 
bounds cannot return null action due to setting the bounds incorrectly.

Without loss of generality, consider a lower bound −αs for state s to be λ in the best response algorithm. Value λ thus 
corresponds either to a value calculated by serialized alpha-beta and propagated via bounds when calling DOαβ(s, i, αs, βs), 
or it was updated during the iterations of the double-oracle algorithm for state s (line 20). In either case there exists a pure 
best response strategy corresponding to this value; hence, the best response has to find the strategy that achieves this value 
and cannot return null. �

Similarly to BIαβ , the performance of DOαβ also depends on the existence of a pure NE in the simultaneous move game. 
The best case is identical to BIαβ and the algorithm finds the solution by solving each serialization exactly once starting 
from the root state. In the worst case, neither of the serialized games yield useful bounds and the algorithm needs to call 
the double-oracle algorithm in every state. Moreover, the worst case for the double-oracle algorithm occurs when all actions 
in this state must be added and an action for only a single player is added in each iteration causing the largest number of 
iterations repeatedly resolving the linear program. Again in practical games used for benchmark purposes, or in real-world 
applications this is rarely the case. Moreover, the computational overhead from repeatedly solving an LP is relatively small. 
This is due to the size of each LP that is determined by the number of actions in each state (the number of constraints 
and variables is bounded by the number of actions in each state). Therefore, the size of each LP is small compared to the 
number of states DOαβ can prune out, especially if the pruning occurs close to the root of the game tree.

4.4. Simultaneous Move Monte Carlo Tree Search (SM-MCTS)

In the following subsections we move to the approximative algorithms. Monte Carlo Tree Search (MCTS) is a simulation-
based state space search algorithm often used in game trees. In its simplest form, the tree is initially empty and a single 
leaf is added each iteration. Each iteration starts by visiting nodes in the tree, selecting which actions to take based on 
a selection function and information maintained in the node. Consequently, the algorithm transitions to a successor state. 
When a node is visited whose immediate children are not all in the tree, the node is expanded by adding a new leaf to the 
tree. Then, a rollout policy (e.g., random action selection) is applied from the new leaf to a terminal state. The outcome of 
the simulation is then returned as a reward to the new leaf and the information stored in the tree is updated.

Consider again the game depicted in Fig. 1. We demonstrate how Monte Carlo Tree Search could progress in this game 
using the example shown in Fig. 6. This game has a root state, two subgames that are simple matrix games, and two 
arbitrarily large subgames. In the root state, player 1 (Max) has two actions: top (t) and bottom (b), and player 2 also has 
two actions: left (l) and right (r). The tree is initialized with a single empty state, s. On the first iteration, the first child 
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input : s – current state of the game
1 if s ∈ Z then
2 return u1(s)
3 if s ∈ C is a chance node then
4 Sample s′ ∼ ��(s)
5 return SM-MCTS(s′)
6 if s is in the MCTS tree then
7 (a1, a2) ← Select(s)
8 s′ ← T (s, a1, a2)

9 vs′ ← SM-MCTS(s′)
10 Update(s, a1, a2, vs′ )
11 return vs′

12 else
13 Add s as a new child in the MCTS tree
14 vs ← Rollout(s)
15 return vs

Algorithm 5: Simultaneous Move Monte Carlo Tree Search (SM-MCTS).

corresponding to (t, l) is added to the tree, giving a payoff u1 = 3 at the terminal state which is backpropagated to each 
state visited on the simulation. Similarly, on the second iteration the second child corresponding to (b, l) is added to the 
tree, giving a payoff u1 = 1, which is backpropagated up to all of its parents. After four simulations, every cell in the root 
state has a value estimate.

There are many possible ways to select actions based on the estimates stored in each cell which lead to different variants 
of the algorithm. We therefore first formally describe a generic template of MCTS algorithms for simultaneous move games 
(SM-MCTS) and then explain different instantiations derived from this template. Algorithm 5 describes a single iteration 
of SM-MCTS. The “MCTS tree” is an explicit tree data structure that stores the nodes of the search tree maintained in 
memory, e.g., the five-node tree shown in Fig. 6. Every node s in the tree maintains algorithm-specific statistics about the 
iterations that previously visited this node. The template can be instantiated by specific implementations of the updates of 
the statistics on line 10 and the selection based on these statistics on line 7. In the terminal states, the algorithm returns 
the value of the state for the first player (line 2). At chance nodes, the algorithm samples one of the possible next states 
based on its distribution (line 4). If the current state has a node in the current MCTS tree, the statistics in the node are used 
to select an action for each player (line 7). These actions are executed (line 8) and the algorithm is called recursively on the 
resulting state (line 9). The result of this call is used to update the statistics maintained for state s (line 10). If the current 
state is not stored in the tree, it is added to the tree (line 13) and its value is estimated using the rollout policy (line 14).

Several different algorithms (e.g., UCB [51], Exp3 [56], and regret matching [73]) can be used as the selection function. 
We now present the variants of SM-MCTS that were consistently the most successful in the previous works, though more 
variants can be found in [57,60,61].

4.4.1. Decoupled upper-confidence bound applied to trees
The most common selection function for SM-MCTS is the decoupled Upper-Confidence Bound applied to Trees (UCT). For 

the selection and updates, it executes the well-known UCT [46] algorithm independently for each of the players in each 
nodes. The statistics stored in the tree nodes are independently computed for each action of each player. For player i ∈ N
and action ai ∈ Ai(s) the reward sums Xai and the number of times the action was used nai are maintained. When a joint 
action needs to be selected by the Select function, an action that maximizes the UCB value over their utility estimates is 
selected for each player independently (therefore it is called decoupled):

ai = argmax
ai∈Ai(s)

{
X̄ai + Ci

√
log ns

nai

}
, where X̄ai = Xai

nai

and ns =
∑

bi∈Ai(s)

nbi . (6)

The Update function increases the visit count and rewards for each player i and its selected action ai using Xai ← Xai + ui
and nai ← nai + 1.

Consider again the example shown in Fig. 6. Decoupled UCT now groups together all the payoffs obtained for an action. 
Therefore, at the root Max has X̄t = 5/2 = 2.5, X̄b = 1/2 = 0.5 and the exploration term for both is Ci

√
(log 4)/2, and so top 

action is selected. For Min, X̄l = 3/2 = 1.5 = X̄r , so both actions have the same value. Therefore, Min must use a tie-breaking 
rule in this situation to decide which action to take. As we discuss later, the specific tie-breaking rule used here can lead to 
a significant effect on the quality of the strategy that UCT produces.

After all the simulations are done, there are two options for how to determine the resulting action to play. The more 
standard option is to choose for each state the action ai that maximizes nai for each player i. This is suitable mainly for 
games, in which using mixed strategy is not necessary. Alternatively, the action to play in each state can be determined 
based on the mixed strategy obtained by normalizing the visit counts of each action

σi(ai) = nai∑
bi∈Ai(s) nbi

. (7)
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Using the first method certainly makes the algorithm not converge to a Nash equilibrium, because the game may require a 
mixed strategy. Therefore, unless stated otherwise, we only use the mixed form in Equation (7), which was called DUCT(mix) 
in [11,61].

Note, that it was shown that this latter variant also might not converge to a Nash equilibrium (a well-known counter-
example in Rock, Paper, Scissors with biased payoffs [14]). However, one of the issues when using UCT in game trees is 
an unspecified behavior in case there are multiple actions with identical value in the maximization described in the UCT 
formula in Equation (6). This may have a significant impact on the performance of the UCT in simultaneous move games. 
Consider the matrix game at the right of Fig. 2. This game has only one NE: (a, A). However, if UCT selects the first or the 
last action among the options with the same value, it will always get only the utility 0 and the bias term will cause the 
players to round-robin over the diagonal indefinitely. This is clearly not optimal, as each player can then improve by playing 
first action with probability 1. However, if we choose the action to play randomly among the tied actions (where “tied” 
could be defined as being within a small tolerance gap), UCT will quickly converge to the optimal solution in this game. 
We experimentally analyze the impact of this randomization on the example used in [14] and show that if a randomized 
variant of UCT is used, the algorithm still does not converge to a NE but does converge to a strategy that is much closer to 
a NE than without randomization (see Subsection 6.3). Therefore, unless stated otherwise, we use the randomized variant 
in our implementation.

Even though UCT is not guaranteed to converge to the optimal solution, it is often very successful in practice. It has been 
used in general game playing [54], in the card game Urban Rivals [8], and in Tron [57].

4.4.2. Exponential-weight algorithm for exploration and exploitation
Another common choice of a selection function is to use the Exponential-weight algorithm for Exploration and Exploita-

tion (Exp3) [56] independently for each of the players. Unlike with UCT, two players using Exp3 in a single stage matrix 
game are guaranteed to converge to a Nash equilibrium [56]; hence, we can expect a good performance of this selection 
function even in multi-stage games. In Exp3, each player maintains an estimate of the sum of rewards for each action, de-
noted X̂ai . The joint action produced by Select is composed of an action independently selected for each player. An action is 
selected by sampling from a probability distribution over actions. Define γ to be the probability of exploring, i.e., choosing 
an action uniformly. The probability of selecting action ai is proportional to the exponential of the reward estimates:

σi(ai) = (1 − γ )exp(η X̂ai )∑
bi∈Ai(s) exp(η X̂bi )

+ γ

|Ai(s)| , where η = γ

|Ai(s)| . (8)

This standard formulation of Exp3 is suitable for deriving its properties, but a straightforward implementation of this 
formula leads to problems with a numerical stability. Both the numerator and the denominator of the fraction can quickly 
become too large. For this reason, other formulations have been suggested, e.g., in [11] and [50] that are more numerically 
stable. We use the following equivalent formulation from [50]:

σi(ai) = (1 − γ )∑
bi∈Ai(s) exp(η( X̂bi − X̂ai ))

+ γ

|Ai(s)| . (9)

The update after selecting actions (a1, a2) and obtaining a simulation result v1 normalizes the result to the unit interval 
for each player by

u1 ← (v1 − vmin)

vmax − vmin
; u2 ← (1 − u1), (10)

and adds to the corresponding reward sum estimates the reward divided by the probability that the action was played by 
the player using

X̂ai ← X̂ai + ui

σi(ai)
. (11)

Dividing the value by the probability of selecting the corresponding action makes X̂ai estimate the sum of rewards over all 
iterations, not only the ones where ai was selected.

As the final strategy, after all iterations are executed, the algorithm computes the average strategy of the Exp3 algorithm 
over all iterations for each player. Let σ t

i be the strategy used at time t . After T iterations in a particular node, the average 
strategy is

σ̄ T
i (ai) = 1

T

T∑
t=1

σ t
i (ai). (12)

In our implementation, we maintain the cumulative sum and normalize it to obtain the average strategy.
Previous work [8] suggests removing the samples caused by the exploration first. This modification proved to be useful 

also in our experiments and it has been shown not to reduce the performance substantially in the worst case [59], so as 
the resulting final mixed strategy, we use
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σ̄i(ai) ← max

(
0, σ̄i(ai) − γ

|Ai(s)|
)

, (13)

normalized to sum to one.

4.4.3. Regret matching
The last selection function we propose is inspired by regret matching [73], which forms the bases of the successful 

algorithms for solving imperfect information games [28]. This variant applies regret matching to the current estimated 
matrix game at each stage and was first used in [11]. The statistics stored by this algorithm in each node are the visit count 
of each joint action (na1a2 ) and the sum of rewards for each joint action (Xa1a2 ).5 Furthermore, the algorithm for each player 
i maintains a cumulative regret ri

ai
for having played σ t

i instead of ai ∈ Ai(s) on iteration t , initially set to 0. The regret 
values ri

ai
are maintained separately by each player. However, the updates use a value that is a function of the joint action 

space.
On iteration t , function Select first builds each player’s current strategies from the cumulative regrets. Define x+ =

max(x, 0),

σi(ai) = ri+
ai

R+
sum

if R+
sum > 0 otherwise

1

|Ai(s)| , where R+
sum =

∑
bi∈Ai(s)

ri+
bi

. (14)

The main idea is to adjust the strategy by assigning the probability to actions proportionally to the regret of having not 
taken them over the long-term. To ensure exploration, a sampling procedure similar to Equation (8) is used to select action 
ai with probability γ /|Ai(s)| + (1 − γ )σi(ai).

Update adds the regret accumulated at the iteration to the regret tables ri . Suppose joint action (a1, a2) is sampled from 
the selection policy and utility u1 is returned from the recursive call on line 9. Label reward(b1, b2) = Xb1b2

nb1b2
if (b1, b2) �=

(a1, a2), or u1 otherwise. The updates to the regret are:

∀b1 ∈ A1(s), r1
b1

← r1
b1

+ (reward(b1,a2) − u1), (15)

∀b2 ∈ A2(s), r2
b2

← r2
b2

− (reward(a1,b2) − u1). (16)

After all simulations, the strategy to play in state s is defined by the mean strategy used in the corresponding node 
(Equation (12)).

4.4.4. Theoretical properties
While the completeness of the exact algorithms is based on the Markov property and backward induction, the concept 

of the completeness is less clear for the sampling algorithms due to the randomization. Instead, we discuss a form of 
a probabilistic completeness. Unfortunately, none of the variants of this algorithm introduced above has been proven to 
eventually converge to a Nash equilibrium. If the algorithm is instantiated by UCT, Shafiei et al. [14] have shown that the 
algorithm converges to a stable strategy, which is not close to a Nash equilibrium. We replicate the experiment below and 
note that this is the case only for the deterministic version of UCT. A randomized version of UCT with a well selected 
exploration parameter empirically converges close to the equilibrium strategy, but then in some games oscillates and does 
not converge further.

The only known theoretical result about SM-MCTS directly applicable to the algorithms in this paper is negative, and it 
has been proven in [59].

Theorem 4.5. There are games, in which SM-MCTS instantiated by any regret minimizing selection function with a constant exploration 
γ cannot converge to a strategy that would be an ε-Nash equilibrium for an ε < γ D, where D is the depth of the game tree.

The main idea of the proof is to define a specific class of games (see Example 2 in [59]), in which the exploration in a 
greater depth of the game tree causes a bias in the values observed in the higher levels of the tree, consequently leading to 
an incorrect decision in the root.

In order to obtain positive formal results about the convergence of SM-MCTS-like algorithms, the authors in [59] either 
add an additional averaging step to the algorithm (that makes it significantly slower in practical games used in benchmarks), 
or assume additional non-trivial technical properties about the selection function, which are not known to hold for any of 
the selection functions above.

As for computational complexity, the time cost per node is linear in |Ai | for UCT and RM. The time cost per node is 
quadratic in the case of Exp3 due to the numerically stable update rule (Equation (9)). The memory required per node is 
linear for UCT and Exp3, and quadratic in |Ai | for RM due to storing estimates of each child subgame. This can be easily 
avoided by storing the mean estimates directly in the children.

5 Note that na1a2 and Xa1a2 correspond to ns′ and Xs′ from Fig. 6.
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4.5. Counterfactual regret minimization and outcome sampling

Finally, we describe algorithms based directly on Counterfactual Regret (CFR, a notion of regret at the information set 
level), first designed for extensive-form games with imperfect information [28].

Recall from Section 2 the set of histories H. Here we also use Z defined previously as the set of terminal states, to refer 
to the set of terminal histories since there is a one-to-one correspondence between them. A history is a sequence of actions 
taken by all players (including chance) that starts from the beginning of the game. A history h′ is a prefix of another history 
h, denoted h′ � h, if h contains h′ as a prefix sequence of actions. The counterfactual value of reaching information set I is 
the expected payoff given that player i played to reach I , the opponent played σ−i and both players played σ after I was 
reached:

vi(I,σ ) =
∑

(h,z)∈ZI

πσ
−i(h)πσ (h, z)ui(z), (17)

where ZI = {(h, z) | z ∈ Z, h ∈ I, h � z}, πσ
−i(h) is the product of probabilities to reach h under σ excluding player i’s (i.e., 

including chance) and πσ (h, h′), where h � h′ , is the probability of all actions taken along the path from h to h′ . Suppose, at 
time t , players play with strategy profile σ t . Define σ t

I→a as identical to σ t
i except at I action a is taken with probability 1. 

Player i’s counterfactual regret of not taking a ∈ A(I) at time t is rt
i (I, a) = vi(I, σ t

I→a) − vi(I, σ t). The CFR algorithm 
maintains the cumulative regret RT

i (I, a) = ∑T
t=1 rt

i (I, a), for every action at every information set. Then, the distribution at 
each information set for the next iteration σ T +1(I) is obtained individually using regret-matching [73]. The distribution is 
proportional to the positive portion of the individual actions’ regret:

σ T +1(I,a) =
{

RT ,+
i (I,a)/RT ,+

i,sum(I) if RT ,+
i,sum(I) > 0

1/|A(I)| otherwise,

where x+ = max(0, x) for any term x, and RT ,+
i,sum(I) = ∑

a′∈A(I) RT ,+
i (I, a′). Furthermore, the algorithm maintains for each 

information set the average strategy profile

σ̄ T (I,a) =
∑T

t=1 πσ t

i (I)σ t(I,a)∑T
t=1 πσ t

i (I)
, (18)

where πσ t

i (I) = ∑
h∈I π

σ t

i (h). The combination of the counterfactual regret minimizers in individual information sets also 
minimizes the overall average regret [28], and hence due to the Folk Theorem the average profile is a 2ε-equilibrium, with 
ε → 0 as T → ∞.

Monte Carlo Counterfactual Regret Minimization (MCCFR) applies CFR to sampled portions of the games [58]. In the 
outcome sampling (OS) variant, a single terminal history z ∈ Z is sampled in each iteration. The algorithm updates the regret 
in the information sets visited along z using the sampled counterfactual value,

ṽ i(I,σ ) =
{

1
q(z)π

σ
−i(h)πσ (h, z)ui(z) if (h, z) ∈ ZI

0 otherwise,
(19)

where q(z) is the probability of sampling z. As long as every z ∈ Z has a non-zero probability of being sampled, ṽ i(I, σ) is 
an unbiased estimate of v(I, σ) due to the importance sampling correction (1/q(z)). For this reason, applying CFR updates 
using these sampled counterfactual regrets r̃t

i (I, a) = ṽ i(I, σ t
I→a) − ṽ i(I, σ t) on the sampled information sets values also 

eventually converges to the approximate equilibrium of the game with high probability. The required number of iterations 
for convergence is much larger, but each iteration is much faster.

4.5.1. Online Outcome Sampling
We now present Online Outcome Sampling for simultaneous move games (SM-OOS). Note, importantly, that SM-OOS is 

different from the general SM-MCTS algorithms presented in Subsection 4.4. SM-OOS is an adaptation of a more general 
algorithm which has been proposed for search in imperfect information games [13]. However, since simultaneous move 
games are decomposable into subgames, the typical problems encountered in the fully imperfect information search setting 
are not present here. Hence, we present a simpler OOS specifically intended for simultaneous move games.

Online Outcome Sampling resembles MCTS in that it builds its tree incrementally. However, the algorithm is based on 
MCCFR, from Subsection 4.5, rather than on stochastic and adversarial bandit algorithms, such as UCB and Exp3. A previous 
version of this algorithm for simultaneous move games was presented by Lanctot et al. [11]. The version presented here is 
simpler for implementation and it further reduces the variance of the regret estimates, which leads to a faster convergence 
and better game play. The main novelty in this version is that in any state s, it defines the counterfactual values as if the 
game actually started in s. This is possible in simultaneous move games, because the optimal strategy in any state depends 
only on the part of the game below the state.

The pseudocode is given in Algorithm 6. The game tree is incrementally built, starting only with one node for the root 
game state. Each node stores for each player: Ri(s, a) the cumulative regret (denoted RT

i (I, a) above) of player i in state s
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input : s – current state of the game; i – regret updating player
output: (xi , qi , ui): xi – i’s contribution to tail probability (πσ (h, z)); qi – i’s contribution to sample probability (q(z)); ui – utility of the sampled 

leaf
1 if s ∈ Z then return (1, 1, ui(s))
2 else if s ∈ C is a chance node then
3 Sample s′ from ��(s)
4 return SM-OOS(s′, i)
5 if s is already in the OOS tree then
6 σi ← RegretMatching(Ri(s))
7 ∀a ∈ Ai(s) : σ ′

i (s, a) ← (1 − ε)σi(s, a) + ε
|Ai (s)|

8 Sample action ai from σ ′
i

9 σ−i ← RegretMatching(R−i(s))
10 Sample action a−i from σ−i

11 (xi , qi , ui) ← SM-OOS(T (s, ai , a−i), i)
12 else
13 Add s to the tree

14 ∀a ∈ Ai(s) : σi(s, a) ← 1
|Ai (s)|

15 Sample action ai from σi

16 ∀a ∈ A−i(s) : σ−i(s, a) ← 1
|A−i (s)|

17 Sample action a−i from σ−i

18 (xi , qi , ui) ← OOS-Rollout(T (s, ai , a−i))

19 W ← ui · xi/qi

20 Ri(s, ai) ← Ri(s, ai) + 1−σi (s,ai )

σ ′
i (ai )

W

21 ∀a ∈ Ai(s) \ {ai} : Ri(s, a) ← Ri(s, a) − σi (s,ai )

σ ′
i (s,ai )

W

22 S−i(s) ← S−i(s) + σ−i

23 return (x · σi(s, ai), q · σ ′
i (s, ai), ui)

Algorithm 6: Simultaneous Move Online Outcome Sampling (SM-OOS).

and action a, and average strategy table Si(s), which stores the cumulative average strategy contribution for each action. 
Normalizing Si gives the resulting strategy of the algorithm for player i.

The algorithm runs iterations from a starting state until it uses the given time limit. A single iteration is depicted in 
Algorithm 6, which recursively descends down the tree. In the root of the game, the function is run as SM-OOS(root, i), 
alternating player i ∈ {1, 2} in each iteration. If the function reaches a terminal history of the game (line 1), it returns the 
utility of the terminal node for player i, and 1 for both the tail and sample probability contribution of i. If it reaches a chance 
node, it recursively continues after a randomly selected chance outcome (lines 3–4). If none of the first two conditions holds, 
the algorithm reaches a state where the players make decisions. If this state is already included in the incrementally built 
tree (line 5), the following state is selected based on the cumulative regrets stored in the tree by regret matching with 
ε-on-policy sampling strategy for player i (lines 6–8) and the exact regret matching strategy for player −i (lines 9–11). The 
recursive call on line 11 then continues the iteration until the end of the game tree. If the reached node is not in the tree, 
it is added (line 13) and an action for each player is selected based on the uniform distribution (lines 14–16). Afterwards, 
a random rollout of the game until a terminal node is initiated on line 18. The rollout is similar to the MCTS case, but 
in addition, it has to compute the tail probability xi and the sampling probability qi required to compute the sampled 
counterfactual value. For example, if in the rollout player i acts ni times, and each time samples uniformly from exactly b
actions, then xi = 1

bni . Regardless of whether the current node was in the tree, the algorithm updates the regret table of 
player i based on the simplified definition of sampled counterfactual regret for simultaneous move games (lines 19–21) and 
the mean strategy of player −i (line 22). Finally, the function returns the updated probabilities to the upper level of the 
tree.

SM-OOS appears similar to SM-MCTS using the RM selection mechanism (Subsection 4.4.3). However, there are a number 
of differences: SM-OOS uses importance sampling of a sequence of probabilities to keep its estimate unbiased, but will suffer 
a higher variance than RM which uses only a one-step correction. RM does not distinguish whether its utility comes from 
exploration or otherwise, whereas SM-OOS separates the two into the tail probabilities of the strategy for the sequence 
sampled (xi ) and the sampling probability of the sequence (qi ); when σi(s, a) = 0, due to exploration, then xi = 0 and the 
value of the update increments are also 0. RM uses the means from the subgames as estimates of utility for those subgames, 
which could introduce some bias in the estimators. We further discuss the comparison in Subsection 6.6.

4.5.2. Theoretical properties
SM-OOS, contrary to the MCTS-based algorithms, has finite-time probabilistic convergence guarantees. Since SM-OOS is 

designed to update each node of the game in the same way as the root of the game, we present the following theorem from 
the perspective of the root of the entire game. It holds also for starting the algorithm in non-root nodes, but the values of 
|S| and δ can be adapted to represent the subgame.
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Theorem 4.6. When SM-OOS is run from the root of the game, with probability (1 − p) an ε-NE is reached after O (
|A||S|2�2

u,i

pδ2ε2 )

iterations, where |A| = maxs∈S,i∈{1,2} |Ai(s)|, �u,i = maxz,z′∈Z |ui(z′) − ui(z)|, and δ is the smallest probability of sampling any 
single leaf in the subtree of the root node.

Proof. The proof is composed of two observations. First, the whole game tree is eventually built by the algorithm. A direct 
consequence of [59, Lemma 40] is that the tree of depth D is built with probability (1 − p1) in less than

16D

( |A|
γ

)2D

max(D,4 log p−1
1 + 4) (20)

iterations by an algorithm with a fixed exploration γ . This is the number of iterations needed for each leaf in the game to 
be visited at least D times.

Second, during these and the following iterations, the algorithm performs exactly the same updates in the nodes con-
tained in memory, as the Outcome Sampling (OS) MCCFR [58]. If some nodes below a state were not added to the tree 
yet, a uniform strategy is assumed in these states for the regret updates. Since CFR minimizes the counterfactual regret in 
an individual information set regardless of the strategies in other information sets, the samples acquired during the tree 
building cannot have a negative impact on the rate of regret minimization in individual states. Therefore, we can use [74, 
Theorem 4] that bounds the number of iterations needed for OS as an offline solver with the complete game in the memory, 
starting after the tree has been built with a high probability. It states that with probability (1 − p2) an ε-NE is reached after 

O (
|A||S|2�2

u,i

p2δ2ε2 ) iterations.

We can see that the OS bound dominates the time required to build the tree. A single explorative action is taken with 
probability γ /|A|, and when sampling a terminal z only due to exploration, 1

δ
= (

|A|
γ )2D , and D2 < |A|2D ∈ O (|S|) for any 

A, and we can set p1 = p2 = p/2. Then the probability that both the tree will be built and the convergence will be achieved 
can be bounded by (1 − p1)(1 − p2) ≥ (1 − p). �

As for computational complexity, the time cost as well as the memory required per node is linear in |Ai | in SM-OOS.

5. Online search

In this section, we describe online adaptations of the algorithms described in the previous section and their application 
to any-time search given a limited time budget.

5.1. Iterative deepening backward induction algorithms

Minimax search [5] has been used with much success in sequential perfect information games, leading to super-human 
chess AI, one of the key advances of artificial intelligence [1]. Minimax search is an online application of backward induction 
run on a heuristically approximated game. The game is approximated by searching to a fixed depth limit d, treating the 
states at depth d as terminal states, evaluating their values using a heuristic evaluation function, eval(s). The main focus is 
to compute an optimal strategy for this heuristic approximation of the original game.

Similarly to the perfect information case, we can modify our algorithms based on backward induction for simultaneous 
move games. Under the limited time settings, a search algorithm is given a fixed time budget to compute a strategy. We use 
the classic approach of iterative deepening [5] that runs several depth-limited searches, starting at a low depth and iteratively 
increasing the depth of each successive search. Note that the depth limit of d means that the algorithm evaluates d joint 
actions (i.e., pairs of simultaneous actions) possibly preceded by a chance outcome if present.

In iterative deepening, the algorithm by default starts at depth d = 1 and gradually increases d until there is no more 
time. In our implementation of iterative deepening we follow a natural observation that saves the computation time between 
different searches: a solution computed in state s by player i to depth d contains an optimal solution on d − 1 approximation 
of subgames starting in possible next states T (s, r, c), where r is the action selected for the player performing the search 
and c is the action of the opponent. Therefore, when the iterative deepening algorithm starts a new search in state s′ ∈
T (s, r, c), it can often begin at depth d. This can require space exponential in the depth d in the worst case, but it is 
beneficial in practical experiments. When information is missing due to pruning, then a search starts with the lowest 
possible depth d = 1.

5.2. Online search using sampling algorithms

Using sampling algorithms in the online settings is simpler than with the algorithms based on backward induction, since 
no significant changes are needed and the algorithms do not need an evaluation function. The algorithms are stopped after 
a given time limit and the move to play or the complete strategy is extracted as described for each sampling algorithm in 
Section 4.
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There are two concepts that have to be discussed. First, the algorithms can re-use all information and statistics gained in 
the previous iterations; hence, after returning a move and advancing to a succeeding state of the game s′ , the subtree of the 
incrementally built tree rooted in s′ is preserved and used in the next iterations. Note that reusing the previously gathered 
statistics in the sub-tree rooted in s′ has no potentially negative effect on any variant of the MCTS algorithms since the 
behavior of the algorithms is exactly the same when the iteration is started in this node, and if this node is reached from 
its predecessor. This is also true in SM-OOS because of the structure of simultaneous move games; a similar adaptation of 
the algorithm is not possible in more general imperfect information games [13].

Second, even though the sampling algorithms do not require the use of domain-specific knowledge for online search, 
they often incorporate this type of knowledge to better guide the sampling and thus to evaluate more relevant parts of the 
state space [75–79]. When directly comparing approximative sampling algorithms with the backward induction algorithms 
using an evaluation function, the outcome of such a comparison strictly depends on the quality of the evaluation function. 
In a very large game, an accurate evaluation function greatly benefits the backward induction algorithm. Therefore, we also 
use sampling algorithms combined with an evaluation function. The integration is done via replacing the random rollout 
by directly using the value of the evaluation function in the current state for MCTS and OOS algorithms; i.e., Rollout(s) in 
line 14 of Algorithm 5 or line 18 of Algorithm 6 is replaced by eval(s). This has been commonly used in several previous 
works in Monte Carlo search [76,78–81].

Again, such a modification does not generally affect theoretical properties of the algorithms – the proofs of the con-
vergence assume that a whole game tree is eventually built and any statistics in the nodes collected before (either by 
random rollouts or evaluation functions) can eventually be over-weighted. For MCTS algorithms, there is no reason to be-
lieve that a good evaluation function would give a worse estimate of the quality of a sub-tree using random play-outs. 
The only complication could be with the way the probabilities are computed in OOS. The weight of the sample in Equa-
tion (19) is multiplied by the probability of reaching the terminal state z from some history h, πσ (h, z). However, the “tail” 
probability is canceled because the rollout policy is fixed and so its contribution to q(z) is identical to its contribution 
to πσ (h, z).

6. Empirical evaluation

We now present a thorough experimental evaluation of the described algorithms. We analyze both the offline and the 
online case on a collection of games inspired by previous work, and randomly generated games. After describing rules and 
properties of the games, we present the results for the offline strategy computation and we follow with the online game 
playing.

6.1. Experimental settings

We start with an experimental evaluation of a well-known example of Biased Rock, Paper, Scissors [14] that often serves 
as an example that MCTS with UCT selection function does not converge to a Nash equilibrium. We reproduce this ex-
periment and show the differences in performance of the sampling algorithms – primarily the impact of randomization in 
UCT. Then, we compare the offline performance of the algorithms on other domains. For each domain, we first analyze the 
exact algorithms and measure the computation time taken to solve a particular instance of the game. Afterward, we analyze 
the convergence of the approximative algorithms. At a specified time step the algorithm produces strategies (σ1, σ2). Using 
best responses we compute error(σ1, σ2) = maxσ ′

1∈�1
Ez∼(σ ′

1,σ2)[u1(z)] + maxσ ′
2∈�2

Ez∼(σ1,σ ′
2)[u2(z)], which is equal to 0 at 

a Nash equilibrium. In each offline convergence setting, the reported values are means over at least 20 runs of each sam-
pling algorithm on a single instance of the game. We compared at least 3 different settings for each exploration parameter 
and present the result only for the best exploration parameter. For OOS, Exp3, and RM the best values for the parameters 
were almost always 0.6, 0.1, and 0.1, respectively. The only exception was Goofspiel with chance, where both Exp3 and RM 
converge faster with the parameter set to 0.3. We give the optimal value for UCT constant C in each setting.

Finally, we turn to the comparison of the algorithms in the online setting and we present results from head-to-head 
tournaments in each game. Here, we use larger instances of each game and compare the algorithms based on actual game 
play with a limited time for each move. The algorithms based on backward induction need to use a domain-specific eval-
uation function in the online setting. This may give these algorithms an advantage if the evaluation function is accurate. 
Therefore, we also run the sampling-based algorithms with an evaluation function for selected domains to compare the 
algorithms in a fairer setting. Moreover, we have also tuned parameters for the sampling algorithms specifically for each 
domain. Reported results are means over at least 1000 matches for each pair of algorithms.

Each of the described algorithms was implemented in a generic framework for modeling and solving extensive-form 
games.6 We are interested in the performance of the algorithms and their ability to find or approximate the optimal be-
havior. Therefore, with the exception of the evaluation function used in selected online experiments, no algorithm uses any 
domain-specific knowledge.

6 Source code is available at the web page of the authors. We use IBM CPLEX 12.5 to solve the linear programs.
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Fig. 7. Biased Rock, Paper, Scissors matrix game from [14].

6.2. Domains

In this subsection, we describe the six domains used in our experiments. The games in our collection differ in charac-
teristics, such as the number of available actions for each player (i.e., the branching factor), the maximal depth, and the 
number of possible utility values. Moreover, the games also differ in the randomization factor – i.e., how often it is necessary 
to use mixed strategies and whether this randomization occurs at the beginning of the game, near the end of the game, or 
is spread throughout the whole course of the game.

For each domain we also describe the evaluation function used in the online experiments. Note that we are not seeking 
the best-performing algorithm for a particular game; hence, we have not aimed for the most accurate evaluation functions 
for each game. We intentionally use evaluation functions of different quality that allow us to compare the differences 
between the algorithms from this perspective as well.

Biased Rock, Paper, Scissors. BRPS is a payoff-skewed version of the one-shot game Rock, Paper, Scissors shown in Fig. 7. 
This game was introduced in [14], and it was shown that the visit count distribution of UCT converges to a fixed balanced 
situation, but not one that corresponds to the optimal mixed strategy of ( 1

16 , 10
16 , 5

16 ).

Goofspiel. Goofspiel is a card game that appears as a common example of a simultaneous move game (e.g., [11,35,37,38]). 
There are 3 identical decks of d cards with values {0, . . . , (d − 1)}, one for chance and one for each player, where d is a 
parameter of the game. Standard Goofspiel is played with 13 cards. The game is played in rounds: at the beginning of each 
round, chance reveals one card from its deck and both players bid for the card by simultaneously selecting (and removing) 
a card from their hands. A player that selects a higher card wins the round and receives a number of points equal to the 
value of the chance’s card. In case both players select the card with the same value, the chance’s card is discarded. When 
there are no more cards to be played, the winner of the game is chosen based on the sum of card values he received during 
the whole game.

There are two parameters of the game that can be altered to create four different variants of Goofspiel. The first pa-
rameter determines whether or not the chance player is included. We can use an assumption made in the previous work 
that used Goofspiel as a benchmark for evaluation of the exact offline algorithms [38], where the sequence of the cards is 
randomly chosen at the beginning of the game and it is known to both players. We refer to this setting as the fixed sequence
of cards. Alternatively, we can treat chance in the standard way, where chance nodes determine the card that gets drawn. 
We refer to this setting as the stochastic sequence. The games are fairly similar in terms of performance of the algorithms, 
however, the second variant induces a considerably larger game tree. The second parameter relates to the utility functions. 
Either we treat the game as a win–tie–lose game (i.e., the players receive utility from {−1, 0, 1}), or the utility values for 
the players are equal to the points they gain during the game.

Goofspiel forms game trees with interesting properties. First unique feature is that the number of actions for each player 
is uniformly decreasing by 1 with the depth. Secondly, algorithms must randomize in NE strategies, and this randomization 
is present throughout the whole course of the game. As an example, the following table depicts the number of states with 
pure strategies and mixed strategies for each depth in a subgame-perfect NE calculated by backward induction for Goofspiel 
with 5 cards and a fixed sequence of cards:

Depth 0 1 2 3 4

Pure 0 17 334 3,354 14,400
Mixed 1 8 66 246 0

We can see that the relative number of states with mixed strategies slowly decreases, however, players need to mix 
throughout the whole game. In the last round, each player has only a single card; hence, there cannot be any mixed 
strategy.

Our hand-tuned evaluation function used in Goofspiel takes into consideration the remaining cards in the deck weighted 
by a chance of winning these cards depending on the remaining cards in hand for each player. Moreover, if the position is 
clearly winning for one of the players (there is not enough cards to change the current score), the evaluation function is set 
to maximal (or minimal) value. The formal definition follows (ci is the sum of values of the remaining cards of player i):

eval(s) =
{

u1(s) if c1 + c2 = 0 ;
tanh

(
c1−c2
c1+c2

· c�

0.5·d(d+1)

)
otherwise.
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For the win–tie–lose case we use tanh to scale the evaluation function into the interval [−1, 1]; this function is omitted in 
the exact point case.

Oshi-Zumo. Oshi-Zumo (also called Alesia in [22]) is a board game that has been analyzed from the perspective of computa-
tional game theory in [36]. There are two players in the game, both starting with N coins, and there is a board represented 
as a one-dimensional playing field with 2K + 1 locations (indexed 0, . . . , 2K ). At the beginning, there is a stone (or a 
wrestler) located in the center of the playing field (i.e., at position K ). During each move, both players simultaneously place 
their bid from the amount of coins they have (but at least M if they still have some coins). Afterward, the bids are revealed, 
both bids are subtracted from the number of coins of the players, and the highest bidder can push the wrestler one location 
towards the opponent’s side. If the bids are the same, the wrestler does not move. The game proceeds until the money 
runs out for both players, or the wrestler is pushed out of the field. The winner is determined based on the position of 
the wrestler – the player in whose half the wrestler is located loses the game. If the final position of the wrestler is the 
center, the game is a draw. Again, we have examined two different settings of the utility values: they are either restricted 
to win–tie–lose values {−1, 0, 1}, or they correspond to the relative position of the wrestler {wrestler − K , K − wrestler}. In 
the experiments we varied the number of coins and parameter K .

Many instances of the Oshi-Zumo game have a pure Nash equilibrium. With the increasing number of the coins the 
players need to use mixed strategies, however, mixing is typically required only at the beginning of the game. As an ex-
ample, the following table depicts the number of states with pure strategies and mixed strategies in a subgame-perfect NE 
calculated by backward induction for Oshi-Zumo with N = 10 coins, K = 3, and minimal bid M = 1. The results show that 
there are very few states where mixed strategies are required, and they are present only at the beginning of the game tree. 
Also note, that contrary to Goofspiel, not all branches have the same length.

Depth 0 1 2 3 4 5 6 7 8 9

Pure 1 98 2,012 14,767 48,538 79,926 69,938 33,538 8,351 861
Mixed 0 1 4 17 8 0 0 0 0 0

The evaluation function used in Oshi-Zumo takes into consideration two components: (1) the current position of the 
wrestler and, (2) the remaining coins for each player. Formally:

eval(s) = tanh

(
b

2
+ 1

3

(
coins1 − coins2

M
+ wrestler − K

))
,

where b = 1 if coins1 ≥ coins2 and wrestler ≥ K , and at least one of the inequalities is strict; or b = −1 if coins1 ≤ coins2
and wrestler ≤ K , and at least one of the inequalities is strict; b = 0 otherwise. Again, we use tanh to scale the value into 
the interval [−1, 1] only in the win–tie–lose case.

Pursuit–evasion games. Another important class of games is pursuit–evasion games (for example, see [82]). There is a single 
evader and a pursuer that controls 2 pursuing units on a four-connected grid in our pursuit–evasion game. Since all units 
move simultaneously, the game has larger branching factor than Goofspiel (up to 16 actions for the pursuer). The evader 
wins if she successfully avoids the units of the pursuer for the whole game. The pursuer wins if her units successfully 
capture the evader. The evader is captured if either her position is the same as the position of a pursuing unit, or the 
evader used the same edge as a pursuing unit (in the opposite direction). The game is win–loss and the players receive 
utility from the set {−1, 1}. We use 3 different square four-connected grid-graphs (with the size of a side 4, 5, and 10 
nodes) for the experiments without any obstacles or holes. In the experiments we varied the maximum length of the game 
d and we altered the starting positions of the players (the distance between the pursuers and the evader was always at 
most 

⌊
2
3 d

⌋
moves, in order to provide a possibility for the pursuers to capture the evader).

Similarly to Oshi-Zumo, many instances of pursuit–evasion games have a pure Nash equilibrium. However, the random-
ization can be required towards the actual end of the game in order to capture the evader. Therefore, depending on the 
length of the game and the distance between the units, there might be many states that do not require mixed strategies 
(the units of the pursuers are simply going towards the evader). Once the units are close to each other, the game may 
require mixed strategies for the final coordination. This can be seen on our small example on a graph with 4 × 4 nodes and 
depth 5:

Depth 0 1 2 3 4

Pure 1 12 261 7,656 241,986
Mixed 0 0 63 1,008 6,726

The evaluation function used in pursuit–evasion games takes into consideration the distance between the units of the 
pursuer and the evader (denoted distance j for the distance in moves of the game between the jth unit of the pursuer and 
the evader). Formally:
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eval(s) = min(distance1,distance2) + 0.01 · max(distance1,distance2)

1.01 · (w + l)
,

where w and l are dimensions of the grid graph.

Random/synthetic games. Finally, we also use randomly generated games to be able to experiment with additional param-
eters of the game, mainly larger utility values and their correlation. In randomly generated games, we fixed the number of 
actions that the players can play in each stage to 4 and 5 (the results were similar for different branching factors) and we 
varied the depth of the game tree. We use 2 different methods for randomly assigning the utility values to the terminal 
states of the game: (1) the utility values are uniformly selected from the interval [0,1]; (2) we randomly assign either −1, 
0, or +1 value to each joint action (pair of actions) and the utility value in a leaf is a sum of all the values on the edges on 
the path from the root of the game tree to the leaf. The first method produces extremely difficult games for pruning using 
either alpha-beta, or the double-oracle algorithm, since there is no correlation between actions and utility values in sibling 
leaves. The latter method is based on random P-games [83] and creates more realistic games using the intuition of good and 
bad moves.

Randomly generated games represent games that require mixed strategies in most of the states. This holds even for 
the games of the second type with correlated utility values in the leaves. The following table shows the number of states 
depending on the depth for a randomly generated game of depth 5 with 4 actions available to both players in each state:

Depth 0 1 2 3 4

Pure 0 2 29 665 20,093
Mixed 1 14 227 3,431 45,443

Only the second type of randomly generated games is used in the online setting. The evaluation function used in this 
case is computed similarly to the utility value and it is equal to the sum of values on the edges from the root to the current 
node.

Tron. Tron is a two-player simultaneous move game played on a discrete grid, possibly obstructed by walls [55,57,60]. At 
each step, both players move to adjacent nodes and a wall is placed to the original positions of the players. If a player hits 
the wall or the opponent, the game ends. The goal of both players is to survive as long as possible. If both players move 
into a wall, off the board, or into each other on the same turn, the game ends in a draw. The utility is +1 for a win, 0 for 
a draw, and −1 for a loss. In the experiments, we used an empty grid with no obstacles and various sizes of the grid.

Similarly to pursuit–evasion games, there are many instances of Tron that have pure NE. However, even if mixed strate-
gies are required, they appear in the middle of the game once both players reach the center of the board and compete over 
the advantage of possibly being able to occupy more squares. Once this is determined, the endgame can be solved in pure 
strategies since it typically consists of filling the available space in an optimal ordering one square at a time. The following 
table comparing the number of states demonstrates this characteristics of Tron on a 5 × 6 grid:

Depth 0 1 2 3 4 5 . . .

Pure 1 4 14 100 565 2,598
Mixed 0 0 2 0 9 7

. . . 6 7 8 9 10 11 12 13

9,508 25,964 54,304 83,624 87,009 63,642 23,296 3,127
51 92 106 121 74 0 0 0

The evaluation function is based on how much space is “owned” by each player, which is a more accurate version of the 
space estimation heuristic [84] that was used in [60]. A cell is owned by player i if it can be reached by player i before 
the opponent. These values are computed using an efficient flood-fill algorithm whose sources start from the two players’ 
current positions:

eval(s) = tanh

(
owned1 − owned2

5

)
.

6.3. Non-convergence and random tie-breaking in UCT

We first revisit the counter-example given in [14] showing that UCT does not converge to an equilibrium strategy in 
Biased Rock, Paper, Scissors when using a mixed strategy created by normalizing the visit counts. We expand on this 
result, showing the effect of the synchronization occurring when the UCT selection mechanism is fully deterministic (see 
Subsection 4.4.1).
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Fig. 8. Exploitability of strategies of recommended by MCTS-UCT over time in Biased Rock, Paper, Scissors. Vertical axis represents exploitability.

We run SM-MCTS with UCT, Exp3, and Regret Matching selection functions on Biased Rock, Paper, Scissors for 100 million 
(108) iterations, measuring the exploitability of the strategy recommended by each variant at regular intervals. The results 
are shown in Figs. 8 and 9.

The first observation is that deterministic UCT does not seem to converge to a low-exploitability strategy (see Fig. 8, top 
figure). The exploitability of the strategies of Exp3 and RM variants do converge to low-exploitability strategies (see Fig. 9), 
and the resulting approximation depends on the amount of exploration. If less exploration is used, then the resulting 
strategy is less exploitable, which is natural in the case of a single state. RM does seem to converge slightly faster than 
Exp3, as we will see in the remaining domains as well.

