Constitutive Modeling of Human Saphenous Veins under 3D Stress State

2017

CZECH TECHNICAL UNIVERSITY IN PRAGUE
Faculty of Mechanical Engineering
Department of Mechanics, Biomechanics and Mechatronics

CONSTITUTIVE MODELING OF
HUMAN SAPHENOUS VEINS UNDER
3D STRESS STATE
DOCTORAL THESIS
by
Ing. Jan Veselý
Study program: Mechanical Engineering
Study branch: Biomechanics
Dissertation director: Prof. Ing. Rudolf Žitný, CSc.
Dissertation advisor: doc. Ing. Lukáš Horný, Ph.D.

2017

Prague

0

Constitutive Modeling of Human Saphenous Veins under 3D Stress State

1

2017

Constitutive Modeling of Human Saphenous Veins under 3D Stress State

Type of publication

Ph.D. thesis

Title

Constitutive Modeling on Human
Saphenous Veins under 3D Stress State

Author

Ing. Jan Veselý

Supervisor

Prof. Ing. Rudolf Žitný, CSc.

University

Czech Technical University in Prague

Faculty

Faculty of Mechanical Engineering

Department

Department of Mechanics, Biomechanics
and Mechatronics

Address

Technická 4, 166 07, Prague, Czech
Republic

Study branch

Biomechanics

Number of pages

80

Number of figures

28

Number of tables

2

Number of supplements

1 CD-ROM

2

2017

Constitutive Modeling of Human Saphenous Veins under 3D Stress State

3

2017

Constitutive Modeling of Human Saphenous Veins under 3D Stress State

2017

Annotation
Coronary artery disease (CAD) is also known as ischemic heart disease (IHD) is a group
of diseases that includes atherosclerosis, angina pectoris, myocardial infarction, and
sudden cardiac death. It is the most important cause of morbidity and mortality
worldwide. The arterial wall becomes markedly thickened by accumulating cells and
surrounding material. The artery narrows and blood flow is reduced, thus decreasing the
oxygen supply. The coronary artery bypass graft surgery (CABG) is a standard procedure
to treat this disease. The place of blockage in the artery is overbridged by a vessel from
another part of patient’s body or an artificial graft is used. The saphenous vein (SV) is
most often used as an arterial bypass graft in the coronary circulation. There is a lack of
studies which bring information about mechanical behavior and material parameters for
human saphenous veins in the literature. This information is, however, crucial for the
computational simulations (i.e. finite element method) or for the artificial graft
development. Therefore, the main purpose of this work is to offer data about mechanical
behavior of SV and material parameters raised from constitutive modeling.
In the present study, inflation tests with free axial extension of 15 human vena saphena
magna were conducted ex vivo to obtain data suitable for multi-axial constitutive
modeling at overloading conditions (pressures up to approximately 15 kPa). Subsequently
the data were fitted with a hyperelastic, nonlinear and anisotropic constitutive model
based on the theory of the closed thick-walled tube. It was observed that initial highly
deformable behavior (up to approximately 2.5 kPa) in the pressure–circumferential
stretch response is followed by progressive large strain stiffening. Contrary to that,
samples were much stiffer in longitudinal direction, where the observed stretches were in
the range 0.98 – 1.03 during the entire pressurization in most cases. The effect of possible
residual stress was evaluated in a simulation of the intramural stress distribution with the
opening angle prescribed from 0° to 90°. The result suggests that for representative donor
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the optimal opening angle making the stress distribution through the wall thickness
uniform is from 40° to 50°.
The residual strain in the circumferential direction (opening angle) was also measured
for four donors. Rings of the vein were radially cut to obtain the opening angle of the
tissue. It was found that the average opening angle is 45°±18° (mean ± SD). The results
suggest that opening angle obtained from experiments is close to the value of opening
angle which homogenizes the stress distribution across the wall thickness determined
from simulations.
To the best of author’s knowledge, this is the first study witch presents a
comprehensive set of material parameters for human saphenous veins modeled as the
thick wall tube suitable for describing multi-axial stress states within the framework of the
nonlinear theory of elasticity.
Keywords: anisotropy; bypass graft; constitutive model; saphenous vein; residual stress.
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Anotace
Ischemická choroba srdeční je soubor onemocnění zahrnující aterosklerózu, anginu
pectoris, infarkt myokardu a náhlou srdeční smrt a celosvětově je nejčastější příčinou
úmrtí. Nemoc se projevuje postupným uzavíráním koronárních tepen, v důsledku
hromadících se látek ve stěně cévy, čímž je snížen průtok krve a zásobení srdečního svalu
kyslíkem a živinami. Aorto koronární bypass je standartní chirurgická procedura, kdy je
místo blokace přemostěno štěpem z jiné cévy pacientova těla nebo je použita umělá cévní
náhrada. Nejčastěji používaným materiálem při této operaci je velká skrytá žíla (vena
saphena magna). Studiem literatury bylo zjištěno, že chybí práce, které studují mechanické
chování skrytých žil a nabízení jejich materiálové parametry. Tyto informace jsou přitom
velice podstatné při vývoji umělých náhrad a výpočetních simulacích (např. metodou
konečných prvků). Z tohoto důvodu se tato práce zabývá identifikováním mechanické
odezvy veny sapheny a následným konstitutivním modelováním.
Tlakovací testy byly provedeny pro 15 dárců skryté žíly ex vivo, za účelem obdržení
experimentálních dat vhodných pro multi-axiální konstitutivní modelování (žíly byly
tlakovány přibližně do 15 kPa).

Následně byla tato data fitována hyperelastickým,

nelineárním a anizotropním konstitutivním modelem, který uvažuje žílu jako silnostěnnou
válcovou nádobu. Bylo zjištěno, že na počátku tlakování (přibližně do vnitřního tlaku 2.5
kPa) jsou žíly velice poddajné v obvodovém směru, při dalším zvyšování tlaku následuje
výrazné zpevnění. Testy ukázaly, že v podélném směru jsou žíly mnohem tužší, než ve
směru obvodovém – streče pozorované v axiálním směru se ve většině případů
pohybovaly v intervalu 0.98 – 1.03. Na základě simulací byla následně hledána hodnota
optimální zbytkové deformace v obvodovém směru (tzv. úhel rozevření). Pro úhly
rozevření v intervalu 0° - 90° bylo vypočítáváno rozložení napětí přes tloušťku stěny.
Jako optimální zbytková deformace byla označena ta hodnota, která homogenizuje toto
rozložení. Bylo zjištěno, že pro reprezentativního dárce se dá očekávat hodnota úhlu
rozevření v rozmezí od 40°do 50°.
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Zbytková deformace byla také změřena pro 4 dárce. Kroužky žíly byly radiálně
rozříznuty a následně byla odečtena hodnota úhlu rozevření. Byla zjištěna průměrná
hodnota 45°±18° (střední hodnota ± SD). Srovnání se simulacemi ukázalo, že změřená
hodnota se velice blíží té, která byla obdržena z provedených výpočetních simulací.
Na základě našich znalostí představuje daná práce první studii, která poskytuje
komplexní sadu materiálových parametrů pro lidskou velkou skrytou žílu, modelovanou
jako silnostěnnou trubici za použití aparátu nelineární teorie elasticity.
Klíčová slova: anizotropie; graft pro bypass; konstitutivní model; vena saphena
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coronary artery disease
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coronary artery bypass graft surgery

SV

saphenous vein

Br

undeformed (reference) configuration of a body

B

deformed (current) configuration of a body

X

position vector in the reference configuration

x

position vector in the deformed configuration

Ei

orthogonal set of basis vectors in the reference configuration

ei

orthogonal set of basis vectors in the deformed configuration

χ

vector function called deformation

t

[s]

time

U

Lagrangian form of displacement field

u

Eulerian form of displacement field

F

deformation gradient

FiK

[-]

components of deformation gradient

xi

[mm]

components of x

XK

[mm]

components of X

J

[-]

volume ratio

I

identity tensor

R

proper orthogonal tensor

V

left stretch tensor

U

right stretch tensor

vi

Eulerian principal axes

ui

Lagrangian principal axes
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λi

principal stretches

B

left Cauchy-Green deformation tensor

C

right Cauchy-Green deformation tensor

I1 , I2 , I3

[-]

first, second and third invariant of C

N

normal unit vector in the reference configuration

n

normal unit vector in the deformed configuration

t

traction vector in the deformed configuration

T

traction vector in the reference configuration

σ ij

[kPa]

components of the Cauchy stress tensor σ

ti

projections of traction vector t

σ

Cauchy stress tensor

P

first Piola-Kirchhoff stress tensor

dS

[mm2]

surface element in the reference configuration

ds

[mm2]

surface element in the deformed configuration

ψ

(index) circumferential direction in the stress-free state

Θ

(index) circumferential direction in the load-free state

θ

(index) circumferential direction in the deformed state

ξ

(index) longitudinal direction in the stress-free state

Z

(index) longitudinal direction in the load-free state

z

(index) longitudinal direction in the deformed state

α

[°]

opening angle (residual strain in the circumferential direction)

µ , H, h

[mm]

thickness of the thick walled tube (reference, load free, loaded)

ρ , ρi , ρo

[mm]

radius in opened-up configuration of the tube (variable, inner, outer)

R , Ri , Ro

[mm]

radius in closed but not loaded the tube (variable, inner, outer)
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[mm]

radius in the pressurized configuration of the tube (variable, inner,

λr , λθ , λz

[-]

stretch in the radial, circumferential and axial direction, respectively

L, L , l

[mm]

length of the tube in opened-up, closed and pressurized configuration

W

[kPa]

strain energy density function (per unit reference volume)

Wisotropic

[kPa]

isotropic part of the strain energy density function

W anisotropi c

[kPa]

anisotropic part of the strain energy density function

)
W

[kPa]

strain energy density function (after

µ

[kPa]

material parameter corresponding to shear modulus

k1

[kPa]

material parameter in the nonlinear part of the constitutive model

k2

[-]

material parameter in the nonlinear part of the constitutive model

β

[°]

material parameter of the constitutive model representing the preferred

outer)

