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Preface

The topic of this text is the study of higher-dimensional categorical universal algebra
algebra. We study two-dimensional algebraic theories and monads (and their properties),
and we are interested in generalising the results of categorical universal algebra outside
the setting of ordinary category theory.

The study of ordinary categorical universal algebra is well-established and it essentially
started with Lawvere’s thesis [61] in the 1960s, where he introduced the notion of an
algebraic theory for the first time. His notion corresponds to the universal-algebraic
notion of an equational theory that dates back to Birkhoff’s paper [16], which established
universal algebra as a field of mathematics. For an excellent introduction to the theory of
algebraic theories, we refer to a recent textbook by Adámek, Rosický and Vitale [5] that
covers the main results concerning algebraic theories in the setting of ordinary category
theory.

Moving from ordinary category theory, we wish to study generalisations of the notions
of Lawvere’s algebraic theories and of monads using the theory of enriched categories.
Instead of ordinary categories, we consider categories enriched in a suitable monoidal
category V , say the category Pos of all posets and monotone maps, or the category Cat
of all small categories and functors. We are then able to study interesting structures of
algebraic nature that are equipped with an underlying poset or an underlying category,
instead of a set. The fact that the underlying “object” of an algebra has an additional
structure of categorical nature explains why we speak of “higher-dimensional” categorical
algebra.

The study of categorical universal algebra using the methods of enriched category
theory is not new either: the study of cocompletions of enriched categories by Kelly [41],
and the recent investigations of enriched algebraic theories of Lack and Rosický [57],
recover large portions of the theory of ordinary algebraic theories in a very general setting.
Still, it is possible to find interesting parts of the ordinary theory that have not yet been
generalised in a satisfactory manner; and perhaps even more importantly, we want to
persuade the reader that even in the cases where there is a general result for enriched
algebraic theories, it is worthwhile to study its ramifications for concrete enrichments.

Going even further, some of the results that are definitely of algebraic flavour cannot
be stated with the methods of enriched category theory. We have to work in a yet weaker
setting of 2-dimensional categories, pseudofunctors and pseudonatural transformations
(see, e.g., [35]) instead of categories enriched in Cat. The “pseudo” prefix here indicates
that many of the requirements present as axioms in enriched category theory are relaxed
to fit the examples we have in mind.

We give a more detailed account of the contents of the text below.
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Structure of the text.

Chapter 1 In the first chapter we introduce basic notions of (categorical) universal al-
gebra and give a motivation for its study.

Chapter 2 We turn to generalising some of the basic notions of Chapter 1 to the setting
of enriched categories. The essentials of cocompletions of categories are reviewed
and their connection to categorical universal algebra is hinted at.

Chapter 3 Morita equivalence detects the situation in which two different theories give
rise to the same class of models. In this chapter we first quickly generalise the notion
of an algebraic theory to the context of enriched category theory, then we generalise
the result of Adámek, Sobral and Sousa concerning Morita equivalence of many-
sorted algebraic theories. The result is parametric in the choice of enrichment and
in the choice of the class of colimits in the theory. We apply the result to recover
some known Morita equivalence theorems and significantly extend them.

Chapter 4 Every theory map between two theories gives rise to a well-behaved algebraic
functor between the categories of algebras for the respective theories. An example of
this phenomenon is the “quotient” of the theory of groups to the theory of commuta-
tive groups, that gives rise to the inclusion of the category of commutative groups in
the category of all groups. In fact, there is a dual correspondence between (certain)
theories and algebraic categories that is usually dubbed Gabriel-Ulmer duality. We
give a very general account of the duality in this chapter.

Chapter 5 Sifted colimits are those colimits that commute with finite products in sets.
They play a major role in categorical universal algebra. For example, varieties
of algebras are precisely the free cocompletions under sifted colimits of algebraic
theories. In this chapter we give an elementary characterisation of sifted weights
for the enrichment in categories. We also provide a number of examples of sifted
weights using our elementary criterion.

Chapter 6 Birkhoff’s variety theorem from universal algebra characterises equational
subcategories of varieties. We give an analogue of Birkhoff’s theorem in the setting
of enrichment in categories. For a suitable notion of an equational subcategory we
characterise these subcategories by their closure properties in the ambient algebraic
category.

Chapter 7 When studying weak categorical notions such as pseudoadjunctions and pseudo-
monads formally, it is conveninent to consider them as constructions in a Gray-
category instead of in a general tricategory. Gray-categories are a strict kind of
tricategories and known coherence results state that one does not lose any generality
working with Gray-categories, rather than in tricategories. We introduce Gray-
categorical notions and review the theory behind giving presentations of Gray-
categories.

Chapter 8 Using the theory of Chapter 7, we give presentations of important Gray-
categories: the free pseudoadjunction Gray-category psa, the free pseudomonad
Gray-category psm, and their KZ-variants.



6 Contents

Chapter 9 The formal adjoint functor theorem states that a right adjoint is equivalently
a certain absolute left Kan extension. Naively reformulating this result from ordi-
nary category theory, we would presume that a pseudoadjunction is equivalently a
certain absolute left Kan pseudoextension, given the right notion of a Kan pseudoex-
tension. Such a notion already appeared in literature, and we show that using this
notion the expected formal pseudoadjoint functor theorem indeed holds.

Chapter 10 We turn to study the properties of KZ-pseudoadjunctions, KZ-pseudomonads
and their properties. We show that KZ-pseudomonads are property-like in a certain
technical sense, loosely meaning that pseudoalgebras for these pseudomonads are
objects “with additional properties” instead of objects “with additional structure”.

Chapter 11 Wreaths are a generalisation of the notion of a distributive law. We intro-
duce the notion of a wreath in a Gray-category and give an elementary description
of wreaths in this setting.

Original results contained in the text. The original results of the author are col-
lected (and properly cited) in the following list. Other results that are contained in the
text but not in the list are either not original, or easy/folklore.

1. Chapter 3 contains a refinement for many-sorted algebraic theories of the basic
Morita-type theorem. This chapter closely follows the exposition of [31].

2. Chapter 4 contains a proof of Gabriel-Ulmer duality for Ψ-theories and Ψ-algebraic
categories enriched in a suitable monoidal category V . The result has not yet been
published elsewhere.

3. Chapter 5 contains a coend characterisation of flat weights for a sound class of
weights in a general enrichment. In the special case of the enrichment in categories
and for the sound class of weights for finite coproducts, this yields an elementary
characterisation of sifted weights. The results of this chapter have appeared in [30].

4. Chapter 6 contains a proof of a two-dimensional Birkhoff theorem. The results of
this chapter are contained in [28].

5. Chapter 8 contains presentations of Gray-categories psa, psm, kza, kza detecting
pseudoadjunctions, pseudomonads, KZ-pseudoadjunctions and KZ-pseudomonads,
respectively. These presentations are spelled out in detail.

6. Chapter 9 contains a proof of formal pseudoadjoint functor theorem. This is a novel
result contained in the preprint [29].

7. Chapter 10 contains a characterisation of KZ-pseudoadjunctions and KZ-pseudomonads
that expands the characterisation of KZ-pseudomonads already present in [67].

8. Chapter 11 contains a description of wreaths of 2-functors around pseudomonads.
This description is new and has not appeared anywhere in the literature.
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Enriched categorical universal algebra
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Chapter 1

Introduction to categorical universal
algebra

The intention of this chapter is to introduce categorical universal algebra and to motivate
this subject by showing its connections to “ordinary” universal algebra. We give the basic
definitions pertaining to categorical algebra, and then reformulate and generalise them in
the setting of enriched category theory.

The topic of the remaining chapters of Part I of this thesis is “categorical universal
algebra in the enriched setting”. To give a very quick taste of the difference between
classical universal algebra and enriched universal algebra, consider

• The example of natural numbers. Natural numbers can be thought of as a set N
endowed with algebraic structure: certain operations on this set, such as addition or
multiplication, that are subject to laws or axioms : for example, for any two natural
numbers a, b the commutativity condition

aˆ b “ bˆ a

holds.

• The example of sets themselves. Consider (putting foundational issues aside) the
collection Set of all sets and mappings. This huge collection is also endowed with
algebraic structure in some sense. Similarly to the case of natural numbers, we can
take two elements of the collection Set and perform some operations on them. The
cartesian product of two sets is a well-known operation on sets, taking sets A and
B and producing the set

AˆB “ tpa, bq | a P A, b P Bu

of ordered pairs of elements from A and B. In fact, the operation ˆ extends to pairs
f : AÑ A1 and g : B Ñ B1 of mappings, producing the mapping

f ˆ g : AˆB Ñ A1 ˆB1

pa, bq ÞÑ pfpaq, gpbqq

and thus being “functorial”. This operation is also subject to axioms. For example,
for any two sets, their cartesian product is almost commutative. That is, the equality

AˆB “ B ˆ A

8



1.1. Universal algebra 9

does not hold. However, the sets AˆB and B ˆA are in an abstract sense almost
the same: there is a natural isomorphism (bijection) map

s : AˆB Ñ B ˆ A

that for each pair pa, bq returns the pair pb, aq.

The need for study of the “higher-dimensional” algebraic structures in the sense of the last
example arises very often when we turn from studying concrete examples of algebras and
instead begin to study classes of algebras and relations between such classes of algebras.
In this chapter we give a basic overview of universal algebra in the sense of the first
example, and in subsequent chapters we study the theory of categorical universal algebra
in the enriched setting, motivated by the abundance of the examples of the second kind.

Structure of the chapter.

1. In Section 1.1 we will give the most basic definitions from universal algebra and
show examples from computer science that enlighten the importance of many-sorted
algebras.

2. Section 1.2 introduces the notion of an algebraic theory. This is the abstract struc-
ture generalising the usual notion of an equational theory from universal algebra. We
will argue that the level of generality of the definition allows interesting variations
of the notion of an algebra with almost no overhead in the difficulty of presentation.

3. Then we shall cover the notion of a sifted colimit in Section 1.3. Sifted colimits
are those colimits that commute with finite products, and they satisfy many useful
properties in categories of algebras for an algebraic theory.

4. Morita equivalence studies the situation when two different equational theories yield
the same category of algebras. We will deal with the basics of the theory in Sec-
tion 1.4.

5. Section 1.5 defines the notion of an equationally defined subcategory of an algebraic
category, and states Birkhoff’s HSP theorem in categorical language.

6. We shall sometimes use the monad approach for studying universal algebraic phe-
nomena. Monads give an alternative abstract definition of the notion of a theory.
We quickly introduce them in Section 1.6.

All the notions developed and all the results stated in this chapter are well-known and
standard. The exposition in this chapter is quick and it serves the role of settling the
notation rather than being completely self-contained.

1.1 Universal algebra
Universal algebra was founded by Garrett Birkhoff in 1935 in his seminal paper [16]. The
unifying strength of universal algebra quickly established it as an important field of algebra
that conceptually explains the similarities between various classes of abstract algebras.
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We shall give a short exposition of the basic notions of universal algebra using some
well-known structures from computer science. In anticipation of further generalisations,
our presentation of basic notions of universal algebra differs slightly from those given in
standard universal algebra textbooks (e.g. [26]). Namely, we intend to use category theory
notation from the very outset, since it makes the generalisation easy to grasp.

An example of an algebraic structure abundant in both pure mathematics and theo-
retical computer science is that of a monoid.

Definition 1.1.1. A monoid is a set A together with an identity element e P A and a
binary operation ˚ : Aˆ AÑ A, subject to the unit and associativity axioms

e ˚ a “ a, a ˚ e “ a, pa ˚ bq ˚ c “ a ˚ pb ˚ cq

holding for all elements a, b, c P A.

Example 1.1.2. Let us fix a finite set S “ ts1, . . . , snu, thought of as an alphabet with
symbols s1, . . . , sn. If we denote by S˚ the set of all (finite) words in the alphabet S, we
can form a free monoid FS “ pS˚, ˚, εq by defining the operation

˚ : S˚ ˆ S˚ Ñ S˚

as concatenation of strings, and denoting the empty word by ε. The axioms of a monoid
are satisfied since concatenation is associative and ε plays the role of unit with respect to
concatenation.

Observe that the free monoid F1 on a one-element set 1 is isomorphic to the monoid
pN,`, 0q of natural numbers with addition.

The example of monoids shows three main ingredients of an abstract algebra. It is a
set that comes equipped with some operations of a given signature, and the operations
satisfy certain prescribed axioms. Firstly we will introduce the notion of an algebra for a
general signature.

Definition 1.1.3. A signature Σ is a set of operation symbols together with an arity
function

ar : Σ Ñ N

that assigns to each operation symbol σ its arity arpσq.
An algebra for a signature Σ is a set A together with with an n-ary operation σA :

An Ñ A for every operation σ P Σ such that arpσq “ n. We often write 1 (the one-element
set) instead of A0.

A homomorphism of Σ-algebras from A to B is a function f : A Ñ B that preserves
the operations: for every n-ary operation σ P Σ, the square

An Bn

A B

fn

σA σB

f

commutes.
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The introduction of axioms for algebras requires the notion of a Σ-term. Without
being too technical, we will settle with saying that a Σ-term is a well-constructed algebraic
expression (a syntactic tree) constructed from variables and operation symbols from Σ. A
Σ-equation is then a formal equality l « r between two Σ-terms l and r, and a Σ-algebra
A satisfies the equation l « r if the algebraic expressions l and r, when interpreted in A,
yield the same output for every valuation of the variables in A.

Example 1.1.4. Using the notions defined above, a monoid is an algebra for the signature

Σ “ t˚, eu

with arp˚q “ 2 and arpeq “ 0, satisfying the formal equalities

e ˚ x « x, x ˚ e « x, x ˚ py ˚ zq « px ˚ yq ˚ z.

The algebraic structure of a monoid is one-sorted, since it involves essentially only one
set: namely the “carrier set” of the algebra. Many applications of algebra in computer
science (see, e.g., [81]) naturally demand a many-sorted approach to universal algebra, as
introduced in [17]. An elementary example of a many-sorted algebra is a directed graph,
since every graph consists of two sorts of data: the vertices, and the edges.

Example 1.1.5. A directed graph is a pair pE, V q of sets together with two maps s : E Ñ
V and t : E Ñ V , being the source and target maps, respectively. In a diagram, we have
a parallel pair

E V

s

t

of sets and mappings.

A slightly more involved example of a many-sorted algebra is a stack. In this example
the two sorts of data considered are the alphabet sort and the stack sort. Unlike in the
example of a directed graph, we need operations with arities of mixed sorts: the operation
of pushing a symbol on top of a stack requires a symbol (that has the alphabet sort), the
stack involved (of the stack sort), and the operation returns a new stack. Moreover, we
need to specify axioms guaranteeing the stack behaviour of the algebra.

Example 1.1.6 ([81]). A stack is a pair pA, Sq of sets, together with a nullary operation
empty : 1 Ñ S, a unary operation pop : S Ñ S, and a binary operation push : AˆS Ñ S,
subject to axioms

poppemptyq “ empty, popppushpa, sqq “ s.

It is possible to give a formal definition of a many-sorted signature, many-sorted alge-
bra and a homomorphism of many-sorted algebras in the same spirit as in Definition 1.1.3.
These definitions are, however, more involved than in the one-sorted case. We shall intro-
duce the notion of an algebraic theory in the following section, showing how this approach
yields the expected definitions for free.
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1.2 Algebraic theories
The categorical notion of a one-sorted algebraic theory was introduced by W. Lawvere in
his PhD thesis [61]. We are going to introduce the notion of an algebraic theory and its
variants. We use the standard notation and basic notions of category theory; we refer to
the standard textbooks [10] and [64].

The set N will now be considered as a category (and denoted by N again). The
category N has natural numbers as objects, and the only morphisms in N are those that
guarantee the existence of all the finite coproducts of the form n “ 1` ¨ ¨ ¨ ` 1 “ n ‚ 1.

Definition 1.2.1 (Lawvere [61]). A Lawvere theory T is a category with finite coprod-
ucts, together with a finite-coproduct-preserving functor T : N Ñ T that is bijective on
objects.

Given a Lawvere theory T , we denote by AlgpT q the full subcategory of rT op , Sets
spanned by all finite-product-preserving presheaves. Every finite-product-preserving pre-
sheaf A : T op Ñ Set is called an algebra for the theory T , a homomorphism between
two algebras A and B is a natural transformation f : A Ñ B between the respective
presheaves, and the category AlgpT q is called the category of algebras for T . Any
category equivalent to AlgpT q for some theory T is called an algebraic category.

Example 1.2.2. Define T to be the category that has as objects the free monoids Fn on n
generators for every natural number n, and as morphisms all the monoid homomorphisms
between them. This category has finite coproducts, because the isomorphism F pmq `
F pnq – F pm ` nq holds for all pairs m,n of natural numbers. If we equip T with the
obvious finite-coproduct-preserving functor T : NÑ T that maps a natural number n to
the free monoid Fn, we observe that T is a Lawvere theory.

It is easy to prove that the category AlgpT q of algebras for the Lawvere theory T is
equivalent to the category Mon of all monoids and monoid homomorphisms.

The introduced formalism of a theory as of a certain category with finite coproducts
admits a quick and natural generalisation.

To obtain a notion of an S-sorted theory, we replace N with S ˚. Here, S ˚ has the
set of all strings S˚ over an alphabet S as the set of objects, and the morphisms in S ˚

are such that any word vw P S˚ is a coproduct v ` w in S ˚.

Remark 1.2.3. Let us slightly reformulate the above comments. Given a set S, we can
form the discrete category S consisting of the object set S, and the only morphisms in S
being the identity morphisms for each object s P S. The above introduced category S ˚

is obtained by “freely adjoining” finite coproducts to the discrete category S . In more
precise terms, S ˚ is the free cocompletion of S under finite coproducts.

Definition 1.2.4 (Bénabou [14]). Let S be any set. An S-sorted theory T is a category
with finite coproducts, together with a finite-coproduct-preserving functor T : S ˚ Ñ T
that is bijective on objects.

Given an S-sorted theory T , the definition of an algebra, homomorphism and the
category of algebras is the same as in the case when T is a Lawvere theory.

Note that by the above definition, the notion of a Lawvere theory is a special instance
of the notion of an S-sorted theory for S being a one-element set 1. This follows from
observing that N » 1˚, where 1 denotes the one-morphism category.
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Example 1.2.5. The category Graph of directed graphs and their homomorphisms is
equivalent to the presheaf category rDop , Sets for the category D defined by the following
diagram:

e v

t

s

We may form a many-sorted algebraic theory T from D by freely adjoining finite co-
products to the category D . Then the presheaf category rDop , Sets is equivalent to the
category AlgpT q of algebras for the theory T .

The construction of an algebraic theory for the example of stacks is slightly more in-
volved, since the specification of the stack data type contains operations of with signatures
of mixed sorts. We, however, indicate the basic idea:

1. The two sorts (stack and alphabet) are denoted by s and a. The set of objects of
the theory consists is the set S˚ of the words in the alphabet S “ ts, au.

2. We consider the category S ˚ that endows S˚ with a finite coproduct structure, and
“freely adjoin” the “rewrite rules”

pop : sÑ s, push : sÑ as, empty : sÑ ε

as morphisms in S ˚. Loosely said, to freely adjoin these morphisms means that we
consider the above three morphisms as rewrite rules on the words in the alphabet
S, and add also all “derived” rewrite rules that can be formed from the generating
rewrite rules. For example, the theory for stacks contains the morphism pop ¨ pop ¨
push : sÑ sÑ sÑ as.

The conceptual ease in introducing many-sorted algebraic theories is one of the ad-
vantages of the categorical approach to universal algebra. Moreover, we can define a more
general notion of an algebraic theory that does not refer to any sorting whatsoever.

Definition 1.2.6. An algebraic theory is any category T with finite coproducts.

Remark 1.2.7. 1. The definition of an algebraic theory subsumes both the one-sorted
and many-sorted definition, and allows much of the theory to be developed without
any regard to sorts. This conceptual simplification often leads to simpler proofs, see
e.g. [5].

2. Some authors define the notion of an algebraic theory dually by taking it to have
finite products instead of coproducts. While this approach has the advantage of
being closer to the classical universal algebraic approach, the notion of theories
with coproducts usually gives notationally nicer proofs.

Another advantage of the categorical approach to universal algebra is that we can very
easily consider models of an algebraic theory in an ambient category different from Set.
Given an algebraic theory for a given type of an algebraic structure, we can e.g. retrieve
the ordered or topological variants of the algebraic structure.
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Example 1.2.8. Given an algebraic theory T and a category X with finite products,
an X -model of T is a finite-product-preserving functor T op Ñ X . The full subcategory
of the functor category rT op ,X s on all finite-product-preserving functors is called the
category of X -models of T .

Denote by Pos the category of posets and monotone maps, and by Top the category
of topological spaces and continuous mappings. If T is the Lawvere theory of monoids,
the Pos-models of T are exactly the partially ordered monoids, and the Top-models of T
are exactly the topological monoids.

1.3 Commutativity of limits and colimits

Computing limits of algebras is easy; they are computed essentially on the level of their
underlying sets due to the fact that limits commute with limits. Computation of colimits
of algebras is usually much harder. However, there is an important class of colimits of
algebras that can be computed easily as well. More specifically, colimits that commute
with finite products in Set are very well behaved in algebraic categories: they can also be
computed on the level of the underlying sets of the involved algebras. The importance of
such colimits has already been noted by Lawvere in [61].

Thus a very important aspect of the categorical approach to universal algebra is the
study of commutativity of limits and colimits.

Definition 1.3.1. Given two small categories D and C , we say that D-colimits commute
with C -limits in Set, if for any diagram D : D ˆ C Ñ Set the canonical morphism

can : colim
D

lim
C
Dpd, cq Ñ lim

C
colim

D
Dpd, cq

is an isomorphism. Given two classes Φ and Ψ of small categories, we say that Ψ-colimits
commute with Φ-limits if for every D in Ψ and C in Φ it holds that D-colimits commute
with C -limits in Set.

In practice, one often fixes the class Ψ of schemes for limits and defines the appropriate
class Ψ` of schemes for colimits by the commutativity condition.

The case that is most useful in the setting of algebraic categories is the case where we
set Ψ to be the class of finite discrete categories in the above definition.

Example 1.3.2. We say that D is a sifted category if D-colimits commute with finite
products in Set. A colimit is called sifted whenever the domain of its diagram is sifted.

Similarly, we say that a category D is filtered if D-colimits commute with finite limits
in Set. A colimit is called filtered whenever its diagram is filtered.

The basic example of a sifted colimit is a reflexive coequaliser.

Example 1.3.3. Denote by D the category

a b

s

t



1.3. Commutativity of limits and colimits 15

and by Dr the category

a b

s

t

r

where the equalities
s ¨ r “ 1b, t ¨ r “ 1b

hold. We call the colimit of a diagram D : D Ñ X a coequaliser of D, and the colimit of
a diagram Dr : Dr Ñ X in X is called a reflexive coequaliser of Dr.

We will see that the category Dr is sifted, and therefore reflexive coequalisers are sifted
colimits. This is not the case for ordinary coequalisers, as the following example shows:
Let D1 : D Ñ Set be the diagram corresponding to a discrete graph on one vertex and
D2 : D Ñ Set be the one-arrow graph. Then

colimpD1 ˆD2q – 2, colimD1 ˆ colimD2 – 1,

so the canonical morphism

colimpD1 ˆD2q Ñ colimD1 ˆ colimD2

cannot be an isomorphism.

There are many facets of the importance of sifted colimits in categorical universal alge-
bra. For example, they play a central role in the characterisation of algebraic categories.
We will note some easy facts concerning sifted colimits that are very handy in practical
computation with algebras.

Remark 1.3.4. The following two observations are direct corollaries of the definition of
a sifted colimit and are proved e.g. in [5].

1. Any algebraic category AlgpT q is closed in rT op , Sets under sifted colimits. Let D
be a sifted category, D : D Ñ AlgpT q a diagram landing in an algebraic category
for a Lawvere theory T . Sifted colimits of algebras are computed on the level of
underlying sets. For example, if

Da Db

Ds

Dt

Dr

is a reflexive pair of algebras, the reflexive coequaliser C of the above reflexive pair
can be computed by computing the reflexive coequaliser Cp1q of the pair

Dap1q Dbp1q

Dsp1q

Dtp1q

Drp1q

and then observing that Cpnq – pCp1qqn has to hold by siftedness of D .
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2. Since sifted colimits commute with finite products in the category Set, they do so in
any presheaf category rT op , Sets, because there they are computed pointwise. Any
algebraic category AlgpT q is closed under limits and sifted colimits in rT op , Sets,
and thus sifted colimits commute with finite products in AlgpT q as well.

Since sifted colimits enjoy many nice properties, it is very handy to have a usable
characterisation of sifted diagrams. The following characterisation goes back to [36].

Proposition 1.3.5 (Characterisation of sifted categories.). A small category D is sifted
if and only if it is non-empty and for every pair d1, d2 of objects from D the category of
cospans on d1 and d2 is connected.

The proof, along with other observations about sifted colimits, is contained for example
in Chapter 2 of [5]. We also give another argument in Example 5.1.5.

Remark 1.3.6. We recall that a cospan in a category D is a diagram of the form

d

d1 d2

f1 f2

for some morphisms f1 : d1 Ñ d and f2 : d2 Ñ d in D . The category of cospans in D on
d1 and d2 has diagrams of the above shape as objects, and given two cospans

d d1

d1 d2

f1

f 11
f 12

f2

the morphism f : dÑ d1 is a morphism of the two cospans if the diagrams

d d1

d1

f

f1
f 11

and

d d1

d2

f

f 12
f2

commute. Then the connectedness of the category of cospans on d1 and d2 requires the
category of cospans to be non-empty and for any pair pf1, f2q and pf 11, f 12q of cospans on
d1 and d2 there has to be a zig-zag of cospan morphisms from pf1, f2q to pf 11, f 12q.

1.4 Morita equivalence
Sometimes it is possible to describe some kind of an algebraic structure in two different,
yet equivalent ways.
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Example 1.4.1 ([5]). Directed reflexive graphs can be seen as either two-sorted or one-
sorted algebras. This is a simple example of two “theories” having equivalent categories
of models. Let D be the category

e vr

t

s

with the following equations satisfied:

r ¨ s “ 1v, r ¨ t “ 1v.

The presheaf category rDop , Sets of “models” of D is the category RGraph of reflexive
directed graphs. That is, the models are graphs that have for each vertex a distinguished
loop on that vertex. Now we can use the argument that each vertex is essentially definable
by its distinguished loop. Let D 1 be the subcategory

e e

s¨r

t¨r

of D . Both morphisms s ¨ r and t ¨ r are idempotent: they satisfy the equations

s ¨ r ¨ s ¨ r “ s ¨ r, t ¨ r ¨ t ¨ r “ t ¨ r.

Given a model A : pD 1qop Ñ Set of D 1, we can construct a directed reflexive graph from
it by taking Apeq to be the set of edges of A and the image of Apeq under Aps ¨ rq as the
set of vertices. Showing the equivalence rDop , Sets » rpD 1qop , Sets is then easy.

The above example gives the gist of the basic motivation for studying Morita theory.
Given an algebraic theory T , we study its category AlgpT q of algebras and ask whether
there is any other algebraic theory T 1 such that the categories AlgpT q and AlgpT 1q are
equivalent. A similar question asks for a characterisation of all algebraic theories T 1 that
have, up to an equivalence, the same category of algebras as a given algebraic theory T .

Definition 1.4.2. We say that two algebraic theories T and T 1 are Morita equivalent if
their categories of algebras are equivalent as categories; that is, if

AlgpT q » AlgpT 1
q

holds.

The original motivation for the theory of Morita equivalence comes from module the-
ory. There the question was the following: given two rings R and S, when are the
categories RMod and SMod of left modules over R and S categorically equivalent? This
problem was solved in the paper [70] by Morita.

Dukarm in [32] provided a characterisation of Morita equivalent Lawvere theories, and
this characterisation was generalised for the case of S-sorted theories in Adámek, Sobral
and Sousa [7]. We will state the more general result of [7].

Theorem 1.4.3. Two S-sorted theories T and T 1 are Morita equivalent if and only if
T 1 » Tu for some pseudoinvertible idempotent u in T .
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The notion of a pseudoinvertible idempotent used in the previous theorem is quite
involved; here we shall only comment that it is a generalisation of the phenomenon that
occurred in Example 1.4.1, where we constructed a new “theory” D 1 from D using cer-
tain idempotents present in D . We will give a proper generalisation of the notion of a
pseudoinvertible idempotent in Chapter 3, and it will coincide with the usual notion of a
pseudoinvertible idempotent for ordinary algebraic theories.

1.5 Birkhoff’s variety theorem

Birkhoff’s variety theorem is a celebrated result from [16] that characterises equationally
defined subcategories of a category of algebras. In short, let Σ be a (one-sorted) signature
in the sense of Section 1.1 and let us denote by Σ-Alg the category of all Σ-algebras and
their homomorphisms. Given a set E of Σ-equations, there is a full subcategory A of Σ-Alg
of all Σ-algebras that satisfy every equation in the set E. Every such subcategory has
nice closure properties: it is closed under forming products of algebras, regular quotients
(homomorphic images) of algebras, and subalgebras. The surprising fact is that any full
subcategory A of Σ-Alg that satisfies these closure properties is essentially an equationally
defined subcategory of Σ-Alg.

We shall introduce the notions needed for formally stating the Birkhoff theorem. To
be able to speak about equationally defined subcategories, we first need a definition of an
equation in an algebraic theory.

Definition 1.5.1. Given an algebraic theory T , an equation l « r is a pair l, r : sÑ t of
morphisms in T . An algebra A : T op Ñ Set satisfies the equation l « r if Aplq “ Aprq
holds.

Example 1.5.2. If T is the one-sorted algebraic theory for monoids, the elements of
T pF1, Fnq correspond to words in an n-element alphabet. If we take 1 to be the one-
element set txu and 2 to be the set ta, bu, then the two morphisms l : F1 Ñ F2 and
r : F1 Ñ F2 defined by

lpxq “ ab, rpxq “ ba

constitute an equation in T . Monoids A : T op Ñ Set satisfying this equation are precisely
the commutative ones.

Definition 1.5.3. Let E be a set of equations in an algebraic theory T . We say that
the full subcategory A of AlgpT q spanned by algebras satisfying the equations from E is
the variety generated by E.

Example 1.5.4. The category CMon of commutative monoids and their homomorphisms
is the variety in Mon generated by the equation l « r from Example 1.5.2.

Varieties have nice closure properties in the category Σ-Alg of Σ-algebras.

Remark 1.5.5. Any variety A in Σ-Alg is closed in Σ-Alg under

1. regular quotients,

2. subalgebras,
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3. products,

4. filtered colimits.

Recall that an object B in A is a regular quotient of an object A if there is a regular
epimorphism e : A Ñ B in A , that is, if there is a pair x1 : X Ñ A and x2 : X Ñ A of
morphisms such that in the following diagram

X A B

x1

x2

e

the morphism e is a coequaliser of x1 and x2. In algebraic categories, having a regular
quotient B of A corresponds to saying that B is (isomorphic to) the quotient algebra A{θ
of A generated by the kernel congruence θ of e.

For our needs, we say that in any algebraic category, an algebra A is a subalgebra of
B if there exists a mono m : AÑ B, that is, a morphism that has the right cancellation
property:

m ¨ x “ m ¨ y implies x “ y

for any pair of morphisms x and y. This definition coincides (up to an isomorphism of
algebras) with the usual notion of a subalgebra from universal algebra.

Since the (categorical) product of two algebras again coincides (up to an isomorphism
of algebras) with the notion of a cartesian product of algebras, the last interesting closure
property is the closure under filtered colimits. Recall from Example 1.3.2 that a category
D is filtered if D-colimits commute with finite limits in Set.

With these definitions, we can now state the Birkhoff theorem. Observe that, in
contrast to the original Birkhoff theorem from [16], the closedness requirements include
closure under filtered colimits.

Theorem 1.5.6 ([5]). Let A be a full subcategory of AlgpT q for some algebraic theory
T . The category A is (equivalent to) a variety if and only if it is closed in AlgpT q under

1. regular quotients,

2. subalgebras,

3. products,

4. filtered colimits.

The closure properties 1.–3. from the above theorem are dubbed “HSP” conditions.
The additional requirement for closure under filtered colimits cannot be in general ex-
cluded. The reason this closure does not appear in [16] is that it is not needed in the
special case of a one-sorted theory. It is another of the successes of categorical algebra
that the need for this closure property, often mistakenly omitted, has been pointed out
in [6].
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Remark 1.5.7. Let E be a set of equations in an algebraic theory T . For any such set
we can define a new set ConpEq of all consequences of E. The set ConpEq contains all
equations l1 « r1 such that any algebra A in AlgpT q satisfying all equations l « r from
E also satisfies l1 « r1. This set ConpEq constitutes a congruence on the category T .
That is, there is a quotient category T {ConpEq defined as having the same objects as T ,
and for two objects t and t1, the hom-set T {ConpEqpt, t1q is the quotient of the hom-set
T pt, t1q by the equivalence relation

tpl, rq | l : tÑ t1, r : tÑ t1 and l « r P ConpEqu.

The fact that ConpEq is a congruence precisely states that the identities and composition
in T {ConpEq can be defined on the equivalence classes of morphisms in the usual manner.
Moreover, there is a “theory map”

e : T Ñ T {ConpEq,

i.e., a functor preserving finite coproducts (the structure of the theory). Algebraic theories
and theory maps form a category, and e : T Ñ T {ConpEq then is a regular quotient
of algebraic theories. The variety defined by the set E of equations is equivalent to the
algebraic category AlgpT {ConpEqq.

With this observation we can rephrase Theorem 1.5.6 as follows: There is a one-to-
one correspondence between regular quotients e : T Ñ T 1 of algebraic theories and their
morphisms, and full subcategories A of AlgpT q that are closed in AlgpT q under regular
quotients, subalgebras, products, and filtered colimits.

1.6 Monads
Sometimes it is more convenient to use a different formalism capturing the notion of an
algebraic theory. We shall sometimes use the formalism of monads. As a first approxi-
mation, a monad can be thought of as the abstraction of the collection of all terms of an
algebraic theory, together with abstract rules concerning their substitution.

Example 1.6.1. Consider the example of monoids. Given a set X of variables, the set
of monoid terms in the set X of variables is

TX “ X˚,

i.e., the words in the alphabet X. As we can form the set X˚ of all words for any alphabet
X, this gives us an endofunctor

T : SetÑ Set

of sets, acting on a mapping f : X Ñ Y to give a mapping Tf “ f˚ : TX Ñ TY that
maps a word from alphabet X to a word from alphabet Y by “element-wise translation
using f ”.

Since any letter in an alphabet X can be thought of as a one-letter word, we get a
unit mapping

ηX : X Ñ TX

for every alphabet X. Given a “word of words in alphabet X”, i.e., the set TTX, we have
a “flattening” mapping

µX : TTX Ñ TX
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that concatenates all the words into a single one: for example,

µXppxyqpyzxqpxqq “ xyyzzxx.

The data in the above example satisfy many intuitively obvious laws, which we will
abstract into axioms in the following definition.

Definition 1.6.2. A monad pT, η, µq on a category X is an endofunctor T : X Ñ X
together with two natural transformations η : 1X Ñ T and µ : TT Ñ T , subject to the
following axioms:

1. The unit triangles

T TT

T

ηT

1T
µ and

TT T

T

µ

Tη

1T

commute, and

2. the associativity square
TTT TT

TT T

Tµ

µT µ

µ

commutes.

Definition 1.6.3. An algebra for a monad pT, η, µq on X is a morphism a : TX Ñ X in
X such that the diagrams

X TX

X

ηX

1X
a

and
TTX TX

TX X

Ta

µX a

a

commute. Given two algebras a : TX Ñ X and b : TY Ñ Y for a monad pT, η, µq, a
morphism h : X Ñ Y in X is a homomorphism from a to b if the square

TX TY

X Y

Th

a b

h
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commutes.

Example 1.6.4. It is now straightforward to check that a monoid, as introduced in
Definition 1.1.1, gives rise to an algebra for the monoid monad pT, η, µq introduced in
Example 1.6.1, and that conversely any algebra a : TX Ñ X for this monad is a monoid,
with the multiplication operation x˚y being defined as apxyq, and the unit e being defined
as apεq. Analogously, homomorphisms of monoids in the sense of universal algebra are
exactly the homomorphisms of the respective algebras for the monoid monad.

We shall use the formalism of monads e.g. in our treatment of Birkhoff’s theorem in
Chapter 6.



Chapter 2

Preliminary notions

As we concern ourselves with categorical universal algebra in the setting of enriched
categories in this thesis, it is vital that we give a short overview of some of the basic
notions that will be used throughout the thesis. Since the theory of enriched categories
is very rich and broad, we shall not attempt to give a full account of it. Instead, we
introduce its basic notions more for the need of establishing the notation for the rest of
the text; and the choice of the topics covered in this chapter hints at what will follow in
the rest of the text.

Thus we give prominent examples of the categories in which we can enrich, review the
basics of limits and colimits (and colimit cocompletions) in the enriched setting, introduce
the basic algebraic notions and discuss some of the technical definitions that arise when
we study algebraic phenomena in this level of generality.

Structure of the chapter.

1. We recall some of the basic notions of enriched category theory in Section 2.1. We
shortly discuss cocompletions of enriched categories under weighted colimits, and
commutativity of limits and colimits.

2. In Section 2.2 we give definitions of a Ψ-theory and Ψ-algebra parametric in the
choice of a class Ψ of weights, and discuss the connection with cocompletions.

2.1 Colimits in enriched categories, cocompletions

In this section we quickly recall the notions of a limit and colimit for enriched categories,
and cocompletions of categories. For a deeper exposition of the enriched notions we refer
to [41].

Enriched categories

Assumption 2.1.1. From now on, whenever we speak of categories enriched in a cate-
gory V , this V is assumed to be a complete and cocomplete symmetric monoidal closed
category V “ pV0,b, I, r´,´sq. (I being the unit of the tensor and r´,´s being the
internal hom.)

23
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Notation 2.1.2. We shall denote by V -CAT the 2-category of all V -categories, V -
functors and V -natural transformations.

To avoid heavy notation concerning V -categories, V -functors and V -natural transfor-
mations, we use the usual convention present, e.g., in [41].

Notation 2.1.3. Whenever the base category V is fixed, we stop writing the prefix “V -”
in V -category, V -functor, etc. Instead, we speak simply of a category, a functor, etc.
When it is necessary, we distinguish a V -category and a Set-category by dubbing the
latter one ordinary.

Example 2.1.4. In various parts of the thesis we use many examples of the categories
V in which we enrich.

1. As in Chapter 1, we denote by Set the category of all sets and mappings, the tensor
operation being the cartesian product, and the unit I “ 1 being “the” one-element
set.

2. We denote by Pos the category of all posets and monotone maps equipped with the
cartesian product as tensor, and the one-element poset as unit. The category of all
preorders and monotone maps will be denoted by Pre.

3. We use Cat for the category of small categories and functors, with the cartesian
tensor and with the one-morphism category I “ 1 as unit.

4. From the previous examples we can construct the categories Set‚ of pointed sets
and point-preserving maps, Pos‚ of pointed posets and point-preserving monotone
maps, and Cat‚ of pointed categories and point-preserving functors.

5. We denote by Ab the category of abelian groups and group homomorphisms, the
tensor b being the tensor product of groups, and the unit I being the additive group
Z of integers.

6. Let V0 be a complete lattice equipped with a monotone, commutative and associative
tensor operation b with unit e. If for all v P V0 the monotone map ´b v : V0 Ñ V0

has a right adjoint rv,´s : V0 Ñ V0, we say that V “ pV0,b, eq is a quantale. For
example:

• The 2-element boolean algebra 2 forms a quantale with the tensor being the
conjunction operation ^.

• The real half-line r0,8s with the natural ordering ě and addition as tensor
forms a quantale. (For the addition operation, 8` x “ x `8 “ 8 holds for
all x P r0,8s.)

7. In Chapter 7 we shall work with the monoidal category Gray of 2-categories and
2-functors equipped with the Gray tensor product. As the Gray product is quite
involved, we defer its description for the later chapters.

Sometimes we will need to work with the underlying ordinary category of a V -category.
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Notation 2.1.5. Given a V -category K , we denote its underlying ordinary category by
K0. Analogously, given a V -functor H : K Ñ L , we denote by H0 : K0 Ñ L0 its
underlying ordinary functor.

Notation 2.1.6. We will denote by 1 the unit category with one object ˚ and the hom
1p˚, ˚q “ I.

Weighted limits and colimits When working with enriched categories, it is necessary
to introduce weighted limits and colimits, as they are the appropriate generalisation of
ordinary (conical) limits and colimits in ordinary category theory.

Notation 2.1.7. Given a small1 category D , we denote by rDop ,V s the category of
presheaves on D . The objects of rDop ,V s are functors ϕ : Dop Ñ V , called weights, and
the hom rDop ,V spϕ, ψq is computed by the end

ż

d

rϕpdq, ψpdqs,

an instance of a weighted limit ; these are introduced below.

Definition 2.1.8 (Hat and tilde conjugates). Given a diagram D : D Ñ K (with D

a small category), we define its tilde-conjugate rD : K Ñ rDop ,V s by the assignment

X ÞÑ K pD´, Xq

for every X in K . The action on morphisms is defined as expected. The hat-conjugate
pD of the diagram D is the functor pD : K Ñ rD ,V sop defined by the assignment

X ÞÑ K pX,D´q

on objects of K .

Definition 2.1.9 (Weighted limits and colimits). A colimit of D : D Ñ K weighted
by ϕ : Dop Ñ V is an object ϕ ‹D together with an isomorphism

K pϕ ‹D,Xq – rDop ,V spϕ, rDXq

that is natural in X.
A limit of D : Dop Ñ K weighted by ϕ : Dop Ñ V is an object tϕ,Du together with

an isomorphism
K pX, tϕ,Duq – rDop ,V sopp pDX,ϕq

natural in X.

Remark 2.1.10. Note our use of a diagram D : Dop Ñ K instead of D : D Ñ K in the
definition of a weighted limit. Using the opposite category of D as the domain category
of a limit diagram enables us to weigh both colimits and limits by presheaves of the form
ϕ : Dop Ñ V . This convention is useful when dealing with notions pertaining to classes
of weights. Of course, the “alternative” definition of a weighted limit of D : D Ñ K and
ϕ : D Ñ V as an object tϕ,Du together with an isomorphism

K pX, tϕ,Duq – rD ,V sopp pDX,ϕq

natural in X is equivalent to ours.
1I.e., a category having a set of objects.
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Example 2.1.11. We give an example of colimits and limits weighted by particularly
nice weights.

1. Given a diagram D : 1 Ñ K in K with the domain being the unit category, the
diagram is determined by the image of the unique object of 1 under D. Say we
have a diagram D : 1 Ñ K with Dp˚q “ Z and a weight ϕ : Dop Ñ V with
ϕp˚q “ A. The weighted colimit ϕ ˚D in K is called a tensor of Z by A and is
denoted by A ‚ Z. In this case the universal property defining the colimit reduces
to an isomorphism

K pA ‚ Z,Xq – V pA,K pZ,Xqq

natural in X.

2. The limit notion dual to the one above is called a cotensor . Given a diagram
D : 1op Ñ K in K and a weight ϕ : 1op Ñ V with Dp˚q “ Z and ϕp˚q “ B, a
cotensor of Z by B in K is the weighted limit tϕ,Du, denoted by B&Z (or ZB)
such that there is an isomorphism

K pX,B&Zq – V pB,K pX,Zqq

natural in X.

Definition 2.1.12. Given a class Φ of weights, a category K is called Φ-cocomplete if
for any ϕ : Dop Ñ V from Φ and any diagram D : D Ñ K the colimit ϕ ‹ D exists
in K . The category K is Φ-complete, if K op is Φ-cocomplete, i.e., if for any weight
ϕ : Dop Ñ V from Φ and any diagram D : Dop Ñ K the limit tϕ,Du exists in K .

A functor F : K Ñ L is Φ-cocontinuous if for any colimit ϕ ‹D weighted by ϕ in Φ
the colimit ϕ ‹ pF ¨Dq exists, and the canonical morphism

ϕ ‹ pF ¨Dq Ñ F pϕ ‹Dq

is an isomorphism. Likewise, F : K Ñ L is Φ-continuous if for any limit tϕ,Du weighted
by ϕ in Φ the limit tϕ, F ¨Du exists, and the canonical morphism

F tϕ,Du Ñ tϕ, F ¨Du

is an isomorphism.

Free cocompletions of categories There is a deep interplay between the theory of
free cocompletions of categories and between the theory of (generalised) algebraic theories.
We refer again to [41] for a comprehensive account of cocompletions of categories and give
an outline of the basics here.

Remark 2.1.13. Recall that in Notation 2.1.7 we posited that for any small category D
there exists a category rDop ,V s of presheaves on D . Considering now a not necessarily
small category K , dealing with “category” rK op ,V s runs into size issues: the homs
of rK op ,V s may not be objects of V . However, this problem may be overcome by
considering the legitimate category PpK q of small presheaves instead of rK op ,V s.

Definition 2.1.14 ([27]). We say that a presheaf F : K op Ñ V is small if F is of the
form LanJopϕ for some weight ϕ : Dop Ñ V and for some J : D Ñ K . (Recall that a
weight has a small domain).
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Remark 2.1.15. From the above definition we can quickly see that any weight is a small
preshaf. Moreover, given any category K and an object X in K , the representable
functor K p´, Xq : K op Ñ V is also a small presheaf.

Notation 2.1.16. We denote by PpK q the category of small presheaves; we think of
PpK q as of a full subcategory of rK op ,V s, even though the latter one is in fact illegitimate
due to size issues. We will use the notation

YK : K Ñ PpK q

for the “Yoneda embedding” defined by the assignment

X ÞÑ K p´, Xq.

We abuse the notation slightly by denoting in the same way the restricted embedding into
the category of small presheaves and the proper Yoneda embedding Y : K Ñ rK op ,V s.

Remark 2.1.17. In fact, the embedding

YK : K Ñ PpK q

exhibits PpK q as a free cocompletion of K under all colimits . That is, PpK q is cocom-
plete and the embedding YK : K Ñ PpK q has the universal property such that given
any cocomplete category L and any F : K Ñ L , there exists, up to isomorphism, a
unique cocontinuous functor F 7 : PpK q Ñ L such that the diagram

K PpK q

L

YK

F F 7

commutes up to isomorphism.

Example 2.1.18. For a small category D , the free cocompletion of D under all colimits
is the presheaf category PpDq “ rDop ,V s, with the unit Y : D Ñ rDop ,V s being the
Yoneda embedding.

Given a class Φ of weights, we may use the Yoneda embedding YK : K Ñ PpK q to
introduce free cocompletion of K under colimits weighted by weights ϕ in Φ.

Notation 2.1.19 (Free cocompletions). The free cocompletion

ZΦ
K : K Ñ ΦpK q

of the category K under Φ-colimits exists for any class of weights and any category
(see [41]), and it is given as the factorisation

K ΦpK q

PpK q

ZΦ
K

YK
WΦ

K
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of the Yoneda embedding given by the closure of K in PpK q under Φ-colimits. Since
it is given by a closure, ΦpK q can be thought of as a full subcategory of PpK q via the
fully faithful inclusion WΦ

K : ΦpK q Ñ PpK q.
The free completion of K under Φ-limits is then given by

pZΦ
K opq

op : K Ñ pΦpK op
qq

op

using the free cocompletion construction.

Remark 2.1.20. Consider now the 2-category

Φ-COCTS

of all Φ-cocomplete categories, all Φ-cocontinuous functors and all natural transforma-
tions. There is an obvious forgetful 2-functor

UΦ : Φ-COCTSÑ V -CAT

Since the free cocompletion of a category under a class of colimits is determined only up to
equivalence of categories, we cannot claim that this 2-functor has a strict left (2-)adjoint.
However, there is a pseudofunctor 2

FΦ : V -CATÑ Φ-COCTS

given by the free cocompletion procedure that gives rise to an equivalence

Φ-COCTSpFΦpK q,L q » V -CATpK , UΦpL qq

of categories for any K and a Φ-cocomplete L . Without delving too deep into the
technical issues, we comment that these data give rise to a pseudoadjunction

FΦ % UΦ : Φ-COCTSÑ V -CAT

with unit ZΦ
K : K Ñ ΦpK q for K in V -CAT.

Classes of weights We now introduce some technical notions concerning classes of
weights, and some interesting classes of weights.

Definition 2.1.21. A class Φ of weights is locally small (see [48]) if the free cocompletion
ΦpDq of D under Φ-colimits is a small category for every small category D .

When dealing with cocompletions, it will be sometimes easier for us to consider classes
of weights that are saturated :

Definition 2.1.22 ([8]). The saturation Φ˚ of Φ is the largest class of weights such that
the 2-categories Φ-COCTS and Φ˚-COCTS coincide. In case Φ˚ “ Φ, the class Φ is called
saturated.

2A pseudofunctor is a “functor up to isomorphism”. As we will not delve into the technical details, we
omit the precise definitions here. See Chapter 7 or Chapter 7 of Volume 1 of [19].
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In more elementary terms, the saturation Φ˚ of Φ is the largest class of weights such
that whenever a category is Φ-cocomplete it is also Φ˚-cocomplete, and whenever a functor
is Φ-cocontinuous it is also Φ˚-cocontinuous.

Remark 2.1.23. Saturation of classes of weights induces a closure operator

Φ ÞÑ Φ˚

on the ordered collection of all classes of weights, since the conditions

• Φ Ď Φ˚,

• whenever Φ Ď Ψ holds, then Φ˚ Ď Ψ˚ holds,

• Φ˚˚ “ Φ˚

all hold for any pair Φ and Ψ of classes of weights.