We then tried adding a stochastic tie-breaking rule to the UCT selection mechanism typically used in MCTS implemen-
tations, which chooses an action randomly when the scores of the best values are “tied” (less than 0.01 apart). The bottom 
figure in Fig. 8 shows the convergence. One particularly striking observation is that this simple addition leads to a large 
drop in the resulting exploitability, where the exploitability ranges from [0.5, 0.8] in the deterministic case, compared to 
[0.01, 0.05] with the stochastic tie-breaking. Therefore, the stochastic tie-breaking is enabled in all of our experiments.

In summary, with this randomization UCT appears to be converging to an approximate equilibrium in this game but not 
to an exact equilibrium, which is similar to results of a variant of UCT in Kuhn poker [85].

6.4. Offline equilibrium computation

We now compare the offline performance of the algorithm on all the remaining games. We measure the overall com-
putation time for each of the algorithms and the number of evaluated nodes – i.e., the nodes for which the main method 
of the backward induction algorithm executed (nodes evaluated by serialized alpha-beta algorithms are not included in this 
count, since they may be evaluated repeatedly). Unless otherwise stated, each data point represents a mean over at least 30
runs.

6.4.1. Goofspiel
We now describe the results for the card game Goofspiel. First, we analyze the games with fixed sequences of the cards.

Exact algorithms with fixed sequences. The results are depicted in Fig. 10 (note the logarithmic vertical scale), where the left 
subfigure depicts the results for win–tie–lose utilities and the right subfigure depicts the results for point utilities. We 
present the mean results over 10 different fixed sequences. The comparison on the win–tie–lose variant shows that there 
is a significant number of subgames with a pure Nash equilibrium that can be computed using the serialized alpha-beta 
algorithms. Therefore, the performance of BIαβ and DOαβ is fairly similar and the gap only slowly increases in favor of 
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Fig. 9. Exploitability of strategies recommended by MCTS-Exp3 and MCTS-RM over time in Biased Rock, Paper, Scissors. Vertical axis represents exploitability.

Fig. 10. Running times of the exact algorithms on Goofspiel with fixed sequences of cards for increasing size of the deck; subfigure (a) depicts the results 
with win–tie–lose utilities, (b) depicts the results with point difference utilities.

DOαβ with the increasing size of the game. Since serialized alpha-beta is able to solve a large portion of subgames, both 
of these algorithms significantly reduce the number of the states visited by the backward induction algorithm. While BI

evaluates 3.2 × 107 nodes in the setting with 7 cards in more than 2.5 hours, BIαβ evaluates only 198,986 nodes in less 
than 4 minutes. The performance is further improved by DOαβ that evaluates on average 79,105 nodes in less than 3
minutes. The overhead is slightly higher in case of DOαβ; hence, the time difference between DOαβ and BIαβ is relatively 
small compared to the difference in evaluated nodes. Finally, the results show that even the DO algorithm without the 
serialized alpha-beta search can improve the performance of BI. In the setting with 7 cards, DO evaluates more than 6 × 106

nodes which takes on average almost 30 minutes.
The results for the point utilities are the same for BI, while DO is slightly worse. On the other hand, the success of 

serialized alpha-beta algorithms is significantly lower and it takes both algorithms much more time to solve the games of 
the same size. With 7 cards, BIαβ evaluates more than 2 × 106 nodes and it takes the algorithm on average 32 minutes to 
find the solution. DOαβ is still the fastest and it evaluates more than 3 × 105 nodes in less than 13 minutes on average.

The performance of algorithms BIαβ and DOαβ represent a significant improvement over the results of the pruning 
algorithm SMAB presented in [38]. In their work, the number of evaluated nodes was at best around 29%, and the running 
time improvement was only marginal.
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Fig. 11. Running times of exact algorithms on Goofspiel with chance nodes for increasing size of the deck; subfigure (a) depicts the results with win–tie–lose 
utilities, (b) depicts the results with point utilities.

Fig. 12. Convergence of the sampling algorithms on Goofspiel with 5 cards and a fixed sequence of cards. The vertical lines correspond to the computation 
times for the exact algorithms. (Top) Goofspiel with win–tie–lose utility values; (bottom) Goofspiel with point utilities.

Exact algorithms with a stochastic sequence. Next we compare the exact algorithms in the variant of Goofspiel with standard 
chance nodes. Introducing another branching due to moves by chance causes a significant increase in the size of the game 
tree. For 7 cards, the game tree has more than 1011 nodes, which is 4 orders of magnitude more than in the case with 
fixed sequences of cards. The results depicted in Fig. 11 show that the games become quickly too large to solve exactly 
and the fastest algorithms solved games with at most 6 cards. Relative performance of the algorithms, however, is similar 
to the case with fixed sequences. With win–tie–lose utilities, serialized alpha-beta is again able to find pure NE in most 
of the subgames and prunes out a large fraction of the states. For the game with 5 cards, BI evaluates more than 2 × 106

nodes in almost 10 minutes, while BIαβ evaluates only 17,315 nodes in 27 seconds and DOαβ evaluates 6,980 nodes in 23
seconds. As before, the serialized alpha-beta algorithm is less helpful in the case with point utilities. Again with 5 cards, 
BIαβ evaluates 91,419 nodes in more than 100 seconds and DOαβ evaluates 14,536 nodes in almost 55 seconds.

Sampling algorithms with fixed sequences. We now turn to the analysis of the convergence of the sampling algorithms – i.e., 
their ability to approximate Nash equilibrium strategies of the complete game. Fig. 12 depicts the results for Goofspiel game 
with 5 cards with fixed sequence of cards (note the logarithmic horizontal scale). We compare MCTS algorithms with three 
different selection functions (UCT, Exp3, and RM), and OOS. The results are means over 30 runs of each algorithm. Due to 
the different selection and update functions, the algorithms differ in the number of iterations per second. RM is the fastest 
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Fig. 13. Convergence of the sampling algorithms on Goofspiel with 4 cards and chance nodes. The vertical lines correspond to the computation times for 
the exact algorithms. (Top) Goofspiel with win–tie–lose utility values; (bottom) Goofspiel with point utilities.

with more than 2.6 × 105 iterations per second, OOS has around 2 × 105 iterations, UCT 1.9 × 105, and Exp3 only 5.4 × 104

iterations.
The results show that OOS converges the fastest out of all sampling algorithms. This is especially noticeable in the 

point-utility settings, where none of the other sampling algorithms were approaching zero error due to the exploration. 
MCTS with RM selection function is only slightly slower in the win–tie–lose case, however, the other two selection functions 
perform worse. While Exp3 eventually converges close to 0 in the win–tie–lose case, the exploitability of UCT decreases 
rather slowly and it was still over 0.35 at the time limit of 500 seconds. The best C constant for UCT was 5 in the 
win–tie–lose setting, and 10 in the point utility setting. While setting lower constant typically improves the convergence 
rate slightly during the first iterations, the final error was always larger. The vertical lines represent the times for the exact 
algorithms. In the win–tie–lose case, BIαβ is slightly faster and finishes first in 0.64 seconds, followed by DOαβ (0.69
seconds), DO (3.1 seconds), and BI (6 seconds). In the point case, DOαβ is the fastest (0.97 seconds), followed by BIαβ

(1.3 seconds), followed by DO and BI with similar times as in the previous case.

Sampling algorithms with a stochastic sequence. We also performed the experiments in the setting with chance nodes. Due to 
the size of the game tree, we have reduced the number of cards to 4, since the size of this game tree is comparable to the 
case with 5 cards and a fixed sequence of cards. The results depicted in Fig. 13 show a similar behavior of the sampling 
algorithms as observed in the previous case. OOS converges the fastest, followed by RM, and Exp3. The main difference is in 
the convergence of UCT, however, this is mostly due to the fact that a pure NE exists in Goofspiel with 4 cards; hence, UCT 
can better identify the best action to play and converges faster to a less exploitable strategy than in the case with 5 cards. 
Surprisingly, the convergence rates of the algorithms do not change that dramatically with the introduction of point utilities 
as in the previous case. The main reason is that the range of the utility values is smaller compared to the previous case 
(there is one card less in the present setting and the missing cards has the highest value). For comparison, we again use the 
vertical lines to denote times of exact algorithms. BIαβ and DOαβ are almost equally fast, with DOαβ being slightly faster, 
followed by DO and BI.

6.4.2. Pursuit–evasion games
The results on pursuit–evasion games show more significant improvement when comparing DOαβ and BIαβ (see Fig. 14). 

In all settings, DOαβ is significantly the fastest. When we compare the performance on a 5 × 5 graph with depth set to 6,
BI evaluates more than 4.9 × 107 nodes taking more than 13 hours. On the other hand, BIαβ evaluates on average 42,001 
nodes taking almost 10 minutes (584 seconds). Interestingly, the benefits of a pure integration with alpha-beta search is not 
that helpful in this game. This is apparent from the results of DO algorithm that evaluates less than 2 × 106 nodes but it 
takes slightly over 9 minutes on average (547 seconds). Finally, DOαβ evaluates only 6,692 nodes and it takes the algorithm 
less than 3 minutes.
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Fig. 14. Running times of exact algorithms on pursuit–evasion games with an increasing number of moves: subfigure (a) depicts the results on 4 × 4 grid 
graph, (b) depicts results for 5 × 5 grid.

Fig. 15. Convergence of the sampling algorithms on a pursuit–evasion game, on a 4 × 4 graph, with depth set to 4. The vertical lines correspond to the 
computation times for the exact algorithms.

Large parts of these pursuit–evasion games can be solved by the serialized alpha-beta algorithms. These parts typically 
correspond to clearly winning, or clearly losing positions for a player; hence, the serialized alpha-beta algorithms are able to 
prune a substantial portion of the space. However, since there are only two pursuit units, it is still necessary to use mixed 
strategies for a final coordination (capturing the evader close to edge of the graph), and thus mixing strategy occurs near 
the end of the game tree. Therefore, serialized alpha-beta is not able to solve all subgames, while double-oracle provides 
additional pruning since many of the actions in the subgames are leading to the same outcome and not all of them required 
finding equilibrium strategies. This leads to additional reductions in the computation time for DOαβ compared to BIαβ and 
all the other algorithms.

We now turn to the convergence of the sampling algorithms. In terms of the number of iterations per second, again RM 
was the fastest and OOS the second fastest with similar performance as in Goofspiel. UCT achieved slightly less (1.7 × 105

iterations per second), and Exp3 only 2.6 ×104 iterations. The results are depicted in Fig. 15 for the smaller, 4 ×4 graph and 
4 moves for each player (note again the logarithmic horizontal scale). The starting positions were selected such that there 
does not exist a pure NE strategy in the game. The results again show that OOS is overall the fastest out of all sampling 
algorithms. During the first iterations, RM preforms similarly, however, OOS is able to maintain its convergence rate, and 
RM starts converging more slowly. UCT again converges to an exploitable strategy with error 1.16 at best in the time limit 
of 500 seconds (C = 2). Finally, Exp3 is converging even more slowly than in Goofspiel. The main difference between the 
games is the size of the branching factor for the second player (the pursuer controls two simultaneously moving units), 
which can cause more difficulties for the sampling algorithms to estimate good strategies.

As before, the vertical lines represent the times for the exact algorithms. In a pursuit–evasion game of this setting, 
DOαβ is slightly faster and finishes first in 2.77 seconds, following by BIαβ (2.89 seconds), DO (5.48 seconds), and BI (12.5
seconds).

6.4.3. Oshi-Zumo
Many instances of the Oshi-Zumo game have Nash equilibria in pure strategies regardless of the type of the utility 

function. Although this does not hold for all the instances, the sizes of the subgames with pure NE are rather large and 
cause a dramatic computation speed-up for both algorithms using the serialized alpha-beta search. If the game does not 
have equilibria in pure strategies, the mixed strategies are still required only near the root node and large end-games 
are solved using alpha-beta search. Note that this is different than in the pursuit–evasion games, where mixed strategies 
were necessary close to the end of the game tree. Fig. 16 depicts the results with the parameter K set to 4 and for 
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Fig. 16. Running times of the exact algorithms on Oshi-Zumo with K set to 4 and an increasing number of coins: subfigure (a) depicts the results for binary 
utilities, (b) depicts the results with point utilities.

two different settings of the utility function7; either win–tie–lose utilities (left subfigure) or point difference utilities (right 
subfigure). In both cases, the graphs show the breaking points when the game stops having an equilibrium in pure strategies 
(≥ 15 coins for each player). The advantage of BIαβ and DOαβ algorithms that exploit the serialized variants of alpha-beta 
algorithms is dramatic. We can see that both BI and DO scale rather badly. The algorithms were able to scale up to 13
coins in a reasonable time. For setting with K = 4 and 13 coins, it takes almost 2 hours for BI to solve the game (the 
algorithm evaluates 1.5 × 107 nodes) regardless of the utility values. DO improves the performance (the algorithm evaluates 
2.8 × 106 nodes in 17 minutes for win–tie–lose utilities; the performance is slightly worse for point utilities: 5 × 106 nodes 
in 23 minutes). Both BIαβ and DOαβ , however, solved a single alpha-beta search on each serialization finding a pure NE. 
Therefore, their performance is identical and it takes around 1.5 seconds to solve the game for both types of utilities. 
Although with an increasing number of coins the algorithms BIαβ and DOαβ need to find a mixed Nash equilibrium, their 
performance is very similar for both types of utilities. As expected, the case with point utilities is more challenging and the 
algorithms scale worse – for 18 coins both algorithms solve the game with win–tie–lose utilities in approximately 1 hour 
(BIαβ in 50 minutes, DOαβ in 64). It takes the algorithms around 3 hours to solve the case with point utilities (BIαβ in 
191 minutes, DOαβ in 172 minutes).

Turning to the sampling algorithms reveals that the game is difficult to approximate even in the win–tie–lose setting. 
Fig. 17 depicts the results for the observed convergence rates of the sampling algorithms for the game with 10 coins, K set 
to 3 and the minimum bid set to 1. This is an easy game for DOαβ and BIαβ with a pure NE and both of these algorithms 
are able to solve the game in less than a second (0.73). However, due to a large branching factor for both players (10 actions 
at the root node for each player) all sampling algorithms converge extremely slowly. The performance of the algorithms in 
terms of iterations per second is similar to the previous games, however, OOS is slightly better in this case with 1.9 × 105

iterations per second compared to the RM with 1.6 × 105 iterations per second.
As before, OOS is the best converging algorithm, however, in a given time limit (500 seconds) the reached error was 

only slightly below 0.3 (0.29). On the other hand, all of the other sampling algorithms perform significantly worse – RM 
ends with error slightly over 1, UCT (C = 2) with 1.50, and Exp3 with 1.88. This confirms our findings from the previous 
experiment that increasing the branching factor slows down the convergence rate. Secondly, since there is a pure Nash 
equilibrium in this particular game configuration, the convergence of the algorithms is also slower since they essentially 
mix the strategy during the iterations in order to explore the unvisited parts of the game tree. Since none of the sampling 
algorithms can directly exploit this fact, their performance in offline solving of games like Oshi-Zumo is not compelling. On 
the other hand, the existence of pure NE explains the better performance of UCT compared to Exp3 that is forced to explore 
more broadly. Moreover, the convergence takes even more time in the point utility case, since the range of the utility values 
is larger. OOS is again the fastest and converges to error 0.45 within the time limit, RM to 1.41, UCT (C = 4) to 3.1, and 
Exp3 to 3.7.

6.4.4. Random games
In the first variant of the randomly generated games we used games with utility values randomly drawn from a uniform 

distribution on [0, 1]. Such games represent an extreme case, where neither alpha-beta nor the double-oracle algorithm 
can save much computation time, since each action can lead to arbitrarily good or bad terminal states. In these games, BI

is typically the fastest. Even though both BIαβ and DOαβ evaluate marginally fewer nodes (less than 90%), the overhead 
of the algorithms (repeated computations of the serialized alpha-beta algorithm, repeatedly solving linear programs, etc.) 
causes a slower run time performance in this case.

However, completely random games are rarely instances that need to be solved in practice. The situation changes, when 
we use the intuition of good and bad moves and thus add correlation to the utility values. Fig. 18 depicts the results for 
two different branching factors 4 and 5 for each player and increasing depth. The results show that DOαβ outperforms all 

7 We have also performed the same experiments with K set to 3, but the conclusions were the same as in case K = 4.
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Fig. 17. Convergence of the sampling algorithms on Oshi-Zumo game with 10 coins, K = 3, and M = 1. The vertical lines correspond to the computation 
times for the exact algorithms. (Top) Oshi-Zumo with win–tie–lose utility values; (bottom) Oshi-Zumo with point utilities.

Fig. 18. Running times of the exact algorithms on randomly generated games with increasing depth: subfigure (a) depicts the results with branching factor 
set to 4 actions for each player, (b) depicts the results with branching factor 5.

remaining algorithms, although the difference is rather small (still statistically significant). On the other hand, DO without 
serialized alpha-beta is not able to outperform BI. This is most likely caused by a larger number of undominated actions 
that forces the double-oracle algorithm to enumerate most of the actions in each state. Moreover, this is also demonstrated 
by the performance of BIαβ that is only slightly better compared to BI.

The fact that serialized alpha-beta is less successful in randomly generated games is noticeable also when comparing the 
number of evaluated nodes. For the case with branching factor set to 4 for both players and depth 7, BI evaluates almost 
1.8 × 107 nodes in almost 3.5 hours, while BIαβ evaluates more than 1 × 107 nodes in almost 3 hours. DO evaluates even 
more nodes compared to BIαβ (1.2 × 107) and it is slower compared to both BI and BIαβ . Finally, DOαβ evaluates 2 × 106

nodes on average and it takes the algorithm slightly over 80 minutes.
Fig. 19 depicts the results for convergence of the sampling algorithms for a random game with correlated utility values, 

branching factor set to 4 and depth 5. The number of iterations per second is similar to the situation in Goofspiel, with 
Exp3 being the exception able to achieve more than 6.5 × 104 iterations per second, which is still the lowest number 
of iterations. Interestingly, there is a much less difference between the performance of the sampling algorithms in these 
games. Since these games are generally more mixed (i.e., NE require to use mixed strategies in many states of the games), 
they are much more suitable for the sampling algorithms. OOS can be considered the winner in this setting, however, the 
performance of RM is very similar. Again, since the game is more mixed, Exp3 outperforms UCT in the longer run. The 
exploration constant for UCT was set to 12 due to a larger utility variance in this setting.



30 B. Bošanský et al. / Artificial Intelligence 237 (2016) 1–40

Fig. 19. Convergence of the sampling algorithms on a random game with branching factor 4 and depth 5. The vertical lines correspond to the computation 
times for the exact algorithms.

Fig. 20. Running times of the exact algorithms on Tron with increasing width of the grid graph: subfigure (a) depicts the results with height of the graph 
set to width − 1, (b) depicts the results with height = width.

6.4.5. Tron
Performance of the exact algorithms in Tron is affected by the fact that pure NE exist in all smaller instances (the results 

are depicted for two different ratios of dimensions of the grid in Fig. 20). Therefore, BIαβ and DOαβ are essentially the 
same since serialized alpha-beta is able to solve the game. Moreover, since the size of the game increases dramatically with 
the increasing size of the grid (the longest branch of the game tree has (0.5 · w · l − 1) joint actions, where w and l are the 
dimensions of the grid), the performance of standard BI is very poor. While BI is able to solve the grid 5 × 6 in 96 seconds, 
it takes around 30 minutes to solve the 6 × 6 grid. By comparison, DO solves the 6 × 6 instance in 235 seconds, and both 
BIαβ and DOαβ in 0.6 seconds. BIαβ and DOαβ scale much better and the largest graph these algorithms solved had size 
9 × 9 taking almost 2 days to solve.

The size of the game tree in Tron also causes a slow convergence for the sampling algorithms. This is apparent also 
in the number of iterations that is lower than before. OOS is the fastest performing 1.3 × 105 iterations per second, RM 
achieves 1.2 × 105, UCT only 8 × 104, and Exp3 is again the slowest with 7.8 × 104 iterations per second. Fig. 21 depicts 
the results for the grid 5 × 6. Consistently with the previous results, OOS performs the best and it is able to converge very 
close to an exact solution in 300 seconds. Similarly, both RM and Exp3 are again eventually able to converge to a very small 
error, however, it takes them more time and in the time limit they achieve error 0.05, or 0.02 respectively. Finally, UCT 
(C = 5) performs reasonably well during the first 10 seconds, where the exploitability is better than both RM and Exp3. 
This is most likely due to the existence of pure NE, however, the length of the game tree prohibits UCT from converging 
and the best error the algorithm was able to achieve in the time limit was equal to 0.68.

6.4.6. Summary of the offline equilibrium computation experiments
The offline comparison of the algorithms offer several conclusions. Among the exact algorithms, DOαβ is clearly the 

best algorithm, since it typically outperforms all other algorithms (especially in pursuit–evasion games and random games). 
Although for smaller games (e.g., Goofspiel with 5 cards) BIαβ can be slightly faster, this difference is not significant and 
DOαβ is never significantly slower compared to BIαβ .

Among the sampling algorithms, OOS is the clear winner since it is often able to quickly converge to a very small 
error and significantly outperforms all variants of MCTS. On the other hand, comparing OOS and DOαβ , the exact DOαβ

algorithm is always faster and it is able to find an exact solution much faster compared to OOS. Moreover, DOαβ has 
significantly lower memory requirements since it is a depth-first search algorithm and does not use any form of global 
cache, while OOS iteratively constructs the game tree in memory.
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Fig. 21. Convergence comparison of different sampling algorithms on Tron on grid 5 × 6. The vertical lines correspond to the computation times for the 
exact algorithms.

6.5. Online search

We now compare the performance of the algorithms in head-to-head matches in the same games as in the offline 
equilibrium computation experiments, but we use much larger instances of these games. Each algorithm has a strictly 
limited computation time per move set to 1 second. After this time, the algorithm outputs an action to be played in the 
current game state, receives information about the action selected by its opponent, and the game proceeds to the next 
state. As described in Section 5, each algorithm keeps results of previous computations and does not start from scratch in 
the next state. We have also performed a large set of experiments with 5 seconds of computation time per move, however, 
the results are very similar to the results with 1 second per move. Therefore, we presents the results with 1 second in detail 
and only comment on the 5-second results where the additional time leads to an interesting difference.

We compare all of the approximative sampling algorithms and DOαβ as a representative of backward induction algo-
rithms, because it was clearly the fastest algorithm in all of the considered games. Finally, we also include a random player 
(denoted RAND) into the tournament to confirm that the algorithms choose much better strategies than the simple random 
game play. We report expected rewards and win rates of the algorithms, in which a tie counts as half of a win. The param-
eters of the algorithms are tuned for each domain separately. We first present the comparison of different algorithms and 
we discuss the influence of the parameters in Subsection 6.5.6.

In this subsection, we show cross tables of each algorithm (in each row) matched up against each competitor algorithm 
(in each column). Each entry represents a mean of at least 1000 matches with the half of the width of the 95% confidence 
interval shown in parentheses, e.g., 52.9(0.3) refers to 52.9% ± 0.3%. The result shown is the win rate for the row player, so 
as an example in the standard game of Goofspiel (top of Table 1) DOαβ wins 67.2% ± 1.4% of games against the random 
player. All evaluated games except the pursuit–evasion game are symmetric from the perspective of the first and the second 
player. We made even the random games symmetric by always playing matches on the same game instance in pairs with 
alternating players’ positions. However, for easier comparison of the algorithms, we mirror the same results to both fields 
corresponding to a pair of players in the cross tables.

6.5.1. Goofspiel
In the head-to-head comparisons, our focus is primarily on the standard Goofspiel with 13 cards and chance nodes. 

Additionally, for the sake of consistency with the offline results, we also evaluate the variant with a fixed known sequence 
of cards. The full game has more than 2.4 × 1029 terminal states and the variant with a fixed sequence has still more than 
3.8 × 1019 terminal states. The results are presented in Table 1, where the top table shows the win rates of the algorithms 
in the full game and the other two tables show the win rates and the expected number of points gained by the algorithms 
in the game with a fixed point card sequence. The results for the fixed card sequence are means over 10 fixed random 
sequences. For each table, the algorithms were set up to optimize the presented measure (i.e., win rate or points) and the 
exploration parameters were tuned to the values presented in the header of the table.

First, we can see that finding a good strategy in Goofspiel is difficult for all the algorithms. This is noticeable from the 
results of the RAND player, that performs reasonably well (RAND typically loses almost every match in all the remaining 
game domains). Next, we analyze the results of the DOαβ algorithm compared to the sampling algorithms. The results 
show that even though DOαβ uses a domain-specific heuristic evaluation function, it does not win significantly against any 
of the sampling algorithms that do not use any domain knowledge. The difference is always statistically significant with a 
large margin. When optimizing win percentage, DOαβ loses the least against UCT while in optimizing the expected reward, 
UCT performs significantly best. The performance of the other sampling algorithms is very similar against DOαβ , with Exp3 
winning the least in the reward optimization.
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Table 1
Results of head-to-head matches in Goofspiel variants with exploration parameter settings indicated in the table headers.

Goofspiel: 13 cards, stochastic sequence of cards, win rate

DOαβ OOS(0.2) UCT(0.6) EXP3(0.3) RM(0.1) RAND

DOαβ • 26.6(2.7) 36.0(2.9) 26.1(2.7) 25.9(2.7) 67.2(1.4)
OOS 73.4(2.7) • 51.2(2.1) 52.5(2.2) 47.5(3.0) 81.4(1.7)
UCT 64.0(2.9) 48.8(2.1) • 55.6(2.1) 49.7(3.0) 77.3(1.8)
EXP3 73.8(2.7) 47.5(2.2) 44.4(2.1) • 41.1(3.0) 86.1(1.5)
RM 74.1(2.7) 52.5(3.0) 50.3(3.0) 58.9(3.0) • 85.2(2.2)
RAND 32.8(1.4) 18.6(1.7) 22.7(1.8) 13.9(1.5) 14.8(2.2) •

Goofspiel: 13 cards, known sequence of cards, win rate

DOαβ OOS(0.3) UCT(0.8) EXP3(0.2) RM(0.1) RAND

DOαβ • 28.2(2.8) 35.0(2.9) 30.1(2.8) 31.5(2.8) 67.2(2.9)
OOS 71.8(2.8) • 46.2(3.0) 51.8(3.0) 49.6(3.0) 83.8(2.3)
UCT 65.0(2.9) 53.8(3.0) • 57.1(2.9) 48.6(2.9) 79.5(2.5)
EXP3 70.0(2.8) 48.2(3.0) 42.9(2.9) • 46.5(3.0) 85.8(2.1)
RM 68.5(2.8) 50.4(3.0) 51.4(2.9) 53.5(3.0) • 84.2(2.2)
RAND 32.8(2.9) 16.2(2.3) 20.5(2.5) 14.2(2.1) 15.8(2.2) •

Goofspiel: 13 cards, known sequence of cards, point utilities

DOαβ OOS(0.3) UCT(0.8) EXP3(0.2) RM(0.1) RAND

DOαβ • −7.74(0.94) −8.89(0.91) −6.45(0.94) −7.88(0.96) 6.67(0.99)
OOS 7.74(0.94) • 1.19(0.78) 3.27(0.82) 0.35(0.76) 14.42(0.96)
UCT 8.89(0.91) −1.19(0.78) • 1.72(0.80) −1.94(0.73) 13.30(1.00)
EXP3 6.45(0.94) −3.27(0.82) −1.72(0.80) • −5.02(0.79) 14.79(0.97)
RM 7.88(0.96) −0.35(0.76) 1.94(0.73) 5.02(0.79) • 14.20(0.98)
RAND −6.67(0.99) −14.42(0.96) −13.30(1.00) −14.79(0.97) −14.20(0.98) •

We compare the sampling algorithms in the game variants in the order of the presented tables. The differences in the 
performance of the sampling algorithms are relatively small between each other. They are more noticeable mainly against 
the weaker players, which are outperformed by all sampling algorithms. In the game with stochastic point card sequence, 
OOS, UCT and RM make approximately 10 × 103 iterations in the 1 second time limit in the root of the game. Exp3 is 
slightly slower with 8 × 103 iterations. The best algorithm in this game variant is RM, which wins against all other sampling 
algorithms and wins most often against DOαβ and Exp3. The second best algorithm is OOS, which loses only against RM 
and Exp3 is the weakest algorithm losing against all other sampling algorithms.

The sampling algorithms in the second game variant (without chance) perform the same number of samples as in the 
first variant, with the exception of UCT, which performs 12 ×103 iterations per second. However, they each build a consider-
ably deeper search tree, since the game tree is less wide. The exploration parameters were tuned to slightly larger numbers, 
which indicate that more exploration is beneficial in smaller games. The results are similar to the previous game variant. 
RM is still winning against all opponents, but it is not able to win more often against weaker players, which is consistent 
with playing close to a Nash equilibrium. UCT loses only against RM in this variant and it significantly outperforms OOS and 
Exp3. This indicates that UCT was able to better focus on the relevant part of the smaller game, which is supported also 
by a larger number of simulations, which can be caused by shorter random simulations after leaving the part of the search 
tree stored in memory.

When the players optimize the expected point difference, the differences between the algorithms are larger. We can 
see that RM and OOS perform significantly better than UCT and Exp3. OOS wins against all opponents and RM loses only 
against OOS. An important reason behind the decrease of the performance of Exp3 is that after normalizing the reward to 
unit interval, the important differences in values for reasonably good strategies become much smaller, which slows down 
the learning of the algorithm. UCT compensates the range of the rewards by the choice of the exploration parameter, but 
different nodes would benefit from different exploration parameters, which causes more inefficiencies with more variable 
rewards. An important advantage of OOS and RM is that their behavior is practically independent of the utility range.

In summary, RM is the only algorithm that did not lose significantly against any other sampling algorithm in any of 
the game variants and it often wins significantly. Exp3 is overall the weakest algorithm, losing to all other algorithms in 
all Goofspiel variants. Interestingly, Exp3 always performs the best against the random player, which indicates a slower 
convergence against more sophisticated strategies.

6.5.2. Oshi-Zumo
In Oshi-Zumo, we use the setting with 50 coins, 2 · 3 + 1 = 7 fields of the board (i.e., K = 3), and the minimal bet of 1. 

The size of the game is large with strictly more than 1015 terminal states and 50 actions for each player in the root.
The results are depicted in Table 2. As in the case of Goofspiel, we show the results for both the win rate as well as the 

point utilities. Moreover, our evaluation function in Oshi-Zumo is much more accurate than the one in Goofspiel and DOαβ
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Table 2
Results of head-to-head matches in Oshi-Zumo variants with exploration parameter settings indicated in the header. In the first two tables only DOαβ uses 
a heuristic evaluation function and in the third table all algorithms use the evaluation function.

Oshi-Zumo: 50 coins, K = 3, win rate

DOαβ OOS(0.2) UCT(0.4) EXP3(0.8) RM(0.1) RAND

DOαβ • 79.2(2.5) 77.6(2.6) 84.8(2.2) 84.0(2.3) 98.8(0.5)
OOS 20.9(2.5) • 27.7(2.6) 57.1(2.1) 51.2(2.1) 98.9(0.4)
UCT 22.4(2.6) 72.3(2.6) • 83.0(2.0) 70.3(2.6) 99.9(0.2)
EXP3 15.2(2.2) 42.9(2.1) 17.0(2.0) • 44.5(2.8) 98.5(0.5)
RM 16.0(2.3) 48.8(2.1) 29.6(2.6) 55.5(2.8) • 99.0(0.4)
RAND 1.2(0.5) 1.1(0.4) 0.1(0.2) 1.5(0.5) 1.0(0.4) •

Oshi-Zumo: 50 coins, K = 3, point utilities

DOαβ OOS(0.2) UCT(0.4) EXP3(0.8) RM(0.1) RAND

DOαβ • 2.33(0.19) 2.27(0.20) 3.62(0.10) 2.85(0.17) 3.65(0.09)
OOS −2.33(0.19) • −0.53(0.19) 3.46(0.10) 0.25(0.20) 3.87(0.05)
UCT −2.27(0.20) 0.53(0.19) • 3.68(0.07) 0.58(0.17) 3.93(0.02)
EXP3 −3.62(0.10) −3.46(0.10) −3.68(0.07) • −3.53(0.09) 1.31(0.17)
RM −2.85(0.17) −0.25(0.20) −0.58(0.17) 3.53(0.09) • 3.87(0.04)
RAND −3.65(0.09) −3.87(0.05) −3.93(0.02) −1.31(0.17) −3.87(0.04) •

Oshi-Zumo: 50 coins, K = 3, win rate, evaluation function

DOαβ OOS(0.3) UCT(0.8) EXP3(0.8) RM(0.1) RAND

DOαβ • 63.0(2.1) 11.8(1.3) 52.9(2.2) 61.7(2.1) 98.6(0.5)
OOS 37.0(2.1) • 24.8(1.9) 33.4(2.0) 43.6(2.1) 99.6(0.3)
UCT 88.2(1.3) 75.2(1.9) • 80.5(1.7) 71.1(2.0) 99.8(0.2)
EXP3 47.1(2.2) 66.6(2.0) 19.5(1.7) • 58.7(2.1) 98.7(0.5)
RM 38.3(2.1) 56.4(2.1) 28.9(2.0) 41.3(2.1) • 99.6(0.3)
RAND 1.4(0.5) 0.4(0.3) 0.2(0.2) 1.3(0.5) 0.4(0.3) •

is clearly outperforming all sampling algorithms when they do not use any domain specific knowledge. Therefore we also 
run experiments where the sampling algorithms also use an evaluation function instead of random rollout simulations.

In the offline experiment (Fig. 17), none of the sampling algorithms were able to converge anywhere close to the equi-
librium in a short time. Moreover, the game used in the offline experiments was orders of magnitude smaller (there were 
only 10 coins for each player). In spite of the negative results in the offline experiments, all sampling algorithms are able to 
find a reasonably good strategy. UCT is clearly the strongest sampling algorithm in all variants. In the win rate setting, the 
strongest opponent of UCT among the sampling algorithms is RM (UCT wins 70.3% of games), followed by OOS performing 
only slightly worse (UCT wins 72.3% of games). Finally, Exp3 is clearly the weakest of all sampling algorithms. A possible 
reason may be that Exp3 manages to perform around 2.5 × 103 iterations per second in the root, while the other algo-
rithms perform ten times more. This is caused by the quadratic dependence of its computational complexity on the number 
of actions, which is relatively high in this game. The situation remains similar when the algorithms optimize the point 
utilities.

We now turn to the experiments with the evaluation function, the results of which are presented in the third table of 
Table 2. The results show that the quality of play of all sampling algorithms is significantly improved. With this modification, 
UCT already significantly outperforms all algorithms including DOαβ . DOαβ is the second best and still winning over the 
remaining sampling algorithms. Exp3 benefits from the evaluation function more than OOS and RM, which are relatively 
weaker with the evaluation function.

The reason why UCT performs well in this game is that the game mostly requires pure strategies, rather than precise 
mixing between multiple strategies (see Subsection 6.2). UCT is able to quickly disregard other actions, if a single action 
is optimal. So, the evaluation function generally helps every algorithm, but can make significant changes in ranking of the 
algorithms.

6.5.3. Random games
The next set of matches was played on 10 different random games with each player having 5 actions in each stage and 

depth 15. Hence, the game has more than 9.3 × 1020 terminal states. In order to compute the win-rates as in the other 
games, we use the sign of the utility value defined in Subsection 6.2. The results are presented in Table 3.

The clearly best performing algorithm in this domain is UCT that significantly outperforms the other sampling algorithms, 
and ties with DOαβ that uses a rather strong evaluation function. This is true even though UCT performs around 11 × 103

iterations per second, which is the least form all sampling algorithms. DOαβ wins over all other sampling algorithms. 
OOS has the weakest performance in spite of good convergence results in the offline settings (see Fig. 19). The reason is 
the quickly growing variance and decreasing number of samples in longer games, which we discuss in more details in 
Subsection 6.6. OOS performs 20 × 103 iterations per second and only around 3 × 103 of them actually update the regrets 
in the root. All the other iterations return with zero tail probability (xi) in the root, which leads to no change in the regret 
values.
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Table 3
Win-rate in head-to-head matches of random games with 5 actions for each player in each move and depth of 15 moves.

DOαβ OOS(0.1) UCT(1.5) EXP3(0.6) RM(0.3) RAND

DOαβ • 57.4(2.9) 49.6(2.8) 53.4(2.8) 51.3(2.8) 88.8(1.8)
OOS 42.6(2.9) • 33.5(2.5) 43.5(2.7) 42.5(2.8) 85.0(2.4)
UCT 50.4(2.8) 66.5(2.5) • 67.4(2.5) 55.7(2.6) 95.9(1.2)
EXP3 46.6(2.8) 56.5(2.7) 32.6(2.5) • 42.9(2.7) 96.0(1.1)
RM 48.7(2.8) 57.5(2.8) 44.3(2.6) 57.1(2.7) • 93.1(1.5)
RAND 11.2(1.8) 15.0(2.4) 4.1(1.2) 4.0(1.1) 6.9(1.5) •

Table 4
Win-rate in head-to-head matches of Tron with random simulations (top) and evaluation function in the sampling algorithms (bottom).

Tron: 13 × 13 grid, win rate

DOαβ OOS(0.1) UCT(0.6) EXP3(0.5) RM(0.1) RAND

DOαβ • 78.2(2.0) 53.8(2.0) 66.6(2.3) 65.0(2.2) 98.6(0.5)
OOS 21.8(2.0) • 29.4(2.2) 46.1(1.8) 38.0(2.2) 97.2(0.5)
UCT 46.2(2.0) 70.6(2.2) • 64.8(2.2) 57.0(2.1) 98.0(0.6)
EXP3 33.4(2.3) 53.9(1.8) 35.1(2.2) • 44.3(2.3) 97.7(0.5)
RM 35.0(2.2) 62.0(2.2) 43.0(2.1) 55.7(2.3) • 97.6(0.9)
RAND 1.4(0.5) 2.9(0.5) 2.0(0.6) 2.3(0.5) 2.4(0.9) •

Tron: 13 × 13 grid, win rate, evaluation function

DOαβ OOS(0.1) UCT(2) EXP3(0.1) RM(0.2) RAND

DOαβ • 50.2(1.3) 42.7(1.5) 53.1(1.6) 46.3(1.6) 98.8(0.4)
OOS 49.8(1.3) • 53.0(0.9) 54.7(0.8) 52.2(0.8) 97.9(0.4)
UCT 57.3(1.5) 47.0(0.9) • 49.7(0.5) 46.7(0.6) 98.8(0.3)
EXP3 46.9(1.6) 45.3(0.8) 50.3(0.5) • 45.8(0.6) 98.2(0.4)
RM 53.7(1.6) 47.8(0.8) 53.3(0.6) 54.2(0.6) • 98.5(0.4)
RAND 1.2(0.4) 2.1(0.4) 1.2(0.3) 1.8(0.4) 1.5(0.4) •

6.5.4. Tron
The large variant of Tron in our evaluation was played on an empty 13 × 13 board. The branching factor of this game 

is up to 4 for each player and its depth is up to 83 moves. This variant of Tron has more than 1021 terminal states.8 The 
results are shown in Table 4.

The evaluation function in Tron approximates the situation in the game fairly well; hence, DOαβ strongly outperforms 
all other algorithms when they do not use the evaluation function (top). Its win-rates are even higher with more time per 
move. UCT is the strongest opponent for DOαβ – UCT loses 53.8% of matches and wins over all other sampling algorithms 
in mutual matches. This is again because of the low need for mixed strategies in this game (see Subsection 6.2). Again, OOS 
performs the worst despite its clearly fastest convergence on the smaller game variant in the offline setting due to the great 
depth of the game tree in this setting. It won only 21.8% matches against DOαβ and 29.4% matches against UCT. In this 
game, the variance of the regret updates is likely not the key factor, since it is between 20 and 40. However, only 1 × 103

out of 12 × 103 iterations per second update regrets in the root.
The good performance of DOαβ is consistent with the previous analysis in Tron where the best-performing algorithms, 

including the winner of the 2011 Google AI Challenge, were based on depth-limited minimax searches [57,84].
As in the case of Oshi-Zumo, we also run the matches with the evaluation function in place of the random rollout 

simulation in the sampling algorithms. We present the results in the second table of Table 4. Using the evaluation function 
improves the performance of all sampling algorithms against DOαβ and it decreases the differences in performance between 
each algorithm. The difference is most notable for OOS, since using the evaluation function strongly reduces the length of 
the game. In this setting, both RM and UCT outperform DOαβ . Interestingly, while UCT performs quite well against DOαβ

and wins 57.3% of matches, it is not winning against any other sampling algorithm. Even Exp3 which loses against all other 
algorithms manages to slightly outperform it. OOS practically ties with DOαβ , but it wins significantly against all sampling 
algorithms. RM loses to OOS, but wins significantly against all other algorithms.

6.5.5. Pursuit–evasion game
Finally, we compare the algorithms on the pursuit–evasion game on an empty 10 × 10 grid with 15 moves time limit 

and 10 different randomly selected initial positions of the units. The branching factor is at most 12, causing the number of 
terminal states to be less than 1016.

The results in Table 5 show that the game is strongly biased towards the first player, which is the evader. The self-play 
results on the diagonal show that DOαβ won over 81.5% matches against itself as the evader. Adding more computational 
time typically improves the play of the pursuer in self-play. This is caused by a more complex optimal strategy of the 

8 The number only estimates the number of possible paths when both players stay on their half of the board.
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Table 5
Win-rate in head-to-head matches of pursuit–evasion games with time limit of 15 moves and 10 × 10 grid board. The evader is the row player and pursuer 
is the column player.

DOαβ OOS(0.3) UCT(0.8) EXP3(0.5) RM(0.1) RAND

DOαβ 81.5(2.4) 89.1(1.9) 61.8(3.0) 91.2(1.8) 77.2(2.6) 100.0(0.0)
OOS(0.2) 77.5(2.6) 91.2(1.8) 57.8(3.1) 85.8(2.2) 79.3(2.5) 99.8(0.3)
UCT(1.5) 77.1(2.6) 94.2(1.4) 57.6(3.1) 88.9(1.9) 82.2(2.4) 100.0(0.0)
EXP3(0.2) 65.1(3.0) 92.1(1.7) 53.1(3.1) 83.9(2.3) 75.1(2.7) 99.8(0.3)
RM(0.1) 81.8(2.4) 92.7(1.6) 58.5(3.1) 86.7(2.1) 78.6(2.5) 99.8(0.3)
RAND 5.1(1.4) 28.8(2.8) 5.8(1.4) 1.7(0.8) 3.1(1.1) 71.1(2.8)

pursuer. This optimal strategy is more difficult to find due to a larger branching factor (recall that the pursuer controls two 
units) and the requirement for a more precise execution (a single move played incorrectly can cause an escape of the evader 
and can result in losing the game due to the time limit).

We first look at the differences in the performance of the algorithms on the side of the pursuer, which are more con-
sistent. We need to compare the different columns, in which the pursuer tries to minimize the values. The clear winner is 
UCT that generally captures the evaders in approximately 40% of the matches. The second best pursuer is DOαβ and the 
weakest is OOS that captures the non-random opponents in less than 10% of the cases.

The situation is less clear for the evader. Different algorithms performed best against different opponents. UCT was the 
best against OOS and RM, but DOαβ was the best against UCT and Exp3. Exp3 is the weakest evader.

6.5.6. Parameter tuning
The exploration parameters can have a significant influence on the performance of the algorithm. We choose the pa-

rameters individually for each domain by running mutual matches with a pre-selected fixed pool of opponents. This pool 
includes DOαβ and each of the sampling algorithms with one setting of the parameter selected based on the results of the 
offline experiments. These values are 0.6 for OOS, 2 for UCT, 0.2 for Exp3 and 0.1 for RM. For each domain, we created a 
table such as the two examples in Table 6. We then picked the parameter for the final cross tables presented above as the 
parameter with the best mean performance against all the fixed opponents.

In the presented variant of Goofspiel, the choice of the exploration parameter has a rather large influence on the per-
formance against DOαβ . This is often the case for weaker players. The selection of the exploration parameter for OOS has 
little effect on the mean performance, with a noticeable drop in performance for 0.1. In UCT, less exploration is generally 
better, but the sudden drop of performance against Exp3 causes the optimum to be at 0.6. In Exp3, the optimal exploration 
parameter against DOαβ would be even greater than 0.5, while the optimum against OOS would be 0.2. These kinds of 
inconsistencies are common with the Exp3 algorithm. In the mean over all opponents, the optimum is 0.3. With RM, the 
optimal exploration parameter against individual opponents stays around 0.1 and it is clearly the best value in the mean.

Parameter selection is generally more important when facing weaker players. The differences are more noticeable in 
matches against other algorithms, but since the optimal parameters vary depending on the different opponents, the mean 
performance presented in the last column does not vary much. OOS is consistently the least sensitive to different parameter 
settings, while the performance differences in the other algorithms from changing exploration strongly depends on the 
specific domains.