λr = 1 / (λθ λz ) substitution)

direction in the continuum (usually interpreted as the direction of
collagen
fibers)
´

M, M

unit reference vectors along which the two preferred directions in the
continuum are aligned

m , m´

I4 , I 6

deformed vectors along which the two preferred directions in the
continuum are aligned
[-]

additional strain invariants arising from the existence of two preferred
directions

p

[kPa]

Lagrangean multiplier

Fred

[N]

reduced axial (prestretching) force acting on the closed end of the tube
additionally to the force generated by the pressure acting on the end

P

[kPa]

transmural pressure

λθ (ro )

[-]

circumferential stretch ratio at the outer radius of the vein
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[-]
SR kP
wall of the tube

coefficient expressing the degree of stress homogenization across the

exp

(index) experimentally obtained

mod

(index) obtained by model predictions

Q

[-]

objective function

Pexp

[kPa]

mean of experimental pressures

RMSE(P )

[-]

normalized root mean square error

λθ (ro )

[-]

circumferential stretch ratio at the outer radius
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1. State of the Art
Circulatory system is an organ system that provides blood to circulate though human
body. The main functions of this system are to transport nutrients, oxygen, carbon
dioxide, hormones, and blood cells to and from the cells in the body to provide
nourishment and help in fighting diseases, stabilize temperature and pH, and maintain
homeostasis. The circulatory system is often seen to comprise two separate systems: the
cardiovascular system, which distributes blood, and the lymphatic system, which circulates
lymph. The essential components of the human cardiovascular system are the heart,
blood and blood vessels. It includes the pulmonary circulation, a loop through the lungs
where blood is oxygenated; and the systemic circulation, a loop through the rest of the
body to provide oxygenated blood. Blood travels from the heart in arteries, which branch
into smaller and smaller vessels, eventually becoming arterioles. Arterioles connect with
even smaller blood vessels called capillaries. Through the thin walls of the capillaries,
oxygen and nutrients pass from blood into tissues, and waste products pass from tissues
into blood. From the capillaries, blood passes into venules, then into veins to return to
the heart, Fig 1.

Figure 1 Schematic picture of human circulatory system.
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In general, arteries are roughly subdivided into two types: elastic and muscular. Elastic
arteries have relatively large diameters and are located close to the heart (for example, the
aorta and the carotid and iliac arteries), while muscular arteries are located at the periphery
(for example, femoral, celiac, cerebral arteries). However, some arteries exhibit
morphological structures of both types (Holzapfel et al., 2000). Most of arteries and veins
show the microscopic structure composed of three distinct layers, the intima (tunica
intima), the media (tunica media) and the adventitia (tunica externa), Fig. 2.

Figure 2 The representative picture of healthy artery with the main constituents in internal layers.
Adopted from Holzapfel et al. 2000.

The intima is the innermost layer of the artery. It consists of a single layer of
endothelial cells lining the vessel wall and resting on a thin basal membrane (basal lamina).
In healthy young individuals the intima is very thin and makes an insignificant
contribution to the solid mechanical properties of the blood vessel wall. However, it
17
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should be noted that the intima thickens and stiffens with age (arteriosclerosis) so that the
mechanical contribution may become significant. Media is the middle layer of the vessel
and consists of a complex three-dimensional network of smooth muscle cells, elastin and
collagen fibrils. The fenestrated elastic laminae separate the media into a varying number
of well-defined concentrically fiber-reinforced medial layers. Media is separated from
intima and adventitia by the so-called internal elastic lamina and external elastic lamina
(absent in cerebral blood vessels), respectively. This structured arrangement gives media
high strength, resilience and the ability to resist loads in both the longitudinal and
circumferential directions. From the mechanical perspective, media is the most significant
layer in a healthy artery (Holzapfel et al., 2000). Tunica adventitia is the outer layer of
blood vessels. It consists of fibroblasts and fibrocytes (cells that produce collagen and
elastin), histological ground substance and thick bundles of collagen fibrils forming a
fibrous tissue which permeates surrounding loose connective tissue and fixes the vessel
(Čihák, 1997). Virtually all the fibrillar components are in adventitia waved, which
explains that properties (stiffness) accentuates at the higher levels of loading. After
stretching of collagen fibers, leads to their elongation. The stiffness of stretched collagen
fibers prevents overstress of vessel wall (Holzapfel et al., 2000). The walls of veins are in
their structure similar to the walls of arteries but they have relatively lower thickness of
internal layers and differ in content of individual tissue components (Čihák, 1997). Most
veins are equipped with valves to prevent blood flowing in the reverse direction, Fig. 3.

Figure 3 The artery which leads blood to the periphery. The pulse wave compresses the
surrounded veins and forces the blood to flow to the heart though vein valves. Adopted and
modified from Čihák 1997.
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With the heart pumping 24 hours a day, 7 days a week, it’s absolutely vital to make sure
things are flowing smoothly. Unfortunately, this isn’t always the case, and different parts
of the circulatory system can cause problems: heart, blood vessels, and even the fluid in
tissues and blood itself can be the issue. The most common disease of cardiovascular
system is hypertension (high blood pressure). It is a long term medical state in which the
blood pressure in the arteries is persistently elevated. Blood pressure is expressed by two
measurements, the systolic and diastolic pressures, which are the maximum and minimum
pressures, respectively. Normal blood pressure at rest is within the range of 100 – 140
millimeters mercury (mmHg) systolic and 60 – 90 mmHg diastolic. High blood pressure is
present if the resting blood pressure is persistently at or above 140/90 mmHg for most
adults (Poulter et al., 2015). High blood pressure usually does not cause symptoms. Long
term high blood pressure, however, is a major risk factor for coronary artery disease,
stroke, heart failure, peripheral vascular disease or chronic kidney disease. Basically, there
are two types of managements of hypertension: lifestyle modification and medication.
Coronary artery disease (CAD) is also known as ischemic heart disease (IHD) is a
group of diseases that includes atherosclerosis, angina pectoris, myocardial infarction, and
sudden cardiac death. It is the most important cause of morbidity and mortality
worldwide. In 2013 CAD globally resulted in 8.14 million deaths (16.8%) up from 5.74
million deaths (12%) in 1990 (GBD 2013). Typically, coronary artery disease occurs when
part of the smooth, elastic lining inside an artery develops atherosclerosis. It is a condition
in which the atherosclerotic plaque consisting of calcium deposits, fatty deposits, and
abnormal inflammatory cells builds up inside the artery. It's a complex process. Exactly
how atherosclerosis begins or what causes it isn't known, but some theories have been
proposed. Many scientists believe plaque begins to form because the inner lining of the
artery (intima) becomes damaged. There are main three possible causes of damage to the
arterial wall:
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• Elevated levels of cholesterol and triglycerides in the blood
• High blood pressure
• Cigarette smoking
Because of the damage, fats, cholesterol, platelets, cellular debris and calcium
accumulate over time in the artery wall. These substances may stimulate the cells of the
artery wall to produce other substances, resulting in the accumulation of more cells in the
innermost layer of the artery wall where the atherosclerotic lesions form. These cells
accumulate, and many divide. At the same time, fat builds up within and around these
cells. They also form connective tissue. The arterial wall becomes markedly thickened by
these accumulating cells and surrounding material. The artery narrows and blood flow is
reduced, thus decreasing the oxygen supply. Often a blood clot forms and blocks the
artery, stopping the flow of blood. If the oxygen supply to the heart muscle is reduced, a
heart attack can occur. If the oxygen supply to the brain is cut off, a stroke can occur.
And if the oxygen supply to the extremities is reduced, gangrene can result.
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Figure 4 The progression of atherosclerosis. Adopted from
https://en.wikipedia.org/wiki/Atherosclerosis#/media/File:Endo_dysfunction_Athero.PNG

Treatment of coronary artery disease starts with life changes, such as eating a
healthy diet, stop smoking and exercising. In more complicated cases, medications which
can slow or even reverse the effects of atherosclerosis. The drugs are usually designated
to:
• Lower the workload of your heart
• Help relax the blood vessels
• Lower cholesterol
• Help prevent blood clots from forming
• Lower the overall risk of having a heart attack
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Sometimes more aggressive treatment is needed to treat CAD surgically. Angioplasty
is an endovascular procedure to widen narrowed or obstructed arteries or veins, typically
to treat arterial atherosclerosis. An empty, collapsed balloon, known as a balloon catheter,
is passed over a wire into the narrowed locations and then inflated to a fixed size. The
balloon forces expansion of the stenosis (narrowing) within the vessel and the
surrounding muscular wall, opening up the blood vessel for improved flow, and the
balloon is then deflated and withdrawn. A stent may also be placed in the blocked area.
The stent is inserted at the same time as the balloon catheter. It expands when the
balloon is blown up. The stent is left in place to help keep the artery open. Percutaneous
coronary intervention (PCI), commonly known as coronary angioplasty is a procedure
to treat the stenotic (narrowed) coronary arteries of the heart, Fig. 5.

Figure 5 The procedure of PCI in stenotic coronary artery. Left – balloon angioplasty. Right –
stent insertion. Adopted and modified from https://en.wikipedia.org/wiki/File:BalloonTipped_Catheter.png.

