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1 Introduction

This work presents the theory for understanding the geometry of perspective cameras
within the scope of computer vision and robotics. It provides a complete and self-
contained material updating and refining some of the most fundamental elements
from the excellent previous expositions of the topic [1, 2, 3] as well as providing new
results and insights.

We cover the geometry of single perspective camera and relationships between
two perspective images of a general as well as a planer scene, including the re-
construction of 3D scenes from two images. We mostly concentrate on situations
when cameras are internally calibrated [2], which proved to be particularly useful in
practical applications [4].

1.1 Contributions

Let us point to the main contribution of this work.

e We depart from the classical approach to explaining the theory of perspective
cameras on the basis of classical projective geometry [5]. Instead, we base our
exposition on plain linear algebra and, where useful, on elementary algebraic
geometry. In particular, we explicitly treat all projective elements as subspaces
of a linear space and represent them with full detail. Unlike in [2], we never
use ¢ = T to say that two vectors are equal up to a non-zero scale but always
include explicit forms such as ¥ = a@, « # 0. This, seemingly minor variation
proved to be instrumental in deriving and understanding results in full detail
and with necessary rigor.

e We pay attention to keeping track about the coordinate systems we are using
to model physical reality with vector calculus. Hence, we always write 7'
when talking about the coordinates of vector ¥ w.r.t. a basis 5. This, for
instance, allowed to grasp the camera model, Chapter 7, and the subtleties of
its calibration, in greater depth than before. In particular, we have identified
a need for distinguishing between classical camera calibration matrices [2] and
newly introduced image calibration matrices, allowing to represent physical
dimensions in of the camera itself.

e We are carefully distinguishing between representations of points by vectors
and one-dimensional linear subspaces of a linear space and representations of
lines and planes by linear subspaces in the dual space. This makes the expo-
sition fully consistent and facilitates rigorous description and manipulation of
problems.

e We concentrate on problems involving internally calibrated cameras [2] and
present analysis and solutions to classical problems with calibrated cameras in
a new way. In particular,
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— We present a new method for finding absolute pose of a calibrated cam-
era, Section 7.3, which uses the approach borrowed from computational
algebraic geometry [6]. Our approach leaves the tedious discussion of
the cases to a general algorithm for solving linear equations as is, e.g.,
Gaussian elimination.

— We analyze various situations of imaging a plane in the scene with cali-
brated cameras and show, Paragraph § 46, that every homography matrix
can be interpreted as originating from observing a plane in the scene with
a pair of calibrated cameras. We present a new simple proof of this fact.
We also show how to obtain the decomposition by solving relatively sim-
ple system of algebraic equations.

— We present, Section 11.4, a new way how to construct a 3D reconstruction
from the essential matrix [2] of two calibrated images that provides every
step as consisting of a simple algebraic formula, and if necessary, of solving
a set of linear equations.

— We present, Section 11.5, a new method based on our result [7] for com-
puting the essential matrix of two calibrated images from five image cor-
respondences, which requires only eigenvalue computation.

Our understading of the geometry of perspective cameras, as presented in this
work, has been instrumental to formulating and solving many new problems in
computer vision and robotics, which we have published in last ten years [8, 9, 10,
11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33,
34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56,
57, 58, 59, 60, 61, 62].



2 Notation

%] the empty set [63]

exp U the set of all subsets of set U [63]

UxV Cartesian product of sets U and V' [63]

Z whole numbers [63]

Q rational numbers [64]

R real numbers [64]

i imaginary unit [64]

(S,+, ) ... space of geometric scalars

A affine space (space of geometric vectors)

(Ap, ®,®) ... space of geometric vectors bound to point o

(V,#H,[) ... space of free vectors

A? real affine plane

A3 ... three-dimensional real affine space

P? ... real projective plane

P3 ... three-dimensional real projective space

T ... vector

A ... matrix

A ... 1j element of A

AT ... transpose of A

|A| ... determinant of A

I ... identity matrix

R ... rotation matrix

® ... Kronecker product of matrices

B = [b1, 52, bs] ... basis (an ordered triple of independent generator vectors)

B*, B ... the dual basis to basis 3

Z3 ... column matrix of coordinates of ¥ w.r.t. the basis 3

Ty ... Euclidean scalar product of # and ¢ (¥ - ¢ = fg Yz in an
orthonormal basis ()

rxy ... cross (vector) product of ¥ and

(7], ... the matrix such that [@], § =7 x ¥

|1Z| ... Euclidean norm of # (|Z| = V¥ - %)

mutually perpendicular and all of equal length
unit orthogonal vectors

orthogonal vectors
orthonormal vectors

Pol ... point P is incident to line [
PvQ ... line(s) incident to points P and @
kAl ... point(s) incident to lines k and [



3 Linear algebra

We rely on linear algebra [65, 66, 67, 68, 69, 70]. We recommend excellent text
books [68, 65] for acquiring basic as well as more advanced elements of the topic.
Monograph [66] provides a number of examples and applications and provides a link
to numerical and computational aspects of linear algebra. We will next review the
most crucial topics needed in this text.

3.1 Change of coordinates induced by the change of basis

Let us discuss the relationship between the coordinates of a vector in a linear space,
which is induced by passing from one basis to another. We shall derive the relation-
ship between the coordinates in a three-dimensional linear space over real numbers,
which is the most important when modeling the geometry around us. The formulas
for all other n-dimensional spaces are obtained by passing from 3 to n.

§1 Coordinates Let us consider an ordered basis f = [51 b 53] of a three-
dimensional vector space V3 over scalars R. A vector # € V3 is uniquely expressed
as a linear combination of basic vectors of V3 by its coordinates x,y,z € R, i.e.
T=xb + Y gg +z 53, and can be represented as an ordered triple of coordinates,
ie. as Ug = [93 Y z]

We see that an ordered triple of scalars can be understood as a triple of coor-
dinates of a vector in V3 w.r.t. a basis of V3. However, at the same time, the set
of ordered triples [:U Y Z]T is also a three-dimensional coordinate linear space R?

over R with [z1 zl]T + (22 w2 ZQ]T =[zi+z2 yit+y 2 —|—z2]T and

S [:1: Y Z]T = [sx sy sz]T for s € R. Moreover, the ordered triple of the
following three particular coordinate vectors

1 0 0
o=110 1 0 (3.1)
0 0 1

forms an ordered basis of R3, the standard basis, and therefore a vector ¢ = [w Y z]T

is represented by ¥, = [:z: Y Z]T w.r.t. the standard basis in R?. It is noticeable
that the vector ¥ and the coordinate vector v, of its coordinates w.r.t. the standard
basis of R3, are identical.

§2 Two bases Having two ordered bases 8 = [l;l by 53] and 3/ = [5{ I;é Eé

—_

leads to expressing one vector ¥ in two ways as & = x by + Y by + 2 by and T =
2 b +y' by + 2’/ bl. The vectors of the basis § can also be expressed in the basis 3/
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using their coordinates. Let us introduce

51 = a1l [_)'{ + a21 l;é + asy gé
by = ao b{ + a99 bé + aso bé (3.2)
b3 = a3 b{ + as3 bé + ass bé

§3 Change of coordinates We will next use the above equations to relate the
coordinates of & w.r.t. the basis 3 to the coordinates of & w.r.t. the basis 3’

r = x51+y52+z53

= (a11x+a12y+algz)b{+(aglx—I—azgy—i—aggz)bé+(a31$+a32y+a332)b§
= 2'b] +y b} +z’b§

Since coordinates are unique, we get

¥ = a1 xr+ a2y +aizz (34)
ro= a21 + a2y + asz z (3.5
7 = az1x+azpy+aszz (3.6)

Coordinate vectors g and Z'3/ are thus related by the following matrix multiplication

x ain a2 a3 x
/

Yy = | a2 a2 a3 Yy (3.7)
!/

z azy asz2 ass z

which we concisely write as
fﬁ/ = Afg (38)

The columns of matrix A can be viewed as vectors of coordinates of basic vectors,
b1, ba, b3 of B in the basis 5’

I
A= | by, by b, (3.9)
[

and the matrix multiplication can be interpreted as a linear combination of the
columns of A by coordinates of & w.r.t. 8

fﬁ’ = xglﬁ/ + ngﬁ/ + ngﬂﬁ/ (310)

Matrix A plays such an important role here that it deserves its own name. Matrix
A is very often called the change of basis matriz from basis 3 to ' or the transition
matriz from basis B to basis 3 [66, 71| since it can be used to pass from coordinates
w.r.t. B to coordinates w.r.t. 5’ by Equation 3.8.

However, literature [67, 72| calls A the change of basis matriz from basis 3 to j3,
i.e. it (seemingly illogically) swaps the bases. This choice is motivated by the fact

x (CL11 5{ + ag1 I;é + as gé) +vy (a12 g{ + a99 gé + asz l_%) + z (a13 g{ + a93 l_)é + ass l;?/))

(3.3)
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that A relates vectors of 8 and vectors of 3 by Equation 3.2 as
[51 gg 53] = [CLH 5{ + ao gé + as1 [_)é a12 g{ + a9 l;é + aso Eé
a3 g{ + as3 55 + ass gé] (3.11)
ail a2 Qi3

[51 52 53] = [5{ gé (;é] asl a2 agy (3.12)
az1 asz2 as3

(3.13)
and therefore giving
[6’1 by 53] = [5{ b} Eg]A (3.14)
or equivalently
|5 5 B = |5 B By s (3.15)

where the multiplication of a row of column vectors by a matrix from the right in
Equation 3.14 has the meaning given by Equation 3.11 above. Yet another variation
of the naming appeared in [69, 70] where A~! was named the change of basis matriz
from basis 3 to 3.

We have to conclude that the meaning associated with the change of basis matriz
varies in the literature and hence we will avoid this confusing name and talk about
A as about the matriz transforming coordinates of a vector from basis 3 to basis [3'.

There is the following interesting variation of Equation 3.14

b by
by | = AT | by (3.16)
b} b3

where the basic vectors of 8 and 3’ are understood as elements of column vectors.
For instance, vector b is obtained as

I;{ = a’{l 51 + GIQ 52 + G/IS 53 (317)
where [af;, al,, a}3] is the first row of A= 7.
4 Example We demonstrate the relationship between vectors and bases on a

concrete example. Consider two bases o and [ represented by coordinate vectors,
which we write into matrices

(3.18)

, (3.19)

o o=
e L)

Co - oo
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and a vector ¥ with coordinates w.r.t. the basis «

1
Fo=|1 (3.20)
1

We see that basic vectors of a can be obtained as the following linear combinations
of basic vectors of 3

a, = +151+052+053 (3.21)
ao +1b1 —1by + 1b3 (3.22)
i3 = —1b;+0by+ 1b3 (3.23)
(3.24)
or equivalently
1 1 -1
(6 @ as] = [61 b 53] 0 -1 0 =[61 b 53]A (3.25)
0o 1 1

Coordinates of & w.r.t. 4 are hence obtained as

1 1 -1
Tg = AZ,, A=10 -1 0 (3.26)
0 1 1
1 1 1 -1 1
-1 = 0 -1 0 1 (3.27)
2 0 1 1 1
We see that
a = (A (3.28)
1 10 1 1 1 1 -1
011 = 0 01 0 -1 0 (3.29)
0 01 011 0 1

The following questions arises: When are the coordinates of a vector Z (Equation 3.8)
and the basic vectors themselves (Equation 3.16) transformed in the same way? In
other words, when A = A~ . We shall give the answer to this question later in
paragraph 3.4.

3.2 Determinant

Determinat [65] of a matrix A, denoted by |A[, is a very interesting and useful concept.
It can be, for instance, used to check the linear independence of a set of vectors or
to define an orientation of the space.

3.2.1 Permutation

A permutation [65] 7 on the set [n]= {1,...,n} of integers is a one-to-one function
from [n] onto [n]. The identity permutation will be denoted by e, i.e. (i) = i for
allie[n].
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§5 Composition of permutations Let o and 7 be two permutations on [n]. Then,
their composition, i.e. m(o), is also a permutation on [n] since a composition of two
one-to-one onto functions is a one-to-one onto function.

56 Sign of a permutation We will now introduce another important concept re-
lated to permutations. Sign, sgn(7), of a permutation 7 is defined as

sgn(r) = (—1)N) (3.30)

where N () is equal to the number of inversions in 7, i.e. the number of pairs [i, 5]
such that 4,j € [n], i < j and 7(i) > 7(j).

3.2.2 Determinant

Let S,, be the set of all permutations on [n] and A be an n x n matrix. Then,
determinant |A| of A is defined by the formula

(8] = 7 sgn(m) Au () Ao () -~ Anmin) (3.31)

TESH

Notice that for every 7 € S, and for j € [n] there is exactly one i € [n] such that
j = 7(i). Hence

(L] [2,7@2)], - [n, 7w (@)} = {71 (1), 1], [771(2),2],.... [7 " (n),n]}
(3.32)
and since the multiplication of elements of A is commutative we get

[A] = 2 sgn(m) Ar—1(1),1 Ar-12) 2 Ae1(n) (3.33)

TESH

Let us next define a submatrix of A and find its determinant. Consider £ < n and two
one-to-one monotonic functions p,v: [k] — [n], i < j = p(i) < p(j), v(i) < v(j).
We define k£ x k submatrix A" of an n x n matrix A by

AV = Mooyt for g€ [K] (3.34)

We get the determinant of A”" as follows

497 = ) sen(m) ALY ) MDY o) AT (3:35)
WESk

= D s8n(m) A1) (1)) Ap(@) w(x(2) * Bo(k) (k) (3.36)
weSk

Let us next split the rows of the matrix A into two groups of £ and m rows and
find the relationship between [A| and the determinants of certain k x k and m x m
submatrices of A. Take 1 < k,m < n such that k£ + m = n and define a one-to-one
function p: [m] —» [k+ 1,n] ={k+1,...,n}, by p(i) = k +i. Next, let Q < exp [n]
be the set of all subsets of [n] of size k. Let w € Q. Then, there is exactly one
one-to-one monotonic function ¢, from [k] onto w since [k] and w are finite sets
of integers of the same size. Let @ = [n]\w. Then, there is exactly one one-to-one
monotonic function g from [k + 1,n] onto w. Let further there be 7, € Si and
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Tm € Sm.  With the notation introduced above, we are getting a version of the
generalized Laplace expansion of the determinant [73, 74]

Al =) [T senlea(i) —u(d) |14

weQ) \ i€[k],je[k+1,n]

APPw(P) ’ (3.37)

3.3 Vector product

Let us look at an interesting mapping from R?xR? to R3, the vector product in R3 [68]
(which it also often called the cross product [66]). Vector product has interesting
geometrical properties but we shall motivate it by its connection to systems of linear
equations.

§7 Vector product Assume two linearly independent coordinate vectors

—

T = [xl o $3]T and ¢ = [y1 Yo yg]T in R3. The following system of linear
equations

[’“’1 2 x?’]zzo (3.38)
Y1 Y2 Y3

has a one-dimensional subspace V of solutions in R?. The solutions can be written
as multiples of one non-zero vector w, the basis of V, i.e.

7=\, AeR (3.39)

Let us see how we can construct @ in a convenient way from vectors &, 4.
Consider determinants of two matrices constructed from the matrix of the sys-
tem (3.38) by adjoining its first, resp. second, row to the matrix of the system (3.38)

T xy 3 1 Ty T3
y1y2 y3||=0 vioy2 y3 || =0 (3.40)
r1 T2 X3 Y1 Y2 Y3
which gives
z1 (T2ys — 23y2) + 22 (T3 Y1 — 11y3) + 23 (T1y2 —2291) = 0 (3.41)
Y1 (z2ys — o3y2) +y2 (391 — 21y3) +y3 (T1y2 —2291) = 0 (3.42)

and can be rewritten as

—x1ys+ 3y | =0 (3.43)

T1Y2 — X241

[xl To X3
Y1 Y2 Y3

] T2Y3 — X3Y2

We see that vector
L2Y3 — T3Y2
W= |—-z1y3+ T3y (3.44)
T1Y2 — 21
solves Equation 3.38.

Notice that elements of w are the three two by two minors of the matrix of the
system (3.38). The rank of the matrix is two, which means that at least one of the
minors is non-zero, and hence @ is also non-zero. We see that i is a basic vector of
V. Formula 3.44 is known as the wvector product in R? and & is also often denoted
by T x .
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58 Vector product under the change of basis Let us next study the behavior of
the vector product under the change of basis in R3. Let us have two bases 3, 8’ in

R3 and two vectors &, 7 with coordinates g = [.’L‘l To azg]T, ys = [y1 12 yg]

and Ty = [2] ) xé]T, Us =y v yé]T . We introduce

T2Y3 — T3 Y2 THY5 — T3Y5
T X Yg = | —T1Y3 + 3 Y1 Ty X Ygr = —l’{yé + l‘éy{ (3.45)
T1Y2 — T2Y1 T1Yy — THYY

To find the relationship between #g x 73 and Zg: x g/, we will use the following fact.

For every three vectors & = [acl T9 1’3]T, Y= [yl Yo yg]T, 7= [21 29 23]T
in R3 there holds

—

T2Y3 —T3Y2 Ty T2 I3 €T
T x §) = [21 2 =] | —miwrasy [ =||v v uw||=||7 ||(346)
T1Y2 — T2 Y1 21 2z 23 ZT
We can write
— N N _'T _,T — T
B B []_ 0 0] ({B/ X :Iiﬁ/) Ci_ﬁr/ ﬂi_‘?/ x_,’—B—FI
Tgr X Ygr = [0 1 0] (l’ﬁ/ X yﬁ/) = yﬂ/ yﬁl yﬁl
C([#fAT :E%AT 1 ZraT71"
= gg AT ?7/5 AT 37,3 AT
| [[100 010 | 001 |
il f% i f% z} !
— g’ AT :’jﬁ AT g’T AT
L1 [100] AT [010] AT [001] AT
[1 0 0] A_T(.f/g X :ljﬁ)
= | [010]A T (@ x 5j5) | |AT]|
| [0 0 1]A~T(Z5 x §3)
AT
= (Ts % Up) (3.47)

§9 Vector product as a linear mapping It is interesting to see that for all Z, i € R?
there holds

T2 Y3 — T3 Y2 0 —x3 22 Y1
Exy=|-mys+a3y | = x3 0 —1 Y2 (3.48)
T1Y2 — T2 Y1 —x9 T 0 Y3

and thus we can introduce matrix

[:i"]>< = T3 0 —I1 (3.49)
—X9 I 0
and write
Fxg=[7, 7 (3.50)
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Notice also that [#]] = —[Z], and therefore

(‘f x g)T = ([‘f]x g)T = _gT [f]x (351)

The result of §8 can also be written in the formalism of this paragraph. We can
write for every 7,7 € R?

e a AT AT
[AZs], Ays = (AZg) x (Ay) = T (Tg x §p) = T (78] 7 (3.52)
and hence we get for every & € R3
. AT
[AZs], A= AT (5], (3.53)

3.4 Dual space and dual basis

Let us start with a three-dimensional linear space L over scalars S and consider
the set L* of all linear functions f: L. — 5, i.e. the functions on L for which the
following holds true

faZ+by) = a f(Z) +bf(7) (3.54)

for all a,be S and all Z,y € L.

Let us next define the addition +*: L* x L* — L* of linear functions f,g € L*
and the multiplication -*: S x L* — L* of a linear function f € L* by a scalar a € S
such that

(f +79)(@) = f(@)+g(D) (3.55)
(@" /)@ = af(@) (3.56)

holds true for all @ € S and for all ¥ € L. One can verify that (L*,+*,-*) over
(S, +, ) is itself a linear space [65, 68, 67]. It makes therefore a good sense to use
arrows above symbols for linear functions, e.g. f instead of f.

The linear space L* is derived from, and naturally connected to, the linear space
L and hence deserves a special name. Linear space L* is called [65] the dual (linear)
space to L.

Now, consider a basis § = [51,52,53] of L. We will construct a basis g* of L*,
in a certain natural and useful way. Let us take three linear functions I;’l‘, gg, 5§ e L”
such that

bi(b) =1 bj(ba) =0 bi(bs) =0
b3(b1) =0 b3(ba) =1 bj(b3) =0 (3.57)
b3(b1) =0 b3(b2) =0 b5(b3) =1

where 0 and 1 are the zero and the unit element of S, respectively. First of all,
one has to verify [65] that such an assignment is possible with linear functions
over L. Secondly one can show [65] that functions 5’{, 55, I;;) are determined by this
assignment uniquely on all vectors of L. Finally, one can observe [65] that the triple
p* = [5’1', 55, gg] forms an (ordered) basis of L. The basis 8* is called the dual basis
of L*, i.e. it is the basis of L*, which is related in a special (dual) way to the basis
B of L.

11
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§10 Evaluating linear functions Consider a vector ¥ € L with coordinates 7z =

[21, 22, 23] w.r.t. a basis 3 = [l;l, 52, 53] and a linear functlon h e L* with coordi-
nates hgs = [hy, ho, h3]" w.r.t. the dual basis f* = [b7, bY, b3, b%]. The value h(Z) € S
is obtained from the coordinates 7z and ﬁlg* as

H(f) = E((El 51 + X2 52 + x3 53) (358)
= (hl 5’1( + hy (_); + h3 gg)(ﬂjl 61 + T gg + 3 g3> (359)
= hy gf(gl)xl + M gf(gg) x9 + hy bl(bg) €3

+ho bg(bﬂ x1 + ho b;(bg) To + ho bQ(bg) xs (3.60)
+hs bg(bl) x1 + hs bg( 2) To + hs bg(bg) xs
b1(b1) bi(b2) b1(b3) | [ 21
= [h ha hs] | B5(B1) b3(ba) B3(bs) | | %2 (3.61)
b3(b1) b5(b2) b53(b3) | L3
[ 1 0 0 X1
= |h1 ho hs]|0 1 0] (3.62)
[0 0 1 €3
T
= [hyhohs] | 22 (3.63)
z3
= Tig T (3.64)

The value of h € L* on & € L is obtained by multiplying #g by the transpose of ﬁﬂ*
from the left.

Notice that the middle matrix on the right in Equation 3.61 evaluates into the
identity. This is the consequence of using the pair of a basis and its dual basis.
The formula 3.64 can be generalized to the situation when bases are not dual by
evaluating the middle matrix accordingly. In general

->T =

h(Z) = Ry [bi(b)] T (3.65)

@i

where matrix [EZ(EJ)] is constructed from the respective bases 3, 3 of L and L*.

§11 Changing the basis in a linear space and in its dual Let us now look at what
happens with coordinates of vectors of L* when passing from the dual basis 8* to
the dual basis 8’* induced by passing from a basis 8 to a basis 8’ in L. C0n81der
vector 7 € L and a linear function i € L* and their coordinates Z 7g, Tz and hg* hﬁu
w.r.t. the respective bases. Introduce further matrix A transforming coordinates of
vectors in L as

Tgr = Adp (3.66)

when passing from (3 to 3.
Basis 8* is the dual basis to 8 and basis 3’* is the dual basis to 3’ and therefore
hye Z5 = W(T) = hyn Tgr (3.67)
for all # € L and all h € L*. Hence

hpe @5 = hgi AT (3.68)

12
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for all ¥ € L and therefore
hge = hyo A (3.69)

or equivalently
hge = A" hg (3.70)

Let us now see what is the meaning of the rows of matrix A. It becomes clear from
Equation 3.69 that the columns of matrix AT can be viewed as vectors of coordinates
of basic vectors of * = [b]*,b}*,bi*] in the basis * = [b], b5, b3] and therefore
28T
— b —

A= | —bhh— (3.71)

=, T
B —
which means that the rows of A are coordinates of the dual basis of the primed dual
space in the dual basis of the non-primed dual space.
Finally notice that we can also write

}_7:5/* = A_Tﬁg* (3.72)

which is formally identical with Equation 3.16.

§12 When do coordinates transform the same way in a basis and in its dual basis
It is natural to ask when it happens that the coordinates of linear functions in L*
w.r.t. the dual basis £* transform the same way as the coordinates of vectors of L
w.r.t. the original basis £, i.e.

Zy = Al (3.73)

hgrs = Ahge (3.74)
for all e L and all h € L*. Considering Equation 3.72, we get

A = AT (3.75)
ATA = 1 (3.76)

Notice that this is, for instance, satisfied when A is a rotation [66]. In such a case,
one often does not anymore distinguish between vectors of L and L* because they
behave the same way and it is hence possible to represent linear functions from L*
by vectors of L.

§13 Coordinates of the basis dual to a general basis We denote the standard
basis in R? by ¢ and its dual (standard) basis in R3" by ¢*. Now, we can further
establish another basis v = [é1 & & in R? and its dual basis v* = [¢] &5 3]
in R3*. We would like to find the coordinates 7. = [C1,r C3ov C%,e | of vectors
of v* w.r.t. ¢* as a function of coordinates v, = [510 Coo 6’30] of vectors of ~
w.r.t. o.

Considering Equations 3.57 and 3.64, we are getting

N lifi=y ..
cwtcj(,:{ Oifi;é:;' fori,j=1,2,3 (3.77)

13
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which can be rewritten in a matrix form as

.

0 Cio+
ST — — — * T

0] = | o [Cla C2o 030] = Yor Vo (3'78)
.

1 C3or

1
0
0

o = O

and therefore
Toe =75 " (3.79)

§14 Remark on higher dimensions We have introduced the dual space and the
dual basis in a three-dimensional linear space. The definition of the dual space is
exactly the same for any linear space. The definition of the dual basis is the same
for all finite-dimensional linear spaces [65]. For any n-dimensional linear space L
and its basis 3, we get the corresponding n-dimensional dual space L* with the dual
basis *.