The differences between various parameter settings are larger in smaller games and mainly if an evaluation function 
is used. Consider the results for Oshi-Zumo in Table 6. For OOS, the exploration parameter of 0.3 is consistently the best 
against all opponents, with the exception of Exp3, which loses slightly more to OOS with exploration 0.4. However, the 
difference is far from significant even after 1000 matches. The differences in performance of UCT with different parameters 
are more often statistically significant. Overall, the best parameter is 0.8, even though the performance is significantly 
better against DOαβ with smaller exploration and against UCT(2) with higher exploration. The best performance for Exp3 
was surprisingly achieved with a very high exploration. The best of the tested values was 0.8, which means that 80% of the 
time, the next action to sample is selected randomly regardless of the collected statistics about move qualities. The higher 
values were consistently better for all opponents. RM seems to be quite sensitive to the parameter choice in this domain 
and the results for specific opponents are more inconclusive than for the other algorithms. When playing DOαβ , RM wins 
7% more matches with parameter 0.3 than with the overall optimal 0.1. On the other hand, when playing OOS, an even 
smaller parameter value would be preferable.

The presented parameter tuning tables are representative of the behavior of the algorithms with different parameters. 
The choices of the optimal parameters generally depend much more on the domain than the selected opponent, but in some 
cases the optimal choice for one opponent is far from the optimum for another opponent. Especially with Exp3 and UCT, 
very different parameters are optimal for different domains. While in the presented results in Oshi-Zumo with evaluation 
function, 0.8 is best for Exp3, in Tron with evaluation function, the optimal parameter for Exp3 is 0.1. The range of optimal 
parameters is much smaller for OOS and RM, which were always between 0.1 and 0.3. This can be a notable advantage for 
playing previously unknown games without a sufficient time to tune the parameters for the specific domain.



36 B. Bošanský et al. / Artificial Intelligence 237 (2016) 1–40

Table 6
Sample parameter tuning tables for Goofspiel with stochastic point cards sequence and Oshi-Zumo.

Goofspiel: 13 cards, stochastic point card sequence

DOαβ OOS(0.6) UCT(2) EXP3(0.2) RM(0.1) Mean

OOS 0.5 73.8(2.7) 50.2(3.0) 54.4(4.2) 54.9(3.0) 49.4(3.0) 56.54
OOS 0.4 72.0(2.8) 50.5(3.0) 56.4(4.2) 54.1(3.0) 47.5(3.0) 56.1
OOS 0.3 73.0(2.7) 47.6(3.0) 58.4(4.2) 54.3(3.0) 48.0(3.1) 56.26
OOS 0.2 73.5(2.7) 50.2(3.0) 58.7(4.2) 54.3(3.0) 47.9(3.0) 56.92
OOS 0.1 70.2(2.8) 47.4(3.1) 53.4(4.3) 48.6(3.0) 43.9(3.0) 52.7

UCT 1.5 52.2(3.1) 45.4(3.0) 52.4(3.2) 53.9(3.9) 39.4(4.6) 48.66
UCT 1 52.5(3.0) 49.9(3.0) 58.3(3.2) 56.1(3.8) 43.1(4.6) 51.98
UCT 0.8 52.5(3.0) 51.1(3.0) 60.8(3.2) 59.7(3.8) 46.8(4.7) 54.18
UCT 0.6 54.2(3.0) 53.9(3.0) 61.2(3.1) 62.3(3.8) 46.6(4.7) 55.64
UCT 0.4 58.6(3.0) 54.9(3.0) 61.6(3.1) 58.6(3.8) 49.5(4.8) 55.04

EXP3 0.5 77.1(2.6) 42.6(3.0) 44.4(3.0) 47.4(3.0) 40.1(3.0) 50.32
EXP3 0.4 76.2(2.6) 44.8(3.0) 48.4(3.0) 49.5(3.0) 39.5(3.0) 51.68
EXP3 0.3 73.2(2.7) 44.5(3.0) 51.8(3.0) 51.1(3.0) 41.0(3.0) 52.32
EXP3 0.2 73.5(2.7) 47.2(3.0) 47.6(3.0) 50.0(3.0) 41.3(3.0) 51.92
EXP3 0.1 71.2(2.8) 44.9(3.0) 48.9(3.0) 51.2(3.0) 40.9(3.0) 51.42

RM 0.5 77.7(2.5) 44.9(3.0) 43.9(3.0) 46.9(3.0) 42.4(3.0) 51.16
RM 0.3 73.2(2.7) 49.3(3.0) 57.9(2.9) 53.9(3.0) 48.5(3.0) 56.56
RM 0.2 70.8(2.8) 50.7(3.0) 63.8(2.9) 57.8(3.0) 48.2(3.0) 58.26
RM 0.1 74.0(2.7) 54.1(3.0) 61.2(2.9) 58.1(3.0) 51.2(3.0) 59.72
RM 0.05 74.5(2.7) 51.6(3.0) 60.1(2.9) 59.0(3.0) 49.0(3.1) 58.84

Oshi-Zumo: 50 coins, K = 3, win rate, evaluation function

DOαβ OOS(0.6) UCT(2) EXP3(0.2) RM(0.1) Mean

OOS 0.5 35.3(2.9) 50.9(3.6) 28.5(3.3) 54.9(3.6) 43.7(3.5) 42.66
OOS 0.4 35.0(2.9) 56.0(3.6) 26.6(3.2) 56.1(3.6) 42.6(3.6) 43.26
OOS 0.3 36.5(3.0) 57.8(3.5) 27.7(3.2) 55.7(3.6) 44.8(3.6) 44.5
OOS 0.2 35.0(2.9) 53.1(3.6) 26.8(3.2) 54.1(3.6) 41.4(3.5) 42.08
OOS 0.1 34.6(2.9) 55.6(3.6) 24.1(3.1) 56.2(3.6) 43.0(3.6) 42.7

UCT 1.5 83.2(2.2) 74.0(3.8) 79.1(2.9) 87.4(2.9) 70.6(3.9) 78.86
UCT 1 83.8(2.1) 74.8(3.7) 81.4(2.7) 89.8(2.6) 68.8(4.0) 79.72
UCT 0.8 86.5(2.0) 77.9(3.6) 77.1(3.0) 89.2(2.7) 74.1(3.8) 80.96
UCT 0.6 89.4(1.8) 75.7(3.7) 54.9(3.9) 90.0(2.6) 74.1(3.7) 76.82
UCT 0.4 75.8(2.6) 75.0(3.7) 31.4(3.7) 89.8(2.6) 70.6(3.9) 68.52

EXP3 0.9 47.8(3.1) 68.2(2.8) 23.1(2.4) 67.2(2.8) 55.2(2.8) 52.3
EXP3 0.8 46.9(3.1) 68.4(3.6) 23.0(3.1) 74.2(3.4) 61.5(3.7) 54.8
EXP3 0.6 42.5(3.1) 67.6(3.7) 20.4(3.1) 65.4(3.7) 59.4(3.8) 51.06
EXP3 0.5 38.7(3.0) 60.9(3.8) 15.1(2.7) 64.7(3.7) 52.9(3.9) 46.46
EXP3 0.4 35.9(3.0) 57.5(3.9) 17.5(3.0) 64.1(3.8) 54.9(3.9) 45.98

RM 0.5 44.5(3.0) 41.1(3.5) 31.7(3.3) 49.4(3.6) 34.3(3.3) 40.2
RM 0.3 42.8(3.0) 52.1(3.5) 33.8(3.4) 61.2(3.5) 43.7(3.5) 46.72
RM 0.2 41.8(3.0) 55.7(3.6) 30.7(3.3) 59.2(3.5) 46.4(3.6) 46.76
RM 0.1 37.0(2.9) 58.1(3.5) 34.9(3.4) 57.6(3.6) 54.1(3.6) 48.34
RM 0.05 36.4(3.0) 59.6(3.5) 29.7(3.3) 59.3(3.5) 51.1(3.6) 47.22

6.5.7. Summary of the online search experiments
Several conclusions can be made from the head-to-head comparisons of the algorithms in larger games. First, the fast 

convergence and low exploitability of OOS in the smaller variants of the games is not a very good predictor of its perfor-
mance in the online setting. OOS was often not the best algorithm in the online setting. In random games and Tron without 
the evaluation function, it was the worst performing algorithm. We discuss the possible reasons in detail in Subsection 6.6.

Second, DOαβ with a good evaluation function often wins over the sampling algorithms without a domain specific 
knowledge. This is not the case with a weaker evaluation function, as we can see in Goofspiel. Moreover, when the sam-
pling algorithms are allowed to use the evaluation functions, DOαβ is outperformed by UCT in both domains tested with 
evaluation function and also by RM in Tron. Using a good evaluation function instead of random simulations helps all 
sampling algorithms, but the amount of improvement is different for individual algorithms in different domains.

Third, the novel RM and OOS algorithms have proven efficient in a wider range of domains. Besides Goofspiel used 
for evaluating earlier versions of the algorithms in [11], RM showed strong performance in random games and both RM 
and OOS were the best performing algorithms in Tron with the evaluation function. These algorithms did not exploit the 
weaker opponents the most but often won against all other competitors. A notable advantage of these algorithms is a 
lower sensitivity for the parameter tuning, since they perform well in a wide range of domains with similar exploration 
parameters.
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Table 7
Measure of variances of estimated regret quantities in OOS and Regret Matching at the root of each game. T is 
the number of iterations each algorithm runs for, and Run marks the run number (instance).

Game Run TOOS V̂arOOS TRM V̂arRM

Goofspiel(13) 1 12,582 32,939.94 11,939 283.03
Goofspiel(13) 2 13,888 26,737.95 7,160 359.96
Goofspiel(13) 3 13,906 27,283.47 7,897 552.24

OZ(50,3,1) 1 34,900 1,010.73 25,654 9.19
OZ(50,3,1) 2 40,876 1,225.89 26,719 7.93
OZ(50,3,1) 3 40,306 1,016.42 26,121 7.99

Tron(13,13) 1 11,222 40.23 11,634 0.84
Tron(13,13) 2 12,526 35.91 11,134 0.83
Tron(13,13) 3 13,000 22.23 10,075 0.75

Fourth, when the algorithms have five times more time for finding a move to play, the differences between win rates 
of the sampling algorithms get smaller. Longer thinking time also has the same effect on parameter tuning and it also 
significantly improves the performance of the sampling algorithms against backward induction. This is expected, since the 
difference is too small for the DOαβ algorithm to reach a greater depth, while it is sufficient for the sampling algorithms to 
execute five times more iterations improving their strategy.

Finally, the performance of Exp3 is the weakest in general. Its main problems are its larger computational complexity and 
problematic normalization for wider ranges of payoffs. Exp3 was significantly worse than other algorithms in both domains 
where we evaluated the point difference optimization and it performs an order of magnitude fewer iterations in Oshi-Zumo, 
compared to all other sampling algorithms.

6.6. Online Outcome Sampling versus Regret Matching

Given the similar nature of OOS and RM, one might wonder why RM typically performs better than OOS in online 
search, despite OOS being the only algorithm with provable convergence properties and the fastest converging algorithm in 
the offline setting. In this subsection, we investigate this phenomenon and present the results of additional experiments.

We need to look at the convergence properties of OOS, which is essentially an application of outcome sampling MCCFR. 
From the convergence bound of outcome sampling MCCFR presented in [86], after T iterations the strategy produced by the 
algorithm is an ε-Nash equilibrium with probability 1 − p and

ε ≤ O

(
�̃i |S|√

T
+

√
Var

pT
+ Cov

p

)
,

where �̃i is determined by the structure of the game, and Var and Cov are the maximal variance and covariance of the 
differences between the exact value of a regret of an action and its estimate computed based on the selected sample 
(rt(s, a) − r̃t(s, a)) over all states, actions, and time steps. Computing these quantities exactly is prohibitively expensive, and 
since the scale of the exact regrets is bounded by a relatively small range of utilities, we can estimate the variance of 
the difference by the variance of the sampled regrets, which has often a very large range due to the importance sampling 
correction (see Section 4.5). We measure the estimate V̂ar = Var[maxa∈A(s) r̃t(s, a)] in the root of the games, since they 
have the largest range of possible values of r̃t (s, a). Regret matching also computes a quantity similar to r̃t(s, a). The only 
difference is that they are not counterfactual, i.e., they take into account only the value of the current sample and not the 
expected value of the strategy used throughout the entire game. We show these variances for Goofspiel(13), OZ(50, 3, 1), 
and Tron(13, 13) in Table 7.

The results show that the variance of OOS is significantly higher than in case of RM. As such, even though RM may 
be introducing some kind of bias by bootstrapping value estimates from its own subgame, when there are so few samples 
this trade-off may be worthwhile to avoid the uncertainty introduced by the variance. This problem is not apparent in the 
smaller games, because the higher probability of sampling individual terminal histories causes smaller variance and OOS 
performs enough samples to make the regret estimates sufficiently close to the true values. For example, in Goofspiel(5) 
used for offline convergence experiments, OOS performs approximately 2 × 105 iterations per second and the variance is 
only around 350.

7. Conclusion and future research

In this paper, we provide an extensive analysis of algorithms for solving and playing zero-sum extensive-form games with 
perfect information and simultaneous moves. We describe a collection of exact algorithms based on backward induction 
as well as a collection of Monte Carlo tree search algorithms including our novel algorithms DOαβ , BIαβ , SM-OOS and 
SM-MCTS with regret matching selection function.
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We empirically compare the performance of these algorithms on six substantially different games in two different set-
tings. In the offline equilibrium computation setting, we show that our novel algorithm based on backward induction, DOαβ , 
is able to prune large parts of the search space. In most games, DOαβ is several orders of magnitude faster than the classical 
backward induction and it is never significantly outperformed by any of its competitors. The only benefit of the sampling 
algorithms in the offline setting is a to get a rough approximation of the equilibrium solution in a short time. Their results 
are often inconsistent with short computation times. Given enough time, the results clearly show that SM-OOS achieves 
the fastest convergence to a Nash equilibrium. Finally, our offline experiments also explained different behavior reported in 
variants of SM-MCTS with UCT selection. We have shown that adding randomization to tie-breaking rules can significantly 
improve the performance of this algorithm.

The success in the offline equilibrium computation is, however, not a very good indicator of the game playing perfor-
mance in the online setting of head-to-head matches. First of all, the sizes of the games used for online experiments are too 
large for exact algorithms to be applicable without a domain-specific evaluation function. Performance of the representative 
of the exact algorithms, DOαβ , depends heavily on the accuracy of the used evaluation function. Secondly, in spite of the 
fastest convergence of SM-OOS among the sampling algorithms, SM-OOS does not always perform well in the online game 
playing. This is mainly due to the large variance of the regret updates that increases significantly in these large games. 
Among the remaining sampling algorithms, SM-MCTS based on regret matching is often very good, but sometimes it was 
outperformed by SM-MCTS with UCT selection, especially in games that require less randomized strategies.

Our work opens several interesting directions for future research. After introducing a strong pruning algorithm, it is of 
interest to formally study the limitations of pruning for this class of games, similarly to the theory developed for games 
with sequential moves. Future work could show if these pruning techniques can be substantially improved or if they are in 
some sense optimal. The main prerequisite is, however, estimating the expected number of iterations of the double-oracle 
algorithms for single step matrix games, which still remains an open problem. Furthermore, running large head-to-head 
tournaments for evaluating the game playing performance is time consuming, sensitive to setting correct parameters, and 
provides only limited insights into the performance of the algorithms. Proximity to the Nash equilibrium is not always 
a good indicator of game playing performance; hence, it is interesting to study alternative measures of quality of the 
algorithms that would better predict their game-playing performance in large games.
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A challenge many 

existing tools fail 

to address is that 

attackers react 

strategically to new 

security measures, 

adapting their 

behaviors in response. 

Game theory provides 

a methodology for 

making decisions that 

take into account 

these reactions.

and filtering. Different defense mechanisms 
have varying costs and effectiveness against 
specific types of attacks, forcing network 
administrators to make challenging deci-
sions about how best to optimize the ways 
in which they select and deploy these mea-
sures. Initial effectiveness can be mitigated 
in the long term as attackers adapt to secu-
rity measures, making optimization even 
more challenging.

Game theory provides a methodology for 
developing new decision support tools that 
takes into account attackers’ sophisticated 
responses to defense strategies. The key idea 
is that rational attackers will respond to se-
curity, so we can model the network defense 
problem as a two-player, multistage game. 
Solving these models lets us find an optimal 
defense plan to mitigate attacks and can also 
provide a quantitative measure of security 

improvement. We demonstrate this method-
ology for one specific type of defensive strat-
egy: honeypots, which are fake hosts or ser-
vices added to a network. Honeypots act as 
decoys to distract attackers from real hosts, 
detect the presence of intruders, and gather 
detailed information about an attacker’s 
activity.

Operating believable honeypots is expen-
sive in terms of hardware, software, and 
administrator time (typically spent manag-
ing the honeypot and analyzing data). In 
addition, many different types of honey-
pots could be used in any given network. 
We describe a game-theoretic approach for 
optimizing honeypot deployments as a case 
study for how game theory can be used to 
make network security decisions. Our case 
study on a realistic network shows the feasi-
bility of this methodology.

Computer network security is an example of asymmetric, strategic con-

flict between defenders and attackers, with attackers performing a wide 

range of intrusion actions such as scanning the network and exploiting vul-

nerabilities, and defenders countering with actions such as intrusion detection 

I n t e l l I g e n t  C y b e r s e C u r I t y  A g e n t s
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Background
Network administrators and security 
researchers use honeypots to detect and 
analyze attacker behaviors and tools.1 
In particular, the Honeynet Project 
provides a wealth of software and lit-
erature on knowledge acquired about 
attackers. Companies use honeypots as 
intrusion detection systems (IDSs)—
hardware products (for example, Ca-
nary by Thinkst) that can emulate vari-
ous OSs. To effectively use honeypots, 
network administrators must decide 
how many to deploy (contingent on 
cost) and where to place them to make 
them attractive targets.

Game Theory
Game theory models decision-mak-
ing problems with multiple decision 
makers (players) in a common, often 
partially observable, environment. A 
game consists of players, strategies 
(actions) available to each player, and 
utilities for each defender depend-
ing on the joint choices of all players; 
players can also have incomplete in-
formation about moves made by other 
players or the environment. The opti-
mal strategy for a player generally de-
pends on other players’ behavior. 

Game theory provides a variety of 
solution concepts and algorithms for 
analyzing games with different char-

acteristics. We focus on two-player 
games where the administrator (de-
fender) chooses a honeypot allocation 
that minimizes the cost and expected 
loss caused by an attacker compromis-
ing the network. The attacker chooses 
a strategy that maximizes the value of 
attacking the network while avoiding 
honeypots and minimizing costs. We 
use Stackelberg game models similar 
to those used for physical security do-
mains.2 The defender acts first, tak-
ing actions to harden the network by 
adding honeypots. The attacker then 
chooses the optimal attack plan based 
on (limited) knowledge about the 
network and the defender’s strategy. 
Solving the game means computing 
a strategy for each player, which de-
scribes an optimal (stochastic) action 
choice in every possible situation. 

Attack Graph
Attack graphs (AGs) represent possi-
ble sequential attacker strategies for 
compromising a specific computer net- 
work. They’re automatically generated  
based on known vulnerabilities3 and 
are used to identify the minimal sub-
set of vulnerabilities to be patched or 
sensors to be placed in the network 
to prevent known attacks, to calcu-
late security risk measures,4 or to find 
the shortest attack plan in penetration 

testing. We use AGs to compactly rep-
resent possible attack plans (attacker 
strategies) in our game models.

Model Overview
We model a network as a set of host 
types, such as the webserver or PC in 
Figure 1. Two hosts are of the same 
host type if they run the same ser-
vices and have the same network con-
nectivity and value. For example, a 
collection of workstations that run 
the same OS image are modeled as 
the same type. The host-type PC in 
Figure 1 has 10 equivalent hosts, all 
of which present the same attack op-
portunities. By representing each type 
only once in the attack graph, we 
can scale with the number of unique 
types rather than of individual hosts.

Defending
Let’s say the defender places k honey-
pots in the network by duplicating the 
configurations of existing hosts (with 
obfuscated data) or creating new host 
types. The defender pays a cost that’s 
dependent on the host type for each 
honeypot, so adding more honeypots 
of a specific host type increases the 
likelihood that the attacker will inter-
act with a honeypot instead of a real 
host. If the attacker interacts with a 
honeypot during an attack, an alert 
is sent to the defender, who immedi-
ately stops the attack or applies other 
countermeasures.

Attacking
In our model, we consider exploit ac-
tions that target a specific vulnerabil-
ity in a host. Successfully executing 
an exploit results in the attacker gain-
ing privileged or nonprivileged access 
to that host.

An AG compactly represents all 
known sequences of exploit actions 
for the host in the network. Specifi-
cally, it captures the dependencies be-
tween the exploit actions and true or 

Figure 1. A network and an attack graph representing ways to gain access to the 
database. Each action (rounded rectangular node) has preconditions and effects, 
represented by incoming and outgoing edges, respectively. Initially true facts are 
represented with rectangle nodes and initially false facts with diamond nodes.

1: execCode (Database, Root)
+1,000

2: Exploit Vulnerability
(0.4, 5, Database)

3: Password Brute Force
(0.1, 9, Database)

4: vulExists(Database,
‘CVE-2010-0020’, Windows_2000)

5: netAccess (Database, ‘139’, TCP)

6: Exploit Vulnerability
(0.2, 5, WebServer)

7: Exploit vulenrability
(0.3, 8, PC)

8: execCode (PC, User)
(0.8, 2, PC)

9: vulExists (WebServer,
‘CVE-2012-0572’, MySql)

10: vulExists (PC,
‘CVE-2013-0811’, Internet_Explorer)

11: Browsing a
malicious website

Internet

Webserver

10xPC

Database

PC
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false facts that represent logical state-
ment about the network state. Figure 1  
depicts a possible AG for the net-
work; each action (rounded rectan-
gular node) has preconditions and 
effects, represented by incoming and 
outgoing edges, respectively. All pre-
conditions must be true to perform 
the action. If an exploit action suc-
ceeds, then all its effects become true 
and the attacker obtains rewards. Ini-
tially true facts are represented with 
rectangle nodes and initially false 
facts with diamond nodes.

In Figure 1, action “2:Exploit 
Vulnerability” has preconditions: 
Fact 4, vulnerability exists, and Fact 
5, the attacker can access the daase 
on port 139. If the attacker success-
fully performs the action, he will ob-
tain root privileges to the database 
(Fact 1) and reward +1,000. The suc-
cess probability is the likelihood that 
an exploit will succeed, given that all 

preconditions are met, and the cost 
represents the attacker’s monetary 
cost and effort for attempting to per-
form an action, as well as the conse-
quences of possibly disclosing the ex-
ploit. Action 2 in Figure 1 has a suc-
cess probability of 0.4 and a cost of 5.

We use MulVAL3 to automatically 
construct AGs from information col-
lected by network scanning tools 
(such as Nessus or OpenVAS). The 
action costs and success probabili-
ties can be estimated using the Com-
mon Vulnerability Scoring System5 or 
other data sources. 

In our game models, the attacker 
chooses the optimal attack policy that 
fully characterizes the attacker’s be-
havior at every point in an attack—it 
specifies the order of the actions to be 
executed by a rational attacker. The 
problem of computing the optimal at-
tack policy can be represented as a fi-
nite horizon Markov decision process 

(MDP). We use domain-specific MDP 
algorithms to find optimal strategies.6

Game Model
Honeypots in network security are 
a form of a deception, and we can 
model deception in games where one 
player has more information about 
the game state than the other (such as 
the network structure or honeypot lo-
cations). Predicting player behavior is 
more difficult in these games because 
it depends on players’ beliefs about 
the likelihood of possible states. We 
model the honeypot allocation prob-
lem as a chance player who makes an 
initial random move with a probabil-
ity corresponding to the attacker’s be-
lief of each network’s likelihood, as 
shown in Figure 2. The attacker is un-
certain which of the possible extended 
networks (networks after the chance 
move) is the defender’s real network 
before the defender added honeypots. 

Figure 2. Game tree for a simple network of host types A and B, with attack success probabilities 0.2 and 0.8, respectively. 
Chance plays uniformly into three possible networks, each containing two hosts. The defender chooses possible combinations 
of allocating two honeypots in each possible network; the blue probability value is a possible defense strategy. The attacker 
selects attack policy AP1 through APn according to the networks’ attack graphs.
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We assume that the attacker’s be-
lief is common knowledge (if not, the 
defender can approximate it by ana-
lyzing real-world network frequency). 
In our example, the core network (at 
the chance layer) consists of a gate-
way router and a target host T. We 
model an attacker who knows that 
there are two additional hosts, either 
of host type A or B, with equal prob-
ability. Therefore, the chance player 
extends the core network by adding 
possible combinations of host types A 
and B, each with a probability of 1/3 
(known to both players), which leads 
to Networks 1 through 3.

The defender then decides which 
honeypot host types to add to each 
extended network. Although the de-
fender knows the actual network, the 
strategy specifies the honeypots to 
add to every possible network. We as-
sume that the attacker knows that the 
defender can add up to k honeypots, 
therefore, he or she must reason about 
what the defender would do in each 
possible situation. This creates an in-
teresting information structure. If the 
defender adds two honeypots to A in 
Network 1, which results in Network 
1-L, the attacker can be certain that 
two out of four hosts in A are honey-
pots. However, if the defender adds 
one honeypot to A and one to B in 
Network 1 and two honeypots to A 
in Network 2, the resulting Networks 
1-R and 2-L look exactly the same to 
the attacker. When the attacker ob-
serves this network, he or she can’t be 
certain if the host in B is a honeypot 
or not. An information set is the set 
of networks that look the same to the 
attacker; in Figure 2, they’re denoted 
by dashed rectangles I1 through I5. 
The attacker must play the same strat-
egy for all networks in an information 
set because they’re indistinguishable. 
However, in each information set, 
the attacker can have different attack 
plans to choose from (for example, in 

Network 1-L, only host type A can be 
attacked, while in Network 3-R, only 
host type B). The defender controls 
the attacker’s observations about the 
network to a large extent, leading to 
the potential for deception and a com-
plex decision problem for the attacker.

We assume that the honeypot du-
plicate is indistinguishable from the 
original host to the attacker. If the at-
tacker goes after host type A in Net-
work 1-L, he or she has a 50 percent 
chance of attacking the honeypot. 
Therefore, the attacker must weigh the 
probability of being detected against 
the expected benefit of the successful 
attack and the cost of alternative at-
tacks. Each attack policy results in a 
potentially different pair of utility val-
ues specified in the leaves of the game  
tree (AP1 through APn in I5 in Figure 2).  
The first value is the defender’s utility,  
which contains honeypot costs and ex-
pected losses from attacks. The second  
value is the attacker’s utility, which 
contains the expected reward, cost, and  
penalty for being detected.

Figure 2 shows the defender’s strategy  
OPTd, with probabilities highlighted 
in blue. The strategy prescribes the 
probability of playing each action in 
that network. The defender can in-
fluence the attacker’s probabilities of 
observing networks—typically, the 
best strategies make the attacker in-
different about which host type to at-
tack first, which in turn leads to the 
least effective attacks. For example, 
if the defender plays the OPTd strat-
egy, then the attacker who observes a 
network in I3 faces with probability 
0.45/(0.45 + 0.11) ≈ 0.8 Network 2-R 
and with probability 0.2 Network 
3-L. Because attacks are four times 
more likely to succeed at host type B 
than at A, the defender prefers add-
ing a honeypot to B four times more 
likely than to A.

Computing the defender’s strat-
egy is difficult because the number of 

possible defender actions grows com-
binatorically with the number of hon-
eypots and host types. Computing 
the attacker’s optimal attack plan is 
an NP-hard problem, and computing 
the defender’s strategy in Stackelberg 
equilibrium is an NP-hard problem 
for imperfect information games. We 
describe the game model in more de-
tail along with several approximation 
algorithms elsewhere.7

Case Study I: TV Company
We now present a case study to demon-
strate how we can use this framework to 
model a real network and feasibly com-
pute optimal honeypot allocations. The 
optimal strategies for this network in-
corporate deception, with the defender 
exploiting the attacker’s uncertainty 
about the network.

Domain Description
The case study is based on a network 
that the Swedish Defense Research 
Agency used during its cybersecurity 
exercises in 2012,8 in which networks 
were deliberately left vulnerable to at-
tacks. Here, we simplify the original 
network by representing complete sub-
networks as single host types and re-
ducing the number of vulnerabilities to 
three PCs and routers. The resulting at-
tack graph has 61 actions and 102 facts.

The attacker can initiate an attack 
on any PC (via a malicious website vis-
ited by a user on that host) except the 
target studio host (T in Figure 3). The 
routers can’t be attacked remotely, 
only locally. The attacker aims to 
gain root privileges to the studio host, 
which has a value of 1,000 for both 
players. Exploit actions have costs be-
tween 5 and 10 (7.5 on average), and 
success probabilities are estimated 
by MulVAL (0.7 on average). The at-
tacker has a penalty of 200 if detected, 
and the defender’s cost for creating a 
complex honeypot mimicking studio 
is 130, while any other PC costs 30.
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Game Analysis
The attacker knows the core network  
(nodes without question marks in Figure 3).  
Although uncertain about the hosts with  
question marks, the attacker knows 
that the attacked network contains 
two of the hosts with a question mark, 
just not which ones exactly. The de-
fender knows his or her network, 
which consists of the core network 
and PC host types adtv and Linda. We 
refer to this as the real network.

Solving the game means finding the 
defender’s optimal strategy for hon-
eypot allocation in every possible net-
work instance that can occur (after 
the chance move). The defender adds 
two honeypots of the studio host type 
to secure the target host, despite their 
high cost. A more interesting strategy 
occurs with three honeypots, where 
the attacker reasons about (7

3) = 35 
possible networks and computes at-
tack plans. Because adtv appeals to the 
attacker, the defender’s strategy rec-
ommends adding adtv as a honeypot 
in networks where adtv doesn’t exist 
(that is, in hypothetical networks other 
than the real one). This makes the at-

tacker cautious about attacking adtv. 
The defender of the real network (with 
Linda and adtv) allocates honeypots

•	with probability 0.75: π1 = {fw2, 
adtv, studio}, and

•	with probability 0.25: π2 = {fw2, 
gw, Skri},

with expected utility –412, which 
leads to a counterintuitive strategy for 
the rational attacker, who attacks adtv 
only when two adtv hosts are present, 
one real and one honeypot (after ac-
tion π1). Although there’s a probabil-
ity of 0.5 that the attacker will inter-
act with a honeypot, it’s worth the 
risk. Counterintuitively, when the de-
fender plays π2, in which case adtv 
could be attacked without interacting 
with a honeypot, the attacker reasons 
that it’s “too good to be true” and in-
stead attacks host www. When the 
attacker observes a single adtv host, 
the host is more likely to be a honey-
pot (with a probability of 0.65) than 
a real host: in alternative networks, 
adtv is often added as a honeypot.

With three honeypots, the adminis-
trator can exploit the attacker’s uncer-
tainty by playing mixed strategies, thus 
reducing total costs. With more honey-
pots, the optimal strategies become dif-
ficult to comprehend in full detail, let 
alone calculated by hand. Therefore, we 
argue that a decision support system of 
this kind is valuable to administrators.

Case Study II: Human 
Strategies
We conducted a survey to compare 
the performance of game-theoretic so-
lutions to human opponents. The 45 
respondents who participated in the 
survey were either the attendees of a 
four-day forensic malware seminar, 
members of a multiagent technology 
group at Czech Technical University in 
Prague, or employees of computer se-
curity companies. The survey was pre-

sented as a competition to motivate re-
spondents to create effective strategies.

To avoid overwhelming partici-
pants with too much information, we 
used the simple networks in Figure 2 
and set all honeypot costs and attack 
action costs to zero. We kept the re-
ward of 1,000 for target host T and a 
penalty of 200 for the attacker if de-
tected, and the exploit success proba-
bilities at 0.2 and 0.8 for host types A 
and B, respectively. Attacking routers 
and host type T is always successful, 
but the attacker can initiate attacks 
only from host types A or B.

respondent behaviors
Our analysis of 45 collected responses 
revealed five main clusters in the respon-
dents’ defense strategies. We compared 
this clustering to 500 uniformly random 
datasets using five standard quality met-
rics. The quality of our clustering was 
better than the 95th percentile, indicat-
ing that the clusters aren’t likely to ap-
pear by chance. A strategy belongs to a 
cluster if its L1 distance from a hand-se-
lected centroid strategy is less than 1/3.

For each cluster, we present the 
percentage of strategies in that cluster 
and the defender’s average expected 
utility (ud) of the strategies against a 
worst-case attacker:

•	Optimal strategy (OPTd), with 15 
percent, ud  =  −236 ± 23, is a cluster 
around the game-theoretic solution.

•	Perfect information (PId), with 26 
percent, ud = −267 ± 21, defends 
each network in isolation by play-
ing into I1, I4, and I5; it doesn’t ex-
ploit the attacker’s uncertainty.

•	 Single information set (SISd), with 
11 percent, ud = −343 ± 16, always 
plays to I5.

•	 Biased uniform (BUd), with 26 per-
cent, ud = − 292 ± 22, mostly allo-
cates one honeypot to each side, with 
probabilities 0.1 and 0.2 for both 
honeypots to A and B, respectively.

Figure 3. Network for TV company case 
study. The attacker knows about all 
routers, host mail, www, and studio 
(target) in the network, but he’s 
uncertain if hosts with a question mark 
are present in the network. Therefore, he 
must consider all possible combinations 
and likelihood of their occurrence, to 
compute optimal attack strategies.
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•	Both to B (BBd), with 15 percent, 
ud = −255 ± 24, protects the more 
vulnerable host type B with two 
honeypots.

•	Outliers (OLd), with 13 percent, ud 
= −334 ± 111, are defense strategies 
with a distance larger than 1/3 to 
any centroid strategy.

Figure 4 illustrates the individual 
defense strategies. Each triangle rep-
resents one possible network, and 
the points represent the normalized 
probability distributions over pure 
strategies (each corner represents a pure 
strategy).

Survey Analysis
Table 1 summarizes the strategy anal-
ysis. Each entry contains the defend-

er’s mean utility µ, standard deviation 
s, and 10th (or 90th) percentile from 
106 simulations for a pair of a defense 
strategy (row) against an attack strat-
egy (column).

The OPTd strategy maximizes the 
defender’s utility against the worst-
case attacker. Column BRa is the best-
response (worst-case) attack strategy 
against each defense strategy, which 
shows how exploitable a defense strat-
egy is. Rd represents the respondents’ 
defense strategies in our dataset. We 
generated a single “mean” respondent 
strategy by averaging the individual 
strategies, labeled MRd. By compar-
ing these strategies to the baseline 
uniform strategy, we see that respon-
dents’ play gave better results than 
the random baseline.

The respondents’ mean attack strat-
egy MRa reveals some interesting ob-
servations. The MRd against MRa has  
a lower mean utility than the optimal 
strategy OPTd against MRa, indicat-
ing that against human attackers, it 
might be a better defense over OPTd. 
However, MRd might not be a good 
strategy from a long-term perspec-
tive. Attackers will likely learn from  
experience and move toward the best-
response BR a by increasing the 
frequency of successful attacks and  
reducing failed ones.8 Instead of play-
ing OPTd, it might be better to begin 
with the MRd strategy, but switch to 
OPTd as attackers start adapting.

We can develop an even better de-
fense strategy than OPTd or MRd that 
exploits human behavior. BRd is the  

Table 1. Defender’s utility, standard deviation, 10th and 90th percentile for the defender’s strategies (rows) and attacker’s 
strategies (columns).*

Defense/attack Best response (BRa) Mean respondent (MRa)

m s 10th, 90th percentile m s 10th, 90th percentile

Optimal (OPTd) −207 131 −350, −50 −189 181 −350, 100

Respondent (Rd) −285 236 −500, 100 −167 208 −360, 100

Mean respondent (MRd) −262 266 −500, 100 −164 207 −360, 100

Baseline uniform −317 322 −800, 100 −162 240 −500, 100

Best response (BRd) −302 187 −500, −50 −111 200 −500, 100
* BRa is the attacker’s best-response strategy to a defense strategy; MRd and MRa are mean respondent defense and mean respondent attack strategies, respectively.

Figure 4. Respondents’ defense strategies. Each triangle represents the space of possible defender strategies for the network in 
Figure 2 (each corner is a pure strategy).
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defender’s best-response defense strategy 
against the human MRd attack strategy, 
resulting in the highest utility for the de-
fender. However, there’s added risk be-
cause it’s vulnerable against BRa attackers  
who specifically exploit this strategy.

Our strategies have a large s due to 
two factors. First, networks have dif-
ferent levels of security (Network 3 is 
more vulnerable than Network 1), and 
more vulnerable networks will natu-
rally have lower utility. For example, 
with strategy OPTd, the administrator  
of Networks 1, 2, and 3 has an expected 
utility −23, −247, and −350, respec- 
tively. Second, randomized strategies 
are necessary to minimize the strate-
gy’s predictability, but they also result 
in variability in outcomes. The OPTd 
strategy has the lowest standard devi-
ation against both types of attackers, 
which can be a desirable property.

Our results show strengths and 
weaknesses in both theoretical 

and human solutions: humans were 
effective at defending against human 

attackers, but fared poorly against 
worst-case attackers. Game-theoretic  
strategies are robust, but there are 
opportunities to further exploit weak-
nesses in human opponents. In ad-
dition, we had to simplify the game 
considerably so human players could 
understand it. In complex scenarios, 
humans might not be able to compute 
any plausible strategy with a reason-
able effort. Further empirical studies 
are clearly needed to investigate the 
effectiveness of game models for net-
work security, but we view this as a 
promising first step.

Our work has the potential for fur-
ther research in several directions. 
The attacker’s interaction with hon-
eypots can be modeled in more detail, 
including the attacker’s attempts to 
detect honeypots. Another direction 
is to include in the model network 
changes that can be partially solved 
by deploying dynamic honeypots. This 
model could consider sets of possible 
network changes and find strategies 
that additionally minimize the cost 
for honeypot reconfigurations. 
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ABSTRACT
Online game playing algorithms produce high-quality strategies

with a fraction of memory and computation required by their of-

fline alternatives. Continual Resolving (CR) is a recent theoreti-

cally sound approach to online game playing that has been used

to outperform human professionals in poker. However, parts of

the algorithm were specific to poker, which enjoys many proper-

ties not shared by other imperfect information games. We present

a domain-independent formulation of CR applicable to any two-

player zero-sum extensive-form games (EFGs). It works with an

abstract resolving algorithm, which can be instantiated by various

EFG solvers. We further describe and implement its Monte Carlo

variant (MCCR) which uses Monte Carlo Counterfactual Regret

Minimization (MCCFR) as a resolver. We prove the correctness of

CR and show an O(T−1/2)-dependence of MCCR’s exploitability

on the computation time. Furthermore, we present an empirical

comparison of MCCR with incremental tree building to Online

Outcome Sampling and Information-set MCTS on several domains.
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1 INTRODUCTION
Strategies for playing games can be pre-computed offline for all
possible situations, or computed online only for the situations that

occur in a particular match. The advantage of the offline computa-

tion are stronger bounds on the quality of the computed strategy.

Therefore, it is preferable if we want to solve a game optimally. On

the other hand, online algorithms can produce strong strategies

with a fraction of memory and time requirements of the offline

approaches. Online game playing algorithms have outperformed

humans in Chess [14], Go [27], and no-limit Poker [3, 22].

Proc. of the 18th International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2019), N. Agmon, M. E. Taylor, E. Elkind, M. Veloso (eds.), May 13–17, 2019,
Montreal, Canada. © 2019 International Foundation for Autonomous Agents and

Multiagent Systems (www.ifaamas.org). All rights reserved.

While online approaches have always been the method of choice

for strong play in perfect information games, it is less clear how

to apply them in imperfect information games (IIGs). To find the

optimal strategy for a specific situation in an IIG, a player has to

reason about the unknown parts of the game state. They depend

on the (possibly unobservable) actions of the opponent prior to the

situation, which in turn depends on what the optimal decisions

are for both players in many other parts of the game. This makes

the optimal strategies in distinct parts of the game closely interde-

pendent and makes correct reasoning about the current situation

difficult without solving the game as a whole.

Existing online game playing algorithms for imperfect informa-

tion games either do not provide any guarantees on the quality of

the strategy they produce [8, 9, 21], or require the existence of a

compact heuristic evaluation function and a significant amount of

computation to construct it [4, 22]. Moreover, the algorithms that

are theoretically sound were developed primarily for Texas hold’em

poker, which has a very particular information structure. After the

initial cards are dealt, all of the actions and chance outcomes that

follow are perfectly observable. Furthermore, since the players’

moves alternate, the number of actions taken by each player is

always known. None of this holds in general for games that can be

represented as two-player zero-sum extensive-form games (EFGs).

In a blind chess [8], we may learn we have lost a piece, but not nec-

essarily which of the opponent’s pieces took it. In visibility-based

pursuit-evasion [25], we may know the opponent remained hidden,

but not in which direction she moved. In phantom games [28], we

may learn it is our turn to play, but not how many illegal moves

has the opponent attempted. Because of these complications, the

previous theoretically sound algorithms for imperfect-information

games are no longer directly applicable.

The sole exception is Online Outcome Sampling (OOS) [20]. It is

theoretically sound, completely domain independent, and it does

not use any pre-computed evaluation function. However, it starts

all its samples from the beginning of the game, and it has to keep

sampling actions that cannot occur in the match anymore. As a

result, its memory requirements grow as more and more actions

are taken in the match, and the high variance in its importance

sampling corrections slows down the convergence.

We revisit the Continual Resolving algorithm (CR) introduced

in [22] for poker and show how it can be generalized in a way

that can handle the complications of general two-player zero-sum

EFGs. Based on this generic algorithm, we introduce Monte Carlo

Continual Resolving (MCCR), which combines MCCFR [18] with



incremental construction of the game tree, similarly to OOS, but

replaces its targeted sampling scheme by Continual Resolving. This

leads to faster sampling since MCCR starts its samples not from the

root, but from the current point in the game. It also decreases the

memory requirements by not having to maintain statistics about

parts of the game no longer relevant to the current match. Further-

more, it allows evaluating continual resolving in various domains,

without the need to construct expensive evaluation functions.

We prove that MCCR’s exploitability approaches zero with in-

creasing computational resources and verify this property empiri-

cally in multiple domains. We present an extensive experimental

comparison of MCCR with OOS, Information-set Monte Carlo Tree

Search (IS-MCTS) [9] and MCCFR. We show that MCCR’s per-

formance heavily depends on its ability to quickly estimate key

statistics close to the root, which is good in some domains, but

insufficient in others.

2 BACKGROUND
We now describe the standard notation for IIGs and MCCFR.

2.1 Imperfect Information Games
We focus on two-player zero-sum extensive-form games with im-

perfect information. Based on [24], game G can be described by

• H – the set of histories, representing sequences of actions.

• Z – the set of terminal histories (those z ∈ H which are not

a prefix of any other history). We use д ⊏ h to denote the

fact that д is equal to or a prefix of h.
• A(h) := {a | ha ∈ H} denotes the set of actions available at
a non-terminal history h ∈ H \ Z. The term ha refers to a

history, i.e. child of history h by playing a.
• P : H \ Z → {1, 2, c} is the player function partitioning

non-terminal histories into H1, H2 and Hc depending on

which player chooses an action at h. Player c is a special

player, called “chance” or “nature”.

• The strategy of chance is a fixed probability distribution σc
over actions in chance player’s histories.

• The utility function u = (u1,u2) assigns to each terminal

history z the rewards u1(z),u2(z) ∈ R received by players 1

and 2 upon reaching z. We assume that u2 = −u1.

• The information-partitionI = (I1,I2) captures the imperfect

information of G . For each player i ∈ {1, 2}, Ii is a partition
ofHi . If д,h ∈ Hi belong to the same I ∈ Ii then i cannot
distinguish between them. Actions available at infoset I are
the same as in each history h of I , therefore we overload

A(I ) := A(h). We only consider games with perfect recall,
where the players always remember their past actions and

the information sets visited so far.

A behavioral strategy σi ∈ Σi of player i assigns to each I ∈ Ii
a probability distribution σ (I ) over available actions a ∈ A(I ). A
strategy profile (or simply strategy) σ = (σ1,σ2) ∈ Σ1 × Σ2 consists

of strategies of players 1 and 2. For a player i ∈ {1, 2}, −i will be
used to denote the other two actors {1, 2, c} \ {i} inG (for example

H−1 := H2 ∪Hc ) and oppi denotes i’s opponent (opp1
:= 2).

2.2 Nash Equilibria and Counterfactual Values
The reach probability of a history h ∈ H under σ is defined as

πσ (h) = πσ
1
(h)πσ

2
(h)πσc (h), where each πσi (h) is a product of prob-

abilities of the actions taken by player i between the root and h.
The reach probabilities πσi (h |д) and πσ (h |д) conditional on be-

ing in some д ⊏ h are defined analogously, except that the prod-

ucts are only taken over the actions on the path between д and

h. Finally, πσ
−i (·) is defined like πσ (·), except that in the product

πσ
1
(·)πσ

2
(·)πσc (·) the term πσi (·) is replaced by 1.

The expected utility for player i of a strategy profile σ is ui (σ ) =∑
z∈Z πσ (z)ui (z). The profile σ is an ϵ-Nash equilibrium (ϵ-NE) if

(∀i ∈ {1, 2}) : ui (σ ) ≥ max

σ ′i ∈Σi
ui (σ

′
i ,σoppi ) − ϵ .

