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Abstract—Simultaneous estimation of radial distortion, epipolar geometry, and relative camera pose can be formulated as a minimal

problem and solved from a minimal number of image points. Finding the solution to this problem leads to solving a system of algebraic

equations. In this paper, we provide two different solutions to the problem of estimating radial distortion and epipolar geometry from

eight point correspondences in two images. Unlike previous algorithms which were able to solve the problem from nine

correspondences only, we enforce the determinant of the fundamental matrix be zero. This leads to a system of eight quadratic and

one cubic equation in nine variables. We first simplify this system by eliminating six of these variables and then solve the system by two

alternative techniques. The first one is based on the Gröbner basis method and the second one on the polynomial eigenvalue

computation. We demonstrate that our solutions are efficient, robust, and practical by experiments on synthetic and real data.

Index Terms—Minimal problems, radial distortion, Gröbner bases, polynomial eigenvalue problems.

Ç

1 INTRODUCTION

ESTIMATING camera motion and internal calibration para-
meters from sequences of images is an important

problem with a broad range of applications [22]. It is one
of the oldest computer vision problems and even though
much has already been solved, some questions still remain
open. For instance, a number of techniques for modeling
and estimating projection models of wide angle lenses [16],
[36], [21], [50], [51], [20] appeared recently. Often, in this
case, the projection is modeled as the perspective projection
followed by radial “distortion” in the image plane. In fact,
not only wide angle lenses but almost all consumer camera
lenses suffer from some radial distortion.

It was observed that ignoring the distortion, even for
standard cameras, may lead to significant errors in 3D
reconstruction [16], metric measurements from images, or
when calibrating the cameras.

Many methods for autocalibration of radial distortion
appeared recently. These methods estimate radial distortion
parameters either from images of straight lines in the real
world [4], [13], [25], [48], known calibration patterns [54],
[56], [3], or from 2D image correspondences [2], [16], [33],
[42], [49], [55], [36]. These 2D-2D methods are especially
popular because they don’t require knowledge of any scene
structure a priori and can be smartly used in many
applications like 3D reconstruction, structure from motion,
and image registration. Most of these methods use iterative
techniques such as Levenberg-Marquardt to solve for radial
distortion parameters [14], [41], [42], [55]. Therefore, they

have classical problems of iterative nonlinear optimization
algorithms, i.e., the quality of the result is primarily
determined by the point from which the optimization
starts. Another problem of existing methods for estimating
radial distortion parameters from image point correspon-
dences is that they mostly require too many image
correspondences, 9 in [16], [33], 15 in [2], 36 in [11], or
even more. In most of these cases, the number of
correspondences used is much higher than the minimal
number of point correspondences needed to solve the
particular problem.

Using a higher number of points may be problematic in
some applications where we don’t have enough point
correspondences, the correspondences are affected by noise,
or they contain mismatches. Moreover, using a smaller
number of correspondences considerably reduces the num-
ber of samples and, therefore, also running time in RANSAC
[15] estimation, which is often used in applications like 3D
reconstruction and structure from motion [22], [52].

Whereas for many problems of estimating epipolar
geometry of perspective cameras there exist minimal
solutions [37], [45], [46] (solutions from a minimal number
of point correspondence), for similar problems of estimating
epipolar geometry and radial distortion parameters for
cameras with radial distortion such solutions were missing
until now. This was caused by the fact that these “minimal
radial distortion problems” result in more difficult systems
of polynomial equations. Therefore, the existing methods
mainly focused on proposing new models for cameras with
radial distortion and on choosing simpler systems which
could be solved more easily from a higher number of
correspondences.

In [16], Fitzgibbon proposed a nonminimal solution to the
problem of simultaneous estimation of the epipolar geome-
try and one-parameter division model from point corre-
spondences. The proposed division model leads to solving a
system of algebraic equations, which is especially nice
because the algebraic constraints of the epipolar geometry,
detðFÞ ¼ 0 [22], can be “naturally” added to the constraints
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arising from correspondences to reduce the number of points
needed for estimating the distortion and the fundamental
matrix. However, the algebraic constraints on the funda-
mental matrix haven’t been used in [16] and therefore nine
point correspondences were necessary. Thanks to neglecting
this constraint, the resulting equations could be easily
formulated as a quadratic eigenvalue problem (QEP) and
solved using standard solvers. Micusik and Pajdla [36] also
neglected the constraints when formulating the estimation of
paracatadioptric camera model from image matches as a
quartic eigenvalue problem. The work [40] extended
Fitzgibbon’s method for any number of views and any
number of point correspondences using generalized quad-
ratic eigenvalue problem for rectangular matrices, again
without using the constraints on F.