3.5 Operations with matrices

Matrices are a powerful tool which can be used in many ways. Here we review a
few useful rules for matrix manipulation. The rules are often studied in multi-linear
algebra and tensor calculus. We shall not review the theory of multi-linear algebra
but will look at the rules from a phenomenological point of view. They are useful
identities making an effective manipulation and concise notation possible.

5§15 Kronecker product Let A be a k x [ matrix and B be a m x n matrix

aip a2 - an
a1 Q2 - Al
A= O | eRF! and BeR™*™ (3.80)
a1 Gg2 - A
then £ m x I n matrix
a1;1B apB - ayB
ang CLQQB CLQZB
C=A®B= ) . . . (3.81)
ap1B ageB - ap B

is the matrix of the Kronecker product of matrices A, B (in this order).

Notice that this product is associative, i.e. (A® B)®C = A® (B® C), but it
is not commutative, i.e. A®B # B® A in general. There holds a useful identity
(A®B)T =A"® B.

§16 Matrix vectorization Let A be an m x n matrix

ail ai2 e A1n
a1 a2 te A2n

PO e S - G (3.82)
Gml Om2 " OGmn

14
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We define operator v(.): R™*"™ — R™" which reshapes an m X n matrix A into a
mmn x 1 matrix (i.e. into a vector) by stacking columns of A one above another

aiy
a1

am1
ai2

v(d) = a:m = (3.83)

Am?2
Q1n
a2n

Amn

Let us study the relationship between v(A) and v(AT). We see that vector v(AT)
contains permuted elements of v(A) and therefore we can construct permutation
matrices [66] T,,xn and T, x,, such that

U(AT) = Tmxnv(4)
v(h) = Tnva(AT)
We see that there holds
Thnxm Tmxn U(A) = Thxm 'U(AT) = U(A) (3'84)

for every m x n matrix A. Hence

Tnxm = T_l

mxn

(3.85)

Consider a permutation T. It has exactly one unit element in each row and in
each column. Consider the i-th row with 1 in the j-th column. This row sends the
j-th element of an input vector to the i-th element of the output vector. The i-the
column of the transpose of T has 1 in the j-th row. It is the only non-zero element
in that row and therefore the j-th row of T' sends the i-th element of an input
vector to the j-th element of the output vector. We see that T is the inverse of T,
i.e. permutation matrices are orthogonal. We see that

Troxn = Tisxn (3.86)
and hence conclude
Trxm = Trxn (3.87)

We also write v(A) = T,. ., v(AT).

mxn

§17 From matrix equations to linear systems Kronecker product of matrices
and matrix vectorization can be used to manipulate matrix equations in order to

15
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get systems of linear equations in the standard matrix form Ax = b. Consider, for
instance, matrix equation

AXB=C (3.88)

with matrices A € R™** X e RF*! B e R™*™ ¢ e R™ ™. It can be verified by direct
computation that

v(AXB) = (B'® A)v(X) (3.89)

This is useful when matrices A, B and C are known and we use Equation 3.88 to
compute X. Notice that matrix Equation 3.88 is actually equivalent to mn scalar
linear equations in k! unknown elements of X. Therefore, we should be able to write
it in the standard form, e.g., as

Mo(X) = v(C) (3.90)

with some M e R(mm*(k1) We can use Equation 3.89 to get M = B! ® A which yields
the linear system

v(AXB) v(C) (3.91)

B'® 8)vEX) = v(C) (3.92)

for unknown v(X), which is in the standard form.
Let us next consider two variations of Equation 3.88. First consider matrix
equation

AXB =X (3.93)

Here unknowns X appear on both sides but we are still getting a linear system of
the form
B'®A—TI)v(X) =0 (3.94)

where I is the (mn) x (k1) identity matrix.
Next, we add yet another constraints: X' = X, i.e. matrix X is symmetric, to get

AXB=X and X' =X (3.95)
which can be rewritten in the vectorized form as
B'"®@A-T)v(X)=0 and (Tpxn—I)v(X)=0 (3.96)
and combined it into a single linear system

{;%XX - i] v(X) = 0 (3.97)
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4 Motion

Let us introduce a mathematical model of rigid motion in three-dimensional Eu-
clidean space. The important property of rigid motion is that it only relocates
objects without changing their shape. Distances between points on rigidly moving
objects remain unchanged. For brevity, we will use “motion” for “rigid motion”.

4.1 Change of position vector coordinates induced by
motion

Figure 4.1: Representation of motion.

618 Alias representation of motion®. Figure 4.1 illustrates a model of motion using
coordinate systems, points and their position vectors. A coordinate system (O, f3)
with origin O and basis 3 is attached to a moving rigid body. As the body moves to a
new position, a new coordinate system (O’, ') is constructed. Assume a point X in a
general position w.r.t. the body, which is represented in the coordinate system (O, ()
by its position vector Z. The same point X is represented in the coordinate system
(O, B") by its position vector Z’'. The motion induces a mapping :Z"/g, — Zg. Such a
mapping also determines the motion itself and provides its convenient mathematical
model.

!The terms alias and alibi were introduced in the classical monograph [75].
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Let us derive the formula for the mapping :Z"’é, — Zg between the coordinates
5%, of vector Z’ and coordinates Z of vector Z. Consider the following equations:

z = &+ (4.1)
Tg = Tp+04 (4.2)
7y = [E;B b, Egﬁ]f;g,m/g (4.3)
fﬂ = Rfé/+5é (44)
#h = R (¥ — ) (4.5)

Vector 7 is the sum of vectors ' and o’, Equation 4.1. We can express all vectors
in (the same) basis 3, Equation 4.2. To pass to the basis 8’ we introduce matrix

R = [l;{ﬂ Béﬁ l_)}ﬁ) B], which transforms the coordinates of vectors from B3’ to S,

Equation 4.4. Columns of matrix R are coordinates 5{ 6,55 g,gé 5 of basic vectors

l;{, Eé, gg of basis 8’ in basis 3.

§19 Alibi representation of motion. An alternative model of motion can be de-
veloped from the relationship between the points X and Y and their position vectors
in Figure 4.1. The point Y is obtained by moving point X altogether with the mov-
ing object. It means that the coordinates %, of the position vector ¢’ of Y in the
coordinate system (O, 8”) equal the coordinates Z3 of the position vector Z of X in
the coordinate system (O, ), i.e.

Up = g
Ysr +0g = Ip
R! (?jﬁ + 65) = fg
ys = RIp—0p (4.6)
Y3 = RIg+ 5:/;) (4.7)

Equation 4.6 describes how is the point X moved to point Y w.r.t. the coordinate
system (O, f3).

4.2 Rotation matrix

Motion that leaves at least one point fixed is called rotation. Choosing such a fixed
point as the origin leads to O = O’ and hence to 6 = 0. The motion is then fully
described by matrix R, which is called rotation matriz.

§20 Two-dimensional rotation. To understand the matrix R, we shall start with
an experiment in two-dimensional plane. Imagine a right-angled triangle ruler as
shown in Figure 4.2(a) with arms of equal length and let us define a coordinate
system as in the figure. Next, rotate the triangle ruler around its tip, i.e. around the
origin O of the coordinate system. We know, and we can verify it by direct physical
measurement, that thanks to the symmetry of the situation, the parallelograms
through the tips of l;{ and l_% and along by and by will be rotated by 90 degrees. We
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Figure 4.2: Rotation in two-dimensional space.

see that

g{ = all 51 + ao1 52 (4.8)

by = —an by + a1 by (4.9)

for some real numbers a1 and as;. By comparing it with Equation 4.3, we conclude
that

R= {“” _‘m] (4.10)
a1 ail

We immediately see that

_ 2 2
R'R — ail a2 | | a1 ag | _ a3 +ay ) 0 , | = 10 L11)
—a1 air | [az  an 0 af; + as 01

since (a}; + a3;) is the squared length of the basic vector of by, which is one. We
derived an interesting result

R°! = RT (4.12)
R = R ' (4.13)

Next important observation is that for coordinates #3 and flli’” related by a rotation,
there holds

(@) + ()2 = T ) = (Ris) Rig = T (R'R) Tg = F575 = + 3> (4.14)

Now, if the basis 8 was constructed as in Figure 4.2, in which case it is called an
orthonormal basis, then the parallelogram used to measure coordinates xz,y of 7' is a
rectangle and hence 22 + 3?2 is the squared length of Z by the Pythagoras theorem.
If B’ is related by rotation, then also (2/)? + (y')? is the squared length of ¥, again
thanks to the Pythagoras theorem.

We see that :E’Ta_c’ﬁ is the squared length of ¥ when f is orthonormal and that this
length is preserved by computing it in the same way from the new coordinates of &
in the new coordinate system after motion. The change of coordinates induced by
motion is modeled by rotation matrix R, which has the desired property R'R = I,
when the bases 3, 3’ are both orthonormal.
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S

Figure 4.3: A three-dimensional coordinate system.

§21 Three-dimensional rotation. Let us now consider three dimensions. It would
be possible to generalize Figure 4.2 to three dimensions, construct orthonormal bases
and use rectangular parallelograms to establish the relationship between elements of
R in three dimensions. However, the figure and the derivations would become much
more complicated.

We shall follow a more intuitive path instead. Consider that we have found that
with two-dimensional orthonormal bases, the lengths of vectors could be computed
by the Pythagoras theorem since the parallelograms determining the coordinates
were rectangular. To achieve this in three dimensions, we need (and can!) use bases
consisting from three orthogonal vectors. Then, again, the parallelograms will be
rectangular and hence the Pythagoras theorem for three dimensions can be used
analogically as in two dimensions, Figure 4.3.

Considering orthonormal bases (3, 3’, we require the following to hold for all
vectors ¥ with Zg = [z y Z]T and 7, = [« o z’]T

@)+ )+ () = 2ty 42
Fy Ty = FyT
(RZs) RTs = T}Ts
7y R'R) @5 = Thig
TyCig = Thig (4.15)

Equation 4.15 must hold true for all vectors & and hence also for special vectors such
as those with coordinates

1 0] [o 1 1 0
of,l1],[o].]1].]lo0],|1 (4.16)
o {o 1 0 1 1

Let us see what that implies, e.g., for the first vector

1
[1 0 0Jc|o| =1 (4.17)
0
c11 = 1 (4.18)
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Taking the second and the third vector leads similarly to coo = ¢33 = 1. Now, let’s
try the fourth vector

1
[1 1 0]Jc|1| = 2 (4.19)

0
l4+cio+co+1 = 2 (4.20)
ci2 +co1 = .21)

Again, taking the fifth and the sixth vector leads to c¢13 + ¢31 = co3 + ¢33 = 0. This
brings us to the following form of C

1 ci2 c3
C = —C12 1 C23 (4.22)
—c13 —co3 1

Moreover, we see that C is symmetric since
T
c'=(R'R) =R'R=C (4.23)

which leads to —cjo = ¢12, —c13 = ¢13 and —ca3 = 93, i.e. c12 = c13 = co3 = 0 and
allows us to conclude that
RIR=Cc=1 (4.24)

Interestingly, not all matrices R satisfying Equation 4.24 represent motions in three-
dimensional space.
Consider, e.g., matrix

10 0
s=[01 o0 (4.25)
00 —1

Matrix S does not correspond to any rotation of the space since it keeps the plane
zy fixed and reflects all other points w.r.t. this xy plane. We see that some matrices
satisfying Equation 4.24 are rotations but there are also some such matrices that
are not rotations. Can we somehow distinguish them?

Notice that |S| = —1 while |I| = 1. It might be therefore interesting to study
the determinant of C in general. Consider that

1

1) = |RTR)| = [R7| [R] = [&] [R] = (|R)? (4.26)

which gives that [R| = +1. We see that the sign of the determinant splits all
matrices satisfying Equation 4.24 into two groups — rotations, which have a positive
determinant, and reflections, which have a negative determinant. The product of
any two rotations will again be a rotation, the product of a rotation and a reflection
will be a reflection and the product of two reflections will be a rotation.

To summarize, rotation in three-dimensional space is represented by a 3 x 3
matrix R with R'R = I and |[R| = 1. The set of all such matrices, and at the same
time also the corresponding rotations, will be called SO(3), for special orthonormal
three-dimensional group. Two-dimensional rotations will be analogically denoted as

SO(2).
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4.3 Coordinate vectors

We see that the matrix R induced by motion has the property that coordinates
and the basic vectors are transformed in the same way. This is particularly useful
observation when [ is formed by the standard basis, i.e.

17 [o] [o
g=1_1o|,[1].]0 (4.27)
o] (o] [1

For a rotation matrix R, Equation 3.16 becomes

b{ b1 11 T12 T13 b1 r11 b1 + 112 b2 + 113 b3
by | = R|ba|=|ra1 722 723 | | ba| = | ro1bi +roabay+ ro3b3 (4.28)
bé bs 31 T32 733 b3 r31 b1 + 132 ba + 133 b3
and hence
1] 0 0 r11
b{ = 71 b1 + 712 b2 + 713 bg =711 0f + 712 1]+ 713 0l = 712 429)
0 | 0 1 r13

and similarly for b} and b}. We conclude that

Tir T21 731

Lo -

[b{ b5 bé] = | T2 722 T32 | =R (4.30)
713 T23 133

This also corresponds to solving for R in Equation 3.14 with A =R

g
0
1
0

S O =

0
o = | B B|r (4.31)
1
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5 Image coordinate system

Digital image Im is a matrix of pixels. We assume that Im is obtained by measuring
intensity of light by sensors (pixels) arranged in a grid, Figure 5.1.

We will work with images in two ways. First, we will work with intensity values,
which are stored in the memory as a three-dimensional array of bytes indexed by
the row index i, the column index j, and the color index k, Figure 5(a). Color index
attains three values 1, 2,3, with 1 corresponding to red, 2 corresponding to green
and 3 corresponding to blue colors.

In Matlab, image Im is accessed using the row index i, the column index j and
the color index k as >>Im(i,j,k). The most top left pixel has row as well as column
index equal to 1. The red channel of the pixel with row index 2 and column index
3 is accessed as >>Im(2,3,1).

§22 Image coordinate system For geometrical computation, we introduce an im-
age coordinate system as in Figure 5(b). The origin of the image coordinate system is
chosen to assign coordinates 1,1 to the center of the most top left pixel. Horizontal
axis 51 goes from left to right. The vertical axis by goes from top down. The pixel
that is accessed as >>Im(i, j,k) is in the image coordinate system represented by
the vector @ = [j,1]T. A digital image with H rows and W columns will be in in-
dexed in Matlab as >>Im(1:H,1:W,1:3) and >>size(Im) will return [H W 3]. The
center of the most bottom right pixel will have coordinates [W, H]" in the image
coordinate system.

The image coordinate system coincides with the Matlab coordinate system image,
i.e. commands

>> axis image
>> plot(j,i,’.b’)

plot a blue dot on the pixel accessed as Im(i, j,k);

The image coordinate system is non-standard in two dimensions since it is a
left-handed system. The reason for such a unnatural choice is that this system will
be next augmented into a three-dimensional right-handed coordinate system in such
a way that the 53 vector will be pointing towards the scene.
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Figure 5.1: Image is digitized by a rectangular array of pixels

(a) Image Im is a matrix of pixels.
In Matlab, it is accessed using the
row index i, the column index j and
color index k as >>Im(i,j,k). The
most top left pixel has row as well
as column index equal to 1. The red
channel of the pixel with row index
2 and column index 3 is accessed as
>>Im(2,3,1).

(b) The image coordinate system is
defined with horizontal axis l;l and
vertical axis by. The origin of the co-
ordinate system is chosen to to assign
coordinates 1,1 to the most top left
pixel. Notice that pixel, which is ac-
cessed as >>Im(2,3,1), is represented
in the image coordinate system by the
vector @ = [3,2]".

Figure 5.2: Image coordinate system.
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6 Perspective camera

Modern photographic camera, Figure 6.1, is an interesting and advanced device.
We shall abstract from all physical and technical details of image formation and will
concentrate solely on its geometry. From the point of view of geometry, a perspective
camera projects point X from space into an image point x by intersecting the line
connecting X with the projection center (red) and a planar image plane (green),
Figure 6.1(b).

6.1 Perspective camera model

Let us now develop a mathematical model of the perspective camera. The model
will allow us to project space point X into image point x and to find the ray p in
space along the which point X has been projected.

§23 Camera coordinate system Figure 6.2 shows the geometry of the perspective
camera. Point X is projected along ray p from three-dimensional space to point x
into two-dimensional image. Point x is obtained as the intersection of ray p with
planar image plane w. Ray p is constructed by joining point X with the projection
center C'. The plane through the projection center C, which is parallel to the image
plane is called the principal plane.

The image plane is equipped with an image coordinate system (§22), (o, ),
where o is the origin and o = [51, 52] is the basis of the image coordinate system.
Notice that the basis « is shown as non-orthogonal. We want to develop a general
camera model, which will be applicable even in the situation when image coordinate
system is not rectangular. Point z is represented by vector @ in (o, @)

G=uby +vby e = {Z] (6.1)

Three-dimensional space 1s equlpped with a world coordinate system (O, ¢), where
O is the origin and § = [dl, dg, d3] is a three-dimensional orthonormal basis. Point
X is represented by vector X in (0, 6). The camera projection center is represented
by vector C in (O, §).

Let us next define the camera coordinate system. The system will be derived
from the image coordinate system to make the construction of coordinates of the
direction vector ¥ of p extremely simple.

Camera coordinate system (C, 3) has the origin in the projection center C' and
its basis g = [bl, b2, bg] is Constructed by re-using the two ba81s vectors of a and
adding the third basic vector bg, which corresponds to vector Co. We see that
vectors in 3 form a basis when point C is not in 7, which is satisfied for every
meaningful perspective camera. Notice also that the camera coordinate system is
three-dimensional.
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(a) (b)

Figure 6.1: Perspective camera (a) is geometrically a point (red) and an image plane
(green) (b).

Image points 0 and x are in plane 7, which is in three-dimensional space, and
therefore we can consider them as points of that space too. Point z is in (C, ()
represented by vector &, which is the direction vector of the projection ray p along
which point X has been projected into x. We see that vectors u, Z, bs form a triangle
such that

T = @+bs (6.2)
= u51+v52+153

and therefore
Y i
- — «
.Ig = x[517527g3] = [ = { 1 ] . (64)

Notice that basis § has been constructed in a very special way to facilitate con-
struction of 3. We can use u, v directly since 3 re-uses vectors of a and the third
coordinate is always 1 by the construction of 53. Although we do not know exact
position of C' w.r.t. the image plane, we know that it is not in the plane 7 and hence
a meaningful camera coordinate system constructed this way exists.

Notice next that the camera coordinate system is right-handed. This is because
when looking at a scene from a point C through the image plane, the image is
constructed by intersecting image rays with the image plane, which is in front and
hence the vector 53 points towards the scene. We see that vectors of 5 form a
right-handed system.

Let us mention that we have used deeper properties of linear and affine spaces.
In particular, we were making use of the concept of free vector in the following way.
We look at vectors l;l, by and @ as on a free vectors. Therefore, coordinates of the
representative of ¢ beginning in o with respect to representatives of 51, 52 beginning
in o equal the coordmates of the representative of # beginning in C' with respect
to representatives of b1, bo beginning in C. Hence u, v reappear as the first two
coordinates of Z.

For usual consumer cameras, vector 53 is often much longer than vectors 51, 52 and
often not orthogonal to them. Therefore, basis § is in general neither orthonormal
nor orthogonal! This has severe consequences since we can’t measure angles and
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Va,

Figure 6.2: Coordinate systems of perspective camera.
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distances in the space using /3, unless we find out what are the lengths of its vectors
and what are the angles between them.

§24 Perspective projection Point X has been projected along p into z. Since &
is a direction vector of p, point X can be represented in (C, 3) by

ne (6.5)

for some real non-negative! 1. The value of ) corresponds to the scaled depth of X,
i.e. the distance of X from the plane passing through C' and generated by bl, by in
units equal to the distance of C from w. Value 7 is not known since it “has been
lost” in the process of projection? but will serve us to parametrize the projection
ray in order to get coordinates of all possible points in space that could project into
T.

Let us now relate the coordinates #,, which are measured in the image, to the
coordinates X, which are measured in the world coordinate system. First consider
vectors X , C and 7. They are coplanar and we see that there holds

nt = X-C (6.6)

To pass to coordinates, we will use the camera coordinate system, in which we can
write

nts = Xp—Cp (6.7)
i o
n [ 1 ] = Xp—0Cp (6.8)

Next we shall pass to the coordinates w.r.t. basis  on the right hand side of Equa-
tion 6.8 by introducing a matrix A, which transforms coordinates of a general vector
y from basis 0 to basis 3, i.e.

75 = Al (6.9)

We know from linear algebra (§3) that such a matrix exists. We write

U ﬁla = A(Xs—Cy)
7 _ﬁl’”_ — A [1\—@;] ﬁ‘s] (6.10)
n _ﬁl" = P [%] (6.11)
nZs = Py [%] (6.12)
with 3 x 4 image projection matriz
By |a |- AG] (6.13)

"Here we choose @ such that 7 is non-negative. Considering negative 7, as in [2], may be necessary
if it is not clear how has the image coordinate systems been defined or how has & been chosen.
For instance, if & has been chosen to point along ray p away from X, n would have to be negative.

2Tt can be recovered when a point X is observed by two cameras with different projection centers.
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§25 Projection equation Equation 6.11 describes the relationship between mea-
surement 1, in the image and measurement Xg in space. It says that Xg is projected
into w, since there exists 17 such that Equation 6.11 holds. Notice that n multiple of
the vector on the left of Equation 6.11 is obtained by a linear mapping represented
by matrix Pz from vector )Z'(; on the right.
When computing 4, from X(s, we actually eliminate 7 using the last row of the
(matricidal) equation (6.11)
p; X
T
iy = pi . (6.14)
py X
p3 X

where we introduced rows of p1, p2, p3 of P and a 4 x 1 vector X as follows

Pl <
Ps = | pg and X = [ 15] (6.15)
P3

Notice that the projection equation is not linear. It is a rational function of the first
order polynomials in elements of X.

§26 Projection ray Having an image point i, we can construct its projection ray
p in space. The ray consists of all points Y that can project to u,. In (C, ), the
ray is emanating from the origin C'. We parametrize it by real 1 and express it in
(0,6) by vector X;

- U .
Yo = 1 [ f“] =15
)?5 = nA_lfg + C_"g (6.16)

Notice that )?5 (6.16) can also be obtained for a given 1 by solving the system of
linear equations (6.12) for Xs.

6.2 Computing image projection matrix from images of six
points
Let us now consider the task of finding the P3 from measurements. We shall consider

the situation when we can measure points in space as well as their projection in the
image. Consider a pair of such measurements [z, y, 2] % [u,v]". There holds

A
Aowvl| =0 Z — QX (6.17)
1

for some real A\, 3 x 4 matrix Q and 4 x 1 coordinate vector X. Notice that we intro-
duced new symbols A and Q to emphasize that they are determined by Equation 6.17
up to a non-zero scale

Q=¢R (6.18)
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We will see that this will have further consequences.
Introduce symbols for rows of Q

al
Q=|aqg (6.19)
a3
and rewrite the above matrix equation as
Au = qlTX (6.20)
Av = qoX (6.21)
A= aqiX (6.22)

Eliminate A from the first two equations using the third one

(@X)u = qiX (6.23)
(@X)v = qoX (6.24)

move all to the left hand side and reshape it using x'y = y'x

X'qr — (uXx")gs = 0 (6.25)
X'go — (wX")gz = 0 (6.2
Introduce vector of parameters (which are elements of Q)
T
a=[al a5 ] (6.27)

and express the above two equations in matrix form
zy 21 0 0 0 0 —uzr —uy —uz —u — 0
0 00 zzvy 2z 1 —ver —vy —vz —v 1=

M q = 0  (6.28)

Every correspondence [z,y,2]" % [u,v]” brings two rows into the matrix
M (6.28). We need therefore at least 6 correspondences in general position to obtain
11 linearly independent rows in Equation 6.28 to obtain a one-dimensional space of
solutions.

If Q is a solution to Equation 6.28, then 7 Q is also a solution and both determine

the same projection for any positive 7 since
(1Q) X=7(QX) =7 (AZg) = (TA) Z3 (6.29)

Assuming P3 = 7Q leads to A = 7/7. We see that we can’t recover P3 but only
its non-zero multiple. Therefore, when solving Equation 6.28, we are looking for
one-dimensional subspace of 3 x 4 matrices of rank 3. Such a subspace determines
one projection. Also note that the zero matrix does not represent any interesting
projection.
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Notice that when considering more correspondences, M becomes

rr Y1 z 1 0 0 0 0 —UuUlr]y —UlYyr —uUrk1r —uUi
o Yz 22 1 0 0 0 0 —U2T2 —UY2 —U222 —U2

0 0 0 0 rr Yi =1 1 —V1xr1y —UV1Yr —U1k1 —U1
0 0 0 0 o Y2 22 1 —V2X2 —UVY2 —UZ9 —VU2

(6.30)
Matrix M can be more concisely rewritten as
[X] 0" —wupX{]
X4 07 —usXJ
M= (6.31)

of x{ —wx{

0f X5 —wveXg

with 07 = [0,0,0,0].