A Nash equilibrium (NE) is an ϵ-NE with ϵ = 0. It is a standard

result that in two-player zero-sum games, all σ ∗ ∈ NE have the

same ui (σ
∗) [24]. The exploitability expl(σ ) of σ ∈ Σ is the average

of exploitabilities expli (σ ), i ∈ {1, 2}, where

expli (σ ) := ui (σ
∗) − min

σ ′
oppi ∈Σoppi

ui (σi ,σ
′
oppi
).

The expected utility conditional on reaching h ∈ H is

uσi (h) =
∑

h⊏z∈Z

πσ (z |h)ui (z).

An ingenious variant of this concept is the counterfactual value
(CFV) of a history, defined as vσi (h) := πσ

−i (h)u
σ
i (h), and the coun-

terfactual value of taking an action a at h, defined as vσi (h,a) :=

πσ
−i (h)u

σ
i (ha). We set vσi (I ) :=

∑
h∈I v

σ
i (h) for I ∈ Ii and define

vσi (I ,a) analogously. A strategy σ⋆
2
∈ Σ2 is a counterfactual best re-

sponseCBR(σ1) toσ1 ∈ Σ1 ifv
(σ1,σ⋆

2
)

2
(I ) = maxa∈A(I )v

(σ1,σ⋆
2
)

2
(I ,a)

holds for each I ∈ I2 [7].

2.3 Monte Carlo CFR
For a strategy σ ∈ Σ, I ∈ Ii and a ∈ A(I ), we set the counterfactual
regret for not playing a in I under strategy σ to

rσi (I ,a) := vσi (I ,a) −v
σ
i (I ). (1)

The Counterfactual Regret minimization (CFR) algorithm [29] gen-

erates a consecutive sequence of strategies σ 0,σ 1, . . . , σT in such

a way that the immediate counterfactual regret

R̄ti, imm
(I ) := max

a∈A(I )
R̄ti, imm

(I ,a) := max

a∈A(I )

1

t

t∑
t ′=1

rσ
t ′

i (I ,a)

is minimized for each I ∈ Ii , i ∈ {1, 2}. It does this by using the

Regret Matching update rule [1, 12]:

σ t+1(I ,a) :=
max{R̄ti, imm

(I ,a), 0}∑
a′∈A(I )max{R̄ti, imm

(I ,a′), 0}
. (2)

Since the overall regret is bounded by the sum of immediate coun-

terfactual regrets [29, Theorem 3], this causes the average strategy

σ̄T (defined by (3)) to converge to a NE [18, Theorem 1]:

σ̄T (I ,a) :=

∑T
t=1

πσ
t

i (I )σ
t (I ,a)∑T

t=1
πσ

t

i (I )
(where I ∈ Ii ). (3)

In other words, by accumulating immediate cf. regrets at each

information set from the strategies σ 0, . . . ,σ t , we can produce new



strategy σ t+1
. However only the average strategy is guaranteed

to converge to NE with O(1/
√
T ) – the individual regret matching

strategies can oscillate. The initial strategy σ 0
is uniform, but in

fact any strategy will work. If the sum in the denominator of update

rule (2) is zero, σ t+1(I ,a) is set to be also uniform.

The disadvantage of CFR is the costly need to traverse the whole

game tree during each iteration. Monte Carlo CFR [18] works sim-

ilarly, but only samples a small portion of the game tree each it-

eration. It calculates sampled variants of CFR’s variables, each of

which is an unbiased estimate of the original [18, Lemma 1]. We use

a particular variant of MCCFR called Outcome Sampling (OS) [18].

OS only samples a single terminal history z at each iteration, using

the sampling strategy σ t,ϵ := (1 − ϵ)σ t + ϵ · rnd, where ϵ ∈ (0, 1]
controls the exploration and rnd(I ,a) := 1

|A(I ) | .

This z is then traversed forward (to compute each player’s prob-

ability πσ
t

i (h) of playing to reach each prefix of z) and backward

(to compute each player’s probability πσ
t

i (z |h) of playing the re-

maining actions of the history). During the backward traversal, the

sampled counterfactual regrets at each visited I ∈ I are computed

according to (4) and added to R̃Ti, imm
(I ):

r̃σ
t

i (I ,a) :=

{
wI · (π

σ t (z |ha) − πσ
t
(z |h)) if ha ⊏ z

wI · (0 − π
σ t (z |h)) otherwise

, (4)

where h denotes the prefix of z which is in I and wI stands for
1

π σ t,ϵ (z)
πσ

t

−i (z |h)ui (z) [17].

3 DOMAIN-INDEPENDENT FORMULATION
OF CONTINUAL RESOLVING

The only domain for which continual resolving has been previously

defined and implemented is poker. Poker has several special prop-

erties: a) all information sets have a fixed number of histories of

the same length, b) public states have the same size and c) only a

single player is active in any public state.

There are several complications that occur in more general EFGs:

(1) We might be asked to take several turns within a single public

state, for example in phantom games. (2) When we are not the

acting player, we might be unsure whether it is the opponent’s

or chance’s turn. (3) Finally, both players might be acting within

the same public state, for example a secret chance roll determines

whether we get to act or not.

In this section, we present an abstract formulation of continual

resolving robust enough to handle the complexities of general EFGs.

However, we first need to define the concepts like public tree and

resolving gadget more carefully.

3.1 Subgames and the Public Tree
To speak about the information available to player i in histories

where he doesn’t act, we use augmented information sets. For player
i ∈ {1, 2} and history h ∈ H \Z, the i’s observation history ®Oi (h) in
h is the sequence (I1,a1, I2,a2, . . . ) of the information sets visited

and actions taken by i on the path to h (incl. I ∋ h if h ∈ Hi ). Two

histories д,h ∈ H \ Z belong to the same augmented information
set I ∈ Iaugi if ®Oi (д) = ®Oi (h). This is equivalent to the definition

from [7], except that our definition makes it clear that I
aug

i is also

defined onHi (and coincides there withIi because of perfect recall).

Remark 3.1 (Alternatives to Iaug). Iaug isn’t the only viable
way of generalizing information sets. One could alternatively consider
some further-unrefineable perfect-recall partition I∗i of H which
coincides with Ii onHi , and many other variants between the two
extremes. We focus only on Iaug, since an in-depth discussion of the
general topic would be outside of the scope of this paper.

We use ∼ to denote histories indistinguishable by some player:

д∼h ⇐⇒ ®O1(д) = ®O1(h) ∨ ®O2(д) = ®O2(h).

By ≈ we denote the transitive closure of ∼. Formally, д ≈ h iff

(∃n) (∃h1, . . . ,hn ) : д∼h1, h1∼h2, . . . , hn−1∼hn , hn ∼h.

If two states do not satisfy д ≈ h, then it is common knowledge

that both players can tell them apart.

Definition 3.2 (Public state). Public partition is any partition S of

H \Z whose elements are closed under ∼ and form a tree. An ele-

ment S of such S is called a public state. The common knowledge
partition S

ck
is the one consisting of the equivalence classes of ≈.

Our definition of S is a reformulation of the definition of [15] in

terms of augmented information sets (which aren’t used in [15]).

The definition of S
ck

is novel. We endow any S with the tree

structure inherited fromH . Clearly,S
ck

is the finest public partition.

The concept of a public state is helpful for introducing imperfect-

information subgames (which aren’t defined in [15]).

Definition 3.3 (Subgame). A subgame rooted at a public state S is

the set G(S) := {h ∈ H | ∃д ∈ S : д ⊏ h}.

For comparison, [7] defines a subgame as “a forest of trees, closed

under both the descendant relation and membership within I
aug

i
for any player”. For any h ∈ S ∈ S

ck
, the subgame rooted at S is the

smallest [7]-subgame containing h. As a result, [7]-subgames are

“forests of subgames rooted at common-knowledge public states”.

We can see that finer public partitions lead to smaller subgames,

which are easier to solve. In this sense, the common-knowledge

partition is the “best one”. However, finding S
ck

is sometimes non-

trivial, which makes the definition of general public states from [15]

important. The drawback of this definition is its ambiguity — indeed,

it allows for extremes such as grouping the wholeH into a single

public state, without giving a practical recipe for arriving at the

“intuitively correct” public partition.

3.2 Aggregation and the Upper Frontier
Often, it is useful to aggregate reach probabilities and counterfactual

values over (augmented) information sets or public states. In general

EFGs, an augmented information set I ∈ I
aug

i can be “thick”, i.e. it

can contain both some ha ∈ H and it’s parent h. This necessarily
happens when we are unsure how many actions were taken by

other players between our two successive actions. For such I , we
only aggregate over the “upper frontier” Î := {h ∈ I | ∄д ∈ I : д ⊏
h &д , h} of I [10, 11]: We overload πσ (·) as πσ (I ) :=

∑
h∈Î π

σ (h)

and vσi (·) as v
σ
i (I ) :=

∑
h∈Î v

σ
i (h). We define Ŝ for S ∈ S, πσi (I ),

πσ
−i (I ) and v

σ
i (I ,a) analogously. By Ŝ(i) := {I ∈ I

aug

i | Î ⊆ Ŝ} we
denote the topmost (augmented) information sets of player i in S .

To the best of our knowledge, the issue of “thick” information

sets has only been discussed in the context of non-augmented



Figure 1: Resolving game G̃ (S,σ , ṽ) constructed for player △
in a public state S . Player’s (augmented) information sets are
drawn with solid (resp. dashed) lines of the respective color.
The chance node ⃝ chooses one of ▽’s histories ˜h1, ˜h2, ˜h3,
which correspond to the “upper frontier” of S .

information sets in games with imperfect recall [11]. One scenario

where thick augmented information sets cause problems is the

resolving gadget game, which we discuss next.

3.3 Resolving Gadget Game
We describe a generalization of the resolving gadget game from [7]

(cf. [3, 23]) for resolving Player 1’s strategy (see Figure 1).

Let S ∈ S be a public state to resolve from, σ ∈ Σ, and let

ṽ(I ) ∈ R for I ∈ Ŝ(i) be the required counterfactual values. First,

the upper frontier of S is duplicated as { ˜h | h ∈ Ŝ} =: S̃ . Player 2

is the acting player in S̃ , and from his point of view, nodes
˜h are

partitioned according to {Ĩ := { ˜h | h ∈ Î } | I ∈ Ŝ(2)}. In ˜h ∈ Ĩ
corresponding to h ∈ I , he can choose between “following” (F)

into h and “terminating” (T), which ends the game with utility

ũ2( ˜hT ) := ṽ(I )πσ
−2
(S)/πσ

−2
(I ). From any h ∈ Ŝ onward, the game

is identical to G(S), except that the utilities are multiplied by a

constant: ũi (z) := ui (z)π
σ
−2
(S). To turn this into a well-defined

game, a root chance node is added and connected to each h ∈ Ŝ ,
with transition probabilities πσ

−2
(h)/πσ

−2
(S).

This game is called the resolving gadget game G̃ (S,σ , ṽ), or

simply G̃ (S) when there is no risk of confusion, and the vari-

ables related to it are denoted by tilde. If ρ̃ ∈ Σ̃ is a “resolved”

strategy in G̃(S), we denote the new combined strategy in G as

σnew
:= σ |G(S )←ρ̃ , i.e. play according to strategy ρ̃ in the subgame

G(S) and according to σ everywhere else.

The difference between G̃ (S,σ , ṽ) and the original version of [7]

is that ourmodification only duplicates the upper frontier Ŝ and uses
normalization constant

∑
Ŝ π

σ
−2
(h) (rather than

∑
S π

σ
−2
(h)) and esti-

mates ṽ(I ) =
∑
Î ṽ(h) (rather than

∑
I ṽ(h)). This enables G̃ (S,σ , ṽ)

to handle domains with thick information sets and public states.

While tedious, it is straightforward to check that G̃ (S,σ , ṽ) has all
the properties proved in [6, 7, 22]. Without our modification, the

resolving games would either sometimes be ill-defined, or wouldn’t

have the desired properties.

Input : Information set I ∈ I1
Output :An action a ∈ A(I )

1 S← the public state which contains I ;

2 if S < KPS then
3 G̃(S) ← BuildResolvingGame(S,D(S));
4 KPS← KPS ∪ S;
5 NPS← all S ′ ∈ S where CR acts for the first time after

leaving KPS;
6 ρ̃, ˜D← Resolve(G̃(S),NPS);
7 σ1 |S ′ ← ρ̃ |S ′ ;

8 D← calculate data for NPS based on D, σ1 and D̃;
9 end

10 return a ∼ σ1(I )
Algorithm 1: Function Play of Continual Resolving

The following properties are helpful to get an intuitive under-

standing of gadget games. Their more general versions and proofs

(resp. references for proofs) are listed in the appendix.

Lemma 3.4 (Gadget game preserves opponent’s values). For
each I ∈ I

aug

2
with I ⊂ G(S), we have vσ

new

2
(I ) = ṽ

ρ̃
2
(I ).

Note that the conclusion does not hold for counterfactual values

of the (resolving) player 1! (This can be easily verified on a simple

specific example such as Matching Pennies.)

Lemma 3.5 (Optimal resolving). If σ and ρ̃ are both Nash equi-
libria and ṽ(I ) = vσ

2
(I ) for each I ∈ Ŝ(2), then σnew

1
is not exploitable.

3.4 Continual Resolving
Domain-independent continual resolving closely follows the struc-

ture of continual resolving for poker [22], but uses a generalized

resolving gadget and handles situations which do not arise in poker,

such as multiple moves in one public state. We explain it from the

perspective of Player 1. The abstract CR keeps track of strategy σ1

it has computed in previous moves. Whenever it gets to a public

state S , where σ1 has not been computed, it resolves the subgame

G(S). As a by-product of this resolving, it estimates opponent’s

counterfactual values v
σ1,CBR(σ1)

2
for all public states that might

come next, allowing it to keep resolving as the game progresses.

CR repetitively calls a Play function which takes the current

information set I ∈ I1 as the input and returns an action a ∈ A(I )
for Player 1 to play. It maintains the following variables:

• S ∈ S . . . the current public state,

• KPS ⊂ S . . . the public states where strategy is known,

• σ1 . . . a strategy defined for every I ∈ I1 in KPS,

• NPS ⊂ S . . . the public states where CR may resolve next,

• D(S ′) for S ′ ∈ NPS . . . data allowing resolving at S ′, such as

the estimates of opponent’s counterfactual values.

The pseudo-code for CR is described inAlgorithm 1. If the current

public state belongs to KPS, then the strategy σ1(I ) is defined, and
we sample action a from it. Otherwise, we should have the data

necessary to build some resolving game G̃(S) (line 3). We then

determine the public states NPS where we might need to resolve

next (line 5). We solve G̃(S) via some resolving method which also

computes the data necessary to resolve from any S ′ ∈ NPS (line



6). Finally, we save the resolved strategy in S and update the data

needed for resolving (line 7-9). To initialize the variables before the

first resolving, we set KPS and σ1 to ∅, find appropriate NPS, and

start solving the game from the root using the same solver as Play,
i.e. _ ,D ← Resolve(G,NPS).

We now consider CR variants that use the gadget game from Sec-

tion 3.3 and data of the form D = (r1, ṽ), where r1(S
′) = (πσ1

1
(h))S ′

is CR’s range and ṽ(S ′) = (ṽ(J ))J estimates opponent’s counterfac-

tual value at each J ∈ S ′(2). We shall use the following notation:

Sn is the n-th public state from which CR resolves; ρ̃n is the corre-

sponding strategy in G̃(Sn ); σ
n
1
is CR’s strategy after n-th resolving,

defined on KPSn ; the optimal extension of σn
1
is

σ ∗n
1

:= argminν1∈Σ1

expl
1

(
σn

1
|KPSn ∪ ν1 |S\KPSn

)
.

Lemmata 24 and 25 of [22] (summarized into Lemma A.5 in our

Appendix A) give the following generalization of [22, Theorem S1]:

Theorem 3.6 (Continual resolving bound). Suppose that CR
uses D = (r1, ṽ) and G̃(S,σ1, ṽ). Then the exploitability of its strat-
egy is bounded by expl

1
(σ1) ≤ ϵṽ

0
+ ϵR

1
+ ϵṽ

1
+ · · · + ϵṽN−1

+ ϵRN ,
where N is the number of resolving steps and ϵRn := ẽxpl

1
(ρ̃n ), ϵṽn :=∑

J ∈Ŝn+1(2)

���ṽ(J ) −vσ ∗n1
,CBR

2
(J )

��� are the exploitability (in G̃(Sn )) and
value estimation error made by the n-th resolver (resp. initialization
for n = 0).

The DeepStack algorithm from [22] is a poker-specific instance

of the CR variant described in the above paragraph. Its resolver is

a modification of CFR with neural network heuristics and sparse

look-ahead trees. We make CR domain-independent and allowing

for different resolving games (BuildResolvingGame), algorithms

(Resolve), and schemes (by changing line 5).

4 MONTE CARLO CONTINUAL RESOLVING
Monte Carlo Continual Resolving is a specific instance of CR which

uses Outcome Sampling MCCFR for game (re)solving. Its data are

of the form D = (r1, ṽ) described above and it resolves using the

gadget game from Section 3.3. We first present an abstract version

of the algorithms that we formally analyze, and then add improve-

ments that make it practical. To simplify the theoretical analysis,

we assume MCCFR computes the exact counterfactual value of

resulting average strategy σ̄T for further resolving. (We later dis-

cuss more realistic alternatives.) The following theorem shows that

MCCR’s exploitability converges to 0 at the rate of O(T−1/2).

Theorem 4.1 (MCCR bound). With probability at least (1−p)N+1,
the exploitability of strategy σ computed by MCCR satisfies

expli (σ ) ≤
(√

2/
√
p + 1

)
|Ii |

∆u,i
√
Ai

δ

(
2

√
T0

+
2N − 1

√
TR

)
,

where T0 and TR are the numbers of MCCR’s iterations in pre-play
and each resolving, N is the required number of resolvings, δ =
minz,t qt (z) where qt (z) is the probability of sampling z ∈ Z at
iteration t , ∆u,i = maxz,z′ |ui (z) −ui (z

′)| andAi = maxI ∈Ii |A(I )|.

The proof is presented in the appendix. Essentially, it inductively

combines the OS bound (Lemma A.1) with the guarantees available

for resolving games in order to compute the overall exploitability

bound.
1
For specific domains, a much tighter bound can be obtained

by going through our proof in more detail and noting that the size of

subgames decreases exponentially as the game progresses (whereas

the proof assumes that it remains constant). In effect, this would

replace the N in the bound above by a small constant.

4.1 Practical Modifications
Above, we describe an abstract version of MCCR optimized for

clarity and ease of subsequent theoretical analysis. We now describe

the version of MCCR that we implemented in practice. The code

used for the experiments is available online at https://github.com/

aicenter/gtlibrary-java/tree/mccr.

4.1.1 Incremental Tree-Building. A massive reduction in the

memory requirements can be achieved by building the game tree

incrementally, similarly to Monte Carlo Tree Search (MCTS) [5]. We

start with a tree that only contains the root. When an information

set is reached that is not in memory, it is added to it and a playout

policy (e.g., uniformly random) is used for the remainder of the

sample. In playout, information sets are not added to memory. Only

the regrets in information sets stored in the memory are updated.

4.1.2 Counterfactual Value Estimation. Since the computation

of the exact counterfactual values of the average strategy needed

by G̃(S,σ , ·) requires the traversal of the whole game tree, we have

to work with their estimates instead. To this end, our MCCFR

additionally computes the opponent’s sampled counterfactual values

ṽσ
t

2
(I ) :=

1

πσ
t,ϵ
(z)

πσ
t

−2
(h)πσ

t
(z |h)u2(z).

It is not possible to compute the exact counterfactual value of the

average strategy just from the values of the current strategies. Once

the T iterations are complete, the standard way of estimating the

counterfactual values of σ̄T is using arithmetic averages

ṽ(I ) :=
1

T

∑
ṽσ

t

2
(I ). (5)

However, we have observed better results with weighted averages

ṽ(h) :=
∑
t

π̃σ
t
(h)vσ

t

2
(h) /

∑
t

π̃σ
t
(h). (6)

The stability and accuracy of these estimates is experimentally

evaluated in Section 5 and further analyzed in Appendix B. We also

propose an unbiased estimate of the exact values computed from

the already executed samples, but its variance makes it impractical.

4.1.3 Root Distribution of Gadgets. As in [22], we use the infor-

mation about opponent’s strategy from previous resolving when

constructing the gadget game. Rather than being proportional to

π−2(h), the root probabilities are proportional to π−2(h)(π2(h) + ϵ).
This modification is sound as long as ϵ > 0.

1
Note that Theorem 4.1 isn’t a straightforward corollary of Theorem 3.6, since calcu-

lating the numbers ϵ ṽn does require non-trivial work. In particular, σ̄T from the n-th
resolving isn’t the same as σn∗

1
, CBR(σn∗

1
) and the simplifying assumption about ṽ

is not equivalent to assuming that ϵ ṽn = 0.



4.1.4 Custom Sampling Scheme. To improve the efficiency of

resolving by MCCFR, we use a custom sampling scheme which

differs from OS in two aspects. First, we modify the above sampling

scheme such that with probability 90% we sample a history that

belongs to the current information set I . This allows us to focus

on the most relevant part of the game. Second, whenever
˜h ∈

S̃ is visited by MCCFR, we sample both actions (T and F). This

increases the transparency of the algorithm, since all iterations

now “do a similar amount of work” (rather than some terminating

immediately). These modifications are theoretically sound, since

the resulting sampling scheme still satisfies the assumptions of the

general MCCFR bound from [17].

4.1.5 Keeping the Data between Successive Resolvings. Both in

pre-play and subsequent resolvings, MCCFR operates on succes-

sively smaller and smaller subsets of the game tree. In particular, we

don’t need to start each resolving from scratch, but we can re-use

the previous computations. To do this, we initialize each resolv-

ing MCCFR with the MCCFR variables (regrets, average strategy

and the corresponding value estimates) from the previous resolv-

ing (resp. pre-play). In practice this is accomplished by simply

not resetting the data from the previous MCCFR. While not being

backed up by theory, this approach worked better in most practical

scenarios, and we believe it can be made correct with the use of

warm-starting [2] of the resolving gadget.

5 EXPERIMENTAL EVALUATION
After brief introduction of competing methods and explaining the

used methodology, we focus on evaluating the alternative methods

to estimate the counterfactual values required for resolving during

MCCFR. Next, we evaluate how quickly and reliably these values

can be estimated in different domains, since these values are crucial

for good performance of MCCR. Finally, we compare exploitability

and head-to-head performance to competing methods.

5.1 Competing Methods
Information-Set Monte Carlo Tree Search. IS-MCTS [19] runs

MCTS samples as in a perfect information game, but computes

statistics for the whole information set and not individual states.

When initiated from a non-empty match history, it starts samples

uniformly from the states in the current information set. We use

two selection functions: Upper Confidence bound applied to Trees

(UCT) [16] and Regret Matching (RM) [13].We use the same settings

as in [20]: UCT constant 2x the maximal game outcome, and RM

with exploration 0.2. In the following, we refer to IS-MCTS with

the corresponding selection function by only UCT or RM.
Online Outcome Sampling. OOS [20] is an online search variant
of MCCFR. MCCFR samples from the root of the tree and needs to

pre-build the whole game tree. OOS has two primary distinctions

from MCCFR: it builds its search tree incrementally and it can bias

samples with some probability to any specific parts of the game

tree. This is used to target the information sets (OOS-IST) or the

public states (OOS-PST) where the players act during a match.

We do not run OOS-PST on domain of IIGS, due to non-trivial

biasing of sampling towards current public state.

We further compare to MCCFR with incremental tree building

and the random player denoted RND.

5.2 Computing Exploitability
Since the online game playing algorithms do not compute the strat-

egy for the whole game, evaluating exploitability of the strategies

they play is more complicated. One approach, called brute-force

in [20], suggest ensuring that the online algorithm is executed in

each information set in the game and combining the computed

strategies. If the thinking time of the algorithm per move is t , it

requiresO(tÛ|I|) time to compute one combined strategy and multi-

ple runs are required to achieve statistical significance for random-

ized algorithms. While this is prohibitively expensive even for the

smaller games used in our evaluation, computing the strategy for

each public state, instead of each information set is already feasible.

We use this approach, however, it means we have to disable the

additional targeting of the current information set in the resolving

gadget proposed in Section 4.1.4.

There are two options how to deal with the variance in the

combined strategies in different runs of the algorithm in order

to compute the exploitability of the real strategy realized by the

algorithm. The pessimistic option is to compute the exploitability of

each combined strategy and average the results. This assumes the

opponent knows the random numbers used by the algorithm for

sampling in each resolving. A more realistic option is to average the

combined strategies from different runs into an expected strategy ¯̄σ
and compute its exploitability. We use the latter.

5.3 Domains
For direct comparison with prior work, we use same domains

as in [20] with parametrizations noted in parentheses: Imperfect In-

formationGoofspiel IIGS(N), Liar’s Dice LD(D1,D2,F) andGeneric
Poker GP(T,C,R,B). We add Phantom Tic-Tac-Toe PTTT to also

have a domain with thick public states, and use Biased Rock Paper

Scissors B-RPS for small experiments. The detailed rules are in Ap-

pendix C with the sizes of the domains in Table 2. We use small

and large variants of the domains based on their parametrization.

Note that large variants are about 10
4
up to 10

15
times larger than

the smaller ones.

5.4 Results
5.4.1 Averaging of Sampled CFVs. Asmentioned in Section 4.1.2,

computing the exact counterfactual values of the average strategy

σ̄T is often prohibitive, and we replace it by using the arithmetic

or weighted averages instead. To compare the two approaches,

we run MCCFR on the B-RPS domain (which only has a single

NE σ∗ to which σ̄T converges) and measure the distance ∆v(t)
between the estimates and the correct action-values vσ ∗

1
(root,a).

In Figure 2 (left), the weighted averages converge to the correct

values with increasing number of samples, while the arithmetic

averages eventually start diverging. The weighted averages are

more accurate (see Appendix, Figure 4 for comparison on each

domain) and we will use them exclusively in following experiments.

5.4.2 Stability of CFVs. To find a nearly optimal strategy when

resolving, MCCR first needs CFVs of such a strategy (Lemma A.5).

However, the MCCFR resolver typically won’t have enough time to

find such σ̄T . If MCCR is to work, the CFVs computed by MCCFR
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Figure 3: A comparison of exploitability (top) with “CFV in-
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7, the dif-
ferences are 0 by definition.

need to be close to those of an approximate equilibrium CFVs even

though they correspond to an exploitable strategy.

We run MCCFR in the root and focus on CFVs in the public

states where player 1 acts for the 2nd time (the gadget isn’t needed

for the first action, and thus neither are CFVs):

Ω := {J ∈ I
aug

2
| ∃S ′ ∈ S,h ∈ S ′ : J ⊂ S ′& pl. 1 played once in h}.

Since there are multiple equilibria MCCFR might converge to, we

cannot measure the convergence exactly. Instead, we measure the

“instability” of CFV estimates by saving ṽt
2
(J ) for t ≤ T , tracking

how ∆t (J ) := |ṽt
2
(J ) − ṽT

2
(J )| changes over time, and aggregating

it into
1

|Ω |

∑
J ∆t (J ). We repeat this experiment with 100 different

MCCFR seeds and measure the expectation of the aggregates and,

for the small domains, the expected exploitability of σ̄ t . If the
resulting “instability” is close to zero after 10

5
samples (our typical

time budget), we consider CFVs to be sufficiently stable.

Figure 3 confirms that in small domains (LD, GP), CFVs stabilize

long before the exploitability of the strategy gets low. The error

still decreases in larger games (GS, PTTT), but at a slow rate.

5.4.3 Comparison of Exploitability with Other Algorithms. We

compare the exploitability of MCCR to OOS-PST and MCCFR, and

include random player for reference. We do not include OOS-IST,

whose exploitability is comparable to that of OOS-PST [20]. For an

evaluation of IS-MCTS’s exploitability (which is very high, with

the exception of poker) we refer the reader to [19, 20].

Figure 2 (right) confirms that for all algorithms, the exploitability

decreases with the increased time per move. MCCR is better than

MCCFR on LD and worse on IIGS. The keep variant of MCCR is

initially less exploitable than the reset variant, but improves slower.

This suggests the keep variant could be improved.

5.4.4 Influence of the Exploration Rate. One of MCCR’s parame-

ters is the exploration rate ϵ of itsMCCFR resolver.Whenmeasuring

the exploitability of MCCR we observed no noteworthy influence

of ϵ (for ϵ = 0.2, 0.4, 0.6, 0.8, across all of the evaluated domains).

5.4.5 Head-to-head Performance. For each pair of algorithms,

thousands of matches have been played on each domain, alternating

positions of player 1 and 2. In the smaller (larger) domains, play-

ers have 0.3s (5s) of pre-play computation and 0.1s (1s) per move.

Table 1 summarizes the results as percentages of the maximum

domain payoff.

Note that the results of the matches are not necessarily transitive,

since they are not representative of the algorithms’ exploitability.

When computationally tractable, the previous experiment 5.4.3 is

therefore a much better comparison of an algorithm’s performance.

Both variants of MCCR significantly outperform the random

opponent in all games. With the exception of PTTT, they are also at

least as good as the MCCFR “baseline”. This is because public states

in PTTT represent the number of moves made, which results in a

non-branching public tree and resolving games occupy the entire

level as in the original game. MCCR is better than OOS-PST in LD

and GP, and better than OOS-IST in large IIGS. MCCR is worse than

IS-MCTS on all games with the exception of small LD. However,

this does not necessarily mean that MCCR’s exploitability is higher

than for IS-MCTS in the larger domains, MCCR only fails to find

the strategy that would exploit IS-MCTS.

6 CONCLUSION
We propose a generalization of Continual Resolving from poker [22]

to other extensive-form games. We show that the structure of the

public tree may be more complex in general, and propose an ex-

tended version of the resolving gadget necessary to handle this



IIGS-5 MCCR (reset) MCCFR OOS-PST OOS-IST RM UCT RND

MCCR (keep) 0.4 ± 1.2 0.6 ± 1.3 – -2.6 ± 1.3 -2.8 ± 1.3 -6.5 ± 1.2 51.2 ± 1.2

MCCR (reset) -0.8 ± 1.2 – -2.5 ± 1.2 -5.5 ± 1.2 -8.1 ± 1.2 49.1 ± 1.2

MCCFR – -1.3 ± 1.3 -2.7 ± 1.3 -5.6 ± 1.2 48.5 ± 1.2

OOS-PST – – – –

OOS-IST -2.0 ± 1.3 -5.2 ± 1.2 54.5 ± 1.1

RM -16.6 ± 1.2 67.8 ± 1.0

UCT 70.0 ± 1.0

IIGS-13 MCCR (reset) MCCFR OOS-PST OOS-IST RM UCT RND

MCCR (keep) -18.8 ± 5.6 12.8 ± 5.7 – -7.3 ± 5.7 -56.4 ± 4.7 -69.1 ± 4.1 43.9 ± 5.1

MCCR (reset) 24.4 ± 5.5 – 4.9 ± 2.6 -35.6 ± 5.3 -56.0 ± 4.7 55.6 ± 4.7

MCCFR – -22.8 ± 5.6 -59.9 ± 4.6 -75.1 ± 3.7 37.8 ± 5.3

OOS-PST – – – –

OOS-IST -44.4 ± 5.1 -61.2 ± 4.5 58.2 ± 4.6

RM -22.8 ± 5.6 82.3 ± 3.2

UCT 91.2 ± 2.3

LD-116 MCCR (reset) MCCFR OOS-PST OOS-IST RM UCT RND

MCCR (keep) -1.4 ± 2.0 9.7 ± 2.0 5.2 ± 2.0 -4.1 ± 2.0 2.6 ± 1.0 5.6 ± 2.0 60.9 ± 1.6

MCCR (reset) 11.6 ± 2.0 10.1 ± 2.0 -3.9 ± 2.0 -5.5 ± 2.0 5.3 ± 2.0 60.5 ± 1.6

MCCFR -6.8 ± 2.0 -8.7 ± 2.0 -4.7 ± 2.0 1.9 ± 1.0 54.0 ± 1.7

OOS-PST -4.3 ± 2.0 -3.0 ± 2.0 6.5 ± 2.0 60.3 ± 1.6

OOS-IST -1.7 ± 1.0 5.2 ± 2.0 64.8 ± 1.6

RM 5.2 ± 2.0 66.1 ± 1.5

UCT 65.4 ± 1.5

LD-226 MCCR (reset) MCCFR OOS-PST OOS-IST RM UCT RND

MCCR (keep) 6.2 ± 5.4 45.3 ± 5.7 46.1 ± 5.7 -22.7 ± 5.9 -33.6 ± 5.7 -33.4 ± 5.7 76.2 ± 4.2

MCCR (reset) 37.8 ± 5.4 44.2 ± 5.7 -31.2 ± 5.7 -39.8 ± 5.4 -44.8 ± 5.2 81.6 ± 4.5

MCCFR -5.4 ± 4.6 -55.7 ± 4.5 -49.3 ± 4.6 -47.8 ± 5.1 45.8 ± 5.2

OOS-PST -53.6 ± 5.3 -51.5 ± 4.9 -46.4 ± 5.1 49.6 ± 4.1

OOS-IST -12.0 ± 5.6 -22.5 ± 5.6 83.8 ± 3.8

RM -11.6 ± 5.7 79.7 ± 3.5

UCT 75.4 ± 3.8

GP-3322 MCCR (reset) MCCFR OOS-PST OOS-IST RM UCT RND

MCCR (keep) 0.2 ± 0.4 2.2 ± 0.5 1.7 ± 0.5 0.4 ± 0.2 -0.5 ± 0.4 -1.5 ± 0.4 5.9 ± 0.5

MCCR (reset) 0.7 ± 0.4 0.4 ± 0.2 -0.3 ± 0.2 -0.5 ± 0.4 -1.0 ± 0.3 5.5 ± 0.4

MCCFR -1.9 ± 0.6 -2.7 ± 0.6 -3.6 ± 0.5 -3.3 ± 0.5 6.0 ± 0.6

OOS-PST -1.0 ± 0.9 -2.1 ± 0.5 -2.8 ± 0.4 7.4 ± 0.6

OOS-IST -1.3 ± 0.5 -2.1 ± 0.4 7.4 ± 0.6

RM -1.2 ± 0.4 7.8 ± 0.5

UCT 6.3 ± 0.4

GP-4644 MCCR (reset) MCCFR OOS-PST OOS-IST RM UCT RND

MCCR (keep) 1.6 ± 1.2 7.3 ± 2.6 14.2 ± 2.5 -3.4 ± 2.3 -4.1 ± 1.8 -6.9 ± 1.5 19.3 ± 2.6

MCCR (reset) 9.5 ± 2.0 11.9 ± 2.0 -3.5 ± 1.8 -3.0 ± 1.5 -2.5 ± 1.3 15.8 ± 2.2

MCCFR -8.7 ± 3.1 -13.3 ± 2.9 -9.6 ± 2.3 -6.8 ± 1.9 12.0 ± 3.0

OOS-PST -8.1 ± 3.0 -8.9 ± 2.4 -5.0 ± 2.0 11.8 ± 3.1

OOS-IST -2.1 ± 1.8 -1.6 ± 1.2 20.4 ± 2.9

RM -0.3 ± 1.1 20.5 ± 2.3

UCT 17.6 ± 2.0

PTTT MCCR (reset) MCCFR OOS-PST OOS-IST RM UCT RND

MCCR (keep) 17.7 ± 3.8 -1.1 ± 0.9 -1.8 ± 1.6 -5.0 ± 3.7 -6.9 ± 3.7 -6.2 ± 3.7 25.5 ± 3.8

MCCR (reset) -6.2 ± 3.8 -9.8 ± 3.7 -14.6 ± 3.6 -20.9 ± 3.6 -14.3 ± 3.7 21.6 ± 3.7

MCCFR 0.1 ± 3.7 -2.1 ± 1.5 -5.2 ± 3.7 -4.0 ± 3.6 27.9 ± 3.7

OOS-PST -5.6 ± 3.7 -5.7 ± 3.7 -5.2 ± 3.7 29.4 ± 3.7

OOS-IST -3.5 ± 3.2 -3.9 ± 3.6 35.1 ± 3.6

RM 5.6 ± 3.6 51.3 ± 3.3

UCT 52.6 ± 3.3

Table 1: Head-to-head performance. Positive numbers mean that the row algorithm is winning against the column algorithm
by the given percentage of themaximumpayoff in the domain. Gray numbers indicate thewinner isn’t statistically significant.

complexity. Furthermore, both players may play in the same pub-

lic state (possibly multiple times), and we extend the definition of

Continual Resolving to allow this case as well. We present a com-

pletely domain-independent version of the algorithm that can be

applied to any EFG, is sufficiently robust to use variable resolving

schemes, and can be coupled with different resolving games and

algorithms (including classical CFR, depth-limited search utilizing

neural networks, or other domain-specific heuristics). We show that

the existing theory naturally translates to this generalized case.

We further introduce Monte Carlo CR as a specific instance of

this abstract algorithm that uses MCCFR as a resolver. It allows

deploying continual resolving on any domain, without the need

for expensive construction of evaluation functions. MCCR is the-

oretically sound as demonstrated by Theorem 4.1, constitutes an

improvement over MCCFR in the online setting in terms head-

to-head performance, and doesn’t have the restrictive memory

requirements of OOS. The experimental evaluation shows that

MCCR is very sensitive to the quality of its counterfactual value

estimates. With good estimates, its worst-case performance (i.e.

exploitability) improves faster than that of OOS. In head-to-head

matches MCCR plays similarly to OOS, but it only outperforms

IS-MCTS in one of the smaller tested domains. Note however that

the lack of theoretical guarantees of IS-MCTS often translates into

severe exploitability in practice [20], and this cannot be alleviated

by increasing IS-MCTS’s computational resources [19]. In domains

where MCCR’s counterfactual value estimates are less precise, its

exploitability still converges to zero, but at a slower rate than OOS,

and its head-to-head performance is noticeably weaker than that

of both OOS and IS-MCTS.

In the future work, the quality of MCCR’s estimates might be

improved by variance reduction [26], exploring ways of improv-

ing these estimates over the course of the game, or by finding an

alternative source from which they can be obtained. We also plan

to test the hypothesis that there are classes of games where MCCR

performs much better than the competing algorithms (in particu-

lar, we suspect this might be true for small variants of turn-based

computer games such as Heroes of Might & Magic or Civilization).
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ABSTRACT
Online search in games has been a core interest of artificial
intelligence. Search in imperfect information games (e.g.,
Poker, Bridge, Skat) is particularly challenging due to the
complexities introduced by hidden information. In this pa-
per, we present Online Outcome Sampling, an online search
variant of Monte Carlo Counterfactual Regret Minimization,
which preserves its convergence to Nash equilibrium. We
show that OOS can overcome the problem of non-locality
encountered by previous search algorithms and perform well
against its worst-case opponents. We show that exploitabil-
ity of the strategies played by OOS decreases as the amount
of search time increases, and that preexisting Information
Set Monte Carlo tree search (ISMCTS) can get more ex-
ploitable over time. In head-to-head play, OOS outperforms
ISMCTS in games where non-locality plays a significant role,
given a sufficient computation time per move.

Categories and Subject Descriptors
I.2.1 [Artificial Intelligence]: Applications and Expert
Systems—Games

General Terms
Algorithms

Keywords
Imperfect information games; online search; Nash equilib-
rium; Monte Carlo tree search; regret minimization

1. INTRODUCTION
Algorithms for creating strong strategies in games have

been a core interest of artificial intelligence research. Strong
strategies are useful not only as research benchmarks and
opponents in digital entertainment, but they are becoming

∗This author has a new affiliation: Google DeepMind, Lon-
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Systems (AAMAS 2015), Bordini, Elkind, Weiss, Yolum
(eds.), May 4–8, 2015, Istanbul, Turkey.
Copyright c© 2015, International Foundation for Autonomous Agents
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increasingly important also in real world applications, such
as critical infrastructure security [36]. Because these games
are often played against unknown opponents, a good strat-
egy should be sufficiently robust against any possible coun-
terstrategy used by the adversary. In strictly competitive
games, the strategy that is optimal with respect to this cri-
terion is the Nash equilibrium. It is guaranteed to provide
the maximal possible expected value against any strategy of
the opponent. For example, an equilibrium defense strategy
minimizes the maximal damage caused by any attack.

When preparation time is abundant and the exact prob-
lem definition is known in advance, an equilibrium strategy
for a smaller abstract game can be pre-computed and then
used during game play. This offline approach has been re-
markably successful in Computer Poker [2, 12, 32, 31, 21].
However, the preparation time is often very limited. The
model of the game may become known only shortly be-
fore acting is necessary, such as in general game-playing,
search or pursuit in a previously unknown environment, and
general-purpose robotics. In these circumstances, creating
and solving an abstract representation of the problem may
not be possible. In these cases, agents must decide online:
make initial decisions quickly and then spend effort to im-
prove their strategy while the interaction is taking place.

In this paper, we propose a search algorithm that can
compute an approximate Nash equilibrium (NE) strategy
in two-player zero-sum games online, in a previously un-
known game, and with a very limited computation time and
space. Online Outcome Sampling (OOS) is a simulation-
based algorithm based on Monte Carlo Counterfactual Re-
gret Minimization (MCCFR) [24]. OOS makes two novel
modifications to MCCFR. First, OOS builds its search tree
incrementally, like Monte Carlo tree search (MCTS) [7, 3,
22]. Second, when performing additional computation af-
ter some moves have been played in the match, the follow-
ing samples are targeted primarily to the parts of the game
tree, which are more relevant to the current situation in the
game. We show that OOS is consistent, i.e. it is guaran-
teed to converge to an equilibrium strategy as search time
increases. To the best of our knowledge, this is not the case
for any existing online game playing algorithm, all of which
suffer from the problem of non-locality in these games.

We compare convergence and head-to-head performance
of OOS to Information Set MCTS [8, 37, 25] in three funda-
mentally different games. We develop a novel methodology
for evaluating convergence of online algorithms that do not
produce a complete strategy. The results show that OOS,
unlike ISMCTS, consistently converges close to NE strat-

27



egy in all three games. In head-to-head performance, with
sufficient time, OOS either ties or outperforms ISMCTS.

2. BACKGROUND AND RELATED WORK
Most imperfect information search algorithms are built

upon perfect information search algorithms, such as mini-
max or Monte Carlo tree search (MCTS). One of the first
popular applications of imperfect information search was
Ginsberg’s Bridge-playing program, GIB [15, 16]. In GIB,
perfect information search is performed on a determinized
instance of the game: one where all players can see usually
hidden information. This approach has also performed well
in other games like Scrabble [34], Hearts [35], and Skat [5].

Several problems have been identified with techniques based
on determinization, such as Perfect Information Monte Carlo
(PIMC) [28]. Two commonly reported problems are strat-
egy fusion and non-locality [9]. Strategy fusion occurs when
distinct actions are recommended in states that the player
is not able to distinguish due to the imperfect information.
Strategy fusion can be overcome by imposing the proper in-
formation constraints during search [9, 6, 30, 26, 8].

Non-locality occurs due to optimal payoffs not being re-
cursively defined over subgames as in perfect information
games. As a result, guarantees normally provided by search
algorithms built on subgame decomposition no longer hold.
Previous work has been done for accelerating offline equi-
librium computation by solving subgames in end-game sit-
uations [13, 14, 11]. While these techniques tend to help
in practice, non-locality can prevent them from producing
equilibrium strategies; we discuss this further in Section 2.2.

The last problem is the need for randomized strategies in
imperfect information games. In many games, any deter-
ministic strategy predictable by the opponent can lead to
arbitrarily large losses. To overcome this problem, MCTS
algorithms sometimes randomize by sampling actions from
its empirical frequency counts. Evidence suggests that the
resulting strategies will not converge to the optimal solu-
tion even in very small imperfect information games like
Biased Rock-Paper-Scissors and Kuhn poker [33, 30]. Our
results show that, the empirical frequencies can diverge away
from the equilibrium strategies. A little more promising are
the MCTS approaches that use alternative selection func-
tions, such as Exp3 or Regret Matching [25]. Variants of
MCTS with these selection functions have been shown both
formally and empirically [27, 23] to converge to Nash equi-
librium in games with simultaneous moves, which are the
simplest subclass of imperfect information games. However,
we show that even these selection functions cannot help to
overcome the problem of non-locality.

2.1 Extensive-Form Games
We focus on two-player zero-sum extensive form games

and base our notation on [29]. These games model sequential
decision making players denoted i ∈ N = {1, 2}. In turn,
players choose actions leading to sequences called histories
h ∈ H. A history z ∈ Z, where Z ⊆ H, is called a terminal
history and represents a full game from start to end. At
each terminal history z there is a payoff ui(z) to each player
i. At each nonterminal history h, there is a single current
player to act, determined by P : H\Z → N ∪ {c} where
c is a special player called chance that plays with a fixed
stochastic strategy. For example, chance is used to represent
rolls of dice and card draws. The game starts in the empty

1 0

0.5

3 0 0 3

0.5

I

Figure 1: An extensive-form game demonstrating
the problem of non-locality with maximizing△, min-
imizing ▽ and chance © players.

history ∅, and at each step, given the current history h,
the current player chooses an action a ∈ A(h) leading to
successor history h′ = ha; in this case we call h a prefix
of h′ and denote this relationship by h ❁ h′. Also, for all
h, h′, h′′ ∈ H, if h ❁ h′ and h′ ❁ h′′ then h ❁ h′′, and h ❁ h.
Sets H and A(h) are finite and histories have finite length.