The coronary artery bypass graft surgery (CABG) is the procedure to treat
coronary artery disease in its last stages, Fig. 6. The place of blockage in the artery is
overbriged by a vessel from another part patients body or a tube made of synthetic fabric.
This allows blood to flow around the blocked or narrowed artery. Although arterial grafts
22
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are preferred as bypass conduits because of their better patency rates, their use is limited
because of the length and number of available segments. Therefore, the saphenous vein
(SV) is most often used as an arterial bypass graft in the coronary circulation (Athanasiou
et al., 2011). However, its patency is relatively low (less than 50% in 10 years) compared
with the patency rate of arterial grafts (Fitzgibbon et al., 1978; Fitzgibbon et al., 1996).
Saphenous veins’ properties are, however, optimized for a mechanical environment very
different from arterial conditions. Immediately after the surgery, remodeling processes are
triggered and the vein adapts to the elevated blood pressure, flow rate and oscillatory wall
shear stress. As an undesirable effect of the changed conditions, the patency of the graft
may be substantially compromised by an intimal hyperplasia or thrombosis (Fitzgibbon et
al., 1996; Hwang et al., 2012).
Much work is now being done to deepen our knowledge of the mechanobiology of
graft remodeling, but this process is still not completely understood (Tran-Son-Tay et al.,
2008; Hwang et al., 2012; Hwang et al., 2013; Sassani et al., 2013). The adaptation to the
changed conditions leads not only to a change in the diameter and thickness of the graft
wall, but also to a changed internal structure and thus a change in the constitutive
equation expressing the mutual relation between stress and strain (Hwang et al., 2012).
Moreover, not only the wall shear stress, but also changed intramural stresses initiate the
remodeling (Eberth et al., 2011; Humphrey et al., 2009). Besides the overall effect of
elevated blood pressure, there are local stress concentrations in artery-graft anastomoses
caused either by the specific geometry of the anastomosis or by a general compliance
mismatch (Ballyk et al., 1998; Cacho et al., 2007).
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Figure 6 Coronary artery bypass graft surgery. The place of blockage is overbridged by the
venous graft. Adopted from http://www.adamimages.com/.

In contrast to the work done on arteries, there have been only a few papers describing
the multi-axial mechanical response of veins within the framework of nonlinear elasticity
(Desch and Weizsäcker, 2007; Cacho et al., 2007; McGilvray et al., 2010; Sokolis, 2013;
Zhao et al., 2007). Very little experimental (mechanical) data are, however, available on
graft vessels. The bypass graft for a coronary artery can be a healthy artery taken from the
arm or chest, or a vein taken from the leg. The paper of Milesi et al. (1998) compared the
stress–strain characteristics and drug reactivity of saphenous veins from hypertensive and
normotensive patients, concluding that hypertensive vessels are stiffer and more reactive
to vasoconstrictor drugs, whereas they relax more slowly than normotensive veins.
Probably, the most comprehensive study of mechanical properties of saphenous veins has
been provided by Donovan et al. (1990), who performed uniaxial tensile tests in two
orthogonal directions of 45 human SVs, and who described their mechanical properties in
terms of material constants. More recently, valuable pressure–diameter data have been
published by Stooker et al. (2003), comparing human SVs from the upper and lower leg.
However, data reported here are expressed as dimensionless values and actual dimensions
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are not provided, which makes it more difficult to recover the material parameters. Wesly
et al. (1975) also reported pressure–diameter relationships, but without arriving at the
constitutive equations. The pressurization tests with SVs were also performed by Zhao et
al. (2007). The exponential strain energy function proposed by Fung (1993) was used in
this study, however, veins were modeled as inflated thin-walled tube which is unsuitable
model with respect to the wall thickness, diameter and existence of residual stresses in the
wall of the veins.
For over a century it has been considered that blood vessels are stress free when they
are removed from the body (Chuong and Fung, 1983; Weizsacker and Pinto, 1988;
Holzapfel et al., 2007). It was Fung (1983) and Vaishnav (Vaishnav and Vossoughi, 1983)
and their colleagues who initiated the study of residual stress and deformation in arteries.
This was followed by the work of Choung and Fung (1986) and Takamizawa and Hayashi
(1987), who documented the important implications of the influence of residual stress in
arteries. The existence of residual stress is manifested in the springing open of an arterial
ring when it is cut in the radial direction (so called opening angle measurement, Fig. 7).
This opening relieves the residual stress, the circumferential component of which is
compressive on the inner part of the ring and tensile on the outer part (Holzapfel et al.
2007), Fig. 7.

Figure 7 Ring of saphenous vein before and after radial cut shows the effect of residual stresses
in the wall. Adopted from Zhao et al. (2007).

Several authors have shown that although residual stresses are small compared with in
vivo wall stresses they have a strong influence on the in vivo stress distribution (Holzapfel
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et al., 2000; Takamizava and Hayashi, 1987; Takamizava and Hayashi, 1988). In particular,
the residual stresses seem to have the effect of homogenizing the circumferential stress
within each layer (uniform stress or strain hypothesis) in the physiological load state
(Holzapfel et al., 2000; Takamizava and Hayashi, 1987; Chuong and Fung, 1986). Without
residual stresses relatively large stress gradients would occur in the blood vessel wall.
Although, there are numerous papers about residual strain quantification within the
arterial wall, veins received less attention. Huang and Yen (1998) were able to measure
residual strain (opening angle) for human pulmonary vein segments with diameter
comparable to saphenous veins (opening angle from 90° to 130°). More recently, Zhao et
al. (2007) examined the biomechanical properties of human saphenous veins at supraphysiologic pressures using the distension experiment and were able to measure the zerostress state of vein tissue by radially cutting open their specimens. They observed the
residual opening angle around 120°. Since the residual strain has significant influence on
the stress distribution within the blood vessel wall, the measurement of opening angle was
included into this study.
In last decade, the development of numerical computation methods enables to
perform simulations to model different phenomena in human body including bypass graft
surgery. There are numerous studies available in the literature focusing on anastomotic
flow dynamics, see, e.g., Migliavacca and Dubini (2005); Loth et al. (2008). Surprisingly,
however, there are only very few studies available dealing with the related solid mechanics
(Ballyk et al., 1998; Gu et al., 2006; Leuprecht et al., 2002), and the fluid–structure
interaction (Leuprecht et al., 2002; Hofer et al., 1996) of bypass grafts. Although, the
simulation methods are powerful tools which give us valuable information, the results are
dramatically influenced by the quality of experimentally-determined mechanical properties
of the tissue involved in these simulations (Cacho et al., 2007).
The main goal of this study is to find constitutive equations for the multi-axial state of
stress suitable for describing the passive nonlinear anisotropic mechanical behavior of
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human vena saphena magna. Our approach is based on the strain energy density function
suggested by Holzapfel et al. (2000). Experimental data were obtained in ex vivo inflation
tests (with free axial extension) conducted with samples obtained from fifteen donors.
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2. Aim of the Study
Although the saphenous veins are most often used as an arterial bypass graft in the
coronary circulation, there is a lack of experimental data and related constitutive modeling
in the literature. Therefore, the main goal of this study is to characterize mechanical
response of saphenous vein under 3D stress state and offer constitutive parameters
which could be used in the computational simulation of these grafts.
Nowadays we also know that for instance arteries exhibit residual stresses. Artery rings
cut radially spring open to release these stresses. These residual stresses help to tone
down the stress gradient across the blood vessel thickness (the uniform stress hypothesis)
and prevents the inner surface from overloading. The second aim of this work was to
verify the uniform stress hypothesis for human saphenous veins. To the best of
author’s knowledge, such study cannot be found in the literature.
Partial targets:
• Derive the mathematical model and proposal of regression procedure
• Design and adjustment of inflation-extension test set-up
• Proposal and adjustment of the procedure for residual strain measurement
The study is organized as follows. The ex vivo inflation-extension test are provided.
Constitutive modeling without the residual strain assumption follows. The uniform stress
hypothesis is verified answering the question: Which value of residual strain homogenizes
the stress across the vein thickness? Also measurement of the residual strain (opening
angle) is performed. The results from simulations and experiments are discussed.
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3. Methods and Material
The mathematical and experimental methods will be introduced in this chapter. Also the
procedure of material preparation used during experiments is described here.

3.1 Theoretical Background - Elements of Continuum Mechanics
The basic theory of nonlinear elasticity is introduced in this section. For more details of
different aspects of the theory and its application, the interested reader is referred to for
example Ogden (1997), Fu and Ogden (2001), Holzapfel (2000) or Holzapfel et al. (2000).

3.1.1 General Kinematics
Consider only quasi-static deformations, starting from reference configuration (denoted
Br) of a material body. The material point in Br is labeled by its position vector X . The
body is now deformed into a new deformed configuration (denoted B), in which the
material point has position vector x . The situation is depicted in Fig. 8. Here E1 , E 2 ,
E 3 and e1 , e2 , e3 are unit vectors in the reference and deformed configuration,

respectively.
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Figure 8 The kinematics of finite deformation. Adopted and modified from
http://en.wikipedia.org/wiki/Finite_strain_theory.

The mapping from Br to B is expressed by equation (1a).
x = χ ( X ,t )

X = χ -1 ( x ,t )

(1)

In (1a) the vector function χ is referred to as deformation. The deformation function χ
is assumed to be invertible which is expressed by equation (1b) and satisfies appropriate
regularity conditions.
The vector field in (2) represents the displacement field of particles and relates its
position X in the undeformed configuration to its position x in the deformed
configuration at time t (see Fig. 8). The displacement field U is a function of referential
position X , which characterizes the material description (Lagrangian form) of the
displacement field.
U ( X ,t ) = x( X ,t ) − X

(2)
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The displacement field in the spatial (Eulerian form), denoted u , is a function of
current position x and is expressed by equation (3).
u( x ,t ) = x− X ( x ,t )

(3)

The deformation gradient tensor, denoted F , is then defined by equation (4). Cartesian
components of F are given according equation (5).
F = Grad x

(4)

∂xi
∂X K

(5)

FiK =

Grad in (4) is the gradient operator in Br. xi and X K are components of x and X ,
respectively, for i, K є {1, 2, 3}. Local invertibility of the deformation requires F to be
non-singular, and the usual convention that
J ≡ detF > 0

(6)

is adopted, wherein the notation J is defined.
Note that when there is no deformation, we have x = X and F = I , the identity tensor.
The polar decompositions
F = RU = VR ,

(7)

of F are then uniquely defined, where R is a proper orthogonal tensor and U and V are
positive definite and symmetric tensors, refered to, respectively, as the right and left
stretch tensors. The tensors U and V have the spectral decomposition defined in (8a)
and (8b), respectively.
3

U = ∑ λi u i ⊗ u i
i =1

3

V = ∑ λi v i ⊗ v i
i =1
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In (8a) and (8b) λi > 0 , i є {1, 2, 3}, are the principal stretches, ui are the unit
eigenvectors of U (the so-called Lagrangian principal axes), v i are the unit
eigenvectors of V (the so-called Eulerian principal axes), and ⊗ denotes the tensor
product. It follows that J can be expressed in the equivalent general form
J ≡ detF = detU = detV = λ1λ2 λ3 .