For any class Φ of weights and any category K it is easy to prove that ΦpK q “

Φ˚pK q; thus cocompletion-wise it does not matter if we deal with a class Φ of weights or
with its saturation. Moreover, considering a saturated class Φ of weights from the very
beginning allows for a nice description of the Φ-cocompletion procedure for K .

Notation 2.1.24. Let D be a small category and Φ a class of weights. We denote by

ΦrDs

the full subcategory of rDop ,V s spanned by weights in Φ.

Remark 2.1.25 ([48]). For saturated classes Φ of weights, the Φ-cocompletion of a cate-
gory K can be done in one step, i.e., the closure of K under Φ-colimits in PpK q consists
of adding objects of the form ψ ˚Y D for a weight ψ : Dop Ñ V in ΦrDs and for some
diagram D : D Ñ K .

For not necessarily saturated classes Φ, adding the objects of the form ψ ˚Y D is the
first (nontrivial) step Φ1pK q of the transfinite cocompletion process for the given category
K . That is, we have a factorisation

K Φ1pK q ΦpK q
Z1 V1

of the unit ZΦ
K : K Ñ ΦpK q. Saturatedness of Φ then implies the equality Φ1pK q “

ΦpK q.

Example 2.1.26. Let us consider the case of ordinary categories (V “ Set) and look at
some of the most important classes of weights.

1. There is the trivial empty class Ψ “ H of weights. It is clearly locally small.

2. The class of all weights will be denoted by P . This notation aligns with the fact
that for a category K its free cocompletion under all (small) colimits is denoted by
PpK q, see Notation 2.1.16. This class is not locally small in general.

3. Let Ψ be the saturated class of weights such that a Ψ-cocomplete category is one
with finite coproducts. We shall denote this class by Π. This is a locally small class
of weights, since it is small [41].

4. The saturated class Ψ of weights such that a Ψ-cocomplete category is one with
finite colimits is also locally small.
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Commutativity of limits and colimits Recall from Section 1.3 that there is an
important connection between finite products and sifted colimits that is important in
categorical universal algebra. In the ordinary setting algebraic theories are categories T
with finite coproducts and algebras are presheaves T op Ñ Set preserving finite products.
It is true that the algebraic category AlgpT q is cocomplete, but the most important
and best-behaved colimits are sifted colimits, defined as those that commute with finite
products in the category Set. The importance of commutativity of limits and colimits for
categorical universal algebra extends to the enriched context and to Ψ-theories.

Definition 2.1.27. Given classes Φ and Ψ of weights, we say that Φ-colimits commute
with Ψ-limits in V if for any ϕ : Dop Ñ V in Φ the functor

ϕ ˚ p´q : rD ,V s Ñ V

preserves Ψ-limits.

With a class of weights there are two important classes of weights obtained by a
commutativity condition.

Definition 2.1.28. Consider two classes Φ and Ψ of weights.

1. We denote by Ψ` the class of all weights ϕ such that ϕ-colimits commute with
Ψ-limits in V . We name this class the class of Ψ-flat weights.

2. We denote by Φ´ the class of Φ-presentable weights; those ψ such that Φ-colimits
commute with ψ-limits in V .

Flat and presentable weights are connected via a Galois connection.

Remark 2.1.29. Let Φ and Ψ be classes of weights.

1. It follows straightforwardly from the definitions of flat and presentable weights that
the inclusion Φ Ď Ψ` holds precisely when the inclusion Ψ Ď Φ´ holds. This means
that the two assignments Ψ ÞÑ Ψ` and Φ ÞÑ Φ´ constitute a Galois connection on
the ordered collection of all classes of weights.

2. The equalities
Ψ`
pDq “ Ψ`

rDs, Φ´pDq “ Φ´rDs

hold for every small D ; and thus the classes Ψ` and Φ´ are saturated.

We will be especially interested in Ψ-flat weights for various classes Ψ.

Example 2.1.30. Consider again V “ Set.

1. Take the empty class Ψ “ H of weights. For this class of weights, the class Ψ` of
Ψ-flat weights is the class P of all weights: every weight is H-flat.

2. Consider the (saturated) class Π of weights for finite coproducts. This is a locally
small class of weights, since it is small [41]. The weights in Ψ` are precisely the
weights for sifted colimits [60]. We will study weights for sifted colimits in Chapter 5.

3. The class of Ψ-flat weights for the class Ψ of weights for finite colimits consists
precisely of the weights for filtered colimits. The free cocompletion of K under
filtered colimits is usually denoted by IndpK q [3].

4. Take the class P of all weights. The class P` of all P-flat weights is denoted byQ; we
shall consider it again when dealing with small-projective weights in Definition 3.1.1.
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2.2 Enriched algebraic theories

In this section we give a reasonably general definition of a theory that will cover enough
interesting examples as instances of the definition. We also comment on soundness, a
technical condition of classes of weights.

Definition 2.2.1 (Theories and algebras). A small Ψ-cocomplete category T is called
a Ψ-theory . A Ψ-cocontinuous functor between Ψ-theories is called a Ψ-theory morphism.

Given a Ψ-theory T , a T -algebra is a Ψ-continuous presheaf A : T op Ñ V . The full
subcategory of the presheaf category rT op ,V s spanned by all T -algebras is denoted by
Ψ-AlgpT q.

Remark 2.2.2. Some authors prefer the limit definition of a theory: a Ψ-theory T then
is a small Ψ-complete category, and a T -algebra is a Ψ-continuous functor A : T Ñ V .
This approach can be seen e.g. in [5]. We stick to the colimit definition of a theory.
The reason is that the standard notation is biased w.r.t. colimits and free cocompletions
rather than limits and free completions. Of course, it is possible, although notationally
uncomfortable, to rephrase all the results with the dual definition of a theory.

Example 2.2.3. The definition of a Ψ-theory covers many important concepts of ordinary
category theory (i.e., the case when V “ Set) as examples.

1. By taking the empty class Ψ “ H of weights, any small category T is a Ψ-theory.
The category of algebras for an H-theory T is the presheaf category rT op , Sets.

2. For the case of Ψ being the class Π, a Π-theory is a category T with finite coprod-
ucts. This is our Definition 1.2.6 of an algebraic theory, and the dual of the definition
of an algebraic theory from [5]. The algebras for T are finite-product-preserving
presheaves in rT op , Sets.

3. Taking the class Ψ of weights for finite colimits, a Ψ-theory is the (dual of the) notion
of an essentially algebraic theory [3]. The algebras for such a theory constitute a
locally finitely presentable category.

Remark 2.2.4. Since Ψ`-colimits commute with Ψ-limits, the category Ψ-AlgpT q of
algebras is closed in rT op ,V s under Ψ`-colimits for any Ψ-theory T . In other words,
there is always an inclusion

Ψ`
pT q Ď Ψ-AlgpT q.

We shall restrict our attention only to Ψ-theories for those classes Ψ of weights that
satisfy a technical notion called soundness. A class Ψ of weights is sound if the requirement
from Definition 2.1.28 for a weight ϕ to be Ψ-flat can be weakened:

Definition 2.2.5 (Soundness [1]). A class Ψ of weights is sound if a weight ϕ : Dop Ñ V
is in the class Ψ` of Ψ-flat weights whenever the functor

ϕ ˚ p´q : rD ,V s Ñ V

preserves Ψ-limits of representables.
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Remark 2.2.6. Soundness of a class Ψ of weights has pleasant consequences for studying
Ψ-theories and their algebras. Consider the class Ψ to be sound. Given a Ψ-theory T ,
the category of T -algebras is a free Ψ-flat cocompletion of T :

Ψ-AlgpT q “ Ψ`
pT q. (2.1)

First, we know that the inclusion Ψ`pT q Ď Ψ-AlgpT q holds always. Secondly, use that
Ψ` is always saturated (see Remark 2.1.29); for any T -algebra ϕ : T op Ñ V the functor
ϕ ˚ p´q preserves Ψ-limits of representables, and thus ϕ is Ψ-flat by soundness of Ψ. It
also follows from [48] that Ψ`pT q is complete and cocomplete.

Definition 2.2.5 is the abstract formulation of soundness from Remark 2.7 of [1]. In
contrast to the concrete formulation of soundness (see Definition 2.2 of [1]), the abstract
formulation generalises well to the enriched setting. For more details about soundness in
the ordinary setting, see [1].

Example 2.2.7. We will list some examples of sound classes of weights.

1. The empty class H of weights is sound. Indeed, every weight ϕ : Dop Ñ V is in the
class P “ H`, and also every such weight ϕ preserves H-limits of representables,
since this condition is void.

2. The class Π of weights for finite coproducts is sound [55]. For the case of V “ Set
this implies, by (2.1), that the category of algebras Π-AlgpT q for a theory T is the
free cocompletion SindpT q of T under sifted colimits, see [5].

3. Similarly, the class Ψ of weights for finite colimits is sound as well. If in the ordinary
case (V “ Set) we denote the class by Ψ “ Lex, we get by (2.1) the well-known
result

Lex-AlgpT q “ IndpT q,

stating that the locally finitely presentable category LexpT op , Setq of finite-limit-
preserving presheaves T op Ñ Set (which coincides with the category Lex-AlgpT q of
algebras for the Lex-theory T ) is precisely the free cocompletion of T under filtered
colimits, see [3].

To sum up, whenever Ψ is sound the categories of algebras Ψ-AlgpT q for a Ψ-theory
T are given by a free cocompletion

ZΦ`

T : T Ñ Ψ`
pT q

under Ψ-flat colimits. This fact plays an important role in the development of the theory
in the following chapters, and particularly when we deal with generalised Gabriel-Ulmer
duality in Chapter 4.



Chapter 3

Enriched Morita equivalence

The study of the following problem has a long and fruitful history: Given two theories,
when do they have the same models? In the context of general algebra, Morita was the
first to successfully solve this question in [70] for the case of theories being rings, and
models of the theory being modules over the chosen ring. More precisely: two rings R
and S are called Morita equivalent, when the respective categories RMod and SMod of left
modules are equivalent as categories.

Of course, the above question makes sense in a large variety of situations: consider,
for example, two monoids M and N and their respective categories ActpMq and ActpNq
of monoid actions. Again, the monoids M and N are called Morita equivalent if there
is an equivalence of categories ActpMq » ActpNq. This is the non-additive version of
the problem of rings, and it has been studied independently by Banaschewski [9] and
Knauer [49]. Perhaps more surprisingly, the characterisation of the most general situation
occurring in universal algebra (given two algebraic theories, when do they give rise to
equivalent categories of algebras?) is quite similar to the case of rings or monoids. Such
results are due to Dukarm [32] (for the case of algebraic theories being Lawvere theories),
and due to Adámek, Sobral and Sousa [7] (for the case of many-sorted algebraic theories).

For each of the above examples the theories can be seen as categories T (enriched in
a suitable V ), possibly with an additional colimit structure given by a class Ψ of weights,
and the models (or algebras) are the functors from T to V preserving the additional
colimit structure: i.e., we deal with Ψ-theories and Ψ-algebras in the sense of Chapter 2.
Rings are one-object categories enriched in the category Ab of abelian groups, modules
are additive functors from T op to Ab. Monoids are ordinary one-object categories, the
category of actions over a given monoid is again the category of functors from the monoid
into sets. Algebraic theories are ordinary categories with finite coproducts, algebras are
presheaves preserving finite products.

In characterising Morita equivalence, one notion keeps reoccurring: namely the notion
of a pseudoinvertible idempotent. With the proper definition of a pseudoinvertible idem-
potent, all of the Morita equivalence results can be stated as follows: two theories T 1

and T , having the same sorts, are Morita equivalent if and only if T 1 is an idempotent
modification of T , given some choice of a pseudoinvertible idempotent in T . In short,
this is the main result of this chapter.

We thus first prove this very general Morita equivalence result, and then we show
that the mentioned examples can be recovered very quickly. Moreover, we show some
variants of the standard results in other enrichments, as they can be proved almost for
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free. For example, we get the characterisation of Morita equivalent partially ordered
monoids, pointed categories, or algebraic theories that are 2-dimensional (i.e., enriched in
categories).

Structure of the chapter

• In Section 3.1 we introduce the notion of a Cauchy completion that is central to the
general theory of Morita equivalence, and we recall a basic enriched Morita-type
result.

• After having defined all the required notions, Section 3.2 provides us with the core
result of this chapter. We state what an S -sorted theory is, what an idempotent
modification of an S -sorted theory is in general, and what it means for an idempo-
tent to be pseudoinvertible. Then we prove that two S -sorted theories are Morita
equivalent precisely when one is an idempotent modification of the other, provided
the idempotent is pseudoinvertible.

• The result of Section 3.2 is applied in Section 3.3 by looking at specific examples aris-
ing from the general theory. We characterise Morita equivalent monoids, partially
ordered monoids, monoids enriched in categories, S -sorted categories in various
enrichments, and we observe that the case of enrichment in abelian groups gives the
classical result of Morita. Then we show how (enriched) algebraic theories fit into
the introduced framework by recovering the results of Dukarm and Adámek, Sobral,
Sousa, and proving their enriched variants.

The results of this chapter have been published in [31] by J. Velebil and the author.
The wording of the chapter is a slight modification of the text of the paper.

3.1 Cauchy completeness and basic Morita result

In order to introduce the basics of Morita theory, we will need to use the notion of
Φ-presentability of an object in a category. This notion generalises those of a finitely
presentable or perfectly presentable algebra from [5].

Definition 3.1.1. Given a class of weights Φ and a Φ-cocomplete category K , we say
that an object X in K is Φ-presentable if the functor

K pX,´q : K Ñ V

is Φ-cocontinuous. In particular, if Φ is the class P of all weights, we say that a P-
presentable object X is small-projective.

Notation 3.1.2. We denote by KΦ the full subcategory of K spanned by all Φ-presentable
objects.

Example 3.1.3. Given a class Ψ of weights and a Ψ-theory T , we will be in particular
interested in Ψ`-presentable objects of the category Ψ-AlgpT q of algebras for T . Let
V “ Set.
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1. When T is a H-theory, the H`-presentable algebras in H-AlgpT q are precisely the
small-projectives in H-AlgpT q “ rT op , Sets, since we know from Example 2.1.30
that H` “ P . Small-projectives are called absolutely presentable in [5].

2. Let T be a Lex-theory, i.e., a small category with finite colimits (recall Exam-
ple 2.2.7). The Lex`-presentable (or Ind-presentable) algebras in Ψ-AlgpT q are
exactly the finitely presentable presheaves in rT op , Sets.

3. Similarly, when T is an Π-theory, the Π`-presentable algebras in Ψ-AlgpT q are
exactly the perfectly presentable presheaves in rT op , Sets, see [5].

Now we can recall some known results of the theory of Morita equivalence. We will
formulate a basic Morita theorem (see Theorem 3.1.9 below) that we will build upon later.
Firstly, we introduce the class of all small-projective weights and study its properties.

Notation 3.1.4. The class of all small-projective weights is denoted by Q. The free
cocompletion of K under small-projective weights is then ZQ

K : K Ñ QpK q, or shortly
QpK q. We call it the Cauchy completion of K .

Remark 3.1.5. We shall often use that the free cocompletion of a category under col-
imits of small-projective weights is the same as its free completion under limits of small-
projective weights. That is, given a category K , there is an equivalence

QpK q » pQpK op
qq

op .

This equivalence is proved in Proposition 7.4 of [48], and it explains why we can say that
QpK q is the Cauchy completion of a category K .

Some authors prefer the names Karoubi envelope or idempotent completion for what
we call Cauchy completion. We use the terminology of [20].

Example 3.1.6 (Examples of Cauchy completions). The class Q of small-projective
weights is always saturated: from Example 2.1.30 we know that Q “ P`, and the class
Ψ` is always saturated for any class Ψ of weights (see also [48]). Therefore, the Cauchy
completion of a given small category D can be described as the subcategory of the category
of presheaves rDop ,V s spanned by small-projective weights. In the case of the enrichments
in V “ Set, Set‚, Pos, or Cat, a weight ϕ : Dop Ñ V is small-projective if and only if it
is a retract of a representable functor. The proof of this fact is standard and the case of
V “ Set is shown e.g. in [41]. The other cases are easy reformulations of the ordinary
result.

In this example we show a more explicit description of the Cauchy completion of a
small category in the following cases:

1. V “ Set: Given a small category D , its Cauchy completion QpDq has as objects
the idempotents of D , and given two idempotents u : d Ñ d and v : d1 Ñ d1, the
morphisms f : u Ñ v in QpDq are the morphisms f : d Ñ d1 in D that make the
diagram

d
f
//

u
��

f

��

d1

v
��

d
f
// d1

commute.
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2. V “ Pos: We can describe the Cauchy completion of D again using idempotents.
In Pos-enrichment we only have to take care of the two-dimensional aspect. Given
two morphisms f : u Ñ v and f 1 : u Ñ v in QpDq, we define f ď f 1 if and only if
the inequality f ď f 1 holds in D for the morphisms f : dÑ d1 and f 1 : dÑ d1.

3. V “ Cat: Given a Cat-enriched category D , its Cauchy completion is the Cauchy
completion of the ordinary underlying category D0 (i.e., the ordinary category ob-
tained by discarding the 2-cells of D), with the two-cells inherited from D : the
2-cells β from f : uÑ v to f 1 : uÑ v in QpDqpu, vq are precisely those of the form
v ˚ α ˚ u for some 2-cell α from f to f 1 in Dpd, d1q (where the product ˚ denotes the
Godement product).

4. V “ Set‚: The Cauchy completion of D in Set‚-enrichment is the same as in the
ordinary case, we need only to specify the distinguished point in QpDqpu, vq for
every pair u : d Ñ d and v : d1 Ñ d1 of objects in QpDq. If the distinguished point
in Dpd, d1q is called p, then the distinguished point in QpDqpu, vq is v ¨p ¨u. In fact, a
completely analogous statement holds for categories enriched in the categories Pos‚
and Cat‚ of pointed posets and categories, respectively.

5. V “ Ab: If D is a one-object category, it can equivalently be seen as a ring with
a unit. The situation is substantially different from the previous case: a weight
ϕ : Dop Ñ V is small-projective if and only if it is a finitely generated projective
left D-module [20]. Then QpDq is the category of finitely generated projective
left D-modules. Such modules are precisely the retracts of finitely generated free
modules.

In all the above examples, the Cauchy completion of a small category is again small.
This is not the case for every enrichment. Let CL be the monoidal category of complete
lattices with sup-preserving functions and the usual tensor product. The Cauchy comple-
tion of a small CL-category need not be small [40]. This is due to the fact that CL is not
a locally finitely presentable category: by results of [40], the class Q is locally small for
any V whose underlying category is locally finitely presentable.

Assumption 3.1.7. In the rest of this chapter we use the following two assumptions.

1. The class Q is locally small.

2. The class Ψ is a fixed locally small sound class of weights.

We can now introduce the main concept used in this chapter: the notion of Morita
equivalent Ψ-theories.

Definition 3.1.8. Let T and T 1 be two Ψ-theories. We call T and T 1 Morita equivalent ,
if there is an equivalence

Ψ-AlgpT q » Ψ-AlgpT 1
q

of their categories of algebras.

There is a very general result characterising Morita equivalent Ψ-theories from [48],
which uses the Cauchy completions of the respective theories.
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Theorem 3.1.9 (Basic Morita theorem). For any two Ψ-theories T and T 1, we have

T is Morita equivalent to T 1 iff the categories QpT q and QpT 1q are equivalent.

Proof. Once we prove that Q Ď Ψ`, the result follows immediately from Proposition 7.7
of [48]. But P` Ď Ψ` holds, since Ψ Ď P does and P` “ Q (see Example 2.1.30 or
Remark 6.21 of [48]). �

Remark 3.1.10. It is possible to add a third equivalent condition to the above theorem:
that the categories

rT op ,V s and rT 1op ,V s

are equivalent. Indeed, this again follows quickly from Proposition 7.7 of [48], sinceQ Ď P
and PpT q “ rT op ,V s.

3.2 Morita theorem for S -sorted theories

We shall sharpen the basic Morita theorem 3.1.9 for the case of many-sorted theories. We
will obtain a characterisation result for Morita equivalent theories that is similar in spirit
to those contained in [3, 7]: two many-sorted theories are Morita equivalent if one is a
certain idempotent modification of the other.

Remark 3.2.1. Recall that S is called discrete if its homs are defined as

S ps, s1q “

#

I if s “ s1

K otherwise,

where K denotes the initial object of V and I denotes the unit of the monoidal structure
on V (recall Assumption 2.1.1).

Definition 3.2.2. Suppose S is a small discrete category. A Ψ-theory T is called S -
sorted , if there is a functor

T : ΨpS q Ñ T

that is both identity on objects and a morphism of Ψ-theories.

If T : ΨpS q Ñ T is an S -sorted Ψ-theory, then composition with T yields a faithful
functor of the form

Ψ-AlgpT q Ñ Ψ-AlgpΨpS qq.

Due to the definition of Ψ-algebras and since ΨpS q is a free cocompletion of S under
Ψ-colimits, the above functor is, up to equivalence, a “forgetful functor” of the form

Ψ-AlgpT q Ñ rS op ,V s.

This explains our terminology: Ψ-algebras for an S -sorted theory “live” over rS op ,V s,
i.e., over “S -sorted V ”.

Example 3.2.3. The definition of an S -sorted theory covers some important examples.
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1. Let V be arbitrary, and Ψ be the empty class of weights. Then to give an S -sorted
Ψ-theory T : S Ñ T is to give T having the same objects as S . If S has only
one object, the S -sorted theories are then monoids in the case of V “ Set, ordered
monoids in the case of V “ Pos, and rings when V “ Ab.

2. Let V “ Set and consider the class Π of weights. The S -sorted Π-theories are the
(duals of) S-sorted Lawvere theories from [5].

For any Ψ-theory T we can construct its respective “canonical theory” QpT q. This
generalises the concept of the canonical theory of a Lawvere theory T , see Chapter 8 of [5].
For a Lawvere theory T , its canonical theory is given by the idempotent completion of
T (which coincides with QpT q, see Example 3.1.6 above).

Proposition 3.2.4. For any Ψ-theory T , the category QpT q is a Ψ-theory. The unit
ZQ

T : T Ñ QpT q of the free Q-cocompletion of T is a morphism of Ψ-theories.

Proof. We have to prove that 1. the category QpT q has Ψ-colimits and that 2. the functor
ZQ

T : T Ñ QpT q preserves them.

1. By soundness of Ψ we know that the equality Ψ-AlgpT q “ Ψ`pT q holds, see (2.1).

We will show that the category Ψ`pT q is cocomplete: By using Theorem 8.11
of [48], we see that for any small category D , the closure of Ψ˚pDq in rDop ,V s
under Ψ`-colimits is all of rDop ,V s, By Proposition 8.8 of [48], each object of
rT op ,V s has a reflection in Ψ˚-AlgpT q “ Ψ-AlgpT q “ Ψ`pT q and thus Ψ`pT q is
indeed cocomplete.

Because Q Ď Ψ` holds (see the proof of Theorem 3.1.9 above), the category QpT q

is precisely the category of all Ψ`-presentable objects of the category Ψ`pT q, see
Proposition 7.5 of [48]. Thus QpT q has Ψ-colimits and it is small since Q is locally
small by Assumption 3.1.7 above.

2. Consider the factorisation

T
ZQ

T

// QpT q
H
// Ψ`pT q
��

ZΨ`

T

The inclusion ZΨ`

T : T Ñ Ψ`pT q preserves Ψ-colimits (use the equality Ψ-AlgpT q “

Ψ`pT q again and Corollary 8.5 of [48]). Since H preserves and reflects Ψ-colimits,
the functor ZQ

T preserves Ψ-colimits.

�

The following definition is a generalisation of an idempotent modification of a theory T
from [7]. As we will see in Section 3.3, the definition in fact covers many constructions that
appear in various characterisation theorems of Morita equivalence in different contexts.

Definition 3.2.5. Suppose T : ΨpS q Ñ T is an S -sorted Ψ-theory and suppose u :
S Ñ QpT q is any functor.
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1. The closure under Ψ-colimits in QpT q of the full subcategory of QpT q spanned
by objects of the form upsq will be denoted by Tu. The Ψ-theory Tu is called the
u-modification of T .

2. The functor u is called pseudoinvertible if the closure of Tu under Q-colimits in
QpT q is all of QpT q.

Example 3.2.6 (The canonical pseudoinvertible functor for a theory). Suppose
T : ΨpS q Ñ T is an S -sorted Ψ-theory. Consider the composite

c ” S
ZΨ

S // ΨpS q
T // T

ZQ
T // QpT q

We claim that c is pseudoinvertible. Moreover, the categories Tc and T are equal.
Recall from Proposition 3.2.4 that QpT q is a Ψ-theory and consider the essentially

unique extension c7 : ΨpS q Ñ QpT q of c to a morphism of Ψ-theories. This extension
c7 is (isomorphic to) the composite ZQ

T ¨ T , since the latter functor preserves Ψ-colimits.
Moreover, the categories Tc and T are the same, since T is closed in QpT q under
Ψ-colimits.

The following lemma establishes the main ingredient in the first part of the charac-
terisation of Morita equivalent S -sorted theories: a pseudoinvertible idempotent u in a
theory T gives rise to an idempotent modification of T that is Morita equivalent to T .

Lemma 3.2.7. For every pseudoinvertible u : S Ñ QpT q, the Ψ-theories T and Tu are
Morita equivalent.

Proof. Denote by E : Tu Ñ QpT q the full inclusion from the definition of Tu. It suffices
to prove that E : Tu Ñ QpT q is a free cocompletion of Tu under Q-colimits. Indeed,
then QpTuq and QpT q would be equivalent as categories and the claim would follow from
the basic Morita theorem 3.1.9.

To finish the proof, observe that the following four conditions are satisfied:

1. E is fully faithful. This is trivial.

2. QpT q has Q-colimits. Again, this is trivial.

3. The closure of Tu in QpT q under Q-colimits is all of QpT q. This is a restatement
of pseudoinvertibility of u.

4. Every object a of Tu is Q-presentable in QpT q. Indeed, the functor QpT qpEa,´q :
QpT q Ñ V preserves Q-colimits, since Q-colimits are preserved by any functor,
see [78].

By Proposition 4.2 of [48], the above four conditions prove precisely that E : Tu Ñ QpT q

is a free cocompletion of Tu under Q-colimits. �

Now we are ready for the characterisation: Every theory T 1 Morita equivalent to T
is essentially an idempotent modification of T .

Theorem 3.2.8 (The Morita theorem for many-sorted theories). Suppose T :
ΨpS q Ñ T and T 1 : ΨpS q Ñ T 1 are S -sorted Ψ-theories. Then the following conditions
are equivalent:
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1. Theories T and T 1 are Morita equivalent.

2. There is a pseudoinvertible u : S Ñ QpT q such that the categories Tu and T 1 are
equivalent.

Proof. 1. implies 2. Due to the basic Morita theorem, one can choose an adjoint equiva-
lence

L % R : QpT q Ñ QpT 1
q.

Define u : S Ñ QpT q to be the composite

u ” S c // QpT 1q
L // QpT q

That is, u is defined as the canonical pseudoinvertible functor c for the theory T 1 (see
Example 3.2.6), composed with L. The functor u is pseudoinvertible, since c is and L is
an equivalence of categories. By Example 3.2.6 we know that T 1

c “ T 1. Since L is an
equivalence of categories, it preserves all colimits; thus the image of T 1 under L in QpT q

is the u-modification Tu of T .
Again using that L % R is an adjoint equivalence, the image of Tu under R in QpT 1q

is the R ¨ u-modification T 1
R¨u of T 1. The composite R ¨ u is naturally isomorphic to the

canonical pseudoinvertible functor c for T 1, and thus the categories T 1 and T 1
R¨u are

equivalent as categories by construction. This establishes the existence of an equivalence
of categories between T 1 and Tu.

2. implies 1. Choose an equivalence Tu » T 1. Then the categories QpTuq and QpT 1q are
equivalent. Furthermore, by Lemma 3.2.7, the categoriesQpTuq andQpT q are equivalent.
Use the basic Morita theorem 3.1.9 to conclude the proof. �

3.3 Examples

In this section we are going to apply our general result in various contexts to show its
unifying nature. Namely, we can vary classes Ψ of weights (working thus with various
notions of theories) and we can vary the base category V . We show both the one-sorted
and many-sorted case wherever this distinction is applicable.

However, the freedom of the choice of Ψ can be somewhat limited in some enrichments.
For example, when V “ Set it does not make much sense to consider classes Ψ that
contain weights for coequalisers. In fact, in this case any Ψ-theory T has coequalisers
and is therefore idempotent complete [5]. Thus we have an equivalence QpT q » T of
categories. Given two Ψ-theories T and T 1 that are Morita equivalent, we have a chain
of equivalences

T » QpT q » QpT 1
q » T 1.

The above argument can be used for a general V and any class Ψ of weights such that
Q Ď Ψ holds. Thus we conclude that for such a Ψ, two Ψ-theories T 1 and T are Morita
equivalent if and only if T and T 1 are equivalent as categories.
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3.3.1 The case of the empty class

Let V be arbitrary and let Ψ be the empty class of weights. Thus a Ψ-theory is a small
category and Ψ-AlgpT q “ rT op ,V s.

We show how the choice of an empty class of weights affects the notion of a theory
and of Morita equivalence in various enrichments.

Example 3.3.1. Let V “ Cat and let S be a discrete category on one object, say s. An
S -sorted Ψ-theory T is therefore a Cat-enriched monoid. Any functor u : S Ñ QpT q

chooses an object upsq P obpQpT qq. This object corresponds to an idempotent in T ,
which we are going to denote by u : sÑ s for notational simplicity.

The u-modification Tu of T is the Cat-monoid QpT qpu, uq of morphisms f : s Ñ s
from T that satisfy the equalities u ¨ f “ f “ f ¨ u:

s
f
//

u

��

f

��

s

u

��
s

f
// s

Equivalently, each such morphism f has to satisfy the equality u ¨ f ¨ u “ f . Let f and
f 1 be two morphisms in QpT qpu, uq. The 2-cells α : f Ñ f 1 in Tu are exactly the 2-cells
α : f Ñ f 1 in T for which u ˚ α ˚ u “ α.

The functor u : S Ñ QpT q is pseudoinvertible if and only if any object p from QpT q

is a retract of u : sÑ s in the category QpT q.
We shall now show that for u to be pseudoinvertible it is enough that 1s is a retract

of u. From this it will follow that any p is a retract of u: Suppose we have

s
m //

1s
��

m

��

1s

��
s

e //

u

��

e

��

s

1s
��

s m
//

1s

OOs e
// s

with e ¨m “ 1s. The diagram

s
p
//

p

��

p

��

p

��
s

p
//

1s
��

p

��

s

p

��
s p

//

p

OOs p
// s

shows that p is a retract of 1s, since p : s Ñ s is the identity morphism in the hom-set
QpT qpp, pq. This allows us to conclude that p indeed is a retract of u by inspecting the
diagram

s
p
//

p

��

p

��

s m //

1s
��

m

��

s e //

u

��

e

��

s
p
//

1s
��

p

��

s

p

��
s p

// s m
// s e

// s p
// s
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and observing that p ¨ e ¨m ¨ p “ p.
We have therefore shown that the only Cat-monoids Morita equivalent to T are those

of the form Tu for a pseudoinvertible idempotent u of T . In detail, given an idempotent
u : sÑ s from T satisfying the equalities

e ¨m “ 1 u ¨m “ m e ¨ u “ u

for some morphism m and e in T , we have a monoid Tu consisting of the morphisms
f : sÑ s satisfying the equalities

u ¨ f “ f “ f ¨ u

and equipped by the 2-cells u ˚α ˚ u : f Ñ f 1 derived from the 2-cells α : f Ñ f 1 from T .
Such monoids are Morita equivalent to T , and they are the only ones Morita equivalent
to T .

Example 3.3.2 (Morita equivalence of 2-categories). Slightly generalising Exam-
ple 3.3.1, let us consider the case of S possibly having more than one object. An S -
sorted theory T is any category with objects being precisely the sorts from S . A functor
u : S Ñ QpT q then chooses an object upsq from QpT q for every sort s P obpS q. This
amounts to choosing an idempotent upsq : ts Ñ ts from T for every sort s.

The u-modification Tu of the theory T can be described either as a full subcategory
of QpT q spanned by the objects of the form upsq for s P obpS q, or more concretely
as follows: The objects of Tu are the objects ts from T that are (co)domains of some
idempotent upsq : ts Ñ ts. The morphisms in Tupts, ts1q are the morphisms f : ts Ñ ts1
from T for which the diagram

ts
f
//

upsq

��

f

��

ts1

ups1q

��

ts f
// ts1

commutes in T . And the 2-cells between f : ts Ñ ts1 and f 1 : ts Ñ ts1 are the 2-cells
ups1q ˚ α ˚ upsq : f Ñ f 1 for every 2-cell α : f Ñ f 1 in T pts, ts1q.

The functor u : S Ñ QpT q, that chooses the idempotents, is pseudoinvertible if and
only if there is an equivalence QpTuq » QpT q. As in the case of S having one object,
every object p : t Ñ t in QpT q has to be a retract of some upsq : ts Ñ ts. By the
same argument as in Example 3.3.1, it is enough to require that every identity morphism
1t : tÑ t from T is a retract of some upsq : ts Ñ ts in QpT q. This is true because every
object p : tÑ t is a retract of 1t : tÑ t in QpT q. Thus u is pseudoinvertible if and only
if for every sort t there is an idempotent upsq and morphisms mt : t Ñ ts and et : ts Ñ t
such that the diagram

ts
upsq
// ts

et
��

t

mt

OO

1t
// t

commutes in T . The Morita theorem 3.2.8 then says that the only S -sorted theories
Morita equivalent to T are those of the form Tu as described above. We have therefore
generalised the characterisation of Morita equivalent Cat-monoids and we have described
Morita equivalent Cat-categories over a fixed set of objects.
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Example 3.3.3. The results from the previous examples transfer directly to the case of
enrichments in Pos and Set.

For the enrichment in V “ Pos and the empty class Ψ of weights, an S -sorted theory
T is a small (Pos-)category with the set obpS q of objects. Recall from Example 3.1.6
that the objects in QpT q are the idempotents of T , a morphism f : k Ñ k1 in T is a
morphism from u to v in QpT q if

v ¨ f “ f “ f ¨ u,

and f ď f 1 holds in QpT qpu, vq holds if and only if it holds in T .
Given an S -sorted theory T , the functor u : S Ñ QpT q is a choice of idempotents

upsq : ts Ñ ts from T for each sort s P obpS q. The u-modification Tu of the theory T
has the set obpTsq “ tts | s P obpS qu of objects, where ts is the domain of upsq for each
s, and a morphism f : ts Ñ ts1 from T pts, ts1q belongs to Tupts, ts1q if and only if

ups1q ¨ f “ f “ f ¨ upsq

holds in T . To say that u is pseudoinvertible is to say that QpTuq » QpT q holds, and
this in turn means that any object p : t Ñ t is a retract of some upsq : ts Ñ ts in QpT q.
Thus for each sort s the equality

ts
upsq
// ts

et
��

t

mt

OO

1t
// t

has to hold for some morphisms mt : t Ñ ts and et : ts Ñ t in T , and this condition
is sufficient for u : S Ñ QpT q to be pseudoinvertible by the same reasoning as in
Example 3.3.2.

We have now generalised one of the results of [52] that discusses Morita equivalence
of partially ordered monoids. If we consider the one-object category S of sorts, an S -
sorted theory T is a partially ordered monoid. Translating the above characterisation
to the usual algebraic language, we get that an idempotent u of a partially ordered
monoid pN, ¨, 1,ďq is pseudoinvertible if and only if there are elements m, e P N such that
e ¨ u ¨m “ 1. The Morita theorem 3.2.8 then says that a partially ordered monoid M is
Morita equivalent to N if and only if M – uNu for some pseudoinvertible idempotent u
in N , where uNu is the partially ordered monoid with the underlying set tu ¨n ¨u | n P Nu,
multiplication operation defined as in N , and unit u.

The above arguments from the case of V “ Pos carry unchanged to the case of V “ Set
by ignoring the 2-dimensional aspect: thus for V “ Set, we get that all monoids Morita
equivalent to a given monoid pN, ¨, 1q are isomorphic to a monoid of the form puNu, ¨, uq
for an idempotent u P N , where uNu “ tu ¨ n ¨ u | n P Nu, the operation ¨ is the same as
in N , and there are elements m, e P N such that

e ¨ u ¨m “ 1

holds. We have thus reproved the result of [9, 49] characterising Morita equivalent ordinary
monoids.
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Example 3.3.4. In the case of the enrichment V “ Ab, the situation is as follows: If
S is a one-object category, then an S -sorted Ψ-theory T is a ring with a unit. An
object in QpT q is a retract of a finitely generated projective T -module. Any T -module
M in QpT q yields a ring QpT qpM,Mq of endomorphisms. This ring is pseudoinvertible
if T , considered as a module over itself, is a retract of a finite coproduct

š

lM . By
this we recapture the original result of Morita from [70]: Let T and T 1 be two rings.
Denote by T rks the ring of all kˆ k matrices over T . For any idempotent u P T , denote
by Tu the ring of elements r P T such that ru “ r “ ur, with neutral element u and
multiplication defined as in T . Two rings T and T 1 are Morita equivalent if and only if
T 1 is isomorphic to the idempotent modification T rks

u of the matrix ring T rks for some
k ą 0 and a pseudoinvertible idempotent matrix u, that is, a matrix such that e ¨u ¨m “ 1
for some k ˆ k matrices e and m.

3.3.2 The case of finite coproducts

We shall now consider the class Π of weights for finite coproducts, see Example 2.1.26.
We know that Π is locally small and that it is sound by the results of [45, 55]. Recall that
in V “ Set, the free cocompletion ΠpK q of K under is constructed by adding formal
finite coproducts to K : The objects of ΠpK q are finite words w “ k0 . . . kn´1 over the
alphabet obpK q. Given two objects v “ z0 . . . zm´1 and w “ k0 . . . kn´1 from ΠpK q, the
morphisms ΠpK qpv, wq are tuples pf, αq with f : m Ñ n a function and α “ pαjqjăm
being a choice of morphisms αj : zj Ñ kfpjq. The identities and composition in ΠpK q are
defined as expected. In the case of V “ Pos and V “ Cat, we also need to describe the
2-cells of ΠpK q. As we will be computing free cocompletions only for discrete categories
S , we shall not need to compute this 2-dimensional aspect, as the only 2-cells in ΠpS q

will be the trivial ones.
Specialising the enrichments we obtain the following examples:

Example 3.3.5. In the case of V “ Cat and the class Π of weights, a Π-theory is a small
category T with finite coproducts. The objects of an S -sorted theory T are words over
the alphabet obpS q equipped with the usual injection morphisms. We then specialise to
two cases:

1. In case that S is the unit category 1 (i.e., one object, one morphism, one 2-cell),
an S -sorted theory T is a 2-Lawvere theory, i.e. the Cat-enriched version of the
notion of a Lawvere theory [61].

A functor u : S Ñ QpT q chooses one idempotent of the form upsq : tÑ t from T
(where t “ n ‚ s for some natural number n).

For a nontrivial choice of idempotents u (meaning that for upsq : tÑ t the object t
is not initial in T ), the u-modification Tu has finite coproducts n ‚ t of t as objects.
Then a morphism f : m ‚ tÑ n ‚ t is present in Tupm ‚ t, n ‚ tq if and only if

m ‚ t
f
//

m‚upsq
��

f

$$

n ‚ t

n‚upsq
��

m ‚ t
f
// n ‚ t
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commutes. The identity morphism for m ‚ t is m ‚ upsq : m ‚ t Ñ m ‚ t. Given
two morphisms f : m ‚ t Ñ n ‚ t and f : m ‚ t Ñ n ‚ t and f : m ‚ t Ñ n ‚ t and
f 1 : m ‚ t Ñ n ‚ t in Tupm ‚ t, n ‚ tq, a 2-cell β : f Ñ f 1 from T pm ‚ t, n ‚ tq is in
Tupm‚ t, n‚ tq if and only if it is of the form pn‚upsqq ˚α ˚ pm‚upsqq for some 2-cell
α : f Ñ f 1 from T pm ‚ t, n ‚ tq.

We shall now state the requirements for u : S Ñ QpT q to be pseudoinvertible. By
definition, the equivalence QpTuq » QpT q must hold. Any object v : r Ñ r from
QpT q thus has to be a retract of some object m‚upsq : m‚tÑ m‚t from Tu. Since
every v : r Ñ r is a retract of 1r : r Ñ r in QpT q, it is enough to show that every
object 1r : r Ñ r from QpT q is a retract of some such object m ‚ upsq. Further,
r “ n ‚ s for some natural number n, and thus we only need to check whether
1s : s Ñ s is a retract of some m ‚ upsq : m ‚ t Ñ m ‚ t. In elementary terms, this
says that there have to be two morphisms m : sÑ m ‚ t and e : m ‚ tÑ s such that

m ‚ t
m‚upsq

//m ‚ t

e

��
s

m

OO

1s
// s

(3.1)

commutes. Therefore the only S -sorted theories Morita equivalent to T are those
of the form Tu with u being an idempotent of T satisfying the pseudoinvertibility
condition of the diagram (3.1).

2. The second case is that of obpS q containing (in general) more than one element.
Then the notion of an S -sorted theory T corresponds to a category T with the
set obpT q of objects consisting of finite words over the alphabet obpS q of sorts,
and every word w “ s . . . s1 being the coproduct s` ¨ ¨ ¨ ` s1 of sorts.

A functor u : S Ñ QpT q is a choice of an idempotent upsq : ts Ñ ts in T for each
sort s P obpS q.

The u-modification of T is defined as a closure under finite coproducts of the
subcategory of QpT q spanned by the objects upsq for some s P obpS q.

That is, the objects of Tu are of the form

uptsq ` ¨ ¨ ¨ ` upts1q : ts ` ¨ ¨ ¨ ` ts1 Ñ ts ` ¨ ¨ ¨ ` ts1

for some n-tuple s, . . . , s1 of sorts from S , and the morphisms

f : uptsq ` ¨ ¨ ¨ ` upts1q Ñ uptqq ` ¨ ¨ ¨ ` uptq1q

are precisely the morphisms

f : ts ` ¨ ¨ ¨ ` ts1 Ñ tq ` ¨ ¨ ¨ ` tq1

for which the following diagram

ts ` ¨ ¨ ¨ ` ts1
f
//

uptsq`¨¨¨`upts1 q

��

f

((

tq ` ¨ ¨ ¨ ` tq1

uptqq`¨¨¨`uptq1 q

��

ts ` ¨ ¨ ¨ ` ts1 f
// tq ` ¨ ¨ ¨ ` tq1
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commutes in T . A 2-cell β : f Ñ f 1 from T is in Tu if and only if it is of the form

β “ puptqq ` ¨ ¨ ¨ ` uptq1qq ˚ α ˚ puptsq ` ¨ ¨ ¨ ` upts1qq

for some 2-cell α : f Ñ f 1 from T .

Finding out when u : S Ñ QpT q is pseudoinvertible is similar to the one-sorted
case. Any object v : r Ñ r from QpT q has to be a retract of an object p :
ts`¨ ¨ ¨` ts1 Ñ ts`¨ ¨ ¨` ts1 from Tu. Equivalently, any object 1r : r Ñ r from QpT q

has to be a retract of an object p : ts`¨ ¨ ¨` ts1 Ñ ts`¨ ¨ ¨` ts1 from Tu. This implies
that any object 1t0 : t0 Ñ t0 with t0 P obpS q has to be a retract of some p from Tu.
Thus for every sort t0 P obpS q there has to be an object p : ts`¨ ¨ ¨`ts1 Ñ ts`¨ ¨ ¨`ts1
from Tu and two morphisms mt0 : t0 Ñ ts` ¨ ¨ ¨` ts1 and et0 : ts` ¨ ¨ ¨` ts1 Ñ t0 such
that

ts ` ¨ ¨ ¨ ` ts1
p
// ts ` ¨ ¨ ¨ ` ts1

et0
��

t0

mt0

OO

1t0

// t0

(3.2)

commutes in T . Moreover, this is a sufficient condition for pseudoinvertibility
of u, since a retract of a finite coproduct of identity morphisms coincides with a
finite coproduct of retracts of identity morphisms. We have therefore characterised
the S -sorted theories Morita equivalent to T as the theories Tu for which the
pseudoinvertibility condition (3.2) holds.

Example 3.3.6. The cases of V “ Pos and V “ Set are again simplifications of the
Cat-enriched case. We are going to spell out the details in the many-sorted case. Then
an S -sorted theory T is a category equipped with a finite-coproduct-preserving functor
ΨpS q Ñ T that is bijective on objects. The objects of T can therefore be interpreted
as finite words w “ s . . . s1 over the alphabet obpS q, with every w being the coproduct
s ` ¨ ¨ ¨ ` s1. When V “ Set, the notion of an S -sorted theory T corresponds to the
standard notion of a many-sorted algebraic theory over the set of sorts obpS q (as can be
seen e.g. in [7]).

As in the Cat-enrichment case, a choice of idempotents u : S Ñ QpT q is a choice of
an idempotent upsq : ts Ñ ts in T for each sort s P obpS q.

The u-modification Tu of T is defined as the closure under finite coproducts of the
subcategory of QpT q spanned by the objects upsq for some s P obpS q. The construction
of Tu proceeds as in Example 3.3.5. For V “ Set, this construction gives exactly the
notion of an idempotent modification of a theory T from [7]. For V “ Pos, we put the
inequality f ď g between two morphisms f : uptsq ` ¨ ¨ ¨ ` upts1q Ñ uptqq ` ¨ ¨ ¨ ` uptq1q and
f 1 : uptsq`¨ ¨ ¨`upts1q Ñ uptqq`¨ ¨ ¨`uptq1q if and only if there is an inequality f ď g between
the underlying morphisms f : ts`¨ ¨ ¨`ts1 Ñ tq`¨ ¨ ¨`tq1 and f 1 : ts`¨ ¨ ¨`ts1 Ñ tq`¨ ¨ ¨`tq1
in T .

The choice of idempotents u : S Ñ QpT q is pseudoinvertible if for every sort t0 P
obpS q there is an idempotent p : ts`¨ ¨ ¨` ts1 Ñ ts`¨ ¨ ¨` ts1 from T and two morphisms
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mt0 : t0 Ñ ts ` ¨ ¨ ¨ ` ts1 and et0 : ts ` ¨ ¨ ¨ ` ts1 Ñ t0 such that

ts ` ¨ ¨ ¨ ` ts1
p
// ts ` ¨ ¨ ¨ ` ts1

et0
��

t0

mt0

OO

1t0

// t0

commutes. Our notion of pseudoinvertibility therefore captures the notion of pseudoin-
vertibility as defined in [7], and for the one-sorted case, the pseudoinvertibility condition
from [5].

Thus we get the characterisation of S -sorted theories T 1 » Tu Morita equivalent to
the theory T as it is present in [7], and its Pos-enriched variant.

Remark 3.3.7. Let us note that the technique and results of this section stay unchanged
if we change the enrichment from V “ Set to the enrichment in pointed sets (V “ Set‚).
Even more generally, the characterisation of Morita equivalent categories and Π-theories
stays unchanged for the enrichment in pointed posets or pointed categories.



Chapter 4

Gabriel-Ulmer duality

Gabriel-Ulmer duality states that locally presentable categories are dually equivalent to
essentially algebraic theories. A similar result can be obtained for algebraic theories:
Cauchy complete algebraic theories are dually equivalent to algebraic categories. In the
context of ordinary categories, a general version of the theorem of Gabriel and Ulmer was
proved by Centazzo in [25]. We state and prove the generalisation of this result in the
setting of enriched categories.

Structure of the chapter

• We first recall in Section 4.1 the notions used in this chapter (theories, algebras etc.)
to make the chapter essentially self-contained. We then prove some elementary facts
about algebraic functors.

• In Section 4.2 we state and prove the duality theorem.

Various forms of Gabriel-Ulmer duality have appeared in the literature. It seems that
the main result of this chapter might be considered folklore. However, since the proof of
the result has (to our best knowledge) not appeared in the literature in such a general
form, and since the proof is very slick, we find it worthwhile to give our presentation of
it.

4.1 Preliminaries
In this section we introduce and recall the important notions that arise in the statement
and proof of Gabriel-Ulmer duality.

Finitely presentable objects and monoidal structure A category V is locally
finitely presentable as a monoidal category if V0 is locally finitely presentable (recall from
Example 2.2.3), and if finitely presentable objects (recall Example 3.1.3) of V0 are closed
under the tensor of V and the monoidal unit I is a finitely presentable object.

To be able to state the duality, we shall also need a way to form duals of 2-categories.

Definition 4.1.1. Given a 2-category K , we define its horizontal dual K op by putting

K op
pX, Y q “ K pY,Xq

48



4.1. Preliminaries 49

and its vertical dual K co by putting

K co
pX, Y q “ pK pX, Y qqop .

Composition and identities in K op and K co are defiend in a straightforward way.

Assumption 4.1.2. In the rest of this chapter, whenever we are given a class Ψ of
weights, we assume it to be locally small and sound.

Algebraic categories

Definition 4.1.3. Given Ψ-theories T and T 1, the functor M : T Ñ T 1 is called a
Ψ-theory morphism if it is Ψ-cocontinuous.

We denote by
Ψ-Th

the 2-category of Ψ-theories, Ψ-theory morphisms and all natural transformations. Thus
Ψ-Th is a locally fully faithful sub-2-category of the 2-category V -Cat of all small V -
categories, V -functors and V -natural transformations, and there is a full inclusion

Ψ-ThÑ Ψ-COCTS

into the 2-category of Ψ-cocomplete categories, Ψ-cocontinuous functors and all (V -
)natural transformations.

