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ABSTRAKT

Super Resolution Optical Fluctuation Imaging (SOFI) je nova mikroskopickd metoda ktera umoziuje
ziskat obraz ve vysokém rozliseni, jez prekonava limit dany difrakci svétla. Photobleaching, ktery vede
k postupné redukci intenzity snimaného signalu v ¢ase, omezuje kvalitu vysledného obrazu, a proto
predstavuje pro SOFI zpracovani narocny ukol. Cilem této prace je vyvinout algoritmus pro efektivni
korekci photobleachingu pomoci digitalni filtrace. Prace predklada prehled super-resolution metod
s dlrazem na SOFI a photobleaching. V teoretické ¢asti prace jsou dale uvedeny nezbytné zaklady
digitaini filtrace. V ramci prace bylo navrieno a implementovano pét novych algoritm( pro korekci
photobleachingu a porovnano se soucasnymi metodami. Jako nejlepsi se ukazaly navrzené algoritmy
zalozené na filtraci pomoci 1. fadu lIR Butterworth filtru typu horni propust a odecteni stfedni hodnoty
signalu, vypoctené pomoci FIR filtru klouzavého prliméru. RovnéZ byl vyvinut novy optimalizacni
algoritmus pro automaticky vybér nejvhodnéjsich parametr( daného filtru. NavrZené algoritmy pro
potlaceni photobleachingu umoznuji dosahnout SOFI obrazkd vyssich fada a zobrazit tak detaily, které
jsou s vyuzitim soucasnych metod pro korekci photobleachingu nerozeznatelné.

ABSTRACT

Super Resolution Optical Fluctuation Imaging (SOFI) is a recent microscopy method which allows one
to obtain a high-resolution image beyond the diffraction limit of light. Photobleaching, which results
in a reduction of the intensity of the acquired signal over time, limits the quality of the final image and
therefore represents a challenging tasks for SOFI processing. The goal of this work is to develop an
effective algorithm for the correction of photobleaching effect based on digital filtering. Thesis
presents an overview of the current super-resolution methods with emphasis on SOFI and
photobleaching. Essential basis of digital filtering is also provided in the theoretical part of the work.
Five bleaching correction algorithms were developed in this work and compared with the state-of-the-
art methods. Proposed algorithms based on the 1% order high-pass IIR Butterworth filter and the
moving average subtraction provided the best results superior to the tested state-of-the-art
algorithms. An novel optimization algorithm was introduced to automatically select the best filter
parameters. The proposed bleaching correction algorithms enable us to achieve higher order SOFI
images which contain previously unobservable details.
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1 Introduction

The term super-resolution (SR) microscopy represents methods capable of overcoming the diffraction
limit of light. Trying to observe things smaller than about the half of the wavelength of light is
challenging due to the diffraction limit specified by Erns Karl Abbe [1]. The maximum resolvable size is

definedas d = /1
2nsin(a)

of the optical objective lens. The formula nsin(a) can be represented as the Numerical Aperture (NA)
which characterizes the lens used. Modern lenses have NA between 1.3 — 1.5. The resolution of a
standard modern microscope is therefore approximately 0.25um laterally. Although shorter
wavelength could be theoretically used, they are impractical for use in cell biology, as they are not
compatible with the cell samples.

where n is the refraction index of the observed medium and a is the half-angle

Because of the diffraction limit, a single light-emitting point observed by a circular optical lens system
is visible as an Airy’s disc. The visible result of such a point is a 2D impulse response of the system,
known as the Point-Spread Function (PSF).

Figure 1 PSF example showing the maximum light intensity (center) along with local minimums and maximums from a
single light source. As a result, light emitters are no longer observed as a single points.

As can be seenin Figure 1, the PSF has multiple minimums and maximumes, although most of the energy
resides in the first maximum. Therefore in commonly used widefield microscopes, the PSFs can be
modeled as a single peak 2D Gaussian function [2]. The difference between the ideal and real widefield
sample is simulated in Figure 2.
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Figure 2 Ideal representation of light emitters (a). Real (Blurry) representation of light emitters due to the convolution
with the PSF of the optical system (b).

The above mentioned process in Figure 2 can be mathematically described by a 2D convolution. Given
an ideal Image F(x,y) (Figure 2 a ) and a convolution kernel H(x,y) — PSF in our case, the resulting Image
G(x,y) (Figure 2 b) can be obtained as:

GGy = ) D FG)HE—iy=j) = F+H (1)

i=1j=1

Where * denotes convolution and [x, y, |, j] are indexes. The Fourier representation of the PSF is a
complex Optical Transfer Function (OTF). OTF is further described by the Modulation Transfer Function
(MTF) and Phase Transfer Function (PTF). Both of these functions represent the ability of an optical
system to transfer spatial frequencies to the image plane at a specific resolution. A good optical system
has a wide OTF, so that it can transfer even higher spatial frequencies containing image details [3] [4].



2 Super Resolution Methods

2.1 Structured lllumination Microscopy

In Structured illumination Microscopy (SIM), higher resolution image is reconstructed from multiple
samples illuminated using various illumination patterns. By doing so, the higher spatial frequencies
(containing image details) are converted into lower-frequencies, where the information can be
acquired. The process is shown in Fourier space in Figure 3.

(d)

(b)

Figure 3 lllustration of the generalized procedure for SIM reconstruction in the Fourier space. (a) Shows the standard
Fourier transform of a widefield image with uniform illumination and (b) with structured illumination. The arrows at (b)
represents high frequency information that has been copied into lower frequencies. Acquiring three images at different
phases of the illumination pattern for each of three rotations of the pattern allows one to compute the spectral
components in (c). Shifting each component to its proper position in Fourier space results in an image (d) with
approximately twice the frequency radius compared to the conventional image [5].

High resolution image can be reconstructed from multiple low resolution illumination patterned

images using various algorithms combining spectral components in Fourier space [6] [7] [8] or using
the Bayesian framework [9] [10]. More about SIM algorithms can be found in [11] [12] [13].

2.2 Stimulated Emission Depletion

Stimulated Emission Depletion (STED) is a method requiring a special equipment in the form of 2
precise pulse lasers, which excite and then stimulate fluorescent emission of the examined fluorescent
sample. Due to its principle, STED is relatively slow, as it has to scan the sample piece by piece. On the
other hand, its resolution is high (~60nm) and generally depends on the emitting intensity of the lasers

[1]:

Imax
d =d. |1+
sted Isat (2)
e d Standard confocal microscope resolution.

® l,ax Maximum intensity in the center of the reduction beam (second laser).
e [t Intensity, when the quantum yield is halved due to the stimulated emission [14].

The first laser is responsible for excitation of the sample (Figure 4 left), while the second laser for
deactivating surrounding area (Figure 4 center). Due to its complexity and the need for keeping the
lasers synchronized, the STED system is generally quite expensive. A simpler method known as
Continuous-Wave STED (CW-STED) has been developed [15]. Unlike the classical STED, CW-STED uses
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continuous excitation of the sample, but its results have generally slightly worse resolution in
comparison with the standard STED.

*]O] -

Figure 4 STED’s Excitation focus | STED’s deexcitation focus | Remaining fluorescence distribution [16]

2.3 Single molecule localization microscopy (SMLM)

Stochastic Optical Reconstruction Microscopy (STORM) [17], Photo-Activation Localization Microscopy
(PALM) [18] and Fluorescence Photo Activation Localization Microscopy (FPALM) [19] are considered
as single molecule localization microscopy (SMLM) methods. They are based on an assumption, that
two fluorescent molecules closer than the diffraction limit are not emitting light at once and that their
PSF do not overlap. Each of these methods requires the sample to be labeled by a fluorescent dye.
Most of the fluorophores are held dark and activated and or deactivated on demand with a laser. The
precision of the localization depends on the number of photons N collected from a single emitter and
the full width at half maximum (FWHM) of the PSF [19], [20]:

AFWHM

VN

I

d (3)

The principle of these methods is shown in Figure 5, where a group of molecules is switched from the
off state (dark state) to the on state (bright state) and their positions are recorded. The process is
repeated with the next group of molecules until all fluorophores and their positions are successfully
captured. The drawback of these methods is that they are time-expensive and not suitable for fast
biological dynamics.