§27 A more general procedure for computing Q We shall next develop and al-
ternative formulation for finding matrix Q. Let us come back to Equation 6.17

At =QX (6.32)

Above, we have eliminated A assuming i3 = 1. Let us now present an alternative

procedure for eliminating A, which works for any non-zero i = [u,v,w]", i.e. even
when w = 0. The trick is to realize that

0=ux (A\d) =uxQX=[u],QX (6.33)

This gives three equations for each @ < X correspondence. However, only two of
them are linearly independet since @], has rank two. Now, we are in the position
to employ Equation 3.92, which gives

[@], QX = 0 (6.34)
x'Q"[@]. = of (6.35)
v(x'Q" [@])) = w(o") (6.36)
([a],®x")v@") = v (6.37)
0 —w v
w 0 —u|®x" |v@") = wv(") (6.38)
—v U 0
of —wXx’ vXT
wX" of —ux"|[wv@") = w(h) (6.39)
—vX' uX’ ol
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For more correspondences numbered by 7, we then get

[ ol —w1 Xir U1 XI ]
or — W2 X;— V9 X;
w1 XI O—r —Uul XI
weXg 01 —wX) |v@") = 0 (6.40)
—v1 X upX{ o
—vp Xy  ugXg o

which if, for w =

1, is equivalent to Equation 6.30. Notice that v(Q") = q from
Equation 6.30.
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7 Camera calibration

Let us now look at a useful interpretation of image projection matrix in space and
image equipped with cartesian coordinate systems.

7.1 Camera pose

The projection formula 6.10 reveals that the perspective projection depends on ma-
trix A and vector C’;;. The vector C_”(; represents the position of the camera projection
center w.r.t. the world coordinate system. Columns of matrix A are coordinates of
the basic vectors of § in the basis 3

A= |dy, D, dy (7.1)

To recover the orientation of the camera, we will introduce the focal length f

as the distance of the camera projection center C' from its projection plane 7w (in

the world units) and replace the product f A by the product of two 3 x 3 matrices K
and R

fA=KR (7.2)

We will see that this seemingly artificial construction is indeed justified.

Rotation matrix R determines the orientation of the camera in space and alto-
gether with Cs defines the camera pose. The camera calibration matrixz K does not
change when moving its camera in the space.

To obtain K and R, we define, Figure 7.1, the camera cartesian coordinate system
(C,~) with center (again) in the camera projection center C' and with basis v =
[¢1, @2, €3] such that

& = knb
52 = k12 bl + kgz bg (73)
c3 = ki3by + kozby + 1b3

Parameters k;; are determined to make the basis v orthogonal. Notice that vector

3 is orthogonal to 7 since it is orthogonal to €7, Gy, which span 7, by construction.

Also notice that «y is (in general) not an orthonormal basis since the length of its

vectors equals the distance of C' from m, i.e. the focal length f in the world units.
Equations 7.3 define matrix K as

ki ki ki
K = [51[3 525 Egﬁ] = 0 koo kos (74)
0 0 1
By this construction, we have
fﬁ = AZs;=K Hﬂ/ (7.5)
1
T, = = ?R,%(; (7.6)
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The world cartesian coordinate system has basic vectors of unit length. The camera
cartesian coordinate system (C, ) has basic vectors of length equal to f. Therefore,

' r{/f
(4, o, di, | = 5r=|=1/s (7.7)
r3/f

for some 3 x 3 orthonormal matrix R with rows r{, rJ, 4.

Consider that

a=[d & &)=k (@, & &) =78 (78)

We can view the matrices %R and K as coordinate transformation matrices, which
transform a general vector ¢ from the coordinates w.r.t. § to v and then to S, i.e.

. R S
yﬁ=Kyv=?KRy5 (7.9)

The basis v is orthogonal and all basic vectors have the same length, which is equal
to f. It follows from the orthogonality of the basis v that & - ¢ = f2, & -G =0
and ¢ - ¢, = f? and hence using Equation 7.3 leads, for a positive f, to

ko - f =
ki koo (b - ba) + kia f° = 0 (7.10)
ki kg [bal” — (kiy + k1) 2 = 0

Let us solve Equations 7.10 for kj1, k12 and kgo. The first equation in (7.10) provides
k11. Substituting the square of f from the first equation into the second one and
dividing it by k%, gives the second equation of (7.11), which allows to compute k12
from koo. To get kog, we construct the third equation of (7.11) as follows. We express
ki1 from the first equation of (7.10) and kj2 from the second equation of (7.11)
and substitute them into the third equation of (7.10), which we then multiply by
|[b1|[*/ 2. Altogether, we get

kb —f = 0
Fag 1] + koo (b1 - by) = 0 (7.11)

-

K3 (Ib1)? Jb2® = (b1 - b2)%) = f2 [Ba]> = 0

Looking at the third equation of (7.11) we see that

- P s o)
[0117][b2]* — (b1 - b2)*  [[ba]|* — [[b2]|* cos®£ (b1, ba)
and since v was constructed to make koo positive, we obtain
koo = / (7.13)

|ba]| sin £ (b1, bo)
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Figure 7.1: Camera internal parameters are related to the geometry of basis 5.
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The second equation of (7.10) now gives

by - b ba| cos £ (by, b

ko =~k 2 =~k |62 cos £(bx, b2) (7.14)
14 04
_ feosZ(b1,by) (7.15)
|01 sin £ (b1, b2)
Finally k11 follows from (7.11)
A (7.16)
1]

Considering Figure 7.1 and Equation 7.3, we see that the coordinates of the
vector i, corresponding to the principal point, which is the perpendicular projection
of C' onto 7, are in 3

k

__— kl?’ T RE

Upp = 23 | , 1.€. Upq = k (717)
0 23

The horizontal pixel size corresponds to ||by]l. Quantity k11 can thus be under-
stood as f expressed in the horizontal image units. The angle between the image
axes 51, 52 is obtained from ki1 /k12 = —tan 4(51, 52) The ratio of the lengths of the
image axes is determined by |ba|/|[b1] = \/k11 (k11 + k12)/kas.

Let us now return to Equation 6.11 and substitute there the above results to
arrive at the final projection equation

nis = Ps Hﬂ (7.18)
" _ﬁla_ = A(X5—Cs) (7.19)
fn _ﬁf‘_ = fA(X;-Cy) (7.20)
fn _ﬁl‘“_ = KR(X;—Ch) (7.21)
¢ _ﬁf‘_ = KR(X; - Ch) (7.22)
¢ 7711‘17 — kR |1]-G] {)ﬂ (7.23)

We have introduced a new parameter ¢ = f 7, which is the depth of X in the world
units. We conclude that

Py = 71KR|—?KRC_”5] (7.24)

Notice that the last row aj of A provides f since

alT ki1 k1o kis ] I‘lT kllI‘lT + k:lgrQT + klgr;
T Pl T T

A= | a, = ? 0 koo kog i) = ? ]{QQI‘Q + k231‘3 (7.25)
aj 0 0 1 ||zg g
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and hence |aj | = % Therefore |P3(3,1:3)| = %
Equation 7.23 is very important in many practical situations when we do not
have access to physical dimensions of the camera but only to images. Then, it is

possible to recover matrix KR [I | — C"(;] but not image projection matrix Pz. This

is so important the we introduce the camera projection matriz
P = [KR]—KR@;] (7.26)
which is related to the image projection matrix as
P= [P (7.27)

In this text, it would be more consistent to asociate subscript v with the camera
projection matrix but we will not do that since we want to use the nomenclature
of [2] here whenever possible.

Let us write K explicitely,

g gesiBib)
K 1] b1 sin 4}21,@) 0 -
0 |ba |2 —|b2|2 cos? Z (b1,b2) vo .
0 1

L T . o
where ty, = [uo vg] . We see that we can neither recover f nor ||by| from P.
Let us introduce image calibration matriz
1

Kg = 7K (7.29)

to have
Py = |KsR| ~ KoR S| (7.30)

Writing image calibration matrix Kg explicitely,

1 cos 4(51 ,52)

1 2) ug

1 b1 [[b1] sin Z(b1,b2) f
Kg=—K= _ _f _ vo (7.31)

f [b2]|?— b2 cos? £ (b1 ,b2) 1f

0 7

shows that it is possible to recover both
- 1 1
|b1]| = -— and f = -— (7.32)
Kp11 K333

from image calibration matrix.

There is an important difference between Kz and K regarding the representation
of internal camera calibration information. Image calibration matrix Kz, and also
image projevction matrix Pg, captures all calibration information about a perspective
image whereas camera calibration matrix K, and also camera projection matrix P,
captures only the calibration information that can be recovered by auto-calibration
from images as we will see later. When the focal length is known in world units
or when pixel sizes are known in world units, it is more apropriate to use image
calibration Kg, or image projection matrix Pg, to represent full internal calibration
information.
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e
T
Vo
(a‘) B = [b17b27b3]7 0= [d17d27d3]: 17/3 = AZ]& (b) Y= [61782763]: ?j'y = %Rgé
ds
T

(c) € = [é1, €2, €3]: e = RUs,
v = [ﬁ17ﬁ27ﬁ3]: gu = K?je

Figure 7.2: Coordinate systems gener%tged by applying %R, K, R, R~ and K~1.
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§28 Coordinate systems generated by applying KR to 35 and R"'K~! to 75 We
have seen that the decomposition of A to K and R introduced the camera cartesian
coordinate system (C,~), Figure 7.2(b)

R ijs (7.33)
Uy (7.34)

There are three more coordinate systems to consider when looking at how ma-
trices R, K, and their inverses R™!, K~!, apply to vectors ¥5 and ys, Figure 7.2.

Let us first consider coordinates of a vector i/ w.r.t. basis § and apply successively
R and K. Coordinate vector R s can be interpreted as coordinates of ¢ w.r.t. a new
basis € = [€7, €, €3], Figure 7.2(c). Applying further K to #. gives the coordinate vec-
tor K g, which can be interpreted as § w.r.t. yet another new basis v = [y, ig, 7i3].
We get from v to 8 by using % I

376 = R:‘j& (735)
371/ = K 376 (7.36)
" 1_ .

g = ?I 7 (7.37)

We have introduced two new coordinate systems (C,v), v = [fiy, 72, fi3] and (C,e€),
€ = [é1, €z, €3].

Next we consider coordinates of a vector § w.r.t. basis § and apply successively
K1 and R™!. Coordinate vector K~1 §75 gives ¢,. Coordinate vector R~ ¢, can be
interpreted as coordinates of i w.r.t. a new basis x = [k1, k2, k3], Figure 7.2(d). To
get from ¢, to s we need to employ fI

g, = K 'is (7.38)
J. = R, (7.39)
Us = [fIyx (7.40)

We have thus introduced a new coordinate system (O, k), kK = [El, ko, 123]

Figure 7.3 summarizes the relationship between coordinates of a vector and be-
tween bases associated with a perspective camera.

We can now see why we have chosen to denote the image projection matrix as Pz
and the camera projection matrix as P. The image projection matrix provides the
ray direction vector & in basis § while the camer aprojection matrix provides the
ray direction vector Z in basis v.

§29 Recovering camera pose from its projection matrix Let us next consider
that we have already computed the camera projection matrix

Q=¢EP=EKR[T| — G (7.41)
consisting of a 3 x 3 matrix M and 3 x 1 vector m

Q= [M|m] (7.42)
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Figure 7.3: Relationships between (a) coordinates in different bases. e.g. iz = K/
and (b) bases themselves, e.g. 3 = yK~!, associated with a perspective

camera.

To recover camera pose from Q, we need to get C_”5 from m and to decompose Q into
the product of K in the form of (7.4) and R such that R'R = I and |R| = 1. Consider

M in the form

M = |mg (7.43)

Next we notice that the last row of K R has unit norm since it is equal to the last row of
rotation R. Therefore, we need to divide M by the norm of its last row to get a matrix
decomposable into the product of KR. Moreover, it follows from the construction
of B that ki1 > 0 and koo > 0. Thus, determinant |K R| = |K| ‘R| = ki1 kog > 0.
Therefore, we also need to multiply M by the sign of its determinant to get a matrix
decomposable into KR.

T T

. . m kll k?lg k13 ry

sign M| sign M| | L[ L
ng” = ngH m2|- = 0 /{22 k‘23 1‘2r (7.44)

m] 0 0 1 ]|r]
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which provides the following set of equations

mQT ms

||m3H2 = kQQ r;—rg + k23 r;;rrg = k23 (745)
meg

e~ (749
my my 2 2

||m3H2 = k’QQ + k23 (747)
m{ my

e k12 koo + ki3 ko3 (7.48)
m{ m 2 2 2

||m3H2 = kll + k12 + k13 (749)

from which ki1, k12, k13, ko2, kog can be easily computed considering that the most
of consumer digital cameras have ki1 > 0, koo > 0, k13 > 0, kog > 0.
Having k;; computed, we recover R from M as

_ysign M|

R=K (7.50)
[ms
Camera projection center can be computed in two ways. Either we get
Cs=—M'm (7.51)

or we obtain it by finding a basis c of the one-dimensional right null space of matrix
Q, i.e. solving

Qc=0 (7.52)
and then computing
G| 1
[ ] } = C4c (7.53)

where c4 is the fourth coordinate of vector c.

7.2 Camera calibration and angle between projection rays

We have introduced matrices P, R and K, and vector C_"(; which determine the pro-
jection from space to images. However, since K is introduced with K33 = 1, the
triplet (X, R, C_"(;) does not contain all information about the camera, which can be
obtained by direct measurement of its physical components in a world coordinate
system equipped with a known world unit length 1y,. The missing element is the
scale of P, which is equivalent to knowing the value of the focal length or the size of
pixels, i.e. f, [by] or ||bafl, in 1yy.

Knowing K and f allows to recover |bi| from Equations 7.3 as |b1] = f/k11.
Knowing K and [[by [, on the other hand, gives f = |b k11.

Therefore, full calibration of the camera is encoded in matrix Pg, Equation 7.24,
or, e.g., in one of the following tuples: (Kg, R, C_"g), (K, R, Cs, f), (X, R, Cs, ||51H) or
(K7 R, 057 HbQH)

We defined the camera calibration matrix K with K33 = 1 because we often do not
have access to the world unit when working with images without knowing anything
about the camera which was used to make them. Moreover, a number of important
tasks can be done without knowing the world unit.
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Figure 7.4: A calibrated camera pose can be computed from projections of three
known points.

§30 Angle between projection rays Consider two image points 1, and s,. The
direction vectors of the rays are in 3 given by

Tig = [uia] , Tog = [uia] (7.54)

To obtain the angle between the direction vectors by evaluating the scalar product
of the vectors, we need to pass to an orthogonal basis. The “closest” orthogonal
basis is . Hence

=T = ST o—Ty—1=
L. T~y T2y x K™ 'K Top
cos (T, T) = ——t—r— = Kff—» K iz (7.55)
|1Z1y[[Z2 | K& ] [K 1 E2g]

Notice that we could use the orthogonal basis v to measure angles instead of, e.g., the
closest orthonormal basis € since the unknown scale factor f cancels in the following

formula
T = —T - =T =
cos (%1, Ta) = i = U 71){/ 72y) - _rh (7.56)
’ |Z1elllZaell  [f Zrelllf Zonl [Z1y T2 ]

We conclude that we do not need to know f to measure angles between projection
rays.

7.3 Calibrated camera pose computation

We have seen how to find (uncalibrated) perspective camera pose from projections
of known six points. In fact, we have recovered the calibration of the camera. Next
we shall show that when the calibration is known, we are able to find the pose of
the camera from projections of three points. This is a very classical problem which
has been known since [76].
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Figure 7.4 shows a camera with center C', which projects three points X1, X5 and
X3, represented by vectors Xi5, Xos and X35 in (O, d), into image points represented
by flg, fgﬁ and 535.

§31 Classical formulation of the calibrated camera pose computation We in-
troduce distances between pairs of points as

dip = || Xos — Xusl|,  doz = || X35 — Xosl|, da1 = || X15 — Xss]] (7.57)

Since we see three different points, we know that all distances are positive.
Points X1, X2 and X3 are in (C,~y) represented by vectors

— 1=
Ty ]

== "1~
gl T K gl

i=1,2,3 (7.58)

with 7; representing the distance from C to X;. Distances n; are positive since
otherwise we could not see the points.

§32 Computing distances to the camera center Calibrated perspective camera
measures angles between projection rays

T K K T
[&=*Zig] [k 255"

cij = cos L(Z;, ;) = i=1,2,3, j=(i—1) mod 3+1 (7.59)

Hence we have all quantities n;, cos Z(&;, Z;) and d;j, which we need to construct
a set of equations using the rule of cosines d?j =n? + 77]2 —2m;m; cos L(Z;, ), ie.

diy = ni+m—2mnacr (7.60)
dyy = m3 45 —21mm3co3 (7.61)
A3y = mAm —2mmen (7.62)

with Cjj = COS L(fl,fj)

We have three quadratic equations in three variables. We shall solve this system
by manipulating the three equations to generate one equation in one variable, solving
it and then substituting back to get the remaining two variables.

§33 A classical solution Let us first get two equations in two variables. Let us
generate new equations by multiplying the left hand side of (7.60) and (7.62) by the
right hand side of (7.61) and right hand side of (7.60) and (7.62) by the left hand
side of (7.61)

diy (5 +m5 —2memzcas) = dis (0} + 13 — 2m M2 c12) (7.63)
d3; (5 +m5 — 2m2n3 C23) d33 (15 + 3 — 2m3 M1 c31) (7.64)

We could have made three different choices which equation to use twice but since all
d;j # 0, and hence all sides of the equations are nonzero, all the choices are equally
valid.
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We have now two equations with three variables but since the equations are
homogeneous, we will be able to reduce the number of variables to two by dividing
equations by (e.g.) n7 (which is non-zero) to get

dis (1+ iy — 22 c12) (7.65)
dz (14 i3 —2m3ca) (7.66)

diy (niy + mis — 212 ms ca3)
2 (2 2
dsy (112 + i — 212 M1 c23)
with 7o = % and 713 = Z—f Notice that we have a simpler situation than before
with only two quadratic equations in two variables. Let us proceed further towards
one equation in one variable.
We rearrange the terms to get a polynomials in 713 on the left and the rest on
the right

d%Q 77%3 + (_Zd%Q M2 C23) M3 = d%?, (1 + 77%2 —2ma2 C12) - d%QU%Q
(d?’,l - d%3) 77%3 + (2 dg:a €31 — 20%1 M2 C23) M3 = d%3 - d?’,l Nty (7.67)

to get two quadratic equations

minis +pims = q (7.68)

MMy + P2 s = 42

in 713 with

mi = di (7.69)
p1 —2dtyma a3 (7.70)
q1 dig (1+ 0ty — 2m2 c12) — dianis (7.71)
ma 45y — d3y (7.72)
p2 2d3s c31 — 25 ma cas (7.73)
¢ = diz—d3ini, (7.74)

We have “hidden” the variable 719 in the new coefficients. We can now look upon
Equations 7.68 as on a linear system

EEI R
mz P2 |3 q2
The matrix of the system (7.75) either is or is not singular.

§34 Case A If it is not singular, we can solve the system by Cramer’s rule [67, 68,

66]
2 mip P q1 p1
= 7.76
s [m2 pa” qu pz” (7.76)
m m
7)13[ ! pl” = H ! ‘”” (7.77)
m2  p2 ma g2
giving
Nz (mips —map1) = qp2—qp (7.78)
M3 (mip2 —ma2p1) = Mmige—ma2q (7.79)
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Eliminating 713 (by squaring the second equation, multiplying the first one by
mq pa — mg p1, which is non-zero, and comparing the left hand sides) yields

(m1ip2—map1) (qup2 — q2p1) = (Mm1g2 —maqr)® (7.80)
Substituting Formulas 7.69-7.74 into Equation 7.80 yields

0 = ag 771112 + as ?7%2 + a9 77%2 + a1 2 + ap (7.81)
with coeflicients
ar = —di3 — diadys — dygdyy — 2d3, dyy 5y + 235 d5; + 2di5 d3s (7.82)
+4.d3y ey day d3,
ag = 4 d4112 d%?) c31¢93 — 4 d%Q dg3 c1g — 4 d%Q 23 dg3 c31 +4 d%g) C12 dél (7.83)

+4d3y 1o — 4diy dyg ez d3y coy — 8dly 33 dps dfy 1o — 8d3zcrady
+4 d%z d%s €12 d%l
-8 d%z d§3 e —4 d%z dys 31 d:231 co3 —4 d%z dys 12 3
+4 dzllg d§3 c31Co3 — 8 dg3 C12 d%l
ap = 2dsSyd3 +2diydydsy — digdsy — diydas + 4diy dSg 3y (7.86)
—dis — 2d7y d3y
We will use eigenvalue computation to find a numerical solution to Equation 7.81.
Construct the following companion matriz

_a (7.87)

O O = O
O = O O

and observe that
|m2I—C| = 7712"‘ 7712WL 77124'*77124'*4 (7.88)

Therefore, a numerical approximation of 712 can be obtained by computing, e.g.,
>>eig(C) in Matlab. Complex solutions are artifacts of the method and should
not be further considered. For every real solution, we can then substitute back to
Equation 7.79 to obtain the corresponding

ms = g2 — m2 g1 (7.89)
mip2 —Mmap1
d%Q <d§3 - d%l 77%2) + (d%:s - d%l) (dgs (1 + 77%2 — 2M12 C12) - d%z 77%2)

2d3y (d33 c31 — d3; caz3miz) + 2 (d3; — d33) iy caz Mo

To get 11, n2 and 13, we consider Equation 7.60, which can be rearranged as

diy = m; (14775 — 2ma c12) (7.90)
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and hence yields positive

d
mo = — (7.91)
V1410, —2ma cr
n2 = M2 (7.92)
N3 = MmMms3 (7.93)

§35 Case B Let us now look at what happens when the matrix of the system (7.75)
is singular. Then, after substituting mi, ms, p1 and ps from Equations 7.69-7.74,
we have

mipz —mapr = 0 (7.94)
—2d3yd3; (macaz —c31) = 0 (7.95)
Mm2C23 = €31 (7.96)

We used the fact that neither dis # 0 nor dog # 0.

§36 Case B1 When co3 # 0, then we get

m2 = ot (7.97)
C23

Substituting it to Equations 7.65 we get

di ((631)2 + iy =2 g 023> = (1 + (Bl oSl 612> (7.98)
€23 €23 C23 €23
d%z (Cgl + 053 77%3 —2c3 053 7713) = dgs (033 + C%l —2c3103 012) (7.99)

and after some more manipulation obtain a quadratic equation

(d%Q 053) 77%3 + (=2 d%2 033 c31) M3 + d%2 C%l - d%3 033 - d%zz C%l +2 d%:& ciz2ce3¢31 = 0
(7.100)
in m13. We get 11, 2 and 73 from Equations 7.91, 7.92, 7.93.

§37 Case B2 When co3 = 0, then it follows from Equation 7.96 that ¢33 = 0 as
well. Returning back to equations 7.65, 7.66 provides

d%2 (77%2 + 77%3) = d§3 (1 + 77%2 — 2112 612) (7.101)
3y (nis +mis) = diz (1+7is) (7.102)

Expressing 113 from Equation 7.102 gives
(dgza - d%l) 77%3 = d?ﬂ My — d%s (7.103)
§38 Case B2.1 When d3; # d3;, then we can write
_ d%l 77%2 - d%:s

2
iy = B2 s (7.104)
d3; — d,
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to substitute it into Equation 7.101

2 2 d:2>>1 77%2 - d%3 2 2
dis | M2 + Rz ) = dis (1 + M2 — 2112 012) (7.105)
23 — 031

which we further manipulate to get a quadratic equation in 79
(diy — diz + d%l) s + 21z (dbg — d3y) ma + d3y — diy — diy = 0 (7.106)

We get 11, 72 and n3 from Equations 7.91, 7.92, 7.93.

§39 Case B2.2 Finally, when d%; = d3,, then we get from Equation 7.103

ma =1 (7.107)
and from Equation 7.101
2 d
Ny = 22(2-2cp)—1 (7.108)
diy
and hence the positive
d3
ms = Al 5 (2—2c2) -1 (7.109)
12

We get 11, m2 and 73 from Equations 7.91, 7.92, 7.93.

540 Selecting solutions The above process of 77; computation often delivers several
solutions. It is important to notice that some of them may not satisfy the original
Equations 7.62-7.60. For instance, we always obtain solutions for the case A as well
as for some of the cases B but only one of the cases is actually valid. Hence, we need
to select only the solutions that satisfy Equations 7.62—7.60 and are meaningful, i.e.
are real and positive.

§41 A modern (more elegant) solution The classical solution is perfectly valid
but it was quite tedious to derive it. Let us now present another, somewhat more
elegant, solution, which exploits some of more recent results of algebraic geometry [6,
77].

Let us consider Equations 7.60, 7.61, 7.62 and proceed to Equations 7.65, 7.66,
but, this time, using all three pairs to get three equations in 712, 713

fi = diy (i + i3 —2mamacas) — d3z (14175 —2macia) =0 (7.110)
fa = dy (nfy +1is — 2m2ms cas) — dis (14775 — 2mscsr) =0 (7.111)
fs = diy(L+nis—2mscs) —d5y (L+ 0y —2maci2) =0 (7.112)
It is known [6, 77] that solutions to a set of k algebraic equations
filzr, ... xn) =0, i=1....k (7.113)

in n variables, which have a fininte number of solutions, can always be obtained
by deriving a polynomial g(z,) = 0 in the last variable by the following procedure.
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If the system, does not have any solution, the procedure will generate polynomial
gn = 1, i.e. a non-zero constant, leading to the contradiction 1 = 0.