Recall that given a Ψ-theory T , all T -algebras span a full subcategory Ψ-AlgpT q of
the presheaf category rT op ,V s, and we denote the inclusion by

WT : Ψ-AlgpT q Ñ rT op ,V s.

Any category equivalent to the category Ψ-AlgpT q of T -algebras for some Ψ-theory T is
called Ψ-algebraic. A functor H : K Ñ K 1 between two Ψ-algebraic categories is called
Ψ-algebraic if it preserves limits and Ψ`-colimits.

Remark 4.1.4. Recall from Remark 2.2.6 that the category Ψ-AlgpT q is (equivalent to)
the free cocompletion Ψ`pT q of T under Ψ`-colimits for any Ψ-theory T . We thus have
the factorisation

T Ψ-AlgpT q rT op ,V s
ZT WT

of the Yoneda embedding T Ñ rT op ,V s.

Any Ψ-theory morphism M : T Ñ T 1 gives rise to a Ψ-algebraic functor

Ψ-AlgpMq : Ψ-AlgpT 1
q Ñ Ψ-AlgpT q

defined as the restriction

rpT 1qop ,V s rT op ,V s

Ψ-AlgpT 1q Ψ-AlgpT q

rMop ,V s

Ψ-AlgpMq

WT 1 WT

of the precomposition functor rMop ,V s, as we show now.
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Algebraic functors and their left adjoints

Lemma 4.1.5. Given a Ψ-theory morphism M : T Ñ T 1, the functor Ψ-AlgpMq :
Ψ-AlgpT 1q Ñ Ψ-AlgpT q is algebraic: it preserves limits and Ψ`-colimits.

Proof. Let us first observe that in the diagram

rpT 1qop ,V s rT op ,V s

Ψ-AlgpT 1q Ψ-AlgpT q

rMop ,V s

Ψ-AlgpMq

WT 1 WT

the functors WT and WT 1 are in fact the functors rZT and rZT 1 , respectively. Both rZT

and rZT 1 are fully faithful since ZT and ZT 1 are dense. Moreover, Ψ-AlgpT q is closed in
rT op ,V s under limits and Ψ`-colimits, and so is Ψ-AlgpT 1q in rT 1op ,V s. That Ψ-AlgpMq
preserves limits and Ψ`-colimits then follows from the fact that rMop ,V s preserves both
limits and colimits: it has both a right and a left adjoint (given by right and left Kan
extensions, respectively). �

Algebraic functors that arise from a theory morphism have a left adjoint given by left
Kan extension.

Lemma 4.1.6. Given a Ψ-theory morphism M : T Ñ T 1, the functor Ψ-AlgpMq :
Ψ-AlgpT 1q Ñ Ψ-AlgpT q has a left adjoint.

Proof. Let us take a functor L “ LanZT
pZT 1Mq which makes the square

Ψ-AlgpT 1q Ψ-AlgpT q

T 1 T

–

LanZT
pZT 1Mq

ZT 1

M

ZT

commute up to isomorphism. On objects L is defined as

LA “ Ψ-AlgpT qpZT ´, Aq ˚ZT 1M,

and we thus get the following series of isomorphisms:

Ψ-AlgpT 1
qpLA,Bq – t rZT pAq,Ψ-AlgpT qpZT 1M´, Bqu

– rT op ,V sp rZT pAq, rZT 1pBqMop
q

– rT op ,V sp rZT pAq, rZT pΨ-AlgpMqBqq
– Ψ-AlgpT qpA,Ψ-AlgpMqBq

This shows that L “ LanZT
pZT 1Mq indeed is a left adjoint to Ψ-AlgpMq. �
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In fact, every algebraic functor has a left adjoint. This fact will be important in
showing that every algebraic functor is essentially of the form Ψ-AlgpMq for some theory
morphism M . First we prove an auxiliary lemma.

Lemma 4.1.7. Suppose a functor F : Ψ`pT q Ñ V preserves limits and Ψ`-colimits.
Such F is representable.

Proof. This result follows quickly from a general representability theorem: see that by
Theorem 4.82 of [41] and by the fact that F “ LanZT

FZT is representable if and only if
the (small) limit tFZT , ZT u exists and if F preserves this limit. But tFZT , ZT u exists by
completeness of Ψ`pT q (recall Remark 2.2.6) and F preserves this limit since it preserves
all limits. �

Lemma 4.1.8. Any algebraic functor G : Ψ-AlgpT 1q Ñ Ψ-AlgpT q has a left adjoint.

Proof. We first note that we can equivalently consider an algebraic functor G : Ψ`pT 1q Ñ

Ψ`pT q. This functor has a left adjoint if Ψ`pT qpA,G´q : Ψ`pT q Ñ V is representable
for every A in Ψ`pT q.

For Ψ-presentable objects A in Ψ`pT q we see that Ψ`pT qpA,G´q preserves limits and
Ψ`-colimits, since both Ψ`pT qpA,´q and G do. In fact, Ψ`pT qpA,G´q preserves limits
and Ψ`-colimits for any A in Ψ`pT q, as any such A is a Ψ`-colimit of Ψ-presentable
objects. Since any functor F : Ψ`pT q Ñ V that preserves limits and Ψ`-colimits is
representable by Lemma 4.1.7, the proof is finished. �

Taking all Ψ-algebraic categories, we can form a (non-full) sub-2-category

Ψ-ALG

of the 2-category V -CAT of all V -categories. The morphisms in Ψ-ALG consist of all
Ψ-algebraic functors, and the inclusion Ψ-ALG ãÑ V -CAT is locally fully faithful (that is,
any natural transformation between two Ψ-algebraic functors is a 2-cell in Ψ-ALG).

Definition 4.1.9. Given a class Ψ of weights, the assignment

T ÞÑ Ψ-AlgpT q

mapping a Ψ-theory T to its category of algebras can be extended to a 2-functor of the
form

Ψ-Algp´q : pΨ-Thqcoop Ñ Ψ-ALG.

A Ψ-theory morphism M : T Ñ T 1 is mapped to the algebraic functor Ψ-AlgpMq :
Ψ-AlgpT 1q Ñ Ψ-AlgpT q. Given two Ψ-theory morphisms M,M 1 : T Ñ T 1, a natu-
ral transformation α : M Ñ M 1 is mapped to the natural transformation Ψ-Algpαq :
Ψ-AlgpM 1q Ñ Ψ-AlgpMq whose component at an algebra A : pT 1qop Ñ V is Apαqop :
A ¨ pM 1qop ñ A ¨Mop .

Remark 4.1.10. Let us observe that Ψ-Algp´q is indeed a 2-functor. Given two Ψ-theory
morphisms M : T Ñ T 1 and N : T 1 Ñ T 2, the composition on 1-cells is preserved by
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Ψ-Algp´q strictly, as it is seen from the diagram

rpT 2qop ,V s rpT 1qop ,V s rT op ,V s

Ψ-AlgpT 2q Ψ-AlgpT 1q Ψ-AlgpT q,

rNop ,V s rMop ,V s

Ψ-AlgpNq

WT 2

Ψ-AlgpMq

WT 1 WT

whose outer rectangle corresponds to

rpT 2qop ,V s rT op ,V s

Ψ-AlgpT 2q Ψ-AlgpT q.

rpM ¨Nqop ,V s

Ψ-AlgpM ¨Nq

WT 1 WT

Likewise, for the 2-cells the 2-functoriality of Ψ-Algp´q follows quickly, since component-
wise Ψ-Algp´q acts as postcomposition.

Definition 4.1.11. We say that a Ψ-theory is Cauchy complete if it is Q-cocomplete. We
denote the full sub-2-category of the 2-category Ψ-Th spanned by all Cauchy complete
Ψ-theories by Ψ-Thcc.

Remark 4.1.12. In the context of ordinary categories and algebraic categories, Cauchy
complete algebraic theories are called canonical theories . See, for example, Chapter 8
of [5] and Proposition 3.2.4. As in the case of Gabriel-Ulmer duality for algebraic theories
and algebraic categories in the ordinary setting, we need to restrict ourselves to “canonical
theories” only in order to obtain the duality result.

4.2 Gabriel-Ulmer duality
For ordinary categories, duality results consist of showing that two categories K and L
of interest are dually equivalent, that is, there is an equivalence

K op
Ñ L

of categories. We shall need to be more careful in our formulation of Gabriel-Ulmer
duality, as the “categories” (2-categories in fact) Ψ-Thcc and Ψ-ALG are not equivalent
in this sense. The theory morphisms in Ψ-Thcc and algebraic functors in Ψ-ALG are in
correspondence only up to equivalence; hence we need to use an adequately weakened
notion of an equivalence.

Definition 4.2.1 ([77]). Let K and L be 2-categories. A 2-functor T : K Ñ L is a
biequivalence if T is

1. essentially surjective, i.e., for each object Y in L there exists an object X in K
such that TX is equivalent to Y ,
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2. locally an equivalence, i.e., the action

TX,X 1 : K pX,X 1
q Ñ L pTX, TX 1

q

is an equivalence of categories for each pair X, X 1 of objects in K .

Now we can state the main result of this chapter.

Theorem 4.2.2 (Gabriel-Ulmer duality). The 2-functor

Ψ-Algp´q : pΨ-Thccqcoop Ñ Ψ-ALG

is a biequivalence of 2-categories.

Proof. We will proceed in two parts:

1. We will prove that Ψ-Algp´q is essentially surjective on objects. That is, we will
show that each Ψ-algebraic category K is essentially a category of Ψ-algebras for
a Cauchy complete Ψ-theory T .

2. We will prove that for each pair T and T 1 of Cauchy complete Ψ-theories the action

pΨ-ThccpT ,T 1
qq

op
Ñ Ψ-ALGpΨ-AlgpT 1

q,Ψ-AlgpT qq

of the 2-functor Ψ-Algp´q is an equivalence of categories.

Ad 1.: We need to show that given a Ψ-algebraic category K , there exists a Cauchy
complete Ψ-theory T such that Ψ-AlgpT q » K holds.

We shall show here that T :“ KΨ` (the full subcategory of K spanned by Ψ`-
presentable objects) is a Cauchy complete Ψ-theory, and that Ψ-AlgpKΨ`q » K holds.
(The proof is also contained in [48].)

First, KΨ` has Ψ-colimits, as it is closed in K under Ψ-colimits: consider a diagram
D : D Ñ K that factorises through KΨ` , and a Ψ-weight ψ : Dop Ñ V . Using
the natural isomorphism K pψ ˚D,Xq – rDop ,V spψ,K pD´, Xqq, we see that ψ ˚D is
Ψ`-presentable since the functors K pDd,´q and rDop ,V spψ,´q “ tψ,´u preserve Ψ`-
colimits, and thus K pψ ˚D,´q preserves them as well.

Secondly, KΨ` is Cauchy complete. From the inclusion Q Ď Ψ` we see that a similar
argument as above can be used to prove that KΨ` is closed in K under Q-colimits.
Indeed, given a diagram D : D Ñ KΨ` Ñ K and a weight ψ : Dop Ñ V from Q, the
functor K pDd,´q preserves Ψ`-colimits for any d from D , and rDop ,V spψ,´q preserves
Ψ`-colimits, as it in fact preserves all colimits. Thus ψ ˚D is Ψ`-presentable as we
needed.

Thirdly, from Q Ď Ψ` we infer that

QpT q » Ψ`
pT qΨ` » KΨ` ,

and from this it follows that

Ψ-AlgpT q » Ψ`
pT q » Ψ`

pQpT qq » Ψ-AlgpKΨ`q.

Ad 2.: Let us fix two theories T and T 1. The (ordinary) functor

pΨ-ThccpT ,T 1
qq

op
Ñ Ψ-ALGpΨ-AlgpT 1

q,Ψ-AlgpT qq
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is an equivalence precisely when it is fully faithful and essentially surjective.
For essential surjectivity we take an algebraic functor G : Ψ-AlgpT 1q Ñ Ψ-AlgpT q

and construct an appropriate theory morphism M : T Ñ T 1. Since G has a left adjoint
(let us denote it by L : Ψ-AlgpT q Ñ Ψ-AlgpT 1q), we have the composite dotted functor
as in the following diagram:

Ψ-AlgpT q Ψ-AlgpT 1q

T T 1

L

ZT ZT 1

Since left adjoints preserve colimits (and map Ψ`-presentable objects to Ψ`-presentable
objects), the dotted functor can be factored through ZT 1 to the sought functor M :

Ψ-AlgpT q Ψ-AlgpT 1q

T T 1

L

ZT

M

ZT 1

By construction L is left adjoint to Ψ-AlgpMq, and thus Ψ-AlgpMq is isomorphic to G.
To show that

pΨ-ThccpT ,T 1
qq

op
Ñ Ψ-ALGpΨ-AlgpT 1

q,Ψ-AlgpT qq

is fully faithful, see that natural transformations

T T 1

M

ó

M 1

correspond precisely to natural transformations

Ψ`pT q Ψ`pT 1q

Ψ`pMq

ó

Ψ`pM 1q

(4.1)

as the cocompletion pseudoadjunction

Ψ`-Cocts

V -Cat

%
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has a locally fully faithful forgetful right adjoint. Now since Ψ`pMq % Ψ-AlgpMq and
Ψ`pM 1q % Ψ-AlgpMq both hold, we can use the units and counits of these adjunctions
(say ηM , µM and ηM 1 and µM 1 respectively) to form mates

Ψ`pT q

Ψ`pT q Ψ`pT 1q

Ψ`pT 1q

Ψ`pMq

ó

Ψ`pM 1q

1 ñ
ηM

Ψ-AlgpMq

Ψ-AlgpM 1q

1

ñ εM
1

“ Ψ-AlgpT 1q Ψ-AlgpT q

Ψ-AlgpM 1q

ó

Ψ-AlgpMq

that are in one to one correspondence to the natural transformations of the form in
diagram (4.1). �

Example 4.2.3. Instantiating our general result, we obtain the following known dualities.

1. For V “ Set and Ψ being the class of weights for finite colimits, the general result
recovers the original result of Gabriel and Ulmer from [36] that essentially algebraic
theories are dually equivalent to locally presentable categories.

2. For V “ Set and Ψ being the class of weights for finite coproducts, we recover the
duality of canonical algebraic theories and algebraic categories given in [2] and [25].

3. For Ψ “ H being the empty class of weights, we obtain the “Morita duality”: the du-
ality of presheaf categories and small Cauchy complete categories. That is, functors
rT 1,V s Ñ rT ,V s preserving limits (and triviallyQ-colimits) essentially correspond
to (trivially Q-cocontinuous) functors T Ñ T 1.

4. For V “ Set and Ψ being weights for conical colimits, we obtain the results of
Centazzo [25]. We will study conical weights more in Chapter 5.

Varying the enrichment, we obtain the obvious variations of the above results for ordered
algebraic categories, ordered locally presentable categories, etc.

Remark 4.2.4. We can also vary the classes of weights: consider two classes Ψ and Ψ1

of weights such that Ψ Ď Ψ1 holds. This inclusion gives rise to an inclusion 2-functor

iΨ1,Ψ : Ψ1-Thcc Ñ Ψ-Thcc

which has a left pseudoadjoint given by a Ψ-conservative Ψ1-cocompletion. More in detail,
we have for every Ψ-theory T the restricted Yoneda embedding

ZΨ
T : T Ñ Ψ-AlgpT q



56 Chapter 4. Gabriel-Ulmer duality

and this embedding can be factorised: Consider the closure T of T in Ψ-AlgpT q under
Ψ1-colimits. We get a diagram

T T

Ψ-AlgpT q

ZΨ,Ψ1

T

ZΨ
T

–

in which T is a Ψ1-theory (since Ψ1 is assumed to be locally small), the functor

ZΨ,Ψ1

T : T Ñ T

preserves Ψ-colimits and is the T -component of the unit of the pseudoadjunction

Ψ1-Thcc

Ψ-Thcc.

iΨ1,Ψ%p´q

Moreover, this pseudoadjunction induces via the biequivalences Ψ-Algp´q : pΨ-Thccqcoop Ñ
Ψ-ALG and Ψ1-Algp´q : pΨ1-Thccqcoop Ñ Ψ1-ALG the right-hand side pseudoadjunction in
the following diagram:

pΨ1-Thccqcoop Ψ1-ALG

pΨ-Thccqcoop Ψ-ALG

icoop
Ψ1,Ψ

%

»

%

p´q
coop

»

The right pseudoadjoint
Ψ1-ALGÑ Ψ-ALG

has the expected behaviour on objects: given a Ψ1-algebraic category Ψ1-AlgpT q for a
Ψ1-theory T , we may consider this category as Ψ-AlgpT q, since T is trivially also a
Ψ-theory, and any Ψ1-algebra T op Ñ V preserves Ψ1-limits, thus Ψ-limits as well.

The left pseudoadjoint
Ψ-ALGÑ Ψ1-ALG

gives for a Ψ-algebraic category Ψ-AlgpT q the Ψ1-algebraic category Ψ1-AlgpT q with T
being the Ψ1-theory obtained from T by “conservatively adjoining Ψ1-colimits”.

Example 4.2.5. Consider the case of ordinary categories V “ Set and the classes Ψ “ Π
and Ψ1 “ Lex of weights. Taking an algebraic Cauchy complete (Π-)theory T , we may
consider T as a subcategory of Π-AlgpT q and form the closure under finite colimits.
This gives us the category T of finitely presentable objects of Π-AlgpT q (see [5]), and
T is an essentially algebraic theory, having all finite colimits. Moreover, the categories
Lex-AlgpT q and Π-AlgpT q are equivalent, see Corollary 5.12 in [5].
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Sifted weights

The classical theory of locally presentable [36] and accessible categories [59], [65] (see also
the more recent [3]) hinges a lot upon the interplay of two classes of categories: the class
of λ-small categories for limits and the class of λ-filtered categories for colimits, where λ
is a fixed regular cardinal. The precise nature of the interplay is that

λ-small limits commute with λ-filtered colimits in the category of all sets and map-
pings.

The idea of [1] was to develop a more general theory of locally presentable and accessible
categories based on the fact that one has a fixed class D of small categories that replaces
the class of λ-small categories. The corresponding class of colimits, called D-filtered , is
then defined by the requirement that

D-limits commute with D-filtered colimits in the category of sets and mappings.

It has been showed in [1] that a great deal of the classical theory can be developed for
the concept of D-filteredness, provided that the class D satisfies a side condition that is
called soundness in [1].

For example, the class D consisiting of finite discrete categories is sound. The cor-
responding D-filtered colimits turn out to be precisely the sifted colimits of [60]. Free
cocompletions of small categories under sifted colimits generalise the notion of a variety,
as shown in [4]. In fact, the notion of a sifted colimit turned out to be a cornerstone
notion in the categorical treatment of universal algebra, see [5].

The approach of [1] can be generalised further, as we hinted at in Definition 2.1.27.
That is, we can study commutativity of weighted limits and colimits in a general

enrichment, and look at “well-behaved” classes Ψ of weights that give rise to a nice notion
of a Ψ-theory. These are precisely the sound classes of weights as we defined them in
Definition 2.2.5.

The “ordinary” definition of soudness from [1] and our notion of soundness are closely
tied: they coincide when we consider ordinary categories and conical weights. We shall
then pass from categories to categories enriched in Cat and characterise sifted weights in
this environment. This characterisation is very much in the style of the characterisation of
sifted colimits for ordinary categories, and it allows for a “calculus” for detecting whether
a weight is sifted.

57
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Structure of the chapter

• In Section 5.1 we recall some necessary basic notions and then show that

1. a weight is Π-flat precisely when its category of elements is sifted in the ordinary
sense of [5],

2. our definition of soundness coincides with the definition of soundness from [1].

• In Section 5.2 we give the elementary characterisation of sifted weights for V “ Cat
and show the usage of this characterisation on an example of an interesting weight
by proving its siftedness.

• Having studied sifted weights in the enrichment V “ Cat, we get some observations
on sifted weights in the enrichment V “ Pre almost for free in Section 5.3.

The results contained in this chapter appeared in the manuscript [30] by J. Velebil
and the author. The wording of the chapter is a slight modification of the text of the
manuscript.

5.1 Preliminaries

Notation 5.1.1. In this chapter we denote the identity morphism on an object A by
idA : AÑ A. As we shall be working with categories whose objects are natural numbers,
this notation prevents possible confusion. For the same reason the terminal object in a
cartesian closed category V will be denoted by J.

In the setting of ordinary categories, we most often deal with conical limits and colim-
its. The notion of a conical limit or conical colimit can be introduced for any enrichment
in V , provided that V is cartesian closed.

Example 5.1.2. Suppose V is cartesian closed. By constJ : Dop Ñ V we denote the
weight that is constantly the terminal object J. Such weights will be called conical . Any
class D of small categories induces a class

ΨD

of conical weights constJ : Dop Ñ V with Dop in D.

1. Suppose V “ Set. Then to say that a small category D is D-filtered in the sense
of [1] is to say that the conical weight constJ : Dop Ñ Set is ΨD-flat. Indeed:
(co)limits of diagrams weighted by conical weights yield the usual notions defined
by (co)cones.

2. Suppose V is arbitrary (but still cartesian closed). The class ΨD for D consisting
of all finite discrete categories will be denoted by Πcone. The corresponding class of
Πcone-flat weights will be called the class of sifted weights. Compare with Exam-
ple 2.1.30: we have extended the definition of sifted weights to enrichments other
than V “ Set.
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Remark 5.1.3. Recall from Definition 2.2.5 that a class Ψ of weights is called sound if
a weight ϕ : Dop Ñ V is Ψ-flat whenever the functor

ϕ ˚ p´q : rD ,V s Ñ V

preserves Ψ-limits of representables.
Recall (see, e.g., [64]) that in the enrichment V “ Set, every ϕ : Dop Ñ Set has a

category of elements eltspϕq: the objects are pairs px, dq with x P ϕpdq and a morphism
from px, dq to px1, d1q is a morphism t : dÑ d1 in D such that ϕtpx1q “ x holds.

Recall also from 2.1.25 that for a class Ψ of weights we denote by Ψ1pDq the first step
of the free Ψ-cocompletion step for the category D .

The following easy result shows that the “testing weights” for Ψ-flatness can be taken
in a special form:

Proposition 5.1.4. For a class Ψ the following are equivalent:

1. Ψ is sound.

2. The weight ϕ : Dop Ñ V is Ψ-flat, whenever ϕ ˚ p´q preserves Ψ1pDq-limits of
representables, i.e., whenever the canonical morphism

can : ϕ ˚ tψ, Y´u Ñ tψ, ϕu (5.1)

is an isomorphism, for every ψ : Dop Ñ V in Ψ1pDq.

Proof. Let Y : Dop Ñ rD ,V s be the Yoneda embedding. Definition 2.2.5 requires the
canonical morphism

ϕ ˚ tψ, Y T op
´u Ñ tψ, ϕ ¨ T op

u

to be an isomorphism, for every ψ : G op Ñ V in Ψ and every T : G Ñ D .
The weight LanT opψ : Dop Ñ V is in Ψ1pDq and every weight in Ψ1pDq has this form,

for some ψ : G op Ñ V in Ψ and some T : G Ñ D .
Since there are isomorphisms

tψ, Y T op
u – tLanT opψ, Y u, tψ, ϕ ¨ T op

u – tLanT opψ, ϕu

the equivalence of 1. and 2. follows. �

The canonical morphism in (5.1) can be rewritten using coends and Yoneda Lemma
as the morphism

can :

ż d

rDop ,V spY d, ϕq b rDop ,V spψ, Y dq Ñ rDop ,V spψ, ϕq (5.2)

that is given by composition in rDop ,V s. We illustrate now on two well-known classes
that this coend description yields precisely the “classical” description of flatness by means
of the category of cocones.

Example 5.1.5 (Sifted weights and flat weights for V “ Set). Suppose V “ Set.
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1. The class Πcone is a sound class of weights. The category Πcone
1 pDq is spanned by

finite coproducts of representables in rDop , Sets. Hence a general testing weight
ψ : Dop Ñ Set for Π-flatness by Proposition 5.1.4 has the form

š

iPI Y di where I is
a finite set.

We show now that (5.2) yields the well-known characterisation of sifted weights.

Indeed, given a general weight ϕ : Dop Ñ Set, the mapping can has the form

can :

ż d

ϕpdq ˆ
ź

iPI

Dpdi, dq Ñ
ź

iPI

ϕdi, rpx, ptiqqs ÞÑ pϕtipxqq

Hence can is a bijection if and only if the following two conditions hold:

(a) The mapping can is surjective, i.e., for every element of
ś

iPI ϕpdiq, i.e., for
every I-tuple pxiq of elements of ϕ there is a d, an element x P ϕpdq and an
I-tuple ti : di Ñ d of morphisms in D such that ϕtipxq “ xi.
Briefly: on every I-tuple of objects of eltspϕq there is a cocone.

(b) The mapping can is injective, i.e., for any pair px, ptiqq, px1, pt1iqq such that
ϕtipxq “ ϕt1ipx

1q holds for all i, i.e., for any two cocones of the same I-tuple of
objects of eltspϕq there is a zig-zag in D that connects these cocones in eltspϕq.

To summarise: a weight ϕ : Dop Ñ Set is Πcone-flat if and only if its category of ele-
ments is sifted, i.e. every finite family of elements has a cocone and every two cocones
for the same finite family are connected by a zig-zag. (Recall from Proposition 1.3.5
and Remark 1.3.6 an equivalent characterisation of sifted categories.)

2. Let Ψ be the sound class of finite (conical) colimits, i.e., let Ψ “ ΨD for the class D
of finite categories.

The category Ψ1pDq is spanned by finite colimits of representable functors in rDop , Sets.
Thus, a general testing weight ψ : Dop Ñ Set for Ψ-flatness has the form ψ “

colimY C for a diagram C : C Ñ D with C finite.

Given a general weight ϕ : Dop Ñ Set, the mapping can is a bijection if and only if
two conditions hold:

(a) The mapping can is surjective, i.e., every finite diagram in eltspϕq has a cocone.

(b) The mapping can is injective, i.e., any two cocones for the same finite diagram
in eltspϕq are connected by a zig-zag in eltspϕq.

The above two conditions together state that the category of cocones of finite dia-
grams in eltspϕq is nonempty and connected. This means that the category eltspϕq
is filtered. As expected, Ψ-flat weights are precisely the flat ones.

We prove now that our definition of soundness from Definition 2.2.5 coincides with
the definition from [1]. The definition from [1] is condition 2 of the following proposition.

Proposition 5.1.6. Suppose V “ Set. For a class D of small categories, the following
conditions are equivalent:

1. The class ΨD of conical weights constJ : Dop Ñ Set with Dop in D is sound.



5.1. Preliminaries 61

2. A category D is D-filtered whenever the category of cocones for any functor T : G Ñ

D with G op in D is nonempty and connected.

Proof. We will use the canonical morphism (5.2). Observe first that rDop , Setspψ, constJq
is a one-element set for any small category D and any ψ : Dop Ñ Set, since constJ is a
terminal object in rDop , Sets.

By Proposition 5.1.4 any testing weight ψ : Dop Ñ Set for ΨD-flatness of constJ :
Dop Ñ Set has the form LanT opconstJ for some T : G Ñ D , where constJ : G op Ñ Set is
in ΨD. The left-hand side of (5.2) therefore has the form

ż d

rDop , SetspLanT opconstJ, Y dq –

ż d

rG op , SetspconstJ, Y d ¨ T
op
q

–

ż d

rG op , SetspconstJ,DpT´, dqq

Observe that the category of elements of rG op , SetspconstJ,DpT´, dqq is precisely the
category of cocones for T that have d as a vertex.

Thus (5.2) is a bijection if and only if
ż d

rG op , SetspconstJ,DpT´, dqq – J

holds. From this, the equivalence of 1. and 2. follows immediately. �

We shall now analyse the isomorphism (5.2) in more detail for the enrichment in
Cat. We then turn the analysis into a useful elementary criterion of siftedness of weights
enriched in Cat.

Suppose that V “ Cat. Let ψ, ϕ : Dop Ñ Cat be any weights. Then the coend
ż d

rDop ,CatspY d, ϕq ˆ rDop ,Catspψ, Y dq (5.3)

is a category that can be computed as a coequaliser in Cat of the parallel pair

ž

d,d1

rDop ,CatspY d1, ϕq ˆDpd, d1q ˆ rDop ,Catspψ, Y dq

ž

d

rDop ,CatspY d, ϕq ˆ rDop ,Catspψ, Y dq

RL (5.4)

of functors

L : ppx : Y d1 Ñ ϕ, f : dÑ d1, τ : ψ Ñ Y dq ÞÑ ppx ¨ Y f : Y dÑ ϕ, τ : ψ Ñ Y dq
R : ppx : Y d1 Ñ ϕ, f : dÑ d1, τ : ψ Ñ Y dq ÞÑ ppx : Y d1 Ñ ϕ, Y f ¨ τ : ψ Ñ Y d1q

Thus the coend (5.3) has the following description (see, e.g., [61]):
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1. The objects are equivalence classes

rppx, τqs„

where px : Y dÑ ϕ and τ : ψ Ñ Y d are natural transformations. The equivalence is
generated by

ppx, Y f ¨ τq „ ppx ¨ Y f, τq

for all px : Y dÑ ϕ, τ : ψ Ñ Y d1 f : d1 Ñ d in D .

2. The morphisms are equivalence classes

rppu1, v1q, . . . , pun, vnqqs«

of finite sequences ppu1, v1q, . . . , pun, vnqq such that every pair pui, viq is a morphism
in the category

š

drD
op ,CatspY d, ϕq ˆ rDop ,Catspψ, Y dq and

codpu1, v1q „ dompu2, v2q, . . . , codpun´1, vn´1q „ dompun, vnq

The equivalence relation « is generated from the following two conditions

pu ˚ Y w, vq « pu, Y w ˚ vq, ppu1, v1q, pu2, v2qq « pu2 ¨ u1, v2 ¨ v1q

by reflexivity, symmetry, transitivity and composition (concatenation).

It will be useful to work with the following graphical representation. The sequence
ppu1, v1q, . . . , pun, vnqq as above is going to be depicted as

ϕ ϕ ϕ ¨¨¨ ϕ ϕ ϕ

d

px

OO

d1

px1

OO
u1
ñ

d1

px11

OO

¨¨¨ dn´1

pxn

OO

un
ñ

dn´1

px1n

OO

d1

px1

OO

ψ

τ

OO

ψ

τ1

OO

v1
ñ

ψ

τ 11

OO

¨¨¨ ψ

τn

OO

vn
ñ

ψ

τ 1n

OO

ψ

τ 1

OO (5.5)

The above picture is called a hammock from ppx, τq to ppx1, τ 1q. The wiggly arrow in the
above hammock, for example from ppx, τq to ppx1, τ1q, represents a zig-zag connecting d and
d1 in D that witnesses the equivalence ppx, τq „ ppx1, τ1q.

The whole hammock (5.5) gets evaluated to the composite modification

pun ˚ vnq ¨ pun´1 ˚ vn´1q ¨ ¨ ¨ ¨ ¨ pu1 ˚ v1q : px ¨ τ Ñ px1 ¨ τ 1

in rDop ,Cats. Up to the equivalence «, this is how the evaluation functor can works.
The functor can is an isomorphism of categories if and only if it is bijective on objects

and fully faithful. Hence, the following two conditions have to hold:

1. The 1-dimensional aspect. To give α : ψ Ñ ϕ is to give a unique rppx, τqs„ such that
px ¨ τ “ α holds.

2. The 2-dimensional aspect. To give a modification Ξ : α Ñ α1 is to give a unique
equivalence class rppu1, v1q, . . . , pun, vuqqs« such that Ξ is the composite pun ˚ vnq ¨
¨ ¨ ¨ ¨ pu1 ˚ v1q.
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5.2 Siftedness for enrichment in categories
Let us now fix the class Πcone of (conical) weights for finite coproducts for this section,
and study sifted weights in the enrichment V “ Cat.

It is proved in [45] that the class Πcone
1 pDq of testing weights for siftedness of a weight

ϕ : Dop Ñ Cat can be reduced further to the empty coproduct const0 : Dop Ñ Cat
of representables and to binary coproducts Dp´, d1q ` Dp´, d2q : Dop Ñ Cat. Hence,
using (5.2), the following result holds:

Lemma 5.2.1. A weight ϕ : Dop Ñ Cat is sifted if and only if the following two conditions
hold:

1. The unique functor from
şd
ϕpdq to the one-morphism category 1 is an isomorphism.

2. For any d1, d2 in D , the canonical morphism

can :

ż d

ϕpdq ˆDpd1, dq ˆDpd2, dq Ñ ϕpd1q ˆ ϕpd2q

is an isomorphism.

Remark 5.2.2. By analogy to the case V “ Set, we may call the first condition above
connectedness of the weight ϕ : Dop Ñ Cat and the second condition expresses that the
diagonal 2-functor ∆ : D Ñ D ˆD is cofinal in the sense that the 2-cell

Dop ∆op
//

ϕ
""

δ
ñ

Dop ˆDop

pd1,d2qÞÑϕpd1qˆϕpd2qxx
Cat

where δd : ϕpdq Ñ ϕpdq ˆ ϕpdq is the diagonal functor, is a left Kan extension. Indeed, it
suffices to consider the isomorphism

ż d

ϕpdq ˆDpd1, dq ˆDpd2, dq –

ż d

ϕpdq ˆ pDop
ˆDop

qp∆op
pdq, pd1, d2qq

We apply the criteria of Lemma 5.2.1, together with the analysis of (5.2) using ham-
mocks, for giving elementary proofs of siftedness of various weights.

Example 5.2.3 (A weight that is not sifted). We start with an example of a weight
ϕ : Dop Ñ Cat that is not sifted, although the ‘underlying’ ordinary functor

Dop
0

ϕ0 // Cat0
ob // Set,

where ob denotes the forgetful “object” functor, is sifted.
Consider the one-morphism category S with the only object s. Denote by Dop the

free completion of S under finite products. It follows immediately that the only 2-cells
in Dop are identities.

Let χ : Dop Ñ Cat be the product-preserving functor defined by χpsq “ 2, where
2 is the two-element chain, considered as a category. We define ϕ to be the following
modification of χ: where χpsnq “ 2n, we let ϕpsnq “ 2n for every n ą 1. The structure
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on 2n is that of an almost discrete preorder with the only nontrivial inequality being
p0, . . . , 0q ď p1, . . . , 1q. The action of ϕ on morphisms is defined as for χ. Of course, ϕ
does not preserve products, but the composite

Dop
0

ϕ0 // Cat0
ob // Set

does; in fact, it is not hard to see that this ordinary functor constitutes an algebra for the
ordinary algebraic theory D0 and thus it is a sifted weight by [5].

It is enough now to find pairs px1, x2q and py1, y2q from ϕpsqˆϕpsq such that px1, x2q ď

py1, y2q holds but there is no hammock to witness this inequality. Consider px1, x2q “ p0, 1q
and py1, y2q “ p1, 1q. Firstly, we make use of the fact that there are no nontrivial 2-cells
in Dop . This implies that the ‘lax’ parts of the hammock consist only of inequalities
between the elements of ϕpsnq “ 2n for some sn. But these are precisely the diagonal
inequalities p0, . . . , 0q ď p1, . . . , 1q. Together with the fact that the only morphisms of the
form sn Ñ s in Dop are the product projections, it is easy to see that there is no way how
any hammock could evaluate its right-hand side to p1, 1q and its left-hand side to p0, 1q.

Remark 5.2.4. Siftedness of the composite ob ¨ ϕ0 : Dop
0 Ñ Set establishes precisely

the 1-dimensional aspect of siftedness: the functor can is bijective on objects iff ob ¨ ϕ0

is sifted. From this it immediately follows that a weight ϕ : Dop Ñ Cat with D locally
discrete (i.e., with only the identity 2-cells) and such that every ϕpdq is a discrete category
is sifted if and only if the composite ob ¨ ϕ0 : Dop

0 Ñ Set is sifted in the ordinary sense.
The 2-dimensional aspect of siftedness of ϕ : Dop Ñ Cat has to be verified in general.

Example 5.2.3 exhibits such a situation when D is locally discrete and Example 5.2.6
shows a conical weight constJ : Dop Ñ Cat that is not sifted although the underlying
ordinary category D0 is sifted in the ordinary sense.

Example 5.2.5 (Siftedness for weights based on the simplicial category). Recall
from, e.g., [64], that the simplicial category ∆ has finite ordinals as objects and monotone
maps as morphisms. It can be proved rather easily that the morphisms of ∆ can be
obtained from id1 : 1 Ñ 1, η : 0 Ñ 1 and µ : 2 Ñ 1 by ordinal sums subject to monad
axioms. Hence we will draw the morphisms of ∆ as string diagrams that are generated
from the following strings

that represent id1 : 1 Ñ 1, η : 0 Ñ 1 and µ : 2 Ñ 1, respectively, by vertical concatenation
that is subject to the unit axioms

= =

and the associativity axiom

=

We show that both the conical weight on ∆ and the weight given by inclusion of ∆
into Cat are sifted weights. In fact, from our reasoning it will be clear that the same holds
of almost any truncation ∆n of ∆. The truncated category ∆n is just the full subcategory
of ∆ spanned by finite ordinals up to n.
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1. It is easy to show that constJ : ∆ Ñ Set is an ordinary sifted weight, and therefore
even the conical weight constJ : ∆ Ñ Cat is sifted due to the fact that there are no
non-trivial 2-cells in ∆, see Remark 5.2.4. Every truncation ∆pnq (for n ě 1) of the
simplicial category ∆ gives rise to a conical sifted weight as well.

2. Suppose the weight ϕ : ∆ Ñ Cat is given by inclusion. Here

∆0
ϕ0 // Cat0

ob // Set

is an (ordinary) representable weight ∆0p1,´q : ∆0 Ñ Set. For each object n of ∆
the category ϕpnq is the free linearly ordered category on an n-element chain. We
will show an elementary proof that ϕ is a sifted weight. First of all, let us check
that the coend

şn
ϕpnq is isomorphic to the terminal object J, i.e., the one-morphism

category 1. Of course, the category
şn
ϕpnq has precisely one object: given any two

objects x P ϕpnq and y P ϕpmq, they are equivalent by „ if there exists a string
diagram σ : ϕpnq Ñ ϕpmq such that x gets mapped to y by σ. A diagram like this
always exists; we illustrate this on an example situation with n “ 4 and m “ 3:

x
y

Now given any morphism f : x Ñ x1 in ϕpnq, we show that f « id˚, where id˚ is
the identity morphism on the only object ˚ of ϕp1q. This is again immediate when
using the string diagrams: consider the only string diagram ! : ϕpnq Ñ ϕp1q. It
maps all morphisms in ϕpnq to the identity morphism, see for example the diagram
below.

x
x1
Ò !pxq “ !px1q

So the category
şn
ϕpnq indeed has only one morphism. Now we show the isomor-

phism
ż n

ϕpnq ˆ∆pn, n1q ˆ∆pn, n2q – ϕpn1q ˆ ϕpn2q

by showing that the canonical morphism is bijective on objects and fully faithful.
On objects, the canonical morphism takes an object x P ϕpnq, two string diagrams
σ : ϕpnq Ñ ϕpn1q and τ : ϕpnq Ñ ϕpn2q, and computes the pair pσpxq, τpxqq. It is
immediate that for any pair py, zq in ϕpn1qˆϕpn2q there exists a tuple px, σ, τq that
is mapped to py, zq. More is true: we can always choose x “ ˚ P ϕp1q and the string
diagrams σ, τ are the obvious diagrams choosing y and z, respectively.

x

y

x
z

This proves that can is bijective on objects. In order to prove that can is full, we
will show that given any pair of morphisms g : y Ñ y1 and h : z Ñ z1 in ϕpmq and
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ϕppq respectively, there is a morphism f : x Ñ x1 in ϕpnq and two string diagrams
sending the morphism f to g and h, respectively. But there is again a canonical
such f : x Ñ x1 in ϕp2q with the obvious inclusions, as is shown in the example
diagram below.

x
x1
Ò

y

y1

Ò x
x1
Ò

y
y1
Ò

Thus we have proved fullness and faithfulness of the canonical functor can. The
weight ϕ is sifted.

We have actually proved that any truncation ϕpnq : ∆pnq Ñ Cat of the inclusion
weight is also sifted for n ě 1.

The 2-dimensional aspect of siftedness is crucial for Cat-enriched weights even in the
case of conical weights, as we show in the following easy example.

Example 5.2.6 (A conical weight that is not sifted). Consider the diagram scheme
for reflexive coequalisers satisfying δ0 ¨ σ “ δ1 ¨ σ “ id1, and adjoin freely a 2-cell α to it:

2 1
σoo

δ0

��

δ1

DDα
��

The resulting 2-category D , when considered as a conical weight, is not sifted (the 2-cell
is not reflexive), although the underlying ordinary category D0 is sifted in the ordinary
sense (see, e.g., Chapter 3 of [5]).

Example 5.2.7 (Siftedness for the weight for Kleisli objects). The weight ϕ :
Dop Ñ Cat such that ϕ-colimits yield Kleisli objects is described in [62]. We will recall
the definition of the weight ϕ and prove that it is sifted. That the weight ϕ is sifted is
known from Proposition 8.43 in [21]: in this example we show an elementary proof of this
fact.

The 2-category D is the suspension Σ∆ of the simplicial category ∆. This means that
D has a unique object, say d0, and that the hom-category Dpd0, d0q is the category ∆.
Morphisms in D are finite ordinals, and the 2-cells are ‘monad-like’ string diagrams as
described in Example 5.2.5.

The category ϕpd0q is defined as follows: the objects are finite non-zero ordinals, that
is, objects of the form n` 1 for some natural number n. Every object n` 1 is understood
as a pn` 1q-element chain with a distinguished top element. The morphisms in ϕpd0q are
precisely the monotone maps that preserve the distinguished top element. This definition
of ϕpd0q again allows a pictorial description in terms of string diagrams. The morphisms
in ϕpd0q are string diagrams generated by the basic diagrams



5.2. Siftedness for enrichment in categories 67

subject to monad axioms and the two axioms

= =

that express the fact that the diagram is an algebra for the monad given by the

unit and multiplication .
The 2-functor ϕ : Dop Ñ Cat is defined on the morphisms and 2-cells of Dop by

concatenation: for a given morphism n : e0 Ñ e0, the functor ϕpnq : ϕpe0q Ñ ϕpe0q maps
an object m` 1 P ϕpe0q to the object m` n` 1. A string diagram s in ϕpe0q is mapped
to the diagram ϕpnqpsq, defined as the diagram s concatenated with n identity strings.
We show an example of this assignment for n “ 1:

ÞÑ

Likewise, given a 2-cell θ : m Ñ n in D , the natural transformation ϕpθq is defined
componentwise: for an object m` 1 in ϕpe0q, the morphism ϕpθqm`1 is the concatenation
of the identity diagram on m ` 1 with the diagram θ. For example, given the diagram

as θ and m “ 2, the component ϕpθq3 is the following string diagram in ϕpd0q:

Now to prove that ϕ is a sifted weight, we need to verify that there are canonical
isomorphisms

ż d

ϕpdq – 1,

ż d

ϕpdq ˆDpd0, dq ˆDpd0, dq – ϕpd0q ˆ ϕpd0q (5.6)

proving that ϕ ˚ p´q preserves nullary and binary products. We first analyse parts of a
general hammock (5.5) for the weight ϕ with the testing weight ψ “

š

iPI Dp´, diq. The
left-hand side rectangle on the diagram below

ϕ ϕ

e0

x

OO

f
// e0

y

OO

ψ

si

OO

ψ

ti

OO
x

si

„

y

ti

represents the information that for each i P I and the morphisms given in the diagram
we have that equalities f ` si “ ti and x “ y` f hold in natural numbers. This situation
is depicted on the right-hand side of the above diagram. In general, the tuples px, siq and
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py, tiq are related by the equivalence relation „ if and only if x` si “ y ` ti holds for all
i P I.

The rectangle of the form
ϕ ϕ

e0

x

OO

f
//

u
ñ

e0

y

OO

ψ

si

OO

vi
ñ

ψ

ti

OO

is represented by the concatenation of two string diagrams u and vi for each i P I.

«

The above diagram is an example of string diagrams that are equivalent: the ‘sliding’ of
the division between the string diagrams generates the equivalence relation «. Observe
moreover that morphisms in the coend are n-tuples of composable string diagrams. Any
such n-tuple is equivalent to a 1-tuple, but the fact that we are allowed to vertically
‘decompose’ any string diagram to n parts is important in the proof of siftedness for ϕ.
In the following diagram

we can see such a decomposition of a string diagram into a 2-tuple of shorter string
diagrams.

With the complete description of the weight ϕ and of the hammocks, we can conclude
that we have the canonical isomorphisms in (5.6):

1. The weight ϕ satisfies the isomorphism
ż d

ϕpdq – 1.

Indeed, the coend
şd
ϕpdq has precisely one object: any pair n ` 1 and m ` 1 of

objects in ϕpd0q is related by a hammock of length 2:

ϕ ϕ ϕ

d0

n`1

OO

n
// d0

1

OO

d0

m`1

OO

m
oo
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To show that
şd
ϕpdq has a unique morphism, we will prove that any string diagram

σ : m ` 1 Ñ n ` 1 is congruent by the equivalence relation « to an identity string
diagram idk : k Ñ k for some natural number k. We have to distinguish two cases.
If the diagram σ does not contain as a subdiagram, then it is trivially a
concatenation of two string diagrams σ0 “ id1 : 1 Ñ 1 and σ1 : m Ñ n, and
therefore σ « id1 holds. If σ contains , then it is necessary to factor it into a
composition of two diagrams (denote the red part of the diagram by ω):

σ1
idn

This decomposition is unique. Take the identity morphism idn and decompose it in
the same way into a concatenation of ω with pτ1, idnq. By the first case we have that
τ1 « σ1, and the equivalence idn « idn is trivial. This decomposition thus witnesses
the equivalence σ « idn.

2. The second isomorphism
ż d

ϕpdq ˆDpd0, dq ˆDpd0, dq – ϕpd0q ˆ ϕpd0q

is proved similarly to the case above. Given two objects m`1 and n`1 from ϕpd0q,
there is a triple p1,m, nq that gets mapped exactly to pm`1, n`1q by the canonical
functor. For any other triple pk,m1, n1q that is mapped to pm ` 1, n ` 1q we have
the equalities k `m1 “ m ` 1 and k ` n1 “ n ` 1. Therefore p1,m, nq „ pk,m1, n1q
holds and the canonical functor is bijective on objects.

To prove that the canonical functor is full, we show that for any two string diagrams
σ : m` 1 Ñ n` 1 and τ : p` 1 Ñ q` 1 there is a triple pω, α, βq getting mapped to
pσ, τq. But again, as in the case of the first isomorphism, take ω to be the diagram

and factor the diagrams σ and τ into pairs α “ pσ1, idnq and β “ pτ1, id qq in a way
that ω˚α “ σ and ω˚β “ τ , where ˚ denotes the horizontal composition. Faithfulness
of the canonical functor then comes easily from the fact that the morphisms in the
coend have the above mentioned ‘normal form’.

The proof of siftedness is complete.

5.3 Siftedness for enrichment in preorders
The enrichment in the category Pre of preorders and monotone maps is in many aspects
similar to the enrichment in Cat, but the computations are much simpler. In fact, we will
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be able to give a full characterisation of sifted conical weights constJ : Dop Ñ Pre, see
Example 5.3.1.

The crucial coend
ż d

ϕpdq ˆ rDop ,Prespψ, Y dq

is computed as a coequaliser in Pre of two monotone maps L and R that are defined in
the same way as for V “ Cat, see (5.4). Moreover, the coequaliser of L and R can be
computed in two steps. First we compute the coequaliser on the level of underlying sets.
This yields a set of equivalence classes of the form rppx, τqs„ with respect to the equivalence
„ generated by L and R. The set of equivalence classes is then equipped with a least
preorder Ď satisfying the following condition:

If ppx, τq ď ppy, σq, then rppx, τqs„ Ď rppy, σqs„.

where ď denotes the preorder of the coproduct
š

d ϕpdq ˆ rD
op ,Prespψ, Y dq.

Below, we will also use hammocks for the enrichment in Pre. These are pictures
like (5.5) but the 2-cells ui, vi are replaced by mere inequality signs.

We show now that for conical weights ϕ : Dop Ñ Pre the 2-dimensional aspect of sift-
edness is vacuous. That this is not true for general weights ϕ : Dop Ñ Pre is demonstrated
by the weight of Example 5.2.3: all categories there are in fact enriched in Pre.

Example 5.3.1 (Sifted conical weights). The reasoning is similar to Example 5.1.5
above. Elements of Πcone

1 pDq are finite coproducts
š

iPI Y di of representables in rD
op ,Pres.

By Yoneda Lemma, every τ : ψ Ñ Y d can be identified with a cocone ti : di Ñ d. Then
the requirement that for any two natural transformations τ : ψ Ñ Y d and σ : ψ Ñ Y d
the equivalence τ „ σ has to hold, corresponds to the fact that the cocones ti : di Ñ d
and si : di Ñ d (corresponding to τ and σ respectively) have to be connected by a zig-zag.
The 2-dimensional aspect of siftedness is vacuous in this case.

Thus a weight constJ : Dop Ñ Pre is sifted if and only if the ordinary functor

Dop
0

pconstJq0// Pre0
ob // Set

(with ob being the forgetful functor) is sifted in the ordinary sense.