1. Photoswitching 3. Temporal separation

Dark state

Nl
=g /‘\ -
/I\‘/v e
7N
Bright state

2. Single-molecule localization

Figure 5 STORM Principle: Molecules are switching between 2 distinguishable (on/off) states (1). Such molecules are
localized with a known PSF (2). Nearby molecules are separated in time (3). [21].
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3 SOFI

Super resolution Optical Fluctuating Imaging (SOFI) is a super resolution method based on calculation
of higher order statistics (namely spatio-temporal cross cumulants) from the input image sequence
[22]. A standard CCD/CMOS camera and a widefield microscope can be used to acquire an image
sequence of a sample. Both 2D and 3D image series can be acquired, allowing SOFI to improve the
resolution in all 3 spatial dimensions [22], [23]. In this work however, | will focus on 2D SOFI processing
only. A simplified 2D image sequence is shown in Figure 6. The acquired image is in fact a 3D image
stack with the 3™ dimension being the time.

Figure 6 SOFI Image capture demonstration showing the time series of simple 2D images

SOFI is using fluorescently labeled samples where the fluorophores have to exhibit at least 2 optically
distinguishable states (on-off) [22] . The sample is excited by a source of light and then captured by
camera. Because it takes some time for the fluorophores to blink randomly after excitation, it is almost
always necessary to remove some frames at the beginning captured just after excitation. The present
process of calculating a high-resolution SOFI image may include photobleaching correction and
molecule drift correction. After these corrections, SOFI image is constructed (Section 3.1). Finally a
deconvolution can be applied to further enhance the image.



3.1 SOFI principle

Let us assume a sample composed of N independently fluctuating emitters located at positions 1, and
having a time-dependent molecular brightness g, 53 (t) , where g is the constant molecular brightness
and s (t) is the time-dependent fluctuation.

N
PIGEEDEAG @
k=1

We further assume, that the position of emitters doesn’t change over time. Molecule drifts can be
corrected before calculating SOFI Image. Additional assumption includes that the PSF doesn’t vary
locally although even this can be taken into account. The Fluorescent signal at position r and time t
F(r,t) is the result of convolution of all the emitters with the system’s PSF U(r) [22]:

N
F(r,t) = Z U(r —ry). &5, (t) (5)
k=1
The fluctuations can be further expressed as zero-mean fluctuations [22]:

SF(r,t) = F(r,t) — (F(r,t)),
= Z U(T - T'k).gk [Sk(t) - (Sk(t))t]
4 (6)
= Z U(T' - Tk). Ek SSk(t)
k

The second order autocorrelation function G;(r,t)is then given by [22]:

Gy(R,t) = (6F(r,t + 1)6F(r, 1))

= z U(r —r;).U(r —1y,). €. &(8s;(t + T) 51 (D))
ik (7)

= Z U?(r —1}). &2 (85 (t + 1), (D))
Tk

In Eq. (7), we have assumed,,that the emission of different emitters is not correlated in time, so that
all cross terms (Js;(t + )85y (t)) with j # k vanish [22]. The second order autocorrelation function
becomes a sum of squared PSF weighted by molecular brightness &, and molecular correlation
function (8s, (t + 1), (t)). We further assume the PSF to be 2D Gaussian function defined as [24] :

(x—x0)2+ (y—YO)2>

f(x,Y) — A€< 20‘% 20'32, (8)

Taking Eq. (8) to the second power yields a resolution improvement by a factor of v/2 as shown in
Figure 7 for a 1D case. The 2" order autocorrelation function resulted in v2 resolution improvement.
Higher orders can be used to further increase the resolution of a SOFl image, they are however no
longer considered correlations, but rather cumulants. Unlike higher order correlations, higher order
cumulants contain only the N*' power of the PSF and no lower order cross terms which would hamper
the resolution enhancement. Additional information about the cumulant calculation can be found for
example in [22].
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Figure 7 Normalized 1D Gaussian function raised to the Nt power. With increasing power (i.e. order of the SOFI analysis)
the PSF shrinks by a factor of v/N. It can be seen that 4" order leads to 2 times resolution improvement compared to the
first order.

3.2 Fluorescence and photobleaching

Fluorescence represents the emission of photons by atoms or molecules that were previously excited
by external radiation into higher emission states. In Niels Bohr’s atom model, electrons are located
only in specific orbits around the center. The higher the distance from the center, the more energy
they have. Under specific circumstances (external excitation), they can eventually reach orbits with
higher energy states. Once they reach the excitation state, several process can occur which among
them, fluorescence is the most important. The diagram showing these process is depicted in Jablonski
Diagram in Figure 8.

A
C Sz )
Internal Conversion A
C S, ) C S, )
\ e 5, )
InterSystem Crossing
Energy
C Sa )
Excitation

Fluorescence

Phosphorescence

C Sg )

Figure 8 Simplified Jablonski diagram showing the processes that may occur after excitation of a molecule. The model
consist of 3 energy states and several processes: Violet — External Excitation, Green — Internal Conversion, Red —
Fluorescence, Light Blue - Intersystem Crossing from singlet state into the Triplet State and the dark red -
Phosphorescence.



Photobleaching is an irreversible process in which a fluorescent dye or a fluorophore molecule loses
the fluorescence due to photochemical reactions and or cleaving of covalent bonds. [25, p. 228]. The
cleavage happens when the molecule enters the triplet state from excited singlet state, during which
it can interact with nearby molecules and cleave the covalent bonds. Because the triplet state is long-
lived in respect to the singlet state, the cleaving has much more time to interact with the nearby
molecules [25, p. 229]. The average number of excitation and emission states depends on the used dye
and molecular structure of the sample [25, p. 229]. However it always leads to a situation, where a
camera with a given quantum efficiency is able to absorb decreasing number of photons, leading to
darker and darker images as the time goes by. This is a serious problem in time-lapse microscopy such
as SOFI. The effect of photobleaching is clearly visible in Figure 9 taken from [26].

Figure 9 Hela cells - (A) shows the initial intensity of the fluorophore, while panel (B) shows the photobleaching that
occurs after 36 seconds of constant illumination [26].

3.3 Bleaching correction
There are currently 2 methods that can be applied to suppress the photobleaching effect in SOFI:

e Division into subsequences
e Inverse exponential fitting

For SOFI, an image sequence is required which usually consists of thousands of images acquired over
time. If we assume the photobleaching effect to be neglectable over a “short” time span, the raw image
sequence can be split into sub sequences (of usually hundreds of images) which are processed
separately. The resulting SOFI images from all the sub sequences are then averaged to obtain the final
SOFI image. This method however limits the attainable resolution improvement, because higher
cumulant orders do need longer sequences, so that they have enough blinking events of the emitters
for the high-resolution image reconstruction.

The inverse fitting method assumes the photobleaching effect to have an exponential character i.e.
the intensity of the emitters exponentially decreases in time as shown in Figure 10 where the mean
trace of a simulated 2D Stack of 3000 images is computed along with the exponential fit curve in form
of Eq. (9) where coefficients a, b and c are calculated based on the Least Mean Square Error (MSE).

—X
a.e®) +c (%)

Eqg. (9) can be slightly changed to bi-exponential formula as stated for example in [27]. The overall
inverse fitting algorithms however always assume the photobleaching effect to have the exponential
character. During this procedure, all pixels are treated the same way, causing black noisy pixels to
increase the signal intensity and decrease the overall quality of the image. The exponential curve can
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be alternatively created pixel-wise, but this method is extremely computationally demanding.
Moreover its results are not completely satisfying. Comparison with the moving average subtraction
technique (later explained in Section 6.2) can be found in Appendix A, Figure 54 and Figure 57.
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Figure 10 Mean trace of simulated data set showing the Figure 11 Influence of b - coefficient from Eq. (9) on the
photobleaching effect and its exponential fit curve. signal's PSD. Model with sampling frequency f; = 8000 Hz.

Assuming the exponential characteristics of the photobleaching, we can investigate the spectrum of
such a signal using the Fourier transform. First of all, the ¢ — coefficient represents just a DC offset and
can be ignored as it does not have any real impact on the signal itself. We can now take a look at the
two other remaining coefficients a, b (assuming both are positive):

fae_% e"l2nftgy = _ba (10)
' 2inbf + 1
0

The a — coefficient act as a “spectrum multiplier “. The lower the coefficient is, the lower Power
Spectral Density (PSD) of the signal we can expect. The b — coefficient, sometimes referenced as the
exponential decay, is a bit more problematic. If we take the limit of f — oo in Eq. (10), the PSD at the
infinite frequency goes to zero, however because the real SOFI images tend to have sampling
frequency around 100 Hz and because the b — coefficient varies in practice in the order of thousands,
we cannot ignore it completely. The chart in Figure 11 shows the influence of various b-coefficients on
the PSD.

With increasing b, the PSD of the signal decreases and most of the signal power tends to be located at
the DC (the zero frequency). There are 2 main results from this investigation:

e Photobleaching can be filtered in frequency domain using custom high-pass filters.
e Photobleaching cannot be removed completely due to the exponential shape of its PSD.