The procedure is as follows. First generate new equations by multiplying all f;
by all possible monomials up to degree m

2 2 .3 2
Tlyeeoy Ty X1, X1 X2, .o T X7, X T2y oo, T (7.114)

to get equations

f1 IO,...,fn IO, a;lfl =0,...,a;nfn 20, x%fl IO, xlngl IO,...,lefn =0

(7.115)

The degree m needs to be chosen such that the next step yields the desired result.

It is always possible to choose such m but it may sometimes be found only by

using more and more monomials until the Gaussian elimination of the matrix of

coefficients, which combine monomials, does not produce a row corresponding to an

equation in z, only. Let us demonstrate this process by solving our problem.

We use the following four monomials of maximal degree two

M2, T3, T2 M3s Nz (7.116)

Notice that we did not include the second degree monomial 7?; since it turns out that
equations generated by that monomial are not necessary. We obtain 15 =344 x 3
equations

f SR
f 771237713
f3 277132
213
Mz fi 2
3 2
ma f2 2
Uik}
m2 f3 3
273
ms f1 s
mafa | =M | P21 —Mn=0 (7.117)
113 112
ms [f3 .
M2 M3 f1 774
12
a2 M3 f2 n
M2 ms f3 N
2 M2
77%2 h m2
Mo f2 1
2
M2 [3 ] - -
with
[ 0 0 0 0 mi 0 0 —my 0 0 0 my mg —mag
0 0 0 0 ms 0 0 mg —mig 0 0 —m3 0 mo
0 0 0 0 —mj 0 0 0 mi1 0 0 ms —mi2 me
0 0 0 mi 0 0 —mr 0 0 0 my mg —mo 0
0 0 0 ms 0 0 mg —mig 0 0 —ms3 0 mo 0
0 0 0 —m 0 0 0 mi1 0 0 m3  —mi2 me 0
0 mi 0 —mr 0 0 my mg —mo 0 0 0 0 0
M= 0 ms 0 mg  —mio 0 —ms3 0 mo 0 0 0 0 0
0 —m1 0 0 mi11 0 ms —m1g me 0 0 0 0 0
m1 0 —mr 0 0 my mg —mo 0 0 0 0 0 0
mp 0 mg —mig 0 —ms3 0 mo 0 0 0 0 0 0
—m1 0 0 mi1 0 ms —m12 me 0 0 0 0 0 0
0 0 m1 0 0 —mry 0 0 0 my mg —ma 0 0
0 0 ms 0 0 mg —mig 0 0 —m3 0 mo 0 0
| 0 0 —m1 0 0 0 mi1 0 0 ms —mig me 0 0
(7.118)
and
2 2 2 2 2
2 2 2 2 2
2 2 2 2 2
m3 = d31 me = d31 — d12 mg = 2 d31 C93 mia = 2 d31 C12
(7.119)

48




T. Pajdla. 2015-12-8 (pajdla@cmp.felk.cvut.cz)

Matrix M contains coefficients and vector m contains the monomials.

Notice in Equation 7.117 that the last five monomials contain only on 72. We
have deliberately ordered monomials to achieve this. Next, we do Gaussian elimi-
nation (with pivoting) of matrix M and get a new matrix M.

One can verify that that the 10th row of M’ has the first nine elements equal to
zero. Therefore

MllO,: m=0 (7.120)

is a polynomial only in 712. In fact, it is exactly a non-zero multiple of polynomials
obtained in cases A, B1, B2.1 and B2.2 above.

Discussion of the cases happens in the Gaussian elimination with pivoting, which
avoids dividing by elements close to zero. The resulting polynomial may be of degree
four (case A) but will have lower degrees in other cases.

542 Computing camera orientation and camera center Having quantities 7,
12, N3, we shall compute camera projection center C_"(g and camera rotation R from
Equation 7.24.

The three points X7, X5 and X3 are represented in the world coordinate system
(0, 9) by vectors X 18, X% and )Zg(s. With known 71, 12, n3, we can represent them
also in the camera (orthonormal) coordinate system (C,€) by vectors

|| Zie 1S Zis | 1%

€

Coordinate vectors X}g are related to coordinate vectors Y;E as follows

Yie = R(X15—C) (7.122)
Yae = R(Xz5—Cy) (7.123)
Yse = R(Xs35—Cy) (7.124)

There are three vector equations in R?, which is nine scalar equations, and 12 un-
knowns in R and ég. Additional seven equations are provided by the fact that R is
an orthonormal matrix, i.e. R'TR = I and |R| = 1.

To compute R, we shall next eliminate C_"(; from Equations 7.122-7.124

Yae = Yie = R(Xas— X1s) (7.125)
Y3 —Yie = R(X35 — Xl(;) (7.126)

and use the property (Equation 3.47 in Section 3.3)

R—T
"R

—

X, x Y, X5 x Y5) =R (X5 x Y5) (7.127)

of the vector product of any two vectors X , Y in R3 and an orthonormal matrix R
to write

(Vo= Fi0) x (o= Fi) = (R(Xas — K19)) x (R(Kss = Xup))  (7.128)

:R@Q—ﬁgu&er) (7.129)
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which provides a triplet of independent vectors expressed in the two bases

Zoe = Yae — YVie, Zns = Xos — Xus (7.130)
Z3e = Y3 — Yie, Z3zs = X35 — Xus (7131)
Zve = Zae x Zse,  Zhs = Zos x Zss (7.132)

Rotation R can then be recovered from
[Zle ZQE 235] =R [215 225 235] (7133)

as
o 5 o o o o 11
R=|Zic Zoc Zsc||Zs s 7 (7.134)

With known R we get 55 as
Cs=Xis—R'"Y:, =123 (7.135)

T.Pajdla. Geometry of Computer Vision, Graphics and Robotics
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8 Homography

We shall next investigate the relationship between projections of 3D points by two
perspective cameras into two images. In general, the projections depend on the
shape of the scene and camera poses and this relationship may be very difficult to
describe. However, there are several very important situations when the relationship
can be given in a form of a special image transform, the homography.

Let us first consider the situation when two (different) cameras share a common
projection center. That means, the cameras may have different coordinate systems,
different orientations but must have the same projection center. This situation often
arises when photographing with a camera rotating around its projection center, e.g.,
when taking images for constructing a panorama capturing wide view angle. We
shall see that the corresponding projections will be related by a homography.

Next, we shall look at a different situation when the cameras are unconstrained,
i.e. they can be anywhere in the space and with completely different poses and
coordinate systems, but 3D points are forced to lie in a single plane not containing
the camera centers. This situation arises, e.g., when photographing a flat screen, a
poster or a facade from different viewpoints. Again, the corresponding projections
of the points in the plane (but not the projections of the points out of the plane)
will be related by a homography.

8.1 Homography between images with the same center

Let us consider two perspective cameras with identical projection centers C' = (',
which project point X from space to their respective image planes © and #’, Fig-
ure 8.1. We introduce image coordinate systems (o,) with o = [by,by] in 7
and (o/,a’) with o/ = [b],b4] in 7 and use them to construct the correspond-
ing camera coordinate systems (C, ) with g = [51,52,53 = C_)’o] and (C, (') with
5 = [b1,53, 5 = Co.

Point X is projected to image points along the projection rays, which are inter-
sected with m and 7’. The projection of X in 7 is represented by vector g = [u,v]".
The projection of X in 7/ is represented by vector i, = [u/,v']".

Vectors Z and &’ are two direction vectors of the same ray and hence are linearly
dependent. Since they are both non-zero for X # (| their linear dependence is
equivalent with

INeR: AF = & (8.1)

To arrive at the relationship between the available coordinates of vectors & and
Z', we shall now pass from vectors to their coordinates. There holds

At = 7T (8.2)
AT = Tg (8.3)
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P

8]

Figure 8.1: Cameras share a projections center. Image projections are related by a
homography.

for some 3 x 3 real matrix H with rankH = 3, which transforms coordinates of a
vector from basis 3 to basis (.
Considering the choices of camera coordinate systems, we see that

u U
Ao = H|w (8.6)
1 1

We have obtained an interesting relationship. The above equations tell us that
the image projections are related by a transformation, which depends only on image
projections, and to find it, we do not need to know actual posiitons of points X in
space. This is the consequence of having C' = (.

§43 Relating homography matrix to camera projection matrix Matrix H is re-
lated to camera projection matrices. Consider two camera projections given by
Equation 6.12

('zh = P [)i‘s] = [K’R’\ —K’R’(i;] {)i‘s] =K'R (X5 — Cy) (8.8)
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<y

Figure 8.2: All 3D points are in a single plane. Coordinates in the plane and in the
image are related by a homography.

for all Xi; e R3, which gives

(RTK'T; = X5—Cs (8.9)
CRTK ', = X5 (8.10)
and therefore
CRTKT'Z, = (RTKTL 7 (8.11)
/
za‘:’ﬁ/ = K'RR'k 7 (8.12)

for all corresponding pairs of vectors Z(3, fé,. Let us now compare Equation 8.12
with Equation 8.5, i.e. with

We see that )
H=KRR'K! when \= i_ (8.14)

This is particularly useful when K = K’ since then

H=KRR'K! (8.15)
which implies that H is similar [66] to a rotation, i.e.

K~ 'HK = R'R' (8.16)

and hence has one eigenvalue equal to one, the other two eigenvalues are complex
conjugate with modulae [64] equal to one.
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544 Homographies conjugated to rotations Let us study homographies H con-
jugated to rotations S = R'R as in Equation 8.16. We shall first check that such
homographies are characterized by the following condition

eig(H) = (1,x + iy, z —iy) for some real z,y such that 2 + % = 1 (8.17)

Eigenvalues of a rotation S can be written as (1,2 + ¢y, 2 — i y) for some real x, y
such that 22 + y? = 1. Consider

H—AI| =K '[[H-AI| K| = [K "HK—K '"AIK|=|s—ATI] (8.18)

an therefore eigenvalues of H are equal to eigenvalues of S.
Next, assume that eigenvalues of H are equal to eigenvalues of a rotation S. Then
we can write
SU=UA and HV=VA (8.19)

for a matrix A with the eignvalues on the diagonal and matrices U, resp. V, of eigen-
vectors of S, resp. H. Now, if y # 0, the eigenvalues are pairwise distinct. Then it is
possible [65, 66] to construct matrices U, V from the respective eigenvectors of unit
length such that they are regular and we can write

A= A (8.20)

VHV = Ulsu (8.21)
uv'Hvu! = s (8.22)
Q 'k 'HKQ = s (8.23)
K 'HK = QsqQ! (8.24)

We introduced an upper triangular matrix K and a rotation Q such that VU~! =
K Q, which is always possible by the Gramm-Schmid orthogonalization process [66].
Matrix QS Q! is a rotation and thus H is similar to a rotation by an upper triangular
matrix.

If y = 0 then the eigenvalues are either (1,1,1) or (1,—1,—1). In the former
case, S = I and hence K"'HK = I implies H = I, and hence H is a rotation. In the
latter case, S is a rotation by 180° and H is thus similar to a rotation.

Let us now characterize the homographies conjugated to a rotation algebraicly.
The characteristic polynomial of H is as follows

p(A) = MNI—-H=A-1)(A—z—yi)(A—z+yi) (8.25)
= NM-Qzr+ DN +R2z+1)A-1 (8.26)
= A% —trace H \? + (HH + Hoo + H33) A — ‘H’ (8.27)

since 22 + y*> = 1. Symbols H;; denote minors after removing row i and column j.
We are thus getting two algebraic constraints on H

traceH = Hjj + Hyy + Hgg and [H| =1 (8.28)

which are polynomials of degre two and three in elements of H, respectively, which
is a representative of the homography. Clearly, any-nonzero multiple of H satisfying
Equation 8.28 also represents the same honography and therefore rank three matrices
sonstrained by the forst equation in Equation 8.28 are permissible representatives of
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homographies between image obtained by a rotating camera with constant internal
calibration.

Finally, when K = K’ = I, then H = S, i.e. a rotation, is a representative of such
homograpy and hence all non-zero multiples of rotations are permissible representa-
tives of homographies between images obtained by a rotating calibrated camera.

8.2 Homography between images of a plane

8.2.1 Image of a plane

Let study the relationship between the coordinates of 3D points X, which all lie in
a plane o, and their projections into an image, Figure 8.2. Coordinates of points X
are measured in a coordinate system (O, ) with ¢ = [cfl, do, d;] Vectors dy, da span
plane o and therefore

—

X5 = (8.29)

ow &

for some real x, y.

The points X are projected by a perspective camera with projection matrix P into
image coordinates i, = [u,v]", w.r.t. an image coordinate system (o, ) with a =
[b1,b2]. The corresponding camera coordinate system is (C, ) with 8 = (by, ba, b3).

To find the relationship between the coordinates of X5 and iy, We project points
X by P into projections Tz as

X
u — T
C|lv|=¢C& =P [16]=[P1 P2 P3 P4 g =[p1 p2 pa]|y|=H7
1 1
1

(8.30)
where p1, p2, p3, p4 are the columns of P.

Notice that 3 x 1 matrix ¢, = [x,y,1]" represents point X in the coordinate
system (C,7) with the basis 7 = (dy,da,dy), where the dy = CO is the vector
assigned to the pair of points (C,0). If point C' is not in o, then vectors cﬁ,d}, dy
are independent and hence form a basis. Therefore, matrix

H=[p1 p> pi] (8.31)

represents a change of coordinates and has rank 3.

When we think about pair (C,0) as about a camera that shares its projection
center with camera (C,7) and imagine that points X are all (accidentally) in the
projection plane o, we see that we have recovered the relationship between cameras
sharing their projection center.

8.2.2 Two images of a plane

We shall now consider the situation when all points in the scene are in a single plane.
Then, as we shall see, the projections of the 3D points which are in the plane are
again related by a homography even when the camera centers are located at different
points in the space.
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Figure 8.3: All 3D points are in a single plane. Two images of the points are related
by a homography.

Let us consider a plane o and two perspective cameras with (in general different)
projection centers C' and C’, which do not lie in ¢ and corresponding projection
matrices P and P’/

= [p1 P2 ps p4] (8.32)
= [pi P2 P5 Pi] (8.33)
where p; € R3 and p/ € R3, i = 1,...,4 stand for the columns of P, P'.

We establish coordinate systems (O, ), (C, ), (C’,8) in the standard way, see
Figure 8.3 to get

P/

—

X; = (8.34)

ow &

for some real z, y.
Point X € o is projected to the cameras as

~ o 5 x
o X S
(Zg = P 1‘5 =[p1 P2 P3 P4] g =[P1 P2 P4] Y| =Guyr
L . 1 717
. [ X5 ] y .
¢apo= P =[pt P oph i) | =[Pl pbopi] |y | =03
- 1
1 I
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for some ¢, ¢’ € R\{0} and two new coordinate systems (C,7) with 7 = (dy, da, dy),
where the dy = CO and (C',7) with 7/ = (dy, dy, d}), where the d} = co.

We see that there are two different vectors, ¥ and g, which appear on the right
hand side of the equations but they are in different bases, i.e. as ¢, and ¥,

(T = G (8.35)
(T = ¢ (8.36)

with G = [p1,p2,pa] and &’ = [p{, ps, pi].
Coordinate systems (C,7) and (C”,7") are so special that

G = . (8.37)
for all points in 0. Consider that
x
Foo= (R C0k =Xt die = X iy + i dndy = |V | 539
x
—/ Y TS v 7 v 77
Ypr = ()(-1-00)7_/:)(.,./—l—d4_,_/=XV(CZ'17d*27dZ)-i-d4(d~17d~2d;,1 = ?i/ (8.39)
and therefore, when C' ¢ o and C’ ¢ o, we get
(ih =G 6 (8.40)
which we can write as
AT = HTg (8.41)

for A = % and H = G'G~!. Clearly, He R3*3, rankH = 3.

We could interpret this situation also such that two images of a plane are related
by the homography, which is a combination of the homographies relating the plane
to its two images.

8.2.3 Homography between images of a plane by cameras with the
same center

In the derivation of Equation 8.41, we have never asked for centers C', C’ be different.
Indeed, Equation 8.40 is perfetly valid even when C = C’. At the same time,
however, there also holds Equation 8.14, and thus we have

H = 66! (8.42)
= [pf »5 pi][p1 P2 pa] (8.43)
H = KRR'k! (8.44)
= [pl 4 pi][pr P2 3] (8.45)

Let us see now purely algebraic argument why the above holds true. Since the
cameras have the same projection center Cs = [01 c2 03]T, we can write

ps =KRCs and p,;=K'R'Cs (8.46)
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and hence
H = GG (8.47)
-1
= [pi Py Pi][P1 P2 p4] (8.48)
- L 11

- ®'®|i j G|[|1 3 G| rx (8.49)
= KRRK (8.50)

withi:[l 0 O]T andj:[() 1 O]T. We see that there always hods
[pi p5 pillp1 P2 ] =[Pl P2 Pi][P1 P2 P3] (8.51)

for two cameras with the same projection center irrespectively of where actually
the points in space are since we would get the same images for points obtained by
intersecting the rays with the plane z = 0 in the coordinate system (O, ).

8.2.4 Homographies induced by a plane in the scene

Let us look at Equation 8.40 in more detail. We can write

C/ =/

ol = &' G5 = [p1, P2, P4) [P1, P2, Pa] ' T (8.52)
(1 0 10 !
= A |01 -Cl||0 1 —Cs| a7 (8.53)
[0 0 0 0
(10 /] [1 0 —2]"
= A |01 —¢y||0 1 —y|als (8.54)
00 —2[]0 0 —2

We have introduced new symbols to represent vectors
S5 T N1 / / T
Cs=|z y z| and Ci=[a ¢ 7] (8.55)

and have written the homography as a product of four matrices. Let us next compute
the product of the two middle matrices

¢ 1 0 (2/—a)/z
=Tp = A0 1 (Y —y)/z A7, (8.56)
¢ 00 2 [z

We see that the middle matrix on the right looks almost as the identity plus some-
thing. Let’s express it in that way

¢ 10 (xf —x)/z
Z:E'é, = A|0 1 (y —v)/z | A 1% (8.57)
0 0 1+ (2—2)/z
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We can now further rearrange expressions as follows

, (' —x)/z
ifé, — W Te | oz | [0 0 1]|a e (8.58)
(' —2)/z
Y <1+ (Ci - Cs) 551(3) [0 0 1]) AL (8.59)
— a'a! (1 — (G5 - C}) 651(3) [0 0 1] A_1> Zg (8.60)

We denoted the third coordinate of Cs by Cs(3).

Vector 51(3) [0 0 1] A~! has a geometrical interpretation. Consider the equa-
5

tion of plane o in coordinate system (O, ¢)

[0 0 1 0] [)_ﬂ =0 (8.61)

where [0 0 1] is the normal vector of plane o containing point X(; written w.r.t.
(0,9), i.e. ﬁg = [0 0 1], where ¢ is the dual basis to basis §, Chapter 3.

Next, consider the camera coordinate system (C, ) with 175 = A (X5 —Cs). We
see that

[0 0 1 0] [Al?ffr@] - 0 (8.62)
([0 0 1]a! (%(3)]{?] — 0 (8.63)

provides the unit normal 7 of plane o in the dual basis 5 to basis
T —1
ig=[0 0 1]A (8.64)

We have obtained the following formula for the homography between points 23,
fé, in the two images, which is generated by the plane o

! - - 1

where 7i is the normal vector of o in B, Cs (3) is the distance of o from the camera

center C, and (, (’ are the distances of points from the respective principal planes
in multiples of the respective focal lengths.

545 One fully calibrated camera We will now consider Equation 8.65 for the
situation when the first camera is fully calibrated, i.e.

P, = [I| —55] and Py =[A'|a’] = [A’| —A’ég] (8.66)
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Then, bases 51 and d become identical and Equation 8.65 can be written as

L il ty - Ty o+
TEp = A | T+ (Cf—Cs) 2 | s = (A — i | @5 = (A — Z-1) | &
d d d
(8.67)

where fg/ are the coordinates of the vector from C to C’ in 3’. Notice that we
have used the fact that ¢ is the standard basis and therefore 775 transforms by the
same matrix as )_('5 when chaning a basis. To stress that, we use 7is instead of ;.
Sumbol d stands for the (non-zero) distance of the plane o from the center of the
first camera, and a non-zero 7 = (’/(.

646 Two internally calibrated cameras Let us next have a look at the situation
when K = K’ = I. Matrices A, A’ become rotations, which we stress by writing

P, = [R\ —RC_"(;] and Py = [R’| — R/ 45’] (8.68)

with orthonormal matrices R, R’. Equation 8.65 now becomes

. N 1 f ’
78, =RRM1+(C/-C)=——ql |z, = [rRR1+ 27l |2 (8.69)
Y il Y 06(3) Y Y d vy Y
A question arises here. Does every rank three real 3 x 3 matrix represent a homog-
raphy between two calibrated images induced by a plane in the scene? We see from
the following that the answer is yes.
Let us consider a real 3 x 3 marix H and its SVD decomposition [66, p. 411]

H=U b vl (8.70)
&

Now, if |H| > 0, then we may ask for a = b > ¢ > 0 and [U| = |V| = 1. Otherwise,
we replace ¢ by —c to have a = b > 0 > ¢ and |U| = [V| = 1. Next, when any two of
a, b, c are equal, e.g. a = b, then we can write the decomposition as follows

a b
H = U b vi=vu b vl (8.71)
| C C
1 0
= Uulb 1 +1 0 |[t o o]]|v' (8.72)
1 c—b
0
= bUv' +U| 0 |[t 0 O]v' (8.73)
c—b

Hence, we need to consider only the situation when a, b, ¢ are pairwise distinct. We
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can write
H = bUSV' +Uuv VI =bR+tn'
B ac+b? 0 /b2 —c2Va2 b2
b(a+c) b(a+c)
S = 0 1 0
Vb2—c?v/a?—b? 0 ac+b?
L b(a+c) b(a+c)
[ Va2=p2
a+c
u = 0
—/b2—c2
L +c

vl = [\/a; —2 0 Vb2 (8.74)

Notice that b is non-zero since it must be greater than c else we would have b = c,
which we excluded. Moreover, a + ¢ > 0 since they are either both positive or
la| > |c| and a is positive. Hence all the formulas above are meaningful. It is easy
to verify that STS = I and [S| = 1 and therefore R = USV' is a rotation.

Consider a rank three real 3 x 3 matrix H. We see that it must be possible to
write a non-zero multiple of H as S + ¥,/ ﬁg for some rotation S and vectors vy € R3
and unit 7i5 € R3. Hence, the following equations

(CH—wil) (CH—@,7l) =1, |(EH—&,7l)| =1, @i, =1 (875)

have to be satisfied for some real { and some vectors @, € R3 and unit sy € R3.
This is a set of eight algebraic equations in seven variables. Clearly, the constraint
ﬁg fis = 1 can be replaced by [O 0 1] fis = —1 to enforce that the plane normal
faces the first camera. To get polynomial equations, we multiply the left equation

by ¥? = 1/¢2? and the middle equation in Equation 8.75 by ¢ = 1/¢3 to get

(H— iy 7il) | (H— iy 7il) = 2L, [(H—ayil)] = ¢% [0 0 1]d; = —1 (8.76)

with i, = ¢ v, Interestingly, this system has! 12 solutions in general. Even more
interestingly, there are only four real solutions but with only two oposite values

!The following Maple [78] run demontrates the structure of solutions to the system of equa-
tions 8.76.

Linear algebra shortcuts
>with(ListTools) :with(LinearAlgebra) :with(Groebner) :
>E:=LinearAlgebral[IdentityMatrix] (3):
>det:=LinearAlgebra[Determinant] :
>trn:=LinearAlgebra[Transpose]:
>M2L:=proc(M) convert(convert(M,Vector),list); end proc:
>X_:=proc(u) <<0|-u[3]|u[2]>,<u[3]10]|-ul1]>,<-ul[2] [u[1]]0>> end proc:
>c2R:=c->simplify ((E-X_(c)) .MatrixInverse (E+X_(c))):
A1l solutions to a triangular Groebner Basis
>TriangularGBSolve:=proc(Eq,So)
local s, so, Si;
if nops(Eq)>0 then
Si:=[1;
if nops(So)=0 then
Si:=[solve([Eq[1]11)];
else
for so in So do
s:=[solve(subs(so, [Eq[111))];
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for ). Taking into account that point scales (,(’ have to be positive, we get only
two solutions with only one positive 1) and two corresponding solutions. Hence, the
relative orientation of two calibrated cameras can be in a generic situation obtained
from four coplanar points up to two solutions.