Example 5.3.2 (Sifted weights in general). Consider a general weight ϕ : Dop Ñ Pre.
To establish the isomorphism

can :

ż d

ϕpdq ˆ
ź

iPI

Dpdi, dq Ñ
ź

iPI

ϕpdiq,

of preorders we need the monotone map can to be bijective and order-reflecting. As we
noticed earlier, the coend is computed as a coequaliser in Set equipped with a freely
generated preorder. More precisely, there are two conditions for a weight to be sifted:

1. To obtain bijectivity on objects of the can mapping we demand that

Dop
0

ϕ0 // Pre0
ob // Set

be an ordinary sifted weight.
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2. Order-reflectivity of can means that given any two tuples pxiq ď px1iq from
ś

iPI ϕpdiq
we can form a hammock

ϕ ϕ ϕ ¨¨¨ ϕ ϕ ϕ

d

px

OO

d1

px1

OO

ď

d1

px11

OO

¨¨¨ dn´1

pxn

OO

ď

dn´1

px1n

OO

d1

px1

OO

pdiq

τ

OO

pdiq

τ1

OO

ď

pdiq

τ 11

OO

¨¨¨ pdiq

τn

OO

ď

pdiq

τ 1n

OO

pdiq

τ 1

OO

such that its left-hand vertical side evaluates to pxiq, and its right-hand vertical side
evaluates to px1iq.

Remark 5.3.3. Observe that the characterisations of sifted weights for enrichments in
Cat and Pre are strongly related. This is because the computations of coequalisers are
essentially the same.

In fact, the requirements for a weight ϕ : Dop Ñ Pre to be sifted (as enriched in Pre)
are exactly the requirements of siftedness for the weight ϕ1 : Dop Ñ Cat, with ϕ1 being
the weight ϕ considered as enriched in Cat.

The situation is rather different when considering sifted weights for the enrichment in
the category Pos of all posets and monotone maps. The computation of a coequaliser in
Pos runs in two steps: one computes the coequaliser in preorders and then performs the
poset-reflection. It is the second step that brings in additional identifications and makes
the characterisation of siftedness quite complex.



Chapter 6

Two-dimensional Birkhoff theorem

In this chapter we will state and give a proof of a 2-dimensional analogue of the Birkhoff
theorem from universal algebra. Recall from Theorem 1.5.6 that in the ordinary setting,
Birkhoff’s theorem characterises equational subcategories of algebraic categories. An al-
gebraic category can be viewed as a category AlgpT q of algebras for a strongly finitary
monad T on Set. (A monad is strongly finitary if its underlying functor is strongly fini-
tary, i.e., if it preserves sifted colimits [5].) A full subcategory A of AlgpT q is said to be
an equational subcategory of AlgpT q if it is (equivalent to) the category AlgpT 1q of algebras
for a strongly finitary monad T 1, where T 1 is constructed by “adding new equations” to
the monad T . More precisely, we ask T 1 to be a quotient of T , meaning that there is
a monad morphism e : T Ñ T 1 that is moreover a regular epimorphism. The resulting
algebraic functor

Algpeq : AlgpT 1q Ñ AlgpT q

then exhibits AlgpT 1q as an equational subcategory of AlgpT q. Every such subcategory
AlgpT 1q Ñ AlgpT q has nice closure properties with respect to to the inclusion into AlgpT q.
The content of Birkhoff’s theorem is that equational subcategories can be characterised
by these closure properties (see, e.g., [81]). In essence, this theorem holds since algebraic
categories are well-behaved with respect to quotients (regular epis) — they are exact
categories [5].

Taking inspiration from the ordinary case, we want to give a characterisation of equa-
tional subcategories of algebraic categories in the enriched setting. Namely, we shall
mainly work with categories enriched in the symmetric monoidal closed category V “ Cat
and we will accordingly use the enriched notions of a functor, natural transformation, etc.

Analogously to the ordinary case, in defining the notion of an equational subcategory
of AlgpT q the idea is again to consider “quotients” e : T Ñ T 1 of strongly finitary 2-
monads. Any subcategory Algpeq : AlgpT 1q Ñ AlgpT q exhibited by a quotient e : T Ñ T 1

is an equational subcategory of AlgpT q.
Unlike to the V “ Set case, it is not immediately clear that some well-behaved notion

of a quotient of strongly finitary 2-monads should exist. In V “ Set, the quotients
come as the “epi part” of the (regular epi, mono) factorisation system, and they are
computed as certain colimits, the coequalisers. The solution in V “ Cat is to mimic this
approach. Thus we should study factorisation systems on Cat (and the respective notions
of a quotient), and find out which factorisation systems “lift up” from the category Cat
to Cat-enriched algebraic categories. That is, we want to find factorisation systems that
render the algebraic categories over Cat exact in some suitably generalised sense. This
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would allow us to talk about quotients of strongly finitary 2-monads while preserving the
good behaviour of quotients as in Cat.

Recent advances in the theory of 2-dimensional exactness (see [22]) show that there
are at least three notions of a quotient coming from three factorisation systems pE ,Mq
on Cat, for which algebraic categories over Cat are exact:

1. (surjective on objects, injective on objects and fully faithful),

2. (bijective on objects, fully faithful),

3. (bijective on objects and full, faithful).

(For the E parts of the above systems, we will use the standard abbreviations, namely
s.o. for surjective on objects, b.o. for bijective on objects, and b.o. full for bijective on
objects and full.) We show that the 2-category MndsfpCatq of strongly finitary 2-monads
over Cat is exact in the sense of [22] with respect to all the three factorisation systems
above as well.

We focus on the factorisation system (b.o. full, faithful). Unlike the other two systems,
it corresponds to a meaningful notion of an equational subcategory, and it allows us to
prove the 2-dimensional Birkhoff theorem by arguments very similar to those used in
the proof of the ordinary Birkhoff theorem. For this factorisation system, the exactness
of MndsfpCatq implies that a monad morphism e : T Ñ T 1 is a quotient if and only if
eC : TC Ñ T 1C is a b.o. full functor in Cat for every category C. We shall often use this
“pointwise” nature of quotient monad morphisms.

The main result of the chapter characterises equational subcategories of algebraic cat-
egories as those that are closed under products, quotients, subalgebras and sifted colimits.
This is a characterisation in the spirit of the ordinary Birkhoff theorem. In the univer-
sal algebraic formulations, only the first three closure properties are demanded, and are
dubbed “HSP” conditions. However, it was found out in [6] that even in the ordinary
case, the property of being closed under filtered colimits is necessary when dealing with
infinitely-sorted algebras. It is thus not surprising that the additional requirement of
closedness under sifted colimits might be needed in the 2-dimensional case: the finitary
and strongly finitary 2-monads no longer coincide in Cat (see Remark 6.2.4 for a dis-
tinguishing example), and we are dealing with the strongly finitary ones. The choice of
working with strongly finitary 2-monads is fairly natural, since the 2-category MndsfpCatq
is equivalent to the 2-category Law of Cat-enriched one-sorted algebraic theories (also
dubbed Lawvere 2-theories) [57].

Structure of the chapter.

1. We summarise the relevant parts of the theory of enriched factorisation systems
from [22] in Section 6.1. We also recall some basic notions of the theory of category-
enriched monads (2-monads).

2. In Section 6.2 we prove the 2-dimensional Birkhoff’s theorem (Theorem 6.2.3).

The results of this chapter were published in the paper [28] by the author. The wording
of the chapter is a slight modification of the text of the paper.
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6.1 Kernels and quotients in 2-categories

We shall make heavy use of factorisation systems in discussing and proving the Birkhoff
theorem. The study of factorisation systems in general 2-categories is more involved than
in the ordinary case. Following the exposition in [22], we first recall the definitions of
enriched orthogonality and enriched factorisation systems in a general V -category for a
symmetric monoidal closed base category V . Then we introduce kernel-quotient systems
that generalise the correspondence between regular epimorphisms and kernels in exact
categories, and we use this notion to introduce the (b.o. full, faithful) factorisation system
on Cat. This factorisation system lifts up to a large class of algebraic categories, as is
shown in Theorem 6.1.8. As an important corollary we show in Proposition 6.1.10 that the
2-category of strongly finitary monads on Cat inherits the (b.o. full, faithful) factorisation
system, allowing us to study quotients of monads.

Definition 6.1.1. A morphism f : A Ñ B in a V -category C is V -orthogonal to g :
C Ñ D (denoted by f K g) if the diagram

C pB,Cq C pB,Dq

C pA,Cq C pA,Dq

C pB,gq

C pf,Cq C pf,Dq

C pA,gq

is a pullback in V . Given a class G of morphisms of C , we define two classes of morphisms
V -orthogonal to those in G:

• GÓ :“ tm | @g P G : g K mu,

• GÒ :“ te | @g P G : e K gu.

Given an object C of C , the morphism f : AÑ B is orthogonal to C if f is orthogonal
to 1C , i.e., if the precomposition map

C pf, Cq : C pB,Cq Ñ C pA,Cq

is invertible (i.e., an isomorphism). We denote this fact by f K C.
Let E and M be two classes of morphisms of C . We say that pE ,Mq is a V -

factorisation system if

1. M “ EÓ,

2. E “MÒ, and

3. every morphism f in C can be factorised as the composition m ¨ e of a morphism m
inM and a morphism e in E .

Example 6.1.2. We examine when two morphisms f : A Ñ B and g : C Ñ D are
orthogonal in C for the case of V “ Cat. Firstly, the morphisms have to satisfy the usual
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diagonal fill-in property
A B

C D

f

x yD!d

g

for every pair x : AÑ C and y : B Ñ D of morphisms in C . Let us denote by d : AÑ D
the diagonal fill-in for x and y, and denote by d1 : A Ñ D the diagonal fill-in for x1 and
y1. The second requirement on f and g to be orthogonal is that they satisfy the diagonal
2-cell property: for every pair α : xñ x1 and β : y ñ y1 of 2-cells such that

A

C D

x1x
α
ñ

g

“

A B

D

f

y1y
β
ñ

there has to exist a unique 2-cell δ : dñ d1 such that the equalities

A

C

x1x
α
ñ “

A B

C

f

d

d1

δ
ñ

B

D

y1y
β
ñ “

B

C D

d

d1

δ
ñ

g

hold.
Similarly, a morphism f : AÑ B in C is orthogonal to an object C of C if

1. for every g : AÑ C there exists a unique morphism h : B Ñ C such that h ¨ f “ g,
and

2. for every 2-cell α : g ñ g1 there exists a unique 2-cell β : hñ h1 such that β ˚ f “ α
holds.

We now recall from [22] the notion of a kernel-quotient system. This notion generalises
the notions of a kernel and its induced quotient, and allows treating factorisation systems
in enriched categories parametric in the choice of the shape of “kernel data”. Importantly,
this approach covers the motivating ordinary (regular epi, mono) factorisation system on
Set as well as the three factorisation systems on Cat that are mentioned in the introduction
to this chapter.

In the following, we will restrict ourselves to V being a locally finitely presentable
category as a monoidal closed category in the sense of [43], as we will need to impose a
finiteness condition on the kernel-quotient system.

Let us denote by 2 the free V -category on a morphism 1 Ñ 0. We let F be a finitely
presentable V -category containing 2 as a full subcategory. Then there is the obvious
inclusion J : 2 Ñ F and the inclusion I : K Ñ F of the full subcategory K of F
spanned by all objects of F except 0. We call the data pJ, Iq a kernel-quotient system,
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and the role of K is, informally, to give the “shape” of the kernels. Given a complete and
cocomplete V -category C , there is a chain of adjunctions as in the following diagram:

r2,C s rF ,C s rK ,C s

RanJ

%

rI,C s

%

rJ,C s LanI

We denote the composite adjunction by

r2,C s rK ,C s

K

%

Q

and call it the kernel-quotient adjunction for F .
In [22] the authors give a weaker definition of kernel-quotient adjunction to capture the

cases where C is not complete and cocomplete. We do not need to introduce this weaker
notion, as the 2-categories C in our examples always satisfy the completeness conditions.

Definition 6.1.3. Given a complete and cocomplete V -category C together with the
kernel-quotient adjunction for F , we say that an object X in rK ,C s is an F -kernel if
it is in the essential image of K. Any arrow f : AÑ B in C is called an F -quotient map
if it is in the essential image of Q, and it is called F -monic if the morphism Kp1A, fq :
Kp1Aq Ñ Kpfq is an isomorphism.

Example 6.1.4. The motivating example of a kernel-quotient adjunction in the ordinary
setting (V “ Set) is given by taking the category F to be of the shape

2 1 0

with J and I being the obvious embeddings. Here the adjunction Q % K acts as follows.
The functor Q sends a parallel pair X “ pf, gq to a coequaliser QX of the parallel pair
pf, gq. A morphism f : AÑ B in C , thus an object in r2,C s, is sent by K to the kernel
pair Kf “ pk1, k2q of f . The F -monic morphisms are precisely the monomorphisms in
this example.

The kernel-quotient system in the previous example allows factoring every morphism
in C as a regular epimorphism followed by a (not necessarily monomorphic) morphism.
Since both the functors I : K Ñ F and J : 2 Ñ F are injective on objects and fully
faithful, the functors RanJ and LanI can always be taken as strict sections of the functors
rJ,C s and rI,C s, respectively. Then the kernel-quotient adjunction Q % K may be taken
to commute with the evaluation functors r2,C s Ñ C and rK ,C s Ñ C that evaluate at
the object 1. This results in the counit ε of Q % K having the following form for all
objects f in r2,C s:

εf : QKf Ñ f “

A A

C B

1A

QKf f

εf
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Thus we have a factorisation
f “ εf ¨QKf,

and QKf is a regular epi, being a coequaliser of the parallel pair Kf . If the morphism
εf is a mono for every f , we obtain a factorisation system (regular epi, mono) on C .

The above construction of the morphism εf is analogous in the case of enrichment in
a general V . We say that F -kernel-quotient factorisations in C converge immediately
whenever εf is F -monic for each morphism f in C . Whenever F -kernel-quotient fac-
torisations converge immediately in C , we obtain a V -factorisation system (F -quotient,
F -monic) on C (by Proposition 4 of [22]).

Example 6.1.5. Given a 2-category Fbof generated by

2 1 0

s

α óó β

t

w

subject to the identity w ˚α “ w ˚β, we obtain the following kernel-quotient system. The
Fbof-kernel (or equikernel) of a morphism f : AÑ B is given by the following data:

E A B

s

α óó β

t

f

In Cat, the category E has as objects the parallel morphisms p, q : aÑ b from A for which
the equality fppq “ fpqq holds in B. The morphisms between objects p1, q1 : a1 Ñ b1 and
p2, q2 : a2 Ñ b2 in E are the pairs pm,nq of morphisms m : a1 Ñ a2 and n : b1 Ñ b2,
satisfying the equalities n ¨ p1 “ p2 ¨ m and n ¨ q1 “ q2 ¨ m. The functors s and t then
act as “source” and “target” functors. That is, given p, q : a Ñ b as an object in E, we
have that spp, qq “ a and tpp, qq “ b. The action of s and t on morphisms is as expected:
using the above notation, spm,nq “ m : a1 Ñ a2 and tpm,nq “ n : b1 Ñ b2. The natural
transformations α and β then act as “morphism projections”, i.e., αpp, qq “ p : aÑ b and
βpp, qq “ q : aÑ b.

Given kernel-data X in rK ,C s, its Fbof-quotient QX is its coequifier , i.e., a universal
morphism c : X1 Ñ C satisfying c ˚ Xα “ c ˚ Xβ (see [44] or Section 5.3 in [22]). A
morphism in C is Fbof-monic precisely when it is representably faithful (i.e., faithful when
C “ Cat). As the coequifier morphisms are always bijective on objects and full in Cat, this
hints that the Fbof kernel-quotient system gives rise to the (b.o. full, faithful) factorisation
system on Cat. This is indeed the case. In detail, given a functor f : A Ñ B, we can
form its equikernel E and factorise f into two functors e : AÑ A{E and m : A{E Ñ B.
The category A{E is the congruence category of A having the same objects as A, with
the congruence on morphisms of A generated by the pairs p, q : aÑ b that are objects of
E. Defining e as the canonical functor that assigns to each morphism of A its equivalence
class in A{E, it is obviously bijective on objects and full. The functor m assigns to each
object a of A its image fpaq, and to the equivalence class morphism rp : aÑ bs the image
fppq : fpaq Ñ fpbq. It follows immediately from the definition of the equikernel that m is
well-defined and faithful.

To summarise, for C “ Cat the kernel-quotient factorisations for Fbof converge imme-
diately, and they give rise to the (b.o. full, faithful) factorisation system.
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The main focus of [22] is to study the generalised notions of regularity and exactness,
parametric in the choice of a kernel-quotient system F . This yields a theory of F -
regularity and F -exactness. We do not need to introduce the theory of F -exactness in
detail. In fact, we use the results of [22] only to “lift” the (b.o. full, faithful) factorisation
system of Example 6.1.5 on Cat to any algebraic category AlgpT q for a strongly finitary
2-monad T on Cat.

Remark 6.1.6. We say that a diagram

E A

s

α óó β

t

(6.1)

of kernel data is reflexive if there exists a morphism iA : AÑ E as in the diagram

E A

s

α óó β

t

iA

that satisfies the reflexivity equalities

s ¨ iA “ t ¨ iA “ 1A,

α ˚ iA “ β ˚ iA “ 1.

In Cat, the equikernel (6.1) of any functor f : A Ñ B is indeed reflexive. Recalling the
description of E from Example 6.1.5, we see that the assignment

a ÞÑ p1a, 1aq,

m : aÑ b ÞÑ pm,mq

defines a morphism iA : AÑ E that satisfies the reflexivity equalities.

It follows from the above remark that each b.o. full functor is the coequifier of a
reflexive diagram: its equikernel. This observation is important because coequifiers of
reflexive diagrams (reflexive coequifiers) are examples of sifted colimits. In the ordinary
setting, sifted colimits are those colimits that commute with finite products in the category
of sets, recall Example 1.3.2 or see [5]. In particular, Theorem 2.15 of [5] contains a useful
characterisation of diagrams for sifted colimits. A diagram D is sifted if and only if it is
connected and the diagonal ∆ : D Ñ D ˆD is cofinal. See also Proposition 1.3.5 above.
In the case of enrichment in Cat, sifted colimits are again those colimits that commute
with finite products, now in the category Cat, and it is possible to characterise them in
a manner similar to the ordinary characterisation, as we have shown in Chapter 5. A
weight ϕ : Dop Ñ Cat is sifted if and only if

1. ϕ is connected , meaning that the unique 2-functor
şd
ϕd Ñ 1 is an isomorphism,

and
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2. the diagonal 2-functor ∆ : D Ñ D ˆD is cofinal , meaning that the 2-cell

Dop ∆op
//

ϕ
""

δ
ñ

Dop ˆDop

pd1,d2qÞÑϕpd1qˆϕpd2qxx
Cat

(6.2)

is a left Kan extension, where δd : ϕdÑ ϕdˆ ϕd is the diagonal functor.

This characterisation is contained in Remark 5.2.2.

Remark 6.1.7. A 2-functor T : C Ñ C is called strongly finitary if it preserves sifted
colimits [45]. Using Remark 6.1.6 we see that every strongly finitary endo-2-functor
T : Cat Ñ Cat preserves b.o. full functors, as they are coequifiers for some reflexive
diagram in Cat. We will use this fact very often in the following sections.

Let us denote by Catsf the 2-category of natural numbers n “ t0, 1, . . . , n ´ 1u and
functions between them. There is an inclusion ι : Catsf Ñ Cat that represents n as
the discrete category with the object set n, and maps a function f : m Ñ n to the
corresponding functor with object assignment f . Theorem 8.31 of [21] states that Cat
is the free cocompletion of Catsf under sifted colimits. This observation is useful as
it shows that any category C is a sifted colimit of finite discrete categories. Indeed,
every discrete category is a filtered colimit of its finite discrete subcategories, and every
category is a sifted colimit (a special codescent object) of discrete categories (see, e.g.,
Chapter 1 of [21]). Moreover, strongly finitary 2-functors T : Cat Ñ Cat correspond (up
to isomorphism) to 2-functors T ¨ ι : Catsf Ñ Cat, as the following diagram

Catsf
ι //

T ¨ι ##

λ
ñ

Cat

T||

Cat

is a left Kan extension. This correspondence is stated and proved in Corollary 8.45
of [21]. Via this correspondence we may identify the 2-category StrFinpCatq of strongly
finitary endo-2-functors of Cat with the (2-functor) 2-category rCatsf ,Cats. We will use
this identification in the proof of Proposition 6.1.10.

The factorisation system given by Fbof lifts from Cat to the categories of algebras for
a strongly finitary 2-monad T . We will introduce the notion of an algebraic category and
then state the “lifting theorem” for Fbof .

For a 2-monad T on a 2-category X , we denote the 2-category of T -algebras and their
strict homomorphisms by AlgpT q. Recall that a morphism a : TA Ñ A is a T -algebra if
it satisfies the axioms

A TA

A

ηTA

1A
a

TTA TA

TA A,

Ta

µTA a

a
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and a morphism h : A Ñ B is a strict homomorphism between T -algebras pA, aq and
pB, bq if it makes the usual diagram

TA

a
��

Th // TB

b
��

A
h
// B

commute in X . Let us recall the 2-dimensional structure of AlgpT q. Given two T -algebras
a : TA Ñ A and b : TB Ñ B, and two homomorphisms h, h1 : A Ñ B between pA, aq
and pB, bq, the 2-cells α : h1 ñ h between the homomorphisms h1 and h are exactly those
2-cells α : h1 ñ h in X that moreover satisfy the following equality:

TA TB

B

Th1

Th

ó Tα

b “

TA

A B

a

h1

h

ó α

For us, the algebraic 2-category AlgpT q is therefore what other authors commonly denote
by AlgspT q, see [56]. As we do not deal with the weaker kinds of morphisms, we will talk
simply of homomorphisms instead of strict homomorphisms in what follows. We call the
2-categories equivalent to the 2-categories of the form AlgpT q algebraic.

Theorem 6.1.8. Let T be a strongly finitary 2-monad on rX,Cats (with X an arbitrary
set). Then the Fbof kernel-quotient factorisations converge immediately in the 2-category
AlgpT q of T -algebras. These factorisations give rise to a factorisation system: the quotient
morphisms are precisely those morphisms whose underlying morphisms are pointwise bi-
jective on objects and full, and the monic morphisms are precisely those whose underlying
morphisms are pointwise faithful.

Proof. Observe that the forgetful 2-functor U : AlgpT q Ñ rX,Cats creates limits and
sifted colimits. In particular, U creates equikernels and coequifiers of equikernels, since
the equikernel is a reflexive pair in the sense of Remark 6.1.6, and therefore sifted. The
factorisation of any morphism h : pA, aq Ñ pB, bq in AlgpT q is thus computed as in
rX,Cats, and there the Fbof factorisations converge immediately. The Fbof factorisations
thus converge immediately in AlgpT q. Moreover, any Fbof-quotient morphism in rX,Cats
is pointwise bijective on objects and full, as it is a coequifier and these are computed
pointwise in rX,Cats. �

In the context of categories of algebras, the lifted factorisation system gives rise to
the notions of a quotient algebra and a subalgebra. Let T be a strongly finitary 2-monad
T on Cat, and take an algebra pA, aq from AlgpT q. We say that pB, bq is a subalgebra of
pA, aq if there is a homomorphism m : pB, bq� pA, aq with m faithful, as in the left-hand
side of the diagram (6.3). By a quotient algebra of pA, aq we mean a T -algebra pB, bq
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together with a b.o. full morphism h : A � B in Cat that is a homomorphism, as in the
right-hand side of the diagram (6.3).

TB

b
��

Tm // TA

a
��

B // m
// A

TA

a
��

Th // // TB

b
��

A
h
// // B

(6.3)

Let us remark that in the above diagram concerning quotient algebras, the morphism
Th : TA � TB is indeed b.o. full by Remark 6.1.7 since h is b.o. full and T is strongly
finitary.

Remark 6.1.9. Denote by N the discrete 2-category with natural numbers as objects.
We have an obvious inclusion J : N Ñ Catsf that is an identity on objects (recall the
description of Catsf from Remark 6.1.7), and it induces a 2-functor

V “ rJ,Cats : rCatsf ,Cats Ñ rN,Cats

given by precomposition with J . Then let us denote by W the underlying 2-functor

W : MndsfpCatq Ñ rCat,Cats
rι,Cats
ÝÝÝÑ rCatsf ,Cats

mapping a strongly finitary 2-monad pT, µ, ηq on Cat to its underlying endo-2-functor T
and restricting it to the 2-functor T ¨ ι : Catsf Ñ Cat. An argument from [53] shows that
there is a chain

MndsfpCatq

rCatsf ,Cats

rN,Cats

W%

V

H

%G

of adjunctions with the composite adjunction

MndsfpCatq

rN,Cats

U%F

being monadic. Thus MndsfpCatq is equivalent to the 2-category rN,CatsM of algebras
for the 2-monad M “ UF . The 2-category rN,CatsM is a locally finitely presentable
category (in the 2-dimensional sense of [43]), and so it is complete and cocomplete. We
will show that the right adjoint U preserves sifted colimits, and therefore M is strongly
finitary. Then, using Theorem 6.1.8, we will be able to conclude that MndsfpCatq admits
the (b.o. full, faithful) factorisation system of Example 6.1.5.
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Proposition 6.1.10. The 2-monad M “ UF given by the adjunction

MndsfpCatq

rN,Cats

U%F

is strongly finitary.

Proof. In the notation of the previous remark, U is the composite of right adjointsW and
V . The 2-functor V , being defined as a precomposition with J (recall Remark 6.1.9), has
itself a right adjoint and is therefore strongly finitary. To deduce that U preserves sifted
colimits, and thatM is thus strongly finitary, it is enough to show thatW preserves sifted
colimits. The argument can be taken almost verbatim from Section 4 of [47], where the
authors show a similar result for finitary monads. In the following we shall identify the
2-category rCatsf ,Cats with the (2-equivalent) 2-category StrFinpCatq of strongly finitary
endo-2-functors of Cat as in Remark 6.1.7. Take a weight ϕ : Dop Ñ Cat for a sifted
colimit (i.e., a sifted weight), and a diagram D : D Ñ MndsfpCatq sending d to a strongly
finitary 2-monad pTd, µTd , ηTdq. Denote the weighted colimit object ϕ ˚WD in rCatsf ,Cats
by T . For every strongly finitary S : CatÑ Cat, both ´ ¨ S and S ¨ ´ are again strongly
finitary, the first by having a right adjoint, and the second one since colimits in rCatsf ,Cats
are computed pointwise. Therefore the weighted colimit pϕˆ ϕq ˚D1 of the diagram
D1 : D ˆD Ñ rCatsf ,Cats sending pd, d1q to Td ¨ Td1 weighted by ϕˆϕ : Dop ˆDop Ñ Cat
is the 2-functor TT . Since the diagonal 2-functor ∆ : D Ñ D ˆD is cofinal with respect
to the weight ϕ (recall diagram (6.2)), it follows that the weighted colimit ϕ ˚D1∆ is also
the 2-functor TT . This in turn induces a multiplication µ : TT Ñ T , and similarly we get
the unit η : Id Ñ T . Thus T carries a monad structure, and it follows that W preserves
sifted colimits. �

Consider now a quotient e : T � T 1 of monads T and T 1 in MndsfpCatq. From
Theorem 6.1.8 it follows that e is pointwise b.o. full. That is, the functor en : Tn� T 1n
is b.o. full for every finite discrete category n. Of course, for strongly finitary monads we
may state an even stronger pointwise property of quotient monad maps: given a quotient
e : T � T 1, its component eC : TC Ñ T 1C is b.o. full for each category C. This is true
since each category is a sifted colimit of finite discrete categories, and since T and T 1

preserve sifted colimits, see Remark 6.1.7.
Using the above observations, we shall see that quotients of monads correspond to

equational subcategories of algebraic categories.

Remark 6.1.11. Let us give an algebraic meaning to the fact that a quotient e : T � T 1

of strongly finitary 2-monads on Cat implies that every en : Tn � T 1n is b.o. full in
Cat. Viewing the objects of Tn as n-ary terms, bijectivity on objects of en means that
the quotient e does not postulate any new equations between terms. On the other hand,
fullness of en means that T 1n is obtained from Tn by only identifying morphisms in Tn.
On the level of algebras, this imposes equations between morphisms of the underlying
category of an algebra. We will make the notion of an equation precise in Section 6.2.
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Example 6.1.12. Let A be the 2-category of categories C equipped with the following
algebraic structure, subject to no axioms:

1. one nullary operation I and one binary operation b,

2. natural transformations: the associator α with components αa,b,c : pa b bq b c Ñ
abpbbcq and the “back-associator” α1 with components α1a,b,c : abpbbcq Ñ pabbqbc,

3. natural transformations: the left and right unitors λ and ρ with the components
λa : I b a Ñ a and ρa : a b I Ñ a, together with “back-unitors” λ1 and ρ1 with the
components λ1a : aÑ I b a and ρ1a : aÑ ab I.

In particular, the “back-associators” and “back-unitors” are not forced to be the inverses
of associators and unitors. The morphisms in A are those functors that preserve the
algebraic structure “on the nose”, and the 2-cells are monoidal natural transformations
between those functors. We can obtain from A a full subcategory B spanned by “monoidal
categories without coherence”: that is, consider only those categories C from A whose
associator and unitors are in fact natural isomorphisms, with their corresponding inverse
transformations being the “back-transformations”. In an informal sense, B is an equa-
tional subcategory of A defined by the equations

α ¨ α1 “ α1 ¨ α “ 1, λ ¨ λ1 “ 1, λ1 ¨ λ “ 1, ρ ¨ ρ1 “ 1, ρ1 ¨ ρ “ 1.

LetMonCat be the 2-category of monoidal categories, strict monoidal functors and monoidal
natural transformations between those functors. Informally again, MonCat can be ob-
tained as an equational subcategory of B by considering those categories from B that
satisfy the usual triangle and pentagon identities.

The 2-category A can be easily seen to be the 2-category AlgpRq of algebras for a
strongly finitary 2-monad R on Cat. The results of Section 6.2 will show that there is a
chain

R� S � T

of quotients of strongly finitary 2-monads R, S and T for which we have the correspon-
dences

A » AlgpRq, B » AlgpSq, MonCat » AlgpT q.

Moreover, the monad morphism quotients induce the inclusions

AlgpT q Ñ AlgpSq Ñ AlgpRq

that correspond to the inclusions of equational subcategories MonCat Ď B Ď A . The
theory developed in Section 6.2 will make these correspondences precise.

We will end the present section with a remark stating that b.o. full morphisms are
epimorphisms with respect to morphisms and 2-cells. These properties will allow us to
prove a Cat-enriched Birkhoff theorem in the following section, with the proof being very
much in the spirit of the proof for ordinary Birkhoff theorem. Specifically, these properties
will be crucial in proving that quotients of monads induce 2-dimensionally fully faithful
algebraic functors (as defined in Definition 6.2.1).
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Remark 6.1.13. Given a b.o. full h : C Ñ A in Cat, the functor

Catph,Bq : CatpA,Bq Ñ CatpC,Bq

is injective on objects and fully faithful for every B. The injectivity on objects of Catph,Bq
corresponds to h being an epimorphism in Cat, faithfulness of Catph,Bq states that h
is an epimorphism with respect to 2-cells, and fullness of Catph,Bq corresponds to a
factorisation property of h w.r.t. 2-cells.

Consider the following diagram

C A

A B

h

h β
ñ

f

g

in Cat with h being b.o. full. Denote by

K C A

s

γ óó δ

t

h

the kernel-quotient pair of h. The morphism h is a coequifier of the kernel diagram since
Cat is Fbof-exact. Both the composites f ¨ h and g ¨ h also coequify the kernel diagram.
By the 2-dimensional universal property of coequifiers the equality

C A

A B

h

h β
ñ

f

g

“

C A

B

h

fg
α

ñ

holds for a unique 2-cell α. This observation equivalently says that Catph,Bq is fully
faithful.

6.2 Birkhoff theorem for the kernel-quotient system Fbof

In this section we first recall basic definitions concerning subcategories and equivalence of
categories in the Cat-enriched setting. After a short review of the properties of algebraic
categories and algebraic functors we state and prove the Birkhoff theorem for the Fbof

kernel-quotient system.

Definition 6.2.1. A 2-functor T : C Ñ D between 2-categories C and D is called fully
faithful if for any pair A,B of objects of C the action TA,B : C pA,Bq Ñ DpTA, TBq is an
isomorphism of categories. We say that T exhibits C as a full subcategory of D . When
C is moreover closed in D under isomorphisms, we call C a replete full subcategory of
D . The 2-category C is closed in D under isomorphisms if for any object A in C and any
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isomorphism i : TA Ñ D in D there exists an isomorphism j : A Ñ B in C such that
Tj “ i.

The 2-categories C and D are equivalent if there is a fully faithful 2-functor T : C Ñ D
that is essentially surjective, that is, for any object D of D there exists an object A of C
with TA being isomorphic to D, denoted by TA – D.

Remark 6.2.2. Recall that an algebraic 2-category is a 2-category that is equivalent to a
2-category AlgpT q for some 2-monad T on C . We will look at some important properties
of algebraic categories and algebraic functors (functors arising from a monad morphism):

1. Consider two 2-monads T and T 1 on C , and a monad morphism e : T Ñ T 1. This
monad morphism gives rise to an algebraic 2-functor Algpeq : AlgpT 1q Ñ AlgpT q
between the 2-categories AlgpT 1q and AlgpT q of algebras for T 1 and T . On objects,
Algpeq acts as follows:

T 1A

A

a1 ÞÑ

TA

T 1A

A

eA

a1

On morphisms and 2-cells Algpeq acts as an identity. A homomorphism h : pA, a1q Ñ
pB, b1q between two T 1-algebras a1 : T 1A Ñ A and b1 : T 1B Ñ B gets mapped to a
homomorphism h : pA, a1 ¨eAq Ñ pB, b1 ¨eBq of the corresponding T -algebras. Indeed,
the outer rectangle in the diagram

TA

eA
��

Th // TB

eB
��

T 1A

a1

��

T 1h // T 1B

b1

��

A
h
// B

clearly commutes. The same reasoning applies for the 2-cells α : h ñ h1 between
two homomorphisms h : pA, a1q Ñ pB, b1q and h1 : pA, a1q Ñ pB, b1q.

The action of Algpeq on morphisms and 2-cells is thus faithful for any e : T Ñ T 1.

2. The algebraic 2-category AlgpT q for a strongly finitary monad T on Cat is cow-
ellpowered with respect to quotient algebras. Indeed, for every small category A
there is, up to isomorphism, only a set of b.o. full functors of the form h : AÑ B in
Cat. Thus for a T -algebra pA, aq there is, up to isomorphism, only a set of quotients
h : pA, aq Ñ pB, bq in AlgpT q.

3. Given an algebraic 2-category AlgpT q for a strongly finitary 2-monad T on Cat, it is
a standard observation that the underlying 2-functor U : AlgpT q Ñ Cat creates 2-
limits. See Theorem 6.8 of [15] for a proof that U preserves these limits and observe
that it can be easily modified to show that U in fact creates these limits. Since
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T is strongly finitary, the 2-functor U also creates sifted colimits. In particular, U
creates reflexive coequifiers. That is, given a reflexive diagram

pK, kq pA, aq

f

óó

g

h

in AlgpT q, and the coequifier of the U -image of the above diagram

K A C

Uf

óó

Ug

Uh

γ

there exists a unique algebra pC, cq such that γ is a homomorphism between pA, aq
and pC, cq.

We now turn to the proof of the Birkhoff theorem. The proof is a 2-dimensional
variant of the classical proof of Birkhoff’s theorem in the setting of ordinary categories.
The interested reader can compare the structure of the present proof with the proof of
Theorem 3.3.6 in [66].

Theorem 6.2.3. Let T be a strongly finitary 2-monad on Cat and let A be a full sub-
category AlgpT q of the category of algebras for the 2-monad T . Then the following are
equivalent:

1. There is a strongly finitary 2-monad T 1 and a b.o. full monad morphism e : T � T 1

such that the comparison 2-functor A Ñ AlgpT 1q is an equivalence.

2. The category A is closed in AlgpT q under sifted colimits, 2-products, quotient alge-
bras, and subalgebras.

Proof. We first prove the implication 1. ñ 2. in the following manner:

(a) Given the monad morphism e : T � T 1, we get a 2-functor Algpeq : AlgpT 1q Ñ AlgpT q
that we show to be fully faithful.

(b) We show that Algpeq preserves sifted colimits and 2-limits.

(c) Finally we show that AlgpT 1q is closed in AlgpT q under subalgebras and quotient
algebras.

Ad (a): The action of Algpeq on morphisms and 2-cells is faithful by point 1. of
Remark 6.2.2. We prove that Algpeq is indeed fully faithful by showing that its action
on morphisms and 2-cells is full. The fullness on morphisms comes from observing that
given any diagram of the form

TA

eA
����

Th // TB

eB
����

T 1A

a1

��

T 1h // T 1B

b1

��

A
h
// B
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such that the outer rectangle commutes, the lower square commutes since eA : TA� T 1A
is b.o. full, and thus epi. Similarly, given a 2-cell α : h ñ h1 in AlgpT q, it is also a
2-cell in AlgpT 1q by 2-naturality of e (saying that eB ˚ Tα “ α ˚ eA), and since eA is an
epimorphism on 2-cells by Remark 6.1.13. The algebraic 2-functor Algpeq is therefore
indeed fully faithful.

Ad (b): Let us denote by UT : AlgpT q Ñ Cat and by UT 1 : AlgpT 1q Ñ Cat the
underlying 2-functors of AlgpT q and AlgpT 1q. Then UT 1 “ UT ¨ Algpeq. The 2-functor
UT 1 preserves 2-limits and sifted colimits and U creates them. Therefore Algpeq preserves
2-limits and sifted colimits.

Ad (c): Now we show that the 2-category AlgpT 1q is closed in AlgpT q under subalgebras
and quotient algebras. To this end, consider a T 1-algebra pA, a1q and its image pA, aq “
pA, a1 ¨ eAq under Algpeq. Given any subalgebra pB, bq of pA, aq as in the diagram

TB

b

��

Tm // TA

eA
��

T 1A

a
��

B // m
// A,

we can use the naturality of e

TB

eB ## ##

b

��

Tm // TA

eA
����

T 1B

b1{{

T 1m
// T 1A

a1

��

B // m
// A

and define b1 as the unique diagonal fill-in with respect to eB and m in the above diagram.
(Recall that (b.o. full, faithful) is a factorisation system on Cat.) This b1 : T 1B Ñ B is
a T 1-algebra. We inspect the following diagrams to see that pB, b1q satisfies both algebra
axioms.

TB

B T 1B

B

eB

b

ηTB

ηT
1

B

1B
b1

TTB TT 1B TB

T 1T 1B T 1B

TB T 1B B

TeB

µTB

Tb1

eT 1B eB

T 1b1

µT
1

B b1

eB

b

b1

Consider the left-hand diagram. The upper triangle commutes by the unit axiom of the
monad morphism e, and the outer triangle commutes since pB, bq is a T -algebra. Thus



88 Chapter 6. Two-dimensional Birkhoff theorem

the lower triangle commutes by virtue of eB being an epimorphism. In the right-hand
diagram, the outer square commutes since pB, bq is a T -algebra. The upper rectangle is an
instance of a monad morphism axiom, and the lower left square commutes by naturality
of e. The morphism TeB is b.o. full, as eB is and T preserves b.o. full morphisms by
Remark 6.1.7. Thus the composite morphism eT 1B ¨ TeB is b.o. full as well. By the
cancellation property of b.o. full morphisms we obtain the commutativity of the square

TT 1B T 1B

T 1B B,

T 1b1

µT
1

B b1

b1

and this proves that pB, b1q is a T 1-algebra. In conclusion, AlgpT 1q is indeed closed in
AlgpT q under subalgebras.

The closedness of AlgpT 1q under quotient algebras in AlgpT q follows from closedness
under limits and sifted colimits. Whenever we are given a T 1-algebra pA, a1q and a quotient
homomorphism h : pA, aq “ pA, a1 ¨ eAq� pB, bq of T -algebras as in

TA

eA
����

Th // // TB

b

��

T 1A

a1

��

A
h
// // B,

the kernel pK, kq of h lies in AlgpT 1q. This is true since pK, kq is easily seen to be a
subalgebra of the cotensor algebra pA, aq‚Ñ‚ (where ‚ Ñ ‚ denotes the obvious category),
and pA, aq‚Ñ‚ is in turn a subalgebra of the product algebra pA, aq2. Since the kernel
pK, kq is reflexive and as AlgpT 1q is closed in AlgpT q under sifted colimits, it follows that
pB, bq lies in AlgpT 1q.

The second part of the proof is the implication 2. ñ 1. Given a strongly finitary
2-monad T and a full subcategory

J : A Ñ AlgpT q

of AlgpT q that is closed under sifted colimits, 2-products, quotient algebras and subalge-
bras, we need to find a strongly finitary 2-monad T 1 such that there is a monad morphism
T � T 1 and the comparison A Ñ AlgpT 1q is an equivalence. Observe that A is a replete
subcategory of AlgpT q as this follows from closedness under unary products.

We will proceed as follows:

(a) We will form an ordinary left adjoint to J by using Freyd’s adjoint functor theo-
rem [64].

(b) We will show that that J preserves cotensors with 2 and that the ordinary adjunction
is thus enriched in Cat, using Proposition 3.1 of [18].
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(c) We will construct a monad morphism T � T 1 from the above adjunction and show
the equivalence A » AlgpT 1q.

Ad (a): We will show that A has and J preserves ordinary limits. Since J is fully
faithful, it suffices to prove that A is closed in AlgpT q under ordinary limits. By as-
sumption, A is closed in AlgpT q under 2-products. It is therefore closed under ordinary
products as well, since 2-products and ordinary products coincide in Cat. We need to
show that it is closed also under equalisers. To this end, consider an equaliser diagram

pA, aq // // JX
Js
++

Jt

33 JY

in AlgpT q. Equalisers in AlgpT q are computed on the level of underlying categories, which
implies that A� UJX is faithful. Thus pA, aq is a subalgebra of JX. Since the 2-category
A is closed under subalgebras in AlgpT q, we proved that it is closed under equalisers as
well.

To establish the existence of a left adjoint for J , we now only need to find an ordinary
solution set for every object pA, aq of AlgpT q. We claim that the solution set is the set
thi : pA, aq� JXi | i P Iu of all the (representatives of the) quotients of pA, aq that lie in
A . This is indeed a set due to the nature of b.o. fullness, recall point 2. of Remark 6.2.2.
Given any morphism f : pA, aq Ñ JY , we can factorise it to obtain a triangle

pA, aq JY

pB, bq

f

h

and moreover, since pB, bq is a subalgebra of JY , we have that pB, bq – JX holds for
some X from A , and the solution set condition is satisfied. The unit of the adjunction is
constructed as follows: we take the product

ś

iPI JXi of all the codomains of the quotients
in the solution set, and factorise the mediating morphism phiq : pA, aq Ñ

ś

iPI JXi as in
the following diagram.

pA, aq
ś

iPI JXi

JLpA, aq

phiq

ηpA,aq

Note that ηpA,aq is b.o. full for every algebra pA, aq.
Ad (b): Take a T -algebra pA, aq that belongs to A and form its cotensor pA, aq2. By

means of the inclusion functor 2 Ñ 2, we have a canonical homomorphism pA, aq2 Ñ
pA, aq2 whose underlying functor is faithful, and thus renders pA, aq2 as a subalgebra of
a product of algebras contained in A . By the closure properties imposed on A , we have
that A is closed in AlgpT q under forming cotensors with 2 as well.



90 Chapter 6. Two-dimensional Birkhoff theorem

Ad (c): We can now define the 2-monad T 1 and the monad morphism ϕ : T Ñ T 1

for which we will show the equivalence A » AlgpT 1q. Let us first settle the notation and
write pL % J, η, εq for the adjunction L % J : A Ñ AlgpT q, denote by pF T , UT , ηT , εT q
the adjunction F T % UT : AlgpT q Ñ Cat, and let µT : TT Ñ T be the multiplication of
the 2-monad T .

This allows us to define the 2-functor T 1 :“ UTJLF T which is the underlying endo-
functor of a 2-monad pT 1, ηT 1 , µT 1q with the unit ηT 1 and the composition µT 1 defined by
the assignments

ηT
1

:“ UTηF T
¨ ηT , µT

1

:“ UTJεLF T
¨ UTJLεTJLF T .

Then there is a corresponding monad morphism e “ UTηF T : T � T 1. The proof that
e is indeed a monad morphism is standard and proceeds exactly as in the non-enriched
case. Moreover, e is a quotient, since

1. ηpA,aq is a quotient for each algebra pA, aq, and

2. UT preserves quotients since T does.

Let us denote by
A AlgpT 1q

Cat

K

UT J UT
1

the ordinary comparison functor. We will apply the ordinary Beck’s theorem to infer that
K is an ordinary equivalence. Since A has and UTJ preserves sifted colimits, A has and
UTJ preserves coequalisers of reflexive pairs. Moreover, since UT reflects isomorphisms
and J is fully faithful, the composite functor UTJ also reflects isomorphisms. Therefore
K : A Ñ AlgpT 1q is indeed an equivalence in the ordinary sense.

We will now show that on objects, the inclusion J : A Ñ AlgpT q factorises, up to
isomorphism, as in the following triangle:

AlgpT 1q

Algpeq

��

A

K
;;

J ##

AlgpT q.

Indeed, for any object A of A the equality

KA “ pUTJA,UTJεA ¨ U
TJLεTJAq

holds. The algebra KA gets mapped by the functor Algpeq to an algebra with a structure
map

UTJεA ¨ U
TJLεTJA ¨ eUT JA “ UTJεA ¨ U

TJLεTJA ¨ U
TηFTUT JA

“ UTJεA ¨ U
TηJA ¨ U

T εTJA

“ UT εTJA,
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where the first equality holds by the definition of e, the second one follows from naturality
of η, and the third one comes from the triangle identity of L % J . But pUTJA,UT εTJAq
is isomorphic to JA, as pUTJA,UT εTJAq is the image of JA under the trivial comparison
functor

I : AlgpT q Ñ AlgpT q.

Both J and Algpeq are fully faithful in Cat-enriched sense: the 2-functor J is such by
assumption and Algpeq was proved to be fully faithful for a quotient monad morphism e
in the first part of the proof. We can conclude that the ordinary equivalence K : A Ñ

AlgpT 1q is enriched in Cat, thus finishing the proof. �

Remark 6.2.4. A point that needs to be discussed is that we demand A to be closed un-
der sifted colimits in AlgpT q in the characterisation of equational subcategories of AlgpT q.
It is true that in the original Birkhoff theorem there is no need to demand closedness under
any class of colimits whatsoever. However, even in the ordinary case of V “ Set, closed-
ness under filtered colimits (or directed unions) is essential in the case of many-sorted
universal algebra, see [6]. In the case of V “ Cat, at least the requirement for closedness
under filtered colimits is arguably expectable. The reason why our version of the Birkhoff
theorem asks for an even stronger closure property, i.e., closedness under sifted colim-
its, is the following. While finitary and strongly finitary monads on Set coincide (every
finitary monad is strongly finitary), this is not the case for 2-monads on Cat: a finitary
2-monad need not be strongly finitary. For example, the 2-monad T that gives rise to
the 2-category AlgpT q of categories C equipped with one “arrow-ary” operation C 2 Ñ C
is finitary, but T fails to preserve sifted colimits in general. Since we are dealing with
strongly finitary 2-monads on Cat, being closed under sifted colimits is the corresponding
closure property.

Remark 6.2.5. In our setting, the property of being closed under sifted colimits is equiv-
alent to being closed under conical filtered colimits and under codescent objects of strict
reflexive coherence data by Remark 8.44 of [21]. For our purposes, the only two important
points concerning codescent objects are that

1. they are the colimit objects for a certain sifted diagram, and

2. in the categories AlgpT q for a strongly finitary 2-monad T on Cat, the universal
cocone over such a diagram consists of a single bijective on objects homomorphism.

This allows us to state the conditions of our Birkhoff theorem in an alternative way. In
AlgpT q, define an algebra pB, bq to be a (b.o.)-quotient of pA, aq if there is a homomorphism
h : pA, aq Ñ pB, bq that is bijective on objects. Since every b.o. full functor is b.o., we
may strengthen the property of being closed under quotient algebras to the property of
being closed under (b.o.)-quotient algebras, and replace the requirement for closedness
under sifted colimits by closedness under filtered colimits.

It remains to argue that a full subcategory A of AlgpT q closed under 2-limits and
sifted colimits is closed under (b.o.)-quotients. Given a (b.o.)-quotient h : pA, aq Ñ pB, bq
with pA, aq contained in A , it follows by the results of [22] (see Section 5.1 in particular)
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that h is the quotient of the kernel

h|h|h h|h pA, aq,

p

q

m

d

c

i

where the component h|h is a certain subalgebra of pA, aq2, and the component h|h|h is
a pullback of c and d. Without loss of generality, the above kernel can be considered
reflexive, and thus pB, bq belongs to A , being a sifted colimit of algebras contained in A .

The following alternative statement of Birkhoff theorem is a direct corollary of the
above remark, and it may be more useful in practice for detecting equational subcategories
of algebraic categories.

Corollary 6.2.6. The full subcategory A of AlgpT q is an equational subcategory of AlgpT q
if and only if it is closed in AlgpT q under 2-products, (b.o.)-quotient algebras, subalgebras
and filtered colimits.

In the ordinary setting, full algebraic subcategories induced by a quotient monad
morphism can be characterised as a special kind of orthogonal subcategories. Without
substantial changes to the reasoning, the same characterisation can be obtained for the
case of V “ Cat, as is shown below.