4 Filters

In this chapter, we will take a look at the most common analog and digital filters with different
properties, approximations and design strategies. Filters are used in signal processing for suppression
of unwanted frequencies and can be found almost in every electronic component in various forms.
From the frequency point-of-view, they can be divided into the following categories (Figure 12):

e Low-pass (LP) filters e Band-stop filters
e High-pass (HP) filters Multi-band (pass/stop) filters
e Band-pass filters

12 T
I High-Pass
1 [ Low-Pass
08 1
Eosf 1
[
o
0.4 1
02 1
) 1 L L L L L L | 1
] 0.1 0.2 0.3 0.4 05 06 07 0.8 08 1
Normalized frequency x  rad/sample
1.2 T T T T T T T
:Band-F'ass
1 -Band-slﬂp
0.8 1
Eos .
[
o
0.4 1
0.2 1
) | | | | . | | |
] 0.1 0.2 0.3 0.4 05 06 07 0.8 08 1

MNormalized frequency x = rad/sample

Figure 12 Basic filter types from frequency-domain point of view. Low-pass and high-pass filters (top) with normalized cut-
off frequency of 0.5 it rad/sample. Band-pass and band-stop filters (bottom) with normalized cut-off frequencies of 0.3
and 0.7 it rad/sample.

Each filter has at least 1 passband, 1 stopband and 1 transition band. Signal composed of multiple
frequencies in the passband range of the filter passes through unattenuated while frequencies in the
stopband of the filter are not allowed to pass. Ideally, there would be no such frequencies in the filter’s
output, however real filters always just attenuate the unwanted signal. The attenuation is not infinite
and depends on the filter’s design. The last part of each filter’s frequency prototype is the transition
band. This is a band that must be sacrificed for real filter design. This will be explained later, but for
now it is sufficient that the transition band should be usually as narrow as possible.

Each filter can be described by a general operator H and an input-output (I0) formula [28]:

y = H[x]

X

Figure 13 General discrete system with x and y representing the input and output signals. H is a general operator.

(11)



In Figure 13, y is the output of the system, H is the system’s operator and x is the system’s input.
Further in this work, we will assume 2 important properties of these systems.

e  LINEARITY
e  TIME—INVARIANCE

Linearity can be understood so that the principle of superposition can be applied to obtain the output
signal. The time-invariant property means that the system’s response doesn’t change with time, e.g.
we obtain the same result in time t1 as in time t, where t; # t,. If the system is both linear and time-
invariant, we say it's an LTI system.

4.1 Impulse response

Impulse response is the output of any arbitrary previously relaxed LTI system excited by a unitary pulse.
The impulse response h(t) is one of the main filter charasteristics. Its knowledge is crucial in
determining the system’s stability and causality, which will be described later in Section 4.3 and 4.4.
Given the knowledge of h(t), we can construct the IO relationship as follows [29]:

Continuous time: y(t) = ffooo x(D)h(t —1)dr
Discrete time: ylk] = X _ o x[k]h[k — i] (12)

The integral in Eq. (12) is also known as the convolution integral and the expression can be written as:

y(@) = x(t) * h(t) (13)

Impulse response defines what delay is needed for the filter to work as intended. This delay is generally
defined as the length of the impulse response due to the convolution formula in Eq. (13), which in case
of Finite Impulse Response (FIR) filters corresponds to the number of delay blocks they have.

4.2 Transfer function

Transfer function of the system (i.e. the frequency response) is defined as the Fourier transform of the
filter’s impulse response.

H(w) = J h(t)e /@t dt (14)
If we further apply the convolution property of the Fourier transform onto Eq. (13) we get:

Y=HX (15)

In Eq.(15) H and X are the Fourier transformed impulse response and the signal, respectively. This is a
commonly used formula for system description in frequency domain. In fact most signal processing
tasks can be processed in the frequency domain (including digital filtering) taking into account the Fast
Fourier Transform (FFT) that is just a fast numerical method for solving the Discrete Fourier Transform
(DFT). Because of the discrete implementation of convolution, Eq. (15), must be processed in Fourier
space with additional zero-padding to avoid border problems.

4.3 Stability

A system is stable, if the improper integral from its impulse response h(t) converge to a finite number:
Continuous time [30]: JZ h@®]dt < oo
Discrete time  [30]: Colh[k]| < o

(16)



As a consequence, any Finite Impulse Response (FIR) filter is stable and stability condition has to be
evaluated only in case of Infinite Impulse Response filters (lIR). An integrator circuit shown in Figure
14 is a classic example of an unstable system.

X[k] Y[k]

Figure 14 Discrete Integrator with a difference equation of Y[k] = Y[k] + X[k] is a standard example of an unstable system.

4.4 Causality

The system is causal if its impulse response starts at time t, = t;. Where t; is the time, when the
system is beeing excited by an impulse. In other words, the system cannot produce anything until the
excitation signal reaches its input. Examples of causal and non-causal impulse responses are shown in

Figure 15.

Continuous time [30]: h(t) =0t <0
Discrete time  [30]: hlk]=0]k <0
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Figure 15 Example of a causal impulse response (a) and non-causal impulse response (b) — cannot be realized.

We can now determine why ideal filters cannot be constructed. The ideal filter’s transfer function
H(w) isin the shape of a rectangle with a single passband and a single stopband without any transition
bands. The required impulse response fur such an ideal filter is according to Eqg. (14) the inverse Fourier

Transform of the frequency response. By using Fourier Transform identities from [31], we can obtain
sin(t)

the formula for such an impulse response: h(t) = .

We can see, that the function runs toward infinity on both sides, this would require the filter to have
infinite impulse response at first (which is still possible), but also to take into account all samples from
the past (t < 0), including samples from —co. This is of course impossible and such a system cannot be
constructed. We say that such a system is non-causal.

4.5 Digital filters

This chapter describes the design, types and properties of digital filters. Although analog filters will be
used across this chapter as well, their intention is to show standard design procedures.



Using a Z transform, a digital filter can be described by a discrete polynomial representation of a
transfer function. More about the Z-Transform can be found in [28] [32] [29] [31].

-1 .. -n
Hlz] = Y[z] _ by + blz_ + -+ bnz_ (18)
X[z] ap+a;z7t+-+ayz

The discrete transfer function can be further factorized to obtain [28, p. 156]:

H[z] = bo(z—q1)(z—q3) ...(z — qp)
(z—p1)(@Z—p2) ..(z—Dn)

(19)

Where g4, g5 ... q are the Zeros and pq, p, ... p, are the Poles of a filter’s transfer function. Finite
impulse response filters (FIR) have only zeros and are therefore represented by the b-coefficients. On
the other hand, infinite impulse response filters may contain both zeros and poles. The filter’s stability
can be evaluated using a zero-pole plot (Z plane), which is a complex plane with position of all the
filter’s zeros and poles.

4.5.1 Finite impulse response filters

Finite Impulse Response filters are always causal and stable. Their order corresponds to the number of
delay blocks. They are easy to implement and design and their structure always copy the structure
shown in Figure 16. | will further describe the standard procedure of designing a high-pass FIR filter
known as windowing.

X[k]

bo bZ

Y[K]

Figure 16 Simple FIR Filter structure with 2 delay blocks and 3 coefficients. Higher orders are created by adding additional
delay blocks and multiplier sections. The design of such a filter always end up by choosing the correct coefficients, which
are in most cases related to window functions used for the filter design.



Blackman-Harris window [33]

2 4 6m
W(n):ao—alcos(N_ )+a2cos( )—a3cos( )

1 N-1 N-1 (20)
ao = 0.35875 | a; = 0.48829 |a, = 0.14128 | a; = 0.01168
Blackman window [34]
W(n) =042 — 0.5 (2”">+008 dmn (21)
n) = 0.42 — 0.5 cos .08 cos
N-1 (N - 1)
Hamming window [35]
2nn
W(n) =0.54 —0.46 cos(T) (22)
Nuttall window [36]
_ 21 4r é6r
W(n) = ay — a, cos (N — 1) + a, cos (N — 1) — az cos (N — 1) (23)
ap = 0.363582 | a; = 0.489177 |a, = 0.136599 | a; = 0.010641
Hann window [37]
2nn
W(mn)=0501- COS(T)) (24)
Kaiser window [38]
2n 2
fo (’T“J 1-(7=1-1) ) 05)
Win) = Iy(ma)
I, ... 0™ Bessel function of the first kind « ... Modifies window shape
Gauss window [39]
- L)z 26
W(n) = e 2\"0N-D/2 (26)
Flat-top window [40]
W) = 2nn 4 4nn
n) = ap — a, cos (N — 1) a, cos (N — 1)
( 6mn ) 4 ( 8mn ) (27)
T v (4 COS| 7

ay = 0.215579 | a; = 0.416632 |a, = 0.2772632
| az; = 0.083579 | a, = 0.0069474
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Figure 17 Selected windows both in time domain (a) and Fourier space (b).