Si:=[op(Si),op(map(£f->f union so,s))];

end do;

end if;
TriangularGBSolve(Eq[2..],S1);

else
So;

end if

end proc:

Simulate a calibrated homography
>R0:=c2R(RandomVector(3,generator=-10..10)):
>t0:=RandomVector(3,generator=-10..10):
>n0:=<-1,-2,-2>/3:
>s0:=3:
>HO:=s0* (RO+t0.trn(n0)) ;

_ 25 +30 4 13219

8 2
HO:— | 300 _ 539 _s60
. 31 31 31
S S
31 31 31

Formulas for H and R

>n:=<nl,n2,n3>:

>t:=<t1,t2,t3>:

>R:=HO-t.trn(n):

>H:=R+t.trn(n):

Equations
>eq:=convert(convert(expand([op(M2L(trn(R).R-s2*E)),det(R)-sB,n3+1]),set),list);

eq := [n3+1,3151/31 + (50/31) # 1+ nl+nl? %1% + (600/31) # nl %12+ nl? 2% — (168/31) * nl %
134012 #13% —s2,9407/31— (60/31) %1 xn2+n22 %12 + (1078/31) ¥ n2 12+ n22 %122 4 (28/31) #n2
t3+n22 %132 — 5% 10811/31 — (258/31) #t1#n3+n3? %12+ (1120/31) #n3#t2+n3% x12% — (140/31) %
t3xn3+n3? %132 — s 5154/31 + (25/31) t1xn2 — (30/31) #t1 s nl +nl*n2xt1% + (300/31) n2
124 (539/31) # nl #t2 4+ n2 % nl 12> — (84/31) xn2 % t3 + (14/31) * nl #t3 + n2 +nl * 3%, 5505/31 +
(25/31) #t1%n3—(129/31) #t1xnl+nlsn3#t1%+(300/31) #n3#2+(560/31) xnl+t2+n3snl 12—
(84/31) #t3%n3 — (70/31) xnl*t3+n3%nl 3% 9830/31 — (30/31)t1%n3 —(129/31) {1 xn2+n2%
n3xt12 + (539/31) #n3 12+ (560/31) #n2#t2 +n2%n3 12 + (14/31) #t3xn3 — (70/31) *n2%t3+n2*
n3 132, —(725/31) #t3+n3+ (840/31) #t1+n2+ (126/31) xnl 12+ (1470/31) %1 +nl1 — (1701/31) %
nl*t34(406/31) % n2%12+ (1700/31) % n2%t3 — (70/31) # n3 %12 — (1596/31) #t1 ¥n3 4 7014/31 — 57]

The number of solutions

>G:=Groebner [Basis] (eq,plex(op([t1,t2,t3,n1,n2,n3,s]))):
>Id:=PolynomialIdeals[PolynomialIdeal] ([op(G)]):

>print("Hilbert dimension =",PolynomialIldeals[HilbertDimension] (Id));

>print ("The number of solutions =",Polynomialldeals[NumberOfSolutions](Id));

”Hilbert dimension =", 0
”The number of solutions =", 12
Solve it

>S:=TriangularGBSolve(G, [1):

and substite the solutions to get s, R, n, t and select the real solutions only
>sRnt :=map (f->evalf (subs(f, [s,R/s,n,t/s])),S):
>select(f->foldl(‘and‘,true,op(MTM[isreal] “(£))),sRnt);
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8.3 Spherical image

Consider a camera rotating around a center C' and collecting n images all around
such that every ray from C' is captured in some image. We can choose one camera,
e.g. the first one, and relate all other cameras to it as

Aifﬁl = Hifﬁm 1=1,...,n (8.77)

Since all vectors & were captured, there inevitably will appear a vector with coordi-
nates

T = | v (8.78)
0

Such vector does not represent any point in the affine image plane m; of the first
camera because it does not have the third coordinate equal to one. To be able to
represent rays in all directions, we have to introduce spherical image, which is the
set of all unit vectors in R? (also called omnidirectional image). We sometimes use
only a subset of the sphere, typically a cylinder, to capture panoramic image. In
such a case, we can remap pixels onto such cylinder and then unwarp the cylinder
into a plane. Notice however, that in such a representation, straight lines in space
do not project to straight lines in images.

All equations we have developed so far work with minor modifications also for
vectors with last zero coordinate. We will come back to it later when studying pro-
jective plane which is somewhere between the affine image plane and full a spherical
image.

8.4 Homography — summary

Let us summarize the findings related to homography to see where it appears.
Let us encounter one of the following situations

1. Two images with one projection center Let [u,v]" and [v/,v']T be co-
ordinates of the projections of 3D points into two images by two perspective
cameras with identical projection centers;

[ —0.610 —0.220 0.761] [ —0.545] [ —0.626 ]

+3.0 | —0.152 —0.910 —0.385 —0.867 5.640

I | 0778 —0350 0522 | | —1.000 | | —0.230 | |

I [—0.602 —0.344 0720] [ 0500 [ —0.667 ]
+3.0 | —0.559 —0.462 —0.688 ~1.000 5.330

i 0.570 —0.817  0.860 | | —1.000 | | —0.667 | |

I 0737 0421 —0529] [—-0545] [ 08587
—3.0 | —0.517 —0.153 —0.842 —0.867 —6.860

i | —0435  0.894 0105 | | —1.000 | | 0.858 | |

I 0.636 0411 —0.654] [—0500] [ 0.7347]
~3.0 | —0.765 —0.809 —0.583 ~1.000 —6.600

i | —0.768 0421 —0483 | | —1.000 | | 0.270 | |
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2. Image of a plane. Let [u,v]" be coordinates of 3D points all in one plane
o, w.r.t. a coordinate system in ¢ and [u’,v]T coordinates of their projections
by a perspective cameras with projection center not in the plane o;

3. Two images of a plane Let [u,v]" and [«/,v']T be coordinates of the pro-
jections of 3D points all in one plane o, into two images by two perspective
cameras with projection centers not in o;

then there holds

u u
JH e R¥*3, rankH = 3, so that ¥ [u,v]" & [o/,0']" INeR: A | v | =H | v
w’ w

(8.79)

where w = w’ = 1 for perspective images and may be general for spherical images.

In all three cases, coordinates of points are related by a homography.

We have used linear algebra to derive the relationship between the coordinates
of image points in the above form. The homography can be also represented in a
different way.

To see that, we shall eliminate A as follows

u u hi1 hi2 hisz u
Ao = H|v | =|ho1 ho hos v (880)
1 1 h31 hsa hsz 1
= hiiu+ hiov + hig (881)
P hotu + hoo v + hog (882)
Al = hgiu+ hgav+ hsg (883)
hi1u + hiov + hig
"= 8.84
b h31u + h3ov + hsg ( )
. hotu + hoo v + hog (8.85)

h31u + h3ov + hss

We see that mapping h obtained as

o U hi1uthigvthig
o o h31 u+hss v+hss
|:?}/] =h ([U:|> " | h21uthosvthas (8'86)

h31 u+hsz v+h3s

is a mapping from a subset of R? to R? but it is not linear! It contains fractions of
affine functions.

Although we can understand the homography as a linear mapping in certain
sense, it is not a linear mapping in the standard sense.

Matrix H represents a linear mapping from R? to R3. However, we are not
interested in the individual vectors in R3 but in complete one-dimensional subspaces,
which correspond to the direction vectors representing projection rays.
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Notice that A can accommodate for any change of the length of [u v 1]T
(except for making it zero) since it can be split into &, & and used as

u u
glov| = HE|w (8.87)
1 1
¥ = Hx (8.88)

We can now think about x and x’ as about one-dimensional subspaces of R3
generated by & and #’. The “equation”?

x' =Hx (8.89)
then actually means
37 € x and 37" € x" such that 7’ = HT (8.90)

Thus the homography can be seen as a mapping between one-dimensional subspaces
of R3. While R? itself is a linear space, the set of its one-dimensional subspaces, in
the way we use them, is not a linear space and therefore the homography is not a
linear mapping although it is represented by a matrix H, which is used to multiply
vectors.

It is also important to notice the true relationship between homographies and
3 x 3 real matrices. Any 3 x 3 real matrix of rank 3 represents a homography but
many different matrices represent the same homography. Let’s see why.

Let us consider H e R3*3 and G € R3*3 such that £ H = G for some & # 0. We can
write

¢¥ = HF (8.91)
8y = ¢HT (8.92)
¢y = o7 (8.93)
N7 = 67 (8.94)

We see that H and G represent the same homography. Indeed, two matrices related
by a non-zero multiple represent the same homography. Hence, it suggests itself to
associate homographies with one-dimensional subspaces of 3 x 3 matrices.

8.5 Computing homography from image matches

Let us turn to the computational aspect of the homography relationship between
images. Our goal is to find the homography mapping from a few pairs of corre-
sponding image points. We shall see that this problem leads to solving a system of
linear equations.

?Monograph [2] very often uses “=" exactly in this sense of equality of one-dimensional subspaces.
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8.5.1 General perspective cameras

Our goal is to find matrix H in Equation 8.79 without assuming any knowledge about
cameras. Let us introduce symbols for rows of homography H

by
H= |hj and for the vector x = | v (8.95)
nJ 1
and rewrite the above matrix Equation 8.79 as
A/ = hlx (8.96)
A/ = hox (8.97)
A = hix (8.98)

Eliminate A from the first two equations using the third one

(h3x)u’ = hix (8.99)
(hix)v' = hix (8.100)
(8.101)

move all to the left hand side and reshape it using x'y = y'x

x'h; — (v/x")h3 = 0 (8.102)
x'hy — (v'x")hg = 0 (8.103)
(8.104)
Introduce notation .
h=[h{ h) hi] (8.105)

and express the above two equations in a matrix form

v v 1 00 0 —vu —uv —u
[ O ,]hzO (8.106)

1 —v'u —v'v —v

corr . .
Every correspondence [u,v]" “%" [u/,v'] brings two rows to a matrix

0 0 0 —vwu —uvv —u
u v !

I —vu —v'v = |y = o (8.107)

M h = 0 (8.108)

If £G = H, & # 0 then both G,H represent the same homography. We are therefore
looking for one-dimensional subspaces of 3 x 3 matrices of rank 3. Each such subspace
determines one homography. Also note that the zero matrix, 0, does not represent
an interesting mapping.

We need therefore at least 4 correspondences in a general position to obtain rank
8 matrix M. By a general position we mean that the matrix M must have rank 8 to
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provide a single one-dimensional subspace of its solutions. This happens when no 3

out of the 4 points are on the same line.
Notice that M can be written in the form

(75} ’U11 0 0
u9 1)21 0 0

0 —ujuy
0 —ubuo

OOOulvll
us vy 1

—viug
—vhug

[en}
[an}
s}

—ujvr —u
—ubvy  —ub
—vijvy =)

/ /

(8.109)

with indices naming different points, which can be rewritten more concisely as

[x] 07 —ujx]]
T AT r T
X9 0 —u5xy
M= :
or XI —v] XI
T T /o1
0 X9 —U5Xy

with 0T = [0,0,0].

(8.110)

547 A more general procedure for computing H Let us next give a more general
procedure for computing H, which will be analogical to the general procedure for

computing Q in §27.
We start from Equation 8.79
Ax’ =Hx

with x = [u,v,w]"

Ax’

], Hx
]
v(xH' [X/]I)

([x'],®x")v(@")

—v’ u' 0

of —w'x' v'x !
w'x " ol —u'x" | v(H")
v'x ! uw'x’ or

67
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and x’' = [u/,v’,w’]" and follow the derivation in §27 to get
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For more correspondences numbered by 7, we then get

[ 0" —w{x{  v{x]{ ]
of  —wix] wvixg
I T T o T
whxd 0T —wbx] [w@ET) = o0 (8.119)
—v{x{  ulx{ or
—vixy  ubxg or

which is, for w = 1, equivalent to Equation 6.30. Notice that v(H') = h from
Equation 8.108.

8.5.2 Calibrated cameras

Let us now look at some situations when cameras have constant intternal calibration
or are fully calibrated.

§48 Homography induced by rotating a calibrated camera This is a simple situ-
ation. Let us construct a rotation matrix representing a homography from one and
half matching image points. Consider two distinct image points x, y in the first im-
age that are mapped on points x’, y’ in the second image as [x//||x'|| y//|ly'||] =
R [x/|[x]| y/llyll] by a rotation R. We can decompose R into a composition of two
simple rotations R = Ry Ry such that

0 O 0 0
[/ y"/lly'll] =R {0 & |, [0 & =Ra[x/lIxll y/ll¥ll] (8.120)
L oyf L 9
with &, such that &2 4+ ¢% = 5'2 + @Z/2 = 1. Write
R1 = [rll 1o rlg]T and RQ = [r2]_ 99 r23] (8121)
to see that
ri = s (/x| y/lly DTG/ v/l IDI (8.122)
riz = (%/[[x[] < r)/l[&/]=]] x z)l] (8.123)
riy3 = TI11 XI19 (8.124)
ror = s (x/|I <y ID/GE /1= < '/l DI (8.125)
roo = (/I < r20) /Il =/ % r2)] (8.126)
ra3 = T21 X T2 (8.127)

where the signs s1,s9 € {+1,—1} are chosen to make, e.g., £ > 0, ¢’ > 0. Notice
the this procedure sets R even when vectors [ x/||x|| y/||y||] can’t be exactly trans-
formed to vectors [x'/|[x|| y’/|ly’||] by a rotation, which is often the case when
they are estimated form noisy measurements. Nevertheless, if the error affecting the
vectors is small, R so obtained is still close to the true rotation between the cameras.
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549 Homography induced by rotating a camera with constant internal calibration
[y 1]
' =[2 o l]T in the second image by A\x’ = K~'RKx with rotation R and a

camera calibration matrix K.
We have seen, Equation 8.28, that the following two equations have to be satisfied

Consider a point x in the first image that is mapped on a point

0 = traceH —Hj; + Hog + Hss
= hi1 + ho2 + hgs — hi1 hag — hi1 has + hag hor + has hgr — hag has + hag haz
1 = |H (8.128)
= ha1 hog haz — ha1 hag hag — haa ho1 has + haa hag hai + haig hor hsg — hag hao hs
with hij, 7, j = 1,2, 3 denoting the elements of H. It is easy to check in the Maple [78§]

computer algebra system? that the Hilbert dimension [6] of the system 8.128 is equal
to seven. Therefore, we will need seven independent linear equations to reduce the

3Maple [78] script analyzing the computation of a homography induced by a rotating camera with

constant internal parameters. We note that some of the functions used here have been defined
in previous Maple examples.

Setup the equations

>H:=<<h11|h12|h13>,<h21|h22|h23>,<h31|h32|h33>>:

>Heq:=[det (H)-1,simplify(det (H-E), [det (H)=11)1;

>HilbertDimension(Heq) ;

7

Simulate projections
>K:=<<10]115>,<0[12|6>,<0|0[1>>:
>R1:=c2R(<1,2,3>): R2:=c2R(<3,4,5>):
>P1:=K.<R1|-R1.t>: P2:=K.<R2|-R2.t>:
>X:=<<01]1]1]0>,<0[0[1]1>,<0[0]0]0>,<1]1]1]1>>:
>x1:=a2h(h2a(P1.X)):
>x2:=a2h(h2a(P2.X)):
>HO:=P2[..,[1,2,4]].inv(P1[..,
Check eigenvalues of HO
=Eigenvalues (HO) ,abs” (trn(e));

1
1

_ 36,
Add two independent linear equations per a corresponding pair of image points
eq:=[op(Heq), op(Flatten(map(i->M2L((X_(x2[..,i]) .H.x1[..,i]1)[1..21),[1,2,3,4]1)))];

t:=<<£2,1,3>>:

[1,2,411):

e:

3
+gl

[ hi1 + hao + has — hi1 haa — hi1 has + hiz a1 + his har — hoo has + has haa i
h11 haz h3s — hi1 has h32 — hi2 ho1 haz + hi2 has h31 + h13 h21 hs2 — hiz hag hs1 — 1
22 hoy + 52252 hgy — Z hoy + 12384 hay — hos + 2550 has
2 hi1 — 22328 hs1 + & h1 - 82226 h32 + hiz — % h:
= 2 22 . gégﬁhfz’lﬂu 1138h}f22—+2;;82323j—711};23——;6%;:33
By 4 BR2py 12, | UGy 2070h
2 s S 2 i S s 3
53y 4 130098 g 666 has + 1042356 ) h23 n 2466 has
03 = hi1 — 321786053 h31 + 356 hia — 422236 hza + hiz — ?9 h33 ]
Solve it

>Basis(eq,plex(op(indets(H))));

[3825 h11 — 3319,450 hio — 43,3825 his — 7337,85ho1 + 36,5 hos — 4,85 hos — 522,3825 hs1 +

38,450 hsa + 11,3825 hss — 4376]

69




T. Pajdla. 2015-12-8 (pajdla@cmp.felk.cvut.cz)

Hilbert dimension to zero and thus obtain a finite number of solutions ?7?7. We
see that we can use four points to add eight independent linear equations and so
obtain a single solution. However, if point measurements in images were affected
by measurement noise, using all eight equations would almost surely produce an
inconsistent system. Therefore, it make sense to use only seven linear equations,
which give six solutions and produce six homographies conjugated to a rotation
for any four (or more precisely, 3 + %) points in two images. If the error in the
measuerement is small, one of the so obtained H is close to the actual homography
between the images.

§50 Homography induced by a plane observed by a moving calibrated camera
Let us first consider a point x = [x Y 1]T in the first image that is mapped on a
point x’ = [2' ¥/ 1]T in the second image by Ax’ = (R +un')x with rotation R,
unit real vector n and a vector u.

Paragraph §46 shows how to decompose a homoghraphy, represented by H, be-
tween two calibrated images induced by a plane in the scene into R, t_:y/ / 65 and 7i5.
Let us now show how to estimate a decomposable H directly from image data. We

We are getting one solution but we have used eight linear equations although seven
linear equations should be sufficient to get a finite number of solutions. Let us
use seven linear equations only.

>Basis(eq[1l. .nops(eq)-1],plex(op(indets(H)))):

We see that we are getting a degree six polynomial in hss

>B[1];

1384905521719726207524518830400390625 h§s + 4889332606744002799184541025140000000 A3 —
3004780464450070944458597429463562500 his—62963310535984882573971620665889376000 his—
1098716737305688573847805032564563200 h3s+231760248490986847248483050694397009920 haz—
176966810281848547933751731455841501184

and six solutions for H

>S:=TriangularGBSolve (B, [1):

>dg:=Digits: eDigits:=10:

>Sr:=convert (map(s->evalf(subs(s,H)),S),rational);

>Digits:=dg:
3319 43 7337 27989 11116 46056 _ 51941 174177 213038
3825 450 3825 113075 68877 11543 3866 144175 5423
_ 36 4/5 522 _ 55317 20162 62207 _ 40431 36210 710577
85 85 |’ 33688 20109 6739 | 1690 11627 12973
_ 38 11 4376 _ 4819 3479 9932 _ 57914 6959 43100
L~ 3825 450 3825 93927 158824 7517 70849 87760 19401
M 40441 20953 _ 69409 91103 _ 63957 ;  _ 19612 | 16799 ; _ 137213 | 23642 ;
1236 8193 809 21006 ~ 17956 29061 ' 28267 6863 1355
132430 26276  _ 1327299 178138 _ 43433 , _ 114375 , 27263 ; _ 78611 , 135829 ;
2457 4897 11857 |’ | 16263 4596 43187 11331 2342 4558
72875  _ 5270 94659 15541 _ 5675 ; 3263 4388 , 242562 | 122693 ;
L 39356 22337 37021 42367 ~ 17974 533530 462787 8569 46803
r 91103 4 63957 ,  _ 19612 _ 16799 ; _ 137213 _ 23642,
21006 ' 17956 29061 ~ 28267 6863 1355
178138 | 43433 ; 114375 _ 27263 ; _ 78611 _ 135829 ,
16263 4596 43187 11331 2342 4558
15541 | 5675 3263 4388 , 24252 _ 122693
42367 " 17974 533530 ' 462787 8569 46803

Notice that the first solution is equal to the simulated homography, while
the othter solutions (shown only up to 10 digits precision to avoid too long
expressions) are ‘‘artifacts’’ of the formulation.
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will parameterize rotations using the Cayley parameterization [|

c?—c2—c2+1 2 (c1 ca2+c3) 2 (c1 c3—c2)
ci+ci+ci+1 cf;c%;c%;l cA+ci+ci+1
_ 2 (c1c2—c3) —ciFes—cs+l 2 (c2 c3+c1)
R(c1, e, 03) = A+c3+c3+1 A+ +ci+l ci+cd+c3+1 (8.129)
2 (e1 c3+c2) 2 (e c3—c1) 7cffc%+c§+l
c?+c3+ci+l A Hc3tcei+l c2tc3+ci+l

for c¢1,co,c3 € R, which excludes rotations by 180°, since two perspective cameras
can’t look the opposite directions when seeing a non-degenerate piece of a plane in
space. Similarly, we will assume that 753 = 1 since the first (as well as the second)
camera has to look at the plane. We are free to orient the plane normal towards the
first camera to remove unnecessary ambiguity and to reduce the number of solutions
to one half.

When the data is exact, we see that we are getting 11 solutions in general, out
of which three are real®. The ideal generated by the equations from four co-planar

Maple [78] script analyzing the computation of a homography between two cali-
brated images induced by a plane in a scene observed by the cameras. We note
that some of the functions used here have been defined in previous Maple exam-
ples.

Constraints on a homography induced by a plane between calibrated images
>n:=<nl,n2,n3>:
>t:=<t1,t2,t3>:
>R:=c2R(<c1,c2,c3>):
>H:=R+t.trn(n);

L eilsl | y1pl 2 _pelebed _ Lyipy g _claded 4 yjp3

cl12+c22 43241 cl§+c2§+c3§+1 cl?2+c22 3241
— clc2—c3 _cl®—c2%4c3°—1 c2c3+cl
H:=12 c12+c22+4¢32+1 +t2nl c124c22+c32+1 +i2n2 2 012+c222+c3§+1 +1t2n3
cl c3+c2 _ —c2c3+cl _cl”+c2%—c3°—1
2 c12+c22+4¢32+1 +t3nl 2 c124c22+c32+1 +t3n2 c12+c22+c32+41 +t3n3

Simulate projections
>R1:=c2R(<1,2,3>): (C1:=<<2,1,3>>: P1:=<R1|-R1.C1>:
>R2:=c2R(<3,4,5>): (2:=<<2,3,1>>: P2:=<R2|-R2.C2>:
>H0:=P2[..,[1,2,4]].inv(P1[..,[1,2,4]1]);
>X:=<<0110110]0>,<0[0[10/10>,<0]0]0]0 >,<1|1]1][1>>:
>x1:=a2h(h2a(P1.X)):
>x2:=a2h(h2a(P2.X)):
Setup equations
>eq:=[n3+1, op (numer (normal (Flatten(
map (i->M2L((X_(x2[..,i]) .H.x1[..,i])[1..2]),[1,2,3,4])
)T
Solve them
>B:=Basis(eq,plex(cl,c2,c3,n1,n2,n3,t1,t2,t3)):
and analyze the ideal
>Bi:=PolynomialIdeals[PolynomialIdeal] ([op(B)]):
print ("Hilbert dimension =",Polynomialldeals[HilbertDimension] (Bi));
print ("The number of solutions =",Polynomialldeals[NumberOfSolutions] (Bi));
print("Is radical =",Polynomialldeals[IsRadicall (Bi));
print("Is prime =",Polynomialldeals[IsPrime] (Bi));
print("Is primary =",PolynomialIdeals[IsPrimary] (Bi));
print("Is maximal =",Polynomialldeals[IsMaximal] (Bi));
”Hilbert dimension =", 0
”The number of solutions =", 11
”Is radical =", true
”Is prime =", false
”Is primary =", false
”Is maximal =", false

71



T. Pajdla. 2015-12-8 (pajdla@cmp.felk.cvut.cz)

points is radical but it is not prime [6]. We see that the corresponding variety is
a union of three irreducible variaties, each consisting of a single real point, and a
component consisting of eight non-real points.

When the data are affected by measurement noise, however, the same formulation

We see that the ideal can be obtained as an intersection of four prime ideals
>Bd:=Polynomialldeals[PrimeDecomposition] (Bi):
BB:=map(i->Basis(i,plex(cl,c2,c3,n1,n2,n3,t1,t2,t3)),[Bd]):
map (b->[HilbertDimension(b),
PolynomialIdeals [NumberOfSolutions] (PolynomialIdeals[PolynomialIdeal] (b))],
BB);
([0, 1], [0, 1], [0, 1], [0, 8]]

which consists of single and eight points, respectively. There are 11 solutions
for t3

>PolyVarMonomials ([B[1]],plex(op(indets(B[1]1))));

[¢311, 6310 ¢3% 138,37, ¢3°,¢3% ¢3% 3% 32,13, 1]

Let us get solutions to all variables
>3:=TriangularGBSolve (B, [1): mnops(8);
11

We see that we are also getting 11 solutions. Let’s select the real ones and
substitute back to H, R, n, t

>sH:=map (f->evalf ([subs(f,H) ,subs(f,R),subs(f,n),subs(f,t)]),S):

>sH:=select (f->MTM[isreal] (£[1]),sH): nops(sH);

3

to see that we are left with only three solutions. Let’s compare it to the
simulation.