(9)

The left Cauchy-Green deformation tensor, denoted B and the right CauchyGreen deformation tensor, denoted C , are constructed from F using (10a) and (10b).
B = FF T ≡ V 2

In (10)

T

C = FT F ≡ U 2

(10)

signifies the transpose of a second-order tensor. Associated with both B and C

are their principal invariants, which are defined in equation (11).
I1 = tr (C)

I2 =

[

( )]

1 2
I1 − tr C2
2

I 3 = det (B ) ≡ (detF )

2

(11)

In (11) tr indicates the trace of a second-order tensor. For an incompressible material
equation (9) specializes to (12).
J ≡ detF = detU = detV = detC = λ1λ2 λ3 = 1

(12)

3.1.2 Stress Tensors
Consider a deformable continuum body at time t in configuration B which is exposed to
arbitrary external loading with fulfilled static equilibrium equations. Let the body now be
cut by a plane which divides the body into two parts as it is illustrated in Fig. 9.
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Figure 9 Traction vectors acting on infinitesimal surface elements with outward unit normal.
Adopted from Holzapfel (2000).

We focus attention on arbitrary point x lying on the cut plane, which has a normal
unit vector n . Now the infinitesimal resultant internal force df is introduced into point x,
in order to the static equilibrium is ensured after the cut of one part of the body. The
vector of intensity of internal forces (traction vector) t enters to the force vector df in
order to create static equivalent force action on spatial surface element ds lying on the cut
plane. The quantities x , ds, and n which are associated with the current configuration of
the body are denoted by X , dS and N when they are referred to the reference
configuration (Fig. 9). We claim that for every surface element

df = tds = TdS
t = t ( x, t , n),

(13)
T = T ( X , t, N ) .

(14)

Here, t represents the Cauchy (or true) traction vector (force measured per unit face area
defined in the current configuration), exert on ds with outward normal n . The vector T
represents the first Piola-Kirchhoff (or nominal) traction vector (force measured per unit
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surface area defined in the reference configuration), and points at the same direction as
the Cauchy traction vector t . The traction vector T does not describe the actual
intensity. In contrast to the Cauchy traction vector t , it is a function of the referential
position X and outward normal N .
The vectors t and T that act across the surface elements ds and dS with respective
normals n and N are referred to as surface tractions or as contact forces, stress vectors
or just loads. Typical surface tractions are contact and friction forces or pressures in
liquids or gases.
Cauchy stress theorem
There exists unique second-order tensor fields σ and P so that,
t = t ( x, t ,n ) = σ ( x, t ) n ,

ti = σ ij n j

T ( X, t , N ) = P ( X, t ) N ,

(15)

Ti = PiJ N j

where, σ is a symmetric spatial tensor field called Cauchy (or true) stress tensor, P is a
tensor field called first Piola-Kirchhoff (or nominal) stress tensor, (sometimes simply
called the Piola stress). The index notation in (15) indicates that σ , is defined in the
deformed configuration, while P

is a two-point tensor (defined above two

configurations).
To write Cauchy’s theorem in (15) in more convenient matrix notation which is useful
for computational purposes, we have

[t ] = [σ][n] ,
 t1 
[t ] = t 2  ,
t3 

(16)
σ 11 σ 12
[σ ] = σ 21 σ 22
σ 31 σ 32

σ 13 
σ 23  ,
σ 33 

where [ σ ] is the Cauchy stress matrix.
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 n1 
[n] = n2  ,
 n3 

(17)
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Finally, we find the relation between the Cauchy stress tensor σ and the first PiolaKirchhoff stress tensor P . From eq. (13) we obtain with eqs. (15) and (14) the important
transformation
t ( x, t , n)ds = T ( X , t , N )dS,

(18)

σ( x, t )nds = P( X , t )NdS .

(19)

Using Nanson’s formula which shows how the vector element of the infinitesimally small
area ds and dS on the current and reference configuration are related, we can obtain the
direct relationship between σ and P (20) and (21).
P = J σF −T
PiK = Jσ ij FKj

σ = J −1 PF T
−1

(20)

σ ij = J −1 PiK F jK .

(21)

The components of the stress tensor σ are determined by the projection of σ along
an orthogonal set of basis vectors ei . Assuming that the vector t i which is the projection
of the traction vector t into the direction ei can be expressed as: t i = (t ⋅ e i )e i and also
we can write ti = σ ei . By the combination of both eqs. we obtain
ei ⋅ σ e j = ei ⋅ t j = σ ij

(22)

The traction vector components acting on planes perpendicular to e1 , e2 and e3 can be
obtained as
t1 = σ e1 = σ 11e1 + σ 21e2 + σ 31e3

(23)

t 2 = σ e2 = σ 12 e1 + σ 22 e2 + σ 32e3

(24)

t 3 = σ e3 = σ 13e1 + σ 23e2 + σ 33e3 .

(25)

The positive stress components of the traction vector t i , acting on the faces of
infinitesimal cube element are depicted in Fig. 10.
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Figure 10 Normal and shear components of the Cauchy stress tensor and acting on the faces of a
cube.

3.1.3 Deformation of Cylindrical Tube as a Model of Vein Kinematics
The vein was considered to be a homogeneous, incompressible cylindrical thick-walled
tube with closed ends and circumferential residual strain, Fig. 11. Following assumptions
were considered for the kinematics of the vein pressurization:
1. The tube has cylindrical shape and all quantities depend on the deformed radius
2. The material of the tube is incompressible and only elastic response is assumed
3. Axial stretch λz is considered to be uniform along the length and thickness of the
tube and does not depend on
The kinematics of the experiment was modeled as simultaneous inflation and extension,
in which the material particle located in the reference (stress free) configuration in the
position Ξ = (ρ ,ψ , ξ ) is mapped by the deformation into the position x = (r,θ , z ) in the
current (loaded) configuration, according to equations (26) and (27).
It is well known that blood vessels exhibit residual stress (strain). As the first
approximation, it will be assumed that residual stresses are released by radial cut of a
cylindrical segment of the vein (Rachev and Greenwald, 2003; Labrosse et al., 2013;
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Horny et al., 2013). Blood vessels rings cut radially spring open to release these stresses;
this is the so-called opening angle method (Chuong and Fung 1986, Rachev and
Greenwald 2003, Holzapfel et al., 2000) and the situation is depicted in Fig. 11.

Figure 11 Kinematics of the deformation of the cylindrical tube. The stress-free, load free and
deformed configurations are depicted. Adopted and modified from Veselý et al. 2015a.

Due to the existence of residual strain in the cylindrical segment of the saphenous vein,
the kinematics of simultaneous inflation and axial extension described by deformation
gradient FB is considered to be superimposed on closing of an opened up circular sector
described by FA . The resulting kinematics is given as F = FBFA . Equations (26) and (27),
respectively, describe motions from stress-free to closed but unloaded, and from
residually stressed to a loaded configuration (Horny et al., 2014b).
R = R(ρ )

θ=

2π
ψ
2π − 2α

Z = δξ

(26)
(27)

In equation (26) and (27),

is the variable radius in stress-free configuration (ρ i ≤ ρ ≤ ρ o ) ,

α is the opening angle and δ is the longitudinal stretch induced during closing of the

circular sector of the vein. Subsequent pressurization of the tube leads to a change of the
radius from R ( Ri ≤ R ≤ Ro ) to

(ri ≤ r ≤ ro )
37
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described by axial stretch λ . Deformation gradients FA , FB and finally F are then
defined in equation (28a), (28b) and (29), respectively.
 ∂R (ρ )

 ∂ρ

FA =  0

 0


 λr

F = FB FA =  0
0


0
2π
R (ρ )
2π − 2α ρ
0

0

λθ
0

 ∂r (R )

 ∂R
FB =  0

 0




0


0
δ 



 ∂r (ρ )

0   ∂ρ
 
0 = 0
λz   0



0
2π r (ρ )
2π − 2α ρ
0

0
r (R )
R
0


0

0

λ




0


0
δλ 



(28)

(29)

The assumption of incompressibility is expressed via the kinematical constraint
detF = detFA = detFB = 1 , which allows us to decrease the number of variables in the

deformation gradient to two (λθ , λz ) . Circumferential stretch λθ is considered to be a
function of the deformed radius r and is expressed with respect to the radius in opened
configuration ρ . Axial stretch λz is considered to be uniform along the length and
thickness of the tube ( λz = constant). It will also be useful to express the
incompressibility condition by means of inner and outer radii because it will be used
within integration in equilibrium equations. The equation (30a) applies for the closing of
the circular sector and (30b) for the inflation-extension of the tubular segment.
Combining both equations, one obtains volume-preservation condition during
pressurization with respect to a stress-free configuration (Horny et al., 2014b).
π
L ( ρo 2 -ρi 2 ) =πL ( Ro 2 -Ri 2 )
π-α

Considering λ z =

πL ( Ro 2 -Ri 2 ) = πl ( ro 2 -ri 2 )

(30)

l
, one obtains (31) substituting ρ from above mentioned volume
L

preservation into λθ = πr / [(π − α )ρ ] .
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π
2
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ρo −
λ z ro − r 2
π −α

(
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(31)

)

3.1.4 Constitutive Model of the Vein Wall
The material of vena saphena magna was considered to be an incompressible anisotropic
hyperelastic continuum characterized by the strain energy density function

W

proposed

by Holzapfel et al. (2000). The anisotropy arises from two families of preferred directions
(interpreted as the orientation of the collagen fibers) symmetrically disposed with respect
to the circumferential axis. This is expressed mathematically in equation (32).
W = Wisotropic + Wanisotropic =

µ
2

(I 1 − 3 ) +

k1
2k 2

∑ {exp[k (I

i =4,6

2

] }

− 1) − 1
2

i

(32)

This expression consists of a neo-Hooke term with a stress-like material parameter µ > 0 .
I1 is the first invariant of the right Cauchy-Green strain tensor C . The specific

mathematical expression of I1 is in (33). The neo-Hooke term represents the energy
stored in the process of a deformation in the whole non-collagenous matter (elastin,
smooth muscle cells, proteoglycans) of the vein wall.
I1 = λr + λθ + λ z
2

2

2

(33)

Significant large strain stiffening of the soft tissues is ascribed to the collagen fibrils,
and is modeled in (32) by an exponential function with stress-like parameter k1 > 0 and
dimensionless k2 > 0 . In arguments of exponential functions, I4 and I6 are strain
invariants induced by the existence of preferred directions in a continuum. Let these two
directions are aligned with unit reference vectors

M = (0 , cos(β ), sin(β ))

and

M ´ = (0 , cos(- β ), sin(- β )) in the reference configuration. That is to say, they create helices

symmetrically disposed with respect to circumferential axis by angle ± β in the surfaces of
the constant radius as it is shown in Fig. 12.
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Figure 12 Preferred directions within the vein model in the undeformed configuration.