The design of an arbitrary FIR filter using the windowing technique follows the design of an ideal low-
pass filter with rectangular transfer function. As was mentioned earlier in Section 4.4, such a filter has
an impulse response with a shape of a sample function, which cannot be realized. Therefore the first
and necessary operation is to cut the impulse response on both sides to make it finite. Furthermore,
because such a result is still not causal, it needs to be shifted on the time axis so that it starts at t = 0.
Additionally, because the trim of the impulse response included a rectangular multiply, which is not
suitable for filter design due to its low 1° side lobe attenuation in the stopband of only 13 dB (see
Figure 19, where the rectangular window function is compared against other window functions),
additional weighting of the impulse response is usually required. This involves the multiply of an ideal
impulse response with a custom window function with better Fourier properties. The design is
therefore in most cases dependent on the window function used for final weighting of the impulse
response. These steps are illustrated in Figure 18, where the Hamming window function was used.

The definition of a discrete-time sample function follows [29]:

sin(w.[n — M])
hlk] = n(n—M)

M
| hlk] =2ft k € (=)

_N-1p e
M=—"1"=%

(28)

N = Number of window samples

Note that a FIR 30" order filter needs 31 window samples. The w,. in Eq. (28) is a normalized frequency
in range w, € (0,1) m rad/sample. The filter order can be increased by increasing the number of
samples taken from the sample function. The impact of increasing the filter order is shown in Figure
20. It is clear that the stopband is attenuated at -60dB with relatively low transition band.
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Figure 18 Process of transforming an ideal filter's impulse response (a) into a feasible time-shifted impulse response (b)
further weighted by a custom window function (Hamming) to create filter with better performance (c).
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Figure 20 Low-pass FIR filter with f. = 500 Hz and f; = 2 KHz.
Filter’'s impulse response is customized by Hamming

window function affects the final attenuation of the filter
in the stopband as well as the width of the transition band.

window. Increasing the filter order (N) results in a narrow
transition band, which is mostly a required attribute.

To design other filter types (high-pass, band-pass, band-stop), one would also have to start with a low-
pass design and then transform it into the selected filter type. Because the primary goal of this chapter
was not to design a low-pass, but rather a high-pass filter for bleaching correction, the next step is to
transform the low-pass into the high-pass. This can be done by combining an all-pass filter (|H(w )| =
const = 1) with our designed low-pass filter. The high-pass is then the low-pass subtracted from the all-
pass and its impulse response is therefore inverted [41]:

_ —sin(w.[n — M])

h[k] = D) (29)

M
| h[k] =1 —2ft ke(3)
Example and comparison of the frequency and impulse responses are shown in Figure 21.
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Figure 21 Hamming 100t order digital FIR low-pass & high-pass designs with cut-off frequency f.= 500 Hz and sampling
frequency f; = 2 KHz. The inversion of both the Impulse response (a) and the frequency characteristics (b) is clearly visible.

4.5.2 Infinite impulse response filters
As we have seen in the previous examples, FIR filters do have some very important properties:

e Easyto design and implement (Consisting only of choosing the desired filter order and the right
window function).

e Always stable with a finite impulse response (They do not have any feedback and only finite
number of delay loops that specify the filter’s order).

The advantage of IIR filters over FIR filters lies in the fact that IIRs use both zeros and poles in filter
design, allowing them to have steeper transition between the pass and the stop bands. IIR filters need
lower orders to satisfy the design requirements. This feature is advantageous in situations where a
limited filter order must be implemented. (See Figure 22 for comparison).
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Figure 22 Single FIR and multiple IIR filter approximations comparison with a constant filter order showing that FIR filters
need higher orders to satisfy the design parameters. The cut-off frequency of 0.25 it rad/sample is equal for all filter types.



4.5.2.1 Butterworth IIR approximation
Butterworth is a special IIR filter with maximally flat characteristics in the passband. Its N* order low-
pass transfer function is defined as [28, pp. 65-76]:

1

N ~(S — S')
=i L
We can see, that the transfer function will always have N poles and no zeros. S; are the complex roots:

H(s) = (30)

2i—1
2N

2i—1
2N

S; = —sin (TL’ ) + icos(m ) (31)

The design starts as in the case of FIR filters with a normalized low-pass filter design followed by custom
frequency transforms and finally by conversion into digital domain. A prototype of such a filter is shown
in Figure 23 (a) along with its complex roots locations Figure 23 (b). The normalized low-pass filter can
be transformed into a different cut-off frequency low-pass filter or into the high-pass filter [32, pp. 81-
82]. An example is given in Figure 24 with a custom cut-off frequency f. = 6000 Hz.
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Figure 23 Normalized 10 order low-pass Butterworth filter transfer function (a) with its complex roots (b).
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Figure 24 Butterworth 10t order IIR filter with cut-off frequency of 6000 Hz. Both low-pass and high-pass versions.

Additional band-pass and band-stop transforms can be found also in [32]. Bilinear transform for
conversion from analog domain into the digital domain will not be discussed here. Additional
information can be found for example in [32, p. 86] or Appendix A, Figure 55.



4.5.2.2 Chebyshev IIR approximation

Chebyshev filters overall decrease the transition band by allowing the transfer function to ripple in the
passband (Chebyshev) or in the stopband (inverse Chebyshev). The general formula for the Chebyshev
transfer function follows [28, p. 771]:

1
14 €2TE (w)
Where €2 = 1010 — 1, r is the passband ripple in dB and Ty(w) is the N Chebyshev polynomial.
According to [32, p. 71] the polynomial can be easily generated using recursion formula:

|H(iw)|? = (32)

To(x) =1|Ty(x) =x

Tpi1(x) = 2xT, (%) — Tpoq1 (%) (33)

As can be seen from an example of 7™ order Chebyshev digital low-pass filter with allowed passband
ripple € = 10dB in Appendix A, Figure 52, the designed filter’s transfer function has a 10dB ripple in the
passband and no ripple in the stopband. The filter is stable according to its impulse response and its Z-
plane shows multiple zeros (point) and poles(cross) lying in the complex ring with absolute value less
than 1, which is also a criterion for the filter’s stability. If the allowed passband ripple is decreased to
a minimum, the Chebyshev filter becomes the Butterworth filter instead [42, p. 333].

4.5.2.3 Inverse Chebyshev IIR approximation
The only difference when comparing the inverse Chebyshev filter with the standard Chebyshev filter
is that its transfer function has a ripple € defined in the stopband. The transfer function formula for
the inverse Chebyshev filter is [32, p. 72] :

€2TZ (w)

. 2
G = a2 (34)

Where € is the allowed ripple in the stopband (i.e. the minimal attenuation in the stopband).
Chebyshev polynomials can be calculated the same way as in the case of Chebyshev filter design
(Section 4.5.2.2, Eq. (33)). A 7™ order low-pass digital inverse Chebyshev filter with stopband ripple €
= 40dB is in Appendix A, Figure 53 along with its impulse response and the Z plane.

4.5.2.4 Cauer (Elliptical) IIR approximation

Cauer filter or Elliptical filter combines properties from both Chebyshev designs, allowing ripple both
in the passband and the stopband. It has the sharpest transition between bands compared to the
previous IR filters. The general formula for the transfer function is given by [32, p. 73]:

1
. 2
IH )" = 1+ e2U%(w, L) (35)

Where € is the allowed passband ripple and Uy (w, L) is the Jacobian Elliptic function of N* order with
respect to parameter L containing the information about the relative heights of the ripples. Further
information about Cauer filter design can be found in [28, pp. 93-108] . A 7" order Cauer filter example
is given in Appendix A, Figure 56 showing the transfer function, impulse response and the Z plane.



5 Methods

| tested the proposed bleaching correction algorithms using 2 test samples of living Hela cells. Figure
25 shows widefield image (average of the image stack over time) of the vimentin of living Hela cells
labeled with Dreiklang fluorescent protein. The test samples were prepared and kindly provided by
Mr. Azat Sharipov and Dr. Stefan Geissbuehler (Laboratoire d'Optique Biomédicale, EPFL, Switzerland).
These samples were chosen as representatives of a typical photobleaching conditions in Dreiklang
labeled living cells.

(b)

Figure 25 Sample 1 (a), Sample 2 (b) widefield images with morgenstemning colormap [43].