Set Ii is an partition over Hi = {h | P (h) = i} where each
part is called an information set. Intuitively, an informa-
tion set I ∈ Ii of player i represents a state of the game
with respect to what player i knows. Formally, I is a set of
histories that a player cannot tell apart (due to information
hidden from that player). For all h, h′ ∈ I, A(h) = A(h′)
and P (h) = P (h′); hence, we extend the definition to A(I),
P (I), and denote I(h) the information set containing h.

A behavioral strategy for player i is a function map-
ping each information set I ∈ Ii to a probability distribu-
tion over the actions A(I), denoted by σi(I). For a profile
σ, we denote the probability of reaching a terminal history
z under σ as πσ(z) =

∏
i∈N∪c πi(z), where each πi(z) =∏

ha❁z,P (h)=i σi(I(h), a) is a product of probabilities of the

actions taken by player i along z. We use πσ
i (h, z) and

πσ(h, z) for h ❁ z to refer to the product of only the proba-
bilities of actions along the sequence from the end of h to the
end of z. Define Σi to be the set of behavioral strategies for
player i. As is convention, −i refers to player i’s opponent.

An ǫ-Nash equilibrium, σ, is a set of σi for i ∈ N such
that the benefit of switching to some alternative σ′

i is lim-
ited by ǫ, i.e., ∀i ∈ N : maxσ′

i∈Σi
ui(σ

′
i, σ−i) − ui(σ) ≤ ǫ.

When ǫ = 0, the profile is called a Nash equilibrium. When
|N | = 2 and u1(z) + u2(z) = k for all z ∈ Z, then the game
is a zero-sum game. In these games, different equilibrium
strategies result in the same expected payoff against any ar-
bitrary opponent equilibrium strategy and at least the same
payoff for any opponent strategy. The exploitability of a
profile σ is the sum of strategies’ distances from an equilib-
rium, ǫσ = maxσ′

1∈Σ1
u1(σ

′
1, σ2) + maxσ′

2∈Σ1
u2(σ1, σ

′
2).

In a match (online game), each player is allowed little or
no preparation time before playing (preventing the offline
computation of approximate equilibria solutions). The cur-
rent match history, m ∈ H, is initially the empty history ∅
representing the start of the match. Each turn, player P (m)
is given t time units to decide on a match action a ∈ A(m)
and the match history then changes from m to ma. There is a
referee who knows m, samples chance outcomes from σc(m),
and reveals I(m) to player P (m). The match terminates when
m ∈ Z, giving each player i a payoff of ui(m).

2.2 The Problem of Non-Locality
We demonstrate the problem of non-locality on the game

in Figure 1. It starts with a decision of chance© which leads
to two nodes that cannot be distinguished by the maximiz-
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ing player △. On the left, the game ends after his actions.
On the right, both his actions lead to information set I of
the minimizing player▽, whose utility is minus the depicted
value. The optimal (Nash equilibrium) strategy in I depends
on the value of the leftmost leaf, even though this outcome
of the game cannot be reached once the game entered infor-
mation set I. Because △ does not know at the time of his
move if ▽ will play, he needs to randomize its decision so
that▽ cannot easily make the move that is more harmful for
△. However, he would prefer to play left for the case that ▽
will not play. Player ▽ knows that △ has this dilemma and
tries to exploit it as much as possible. Uniform strategy at I
clearly motivates △ to play left, leading to expected utility
0.5 · 1 + 0.5 · 1.5 = 1.25, instead of 0.5 · 0 + 0.5 · 1.5 = 0.75.
If ▽ plays right a little more often, △ is still motivated
to play left and ▽ improves his payoff. This holds until
▽ plays (left,right) with probabilities ( 1

3
, 2
3
), which results

to expected reward of 1 for both actions of △. If △ plays
( 1
2
, 1
2
), ▽ cannot lower the utility anymore and the pair of

strategies is an equilibrium. If the leftmost leaf was 2 instead
of 1, the optimal strategy in I would be ( 1

6
, 5
6
).

Current approaches, after reaching the information set I,
will repeatedly sample and search one of subtrees in I, ag-
gregating the information collected to make a final recom-
mendation. However, even if the information structure is
kept intact, such as in ISMCTS [8], the problem still occurs.
If subtrees of I are sampled equally often, a searching player
will not have any preference between left and right and will
recommend ( 1

2
, 1
2
), which is suboptimal. Moreover, the uni-

form probability of being in each state of I corresponds to
the distribution over the states given the optimal play, so
the problem occurs even if subtrees are sampled from the
correct belief distribution. Note that this is a simple exam-
ple; in larger games, this problem could occur over much
longer paths or many times in different parts of the game.
The analysis in [28] suggests that the effect may be critical
in games with low disambiguation factor, where private in-
formation is slowly (or never) revealed throughout a match.

To the best of our knowledge, OOS is the first online
search algorithm that solves this problem. It does it by
starting each sample from the root of the game. If the com-
puted strategy tends to come closer to the uniform strategy
in I, the updates in the maximizing player’s information set
will modify the strategy to choose left more often. The fol-
lowing samples will reach I more often at the left state and
consequently modify the strategy in I in the right direction.

2.3 Offline Equilibrium Approximation
There are multiple algorithms for computing approximate

equilibrium strategies offline [32]. We focus on a popular
choice among Poker researchers due to its sampling variants.

Counterfactual Regret (CFR) is a notion of regret at the
information set level for extensive-form games [38]. The
CFR algorithm iteratively learns strategies in self-play, con-
verging to an equilibrium. The counterfactual value of
reaching information set I is the expected payoff given that
player i played to reach I, the opponents played σ−i and
both players played σ after I was reached:

vi(I, σ) =
∑

(h,z)∈ZI

πσ
−i(h)π

σ(h, z)ui(z), (1)

where ZI = {(h, z) | z ∈ Z, h ∈ I, h ❁ z}. Suppose, at time
t, player i plays with strategy σt

i . Define σt
I→a as identical

to σt except at I action a is taken with probability 1. The
counterfactual regret of not taking a ∈ A(I) at time t is
rt(I, a) = vi(I, σ

t
I→a) − vi(I, σ

t). The algorithm maintains

the cumulative regret RT (I, a) =
∑T

t=1 r
t(I, a), for every ac-

tion at every information set. Then, the distribution at each
information set for the next iteration σT+1(I) is obtained us-
ing regret-matching [17]. The distribution is proportional to
the positive portion of the individual actions’ regret:

σT+1(I, a) =

{
RT,+(I, a)/RT,+

sum(I) if RT,+
sum(I) > 0

1/|A(I)| otherwise,

where x+ = max(0, x) for any term x, and RT,+
sum(I) =∑

a′∈A(I) R
T,+(I, a′). Furthermore, the algorithm maintains

for each information set the average strategy profile

σ̄T (I, a) =

∑T
t=1 π

σt

i (I)σt(I, a)∑
t=1 π

σt

i (I)
, (2)

where πσt

i (I) =
∑

h∈I π
σt

i (h). The combination of the coun-
terfactual regret minimizers in individual information sets
also minimizes the overall average regret [38], and hence the
average profile is a 2ǫ-equilibrium, with ǫ→ 0 as T →∞.

Monte Carlo Counterfactual Regret Minimization (MC-
CFR) applies CFR to sampled portions of the games [24].
In the outcome sampling (OS) variant of the algorithm,
a single terminal history z ∈ Z is sampled in each iteration.
The algorithm updates the regret in the information sets
visited along z using the sampled counterfactual value,

ṽi(I, σ) =

{ 1
q(z)

πσ
−i(h)π

σ(h, z)ui(z) if (h, z) ∈ ZI

0 otherwise,

where q(z) is the probability of sampling z. If every z ∈ Z
has non-zero probability of being sampled, ṽi(I, σ) is an un-
biased estimate of v(I, σ) due to the importance sampling
correction (1/q(z)). For this reason, applying CFR updates
using these sampled counterfactual values on the sampled
information sets values also eventually converges to the ap-
proximate equilibrium of the game with high probability.

3. ONLINE OUTCOME SAMPLING
When outcome sampling is used in the offline setting, data

structures for all information sets are allocated before the
first iteration. In each iteration, all sampled information
sets get updated. We make two essential modifications to
adapt outcome sampling to the online setting.

Incremental Game Tree Building. Before the match
begins, only the very first (root) information set is added to
memory. In each iteration, a single information set (at most)
is added to memory. In particular, when an information set
is reached that is not in memory, it is added to memory
and then a default playout policy (e.g., uniform random)
takes over for the remainder of the simulation. Along the
playout portion (tail) of the simulation, information sets are
not added to memory nor updated. Along the tree portion
(head), information sets are updated as normal. This way,
only the relevant information sets are stored in the memory.

In-Match Search Targeting. Suppose several moves
have been played since the start of the match leading to m.
Plain outcome sampling would continue to sample from the
root of the game (not the current match history m), rarely
reaching the region of the game space that the match has
headed toward. Hence, the second modification we propose
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I ′ I ′′

match histories
m1

m2

I(m1)

ZI(m1)

I(m2)

Zp,I(m2)

Figure 2: Example subgames targeted by IST (left)
and PST (right). All histories { h | h ∈ I ′∪I ′′∪I(m2) }
share a common public action sequence (p(m2)).

is directing the search towards the histories that are more
likely to occur during the match currently played. Note that
the complete history is typically unknown to the players,
who know only their information sets. Unlike in ISMCTS,
OOS always runs samples from the root of the game tree,
even with non-empty match history. We now describe two
specific targeting methods demonstrated in Figure 2.

3.1 Information Set Targeting (IST)
Suppose the match history is m. IST samples histories

reaching the current information set (I(m)), i.e., (h, z) ∈
ZI(m), with higher probability than other histories. The in-
tuition is that these histories are particularly relevant since
the searching player knows that one of these z will describe
the match at its completion. However, focusing only on these
histories may cause problems because of the non-locality and
the convergence guarantees would be lost.

Consider again the game in Figure 1. If the minimizing
player knows it is in the information set I and focuses all its
search to this information set, she computes the suboptimal
uniform strategy. Any fixed non-zero probability of sam-
pling the left chance action eventually solves the problem.
The regrets are multiplied by the reciprocal of the sampling
probability; hence, they influence the strategy in the infor-
mation set proportionally stronger if the samples are rare.

Note that previous methods, such as PIMC and ISMCTS,
never update any information sets, which are not reachable
from I(m). In contrast, in IST all information sets in memory
have positive probability of being reached and updated.

3.2 Public Subgame Targeting (PST)
IST may “reveal” information about the current informa-

tion set available to only one of the players affecting the
computed strategy (this vanishes in the limit due to consis-
tency but could have a short-term effect). PST only uses
information available to both players to target the search
to prevent this effect. A public action is an action in the
“public tree” defined in [20] and commonly used in offline
CFR. Informally, an action is said to be public if it is ob-
servable by all players (e.g., bids in Liar’s Dice and bets
in Poker are public). Formally, an action a is public, iff
∀i, ∀I ∈ Ii, ∀h1, h2 ∈ I : a ∈ h1 ⇔ a ∈ h2. For example,
the extensive-form version of Rock, Paper, Scissors has two
information sets I1 = ∅ and I2 = {r, p, s}; it has no public
actions, because each history in I2 contains a single unique
action (the unobserved ones taken by the first player).

Given a history h, let p(h) be the sequence of public ac-
tions along h in the same order that they were taken in h.
Define the public subgame induced by I to be the one

OOS(h, πi, π−i, s1, s2, i):1

if h ∈ Z then2

return (1, δs1 + (1− δ)s2, ui(z))3

else if P (h) = c then4

Sample an outcome a and let ρ1, ρ2 be its5

probability in targeted and untargeted setting
(x, l, u)← OOS(ha, πi, ρ2π−i, ρ1s1, ρ2s2, i)6

return (ρ2x, l, u)7

I ← getInfoset(h, P (h))8

Let (a, s′1, s
′
2)← Sample(h, I, i, ǫ)9

if I is not in memory then10

Add I to memory11

σ(I)← Unif(A(I))12

(x, l, u)← Playout(ha, δs1+(1−δ)s2
|A(I)| )13

else14

σ(I)← RegretMatching(rI)15

π′
P (h) ← σ(I, a)πP (h)16

π′
−P (h) ← π−P (h)17

(x, l, u)← OOS(ha, π′
i, π

′
−i, s

′
1, s

′
2, i)18

c← x19

x← xσ(I, a)20

for a′ ∈ A(I) do21

if P (h) = i then22

W ← uπ−i / l23

if a′ = a then24

rI [a
′]← rI [a

′] + (c− x)W25

else26

rI [a
′]← rI [a

′]− xW27

else28

sI [a
′]← sI [a

′] + 1
δs1+(1−δ)s2

π−iσ(I, a
′)29

return (x, l, u)30

Algorithm 1: Online Outcome Sampling.

whose terminal history set is

Zp,I(h) = {(h′, z) | z ∈ Z, h′ ∈ H, p(h′) = p(h), h′
❁ z}.

With match history m, PST samples z ∈ Zp,I(m) with higher
probability than terminal histories outside this set.

In a game of poker, suppose the chance decides on the pri-
vate cards of the players, the first player bets one chip and
the second player calls. At this point, the public actions are:
bet one chip and call. The public subgame Zp,I(h) contains
every terminal history (including every combination of pri-
vate chance outcomes for all players) whose first two public
actions are: bet one chip and call.

3.3 Algorithm
The algorithm iteratively samples a single trajectory from

the root ∅ to a terminal history. At each information set
in memory, I, it maintains two tables: rI stores cumulative
regret for each action a ∈ A(I), and sI stores the cumulative
average strategy probability of each action.

Depending on the targeting method (IST or PST), Zsub

is one of ZI(m) or Zp,I(m). The pseudo-code is presented as
Algorithm 1. Each iteration is represented by two calls of
OOS where the update player i ∈ {1, 2} is alternated. Before
each iteration, a scenario is decided: with probability δ the
iteration targets the subgame and chooses z ∈ Zsub and
with probability (1 − δ) the usual OS sampling determines
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z ∈ Z. As a result, OOS with δ = 0 becomes MCCFR with
incremental tree building.

The first parameter of OOS is the current history. The
next two are strategy’s reach probabilities for the update
player i and the opponent. The third and fourth parameters
are initially the overall probabilities that the current sample
is generated, one for each scenario: first the targeted and
then the untargeted. With non-empty match history, these
two parameters include an additional weighting factor wT

explained later. The last parameter is the update player.
Initial calls have the form OOS(∅, 1, 1, 1/wT , 1/wT , i). For
the return values, x is a suffix/tail reach probability for both
players, l is the root-to-leaf sample probability, and u is the
payoff of the trajectory in view of the update player.

The ǫ-on-policy sampling distribution used at each infor-
mation set is defined as

Φ(I, i) =

{
ǫ ·Unif(A(I)) + (1− ǫ)σi(I) if P (I) = i
σi(I) otherwise,

and denote Φ(I, i, a) the probability of sampling a ∈ A(I).
The sampling at chance’s choices on line 5 depends on the

method and the scenario being used. For example, when
using information set targeting, the outcome that is sampled
must be consistent with match history.

A critical part of the algorithm is the action chosen and
sample reach updates on line 9. If I is not in memory,
then an action is sampled uniformly. Otherwise, in the
targeted scenario, the current history h is always in the
targeted part of the game and an action from {a | ∃z ∈
Z (ha, z) ∈ Zsub} is selected using the distribution Φ(I(h), i)
normalized to one on this subset of actions. If we define
sum =

∑
(ha,z)∈Zsub

Φ(I, i, a) then s′1 = s1Φ(I, i, a)/sum.

In the untargeted scenario, any action a ∼ Φ(I, i) can be
sampled. If the action is not leaving the targeted part of
the game (i.e., (ha, z) ∈ Zsub) then s′1 = s1Φ(I, i, a)/sum
otherwise s′1 = 0. In all cases s′2 = Φ(I, i, a)s2.

These sample reach probabilities are combined into one at
a terminal history on line 3, start of the playout on line 13,
and when updating the average strategy on line 29.

The playout on line 13 samples to the end of the game
with some playout policy at each step; we use uniform ran-
dom, but in general one could use an informed policy based
on domain knowledge as well. Unlike MCTS, the playout
policy in OOS must compute l when reaching a terminal
and update the tail probability x when returning as done on
line 20. Lines 16 and 17 modify P (h)’s reach probability by
multiplying it by σ(I, a), keeping the other value the same.
Lines 19 to 24 contain the usual outcome sampling updates.
Note that regrets are updated at the update player histories,
while average strategy tables at opponent histories.

Now we explain the role of the weighting factor wT . Note
that on lines 23 and 29, the regret and strategy updates
are multiplied by the reciprocal of the probability of sam-
pling the sample leaf and the current state. Consider the
updates in the current information set of the game Im. In
the initial samples of the algorithm with empty match his-
tory, this information set was on average sampled with a
very low probability s0. Let’s say that out of 106 samples
started from the root, 1000 samples reached this particular
information set. In that case, s0 = 0.001 and the regret
updates caused by each of these samples were multiplied by
1
s0

= 1000. Now the game has actually reached the history m

and due to targeting, half of the next 106 samples reach I(m).
It means that sm = 0.5 and the regrets will be multiplied only
by 2. As a results, the updates of the first (generally less
precise) 1000 samples are all together weighted the same as
the 5 × 105 later samples, which makes it almost impossi-
ble to compensate for the initial errors. In order to prevent
this effect, we add the weighting factor wT to compensate
the change of targeting and make each of the samples have
similar weight at I(m). In our example, wT = sm

s0
. More

formally, when running the iterations from match history m,
we define the weighting factor as the probability of reach-
ing I(m) without any targeting divided by the probability
of reaching I(m) with the current targeting, assuming the
players play according to the current mean strategy profile
π̄:

1

wT (m)
= (1− δ) + δ

∑
(h,z)∈I(m) π̄(h)∑
z∈Zsub(m)

π̄(z)
. (3)

OOS would quickly stop improving a strategy in infor-
mation sets that are below an irrational move of the op-
ponent (π−i = 0). This cannot be avoided even if many
samples are targeted to the information set. Therefore,
we use a more explorative regret matching, σT+1

γ (I, a) =

γ/|A(I)|+(1−γ)σT+1(I, a), with γ = 0.01. This affects the
worst-case regret bound at most by γ (due to the linearity
of the expected utility), but allows for much better play.

3.3.1 Consistency

Theorem 1. Let σ̄t
m(δ, m) be a strategy produced by OOS

with scheme IST or PST using δ < 1 started from m run for
t iterations, with exploration ǫ > 0. For any p ∈ (0, 1], ε > 0
there exists t <∞ such that with probability 1−p the strategy
σ̄t
m(δ, m) is a ε-equilibrium strategy.

Proof. (Sketch) Each terminal history has nonzero prob-
ability of being sampled, eventually every information set
will be contained in memory. The algorithm then becomes
MCCFR with a non-uniform sampling scheme. By [24, The-
orem 5] OOS minimizes regret with high probability. The
additional weighting of all updates of the algorithm by the
same constant has no influence on the computed average
strategy and the strategies computed by regret matching,
because it uses only relative proportions of the regrets.

4. EMPIRICAL EVALUATION
We now compare the exploitability and head-to-head per-

formance of OOS and ISMCTS.

4.1 Information Set Monte Carlo Tree Search
We have implemented ISMCTS in the same framework

with similar data representations as OOS. ISMCTS runs
MCTS samples as in a perfect information game, but uses
common statistics computed for the whole information set
and not individual states in the selection phase. When initi-
ated from a non-empty match history, it starts samples uni-
formly from the states in the current information set. We
use two selection functions in our experiments. First, the
commonly used UCT as suggested in [8]. We use two times
the maximal game outcome as the exploration parameter C.
In matches, we select the action with the highest number of
iterations. For evaluating convergence, this would often have
the maximum possible exploitability in the evaluated games.

31



Therefore, we use the distribution given by the empirical fre-
quencies for this part of evaluation. Second, we use Regret
Matching (RM) as the selection strategy, because it has been
shown to empirically perform better in many games [25] and
because it is based on the same principles that are behind
CFR. For RM, we use exploration 0.2, the mean strategy for
evaluating exploitability and samples from this strategy in
head to head matches. In the following, we refer to ISMCTS
with the corresponding selection function by only UCT/RM.

4.2 Evaluating Performance
In games like Poker and Liar’s Dice, it is often critical

to play in such a way that the opponent cannot easily infer
the private information. This explains partly the success
of CFR-based methods in the offline setting. In the online
setting, since the tree is built incrementally, only partial
strategies are produced. We are unaware of any methods for
assessing the worst-case exploitability of strategies produced
by an online search algorithm.

There is a brute-force approach that runs the search at
each information set and computes exploitability of a strat-
egy composed from strategies computed for these informa-
tion sets. However, it requires O(t|I|) seconds for a single
run and multiple runs are required for statistically signif-
icant results. Instead, we propose an approximate multi-
match aggregate method. It creates a global (accumulat-
ing) strategy data structure for each player. Then, it runs
a fixed number of matches (500 in our experiments) of the
search algorithm against a random opponent. In each infor-
mation set reached in the match, the information computed
(visit counts in ISMCTS, sI in OOS) is added into the global
strategy of the player who searched. Besides the information
in the current information set, the information computed in
all successor information sets is also added with a weight
proportional to the number of visits of the information set.
If an information set is never reached directly, this gives at
least some estimate of how the strategy would behave there.
If it is, the number of samples in the information set out-
weights the less precise estimates from the cases where it is
not. In the information sets not added to the global strat-
egy, a fixed random action is selected. The result is the
exploitability of the global strategy.

4.3 Domains
Imperfect Information Goofspiel In II-GS(N), each

player is given a private hand of bid cards with values 0 to
N − 1. A different deck of N point cards is placed face up
in a stack. On their turn, each player bids for the top point
card by secretly choosing a single card in their hand. The
highest bidder gets the point card and adds the point total
to their score, discarding the points in the case of a tie. This
is repeated N times and the player with the highest score
wins. In II-Goofspiel, the players only discover who won or
lost a bid, but not the bid cards played. Also, we assume
the point-stack is strictly increasing: 0, 1, . . . N − 1. This
way the game does not have non-trivial chance nodes, all
actions are private and information sets have various sizes.

Liar’s Dice LD(D1,D2), also known as Dudo, Perudo,
and Bluff is a dice-bidding game. Each die has faces to

and a star ⋆. Each player i rolls Di of these dice with-
out showing them to their opponent. Each round, players
alternate by bidding on the outcome of all dice in play until
one player“calls liar”, i.e. claims that their opponent’s latest

bid does not hold. If the bid holds, the calling player loses;
otherwise, she wins. A bid consists of a quantity of dice and
a face value. A face of ⋆ is considered wild and counts as
matching any other face. To bid, the player must increase
either the quantity or face value of the current bid (or both).
All actions in this game are public. The only hidden infor-
mation is caused by chance at the beginning of the game.
Therefore, the size of all information sets is identical.

Generic PokerGP(T,C,R,B) is a simplified poker game
inspired by Leduc Hold’em. First, both players are required
to put one chip in the pot. Next, chance deals a single pri-
vate card to each player, and the betting round begins. A
player can either fold (the opponent wins the pot), check (let
the opponent make the next move), bet (add some amount
of chips, as first in the round), call (add the amount of chips
equal to the last bet of the opponent into the pot), or raise
(match and increase the bet of the opponent). If no fur-
ther raise is made by any of the players, the betting round
ends, chance deals one public card on the table, and a sec-
ond betting round with the same rules begins. After the
second betting round ends, the outcome of the game is de-
termined — a player wins if: (1) her private card matches
the table card and the opponent’s card does not match, or
(2) none of the players’ cards matches the table card and
her private card is higher than the private card of the oppo-
nent. If no player wins, the game is a draw and the pot is
split. The parameters of the game are the number of types
of the cards (T ), the number of cards of each type (C), the
maximum length of sequence of raises in a betting round
(R), and the number of different sizes of bets (i.e., amount
of chips added to the pot) for bet/raise actions. This game
is similar to Liar’s Dice in having only public actions. How-
ever, it includes additional chance nodes later in the game,
which reveal part of the information not available before.
Moreover, it has integer results and not just win/draw/loss.

4.4 Results
We first focus on LD(1,1), II-GS(6), and GP(3,3,2,2). While

these games are considered small by search algorithm stan-
dards, it is still possible to compute the exact worst case
counterstrategies (i.e., best response) to measure exploitabil-
ity. After analyzing the convergence, we proceed to perfor-
mance in head-to-head matches also in larger variants of the
games.

4.4.1 Convergence at the root
First we evaluate the speed of convergence of the proposed

algorithm when run in the root of the games. The strategy
in the information sets, which are not included in the tree
yet, is assumed to be a fixed random action identical for all
algorithms. The impact of the exploration parameters of the
algorithms is not very strong here and we set it to 0.6 for
OOS. The results are in Figures 3(a,d,h). OOS clearly con-
verges the fastest in all games, eventually converging to the
exact equilibrium. The exact convergence is not surprising,
because the algorithm run from the root is MCCFR, only
with incremental tree building.

In all three games, the empirical action frequencies in
UCT first converge quite quickly towards less exploitable
strategies, but they always start to become more exploitable
at some point. This does not happen with RM, but its initial
convergence is slower.
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(f) OOS-IST Params.
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(j) OOS-IST Params.
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(k) OOS-PST Params.

Figure 3: Exploitability ISMCTS with various selection functions and OOS with various parameter settings
in the smaller game variants (rows).

4.4.2 Aggregated strategy exploitability
Figures 3(b,e,i) present the exploitability of the strategies

computed by different algorithms estimated by the aggregate
method. The OOS in this graphs is run with IST, γ = 0.4 for
exploration and δ = 0.5 for targeting. The x-axis denotes the
amount of computation per move. In Goofspiel 3(b), both
ISMCTS variants produce a more exploitable strategy with
more computation time per move. For any of the evaluated
time settings, OOS is substantially less exploitable. In Liar’s
Dice 3(e), ISMCTS does not seem to get worse with addi-
tional computation time, but it improves marginally with
more than 0.4 seconds per move. OOS steadily approaches
the equilibrium. In Poker 3(i), the exploitability is lower for
ISMCTS variants than for OOS with the default settings.
With the limited computation time, having more iterations
to avoid bad moves seems to be more important than guess-
ing and hiding the private information of the players.

The remaining plots in Figures 3 present how the ex-
ploitability of the strategies produced by OOS depends on
the selected targeting scheme and parameters: the amount
of targeting shown by color and the amount of exploration
shown by point shapes. Figures 3(c,f,j) show the information
set targeting and 3(g,k) show the public subgame targeting.
Overall, OOS produces strategies closer to the equilibrium
as the computation time per move increases. The only ex-
ception is IST with full targeting (δ = 1) in Liar’s Dice (Fig-
ure 3(f)). This confirms that sampling the histories that will

certainly not occur in the game anymore is necessary to con-
verge to the optimal strategy in LD. In the other two games,
full targeting produces the least exploitable strategies with
very short computation times. This indicates that sophis-
ticated modeling of hidden information can be counterpro-
ductive with very short computation times. With more time
per move, weaker targeting performs as well as the stronger
targeting or even better in case of PST.

4.4.3 Head-to-head performance
After we confirmed that we achieved the goal of creat-

ing an online game playing algorithm that converges close
to Nash equilibrium, we evaluate its game playing perfor-
mance in head-to-head matches with ISMCTS. For each
game, we focus on two sizes: the smaller variant, for which
we analyzed the exploitability in the previous section and a
substantially larger variant that is closer to the size of the
domains where online search algorithms are typically ap-
plied. The largest domain is II-GS(13) with approximately
3.8× 1019 terminal histories.

The results are summarized in Figure 4. For Goofspiel
and Liar’s Dice, we present the win-rate, where a tie is con-
sidered half win half loss. II-GS is perfectly balanced for
both players. In LD, the first player has a slight disadvan-
tage corresponding to approximately 1% in the win rate
and we do not compensate for that. Poker is not balanced.
If both players play the optimal strategy, the first player
loses 0.11 chips on average. This value is practically the
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0.1s OOS UCT RM RND
OOS 49.3(2.7) 50.0(1.3) 50.5(1.3) 83.1(1.5)
UCT 51.2(2.2) 62.9(2.6) 62.7(2.5) 84.0(2.1)
RM 52.3(1.4) 70.6(1.7) 73.1(2.1) 87.8(1.4)

RND 17.1(2.2) 15.7(2.2) 10.3(1.8) 49.7(3.0)

(a) II Goofspiel (6)

0.1s OOS UCT RM RND
OOS 48.5(2.0) 51.7(2.0) 56.8(2.8) 83.3(1.5)
UCT 45.7(2.0) 49.7(2.0) 52.9(2.8) 87.2(1.3)
RM 47.9(2.8) 49.0(2.8) 54.3(2.8) 84.8(2.0)

RND 16.9(1.5) 19.5(1.6) 18.1(2.2) 47.7(2.0)

(b) Liar’s Dice (1,1)

0.1s OOS UCT RM RND
OOS 0.25(0.53) -0.45(0.10) -0.40(0.10) 1.85(0.16)
UCT 0.53(0.10) 0.21(0.15) 0.20(0.15) 1.35(0.36)
RM 0.39(0.13) 0.21(0.40) -0.12(0.32) 1.75(0.44)

RND-2.17(0.20) -2.22(0.54) -3.24(0.55) 1.07(0.61)

(c) Generic Poker (3,3,2,2)

1s OOS UCT RM RND
OOS 49.2(2.5) 28.3(3.9) 35.1(4.2) 83.0(3.2)
UCT 69.2(4.0) 70.0(2.8) 61.0(3.0) 90.6(1.8)
RM 67.5(4.0) 73.8(2.7) 67.5(2.9) 92.8(1.5)

RND 19.6(3.4) 6.2(1.5) 4.9(1.3) 49.0(3.0)

(d) II Goofspiel (13)

5s OOS UCT RM RND
OOS 49.9(3.7) 55.4(2.3) 53.3(3.7) 91.3(1.7)
UCT 49.8(2.2) 56.2(3.1) 49.8(3.1) 93.7(1.5)
RM 53.3(3.5) 51.7(4.0) 51.0(4.0) 88.7(2.0)

RND 7.3(1.6) 12.9(2.1) 12.7(2.1) 47.3(3.0)

(e) Liar’s Dice (2,2)

1s OOS UCT RM RND
OOS -0.54(0.47) -1.79(0.27) -2.19(0.32) 8.36(0.54)
UCT -0.07(0.35) 0.22(0.10) -0.76(0.18) 9.48(0.40)
RM -0.12(0.38) -0.28(0.17) -0.97(0.22) 9.09(0.44)

RND -3.25(0.43) -3.91(0.27) -4.12(0.31) 2.51(0.51)

(f) Generic Poker (4,6,4,4)

Figure 4: Head-to-head matches in small (a-c) and large (d-f) game variants. The top left corner indicates
the computation time per move and the brackets show 95% confidence intervals. OOS run with IST for II-GS
and PST for the other games, targeting δ = 0.9 and exploration ǫ = 0.4; UCT with C = 2 ·max; RM with γ = 0.2.

same for both evaluated sizes of the game. For clarity, we
present the difference between this game value and the mean
reward obtained by the players in the matches. A value 0.1
in the tables means that the row player on average wins
0.1 more than the game value from the column player per
match. Each entry in the tables presents the result of at
least 500 mutual matches between two algorithms from the
perspective of the one in the row header. The values in the
brackets are the size of half of the 95% confidence intervals
centered in the presented mean. If it is not specified other-
wise, OOS was run with IST for II-Goofspiel and PST for
the other games, targeting δ = 0.9 and exploration ǫ = 0.4.

Figure 4(a) presents the results for the smaller Goofspiel
and 0.1 second of computation per move. Even though the
game is balanced, the results of ISMCTS are strongly bi-
ased towards the first player. The second player has gener-
ally larger information sets and needs to better evaluate the
hidden information to choose a good move. OOS does not
have this problem in the smaller game. It is the only algo-
rithm that managed to prevent ISMCTS from exploiting it.
In both positions, the algorithm won approximately 50% of
matches, which corresponds to the value of the game. On the
other hand, the first line in the table shows that OOS did not
exploit the weaker play of ISMCTS, even though it is pos-
sible. This is a common disadvantage of Nash equilibrium
play. One simple way to overcome this would be to trade a
bit of exploitability to gain some exploitation; computing a
restricted Nash response using MCRNR [30] (a minor mod-
ification of MCCFR) allows the best possible trade-off for
a given importance between exploitability and exploitation.
In the large variant of Goofspiel (see Figure 4(d)) with one
second per move, the situation is different. OOS does not
manage to converge sufficiently close to the equilibrium and
ISMCTS exploits it from both positions to a similar extent.
Increasing the computation time to 5 seconds per move helps
OOS to win 35% matches against UCT, but it would likely
need a substantially longer time to reach the equilibrium.

The results on Liar’s Dice are even more promising for
OOS. In the smaller game with 0.1 second per move (Fig-
ure 4(b)), OOS statistically significantly wins over both vari-
ants of ISMCTS from at least one position. This is not the
case for the larger game and 1 second per move, where OOS
already wins only 45% and 40% of matches against UCT
and RM from the first position and loses 69% and 66% from
the second position. However, with 5 seconds and the ex-
ploration parameter set to ǫ = 0.8 to balance the need for

exploring a large number of actions in this game, OOS again
wins over UCT and ties with RM (Figure 4(e)).

As indicated by the exploitability results, OOS performs
the worst against ISMCTS in the Poker domain. In the
smaller variant (Figure 4(c)), it is losing from both posi-
tions. The result of OOS from the first position against
UCT improves to -0.22 with 5 seconds per move, but even
more time would be required to tie. From the first (generally
more difficult) position, the situation is similar also in the
larger Poker (Figure 4(f)). It is not the case for the second
position, where OOS is able to tie both ISMCTS variants.
This could be because Poker games have very high variance.

5. CONCLUSION
We have introduced Online Outcome Sampling, the first

online game playing algorithm for imperfect information ga-
mes that is guaranteed to produce approximate equilibrium
strategies as search time per move increases. In order to
achieve this, we do not modify a perfect information search
algorithm to avoid the main problems caused by imperfect
information, as in previous work. We instead start from
an offline equilibrium computation method and adapt it to
make the most of the limited time it has by using the in-
formation about the current position in the match. Besides
incremental tree building, we propose two methods for tar-
geting relevant parts of the game based on the current match
history. In empirical evaluation, we show that a player us-
ing ISMCTS can suffer almost arbitrarily large loss when
the opponent knows the algorithm she uses. The expected
worst-case loss of using OOS decreases close to its minimum
with additional search time. Furthermore, even with these
guarantees, we can achieve comparable game playing perfor-
mance to ISMCTS in mutual matches.

In future work, we hope to investigate more and larger
games and the effect of informed playout policies. We hope
to compare practical performance against other baseline al-
gorithms such as PIMC [28], MMCTS [1], IIMC [10], and
Smooth UCT [18]. Finally, one interesting question is whether
the subgame decomposition ideas of [4, 19] could be adapted
to the online search setting.
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Abstract
We solve large two-player zero-sum extensive-form
games with perfect recall. We propose a new al-
gorithm based on fictitious play that significantly
reduces memory requirements for storing average
strategies. The key feature is exploiting imper-
fect recall abstractions while preserving the conver-
gence rate and guarantees of fictitious play applied
directly to the perfect recall game. The algorithm
creates a coarse imperfect recall abstraction of the
perfect recall game and automatically refines its in-
formation set structure only where the imperfect re-
call might cause problems. Experimental evalua-
tion shows that our novel algorithm is able to solve
a simplified poker game with 7 · 105 information
sets using an abstracted game with only 1.8% of in-
formation sets of the original game. Additional ex-
periments on poker and randomly generated games
suggest that the relative size of the abstraction de-
creases as the size of the solved games increases.

1 Introduction
Dynamic games with a finite number of moves can be mod-
eled as extensive-form games (EFGs) that are general enough
to represent scenarios with stochastic events and imperfect
information. EFGs can model recreational games, such as
poker, as well as real-world situations in physical security
[Lisý et al., 2016], auctions, or medicine [Chen and Bowling,
2012]. EFGs are represented as game trees where nodes cor-
respond to states of the game and edges to actions of players.
Imperfect information is modeled by grouping indistinguish-
able states into information sets.

There are two approaches to solving EFGs. First, the on-
line (or game-playing) algorithms which given the observa-
tions of the game state compute the action to be played. Sec-
ond, the offline algorithms which compute (approximate) the
strategy in the whole game and play according to this strat-
egy. The latter algorithms typically provide a better approxi-
mation of equilibrium strategies in large games compared to
online algorithms [Bošanský et al., 2016]. One exception is
the recently introduced continual resolving algorithm used in
DeepStack [Moravčı́k et al., 2017], which provides less ex-
ploitable strategies than existing offline algorithms in heads-

up no-limit Texas Hold’em, an imperfect information game
with 10160 decision points. The main caveat is that Deep-
Stack exploits the specific structure of poker where all ac-
tions are observable, and the generalization to other games is
not straightforward. We thus focus on offline algorithms.

Most of the existing offline algorithms [von Stengel, 1996;
Zinkevich et al., 2008] require players to remember all the
information gained during the game – a property denoted as
a perfect recall. The main disadvantage of perfect recall is
that it causes the size of strategies (a randomized selection of
an action in each information set) to grow exponentially with
the number of moves. Therefore, a popular approach is to use
abstractions [Gilpin et al., 2007] – create an abstracted game
by merging information sets to reduce the size of the strat-
egy representation, solve the abstracted game, and translate
the strategies back to the original game. The majority of ex-
isting algorithms create perfect recall abstractions, where the
requirement of perfect memory severely limits possible re-
ductions in the size of strategies of the abstracted game, as it
still grows exponentially with increasing number of moves in
the abstracted game (e.g., see [Gilpin and Sandholm, 2007;
Kroer and Sandholm, 2014; Brown and Sandholm, 2015]).
Additionally, finding optimal perfect recall abstractions is
computationally hard [Kroer and Sandholm, 2014].

A limited amount of work relaxes the perfect recall re-
striction in abstractions. Very specific imperfect recall ab-
stractions that allow using perfect recall solution techniques
are (skew) well-formed games [Lanctot et al., 2012; Kroer
and Sandholm, 2016] and normal-form games with sequen-
tial strategies [Bošanský et al., 2015; Lisý et al., 2016]. Skew
well-formed games only merge information sets, which sat-
isfy strict restrictions on the structure of the game tree above
and below them, such that for all possible strategies of the op-
ponent, a strategy which is optimal in one of the information
sets must have bounded error in the other merged sets. Play-
ers cannot observe actions of the opponent at all in normal-
form games with sequential strategies. These restrictions pre-
vent us from creating sufficiently small and useful abstracted
games and thus fully exploit the possibilities of imperfect re-
call. Existing methods for using imperfect recall abstractions
without severe limitations cannot provide any guarantees of
the quality of computed strategies [Waugh et al., 2009], or
assume that the abstraction is given and require computation-
ally complex algorithms to solve it [Čermák et al., 2017].
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We address these issues in this paper and demonstrate the
possible space savings achievable by automated imperfect
recall abstractions. We create a novel domain-independent
algorithm FPIRA, which starts with creating a coarse im-
perfect recall abstraction of the given perfect recall game.
FPIRA then uses the fictitious play framework to simulta-
neously solve and refine the imperfect recall abstraction, to
guarantee the convergence to Nash equilibrium of the orig-
inal perfect recall game. FPIRA is conceptually similar to
Double Oracle algorithm (DO) [Bošanský et al., 2014] since
it creates a smaller version of the original game and repeat-
edly refines it until the optimal solution of the original game
is found. FPIRA, however, uses a game with imperfect recall
during the computation, while DO uses a smaller perfect re-
call game. Hence, FPIRA exploits completely different type
of sparseness than DO. The experimental evaluation shows
that FPIRA can solve modification of Leduc hold’em with
7 · 105 information sets using an abstracted game with 1.8%
of information sets of the original game. Furthermore, exper-
iments on other simplified pokers and random games suggest
that the relative size of the needed abstractions significantly
decreases as the size of the solved games increases.

2 Extensive-Form Games
We first describe necessary technical introduction to
extensive-form games (EFGs). A two player EFGG is a tuple
{P,H,Z, P, u, I, A}. P = {1, 2} denotes the set of players.
We use i to refer to a player and−i to refer to the opponent of
i. SetH contains all the states of the game. P : H → P∪{c}
is the function associating a player from P or nature c with
every h ∈ H. Nature c represents the stochastic environment
of the game. Z ⊆ H is a set of terminal states. ui(z) is a
utility function assigning to each leaf the value of preference
for player i; ui : Z → R. For zero-sum games it holds
that ui(z) = −u−i(z), ∀z ∈ Z . The imperfect information
is defined using the information sets. Ii is a partitioning of
all {h ∈ H : P (h) = i} into these information sets. All
states h contained in one information set Ii ∈ Ii are indis-
tinguishable to player i. The set of available actions A(h) is
the same ∀h ∈ Ii. We overload the notation and use A(Ii)
as actions available in Ii. A sequence σi is a list of actions
of player i ordered by their occurrence on the path from the
root of the game tree to some node. By seqi(h) we denote
the sequence of player i leading to the state h. We overload
the notation and use seqi(I) as a set of sequences of player
i leading to the information set I . A game has perfect recall
iff ∀i ∈ P ∀Ii ∈ Ii, for all the states h, h′ ∈ Ii holds that
seqi(h) = seqi(h

′). If there exists at least one information
set where this does not hold (denoted as imperfect recall in-
formation set) the game has imperfect recall.

Definition 1. By the coarsest perfect recall refinement of an
imperfect recall game G we define a perfect recall game G′
where we split the imperfect recall information sets to largest
subsets satisfying the perfect recall assumption.

2.1 Strategies in Imperfect Recall Games
There are several representations of strategies in EFGs. A
pure strategy si for player i is a mapping assigning ∀Ii ∈ Ii

a member of A(Ii). Si is a set of all pure strategies for player
i. A mixed strategy mi is a probability distribution over Si,
set of all mixed strategies of i is denoted asMi. Behavioral
strategy bi assigns a probability distribution over A(Ii) for
each Ii. Bi is a set of all behavioral strategies for i, Bpi ⊆ Bi
denotes the set of deterministic behavioral strategies for i. A
strategy profile is a set of strategies, one strategy for each
player. We overload the notation and use ui as the expected
utility of i when the players play according to pure (mixed,
behavioral) strategies.

Behavioral strategies and mixed strategies have the same
expressive power in perfect recall games, but their expres-
sive power can differ in imperfect recall games [Kuhn, 1953].
Moreover, the size of these representations differs signifi-
cantly. Mixed strategies of player i use probability distribu-
tion over Si, where |Si| ∈ O(e|Z|). Behavioral strategies cre-
ate probability distribution over the set of actions (its size is
proportional to the number of information sets, which can be
exponentially smaller than |Z|). Hence we need to use behav-
ioral strategies if we want to exploit the space savings caused
by the reduced number of information sets due to some infor-
mation abstraction.

A best response of player i against b−i is a strategy bBR
i ∈

BR(b−i), where ui(bBR
i , b−i) ≥ ui(b

′
i, b−i) for all b′i ∈ Bi

(BR(b−i) denotes a set of all best responses to b−i).
Definition 2. We say that bi and b′i are realization equivalent
if for any b−i, ∀z ∈ Z πb(z) = πb′(z), where b = (bi, b−i)
and b′ = (b′i, b−i) and πb(z) stands for the probability that z
is reached when playing accordint to b.

The concept of realization equivalence can be applied also
to different strategy representations. Finally, we define the
Nash equilibrium in behavioral strategies.
Definition 3. We say that strategy profile b = {bi, b−i} is
a Nash equilibrium (NE) in behavioral strategies iff ∀i ∈
P ∀bpi ∈ B

p
i : ui(bi, b−i) ≥ ui(bpi , b−i).

3 Fictitious Play
Fictitious play (FP) is an iterative algorithm defined on
normal-form games [Brown, 1949]. It keeps track of aver-
age strategies of both players m̄T

i , m̄
T
−i. Players take turn

updating their average strategy. In iteration T , player i com-
putes sTi ∈ BR(m̄T−1

−i ). He then updates his average strategy
m̄T

i = Ti−1
Ti

m̄T−1
i + 1

Ti
sTi (Ti is the number of updates per-

formed by i plus 1). In two-player zero-sum games m̄T
i , m̄

T
−i

converge to a NE [Robinson, 1951]. There is a long-standing
conjecture [Karlin, 2003; Daskalakis and Pan, 2014] that the
convergence rate of FP isO(T−

1
2 ), the same order as the con-

vergence rate of Counterfactual Regret Minimization (CFR)
[Zinkevich et al., 2008] (though the empirical convergence of
CFR tends to be better).

When applying FP to behavioral strategies in perfect recall
zero-sum EFG G′, one must update the average behavioral
strategy b̄ti such that it is realization equivalent to m̄t

i obtained
when solving the normal form game corresponding to G′ for
all t and all i ∈ P to keep the convergence guarantees. To
update the behavioral strategy in such a way we use the fol-
lowing Lemma [Heinrich et al., 2015].
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Lemma 1. Let bi, b′i be two behavioral strategies and mi,
m′i two mixed strategies realization equivalent to bi, b′i, and
λ1, λ2 ∈ (0, 1), λ1 + λ2 = 1. Then ∀I ∈ Ii

b′′i (I) = bi(I) +
λ2π

b′i
i (I)

λ1π
bi
i (I) + λ2π

b′i
i (I)

(b′i(I)− bi(I)),

where πbi
i (I) is the probability that I is visited when playing

bi, defines a behavioral strategy b′′i realization equivalent to
the mixed strategy m′′i = λ1mi + λ2m

′
i.