Let a body is deformed into loaded configuration and during this kinematics vectors M
and M´ will pass to the deformed vectors m and m´ according equation (34) and (35),
respectively.
 λr

m =FM = 0
0

 λr

m =FM = 0
0

´

0

λθ
0
0

λθ
0

0  0   0 

 

0  cosβ  =  λθ cosβ 
λz  sinβ   λz sinβ 

(34)

0  0  
0


 

0  cosβ  =  λθ cosβ 
λz  - sinβ   − λz sinβ 

(35)

Invariants I4 and I6 then can be obtained as (36) and (37), respectively and are equal to
the squares of stretches in the preferred directions.

(

)

I 4 = m ⋅ m = (F M ) ⋅ (F M ) = M ⋅ F T F M = M ⋅ (C M ) = λθ cos 2 β + λ z sin 2 β

(

)(

)

(

2

)

(

)

2

I 6 = m´ ⋅ m´ = F M ´ ⋅ F M ´ = M ´ ⋅ F T F M ´ = M ´ ⋅ C M ´ = λθ cos 2 β + λ z sin 2 β
2

2

(36)
(37)

It is worth noting that the same parameters k1 and k2 for the two families of preferred
directions and the symmetry in ± β induce a behavior called local orthotropy (Holzapfel,
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2000). Although there are further invariants generated by preferred directions, we will not,
in accordance with Holzapfel et al. (2000), include them into the strain energy density
models treated in our present study.
Finally, the constitutive equation for an incompressible hyperelastic material can be
written in the form of (38). Here σ denotes the Cauchy stress tensor and p is an
undetermined multiplier induced by incompressibility constraint.
σ = 2F

∂W T
F −I p
∂C

(38)

3.1.5 Equilibrium in Tube & Stress Distribution
Detailed derivation of equilibrium equations (39) and (40) used in the analytical simulation
will be provided here. It is done for more convenience of readers and also due to the fact
that the derivation as such is rarely presented in the literature with all its steps. Radial
equilibrium is expressed in (39), and (40) shows the equilibrium of axial force in the
closed thick-walled tube (derivation see later).
)
∂W dr
P = ∫ λθ
∂λθ r
ri
ro

(39)

)
)

∂W
∂W 
= π ∫  2λz
− λθ
rdr
∂λz
∂λθ 
ri 
ro

Fred

(40)

Here P denotes internal pressure and Fred is the reduced axial (prestretching) force acting
on the closed end of the tube additionally to the force generated by the pressure acting on
the end (Holzapfel and Ogden, 2010; Labrosse et al., 2013; Horny et al., 2013; Matsumoto
and Hayashi, 1996).
For given load (for given arbitrary pressure P and corresponding Fred ) the equations
(39) and (40) are reduced to the system of two algebraic equations for the two parameters:
the axial stretch and the circumferential stretch at outer radius (for example, the inner
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radius can be selected as well). The trick is that due to the assumptions 2 and 3
(incompressibility and radial independence of axial stretch, see chapter 3.1.3) the complete
kinematics, including radial profile of circumferential stretch, is fully determined by these
two parameters and is independent of the selected constitutive equation. The strain
energy density

W

can be selected as a more or less arbitrary function of kinematics and

integrals in (39) and (40) can be evaluated. Resulting algebraic equations can be solved
analytically only for very simple constitutive equations, more complicated equations
require iterative solvers (in case of using the HGO model, the solver implemented in
Maple was applied).
Consider followed assumptions. The material of the tube is considered to be
hyperelastic described by the strain energy density function

W.

The material is

incompressible. Shear stresses and strains are neglected. Axial strain does not depend on
axial coordinate.
)
The first step is the derivation of a new form of the constitutive equation where W

appears instead of

W.

Remind that the material is incompressible and that there are no

shear strains. It implies that strain measures have the form expressed in (29). The
)
incompressibility constraint implies detF = λr λθ λz = 1 from which λr = 1 / (λθ λ z ) . W is the
strain energy

W

with substituted λr = 1 / (λθ λ z ) , i.e. W = W (1/λθ λz , λθ , λz ) .
)

)

Consider now a unite cube subjected to normal Cauchy stresses σrr , σθθ , and σ zz .
According to Fig. 13, assume the cube deforms to a cuboid (no shear stresses and strains)
whose edges have lengths λr , λθ , and λz . Infinitesimal increment in the strain energy
caused by λr → λr + dλr , λθ → λθ + dλθ , and λz → λz + dλz is expressed in (41).
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Figure 13 Cube deformed to a cuboid and differential increment dW .
dW = λθ λzσ rr d λr + λr λzσ θθ d λθ + λr λθ σ zz d λz

(41)

Now differentiate the incompressibility condition λr λθ λ z = 1 (42).
λθ λz d λr + λr λz d λθ + λr λθ d λz = 0

Using (42),

dW

(42)

can be written as (43) where λθ λz d λr is eliminated.

dW = λr λ z (σ θθ − σ rr ) d λθ + λr λθ (σ zz − σ rr ) d λ z

(43)

)
Considering W which is a function of two independent variables, the increment in the

strain energy can also be written as (44).
)
)
) ∂W
∂W
dW =
d λθ +
d λz
∂λθ
∂λz

(44)

Since both W and Ŵ express the same energy state of a material, we can write (45) which
makes equal components of (44) and (43).
)
∂W
λr λz (σ θθ − σ rr ) d λθ =
d λθ
∂λθ

)
∂W
λr λθ (σ zz − σ rr ) d λz =
d λz
∂λz

From it (46) immediately follows.
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(46)

The final form of the new constitutive equations (47) is obtained after the substitution
form incompressibility constraint.
)
∂W
σ θθ − σ rr = λθ
∂λθ

)
∂W
σ zz − σ rr = λz
∂λz

(47)

Radial equilibrium (39). After preceding preliminary computation, we can approach to
(39) as such. The first step consists in the derivation of true radial equilibrium equation.
Consider internal element of a tube as depicted in Fig. 14.

Figure 14 Internal element of deformed thick-walled tube.

Components contributing to the radial net force are summed in (48).
dθ
 2

(σ rr + dσ rr )( r + dr ) dθ dz − σ rr rdθ dz − 2σ θθ sin 


 drdz = 0


(48)

After some algebra, considering infinitesimal approximation sin ( dx ) ≈ dx , and neglecting
higher order term, one approaches to ordinary differential equation (49), which will be
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subsequently used in the form (50) expressing differential increment of the radial stress as
a function of r .
dσ rr σ rr − σ θθ
+
=0
dr
r
dσ rr =

σ θθ − σ rr
r

(49)

(50)

dr

Now (50) is integrated from ri to ro and simultaneously boundary conditions,
σ rr ( ri ) = − P and σ rr ( ro ) = 0 , are applied.
σ rr ( ro )

∫
σ
rr

( ri )

dσ rr = σ rr ( ro ) − σ rr ( ri ) = 0 + P = P

(51)

On the other hand, we also can write (52).
σ rr ( ro )

∫
σ

rr ( ri )

ro

dσ rr = ∫

σ θθ − σ rr

ri

r

(52)

dr

Substituting from the new form of constitutive equation (47a) into (52) and comparing it
with (51), the final form is obtained, (39).
)
∂W dr
P = ∫ λθ
∂λθ r
ri
ro

(39)

Axial equilibrium (40). The situation is depicted in Fig. 15. Prestretching force Fred ,
which is constant during loading, has to be in equilibrium with the force generated by
pressure P acting on sufficiently distant end of a tube and resulting stress σ zz . It implies
that we can write (53).
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Figure 15 Axial equilibrium of the thick-walled tube.
ro

Fred = −π ri P + 2π ∫ σ zz rdr
2

(53)

ri

As the first step, substitute from (47b) (constitutive equation with Ŵ) to (53).
)

∂W 
= −π ri P + 2π ∫  σ rr + λz
rdr
∂λz 
ri 
ro

Fred

2

(54)

Integral term in (54) is separated to two integrals. Subsequently “2” standing in front of
the first integral is used to write “2 r ” which is finally substituted by a differentiation
d ( r 2 ) / dr .