Li and Hartley [33] treated the original Fitzgibbon’s
problem as a system of algebraic equations and used the
hidden variable technique [12] to solve them. No algebraic
constraint on the fundamental matrix has been used. The
resulting technique solves exactly the same problem as [16]
but in a different way. Our experiments have shown that
the quality of the result in [33] was comparable to [16], but
the technique [33] was considerably slower than the original
technique [16] because, in [33], Maple was used to evaluate
large polynomial determinants. Work [33] mentioned the
possibility of using the algebraic constraint detðFÞ ¼ 0 to
solve for a two parametric model from the same number of
points, but it did not use it to really solve the problem.

The first solutions to the “minimal radial distortion
problems” were proposed only recently. In [27], a solution
to the problem of estimating epipolar geometry and radial
distortion appeared for uncalibrated camera and, in [28],
[9], and [31], for calibrated camera and two cameras with
different radial distortions in each camera.

The problem of estimating epipolar geometry and one-
parameter radial distortion for two uncalibrated cameras
with different radial distortions presented in papers [28],
[9], [31] is, in fact, a generalization of the problem for one
uncalibrated camera with constant radial distortion con-
sidered in [27] and also in this paper. However, the problem
for two different cameras results in a more complicated
solver and in more solutions (24 versus 16) and requires one
more point correspondence for computation. Therefore,
when we know that both our images were taken with the
same camera, it is better to incorporate this constraint and
use a more efficient solver for a camera with constant radial
distortion. This will reduce the minimal number of points
necessary to solve the problem and in this way help to
handle situations with a larger portion of mismatches.
Moreover, a solver using this constant radial distortion
constraint will bring more stable results than the solver for
cameras with different radial distortions.

In this paper, we solve the minimal problem of simulta-
neous estimation of epipolar geometry and one-parameter
radial distortion model from point correspondences for
uncalibrated camera with a constant radial distortion. This
problem is, among these three minimal problems, the most
practical and thus deserves its own exposition.

Our solution is based on the one-parameter division model
introduced by Fitzgibbon [16]. This model is able to handle

almost all consumer camera lenses and fish-eye lenses up to
140 degree field of view and behaves as well as or even better
than the standard one-parameter polynomial model.

We formulate the problem of estimating the radial
distortion from image matches as a system of algebraic
equations and, by using the constraint detðFÞ ¼ 0, we get a
minimal solution to the autocalibration of radial distortion
from eight point correspondences in two views. This brings
three benefits. The main benefit from using this singularity
constraint is in reducing the minimal number of point
correspondences necessary to compute radial distortion and
camera pose with precision sufficient to reject mismatches.
Using the constraint reduces the number of samples in
RANSAC and therefore helps to solve situations with a
larger portion of mismatches and difficult situations where
only a small number of features was detected. Once the
wrong data are rejected, least-squares methods on all
remaining data can be used to get higher accuracy. The
second benefit is that we directly obtain a valid funda-
mental matrix. Finally, the solver is more stable than
previously known nonminimal 9-point algorithms [16], [33].

This minimal problem of estimating a fundamental matrix
and one-parameter division model from eight point corre-
spondences was first solved in [27], where a solution based on
the Gröbner basis method leading to three Gauss-Jordan (G-J)
eliminations has been suggested. Here, we present a new
solution to this minimal problem based on the recent
developments in Gröbner basis computation [8], [30]. This
solution results in only one G-J elimination, which was
observed to be numerically more stable than several G-J
eliminations in this case. Moreover, we provide a new
solution to this problem based on a quartic eigenvalue
problem which is analogical to the Fitzgibbon’s 9-point
solution [16]. This paper extends the work in [27] and
demonstrates that the new solutions are better than previous
solutions in simulated and real experiments.

Our work adds a new minimal problem solution to the
family of previously developed minimal problems [15], [18],
[37], [45], [34], [29], [46], [32], [47], [19], [5], [27], [28], [9],
[10], [23], [7], [38]. All these problems result in nontrivial
systems of polynomial equations. Solving systems of
polynomial equations is a challenging problem and there
exist no practical, robust, and numerically stable algorithms
in general. Instead, special purpose algorithms need to be
developed for specific applications. The state-of-the-art
method for solving systems of polynomial equations is the
Gröbner basis method [12], which was used to solve almost
all of the previously mentioned minimal problems. Another
interesting method for solving systems of equations is the
polynomial eigenvalue method based on multipolynomial
resultants recently used in [29].

Next, we provide the problem formulation and compare
the two approaches [12], [29] to its solution.

In this paper, we use the notation and definitions from
[12], where the necessary concepts from polynomial algebra
and algebraic geometry are explained.