>[HO,R0,-n0/n0[3],-t0*n0[3]];
r [ 247 104 ] 14

104 4 5 40 28 7] [ _2 7 B 17
2 2 1 1 1 153 5 T
3% M3 4 383 O & 11
765 765 153 765 765 153 5 51
) 76 187 76 233 14y -1 2
L L~ 765 765 153 | L ~— 765 765 153 L i L ~ 153 1
>convert(sH,rational);
r [ 247 104 4 7 r 145 40 28 ] ro2 8 7
2 25 17 133 13 153 5 153
316 113 2 23 701 40 1u 14
765 765 T 765 153 5 51
V) 76 & 7 188 138 1 2
L L ~765 765 153 | L ~ 765 765 153 | L~ 153 1 |
rr_ 247 104 s 37428 16 38 200 7
255 255 17 15 765 133 25 133
3516 113 2 18 498 103 33 35
65 765 123 13 765 153 25 51
) 76 16 7% 113 it} 55
L L 765 765 153 153 53 | |
r [ 247 104 4 2249 3068 16 28 52 77
255 255 17 3825 3825 153 25 153
316 113 2 596 403 52 29 50
765 765 153 765 765 153 25 153
32 76 167 _ 832 1076 143 ] 8
L 765 765 153 3825 3825 153 51 J

We see that the first solution equals the sumulation. Let’s next add noise of
about 0.1% of the measurement range.
>x1:=x1+<RandomMatrix(2,4,generator=rand(-1..1)/1000),<0|0|0[0>>:
>x2:=x2+<RandomMatrix (2,4, generator=rand(-1..1)/1000),<0[0]0]0>>:

>eq:=[n3+1, op (numer (normal (Flatten(map (i->M2L((X_(x2[..,i]) .H.x1[..,i]1)[1..2]),[1,2,3,4]1)))))]:
and analyze the ideal

>B:=Basis(eq,plex(cl,c2,c3,n1,n2,n3,t1,t2,t3)):
Bi:=Polynomialldeals[PolynomialIdeal] ([op(B)]):

print ("Hilbert dimension =",PolynomialIdeals[HilbertDimension] (Bi));

print ("The number of solutions =",Polynomialldeals[NumberOfSolutions] (Bi));
print("Is radical =",PolynomialIldeals[IsRadical](Bi));

print("Is prime =",Polynomialldeals[IsPrime] (Bi));

print("Is primary =",Polynomialldeals[IsPrimary] (Bi));

print("Is maximal =",PolynomialIldeals[IsMaximal] (Bi));
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produces 12 solutions, out of which, now, four are real. The ideal generated by
corrupted measurements is now prime, primary and maximal [6].

We also see that for small noise, one of the four solutions is reasonably close to
the true simulated solution.

”Hilbert dimension =", 0
”The number of solutions =", 12
”Is radical =", true
”Is prime =", true
”Is primary =", true
”Is maximal =", true
We see that the ideal is prime and consists of a single component of 12 points
>Bd:=Polynomialldeals[PrimeDecomposition] (Bi):
BB:=map(i->Basis(i,plex(cl,c2,c3,n1,n2,n3,t1,t2,t3)),[Bd]):
map (b->[HilbertDimension(b),
PolynomialIldeals [NumberOfSolutions] (Polynomialldeals[Polynomialldeal] (b))],
BB);
[0, 12]]

There are 12 solutions for t3

>PolyVarMonomials ([B[1]],plex(op(indets(B[1]))));

[£312 31" ¢310 ¢3% ¢3% 137, 43%,¢3°,¢3%, ¢33 132,13, 1]
>S:=TriangularGBSolve(B, []): nops(S); map(f->simplify(eval(B,f)),S);
12

out of which four are real

>sH:=map (f->evalf ([subs(f,H),subs(f,R),subs(f,n),subs(f,t)]),S):
>sH:=select (f->MTM[isreal] (£ [1]),sH): nops(sH);

4

Let’s compare them to the simulation.
?ﬁevalf[3](HO),evalf[3](RO),evalf[3](—nO/nO[3]),eva1f[3](—tO*nO[S])];

0.969 0.408 0.235 0.948 0.261 0.183 —0.400 —0.052
—0.413 0.148 —0.013 —0.303 0.916 0.261 —2.800 0.274
| | —0.042 0.099 1.090 —0.099 —0.303 0.948 —1.000 —0.144
>map (f->print (evalf [3] (£)),sH):
[ [ —0.969 —0.410 -0.237 [ —0.833  0.543 0.105 —0.398 0.342
0.413 —0.147 0.014 0.543  0.767 0.342 —2.790 0.328
| | 0.042 —0.099 —1.090 | 0.105 0.342 —0.934 —1.000 0.158
[ [ —0.969 —0.410 -0.237 [ —0.820 —0.563 —0.104 —1.120 0.133
0.413 —0.147 0.014 —0.358 0.646 —0.674 1.150 —0.688
| | 0.042 —0.099 —1.090 | 0446 -0.516 —0.731 —1.000 0.361
i 0.969  0.410 0.237 0.948 0.261  0.183 —0.398 —0.053
—-0.413  0.147 —-0.014 —0.303 0.916  0.262 —2.790 0.276
| | —0.042  0.099 1.090 | —0.099 —0.304  0.948 —1.000 —0.145
[ [ 0969  0.410 0.237 [ 0.568 0.803 —0.105 —1.120 —0.341
—0.413  0.147 —0.014 —0.780 0.525 —0.342 1.150 —0.328
| | —0.042  0.099 1.090 | —0.219 —0.282 0.934 —1.000 —0.158

We see that the third solution corresponds to the simulation.
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9 Projective plane

9.1 Motivation — perspective projection in affine space

6§51 Geometric model of perspective projection in affine space The perspective
projection of a point X by a camera with projection center C' can be obtained
geometrically in 3D affine space by taking all lines passing through the points C' and
X and finding the intersections with the (affine) image plane 7.

Three different situations may arise, Figure 9.1.

1. If X = C, then there is an infinite number of lines passing through C' = X,
which intersect 7 in all its points, and therefore the projection of X contains
the whole plane .

2. If point Y # C lies in the plane o, which is parallel to = and passing through
C, then the line passing trough C and Y (which there is exactly one) does not
intersect the projection plane 7, and therefore, the projection of X is empty.

3. If X does not lie in the plane o, then there is exactly one line passing through
points C' and X and this line intersects the projection plane 7 in exactly one
point z. Hence the projection of X contains exactly one point x.

Let us compare this affine geometrical model of the perspective projection with the
algebraic model of the perspective projection, which we have developed before.

§52 Algebraic model of perspective projection in affine space The projection
Zg of X5 by a perspective camera with image projection matrix

e (9.1)
is =
s = (41 -4G5] | 7] 9:2)
for some n € R.

We shall analyze the three situations, which arise with the geometrical model of
affine projection.

1. If X = C, then

n@s = || —A@H(ﬂ -0 (9.3)
i.e. we obtain the zero vector. What does it say about #3? Clearly, Z3 can be
completely arbitrary (even the zero vector) when we set n = 0. Alternatively,
we can choose 7 # 0 and thus enforce 73 = 0. Both choices are possible. We
shall use the latter one since we will see that it better fits the other cases. We
will use 7 = 0 to (somewhat strangely) represent all non-zero vectors in R3.
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/OX

Figure 9.1: Geometric model of perspective projection in affine space. Point C has
infinite (i.e. not unique) projection, point X has exactly one projection
2. Point Y has no projection.

2. If point Y # C' lies in the plane o, then

nfﬁ=[A| —Aéa][}ﬂﬂ(f;s—éa) (9.4)

which, taking into account rank A = 3, implies
nA_lfg = ?5 — ég (9.5)

Matrix A~! transforms Zg into &5 and therefore its columns

A7 =B by B (9.6)

are the basic vectors of the camera coordinate system in the world basis §.
Hence

n [516 bas 535] Tg = Ys — Cs (9.7)

which means that vector Y5 — Cs can be written as a linear combination of the
camera coordinate system basic vectors

npbis +1qbas + 11 bzs = Vs — Cs (9.8)

with p, q,r € R. Now, since Y lies in a plane parallel to m, vector 57'5 — ég can
be written as a linear combination of the first two basic vectors of the camera
coordinate system, and therefore r = 0, i.e.

g = | q (9.9)
0

We also see that 1 # 0 since otherwise we would get the zero vector on the
left but that would correspond to Y = C, which we have excluded.
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Table 9.1: Comparison of the geometrical and algebraic projection models in affine

space.
Point position Projection
Geometrical model in aff. space | Algebraic model in aff. space
-
Xd¢o one point of 7 n#0,@g=|v ,(fg#ﬁ)
- 1 |
-
C#Xe€o no point n#0,7T3=|v ,fﬂ#@
L O |
X=C all points of 7 n # 0, fgzﬁ

3. If X does not lie in the plane o, then the coefficient » € R in the linear

combination

is non-zero. In that case we can write

nA_lfﬁ = Xis —C_:(s

Up515+7lq525+777“535 = X& —55

~

3

I |

—_ e e PRIV s e

= A(X; - C)
= A(X; - C)
= A (Xg — 65)

(9.12)

(9.13)

(9.14)

As in the case two, 1 # 0 since otherwise we would get the zero vector on the
left and that would correspond to X = C, which we have excluded.

The comparison of the two models of perspective projection, Table 9.1 shows that

1. We can always assume 1 # 0.

2. The “projection” of C' is represented by the zero vector while the projections
of all other points are represented by non-zero vectors.

3. The algebraic projection model can represent projections of all points in the

affine space.

4. The geometrical projection model is less capable than the algebraic projection
model since it can’t model the projection of points in o different from C'.
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A3 A3 A3 A3
A2 A2 2 P A?
.. / T
@ (b) © (d) ©

Figure 9.2: (a) Two dimensional affine plane .42 can be (b) embedded in the three
dimensional affine space A3. There is a point O € A3, O ¢ A2, (c) For
each point X in A2, there is exactly one line through X and O in A3. (d)
There is exactly one pencil of lines through O, which do not correspond
to any point in A2, in A3. (e) Each line in the pencil corresponds to a
set of parallel lines with the same direction in .A2.

The previous analysis clearly shows that the affine geometrical model of the per-
spective projection is somewhat deficient. It can’t model projections of some points
in the space. This deficiency leads to inventing a generalized model of the geometry
around us in order to model the perspective projection completely by intersections
of geometrical entities. This generalization of the affine space is called the projective
space.

Let us look at the most important projective space, which is the projective plane.
We shall first develop a concrete projective plane by improving the affine plane
exactly as much as necessary to achieve what we want, i.e. to be able to distinguish
projections of all points in the space. In fact, this will be extremely easy since we
have already done all the work, and we only need to “upgrade” the notion of point,
line, intersection and join (i.e. making the line from two distinct points). Later, we
shall observe that such an “upgrade” will also lead to an interesting simplification
and generalization of the principles of geometry.

9.2 Real projective plane

9.2.1 Geometrical model of the real projective plane

A real affine plane A? can be imagined as a subset of a real affine space A%, Figure 9.2.
There is a point O in A3, which is not in .A%. For each point X in .42, there is exactly
one line in A3, which passes through X and O. Now, there is a set of lines in A?,
which pass through O but do not pass through any point of A%. This is the set of
lines parallel to A? that pass through O. These lines fill the plane of A3, which is
parallel to A? and which contains the point O.

The set of all lines in A% passing through O will be called the real projective
plane and denoted as P2. The lines of A3 passing through O will be called the points
of the real projective plane.!

IThe previous definition can be given without referring to any affine plane. We can take a point
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Figure 9.3: Algebraic model of the real projective plane.

The lines in A3 passing through O, which intersect A2, are in one-to-one cor-
respondence with points in the affine plane A% and hence will be called the affine
points of the projective plane® of the projective plane. The set of lines in A3 passing
through O, which do not intersect A2, are the “additional” points of the projective
plane and will be called the ideal points of the projective plane3.*

To each ideal point P (i.e. a line [ of A% through O parallel to .A?), there corre-
sponds exactly one set of parallel lines in A2 which are parallel to [ in A3. Different
sets of parallel lines in A% are distinguished by their direction. In this sense, ideal
points correspond to directions in A% and can also be understood as points where
parallel lines of A2 intersect. Notice that the parallel lines of A do not intersect in
A?, because P is not in A%, but they intersect in the real projective plane obtained
as the extension of A2,

9.2.2 Algebraic model of the real projective plane

We shall now move from the geometrical model in A3 to an algebraic model in R3
which allows us to do computations.

Let us choose a coordinate system (O, by, ba, b3) in A3 with the origin in O, with
basic vectors bl, b from the coordinate system (o, bl, b2) in A2 and with b3 = (0, o0),
Figure 9.3.

Lines in A%, which pass through O, correspond to one-dimensional subspaces of

O in A® and the set of all lines in A® passing through O and call it a projective plane. In the
above example, however, we have obtained the projective plane as an extension of a given affine
plane A2%. In such a case, we can distinguish two sets of points — affine points and ideal points
— in the projective plane.

#Vlastni body in Czech. Finite points in [2].

#Nevlastni body in Czech. Points at infinity in [2].

4Notice that words “point” and “line” actually need to be accompanied by adjectives for the above
to make sense beacause lines of A% become points of A%. Also notice that this division of the
points of the projective plane makes sense only when we start with a given affine plane or when
we start with a projective plane and select one plane of lines in 4> as the set of ideal points.
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RS

Figure 9.4: Points of the real projective plane are represented by one-dimensional
subspaces of R?. One selected two-dimensional affine subspace deter-
mines the ideal points.

R3 and therefore, in R3, points of the real projective plane will be represented by
one-dimensional subspaces.

The real projective plane is the set of all one-dimensional subspaces of R3.

The affine plane is a subset of the set of all one-dimensional subspaces of R3,
which we obtain after removing all one-dimensional subspaces that lie in a two-
dimensional subspace of R3.

There are (infinitely) many possible choices of sets of one-dimensional subspaces
which can model the affine plane within the real projective plane. The choice of a
particular subset, which will model a concretel affine plane, can be realized by a
choice of a basis in R3.

Let us select a basis f = (51,52,53) of R3. Then, all the one-dimensional sub-
spaces generated by vectors

x
Tg= |y z,y€R (9.15)
1

will represent affine points, point X in Figure 9.4, and all the one-dimensional sub-
spaces generated by vectors

x
Tg= |y r,yeER, x #0ory#0 (9.16)
0

will represent the ideal points, e.g. point Y in Figure 9.4.

It is clear that the affine points are in one-to-one correspondence with all points
in a two-dimensional affine space (plane) and the ideal points are exactly what we
need to add to the affine points to get all one-dimensional subspaces of R3.

9.2.3 Lines of the real projective plane

Let us look at lines now. Lines, e.g. [ in Figure 9.5, in the affine plane contain points
represented by one-dimensional subspaces generated, e.g., by & and 3. This set of
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A2

A3

Figure 9.5: Lines of the real projective plane correspond to two-dimensional sub-
spaces of R? but can be also represented by one-dimensional subspaces
of R3.

one-dimensional subspaces of points on [ fills almost a complete two-dimensional
subspace of R3 with the exception of one one-dimensional subspace, generated by 2,
which represents an ideal point. After adding the subspace generated by Z to the set
of all one-dimensional subspaces representing points on [, we completely fill a two-
dimensional subspace of R3, which hence corresponds to the projective completion
of the affine line l, which we will further call line, too.

Hence, in the real projective plane, lines correspond to two-dimensional subspaces
of R3.

We would like to do calculations with lines as we do calculations with points.
Let us develop a convenient representation of lines now. A straightforward way how
to represent a two-dimensional subspace in R? is to select a basis (i.e. two linearly
independent vectors) of the subspace, e.g. & and ¢ for the line [. There are many
ways how to choose a basis and therefore the representation is far from unique.
Moreover, having two bases, it is not apparent whether they represent the same
subspace.

For instance, two pairs of linearly independent vectors (#1, ¥1) and (Z2, ¥2) rep-
resent the same line if and only if they generate the same two-dimensional subspace.
To verify that, we, for instance, may check whether

rank[flg glﬁ fglg ggg]ZQ (917)

where we write all the four vectors &1, i, @2, ¥» w.r.t. a basis 3 of R3.

Yet, there is another quite convenient way how to represent a two dimensional
subspace in R3. Since 3 = 2+1, we can find for each two-dimensional subspace, spec-
ified by a basis (Z, 7), exactly one one-dimensional subspace of the three-dimensional
dual linear space. Call the basis of this new one-dimensional subspace [. Then there
holds

T

77 ] =0 (919)
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A3 A2

Figure 9.6: The ideal line is the set of all projective points (i.e. all lines of A3 through
C, which have no intersection with A%. It is a plane o. There is exactly
one, which is perpendicular to sigma, which is generated by vector [q.

where 3 is the dual basis to 3. Therefore, we can represent lines in the real projective
plane by one-dimensional subspaces in this way.

We have developed an interesting representation of points and lines where both
points and lines are represented by one-dimensional subspaces of R3. Points are
represented by one-dimensional subspaces of V = R3, which is connected by ¢ to
the three-dimensional space A% of the geometrical model of the real projective plane.
The lines are represented by one-dimensional subspaces of the space V, which is the
space dual to V. Using the basis /3 in V', which is dual to basis 3 in V, the coordinates
l_;g as well as coordinates of Zg become vectors in R? which satisfy Equation 9.18.

The line of A? generated by [in Figure 9.5 is shown as perpendicular® to the plane
generated by Z, 7. Indeed, in the geometrical model of the real projective plane,
we can use the notion of perpendicularity to uniquely construct the (perpendicular)
line to the plane corresponding to I in A2

9.2.4 Ideal line

The set of all one-dimensional subspaces of R?, which do not correspond to points
in the affine plane, i.e. the set of all ideal points, forms itself a two-dimensional
subspace of R? an hence a line in the projective plane, which is not in the affine
plane. It is the ideal line® of the projective plane associated with the selected affine
plane in that projective plane. It is represented by vector l_;o in Figure 9.6.

For each affine plane, there is exactly one ideal line (a two-dimensional sub-
space of R3). Conversely, by selecting one line in a projective plane (i.e. one two-

°In A?, line and plane are perpendicular when they contain the right angle. The right angle is one
quarter of a circle.
SNevlastni pifmka in Czech, line at infinity in [2].
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dimensional subspace of R3) the associated affine plane is determined as the set of
all points (one-dimensional subspaces of R?) which are not contained in the selected
ideal line (two-dimensional subspace).

9.2.5 Homogeneous coordinates

Once a coordinate system is fixed in an affine plane, every point of the affine plane
has unique coordinates, which are the coordinates of its vector in the basis of the
coordinate system.

A point in a real projective plane is represented by a one-dimensional subspace
of R3. One-dimensional subspaces are represented by their bases consisting of a
single non-zero vector. There are infinitely many bases representing the same one-
dimensional subspace. Two basic vectors of the same one-dimensional subspace are
related by a non-zero multiple.

Hence, when talking about coordinates of a point in the projective space, we
actually talk about coordinates of a particular basic vector of the one-dimensional
subspace that represents the point.

For instance, vectors

1 2
O and | O (9.19)
1 2

are basic vectors of the same one-dimensional subspace since they are related by a
non-zero multiple. These are two different “coordinates” of the same point in the
real projective plane.

Hence, the “coordinates” of a point in the real projective plane are not unique.
This is so radically departing from the fundamental property of coordinates, their
uniqueness, that it deserves a new name. To distinguish the coordinates of a point in
the affine plane, which are unique, from the “coordinates” of a point in the projective
plane, which are not unique, we shall introduce new name homogeneous coordinates.

Homogeneous coordinates of a point in the real projective plane are the coordi-
nates of a basic vector of the one-dimensional subspace, which represents the point.

Homogeneous coordinates of a line in the real projective plane are the coordinates
of a basic vector of the one-dimensional subspace, which represents the line.

A point in an affine plane can be represented by affine as well as by homogeneous
coordinates. Let us see the relationship between the two.

Let us have a point X in a two-dimensional real affine plane, which is represented

by coordinates
x
9.20
H 02

By extending the real affine plane to the real projective plane with the ideal line
identified with the two-dimensional subspace z = 0, we can represent point X by a
one-dimensional subspace of R? generated by its basic vector

x
Yy (9.21)
1

Thus, X has affine coordinates [w y]T and homogeneous coordinates [u v w]T,
where u = Az, v = Ay, and w = A1 for some A € R, A # 0.
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A2

A3

Figure 9.7: A point z is incident with a line [ if and only if it can generate the line
with another point y. Lines in A% representing the point and the line
are perpendicular to each other.

Ideal points do not have affine coordinates. Their homogeneous coordinates are
[z y 0] (9.22)

where z,y € R and either x # 0 or y # 0.
The zero vector 0 is not a basis of any one-dimensional space and thus represents
neither a point nor a line.

9.2.6 Incidence of points and lines

We say that a point x is incident with line [ if and only if it can generate the line
with another point 3, Figure 9.7. In the representation of subspaces of R3, it means
that

—)T =

l 5L3=10 (9.23)

This means that the one-dimensional subspace of R? representing the line is orthogo-
nal to the one-dimensional subspace of R? representing the point w.r.t. the standard
(Euclidean) scalar product. In the geometrical model of the real projective plane it
means that the line of A? representing  is perpendicular to line of A3 representing (.

Let us write explicitly the coordinates of the bases generating the one-dimensional
subspaces as

then we get
ar+by+cz=0

and for affine points represented with z = 1 this formula reduces to
ar+by+c=0

which is the familiar equation of a line in the two dimensional real affine plane.
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A2

A3

Figure 9.8: The join of two distinct points is the unique line passing through them.

9.2.7 Join of points

Every two distinct points z and y in the real projective plane are incident with
exactly one line [. The join of two distinct points is the unique line passing through
them.

In the real projective plane, two distinct points are represented by two different
one-dimensional subspaces with bases & and /.

The homogeneous coordinates of this line, i.e. the coordinates of the basic vectors
of the one-dimensional subspace representing the line, can be obtained by solving
the following system of homogeneous equations for coordinates of the vector [

535 = 0 (9.24)
s = 0 (9.25)

w.r.t. # and B in R3. The set of solutions forms the one-dimensional subspace that
represents the line [.

We have seen in Section 3.3 that vector l% can be conveniently constructed by
the vector product as

I3 = 5x7s (9.26)

Notice, that in the real projective plane as well as in the real affine plane, there is
exactly one line incident with two distinct points.

9.2.8 Meet of lines

Every two distinct lines k£ and [ in a projective plane are incident exactly to one
point z. The meet of two distinct lines is the unique point incident with them.

In the real projective plane, two distinct lines are represented by two different
one-dimensional subspaces with bases k and [.

The homogeneous coordinates of this point, i.e. the coordinates of the vectors in
the one-dimensional subspace representing the point, can be obtained by solving the
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./42

Figure 9.9: The meet of two distinct lines is the unique point incident with them.

following system of homogeneous equations for coordinates of the vector ¥ w.r.t. 5
in R3

i

T,

gro = 0
ST,

The set of solutions forms the one-dimensional subspace that represents point x. To
get one basic vector in the subspace, we may again employ the vector product in R3
and compute

fg = EB X fB

Notice, that in the real projective plane there is exactly one point incident to two
distinct lines.

This is not true in an affine plane because there are (parallel) lines that have no
point in common!

9.3 Line coordinates under homography

Let us now investigate the behavior of homogeneous coordinates of lines in projective
plane mapped by a homography.

Let us have two points represented by vectors Zz, /3. We now map the points,
represented by vectors Zg, 3, by a homography, represented by matrix H, to points
represented by vectors :f:'é,, gjféw such that there are A, Ao € R, A\{ Ay # 0

M Ty = Hig (9.27)

Homogeneous coordinates ﬁg of the line passing through points represented by g,

—

Y5 and homogeneous coordinates ﬁé, of the line passing through points represented
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by &%/, 45, are obtained by solving the linear systems
Py@s=0 and  ph 3% =0 (9.29)
ST T
pg G5 =0 P G5 =0 (9.30)
for a non-trivial solutions. Writing down the incidence of points and lines, we get
Alpg H '@ =0 < ﬁg H @G =0
)\2]’)6 H_1 gé/ =0 < pﬁ H_l?jlé/ =0
We see that p é, and H™ ]5'5 are solutions of the same set of homogeneous equations.
When g, y3 are independent, then there is A € R such that
T >
Apﬂ, =H" p3 (9.31)
since the solution space is one-dimensional. Equation 9.31 gives the relationship
between homogeneous coordinates of a line and its image under homography H.
9.3.1 Join under homography

Let us go one step further and establish formulas connecting line coordinates con-
structed by vector products. Construct joins as

ﬁB = f@ X ﬂﬁ and ﬁé, = fé/ X gjé/ (9.32)
and use Equation 3.47 to get

il
Tgr X ygr = |H T’ (ZBﬁ X yﬁ) (933)

/ / HT

/ / H'
Tgr X Yg = ———=— (& J, 9.35
T

pl, = — 9.36

9.3.2 Meet under homography

Let us next look at the meet. Let point Z be the meet of lines p and ¢ With line
cordinates pj, q5, which are related by a homography H to line coordinates Pl 5 and

Tz, by

Mg = H T (9.37)
X @ = H ' (9.38)
for some non-zero Az, A\4. Construct meets as
Tp=psxqz and T = ﬁé/ X cjé/ (9.39)
and, similarly as above, use Equation 3.47 to get
=T H
B T 940
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9.3.3 Meet of join under homography

We can put the above together to get meet of join under homography. We consider
two pairs of points represented by their homogeneous coordinates ¥, ¥z, and 23,
wg and the corresponding pairs of points with their homogeneous coordinates :E"ﬁ,,
Yg:» and Z,, W, related by homography H as

A1 fé/ =HZz, X gé/ =Hyg, A3 ZZ.}/ =HZg, M\ u_)'é, = Hg (9.41)

Let us now consider point

'Z}é/ = (fé/ X gé/> X (Zé/ X ’lﬁé/) (942)
H' H '
— (7 U —(Z i} 4
(/\1 N ] (Zp x yﬂ)) X <)\3 T (25 x 1%)) (9.43)
H|H| L o
= m(xﬁ x gg) x (Z3 x wg) (9.44)
HI[H]|
_ 4
YDV YV (9:45)

9.3.4 Note on homographies that are rotations

First notice that homogeneous coordinats of points and lines constructed as com-
binations of joins and meets indeed behave under a homography as homogeneous
coordinates constructed from affine coordinates of points.