Given a 2-category X and a set S “ tfi : Xi Ñ Yi | i P Iu of morphisms of X , we
will denote by SK the full subcategory J : Y Ñ X spanned by the objects Y that are
orthogonal to all morphisms in S.

Corollary 6.2.7. The equational subcategories

J : A Ñ AlgpT q

of the 2-category AlgpT q of algebras for a strongly finitary 2-monad T are precisely the
orthogonal subcategories of AlgpT q of the form

A “ tf : F Tn� pC, cq | f P IuK “ IK

for some set I of quotient morphisms in AlgpT q. Moreover, each morphism in I has as
its domain a free algebra on a finite discrete category.

Proof. To see that one direction of this statement holds, observe that A is closed under
subobjects in AlgpT q: Given an algebra pB, bq in A and its subalgebra pA, aq, we have for
any g : F TnÑ pA, aq a situation

F Tn pC, cq

pA, aq pB, bq

f

g

where the unique morphism pC, cq Ñ pB, bq exists since f K pB, bq, and the unique diag-
onal exists by the diagonal property of the factorisation system. The universal property
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of 2-products establishes that A is closed in AlgpT q under 2-products. To see that A
is closed in AlgpT q under sifted colimits we show that AlgpT qpF Tn,´q preserves sifted
colimits. This is the case, since AlgpT qpF Tn,´q – Catpn, UT´q and both Catpn,´q and
UT preserve sifted colimits. To show that A is closed in AlgpT q under quotients, observe
first that AlgpT qpF Tn,´q preserves quotient maps since both UT and Catpn,´q are easily
seen to preserve quotient maps. This property implies that F Tn is projective with re-
spect to quotients, and that the factorisation granted by projectivity is unique. Consider
a quotient h : pA, aq � pB, bq with pA, aq in A . To prove that pB, bq is in A , observe
that for any morphism g : F TnÑ pB, bq there is a unique morphism p : F TnÑ pA, aq:

F Tn

pA, aq pB, bq

p
g

h

Since pA, aq is orthogonal to f , we obtain a triangle

F Tn pC, cq

pA, aq

f

p
o

The composite h ¨ o then proves that f K pB, bq. Indeed, given any other factorisation
g “ i ¨ f , the equality i “ h ¨ o holds since f is epi.

In the opposite direction, recall that reflective subcategories are always orthogonality
classes. In our case we have that

A “ tηpA,aq : pA, aq� JLpA, aq | pA, aq P AlgpT quK.

We need to take a subset of the above class of morphisms such that the codomain of each
morphism is a free algebra on a finite discrete category. For this, we first use that every
algebra pA, aq is a sifted colimit of free algebras on finite discrete categories. Indeed,
consider the full subcategory G Ñ AlgpT q spanned by algebras of the form F Tn for a
natural number n. By Proposition 4.2 of [48], AlgpT q is a free cocompletion of G under
sifted colimits; the only interesting property to check being that the closure of G in AlgpT q
under sifted colimits is the whole of AlgpT q. Observe that a free algebra F TX on a discrete
category X is a filtered colimit of free algebras on finite discrete categories, a free algebra
F TC on a category C is a sifted colimit (codescent object) of free algebras on discrete
categories, and any algebra pA, aq is a reflexive coequaliser of free algebras F TA on A.
The result follows from this reasoning.

Secondly, if an object is orthogonal to a given set of arrows, it is orthogonal to their
colimit in the category of arrows as well. Since JL preserves sifted colimits, we get that

tηpA,aq : pA, aq� JLpA, aq | pA, aq P AlgpT quK
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is equal to the subcategory

tηFTn : F Tn� JLF Tn | n P Cat, n finite discreteuK,

as we needed. �

The above result may be reformulated to resemble the original universal algebraic
formulation of Birkhoff’s theorem even more. Taking again

A “ tf : F Tn� pC, cq | f P IuK,

we know that any morphism f : F Tn� pC, cq as above is the coequifier of its kernel:

pK, kq F Tn pC, cq

s

γ óó δ

t

f

Given an algebra pA, aq, it is orthogonal to f precisely when each morphism g : F Tn Ñ
pA, aq coequifies the 2-cells γ and δ. Now consider the underlying discrete category K0 of
the category K by means of the b.o. inclusion functor i : K0 Ñ UT pK, kq. Transposing
this functor, we get a homomorphism i7 : F TK0 Ñ pK, kq defined as the composite

F TK0 pK, kq

F TUT pK, kq

i7

FT i εT
pK,kq

of two homomorphisms that are surjective on objects. The morphism εT
pK,kq is surjective

on objects since its underlying functor is a split epi k, and F T i is in fact b.o., because
T “ UTF T as a strongly finitary monad preserves b.o. functors. A given morphism
g : F Tn Ñ pA, aq therefore coequifies γ and δ if and only if it coequifies the whiskered
2-cells γ ˚ i7 and δ ˚ i7:

F TK0 pK, kq F Tni7

s

γ óó δ

t

As a left adjoint, F T preserves coproducts, and thus

F TK0 – F T
p
ž

obpK0q

1q –
ž

obpK0q

F T1

holds. This allows us to reduce the pair γ and δ of 2-cells into obpK0q-many pairs γc and
δc of 2-cells

F T1 F Tn

sc

γc óó δc

tc
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such that a morphism g : F Tn Ñ pA, aq coequifies γ and δ precisely when it coequifies
all the pairs γc and δc. In fact, let us call each such a pair pγc, δcq an equation in T
and observe that it corresponds precisely to a pair of morphisms in UTF Tn. Let us now
say that an algebra pA, aq from AlgpT q satisfies the equation γc “ δc if every morphism
g : F Tn Ñ pA, aq coequifies γc and δc. We have just proved the following “universal-
algebraic” version of Birkhoff’s theorem.

Corollary 6.2.8. For a full subcategory A of AlgpT q for a strongly finitary monad T on
Cat, the following are equivalent:

1. A is closed under 2-products, subalgebras, quotient algebras and sifted colimits.

2. There is a set E “ tγi “ δi | i P Iu of equations in T such that A consists of
algebras of AlgpT q that satisfy E.

‘
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Chapter 7

Gray-categories and their presentations

In ordinary universal algebra, the notion of freeness can be given a precise meaning via the
categorical notion of an adjunction. For example, consider the free monoid construction

S ÞÑ F pSq “ pS˚, ˚, εq

which gives, for a set S, the monoid FS given by the set of words S˚ over alphabet S with
concatenation as multiplication and the empty word as the unit (as in Example 1.1.2).
This construction gives rise to an adjunction

Mon

Set

U%F

with U being the underlying set functor, and the components of the unit ηS : S Ñ S˚

being the inclusion of the alphabet S into the set S˚ of words over S. Equivalently, this
construction satisfies a universal property: given a monoid pX, ˚, eq and mapping f : S Ñ
X, there exists a unique way to lift f to a monoid homomorphism f 7 : FS Ñ pX, ˚, eq
such that the diagram

S FS

X

ηS

f
Uf 7

commutes.
The notion of freeness reoccurs “one level of abstraction up” when we consider limits

and colimits in categories, and form free (co)completions of categories. Let us recall from
Remark 2.1.20 that given a class Φ of weights and a category K , there exists the free
cocompletion ΦpK q of K under the class of Φ-colimits with the unit

ZΦ
K : K Ñ ΦpK q.

This cocompletion almost satisfies a universal property similar to the property of the free
monoid above. That is, given a Φ-cocomplete category L and any F : K Ñ L , there

97
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exists, up to isomorphism, a unique Φ-cocontinuous functor F 7 : ΦpK q Ñ L such that
the diagram

K ΦpK q

L

ηΦ
K

F F 7

commutes up to isomorphism. Since the free Φ-cocompletion of a category is determined
only up to equivalence of categories, we cannot claim that there is a “free cocompletion
(2)-functor”

FΦ : V -CATÑ Φ-COCTS

which would be a left adjoint to the forgetful (2)-functor

UΦ : Φ-COCTSÑ V -CAT

mapping a Φ-cocomplete category to itself. However, FΦ is a pseudofunctor and FΦ and
UΦ form a pseudoadjunction

Φ-COCTS

V -CAT

UΦ%FΦ

with unit ηΦ, where the notions of a pseudofunctor and pseudoadjuction are the appropri-
ate generalisations of the “strict” notions of a functor and an adjunction. These notions are
appropriate in the sense that they abstract the example of free cocompletions, describing
precisely what the notion of freeness “up to equivalence of categories” should mean.

The above example of free cocompletions leads us to the field of higher category theory.
The setting for the study of pseudoadjunctions leads us to 2-categories, pseudofunctors
and pseudonatural transformations, all being bicategorical notions. However, working in
such a general setting yields substantial technical difficulties, since even the definitions
of the “pseudo versions” of basic categorical notions are quite involved. This observation
leads us to the study of Gray-categories, that is, categories enriched in the category V “

Gray of 2-categories and 2-functors, equipped with Gray-tensor product [39]. Without
Gray-categories we would have to study the collection of 2-categories, pseudofunctors,
pseudonatural transformations and modifications as a tricategorical structure. Such an
approach is considerably difficult. Gray-categories allow us to study the collection of
2-categories, pseudofunctors, pseudonatural transformations and modifications abstractly
in the context of enriched category theory. This motivation leads the topic of the present
chapter. We introduce Gray-categories and show a way to give presentations of Gray-
categories that will allow us to consider, for example, a pseudoadjunction P in a Gray-
category K as a certain Gray-functor with codomain K.

Purpose of the chapter. Since this chapter does not contain any new results of the
author, it may be safely skipped by the reader who is not interested in the technical details
of the theory behind presentations of Gray-categories. In fact, after reading Section 7.1
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on the basics of Gray-categories, the rest of this chapter can be summarised as giving
reasons for the claim

It is possible to give presentations of Gray-categories in the same spirit as we can
present ordinary categories, or 2-categories.

The reader who is content to believe this claim can move on to the next chapter which
gives concrete examples of presentations of Gray-categories after reading Section 7.1.

Structure of the chapter.

• We introduce Gray-categories in Section 7.1 and shortly discuss their importance
as “well-behaved” tricategories.

• In Section 7.2 we will introduce the notion of a presentation of an algebra, and show
that there is an adjunction between the category of algebras of a given type and the
category of presentations of the given type.

• In Section 7.3 we shall comment on the problems of presenting 2-categories and note
why such presentations are important. We sketch the approach of Street, namely of
his computads.

• To be able to give presentations of Gray-categories, we need to review some tech-
nically involved notions. Section 7.4 introduces globular operads via Kelly’s clubs.

• Globular operads underlie the notion of a globular computad, a generalisation of
Street’s computads. We treat globular computads Section 7.5.

This chapter serves as an overview of Gray-categories and their presentations. We do
not claim authorship of any of the results in this chapter.

7.1 Gray-categorical background
The collection of 2-categories, pseudofunctors, pseudonatural transformations and mod-
ifications1 organises itself into a 3-dimensional categorical structure; we shall see that
it does not form a (strict) 3-category. Rather, these data organise themselves into a
tricategory . Working in the environment of a tricategory poses substantial technical diffi-
culties. We shall introduce Gray-categories [38, 39] that are more pleasant to work with.
An important example of a Gray-category is the collection of 2-categories, 2-functors,
pseudonatural transformations and modifications. A coherence result states that every
tricategory is triequivalent to a Gray-category. Thus we lose no extra generality when
working with Gray-categories rather than with tricategories.

Example 7.1.1 (Difficulties in the composition of pseudofunctors and pseudo-
natural transformations [72]). The collection of of 2-categories, pseudofunctors and
pseudonatural transformations does not form a 2-category. Observe that the problem
arises when dealing with the middle-four interchange law, as can be seen e.g. in Exam-
ple 7.2 of [72]:

1The prefix pseudo roughly means that the equalities in the definitions of a functor and a natural
transformation are replaced by coherent isomorphisms. See for example Chapter 7 of Volume 1 of [19].
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Let us take the data

A B

F

G

σ ó

where σ is a pseudonatural transformation (i.e., a collection σX : FX Ñ GX of morphisms
of A such that there is a “coherent” isomorphism

FX GX

FY GY

σX

Ff
ñ
σf Gf

σY

for any morphism f : X Ñ Y in A ), and take a morphism f : X Ñ Y in the 2-category
A . The morphism f determines a pseudonatural transformation

1 A .

xXy

xY y

xf y ó

If the middle-four interchange law held, then σ would be 2-natural with respect to f .
This would hold for all f , yielding that σ is necessarily 2-natural, and thus ending in a
contradiction.

Remark 7.1.2 (Interchange law up to isomorphism [39]). Let us inspect the prob-
lems with “middle-four interchange law” for 2-categories, pseudofunctors, pseudonatural
transformations and modifications a bit further. Let us organise these data into a collec-
tion PSD; for 2-categories A and B, we get that the collection PSDpA ,Bq of pseudo-
functors, pseudonatural transformations and modifications forms a 2-category. Consider
the composition assignment (not claiming that it is a 2-functor itself )

cA ,B,C : PSDpB,C q ˆ PSDpA ,Bq Ñ PSDpA ,C q.

Given the data

A B C

F

G

σ ó

H

K

τ ó

both cA ,B,C pH,´q “ Hp´q and cA ,B,C p´, F q “ p´qF are 2-functors; and both Hσ and
τF are pseudonatural transformations. However, the square

HF KF

HG KG

τF

Hσ Kσ

τG

(7.1)
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does not commute (as it should, were cA ,B,C a 2-functor): it commutes only up to an
isomorphism

HF KF

HG KG

τF

Hσ Kσ

τG

V
τσ (7.2)

(i.e., the pseudonatural transformations are “not ‘natural” in the sense that the middle-
four interchange law holds only up to a coherent isomorphism modification). This shows
that if we wanted PSDpA ,Bq to be an internal hom of PSD, the monoidal product of
PSD cannot be chosen as the cartesian one.

The rather unfortunate situation in the above remark can be dealt with. We shall work
with Gray-categories : categories enriched in the category V “ Gray, which consists of
2-categories, 2-functors, pseudonatural transformations and modifications, and has a non-
cartesian monoidal product (Gray-tensor product). We shall introduce Gray-categories
explicitly in elementary terms.

Gray-categories A Gray-category K with objects A , B, C , has a hom-2-category
KpA ,Bq for each pair A , B of objects, the unit 2-functor uA : I Ñ KpA ,A q sends
the unique i-cell (i “ 0, 1, 2) to the identity pi` 1q-cell of A (e.g., the unique object ˚ of
I gets sent to 1A : A Ñ A ), and the composition

KpB,C q bKpA ,Bq Ñ KpA ,C q

is essentially the composition cubical functor

KpB,C q ˆKpA ,Bq Ñ KpA ,C q

yielding, for any F in KpA ,Bq and any G in KpB,C q, two 2-functors

p´qF : KpB,C q Ñ KpA ,C q

Gp´q : KpA ,Bq Ñ KpA ,C q

(“precomposition” and “postcomposition”). Here, p´qF is acting on the data

B C

H

K

τ
α óVó β

to give

B C

HF

KF

τF
αF óVó βF
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and Gp´q is acting on

A B

H

K

τ
α óVó β

to give

A B.

GH

GK

Gτ
Gα óVó Gβ

The 2-functors p´qF and Gp´q are subject to the equality

pGqF “ GpF q “ GF

and for every pair

A B

F

F 1

α ó B C

G

G1

β ó

there is an isomorphism

GF G1F

GF 1 G1F 1

βF

Gα
V
βα G1α

βF 1

subject to the cubical functor axioms:

1. Composition axioms

GF G1F

GF 1 G1F 1

GF 2 G1F 2

βF

Gα G1α
V
βα

βF 1

Gγ G1γ
V
βγ

βF 2

“

GF G1F

GF 1 G1F 1

GF 2 G1F 2

βF

Gα G1α

V
βγ¨α

Gγ G1γ

βF 2
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and
GF G1F G2F

GF 1 G1F 1 G2F 1

βF

Gα

δF

G1α
V
βα G2α

V
δα

βF 1 δF 1

“

GF G1F G2F

GF 1 G1F 1 G2F 1.

βF

Gα

δF

G2α
V
pδ ¨ βqα

βF 1 δF 1

2. “Modification” axioms

GF G1F

GF 1 G1F 1

βF

Gα
V
βα G1α G1α1V

G1s

βF 1

“

GF G1F

GF 1 G1F 1

βF

Gα1Gα V

Gs V
βα1 G1α1

βF 1

for any 3-cell s : α1 V α and

GF G1F

GF 1 G1F 1

βF

β1F

tF

V

Gα
V
βα G1α

βF 1

“

GF G1F

GF 1 G1F 1

β1F

Gα
V
β1α G1α

β1F 1

βF

tF 1

V

for any 3-cell t : β1 V β.

Given any triple

A B

F

F 1

α ó B C

G

G1

β ó C D

H

H 1

γ ó
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the associativity equalities

γpβF q “ pγβqF, γpGαq “ pγGqα, Hpβαq “ pHβqα

hold, allowing us to relax the notation when working with the invertible 3-cells βα. Finally,
the unit equalities

1F “ F, G1 “ G

hold, where 1 can stand for the identity 1-cell, 2-cell or 3-cell on B.

Example 7.1.3. Let us consider the category p2-Catq0 of all 2-categories and all 2-
functors. As in Example 7.1.2, when we equip this category with the 2-dimensional
structure consisting of pseudonatural transformations and the 3-dimensional structure
given by modifications, the resulting collection does not form a 3-category by the same
argument. If we denoted the collection by Gray, then we would need to have a compo-
sition 2-functor

cA ,B,C : GraypB,C q ˆGraypA ,Bq Ñ GraypA ,C q

which is impossible by Remark 7.1.2. However, we do have a cubical functor

cA ,B,C : GraypB,C q ˆGraypA ,Bq Ñ GraypA ,C q

where for every situation

A B C

F

G

σ ó

H

K

τ ó

the relevant isomorphism is given by the 2-cell

HF KF

HG KG

τF

Hσ Kσ

τG

V
τσ

and this 2-cell satisfies the cubical axioms stated above.

Our interest in Gray-categories stems from the fact that they are the maximally
strict tricategories such that we lose no generality working with Gray-categories instead
of general tricategories.2 This is not true of 3-categories:

Proposition 7.1.4 ([72], Example 7.4). Not every tricategory is triequivalent to a
3-category.

2Roughly speaking, a tricategory relates to a 3-category similarly to how a bicategory relates to a
2-category: various types of composition are associative and unital only up to coherent isomorphisms.
See [38] for the precise definition of a tricategory.
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The above fact gives the basic motivation for introducingGray-categories. The reason
that Proposition 7.1.4 holds is that to give a one-object, one-morphism tricategory is to
give a braided monoidal category, while giving a one-object, one-morphism 3-category is
giving a strict monoidal category with a strict symmetry, and these in general need not
be equivalent. A concrete example is, e.g., Example 7.4 of [72]: the symmetric monoidal
closed category Set with finite products. The symmetry map X ˆ Y Ñ Y ˆX is almost
never the identity, and thus the symmetry is not strict.

In contrast to Proposition 7.1.4, the following coherence result holds:

Theorem 7.1.5 (Theorem 8.1 of [37]). Every tricategory is triequivalent to a Gray-
category.

This result allows us to work in the setting of Gray-categories instead of general tri-
categories. For example, proving a fact about pseudomonads in a general Gray-category
proves that the fact holds in the tricategory PSD. (See, e.g., the paper [67] developing
the formal theory of KZ-monads.)

We shall now recall the notions of a Gray-functor, Gray-natural transformation, and
the presheaf Gray-category.

Gray-functors A Gray-functor F : KÑ L consists of

1. an object assignment
A ÞÑ FA

2. and the action on hom-2-categories, i.e., a 2-functor

FA ,B : KpA ,Bq Ñ LpFA ,FBq

defined by the assignment

A B

H

K

τ
α óVó β ÞÑ FA FB

FH

FK

Fτ
Fα óVó Fβ

This assignment is subject to the following axioms:

(a) For each A of K the assignment F maps identity cells to identity cells.
(b) For all objects A , B, C , a 1-cell F : A Ñ B, 1-cells H,K : B Ñ C , 2-cells

α, β : H ñ K and a 3-cell τ : αV β, we demand the equalities

FpHF q “ pFHqpFF q, FpKF q “ pFKqpFF q

on the level of 1-cells. Furthermore, we demand the equalities

FpαF q “ pFαqpFF q, FpβF q “ pFβqpFF q

on the level of 2-cells, and

FpτF q “ pFτqpFF q

on the level of 3-cells; these are the axioms given by “precomposition with F ”.
Analogous axioms are given for postcomposition.
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Gray-natural transformations A Gray-natural transformation

K L

F

G

t ó

is a collection of 1-cells tA : FA Ñ GA indexed by objects of K such that given a 1-cell,
2-cell or 3-cell x in K with 0-cell domain A and 0-cell codomain B, the equation

FA FB

GB

FH

FK

Fτ
Fα óVó Fβ

tB
“

FA

GA GB

tA GH

GK

Gτ
Gα óVó Gβ

holds. With these definitions, we can form for every pair of Gray-categories K and L
and Gray-functors F,G : KÑ L the hom-2-category rK,LspF,Gq.
Definition 7.1.6. Given Gray-categories K and L and Gray-functors F,G : K Ñ L
we define the hom-2-category rK,LspF,Gq as follows:

1. The objects are the Gray-natural transformations from F to G; i.e., an object is a
collection tA : FA Ñ GA of 1-cells in L indexed by objects of K.

2. The 1-cells α : sÑ t consist of a collection of 2-cells

αA : sA ñ tA

indexed by the objects of K, such that for any 1-cell f : A Ñ B in K the equality

FA GA

GB

sA

tA

αA ó

Gf “

FA

FB GB

Ff
sB

tB

αB ó

holds. (We say that α is a modification between s and t.)

3. The 2-cells ρ : αñ β consist of a collection of 3-cells ρA : αA V βA indexed by the
objects of K satisfying for each 1-cell f : A Ñ B in K the equation

FA GA

GB

sA

tA

ρA

αA óVó βA

Gf “

FA

FB GB

Ff sB

tB

ρB

αB óVó βB
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(We say that ρ is a perturbation between α and β.)

The units and composition are defined componentwise.

In fact, given the above definition of the hom-2-categories, rK,Ls forms a Gray-
category itself.

Definition 7.1.7. The composition cubical functor

rK,LspG,Hq ˆ rK,LspF,Gq Ñ rK,LspF,Hq

is defined as follows:

1. The pair pt, sq is sent to the composite defined pointwise as tA sA : FA Ñ GA Ñ

HA for each object A of K.

2. The pair pβ, αq given by β : tÑ t1 and α : sÑ s1 is sent to the collection of 2-cells

tA sA t1A sA

tA s1A t1A s1A

βA sA

tAαA t1AαA

βA s1A

ñ
βA αA

indexed by the objects of K.

3. The pair pt, ρq with ρ : αñ α1 gets mapped to the collection tA ρA of 2-cells indexed
by the objects of K.

4. The pair pσ, sq with σ : β ñ β1 gets mapped to the collection σA sA of 2-cells indexed
by the objects of K.

We refer the interested reader to the book [38] for further details on the well-definedness
of the Gray-category rK,Ls.

Remark 7.1.8. All Gray-categories, together with all Gray-functors and all Gray-
natural transformations form a 2-category that we will denote by Gray-CAT.

7.2 Equational presentations of algebras
To be able to define presentations ofGray-categories, we will need to cover a large amount
of technical notions. In this section we introduce the basics of presentations in the ordinary
setting before moving on to presentations of 2-categories and Gray-categories.

We will recall the notion of a presentation of an algebra. Building on the ideas of [51]
we introduce the category of algebraic presentations and their morphisms. We will also
describe the adjunction between a given category of algebras for a monad and the category
of presentations for the monad.

Given an adjunction
F % U : A Ñ X
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of ordinary categories with unit η and counit ε, let us denote by pT, η, µq its monad. We
say that the adjunction F % U is of descent type if the canonical comparison functor
K : A Ñ AlgpT q is fully faithful.

Equivalently, F % U is of descent type if for every A in A the diagram

FUFUA FUA A
FUεA

εFUA

εA

is a coequaliser in A .

Assumption 7.2.1. In the rest of this section we shall work with an adjunction F % U :
A Ñ X of descent type.

Definition 7.2.2. A presentation is a diagram

E UFX
l

r

in X .

Example 7.2.3. Let A be a finitary variety of one-sorted algebras. Then the adjunction
F % U : A Ñ Set given by the free algebra functor and underlying set functor is monadic
and the comparison functor K : A Ñ AlgpT q is an equivalence. Therefore F % U is of

descent type. A presentation E UFX
l

r
then amounts to specifying an E-tuple

of pairs plpeq, rpeqq (where e P E), that is, an E-tuple of equations in variables X.

Example 7.2.4. The pair

FUFUA FUA
FUεA

εFUA

can be transposed under F % U to the pair

UFUA UFUFUA UFUA.
ηUFUA

1UFUA

UFUεA

We call this pair the canonical presentation of A in A .

Definition 7.2.5. Given two presentations

E UFX
l

r
E 1 UFX 1

l1

r1

we say that f : X Ñ UFX 1 is a morphism of presentations pl, r) and pl1, r1q if the following
property holds: whenever h : FX 1 Ñ A coequalises the transposed pair

FE 1 FX 1
l17

r17

then h ¨ f 7 : FX Ñ FX 1 Ñ A coequalises the transposed pair

FE FX
l7

r7
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Observe now that we can define composition of morphisms of presentations: given
morphisms f : X Ñ UFX 1 and g : X 1 Ñ UFX2, their composite is the morphism

X UFX 1 UFUFX2 UFX2.
f UFg UεFX2

Such a composition is associative with identities of the form ηX : X Ñ FX. Presentations
and their morphisms thus form a category Pres.

Proposition 7.2.6. Given a category A with coequalisers and an adjunction F % U :
A Ñ X of descent type, there is an adjunction

B % C : A Ñ Pres

between A and the category of presentations.

Proof. The functor C is defined on objects as follows:

CA “ UFUA UFUFUA UFUA.
ηUFUA

1UFUA

UFUεA

That is, C maps A to its canonical presentation.
Given a morphism f : AÑ A1, we claim that

Cf “ UA UFUA UFUA1
ηUA UFUf

is a morphism of presentations CA and CB. Since the transposes of the presentations
CA and CB are

FUFUA FUA
FUεA

εFUA
FUFUA1 FUA1

FUεA1

εFUA1

respectively, and since the transpose of Cf is FUf : FUAÑ FUA1, we may use that the
diagram

FUFUA FUA

FUFUA1 FUA1

FUεA

εFUA

FUFUf FUf

FUεA1

εFUA1

commutes by naturality of ε: therefore, for any h : FUAÑ A1 coequalising the pair

FUFUA1 FUA1
FUεA1

εFUA1

the morphism h ¨ FUf : FUAÑ FUA1 Ñ A1 coequalises the pair

FUFUA FUA.
FUεA

εFUA
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That C is a functor follows immediately.
The functor B is defined on objects as follows: the presentation

E UFX
l

r

is sent to the coequaliser A as in the following diagram:

FE FX A
l7

r7

c

Given another presentation

E 1 UFX 1
l1

r1

and a morphism of presentations f : X Ñ UFX 1, the morphism Bf : AÑ A1 is given by
the universal property of coequalisers as seen in the diagram

FE FX A

FE 1 FX 1 A1

l7

r7

c

f 7 Bf

l17

r17 c1

Since the morphisms are defined by a universal property, it follows that B is a functor.
We will now check that B % C holds. Observe that to give a morphism

h : Bp E UFX
l

r
q Ñ A1

is to give a morphism h : AÑ A1 if we denote by c : FX Ñ A the coequaliser of the pair
pl7, r7q, and by the coequaliser property, this amounts to giving a morphism h¨c : FX Ñ A1

that coequalises FE FX
l7

r7
. Then the transpose ph¨cq5 : X Ñ UA1 is a morphism

from E UFX
l

r
to the canonical presentation of A1, as the following diagram

FE FX A

FUFUA1 FUA1 A1

l7

r7

c

F ph¨cq5 h

FUεA1

εFUA1
εA

shows. This concludes the proof that B % C holds. �

Example 7.2.7. There is an adjunction F % U : Cat Ñ Graph consisting of the functor
U assigning to a category its underlying graph, and the functor F assigning to a graph
the free category on that graph.
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Giving a presentation

E UFX
l

r

amounts to giving a free category UFX on a graph X (the graph of "generating arrows"),
and to giving the pair pl, rq specifying the diagrams that are to commute in the resulting
category C of the coequaliser

FE FX C.
l7

r7

c

Example 7.2.8. Consider the graph X consisting of one node x and one arrow a : xÑ x.
The category FX consists of a node x and an arrow an : x Ñ x for all natural numbers
n such that a0 “ 1x and ai ¨ aj “ ai`j. If we take a graph E consisting of a node x and
an arrow e : xÑ x and a presentation

E UFX
l

r

given by identity on nodes and by the assignments

lpeq “ a1, rpeq “ a2,

the resulting category C given by the coequaliser

FE FX C
l7

r7

c

is the “idempotent arrow” category consisting of a node x, the identity morphism on x,
and one morphism a : xÑ x subject to the equation

a ¨ a “ a.

7.3 Presentations of 2-categories and beyond
In Example 7.2.7 we have seen that ordinary categories can be presented quite easily using
the monad arising from the category-graph adjunction F % U : CatÑ Graph. Indeed, the
only “equational data” that are needed to present a category are those that describe the
equalities between morphisms, i.e., commutative diagrams. In this sense, the equational
data are 1-dimensional.

When presenting 2-categories, our aim is to mimic the approach for ordinary categories.
Of course, every locally discrete 2-category D can be presented by a graph and the
(generating) collection of diagrams commuting in D . However, if we want to specify
a 2-category C that has non-trivial 2-cells, we need to

1. specify a collection of “generating” 2-cells of C ,

2. specify a collection of equations between diagrams of 2-cells, i.e., tuples of “pasting
diagrams” that are to be equal in C ; the pasting diagrams are generated by the
generating 2-cells specified earlier.
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In [76] Street introduces the notion of a computad which allows precisely such a pre-
sentation of 2-categories. That is, he defines computads to be graphs with a certain
additional structure, such that there is an ordinary underlying functor

U : p2-Catq0 Ñ 2-Comp

to the category 2-Comp of computads and their morphisms, and U is monadic. Denoting
the left adjoint of U by F , this allows us to present every 2-category C as the coequaliser
of (the transpose of) some pair

E UFG,
l

r

i.e., as a presentation given by computads. We shall describe computads in a much more
general context in Section 7.5: here we only sketch the structure of a computad that is
necessary for presenting 2-categories, and show a simple example of using computads to
present the “free adjunction” 2-category.

Example 7.3.1. To describe a computad, we are to give a graph

G “ G1 G0

s

t
,

form a free category G on G and take its underlying graph (denote it by H):

H “ H1 H0

s

t
,

Now the elements of H1 are the morphisms of G , i.e., sequences of formally composable
arrows in G. We need H to be able to specify 2-cells: let us say we want to specify a set
K of generating 2-cells. Each 2-cell has to have a source and target 1-cell (morphism), so
we are forced to specify a tuple

K H1

s

t
.

Moreover, the source and target 1-cells have to have a common source and target them-
selves. That is, in the diagram

K H1 H0

s

t

s

t

we need that the equations s ¨ s “ s ¨ t and t ¨ s “ t ¨ t hold.
Then the 2-category C generated by our computad has G as its underlying ordinary

category, and the 2-cells in C are those generated by the ones specified in K via horizontal
and vertical composition. In this sense both the 1-dimensional and 2-dimensional structure
of C is freely generated by the specified data.

We shall postpone explaining the specification of 1-dimensional and 2-dimensional
equalities to Section 7.5. We only remark here that the presentation technique using
computads formalises and makes sound the following description of the “free adjunction”
2-category:
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Example 7.3.2 (The free adjunction). There is a 2-category adj such that, given a
2-category K , adjunctions in K correspond precisely to 2-functors adjÑ K .

The 2-category adj is presented by specifying objects A andX, morphisms F : X Ñ A,
U : A Ñ X, 2-cells η : 1 Ñ UF and ε : FU Ñ 1 and by specifying that the composite
2-cells

X A

X A

F

1
U

ñ
η

1

F

ñ

ε

A

X X

A

U
1

F

1

ñ

ε

U
ñ
η

are equal to the identity 2-cells of F and U , respectively.

The above “definitorial” approach is very useful in cases we do not want (or do not need)
to study explicitly the category that is being presented. Compare the above specification
of adj to the concrete description:

Example 7.3.3 (Description of free adjunction [73]). The 2-category badj is de-
fined as follows: the objects are finite ordinals p “ t1, . . . , p ´ 1u. For a pair of objects
p, q, the morphisms m : p Ñ q correspond to finite ordinals p ď m ď q, and a 2-cell
θ : m ñ m1 in badjpp, qq corresponds to an order-preserving function θ : m Ñ m1 such
that

θpiq “

#

i, for 0 ď i ă p,

m1 ´m` i, for m´ q ď i ă m.

The composition functor badjpq, rq ˆ badjpp, qq Ñ badjpp, rq composes m : p Ñ q and
n : q Ñ r to m´ q ` n : pÑ r, and the 2-cells ϕ : nñ n1 and θ : mñ m1 are composed
to the 2-cell ψ : m´ q ` nñ m1 ´ q ` n1 defined as

ψpiq “

#

θpiq, for i ă m,

ϕpi´m` qq `m1 ´ q, for i ě m´ q.

The full sub-2-category of badj spanned by the objects 0 and 1 is denoted by adj. This
2-category is the free adjunction 2-category.

7.4 Globular operads and clubs

When presenting Gray-categories, we will need to postulate equations not only between
1-cells of those categories, but between higher-dimensional cells as well. We shall need to
manipulate with higher-dimensional operations, that is, operations that have diagrams,
instead of tuples, as their input and output. For this we will introduce the notion of
an operad, or more concretely, a globular operad [63], via Kelly’s notion of abstract clubs
from [42].
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Remark 7.4.1. Recall from Example 1.1.5 the definition of a graph as a diagram

G1 G0

s

t

in Set. We will generalise this definition to give a notion of a higher-dimensional graph,
called a globular set.

Definition 7.4.2. A globular set G is a diagram

. . . G4 G3 G2 G1 G0

s

t

s

t

s

t

s

t

in Set, satisfying the equations ss “ st and ts “ tt for all parallel pairs pss, stq and pts, ttq
in the above diagram.

Given a globular set G, we can think of Gn as of the set of n-cells (n-dimensional
arrows) α having the pn´ 1q-cells spαq and tpαq as a source and target, respectively.

Remark 7.4.3. Consider the category Z generated by

. . . 4 3 2 1 0
s

t

s

t

s

t

s

t

subject to the equations ss “ st and ts “ tt as above. Then the functor category rZ , Sets
has globular sets as objects, and homomorphisms of globular sets as arrows. We will
denote this category by Glob.

We note that by Appendix F of [63] there is a monadic adjunction

Str-ω-Cat Glob

Uω

%

Fω

between the category Str-ω-Cat of strict ω-categories3 and strict ω-functors and the cat-
egory of globular sets with the obvious forgetful functor. Denoting the monad of this
adjunction by pS, η, µq, the globular set S1 on the terminal globular set 1 will play a
crucial role as a (globular) set of the input shapes of higher-dimensional operations.

In [42], Kelly studies the adjunction

K rK ,K s

∆

%

ev1

where K is a category with finite limits (e.g., the category of globular sets), ev 1 is the
evaluation functor that evaluates at the terminal object, and ∆ is the functor sending X

3Very informally, strict ω-categories are the natural extension of the notions of a 2-category and a
3-category; an ω-category has objects (0-cells), 1-cells, 2-cells, . . . , and n-cells for every natural number
n. These cells can compose in a strict way: composition is strictly associative, there are strict identities
at every level of cells, and the “exchange laws” are strict at all levels of composition. See, e.g., [79].
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to the functor ∆X constant at X. An easy inspection of the above adjunction shows that
∆ is fully faithful and that ev1 preserves finite limits. Hence, in the terminology of [24],
the category K is a localisation of rK ,K s (see Definition 7.4.4). Thus there exists a
local factorisation system pE ,Mq on rK ,K s (explained in Definition 7.4.5).

If, for a fixed object H of rK ,K s, we denote by M{H the full subcategory of
rK ,K s{H spanned by X Ñ H inM, there is a further adjunction

M{H rK ,K s{H.

%

In what follows, we shall prove that there is an equivalence

M{H » K {H1

of categories; this allows us to introduce the notion of a club (Definition 7.4.8): a club
on K is a monad pS, η, µq on K such that the monoidal structure b, I on rK ,K s{S
defined by

H K

S S

α b β “

HK

SS

S

α˚β

µ

, I “

Id

S

η

restricts toM{S, or, equivalently, to K {S1.
We shall recall some results of [42] to see that the free strict ω-category monad pS, η, µq

on Glob (from Remark 7.4.3) is a club. It will then follow that there exists a monoidal
structure on Glob{S1 (where S1 is the free strict ω-category on 1). Monoids in this
monoidal structure will be precisely the globular operads . From the general theory of [42],
it follows that there is a monoidal functor

Glob{S1 »M{S Ñ rGlob,Globs{S
dom
ÝÝÑ rGlob,Globs

or, equivalently, a monoidal action

@ : Glob{S1ˆ GlobÑ Glob (7.3)

Thus, for a monoid pP p
ÝÑ S1, i,mq in Glob{S1, the functor X ÞÑ p@X bears canonically

the structure of a monad on Glob: the associated monad of a globular operad, admitting a
pullback description. We shall make the above more precise in the following subsections.

Localisations and local factorisation systems

In this subsection we will recall the notion of a factorisation system arising from a locali-
sation.
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Definition 7.4.4 ([24]). A localisation of a finitely complete category B is an adjunction

A B

I

%

R

where I is fully faithful and R preserves finite limits.

If we denote by ρ : Id Ñ IR the unit of R % I, then one can define a factorisation
system pE ,Mq on B in the following way:

1. e P E iff Re is an isomorphism,

2. m PM iff
X Y

IRX IRY

m

ρX ρY

IRm

is a pullback.

Indeed, to factorise f : X Ñ Y in B, consider the factorisation of the naturality square
through a pullback

X

P Y

IRX IRY

f

ρX

e

m

p ρY

IRf

Since R preserves finite limits (hence pullbacks) it follows that Re is an isomorphism.
Hence e is in E . Moreover, the diagram

P Y

IRP IRY

m

ρP ρY

IRm

is a pullback, since the diagram

P Y

IRX IRP IRY

m

p ρY

IRe IRm

is a pullback and IRe is an isomorphism.
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Definition 7.4.5. The factorisation system pE ,Mq on B is local , i.e., it satisfies the
following two properties:

1. Whenever g ¨ f P E and g P E , then f P E ,

2. E is stable under pullbacks.

The results of [24] show that a local factorisation system on a finitely complete category
B yelds a localisation on B. In fact, the correspondence is bijective.

Notation 7.4.6. For a fixed C in B, let us writeM{C for the full subcategory of B{C
spanned by morphisms m : B Ñ C inM.

Proposition 7.4.7 (see Paragraph 3.1 of [42]). Suppose R % I : A Ñ B is a
localisation of a finitely complete category B and denote by pE ,Mq the corresponding
local factorisation system on B. Then the following hold:

1. For any object C in B, the categoryM{C is a full reflective subcategory of B{C.

2. For any object C in B, there is an equivalence

M{C » A {RC.

Proof. 1. Denote by
B B˚

C

ηf

f f˚

the pE ,Mq-factorisation of f . Then the pE ,Mq-diagonalisation property shows that

ηf : f Ñ f˚

has the desired universal property of a reflection.

2. Define a functorM{C Ñ A {RC by the assignment

B

C

f ÞÑ

RB

RC

Rf

and a functor A {RC ÑM{C by the assignment

A

RC

g ÞÑ

B

C

m
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where the morphism m is defined as the morphism in the pullback

B C

IA IRC

m

ρC

Ig

Then, using that R % I is a localisation, one can see that the above pair of functors
establishes an equivalenceM{C » A {RC.

�

Very often it is much easier to work with the category A {RC in place of the more
involved categoryM{C, as we will see in the following subsection.

Clubs on a finitely complete category

The results and notions of the previous subsection will now be applied to a localisation

K rK ,K s

∆

%
ev1

where K is finitely complete, ∆ sends X to ∆X – the functor constant at X, and ev 1

evaluates a functor H : K Ñ K at the terminal object 1 of K .
Since ∆ is fully faithful and since ev1 preserves finite limits, the adjunction ev1 % ∆

is a localisation.
By the previous subsection there exists a local factorisation system pE ,Mq on rK ,K s

that is described as follows:

1. The natural transformation α : H Ñ K is in E if and only if α1 : H1 Ñ K1 is
invertible.

2. The natural transformation α : H Ñ K is inM if and only if the diagram

HX KX

H1 K1

αX

H! K!

α1

is a pullback for every X, or, equivalently, if and only if

HX KX

HY KY

αX

Hf Kf

αY

is a pullback for every f : X Ñ Y . Thus α : H Ñ K is inM if and only if α is a
cartesian natural transformation.
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The unit of ev1 % ∆, having the component ρH : H Ñ ∆H1 for an endofunctor
H : K Ñ K , is H! : HX Ñ H1 for every X in K .

The pE ,Mq-factorisation of α : H Ñ K is given by the pullback

H

P K

∆H1 ∆K1

α

ρH

e

m

ρK

∆α1

(7.4)

which means that we have for every X in K a diagram

HX

PX KX

H1 K1.

αX

H!

eX

mX

K!

α1

Hence, by Proposition 7.4.7 we have for every K : K Ñ K an adjunction

M{K rK ,K s{K.

%

where the reflection of α : H Ñ K is given by the pE ,Mq-factorisation

H P

K

ηα

α α˚

as in Diagram (7.4).

Definition 7.4.8 (see Paragraph 3.3 of [42]). Suppose K has finite limits and let
pS, ηS, µSq be a monad on K . Consider the monoidal structure b, I on rK ,K s{S given
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by

H K

S S

α b β “

HK

SS

S

α˚β

µS

, I “

Id

S

ηS

We say that pS, ηS, µSq is a club S if the above monoidal structure on rK ,K s{S restricts
toM{S.

We shall now show that cartesian monads are clubs; this is useful since the example
of our interest is given by a cartesian monad.
Definition 7.4.9. Let K be a category with pullbacks. A monad pS, η, µq is cartesian
if S preserves pullbacks and both η and µ are cartesian, i.e., for each f : A Ñ B in K
the naturality squares

A B

SA SB

f

ηA ηB

Sf

SSA SSB

SA SB

SSf

µA µB

Sf

are pullbacks.
Proposition 7.4.10 (see Proposition 3.1 of [42]). For a monad pS, ηS, µSq on K ,
the following are equivalent:

1. The monad pS, ηS, µSq is a club.

2. The natural transformations ηS and µS are cartesian natural transformations, and
S preserves morphisms inM. Equivalently, S preserves all pullbacks of the form

P SX

Y S1

S!

f

In particular, every cartesian monad pS, ηS, µSq on K is a club.

Proof. 1 implies 2: Since I “ ηS : 1 Ñ S, the natural transformation ηS has to be
cartesian by the description of pE ,Mq on rK ,K s. Since 1S : S Ñ S is inM, we need

S S

S S

1S b 1S “

SS

S

µS
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to be inM. Hence µS has to be cartesian. Since

H K

S S

α b β “

HK

SS

S

α˚β

µS

“

HK

SK

SS

S,

αK

Sβ

µS

then it follows that if both α and β are inM, also µS ¨ Sβ ¨ αK is inM. But we know
that both µS and αK are inM. It would therefore suffice that Sβ be inM. By taking
α “ 1S, this condition is also necessary. Therefore S has to preserve all pullbacks of the
form

KX SX

K1 S1.

βX

K! S!

β1

Since, by Proposition 7.4.7, there is an equivalenceM{S » K {S1, the above pullback-
preservation condition is equivalent to the condition that S preserves all pullbacks of the
form

P SX

Y S1.

S!

f

2 implies 1: This is trivial.
Finally, to assert that every cartesian monad is a club is trivial. �

Example 7.4.11. The free monoid monad pT, ηT , µT q on Set is a cartesian monad, and
consequently a club.

The category of collections for a club

In this subsection we fix a finitely complete category K and a club S “ pS, ηS, µSq on
K .

Notation 7.4.12. Let us define

CollpSq “ K {S1.
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and call CollpSq the category of collections for S.

Roughly speaking, a collection X Ñ S1 is an “abstract signature”; the composition of
collections that we are about to introduce, is a “substitution of signatures”. See Exam-
ple 7.4.13.

Since S is a club, there is a monoidal functor

K {S1 »M{S Ñ rK ,K s{S
dom
ÝÝÑ rK K s (7.5)

with respect to a monoidal structure ˝, i on K {S1, transported via the equivalence
K {S1 »M{S to the (restriction of the) monoidal structure b, I on rK ,K s{S.

We give an explicit description of ˝, i in this section and we also describe the monoidal
action

@ : CollpSq ˆK Ñ K

resulting by uncurrying (7.5).
Since the equivalence ofM{S and K {S1 is, by Proposition 7.4.7, given by the functor

M{S Ñ K {S1 acting by

H

S

α ÞÑ

H1

S1,

α1

we define i to be the morphism ηS1 : 1Ñ S1. To define the composition

X Y

S1 S1

f ˝ g

in K {S1, consider first the natural transformations α : H Ñ S and β : K Ñ S that
correspond to f and g via the equivalence K {S1ÑM{S. That is, we have the pullbacks

H S

∆X ∆S1

α

ρS

∆f

K S

∆Y ∆S1

β

ρS

∆g

and we evaluate the composite

HK
α˚β
ÝÝÑ SS

µS
ÝÑ S

at the terminal object.



7.4. Globular operads and clubs 123

The above process can be understood better if we introduce the following notation:
For every collection f : X Ñ S1 and every Y in K let us define pX, fq@Y to be the
vertex of the pullback

pX, fq@Y SY

X S1.

B
f
1Y

B
f
0Y

S!

f

(7.6)

Then the pullback
H S

∆X ∆S1

α

ρS

∆f

is given by the pullback in Diagram (7.6) for every Y . Hence αY : HY Ñ SY can be
defined by putting HY “ pX, fq@Y and by putting αY “ Bf1Y .

Clearly, the assignment Y ÞÑ HY extends to a functor by the universal property of
pullbacks; for g : Y Ñ Z we have

pX, fq@Y SY

pX, fq@Z SZ

X S1

X S1

pX,fq@g

B
f
1Y

B
f
0Y

Sg

S!

B
f
1Z

B
f
0Z

f

f

S!

Therefore, for a fixed collection pX, fq, we have defined a functor pX, fq@´ : K Ñ K
that is the object assignment of the desired monoidal action

@ : CollpSq ˆK Ñ K .

Observe that for any collection pX, fq we have a morphism f : pX, fq Ñ pS1, 1S1q in
CollpSq, and that the equalities

pS1, 1S1q@Y “ SY, pS1, 1S1q@g “ Sg

hold for any Y and any g : Y Ñ Z. This allows us to define

f@´ : pX, fq@´ Ñ pS1, 1S1q@´
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by rewriting the pullback (7.6) as

pX, fq@Y pS1, 1S1q@Y

pX, fq@1 pS1, 1S1q@1

X S1

f@Y

pX,fq@! pS1,1S1q@!

f@1

– –

f

since pS1, 1S1q@1 “ S1 and pX, fq@1 “ X.
Since pS1, 1S1q is the terminal collection, the above diagram defines

h@´ : pX, fq@´ Ñ pY, gq@´

for any morphism h : pX, fq Ñ pY, gq of collections by pasting pullbacks together:

pX, fq@Z pY, gq@Z pS1, 1S1q@Z

pX, fq@1 pY, gq@1 pS1, 1S1q@1

X Y S1

h@Z

pX,fq@!

f@Z

g@Z

pY,gq@! pS1,1S1q@!

– – –

h

f

g

Thus, we have (see Proposition 3.5 of [42])

X Y

S1 S1

f ˝ g “

pX, fq@Y

pS1, 1S1q@S1

S1.

f@g

µS1
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Example 7.4.13. Consider the club T “ pT, ηT , µT q on Set given by the free monoid
monad pT, ηT , µT q. The set T1 is (isomorphic to) the set of natural numbers N The
category CollpTq is the slice category Set{T1 “ Set{N having morphisms f : X Ñ N as
objects, i.e., families pXiqiPN of sets. Given f : X Ñ N and g : X Ñ N, their composition
f ˝ g : pX, fq@Y Ñ T1 is given by the family pZiqiPN, where

Zn “
ž

n1`¨¨¨`ni“n

Xi ˆ Yn1 ˆ ¨ ¨ ¨ ˆ Yni .

Example 7.4.14 (Globular operads). We can use the above theory in the case when
K “ Glob is the category of globular sets (see Remark 7.4.3) and S “ pS, ηS, µSq is the
strict-ω-category monad on Glob. Since S is cartesian (see Appendix F of [63]), it is a
club on Glob by Proposition 7.4.10.

The category CollpSq is Glob{S1 and monoids in pCollpSq, ˝, iq are called globular oper-
ads . We will show examples of globular operads (and computads) in the following section.

7.5 Gray-computads via globular computads
In Section 2 of [76] Street introduces a monadic adjunction

F % U : p2-Catq0 Ñ 2-Comp

between the category of 2-categories and 2-functors and the category of 2-computads.
As we hinted at in Section 7.3, one obtains an equational presentation of any 2-category

X , i.e., a coequaliser

F pEq F pGq X
l

r

c

for suitable 2-computads G (of “generators”, or “basic operations”) and E (of “equations”).
We shall give a definition of 2-computads that is only formally different from the original
Street’s definition.