4 The FPIRA Algorithm
Let us now describe the main algorithm (denoted as FPIRA,
Fictitious Play for Imperfect Recall Abstractions) presented
in this paper and prove its convergence in two-player zero-
sum EFGs. We give a high-level idea behind FPIRA, and we
provide a pseudocode with the description of all steps.

Given a perfect recall game G′, FPIRA creates a coarse
imperfect recall abstraction G of G′. The algorithm then fol-
lows the FP procedure. It keeps track of average strategies of
both players in the information set structure of G and updates
the strategies in every iteration based on the best responses to
the average strategies computed directly in G′. To ensure the
convergence to Nash equilibrium of G′, FPIRA refines the
information set structure of G when needed to make sure that
the strategy update does not lead to more exploitable average
strategies in the following iterations compared to the strategy
update made directly in G′.

Algorithm 1: FPIRA algorithm
input : G′, T
output : b̄Ti , b̄T−i, G

T

1 G1 ← BuildAbstraction(G′)
2 b̄01 ← PureStrat(G1), b̄02 ← PureStrat(G1)
3 for t ∈ {1, ..., T} do
4 i← ActingPlayer(t)
5 bti ← BR(G′, b̄t−1

−i )

6 Gt ← RefineForBR(Gt, bti)
7 b̂ti ← UpdateStrategy(Gt, b̄t−1

i , bti)

8 b̃ti ← UpdateStrategy(G′, b̄t−1
i , bti)

9 if ComputeDelta(G′, b̂ti , b̃ti) > 0 then
10 Gt+1 ← Refine(Gt), b̄ti ← b̃ti
11 else
12 Gt+1 ← Gt, b̄ti ← b̂ti

In Algorithm 1 we present the pseudocode of FPIRA.
FPIRA is given the original perfect recall game G′ =
{P,H,Z, P, u, I ′, A′} and a number of iterations to perform
T . FPIRA first creates a coarse imperfect recall abstraction
G1 = {P,H,Z, P, u, I1, A1} of G′ (line 1) as described in
Section 4.1. Next, it initializes the strategies of both players
to an arbitrary pure strategy in G1 (line 2). FPIRA then per-
forms T iterations. In every iteration it updates the average
strategy of one of the players and if needed the information
set structure of the abstraction (the game used in iteration t is
denoted as Gt = {P,H,Z, P, u, It, At}). In every iteration
player i first computes the best response bti to b̄t−1−i in G′ (line

5). Since bti is computed in G′, FPIRA first needs to make
sure that the structure of information sets inGt allows bti to be
played. If not,Gt is updated as described in Section 4.2, Case
1 (line 6). Next, FPIRA computes b̂ti as the strategy resulting
from the update in abstractedGt (line 7) and b̃ti as the strategy
resulting from the update in original G′ (line 8). FPIRA then
checks whether the update in Gt changes the expected values
of the pure strategies of the opponent compared to the update
in G′ using b̂ti and b̃ti (line 9, Section 4.2 Case 2). If yes,
FPIRA refines the information set structure of Gt, creating
Gt+1 such that no error in expected values of pure strategies
of the opponent is created (Section 4.2 Case 2), sets b̄ti = b̃ti
(line 10), and continues using Gt+1. If there is no need to
update the structure of Gt, FPIRA sets Gt+1 = Gt, b̄ti = b̂ti
and continues with the next iteration.

4.1 Creating the Initial Abstraction
FPIRA creates G1 (line 1 in Algorithm 1) as a coarse imper-
fect recall abstraction of G′ by merging possible information
sets, such that the coarsest perfect recall refinement of G1 is
G′. To achieve this, FPIRA needs to make sure that when
merging a set of information sets J ⊆ Ii there are no two
distinct I, I ′ ∈ J which, when merged, create a perfect re-
call information set. This is required since, as discussed in the
next section, the algorithm splits only imperfect recall infor-
mation sets. If FPIRA joined information sets not resulting
in the imperfect recall information set, it would end up solv-
ing a different game.

More formally, we use the following algorithm to buildG1.
For all i create Ki as a set of disjoint subsets of information
sets I ′i of G′, such that

⋃
K′∈Ki

K′ = I ′i, and

∀K′∈ Ki, ∀I, I ′∈ K′: |A′(I)| = |A′(I ′)| ∧ |seqi(I)| = |seqi(I ′)|.

In other words, all the information sets in K′ must have the
same number of actions available and the same length of the
sequence of i leading to them. Every K′ ∈ Ki gives us candi-
dates for merging. However, as discussed above, we need to
make sure that we never merge any pair of information sets,
which would result in a perfect recall information set after the
merge. Hence, we further split every K′ ∈ Ki to the smallest
possible set J = {J 1, ...,J k}, such that

∀J j ∈ J , ∀I, I ′′ ∈ J j : seqi(I) 6= seqi(I
′).

I and I ′ are information sets ofG′, hence both seqi(I) and
seqi(I

′) are singletons. J needs not be unique, in our imple-
mentation we choose randomly between possible J . Finally,
every information set in the information set structure I1 of
G1 corresponds to J j from the union of all J for all players.

4.2 Updating Gt

There are two reasons for splitting some I ∈ Iti in iteration t
(we assume player i computes the best response in t): (1) the
best response computed inG′ prescribes more than one action
in I or (2) I causes expected values of some pure strategy
of −i to be different after the average strategy update of i
compared to what would happen when updating in G′.

Proceedings of the Twenty-Sixth International Joint Conference on Artificial Intelligence (IJCAI-17)

938



To formally describe the splitting rules, let us first define
mappings Φt : I ′ → It, which for I ∈ I ′ returns the infor-
mation set containing I in Gt and Φ−1t : It → ℘(I ′), the
inverse of Φt. By Ξt : A′ → At and Ξ−1t : At → ℘(A′) we
denote a mapping of actions from G′ to Gt and vice versa.
Case 1: FPIRA checks in every iteration t if there exists
I ∈ Iti where the best response bti prescibes more than 1
action. If yes, FPIRA splits I to a set of information sets Î
and inforation set I ′′, such that ∀Îa ∈ Î, Îa is a unification
of all I ′ ∈ Φ−1t (I) where bti(I

′, a′) = 1 for Ξt(a
′) = a and

I ′′ = {h ∈ I|∀Î ∈ Î : h /∈ Î} (line 6 in Algorithm 1).
Case 2: The algotrithm first constructs the average behavioral
strategy b̂ti in Gt (line 7). This is done according to Lemma 1
from b̄t−1i with weight ti−1

ti
and bti with weight 1

ti
, where ti

is the number of updates performed by i so far, plus 1 for the
initial strategy (bti is used with mappings Φt and Ξt). Next,
FPIRA constructs b̃ti (line 8) in the same way in the informa-
tion set structure of G′ (b̄t−1i is used with mappings Φ−1t and
Ξ−1t ). FPIRA then computes

∆t
i = max

b−i∈BP
−i

|u−i(̃b
t
i, b−i)− u−i(b̂

t
i, b−i)|,

as described below (line 9). If ∆t
i = 0, none of the pure

strategies of −i changed its expected value compared to the
update in G′. In this case, FPIRA sets Gt+1 = Gt, b̄ti = b̂ti
(line 12). If ∆t

i > 0, the expected value of some pure strategy
of−i changed when updating the strategy inGt, compared to
the expected value it would get against the strategy updated
in G′. FPIRA then creates Gt+1 in the following way. Every
imperfect recall information set I ∈ Iti which is visited when
playing bti is split to a set of information sets Î ⊆ Φ−1t (I)

and an information set I ′′, such that Î contains all the I ′ ∈
Φ−1t (I) which can be visited when playing bti, I

′′ contains the
rest of h ∈ I . The average strategy in all I ′ ∈ Î∪{I ′′} before
the strategy update is set to the strategy previously played in
I . More formally, ∀I ′ ∈ Î ∪ {I ′′} the strategy is set to

b̄t−1i (I ′, a) = b̄t−1i (Φt(I
′),Ξt(a)), ∀a ∈ A′(I ′).

The strategy resulting from update in G′ is a valid strategy in
Gt+1 after such update, hence b̄ti = b̃ti. Notice that G′ is still
the coarsest perfect recall refinement of Gt+1, additionally
by setting b̄ti = b̃ti, we made sure that ∆t

i = 0 since the up-
date is now equal to the update that would occur in G′. This,
as we will show in Section 4.3, is sufficient to guarantee the
convergence of b̄ti, b̄

t
−i to Nash equilibrium of G′.

Computing ∆t
i. Given b̂ti and b̃ti, ∆t

i can be computed as

∆t
i = max

b−i∈B
p
−i

∑
z∈Z

|πb−i

−i (z)
[
π
b̃ti
i (z)− πb̂ti

i (z)
]
u−i(z)|.

∆t
i can be computed in O(|Z|) as a standard best response

tree traversal.
Example 1. Let us demonstrate several iterations of FPIRA
algorithm. Consider the perfect recall game from Figure 1 (a)
as G′ and the imperfect recall game from Figure 1 (b) as G1.
The function Ξ1 is Ξ1(t) = Ξ1(v) = c,Ξ1(u) = Ξ1(w) = d,

Figure 1: (a) G′ for demonstration of FPIRA iterations (b) G1 for
demonstration of FPIRA.

identity otherwise. Note that when we apply strategies from
G′ toGt and vice versa, we assume that it is done with respect
to Ξt and Ξ−1t . Lets assume that FPIRA first initializes the
strategies to b̄01(b) = b̄01(d) = 1, b̄02(e) = 1.
Iteration 1: The player 1 starts in iteration 1. FPIRA com-
putes b11 ∈ BR(b̄02) in G′, resulting in b11(b) = b11(v) = 1.
Next, FPIRA checks whether b11 is playable in G1. Since
there is no information set in G1 for which b11 assigns more
than one action, we do not need to update G1 in any way. We
follow by computing b̂11 and b̃11 according to Lemma 1 with
λ1 = λ2 = 0.5. In this case b̂11(b) = b̃11(b) = 1, b̂11(c) =

b̃11(v) = 0.5. Since b̂11 and b̃11 are equal, w.r.t. Ξ1, we know
that ∆i = 0. Hence we let G2 = G1, b̄11 = b̂11 and Ξ2 = Ξ1.
Iteration 2: Player 2 continues in iteration 2. Notice that
player 2 does not have imperfect recall, hence there is no need
to discuss this iteration in such detail. FPIRA computes the
best response to b̄11, resulting in b22(f) = 1. The algorithm
then computes b̂22 and b̃22, resulting in b̂22(e) = b̃22(e) = 0.5.
Hence, we let G3 = G2, b̄22 = b̂22 and Ξ3 = Ξ2.
Iteration 3: The best response in this iteration is b31(a) =
b31(u) = 1, which is again playable in G3, hence we do not
need to update G3 at this point. FPIRA computes b̂31 re-
sulting in b̂31(a) = 1

3 , b̂
3
1(d) = 2

3 , b̃31 is, on the other hand,
b̃31(a) = 1

3 , b̃31(t) = 1, b̃31(w) = 0.5 (both according to
Lemma 1 with λ1 = 2

3 , λ2 = 1
3 ). In this case, ∆3

1 = 1

since by playing f player 2 gets 2
3 against b̂31 compared to 5

3

against b̃31. Hence, the algorithm splits all imperfect recall in-
formation sets reachable when playing b31, in this case I1, as
described in Section 4.2, Case 2, resulting in G′. Therefore,
G4 = G′, b̄31 = b̃31 and Ξ4 is set to identity.

4.3 Theoretical Properties
We show that the convergence quarantees of FP in two-player
zero-sum perfect recall game G′ [Heinrich et al., 2015] di-
rectly apply to FPIRA solving G′.

Theorem 1. The exploitability of b̄ti computed by FPIRA ap-
plied to perfect recall two-player zero-sum EFG G′ is exactly
equal to the exploitability of b̄′ti, computed by FP applied to
G′ in all iterations t and for all i.

Proof. Assume that the initial strategies b̄01, b̄
0
2 in FPIRA and

initial strategies b̄′01, b̄′
0
2 in the FP are realization equivalent,

additionally assume that the same tie breaking rules are used
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when more than one best response is available. We prove the
Theorem by induction. If

∀b−i ∈ Bp
−i : u−i(b̄

t
i, b−i) = u−i(b̄′

t
i, b−i), (1)

∀bi ∈ Bp
i : ui(bi, b̄

t
−i) = ui(bi, b̄′

t
−i), (2)

where Bp is the set of pure behavioral strategies inG′, then

b−i ∈ Bp
−i : u−i(b̄

t+1
i , b−i) = u−i(b̄′

t+1
i , b−i).

First, the initial step trivially holds from the initialization
of strategies. Now let us show that the induction step holds.
Let bti be the best response chosen in iteration t in FPIRA
and b′ti be the best response chosen in t in FP. From (2) and
the use of the same tie breaking rule we know that bti = b′

t
i.

From Lemma 1 we know that

∀b−i ∈ Bp
−i : u−i(b̄′

t+1
i , b−i) =

ti
ti + 1

u−i(b̄′
t
i, b−i) +

1

ti + 1
u−i(b

′t
i, b−i),

However, same holds also for b̄t+1
i since FPIRA creates

Gt+1 from Gt so that ∆t
i = 0. Hence

∀b−i ∈ Bp
−i : u−i(b̄

t+1
i , b−i) =

ti
ti + 1

u−i(b̄
t
i, b−i) +

1

ti + 1
u−i(b

t
i, b−i).

From (1) and from the equality bti = b′
t
i follows that

∀b−i ∈ Bp
−iu−i(b̄

t+1
i , b−i) = u−i(b̄′

t+1
i , b−i),

and therefore also
max

b−i∈B
p
−i

u−i(b̄
t+1
i , b−i) = max

b−i∈B
p
−i

u−i(b̄′
t+1
i , b−i).

4.4 Memory and Time Efficiency
FPIRA needs to store the average behavioral strategy for ev-
ery action in every information set of the solved game, hence
storing the average strategy in Gt instead of G′ results in
significant memory savings directly proportional to the de-
crease of information set count. Additionally, when the al-
gorithm computes b̃ti, it can temporarily refine the informa-
tion set structure of Gt only in the parts of the tree that can
be visited when playing the pure best response bti according
to I ′i to avoid representing and storing G′. Moreover, one
typically does not have to store and traverse the whole game
tree when computing a best response. When storing the bti,
we do not store behavior in the parts of the game unreach-
able due to actions of i. For this reason, there are typically
large parts of the game tree omitted, since i plays only 1 ac-
tion in his information sets. Hence, the best response com-
putation does not prevent us from solving large domains with
excessive memory requirements (we provide results showing
that the best responses are small in Section 5). Finally, effi-
cient domain-specific implementations of best response (e.g.,
on poker [Johanson et al., 2011]) can be employed to fur-
ther reduce the memory and time requirements. The itera-
tion of FPIRA takes approximately twice the time needed to
perform one iteration of FP in G′, as it now consists of the
standard best response computation in G′, the modified best
response computation to obtain ∆t

i and two updates of aver-
age behavioral strategies (which are faster than the update in
G′ since the average strategy is smaller).

5 Experiments
We introduce the domains used for experimental evaluation
of FPIRA. We follow by the discussion of the convergence
and the size of abstractions needed to solve these domains.
Leduc Hold’em. Leduc Hold’em is a two-player poker,
which is used as a common benchmark in imperfect-
information game solving because it is small enough to be
solved but still strategically complex. There is a deck of cards
with a given number of card types and a given number of
cards per type (in standard Leduc hold’em there are 3 types
of cards, 2 cards for each type). There are two rounds. In
the first round, each player places an ante of 1 chip in the pot
and receives a single private card. A round of betting follows.
Every player can bet from a limited set of allowed values or
check. After a bet, the player can raise, again choosing the
value from a limited set, call or forfeit the game by folding.
The number of consecutive raises is limited. A public shared
card is dealt after one of the players calls or after both play-
ers check. Another round of betting takes place with identical
rules. The player with the highest pair wins. If none of the
players has a pair, the player with the highest card wins.
Random Games. Since there is no standardized collection of
benchmark EFGs, we use randomly generated games to ob-
tain statistically significant results. We randomly generate a
perfect recall game with varying depth and branching factor
5. To control the information set structure, we use observa-
tions assigned to actions – for player i, nodes h with the same
observations generated by all actions in history belong to the
same information set. Every action generates a temporary
utility which is randomly generated in the interval (−2, 2).
The utility for player 1 in every leaf is then computed as the
sum of the temporary utilities of actions leading from the root
of the game to the leaf. In this way, we create more realistic
games, with the notion of good and bad moves.

5.1 Results
In all the presented results, FPIRA was terminated when the
difference of the expected values of best responses against the
average strategies was below 10−2.
Leduc Hold’em. In Figure 2 (a) we show the exploitabil-
ity of the average strategies computed by the FP and FPIRA
(y-axis) as a function of iterations (log x-axis) on Leduc
Hold’em with 4 card types, 3 for each type, 2 possible bet
and raise values and 4 consecutive raises allowed. The ob-
served identical convergence rate of FPIRA and the FP is
a direct consequence of Theorem 1. Both algorithms needed
∼ 5·103 iterations to converge to the gap 10−2 in the expected
values of best responses against the average strategies. In Fig-
ure 2 (b) we show the information set count ofGt andG′ (log
y-axis) as a function of iterations (log x-axis) in the same set-
ting. As expected, the highest increase in the information set
count of Gt is at the beginning of the algorithm since the in-
formation set structure is extremely coarse and the strategies
vary significantly between iterations. In the later stages of
the convergence, we observe almost no changes in the infor-
mation set structure. Additionally, in Figure 2 (c) we present
relative information set counts for initial and final abstraction,
relative size of the largest best response which needed to be

Proceedings of the Twenty-Sixth International Joint Conference on Artificial Intelligence (IJCAI-17)

940



102 103

−4

−2

0

2

4

iterations

ex
pl

oi
ta

bi
lit

y

 

 
Fict. play on G’
FPIRA

102 103
103

104

105

106

iterations

IS
 c

ou
nt

 

 
G’ IS count
Gt IS count

G1 size G∞ size BR size G′ size
b. 2, r. 2, c.r. 1 4.4% 31.1% 10.7% 8216
b. 3, r. 3, c.r. 1 1.8% 22.7% 4.0% 30200
b. 4, r. 4, c.r. 1 0.9% 15.9% 2.1% 81016
b. 5, r. 5, c.r. 1 0.6% 8.5% 0.9% 179096
b. 2, r. 2, c.r. 2 1.4% 16.6% 3.0% 40600
b. 2, r. 2, c.r. 3 0.4% 5.6% 0.7% 179096
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Figure 2: (a) The exploitability of the average strategies on Leduc Hold’em with 4 card types, 3 for each, 2 bet and raise values and 4
consecutive raises allowed. (b) The information set count of Gt and G′ in the same setting. (c) Relative information set counts of G1 and
final abstraction G∞, relative size of the largest best response which needed to be stored, and total information set count of G′ for Leduc
holdem with deck with 4 types of cards, 3 cards for each, for increasing number of bets and raises (rows 1 to 4) and increasing consecutive
raise count (row 1, 5 - 7)

stored and total information set count of the original perfect
recall game in poker domains, first when increasing number
of bets and raises and when increasing number of allowed
consecutive raises. The size of both abstractions decreases
in both parameters, hence the sizes of the average strategies
stored in FPIRA decrease proportionally. Besides storing the
average strategy in the current abstraction, FPIRA also stores
the best response computed inG′ before updating the average
strategy. To show the maximal memory needed to store these
best responses we provide the number of information sets of
G′ for which there is an action prescribed in the largest best
response during the run of FPIRA. These results show that
the sizes of the best responses do not threaten the memory
efficiency of FPIRA. This leads to significant memory sav-
ings in large domains with only approximately twice as much
time needed per iteration compared to the FP applied directly
to the perfect recall game. Additionally, the results suggest
that further scaling of the solved domains will significantly
reduce the relative size of the abstractions. This observation
is further supported by the fact that the relative support size of
Nash equilibria in poker-like domains decreases as the game
size increases [Schmid et al., 2014].
Random games. To show the performance of FPIRA in
games with varying structure, we performed additional exper-
iments on 50 instances of random games for depth 7 and 30
instances for depth 8. FPIRA was able to solve the instances
using abstractions which had on average only 4.9% ± 0.7%
of the information sets of the original game for depth 7 and
1.2%± 0.3% for depth 8. The perfect recall instances had on
average 2.6 · 104± 4 · 103 and 1.1 · 105± 3 · 104 information
sets for depth 7 and 8 respectively. Notice that the sizes of ab-
stractions needed to solve the random games are significantly
smaller than in the case of poker with similar information set
counts. This is caused by the moves of nature at the start of
poker, which cause large parts of the game tree to be visited
when playing according to one pure strategy. Hence when
computing ∆t

i, there is a significantly higher number of pure
strategies of −i that we need to check, and therefore more
information set splits, compared to games with no nature.

6 Conclusion
We present the first algorithm that automatically creates im-
perfect recall abstractions and uses them to solve the origi-

nal extensive-form game with perfect recall. While the im-
perfect recall abstractions of perfect recall games can sig-
nificantly reduce the space necessary for storing strategies,
their use has been rather limited. Previous works use ei-
ther very restricted subclasses of imperfect recall abstrac-
tions [Lanctot et al., 2012; Kroer and Sandholm, 2016;
Bošanský et al., 2015], heuristic approaches [Waugh et al.,
2009], or only focus on solving the given imperfect recall
game [Čermák et al., 2017].

Our main contribution is the memory efficient algorithm
FPIRA that provides an automatically created imperfect re-
call abstraction that is sufficient for a Nash equilibrium strat-
egy in the original perfect recall game. As a consequence, a
strategy from the abstracted game can be used directly in the
original game without the need to use translation techniques,
nor is the quality of such strategy affected by choice of the
abstraction. The FPIRA algorithm is based on fictitious play
(FP) and provides the same guarantees of the convergence as
if FP were applied directly to the original perfect recall game.
The experimental evaluation shows that we are able to solve
modification of Leduc hold’em with 7 · 105 information sets
using an abstracted game with 1.8% of information sets of the
original game. Furthermore, the experiments on different ver-
sions of Leduc hold’em and random games suggest that the
relative size of the needed abstractions significantly decreases
as the size of the solved games increases.

A natural step for future work is to generalize FPIRA to
other learning algorithms – e.g., Counterfactual Regret Mini-
mization (CFR) [Zinkevich et al., 2008] that is used for solv-
ing large extensive-form games with perfect recall. However,
this generalization is not straightforward since the updates,
and the identification of whether an information set should be
split is significantly more challenging in that case.
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Abstract

Many real world security problems can be modelled
as finite zero-sum games with structured sequential
strategies and limited interactions between the play-
ers. An abstract class of games unifying these models
are the normal-form games with sequential strategies
(NFGSS). We show that all games from this class can
be modelled as well-formed imperfect-recall extensive-
form games and consequently can be solved by coun-
terfactual regret minimization. We propose an adapta-
tion of the CFR+ algorithm for NFGSS and compare
its performance to the standard methods based on lin-
ear programming and incremental game generation. We
validate our approach on two security-inspired domains.
We show that with a negligible loss in precision, CFR+

can compute a Nash equilibrium with five times less
computation than its competitors.

Game theory has been recently used to model many real
world security problems, such as protecting airports (Pita et
al. 2008) or airplanes (Tsai et al. 2009) from terrorist at-
tacks, preventing fare evaders form misusing public trans-
port (Yin et al. 2012), preventing attacks in computer net-
works (Durkota et al. 2015), or protecting wildlife from
poachers (Fang, Stone, and Tambe 2015). Many of these se-
curity problems are sequential in nature. Rather than a single
monolithic action, the players’ strategies are formed by se-
quences of smaller individual decisions. For example, the
ticket inspectors make a sequence of decisions about where
to check tickets and which train to take; a network adminis-
trator protects the network against a sequence of actions an
attacker uses to penetrate deeper into the network.

Sequential decision making in games has been exten-
sively studied from various perspectives. Recent years have
brought significant progress in solving massive imperfect-
information extensive-form games with a focus on the game
of poker. Counterfactual regret minimization (Zinkevich et
al. 2008) is the family of algorithms that has facilitated much
of this progress, with a recent incarnation (Tammelin et al.
2015) essentially solving for the first time a variant of poker
commonly played by people (Bowling et al. 2015). How-
ever, there has not been any transfer of these results to re-
search on real world security problems.

Copyright c© 2016, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

We focus on an abstract class of sequential games that can
model many sequential security games, such as games tak-
ing place in physical space that can be discretized as a graph.
This class of games is called normal-form games with se-
quential strategies (NFGSS) (Bosansky et al. 2015) and it in-
cludes, for example, existing game theoretic models of ticket
inspection (Jiang et al. 2013), border patrolling (Bosansky et
al. 2015), and securing road networks (Jain et al. 2011).

In this work we formally prove that any NFGSS can
be modelled as a slightly generalized chance-relaxed skew
well-formed imperfect-recall game (CRSWF) (Lanctot et al.
2012; Kroer and Sandholm 2014), a subclass of extensive-
form games with imperfect recall in which counterfactual
regret minimization is guaranteed to converge to the optimal
strategy. We then show how to adapt the recent variant of
the algorithm, CFR+, directly to NFGSS and present exper-
imental validation on two distinct domains modelling search
games and ticket inspection. We show that CFR+ is appli-
cable and efficient in domains with imperfect recall that are
substantially different from poker. Moreover, if we are will-
ing to sacrifice a negligible degree of approximation, CFR+

can find a solution substantially faster than methods tradi-
tionally used in research on security games, such as formu-
lating the game as a linear program (LP) and incrementally
building the game model by double oracle methods.

Game Model

NFGSS is a class of two-player zero-sum sequential games
in which each player i’s strategy space has the structure of a
finite directed acyclic Markov decision process (MDP) with
the set of states Si, set of actions Ai and a stochastic transi-
tion function T : Si ×Ai → Δ(Si). The transition function
defines the probability of reaching next states after an action
is executed in the current state. We denote by Δ(·) a set of
probability distributions over a set; A(si) ⊆ Ai the actions
applicable in state si; and s0i the initial state of the MDP.

A player’s strategy is a probability distribution over ac-
tions applicable in each state. We denote δi(si, ai) to be the
probability that a player following strategy δi reaches state
si and then executes action ai. An important restriction in
this class of games is that the utility is defined in terms of
marginal utilities for simultaneously executed state-action
pairs (si, ai) ∈ Si × Ai by the players. The first player’s
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(negative of second player’s) expected utility has the form:

u(δ1, δ2) =
∑

S1×A1

∑

S2×A2

δ1(s1, a1)δ2(s2, a2)U((s1, a1), (s2, a2))

for some U : S1 ×A1 × S2 ×A2 → R.

Background
In this paper, we show that the games from NFGSS can be
transformed to a previously studied subclass of extensive-
form games with imperfect recall. This section defines the
concepts required to understand this transformation.

Extensive-form games
Two-player extensive-form games model sequential deci-
sion making of players denoted i ∈ N = {1, 2}. In turn,
players choose actions leading to sequences called histories
h ∈ H . A history z ∈ Z, where Z ⊆ H , is called a terminal
history if it represents a full game from start to end. At each
terminal history z there is a payoff ui(z) to each player i. At
each nonterminal history h, there is a single current player to
act, determined by P : H\Z → N ∪{c} where c is a special
player called chance that plays with a fixed known stochas-
tic strategy. For example, chance is used to represent rolls of
dice and card draws. The game starts in the empty history
∅, and at each step, given the current history h, the current
player chooses an action a ∈ A(h) leading to successor his-
tory h′ = ha. We call h a prefix of h′, denoted h � h′, and
generalize this relation to its transitive and reflexive closure.

Set Ii is a partition over Hi = {h ∈ H : P (h) = i}
where each part is called an information set. An information
set I ∈ Ii of player i is a set of histories that a player cannot
tell apart (due to information hidden from that player). For
all h, h′ ∈ I , A(h) = A(h′) and P (h) = P (h′); hence,
we extend the definition to A(I), P (I), and denote I(h)
the information set containing h. Let X(h) be the set of
information set and action pairs on the path from the root
of the game to history h ∈ H; Xi(h) ⊆ X(h) be only
the pairs where player i chooses an action; and Xi(h, z)
only the pairs i chooses on the path from h to z. A game
has perfect recall, if players remember all actions they took:
∀i ∈ N ∀h ∈ Hi ∀h′ ∈ I(h) Xi(h

′) = Xi(h). If this
condition does not hold, the game has imperfect recall. In
this paper we don’t consider a form of imperfect recall often
called absent mindedness, in which a history and a prefix of
that history may be contained in the same information set.

A behavioral strategy for player i is a function map-
ping each information set I ∈ Ii to a probability distribu-
tion over the actions A(I), denoted by σi(I). For a pro-
file σ = (σ1, σ2), we denote the probability of reaching a
terminal history z under σ as πσ(z) =

∏
i∈N∪{c} π

σ
i (z),

where each πσ
i (z) =

∏
ha�z,P (h)=i σi(I(h), a) is a product

of probabilities of the actions taken by player i along z. We
use πσ

i (h, z) and πσ(h, z) for h � z to refer to the product
of only the probabilities of actions along the sequence from
the end of h to the end of z. We define Σi to be the set of be-
havioral strategies for player i and extend the utility function
to strategy profiles as ui(σ) =

∑
z∈Z πσ(z)ui(z). By con-

vention, −i refers to player i’s opponent and chance player,
or just the opponent if the context does not admit chance.

An ε-Nash equilibrium, σ, is a strategy profile such that
the benefit of switching to some alternative σ′i is limited
by ε, i.e., ∀i ∈ N : maxσ′

i∈Σi
ui(σ

′
i, σ−i) − ui(σ) ≤ ε.

When ε = 0, the profile is called a Nash equilibrium. We
focus on zero-sum games, where u2(z) = −u1(z) and de-
fine precision of a profile σ as the sum of strategies’ dis-
tances from an equilibrium, εσ = maxσ′

1∈Σ1
u1(σ

′
1, σ2) +

maxσ′
2∈Σ2

u2(σ1, σ
′
2).

Counterfactual Regret Minimization
Counterfactual Regret is a notion of regret at the information
set level for extensive-form games (Zinkevich et al. 2008).
The Counterfactual Regret minimization algorithms itera-
tively learn strategies in self-play, converging to an equilib-
rium. The counterfactual value of information set I is the
expected payoff given that player i played to reach I , the
opponent played σ−i and both players played σ after I:

vi(I, σ) =
∑

z∈ZI

πσ
−i(z[I])π

σ(z[I], z)ui(z), (1)

where ZI = {z ∈ Z : ∃h ∈ I, h � z}, z[I] = h
such that h � z, h ∈ I , and πσ

−i(h) is the reach prob-
ability due to the opponent and chance. Define σt

I→a to
be a strategy identical to σt except at I action a is taken
with probability 1. The counterfactual regret of not taking
a ∈ A(I) at time t is rt(I, a) = vi(I, σ

t
I→a) − vi(I, σ

t).
We use the most recent CFR+ (Tammelin et al. 2015) al-
gorithm to minimize these regrets. This algorithm main-
tains values Qt(I, a) = max(0, Qt−1(I, a) + rt(I, a)) with
Q0(I, a) = 0 for every action at every information set. The
strategy for the next iteration σt+1(I) is proportional to the
maintained values:

σT+1(I, a) =

{
QT (I, a)/QT

sum(I) if QT
sum(I) > 0

1/|A(I)| otherwise,
(2)

where QT
sum(I) =

∑
a′∈A(I) Q

T (I, a′). Furthermore, the
algorithm maintains the weighted average strategy profile:

σ̄T (I, a) =

∑T
t=1 t · πσt

i (I)σt(I, a)
∑T

t=1 t · πσt

i (I)
, (3)

where πσt

i (I) =
∑

h∈I π
σt

i (h). The combination of the
counterfactual regret minimizers in individual information
sets also minimizes the overall average regret, and hence the
average profile is an ε-equilibrium, with ε → 0 as T → ∞.

Well-formed Imperfect-Recall Games
Imperfect recall in general introduces complications in find-
ing optimal solutions for games and the problem often
becomes NP-hard (Koller and Megiddo 1992). Therefore
Lanctot at al. (2012) introduce a subclass of imperfect-recall
games which does not suffer from these problems. This sub-
class was further extended in (Kroer and Sandholm 2014).

For an imperfect-recall game Γ, we define its perfect-
recall refinement Γ′, which is the exact same game, but the
information sets Ii are further partitioned to I ′i by splitting
the histories that would violate the perfect-recall condition
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Figure 1: Example of an imperfect-recall game and an equiv-
alent NFGSS. With the grey utilities, the game cannot be
represented as NFGSS.

to separate information sets. It means that histories h1 and
h2 are in the same information set in the refinement if and
only if they are in the same information set in the imperfect-
recall game and Xi(h1) = Xi(h2). We denote D(I) ⊂ I ′i
the set of information sets I ∈ Ii is divided into.

Following (Kroer and Sandholm 2014), an extensive-form
game with imperfect recall Γ is a chance-relaxed skew well-
formed game with respect to its perfect-recall refinement Γ′,
if for all i ∈ N, Ī ∈ Ii, I, J ∈ D(Ī), there exists a bijection
φ : ZI → ZJ , such that for all z ∈ ZI :
1. The actions of the opponent and chance on the paths to

the leaves mapped to each other are the same (X−i(z) =
X−i(φ(z))) or span the whole information sets on
the same level if they differ (∀(Ĩ , a) ∈ X−i(z) \
X−i(φ(z)), ∀z′ ∈ ZI : (Ĩ , a) ∈ X−i(z

′)). Since φ is
a bijection, the roles of I and J are interchangeable.

2. The actions of player i after reaching Ī on paths to
leaves which are mapped to each other are the same:
Xi(z[I], z) = Xi(φ(z)[J ], φ(z)).

Kroer and Sandholm (2014) show that in well-formed
games, minimizing counterfactual regret in individual infor-
mation sets also minimizes regret in its perfect-recall refine-
ment. The relation between the regrets can be expressed in
terms of the following error terms:
3. |ui(z)− αI,Jui(φ(z))| ≤ εRI,J(z) for some fixed αI,J ∈

R is the reward error at z with respect to I, J ;
4. |π0(z[I], z)− π0(φ(z)[J ], φ(z))| ≤ ε0I,J(z) is the leaf

probability error at z with respect to I, J ;

5.
∣∣∣π0(z[I])

π0(I)
− π0(φ(z)[J])

π0(J)

∣∣∣ ≤ εDI,J(z[I]) is the distribution er-
ror of z[I].

For the clarity of exposition, we require all these errors to be
0. In that case, a direct consequence of Theorem 1 in (Kroer
and Sandholm 2014) is that running a counterfactual regret
minimization algorithm in the well-formed imperfect-recall
game converges to a Nash equilibrium in the refinement.

NFGSS as CRSWF Game
This section proves that any NFGSS can also be represented
as a well-formed imperfect-recall game. We start with a sim-
ple example showing the relation between the two classes of
games and why the standard issues with imperfect recall do
not occur in NFGSS. Figure 1a with the black utility values

presents an imperfect-recall extensive-form game, which is
equivalent to the NFGSS in Figure 1b. Even though the max-
imizing player  forgets whether she played a or b, her fol-
lowing decision does not influence the utilities. Therefore, it
is a CRSWF game and it can be represented as an NFGSS.
The same game structure with the grey utilities is a typical
example of a problematic imperfect-recall game. It does not
have a Nash equilibrium in behavioral strategies (Wichardt
2008), it has a non-zero reward error for any bijection be-
tween histories below a and b, and it cannot be represented
as an NFGSS.

Before we state the main theorem, we need to extend the
definition of the reward error in CRSWF games to allow for-
getting the rewards accumulated in the past if they do not
influence future observations, actions, or rewards.

Proposition 1 If we define the reward error as

|ui(z)− βI − αI,J (ui(φ(z))− βJ)| ≤ εRI,J(z)

for some fixed αI,J , βI , βJ ∈ R, then Theorem 1 from
(Kroer and Sandholm 2014) still holds. Consequently, con-
verging to zero counterfactual regret in all information sets
translates to converging to a Nash equilibrium in any perfect
recall refinement of a game in case of zero error terms.

The complete statement and the proof of this proposition are
included in the appendix available online. The main idea of
the proof is that for any information set Ī in the imperfect-
recall game, we can create a modified game with utilities

uĪ
i (z) =

{
ui(z)− βI if z ∈ ZI , I ∈ D(Ī)
ui(z) otherwise. (4)

In this game, we can use Proposition 1 from (Kroer and
Sandholm 2014) to bound regret in Ī with the original def-
inition of the reward error. Finally, we show that the regrets
in the modified games are exactly the same as the regrets in
the original game, since the shifts βI cancel out.

For an NFGSS G=(S1, A1, S2, A2, T, U), a correspond-
ing extensive-form game Γ(G) = (N,A, H, Z, I, u) is:

A = A1 ∪ A2 ∪ Ac The set of player’s actions in the
EFG is the set of state-action pairs from his MDP: Ai =
{(s, a) : s ∈ Si, a ∈ A(s)}. Execution of each state-
action pair (s, a) leads to a chance node with actions rep-
resenting uncertainty in the transition using actions from
Ac = {(s, a, s′) : s, s′ ∈ Si, a ∈ A(s), T (s, a, s′) > 0}.
The chance probabilities of these actions are naturally de-
rived from T .

H A history h ∈ H is a sequence of actions in which each
player’s action is followed by a corresponding chance
action as defined above. The ordering of the actions of
different players can be arbitrary. We assume that each
history starts with actions of the first player until she
reaches a terminal state of her MDP. The actions of
the second player follow afterwards. For convenience,
we refer to histories in these corresponding games as a
pair (h1+c, h2+c) with each player’s actions and conse-
quent chance actions and do not deal with action ordering
among different players explicitly.
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Z Let lsi : H → Si be a function returning the MDP state
of player i after last chance action consequent to her ac-
tion in a history. The terminal histories are the histories
in which both players reached the terminal state of their
MDP: Z = {h ∈ H : A(ls1(h)) = A(ls2(h)) = ∅}.

I Each information set corresponds to a node in a player’s
MDP. Histories h1, h2 in which player i takes action
(P (h1) = P (h2) = i), belong to the same information
set (I(h1) = I(h2)) if and only if they end by the same
state for the player: lsi(h1) = lsi(h

2).

u The utility of player 1 in a terminal history z is the sum
of marginal utilities for all pairs of actions in the history
u1(z) =

∑
(s1,a1)∈z1

∑
(s2,a2)∈z2 U((s1, a1), (s2, a2)).

Theorem 2 Let G be an NFGSS, then the corresponding
extensive-form game Γ(G) is a chance-relaxed skew well-
formed imperfect-recall game with zero errors.

Proof. Consider Γ′ = (N,A, H, Z, I ′, u), a perfect-recall
refinement of Γ(G), where each player’s information sets
are subdivided based on unique histories of her and sub-
sequent chance actions (i.e., a path in the MDP). To show
that Γ is well-formed with respect to Γ′, we define for each
I, J ∈ D(Ī), Ī ∈ I the bijection φ : ZI → ZJ to map
to each other the terminal histories passing through I and
J with the same opponent’s actions and the same player
i = P (I)’s actions after I or J is reached.

∀z = (zi+c, z−i+c) ∈ ZI φ(z) = (h(J)i+cz[I−]i+c, z−i+c)

where h(J)i+c denotes the unique player P (J)’s and conse-
quent chance history leading to J in the refinement Γ′ and
z[I−] denotes the suffix of history z after reaching informa-
tion set I . Subscript i+c added to any (partial) history refers
to only actions of player i and the consequent chance ac-
tions. The remaining actions are referred to by −i+c. This bi-
jection is well defined, because the possible future sequences
of actions of player i are the same after reaching the same
node in his MDP using different paths.

We follow by checking if all conditions required for a
well-formed imperfect-recall game are satisfied with φ.

1) The actions of the opponent and their consequent
chance actions are exactly the same in the mapping. The
only complication could be the player i’s chance actions,
which generally differ for histories in I and J . However, the
outcome of the chance nodes is always known to the player
before he selects a next action. Therefore, in the perfect-
recall refinement, all histories in each information set con-
tain the exact same chance action on each level.

2) The second condition is trivially satisfied directly from
the definition of φ.

3) The original definition of CRSWF games is not suffi-
cient to guarantee zero reward error for all histories. Con-
sider an example with the structure exactly the same as in
Figure 1, but the marginal utilities U(A, b) = 5, U(A, c) =
1 and zero for all other action pairs. Let the information sets
in the refinement be I = {a} and J = {b}. Based on the
definition of φ and u above:

φ(acA) = bcA, φ(adA) = bdA

u(acA) = 1, u(bcA) = 6, u(adA) = 0, u(bdA) = 5.

There is no αI,J , such that |1− αI,J6| = 0 = |0− αI,J5|.
However, this game can still be solved by counterfactual re-
gret minimization thanks to Proposition 1. Past rewards can
be forgotten and the future rewards are exactly the same.

4) The histories below information sets I and J are
formed by the exact same chance actions. Therefore, the leaf
probability error is zero.

5) We established above that all histories in any informa-
tion set I in the refinement include the exact same chance
actions of the player i = P (I) on the way to I; therefore
π0(z[I]i+c)/π0(I) = 1/|I|. There exist a bijection between
I and J ; hence, |I| = |J |. The distribution error is∣∣∣∣
π0(z[I]i+c)π0(z[I]−i+c)

π0(I)
− π0(φ(z)[J ]i+c)π0(φ(z)[J ]−i+c)

π0(J)

∣∣∣∣ =

=
1

|I| |π0(z[I]−i+c) − π0(φ(z)[J ]−i+c)| = 0. (5)

The last equality holds because the opponent’s chance ac-
tions are copied in φ. �

There are two main consequences of this transformation.
First, we can run counterfactual regret minimization on the
EFGs corresponding to NFGSS and we are guaranteed that
these algorithms converge to a well-defined Nash equilib-
rium solution. Second, since the computed equilibrium is an
equilibrium in any perfect-recall refinement, it proves that
the players gain no benefit from remembering the path that
they take to individual states of an NFGSS.

CFR+ for NFGSS
Previous works using CFR in imperfect-recall games use
random sampling to update counterfactual regrets (Waugh
et al. 2009). For NFGSS, we derive a more efficient version
of the algorithm which does not require sampling.

The algorithm stores for each action-value pair the special
form of regret Q defined in CFR+ and the mean strategy σ̄;
and for each MDP state the probability p(s) of reaching the
state under the current strategy. The current strategies σ can
be stored or always computed from Q to save memory. The
pseudocode is presented in Figure 2. In the main part of the
algorithm denoted by NFGSS-CFR+, each iteration of the
algorithm consists of separate updates for individual players
(lines 4-6). First, the current strategy of the opponent is used
to compute reach probabilities for all states and update the
mean strategy in his MDP (line 5). The reach probabilities
are used to compute the regrets Q and new strategies for all
action-value pairs of the player (line 6). Finally, we need to
normalize the mean strategies, since they are stored as sums.

The update of the probabilities on lines 1-6 of the second
function in Figure 2 is straightforward. Since the MDPs are
assumed to be acyclic, we can store the states in topologi-
cal order and easily traverse them from the root to leaves,
always having the predecessors resolved before reaching the
successors. Once a new probability is computed, the mean
strategy can be updated immediately on line 7. For updat-
ing regrets and strategies in the third function, we process
the state in the reverse order. For each state, we compute the
expected value of the game after it reaches the state v(si)
and the expected value of playing each action available in
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NFGSS-CFR+

1: ∀i ∈ N σi := uniform strategy
2: ∀i ∈ N Qi := 0, σ̄i = 0
3: for iteration t ∈ (1, 2, . . . ) do
4: for i ∈ N do
5: UpdateStateProbabilitiesMeanStrategies(−i, t)
6: UpdateActionRegretsCurStrategies(i)
7: ∀i ∈ N Normalize(σ̄i)

UpdateStateProbabilitiesMeanStrategies(i, t)
1: ∀si ∈ Si p(si) = 0
2: p(s0i ) := 1
3: for si ∈ Si in topological order do
4: for ai ∈ A(si) do
5: for s′ ∈ T (si, ai) do
6: p(s′) += p(si)σ(si, ai)T (si, ai, s

′)
7: σ̄i(si, ai) += tp(si)σi(si, ai)

UpdateActionRegretsCurStrategies(i)
1: ∀si ∈ Si v(si) = 0
2: for si ∈ Si in reverse topological order do
3: for ai ∈ A(si) do
4: v(ai) := 0
5: for s′ ∈ T (si, ai) do
6: v(ai) += T (si, ai, s

′)v(s′)
7: for s−i, a−i ∈ S−i ×A−i do
8: v(ai) += p(s−i)σ(s−i, a−i)Ui(si, ai, s−i, a−i)
9: v(si) += σ(si, ai)v(ai)

10: for ai ∈ A(si) do
11: Q(si, ai) := max(0, Q(si, ai) + v(ai)− v(si))
12: σi(si) := RegretMatching(Q(si))

Figure 2: Adaptation of CFR+ for NFGSS

the state (lines 4-9). The value of the action is the sum of the
expected value of the successors (lines 5-6) and the marginal
utility of executing the action, with respect to the probabil-
ities that the opponent executes her actions (lines 7-8). We
implement this step efficiently using sparse representation
of U . The expected value of the state is the sum of the ex-
pected values of executing individual actions weighted by
their probability in the current strategy (line 9). The regrets
are updated as prescribed by CFR+ (lines 10-11) and the
new strategy is computed by regret matching (Equation 2).