Secondly, when the homography is a rotation and homogeneous coordinates are
unit vecors, all \’s become equal to one, the determinant of H is one and H~ T = H.
Therefore, all homogeneous coordinates in the previous forulas become related just
by H.

9.4 Vanishing points

When modeling perspective projection in the affine space with affine projection
planes, we meet somewhat unpleasant situations. For instance, imagine a projection
of two parallel lines K, L, which are in a plane 7 in the space into the projection
plane 7 through the center C, Figure 9.10.

The lines K, L project to image lines k,[. As we go with two points X,Y along
the lines k, [ away from the projection plane, their images x,y get closer and closer
to the point v in the image but they do not reach point v. We shall call this point
of convergence of lines K, L the vanishing point”.

9.5 Vanishing line and horizon

If we take all sets of parallel lines in 7, each set with a different direction, then all
the points of convergence in the image will fill a complete line h.
The line A is called the vanishing line or the horizon® when 7 is the ground plane.

"Ubéznik in Czech.
8Horizont in Czech
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K X

Figure 9.10: Vanishing point v is the point towards projections = an y tend as X
and Y move away from 7 but which they never reach.

Figure 9.11: Vanishing line (horizon) A is the line of vanishing points.
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Now, imagine that we project all points from 7 to 7 using the affine geometrical
projection model. Then, no point from 7 will project to h. Similarly, when projecting
in the opposite direction, i.e. 7w to 7, line A has no image, i.e. it does not project
anywhere to 7.

When using the affine geometrical projection model with the real projective plane
to model the perspective projection (which is equivalent to the algebraic model in
R?), all points of the projective plane 7 (obtained as the projective completion of
the affine plane 7) will have exactly one image in the projective plane 7 (obtained as
the projective completion of the affine plane ) and vice versa. This total symmetry
is useful and beautiful.
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10 Camera auto-calibration

Camera auto-calibration is a process when the parameters of image formation are
determined from properties of the observed scene or knowledge of camera motions.
We will study camera auto-calibration methods and tasks related to metrology in
images. We have seen in Chapter 7 that to measure the angle between projection
rays we needed only matrix K. Actually, it is enough to know matrix!

w=K Tk
to measure the angle between the rays corresponding to image points Z'i3, Zog as
f—lrﬂ KiTKilfgg f;rﬁwfgg

cos Z(Z1,T2) = = —~ = = (10.1)
[K=12 1| [R™* T \/;E’ITBW;EM s w g

Knowing w is however (almost) equivalent to knowing K since K can be recovered
from w up to two signs as follows.

§53 Recovering X from w Let us give a procedure for recovering K from w. As-

suming
ki1 ki ks
K = 0 koo kog (10.2)
0 0 1
we get
1 1 —kiz  kigkas—kiz koo
ki1 k12 ki3 ki1 kiikae k11 ka2 mi1 Mi2 M13
-1 _ _ 1 —k _
K~ = 0 koo kos = 0 Fos ﬁ = 0 Mmoo M23
0 0 1 0 0 1 0 0 1
(10.3)
for some real m11,mi2, m13, Mmoo and mos. Equivalently, we get
1 —mi2 mi2 M23—"M13 M22
mi1 mi1maz mi1ma2 ma3
= 1 —mas
K= 0 s - (10.4)
0 0 1

Introducing the following notation

Wil wWi2 w13
w = K_TK_1 = w12 W22 W93 (105)
W13 W23 W33

'n [2], w is called the image of the absolute conic.
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yields
2
w1l w12 w13 mi mi1 mi2 m111M13
2 2
W12 W22 w23 | = | M11M12 miy + Moo mi12 M3 + M22 M23
2 2
W13 W23 W33 m11 M3  M12 M13 + Ma2 M23 mis + mas + 1

(10.6)
which can be solved for K~ up to the sign of the rows of K1 as follows. Equation 10.6
provides equations

2
W11 = mll = Mmi1 = S1 w11
wig = miimiz = miz = wiz/(s1/wi1) = s1wiz/y/wi1
wiz = miimiz = miz = wiz/(s1v/wi1) = s1wi13/y/wi1
_ 2 2 _ _ 2 2
W92 = Miy + My = Moy = 24/ W2 miy = S214/ W22 w12/(,U11
o _ o 42
wa3 = M2 Mi3 + M2 Moz = Ma3 = S (W3 — Wiz wWiz/wi1)/4/ w2 — Wiy/wil

= 852 (wn w23 — W12 w13)/\/w%1w22 — w11 W%Q
which can be solved for m;; with s; = +1 and s = +1. Hence

-1

51 4/W11 51 wi2/y/Wi1 51 w13/y/W11
K = 0 S9 \/cm s2 (wa3 — w12 w13/wll)/\/‘*m
0 0 1
(10.7)

Signs s1, so are determined by the choice of the image coordinate system. The
standard choice is s1 = s9 = 1, which corresponds to ki1 > 0 and koo > 0.

Notice that ,/wq1 is never zero for a real camera since my; = k%u # 0. There also
holds true

2 2 2 i2
w22 — W wn:\/m — miy = 5 =
\/ i/ 11 12 K2, k2 kS, ki koo
(10.8)
since |kj2| is much smaller than |keg| for all real cameras.

10.1 Constraints on w

Matrix w is a 3 x 3 symmetric matrix and by this it has only six independent elements
w11, w12, w13, W, wos and wss. Let us next investigate additional constratints on w,
which follow from different choices of K.

654 Constraints on w for a general K FEven a general K yields a constraint on w.
Equation 10.6 relates the six parameters of w to only five parameters mi1, mi2, mis, mao
and mog and hence the six parameters of w can’t be independent. Indeed, let us see
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that the following identity holds true

2 2 2 2 2 2 2 2
2 Wiz Wig Wio Wis 2 Wiz Wig Wi2 Wis
Wy — — 75— — (w2 — — ) (w3s — — — 1)) =4 —5—" (wa2 — —) (w3g — — — 1
(was 2 (wa2 w11)( 83 = ) 2, (wa2 oL ) (w33 oo )
2 2
mii1mis miimio
= ((m12m13 +m22m23)2 - (M) g SUGEY
myy
2 2 2
miim miim
—(m2y +m3y — 7( 1 5 12) Y(mis +mis +1— % -1)
miy myy
(m11mi3)?(my1miz)? (m11mi2)? (mi1miz)?
- 4 ma (miy + m3, — oz )(mis +m3s + 1 — oA 1)
11 11 11

2
= ((m12m13 + m22m23)2 - (m12m13)2 - (m22m23)2) -4 (m12m13)2(m22m23)2

= (2 (m12m13)(m22m23))2 —4 (m12m13)2(m22m23)2
=0 (10.9)

Since wi1 # 0, we get the following equivalent identity
(Wi wis — wizwiy — (Wiiwas — wiy) (Wiiwss — wiz — wi1))?
— 4w%3 w%Z (wllcUQQ — w%2> (W11w33 — w%3 — w11) =0 (10.10)

which is a polynomial equation of degree eight in elements of w.
We shall see next that it makes sense to introduce a new matrix

1 w2z wig
1 012 013 w11 w11
_ _ | wi2z w22  was
Q= 1012 022 03 |=|77 o on (10.11)
013 023 033 w13 w23  Ws3

w11 w11 w11

which contains only five unknowns, and use Equation 10.10 to get the positive wi
from Q by solving the following quadratic equation

as w%l +ajwir +ag=0 (10.12)
with

az = —4023%013%012% + 023" — 20037022 033 + 2 013%012%092 033 (10.13)
—2 09970330137 + 012" 0337 + 20937092 013” + 2 02370127033
+022% 013" + 02970337 — 2022 033%012°

a1 = 201320122 099 + 20932099 — 20992 033 — 2012 033 (10.14)
+4 092 033012” — 2 023%012” + 2 09270137

apg = —2099 0122 + 0222 + 0124 (10.15)

§55 Constraints on w for K from square pixels Cameras have often square pixels,
ie. |by]| = |b2| =1 and Z(b1,be) = 7/2, which implies, Equations 7.13, 7.15, 7.16, a
simplified

kii 0 ki3
K= 0 ki1 kos (10.16)
0 0 1
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Figure 10.1: (a) Parallel lines K, L are projected to lines k, [ with vanishing point
represented by 9. Vector ¥ is parallel to k, [. (b) Vectors ¢, U2 contain
the same angle as pairs of lines K1, Ky or Ly, L.

This gives also simpler

LYo ~ki3
-1 0 1 —ka3 (10.17)

w —
k
11 —ki13  —kog k%l + k%g + ]{Z%3

We see that we get the following three identities

w12 = 0 (10.18)
woee —win = 0 (10.19)
Wiz + why —wnwsz w1 = 0 (10.20)
We also get simpler
1 0 013 1 0 _k13
Q=0 1 op|=kLw=| 0 1 —ko3 (10.21)
013 023 033 —kis  —koz ki) + kig + k3s

and use Equation 10.21 to get
k% = 033 — 0%3 - 0%3 (10.22)
/6‘13 = —013 (10.23)
kgg = —023 (1024)

10.2 Camera calibration from angles between projection
rays
We will now show how to calibrate a camera by finding the matrix w = K=K~ L.
In general, matrix w is constrained by knowing angles contained between pairs
of projection rays. Consider two projection rays with direction vectors Z1, ¥s. Then
the angle between them is related to w and Q by
=T — =T —
T qWw To T 0%
cos £ (Zy, Ta) = 1577726 - 157726 (10.25)
VEswdis\[Tlwdas A\ [T];080 /70
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C

Figure 10.2: Images of three points with known angles between their rays can be used
to calibrate cameras with square pixels. The position of image center
Cs: can be computed in the ortogonal coordinate system (0,6") using
the absolute pose problem from Chapter 7.3. Matrix K is composed
from coordinates of C_"(;/.

Squaring the above and clearing the denominators gives
(cos Z(1,2)) ({3 QT1p) (T35 ATap) = (T3 2 Tp)? (10.26)

which is a second order equation in elements of Q. To find Q, which has five inde-
pendent parameters for a general K, we need to be able to establish five pairs of rays
with known angles and solve a system of five quadratic equations 10.26 above.

§56 Camera with square pixels A simpler situation arises when the camera has
square pixels. Then, we can use constraints from § 55 to recover w and K from three
pairs of rays containing known angles. That ammounts to solving three second order
equations 10.26 in o013, 023, 033.

However, this is actually exactly the same problem as we have already solved in
Section 7.3. Figure 10.2 shows an image plane m with a coordinate system (0,6")
with 67 = (by, bg, b3) derived from the image coordinate system (o, «). Having square
pixels, vectors bl, b2 can and complemented by b3 to form an orthogonal coordinates

system (O = 0,0"). Next, we choose the global orthonormal coordinate system,
(O = 0, 5), 0= (dl,dg,dg), such that

b - b . b
— . dy=—>—, and dy=—>

d_i = T = 2 > =
[[b1]] [[61]] |[b1]]

(10.27)
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and hence .
Bl 0 o
rs= | 0 |[|bi]f 0 Ty (10.28)
0 0 lbull

We know angles Z (%1, Z2), £(Z2,Z3) and Z(Z3,71). We also know image points
ﬁlg = Xl_é/, U = XQ(S'/L TEN = ngf and thus we_can co_ljnpute distances dis =
[ Xos — Xusrl], dos = [| X350 — Xosr|| and ds1 = |[ X35 — Xi4/[|. Having that, we
can find the pose Cs/ = [c1, ca,c3]" of the camera center C in (O, 6’) by solving the
absolute pose problem from Chapter 7.3. We will select a solution with ¢3 < 0 and,
if necessary, use a fourth point in 7 to choose the right solution among them. To
find K, we can form the following equation

o

0= ]10 [KR\ - KR(Z;] (10.29)

—_
_ o O O

since point o is represented by [0,0,1]" in B and_by [O 0,0]" in §. Coordinate
system (O, 8) is chosen such that R = I and Cs5 = ||b1|| C5/ and thus we get

0
K1|l0]| =-"—""Cs (10.30)
1

Now, let us consider matrix K as in Equation 10.16 and use the intepretation of
elements of K from Chapter 7, Equations 7.16, 7.17. We can write

L0 & 181 184
U : N ”9” m’f
K= 0 L k an thus K = = JLCY Y 10.31
il "% 0 Bl gy, (10.31)
0 0 1 0 0 1
and use it in Equation 10.30 to get
k13 C1
kf?’ = | ¢ (10.32)
el “
and thus
—C3 0 C1
K= 0 —Cc3 Co (1033)
0 0 1

10.3 Camera calibration from vanishing points

Let us first make an interesting observation about parallel lines in space an its
corresponding vanishing point in an image. Let us consider a pair of parallel lines
K, L in space as shown in Figure 10.1(a). There is an affine plane o containing the
lines. The lines K, L are projected to image plane 7 into lines k, [, respectively.
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Now, first extend affine plane o to a projective plane ¥ using the camera center
C. Then, define a coordinate system (C,d) with orthonormal basis § = (dy, da, ds)
such that vectors dl, d2 span affine plane o.

Let K; 5 L5 be homogeneous coordinates of lines K, L w.r.t. §. Then

ws = K5 x L (10.34)

are homogeneous coordinates of the intersection of lines K, L in .

Next, extend the affine plane 7 to a projective plane II using the camera center
C with the (camera) coordinate system (C, 3).

Let kﬁ, l5 be homogeneous coordinates of lines k, | w.r.t. B. Then

U5 = kg x I (10.35)

are homogeneous coordinates of the intersection of lines k, [ in 1I.
Now, consider Equation 8.14 for planes ¥ and II. Since § is orthonormal, we
have K’ = I and thus that there is a homoghraphy

H=KR (10.36)

which maps plane ¥ to plane II. Matrices K and R of the cemera are here w.r.t. the
world coordinate system (C,J).
We see that there is a real A such that there holds

A1 = KR (10.37)

tfrue.

§57 Pairs of “orthogonal” vanishing points and camera with square pixels Let
us have two pairs of parallel lines in space, Figure 10.1(b), such that they are also
orthogonal, i.e. let K7 be parallel with L; and K5 be parallel with Lo and at the same
time let K7 be orthogonal to Ky and Li be orthogonal to Lo. This, for instance,
happens when lines K1, L1, Ko, Lo form a rectangle but they also may be arranged
in the three-dimensional space as non-intersecting.

Let lines k1,11, ko,lo be the projections of Ki, Ly, Ko, Lo, respectively, repre-
sented by the corresponding vectors El 3 l_i 3 EQB, f25 in the camera coordinates sys-
tem with (in general non-orthogonal) basis 3. Lines k; and li, resp. ko and Io,
generate vanishing points

525 = k‘QB X 123
The perpendicularity of w; to s is, in the camera orthogonal basis §, modeled

by
W5 Was = 0 (10.38)

We therefore get from Equation 10.37

UlsK 'RTTRT'K My = 0 (10.39)
UmK e s = 0 (10.40)
vlﬁwvgg =0 (10.41)
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which is a linear homogeneous equation in w. Assuming further square pixels, we
get, §55,

|
o

iy
Uy w Uag
T =~ .
’0169'025 =

1 0 013 _1121_
[vir vi2 vis] | 0 1 o3| |v2| = 0

013 023 033 | | V23

[vas vl + w21 013 V23 VI2 + V2 V13 Vazviz| | 023 | = —(v21vil + V22 v12)

Now, we need only 3 pairs of perpendicular vanishing points, e.g. to observe 3
rectangles not all in one plane to compute 013, 023, 033 and then

ki3 = —o13
kos = —o23

2 2
ki = 033 — ki5 — ki3

10.4 Camera calibration from images of squares

Let us exploit the relationship between the coordinates of points X, which all lie in
a plane 7 and are measured in a coordinate system (O, s, cfg) in 7, Figure 8.2. The
points X are projected by a perspective camera with the camera coordinate system
is (C,B),B8 = (51,52,53) and projection matrix P into image coordinates [u U]T,
w.r.t. an image coordinate system (o, l;l, 52), Equation 8.30. See paragraph § 28 to
recall that the columns of P can be writen as

P—|kr| ~KRCGs| = |di do 5, G| (10.42)

and therefore we get the columns

hy=p1 = du (10.43)
hy =ps = doy (10.44)
hy=ps = —C, (10.45)

of the homography H mapping ¢ to 7 as defined in Equation 8.31.

Now imagine that we are observing a square with 4 corner points X, X5, X3
and Xy in the plane ¢ and we construct the coordinate system in o by assigning
coordinates to the corners as

Xis = [0 0 0] (10.46)
dis=Xos = [1 0 0] (10.47)
dos = X35 = [0 1 0] (10.48)

X = [1 1 0] (10.49)
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We see that we get two constraints on dl;, Lfgg

disdy = 0 (10.50)
dlsdis —djsdas = 0 (10.51)

which lead to

dl kK Tk dy, = 0 (10.52)
digK Tk 'dig—d, K"K 'dy = 0 (10.53)

by using cZ;-V = KRJ;(; fori=1,2, and RTR = I.

These are two linear equations on w and hence also, see § 54, on )
dl, ady = 0 (10.54)
dl,9dy, — d3, Qdy, = 0 (10.55)
on w in terms of estimated AH

h/ Qhy = 0 (10.56)
h{ Qh; —hy Qhy = 0 (10.57)

One square provides two equations and therefore three squares in two planes in
a general position suffice to calibrate full K. Actually, such three squares provide one
more equations than necessary since {2 has only five parameters. Hence, it is enough
observe two squares and one rectangle to get five constraints. Similarly, one square
and one rectangle in a plane then suffice to calibrate K when pixels are square.

Notice also that we have never used the special choice of coordinates of X(;.
Indeed, point X, could be anywhere provided that we know how to assign it coor-
dinates in (O, dy, ds).

To calibrate the camera, we first assign coordinates to the corners of the square
as above, then find the homography H from the plane to the image

\i Tig = HX 5 (10.58)

for a; = 1,...,4 and finally use columns of H the find Q.
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11 Two-view scene reconstruction

Imagine two cameras giving two images of the space from two different view points.
We will next investigate how to (re-)construct camera projection matrices and mean-
ingful coordinates of points in the space such that the reconstructed cameras and
the reconstructed points generate the images.

11.1 Epipolar geometry

Figure 11.1 shows two cameras with different centers C, Co and image planes 71,
o, observing a general point X as uj, us. Base line b connecting image centers (',
(5 intersects 7wy, mo in epipoles ey, eo. Points C, Cy and X form epipolar plane
o, which intersects 71 in epipolar line [; and w9 in epipolar line /5. Epipolar line
l1 passes through epipole e; and through image point u;. Epipolar line s passes
through epipole es and through image point us.

Let us next find the relationship between image points, epipoles, epipolar lines
as a function of camera parameters, Figure 11.2.

Assume a world coordinate system (O, d) and cameras C7, Co with camera pro-
jection matrices

Py = [K1R1| — KlRl(jh;] and Py = [K2R2| — K2R2625] (11.1)

Point X is projected to image planes 7y, mo, with respective coordinate systems

(01, B1), (02, B2), as

. X . X
Cl Tipy = Py [ 16:| and CQ T2py = Py [ 16:| (112)
for some (; > 0 and (3 > 0, which then leads to
(1 flﬁl = KiRq (X5 — C_:lg) and (s 53'252 = KQRQ(X& — 6_;25) (11.3)
GRIK M5, = X5 — Cus CoRg Ky Liap, = X5 — Cas (11.4)

Consider now that vectors )?5 — 6_”15, )?5 — C_"Qg and 625 — C_"l(; form a triangle and
hence

Cos —Crs = (X5 —Cig) — (X5 — Cap) (11.5)
Cos —Cis = CR{K'T1p, — GRIKy ' Tap, (11.6)
with (1 > 0 and (o > 0 for the standard choice of camera coordinate systems.

We shall next eliminate depths (1, (2 by exploiting the vector product identities,
see Paragraph 3.3,

0 = Zxz=1[7], 7 (11.7)
0 = ¢ @x§=4"[#,§ (11.8)
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X
m 2
ll o l2
Uq u2
o)) el b €2 Co

Figure 11.1: Epipolar geometry of two cameras.

for all Z,% € R3.

We first vector-multiply Equation 11.6 by 6_"25 — 615 from the left to get

0 = [625 - 615] GRIK g, - [625 - 615] GRK s (109)
and then multiply Equation 11.9 by (» f;B2K2_ TRy from the left to get
0 = Gk R [(?25 - 515] GRIK M, (11.10)
which, since (1 # 0 and (s # 0, is equivalent with
0 = Z35K, Ro [625 — (315] ) R{ K15, (11.11)
0 Tyg,Ky 'EK] ' F1g, (11.12)
0 Ty, F T1p, (11.13)
where we introduced the essential matriz E € R3*3 as
E = R, [625 - (715] R (11.14)
and the fundamental matriz F € R3*3 as
F =K, R [625 - 615] RIK] (11.15)

Let us next introduce epipoles to pass from vectors in d to vectors in f31, s,

which are measurable in images.

The projection ey of the the camera center C, to the first image as well as the
projection eo of the the camera center C; to the second image are obtained as

. C.
C1 €18, Py { 125] = KiR1(Cas —
. C -
(2€23, = P { 115] = KoRo(Cli5 —
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1 72
L la
T T
Cq €1 Cy —C4 €2 Cs

Figure 11.2: Vectors of the epipolar geometry.

for some (1 > 0 and (o > 0.
We can now substitute Equation 11.16 into Equation 11.15 to get

F = K R [525—(715] R{K; ' (11.18)
X
= K; 'R [GiR[K; ', ] RIK; (11.19)
o R{EHTT
= CIKQTRQf [615] (11.20)
|(R1TK11)_T| o
G o, .
= @K2TR2R1TK1T[€151]X (11.21)

We used the result from § 8, which shows how the vector product behaves under the
change of a basis.
Analogically, we substitute Equation 11.17 into Equation 11.15 to get

F = K; Ry [(725—615] R{ K (11.22)
X
= Ky 'Ro[—CoRoK; 'ép, |, RIKS (11.23)
T
= ([R5 Bs], RIKG") RIKT! (11.24)
2 i
= <|K2|R2TK2T[5252]X> R{K; ' (11.25)
_ S T—1
= |K2|[252]XK2R2R1K1 (11.26)

We used additional properties of the linear representation of the vector product
from §9.

We see from Equations 11.21 and 11.26 that it is possible to recover homogeneous
coordinates of the epipoles from F by solving equations

Féig, =0 and F'éy =0 (11.27)
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for a non-zero multiples of €3,, €23,. We also see that matrix F has rank smaller

than three since it has a non-zero null space €5,. Since, rank of [525 — C_"h;] is
X

two for non-zero 625 — 615, F has rank two when camera centers do not coincide.

Let us look at the epipolar lines. Epipolar lines pass through the corresponding
points in images and the epipoles, i.e. [{ = x1 v e and lsx = x2 v eo. Consider that
there holds

T3p,Fe1p =0 and T F &p, =0 (11.28)
fgﬁzFflﬁl =0 ffglFwag =0 (11.29)
(11.30)

and therefore homogeneous coordinates l_i A fQBz of epipolar lines generated by Zog,
and 7', , respectively, are obtained as

—

L, =F&ap, and Iy, =Fip, (11.31)

for 5252 #* 5252 and flﬁl #* 5151.

11.2 Computing epipolar geometry from image matches

Let us look at how to compute the epipolar geometry between images from im-
age matches. Our goal is to find matrix G = 7F for some real non-zero 7 using
Equation 11.13. Let us introduce

g11 g912 913
G = g21 922 g23 (11.32)
gs1 932 933

and write Equation 11.13 as

g1 Gg12 913 U1
T -
0 = @, GTuip, = [u2i v2i wWai| | 921 g2 go3 V1 (11.33)
931 g32 933 Wi
911
912
0 = [UQiuli U2i V1 U2 W1i V24 U1q V24 V1g U2 W1 W24 ULy W24 V14 wzqzwu,] .
933

for the i-th pair of the corresponding points Z;3,, Z2i, in the two images. Notice
that we can work even with ideal points when wy; = 0 or wg; = 0.

We can solve this way for a non-zero multiple of F from eight correspondences in
a general position, i.e. not all on a plane or on some special quadrics passing through
camera centers [2]. If there is noise in image coordinates, we in general get a rank
three matrix.

To avoid this problem, we can use only seven point correspondences to compute
a two dimensional space of solutions

G=Gy +aGCy (11.34)
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generated form its basis Gi, Go by a. Then we use the constraint

9111 9112 9113 9211 9212 9213
0=[G] =[G +aGa| = || g121 G120 G1o3 | + @ | 9201 G200 9203 (11.35)
9131 9132 9133 9231 9232 9233

to find « by solving a third order polynomial

0 = aza®+aza®+ara+ag (11.36)
a3 = |G2|
az = 9221 9232 9113 — 9221 §212 9133 + G211 9222 9133 + 9231 9112 9223

+9231 9212 9123 — 9211 9223 9132 — 9231 G122 9213 — 231 9222 9113
—g211 9123 §232 + g121 9232 9213 + 9221 G132 9213 + G131 G212 §223
—g121 9212 G233 — G111 9223 9232 — g221 G112 9233 + G211 9122 9233
+9111 9222 G233 — G131 9222 9213

ar = g111 9122 9233 t g111 9222 9133 + 9231 9112 9123 — 9121 9112 Y233
—g211 9123 9132 — 9221 §112 G133 — 9231 G122 9113 + G211 9122 9133
+9121 9132 9213 + G121 9232 9113 + 131 G212 9123 — G121 9212 9133
—9131 9222 §113 + 9221 9132 G113 — G111 G123 9232 — 131 9122 9213
+9131 9112 §223 — g111 Y223 G132

ag = |Gy

That will give us up to three rank two matrices G.