Enhanced SOFI algorithms used in this work where kindly provided by Mr. Tomas Lukes (Laboratoire
d'Optique Biomédicale, EPFL, Switzerland & MMTG, FEL, CVUT, Czech Republic). Core of the SOFl image
processing algorithm is freely available at [44]. In this work, | developed a novel set of algorithms for
bleaching correction written in MATLAB. List of all functions can be found in Appendix B. All codes and
MATLAB models can be found on the attached DVD.

SAMPLE PREPARATION

Hela cells were transfected using FUGENE 6 transfection reagent (Promega). For each 1.5 cm2 well,
2 ml Fugene were incubated in 33 ml OptiMEM Reduced-Serum Medium (Life Technologies) during 5
min before the addition of 0.67 mg of the plasmid pMD-Vim-Dreiklang [45]. The solution then stayed
30 min at RT before it was carefully distributed over the cells. Cells were then put back into the
incubator and were left overnight before imaging [23].

MICROSCOPE SETUP

The microscope setup [23] was composed of a 60x water-immersion objective with a numerical
aperture of 1.2 (UPLSAPO 60XW, Olympus), a green DPSS laser (MLL-FN-532, 800mW, Roithner
Lasertechnik) for excitation and a diode laser (iBeam smart, 405 120mW, Toptica) for reactivation and
tuning the blinking rate. Andor (iXon DU 897) EMCCD camera was used for the image acquisition. An
additional 365nm LED epi-illumination was used to tune the switching kinetics of the Dreiklang
fluorescent protein [45].



BLEACHING CORRECTION IMAGE QUALITY ASSESMENT

In the following chapters, | used 3™ and 4" order SOFl images for comparison of the different bleaching
correction algorithms. The 2" order SOFI images look almost identical regardless of the correction
method used in this work. An example of 2" order SOFI comparison can be found in Appendix A, Figure
59. This approach was used in accordance to the assumption stated in Section 3.3 that higher-order
cumulants require more blinking events (longer stacks) to properly construct the higher order SOFI
images. Therefore, the difference between the bleaching correction algorithms increases both with
the increasing number of images used for the image reconstruction and the SOFI order. The
importance of longer sequences for higher SOFI orders can be seen in Appendix A, Figure 58. On the
other hand, higher SOFI orders are more sensitive to the input image sequence SNR, which limits the
order that can be computed without significant image artifacts.

Moreover, | have decided to omit the deconvolution post processing in order to provide results
unaffected by additional processing, which may in some cases create disturbing artifacts (E.g. ringing
and noise amplification [46], example is given in Figure 26 ). Also, a custom colormap has been used
[43] to better visualize the final SOFI images.

Figure 26 Sample 1, 3" order SOFI, morgenstemning colormap [43]. Original sample image size 200x200 pixels, 4000
frames, field of view 18.84 um. Both samples processed with 15t order IIR Butterworth filter with w. = 0.01 it rad/sample
(discussed later in Section 6.3 ). Image (a) without deconvolution, image (b) deconvolved with 10-iteration Richardson-
Lucy algorithm. (b) Contains unwanted deconvolution artifacts visible both on the cell structure as well as on the “black"
background.



6 Results

As was discussed in 3.3, the photobleaching affects the whole Fourier space of the image sequence.
According to its exponential characteristics both in time and frequency domains, the photobleaching
occurs mostly in the low frequency range (around DC) as higher frequencies of the photobleaching are
hidden by the image signal and or white Gaussian noise. In this chapter, | present the results of applying
selected digital FIR and IIR filters on the final high-resolution SOFI image. First of all, it is necessary to
outline a scheme for rating the impact of a given filter configuration on the time signal.

Figure 27 shows the autocorrelation averaged over all autocorrelation curves calculated by Eq. (36)
[31, p. 10] for each pixel time trace in the image sequence. The autocorrelation curves in Figure 27
exhibit an exponential decay where the exponential time constant depends on the average bleaching
lifetime.

R(1) = foos(t).s*(t —T1)dt (36)

As stated in Section 3.1, SOFI assumes that the time signal from each fluorophore is not correlated in
time. Assuming high enough sampling (i.e. the acquisition time is shorter than the average on-state
lifetime of the fluorophore), we can expect the average autocorrelation function to quickly decrease
to zero after T ~ blinking period. The bleaching effect introduces a correlation on a longer time scale
and influences the expected shape of the autocorrelation function such that the function values are
effectively never 0 for T = N, where N is the number of acquired frames of the image sequence.
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Figure 27 Autocorrelation curves for different bleaching  Figure 28 Average PSD (top) from pixel time traces of
times. Average on-state of emitters: 3 frames. Simulated Sample 1 without bleaching correction and phase
data set with 3000 frames. spectrum (bottom).

o 03

Signal spectrum was introduced in Section 3.3 together with the assumption that the photobleaching
can be filtered with a high-pass filter. Figure 28 represents the average PSD of all the pixel time traces
in the log-scale calculated from the real Sample 1 in order to show what to expect during filtering in
the terms of required attenuation in the stopband and choice of the optimum cut-off frequency.
Because of the nature of the random blinking of all the emitters, it is evident from Figure 28 that the
most of the PSD o higher frequencies looks like a standard white Gaussian noise. Furthermore, the
bleaching effect resides near the zero frequency as expected.



6.1 High-pass FIR

We have discussed the FIR filter design in Section 4.5.1. Unlike the IIR filters, FIRs have a finite impulse
response, which means that the filter’s impulse response do not affect the time signal if we cut the
delay before and after processing. Standard FIR filters tend to have orders of approximately 100. The
delay required for the filter to work correctly corresponds to the filter order. Therefore it is sufficient
to cut-out about 100 samples that will not be used in further SOFI processing. As mentioned in Section
3, first approx. 50 — 100 images of the image sequence is good to remove. These images can be used
to feed the filter in order to avoid artifacts.

There are 3 main parameters for FIR filter design — filter order, cut-off frequency and the window
function. All of these parameters affect the autocorrelation function, but sweeping through all of these
parameters at once would be inefficient and computationally costly. The general impact of FIR filter
order on the autocorrelation function is shown in Figure 29, where we can see, that the lower filter
orders are not suitable while too high order filters doesn’t have any further impact. In fact, higher filter
orders produce an unwanted ripple of the autocorrelation curve.
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Figure 29 Autocorrelation function after filtration by FIR filters of various orders with normalized w. = 0.1 n rad/sample
and Hamming window. It is obvious that lower filter orders are not sufficient.

Impact of the window type on the autocorrelation function is illustrated in Figure 30 (a). It is clearly
visible, that for a given w. = 0.05 it rad/sample, most of the window functions act similarly, excluding
the flattop and triangular window functions. In fact triangular and rectangular window functions are
rarely used for FIR filter design [47]. The impact of choosing a different cut-off frequency is shown in
Figure 30 (b). It is obvious that w. modifies the shape of the autocorrelation function.



@) (b)

1 T T T T T T 1 T

Hamming Window Hamming Window

Nuttal Window Nuttal Window
nak ——— Kaiser 025 Window | - nak ——— Kaiser 025 Window | -
——— Kaiser 0.50 Window ——— Kaiser 0.50 Window
Kaiser 0.75 Window Kaiser 0.75 Window
Blackman Harris Window BlackmanHarris Window
081 Hann Window 1 081 Hann Window 1
Gauss Window Gauss Window
Taylor Windaw Taylor Windaw
07k FlatTop Window 4 07k FlatTop Window 4

Triangular Window
Rectangular Window
Tukey Window

Triangular Window
Rectangular Window
Tukey Window

06

Correlation [-]
o
&
T
.
Correlation [-]
o o
w @
T
L

o
s
T
I
o
s
T
L

03 q 03 1
02 4 02
01 o 01
a I T 7 n I n T n a
] 5 10 15 20 25 30 35 40 45 50 ] 5 10 15 20 25 30 35 40 45 50
Frame [-] Frame [-]

Figure 30 Autocorrelation function after filtration by 100t order FIR with normalized w. = 0.05 (a) and w.=0.1 (b) nrad /
sample. Filter was customized by several window functions. The triangular window in (a) shows poor performance as was
suggested in Section 4.5.1.

Another issue can be caused by the window function. Figure 31 shows the Nuttall and Hamming
window FIR designs while keeping the same filter order. The Nuttall window has higher attenuation in
the stopband, but also a wider transition band. This is a problem, because in some cases, the filter is
unable to reach its maximum attenuation at the DC because of a very low cut-off frequency. The
solution is to increase the filter order which however as a feedback creates the unwanted ripple in the
autocorrelation function.
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Figure 31 High-pass 100 order FIR filter customized by Hamming window (a) and Nuttall window (b). Decreasing w. results
in a loss of attenuation of the filter around DC, which in turn has a negative impact on the filtration itself.