)
)
ro
ro

∂W 
∂W
2
Fred = −π ri P + 2π ∫  σ rr + λz
rdr =
rdr = −π ri P + 2π ∫ σ rr rdr + 2π ∫ λz
∂λz 
∂λz
ri 
ri
ri
(55)
)
)
ro
ro
ro
ro
2
∂
W
dr
∂
W
= −π ri 2 P + π ∫ σ rr 2rdr + 2π ∫ λz
rdr = − π ri 2 P + π ∫ σ rr
dr + 2π ∫ λz
rdr
λ
∂
dr
∂λz
z
ri
ri
ri
ri
ro

2

Now consider that the term arising from internal pressure acting on ends can be written
as (56); boundary conditions σ rr ( ri ) = − P and σ rr ( ro ) = 0 are applied.
−π ri 2 P = π ri 2σ rr ( ri ) − π ro 2σ rr ( ro ) = −π  r 2σ rr ( r ) 
ri

ro
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Substituting (56) in to the last step of (55) gives (57).
)
ro
dr 2
∂W
Fred = −π ri P + π ∫ σ rr
dr + 2π ∫ λz
rdr =
dr
∂λz
ri
ri
)
ro
ro
ro
dr 2
∂W
2
= −π  r σ rr ( r )  + π ∫ σ rr
dr + 2π ∫ λz
rdr
ri
dr
∂λz
ri
ri
ro

2

(57)

Now, an integration by parts can be applied to the first and second term in (57c). It is
written as (58).
o
dr 2
dσ
π  r σ rr ( r )  r = π ∫ σ rr
dr +π ∫ rr r 2 dr
i
dr
dr
ri
ri

ro

2

ro

r

(58)

(58) can be rewritten to (59) which is then substituted into (57) giving (60).
o
ro
dσ
dr 2
−π ∫ rr r 2 dr = − π r 2σ rr ( r )  + π ∫ σ rr
dr
ri
dr
dr
ri
ri

ro

r

(59)

)
ro
dσ rr 2
∂W
r dr + 2π ∫ λz
rdr
= − −π ∫
dr
∂λz
ri
ri
ro

Fred

(60)

Now substitute the term dσ rr / dr in (60) from radial equilibrium equation (49).
)
∂W
Fred = −π ∫
r dr + 2π ∫ λz
rdr =
r
∂λz
ri
ri
)
ro
ro
∂W
= −π ∫ (σ θθ − σ rr ) rdr + 2π ∫ λz
rdr
∂λz
ri
ri
ro

σ θθ − σ rr

ro

2

(61)

The final step consists in replacing the bracket term in the first integral in (61c) by the
expression from the new constitutive equation (47a). We are approaching to (62c) which
equals to desired expression (40).
)
)
)
)
ro
ro

∂W
∂W
∂W
∂W
= −π ∫ λθ
rdr + 2π ∫ λz
rdr = π ∫  2λz
− λθ
∂
∂
∂
∂λθ
λ
λ
λ
z
z
θ
ri
ri
ri 
ro

Fred


 rdr


The stress distribution in the thick-walled tube can be computed according (63).
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i = θ ,z

for

(63)

In (63) the radial stress is expressed again using (50) but now as a function of lover bound
r . Integrals (64) and (65) have to equal. It implies that σ rr ( r ) has the form (66).
σ rr ( ro )

∫

σ rr ( r )

σ rr ( ro )

∫

σ rr ( r )

dσ rr = σ rr ( ro ) − σ rr ( r ) = 0 − σ rr ( r )

(64)

)
∂W 1
dr = ∫ λθ
dx
∂λθ x
r

(65)

ro

dσ rr = ∫
r

σ θθ − σ rr
r

ro

)
∂W 1
σ rr ( r ) = − ∫ λθ
dx
∂λθ x
r
ro

(66)

Substituting (66) in to (63), we obtain the final equation for the stress across the wall for
circumferential and axial direction (67).
) r
)
∂W o ∂W 1
σ ii = λi
− λθ
dx,
∂λi ∫r ∂λθ x

for

i = θ ,z

(67)

3.2 Tested Samples
Two types of experiments were performed during this study (inflation-extension test and
opening angle measurement) with samples of great human saphenous vein. It is the
longest vein in the body running along the length of the lower limb, Fig. 16. The terms
"saphaina" (Greek, meaning "manifest," "to be clearly seen") and "safoon" (Hebrew,
" "שָׂ פוּןmeaning "hidden/covered") as well as "safin" (Arabic, "

" meaning

"deep/embedded") have been claimed as the origin for the word "saphenous" (Caggiati
and Bergan, 2002).
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Figure 16 Left - Anatomical position of the great human saphenous vein (adopted from
https://en.wikipedia.org/wiki/Great_saphenous_vein). Right - Representative sample of
saphenous vein which was used for testing.

Samples for inflation-extension tests were collected either during coronary-artery
bypass surgery conducted at the General University Hospital in Prague (obtained with
informed consent) or during autopsies conducted at the Department of Forensic
Medicine of the Third Faculty of Medicine of Charles University in Prague within 24
hours after death. The experimental protocol was approved by the institutional Ethical
Committees. Collected veins were placed in the physiological solution and tested in less
than three hours after excision.
Specimens for residual strain measurement were excised during autopsies
conducted at the Department of Forensic Medicine of the Third Faculty of Medicine of
Charles University in Prague within 24 hours after death. The usage of samples for tests
was also approved by the Ethics Committee. Specimens placed in the physiological
solution and tested in five hours after excision.
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3.3 Experimental Inflation
The segment of the vein without side branches and of minimal length 40 mm was cut
from a body. Surrounding connective tissue and fat were removed from the graft material
before mechanical testing. Only the veins with no substantial deviation from circular
cylindrical geometry were included into the study. Prior to the mechanical testing, two
rings were cut out from the tissue at both ends, and the mean reference dimensions of the
samples (external radius, thickness) were determined by means of image analysis of digital
photographs (Nis-Elements, Nikon Instruments Inc., NY, USA). Circumferential residual
strains were also measured by radially cutting of a ring segment of the vein.
Unfortunately, the samples were so compliant, that it was impossible to reliably measure
the opening angle α .
Each specimen was marked with a black liquid eye-liner, cannulated at one end and
hung vertically in the experimental setup (Fig. 17). The experimental protocol consisted
of five pre-cycles to stabilize the mechanical response (preconditioning), and a sixth cycle
was used in the data analysis. Pressurization was performed in the range from 0 up to ≈15
kPa using a motorized syringe (Standa Ltd, Vilnius, Lithuania). The intraluminal pressure
was monitored by pressure transducer (sample rate 500 Hz) (Cressto s.r.o, Czech
Republic). The deformed geometry was recorded by a CCD camera with frequency 20 Hz
(Dantec Dynamics, Skovlunde, Denmark). In the data post processing, changes in the
length between the black marks (Fig. 17) and average changes in the silhouette (also
between the marks to avoid end effects) were determined by the edge detection algorithm
in Matlab (MathWorks, MA, USA). They were used to compute axial stretch ratio λz and
circumferential stretch ratio at the outer radius λθ (ro ) , according equation (68). Here

l

and L are lengths between marks in deformed and reference configuration, respectively.
ro and Ro are average outer radii of the sample in unloaded and loaded state, respectively.

The experiments were performed at room temperature (22°C). Here it has to be noted
that before inflation-extension experiments, it was impossible to measure the opening
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angle α . This has resulted in solution where the stress-free configuration was assumed to
be the same as the load-free state (Fig. 11). For the derivation of above mentioned
mathematical equations it means that opening angle α

= 0° .

Radii ρ o and ρi will then

pass on Ro and Ri , respectively.
λz =

l
L

λθ (ro ) =

ro
Ro

(68)

Figure 17 Experimental inflation-extension test set-up (panel A), and a picture of the sample
taken with a CCD camera (panel B). The black marks were used to identify the longitudinal
deformation of the vein. Adopted from Veselý et al. 2015a.

3.4 Parameters Estimation
The material parameters ( µ , k1 , k2 , β ) of the constitutive model were determined by
fitting model predictions based on (39) and (40) to the experimental data. The objective
function Q (69) was minimized in Maple (Maplesoft, Waterloo, Canada). Pmod and Pexp in
(69) denote the internal pressure predicted by (39) and measured experimentally,
respectively. The same denotation applies for axial force Fred . Neglecting the small weight
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exp
of the tube’s lower plug (≈5g), Fred
was considered to be 0. wP and wF are weight

factors. n is the number of observation points.

{

mod
exp
Q = ∑  wP ( Pjmod - Pjexp )  +  wF ( Fredj
- Fredj
)
j =1
n

2

2

}

(69)

The regression analysis was divided into two steps. The isotropic response of the noncollagenous component described in (32) by the neo-Hooke term was determined in the
first step via linear regression with experimental data restricted to the interval from 0 to
approx. 0.8 kPa for all specimens. Subsequently, all the data were fitted by the model with
µ held fixed from the previous step. This approach ensures that the model will predict

the behavior correctly at small strains (otherwise it may be biased by progressive large
strain stiffening of the collagen). Finally, the quality of the regression was evaluated by
normalized root mean square error RMSE(P ) defined as

∑ (P
n

j =1

RMSE (P ) =

mod
j

− Pjexp

)

2

n−q
Pexp

(70)

where q is the number of parameters in constitutive model and Pexp is the sectio for each
sample.

3.5 Stress Distribution & Opening Angle Estimation
To provide qualified estimate of how large the residual strain in the venous wall could be,
the uniform stress hypothesis was adopted to evaluate the optimal opening angle. The
hypothesis assumes that the optimal opening angle is homogenizing the stress distribution
across the wall thickness (Chuong and Fung, 1986; Takamizawa and Hayashi, 1987).
The intramural distribution of the circumferential and axial stress was computed for
opening angle α

= 0°

and then the value of α was increased by 10° until the homogenize
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stress distribution across the wall was observed. These computations were provided for
representative donor M60a and also for left and right bounds of obtained stress-stretch
response, donors M50 (left) and M68V (right), respectively (Table 1). The method is
based on the assumption that the opened up geometry is modeled as a circular sector, as it
was explained in chapters 2.3 and 2.5. The circumferential ( σ θθ ) and longitudinal ( σ zz )
stress through the wall thickness can be then computed using equation (67).
)
) r
)
∂W
∂W o ∂W dr
σ ii = λi
+ σ rr = λi
− λθ
,
∂λ i
∂λi ∫ri
∂λθ r

for

i = θ, z

(67)

Values of the intramural stress gradient for P = 2.3 kPa (representative venous
pressure), and P = 12 kPa (which is close to the pressure in great saphenous vein in
standing position measured by Pollack and Wood (1949) and Neglén and Raju (2000))
were computed according equation (71). The degree of homogenization was evaluated
using coefficient SR kP defined by (71).
SRkP =

σ kk (ri )
,
σ kk (ro )

for

k =θ , z

and

P = 2.3kPa ,12kPa

(71)

The analysis of the influence of opening angle on the stress distribution across the vein
wall described above was performed using material parameters obtained assuming α

= 0°

(chapter 3.2). This leads to the question, how are the model pressure-stretch curves
influenced by residual strain consideration? The response of thick-walled tube during
pressurization until 20 kPa was recomputed according equation (39) with assuming
opening angles from 0° and then increased by 10° until the value which homogenizes the
stress distribution (the same values mentioned in this chapter above). Comparison of the
model curves could show the influence of residual strain on the pressure – stretch
response.
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3.6 Opening Angle Measurement
The methodology of the opening angle measurement was finally created after several
unsuccessful efforts. It allows us to obtain the opening angle of saphenous vein and
compare these results with computations mentioned in section 3.5.
Four samples of healthy human saphenous veins were excised during autopsy and
surrounding connective tissue and fat were removed. Three rings were cut from each
sample and placed in the physiological solution. The rings were then cut radially and left
to release the residual stresses for 30 minutes to allow viscoelastic creep to take place
(Fung, 1993). The opening angle was measured from photographs (Nis-Elements, Nikon
Instruments Inc., NY, USA)., Fig. 18. The final value of opening angle for each donor
was obtained as average from all three cut rings.