Notice that we assumed that G was constructed with a non-zero coefficient at Gy.
We therefore also need to check G = Go for a solution.

11.3 Ambiguity in two-view reconstruction

The goal of scene reconstruction from its two views is to find camera projection
matrices P1, P9, and coordinates of points in the scene X such that the points X
are projected by cameras Pq, Py to observed image points T,, T2,

, X, B, X
C1Z1p =P1 [ 16} and (o Tog, = P2 { 15] (11.37)

for some positive real (1, (o.

Assume that there are some cameras P, Py, and coordinates of points in the
scene )Z(; such that Equation 11.43 holds true. Then, for every 4 x 4 real regular
matrix H we can get new camera matrices P{, P/ and new point coordinates X 5’ as

~, ﬁ
P/ =P H ! P,=pPyH! {)%] —H [)?} (11.38)

which also project to the same image points

. X [ X X!

G = P [ 16] =P H 'H { 15] =P] [ 15] (11.39)
. X [ X X!

C2T2p, = Po [ 16] =PyH 'H { 15] =P, [ 15] (11.40)
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We see that in general we can reconstruct the cameras and the scene points only
up to some unknown transformation of the space. We also see that the transforma-
tion is more general than just changing a basis in R? where we represent affine points
X;s. Matrix H acts in the three-dimensional affine space exactly as homography on
two-dimensional affine space.

Let us next look at a somewhat simpler situation when camera calibration matri-
ces K1, K9 are known. In such a case we can make sure that H has a special form which
corresponds to a special change of a coordinate system in the three-dimensional affine
space.

11.4 Reconstruction from two calibrated views

Let us further assume that camera calibration matrices Ky, Ko are known. Hence we
can pass from F to E using Equations 11.14, 11.15 as

E =Ky FK; (11.41)
then recover the relative pose of the cameras, set their coordinate systems and finally
reconstruct points of the scene.

11.4.1 Camera computation

To simplify the setting, we will first pass from “uncalibrated” image points Z'g, ,
Top, using Ki, Ko to “calibrated”

Fiy, = Ky T, and  To, = Ky ' Fap, (11.42)

and then use camera projection matrices as follows

—

. X . X,
Cl L1y = Pl’y1 |: 6:| and CZ L2yy = P2'y2 |: 16:| (1143)

1

Matrix H allows us to choose the global coordinate system of the scene as (C1,€1).
Setting

H! = [gi 0115] (11.44)
we get from Equation 11.38
Piy, = [I]0] (11.45)
Py, = [32 R]| —Ro (Cas — 615)] = [Rg R]| —RoR] (Coe, — (7161)] (11.46)
~ [&| -&C, | (11.47)
and the corresponding essential matrix
E=R [@1] ) (11.48)

From image measurements, ¥1,,, Z2,,, We can compute, Section 11.2, matrix

G=7TE=7R [(Zl] (11.49)

X
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and hence we can get E only up to a non-zero multiple 7. Therefore, we can recover
Ce, only up to 7.
We will next fix 7 up to its sign s;. Consider that the Frobenius norm of a

matrix G
& T
- 2 _ Ty 5 [~ oA
G = | 36 = omen @70 = e ([0 wm ] )
- 1T 7=
= T €1 « €1 % .
2 trace | |C C, (11.50)
= |rl/20Cal? = 17| V2| Cal (11.51)

We have used the following identities

o 17 - - N
¢ = 72 [Cq] R'R [Oq] — 2 [Cq] [Cq] (11.52)
X X X X
0 r -y 0 —=x Y v 422 —axy —Tz
= 7| -z 0 =z x 0 —x| =72 —zy 22+2* =yz
Yy — 0 -y T 0 —xz —yz 2?4y
We can now construct normalized matrix G as
_ 2G C. .
G- Y26 _ 7| % ] — iR [T, (11.53)
N L R

with new unknown s; € {+1,—1} and f., denoting the unit vector in the direction
of the second camera center in €; basis.
We can find vector @, = sot., with new unknown s, € {+1, —1} by solving

GU, =0 subject to |[U,] =1 (11.54)
to get
_ 1 S .
G = siR|—Uy| =—R[U,], (11.55)
S9 « 59
sG = R [U,], (11.56)
[Sgl S g2 Sg3] = R [V1 Vo V3] (11.57)

with unknown s € {+1, —1}, unknown rotation R and known matrices [ g1 g2 gg] =
(_:1 and [Vl A\ V3] = [1761]><'

This is a matricial equation. Matrices G, [, ], are of rank two and hence do
not determine R uniquely unless we use R'R = I and |R| = 1. That leads to a set
of polynomial equations. They can be solved but we will use the property of vector
product, §8, to directly construct regular matrices that will determine R uniquely
for a fixed s.

Consider that for every regular A € R3*3, we have, §8,

. N AT
(AZg) x (Ayp) = g X Ygr = ] (Zp % y3) (11.58)
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which for R gives

(RZ3) x (RYs) = R(Ts x ys) (11.59)

Using it for 4,7 = 1,2, 3 to get

(sgi) x (sgj) = (Rvi) x (Rvy) (11.60)
s*(gi x gj) = R(vixvj) (11.61)
(g x gj) = R(vixv)) (11.62)

i.e. three more vector equations. Notice how s disappeared in the vector product.
We see that we can write

[sg1 sg2 sgs g1 x g 82X g g1 Xgs|=
= Ry [v1 Vo V3 Vi XVy Vg X V3 V1><V3] (11.63)

There are two solutions Ry for s = +1 and R_ for s = —1. We can next compute two
solutions £, = +,, and £, = —#,, and combine them together to four possible
solutions
Poy++ = Ry [I| - g—i—q] (11'64)
Poyy— = Ry [T —t ] (11.65)
Poyy—t = R_[I]| —thie] (11.66)
Poy,—— = R_[I| —1_ ] (11.67)

The above four camera projection matrices are compatible with G. The one which
corresponds to the actual matrix can be selected by requiring that all reconstructed
points lie in front of the cameras, i.e. that the reconstructed points are all positive
multiples of vectors &1, and Za, for all image points.

11.4.2 Point computation

Let us assume having camera projection matrices Py, P2 and image points Z1g,, T2,
such that

. X , X
(1 %18, =P1 [ 15] and (2 Tap, = P2 [ 15] (11.68)

We can get X5, and (7, 2 by solving the following system of (inhomogeneous) linear
equations

) G

[:vlﬁl 0 —Pl] @1 _g (11.69)
0 .%'2/32 —PQ Xg
1
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11.5 Calibrated relative camera pose computation

In the previous chapter, we had first computed a multiple of the fundamental matrix
from seven point correspondences and only then used camera calibration matrices
to recover a multiple of the essential matrix. Here we will use the camera calibration
right from the beginning to obtain a multiple of the essential matrix directly from
only five image correspondences. Not only that five is smaller than seven but using
the calibration right from the beginning permits all points of the scene generating
the correspondences to lie in a plane.

We start from Equation 11.42 to get 71, and Z2,, from Equation 11.43 which
are related by

(11.70)
(11.71)

Tg,Ky 'EK'Tig = 0
Ty Ed1y, = 0
The above equation holds true for all pairs of image points (Z1,,Z2y,) that are in
correspondence, i.e. are projections of the same point of the scene.
11.5.1 Constraints on E
Matrix E has rank two, and therefore there holds

E[ =0 (11.72)

true.
We will now derive additional constraints on E. Let us consider that we can
write, Equation 11.48,

E = R [C*q] (11.73)
X
Let us introduce 6_"61 = [x Yy z]T and evaluate
- . T ol 1T A 1T [ =
E'E = (R [cq] R [061] - [Cq] R'R [cq] - [Cﬂ] [Cq] (11.74)
X X X X X X
[0 z -y 0 —=z Y 2+y? —xy —Tz
= —2 0 =z z 0 —z| = —zxy 22+ —yz
|y —x 0 -y oz 0 —xz —yz oy
_x2+y2+22 rr xTY TZ
= 2 + y2 + 22 TY Yy Yz
| x? + y2 + 22 rz Yz zZz
= Hc_;el HzI - C_:q é; (11'75)

We can multiply the above expression by E from the left again to get an interesting
equation
- =~ = - 1
EE'E = E (ch 1’1 C., cjl) = |CaPE = trace ETE)E  (11.76)
or equivalently

2EE'E = trace (E'E)E (11.77)
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which provides nine equations on elements of E.

For real E, these equations also imply |E| = 0. Consider that Equation 11.77
implies
(11.78)
For Equation 11.78 to hold true, either E can’t have full rank, i.e. [E| = 0, or
2EE' — trace (E'E) I = 0. The latter case gives

(2EE" — trace (E'E)I) E=0

0 = trace(2EE’ —trace (E'E)I) = 2trace (EE") — 3trace (E'E) (11.79)
3 3 3
= 2 ) E;-3 > E;=— ) Ej (11.80)

and thus implies E = 0 for a real E and hence also |E| = 0.
Let us now look at constraints on matrix G = 7E, for some non-zero real 7. We
can multiply Equation 11.78 by 73 to get

® (2EE" —trace (E'E)I)E = 0 (11.81)
(2(7E) (E") — trace ((rE") (TE))I) (TE) = 0 (11.82)
(2GG" —trace(G'G)I) G = © (11.83)
Clearly, rank (G) = rank (7 E) = rank (E) = 2.
We conclude that constraints on E and G are the same.
11.5.2 Geometrical interpretation of Equation 11.77
c
y
C x (Cx (Cx ..
(€ x (Cx ) G Crs
Cxyq

— —

Figure 11.3: Identity Ce, x (C., x (Ce, x 7)) = —|Ce,|2(Ce, % ).

Let us provide a geometrical interpretation of Equation 11.77. We will mutiply
both sides of Equation 11.77 by a vector i/ € R? and write

2EE'Ey = trace(E'E)EY (11.84)

o[, [da]. [é] j = 210 PR[C.] 7 (11.85)
—R[ll] [(7] [é] - RH@lH?[dl]Xg (11.86)
e o) ey - ey o
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Now, we use that for every two vectors #, 7 € R3 there holds [7], ¥ = & x 7 true to
get

G x (G x (G x 7)) = —1C0 P(Cey x 3) (11.88)

which is a familiar identity of the vector pruduct in R3, Figure 11.3.

11.5.3 Characterization of E

Let us next see that a non-zero 3 x 3 real matrix satisfying Equation 11.77 has rank
two and can be written in the form of Equation 11.73 for some rotation R and some
vector C, .

Consider a real 3 x 3 matrix E such that Equation 11.77 holds true. We will
make here use of the SVD decomposition [66, p. 411] of real matrices. We can write

E=U b vl (11.89)
&

for some real non-negative a, b, c and some orthogonal real 3 x 3 matrices U, V, such
that UTU =1, and V' V=T [66, p. 411]. One can see that U' U=1I, and V' V=1
implies |U| = +1, |[V| = £1.

Using Equation 11.89 we get

a? a?
EE' =U b? Uu', and E'E=V b? v’ (11.90)
2 2
c c
and hence we can rewrite Equation 11.77 as
a? K |
2U b? Ul — (@ 4+ +A)I1|U b vl = 0 (11.91)
c? | c
ad [ a |
2U b Vi—(@®+ 0+ AU b vl = 0 (11.92)
c3 | c
Matrices U, V are regular and thus we get the following three equations
a®—ab® —act =a(a®—b*—-c*) = 0 (11.93)
bV’ —ba® —bc? =b(b* —c*—a*) = 0 (11.94)
S—ca®—ch =c(P@—-d>-b?) = 0 (11.95)

We see that there are the following two exclusive cases:

1. If any two of a,b,c are zero, then the third one is zero too. For instance,
if a = b = 0, then Equation 11.95 gives ¢ = 0. This can’t happen for a
non-zero E.

2. If any two of a, b, c are non-zero, then the two non-zero are equal and the third
is zero. For instance, if a # 0 and b # 0, then Equations 11.93, 11.94 imply
¢ = 0 and thus a? = b?, which gives a = b since a,b are non-negative, i.e.
rank (E) = 2.
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We thus conclude that E can be written as

a 010 0 —a O
E = U a vi=u|-100|]|a 0 0]V (11.96)
| 0 001 00
0 0 T), 0
=w/l]oO vi=w|viv]o = |V |0 (11.97)
all], a Vi~ all],
= (sign (|W]))?wV' sign ( |VT| avs,]X (11.98)
= sign (W))W sign ( |VT| ) [sign (|W]) avs], (11.99)
= R[sign(|U|)avs], (11.100)

for some non-negative a and the third column vs of V. Parameter a is zero for

= 0 and positive for rank two matrices E. We introduced a new matrix W in
Equation 11.97, which is the product of U and a rotation round the z axis. We also
used V'V = I, and finally Equation 3.53. In Equation 11.98 we used (sign (|W]))? =
V=T =V for V'V = I. Matrix R = sign (|(W)|)WV' sign ([V']) in Equation 11.100 is
a rotation since sign (|(W)|) W as well as V' sign (|V'|) are both rotations. Finally, we
see that sign (|W|) = sign (|U]).

11.5.4 Computing a non-zero multiple of E

Let us now disscuss how to compute a non-zero multiple of matrix E from image
matches.

11.5.4.1 Selecting equations

Every pair of image matches (14, , Z2-,) provides a linear constratint on elements of
E in the form of Equation 11.71 and matricial Equation 11.77 gives nine polynomial
constraints for elements of E.

We have already seen in Paragraph 11.2 that a non-zero multiple of E can be
obtained from seven absolutely accurate point correspondences using the constraint
|E| = 0. The solution was obtained by solving a set of polynomial equations out of
which seven were linear and the eighth one was a third order polynomial.

Let us now see how to exploit Equation 11.77 in order to compute a non-zero
multiple of E from as few image matches as possible.

An idea might be to use Equations 11.77 instead of |[E| = 0. It would be motivated
by the fact that Equations 11.77 imply equation |E| = 0 for real 3 x 3 matrices E.
Unfortunately, this implication does not hold true when we allow complex numbers
in E!, which we have to do if we want to obtain E as a solution to a polynomial

'"Equation |[E| = 0 can’t be generated from Equations 11.77 as their algebraic combination, i.e.
|E| = 0 is not in the ideal [6] generated by Equations 11.77. It means that there might be
some matrices E satisfying Equations 11.77 which do not satisfy |[E| = 0. We know that such
matrices can’t be real. The proof of the above claim can be obtained by the following program
in Maple [78]

>with(LinearAlgebra):

>with(Groebner) :
>E:=<<elllel2]|el13>,<e21]e22|e23>,<e31|e32|e33>>:
>eM:=2+E.Transpose (E) .E-Trace (Transpose (E) .E) *E:
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system without using any additional constraints. We have to therefore use |[E| = 0
as well.

The next question is whether we have to use all nine Equations 11.77. It can be
shown similarly as above that indeed none of the equations 11.77 is in the ideal [6]
generated by the others?. Therefore, we have to use all Equations 11.77 as well as
|E| = 0. Hence we have altogether ten polynomial equations of order higher than
one.

We have more equations than unknowns but they still do not fully determine
E. We have to add some more equations from image matches. To see how many
equations we have to add, we evaluate the Hilbert dimension [6] of the ideal generated
by Equations 11.77 and |E| = 0. We know [6] that a system of polynomial equations
has a finite number of solutions if and only if the Hilbert dimension of the ideal
generated by the system is zero.

>eq:=expand(convert (convert (eM,Vector) ,1ist)):
>v:=indets(eq):
>mo :=tdeg(op(v)):
>G:=Basis(eq,mo) :
>Reduce (Determinant (E) ,G,mo) ;
ell e22 e33 - ell e23 e32 + €21 e32 el3 - €21 el2 e33 + e31 el2 €23 - e31 €22 el3
which computes the Gr obner basis G of the ideal generated by Equations 11.77 and verifies that
the remainder on division of |E| by G is non-zero [6].
2To show that none of the equations 11.77 is in the ideal generated by the others, we run the
following test in Maple.
>with(LinearAlgebra) :
>with(Groebner) :
>E:=<<elllel2]el13>,<e21|e22|e23>,<e31|e32|e33>>:
>eM:=2*E.Transpose (E) .E-Trace(Transpose (E) .E) *E:
>eq:=expand(convert (convert (eM,Vector) ,1list)):
>
>ReduceEqByEqn:=proc(eq, eqn)
local mo,G;
mo:=tdeg(op(indets(eqn)));
G:=Basis(eqn,mo);
Reduce (eq,G,mo) ;
end proc:
>
>for i from 1 to 9 do
ReduceEqByEqn(eq[il,eq[[op({$1..9} minus {i})11);
end;

el11% +ellel12? 4+ ellel3? +elle21? +2e21 1222 +2e21 el3e23 4+ elle31? +2e31el2e32+ 2e31el3e33 —elle22? —
elle32? — elle23? — elle33

el11? 21 +2ellel2e22 4+ 2ell el3e23 + 217 + 21 222 + €21 €232 + €21 €312 + 2 €31 €22 €32 + 2 €31 €23 €33 — €21 €122 —
e21e322 — e21e13% — €21 €33

el1? e31 +2ellel2e32+2ellelded33 + e212 e31 + 2621 e22e32 + 221 €23 €33 + 315 + e31 €322 + €31 €332 — e31 €122 —
e31e222 — e31el13? — e31e23

el2el1? + 122 + e12e13% +2e22ell €21 + e12e22% +2e22el3 €23 +2e32ell e3l +el2e322 +2e32el3e33 —el2e21? —
el12e31? — e12¢23% — ¢12€33

2el2elle2l 4+ el122 €22+ 2e12e13 €23 + €22 212 + €223 + €22 €232 + 2 €32 €21 €31 + €22 €322 + 2e32¢23 €33 —e22 €112 —
e22 312 — e22 €132 — e22e33

2el2elle3l +el22 €32+ 2el2el3e33 4 2e22e21 e31 4 222 €32 4 2 €22 23 €33 + 32 €312 + €323 4 e3233%2 —e32e112 —
e32e212 — e32€13% — e32€23

el3el1? + e13el122 + e13% + 2623 ell €21 4+ 2e23 1222 + 13 €232 +2e33ell e3l +2e33el2e32 + el3e332 —el3e212 —
el3e312 — e13¢e222 — e13e32

2el3elle2l +2el3el2e22+ 132 €23 + 23 €212 + €23 €222 + 23 + 233 €21 €31 + 2 €33 €22 €32 + €23 €332 — 23112 —
e23e312 — e23e122 — €23 €32

2el3elle3l +2el3el2e32+ el3? €33 4 223 €21 €31 + 2 €23 €22 €32 + €232 €33 + 33 €312 + €33 322 + €33% —e33 €112 —
e33e212 — 33 €122 — e33 €22
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The Hilbert dimension of the ideal generated by Equations 11.77 and |E| = 0 is
equal to six®. An extra linear equation reduces the Hilbert dimension by one [6].
Hence, five additional (independent) linear equations from image matches will reduce
the Hilbert dimension of the system to one.

Since all equations 11.71, 11.77 and |E| = 0 are homogeneous, we can’t reduce the
Hibert dimension below one by adding more equations 11.77 from image matches.
This reflects the fact that E is fixed by image measurements only up to a non-zero
scale.

To conclude, five independent linear equations 11.71 plus Equations 11.77 and
|E| = 0 fix E up to a non-zero scale.

The scale of E has to be fixed in a different way. For instance, one often knows
that some of the elements of E can be set to one. By doing so, an extra independent
linear equation is obtained and the Hilbert dimension is reduced to zero. Alterna-
tively, one can ask for |E|?> = 1, which adds a second order equation. That also
reduces the Hilbert dimension to zero but doubles the number of solutions for E.

11.5.4.2 Solving the equations

We will next describe one way how to solve equations

7l 9EFi1y, =0, (2EET —trace(E'E)I)E=0, [E[=0, i=1,...,5
(11.101)
We will present a solution based on [7], which is somewhat less efficient than [79, 80]
but requires only eigenvalue computation.
First, using Equation 3.92 from Paragraph 3.5, we can write

—»T —»T —
@171@ Loy
L9 17, ® T20m

—»T —
x3,171® x%ﬂw ’U(E) _

_ o O O oo

g g = (11.102)
T4 ® T2,
T5,17 @ L3524,
al [ 1]
to obtain a 6 x 9 matrix of a system of linear equations on v(E). Row @' can be

chosen randomly to fix the scale of v(E). There is only a negligible chance that it
will be chosen in the orthogonal complement of the span of the solutions to force
the solutions be trivial. If so, it can be detected and a new @' generated.
Assuming that the rows of the matrix of the system are linearly independent,
we obtain a 3-dimensional affine space of solutions. After rearranging the particu-
lar solution, resp. the basis of the solution of the associated homogeneous system,

3The Hilber Dimension of the ideal is computed in Maple as follows
>with(LinearAlgebra) :
>E:=<<elllel2]|el13>,<e21]e22|e23>,<e31|e32|e33>>:
>eM:=2%E.Transpose(E) .E-Trace(Transpose(E) .E) *E:
>eq:=expand(convert (convert (eM,Vector) ,1ist)):
>with(PolynomialIdeals):
>HilbertDimension(<op(eq) ,Determinant (E)>) ;

6
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back to 3 x 3 matrices Gg, resp. Gi, Go, G3, we will get all solutions compatible with
Equation 11.102 in the form

G=Gyg+ G +yGo + 2G3 (11.103)

for z,y,z € R.

Now, we can substitute G for E into the two remaining equations in 11.101. We
get ten trird-order polynomial equations in three unknowns and with 20 monomials.
We can write it as

Mm =0 (11.104)

where M is a constant 10 x 20 matrix? and

mT = [x37 y x27 y2x7 y37 Z ‘,1:27 Z yx7 Z y27 Z2x7 Z2y? 237 :1:2? ny y27 Z :1:7 Z y7 227 x? y7 Z? 1]
(11.105)
is a vector of 20 monomials.
Next, we rewrite the system 11.105 as
(23C3 4+ 22Co 4+ 2C1 +Co)c = 0 (11.106)
with
C = 23C3+2%Co +2C1 + Co (11.107)
containing 10 monomials. Matrices Cgp,...,C4 are constant 10 x 10 matrices
Co [m m my my my mp m3 miy mg my 11.108
Cq 0O 0 0 O ms Mg M7 M4 M5 mlg] 11.109

11.110
11.111

( )
| ( )
Coc = [0 00000 0 mg my my ( )
C3 = [0 0000000 0 m ( )

where m; are columns of M.

Since m contains all monomials in z, ¥, z up to degree three, we could have written
similar equations as Equation 11.106 with = and y.

Equation 11.106 is known as a Polynomial Eigenvealue Problem (PEP) [81] of de-
gree three. The strandard solution to such a problem is to relax it into a generelized
eigenvalue problem of a larger size as follows.

4Matric M can be obtained by the following Maple [78] program
>with(LinearAlgebra) :
>G0:=<<g011|g012|g013>,<g021|g022 | g023>,<g031|g032|g033>>:
>G1:=<<g111|g112|g113>,<g121|g122|g123>,<g131|g132|g133>>:
>G2:=<<g211|g212|g213>,<g221|g222|g223>,<g231|g232|g233>>:
>G3:=<<g311|g312|g313>,<g321|g322|g323>,<g331|g332|g333>>:
>trc:=E->simplify ((2*E.Transpose (E)-Trace(Transpose(E) .E)*IdentityMatrix(3,3)) .E):
>eq:=[op(convert (trc(G),listlist)) ,Determinant(G)]:
>mo:=tdeg(x,y,2);

>m:=PolyVarMonomials (eq,mo) ;
2

2 3

m = [Is,yI27y2fL‘,y3,ZfE ,zya:,zyr‘),z (E,ZQy,Z‘ ,z2,yz,y2,zz,zy,zz,z,y,z, 1]
>M:=PolyCoeffMatrix(eq,m,mo) :
>M[1,1];

212291129121 +2 9133 g113 g131—g1232 g111—g1222 g111+2 91329112 ¢131—g1322 g111+491312 g111+g1122 g111+

g1113 +2g123 g113 g121 — g1332 g111 + g1212 g111 + g1132 g111
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We can write 22¢c = 2 (2c) and zc = 2 (c) altogether with Equation 11.106 in a
matrix form as

0 I 0 c I 0 O c
0 0 I zc| = z|0 I O zc (11.112)
—Cp —C; —Cs 22c 0 0 C3| | 2%

Av = zBv (11.113)

This is a Generelized Eigenvalue Problem (GEP) [81] of size 30 x 30, which can
be solved for z and v. Values of z,y can be recovered from v as z = cg/cjp and
x = cg/cyp. It provides 30 solutions in general.

When Cy is regular, we can pass to a standard eigenvalue problem for a non-zero
z by inverting A and using w = 1/z

—Cylcr —cylca —cples | [wie w?c
I 0 0 we | = w | wc (11.114)
0 I 0 c c
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