Assumption 7.5.1. Since we will work with various algebraic categories AlgpT q for mon-
ads on differing base categories X , we will denote the algebraic categories AlgpT q as X T

in this section to stress the base category.

First we introduce truncated globular sets:

Definition 7.5.2. Let Zn be the generated by

n . . . 2 1 0
s

t

s

t

s

t

s

t

subject to the equations ss “ st and ts “ tt where applicable. Then we denote by
Globn “ rZn, Sets the category of all globular sets truncated at stage n.

Let us denote by
F1 % U1 : CatÑ Graph

the monadic adjunction between the category of all categories and all functors and the
category of all graphs and all graph homomorphisms.
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Observe now that Graph “ Glob1: graphs are globular sets truncated at stage 1.
Similarly, sets are just globular sets truncated at stage 0 (i.e., Glob0 “ Set). Then we
have an another adjunction

Glob0 Glob1

L1

%

R1

with
L1 : X ÞÑ p H X

s

t
q

R1 : p G1 G0

s

t
q ÞÑ G0

(thus L1 being the “free discrete graph” functor and R1 being the “underlying set of
vertices” functor).

Let pM1, η1, µ1q be the monad of F1 % U1 on Glob1 and consider the monad pM0, η0, µ0q

on Glob0 that arises from pM1, η1, µ1q by transport along R1. That is, M0 is defined as
the dotted composite in

Glob0 Glob0

Glob1 Glob1

M0

L1

M1

R1

the unit η0 : Id ñM0 is defined as the composite

Glob0 Glob1 Glob1 Glob0
L1

M1

Id

ò η1
R1

and the multiplication µ0 : M0 ¨M0 ñM0 is defined as the composite

Glob0 Glob1 Glob1 Glob0
L1

M1

M1¨M1

ò µ1
R1

In this case pM0, η0, µ0q is the identity monad on Glob0. There is a square

GlobM0
0 GlobM1

1

Glob0 Glob1

U0

R71

U1

R1

where R1 sends the M1-algebra M1X
a
ÝÑ X to the composite

R1M1L1R1X R1M1X R1X
R1M1ε1X R1a
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(where ε1 is the counit of L1 % R1).
Observe now that the morphism

R1M1ε1 : R1M1L1R1 ñ R1M1

is an isomorphism, and denote it by β1 : M0R1 ñ R1M1 (compare to Definition 3.1
in [11]).

We can now iterate the above construction “one dimension higher”, i.e., we start with
an adjunction

F2 % U2 : p2-Catq0 Ñ Glob2

where Glob2 is the category of globular sets truncated at stage 2: the generic object of
Glob2 being a diagram

G2 G1 G0

s

t

s

t

in Set satisfying the globularity conditions.
For a 2-category X , the object U2X is defined in an obvious way:

1. pU2X q0 is the set of objects of X ,

2. pU2X q1 is the set of 1-cells of X ,

3. pU2X q2 is the set of 2-cells of X .

The maps s and t are the domain and codomain maps; the globularity equations are
satisfied.

The free 2-category F2G on a 2-globular set is constructed in the same way as a
2-category is constructed out of a category-enriched graph.

This adjunction gives rise to a monad pM2, η2, µ2q on Glob2. Since there is an adjunc-
tion

L2 % R2 : Glob2 Ñ Glob1

we can transport M2 along R2: the resulting transported monad is M1, since

R2M2L2p G1 G0

s

t
q

is the graph of the free category on G1 G0

s

t
.

As in the case of β1 : M0R1 ñ R1M1, observe that β2 : M1R2 ñ R2M2, defined as the
morphism R2M2ε2 : R2M2L2R2 ñ R2M2, is again an isomorphism.

We therefore have a chain pM2,M1,M0q of finitary monads on Glob2, Glob1 and Glob0,
respectively. Following the development in [11], we can now define categories

ComppM0q, ComppM1q, ComppM2q

of computads together with monadic adjunctions

GlobM0
0

ComppM0q

U0

%F0

GlobM1
1

ComppM1q

U1

%F1

GlobM2
2

ComppM2q

U2

%F2
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The monadicity of the above adjunctions follows from Theorem 5.1 in [11], since M2 is a
cartesian monad on Glob2 and since both β2 and β1 are isomorphisms (i.e.,M2 is truncable,
see Definition 3.1 of [11]).

We shall now describe the above mentioned categories and adjunctions and show how
they give rise to Gray-computads.

We start at stage 0 and proceed up to 2.

1. The category ComppM0q is equivalent to Glob0, i.e., it is just the category Set. The
underlying functor U0 : GlobM0

0 Ñ Glob0 is the underlying functor U0 : GlobM0
0 Ñ

Glob0 (i.e., the identity). Therefore F0 “ F0 is the identity as well.

2. An M1-computad is a tuple pG,ϕ,Xq consisting of an object G in Glob1 (i.e., G
being a graph G1 G0

s

t
), the object X in ComppM0q (thus being a set),

and
ϕ : U0F0X Ñ R1G

being an isomorphism in Glob0: ϕ is a bijection between X and G0, stating that the
set of vertices of G is X.

A morphism from pG,ϕ,Xq to pG1, ϕ1, X 1q is a pair pf,Φq where f : G Ñ G1 is a
morphism in Glob1 (a graph homomorphism), and Φ : X Ñ X 1 is a morphism of
M0-computads (a mapping) such that the square

U0F0X U0F0X
1

R1G R1G
1

U0F0Φ

ϕ ϕ1

R1f

commutes.

3. An M2-computad is a tuple pG,ϕ,Xq where G is an object in Glob2, X is an M1-
computad and ϕ is an isomorphism

ϕ : U1F1X Ñ R2G

in Glob1. The morphisms in ComppM2q are defined analogously to the definition of
morphisms in ComppM1q.

In order to define ComppM2q we need to have a description of the free functor
F1 : ComppM1q Ñ GlobM1

1 . By definition, Glob1 – ComppM1q, and the category
GlobM1

1 is the category Cat. Thus F1 is the functor that constructs from a graph a
free category on that graph.

Therefore, an M2-computad is a 2-globular set

G2 G1 G0

s

t

s

t

such that
G1 G0

s

t
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is the underlying graph of a free category on a graph

X1 X0.
s

t

This means precisely that elements of G1 are words of elements of X1 and elements
of G2 can therefore be drawn as “2-cells”

˚ ˚ ˚ ˚

˚ ˚

˚ ˚ ˚ ˚

. . .

ñ

. . .

Of course, G0 is (isomorphic to) X0. Thus the category ComppM2q is isomorphic to
the category 2-Comp of [76].

We need to establish the adjunction F2 % U2 : p2-Catq0 Ñ ComppM2q. This can be
done using adjunctions F0 % U0, F1 % U1, and using restriction functors

GlobM0
0 GlobM1

1 GlobM2
2

Glob0 Glob1 Glob2.

R71 R72

R1 R2

Our construction says that R7X is the underlying 1-category of the 2-category X . We
define U2X “ pG,ϕ,Xq as follows: First observe that the counit of F1 % U1 yields

r1 : F1U1R
7

2X Ñ R72X

and we define the M1-computad X by X “ U1R
7

2X . That is, X is the graph

X1 X0

dom

cod

with X1 being the set of 1-cells of X and X0 being the set of objects of X . We now
want to define G in Glob2 such that

G1 G0

s

t
“ U1F1U1R

7

2X

and we need to define

G2 G1.
dom

cod
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Since G1 consists of words of 1-cells of X , we define G2 to consist of 2-cells

˚ ˚ ˚ ˚

˚ ˚

˚ ˚ ˚ ˚

. . .

ñ

. . .

with the obvious source and target maps. The above can be expressed as follows: we put

G1 G0

dom

cod
“ U1F1U1R

7

2X

and we consider X as an algebra for M2 on a 2-globular set Z:

X “

M2Z

Z.

a

In particular, there is a set mapping a1 : pM2Zq1 Ñ Z1 and we form the pullback

G2 pM2Zq1 ˆ pM2Zq1

Z2 Z1 ˆ Z1

xs,ty

a1ˆa1

xdom,cody

This yields the correct result since U1R
7

2X “ R2U2X “ Z1 Z0

s

t
, and hence

pM2Zq1 “ G1.
We put

U2X “ p G2 G1 G0

s

t

s

t
, id ,U1R

7

2X q;

and this is precisely how the forgetful functor p2-Catq0 Ñ 2-Comp is defined in [76].
To define F2 : ComppM2q Ñ GlobM2

2 , we first define

X ComppM0q pG,ϕ,Xq ComppM1q pG,ϕ,Xq ComppM2q

X Glob0 G Glob1 G Glob2

V0 V1 V2
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and truncation functors

ComppM0q ComppM1q ComppM2q

X pG,ϕ,Xq

X pG,ϕ,Xq

tr1 tr2

Further, we define natural transformations

GlobM0
0 ComppM0q

Glob0

U0

U0
V0

Θ0

GlobM1
1 ComppM1q

Glob1

U1

U1
V1

Θ1

GlobM2
2 ComppM2q

Glob2

U2

U2
V2

Θ2

and we use them to construct coequalisers

. . . FiVi Fi i “ 0,1,2

The only interesting case is i “ 2, since both V1 and V2 are identities.
To define the natural transformation Θ2pX q : V2U2X Ñ U2X at a 2-category X ,

we express X as an M2-algebra a : M2Z Ñ Z. Then we get that

V2U2X “ V2p G2 G1 G0 , id ,U1R
7

2q “ G2 G1 G0

and
U2X “ U2pM2Z

a
ÝÑ Zq “ Z2 Z1 Z0 ,

and we define Θ2pX q to be the triple of horizontal morphisms in

G2 Z2

G1 Z1

G0 Z0

ρ1

ρ0

where pρ1, ρ0q “ U1r1 and the dotted morphism is the pullback projection.
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Define the morphism Ξ1 by means of the following bijections

V1U1
Θ1
ÝÑ U1

V1 Ñ U1F1

F1V1
Ξ1
ÝÑ F1

and define Ψ as the dotted arrow in the following commutative diagram:

M1M1V1tr1 R2M2V2

M1U1F1tr1 R2M2L2R2

Ψ

M1U1Ξ1tr1

M1ϕ

R2M2

Then we can take the (non-commutative) pair of composites

M1V1tr1 M1M1V1tr1 R2M2V2

η1M1V1tr1

M1η1V1tr1

Ψ

that mates under L2 % R2 with a pair

L2M1V1tr1 M2V2

and that, in turn, mates under F2 % U2 with a pair

F2L2M1V1tr1 F2V2

whose coequaliser is F2.
We have thus recovered Street’s notion of a computad from [76] in a more general

setting.

7.5.1 Globular computads

We can generalise the above two-step procedure by induction to an n-step procedure:

1. Consider the obvious chain of adjunctions

Glob0 Glob1 . . . . . . Globn

L1

%

L2

%

R1 R2

Ln

%

Rn

and a finitary monad pMn, ηn, µnq on Globn for a fixed n.

2. Transport Mn along the above adjunctions to obtain finitary monads pMk, ηk, µkq
on Globk for all 0 ď k ď n. Furthermore, consider adjunctions Fk % Uk : GlobMk

k Ñ

Globk and lift the restriction functors

Glob
Mk´1

k´1 GlobMk
k

Globk´1 Globk

Uk´1 Uk

R7k

Rk
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for all 1 ď k ď n.

3. Define Mk-computads for 0 ď k ď n inductively:

(a) For k “ 0:

U0 “ U0 : GlobM0
0 Ñ ComppM0q “ Glob0

F1 “ F1 : ComppM0q Ñ GlobM0
0

(b) For k ą 0: An pk`1q-computad is a tuple pG,ϕ,Xq where G is in Globk`1 and
X is an Mk-computad, and ϕ is an isomorphism

ϕ : UkFkX Ñ Rk`1G

in Globk. Morphisms from pG,ϕ,Xq to pG1, ϕ1, X 1q are pairs pf,Φq, where
f : G Ñ G1 is in Globk`1, Φ : X Ñ X 1 is in ComppMkq, and the following
square

UkFkX UkFkX 1

Rk`1G Rk`1G
1

UkFkΦ

ϕ ϕ1

Rk`1f

commutes in Globk.
The adjunctions Fk % Uk are defined by induction in the same way as in the
previous section.

In [11], Batanin calls Mn truncable at k´ 1 if the canonical morphism βk : Mk´1Rk Ñ

RkMk is an isomorphism. And Mn is called truncable if it is truncable at every k ă n.
The main result of [11] then reads as follows.

Theorem 7.5.3 (Theorem 5.1 of [11]). IfMn is a truncable cartesian monad on Globn,
then the adjunction

Fm % Un : GlobMn
n Ñ Globn

is monadic.

Now we can almost describe the Gray-computads. To capture the 3-dimensional
structure of Gray-categories, we first introduce the operads for sesquicategories and for
Gray-categories.

7.5.2 The operad for sesquicategories

Recall from Example 9.3.4 of [63] that a category X is called a sesquicategory , provided
it comes equipped with a functor HOM : X op ˆX Ñ Cat such that the triangle

X op ˆX Cat

Set

HOM

X p´,“q
ob
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commutes. The objects and arrows of every X pX,X 1q are called 1-cells and 2-cells. More
prosaically sesquicategories are “2-categories without the middle-four interchange law”.

Let us now take S : Glob2 Ñ Glob2 to be the monad of strict 2-categories. Since
S “ pS, ηS, µSq is cartesian, one can form the category

CollpSq “ Glob2{S1

of collections for S. Since S is a club, there is a monoidal structure on CollpSq and we will
pick a particular monoid ppP, pq, j,mq.

1. The collection p : P Ñ S1 is defined as follows:

(a) P0 “ tau,

(b) p0 “ id (since pS1q0 “ t‚u),

(c) P1 “ tfu,

(d) p1 “ id (since pS1q1 “ t‚u),

(e) a typical element of P2 can be drawn as

‚ ‚ ‚ ‚

ó a11

..
.

ó a1k1

. . .

ó an1

..
.

ó ankn

together with a total order on the disjoint union k1 ` ¨ ¨ ¨ ` kn that restricts
to the usual order on each ki. The total order represents the bracketing. For
example, the pasting diagram

‚ ‚ ‚

f

ó a11

f 1

g

ó a21

g1

together with the order 11 ď 21 represents the bracketing

first ‚ ‚ ‚

f

ó a11

f 1

g
, then ‚ ‚ ‚

f 1

g

ó a21

g1

Analogously, the ordering 21 ď 11 represents the bracketing

first ‚ ‚ ‚
f

g

ó a21

g1

, then ‚ ‚ ‚

f

ó a11

f 1

g1



7.5. Gray-computads via globular computads 135

2. The unit j : p1, ηS1 q Ñ pP, pq is given by

1 P

S1

j

ηS1
p

where the only non-trivial component is j2 : 12 Ñ P2 with the action

‚ ÞÑ ‚ ‚

f

ó 1

f

3. The multiplication m : pP, pq ¨ pP, pq Ñ pP, pq is given by the diagram

pP, pq@P P

SP SS1 pS1, 1S1q@S1

S1

B
pP,pq
1 P

p@p

m

p
Sp

µS1

in Glob2, where

pP, pq@P SP

P S1

B
pP,pq
1 P

B
pP,pq
0 P S!

p

is a pullback in Glob2. Since both P0 and P1 have only one element, we need to describe
m2 : ppP, pq@P q2 Ñ P2. Since

ppP, pq@P q2 pSP q2

P2 pS1q2

pB
pP,pq
1 P q2

pB
pP,pq
0 P q2 pS!q2

p2
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is a pullback in Set, an element of ppP, pq@P q2 is a pair
¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

‚ ‚ ‚ ‚

ó a11
..
.

ó a1k1

. . .

ó an1

..
.

ó ankn

with bracketing, a a

f i

ó α

fj

in pSP q2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

where P0 “ tau and P1 “ tfu, and the pullback condition states that α : f i Ñ f j has “the
same pasting shape” as the left-hand-side diagram. The mapping m2 : ppP, pq@P q2 Ñ P2

then substitutes α into the left-hand-side.

7.5.3 The operad for Gray-categories

We already know that the restriction functor R3 : Glob3 Ñ Glob2 has a left adjoint L3, as
well as a right adjoint I3. In fact, R3 is given by composition with the inclusion

E3 : G2 “

2

1

0

st

st

Ñ

3

2

1

0

st

st

st

“ G3

The functor L3 is thus given as a left Kan extension along E3. Therefore, given an object

X “ X2 X1 X0

in Glob2, we get that pL3pXqqp3q “
şiPG2 G3pi, 3q ‚ Xpiq “ H, while L3pXqpjq “ Xj for

0 ď j ď 2.
The functor I3 is given as a right Kan extension along E3. Therefore I3pXqpjq “ Xj

for 0 ď j ď 2, and

pI3pXqqp3q “

ż

iPG2

G3p3, iq&Xpiq

“ tpa, bq P X2 ˆX2 | spaq “ spbq and tpaq “ tpbqu.

We can think of pI3pXqqp3q as of the set parpX2q of parallel pairs in X2. The source and
target maps are given by the projection maps:

parpX2q X2.
s“π1

t“π2
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Let us denote by Sesq “ pSesq , η, µq the cartesian monad on Glob2 given by the operad
for sesquicategories from subsection 7.5.3.

We can now transport Sesq along I3 : Glob2 Ñ Glob3 since I3 is a right adjoint. More
in detail, the transported monad assigns to the 3-globular set

X “ X3 X2 X1 X0

the 3-globular set
Z “ parpZ2q Z2 Z1 Z0,

where Z2 Z1 Z0 is the 2-globular set underlying the free sesquicategory on X.
Let us denote the resulting monad on Glob3 by M3 “ pM3, η3, µ3q. Observe that M3 is
cartesian since Sesq is (as Sesq comes from a 2-globular operad).

By construction, M3 is truncable. Thus Batanin’s theory from [11] applies and we can
describe M3-computads. This is desirable, since GlobM3

3 “ Gray. To see this, consider
an M3-algebra a : M3pXq Ñ X, i.e., a morphism

parpZ2q Z2 Z1 Z0

X3 X2 X1 X0

a3 a2 a1 a0

of 3-globular sets subject to algebra axioms. The unit axiom states that trivial pasting
diagrams are computed trivially. The associativity axiom states the following:

0. Dimension 0: the condition is void.

1. Dimension 1: associativity axiom for the composition of 1-cells.

2. Dimension 2: associativity axiom for the composition of 2-cells.

3. Dimension 3: Given a 2-pasting diagram

‚ ‚ ‚

f

ó a11

f 1

g

ó a21

g1

with 11 ď 21 we get the pasting

‚ ‚

gf

ó a

g1f 1

given by composing

‚ ‚ ‚

f

ó a11

f 1

g
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with

‚ ‚ ‚.
f 1

g

ó a21

g1

The same pasting diagram with ordering 21 ď 11 yields

‚ ‚

gf

ó b

g1f 1

given by composing

‚ ‚ ‚
f

g

ó a21

g1

with

‚ ‚ ‚.

f

ó a11

f 1

g1

Thus we get pairs pa, bq and pb, aq in parpZ2q that yield mutually inverse 3-cells aÑ b and
bÑ a in X3. The category GlobM3

3 is therefore the ordinary category of Gray-categories
and Gray-functors.

7.5.4 Gray-computads

By transport along restrictions we can form the chain pM3,M2,M1,M0q with GlobM0
0 “

Glob0 “ Set, GlobM1
1 “ Cat and GlobM2

2 “ Sscat (the category of sesquicategories), and
GlobM3

3 “ Gray.
By definition, an M3-computad C is a triple pG,ϕ,Xq consisting of a 3-globular set

G3 G2 G1 G0 ,

an M2-computad X and an isomorphism

ϕ : U2F2X Ñ p G2 G1 G0 q.

TheM2-computadX is a triple pH,ψ, Y q whereH “ p H2 H1 H0 q is a 2-globular
set, Y is an M1-computad and ψ is an isomorphism

ψ : U1F1Y Ñ p H1 H0 q.

The M1-computad Y is a triple pK, ξ, Zq where K “ K1 K0 is a 1-globular set
(graph), Z is an M0-computad and ξ is an isomorphism ξ : U0F0Z Ñ K0. Thus Y is
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a 1-globular set K1 K0 with Z “ K0. The M2-computad X is the 2-globular set

H2 H1 H0 where the underlying graph of H is the graph of the free category on
K. Finally, the M3-computad C can be described by the following data:

G3 G2 G1 G0

H2 H1 H0

K1 K0

Z,

Z being K0, the underlying 1-globular set of H being the free category on K, and the
underlying 2-globular set on G being the free sesquicategory on H.

Having Gray-computads at hand, we can give presentations of several important
Gray-categories in the following chapter.



Chapter 8

Pseudoadjunctions, pseudomonads and
their presentations

We have shown in Chapter 7 that Gray-categories can be presented in a manner similar
to presentations of ordinary categories, or 2-categories. In this chapter we give concrete
presentations of certain Gray-categories; these will be, e.g., Gray-categories psa and
psm that will play the role of “free pseudoadjunction” and “free pseudomonad” objects.
That is, a pseudoadjunction in a Gray-category K will correspond precisely to a Gray-
functor

psaÑ K.

The technique of presenting Gray-categories is very useful in situations as is the one
above. In this case we are more interested in the existence of a Gray-category psa
with the property that it detects pseudoadjunctions than with the peculiarities of the
inner structure of the presented Gray-category psa. Some basic results on the relation
between pseudoadjunctions and pseudomonads can be deduced just with the presentations
in hand. Namely, we can show that every pseudoadjunction gives rise to a pseudomonad
by showing that there is a Gray-functor

psmÑ psa

given by a morphism of presentations of Gray-categories psm and psa. This is the
subject of the present chapter.

Structure of the chapter.

• In Section 8.1 we define pseudoadjunctions, pseudomonads, and their “KZ”-variants:
KZ-pseudoadjunctions and KZ-pseudomonads.

• In Section 8.2 we give examples of presentations of Gray-categories psa and psm
that detect pseudoadjunctions and pseudomonads in Gray-categories, and presen-
tations of Gray-categories kza and kzm that detect KZ-pseudoadjunctions and
KZ-pseudomonads.

The definitions contained in this chapter are standard and the results are known.
However, we have not found any explicitly computed example of a presentation of a
Gray-category, and we thus remedy this omission in detail.

140



8.1. Pseudoadjunctions and pseudomonads 141

8.1 Pseudoadjunctions and pseudomonads
We will first state the notion of a pseudoadjunction and a pseudomonad in a general
Gray-category.

Definition 8.1.1 (Pseudoadjunctions inGray-categories). LetK be aGray-category.
We say that 1-cells U : A Ñ X , F : X Ñ A together with the data

X A

X

F

1

ñη
U

A

X A

U
1

ñε

F

F FUF

F

Fη

1F

Vs
εF

U UFU

U

ηU

1U

V
t

Uε

(with s and t being isomorphisms) constitute a pseudoadjunction in K with unit η and
counit ε if these data satisfy two coherence identities: the 3-cell

UF

1X UFUF UF

UF

UFη

1UF

V
ηη

η

η

UεF

V

Us

ηUF

1UF

V

tF

has to be equal to the identity 3-cell on η, and the 3-cell

FU

FU FUFU 1A

FU

ε

V

εε

1FU

FηU

1FU

εFU

FUε

V

sU

V

Ft ε

has to be equal to the identity 3-cell on ε. We write F % U : A Ñ X for this pseudoad-
junction.

Definition 8.1.2 (Pseudomonads in Gray-categories). A pseudomonad in a Gray-
category K on an object X of K is a 1-cell T : X Ñ X together with the data

X

X
1

T

ñη

X

X X

T
T

ñµ

T

T TT

T

Tη

1T

Vs
µ

T TT

T

ηT

1T

V
t

µ
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and

TTT TT

TT T

Tµ

µT
V
m µ

µ

where η is the unit of the pseudomonad, µ is the multiplication of the pseudomonad, and
l, r and t are isomorphisms subject to the following axioms:

1. The 3-cell

TTT TT

TTTT TTT T

TTT TT

Tµ

V

Tm
µ

V

m

TTµ

µTT

TµT

Tµ

µT

V

mT

µT

µ

is equal to the 3-cell

TTT TT

TTTT TT T

TTT TT

Tµ

µT

V

µTµ
´1

µV

m
TTµ

µTT

µ

V

m

µT

Tµ

µ

2. The 3-cell

TT

TT TTT T

TT

µ

V

m
TηT

Tµ

µT µ
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is equal to the 3-cell

TTT

TT TT T

TTT

TµTηT

1

TηT

V

Tt

µ

µT

V

sT

Such a pseudomonad will be denoted by pT, η, µq.

We shall now introduce the notion of a KZ-pseudoadjunction and KZ-pseudomonad.
These notions will be studied in greater detail in Chapter 10.

Definition 8.1.3 (KZ-pseudoadjunction [23]). A pseudoadjunction F % U : A Ñ X
is a KZ-pseudoadjunction if

1. the 3-cell
F FUF

F

Fη

1F

s V
εF

is the unit of the (ordinary) adjunction Fη % εF and if

2. the 3-cell
U UFU

U

ηU

1U

t
V

Uε

is the counit of the adjunction ηU % Uε.

Definition 8.1.4 (KZ-pseudomonad [50, 82]). A pseudomonad pT, η, µq with the
triangle isomorphisms

T TT

T

Tη

1T

Vs
µ

T TT

T

ηT

1T

V
t

µ

is a KZ-pseudomonad if there is an adjunction Tη % µ with unit s and an adjunction µ %
ηT with counit t (both s and t being invertible by virtue of pT, η, µq being a pseudomonad).
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8.2 Presentations of important Gray-categories
We know from Chapter 7 that every Gray-category K admits a coequaliser presentation

F3pEq F3pGq K
l7

r7

c

by means of a Gray-computad G specifying the data of “generators” of K, a Gray-
computad E of “equation data”, and equations

E U3F3pGq
l

r

specifying the equalities that are to “hold freely” in K.
We are going to use these presentations to describe Gray-categories psa, psm, kzm

and kza for pseudoadjunctions, pseudomonads, KZ-pseudomonads and KZ-pseudoadjunctions
such that, e.g., Gray-functors psm Ñ K into a Gray-category K are in bijection with
pseudomonads in K.

We use the notation of Subsection 7.5.4 when describing the Gray-computads in each
example.

Example 8.2.1 ( The Gray-category psa for pseudoadjunctions). The data for G,
the computad of generators for psa, consist of:

1. The set Z “ tX,Au of designated 0-cells.

2. The set K1 “ tX
F
ÝÑ A, A

U
ÝÑ Xu of designated 1-cells.

3. The set H2 “ tη, εu of designated 2-cells, where η and ε are the 2-cells

X A

X

F

1

ñη
U

A X

A

U

1

ñ
ε

F

4. The set G3 “ tτ, ω, τ
1, ω1u of designated 3-cells

U UFU

U

ηU

1

Vτ
Uε

F FUF

F

Fη

1

V
ω

εF

U UFU

U

ηU

1

V
τ 1

Uε

F FUF

F

Fη

1

Vω
1

εF



8.2. Presentations of important Gray-categories 145

The data for E consist of Z, K1, H2 as in the case of G, and the set G3 consists of six
3-cells; four “invertibility” 3-cells

U UFU

UFU U

ηU

ηU UεVα

Uε

U U

U U

1

1 1Vβ

1

F FUF

FUF F

Fη

Fη εFVγ

εF

F F

F F

1

1 1Vδ

1

and two 3-cells

FU 1

ε

ε
V

ϕ 1 UF

η

η

V

ψ

The presentation

E U3F3pGq
l

r

specifies the equalities to hold in psa; the 3-cells α and β postulate that τ is invertible
with the inverse τ 1.

l :

U UFU

UFU U

ηU

ηU UεVα

Uε

ÞÑ

U UFU

UFU s U

ηU

ηU 1
Vτ

Vτ
1

Uε

Uε

r :

U UFU

UFU U

ηU

ηU UεVα

Uε

ÞÑ

U UFU

UFU U

ηU

ηU V1 Uε

Uε

For β we define

l :

U U

U U

1

1 1Vβ

1

ÞÑ U UFU U
ηU

1

1

V τ
1

V τ

Uε
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r :

U U

U U

1

1 1Vβ

1

ÞÑ

U U

U U

1

1 1V1

1

Similarly, we postulate that ω is invertible:

l :

F FUF

FUF F

Fη

Fη εFVγ

εF

ÞÑ

F FUF

FUF F

Fη

Fη
1

Vω
1

εF

εF

Vω

r :

F FUF

FUF F

Fη

Fη εFVγ

εF

ÞÑ

F FUF

FUF F

Fη

Fη εFV1

εF

l :

F F

F F

1

1 1Vδ

1

ÞÑ F FUF F
Fη

1

1

Vω

Vω
1

εF

r :

F F

F F

1

1 1Vδ

1

ÞÑ

F F

F F

1

1 1V1

1

The 3-cells ϕ and ψ specify the pseudoadjunction identities

FU

FU FUFU 1

FU

ε

V

εε

1

FηU

1

εFU

FUε

V

ω1U

V

Fτ 1 ε

“ FU 1

ε

ε

V

1
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and

1 UF

η

η

V

1 “

UF

1 UFUF UF

UF

UFη

1

V

ηη

η

η

UεF

V

Uω1

ηUF

1

V
τ 1F

The coequaliser

F3pEq F3pGq psa
l7

r7

c

then yields the category psa for which Gray-functors T : psaÑ K correspond precisely
to pseudoadjunctions F % U in K.

Example 8.2.2 (The Gray-category psm for pseudomonads). The Gray-category
psm for pseudomonads is presented by the diagram

E U3F3pGq
l

r

where the data for G consist of:

1. The set Z “ tKu of designated 0-cells.

2. The set K1 “ tK
T
ÝÑ Ku of designated 1-cells.

3. The set H2 “ tη, µu of designated 2-cells, where η and µ are the 2-cells

K K

T

1

ò η ,

K K

K

T

T

T

ñ
µ

4. The set G3 “ tτ, ω,m, τ
1, ω1,m1u of designated 3-cells

T TT

T

Tη

1

Vω
1

µ ,

T TT

T

ηT

1

V
τ 1

µ ,

TTT TT

TT T

Tµ

µT µ
V
m

µ
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and

T TT

T

Tη

1

V
ω

µ ,

T TT

T

ηT

1

Vτ
µ ,

TTT TT

TT T

Tµ

µT Vm
1 µ

µ

The data for E consist of Z, K1, H2 as in the case of G again, and the set G3 of
postulated 3-cells has 8 elements:

G3 “ ta1, a2, b1, b2, c1, c2, d1, d2u

The 3-cells ai, bi and ci specify invertibility of ω, τ and m respectively, and the 3-
cells d1 and d2 specify the coherence conditions for pseudomonads. Thus the 3-cells
must be of types

T TT

TT T

Tη

Tη Va1
µ

µ

T T

T T

1

1 Va2 1

1

T TT

TT T

ηT

ηT Vb1
µ

µ

T T

T T

1

1 Vb2 1

1

TTT TT

TT T

Tµ

Tµ Vc1
µ

µ

TTT TT

TT T

µT

µT Vc2
µ

µ

TTT TT

TTTT T

TTT TT

Tµ

V

d1

µTTµ

µTT

µT

µ
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TTT TT

TT T

TTT TT

Tµ

V

d2

µTηT

TηT

µT

µ

The 3-cells a1 and a2 are sent to the obvious composites in U3F3pGq.

l :

T TT

TT T

Tη

Tη Va1
µ

µ

ÞÑ

T TT

TT T

Tη

Tη
1 Vω

1

Vω
µ

µ

r :

T TT

TT T

Tη

Tη Va1
µ

µ

ÞÑ

T TT

TT T

Tη

Tη V1 µ

µ

l :

T T

T T

1

1 Va2 1

1

ÞÑ T TT T
Tη

1

1

Vω

Vω
1

µ

r :

T T

T T

1

1 Va2 1

1

ÞÑ

T T

T T

1

1 V1 1

1

The 3-cells b1, b2, c1, c2 are similarly sent by l and r to the following composites in
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U3F3pGq:

l : b1 ÞÑ τ ¨ τ 1

r : b1 ÞÑ 1

l : b2 ÞÑ τ 1 ¨ τ

r : b2 ÞÑ 1

l : b1 ÞÑ m ¨m1

r : b1 ÞÑ 1

l : b2 ÞÑ m1
¨m

r : b2 ÞÑ 1

The 3-cell d1 gets mapped by l and r as follows:

l : d1 ÞÑ

TTT TT

TTTT TTT T

TTT TT

Tµ
V

Tm
µ

V

m

TTµ

µTT

TµT

Tµ

µT

V

mT

µT

µ

r : d1 ÞÑ

TTT TT

TTTT TT T

TTT TT

Tµ

µT

V

µTµ
´1

µV

m
TTµ

µTT

µ

V

m

µT

Tµ

µ

Similarly, the 3-cell d2 establishes the condition that

TT

TT TTT T

TT

µ

V

m
TηT

Tµ

µT µ
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equals
TTT

TT TT T.

TTT

TµV

Tτ 1

V

ω1T

TηT

1

TηT

µ

µT

The resulting category psm then has the property that Gray-functors T : psmÑ K
amount precisely to specifying pseudomonads T in K.
Remark 8.2.3. Compare the above example specifying the category psm for pseudomo-
nads with the construction of psm in [54]. While proving the existence of psm in [54]
amounts to a considerable effort, with the Gray-computad presentation approach this
becomes easy.
Example 8.2.4 (The Gray-category kzm for KZ-pseudomonads). The Gray-
category kzm for KZ-pseudomonads (see Definition 8.1.4) is presented by the diagram

E U3F3pGq
l

r

where the data for G consist of:
1. The set Z “ tKu of designated 0-cells.

2. The set K1 “ tK
T
ÝÑ Ku of designated 1-cells.

3. The set H2 “ tη, µu of designated 2-cells, where η and µ are the 2-cells

K K

T

1

ò η ,

K K

K

T

T

T

ñ
µ

4. The set G3 “ tω
1, τ 1, α, ε, ω, τu G3 “ tη, β, α, ε, η

1, β1u of designated 3-cells

T TT

T

Tη

1
µ

V
ω1

,

T TT

T

ηT

1
µ

Vτ 1

,

TT T

TT

µ

1
Tη

Vε

and
T TT

T

Tη

1
µ

Vω
,

T TT

T

ηT

1
µ

V
τ

,

TT T

TT

µ

1
ηT

V
α
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The data for E consist of Z, K1, H2 as in the case of G again, and the set G3 of
postulated 3-cells has 7 elements:

G3 “ ta1, a2, d1, d2, e1, e2, ku

The 3-cells a1, a2 specify invertibility of ω, and therefore they must be of types

T TT

TT T

Tη

Tη µV
a1

µ

T T

T T

1

1 1V
a2

1

These 3-cells are sent to the following composites in U3F3pGq:

l :

T TT

TT T

Tη

Tη µV
a1

µ

ÞÑ

T TT

TT T

Tη

Tη
1

µ
V

ω1

µ

V
ω

r :

T TT

TT T

Tη

Tη µV
a1

µ

ÞÑ

T TT

TT T

Tη

Tη µV
1

µ

l :

T T

T T

1

1 1V
a2

1

ÞÑ T TT T
Tη

1

1

Vω

Vω
1

µ

r :

T T

T T

1

1 1V
a2

1

ÞÑ

T T

T T

1

1 1V
1

1

The 3-cells d1, d2 specify that Tη and µ form an adjunction with unit ω1 and counit ε,
and are of the form

T TT

T TT

Tη

1 1V
d1

Tη

TT TT

T T

1

µ µV
d2

1
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They are sent by l and r as follows:

l :

T TT

T TT

Tη

1 1V
d1

Tη

ÞÑ

T TT

T TT

Tη

1
µ

V
ω1

1

Tη

V
ε

r :

T TT

T TT

Tη

1 1V
d1

Tη

ÞÑ

T TT

T TT

Tη

1 1V
1

Tη

l :

TT TT

T T

1

µ µV
d2

1

ÞÑ

TT

T TT

T

µ 1

Tη

1

V
ε

µ
V

ω1

r :

TT TT

T T

1

µ µV
d2

1

ÞÑ

TT TT

T T

1

µ µV
1

1

Similarly, the 3-cells

T T

TT TT

1

ηT ηTV
e1

1

TT T

TT T

µ

1 1V
e2

µ

specify that µ and ηT form an adjunction with unit α and counit τ 1.
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The 3-cell k is of the form

T TT

1 T

T TT

ηT

µη

η

V

k

Tη

µ

and specifies the KZ-axiom

T

1 TT T

T

ηT

Vpηηq
´1

η

η

µ

Tη

“

TT

1 T T.

TT

µ

η

ηT

1

Tη

Vτ 1

µ

Vω1

Example 8.2.5 (The Gray-category kza for KZ-pseudoadjunctions). When we
want to give a presentation for the Gray-category kza for KZ-pseudoadjunctions, the
data for G consist of:

1. The set Z “ tX,Au of designated 0-cells.

2. The set K1 “ tX
F
ÝÑ A, A

U
ÝÑ Xu of designated 1-cells.

3. The set H2 “ tη, εu of designated 2-cells, where η and ε are the 2-cells

X A

X

F

1
U

η
A X

A

U

1
F

ε

4. The set G3 “ tτ, ω, τ
1, ω1, σ1, χ1u of designated 3-cells

U UFU

U

ηU

1
Uε

V
τ

F FUF

F

Fη

1
εF

Vω
U UFU

U

ηU

1
Uε

Vτ 1
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F FUF

F

Fη

1
εF

V
ω1

U UFU

U

Uε

1
ηU

V
σ1

FUF F

FUF

εF

1
Fη

Vχ1

The data for E consist of Z, K1, H2 as in G; the set G3 consists of 3-cells α, β, γ, δ, ϕ, ψ
as in Example 8.2.1 together with 3-cells d1, d2, e1, e2 of the types

UFU U

UFU U

Uε

1 1V
d2

Uε

U U

UFU UFU

1

ηU ηUV
d1

1

FUF FUF

F F

1

εF εFV
e1

1

F FUF

F FUF

Fη

1 1V
e2

Fη

that specify that τ 1 is the counit of Uε % ηU (with d1 and d2) and that ω1 is the unit of
Fη % εF (with e1 and e2). The specification is analogous to that of specifying adjunctions
in Example 8.2.4.

Example 8.2.6 (Every pseudoadjunction gives rise to a pseudomonad). We show
that there is a Gray-functor

M : psmÑ psa

that gives for a pseudoadjunction A : psa Ñ K in K a pseudomonad A ¨M : psm Ñ

psa Ñ K. Moreover, the approach via presentations shows quickly that such a Gray-
functor M : psmÑ psa indeed exists: consider the presentation

E1 U3F3pG1q
l1

r1

of the Gray-category psa from Example 8.2.1, and the presentation

E2 U3F3pG2q
l2

r2

of the Gray-category psm from Example 8.2.2. We can now define

m : G1 Ñ U3F3pG2q
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by the following assignments:

K ÞÑ X

T ÞÑ UF

η ÞÑ η

µ ÞÑ UεF

ω ÞÑ Uω

ω1 ÞÑ Uω1

τ ÞÑ τF

τ 1 ÞÑ τ 1F

m ÞÑ UεεF .

It is immediately seen that m : G1 Ñ U3F3pG2q is a morphism of presentations. The
transpose m7 : F3pG1q Ñ F3pG2q of m thus gives rise to the dotted arrow M in the
following diagram by the couniversal property of coequalisers:

F3pE1q F3pG1q psm

F3pE2q F3pG2q psa.

l1
7

r17

m7

c1

M

l2
7

r27

c2

Remark 8.2.7. The fact that m : G1 Ñ U3F3pG2q was a morphism of presentations in
Example 8.2.6 corresponds to the observation that every pseudoadjunction gives rise to a
pseudomonad. The assignments by whichm is defined correspond to the pseudoadjunction
data used to define a pseudomonad.

In the same spirit we could use the known fact that every KZ-pseudoadjunction gives
rise to a KZ-pseudomonad to define a Gray-functor

kzmÑ kza

which expresses that fact abstractly. Even further, there is a commutative square

psm psa

kzm kza

ofGray-functors expressing that every KZ-pseudoadjunction gives rise a KZ-pseudomonad,
that every KZ-pseudoadjunction is a pseudoadjunction, that every pseudoadjunction gives
rise to a pseudomonad, and that every KZ-pseudomonad is a pseudomonad.

We will study KZ-pseudoadjunctions and KZ-pseudomonads in greater detail in Chap-
ter 10.



Chapter 9

Formal adjoint functor theorem in
Gray-categories

Bénabou showed in [13] that an adjunction

A

X

U%F

(with unit η) between categories A and X can be characterised as an absolute left Kan
extension

X A

X

F

1

ñη
U

of 1 along F . In this chapter we are interested in proving a correspondence very similar
to the above: a pseudoadjunction F % U : A Ñ X (below left)

A

X

U%F

X A

X

F

1

ñη
U

in a Gray-category K is precisely an absolute left pseudoexension (above right) of 1 along
F in K. The notion of a pseudoextension already appears in [71].

Thus our aim is to reproduce Bénabou’s result for the weaker notion of a pseudoadjunc-
tion. Pseudoadjunctions are interesting: they abound, e.g., in the study of pseudomonads.
Recall from Example 8.2.6 that every pseudoadjunction gives rise to a pseudomonad. Im-
portant examples of pseudomonads arise in the theory of free cocompletions of categories,
see Remark 2.1.20 (and [41]).

157
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Instead of working with 2-categories, pseudofunctors and pseudonatural transforma-
tions and studying pseudoadjunctions in this setting, we work in the framework of Gray-
categories, that is, categories enriched in the category V “ Gray of 2-categories and
2-functors, equipped with Gray-tensor product [39] as introduced in Chapter 7.

Structure of the chapter.

• The necessary background and the definitions of pseudoextensions and pseudolift-
ings are covered in Section 9.1.

• The proof of the formal adjoint functor theorem appears in Section 9.2.

The results of this chapter appear in the preprint [29]. The wording of the chapter is
a slight modification of the text of the preprint.

9.1 Pseudoextensions and duality of Gray-categories
We first introduce the notion of a pseudoextension. It is the appropriate weakening of
the usual notion of a (left) Kan extension.

Definition 9.1.1 (Left pseudoextension [35, 71]). In a Gray-category K, we say
that

X A

B

J

H

ñη
L

exhibits L as a left pseudoextension of H along J if for each

X A

B

J

H

ñf
K

(i.e., f : H ñ KJ) there is a 2-cell f 7 : Lñ K and an isomorphism 3-cell

H LJ

KJ

η

f

V
µpfq

f 7J

such that for each k : Lñ K and a 3-cell

H LJ

KJ

η

f

V
ω

kJ
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there is a unique 3-cell pω : k V f 7 such that

H LJ

KJ

η

f
f 7J

Vµpfq

kJ

V

pωJ
“

H LJ

KJ

η

f

V
ω

kJ

We say that the pseudoextension η : H ñ LJ is preserved by G : B Ñ C if the 2-cell

X A

C

J

GH

Gη ñ
GL

exhibits GL as a left pseudoextension of GH along J .
The pseudoextension η : H ñ LJ is said to be absolute if it is preserved by any 1-cell

G : B Ñ C .

Remark 9.1.2. In the ordinary case a left Kan extension is a value of a certain left
adjoint (i.e., a “free object”). In the case of a left pseudoextension it is a value of a
left pseudoadjoint (i.e., a “pseudofree object”). See [35] for a detailed explanation of
pseudoadjunctions given by pseudofree objects.

Duality of Gray-categories Gray-categories admit dual constructions on a Gray-
category K, which we introduce now.

• The horizontal dual Kop of K is defined by reversing the 1-cells of K. That is,

Kop
pA ,Bq “ KpB,A q.

Composition in Kop is defined by the symmetry of the Gray-tensor product, as is
usual in the context of enriched categories.

• The vertical dual Kco of K is defined by reversing the 2-cells of K. That is, we put

Kco
pA ,Bq “ pKpA ,Bqqop ;

observe that the 1-cells ofK are not reversed. In this definition we use thatKpA ,Bq
is a 2-category and that we can therefore form its opposite.

Duality operations with theGray-categoryK transform pseudoadjunctions into pseudo-
adjunctions. The roles of the defining data have to be swapped accordingly.

Remark 9.1.3. Suppose we are given the category K as in Definition 8.1.1 and the data
for the pseudoadjunction F % U : A Ñ X .

1. In Kop , the same data transform into a pseudoadjunction U % F : X Ñ A due
to the reversal of 1-cells. The unit η and counit ε stay the same, as well as the
coherence 3-cells s and t.
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2. In Kco , the same data transform into a pseudoadjunction U % F : X Ñ A , but
with unit ε and counit η; the coherence 3-cells s and t stay the same, although their
role as witnesses for the triangle isomorphisms is swapped.

The various notions of duality for Gray-categories also allow us to express compactly
the definition of (left/right) pseudoextensions and pseudoliftings via the definition of a
left pseudoextension.

Definition 9.1.4. Given a left pseudoextension

X A

B

J

H

η ñ
L

in a Gray-category K, we call it

1. a right pseudoextension of H along J in Kco .

2. a left pseudolifting of H through J in Kop .

3. a right pseudolifting of H through J in Kcoop .

9.2 The formal adjoint functor theorem
Let us first recall the ordinary formal adjoint functor theorem [13].

Theorem 9.2.1. For functors U : A Ñ X and F : X Ñ A the following are equivalent:

1. F % U holds with unit η.

2. η exhibits U as an absolute left extension of 1X along F .

3. η exhibits U as a left extension of 1X along F , and this extension is preserved by
F .

4. η exhibits F as an absolute left lifting of 1X through U .

5. η exhibits F as a left lifting of 1X through U , and this lifting is preserved by U .

The pseudo-version of the formal adjoint functor theorem can be stated in the same
way, changing the notions of adjunction and extension/lifting to the notions of pseudo-
adjunction and pseudoextension/pseudolifting.

Theorem 9.2.2 (The formal adjoint functor theorem in Gray-categories). Given
two 1-cells U : A Ñ X and F : X Ñ A in a Gray-category K, the following are
equivalent:

1. F % U is a pseudoadjunction with unit η.

2. η exhibits U as an absolute left pseudoextension of 1X along F .
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3. η exhibits U as a left pseudoextension of 1X along F , and this extension is preserved
by F .

4. η exhibits F as an absolute left pseudolifting of 1X through U .

5. η exhibits F as a left pseudolifting of 1X through U , and this lifting is preserved by
U .

The proof strategy in the ordinary case and in the pseudo-case is the same: it is enough
to prove the implications 1 ùñ 2 and 3 ùñ 1. This is because 2 ùñ 3 is trivial, and
because the equivalence of 1, 4 and 5 follows by duality. Moreover, the ordinary proofs
can serve as a guidance for the proofs of the pseudo-case.

Lemma 9.2.3 (The implication 3 ùñ 1). Suppose that

X A

X

F

1

η ñ
U

is a left (Kan) pseudoextension preserved by F . Then η can be made a unit of a pseudo-
adjunction F % U .