The solution is to find a compromise which minimizes the unwanted ripple of the autocorrelation curve
and choose either to increase w, or filter order. Because increasing w, may lead to loss of
information, it is recommended to increase the filter’s order instead. This can be done in a loop, which



should be stopped once the frequency response reaches a filter’s zero. The initial sweep of the best
filter parameters can also be reduced to a specific image area in order to speed up the process. | have
used an area of 21x21 pixels, selected such that the central pixel was always the brightest one of the
widefield image.

Because of the need to sweep through different filter parameters, there should be a method of
choosing the optimal configuration. The solution that seems to work best is to use the autocorrelation
curve as an optimization criteria. Because bleaching can be understood as a correlation in time, the
first attempt is to integrate the function and select the optimal configuration based on its weight. This
solution however neglects the ripple, that can be created during filtration as seen for example in Figure
30. To overcome this issue, | have weighted the result by the absolute difference of the local minimum
and maximum of R(7) further weighted by coefficient a. This operation is represented by Eq. (37)
where W; is the difference of the local minimum and maximum of the function (assuming W; € (0,1)
). Process is graphically shown in Figure 32. The results are further discussed in the next Section.
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Figure 32 Demonstration of selection of the best filter parameters based on the shape of R(t), which is integrated in the
selected range and then weighted by | Lmax - Lmin| - The best filter configuration is selected by choosing the minimum value
among all the possible results.

This method is also used in Section 6.3 in case of IIR filters. Important thing to note is that the ripple
shown in Figure 32 is a result of taking the absolute value of the correlation function. The number of
samples to work with doesn’t have to include all the time lags, as we can assume, that R(t) decreases
with t. | have used 50 samples and assigned a constant value of 10, which worked sufficiently well.

Results of high-pass FIR filtering are shown in Figure 33 and Figure 34 in comparison with two
state-of-the-art bleaching correction algorithms: the inverse mono-exponential fitting algorithm and
a combination of the inverse mono-exponential fitting together with a division into subsequences
algorithm (both presented in Section 3.3). A bleaching uncorrected SOFI images are also included in
the comparison.



Figure 33 Sample 1. 4t order SOFI Images with morgenstemning colormap [43]. Original image size 200x200 pixels, 4000
frames, field of view 18.84 um. SOFI image (a) without bleaching correction, (b) with inverse mono-exponential fitting
correction, (c) with inverse mono-exponential fitting and division into subsequences correction, (d) with the bleaching
correction using filtration with 829 order high-pass FIR filter, customized by Nuttall window with w. = 0.1 it rad/sample.



Figure 34 Sample 2. 3" order SOFI Images with morgenstemning colormap [43]. Original image size 200x200 pixels, 4000
frames, field of view 18.84 um. SOFI image (a) without bleaching correction, (b) with inverse mono-exponential fitting
correction, (c) with inverse mono-exponential fitting and division into subsequences correction, (d) with the bleaching
correction using filtration with 82" order high-pass FIR filter, customized by Nuttall window with w. = 0.1 it rad/sample.

The overall results of correcting the photobleaching with high-pass FIR filtering are visually satisfying.
In both cases of the samples used, filtering achieved better image quality than the reference bleaching
correction algorithm. On the other hand, this technique requires some sweeping algorithm to select
the optimal filter configuration, which is time consuming. Furthermore, as will be discussed in Section
6.3, it is possible to decrease the cut-off frequency for high-pass filtering and potentially gain better
results.

6.2 Moving average subtraction

Although the photobleaching effect can be suppressed by high-pass filtering as described in the
previous Section, the task can be investigated from a different point of view using low-pass filters. We
can assume that our time signals are composed of two parts: the exponential bleaching signal and a
superimposed signal coming from the blinking of the emitters. In the first place, it is necessary to
determine the photobleaching by calculating the moving average of the image sequence over time.



This process is mathematically described in Eq.(38) Where N is the number of samples used for the
averaging [48].

1
ylk] = N (X + X1 + X + -+ Xp—n) (38)

Once the bleaching signal is estimated, we can subtract it from the original pixel time trace to obtain
the signal “unaffected" by the bleaching. The correction depends on how accurately we are able to
extract the bleaching signal which depends on the order of the filter. The process of moving average
subtraction is demonstrated in Figure 35.
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Figure 35 Moving average subtraction. The original signal is modeled as sin(20mt) + exp(-2t). The moving average filter
order N is equal to 200. As can be seen in (a),the moving average is delayed behind the original signal causing the negative
values in the “subtracted moving average” signal. This problem is solved in (b) by correcting the generated time lag.

The advantage of this implementation is that the moving average can dynamically react on the signal
changes. Furthermore, the user can select how many frames at the beginning of the image sequence
will be removed (approximately 100 frames at least are recommended). To prove that increasing the
filter order provides better results, correlation functions generated by different orders moving average
filters were investigated (Figure 36). Figure 37 demonstrates the performance of the 200" order
subtract moving average filtration.
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Figure 36 Autocorrelation function after filtration by different order moving average filters. The trend shows that
increasing the filter order reduces the overall correlation in time due to photobleaching, which improves the resolution of
the final SOFI image.



Figure 37 Sample 1.4 order SOFI Images with morgenstemning colormap [43]. Original image size 200x200 pixels, 4000
frames, field of view 18.84 um. SOFI image (a) without bleaching correction, (b) with inverse mono-exponential fitting
correction, (c) with inverse mono-exponential fitting and division into subsequences correction, (d) with the bleaching
correction using the moving average subtraction technique, 300t order.



Figure 38 Sample 2. 3" order SOFI Images with morgenstemning colormap [43]. Original image size 200x200 pixels, 4000
frames, field of view 18.84 um. SOFI image (a) without bleaching correction, (b) with inverse mono-exponential fitting
correction, (c) with inverse mono-exponential fitting and division into subsequences, (d) with the bleaching correction
using the moving average subtraction technique, 300" order.

The overall resolution improvement factor over the present bleaching correction algorithm can be
examined visually (Figure 37 (c), (d)) and (Figure 38 (c), (d)).

6.3 High-pass IIR

IIR filters have advantage over FIR filters with a build-in feedback, allowing them to minimize the
transition band while attaining higher attenuation at lower orders. They are ideal candidates for signal
filtering. The only problem comes from the IIR feedback and long impulse response. To give an
example, we will start with results from Section 6.1, when the ideal cut-off frequency proved to be
w. = 0.07 mrad/sample. According to Section 4.5.2, we will further assume standard parameters for
passband ripple of 3dB and stopband ripple of 80dB (these parameters will influence only Chebyshev,
Inv. Chebyshev and Cauer filters).




Table 1 — Length of the impulse response for different IIR filter types and orders.

Order [-] Butterworth Chebyshev Inv. Chebyshev Cauer
[Samples] [Samples] [Samples] [Samples]
1 44 44 44 5466
2 63 99 54 99
3 90 255 19 257
4 118 481 27 500
5 146 775 46 867
6 175 1134 74 1434
7 203 1559 109 2324
8 232 2050 151 3732
9 261 2606 199 5970
10 290 3228 253 9531
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Figure 39 Mean trace (dark grey) after filtration by 10t order Cauer filter with w. = 0.05 it rad/sample showing artifacts in
time signal caused by long impulse response of the filter.

Table 1 shows that increasing filter order results in longer impulse response as in the case of FIR filters,
the dependence is however not linear. Given a sequence of 10 000 image frames for SOFI processing
and using the 10%" Cauer filter would result in a total loss of 9500 samples which is unacceptable. Using
this filter without removing the samples affected by the filter’s impulse response will inevitably result
in creation of signal artifacts shown in Figure 39. On the other hand Cauer filters usually do not need
such high orders and one can be easily satisfied with order ranging from 3 to 5 which results in a loss
of 250 — 850 frames. The Chebyshev filter, although having a shorter response than Cauer, has still a
very long impulse response. Figure 40 summarizes how the filter and its order affects the
autocorrelation function. The inverse Chebyshev filter (c) performed at worst and can be omitted from
additional considerations. It can be also deduced, that IIRs do not need high filter orders and in fact,
the best results are obtained for the 1% filter order. We can also expect the shape to vary for different
cut-off frequencies. Additionally, we can see, that highest autocorrelation ripples occur for the
Chebyshev (b) and Cauer (d) filter results, which favorites the Butterworth IIR filter (a).
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Figure 40 Autocorrelation functions of Sample 1 filtered using different order IIR filter types. Butterworth (a), Chebyshev (b), Inverse
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80dB. Colormap: hot. Frame indexes on the X - axis, autocorrelation function values on the Y-axis (removed from charts for better
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Because we have omitted the inverse Chebyshev filter and assumed the optimal IIR filter order to vary
around 1, we can create a function to sweep though all of these parameters (Including w. ranging from
0.01 to 0.1 m rad/sample ) and select the optimal configuration for filtration. The automatic filter
selection is based on Eqg. (37) and its results are shown in Figure 41 for remaining filter types
(Butterworth, Chebyshev and Cauer) and orders of 1 and 2. Legends have been removed due to the
higher amount of curves in the chart.
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Figure 41 Parameter optimization. Sweep though Butterworth, Chebyshev and Cauer filter parameters with orders ranging
from 1 to 3 and 10 w, linearly deployed in range from 0.01 to 0.1 it rad/sample. Automatic (optimal) curve is highlighted
with dark grey color (Butterworth 1t order with w. = 0.01 rt rad/sample).