Figure 18 Ring of saphenous vein before radial cut and after 30 minutes with released residual
stresses. Adopted from Veselý et al. 2015b
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4. Results
4.1 Inflation Curves
Fifteen specimens of human saphenous veins were tested in this study. Eleven samples
were collected during surgery (mean ± SD; age 55 ± 15; 7 male and 4 female; 3 donors
with varicose disease) and four in autopsy (age 65 ± 5; 3 male and 1 female; one with
varicose disease). Age, sex and reference dimensions of tested grafts is summarized in
Table 1.
The pressure recorded by the pressure transducer during inflation of sample from
representative donor M63a is depicted in Fig. 19 (upper panel). The evolution of
circumferential stretch on the outer radius during pressurization is for the same donor
shown in the lower panel of Fig. 19. The red part of inflation curves indicates loading
cycle after preconditioning which was used in the material parameter determination
procedure.
The final experimental inflation-extension curves for circumferential and axial direction
are for all fifteen donors shown in Fig. 20. Panel A represents the pressurecircumferential stretch at the outer radius dependency and panel B shows pressure-axial
stretch curves. Donors with varicose disease are in red color. The interval in axial stretch
from 0.99 to 1.01 in panel B identified by gray lines represents bounds of uncertainty
caused by resolution of digital cameras.
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Figure 19 Pressure-time curves for representative donor M63a during the experimental inflation
(upper panel) and the evolution of circumferential stretch during loading of the same sample
(lower panel). The loading part of the fifth cycle (red color) was used in the material
determination analyses.
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Figure 20 The experimental pressure-circumferential stretch at the outer radius (panel A) and
pressure-axial stretch (panel B) dependences. The donors with varicose disease are in red. The
interval in axial stretch from 0.99 to 1.01 in panel B identified by gray lines represents bounds of
uncertainty caused by resolution of digital cameras. Indication of donors is provided as follows:
sex (F – female, M – male); age; disease (none – healthy, V – varicose disease). Adopted and
modified from Veselý et al. 2015a
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4.2 Material Parameters
The data collected in the pressurization experiments are summarized in Table 1. Column
exp
Mean( Fredmod ) shows how accurately was the axial force predicted by the model ( Fred
= 0).

Eleven samples of human saphenous vein were collected during surgery (mean ± SD; age
55 ± 15; 7 male and 4 female; 3 donors with varicose disease) and four in autopsy (age 65
± 5; 3 male and 1 female; one with varicose disease). Fig. 22 shows the loading part of the
fifth inflation-extension cycle to which the constitutive models were fitted. Model
predictions were obtained by substituting the estimated parameters into the system (39)
and (40), and are depicted by continuous curves (donors with varicose disease are in red).
The models predict satisfactorily the experimental pressure-stretch data (Fig. 21 upper
mod
, which in all cases satisfied Fredmod < 1 µN.
panel). Fig. 21 illustrates computed Fred

However, the predicted axial stretch, shown in Fig. 22 (bottom panel), corresponds to the
experiments only to a limited extent.

Figure 21 The computed reduced axial force-pressure curves showing the zero axial force
mod
condition. Red color is used for donors with varicose disease. The oscillations of predicted Fred

represent numerical errors of the iterative solver applied for the solution of the algebraic
equations derived from (39) and (40). Adopted from Veselý et al. 2015a.
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Figure 22 The resulting pressure-circumferential stretch at the outer radius (panel A) and
pressure-axial stretch (panel B) dependences. The experimental data (dotted curves) are
compared with data predicted by the constitutive model (solid curves). The donors with varicose
disease are in red. The interval in axial stretch from 0.99 to 1.01 in panel B identified by gray lines
represents bounds of uncertainty caused by resolution of digital cameras. Adopted from Veselý et
al. 2015a.
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Table 1. Age and sex of the donors (F stands for female and M for male), obtained material
parameters ( µ , k1 , k2 , β ), normalized root mean square error RMSE(P ) and computed mean
mod
) for each sample of vein. Adopted from Veselý et al.
force during pressurization Mean( Fred

2015a.

Donor

Age
[years]

Sex

Ro

H

[mm]

[mm]

Material parameters

µ

k2

β

[kPa]

k1
[kPa]

[-]

RMSE

(P ) Mean( mod )
Fred

[°]

[-]

[N]

Pathology

CABG
a

63

M

2.89

0.83

5.5

4.0

61.7

40.3

0.082

9.1E-08

-

66

F

2.12

0.49

28.4

8.4

122.1

39.3

0.072

2.6E-08

varicose

27

F

2.32

0.88

4.0

1.5

18.2

43.0

0.046

7.0E-08

varicose

42

F

2.78

0.80

5.7

1.4

13.5

43.1

0.046

1.8E-07

varicose

69

M

1.14

0.59

4.2

3.0

10.8

44.1

0.069

8.7E-09

-

b

63

M

2.05

0.76

5.6

4.5

13.6

42.7

0.030

4.5E-08

-

a

60

M

1.80

0.53

9.9

5.9

62.2

39.8

0.077

4.4E-08

-

76

M

1.98

0.57

7.0

19.3

48.2

36.5

0.021

3.8E-08

-

50

M

2.33

0.57

30.7

30.3

330

38.4

0.090

5.5E-08

-

60

M

1.92

0.47

13.7

9.3

85.5

38.2

0.041

6.7E-08

-

49

F

1.86

0.39

14.1

4.2

43.2

41.2

0.037

2.9E-08

-

Mean

55

-

2.11

0.62

11.7

8.3

73.6

40.6

0.055

5.9E-08

-

SD

15

-

0.48

0.16

9.1

8.4

87.5

2.3

0.023

4.5E-08

-

72

F

1.78

0.71

3.1

2.3

8.8

42.6

0.045

2.5E-08

-

c

60

M

0.92

0.28

9.5

5.0

53.5

41.5

0.062

6.4E-09

-

d

60

M

2.14

0.42

4.4

1.4

50.5

40.4

0.044

5.9E-08

-

68

M

1.80

0.48

4.2

1.0

13.1

41.9

0.027

6.1E-08

varicose

Mean

65

-

1.66

0.47

5.3

2.5

31.5

41.6

0.044

3.8E-08

-

SD

5

-

0.52

0.18

2.5

1.6

20.6

0.8

0.014

2.7E-08

-

b

Autopsy
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4.3 Opening Angle Measurement
The obtained opening angles for each donor (two male and two female; age 62±5 years)
and mean value from all measurements are displayed in Fig. 23. Summary about vein
samples (reference dimensions of the rings, age of donors and measured opening angle) is
listed in Table 2.

Figure 23 Obtained values of the opening angles for each donor (grey) and the average from all
measurements (black) with related standard deviations. Adopted and modified from Veselý et al.
2015b.
Table 2 Sex (F – female, M – male) and age of donors, reference outer radius ( Ro ), thickness ( H )
and measured opening angle ( α ) of samples. Adopted and modified from Veselý et al. 2015b.

Donor

Sex

Age

Ro

H

α

[years]

[mm]

[mm]

[°]