Proof. Recall that

X A

X

F

1

η ñ
U

is a left pseudoextension if for each

X A

X

F

1

f ñ
K

(i.e., f : 1X ñ KF ) there is a 2-cell f 7 : U ñ K and an isomorphism 3-cell

1X UF

KF

η

f

V
µpfq

f 7F
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such that for each k : U ñ K and a 3-cell

1X UF

KF

η

f

V
ω

kF

there is a unique 3-cell pω : k V f 7 such that

1X UF

KF

η

f

V
µpfq

f 7F kF

V

pωF
“

1X UF

KF

η

f

V
ω

kF

For the purpose of establishing notation, we describe the data concerning the left pseu-
doextension

X A

A

F

F

Fη ñ
FU

Given, e.g., the identity
X A

A

F

F

1F ñ
1A

(the 2-cell 1F : F ñ F ), we have a 2-cell p1Aq7 : FU ñ 1A that we will denote by ε and
which will be the counit of the pseudoadjunction we construct. With this counit comes
an isomorphism

F FUF

F

Fη

1F

V
s´1

εF

such that for each h : FU ñ 1A and a 3-cell

F FUF

F

Fη

1F

V
ν

hF
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there is a unique pν : hV ε satisfying

F FUF

F

Fη

1F

V
s´1

εF kF

V

pνF
“

F UF

F

Fη

1F

V
ν

hF

Let us first observe that s´1 (or, equivalently, its inverse s) witnesses the first triangle
axiom of a pseudoadjunction, see Definition 8.1.1. To obtain the second triangle isomor-
phism, consider that η : 1X ñ UF lifts to the identity 1U “ η7 : U ñ U with the identity
3-cell (µpηq “ 1η)

1X UF

UF

η

η

V
µpηq

1UF

By the universal property of the left pseudoextension given by η we get that for the 2-cell

U UFU U
ηU Uε

and the 3-cell
1X UF

UF UFUF

UF

η

η
V
ηη
´1 ηUF

UFη

1UF

V
Us´1

UεF

there is a unique 3-cell

U UFU

U

ηU

1U

t
V

Uε

such that the 3-cell
1X UF UFUF

UF

η ηUF

1UF

tF
V

UεF
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equals

1X UF

UF UFUF

UF

η

η
V
ηη
´1 ηUF

UFη

1UF

Us´1
V

UεF

or, written differently, that the 3-cell

UF

1X UFUF UF

UF

UFη

1UF

V

ηη

V

Us
η

η

UεF

ηUF

1UF

V

tF

(9.1)

is equal to identity. This is precisely the first coherence axiom for pseudoadjunctions.
For the other coherence axiom, we need the 3-cell

FU

FU FUFU 1A

FU

ε

V

εε

1FU

FηU

1FU

V

sU

V

Ft

εFU

FUε ε

to be equal to identity as well.
We shall use that for each h : FU ñ 1A and a 3-cell

F FUF

F

Fη

1F

ν
V

hF
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there is a unique pν : hV ε satisfying

F FUF

F

Fη

1F

s´1
V

εF kF

V

pνF
“

F UF

F

Fη

1F

ν
V

hF

Thus if we find two 3-cells α, β : hV ε with

F FUF

F

Fη

1F

s´1
V

εF kF

V

αF
“

F FUF

F

Fη

1F

s´1
V

εF kF

V

βF

it means that α “ β. Take now the 3-cell

FU FUFU

FU 1A

FηU

1FU

Ft
V

FUε

ε

for α and the 3-cell

FU FUFU FU

FU 1A

FηU

1FU

s´1U
V

εFU

FUε

V
εε
´1 ε

ε

for β. We ask whether the 3-cells

F FUF FUFUF

FUF

F

Fη

1F

FηUF

1FUF

FtF
V

FUεF

εF

V
s´1
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and

FUF FUFUF FUF

F FUF F

FηUF

1FUF

s´1UF
V

εFUF

FUεF

V
εεF

´1 εF
Fη

1F

V
s´1

εF

are equal. Pasting s and Fηη, we can equivalently ask whether the 3-cells

F FUF

FUF FUFUF

FUF F

Fη

Fη

V
Fηη FUFη

FηUF

FtF
V

1FUF
FUεF

εF

(9.2)

and

F FUF

FUF FUFUF FUF

FUF F

Fη

Fη

V
Fηη FUFη

FηUF

1FUF

s´1UF
V

εFUF

FUεF

V
εεF

´1 εF

εF

(9.3)

are equal. Using the first coherence axiom (9.1), the diagram (9.2) is equal to

F FUF FUFUF

FUF F

Fη FUFη

1FUF

V
FUs´1

FUεF

εF
(9.4)
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Let us take diagrams (9.3) and (9.4) and paste εεF and εFη. The resulting diagrams

F FUF

FUF FUFUF F

FUF F

Fη

Fη

V
Fηη FUFη εF

FηUF

1FUF

V
s´1UF εFUF

V
εFη

Fη

εF

(9.5)

and
F FUF

F FUF FUFUF FUF F

Fη

V
εFη

εFV

εεF

Fη FηUF

εF

V

FUs´1

1FUF

FUεF

εFUF

εF

(9.6)

are equal by using the identities

FUF F

FUFUF FUF

FUF F

VεFη

VεεF

VFUs´1
“

FUF

F FUF

F

εF

Fη

1F

s´1
V

εF

and

F FUF F

FUF FUFUF FUF

Fη

Fη

εF

FUFηVFηη
FηVεFη

FηUF

1FUF

V

s´1UF

εFUF

“

F FUF

F

FUF

Fη

1F

s´1
V

εF

Fη

The proof is therefore finished. �
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Lemma 9.2.4 (The implication 1 ùñ 2). Suppose that F % U : A Ñ X is a
pseudoadjunction in a Gray-category K with

X A

X

F

1

ñ η
U

A

X A

U
1A

ñ ε

F

F FUF

F

Fη

1F

s V
εF

U UFU

U

ηU

1U

t
V

Uε

Then
X A

X

F

1

ñ η
U

is an absolute left pseudolifting.

Proof. We need to show that for each G : X Ñ Y and g : G ñ KF there is a 2-cell
g7 : GU ñ K and an isomorphism

G GUF

KF

Gη

G

V
µpgq

g7F

satisfying that for each k : GU ñ K and

G GUF

KF

Gη

g

ω
V

kF

there is a unique 3-cell pω : k V g7 such that

G GUF

KF

Gη

g

V
µpgq

g7F kF

V

pωF
“

G GUF

KF

Gη

g

ω
V

kF

We shall define g7 : GU ñ K as the 2-cell

GU KFU K
gU Kε
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Then, for the 2-cell g : Gñ KF we define µpgq to be the 3-cell

G GUF

KF KFUF

KF

Gη

g gUFVgη
´1

KFη

1KF

V
Ks´1

KεF

Now given a 3-cell
G GUF

KF

Gη

g

ω
V

kF

we will show that the “lifted” 3-cell pω : k V g7 is the 3-cell

GU GU

KFU GUFU

K GU

gU

1GU

VωU GηU

1GU

Kε Vkε
´1

kFU

GUε

k

V
Gt´1

Indeed, observe that the 3-cell

G GUF

KF

Gη

g

V
µpgq

g7F kF

V

pωF

is the composite

G GUF GUF

KF KFUF GUFUF

KF GUF

Gη

g gUF

1GUF

Vgη
´1

GηUF

1GUF

V

ωUF

KFη

1KF

V
Ks´1

KεF VkεF
´1

kFUF

GUεF

kF

V

GtF´1
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which is equal to the 3-cell

G

KF GUF

KFUF GUFUF GUF

KF GUF

Gη

Gη

g

KFη

1KF

VkFη
´1

GUFη

kF

V
ω

VGηη
´1

KεF

V

Ks´1

VkεF
´1

GUεF

kFUF

GηUF

1GUF

kF

VGtF´1

and, transforming Ks´1 to GUs´1, the latter is equal to

G GUF

GUF GUFUF

GUF

KF

Gη

Gη

g

GηUF

1GUF

VGηη
´1

VGtF´1

GUFη

1GUF
GUεF

VGUs´1

kF

Vω

The above diagram simplifies to ω, showing that our choice of pω was correct. Indeed, the
choice of pω is even the only possible one: each diagram in the following series is equal to
pω.

GU K

k

g7

pω

V

(9.7)
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GUFU

GU GU K

KFU KFU

GUεGηU

1GU

gU

1GU

V

Gt

V
1gU

k

gU

1KFU

Kε

Vpω

V

Gt´1

(9.8)

GUFU

GU KFUFU GU K

KFU KFU

GUε
gUFU

GηU

gU

1GU

V
gηU

´1

KFUε

V
gUε

´1 k

gU

1KFU

KFηU V

KFt
Kε

Vpω

V

Gt´1

(9.9)

GUFU GU

GU KFUFU KFU K

KFU KFU

kFU
gUFU

GUε

kV

kε
´1GηU

gU

1GU

V
gηU

´1

KFUε

KεFU

VpωFU

Kε

V

Kεε

1KFU

KFηU V

KFt
Kε

V

Gt´1

(9.10)
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GUFU GU

GU KFUFU KFU K

KFU

kFU
gUFU

GUε

kV

kε
´1GηU

gU

1GU

V
gηU

´1
KεFU

VpωFU

Kε

KFηU

Kε

V

KsU´1

V

Gt´1

(9.11)

GU GU

KFU GUFU

K GU

gU

1GU

GηU

1GU

V

ωU

Kε

kFU

GUεV
kε
´1

k

V

Gt´1 (9.12)

The proof is therefore complete. �

Remark 9.2.5. Having proved the implications 1 ùñ 2 and 3 ùñ 1, the proof of
Theorem 9.2.2 is complete.

Remark 9.2.6. An interesting area for further work would be to generalise the formal
adjoint functor theorem to a relative formal adjoint functor theorem in the sense of [80].
More in detail: a functor F : Y Ñ A is a left adjoint of U , relative to J (F %J U), if
there is an absolute left lifting

Y A

X .

F

J

ñ
U

The statement of the formal relative adjoint functor theorem in Gray-categories requires,
however, the concept of pointwise pseudoextensions. We defer this to future work.



Chapter 10

KZ-pseudoadjunctions and
KZ-pseudomonads

In this chapter we study the properties of a special class of pseudoadjunctions and
pseudomonads: the Kock-Zöberlein pseudoadjunctions and pseudomonads [50, 82]. KZ-
pseudomonads capture formally the essence of colimit cocompletions of categories. Recall
from Remark 2.1.20 the non-strict behaviour of the cocompletion process: the forgetful
2-functor

UΦ : Φ-COCTSÑ V -CAT

from the 2-category of Φ-cocomplete categories, Φ-cocontinuous functors and all natural
transformations admits only a left pseudoadjoint, giving rise to a pseudomonad. In fact,
we get a KZ-pseudoadjunction and a KZ-pseudomonad as defined in Definition 8.1.3 and
Definition 8.1.4. By abstraction, KZ-pseudomonads and KZ-pseudoadjunctions thus give
us a way to study “colimit-like cocompletions” in a more general setting.

What is the interplay between KZ-pseudoadjunctions and KZ-pseudomonads? When
a pseudoadjunction gives rise to a KZ-pseudomonad, is it already a KZ-pseudoadjunction?
We shall study the interplay and see that the latter question has a positive answer.

Is the definition of a KZ-pseudoadjunction from literature “minimal” or does it contain
any redundancy? KZ-pseudoadjunctions are defined as those pseudoadjunctions whose
coherence data form (ordinary) adjunctions. We will show that only half of the usual
requirements are sufficient.

What special properties do pseudoalgebras for a KZ-pseudomonad have? In the
(stricter) 2-categorical setting Kelly and Lack have shown in [46] that KZ-pseudomonads
are property-like in a technical sense; we will show that the same characterisation is pos-
sible in our weaker setting.

Structure of the chapter.

• We introduce the notion of a pseudoalgebra in Section 10.1 and give a short account
of the construction of the Gray-category of pseudoalgebras for a pseudomonad, and
of the Eilenberg-Moore object in a Gray-category.

• In Section 10.2 we show that the definition of a KZ-pseudoadjunction can be weak-
ened and that a pseudoadjunction giving rise to a KZ-pseudomonad is a KZ-pseudo-
adjunction itself. In the proof we use some of the characterisations of KZ-pseudomonads
from Marmolejo [67].

173



174 Chapter 10. KZ-pseudoadjunctions and KZ-pseudomonads

• In Section 10.3 we give a characterisation of KZ-pseudomonads as property-like
pseudomonads in the spirit of [46].

The results of this chapter are the “obvious weakenings” of the relevant classical results,
but they have not, to the best knowledge of the author, appeared in the literature. The
statement and proof of Theorem 10.2.3 were inspired by the nLab entry [74] dealing with
lax-idempotent 2-monads. (Some authors study KZ-pseudomonads under the name of
lax-idempotent pseudomonads.) Section 10.1 is a review section that draws from [68, 54].

10.1 Pseudoalgebras

Given a pseudomonad T on an object X of K, we want to define the Eilenberg-Moore
object X T of algebras for T . There are essentially two problems:

1. The algebraic structure a : TX Ñ X cannot be a “1-cell in X ” since there need not
be any 1-cells in X . (Compare to the fact that an object of an abstract 2-category
might not have a “categorical” internal structure.)

2. The object X T of K need not exist: we will see that the existence of X T is a mild
completeness side condition that needs to be imposed on K.

The above problems can be remedied in the usual way:

1. We introduce algebras as 2-cells a : TX ñ X, where X : W Ñ X is a generalised
element of “shape W ”. In fact, this process yields a pseudomonad KpW , T q on the
2-category KpW ,X q and we define algebras (carried by elements of X of shape
W ) as the 2-category KpW ,X qKpW ,T q of Eilenberg-Moore algebras for the monad
KpW , T q and their pseudohomomorphisms.

2. The above process is functorial in W , i.e., we obtain a Gray-functor

Kp´,X q
Kp´,T q : Kop

Ñ Gray

and the Eilenberg-Moore object X T is an object that represents the above functor.
That is, we have KpW ,X T q – KpW ,X qKpW ,T q naturally in W .

Since representability of a functor is a limit condition, the existence of X T in K
will amount to the existence of a certain limit in K, as we show later.

Fix now a pseudomonad T on an object X of K, and an object W of K. We will first
define a 2-category KpW ,X qKpX ,T q of pseudoalgebras with “carrier 1-cells” W Ñ X , all
pseudohomomorphisms and all homomorphism 3-cells.

Definition 10.1.1. A pseudoalgebra for a pseudomonad pT, η, µq is a tuple pX, a, a0, a1q

with carrier X : W Ñ X , structure 2-cell

TX Xa
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and two invertible 3-cells

X TX

X

ηX

1

V
a0

a ,

TTX TX

TX X

Ta

µX
V
a1 a

a

that are subject to the following axioms:

TX

TX TTX X

TX

a

TηX

Ta

µX

V

a1

a

is equal to

TTX

TX TX X

TTX

TaV

Ta0

V

sX

TηX

TηX

1 a

µX

and the 3-cell

TTX TX

TTTX TTX X

TTX TX

Ta

V

Ta1
a

V

a1

TTa

µTX

TµX

Ta

µX

V

aX

µX

a
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is equal to
TTX TX

TTTX TX X

TTX TX

Ta

µX aV

a1
TTa

µTX

V

µa
´1 a

V

a1Ta

µX

a

We will now give the definitions of a pseudohomomorphism (and lax homomorphism)
between two pseudoalgebras, and of a homomorphism 3-cell (between two (lax) homo-
morphisms).

Definition 10.1.2. Given two pseudoalgebras pX, a, a0, a1q and pY, b, b0, b1q with carriers
X, Y : W Ñ X , a pair ph, ρq consisting of a 2-cell h : X ñ Y and a 3-cell

TX TY

X Y

Th

a
V
ρ b

h

is a lax homomorphism if the 3-cell

TY

X TX Y

X

b

ηX

1

V

a0 a

Th

V

ρ

h

is equal to the 3-cell

TX

X TY Y

Y

ThηX

h

V

ηh
b

ηY

1

V

b0
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and the 3-cell
TTX TTY

TX TY TY

X Y

TTh

µX V
µh
´1 Tb

V
b1

µY

a

Th

b

V

ρ
b

h

is equal to the 3-cell

TTX TTY

TX TX TY

X Y

µX

TTh

Ta

V
a1

TbV

Tρ

a

Th

V
ρ

a b

h

We say that ph, ρq is a pseudohomomorphism if ρ is invertible.
Given lax homomorphisms

TX TY

X Y

Th

a
V
ρ b

h

and

TX TY

X Y

Tk

a
V
σ b

k

a 3-cell

X Y

h

V

α

k

from ph, ρq to pk, σq is a homomorphism 3-cell if

TX TY

X Y

Th

a
V
ρ b

h

k

V

α

“

TX TY

X Y

Th

Tk

V

α

a b

k

V
σ

holds.
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Remark 10.1.3. The above definitions form the data for a 2-category

KpW ,X q
KpW ,T q

that has pseudoalgebras with carriers of the form W Ñ X as objects, pseudohomo-
morphisms between pseudoalgebras as 1-cells, and homomorphism 3-cells as 2-cells. It
is straightforward to show that these data indeed form a 2-category with the obvious
definitions of composition. For any object W of K there is a forgetful 2-functor

UKpW ,T q : KpW ,X q
KpW ,T q

Ñ KpW ,X q

mapping a pseudoalgebra to its carrier.
Consider another object Z of K and a 1-cell Z : Z Ñ W . This 1-cell induces a

2-functor
KpZ,X q

KpZ,T q : KpW ,X q
KpW ,T q

Ñ KpZ ,X q
KpZ ,T q

that acts as a change of base by precomposition with Z. Moreover, these assignments can
be extended functorially to yield a Gray-functor

Kp´,X q
Kp´,T q : Kop

Ñ Gray

The forgetful 2-functors UKpW ,T q : KpW ,X qKpW ,T q Ñ KpW ,X q are the components of
a Gray-natural transformation UKp´,T q : Kp´,X qKp´,T q Ñ Kp´,X q. See Section 3
of [68] for more details concerning the constructions in this remark. (Marmolejo uses the
notation T -Alg for Kp´,X qKp´,T q in [68].)

Having defined pseudoadjunctions and pseudomonads in a Gray-category K in Def-
initions 8.1.1 and 8.1.2, we recall from Chapter 8 that there exist Gray-categories psa
and psm, the “walking pseudoadjunction” and “walking pseudomonad” Gray-categories.
These categories have the property that Gray-functors of the form

P : psaÑ K, T : psmÑ K

correspond precisely to pseudoadjunctions and pseudomonads in K. We now give an
explicit description of these Gray-categories.

Definition 10.1.4 ([33, 54]). The Gray-category psa consists of two objects a and x;
the hom-2-categories psapa, aq, psapa, xq, psapx, xq and psapx, aq are as follows:

1. The 2-category psapa, aq is locally preordered and it is isomorphic to the augmented
pseudosimplicial scheme. That is, psapa, aq is the 2-category on the graph

. . . r2s r1s r0s r´1s

d2
0

d2
1

d2
2

d1
0

d1
1s20

s21

d0
0s10
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that is equipped by the coherence isomorphism 2-cells

dni ¨ d
n`1
j – dnj´1 ¨ d

n`1
i for 0 ď i ă j ď n` 1

sn`1
i ¨ snj – sn`1

j`1 ¨ s
n
i for 0 ď i ă j ď n´ 1

dn`1
i ¨ sn`1

j – snj´1 ¨ d
n
i for 0 ď i ă j ď n

dn`1
i ¨ sn`1

j – 1rns for i “ j and i “ j ` 1

dn`1
i ¨ sn`1

j – snj ¨ d
n
i´1 for 0 ď j ` 1 ă i ď n` 1

d0
0 ¨ d

1
0 – d0

0 ¨ d
1
1

that are encoding the pseudo-version of the simplicial identities. We shall use the
“adjoint notation”

. . . fufufu fufu fu 1a

fufuε

fuεfu

εfufu

fuε

εfufufηu

fηufu

εfηu

for the objects and 1-cells of psapa, aq. With this notation, there is a unique iso-
morphism 2-cell between two 1-cells precisely when an equality between these 1-cells
can be derived from the triangle equations for η and ε.

2. The 2-category psapa, xq is isomorphic to the augmented split pseudosimplicial
scheme. That is, psapa, aq is the 2-category on the graph

. . . r2s r1s r0s r´1s

d2
0

d2
1

d2
2

d1
0

d1
1s20

s21

s22

d0
0s10

s11 s00

that is equipped by the coherence isomorphism 2-cells

dni ¨ d
n`1
j – dnj´1 ¨ d

n`1
i for 0 ď i ă j ď n` 1

sn`1
i ¨ snj – sn`1

j`1 ¨ s
n
i for 0 ď i ă j ď n´ 1

dn`1
i ¨ sn`1

j – snj´1 ¨ d
n
i for 0 ď i ă j ď n

dn`1
i ¨ sn`1

j – 1rns for i “ j and i “ j ` 1

dn`1
i ¨ sn`1

j – snj ¨ d
n
i´1 for 0 ď j ` 1 ă i ď n` 1

d0
0 ¨ d

1
0 – d0

0 ¨ d
1
1

dn`1
i ¨ sn`1

n`1 – snn ¨ d
n
i for 0 ď i ă n

dn`1
n`1 ¨ s

n`1
n`1 – 1rns

sn`1
i ¨ snn – sn`1

n`1 ¨ s
n
i for 0 ď i ă n

sn`1
n`1 ¨ s

n
n – sn`1

n ¨ snn
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encoding the simplicial and splitting “pseudoidentities”. We shall again use the
“adjoint notation”

. . . fufufu fufu fu 1a

fufuε

fuεfu

εfufu

fuε

εfufufηu

fηufu

ηufufu

εfηu

ηufu ηu

for the objects and 1-cells of psapa, xq. The unique isomorphism 2-cell between two
1-cells then again witnesses that these 1-cells can be derived to be equal by the
triangle equations for η and ε.

3. The 2-category psapx, xq is the opposite of psapa, aq:

psapx, xq “ psapa, aqop .

4. The 2-category psapx, aq is the opposite of psapa, xq:

psapx, aq “ psapa, xqop .

Remark 10.1.5. We have shown in Chapter 8 (Example 8.2.1) that Gray-functors

P : psaÑ K

correspond precisely to pseudoadjunctions in K. This fact was first proved in [54].
We will use the notational convention that such a Gray-functor has as its image a

pseudoadjunction
A

X

U%F

with unit η, counit ε, and the coherence isomorphisms s and t.

Remark 10.1.6. The Gray-category psm can be regarded as the full subcategory of psa
spanned by the object x. We have defined psm equivalently in Chapter 8 and denoted
the inclusion Gray-functor by

M : psmÑ psa

in Example 8.2.6. Recall that the Gray-category psm has the property that Gray-
functors

T : psmÑ K

correspond precisely to pseudomonads in K (see also [54].

We can now introduce the notion of the Eilenberg-Moore pseudoadjunction (and,
dually, the Kleisli pseudoadjunction) in a Gray-category.
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Definition 10.1.7. Given a pseudomonad T : psmÑ K in a Gray-category K, we say
that

1. T admits the Kleisli construction if LanMT : psaÑ K exists.

2. T admits the Eilenberg-Moore construction if RanMT : psaÑ K exists.

We can weaken the completeness and cocompleteness conditions in the above defini-
tions:

Lemma 10.1.8. Given a Gray-category K and a pseudomonad T : psaÑ K,

1. T admits the Kleisli construction if psapM´, aq ˚T exists.

2. T admits the Eilenberg-Moore construction if tpsapa,M´q,Tu exists.

Proof. We know thatT admits the Kleisli construction if and only if both psapM´, aq ˚T
and psapM´, xq ˚T exist. We will show that psapM´, xq ˚T exists always. Since M is
fully faithful and x lies in psm, we have the following series of isomorphisms:

psapM´, xq ˚T – psmp´, xq ˚T – Tpxq.

Dually, the limit tpsapx,M´q,Tu exists always as well, hence T admits the Eilenberg-
Moore construction whenever tpsapa,M´q,Tu exists. �

Remark 10.1.9. The above weighted colimits (and Kan extensions) are to be considered
as colimits in the 2-category Gray-CAT, see Remark 7.1.8

Remark 10.1.10. Suppose T : psa Ñ K is a pseudomonad on X , i.e., Tpxq “ X .
We introduce the notation KlpTq for the Kleisli object psapM´, aq ˚T and the notation
X T for the Eilenberg-Moore object tpsapa,M´q,Tu. The pseudoadjunctions given by
LanMT and RanMT will be denoted by

KlpT q

X

UT%FT
,

X T

X

UT%FT

with units and counits ηT , εT and ηT , εT respectively, and similarly sT , tT and sT , tT for
the coherence 3-cells.

In Remark 10.1.3 we have already introduced the notation Kp´,X qKp´,T q for a Gray-
functor from Kop to Gray. In cases where T : psmÑ K does not admit the Eilenberg-
Moore construction, we may consider the Yoneda embedding Y : K Ñ rKop ,Grays
and form the Eilenberg-Moore object in the Gray-category rKop ,Grays of presheaves
on K as the limit tpsapa,M´q, Y ¨Tu. This limit is, in elementary terms, precisely the
Gray-functor Kp´,X qKp´,T q : Kop Ñ Gray. In cases where T : psm Ñ K does admit
the Eilenberg-Moore construction, tpsapa,M´q, Y ¨Tu is representable and is precisely
Kp´,X T q. See also Section 4 of [54].
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10.2 KZ-pseudoadjunctions

In this section we give a characterisation of KZ-pseudoadjunctions. Let us quickly recall
the notion of a KZ-pseudoadjunction.

Remark 10.2.1. A pseudoadjunction F % U : A Ñ X is a KZ-pseudoadjunction (see
Definition 8.1.3) if

1. the 3-cell
F FUF

F

Fη

1F

s V
εF

is the unit of the (ordinary) adjunction Fη % εF and if

2. the 3-cell
U UFU

U

ηU

1U

t
V

Uε

is the counit of the adjunction ηU % Uε.

Example 10.2.2. Given a class Φ of weights, the pseudoadjunction

Φ-COCTS

V -CAT

UΦFΦ

(see Remark 2.1.20) giving rise to the free Φ-cocompletion pseudomonad is a KZ-pseudo-
adjunction.

Observe that Definition 8.1.3 of a KZ-pseudoadjunction is tailored to prove that its in-
duced pseudomonad is a KZ-pseudomonad. Analogously to the case of KZ-pseudomonads
(see [67], Theorem 11.1), the definition of a KZ-pseudoadjunction also contains redun-
dancy. In fact, for a pseudoadjunction to be KZ it is enough to satisfy only one of the
requirements of Remark 10.2.1. In the following lemma we give various characterisations
of KZ-pseudoadjunctions that prove this fact.

Theorem 10.2.3 (A characterisation of KZ-pseudoadjunctions). For a pseudoad-
junction F % U : A Ñ X the following are equivalent:

1. F % U : A Ñ X is a KZ-pseudoadjunction.



10.2. KZ-pseudoadjunctions 183

2. The 3-cell

F FUF

F

Fη

1F

s V
εF

is the unit of the (ordinary) adjunction Fη % εF .

3. The 3-cell

UF UFUF

UF

UFη

1UF

Us V
UεF

is the unit of the (ordinary) adjunction UFη % UεF .

4. There is a 3-cell

UF UFUF

UFη

ηUF

V

d

satisfying the equalities

1 UF UFUF
η

UFη

ηUF

V

d “

1 UF

UF UFUF

η

η ηη
V

UFη

ηUF

and

UF UFUF UF

UFη

ηUF

V

d UεF
“

UF UFUF

UFUF UF.

UFη

ηUF
1UF

Us´1
V

t´1F
V UεF

UεF

5. There is a 3-cell

UFU UFUFU

UFηU

ηUFU

V

d1
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satisfying the equalities

U UFU UFUFU
ηU

UFηU

ηUFU

V

d1 “

U UFU

UFU UFUFU

ηU

ηU ηηU
V

UFηU

ηUFU

and

UFU UFUFU UFU

UFηU

ηUFU

V

d1 UεFU
“

UFU UFUFU

UFUFU UFU.

UFηU

ηUFU
1UFU

Us´1U
V

t´1FU
V

UεFU

UεFU

6. The 3-cell
U UFU

U

ηU

1U

t
V

Uε

is the counit of the adjunction ηU % Uε.

Proof. We will prove the implication chain 2 ùñ 3 ùñ 4 ùñ 5 ùñ 6. The chain
6 ùñ 5 ùñ 4 ùñ 3 ùñ 2 follows from duality. Condition 1 is equivalent to the
conjunction of 2 and 6 by definition.

To have 2 is to have an adjunction Fη % εF with unit s and counit r,

F FUF

F

Fη

1F

s V
εF

FUF F

FUF

εF

1FUF

r
V

Fη

respectively. Applying U , we get the adjunction UFη % UεF with unit Us and counit
Ur,

UF UFUF

F

UFη

1UF

Us V
UεF

UFUF UF

UFUF

UεF

1UFUF

Ur
V

UFη

respectively. Thus 3 holds.
From the data in 3 we can construct a 3-cell

UF UFUF

UFη

ηUF

V

d
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as in the diagram (2) of Marmolejo’s paper [67]: d is the composite

UF UF

UFUF UFUF

1UF

ηUF
t´1F ó

UFηUεF

1UFUF

Ur ó

By Proposition 3.1 and Lemma 3.2 of [67] we know that the equalities

1 UF UFUF
η

UFη

ηUF

V

d “

1 UF

UF UFUF

η

η ηη
V

UFη

ηUF

and

UF UFUF UF

UFη

ηUF

V

d UεF
“

UF UFUF

UFUF UF

UFη

ηUF
1UF

Us´1
V

t´1F
V UεF

UεF

hold. This proves the implication 3 ùñ 4.
Condition 4 implies 5 by whiskering, where d1 “ dU .
To prove 5 ùñ 6, we define the unit of Uε % ηU to be the composite

UFU UFUF UFU

U

UFηU

ηUFU

V

dU

Uε

ηUFUε

V

1UFU

UFt´1

V

UFUε

ηU

Indeed, the triangle identities hold: the composite

U UFU UFUF UFU

U

ηU

1U

t

V

UFηU

ηUFU

V

dU

Uε

ηUFUε

V

1UFU

UFt´1

V

UFUε

ηU
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is equal to

UFU

U UFU UFUF UFU

U

UFηU

1UFU

ηηU

V

ηU

1U

t

V

ηU

ηUFU

Uε

ηUFUε

V

UFt´1

V

UFUε

ηU

which in turn is equal to

U UFU U
ηU

1U

1U

t´1

V

t

V

Uε

and therefore equal to the identity 3-cell on U . For the second triangle equality see that
the 3-cell

UFU UFUF UFU

U U

UFηU

ηUFU

V

dU

Uε

ηUFUε

V

1UFU

UFt´1

V

UFUε

Uε
ηU

1U

t

V
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is equal to

UFUFU UFU

UFU UFU U

UFUFU UFU

U

UFUε

UεFU

Us´1U

V

t´1FU

V

UεUε´1
ε

VUFηU

ηUFU

1UFU

1UFU

UFt´1

V
Uε

Uε

Uεε

V
UεFU

UFUε

ηUFUε
V

Uε

ηU
1U

t

V

and by the properties of pseudoadjunctions this 3-cell is equal to

UFU UFUFU UFU

U UFU U

ηUFU

Uε ηUFUε
V

1UFU

t´1FU

V

UεFU

UFUε

Uεε
V

Uε

ηU

1U

t

V Uε

which in turn is equal to the identity on Uε. We have thus proved the implication 5 ùñ
6. �

Remark 10.2.4. Suppose we have a pseudoadjunction F % U such that its correspond-
ing pseudomonad T is KZ. A natural question arises: is F % U necessarily KZ? Theo-
rem 10.2.3 gives a positive answer and the reasoning is as follows. Construct the 3-cell

UF UFUF

UFη

ηUF

V

d

as in [67]. By construction, the 3-cell d satisfies the equalities demanded in point 4 of
Theorem 10.2.3, and the implication 4 ùñ 6 thus proves that F % U is KZ.
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Example 10.2.5. It is perhaps more customary to say that the free Φ-cocompletion
pseudomonad is KZ than to say that the pseudoadjunction

Φ-COCTS

V -CAT

UΦFΦ

is KZ. Theorem 10.2.3 states that these observations are equivalent.

10.3 KZ-pseudomonads and property-like pseudomonads
In this section we will give a characterisation of KZ-pseudomonads by means of properties
of their algebras and homomorphisms (or more precisely, of the “pseudo”-counterparts of
these notions). We will characterise KZ-pseudomonads as those pseudomonads that are
property-like: this means that to give a T -pseudoalgebra TX ñ X for a KZ-pseudomonad
is to give an object with a certain property specified by T ; the basic example being the
free Φ-cocompletion pseudomonad Φ : V -CAT Ñ V -CAT for a class Φ of weights. We
shall need to introduce a technical condition called (AEL) that was introduced in the
context of 2-monads in [46]

Definition 10.3.1. A pseudomonad pT, η, µq satisfies the (AEL) condition if for all pseu-
doalgebras pX, a, a0, a1q, pY, b, b0, b1q, and all h : X Ñ Y there exists a unique 2-cell

TX TY

X Y

Th

a
V
ρ b

h

making ph, ρq a lax homomorphism.

Remark 10.3.2. The emphasized notions in Definition 10.3.1 explain the origin of the
name (AEL) for this condition.

Observe that the cocompletion pseudomonads have the (AEL) property: every functor
between Φ-cocomplete categories can be thought of as a lax homomorphism. The 3-cell
ρ is then the pointwise canonical comparison ϕ ˚hD Ñ hpϕ ˚Dq.

Pseudomonads that satisfy the (AEL) condition should remind the reader of idempo-
tent monads: for idempotent (ordinary) monads T : X Ñ X we know that the forgetful
functor UT : AlgpT q Ñ X is fully faithful, i.e., that every morphism f : X Ñ Y between
the carriers of the algebras a : TX Ñ X and b : TY Ñ Y is a homomorphism of these
algebras. The (AEL) condition is a weakening of this property.

We now turn to the characterisation theorem. Some parts of this characterisation are
already known from [67].

Theorem 10.3.3 (A characterisation of KZ-pseudomonads.). Let pT, η, µq be a
pseudomonad in K. Then the following are equivalent:
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1. pT, η, µq is a KZ-pseudomonad.

2. pT, η, µq satisfies the (AEL) condition.

3. There is a 3-cell d : Tη V ηT with

1 T T
η

Tη

ηT

V

d “

1 T

T TT

η

η ηη
V

Tη

ηT

and

T TT T

Tη

ηT

V

d
µ

“

T TT

TT T

Tη

ηT
1T

s´1
V

t´1
V µ

µ

4. Every pseudoalgebra pX, a, a0, a1q satisfies a % ηX with

X TX

X

ηX

1

V
a0

a

as a counit.

Proof. The equivalence of the conditions 1, 3 and 4 follows from [67]. We begin by proving
that 2 ùñ 1.

Observe first that we can deduce from the axioms of a pseudomonad that

T TT

T

ηT

1T

t
V

µ

TTT TT

TT T

Tµ

µT
V
m µ

µ

make pT, µ, t,mq into a pseudoalgebra. Similarly, pTT, µT, tT,mT q is a pseudoalgebra via
the 3-cells

TT TT

TT

ηTT

1TT

tT
V

µT

TTTT TTT

TTT TT.

TµT

µTT
V
mT µT

µT
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Therefore, for the 2-cell ηT : T ñ TT there exists a unique lax homomorphism

TT TTT

T TT

TηT

µ
V
ηT µT

ηT

from pT, µ, t,mq to pTT, µT, tT,mT q by 2. By the properties of lax homomorphisms we
get that the 3-cell

TTT

T TT TT

T

µT

ηT

1

V
t µ

TηT

V

ηT

ηT

is equal to the 3-cell

TT

T TTT TT

TT

TηTηT

ηT

V

ηηT
µT

ηTT

1

V

tT

and the 3-cell

TTT TTTT

TT TTT TTT

T TT

TTηT

µT V
µηT

´1 TµT

V
mT

µTT

µ

TηT

µT

V

ηT
µT

ηT
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is equal to the 3-cell

TTT TTTT

TT TT TTT

T TT

µT

TTηT

Tµ

V
m

TµTV

TηT

µ

TηT

V
ηT

µ µT

ηT

We claim that

T TT

T

ηT

1T

t
V

µ

is the invertible counit of µ % ηT with the unit

TT

T TT

µ 1

u
V

ηT

given by the pasting

TT TTT TT.

T

TηT

µ

1

sT

V

µT

V

ηT
ηT

Observe that

T TT

T TT

ηT

1T

t
V

µ 1

u
V

ηT



192 Chapter 10. KZ-pseudoadjunctions and KZ-pseudomonads

is, by definition of u, the 3-cell

TT TTT TT

T T

TηT

µ

1

sT

V

µT

V

ηT

1

ηT

t

V

ηT

and by the unit law for ηT this equals

T

1 TT T

T

Tη

1T

η

η

V

ηη
µ

V
s

ηT

1T

V

t

which is (by virtue of T being a pseudomonad) equal to the identity 3-cell

T TT.

ηT

ηT

V

1

For the other triangle equality, observe that

TT

T TT

T

µ 1

u
V

ηT

1

t
V

µ

is equal to

TT TTT TT

T T.

TηT

µ

1

sT

V

µT

V

ηT
µ

ηT

1

t

V (10.1)
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Now since

TT TTT TT

T TT T

TηT

µ
V
ηT

Tµ

µT
V
m µ

ηT

1

t

V

µ

equals

TTT

TT TT T,

TTT

T

TµTηT

1

TηT

VTt

µ

µ

V

t

µT

VsT

V

ηT

ηT

1

the diagram (10.1) equals

TT TTT TT

T TT T

TηT

µ
V
ηT

1

Tt´1

V

Tµ

µT
V
m µ

ηT

1

t

V

µ
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and by 2 the above diagram in turn equals

TT TT

T T

TT

1

µ
V
1 µ

1

ηT

t´1

V

1

t

V

µ

and thus is the identity 3-cell on µ : TT ñ T . Hence the implication 2 ùñ 1 holds.
To complete the proof of the theorem, we prove the implication 4 ùñ 2. Consider

two pseudoalgebras pX, a, a0, a1q and pY, b, b0, b1q We assume that a % ηX and b % ηY
have counits a0 and b0, and units u and v, respectively. Now consider a 2-cell h : X ñ Y .
To give

TX TY

X Y

Th

a
V
ρ b

h

is equivalently to give its mate

TX TY

X Y

Th

V
pρ

h

ηX ηY “

X TX TY

X Y TY.

ηX

1

V
a0

Th

a
V
ρ b

1
V
v

h ηY

Since any lax homomorphism ph, ρq has to satisfy that

TY

X TX Y

X

b

ηX

1

V

a0 a

Th

V

ρ

h
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is equal to

TX

X TY Y

Y

ThηX

h

V

ηh
b

ηY

1

V

b0

we see that the only way to define ρ is to take it to be the mate of ηh; that is,

TX TY

X Y

Th

a
V
ρ b

h

“

TX TY Y

TX X Y

Th

ηh
V

b

1

a

V u
ηX

h

ηY
1

b0
V

We now have to show that such a definition of ph, ρq indeed gives a lax homomorphism.
One part follows easily: the 3-cell

TX TY Y

TX X Y

X

Th

ηh
V

b

1

a

V u
ηX

h

ηY
1

b0
V

ηX
1

a0
V

is equal to

TX TY Y

X Y

Th

ηh
V

b

ηX

h

ηY
1

b0
V

since a % ηX. For the second identity of lax homomorphisms we need to check that the
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3-cell

TTX TTY TY

TX TY Y

TX X Y

µX

TTh

V

µh
´1

Tb

µY
V
b1 b

Th

ηh
V

b

1

a

V u
ηX

h

ηY
1

b0
V

(10.2)

equals

TTX TTY

TX TX TY

X Y

µX

TTh

Ta

V
a1

TbV
Tρ

a

Th

V

ρ
a b

h

(10.3)

To prove this, we show that the mate of (10.2) is equal to the mate of (10.3), i.e., that

TX TTX TTY TY

TX TY Y TY

TX X Y

TηX

1

V
s´1X µX

TTh

V

µh
´1

Tb

µY
V
b1 b

1
V
v

Th

ηh
V

b

ηY

1

a

V u
ηX

h

ηY
1

b0
V

equals

TX TTX TTY

TX TX TY

X Y TY.

TηX

1
µX

V
s´1X

TTh

Ta

V
a1

TbV

Tρ

a

Th

V
ρ

a
b
V
v

1

h ηY
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The latter diagram is equal to

TTX TTY

TX TX TY

X Y TY

TTh

Ta

V

Ta0

TbV

Tρ
TηX

1

Th

V
ρ

a
b
V
v

1

h ηY

by the unit axiom of the pseudoalgebra a. Expanding this diagram by substituting the
definition of ρ, we get the diagram

TX TTX

TX TTX

X TX

Y TY TTY

Y TY,

TηX

1

V
Ta0

Ta
1

V
Tu
TηX

a
1

V
u TTh

V
Tηh

ηX

h
V
ηh Th

1

ηY

V
b0

TηY

1
b V

v

V
Tb0

Tb

ηY

and since

TX TTX

TX TTX

TηX

1

V
Ta0

Ta
1

V
Tu
TηX

“ TX TTX,
TηX



198 Chapter 10. KZ-pseudoadjunctions and KZ-pseudomonads

we get

TX TTX

X TX

Y TY TTY

Y TY.

TηX

a
1

V
u TTh

V
Tηh

ηX

h
V
ηh Th

1

ηY

V
b0

TηY

1
b V

v

V
Tb0

Tb

ηY

Removing the 3-cell

TX TY Y

TX X Y

Th

ηh
V

b

1

a

V u
ηX

h

ηY
1

b0
V

from both diagrams, we ask whether

TX TTX TTY TY

TX TY Y TY

TηX

1

V
s´1X

TTh

µX
V
µh
´1

Tb

µY
V
b1 b

1
V
v

Th b ηY

equals

TX TTX

TY TTY

Y TY.

TηX

Th
V
Tηh TTh

TηY

1
b V

v

V
Tb0

Tb

ηY
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Using that
TX

TY TY

TTY

Th

1

TηY

V

sY
µY

equals

TX TTX TX

TY TTY TY,

TηX

Th
V
Tηh

1

V

sX
µX

TTh
V
µh Th

TηY µY

we may equivalently ask whether

TX TY TTY TY

TY Y TY

Th TηY

V
s´1Y

1

Tb

µY
V
b1 b

1
V
v

b ηY

equals

TX TY TTY

Y TY.

Th TηY

1
b V

v

V
Tb0

Tb

ηY

This follows from the unit pseudoalgebra axiom; therefore the proof is complete. �

We can now state an extended characterisation of KZ-pseudoadjunctions and KZ-
pseudomonads.

Theorem 10.3.4 (A characterisation of KZ-pseudoadjunctions and KZ-pseu-
domonads). Given a pseudoadjunction F % U : A Ñ X , the following conditions are
equivalent:

1. F % U : A Ñ X is a KZ-pseudoadjunction.
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2. The 3-cell

F FUF

F

Fη

1F

s V
εF

is the unit of the (ordinary) adjunction Fη % εF .

3. The 3-cell

UF UFUF

UF

UFη

1UF

Us V
UεF

is the unit of the (ordinary) adjunction UFη % UεF .

4. There is a 3-cell

UF UFUF

UFη

ηUF

V

d

satisfying the equalities

1 UF UFUF
η

UFη

ηUF

V

d “

1 UF

UF UFUF

η

η ηη
V

UFη

ηUF

and

UF UFUF UF

UFη

ηUF

V

d UεF
“

UF UFUF

UFUF UF.

UFη

ηUF
1UF

Us´1
V

t´1F
V UεF

UεF

5. There is a 3-cell

UFU UFUFU

UFηU

ηUFU

V

d1
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satisfying the equalities

U UFU UFUFU
ηU

UFηU

ηUFU

V

d1 “

U UFU

UFU UFUFU

ηU

ηU ηηU
V

UFηU

ηUFU

and

UFU UFUFU UFU

UFηU

ηUFU

V

d1 UεFU
“

UFU UFUFU

UFUFU UFU.

UFηU

ηUFU
1UFU

Us´1U
V

t´1FU
V

UεFU

UεFU

6. The 3-cell
U UFU

U

ηU

1U

t
V

Uε

is the counit of the adjunction ηU % Uε.

7. The pseudomonad pUF, η, UεF q induced by U % F is a KZ-pseudomonad.

8. The pseudomonad pUF, η, UεF q induced by U % F satisfies the (AEL) condition.

9. The 3-cell
FU FUFU

FU

FηU

1FU

Ft
V

FUε

is the counit of the adjunction FηU % FUε.

Remark 10.3.5 (KZ-pseudoadjunctions in Pos). When considering KZ-pseudoad-
junctions and KZ-pseudomonads in Pos-enriched categories, their definitions can be sig-
nificantly simplified. A KZ-pseudoadjunction in a Pos-category K is an adjunction
F % U : A Ñ X with unit η and counit ε such that there is any of the following
two inequalities

FUF

F FUF,

1
εF

ď

Fη

UFU

U UFU

1
Uε

ě

ηU
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(and thus, by Theorem 10.3.4, both of them). Every such KZ-pseudoadjunction gives rise
to a KZ-pseudomonad, which is, in the case of Pos-enriched categories, a monad with
unit η such that Tη ď ηT holds (compare to condition 4 of Theorem 10.3.4). These
conditions are equivalent to the (AEL) condition, which is in the case of Pos-enriched
categories equivalent to the fact that that the obvious forgetful functor from the category
of algebras and lax homomorphisms for T is locally fully faithful.

Applications of KZ-pseudomonads (and the dual notion of co-KZ-pseudomonads, for
which ηT ď Tη holds) in the context of Pos-enrichment arise in theoretical computer
science, e.g. in domain theory. See for example [34] and its study of semantic domains via
KZ-pseudomonads.
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Wreaths for pseudomonads

Consider the ordinary situation of a category X together with a monad pT, ηT , µT q on
X . Suppose moreover that we are given an endofunctor H : X Ñ X . When does H
admit a lifting to a functor rH : AlgpT q Ñ AlgpT q such that the diagram

AlgpT q AlgpT q

X T

rH

UT UT

H

commutes? In this ordinary situation the answer is easy: H admits such a lifting precisely
when there is a natural transformation

χ : TH ñ HT

that satisfies the unit axiom

X T

X T

H

T
ñ
χ T 1

ηTñ

H

“

X

X T

T 1
ηTñ

H

and the multiplication axiom

X X

X

X X

H

T
ñ
χ T

ñ
µT

T

T

H

“

X X

X X

X X

H

T
ñ
χ

T
ñ
µT

T

H

T
ñ
χ T

H

203
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that make H together with χ : TH ñ HT into a monad functor in the sense of
Street’s [75].

SupposeH is moreover equipped with the structure of a monad. When does the monad
structure lift to the category of algebras, i.e., when is rH equipped with a monad structure
derived from the monad structure of H? The answer is well known: this happens precisely
when χ : TH ñ HT is a distributive law [12].

Lack and Street studied an even more general situation in [58]: given H : X Ñ X
(not necessarily carrying a monad structure itself), characterise the situations when the
lifted functor rH carries a monad structure. The resulting notion of a wreath generalises
the notion of a distributive law.

In this chapter we will continue the study started by Marmolejo in [68] where distribu-
tive laws for pseudomonads were studied, and we will give a description of wreaths for
pseudomonads. We will first recall the ordinary theory of wreaths in Section 11.1 and then
use the approach taken in the ordinary setting in the setting of pseudomonads: we will
construct a Gray-category of liftings in a Gray-category K to define wreaths, and then
use a tricategory triequivalent to the Gray-category of liftings to obtain an “elementary”
description of wreaths.

Structure of the chapter.

1. We review ordinary wreaths in Section 11.1.

2. Section 11.2 introduces the Gray-category of liftings in a Gray-category K.

3. Section 11.3 introduces the tricategory of transitions in a Gray-category K.

4. We describe the triequivalence between the tricategories of liftings and transitions
in Section 11.4.

5. We use the triequivalence from Section 11.4 to obtain an elementary description of
wreaths in Section 11.5.

The description of wreaths for pseudomonads is novel and has not appeared elsewhere
yet.

11.1 Wreaths in ordinary categories
In this section we will give an overview of wreaths in the ordinary setting. No results are
original here; we only expand [58]. However, we proceed in such a way that will allow
us to generalise to wreaths in Gray-categories rather straightforwardly. We will consider
monads in a general 2-category K (satisfying a slight completeness property – having
Eilenberg-Moore objects). Then we will construct two isomorphic 2-categories out of K:
the 2-category LIFTpKq of liftings in K, and the 2-category TRANSpKq of transitions in
K.

The 2-category LIFTpKq will allow us to describe easily a situation when, given a
monad T , a 1-cell H : X Ñ X in K admits a lifting rH : X T Ñ X T of H and a monad
p rH, rσ, rνq on the Eilenberg-Moore object X T for the monad T . That is, it will allow us
to describe when a wreath of H around T exists.
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The 2-category TRANSpKq (isomorphic to LIFTpKq) will then be used to obtain an
elementary description of wreaths.

The 2-category LIFTpKq of liftings in K Given a 2-categoryK that has all Eilenberg-
Moore objects [75], LIFTpKq is defined in elementary terms as follows:

1. The objects of LIFTpKq are the 1-cells

X T

X ,

UT

that is, the “forgetful” 1-cells from the Eilenberg-Moore object X T to the underlying
object X , where T is a monad on X .

2. The 1-cells of LIFTpKq from UT to US, liftings , are pairs pH, rHq with H and rH
being

H : X Ñ Y , rH : X T
Ñ Y S

that make the following diagram

X T Y S

X Y

rH

UT US

H

(11.1)

commute in K.

3. The 2-cells rρ : pH, rHq Ñ pK, rKq in LIFTpKq, lifting morphisms , are the 2-cells

X T Y S

rH

rK

ó rρ

in K.

The composition in LIFTpKq is retained from K.

Remark 11.1.1. We see that the 1-cells capture precisely the situations where a 1-cell
H can be lifted to a 1-cell “on algebras”. However, the 2-cells are defined in a perhaps
surprising way: they are not pairs pρ, rρq satisfying the “obvious” equality

X T Y S

Y

rH

rK

ó rρ

US
“

X T

X Y

UT

H

K

ó ρ
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meaning that rρ is a lifted 2-cell ρ. This definition is deliberate. We are interested in
situations where H admits a monad p rH, rσ, rνq “on algebras” even when there is not a
monad pH, σ, νq of which p rH, rσ, rνq would be a lifting.

The 2-category TRANSpKq of transitions in K The 2-category TRANSpKq is defined
in elementary terms as follows:

1. The objects are pairs pX , T q, where X is an object of K and T is a monad on X .

2. The 1-cells pH,χq : pX , T q Ñ pY , Sq are transitions that consist of the data

H : X Ñ Y , χ : SH ñ HT

subject to the commutativity of diagrams

H SH

HT

ηSH

HηT
χ

and
SSH SHT HTT

SH HT.

Sχ

µSH

χT

HµT

χ

3. The 2-cells ρ : pH,χq ñ pK,κq are transition morphisms , i.e., 2-cells

ρ : H ñ KT

such that the diagram

SH SKT

KTT

HT KTT KT

Sρ

χ

κT

KµT

ρT KµT

commutes.
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Given transitions

pH,χq : pX , T q Ñ pY , Sq, pK,κq : pY , Sq Ñ pZ , Uq,

the composite transition is given by

pX , T q pZ , Uq.
pKH,Kχ¨κHq

It is easy to check that the required diagrams indeed commute.
Given a situation

pX , T q pY , Sq,

pH,χq

pK,κq

pL,λq

ó ρ

ó σ

the composite transition morphism σ ¨ ρ is defined as

H KT LTT LT.
ρ σT LµT

It is again easy to check that this morphism satisfies the requirements of a transition
morphism.