Proposition 3 The NFGSS-CFR+ algorithm converges to
an ε-Nash equilibrium of the game after

T ≤ max
i∈N

Δ2|Si|2|Ai|
ε2

iterations, where Δ is the overall range of (not marginal)
utility values in the game.

This proposition holds for CFR (and therefore also
CFR+) in CRSWF extensive-form games with zero error
terms (Lanctot et al. 2012). We only have to show that
NFGSS-CFR+ performs exactly the same updates as it
would perform in the equivalent EFG defined above. Fo-
cus on a specific information set I in iteration t and assume
all updates in previous iterations were equivalent. On itera-

s0e

s0p

length

w
idth

(a) Transit game scheme

Trip1
Buy Not

p1
Trip2 . . .

Buy Not

p2
Tripn

Buy Not

pn

Get Trip

(b) IG passanger’s MDP

Figure 3: Evaluation domain schemas.

tion t, the current strategy is the same and therefore, the val-
ues v(ai) and v(si) computed on lines 3-9 of the algorithm
represent the same counterfactual values as the values com-
puted on the equivalent EFG based on Equation 1. Since the
update is defined only in terms of counterfactual values and
the current strategy (in case of mean strategy), all updates
are exactly the same.

Experimental Evaluation
Transit game (TG) is the game used for evaluation in
(Bosansky et al. 2015). For fair comparison, we have im-
plemented CFR+ within their publicly available code base.
The game is a search game in Euclidean space discretized
as an eight-connected rectangular grid, such as in Figure 3a.
The evader attempts to cross this grid from left to right with-
out meeting the patroller. Each move incurs a small penalty
(0.02) to the evader. The patroller starts in his base marked
in grey and moves on the graph along the edges (or stays
at its current node) for d time steps. If he is not back at the
base at the end of the game, he suffers a penalty (20). The
movement of each player fails with probability 0.1, which
causes the player to stay at its previous position. Every time
the players meet, the evader looses one point of utility to the
patroller. The authors in (Bosansky et al. 2015) approximate
this game as zero-sum; hence, all the penalties suffered by
one player are considered to be gains of the other player. In
the evaluation below, we consider the transit game of size w
to be played on w × 2w grid for d = 2w + 4 time steps.
Ticket inspection game (IG) is based on (Jiang et al. 2013).
It models scheduling a three hours long shift of ticket in-
spectors on a single train line. Jiang at al. use real world data
from the LA metro system and schedule for multiple patrols.
We consider a single patrol and generate synthetic data to
create problem instances of varying size. The data include
(1) the train schedules, which are in both directions gen-
erated non-uniformly, starting with approximately 5 times
longer intervals at the beginning of the shift than in the peak
time close to the end of hour two of the shift; (2) the pas-
senger trips defined by the number of passengers that take
each train between each pair of stations generated pseudo-
randomly based on non-uniform station popularity values;
and (3) the time intervals in which a train reaches a follow-
ing station. The patrol starts in the middle of the line. In a
station, the patrol can take the next train in either direction or
check the tickets of the passengers in the station for 15 min-
utes. On a train, she can either check the tickets of the pas-
sengers on the train until the next stop, or exit the train. The
patrol checks 5 passengers per minute and the passengers
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are assumed to be present in the stations 3 minutes before
their train departs and 3 minutes after it arrives. Because of
unexpected delays, the patrol can with probability 0.1 miss
the train it intended to take and stay at the station, or fail
to exit the train at the intended station and stay in the train
until the next one. The game has originally been modelled
as a Bayesian game with passengers taking the same trip as
types, but it can be also seen as NFGSS. Instead of types,
we model the passengers’ strategy by the MDP in Figure 3b.
The MDP starts with a dummy action with one outcome for
each trip, occurring with the probability that a random pas-
senger takes the trip. In each of these outcomes, the passen-
ger chooses an action representing either buying a ticket or
not buying a ticket. The MDP of the patroller starts with a
dummy action of collecting the fare money, which gives him
a reward of $1.50 for each passenger that buys a ticket. Af-
terwards, the MDP describes her movement on the line and
the patrol gets a reward of $100 for each checked passenger
which did not buy a ticket. The game is zero-sum, with the
patrol maximizing its revenue per passenger and each pas-
senger type minimizing its cost. The ticket inspection game
of size s has s stations, s trains in each direction and approx-
imately s thousand passengers.

Results
We compare the run time of the proposed NFGSS-CFR+

algorithm to the full compact strategy LP formulation and
the double oracle (DO) algorithms proposed in (Bosansky et
al. 2015). Since CFR+ is generally used as an approxima-
tive algorithm, we compare the run time of the algorithms
with various target precision: 0.1, 0.01 and 0.001 in absolute
utility value. For solving LPs, we used IBM CPLEX 12.51.
The simplex algorithm is substantially faster than the barrier
method on large instances of these problems, so we use sim-
plex. The precision of CPLEX is by default set to 10−6. Set-
ting it to a higher value increased the run time, most likely
because of “Harris’ method”-like feasibility bounds shifts.
The limit on these shifts is also controlled by the precision
parameter. When these shifts are eventually removed, the so-
lution is in a substantially more infeasible state, which is
harder to correct and the correction has a larger negative ef-
fect on optimality (Klotz and Newman 2013). Therefore, we
evaluate only the default setting. The results presented in
Figures 4(a,c) are means of 10 runs with small a variance
and Figures 4(b,d) are each a single representative run.

The precision of 0.01 in the transit game is half the
penalty the evader pays for each move. We compute the util-
ity in IG in cents; hence, the error of 0.01 per passenger
means a loss of $3 of overall revenue in the largest game
with 30 thousand passengers. Since the models are always
an approximation of the real world problems, we consider
error of 0.1 to be perfectly acceptable and the error smaller
than 0.01 irrelevant from the domain perspective.

Figure 4a presents the computation times required by the
algorithms to reach the given precision in TG. This domain
is suitable for the double oracle algorithm; hence, in games
of all evaluated sizes, DO outperforms LP for any precision.
LP was not able to solve the larger games within 30 hours.
For precision of 0.1 and 0.01, CFR+ clearly outperforms DO
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Transit (a,b) and Ticket inspection (c,d) games. CFR+(cur)
is the current strategy of CFR+.

for all game sizes by up to factor of 5 (note the log scale).
For the largest game with width 12 (5041 and 6118 states in
the MDPs), CFR+ finds the solution with precision 0.01 in
119 minutes, while for DO, it takes almost 10 hours. Two
hours are enough for DO to reach precision of 0.01 in game
of size 8 with 1729 and 2036 MDP states. For very high pre-
cision, DO already outperforms CFR+ on the smallest game
instance. Figure 4b presents the progress of the convergence
in time on a log-log plot. Besides CFR+ and DO, we present
also the adaptation of standard CFR to NFGSS analogous to
the presented adaptation of CFR+, and the performance of
the current strategy of CFR+. The current strategy has no
formal guarantees, but has been observed to converge to an
equilibrium in some poker games. We can see that the mean
strategy of CFR+ converges the fastest, but the current strat-
egy also converges, which allows reducing the memory re-
quirements of the algorithm by not storing of the average
strategy. DO initially converges slowly, but eventually starts
converging very quickly, which allows it to reach higher pre-
cisions before CFR+.

We present the exact same experiments for the ticket in-
spection game in Figures 4c and 4d. The LP formulation of
the game always outperforms DO. With the exception of the
smallest game, CFR+ reaches precision of 0.1 and 0.01 be-
fore the LP finishes. In the largest game (4699 and 15362
MDP states), CFR+ reaches the precision of 0.01 after 74
minutes, while the LP requires almost 226 minutes. Even in
this domain, CFR+ converges faster than CFR. The current
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strategy converges even faster than the average strategy.

Conclusions
We study an abstract class of games called NFGSS, suit-
able for modelling a variety of real world security problems.
We transfer several key poker research results to this class.
We extend the previously studied notion of well-formed
imperfect-recall games and show that after this extension,
it can model any game from NFGSS. We propose an adap-
tation of CFR+ for this class and provide a formal guaran-
tee that it converges to a Nash equilibrium. We empirically
show that with a small loss of precision, it allows solving
larger problem instances with up to five times less compu-
tation time than the currently used approaches. With CFR+,
we can solve the game models more frequently (e.g., if they
are not entirely static) or solve substantially larger game in-
stances in the same time as with standard methods.

This paper opens two natural directions of future research.
First, since incremental game generation in double oracle al-
gorithms is, to a large extent, orthogonal to the actual equi-
librium solving algorithm, combining it with CFR+ might
lead to an additional speedup. Second, the link we estab-
lished between NFGSS and CRSWF games can help to fur-
ther extend these classes of games to allow modelling more
complex interactions between players’ strategies.
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M. 2009. IRIS - A Tool for Strategic Security Allocation
in Transportation Networks Categories and Subject Descrip-
tors. In Proc. of the 8th Int. Conf. on Autonomous Agents and
Multiagent Systems, 37–44.
Waugh, K.; Zinkevich, M.; Johanson, M.; Kan, M.; Schni-
zlein, D.; and Bowling, M. 2009. A practical use of imperfect
recall. In Proceedings of the 8th Symposium on Abstraction,
Reformulation and Approximation (SARA), 175–182.
Wichardt, P. C. 2008. Existence of nash equilibria in finite ex-
tensive form games with imperfect recall: A counterexample.
Games and Economic Behavior 63(1):366–369.
Yin, Z.; Jiang, A. X.; Johnson, M. P.; Tambe, M.; Kiekintveld,
C.; Leyton-Brown, K.; Sandholm, T.; and Sullivan, J. P. 2012.
TRUSTS: Scheduling Randomized Patrols for Fare Inspec-
tion in Transit Systems. In Proceedings of 24th Conference
on Innovative Applications of Artificial Intelligence (IAAI).
Zinkevich, M.; Johanson, M.; Bowling, M.; and Piccione, C.
2008. Regret minimization in games with incomplete infor-
mation. In Advances in Neural Information Processing Sys-
tems 20 (NIPS 2007), 1729–1736.

550



Eqilibrium Approximation Quality of Current No-Limit Poker Bots

Viliam Lisýa,b
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Abstract
Approximating a Nash equilibrium is currently the best
performing approach for creating poker-playing programs.
While for the simplest variants of the game, it is possible to
evaluate the quality of the approximation by computing the
value of the best response strategy, this is currently not com-
putationally feasible for larger variants of the game, such as
heads-up no-limit Texas hold’em. In this paper, we present a
simple and computationally inexpensive Local Best Response
method for computing an approximate lower bound on the
value of the best response strategy. Using this method, we
show that existing poker-playing programs, based on solv-
ing abstract games, are remarkably poor Nash equilibrium
approximations.

One very popular measure for progress in artificial intel-
ligence is computers’ performance in recreational games
commonly played by humans. There has been a dramatic
sequence of successes in the past two decades starting with
Chinook with checkers (Schaeffer et al. 1996), Deep Blue
with chess (Campbell, Hoane, and Hsu 2002), Watson with
Jeopardy! (Ferrucci et al. 2013), and AlphaGo with go (Sil-
ver et al. 2016). Despite these successes, poker has proven
to be a harder challenge for AI. Similar to checkers, chess,
and go, poker can be easily and completely described by a
simple set of rules. The size of the game ranges from be-
ing smaller than checkers (heads-up limit Texas hold’em;
HULH) to as large as go (heads-up no-limit Texas hold’em;
HUNL). However, it is a substantially more complex game
due to the element of imperfect information. In poker, some
information is private to specific players. Players need to in-
fer the private information of others based on their actions in
the game, while also seeking to avoid losing their own strate-
gic advantage by revealing their private information via their
actions. This is complicated by the fact that the information
revealed by an opponents’ play depends on their behaviour,
and that behaviour naturally depends on the player’s own
private information.

Like other popular games, poker has been a challenge
problem in artificial intelligence since the inception of the
field (Kuhn 1950; Koller and Pfeffer 1997; Billings et
al. 2002). Recent progress in approximating Nash equilib-
ria in massive extensive-form games (Gilpin et al. 2007;

Copyright c© 2017, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

Zinkevich et al. 2008; Lanctot et al. 2009; Tammelin et al.
2015) has allowed for some initial successes in the small-
est variant of poker played by humans, HULH. Polaris, a
program built around the CFR-family of methods, defeated
professional poker players for the first time in a meaningful
match of HULH in 2008 (Rehmeyer, Fox, and Rico 2008). In
2015, this was taken a step further by the program Cepheus,
which essentially solved the game the HULH, with the re-
sulting strategy requiring 11TB of storage and using over
900 CPU years of computation (Bowling et al. 2015).

The size of the game of HULH, though, is trivial com-
pared to the more popular no-limit variants of the game.
In limit poker variants, there are at most 3 different ac-
tions available to a player at any situation (fold, check/call,
bet/raise) as all bet amounts are fixed in advance. In no-limit
games, players can bet any number of remaining chips, lead-
ing to thousands of possible actions from a single situation.
As a result, HUNL can have over 10160 decision points in
the game, as in the case of the variant played in the An-
nual Computer Poker Competition (ACPC) 1. This makes
HULH’s size of 1014 decision points seem trivial.

Much of the progress in HULH was enabled by the abil-
ity to measure the approximation quality of a strategy in
HULH (Johanson et al. 2011). This has been a challenge
for research in HUNL where to date evaluation has been
limited to tournament evaluation,where strategies are eval-
uated by having them play against each other. The results of
such a tournament are necessarily relative and cannot give
an absolute strength of any particular program. Furthermore,
it can substantially depend on small details in the design
of the tournament, such as the winnings cap used in the
ACPC (Bard 2016). The absolute measure of performance
through computing a strategy’s approximation quality made
possible a number of important strides in HULH research,
for example, investigating the effect of restricted opponent
modelling, asymmetric abstractions (Bard, Johanson, and
Bowling 2014), translation, and payoff tilts (Johanson et al.
2011).

This paper presents a simple method to quickly approx-
imate a lower-bound to a strategy’s exploitability in the
HUNL game. It is trivial to parallelize, makes no card ab-
straction commitments, can be applied even to strategies

1www.computerpokercompetition.org

The AAAI-17 Workshop on  
Computer Poker and Imperfect Information Games 
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that use dynamic (and expensive) endgame solving tech-
niques, and can probe a far larger portion of the total betting
space than any current techniques use in their solving ap-
proach. Using this technique, we compare a number of the
top HUNL programs from the ACPC. We show that even
though the differences among the top performing agents in
the ACPC are tiny fractions of a blind per hand, the ex-
ploitability of the players is several whole blinds per hand.
For every program tested, it would be far less exploitable
to immediately fold every hand than to use even such a
state-of-the-art startegy. Furthermore, we can tease apart the
source of the approximation error, observing that consider-
ably more exploitability can be attributed to card abstraction
as opposed to betting abstraction.

Current No-Limit Poker Bots
While we are aware there are poker programs (or bots) play-
ing online in real money games, this paper focuses on bots
submitted to the ACPC. These bots are developed by top
research teams, use principled AI approaches, and the tech-
niques they use are to large extent well documented.

Heads-up No-Limit Texas Hold’em
Heads-up no-limit Texas hold’em is a variant of poker
played with a standard deck of 52 cards. At the beginning
of each hand or game, the first player enters a big blind into
the pot; the second player enters half of that size, or the small
blind; and both players are then dealt two private cards. The
second player then starts the first round of betting. The play-
ers alternate in choosing to fold – ending the game and let-
ting the opponent take the pot; call – matching the amount of
chips entered by the opponent and ending the betting round;
or raise by x – adding x more chips than the opponent to
the pot. A raise of all remaining chips is called an all in bet.
After the first round, three board or public cards are dealt
face up, and the first player now starts an identical round of
betting to the first round. In the third and fourth rounds, one
additional public card is dealt and betting starts again with
the first player. If none of the players folds before the end of
round 4, the game enters show-down: The private cards are
revealed and the pot is won by the player that can compose
the strongest hand of 5 cards using his 2 private and the 5
public cards. A match consist of large number of games, in
which the players alternate their positions as the first and the
second player.

Best ACPC Players
The bots annually submitted to the ACPC include programs
based on hand-crafted rules, learning systems trained on logs
of past games, or advanced linear programming methods.
The bots which have seen the most success in HUNL all
have the same basic structure.

The bots are based on creating a smaller abstract version
of the game, approximating the equilibrium strategy in the
abstract game, and executing this strategy in the original
game using a translation method to map real game situations
into the abstraction. The abstract games abstract card infor-
mation (called information abstraction) based on clustering

Bot Name Authors Winnings (mBB/h)
Baby Tartanian8 Carnegie Mellon Uni. 0.0 ± 0.0

Slumbot Eric Jackson -11.88 ± 10.33
Act1 Unfold Poker -16.82 ± 14.35

Table 1: ACPC 2016 results.

hands with similar strength and potential to improve after
additional cards are dealt. The abstract games abstract bet-
ting information by restricting the available bets to a small
handful, usually expressed as fractions of the current size
of the pot. The most successful bots approximate the Nash
equilibrium in the abstract games using some variant of the
Counterfactual Regret Minimization algorithm (Zinkevich
et al. 2008).

While playing a hand, the bots find the abstract state that
corresponds to (cluster that includes) the current state of the
game represented by the exact private and public cards in
the game. Furthermore, they have to map the real betting
sequence in the game that can use any size bets to the “most
similar” betting sequence represented in the abstraction. The
abstract strategy is queried for the probability distribution
over actions (pot fractions) included in the abstract game
and these are then post-processed and played in the actual
game, if they are applicable. There are many publications
related to each step of this process in the AI literature.

All three top performing players in ACPC 2016 match the
high level description above. Their Instant Runoff Compe-
tition Results are summarized in Table 1. Baby Tartanian8
won the competition, Slumbot lost on average 12 mBB/h in
its matches with the winner and Act1 lost 17 mBB/h on av-
erage against the other two agents.

Local Best Response
This section presents the local best response algorithm for
fast approximation of a lower bound on the exploitability
of no-limit poker strategies. We call the player that com-
putes the best response “LBR”, and its opponent “the oppo-
nent”. The key concept in this algorithm is the probability
that the opponent holds each of the possible private hands,
which we call the opponent’s range. At the very beginning
of the game, it is equally likely that the opponent holds any
pair of private cards, which is not in conflict with the cards
held by the player. The probabilities of actions performed by
the opponent depend on the private hand she holds. There-
fore, with access to the strategy of the opponent, we can use
Bayes’ rule to infer the exact probabilities that the opponent
holds each of the private hands. It is important that there is
no abstraction or other approximation needed to exactly rep-
resent these probabilities. Based on the range, local best re-
sponse greedily approximates best response actions, assum-
ing a simple heuristic for behavior in the future.

Let H be the set of all possible private hands. In HUNL,
each private hand consists of two cards. Ignoring their order-
ing, |H| = 1326. A player’s range is a probability distribu-
tion over hands and we denote it π : H → [0, 1]. We denote
S the set of public states in the game. Each public state con-
sists of the board cards, the order in which they came, and
the complete sequence of bets by both players up to some
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LocalBR(π - range, s ∈ S, hi ∈ H)
1: wp = WpRollout(hi, π, s)
2: asked = pot−i(s)− poti(s)
3: U(call) = wp · pot(s)− (1− wp) · asked
4: for action a in considered bets / raises do
5: fp = 0
6: for opponent’s hands h−i ∈ H do
7: fp = fp + π(h−i) · σ(s, h−i, fold)
8: π′(h) = π(h) · (1− σ(s, h−i, fold))
9: normalize π′

10: wp = WpRollout(hi, π
′, s)

11: U(a) = fp · pot(s)+
+(1− fp)· (wp·(pot(s)+a)− (1−wp)·(asked+a))

12: if maxa U(a) > 0 then
13: return argmaxa U(a)
14: else
15: return fold

Figure 1: The algorithm for approximating lower bound on
strategy exploitability.

point in the game. The strategy of a player is a probability
distribution on actions (fold, call, all different bet sizes) from
A, available to a player: σ : S ×H ×A → [0, 1].

The algorithm does not compute a best response strat-
egy explicitly, but uses its local approximation to directly
play against the evaluated strategy. At the beginning of each
hand, LBR initializes the opponent’s range uniformly for all
private hands that do not include the cards dealt to LBR. Af-
ter each action a of the opponent performed at a public state
s, LBR updates the opponent’s range using her strategy σ:

π(h) = π(h) · σ(s, h, a)
and normalizes the distribution to sum to one.

LBR chooses its action to maximize its expected utility,
under the assumption that the game will be checked/called
until the end, unless the opponent folds right after LBR’s
action. The pseudocode is given in Figure 1. First, it com-
putes the probability of winning the current hand if the
game continues until the show-down in function WpRoll-
out. This function exhaustively deals all possible remaining
board cards and computes the mean probability of winning
with hand hi against the opponent’s range π. The expected
utility of actions is computed with respect to utility 0 for
fold. On line 3, the utility of action call for LBR is computed
as the chips currently in the pot in case LBR wins, and the
negative of the money LBR has to add to the pot in order to
continue playing if it loses. Afterward, the algorithm com-
putes the expected utility for all other considered actions.
These are typically defined as a fixed set of pot fractions,
but they can be arbitrary. For each action, lines 6-8 compute
the probability that the opponent will fold after LBR per-
forms the action given the current range (fp) and the new
range that would hold for the opponent in case she does not
fold (π′). The expected utility of the action for LBR (line 11)
is computed as getting the whole pot if the opponent folds,
getting the pot and the size of the bet (a) if the opponent
does not fold and LBR wins, and losing the chips asked for

and added otherwise.
This algorithm computes an approximation of the best re-

sponse, looking only one action ahead and assuming that
the players will check until the end of the game after per-
forming the action (and not folding). The main advantage
it exploits is that it perfectly understands the cards it holds
and the state of the game without any abstraction. It may be
easily extended to longer look-ahead or more complicated
heuristics for estimating the value of the remainder of the
game, however, it would substantially increase its compu-
tational requirements and even this simple version is very
effective, as we show in the following section.

Computing Lower Bound on Exploitability
Recall that LBR does not pre-compute the best response ap-
proximation, but rather directly uses it to evaluate an input
strategy. The evaluation consists of playing a large number
of regular poker hands. The cards are dealt randomly as in a
regular game. Every time it is the opponent’s turn to play an
action, her strategy is queried for the right probability distri-
bution and an action is sampled based on the actual private
hand held by the opponent. Every time it is LBR’s turn to
play, it updates the opponent’s range and selects the best ac-
tion based on the LocalBR algorithm in Figure 1 and its pri-
vate hand. The estimate of the exploitability is the average
number of chips LBR wins in these games.

LBR queries the opponent’s strategy for each hand after
each action it considers. Therefore, if we want to run LBR
with n different pot fractions, completing 1 hand with LBR
generally requires at most (n|H|+ 1) times more computa-
tion time than playing a regular match with the strategy. Fur-
thermore, the most expensive computation currently used in
advanced poker bots is endgame solving (Ganzfried 2016),
which solves for all possible hands in one computation. If
this is the dominant part of the computation for a strategy,
LBR evaluation requires approximately (n + 1) times the
computation required for playing a hand. If it is possible to
play a game within few minutes on a single computational
node, it is most likely also feasible to get reliable LBR esti-
mates on a cluster of these nodes.

An important property of this algorithm is that it com-
putes a lower bound on the exploitability of strategies. Since
LBR actually plays a legal poker strategy, it can never win
more in expectation than the worst case opponent of a strat-
egy. Similarly, using longer look-ahead or different heuristic
evaluation, as suggested above, would still have this prop-
erty. Therefore, a strategy with substantially better perfor-
mance against LBR is likely to be closer to an equilibrium.

Sampled soft translation
When mapping the solution of the abstract game to the ac-
tual game played, it may be convenient to use sampling
(Schnizlein, Bowling, and Szafron 2009; Ganzfried and
Sandholm 2013). As a result, it may be difficult to obtain
the exact probability distribution over actions in a particu-
lar public state of the real game. The proposed local best
response method can still work in this situation. We can ap-
proximate the actual distribution by averaging a larger num-
ber of samples of the strategy at the same state. If we use a
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Betting Rounds Call 1
2

Call 1
2

Raise Random
fc 1-4 0 7.1 ± 0.5 15.7 ± 0.4
fc 3-4 0 16.2 ± 0.3 2.2 ± 0.7

fcpa 1-4 34.0 ± 0.5 23.1 ± 0.5 39.1 ± 0.6
fcpa 3-4 49.0 ± 0.4 24.4 ± 0.6 80.7 ± 0.7

Table 2: Results of LBR with trivial strategies in BB/h.

new independent sample from the strategy to pick the actual
action played by the opponent, LBR does not learn any extra
information about the action played and therefore computes
a lower bound on the exploitability of the strategy.

Variance reduction
Since the evaluation plays-out standard poker hands, we can
use any of the previously developed variance reduction tech-
niques (White and Bowling 2009; Davidson, Archibald, and
Bowling 2013; Burch et al. 2017) to reduce the number of
hands required to produce statistically significant results.
For the experiments presented in this paper, we used dupli-
cate matches and imaginary observations of expected out-
comes of all hands the opponent could hold for a given line
of play, instead of just the actual hand she holds. These two
techniques combine to reduce the size of the confidence in-
tervals by roughly 20% with the same number of matches.

Experimental evaluation
In this section, we show that the proposed LBR computation
is a fast and effective method to compute a lower bound ap-
proximation on exploitability of no-limit poker strategies.
We present results from running LBR on simple chump
strategies; bots created at University of Alberta for past
ACPCs; the two of the top three bots from the ACPC in
2016; and a huge strategy with a very sparse betting abstrac-
tion, but no card abstraction. Most results in this section will
be presented in milli-big-blinds per hand (mBB/h) or whole
big blinds per hand (BB/h). The evaluation is stochastic;
hence, we also present 95% confidence intervals. In order
to understand the common magnitude of these values, a bot
that always folds as the first action would loose 750 mBB/h.
The results of the one-on-one matches of the best three play-
ers in ACPC 2016 were all decided by less than 24 mBB/h.

In addition to showing the efficiency of the LBR computa-
tion, our experimental results also show that a large portion
of the exploitability uncovered by the tool is caused by card
abstraction. We show that using bets outside of the oppo-
nent’s betting abstraction does add to the bot’s exploitability,
but at a significantly less magnitude.

Chumps
In order to better understand the strengths and limitations of
LBR, we first use it to evaluate simple rule-based strategies
that ignore the cards completely.

First, we consider always calling, regardless of the cards.
A best response (optimal counter-strategy) against this strat-
egy is to wait until all cards are dealt and go all-in if the
probability of winning is higher than 0.5. This strategy gains
on average 1

4 of all players chips per hand. The best response

would go all-in on half of the hands and it would win 3
4 and

lose 1
4 of these bets. With the stack of 200 big blinds used

in the ACPC, the exploitability of the always call strategy is
approximately 50 BB/h.

The results of LBR are presented in Table 2. If we limit
LBR to choose only actions fold or call (note, it has no rea-
son to fold), both players play always call and the expected
value of LBR is 0. If we include any bets, LBR always uses
only the largest one against an opponent that never folds. If
we use LBR in all rounds of the game, LBR gains 33 BB/h.
The reason it does not achieve the best-response value is that
LBR greedily bets all-in as soon as the probability of win-
ning is higher than 0.5. In the situations in which the prob-
ability drops below the threshold until the end of the game,
it loses utility compared to the actual best response. If we
force LBR to call in the first two rounds and allow other bets
only in rounds 3-4, this effect is minimized and LBR gains
almost the whole 50 BB/h. If we use LBR only in the last
round and call in the remaining 3, LBR actually gets the full
50 BB/h in expectation.

Second chump strategy we evaluate is calling with 50%
of actions and playing a random raise otherwise. Since this
strategy raises often, LBR can already gain several blinds
per hand even using only fold and call. Even with this strat-
egy, checking until more public cards are dealt increases the
performance of LBR. Overall, this strategy seems to be less
exploitable than always calling, since it forces LBR to fold
and to commit more chips with less information about the
cards.The results in Table 2 show that LBR can already gain
several blinds per hand.

The last chump strategy we evaluate is a random legal
action. This strategy is most exploitable. The reason is that
after the all in bet, only fold and call are legal actions. Hence,
the bot will fold half of his hands in this situation, even the
hands it would otherwise clearly win.

ACPC agents
We continue with evaluating the agents from past ACPC
competitions. All these agents are based on solving a smaller
abstract game by CFR and using a translation mechanism to
use the strategy in the full game. The agents differ mainly in
construction of the abstract game and modifications of the
CFR algorithm to speed-up convergence at relevant parts of
the game. The specific bots are Hyperborean 2013 and 2014
created by the University of Alberta, and the second and
third best performing bots from ACPC2016. We approached
the authors of all three placing submissions from the com-
petition, but only the two were able to support this evalu-
ation before the paper deadline. Furthermore, the winning
submission used purification to meet the competition disk
limit (Brown and Sandholm 2016) and therefore we expect
it to be highly exploitable.

Table 3 summarizes the results. We evaluate the play-
ers with LBR’s betting restricted to just fold and call (fc);
fold, call, pot, and all in (fcpa); the bets that are used by
the agent in its abstract game solution (on-tree); and fold,
call, all in, and 55 pot fractions computed as 0.05 · (1.15)k
for k = 0 . . . 54 (56bets). If a pot fraction is not applicable,
min-bet or all in is evaluated instead. The column Rounds in
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Betting Rounds Hyp. 2013 Hyp. 2014 Slumbot 2016 Act1 2016 Full Cards
fc 1-4 1048 ± 68 721 ± 56 522 ± 50 407 ± 47 -424 ± 37
fc 3-4 1006 ± 76 608 ± 61 496 ± 55 390 ± 55 -819 ± 52

fcpa 3-4 4040 ± 147 3852 ± 141 4020 ± 115 2597 ± 140 -536 ± 87
on-tree 3-4 4743 ± 163 4789 ± 156 -536 ± 87
56 bets 1-4 619 ± 117 574 ± 125 763 ± 84 2429 ± 134 1607 ± 76
56 bets 3-4 5062 ± 152 4675 ± 152 3763 ± 104 3302 ± 122 2403 ± 87

Table 3: Lower bound on exploitability (in mBB/h) of ACPC bots and a bot with no card abstraction and fold-call-pot-all in
betting computed using Local Best Respons restricted to the given betting options and to check/call out of the denoted rounds.

the table defines the rounds (or streets) in which LBR actu-
ally computed the local best response to choose actions. The
remaining rounds were always check/call. All the results are
averaged over 2×50,000 duplicate hands. It means that each
hand was played by each player on the first as well as the
second position to reduce the effect of luck.

The main result is that with 97.5% confidence, ex-
ploitability of each evaluated bot is over 3180 mBB/h. It
means that folding every hand would cost the bots at least
4 times less money than playing their strategy against their
worst case opponent. Second, it is important to wait when
using LBR. If we use all 56 bets from the very beginning,
LBR often exploits the opponent almost a full order of mag-
nitude less than if we force it to check in the first two rounds
and use the 56 bets only afterwards. The reason, as in the
case of always call, is the greedy nature of LBR. It places
large bets too early, without sufficiently exploiting the infor-
mation it might learn later. Alternatively, it pushes the op-
ponent to folds before she places more money in to the pot
to make a larger gain. Third, all bots lose substantially even
if LBR is allowed to play only fold and call. Allowing fold
only later in the game does not seem to be beneficial, since
the ability to exploit the information LBR learns during the
hand is very limited. Most of the exploitation of LBR against
all bots is realized with only using a single pot-bet option
(“fcpa” row in Table 3). For Hyperboreans, exploitability is
further increased by adding more actions, but adding actions
beyond the actions used in the abstract game (on-tree) helps
only with the 2013 version and does not help at all for the
2014 version. For Slumbot and Act1, we do not know the
exact betting abstraction used in their abstract game, but the
betting options in “fcpa” are almost always included. If these
bets are included, as in case of Hyperboreans, there is no
need for any translation, the play will never leave the pre-
computed abstract tree and all the exploitability is caused
only by the errors in the card abstraction. Recent APCP bots
are generally well converged within their abstract games.

The least exploitable bot in these experiments is Act1,
even though it was beaten in one-on-one play by Slumbot
in the competition. It confirms that as with full-game best
response, even LBR may not be indicative of actual one on
one performance (and vice versa).

The experiments with ACPC bots were performed on a
cluster of AMD Opteron 6172 nodes with 24 cores, 32 GB
of RAM and the strategies on a shared network drive. Typ-
ically, we were running 10-20 instances of LBR on each
node in batches of 1000 hands. One batch for fold-call bet-

ting completed within half an hour, one batch of 56 bets ex-
periments generally took up to 8 hours. Since an important
bottle neck is the disk/network bandwidth which is further
improved by caching, the variance on required resources
is rather large. Still, computing good LBR values even for
complicated strategies with endgame solving is perfectly
feasible with the presented method.

Full cards
The last bot we evaluate is a large bot that uses complete
non-abstracted information about the cards and the sparse
“fcpa” betting abstraction. It plays a slightly smaller game
with a 100 BB stack. The results on this bot (Table 3) show
that LBR does not realize the actual best response and can
even be substantially beaten (i.e., an uninformative lower
bound approximation). When restricted to the same “fcpa”
abstraction used in the opponent’s abstraction, a full (non-
local) best response shows the opponent is exploitable for
90 mBB/h, while LBR loses 536 mBB/h. However, the so-
lution with “fcpa” abstraction is not sufficient to ensure low
exploitability in the whole game with existing translation
techniques. With hard translation used in bets off-tree, LBR
wins 2403 mBB/h against this bot using 56 bets only in the
last two rounds of the game. Soft translation seems to mit-
igate this problem a little, but definitely does not solve it.
Using sampled soft translation with 10 samples for estimat-
ing the strategy, LBR on the last two rounds is winning 1981
± 224. The larger confidence interval is caused by playing
fewer hands, since even the look-up in the huge compressed
strategy without card abstraction is expensive. Note that not
all 56 actions are necessary to see the high exploitability us-
ing LBR. It is sufficient to use several bets out of the original
betting abstraction. For example, the bot with hard transla-
tion looses 1849 mBB/h with only fold, call, min-bet, 2, 4, 8
times pot bet, and the all in bet.

Conclusions
This paper presents the Local Best Response method for fast
approximation of exploitability of large poker strategies. If
a bot is able to provide a strategy for all hands it could hold
in a specific public state of the game within a reasonable
time (i.e., minutes), this method can generally be used to
approximate its exploitability. This is also the case for all
published endgame solving techniques, which resolve a sub-
game for all possible private hands at once.

Using this method we show that the existing poker bots,
including the second and the third best performing bots in
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the ACPC in 2016, all have exploitability substantially larger
than folding all hands. The bots that use card abstraction
are losing over 3 big blinds per hand on average against
their worst case opponent. Exploitability can be reduced by
not using card abstraction, but that necessarily leads to us-
ing a very sparse betting abstraction, which can be heavily
exploited as well. Therefore, we assume that a substantial
paradigm shift is necessary to create bots that would closely
approximate equilibrium in full no-limit Texas hold’em.
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Abstract

We study Monte Carlo tree search (MCTS) in zero-sum extensive-form games
with perfect information and simultaneous moves. We present a general tem-
plate of MCTS algorithms for these games, which can be instantiated by various
selection methods. We formally prove that if a selection method is ε-Hannan con-
sistent in a matrix game and satisfies additional requirements on exploration, then
the MCTS algorithm eventually converges to an approximate Nash equilibrium
(NE) of the extensive-form game. We empirically evaluate this claim using regret
matching and Exp3 as the selection methods on randomly generated games and
empirically selected worst case games. We confirm the formal result and show
that additional MCTS variants also converge to approximate NE on the evaluated
games.

1 Introduction

Non-cooperative game theory is a formal mathematical framework for describing behavior of inter-
acting self-interested agents. Recent interest has brought significant advancements from the algo-
rithmic perspective and new algorithms have led to many successful applications of game-theoretic
models in security domains [1] and to near-optimal play of very large games [2]. We focus on an
important class of two-player, zero-sum extensive-form games (EFGs) with perfect information and
simultaneous moves. Games in this class capture sequential interactions that can be visualized as a
game tree. The nodes correspond to the states of the game, in which both players act simultaneously.
We can represent these situations using the normal form (i.e., as matrix games), where the values
are computed from the successor sub-games. Many well-known games are instances of this class,
including card games such as Goofspiel [3, 4], variants of pursuit-evasion games [5], and several
games from general game-playing competition [6].

Simultaneous-move games can be solved exactly in polynomial time using the backward induction
algorithm [7, 4], recently improved with alpha-beta pruning [8, 9]. However, the depth-limited
search algorithms based on the backward induction require domain knowledge (an evaluation func-
tion) and computing the cutoff conditions requires linear programming [8] or using a double-oracle
method [9], both of which are computationally expensive. For practical applications and in situations
with limited domain knowledge, variants of simulation-based algorithms such as Monte Carlo Tree
Search (MCTS) are typically used in practice [10, 11, 12, 13]. In spite of the success of MCTS and
namely its variant UCT [14] in practice, there is a lack of theory analyzing MCTS outside two-player
perfect-information sequential games. To the best of our knowledge, no convergence guarantees are
known for MCTS in games with simultaneous moves or general EFGs.
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Figure 1: A game tree of a game with perfect information and simultaneous moves. Only the leaves
contain the actual rewards; the remaining numbers are the expected reward for the optimal strategy.

In this paper, we present a general template of MCTS algorithms for zero-sum perfect-information
simultaneous move games. It can be instantiated using any regret minimizing procedure for matrix
games as a function for selecting the next actions to be sampled. We formally prove that if the algo-
rithm uses an ε-Hannan consistent selection function, which assures attempting each action infinitely
many times, the MCTS algorithm eventually converges to a subgame perfect ε-Nash equilibrium of
the extensive form game. We empirically evaluate this claim using two different ε-Hannan consis-
tent procedures: regret matching [15] and Exp3 [16]. In the experiments on randomly generated and
worst case games, we show that the empirical speed of convergence of the algorithms based on our
template is comparable to recently proposed MCTS algorithms for these games. We conjecture that
many of these algorithms also converge to ε-Nash equilibrium and that our formal analysis could be
extended to include them.

2 Definitions and background

A finite zero-sum game with perfect information and simultaneous moves can be described by a
tuple (N ,H,Z,A, T , u1, h0), where N = {1, 2} contains player labels, H is a set of inner states
and Z denotes the terminal states. A = A1 ×A2 is the set of joint actions of individual players and
we denote A1(h) = {1 . . .mh} and A2(h) = {1 . . . nh} the actions available to individual players
in state h ∈ H. The transition function T : H×A1×A2 7→ H∪Z defines the successor state given
a current state and actions for both players. For brevity, we sometimes denote T (h, i, j) ≡ hij .
The utility function u1 : Z 7→ [vmin, vmax] ⊆ R gives the utility of player 1, with vmin and vmax

denoting the minimum and maximum possible utility respectively. Without loss of generality we
assume vmin = 0, vmax = 1, and ∀z ∈ Z, u2(z) = 1− u1(z). The game starts in an initial state h0.

A matrix game is a single-stage simultaneous move game with action sets A1 and A2. Each entry
in the matrix M = (aij) where (i, j) ∈ A1 ×A2 and aij ∈ [0, 1] corresponds to a payoff (to player
1) if row i is chosen by player 1 and column j by player 2. A strategy σq ∈ ∆(Aq) is a distribution
over the actions in Aq . If σ1 is represented as a row vector and σ2 as a column vector, then the
expected value to player 1 when both players play with these strategies is u1(σ1, σ2) = σ1Mσ2.
Given a profile σ = (σ1, σ2), define the utilities against best response strategies to be u1(br, σ2) =
maxσ′

1∈∆(A1) σ
′
1Mσ2 and u1(σ1, br) = minσ′

2∈∆(A2) σ1Mσ′2. A strategy profile (σ1, σ2) is an
ε-Nash equilibrium of the matrix game M if and only if

u1(br, σ2)− u1(σ1, σ2) ≤ ε and u1(σ1, σ2)− u1(σ1, br) ≤ ε (1)

Two-player perfect information games with simultaneous moves are sometimes appropriately called
stacked matrix games because at every state h each joint action from setA1(h)×A2(h) either leads
to a terminal state or to a subgame which is itself another stacked matrix game (see Figure 1).

A behavioral strategy for player q is a mapping from states h ∈ H to a probability distribution over
the actions Aq(h), denoted σq(h). Given a profile σ = (σ1, σ2), define the probability of reaching
a terminal state z under σ as πσ(z) = π1(z)π2(z), where each πq(z) is a product of probabilities of
the actions taken by player q along the path to z. Define Σq to be the set of behavioral strategies for
player q. Then for any strategy profile σ = (σ1, σ2) ∈ Σ1×Σ2 we define the expected utility of the
strategy profile (for player 1) as

u(σ) = u(σ1, σ2) =
∑

z∈Z
πσ(z)u1(z) (2)
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An ε-Nash equilibrium profile (σ1, σ2) in this case is defined analogously to (1). In other words,
none of the players can improve their utility by more than ε by deviating unilaterally. If the strategies
are an ε-NE in each subgame starting in an arbitrary game state, the equilibrium strategy is termed
subgame perfect. If σ = (σ1, σ2) is an exact Nash equilibrium (i.e., ε-NE with ε = 0), then we
denote the unique value of the game vh0 = u(σ1, σ2). For any h ∈ H, we denote vh the value of
the subgame rooted in state h.

3 Simultaneous move Monte-Carlo Tree Search

Monte Carlo Tree Search (MCTS) is a simulation-based state space search algorithm often used
in game trees. The nodes in the tree represent game states. The main idea is to iteratively run
simulations to a terminal state, incrementally growing a tree rooted at the initial state of the game. In
its simplest form, the tree is initially empty and a single leaf is added each iteration. Each simulation
starts by visiting nodes in the tree, selecting which actions to take based on a selection function and
information maintained in the node. Consequently, it transitions to the successor states. When a
node is visited whose immediate children are not all in the tree, the node is expanded by adding a
new leaf to the tree. Then, a rollout policy (e.g., random action selection) is applied from the new
leaf to a terminal state. The outcome of the simulation is then returned as a reward to the new leaf
and the information stored in the tree is updated.

In Simultaneous Move MCTS (SM-MCTS), the main difference is that a joint action of both players
is selected. The algorithm has been previously applied, for example in the game of Tron [12], Urban
Rivals [11], and in general game-playing [10]. However, guarantees of convergence to NE remain
unknown. The convergence to a NE depends critically on the selection and update policies applied,
which are even more non-trivial than in purely sequential games. The most popular selection policy
in this context (UCB) performs very well in some games [12], but Shafiei et al. [17] show that it
does not converge to Nash equilibrium, even in a simple one-stage simultaneous move game. In this
paper, we focus on variants of MCTS, which provably converge to (approximate) NE; hence we do
not discuss UCB any further. Instead, we describe variants of two other selection algorithms after
explaining the abstract SM-MCTS algorithm.

Algorithm 1 describes a single simulation of SM-MCTS. T represents the MCTS tree in which
each state is represented by one node. Every node h maintains a cumulative reward sum over all
simulations through it, Xh, and a visit count nh, both initially set to 0. As depicted in Figure 1,
a matrix of references to the children is maintained at each inner node. The critical parts of the
algorithm are the updates on lines 8 and 14 and the selection on line 10. Each variant below will
describe a different way to select an action and update a node. The standard way of defining the
value to send back is RetVal(u1, Xh, nh) = u1, but we discuss also RetVal(u1, Xh, nh) = Xh/nh,
which is required for the formal analysis in Section 4. We denote this variant of the algorithms

SM-MCTS(node h)1
if h ∈ Z then return u1(h)2
else if h ∈ T and ∃(i, j) ∈ A1(h)×A2(h) not previously selected then3

Choose one of the previously unselected (i, j) and h′ ← T (h, i, j)4
Add h′ to T5
u1 ← Rollout(h′)6
Xh′ ← Xh′ + u1; nh′ ← nh′ + 17
Update(h, i, j, u1)8

return RetVal(u1, Xh′ , nh′)9

(i, j)← Select(h)10
h′ ← T (h, i, j)11
u1 ← SM-MCTS(h′)12
Xh ← Xh + u1; nh ← nh + 113
Update(h, i, j, u1)14

return RetVal(u1, Xh, nh)15

Algorithm 1: Simultaneous Move Monte Carlo Tree Search
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with additional “M” for mean. Algorithm 1 and the variants below are expressed from player 1’s
perspective. Player 2 does the same except using negated utilities.

3.1 Regret matching

This variant applies regret-matching [15] to the current estimated matrix game at each stage. Sup-
pose iterations are numbered from s ∈ {1, 2, 3, · · · } and at each iteration and each inner node h there
is a mixed strategy σs(h) used by each player, initially set to uniform random: σ0(h, i) = 1/|A(h)|.
Each player maintains a cumulative regret rh[i] for having played σs(h) instead of i ∈ A1(h). The
values are initially set to 0.

On iteration s, the Select function (line 10 in Algorithm 1) first builds the player’s current strategies
from the cumulative regret. Define x+ = max(x, 0),

σs(h, a) =
r+
h [a]

R+
sum

if R+
sum > 0 oth.