1

F

55

1.66

0.48

53±5

2

F

60

2.02

0.73

34±9

3

M

67

1.71

0.69

57±26

4

M

65

1.50

0.59

34±3

Mean ± SD

-

62±5

1.72±0.22

0.62±0.11

45±18

61

Constitutive Modeling of Human Saphenous Veins under 3D Stress State

2017

4.4 Mathematical Simulations
Computed intramural distributions of the circumferential and axial stress for different
opening angles α and for P = 2.3 kPa (representative venous pressure) and P = 12 kPa
(pressure in great saphenous vein in standing position) are depicted in Fig. 24 (donor
M60a), Fig. 25 (donor M50) and Fig. 26 (donor M68V) with indicated numerical values of
the intramural stress gradient ( SR kP ). The gray fields in these figures in panel C shows the
value of opening angle which homogenizes the stress distribution across the vein wall for
circumferential and axial direction, respectively.
The influence of the residual strain (opening angle) on the model pressure – stretch
curves for circumferential and axial direction is for donors M60a, M50 and M68V
depicted in Fig. 27 and Fig. 28, respectively.
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Figure 24 The simulation of the influence of opening angle α for donor M60a. The
circumferential and axial stress distribution through the vein wall for transmural pressure 2.3 kPa
(panel A) and for 12 kPa (panel B). Panel C displays stress gradients through the wall thickness.
The gray fields show values of opening angles where the stress homogenization could be
expected. Adopted from Veselý et al. 2015a.
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Figure 25 The simulation of the influence of opening angle α for donor M50. The circumferential
and axial stress distribution through the vein wall for transmural pressure 2.3 kPa (panel A) and
for 12 kPa (panel B). Panel C displays stress gradients through the wall thickness. The gray fields
show values of opening angles where the stress homogenization could be expected.
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Figure 26 The simulation of the influence of opening angle α for donor M68V. The
circumferential and axial stress distribution through the vein wall for transmural pressure 2.3 kPa
(panel A) and for 12 kPa (panel B). Panel C displays stress gradients through the wall thickness.
The gray fields show values of opening angles where the stress homogenization could be
expected.
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Figure 27 The simulation of the influence of opening angle α on the pressure – circumferential
stretch curves for representative donor M60a and also for donors M50 and M68V, respectively.
The black curves ( α = 0°) are the same as could be seen in results from inflation-extension tests,
Fig. 22A.
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Figure 28 The simulation of the influence of opening angle α on the pressure – longitudinal
stretch curves for representative donor M60a and also for donors M50 and M68V, respectively.
The black curves ( α = 0°) are the same as could be seen in results from inflation-extension tests,
Fig. 22B.
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5. Discussion
5.1 Exponential inflation & Stress Across the Wall
In this study, overloading inflation-extension tests were performed with 15 human
saphenous veins. The experiments were conducted with free axial extension of the tubes
without axial pre-stretch. This approach was chosen in order to simulate conditions after
implantation of the graft in arterial system. The experimental data were fitted by the
hyperelastic nonlinear anisotropic constitutive model proposed by Holzapfel et al. (2000).
Only the passive mechanical response was modeled.
Fig. 20 shows that veins under simultaneous inflation and extension exhibit
significantly smaller deformations in axial direction than in circumferential direction. It
may be a consequence of approximately two-times smaller stresses in axial than in
circumferential direction, as it is shown in Fig. 24 (donor M60a), Fig. 25 (donor M50) and
Fig. 26 (donor M68V) for ( α = 0°, black curves). This finding is in agreement with results
of Wesly et al. (1975), who studied the pressure-strain relationship of dog jugular and
human saphenous veins. Specifically, in our study measured axial stretches are generally in
the range from 0.98 to 1.03. For samples M50, M60a, F49, M63a, F69, F66V, M60d and
M63b, the range of axial deformation during the entire pressurization period was not
higher than approx. 1%. This small deformation is, however, determined with relatively
high measurement uncertainty. In the worst case, the resolution of the digital images was
19 pixels/mm (M76). In this case, the reference distance of the longitudinal marks was
104 pixels. Thus to obtain axial extension of 1%, it would be necessary to find marks at a
distance of 105.04 pixels. This is a change of 1 pixel. Due to this fact axial stretches in
the interval from 0.99 to 1.01 are affected by experimental uncertainty which is in Fig. 20
and Fig. 22 highlighted by gray lines. In this case, it was decided to present in Fig. 22
predictions of the simulation based on (39) and (40) with substituted (32) in which λθ (ro )
and λz were also based on the model rather than solely predicting P at the
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experimentally obtained stretches, which may be affected by measurement error. This
approach, however, gives somewhat different λz than was measured experimentally.
Four donors with diagnosed varicose disease were included in this study in order to
reveal differences in mechanical response in comparison with healthy donors. However,
only four samples were obtained from donors, which is a small number for statistical
evaluation and these samples do not appear to behave differently. Finally, these specimens
were preserved in the study, because obtained material parameters could be used by other
authors.
In inflation-extension experiments and related modeling, it was assumed that veins are
in stress-free configuration in their cylindrical geometry. This is the most important
limitation of our study, since it is well known that for instance arteries exhibit residual
stresses. Artery rings cut radially spring open to release these stresses; this is the so-called
opening angle method (Chuong and Fung 1986, Rachev and Greenwald 2002, Holzapfel
et al., 2000). Zhao et al. (2007) examined the biomechanical properties of human
saphenous veins at supra-physiologic pressures using the distension experiment and were
able to measure the zero-stress state of vein tissue by radially cutting open their
specimens.

They observed the residual opening angle around 120°. Similar results

(opening angle from 90° to 130°) were obtained by Huang and Yen (1998) for human
pulmonary vein segments with diameter comparable to saphenous veins. We also tried to
measure the residual strain by the opening angle in samples which were subjected to the
inflation test, but it was impossible with our current technical equipment. The vein walls
were so compliant that they collapsed and we could not distinguish between forces
imposed by handling and forces induced by the releasing residual stress.
However, to provide at least some qualified estimate of how large the residual stress in
the venous wall could be, the intramural distribution of the circumferential and axial
stress was computed for opening angles α = 0° and then the value of α was increased
step by step by 10° until the homogenize stress distribution across the wall was observed.
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These computations were provided for representative donor M60a and also for left and
right bounds of obtained stress-stretch response, donors M50 (left) and M68V (right),
respectively (Fig. 22). The computations were provided for pressure P = 2.3 kPa
(representative venous pressure) and for P = 12 kPa (the pressure in great saphenous
vein in standing position measured by Pollack and Wood (1949) and Neglén and Raju
(2000)). The results (Fig. 24 - donor M60a, Fig. 25 - donor M50 and Fig. 26 - donor
M68V) suggest that for physiological conditions ( P = 12 kPa) the optimal opening angle
(homogenizing the stress distribution across the wall thickness – uniform stress or strain
hypothesis; Chuong and Fung, 1986; Takamizawa and Hayashi, 1987) could be expected
in the interval 40° - 50° for representative donor M60a, 10° - 20° for donor M50 (the
least compliant tested sample) and 80° - 90° for donor M68V (the most compliant tested
samples). Our results of the opening angle simulations showed that the stiffer vein wall is,
the smaller opening angle is homogenizing the stress distribution across the thickness.
This is consistent with the idea that for stiff material, also small residual strains cause high
compressive stresses on the inner radius of the tube. The higher compressive stress is
induced within the tube, the smaller differences in stress on inner and outer surface of the
vein would be observed. However, one can find higher values of opening angle in
observations of Zhao et al. (2007). The results also indicate that under arterial conditions
the inner radius of the vein wall could be highly overloaded. This is consistent with the
development of intimal hyperplasia after a graft surgery.
To the best of our knowledge, this is the first study witch presents a
comprehensive set of material parameters for human saphenous veins modeled as
the thick wall tube suitable for describing multi-axial stress states. They can be
helpful as input in numerical simulations of the remodeling and adaptation processes
triggered after bypass surgery involving autologous vein grafts (Hwang et al., 2012, 2013;
Sassani et al., 2013).
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5.2 Opening Angle Measurement
It is now well documented that the vascular system expresses residual strain in the noload state (Fung and Liu, 1992; Liu and Fung, 1988, 1989, 1992; Zhao et al., 2000, 2002).
This effect can be demonstrated by making a radial cut in a ring of the vessel (Fung,
1991). This behaviour is a mechanism that prestresses the vessel, thus reducing the
concentration of circumferential stress at the inner wall (Fung, 1993). This phenomenon
was confirmed by this study.
After a several unsuccessful efforts, the opening angle of human great saphenous vein
was experimentally obtained for four donors. The rings of the vein samples were cut
radially and left to release the residual stresses for 30 minutes as it is described for
example in Zhao et al. (2007). The observed opening angle suggest that the vein wall is in
compression in the no-load state and at the low-pressure range. Thus, the compressed
inner wall may be better protected against endothelium damage from high pressure than
an uncompressed inner wall. These protection mechanisms could be important when high
pressures are reached, e.g. after the saphenous vein is inserted into the coronary
circulation during CABG.
The experiments showed no significant differences between donors and the mean
value of opening angle

= 45°±18° (mean ± SD) for all measurements (Fig. 23). As it

was mentioned above, Zhao et al. (2007) observed the opening angle for human
saphenous vein around 120° and similar results (opening angle from 90° to 130°) were
obtained by Huang and Yen (1998) for human pulmonary veins. Our results showed
lower values in all twelve measurements. The differences could be caused by variability
between donors included into study. However, we can observe agreement in the values of
opening angle, comparing the residual strain measurement with the results obtained from
simulations described in chapter 3.4 (the uniform stress hypothesis was adopted in order
to obtain opening angle which homogenizes the stress distribution across the vein wall).
For the representative sample from the inflation-extension tests (donor M60a), the
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homogenizing opening angle could be expected in the interval 40° - 50°, Fig. 24. These
results suggest that the uniform stress hypothesis could be valid not only for arteries but
also for the veins. However, this hypothesis should be addressed in future research
because in this study, the inflation-extension tests and opening angle measurements were
provided for different donors. Future research should also answer the question if the
residual strain (opening angle) would be changed after implantation of the graft into
arterial conditions and its remodeling. The influence of longitudinal residual strain should
be also verified because it plays important role in artery biomechanics (Horny et al., 2012).
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6. Conclusions
The presented study deals with inflation experiments at free axial extensions of 15 human
vena saphena magna which were conducted ex vivo to obtain data suitable for multi-axial
constitutive modeling at overloading conditions (pressures up to approximately 15 kPa).
Subsequently the data were fitted with a hyperelastic, nonlinear and anisotropic
constitutive model based on the theory of the closed thick-walled tube. The material
parameters presented here are suitable for use in mechanobiological simulations
describing the procedures during intervention or adaptation of the autologous vein wall
after bypass surgery. To the best of author’s knowledge, this is the first study witch
presents a comprehensive set of material parameters for human saphenous veins
modeled as the thick wall tube suitable for describing multi-axial stress states
within the framework of the nonlinear theory of elasticity.
It was observed that initial highly deformable behavior (up to approximately 2.5 kPa)
in the pressure–circumferential stretch response is followed by progressive large strain
stiffening. Contrary to that, samples were much stiffer in longitudinal direction, where the
observed stretches were in the range 0.98 – 1.03 during the entire pressurization in most
cases. The effect of possible residual stress was evaluated in the simulation of the
intramural stress distribution with the residual strain (opening angle) prescribed from 0°
to 90°. The result suggests that for representative donor the optimal opening angle
making the stress distribution through the wall thickness uniform should be expected
from 40° to 50°.
The residual strain in the circumferential direction (opening angle) was also quantified
by opening angle experiments. Rings of the vein from four donors were radially cut to
obtain the opening angle of the tissue. It was found that the average opening angle is
45°±18° (mean±SD). Then, the findings were compared to the simulations of the optimal
opening (opening angle is homogenizing the stress distribution across the wall thickness).
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The results suggest that opening angle obtained from experiments is close to the value of
opening angle which homogenizes the stress distribution across the wall thickness
determined from simulations.
Parts of this thesis were published in the Journal of the Mechanical Behavior of
Biomedical Materials (5-year IF 3.152; Veselý et al., 2015a) and also in the
proceedings of international conferences (Veselý et al., 2014; Veselý et al., 2015b;
Veselý et al. 2015c). Finally, author claims that the objectives of the thesis have
been successfully achieved.
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