Given

pX , T q pY , Sq pZ , Uq
pG,γq

pH,χq

pH 1,χ1q

ó ρ

i.e., having
ρ : H ñ H 1S

satisfying

UH UH 1S

HSS

HS H 1SS H 1S,

Uρ

χ

χ1S

H 1µS

ρS H 1µS

We describe the whiskering

pX , T q pZ , Uq.ó pρ, ρ1qpG, γq
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The domain morphism is pHG,Hγ ¨ χGq and the codomain is pH 1G,H 1γ ¨ χ1Gq. The cell
pρ, ρ1qpG, γq is defined as

HG H 1SG H 1GT,
ρG H 1γ

and it satisfies the transition morphism equation

UHG UH 1SG UH 1GT

H 1SSG H 1SGT

HSG H 1SSG H 1SG H 1GTT

HGT H 1SGT H 1GTT H 1GT.

UρG

χG

UH 1γ

χ1SG χ1GT

H 1Sγ

H 1µS H 1γT

ρSG

Hγ

H 1µSG

H 1Sγ
H 1γ

H 1GµT

ρGT H 1γT H 1GµT

Given a situation

pY , Sq pZ , Uq pA , V q,

pH,χq

pH 1,χ1q

ó ρ
pL,λq

the whiskering

pY , Sq pA , V qó pL, λqρ

has the domain pLH,Lχ ¨ λHq and codomain pLH 1, Lχ1 ¨ λH 1q and is defined as

LH LH 1S
Lρ
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satisfying the transition morphism equation:

V LH V LH 1S

LUH LUH 1S

LH 1SS

LHS LH 1SS LH 1S.

V Lρ

λH λH 1S

LUρ

Lχ

Lχ1S

LH 1µS

LρS LH 1µS

These whiskerings give rise to horizontal composition of 2-cells in TRANSpKq that, to-
gether with the vertical composition of 2-cells, satisfies the middle-four interchange law.

The isomorphism between LIFTpKq and TRANSpKq The 2-categories LIFTpKq and
TRANSpKq are isomorphic. We will sketch a proof of this fact for K “ CAT, the 2-
category of all categories, functors, and natural transformations, noting that the ideas
transfer to the general proof.

We will show that the objects, 1-cells and 2-cells of LIFTpCATq and TRANSpCATq are
in bijective correspondences. Showing the rest, i.e., that composition in both 2-categories
corresponds precisely, is easy and we omit the proofs.

Lemma 11.1.2. There is a bijection

Φ : obpLIFTpCATqq Ñ obpTRANSpCATqq.

Proof. Immediate: forgetful functors UT : X T Ñ X are in one-to-one correspondence to
monads in CAT, i.e., pairs pX , T q, where X is a category and T a monad on X . �

Lemma 11.1.3. Liftings (1-cells in LIFTpCATq) correspond precisely to transitions (i.e.,
to 1-cells in TRANSpCATq).

Remark 11.1.4. Unveiling the above lemma, we want to prove that to give a lifting
rH : X T Ñ Y S of H : X Ñ Y , i.e., to give a pair pH, rHq such that

X T Y S

X Y

rH

UT US

H

commutes is to give a 2-cell (natural transformation)

χ : SH ñ HT
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such that

H SH

HT

ηSH

HηT
χ

and

SSH SHT HTT

SH HT

Sχ

µSH

χT

HµT

χ

commute.

Proof. Consider the free algebra µTX : TTX Ñ TX and denote rHpTX, µTXq by aX :
SHTX Ñ HTX. This way we obtain from the natural transformation µT : TT Ñ T a
natural transformation a : SHT Ñ HT .

Define χ to be the composite

SH SHT HT.
SHηT a

Since

H SH

HT SHT

HT

ηSH

HηT SHηT

ηSHT

1
a

commutes, we have shown that

H SH

HT

ηSH

HηT
χ

commutes. Since by naturality rHpTTX, µTTXq “ aTX : SHTTX Ñ HTTX, and
since the homomorphism µTX : pTTX, µTTXq Ñ pTX, µTXq is mapped to SµTX :
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pHTTX, aTXq Ñ pHTX, aXq, the diagram

SHTTX SHTX

HTTX HTX

SHµTX

aTX aX

HµTX

commutes, and therefore

SHTT SHT

HTT HT

SHµT

aT a

HµT

commutes as well. Consider now the diagram

SSH SSHT SHT SHTT HTT

SH SHT HT

SSHηT

µSH

Sa

µSHT

SHηTT

1

aT

SHµT
HµT

SHηT a

that proves the commutativity of

SSH SHT HTT

SH HT

Sχ

µSH

χT

HµT

χ

Conversely, define rH on objects as follows: an algebra a : TX Ñ X is mapped to the
composite

SHX HTX HX
χX Ha .

This is an algebra since the diagrams

HX SHX

HTX

HX

ηSHX

HηTX

1

χX

Ha
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and

SSHX SHTX SHX

HTTX HTX

SHX HTX HX

SχX

µSHX

SHa

χTX χX

HTa

HµTX Ha

χX

Ha

commute. (We have used both axioms for a transition.) Given a homomorphism

TX TY

X Y

Th

a b

h

,

we define rHphq to be Hh : HX Ñ HY : this is a homomorphism since

SHX SHY

HTX HTY

HX HY

SHh

χX χY

HTh

Ha Hb

h

commutes.
The above two processes are clearly inverse to each other. �

Lemma 11.1.5. Lifting morphisms (2-cells in LIFTpCATq) correspond precisely to tran-
sition morphisms (2-cells in TRANSpCATq).

Remark 11.1.6. Unveiling again, we need to prove that to give a 2-cell (natural trans-
formation)

rρ : rH ñ rK

in LIFTpCATq is to give a 2-cell (natural transformation)

σ : H ñ KT
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in TRANSpCATq such that the diagram

SH SKT

KTT

HT KTT KT

SSρ

χ

κT

KµT

ρT KµT

commutes.

Proof. As in the proof of Lemma 11.1.3, denote the image of the free algebra pTX, µTXq :

TTX Ñ TX under rH by aHX : SHTX Ñ HTX and under rK by aKX : SKTX Ñ

KTX. These assignments give rise to natural transformations aH : SHT ñ HT and
aK : SKT ñ KT .

Given rρ : rH ñ rK, define ρ to be the composite

H HT KT.
HηT

ρ

rρ

By naturality of rρ the diagram

HTT KTT

HT KT

rρT

HµT KµT

rρ

commutes. Since rρ is a 2-cell of LIFTpCATq,

SHT SKT

HT KT

Srρ

aH aK

rρ
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commutes. Therefore the diagram

SH SHT SKT

SHT SKTT

SKT KTT

HT HT KT

HTT KTT

SHηT

SHηT

Srρ

1

SKηTT

1

aH

aKT
SKµT

aK
KµT

1

HηTT

rρ

HµT

rρT

KµT

also commutes; and the definition of ρ makes sense.

Conversely, given ρ : H ñ KT , define rρ to be

HT KTT KT.
ρT KµT

Naturality of rρ is easy, and to show that for any algebra a : TX Ñ X the diagram

SHX SKTX SKX

HTX KTX

HX KTX KX

SρX

χX

SKa

κX

Ha Ka

ρX Ka
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commutes, observe that the diagram

SHX SKTX SKX

KTTX KTX

HTX KTTX KTX

HX KTX KX

SρX

χX

SKa

κTX κX

KTa

KµTT

Ka
ρTX

Ha

KµTX

KTa
a

ρX Ka

commutes (as the diagram in the top right corner commutes by assumption).
The above two processes are clearly inverse to each other. �

Taking together these results, we may state the main theorem of this section.

Theorem 11.1.7. There is an isomorphism of 2-categories

Φ : LIFTpCATq Ñ TRANSpCATq.

We may now define wreaths in a 2-category K using the 2-category LIFTpKq.

Definition 11.1.8. An (ordinary) wreath is a monad in LIFTpKq.

Remark 11.1.9. More concretely, a wreath of H : X Ñ X around a monad T on X
is a 1-cell rH : X T Ñ X T together with 2-cells

X T X T ,

1

rH

ó rσ X T X T

rH¨ rH

rH

ó rν

satisfying the usual monad axioms.

Since LIFTpKq and TRANSpKq are isomorphic, a wreath is equivalently a monad in
TRANSpKq. This allows us to state an elementary definition of a wreath.

Remark 11.1.10. In elementary terms, we say that a wreath of H : X Ñ X around a
monad T on X in a 2-category K is thus a transition pH,χq, i.e., a 2-cell χ : TH ñ HT
satisfying equalities (see [58])

H TH

HT

ηTH

HηT
χ

TTH THT HTT

TH HT,

Tχ

µTH

χT

HµT

χ
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transition morphisms σ : p1, 1q Ñ pH,χq and ν : pH,χq ¨ pH,χq Ñ pH,χq, i.e., 2-cells
σ : 1 ñ HT and ν : HH ñ HT satisfying equalities

T THT

HTT

T HTT HT

Tσ

1

χT

HµT

σT HµT

THH THT

HTH HTT

HHT HTT HT,

Tν

χH χT

Hχ HµT

νT HµT

subject to monad axioms

H HTH HHT

HTT

HT,

σH

HηT

Hχ

νT

HµT

HHT H

HTT

HT,

νT

Hσ

HηT

HµT

and
HHH HHT

HTT

HTH HHT HTT HT.

Hν

νH

νT

HµT

Hχ νT

HµT

Remark 11.1.11. All the proofs in the current section used the fact that CAT admits
an Eilenberg-Moore object X T for a monad T . Working in a general 2-category K, one
need not (as we did) assume that Eilenberg-Moore objects exist. The trick is to pass to
“lifting diagrams” of the form

Kp´,X qKp´,T q Kp´,Y qKp´,Sq

Kp´,X q Kp´,Y q

rH

UKp´,T q UKp´,Sq

Kp´,Hq
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and work within rKop ,CATs. Of course, the above diagram reduces to

Kp´,X T q Kp´,Y Sq

Kp´,X q Kp´,Y q,

Kp´, rHq

Kp´,UT q Kp´,USq

Kp´,Hq

i.e., to the image of diagram (11.1) under the Yoneda embedding. This approach allows
us to work with generalised elements.

The case of ordinary wreaths helps with gaining intuition for the case of wreaths of
2-functors around pseudomonads. There the axioms for ordinary wreaths become two-
dimensional data; and additional coherence conditions concerning these data need to be
specified.

We will now turn to the case of Gray-categories and to the notion of a wreath in this
setting.

11.2 The Gray-category LIFTpKq for a Gray-category
K

The purpose of this section is to define, in the spirit of Section 11.1, a Gray-category
LIFTpKq of liftings in a Gray-category K, generalising straightforwadly the ideas from
the ordinary case. The reason for introducing LIFTpKq remains the same – to be able to
define wreaths in K.

In [54] Lack defines a Gray-category PSMpKq of pseudomonads in a Gray-category
K using a nice and alterable construction. Having the Gray-category PSMpKq at hand,
it is then easy to define a distributive law between pseudomonads as a pseudomonad in
PSMpKq. We shall define, by tweaking Lack’s approach, the Gray-category LIFTpKq of
liftings in K, and consequently define wreaths as pseudomonads in LIFTpKq. This rather
abstract construction of LIFTpKq yields, when unfolded, the expected generalisation of
the 2-category LIFTpKq for a 2-category K.

Of course, our definition of wreaths around pseudomonads will need to be unfolded,
and we will give the elementary description of wreaths in the subsequent sections of this
chapter.

Let K be a Gray-category. Consider the Yoneda embedding

Y : KÑ rKop ,Grays

and its factorisation
K K

rKop ,Grays

Z

Y
W
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through the closure K of K in rKop ,Grays under psapa,M´q-limits (i.e., the free com-
pletion of K under Eilenberg-Moore objects, recall, e.g., Remark 10.1.10).

Lack [54] defines PSMpKq as the object in the factorisation

Gray-CAT0ppsm,Kq PSMpKq

r2,Ks

b.o.

f.f.

where the dotted arrow denotes the Gray-functor that assigns to a pseudomonad T on X
the forgetful arrow UT : X T Ñ X . We shall define LIFTpKq via a similar factorisation

Gray-CAT0ppsm,Kq LIFTpKq

twopKq

b.o.

f.f.

replacing r2,Ks by the Gray-category twopKq which we define now.

Definition 11.2.1. For any Gray-category K, define twopKq as follows. Take the Gray-
functor x0y : 1Ñ 2 and consider rx0y,Ks : r2,Ks Ñ r1,Ks.

1. 0-cells in twopKq are 0-cells in r2,Ks.

2. 1-cells in twopKq are 1-cells in r2,Ks.

3. To define 2-cells and 3-cells in twopKq, perform a factorisation

r2,KspU, V q twopKqpU, V q

r1,KspdompUq, dompV qq

b.o.

rx0y,KsU,V
f.f.

in 2-Cat, for every pair U , V of objects of r2,Ks.

To define composition in twopKq, consider the factorisation

r2,KspV,W q b r2,KspU, V q r2,KspU,W q

twopKqpV,W q b twopKqpU, V q twopKqpU,W q

r1,KspdomV, domW q b r1,KspdomU, domV q r1,KspdomU, domW q

comp

b.o.

dombdom dom
comp

f.f.

comp
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Thus we define composition in twopKq by the above diagonal. An easy verification
shows that we indeed obtain a Gray-category. Moreover, the construction shows
that there is an obvious Gray-functor r2,Ks Ñ twopKq that is an identity on 0-cells
and 1-cells.

Since both PSMpKq and LIFTpKq are defined by factorisation, we may now see that
there is a diagonal (dotted arrow D) in the following diagram:

Gray-CAT0ppsm,Kq PSMpKq r2,Ks

LIFTpKq twopKq

b.o.

b.o.

f.f.

D

f.f.

This construction allows a slick definition of a wreath:

Definition 11.2.2 (Wreaths in Gray-categories). A wreath is a pseudomonad in
LIFTpKq.

Remark 11.2.3. This definition is the obvious generalisation of ordinary wreaths. Recall
from Definition 11.1.8 that a wreath in a 2-category K is a monad in LIFTpKq.

We may use the Gray-functor D : PSMpKq Ñ LIFTpKq to show quickly that every
distributive law is a wreath: given a distributive law H : psm Ñ PSMpKq, its induced
wreath is given by

psm PSMpKq LIFTpKq.H D

Remark 11.2.4 (Elementary description of LIFTpKq). We will show now in elemen-
tary terms the structure of LIFTpKq for a Gray-category K that has Eilenberg-Moore
objects. (In general, one would have to work with a free completion of K under Eilenberg-
Moore objects, working thus in a subcategory of rKop ,Grays. We will not do that; the
transition is easy and not illuminating.)

1. The objects of LIFTpKq are the 1-cells

X T

X ,

UT

the “forgetful” 1-cells from the Eilenberg-Moore object X T to the underlying object
X , where T is a pseudomonad on X .

2. The 1-cells of LIFTpKq are liftings , i.e., pairs pH, rHq that make the following diagram

X T Y S

X Y

rH

UT US

H
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commute.

3. The 2-cells of LIFTpKq are lifting morphisms , i.e., 2-cells rρ : pH, rHq Ñ pK, rKq of
the form

X T Y S

rH

rK

ó rρ

in K.

4. The 3-cells of LIFTpKq are 3-cells rτ : rρÑ rρ˚

X T Y S

rH

rK

rρ óV ó rρ˚
rτ

in K.

The composition is inherited from K.

Remark 11.2.5. Recall that since we are working in the setting of an abstract Gray-
category K, the Eilenberg-Moore object need not have an “inner categorical structure”
consisting of algebras as objects, homomorphisms as arrows, etc. However, we may work
with generalised elements of X T as with algebras: recall that this was the case in the
ordinary setting from Remark 11.1.11, and recall the definition of a pseudoalgebra and
pseudohomomorphism from Section 10.1 of Chapter 10.

Remark 11.2.6. As in the ordinary case, we now see that a wreath in K, or more
concretely, a wreath of H : X Ñ X around a pseudomonad T on X is a pseudomonad
rH on X T . We shall not expand the definition of a wreath further at this point. In the
following section we will introduce the tricategory TRANSpKq of transitions in K that
will allow us, as in the ordinary setting, to give an elementary description of wreaths.

11.3 The tricategory TRANSpKq for a Gray-category K

Recall from Section 11.1 that in the case of ordinary wreaths in a 2-category K we used
the 2-category LIFTpKq of liftings in K to define wreaths, and then we defined an another
2-category TRANSpKq of transitions in K that was isomorphic to LIFTpKq in order to
obtain an elementary description of wreaths.

We already started in Section 11.2 to use the same approach to define and describe
wreaths in the context of Gray-categories. We defined wreaths with the help of the
Gray-category LIFTpKq of liftings in a Gray-category K. A logical next step would be to
define a Gray-category TRANSpKq of transitions in K that would be Gray-isomorphic to
LIFTpKq. However, while there is a way to define TRANSpKq in the spirit of the definition
of TRANSpKq for a 2-category K, the resulting structure is no longer a Gray-category,
but an honest tricategory .
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Working with tricategories poses substantial technical difficulties (compared to work-
ing with Gray-categories), but it is still possible to use the tricategory TRANSpKq to
obtain an elementary description of wreaths as TRANSpKq is triequivalent to LIFTpKq.

As the definition of a tricategory (and of triequivalence) is quite involved, we will not
state it in full here. Instead, we will show the important data that constitute the tricate-
gory TRANSpKq in this section, and show how the triequivalence LIFTpKq » TRANSpKq
works in the next section.

In short, TRANSpKq consists of objects, 1-cells, 2-cells and 3-cells, where

1. the objects are pseudomonads in K (i.e., pairs pX , T q with X an object of K and
T a pseudomonad on X ),

2. the 1-cells are transitions, the 2-cells are transition morphisms (similarly as in the
2-category of transitions in a 2-category K),

3. and higher transition cells between transition morphisms.

The homs of TRANSpKq will not be 2-categories as in the case of LIFTpKq, but bicate-
gories. We will first describe the hom-bicategories of TRANSpKq.

The hom-bicategory of transitions

Consider aGray-categoryK, a pseudomonad T on an object X inK and a pseudomonad
S on Y in K. Then there is a bicategory B “ TRANSpKqppX , T q, pY , Sqq of transitions,
transition morphisms and transition 2-cells between pX , T q and pY , Sq. We shall examine
the structure of this bicategory.

The underlying structure of B consists of

1. objects pH,χ, χ0, χ1q being transitions , consisting of H : X Ñ Y , χ : SH ñ HT
and isomorphisms

H SH

HT

ηSH

HηT

χ0

V

χ ,

SSH SHT

HTT

SH HT

Sχ

µSH χ1

V

χT

HµT

χ
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satisfying coherence conditions

SH SSH SHT

SH

HT HTT

SηSH

1

V
sSH´1

Sχ

µSH

V
χ1 χT

χ

HµT

“

SH SSH

SHT

HT HTT

HT

SηSH

SHηT

χ

V
Sχ0

Sχ

χT
V
χηT

HTηT

1

V
HsT

´1

HµT

(11.2)

and

SSHT SHTT SHT

SSH HTT

SSSH HT

SSH SH

SχT
V

Sχ1

SHµT

χT
Sχ

µSH

V

mSH

V

χ1 HµT

SSχ

µSSH

SµSH

µSH

χ

=

SSHT SHTT SHT

HTTT HTT

SSSH SHT HTT HT.

SSH SH

SχT

µSHT
V
χ1T

SHµT

χTT
V
χµT χT

HTµT

HµTT
V
HmT

HµT

SSχ

µSSH

V

µSχ χT

V

χ1

HµT

µSH

Sχ
χ

(11.3)
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2. For each pair pH,χ, χ0, χ1q, pK,κ, κ0, κ1q of transitions, a category of transition
morphisms and transition 2-cells , where:

(a) The objects are pairs

pρ, ρ1q : pH,χ, χ0, χ1q Ñ pK,κ, κ0, κ1q

where ρ : H ñ KT and ρ1 is an isomorphism

SH SKT

KTT

HT KTT KT

Sρ

χ ρ1

V

κT

KµT

ρT KµT

satisfying coherence conditions

H SH SKT

KTT

HT KTT KT

ηSH

HηT

χ0

V

Sρ

χ

ρ1

V

κT

KµT

ρT KµT

=

SH

H SKT

HT KT KTT

KTT KT

SρηSH

ρ
HηT

V

ηSρ

κT

ρT

V
ρηT

ηSKT

KηTT

1

KTηT

V

κ0T

V
KtT

V
KsT

KµT

KµT

(11.4)
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and

SSH SSKT

SKTT

SHT SKTT SKT

KTTT KTT

SH HTT KTTT KTT

HT KTT KT

SSρ

Sχ

µSH

V
Sρ1

V
χ1

SκT

SKµT

SρT

χT
V
ρ1T

SKµT

κTT
V
κµT

´1
κT

KTµT

KµTT

V
KmT

KµT

χ

ρTT

HµT
V
ρµT

KµTT

KTµT
V
KmT´1 KµT

ρT KµT

=

SSH SSKT

SKTT

SH SKT KTTT SKT

KTT KTT

HT KTT KT.

SSρ

µSH
V
µSρ
´1

SκT

µSKT

V
κ1T

SKµT
κTT

Sρ

χ

V
ρ1

κT KTµT
KµTT

V
κµT

´1

κT

KµT

V
KmT

KµT

ρT KµT

(11.5)
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(b) The morphisms are cells

pH,χ, χ0, χ1q pK,κ, κ0, κ1q,

pρ,ρ1q

pρ˚,ρ˚1 q

ó τ

where

H KT

ρ

ρ˚

V

τ

is subject to the equality

SH SKT

KTT

KT KTT KT

Sρ

Sρ˚

χ

V

Sτ

V
ρ˚1

κT

KµT

ρ˚T KµT

=

SH SKT

KTT

KT KTT KT.

Sρ

χ
V
ρ1

κT

KµT

ρT

ρ˚T

V

τT
KµT

(11.6)

That these data form a category (together with the obvious definition of composi-
tion) is immediate. We denote the category by BppH,χ, χ0, χ1q, pK,κ, κ0, κ1qq.

3. For each triple pH,χ, χ0, χ1q, pK,κ, κ0, κ1q, pL, λ, λ0, λ1q of transitions, a composi-
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tion functor1

˚ : BppK,κq, pL, λqq ˆBppH,χq, pK,κqq Ñ BppH,χq, pL, λqq

This functor is defined on objects by the assignment

ppσ, σ1q, pρ, ρ1qq ÞÑ pσ, σ1q ˚ pρ, ρ1q “ pτ, τ1q,

where
τ “ H KT LTT LT

ρ σT LµT

and where τ1 is the 2-cell

SH SKT SLTT SLT

LTTT LTT

KTT LTTT LTT

KT LTT LT.

HT KTT LTTT LTT

Sρ

χ
V
ρ1

SσT

κT
V
σ1T

SLµT

λTT
V
λµT

´1
λT

LTµT

LµTT

V
LmT

LµT
σTT

KµT
V
σµT

LµTT

LTµT
V
LmT´1 LµT

σT LµT

ρT σTT

KµT
V σµT

´1

LµTT

LTµT
V LmT

LµTT

On arrows, ˚ sends a pair

p H KT

ρ

ρ˚

V

τ , K LT

σ

σ˚

V

ν q

to

ν ˚ τ “ H KT LTT LT.

ρ

ρ˚

V

τ

σT

σ˚T

V

νT
LµT

4. For each object (transition) pH,χ, χ0, χ1q an identity functor

id pH,χ,χ0,χ1q : 1Ñ BppH,χ, χ0, χ1q, pH,χ, χ0, χ1qq

1To make the rest of the chapter easily readable, we lighten up the notation: transitions, i.e., tuples
pH,χ, χ0, χ1q are denoted only by the pair pH,χq (or even by H) whenever it is not important to stress
the additional structure.
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sending the unique element of 1 to the transition morphism

HηT : H ñ HT,

SH SHT

HT HTT

HTT HT

SHηT

χ
V
χηT

´1 χT

HTηT

HηTT
1

V
HsT

´1

V
HtT

´1

HµT

HµT

The underlying structure of B introduced above is equipped with the following
natural isomorphisms:

5. Natural isomorphisms

1ˆBpppH,χq, pK,κqq BpppH,χq, pK,κqq

BpppK,κq, pK,κqq ˆBpppH,χq, pK,κqq BpppH,χq, pK,κqq

idpK,κqˆ1 ñ lpppH,χq,pK,κqq

–

1

˚

and

BpppH,χq, pK,κqq BpppH,χq, pK,κqq ˆ 1

BpppH,χq, pK,κqq BpppH,χq, pK,κqq ˆBpppH,χq, pH,χqq

–

1
ñ
rpppH,χq,pK,κqq 1ˆidH

˚

i.e., for each transition morphism pρ, ρ1q a pair

lpρ,ρ1q : idK ˚ ρñ ρ, rpρ,ρ1q : ρ ˚ idH ñ ρ;

The transition 2-cell rpρ,ρ1q is defined as

H KT

HT KTT KT

ρ

HηT VρηT
´1

1

KTηT
VKs

T´1

ρT KµT

and the transition 2-cell lpρ,ρ1q is defined as

H KT

KTT KT.

ρ

1

KηTT VKt
T

KµT
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6. Natural isomorphism

BpK,Lq ˆBpH,Kq ˆBpG,Hq BpK,Lq ˆBpG,Kq

BpH,Lq ˆBpG,Hq BpG,Lq,

1ˆ˚

˚ˆ1 ñaG,H,K,L ˚

˚

i.e., a transition 2-cell

aσ,ρ,ϕ : ppσ, σ1q ˚ pρ, ρ1qq ˚ pϕ, ϕ1q ñ pσ, σ1q ˚ ppρ, ρ1q ˚ pϕ, ϕ1qq

defined for each triple ppσ, σ1q, pρ, ρ1q, pϕ, ϕ1qq of transition 2-cells as

G HT KTT KT

LTTT LTT

LTT LT.

ϕ ρT KµT

σTT VσµT σT

LTµT

LµTT VLm
T´1

LµT

LµT

7. These data are subject to the following equalities:

• The triangle

ppσ, σ1q ˚ idKq ˚ pρ, ρ1q pσ, σ1q ˚ pidK ˚ pρ, ρ1qq

pσ, σ1q ˚ pρ, ρ1q

a

r˚1 1˚l

commutes. This triangle commutes since T is a pseudomonad: the diagram

H KT LTT

KTT LTTT LTT LT

ρ ρT

KηTT VσηTT
´1

1

LTηTT
VLs

TT
´1

σTT LµTT

LµT
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equals

H KT

KTT KT

LTTT LT

LTT LT.

ρ

1
KηTT

VKt
T

KµT

σTT VσµT σT

LTµT

LµTT VLm
T´1

LµT

LµT

• The pentagon

ppδ ˚ γq ˚ βq ˚ α pδ ˚ pγ ˚ βqq ˚ α δ ˚ ppγ ˚ βq ˚ αq

pδ ˚ γq ˚ pβ ˚ αq δ ˚ pγ ˚ pβ ˚ αqq

a˚1

a

a

1˚a

a

commutes. This is again true since T is a pseudomonad.

The tricategorical structure of TRANSpKq

We have shown in the previous subsection that for any two fixed pseudomonads T on X
and S on Y in K the collection of all transitions from pX , T q to pY , Sq, all transition
morphisms and all transition 2-cells forms a bicategory. However, we can obtain additional
structure by observing that transitions themselves can be composed. This additional
structure turns out to make TRANSpKq an honest tricategory. That is,

1. the objects of TRANSpKq are pairs pX , T q, where X is an object of K and T is a
pseudomonad pT, ηT , µT , sT , tT ,mT q on X , and

2. given two objects pX , T q and pY , Sq, the hom-bicategory TRANSpKqppX , T q, pY , Sqq
is precisely the bicategory B described in the previous section, consisting of transi-
tions, transition morphisms and transition 2-cells.

The 1-cells pX , T q Ñ pY , Sq in TRANSpKq are precisely the objects of the bicategory
TRANSpKqppX , T q, pY , Sqq, the 2-cells are 1-cells of TRANSpKqppX , T q, pY , Sqq, and
similarly the 3-cells are the 2-cells of the hom-bicategory.

We will now describe the most important structure that is added by considering tran-
sitions to be composable.
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Composition of 1-cells Given transitions pH,χq : pX , T q Ñ pY , Sq and pK,κq :
pY , Sq Ñ pZ , Uq, we define the composite transition pL, λ, λ0, λ1q as follows:

1. The 1-cell L is the composite KH : X Ñ Z .

2. The 2-cell λ : UKH ñ KHT is the composite

UKH KSH KHT.κH Kχ

3. The isomorphism λ0 is the pasting

UKH KSH KHT.

KH

κH

λ

V κ0H

Kχ

ηUKH
KηSH

KHηT

V Kχ0

4. The isomorphism λ1 is the pasting

UKHT

UUKH UKSH KSHT KHTT

KSSH

UKH KSH KHT

κHT

UκH

µUKH
V
κ1H

UKχ

κSH

V

κχ
´1 KχT

KHµT

KSχ

KµSH

κH Kχ

V
Kχ1

It amounts to a laborious computation to check that such a composite indeed yields
a transition again.

The composition of transitions is strictly associative and unital. This is immediate
from the definition of composition and from observing that the identity of the composition
is the identity transition p1, 1, 1, 1q.

Whiskering We shall need to compose 2-cells and 3-cells in TRANSpKq that are whiskered
from left or right with 1-cells.

Consider the situation

pX , T q pY , Sq pZ , Uq
pG,γ,γ0,γ1q

pH,χ,χ0,χ1q

pH 1,χ1,χ10,χ
1
1q

ó pρ, ρ1q
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i.e., having
ρ : H ñ H 1S

and
UH UH 1S

HSS

HS H 1SS H 1S.

Uρ

χ ρ1

V

χ1S

H 1µS

ρS H 1µS

We wish to describe the whiskering

pX , T q pZ , Uq.ó pρ, ρ1qpG, γq

The domain morphism is pHG,Hγ ¨ χGq and the codomain is pH 1G,H 1γ ¨ χ1Gq. The cell
pρ, ρ1qpG, γq is defined as

HG H 1SG H 1GT,
ρG H 1γ

while ppρ, ρ1qpG, γqq1 is defined as

UHG UH 1SG UH 1GT

H 1SSG H 1SGT

HSG H 1SSG H 1SG H 1GTT

HGT H 1SGT H 1GTT H 1GT.

UρG

χG
V
ρ1G

UH 1γ

χ1SG
V
χ1γ
´1

χ1GT

H 1Sγ

H 1µS

V
H 1γ1

H 1γT

ρSG

Hγ
V
ργ

H 1µSG

H 1Sγ
V
H 1γ1

´1 H 1γ
H 1GµT

ρGT H 1γT H 1GµT

Given a 3-cell τ : pρ, ρ1qV pρ˚, ρ˚1q, i.e.,

H H 1S,

ρ

ρ˚

V

τ
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the whiskered cell τpG, γq is defined as

HG H 1SG H 1GT.

ρG

ρ˚G

V

τG
H 1γ

On the other hand, given a situation

pY , Sq pZ , Uq pA , V q,

pH,χ,χ0,χ1q

pH 1,χ1,χ10,χ
1
1q

ó pρ, ρ1q
pL,λq

we may form the whiskered cell

pY , Sq pA , V qó pL, λqpρ, ρ1q

with the domain pLH,Lχ ¨ λHq and codomain pLH 1, Lχ1 ¨ λH 1q which is defined as

LH LH 1S
Lρ

with ppL, λqpρ, ρ1qq1 being

V LH V LH 1S

LUH LUH 1S

LH 1SS

LHS LH 1SS LH 1S.

V Lρ

λH
V
λρ
´1

λH 1S

LUρ

Lχ
V
Lρ1

Lχ1S

LH 1µS

LρS LH 1µS

Given a 3-cell τ : pρ, ρ1qV pρ˚, ρ˚1q, i.e.,

H H 1S,

ρ

ρ˚

V

τ

the whiskering pL, λqτ is defined as

LH LH 1S.

Lρ

Lρ˚

V

Lτ
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The “Gray” 3-cells Consider now the situation of two horizontal 2-cells as in the
diagram

pX , T q pY , Sq pZ , Uq.

pG,γq

pG1,γ1q

ó pπ, π1q

pH,χq

pH 1,χ1q

ó pρ, ρ1q

There are two ways in which pπ, π1q and pρ, ρ1q can be horizontally composed. We may
compose pρ, ρ1qpG, γq with pH 1, χ1qpπ, π1q, i.e.,

HG H 1SG H 1GT
ρG H 1γ

with
H 1G H 1G1TH 1π

to obtain

HG H 1SG H 1GT H 1G1TT H 1G1T,
ρG H 1γ H 1πT H 1G1µT

or we may compose pH,χqpπ, π1q with pρ, ρ1qpG
1, γ1q, i.e.,

HG HG1THπ

with
HG1 H 1SG1 H 1G1T

ρG1 H 1γ1

to obtain

HG HG1T H 1SG1T H 1G1TT H 1G1T.Hπ ρG1T H 1γ1T H 1G1µT

As in Gray-categories, these two ways of composing the 2-cells are related by a 3-cell
isomorphism. We denote it by pρ, ρ1qpπ,π1q and define it to be the cell

HG H 1SF H 1GT H 1G1TT

HG1T H 1SG1T H 1G1TT H 1G1T.

ρG

Hπ
V
ρπ

H 1γ

H 1Sπ
V
H 1π1

´1

H 1πT

H 1G1µT

ρG1T H 1γ1T H 1G1µT

11.4 Triequivalence of LIFTpKq and TRANSpKq

In this section we will show how theGray-category LIFTpKq and the tricategory TRANSpKq
are related. There is a homomorphism

Φ : LIFTpKq Ñ TRANSpKq

of tricategories that is a triequivalence. The notion of a homomorphism is a suitably weak-
ened analogue of the notion of a functor between categories, similar to homomorphisms of
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bicategories. The notion of triequivalence is a categorification of the notion of equivalence
of categories. We refer the reader to [38] for the technical details: here we only comment
that similarly to ordinary equivalence (where one needs to check that a functor is essen-
tially surjective and an isomorphism on hom-sets), to have a triequivalence is to have
a homomorphism that is a biequivalence on hom-bicategories, and that is triessentially
surjective. Since the objects of LIFTpKq and TRANSpKq correspond bijectively, the most
important part of checking the triequivalence corresponds to checking the biequivalence
on hom-bicategories.

Define Φ to be essentially an identity on objects, i.e.,

Φ

¨

˚

˚

˚

˚

˚

˝

X T

X

UT

˛

‹

‹

‹

‹

‹

‚

“ pX , T q.

The biequivalence

ΦUT ,US : LIFTpKqpUT , US
q Ñ TRANSpKqppX , T q, pY , Sqq

sends
X T Y S

X Y

rH

UT US

H

to
pH,χ, χ0, χ1q : pX , T q Ñ pY , Sq,

where χ is defined in the following steps:

rHpX q :

TT

T

µT ÞÑ

¨

˚

˚

˚

˚

˚

˝

SHT

HT

a , a0, a1

˛

‹

‹

‹

‹

‹

‚

where a0 and a1 are cells

HT SHT

HT

ηSHT

1

V
ao

a

SSHT SHT

SHT HT

Sa

µSHT
V
a1 a

a

and we put

χ “ SH SHT HT
SHηT a
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together with

H SH

HT SHT

HT

ηSH

HηT
V
ηSHηT SHηT

ηSHT

1

V
a0

a

and

SSH SSHTX SHT SHTT HTT

SHT

SH SHT HT HT.

SSHηT

µSH
V
µSHηT

´1

Sa

µSHT
V
a1

1

SHηTT

V
SHtT

SHµT

aT

HµT
V
rHmT

´1

a

SHηT a 1

That pH,χ, χ0, χ1q is a 1-cell from pX , T q to pY , Sq is proved in [69] (in particular,
see Proposition 3.4 of [69]).

Given

X T Y S,

rH

rK

ó rρ

we define Φprρq to be the pair pρ, ρ1q, where we first consider

rHpT, µT q rKpT, µT q
rρpT,µT q

which equals

prρ, rρ1q :

¨

˚

˚

˚

˚

˚

˝

SHT

HT

aH , aH0 , a
H
1

˛

‹

‹

‹

‹

‹

‚

Ñ

¨

˚

˚

˚

˚

˚

˝

SKT

KT

aK , aK0 , a
K
1

˛

‹

‹

‹

‹

‹

‚

,

and

rHpTT, µTT q rKpTT, µTT q
rρpTT,µTT q



236 Chapter 11. Wreaths for pseudomonads

which equals

prρ,rρ1q :

¨

˚

˚

˚

˚

˚

˝

SHTT

HTT

aH , aH0 , a
H
1

˛

‹

‹

‹

‹

‹

‚

Ñ

¨

˚

˚

˚

˚

˚

˝

SKTT

KTT

aK , aK0 , a
K
1

˛

‹

‹

‹

‹

‹

‚

and the pseudonaturality square

rHpTT, µTT q rKpTT, µTT q

rHpT, µT q rKpT, µT q.

rρpTT,µTT q

rHpµT ,mT q
V
rρpµT ,mT q rKpµT ,mT q

rρpT,µT q

Then the above pseudonaturality square is

paHT, aH0 T, a
H
1 T q paKT, aK0 T, a

K
1 T q

paH , aH0 , a
H
1 q paK , aK0 , a

K
1 q

prρT,rρ1T q

pHµT , rHmT q
V
rρpµT ,mT q pKµT , rKmT q

prρ,rρ1q

In particular, we have an isomorphism

HTT KTT

HT KT

rρT

HµT
V
rρpµT ,mT q KµT

rρ

and we define ρ to be the composite

ρ “ H HT KT
HηT rρ
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and ρ1 to be the pasting

SH SHT SKT

SHT SKTT

SKT KTT

HT HT KT.

HTT KTT

SHηT

SHηT

Srρ

1

V
rρ1

SKηTT

1
V
SKtT

aH

aKT
SKµT

aK

V
rKmT

´1

KµT

1

HηTT

V

HtT
´1

rρ
V

rρ´1
pµT ,mT q

HµT

rρT

KµT

It is then easy to check that pρ, ρ1q is indeed a morphism from pH,χ, χ0, χ1q to pK,κ, κ0, κ1q.

Given

X T Y S,

rH

rK

rρ óV ó rσ
rτ

we have the equality

rHpTT, µTT q rKpTT, µTT q

rHpT, µT q rKpT, µT q

rρpTT,µTT q

rHpµT ,mT q

V
rρpµT ,mT q

rKpµT ,mT q
rρpT,µT q

rσpT,µT q

V

rτpT, µT q

“

rHpTT, µTT q rKpTT, µTT q

rHpT, µT q rKpT, µT q.

rρpTT,µTT q

rσpTT,µTT q

V

rτpTT, µTT q

rHpµT ,mT q rKpµT ,mT q

rσpT,µT q

V
rσpµT ,mT q
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In particular, we have the equality

HTT KTT

HT KT

rρT

HµT

V
rρpµT ,mT q

KµT

rρ

rσ

V

rτ

“

HTT KTT

HT KT

rρT

rσT

V

rτT

HµT KµT

rσ

V
rσpµT ,mT q

where we put rτ “ rτpT, µT q. Thus, if we define τ to be

τ “ H HT KT,
HηT

rρ

rσ

V
rτ

we have defined

pX , T q pY , Sq.

pH,χ,χ0,χ1q

pK,κ,κ0,κ1q

pρ, ρ1q óV ó pσ, σ1q
τ

That ΦpX ,T q,pY ,Sq is a biequivalence follows from [69], see in particular Theorem 3.5.

Remark 11.4.1. With the above assignments, the homomorphism

Φ : LIFTpKq Ñ TRANSpKq

is a triequivalence. This will allow us to work with TRANSpKq in place of LIFTpKq: given
a pseudomonad p rH, rσ, rν, rs,rt, rmq in TRANSpKq, the image of this pseudomonad under Φ
is again a pseudomonad. This new pseudomonad consists of data and axioms in K that
are necessary and sufficient to reconstruct p rH, rσ, rν, rs,rt, rmq, i.e., these are the data that
describe in an elementary manner what a wreath is.

11.5 Elementary description of wreaths
We have already introduced wreaths in Gray-categories in Section 11.2. However, the
definition of a wreath from Definition 11.2.2 is very abstract and does not immediately
show the data that are needed in K in order for a wreath of a 1-cell H : X Ñ X around
a pseudomonad T on X to exist. In this section we remedy the situation and give an
elementary description of wreaths.

The approach is straightforward. Since LIFTpKq » TRANSpKq and a wreath in K is
a pseudomonad in LIFTpKq, a wreath is equivalently a pseudomonad in TRANSpKq. We
will unveil the definition of a pseudomonad in TRANSpKq; this will be what we call an
elementary description of a wreath in K.

To give a wreath in K is to give the following data from TRANSpKq:
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1. An object pX , T q. This amounts to specifying the monad around which the wreath
acts.

2. A 1-cell (a transition)

pX , T q pX , T q,
pH,χ,χ0,χ1q

i.e., a 2-cell

χ : TH ñ HT

in K, and 3-cells

H TH

HT

ηTH

HηT

V
χ0

χ

and

TTH THT HTT

TH HT

Tχ

µTH
V
χ1

χT

HµT

χ

satisfying the transition coherence conditions. The choice of a transition specifies,
among other data, the 1-cell H : X Ñ X . Thus in our case we have a wreath of H
around T . Observe that the data χ0 and χ1 play the role of the transition axioms
from the ordinary case.

3. Transition morphisms

pX , T q pX , T q

p1,1,1,1q

pH,χ,χ0,χ1q

ó pσ, σ1q

and

pX , T q pX , T q,

pH,χ,χ0,χ1q¨pH,χ,χ0,χ1q

pH,χ,χ0,χ1q

ó pν, ν1q

i.e., 2-cells

σ : 1 ñ HT, ν : HH ñ HT
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in K together with 3-cells

T THT

HTT

T HTT HT

Tσ

1
V
σ1

χT

HµT

σT HµT

and
THH THT

HTH HTT

HHT HTT HT

Tν

χH

V
ν1

χT

Hχ HµT

νT HµT

satisfying the transition morphism coherence conditions. Observe that σ and ν are
precisely the 2-cells σ and ν from the ordinary setting, where σ and ν were subject
to equations σ1 and ν1.

4. Isomorphism 3-cells

t :

¨

˚

˚

˚

˚

˚

˚

˝

pX , T q pX , T q

pX , T q

pH,χ,χ0,χ1q

pH,χ,χ0,χ1q

ñ
pν, ν1q pH,χ,χ0,χ1q

p1,1,1,1q

ñ

pσ, σ1q

˛

‹

‹

‹

‹

‹

‹

‚

V

¨

˚

˚

˚

˝

pX , T q pX , T q

pH,χ,χ0,χ1q

pH,χ,χ0,χ1q

ó id

˛

‹

‹

‹

‚

,

s :

¨

˚

˚

˚

˝

pX , T q pX , T q

pH,χ,χ0,χ1q

pH,χ,χ0,χ1q

ó id

˛

‹

‹

‹

‚

V

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

pX , T q pX , T q

pX , T q

pH,χ,χ0,χ1q

pH,χ,χ0,χ1q

ñ
pν, ν1q

p1,1,1,1q

ó pσ, σ1q

pH,χ,χ0,χ1q

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,
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and

m :

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

pX , T q pX , T q pX , T q

pX , T q

pH,χq

pH,χq

ñ
pν, ν1q

pH,χq

pH,χq

ñ
pν, ν1q

pH,χq

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

V

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

pX , T q pX , T q

pX , T q

pX , T q

pH,χq

pH,χq

pH,χq

ñ
pν, ν1q

ñ
pν, ν1q

pH,χq

pH,χq

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

i.e., transition 2-cells

H HTH HHT

HTT

HT,

σH

HηT

Hχ

V
t νT

HµT

HHT H

HTT

HT,

νT

Hσ

HηT

Vs

HµT

and

HHH HHT

HTT

HTH HHT HTT HT,

Hν

νH
V
m

νT

HµT

Hχ νT

HµT

subject to the transition 2-cell coherence conditions. These cells correspond to the
wreath monad equations from the ordinary setting.

These data are subject to the pseudomonad equations (recall Definition 8.1.2):
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1. The unit coherence condition: the diagram

HH HHTH HHHT

HHTH HHTT

HTTH HTH HHT HTT HT

HσH

HHηT

HηTH

HσH

V
Hχ0

´1

HHχ

V
Ht HνT

νTH
V
sH HHµT

HµTH Hχ νT HµT

is equal to the diagram

HH

HHTH HHHT HHTT HHT

HTTT HTT

HTTH HTHT HHTT HTTT HTT

HTH HHT HTT HT.

HσH

HHχ

νTH
V
νχ
´1

HνT

νHT
V
mT

HHµT

νTT
V
νµT

´1
νT

HTµT

HµTT

V
HmT

HµT
HTχ

HµTH
V
Hχ1

HχT νTT

HHµT
V
νµT

HµTT

HTµT
V
HmT´1 HµT

Hχ νT HµT
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2. The associativity coherence condition: the diagram

HHHH HHHT HHTT HTTT

HTHH HTHT

HHTH HHTT HTTT HTT

HHHT HHTT HHT HTT HT

HTHT HTTT HTT

HHTT HTTT

HHν

νHH
V
νν
´1

HνT

νHT

V
mT

νTT

HµTT
HTν

HχH

V
Hν1

HχT

HHχ

νTT

HHµT
V
νµT

HµTT

HTµTV
HmT´1

HµT

HνT

νHT

V
mT

HHµT

νTT

νT

V

νµT
´1

HµT

V

HmT

HχT

HTµT

HµTT

HµT

νTT

HµTT
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is equal to the diagram

HHHH HHHT HHTT HTTT HTT

HTHH HHTH HHT HTT

HHTH HTTH HHHT HHTT HTTT

HTHT

HTTH HTH HHTT HTTT HTT HT.

HHT HTT HTT

HHHT HTHT HHTT HTTT

HHν

HνH
νHH

HνT

V
Hm

νTT

HHµT

HµTT

HTµTV

νµT

HµT

HχH
HHχ

νTH

νT

V

νµT
´1

HµT

V
HmT´1

V
HmT

νTH

V
mH

HHχ

HTχ

V
νχ
´1

HµTH

HνT

νHT

HHµT

νTT

V
mT

HTµT

HµTT

HχT

HµTH

HTχV
νχ

Hχ

V
Hχ1

V
Hχ1

´1

νTT

HHµTV
νµT

HµTT

HTµT

HµT

νT

HµT

V

HmT´1

V HmT

HµT

νTH HχT

HHµT

νTT

V νµT
´1

HµTTHTµT

Remark 11.5.1. Let us comment on the nature of the above coherence conditions. For
example, the first diagram of the associativity coherence conditions for a pseudomonad
pT, η, µ, s, t,mq is the diagram

TTT TT

TTTT TT T.

TTT TT

Tµ

µT

V

µTµ
´1

µV

m
TTµ

µTT

µ

V

m

µT

Tµ

µ

Due to the lack of honest associativity of composition in TRANSpKq, we need to decom-
pose the above diagram into 3 parts.
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1. The first (“upper”) part is

TTT TT

TTTT TT T.

Tµ

µT

µV

m
TTµ

µ

2. The second (“middle”) part is

TTT

TTTT TT T.

TTT

µT

V

µTµ
´1

TTµ

µTT

µ

Tµ

3. The third (“lower”) part is

TTTT TT T.

TTT TT

µTT

µ

V

m

µT

Tµ

µ

These three parts correspond to the following diagrams, respectively:

1. The upper part:

HHHH HHHT HHTT HTTT

HTHT

HHTT HTTT HTT

HT.

HHν HνT

νHT

V
mT

νTT

HµTT

HχT

νTT HµTT

HµT
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2. The middle part:

HHHH HHHT

HTHH HTHT

HHTH HHTT

HHHT HHTT HHT HTT HT.

HHν

νHH
V
νν
´1 νHT

HTν

HχH

V
Hν1

HχT

HHχ HHµT

HνT HHµT νT HµT

3. The lower part:

HHHH HTHH HHTH HHHT HHTT HTTT

HTHT

HHTT HTTT HTT HT.

νHH HχH HHχ HνT

νHT

V
mT

νTT

HµTT

HχT

νTT

HµTT HµT

Then one uses the associators

HHTT HTTT HTT

HHT HTT HT

νTT

HHµT
V
νµT

HµTT

HTµTV
HmT´1

HµT

νT HµT
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for the above three diagrams (parts) to be composed. Whence comes the resulting diagram

HHHH HHHT HHTT HTTT

HTHH HTHT

HHTH HHTT HTTT HTT

HHHT HHTT HHT HTT HT.

HTHT HTTT HTT

HHTT HTTT

HHν

νHH
V
νν
´1

HνT

νHT

V
mT

νTT

HµTT
HTν

HχH

V
Hν1

HχT

HHχ

νTT

HHµT
V
νµT

HµTT

HTµTV
HmT´1

HµT

HνT

νHT

V
mT

HHµT

νTT

νT

V
νµT

´1

HµT

V

HmT

HχT

HTµT

HµTT

HµT

νTT

HµTT

The rest of the diagrams is generated by a similar process.

Remark 11.5.2. The approach we used in this chapter to obtain an elementary descrip-
tion of wreaths can be used to obtain descriptions of other interesting structures. For ex-
ample, one could define a KZ-wreath to be a KZ-pseudomonad in TRANSpKq; or we could
consider subtricategories of LIFTpKq and TRANSpKq spanned by KZ-pseudomonads, and
try to obtain simplified descriptions of wreaths around KZ-pseudomonads, or KZ-wreaths
around KZ-pseudomonads. We leave these investigations for future work.
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