The best filter that creates a ripple-free autocorrelation function is the Butterworth 1%t order IIR filter
with the lowest cut-off frequency possible. This attribute is also very important, as it means, that
almost none of the useful information is being filtered away. However, there is still one more thing to
consider when specifying low cut-off frequencies for filter design. It is the length of the impulse

response. Various cut-off frequencies for the filter design are depicted in Figure 42 along with the
corresponding frequency characteristics and the impulse response length.
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Figure 42 1%t order Butterworth IIR filter with different w.ranging from 0.01 to 0.1 it rad/sample showing the increasing
length of the impulse response of the filter with decreasing w. .



We can further investigate the function of the filter by looking at the Butterworth filter coefficients
and into the MATLAB documentation (function “filter”). Regardless of the w, the filter has 4
coefficients: aq ay, by, b;. According to the MATLAB documentation, the differential equation is:

apy(k) = box(k) + byx(k —1) — a;y(k — 1) (39)

According to Eq. (39), the filter has a single feedback and one delay block. The filter structure is shown
in Figure 43 and corresponds to the structure of a DC-blocking filter from [49] in case of by = 1 and
b; = —1. Both the Butterworth 1t order filter and the DC blocking filter from [49] perform almost the
same with just minor differences.

X[k] Y[k]

Figure 43 Butterworth 15t order filter structure with single feedback (a; coefficient). apwas used for normalization only.

In other words, the optimal filter is in fact a DC-blocking filter. The result of photobleaching correction
with the IIR DC-blocking filter is shown in Figure 44 and Figure 45.



Figure 44 Sample 1. 4t order SOFI Images with morgenstemning colormap [43]. Original image size 200x200 pixels, 4000
frames, field of view 18.84 um. SOFI image (a) without bleaching correction, (b) with inverse mono-exponential fitting
correction, (c) with inverse mono-exponential fitting and division into subsequences correction, (d) with the bleaching
correction using filtration with 15t order high-pass IIR Butterworth filter with w. = 0.01 1t rad/sample.



Figure 45 Sample 2. 3" order SOFI Images with morgenstemning colormap [43]. Original image size 200x200 pixels, 4000
frames, field of view 18.84 um. SOFI image (a) without bleaching correction, (b) with inverse mono-exponential fitting
correction, (c) with inverse mono-exponential fitting and division into subsequences correction, (d) with the bleaching
correction using filtration with 1t order high-pass IIR Butterworth filter with w. = 0.01 rt rad/sample.

We can see, that filtration with IR 1% order Butterworth filter is an efficient way of correcting the
photobleaching. Optional sweep through the filter’s w. can be performed, but in most cases, choosing
either 0.01 or 0.02 mt rad / sample will probably yield the best results. Additional speculations about
using different IIR filters can be closed by comparing frequency responses of 1% order Chebyshev and
Cauer filters with the Butterworth while keeping the same cut-off frequency. This is shown in Figure
46. All frequency responses are identical. Therefore, any of the 3 IIR filters can be used for bleaching
correction. From now on, the Butterworth filter was used for simplicity of the filter design.
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Figure 46 Frequency responses of Butterworth, Chebyshev and Cauer filters of the 15t order with w. = 0.02 rt rad/sample.

6.4 Bank of filters

So far, | assumed, that low frequencies do not contain any useful information, which may not be always
true. In that case, filtering with a high-pass filter would result in a loss of information and reduction of
the final SOFl image resolution. To deal with this fact, | have designed several filter banks to decompose
the time signal from all pixels into corresponding number of sub bands and then process these signals
to gain insight of what the sub bands are composed of. Among all the available filter banks

compositions, | have selected these:
Symmetric tree filter bank with decimation [50] - Figure 47

e Asymmetric tree filter bank with decimation [50] - Figure 48
e Standard filter bank with multiple band-pass filters - Figure 49

In case of the symmetric tree filter bank, the signal is filtered both with low-pass and high-pass filters
(assuming FIR filters in our case) and then decimated by 2. The cut-off frequency must be equal to 0.5
1t rad/sample in order to avoid aliasing after the decimation. In the next step, both signals are
separately filtered by the same filters and then again decimated by 2, which results in 4 signals with %
length of the original one. In the following steps, the amount of band-pass signals will be always
multiplied by a factor of two. This technique is efficient for processing signals with high initial sampling
rate and computing demands on the processing since the band-pass signals have lower sampling rate.
The band-pass signals can be up-sampled and joined together under special (perfect reconstruction)
conditions. More details about sub band decompositions can be found in [32, p. 133], [29, pp. 296-

302] and [51, pp. 143-195].
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Figure 48 Asymmetric filter bank with decimation by 2 and decomposition into 4 sub bands.
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In the second place, the asymmetric tree filter bank can be constructed in 2 ways (always decompose
the LP or HP in every step). In the structure showed in Figure 48, | chose to decompose the LP because
bleaching occurs on lower frequencies. The signal is also decimated by a factor of 2 after each section
and the principle of decomposition is similar to the symmetric tree decomposition. The advantage of
the asymmetric filter bank is in the fact that it needs less sub bands in order to detect bleaching within
the lowest sub band. Both methods however add filter’s impulse response artifacts into the tested sub
bands. This is simply caused by the fact that the signal is being filtered multiple times during
decomposition. This problem is not very important in real-time applications, but may become serious
in post-processing [51]. Methods such as circular convolution or symmetric reflection can be used to
solve this, but a much easier method is proposed here. The proposed method includes a one-time
signal filtering only that can be taken into account by removing the samples affected by the filter’s
impulse response. Instead of dividing the spectrum into lower and upper parts as in the case of tree
decomposition, the spectrum is divided into several sub bands i.e. the same signal is filtered multiple
times by different band-pass (FIR) filters. The scheme of frequency division is depicted in Figure 49.
Optionally, the first filter can be designed as a low-pass and the last one as a high-pass filter instead of
all being only band-pass.
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Figure 49 Bank of 19 100t order FIR filters with normalized bandwidth (BW ) = 0.1 it rad/sample and overlap of 0.5BW.
The first filter is designed as a low-pass and the last one as a high-pass.

Given N different signals from N different band-pass filters, we can compute N high-resolution SOFI
images using standard algorithms. Merging these images can be done in several ways, including
standard averaging. This might however lead to a situation, where one will combine SOFI computed
from a sub band corrupted by bleaching and even giving it the same weight as other non-corrupted
images from other bands. Some weighting is therefore needed. | have used similar weights as in the
case of Eq. (37) :

Wi = ~SN-1D 1A (40)

Eg. (40) represents an inverse integral from the autocorrelation function within a defined area of N
frames. The inversion in Eqg. (40) is important, because the integral from the correlation curve of an
image, affected by photobleaching is always larger than from an unaffected image. The disadvantage
of the application of the filter bank is an increased computational demand. The growth is O(n),
effectively increasing the computing time N times. The results obtained by these methods (Figure 50)
provides worse results compared to previously proposed approaches and the application of filter
banks for photobleaching correction is not recommended.



Figure 50 Sample 2. 3" order SOFI Images with morgenstemning colormap [43]. Original image size 200x200 pixels, 3000
frames, field of view 18.84 um. SOFI image (a) with inverse mono-exponential fitting and division into subsequences
correction, (b) with the bleaching correction using 1%t order IIR Butterworth filter with w. = 0.01 rt rad/sample, (c) with
bleaching correction by a bank of 9 band-pass filters with normalized BW = 0.2 rt rad /sample and overlap of 0.5 BW. Used
weights for SOFI image merging are available in the following table.

Table 2 Weights for the final SOFI image merging from filter bank. First row represents sub band ID.