1

|A1(h)| , where R+
sum =

∑

i∈A1(h)

r+
h [i]. (3)

The strategy is computed by assigning higher weight proportionally to actions based on the regret of
having not taken them over the long-term. To ensure exploration, an γ-on-policy sampling procedure
is used choosing action i with probability γ/|A(h)|+ (1− γ)σs(h, i), for some γ > 0.

The Updates on lines 8 and 14 add regret accumulated at the iteration to the regret tables rh. Suppose
joint action (i1, j2) is sampled from the selection policy and utility u1 is returned from the recursive
call on line 12. Define x(h, i, j) = Xhij

if (i, j) 6= (i1, j2), or u1 otherwise. The updates to the
regret are:

∀i′ ∈ A1(h), rh[i′]← rh[i′] + (x(h, i′, j)− u1).

3.2 Exp3

In Exp3 [16], a player maintains an estimate of the sum of rewards, denoted xh,i, and visit counts
nh,i for each of their actions i ∈ A1. The joint action selected on line 10 is composed of an action
independently selected for each player. The probability of sampling action a in Select is

σs(h, a) =
(1− γ) exp(ηwh,a)∑
i∈A1(h) exp(ηwh,i)

+
γ

|A1(h)| , where η =
γ

|A1(h)| and wh,i = xh,i
1. (4)

The Update after selecting actions (i, j) and obtaining a result (u1, u2) updates the visits count
(nh,i ← nh,i + 1) and adds to the corresponding reward sum estimates the reward divided by the
probability that the action was played by the player (xh,i ← xh,i +u1/σ

s(h, i)). Dividing the value
by the probability of selecting the corresponding action makes xh,i estimate the sum of rewards over
all iterations, not only the once where action i was selected.

4 Formal analysis

We focus on the eventual convergence to approximate NE, which allows us to make an important
simplification: We disregard the incremental building of the tree and assume we have built the
complete tree. We show that this will eventually happen with probability 1 and that the statistics
collected during the tree building phase cannot prevent the eventual convergence.

The main idea of the proof is to show that the algorithm will eventually converge close to the optimal
strategy in the leaf nodes and inductively prove that it will converge also in higher levels of the tree.
In order to do that, after introducing the necessary notation, we start by analyzing the situation in
simple matrix games, which corresponds mainly to the leaf nodes of the tree. In the inner nodes of
the tree, the observed payoffs are imprecise because of the stochastic nature of the selection functions
and bias caused by exploration, but the error can be bounded. Hence, we continue with analysis of
repeated matrix games with bounded error. Finally, we compose the matrices with bounded errors in

1In practice, we set wh,i = xh,i−maxi′∈A1(h) xh,i′ since exp(xh,i) can easily cause numerical overflows.
This reformulation computes the same values as the original algorithm but is more numerically stable.
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a multi-stage setting to prove convergence guarantees of SM-MCTS. Any proofs that are omitted in
the paper are included in the appendix available in the supplementary material and on http://arxiv.org
(arXiv:1310.8613).

4.1 Notation and definitions

Consider a repeatedly played matrix game where at time s players 1 and 2 choose actions is and js
respectively. We will use the convention (|A1|, |A2|) = (m,n). Define

G(t) =
t∑

s=1

aisjs , g(t) =
1

t
G(t), and Gmax(t) = max

i∈A1

t∑

s=1

aijs ,

where G(t) is the cumulative payoff, g(t) is the average payoff, and Gmax is the maximum cumula-
tive payoff over all actions, each to player 1 and at time t. We also denote gmax(t) = Gmax(t)/t
and by R(t) = Gmax(t) − G(t) and r(t) = gmax(t) − g(t) the cumulative and average regrets.
For actions i of player 1 and j of player 2, we denote ti, tj the number of times these actions were
chosen up to the time t and tij the number of times both of these actions has been chosen at once.
By empirical frequencies we mean the strategy profile (σ̂1(t), σ̂2(t)) ∈ 〈0, 1〉m×〈0, 1〉n given by
the formulas σ̂1(t, i) = ti/t, σ̂2(t, j) = tj/t. By average strategies, we mean the strategy profile
(σ̄1(t), σ̄2(t)) given by the formulas σ̄1(t, i) =

∑t
s=1 σ

s
1(i)/t, σ̄2(t, j) =

∑t
s=1 σ

s
2(j)/t, where σs1,

σs2 are the strategies used at time s.
Definition 4.1. We say that a player is ε-Hannan-consistent if, for any payoff sequences (e.g.,
against any opponent strategy), lim supt→∞, r(t) ≤ ε holds almost surely. An algorithm A is ε-
Hannan consistent, if a player who chooses his actions based on A is ε-Hannan consistent.

Hannan consistency (HC) is a commonly studied property in the context of online learning in re-
peated (single stage) decisions. In particular, RM and variants of Exp3 has been shown to be Hannan
consistent in matrix games [15, 16]. In order to ensure that the MCTS algorithm will eventually visit
each node infinitely many times, we need the selection function to satisfy the following property.
Definition 4.2. We say that A is an algorithm with guaranteed exploration, if for players 1 and 2
both using A for action selection limt→∞ tij =∞ holds almost surely ∀(i, j) ∈ A1 ×A2.

Note that most of the HC algorithms, namely RM and Exp3, guarantee exploration without any
modification. If there is an algorithm without this property, it can be adjusted the following way.
Definition 4.3. Let A be an algorithm used for choosing action in a matrix game M . For fixed
exploration parameter γ ∈ (0, 1) we define a modified algorithm A∗ as follows: In each time,
with probability (1 − γ) run one iteration of A and with probability γ choose the action randomly
uniformly over available actions, without updating any of the variables belonging to A.

4.2 Repeated matrix games

First we show that the ε-Hannan consistency is not lost due to the additional exploration.
Lemma 4.4. Let A be an ε-Hannan consistent algorithm. Then A∗ is an (ε+ γ)-Hannan consistent
algorithm with guaranteed exploration.

In previous works on MCTS in our class of games, RM variants generally suggested using the
average strategy and Exp3 variants the empirical frequencies to obtain the strategy to be played.
The following lemma says there eventually is no difference between the two.
Lemma 4.5. As t approaches infinity, the empirical frequencies and average strategies will almost
surely be equal. That is, lim supt→∞maxi∈A1

|σ̂1(t, i)− σ̄1(t, i)| = 0 holds with probability 1.

The proof is a consequence of the martingale version of Strong Law of Large Numbers.

It is well known that two Hannan consistent players will eventually converge to NE (see [18, p. 11]
and [19]). We prove a similar result for the approximate versions of the notions.
Lemma 4.6. Let ε > 0 be a real number. If both players in a matrix game with value v are ε-Hannan
consistent, then the following inequalities hold for the empirical frequencies almost surely:

lim sup
t→∞

u (br, σ̂2(t)) ≤ v + 2ε and lim inf
t→∞

u (σ̂1(t), br) ≥ v − 2ε. (5)
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The proof shows that if the value caused by the empirical frequencies was outside of the interval
infinitely many times with positive probability, it would be in contradiction with definition of ε-HC.
The following corollary is than a direct consequence of this lemma.
Corollary 4.7. If both players in a matrix game are ε-Hannan consistent, then there almost surely
exists t0 ∈ N, such that for every t ≥ t0 the empirical frequencies and average strategies form
(4ε+ δ)-equilibrium for arbitrarly small δ > 0.

The constant 4 is caused by going from a pair of strategies with best responses within 2ε of the game
value guaranteed by Lemma 4.6 to the approximate NE, which multiplies the distance by two.

4.3 Repeated matrix games with bounded error

After defining the repeated games with error, we present a variant of Lemma 4.6 for these games.
Definition 4.8. We define M(t) = (aij(t)) to be a game, in which if players chose actions i and
j, they receive randomized payoffs aij (t, (i1, ...it−1), (j1, ...jt−1)). We will denote these simply
as aij(t), but in fact they are random variables with values in [0, 1] and their distribution in time
t depends on the previous choices of actions. We say that M(t) = (aij(t)) is a repeated game
with error η, if there is a matrix game M = (aij) and almost surely exists t0 ∈ N, such that
|aij(t)− aij | < η holds for all t ≥ t0.

In this context, we will denote G(t) =
∑
s∈{1...t} aisjs(s) etc. and use tilde for the corresponding

variables without errors (G̃(t) =
∑
aisjs etc.). Symbols v and u (·, ·) will still be used with respect

to M without errors. The following lemma states that even with the errors, ε-HC algorithms still
converge to an approximate NE of the game.
Lemma 4.9. Let ε > 0 and c ≥ 0. If M(t) is a repeated game with error cε and both players are
ε-Hannan consistent then the following inequalities hold almost surely:

lim sup
t→∞

u (br, σ̂2) ≤ v + 2(c+ 1)ε, lim inf
t→∞

u (σ̂1, br) ≥ v − 2(c+ 1)ε (6)

and v − (c+ 1)ε ≤ lim inf
t→∞

g(t) ≤ lim sup
t→∞

g(t) ≤ v + (c+ 1)ε. (7)

The proof is similar to the proof of Lemma 4.6. It needs an additional claim that if the algorithm is
ε-HC with respect to the observed values with errors, it still has a bounded regret with respect to the
exact values. In the same way as in the previous subsection, a direct consequence of the lemma is
the convergence to an approximate Nash equilibrium.
Theorem 4.10. Let ε, c > 0 be real numbers. If M(t) is a repeated game with error cε and both
players are ε-Hannan consistent, then for any δ > 0 there almost surely exists t0 ∈ N, such that for
all t ≥ t0 the empirical frequencies form (4(c+ 1)ε+ δ)-equilibrium of the game M .

4.4 Perfect-information extensive-form games with simultaneous moves

Now we have all the necessary components to prove the main theorem.
Theorem 4.11. Let

(
Mh

)
h∈H be a game with perfect information and simultaneous moves with

maximal depth D. Then for every ε-Hannan consistent algorithm A with guaranteed exploration
and arbitrary small δ > 0, there almost surely exists t0, so that the average strategies (σ̂1(t), σ̂2(t))
form a subgame perfect (

2D2 + δ
)
ε-Nash equilibrium for all t ≥ t0.

Once we have established the convergence of the ε-HC algorithms in games with errors, we can
proceed by induction. The games in the leaf nodes are simple matrix game so they will eventually
converge and they will return the mean reward values in a bounded distance from the actual value
of the game (Lemma 4.9 with c = 0). As a result, in the level just above the leaf nodes, the ε-
HC algorithms are playing a matrix game with a bounded error and by Lemma 4.9, they will also
eventually return the mean values within a bounded interval. On level d from the leaf nodes, the
errors of returned values will be in the order of dε and players can gain 2dε by deviating. Summing
the possible gain of deviations on each level leads to the bound in the theorem. The subgame
perfection of the equilibrium results from the fact that for proving the bound on approximation in the
whole game (i.e., in the root of the game tree), a smaller bound on approximation of the equilibrium
is proven for all subgames in the induction. The formal proof is presented in the appendix.
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Figure 2: Exploitability of strategies given by the empirical frequencies of Regret matching with
propagating values (RM) and means (RMM) for various depths and branching factors.

5 Empirical analysis

In this section, we first evaluate the influence of propagating the mean values instead of the current
sample value in MCTS to the speed of convergence to Nash equilibrium. Afterwards, we try to
assess the convergence rate of the algorithms in the worst case. In most of the experiments, we
use as the bases of the SM-MCTS algorithm Regret matching as the selection strategy, because a
superior convergence rate bound is known for this algorithm and it has been reported to be very
successful also empirically in [20]. We always use the empirical frequencies to create the evaluated
strategy and measure the exploitability of the first player’s strategy (i.e., vh0 − u(σ̂1, br)).

5.1 Influence of propagation of the mean

The formal analysis presented in the previous section requires the algorithms to return the mean of
all the previous samples instead of the value of the current sample. The latter is generally the case in
previous works on SM-MCTS [20, 11]. We run both variants with the Regret matching algorithm on
a set of randomly generated games parameterized by depth and branching factor. Branching factor
was always the same for both players. For the following experiments, the utility values are randomly
selected uniformly from interval 〈0, 1〉. Each experiment uses 100 random games and 100 runs of
the algorithm.

Figure 2 presents how the exploitability of the strategies produced by Regret matching with prop-
agation of the mean (RMM) and current sample value (RM) develops with increasing number of
iterations. Note that both axes are in logarithmic scale. The top graph is for depth of 2, differ-
ent branching factors (BF) and γ ∈ {0.05, 0.1, 0.2}. The bottom one presents different depths for
BF = 2. The results show that both methods converge to the approximate Nash equilibrium of the
game. RMM converges slightly slower in all cases. The difference is very small in small games, but
becomes more apparent in games with larger depth.

5.2 Empirical convergence rate

Although the formal analysis guarantees the convergence to an ε-NE of the game, the rate of the con-
vergence is not given. Therefore, we give an empirical analysis of the convergence and specifically
focus on the cases that reached the slowest convergence from a set of evaluated games.
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Figure 3: The games with maximal exploitability after 1000 iterations with RM (left) and RMM
(right) and the corresponding exploitabililty for all evaluated methods.

We have performed a brute force search through all games of depth 2 with branching factor 2 and
utilities form the set {0, 0.5, 1}. We made 100 runs of RM and RMM with exploration set to γ =
0.05 for 1000 iterations and computed the mean exploitability of the strategy. The games with the
highest exploitability for each method are presented in Figure 3. These games are not guaranteed to
be the exact worst case, because of possible error caused by only 100 runs of the algorithm, but they
are representatives of particularly difficult cases for the algorithms. In general, the games that are
most difficult for one method are difficult also for the other. Note that we systematically searched
also for games in which RMM performs better than RM, but this was never the case with sufficient
number of runs of the algorithms in the selected games.

Figure 3 shows the convergence of RM and Exp3 with propagating the current sample values and
the mean values (RMM and Exp3M) on the empirically worst games for the RM variants. The RM
variants converge to the minimal achievable values (0.0119 and 0.0367) after a million iterations.
This values corresponds exactly to the exploitability of the optimal strategy combined with the uni-
form exploration with probability 0.05. The Exp3 variants most likely converge to the same values,
however, they did not fully make it in the first million iterations in WC RM. The convergence rate of
all the variants is similar and the variants with propagating means always converge a little slower.

6 Conclusion

We present the first formal analysis of convergence of MCTS algorithms in zero-sum extensive-form
games with perfect information and simultaneous moves. We show that any ε-Hannan consistent
algorithm can be used to create a MCTS algorithm that provably converges to an approximate Nash
equilibrium of the game. This justifies the usage of the MCTS as an approximation algorithm for
this class of games from the perspective of algorithmic game theory. We complement the formal
analysis with experimental evaluation that shows that other MCTS variants for this class of games,
which are not covered by the proof, also converge to the approximate NE of the game. Hence, we
believe that the presented proofs can be generalized to include these cases as well. Besides this, we
will focus our future research on providing finite time convergence bounds for these algorithms and
generalizing the results to more general classes of extensive-form games with imperfect information.
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[11] Olivier Teytaud and Sébastien Flory. Upper confidence trees with short term partial information. In
Applications of Eolutionary Computation (EvoApplications 2011), Part I, volume 6624 of LNCS, pages
153–162, Berlin, Heidelberg, 2011. Springer-Verlag.

[12] Pierre Perick, David L. St-Pierre, Francis Maes, and Damien Ernst. Comparison of different selection
strategies in monte-carlo tree search for the game of Tron. In Proceedings of the IEEE Conference on
Computational Intelligence and Games (CIG), pages 242–249, 2012.

[13] Hilmar Finnsson. Simulation-Based General Game Playing. PhD thesis, Reykjavik University, 2012.
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Game-theoretic Approach
to Adversarial Plan Recognition

Viliam Lisý and Radek Pı́bil and Jan Stiborek and Branislav Bošanský and Michal Pěchouček 1

Abstract. We argue that the problem of adversarial plan recog-
nition, where the observed agent actively tries to avoid detection,
should be modeled in the game theoretic framework. We define the
problem as an imperfect-information extensive-form game between
the observer and the observed agent. We propose a novel algorithm
that approximates the optimal solution in the game using Monte-
Carlo sampling. The experimental evaluation is performed on a syn-
thetic domain inspired by a network security problem. The proposed
method produces significantly better results than several simple base-
lines on a practically large domain.

1 Introduction

Intention and plan recognition is an important capability of an intelli-
gent agent. In cooperative settings, it enables coordination with other
agents in situations where explicit communication is not possible or
desirable. The examples of such situations are unobtrusive intelligent
assistance to people or coordination of robotic systems. In compet-
itive or adversarial settings, plan recognition allows, e.g., detecting
malicious behavior, or predicting the opponent’s future actions. Most
of the research on plan recognition assumes that the observed agent
is either indifferent about the recognition process, or actively coop-
erates and provides hints that make the recognition process easier.
In many (security) applications the situation is exactly opposite. An
agent is required to recognize plans or intentions of its adversaries
that are aware of the presence of the recognition process and actively
try to avoid it while pursuing their own goals. The adversary may
choose actions that are hard to detect, or use deception to mislead
the observer. The problem of recognizing plans in such settings is
termed adversarial plan recognition. It is present, for example, in
warfare scenarios, different security domains, such as airport secu-
rity, or computer networks. The latter is the main scenario we use for
experimental validation of the proposed techniques.

The previous studies on adversarial plan recognition identified the
problem to be different from other forms of plan recognition (i.e.,
keyhole and intended plan recognition). They list the differences
from the domain perspective and identify the possibility of miss-
ing observations to be the most crucial one [7, 10]. However, they
perform the recognition as if the observations were missing by acci-
dent. They do not model that the observed agent intentionally selects
actions to avoid detection and how it influences the recognition pro-
cess. In this paper, we focus on exactly this aspect of adversarial
plan recognition under the assumption of rationality of both agents.
Further, we complete the model by allowing the observer to perform

1 Agent Technology Center, Dept. of Computer Science and Engeneering,
FEE, Czech Technical University, Czech Republic, email: {lisy, pibil, sti-
borek, bosansky, pechoucek}@agents.felk.cvut.cz

actions that influence its chances to observe specific actions of the
observed.

We define the problem of the adversarial plan recognition as a two-
player zero-sum extensive-form game (EFG) between the observer
and the observed agent (further called the actor for clarity). None of
the players can directly observe the actions taken by the other player;
however, we assume that the observer receives noisy probabilistic
observations of the actions of the actor from the environment. The
solution of this game (in the form of Nash equilibrium) provides the
optimal strategy for both players. It allows the actor to find the best
tradeoff between its plan cost and observability and it prescribes the
observer how to choose its actions to maximize the chance of observ-
ing and identifying the plan.

In order to achieve better scalability of the approach, we show
that thanks to the special structure of the game, the size of the game
representation can be substantially reduced. Using the reduced rep-
resentation, we introduce an algorithm for solving the adversarial
plan recognition game. It approximates the optimal solution under
real-world time constraints, based on the Monte-Carlo Tree Search
(MCTS). Finally, we evaluate the approach experimentally, showing
it performs significantly better than a set of baseline algorithms.

2 Related Work

The most crucial difference between the adversarial plan recognition
and the other kinds of plan recognition is that the actor actively tries
to prevent the recognition process. The previous work on adversarial
plan recognition [7, 10] focused only on the effect of this intention
– the missing observations, but did not model the intention itself and
its effect to the adversary’s plan selection. Reasoning of the actor
was not part of their models. In this paper, we model the problem
more completely, including the intention of both players under the
assumption of their rationality.

The concept of rationality is not new in the field of plan recogni-
tion. It was first introduced by Mao and Gratch [9] in the problem of
utility-based plan recognition. They assume that the actor is rational
and tries to maximize its utility. If more plan hypotheses are consis-
tent with the current observations, they propose to use the one with
highest expected utility for the actor as the most likely one. This pa-
per, however, uses the assumption of rationality only partially. They
assume all plans are equally probable a priory, which is inconsistent
with the assumption of rationality. In fact, only the plans that lead to
the maximal expected utility can be selected by a truly rational agent.

The problem of utility-based plan recognition was studied also in
[3]. In this paper, the authors assume rationality of the observer. It
prefers to detect the less likely, but more dangerous behaviors. Af-
ter computing the probabilities of the hypothesis, they are multiplied



by their utility (harm to the observer) and the one with the highest
expected utility is the result of the recognition process.

In case of adversarial plan recognition between rational agents,
there is often only a small difference between considering the utility
of the observer and the utility of the actor. The plans that are more im-
portant to be detected for the observer are those that the actor wants
to keep hidden. Hence, we model the problem as a zero-sum game. A
similar approach was taken by Braynov in [4]. He presents a concep-
tual framework of planning and plan recognition as a deterministic
full-information simultaneous-moves game and argues that rational
players would play the Nash equilibrium in the game. The goal of the
actor is to traverse an attack graph from a source to one of few tar-
gets and the observer can remove one of the edges in the attack graph
per move. The approach relays on a plan recognition algorithm as a
plugin and the paper does not provide any experimental validation.

Example The following example demonstrates the main dif-
ference between the existing and the proposed plan recognition ap-
proaches. Assume the actor can execute plans A,B,C with expected
utilities 9, 9, 7 for the observed agent. The classical (even adversar-
ial) plan recognition does not take the utilities into account and as-
sumes uniform a priori probability of all plans. If the observations
indicate the probabilities of the plans are 0.2, 0.3, 0.5, the classical
plan recognition [7] answers plan C was most likely executed. The
utility-based plan recognition [9] multiplies the expected utilities and
the posterior probabilities of the plans to get 1.8, 2.7, 3.5. It answers
plan C was most likely executed by a “rational” agent, because it
gives the highest product. In this paper, we use the assumption of ra-
tionality strictly. We identify that the rational player can never play
C, as this choice is suboptimal. The remaining two plans have the
same prior probability. Hence we choose B due to observations.

Furthermore, our model defines different utility values for execut-
ing the plan based on its successful observation. It allows defining
actions of the observer influencing chances of detecting individual
actions in the actor’s plan and automatic reasoning about the optimal
plan and its recognition.

3 Adversarial Plan Recognition Game
The adversarial plan recognition game (APRG) is an imperfect-
information zero-sum EFG between the actor and the observer.

3.1 Game Definition
APRG is defined as a tuple (A,P, g,D,m), where

• A is a set of actions available to the actor. It can contain the action
None, corresponding to actor not performing any action.

• P is the set plans (sequences of actions) of the actor. We assume
the actions have preconditions and effects; therefore, not all se-
quences are legal plans. We often assume the plans are organized
as a tree by identical prefixes.

• g : P → R is the actor’s payoff for the actor in case the plan is
performed unobserved.

• D is a set of actions available to the observer. Generally, it corre-
sponds to using a specific sensor / behavior classifier, each with
different chances to detect the actor’s actions correctly.

• m : D → R|A|×|A| is a collection of one confusion matrix for
each observer’s action d ∈ D. Such matrix expresses the proba-
bility that the observer observes action o ∈ A in case the actor
executes a ∈ A (i.e., for each d ∈ D we have p(o|a, d)).2

2 Note that the set of observations can be different form the set of actions.
However, it would require a more complex definition of the utility function.

The game is played in discrete time steps. In each time step,
the players choose actions simultaneously. After the actor has per-
formed (a1 . . . an) ∈ An, it chooses an action a ∈ A, such that
(a1 . . . an, a) is a prefix of some sequence in P . The observer simul-
taneously selects an action d ∈ D. Based on these two actions, the
nature selects stochastically the observed action according to m(d).

Utility The game ends when the actor completes any sequence
from P . The utility function of the game captures the aims of the
players. The utility value for the actor depends on the payoff g for
the executed plan and it is discounted by the number of times an
action from the executed plan has been correctly observed:

u(a1 . . . ah, o1 . . . oh) =
g(a1 . . . ah)

1 +
∑

i∈{1...h};oi=ai
1

(1)

We assume the game to be zero-sum, which is a natural assump-
tion in the adversarial plan recognition. The utility value is maxi-
mized by the actor and minimized by the observer. The method we
propose for solving this game in Section 4 does not depend on the
definition of the utility function so it can easily be adjusted for needs
of a specific domain. Even if the zero-sum assumption does not hold,
the model can still be used to compute solutions with a guaranteed
(possibly sub-optimal) quality against any adversary.

Information We assume that both players know all parts of the
definition of the game. The information about the progress of the
game is much more limited. Neither of the players can directly ob-
serve the actions of the other player. The observer knows its own
actions (selection of the classifiers) and the observations generated
by nature based on the actions. The actor can observe only its own
actions.

Figure 1: Portion of the extensive-form representation of the game.
The leafs in the picture are not actual leafs in the game, the game
continues for large (possibly infinite) number of steps.

APRG as an Extensive Form Game The restrictions on the avail-
able information create a specific structure of information sets3. Part
of the complete extensive-form tree of the game is presented in Fig-
ure 1. The tree of the game can be arbitrarily deep. The longest
branch is three times longer than the length of the longest plan in
P . Hence, the “leaves” in the figure are just root nodes of subtrees
omitted for clarity. Three plies of nodes are periodically repeating in
the tree. The actor’s decision nodes (black), the observer’s decision
nodes (white) and the observation nodes (grey). The actor’s decision
nodes must respect the plan tree P ; hence, the available actions in
one stage of the game are based on the actions performed by the ac-
tor in the previous stages. The observer’s decision nodes contain al-
ways the same set of actions corresponding to all available classifiers
(D). The observation nodes are chance nodes with probability distri-
bution based on the classifier quality matrices (m) and the preceding
actions of the actor and the observer. The structure of the information

3 Information set is a set of game states that cannot be distinguished from
each other by a player.
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sets is consistent with the assumptions stated above as well as with
the intuition of simultaneous moves of the players. We refer to the
three plies of different players starting with the actor’s decision as a
(simultaneous) move.

3.2 Two Solutions of the Game
The proposed APRG is both a game and a plan recognition problem.
As a result, it has two solutions. From the game perspective, the so-
lutions are the action selection strategies of the players that optimize
the tradeoffs of plan value and detectability. From the plan recog-
nition perspective, it is the plan of the actor that is most probable
given the observations. Both solutions are based on the assumption
of rationality of the players.

Game-theory perspective For the game-theoretic solution, we
use the well-known concept of Nash equilibrium (NE). It is a pair
of strategies, such that none of the players has an incentive to devi-
ate from its strategy if the other player’s strategy stays unchanged,
i.e., the observer cannot improve the chance to detect the plans the
actor is likely to play and the actor cannot pick a plan that would
have a better utility after the discount for detection. Further, we al-
low the agents to use mixed strategies, i.e., they can choose their
actions based on fixed probability distributions in each information
set of the game. This is necessary to achieve the optimal behavior in
this game. For example, if the actor has two similarly good actions
that can be detected by different actions of the observer, it should
randomize among these options to make detection more difficult.

The most fundamental refinement of Nash equilibrium for
imperfect-information extensive-form games is the Sequential Equi-
librium, an imperfect-information-equivalent of the better known
subgame-perfect Nash equilibrium used in perfect-information
extensive-form games [11]. For this paper, it is sufficient to know
that the strategies in this equilibrium can be represented as behav-
ioral strategies, i.e., the probabilities of selecting each action in each
information set.

Plan recognition perspective Even before the game starts, many
of the plans in set P are clearly not going to be selected by a ra-
tional actor. Only the plans that have non-zero probability in some
Nash equilibrium of the game can be selected. If the game has a sin-
gle Nash equilibrium that does not require randomization, it can be
recognized as the plan of the actor without any observations. On the
other hand, more complex games require randomization. In that case,
the task of the observer is to identify what are the random choices of
the actor in the equilibrium strategy it currently plays. The result of
the plan recognition process is the posterior probability distribution
on the set P . This can be used to identify the plan that has been most
probably executed by the actor or determine the probability of a spe-
cific plan chosen in advance.

4 Solution method
The game defined above is a standard extensive-form game with im-
perfect information and chance nodes and, in principle, it can be opti-
mally solved by a standard algorithm for solving the games, such as,
the linear program for sequence-form representation of the game[11].
The size of the linear program is polynomial in the size of the game
tree. However, the size of the game tree is exponential in the number
of actions of the players and the length of the game. For example,
if each player has 5 applicable choices in each decision node and
the game is played for 10 moves (corresponds to 30 plies) the size

of the full game tree is more than 1020. As a result, even traversing
the whole game tree is practically impossible with current hardware.
Therefore, we propose a method that approximates the optimal solu-
tion of the game.

4.1 Reduced Game Representation
The full tree of APRG has a very specific structure caused by the lim-
ited amount of information available to the players. The actor never
learns any information about the observer’s actions and the observer
learns only the outcomes of the chance nodes. As a result, the in-
formation sets of the players include a large number of nodes in the
tree. This fact allows us to represent the game in a more compact
way without any loss of information or the expressiveness of the
computed strategies. The basis of the representation is the concept
of a signal tree [5]. A signal tree represents the space of all possible
developments of a game from a single player’s perspective. In gen-
eral, plies of player’s actions and observations are alternating in the
tree. After any observation node, a child corresponding to each of the
possible observations that can follow the player’s decision is added.

Figure 2: Signal trees of the observer (left) and the actor (right).

The actor does not obtain any observation in the game. Hence, its
signal tree is simply the tree of its possible plans (see Figure 2). The
observer obtains an observation after each decision. Hence, his signal
tree contains both the observation and the decision plies. In general,
each decision node has exactly |D| children and each observation
node has exactly |A| children. However, forward pruning based on
the domain-specific knowledge can be applied. The depth of the de-
fender’s signal tree, in the worst case, is uniform and it is two times
deeper than the length of the longest attack plan. If the confusion
matrices m contain sharp ones or zeros, the size of the tree can be
reduced.

Any branch from one tree in combination with a branch of the
matching length from the other tree defines a unique history h in the
extensive-form game – the full game tree. All histories that corre-
spond to the same decision node in the signal tree of a player belong
to the same information set of the player. Also, all information sets
that exist in the full EFG are represented by a node in one of the sig-
nal trees. As a result, any behavioral strategy can be represented as a
probability distribution in each decision node of the signal tree.

The size of the two signal trees is much smaller than the size of
the full game tree. With the 5 choices and 10 moves, the size of the
attacker’s signal tree is less than 107 and the size of the defender’s
tree is less than 1014. It is still not possible to traverse the observer’s
signal tree in a reasonable time, but the reduction is substantial. In
order to make this representation of the game equivalent to the full
game tree, we have to solve two issues. First, the chance nodes in
the observer’s tree must become more complex. One chance node
in the observer’s signal tree corresponds to many chance nodes in
the full game tree. However, the probabilities of the observations in
the observer’s signal tree depend only on the current (last) action of
the actor. Hence, if the chance node stores a conditional probability
p(o|a), we do not lose any information about the distributions. The
second issue are the utilities. In general, any leaf of the full game
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tree can have a different utility. All this information cannot fit into
the signal trees; it has to be stored/computed separately. For any pair
of branches from the signal trees, the corresponding history in the full
game can be easily computed and we assume there is an algorithm
that computes the utility based on this information.

4.2 Concurrent Monte-Carlo Tree Search

We propose a method, for computing the strategy in the game, based
on concurrent construction of both the actor’s and the observer’s sig-
nal tree by Monte-Carlo Tree Search (MCTS). Our method is a gen-
eralization of MCTS developed for perfect information games [8]. A
similar approach has been proposed by [2] and applied to the game
of phantom tic-tac-toe. However, we extend the algorithm in two di-
rections to make it applicable to our problem. The first is handling
of the conditional chance nodes that appear in the defender’s signal
tree. The second extension is enabling the algorithm to further im-
prove the players’ strategies during the game play.

The algorithm maintains two MCTS-like trees corresponding to
the two signal trees defined in Section 4.1. We present the pseu-
docode of the algorithm in Figure 3. At the beginning of the algo-
rithm, both trees contain only one node – the root. The trees are then
gradually expanded. We denote the root nodes aRoot and dRoot
for the actor and the observer respectively. The main loop of the al-
gorithm performs identical iterations until it is out of time. It is an
anytime algorithm; the more computation time it has allocated the
better is the result it produces.

In each iteration, first the plan for the actor is selected (procedure
selectActorP lan). Starting from the root node of the actor’s tree,
the actions of the actor’s plan are selected based on a suitable MCTS
selection function, which balances the exploration and exploitation
(lines 1-5). When the selection reaches a leaf of the currently con-
structed part of the tree and it is not the end of some actor’s plan, all
possible direct successors of the node are added to the tree (line 7).
Then, the plan is competed randomly to a full plan of the actor (lines
8-12). At the end, the actor’s plan is returned (a1 . . . ah) ∈ P .

Next, a plan for the observer is selected in a similar way from
his signal tree (procedure selectObserverP lan). In the observer’s
decision nodes, a suitable selection function is applied (line 4). In
the observation nodes, conditional probability distributions p(o|a, d)
from m are used to select a child. The algorithm first selects the
plan for the actor; hence, we can identify the right distribution in
the matrix at this point (line 6). If the observation node is a leaf of
the constructed part of the tree, the descent in the tree stops (line 8).
Otherwise, the child corresponding to the generated observation is
selected (line 9). The selection of the observer’s plan continues until
either depth h (i.e., the length of the actor’s plan) is reached or a leaf
in the observer’s tree is selected. In the earlier case, the procedure
ends (line 11). In the latter case, the children of the selected leaf are
added to the tree (lines 13, line 19) and the variables are modified so
that the simulation can start in an observer’s decision node. The rest
of the observer’s actions are selected randomly and the resulting ob-
servations are computed (lines 22-27). At the end of this procedure,
we have the full observer’s plan and the observations it produced
(d1 . . . dh, o1 . . . oh).

With the plan of the actor and the observer’s observations, we can
compute the utility function of the players in the Main procedure
(line 4). The utility is then back-propagated in both trees as in MCTS
(procedure backPropagate). Starting in the selected leafs of the
trees, the statistics in the nodes are updated. Afterwards, next iter-
ation of the Main procedure starts.

Procedure: Main
1: loop
2: (aLeaf, aPlan) = selectActorPlan(aRoot)
3: (dLeaf, dPlan, Obs) = selectObserverPlan(dRoot, aPlan)
4: u = utility(aPlan, Obs)
5: backPropagate(aLeaf, u); backPropagate(dLeaf, u)
6: end loop

Procedure: selectActorPlan(aRoot)
1: curNode = aRoot
2: while curNode is not leaf do
3: action = select(curNode); aPlan = aPlan + action
4: curNode = child(curNode, action)
5: end while
6: if curNode is plan end then return (curNode, aPlan)
7: addNewChildren(curNode)
8: aLeaf = select(curNode); curNode = aLeaf
9: while curNode is not plan end do

10: action = random(curNode); aPlan = aPlan + action
11: curNode = createNodeAfter(curNode, action)
12: end while
13: return (aLeaf, aPlan)
Procedure: selectObserverPlan(dRoot, aPlan)

1: curNode = dRoot
2: while curNode not leaf & length(aPlan) > 0 do
3: aAction = popFirst(aPlan)
4: dAction = select(curNode); dPlan = dPlan + dAction
5: obsNode = child(curNode, dAction)
6: obs = confusionMatrixSample(dAction, aAction)
7: Observations = Observations + obs
8: if obsNode is leaf then break
9: else curNode = child(obsNode, obs)

10: end while
11: if length(aPlan) = 0 then return (curNode, dPlan, Observations)
12: if curNode is leaf & length(aPlan) > 0 then
13: addNewChildren(curNode)
14: dAction = select(curNode); dPlan = dPlan + dAction
15: obsNode = child(curNode, dAction)
16: obs = confMatSample(dAction, aAction)
17: Observations = Observations + obs
18: else
19: addNewChildren(obsNode)
20: curNode = child(obsNode, obs)
21: end if
22: while length(aPlan) > 0 do
23: aAction = popFirst(aPlan)
24: dAction = random(curNode); dPlan = dPlan + dAction
25: obs = confMatSample(dAction, aAction)
26: Observations = Observations + obs
27: end while
28: if curNode is leaf then return (curNode, dPlan, Observations)
29: else return (obsNode, dPlan, Observations)
Procedure: backPropagate(node, u)

1: updateStatistics(node,u)
2: if node is not root then backPropagate(parent(node),u)

Figure 3: The concurent monte carlo tree search algorithm for the first
stage of the game. Procedures select and updateStatistics imple-
ment some MCTS selection strategy, such as UCT of EXP3.
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4.3 Convergence of the Algorithm
We have implemented this algorithm under the hypothesis that with
a suitable selection function, it converges to the Nash equilibrium of
the game. We do not have a full formal proof supporting it yet.

It has been proven that in a one stage normal form game, the over-
all frequencies of using individual actions with EXP3.1[1] as the se-
lection function converges to the Nash equilibrium, even if the util-
ities in the game and the number of actions of the opponent are un-
known to the players [6]. This fact has been used to create an algo-
rithm for playing an imperfect information version of tic-tac-toe [2],
which is in spirit very similar to our algorithm. It uses separate trees
for the players, but does not deal with chance nodes and continuous
reasoning. The author claims that even in this setting, his algorithm
converges to a NE of the extensive form game. However, he does not
provide a formal proof or extensive experimental evidence to support
this claim. On the other hand, his as well as our experimental results
indicate that this method can be used to create successful players for
imperfect information extensive form games and we believe that it is
possible to proof the convergence for a large class of games.

If an agent uses EXP3.1 as the selection function in a repeated
problem, its loss for not playing the optimal action all the time (i.e.,
regret) can be bounded by O(1/

√
(T )) [1], where T is the number

of trials. It means the quality of the produced solution gradually im-
proves. Even before full convergence of the algorithm, the computed
strategy guarantees a bound on its sub-optimality.

4.4 Continuous Reasoning
The described algorithm finds a suitable course of action for both
players at the beginning of the game. In theory, it can be run for a
long time before the game starts and the computed trees can be used
for playing the game without further computation. However, the size
of the trees that would need to be stored and the time required to
compute good strategies in their lower levels would be huge. For
practical applications, we suggest computing an initial strategy and
adding more iterations after each step of the game.

The continuous reasoning is slightly different for each player. We
further describe the algorithm for the observer, which is the main
focus of this paper. After each move, the root of the observer’s tree is
substituted by its grandchild corresponding to the selected observer’s
action and the actual observation in the game. The situation is more
complex in the actor’s tree. The observer generally cannot be sure
about the current actor’s tree node in the later stages of the game.
Instead, the defender maintains a probability distribution among k
most probable nodes where the attacker can be. We call the nodes the
root set. The probability of the nodes in the set can be computed by
Bayesian inference form the probabilities computed by the algorithm
in the previous stage and the confusion matrices. For each node in the
root set of the current stage, the concurrent MCTS converges to the
probability of executing each of the actions by rational actor in the
current situation (p(a)). The probability that the actor is in the child
under the action a given the observation o can be computed as:

p(a|o) = p(o|a)p(a)
p(o)

=
p(o|a)p(a)∑

ai∈A p(o|ai)p(ai)
(2)

The probabilities of different observations given an attacker’s ac-
tion (p(o|ai)) can be extracted from the confusion matrix that cor-
responds to the classifier selected by the observer in the game.

After the probability of each child of the nodes in the current root
set is computed, the k most probable children are selected to the root

set in the following stage. Further, for each actor’s action, we can
compute the probability that the action was the last action executed
by the actor. It is the sum of probabilities of executing the action
in each node of the root set. The action with the highest execution
probability is the observation generated by the algorithm and used in
evaluation as the input to the utility function (1).

When concurrent MCTS runs with a root set containing multiple
nodes, one of them is randomly selected as the root of the actor’s tree
in each iteration proportionally to their probabilities.

5 Experimental Evaluation
We evaluate the presented approach on a simplified network secu-
rity domain. The actor is the attacker that tries to attack a com-
puter network. The attacker can perform one of 12 actions (set A),
such as vertical ping scan, or brute-force attack to a specific service.
These actions have preconditions and postconditions and their legal
sequences generate over 150 thousand different attack plans of dif-
ferent lengths (set P ). Each action provides the attacker with some
knowledge about the network. The values g of the attack plans are
defined in terms of this knowledge and vary between 0 and 120. The
observer is the intrusion detection system operating on the network.
It has three different settings; each of them can detect some of the
attacker’s actions better and other worse. The actions of the observer
(set D) are selecting one of these settings. The three classes of ac-
tions that are detected better in different settings are producing high,
medium, and small volume of network traffic. The classes include
two, four, and six actions respectively. Each setting detect the ac-
tions from the class correctly with 90%, 60%, and 30% precision,
misclassifying in remaining cases evenly as any other action. This
defines the confusion matrices m.

We performed the experiments with a single-thread implementa-
tion of the algorithm presented in Section 4 on Intel(R) Core(TM) i7
CPU @ 3.20GHz. In order to select (close to) rational attack plans,
we run the proposed algorithm for 10 minutes in the initial stage of
the game. Then, we took five different high probability plans, that are
presented in Figure 4. They are ordered by number of samples that
used the plans in the attacker’s tree, with the first plan having 30% of
all samples and the fifth a little more than 1%.

The observations generated for the observer are stochastic; hence
we run the recognition process 200 times for each plan. The algo-
rithm was set to use 2 minutes of computational time per game stage.
We compare the performance of the proposed algorithm in terms of
the utility to several baseline values. The first three baselines always
use only one of the actions available to the defender. We denote
them by the first character of the volume class (H,M,L). The other
two baselines are the ex post best response (BR) and worst response

first: dns requests, Horiz scan for spec service, web attacks, con-
nect to host, fingerprinting (g = 86)
second: dns requests, SEND SPAM, connect to host, Horiz scan-
for spec service, fingerprinting (g = 86)

third: SEND SPAM, connect to host, Horiz scan for spec service,
fingerprinting (g = 81)
fourth: dns requests, Horiz scan for spec service, web attacks,
connect to host (g = 78)
fifth: Horiz scan for spec service, web attacks, DDOS TO SPECI-
FIC SERVICE, fingerprinting, connect to host (g = 93)

Figure 4: Attack plans used in evaluation. The upper cased actions are
in the high traffic category, medium traffic actions have capital letter
at the beginning and the low traffic actions are lowercased.
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Figure 5: The mean attacker’s utility with the proposed approach
(GT) and the base lines; RR - random classifier selection; BR - the
result of the ex post optimal classifier; and other baselines defined in
the text. Lower values are better for the defender.

(WR). With the prior knowledge of the actual attacker’s plan, we
compute BR (WR) by selecting the defender’s action with the high-
est (lowest) probability of observing the actual attacker action. The
last baseline is the random selection of defender’s action (RR). As all
these baselines are independent of defender’s observations, we can
quickly compute a good approximation of their quality by averaging
over 106 trials for each plan.

Figure 5 presents the utility of the proposed method (GT) and the
baselines computed by formula (1). The values are presented for each
attacker’s plan separately and aggregated over all five plans (Agg).
Overall, the GT approach is significantly better then all applicable
baselines and it is only slightly worse than the BR. The error bars
indicates the 95% confidence interval of the mean. For all baseline
values, the confidence intervals are hardly noticeable in the graphs,
because of their small width. Looking at the individual plans, the GT
approach performs very well on the first two plans and the results
are worst for the fifth plan. This can be expected as the first plans
better approximate the rational behavior of the attacker and the later
plans have higher chance to be irrational. Note that the result of GT
can be better than BR, because it combines the information from the
classifiers with the game theoretic reasoning and does not directly
outputs the observation of the classifiers as BR.

In the plan recognition task, the plan actually performed by the
attacker was ranked as the most likely by the GT approach in 38.6%
of runs and its median position in the final list of the most probable
plans was 5. This is a promising result considering there are over 150
thousand plans to choose from.

The number of iterations (samples) of the concurrent MCTS algo-
rithm performed in a single stage varied with the stage of the game.
The histogram of the number of instances in which certain number
of iterations was performed follows roughly binomial distribution. In
most instances, more than 107 iterations were performed, however,
in some cases even 108 can be made in time. One instance of the
algorithm never crossed 4.5GB memory limit during the experiment.
The memory was used for storing the MCTS trees, size of which can
be substantially limited by a more conservative expansion strategy.

6 Conclusion
In this paper, we argue that the problem of adversarial plan recog-
nition, where the observed agent actively tries to avoid observation

should be modeled as a game. The observed agent has to model rea-
soning of the observer and vice versa in order to derive the optimal
strategies. We model the problem as a specific subclass of imperfect-
information zero-sum extensive form games, which we term Adver-
sarial Plan Recognition Games. We show how problems from this
class can be compactly represented by a pair of signal trees of the
players. Based on this representation, we propose an algorithm that
approximates the optimal solution of the game. The algorithm is a
novel generalization of Monte-Carlo tree search. In order to verify
applicability of APRG, we use it to model a simplified game be-
tween the attacker and the intrusion detection system in the network
security domain. The presented experimental evaluation shows that
the proposed algorithm can be used to produce good behaviors for
the agents in reasonably large domains. The observer using the pro-
posed algorithm performed significantly better than any of the naive
baseline approaches we tried.

The proposed model can be further extended in several interest-
ing directions. In real world applications of the model, it is not likely
that the agents involved will be perfectly rational. It would be inter-
esting to relax the rationality assumption and use a suitable bounded
rationality model. Furthermore, it would be interesting to extend the
model to allow temporally extended actions. If various actions of
the observed agent take different time, the model cannot be directly
applied because of more complex synchronization between the ob-
server and the observed agent. Solving this issue is also an important
line of future research.
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