0,015

all 0,118

0,12

aill 0,119

all 0,137

0,12

all 0,121

0,12

il 0,131

We can see, that the weights in Table 2 are similar except for the lowest band, which is an expected
result since it's most likely affected by photobleaching. On the other hand, if we compare the results
from Figure 50, the basic IR filtration (b) is still more efficient and 9 times faster. Increasing the amount
of band-pass filters would only result in a higher computing demands, not in an improved image
quality. The choice of filter bank is also irrelevant.




/ Discussion

OPTIMAL FILTER SELECTION

As discussed in Section 6.1, the optimization procedure for selecting the best filter configuration is
based on the shape of the absolute value of the normalized autocorrelation function. The coefficient
alpha in Eq. (37) was set to 10. Although this approach has proved useful, there might be other
solutions based on the shape of the PSD or including a dynamic autocorrelation peak weighting. Such
filter optimization methods could be investigated in the future research.

DENOISING

We can assume, that the fluorescence intensity of the observed sample decreases in time because of
the photobleaching. As a consequence, the signal’s SNR decreases, causing the images to contain lower
levels of the useful signal. Therefore, | have also tested a basic noise removal algorithm — Wiener
filtration. This methods calculates the local mean value Eq. (41) and variance Eq. (42) in the N-by-M
neighboring area around each pixel. These estimates are then used for pixel wise filtering Eq. (43) [52].

NMZ Z (i) (41)
NMZ Z}l @2(0,)) = 12 (42)

b(ij) = p+ ———(a(i)) — p) (43)
(b)

Figure 51 Sample 1. 4'd order SOFI Images corrected with Butterworth 1<t order IIR filter with w. = 0.01 i rad/sample.
Original image size: 200x200 pixels, 4000 frames, field of view 18.84 um. SOFl image (a) without application of the adaptive
Wiener denoising filter, (b) with the application of the adaptive denoising Wiener filter.

Figure 51 shows an application of a Wiener denoising algorithm that improves the quality of the image.
The investigation of additional denoising preprocessing algorithms might be a subject of a future study.

BANK OF FILTERS

Although bank of filters proved not to be as efficient as a simple moving average subtraction algorithm
or IR DC-blocking filter, it can be eventually used for detection of signals within specific sub bands.
This may for example include slow motion molecule drifts. The usage of the tested filter bank is
however not recommended for the bleaching correction.



8 Conclusion

Digital filtering for photobleaching correction was investigated using broad range of filters and
parameter settings. The bleaching correction algorithm based on 1t order IIR Butterworth high-pass
filtering and the moving average subtraction algorithm provided the best results. Regarding the
experimental results, the proposed moving average subtraction algorithm was proved to be the most
efficient for bleaching correction due to its simplicity and robustness. This algorithm was compared to
the state-of-the-art methods with inverse mono-exponential fitting correction and provided visually
superior results.

For a special cases like for instance image sequences where the mean trace contains steep intensity
variations due to illumination changes, the IIR filtration can provide an advantage. In that case, the
filter should be designed as the high-pass 1°t or 2" order IIR filter with Butterworth approximation.
The optimal filter order and the cut-off frequency can be selected according to the proposed
optimization procedure based on the autocorrelation function weighting.

Other tested methods were proven to be unsuitable for bleaching correction. The pixel-wise inverse
mono-exponential fitting correction is not applicable in practice because of its extreme computational
complexity. The high-pass FIR filtering is overall less effective and more complex than the IR high-pass
filtering, and cannot be recommended. The approach based on bank of filters provided lower image
quality and increased computational demands, which makes it as well inappropriate.

By correcting the photobleaching effect, | was able to compute the 3™ and 4™ order SOFI images with
overall better image quality. The maximum computable SOFI order however depends on the SNR of
the sample which decreases over time and limits the amount of data that can be used for SOFI
reconstruction. Higher orders generally require higher SNR.

Future research can further focus on the preprocessing of the sample data. This may for example
include more advanced denoising algorithms. Moreover the proposed methods should be tested on a
larger database of samples. Special attention might be devoted to image sequences with temporally
varying illumination. The proposed algorithms for bleaching correction could be further extended to
3D SOFI images.
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10Appendix A: Charts and Images
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Figure 53 Inverse Chebyshev digital low-pass 7" order
filter with w. = 0.5 it rad/sample and stopband ripple of
40dB. Its transfer function (a), Impulse Response (b) and
the Zplane (c) - poles (cross) and zeros (point).

Figure 52 Chebyshev low-pass 7th order filter with w. = 0.5
nt rad/sample and passband ripple of 3dB. Its transfer
function (a), Impulse response (b) and Zplane (c) - poles
(cross), zeros (point).

(a)

()

Figure 54 Sample 1. 3" order SOFI Images Colored with morgenstemning colormap [43]. Original image size 100x100
pixels, 3000 frames, field of view 9.24 pum. SOFI image (a) with pixel-wise inverse mono-exponential fitting correction —
computing time 105 minutes on Intel core i5-750 processor, (b) with the bleaching correction using the moving average
subtraction technique, 260t order, (c) with frame-wise inverse mono-exponential fitting correction.
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Figure 55 Butterworth digital low-pass 7t" order filter with
w, = 0.5 it rad/sample. Its transfer function (a), impulse
response (b) and the Zplane (c) - poles (Cross) and zeros
(Point).
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Figure 56 Cauer digital low-pass 7th order filter with w. =
0.5 it rad/sample, passband ripple of 10dB and stopband
ripple of 80dB. Its transfer function (a), impulse response
(b) and the Zplane (c) - poles (Cross) and zeros (Point).
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Figure 57 Samplel. 4" order SOFI Images with morgenstemning colormap [43]. Original image size 100x100 pixels, 3000
frames, field of view 9.24 um. SOFI image (a) with pixel-wise inverse mono-exponential fitting correction — computing
time 105 minutes on Intel core i5-750 processor, (b) — with the bleaching correction using the moving average
subtraction technique, 260t order, (c) with frame-wise inverse mono-exponential fitting correction.



Figure 58 Sample 1. 4t order SOFI Images with morgenstemning colormap [43]. Original image size 200x200 pixels, field of
view 18.84 um. All processed by moving average subtraction technique, 300t order. SOFI image (a) reconstructed from
1000 frames, (b) from 2000 frames, (c) from 3000 frames and (d) from 4000 frames.

(a)

Figure 59 Sample 2. 2" order SOFI Images with morgenstemning colormap [43]. Original image size 200x200 pixels, 2000
frames, field of view 18.84 um. SOFI image (a) without bleaching correction, (b) with inverse mono-exponential fitting
correction, (c) with inverse mono-exponential fitting and division into subsequences correction, (d) with the bleaching
correction using the moving average subtraction technique, 300t order.



11Appendix B: Content of the attached DVD

e TersVojtech_DP_BleachingCorrection.pdf
e TersVojtech_DP_BleachingCorrection.docx

Samples

e GreenND02 405NDO1 365ND11 DU897 BV 1544.tif
® GreenND02 405ND05 365ND09 DU897 BV 1561.tif

Matlab functions Dir VisioFiles

DIPAIlIFilter.m
DIPAVGSweep.m
DIPBankDecompositionASym.m
DIPBankDecompositionSym.m
DIPCalculation.m
DIPCustomlmageload.m
DIPFilterConstruction.m
DIPFIRSweep.m
DIPIIRSweep.m
DIPInvWiener.m

DIPMain.m
DIPSOFIBankFilter.m
DIPSOFICumulants.m
DIPSOFICumulantsFramed.m
DIPSweepFirWindTypes.m
morgenstemning.m

Dir SampleModels

BankFilters.m
ButterWorth.m
ButterWorthSyms.m
Cauer.m

Causality.m
Chebyshev.m
ExpMultiSingleFit.m
FilterTypes.m
FIRHammingNuttall.m
FirstOrderlIR.m
FIRvsIIR.m
GaussianPowers.m
InverseChebyshev.m
MovingAverage.m
OptimumSelection.m
PSFDemo.m
SampleFuntion.m
Superposition.m
SOFIFramelncrease.m

e 2NFilterBank.vsdx

e 2NFilterBankAsym.vsdx
e BasicSystem.vsdx

e DCBlockingFilter.vsdx
e Jablonski.vsdx

e SimpleFIR.vsdx

e SOFITimeCapture.vsdx

Dir Data

e Dir utils

o load_tifFile.m

o savelmageStack.m

o statusbar.m
e Dir SOFI

o runDecCurve.m
sofiBalance.m
sofiCumulants2D.m
sofiCumulants2Dt.m
sofiFlatten.m
sofiGrids.m
sofiGridsT.m
sofiLinearize.m
sofiPSFfwhm.m
Dir private

0O 0 0O O O O O O

Recommended testing settings are included in
the DIPMain.m script. Additional info can be

found in Readme.txt