2 PROBLEM FORMULATION

We want to correct radial lens distortion and estimate the
epipolar geometry for uncalibrated camera using the
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minimal number of image point correspondences in two
views. We assume the one-parameter division distortion
model [16], which is given by the formula

pu � pd=
�
1þ �r2

d

�
; ð1Þ

where � is the distortion parameter, pu ¼ ðxu; yu; 1Þ>,
respectively, pd ¼ ðxd; yd; 1Þ>, are the corresponding un-
distorted, respectively, distorted, image points, and rd is the
radius of pd w.r.t. the distortion center. We assume that the
distortion center is in the center of the image and that pixels
are square, i.e., r2

d ¼ x2
d þ y2

d. We show in experiments that
these assumptions work well even when they are not
completely satisfied. This was also shown in [16].

Undistorted image points pu and p0u, which are projec-
tions of 3D point P, are geometrically constrained by the
epipolar geometry constraint

p0>u F pu ¼ 0; ð2Þ

where F is a 3� 3 rank-2 fundamental matrix

F ¼
f1;1 f1;2 f1;3

f2;1 f2;2 f2;3

f3;1 f3;2 f3;3

0
@

1
A: ð3Þ

It is well known that for the standard uncalibrated case
without considering radial distortion, seven point corre-
spondences are sufficient and necessary to estimate the
epipolar geometry. We have one more parameter, the radial
distortion parameter �. Therefore, we will need eight point
correspondences to estimate � and the epipolar geometry
simultaneously. To get this “8-point algorithm,” we have to
use the singularity of the fundamental matrix F. We obtain
nine equations in 10 unknowns by taking equations from
the epipolar constraint for eight point correspondences:

p>uið�ÞF p0uið�Þ ¼ 0; i ¼ 1; . . . ; 8; ð4Þ

and the singularity of F:

detðFÞ ¼ 0; ð5Þ

where p0uð�Þ;puð�Þ represent homogeneous coordinates of a
pair of undistorted image points.

These are the basic polynomial equations defining our
problem. The complexity of solving polynomial equations
depends mostly on the complexity of polynomials (degree,
number of variables, form, etc.). It is usually better to have the
degrees, as well as the number of variables, low. Therefore, in
the first step, we simplify the original set of equations by
eliminating some variables. Unfortunately, reducing the
number of variables often leads to higher degrees.

Next, we present an elimination scheme which, for this
problem, results in a suitable system of three polynomial
equations in three variables. The presented methods for
solving systems of polynomial equations would result in
huge and unusable solvers without this elimination.

2.1 Eliminating Variables—Three Equations in
Three Unknowns

The elimination procedure starts with the original set of
equations (4) and (5). Assuming, e.g., f3;3 6¼ 0, we can set
f3;3 ¼ 1. Then, the epipolar constraint (4) gives eight

equations with 15 monomials ðf1;3�; f2;3�; f3;1�; f3;2�; �
2;

f1;1; f1;2; f1;3; f2;1; f2;2; f2;3; f3;1; f3;2; �; 1Þ and nine variables
ðf1;1; f1;2; f1;3; f2;1; f2;2; f2;3; f3;1; f3;2; �Þ.

Among these nine variables, we have four variables which
appear in one monomial only ðf1;1; f1;2; f2;1; f2;2Þ and four
variables which appear in two monomials ðf1;3; f2;3; f3;1; f3;2Þ.
Since we have eight equations from which each one contains
all 15 monomials, we can eliminate six variables, four
variables which appear in one monomial only and two
variables from the variables which appear in two monomials.
We have selected f1;3 and f2;3.

We reorder monomials contained in eight equations
such that monomials containing f1;1, f1;2, f2;1, f2;2, f1;3, and
f2;3 are at the beginning. The reordered monomial vector
w i l l b e X ¼ ðf1;1; f1;2; f2;1; f2;2; f1;3�; f1;3; f2;3�; f2;3; f3;1�;
f3;2�; �

2; f3;1; f3;2; �; 1Þ>.
Then, eight equations from the epipolar constraint can be

written in a matrix form

M X ¼ 0; ð6Þ

where M is the coefficient matrix and X is this reordered
monomial vector. After computing G-J elimination M0 of M,
we obtain eight equations M0 X ¼ 0 of the form

1 � � � � � � �

1 � � � � � � �

1 � � � � � � �

1 � � � � � � �

1 � � � � � � �

1 � � � � � � �

1 � � � � � � �

1 � � � � � � �

0
BBBBBBBBBB@

1
CCCCCCCCCCA

f1;1

f1;2

f2;1

f2;2

f1;3�
f1;3

f2;3�
f2;3

f3;1�
f3;2�
�2

f3;1

f3;2

�
1

0
BBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCA

¼ 0:

ð7Þ

Denoting polynomials corresponding to the rows of this
matrix equation (7) as pi, we can write

pi ¼ LT ðpiÞ þ giðf3;1; f3;2; �Þ ¼ 0; ð8Þ

where LT ðpiÞ is the leading term of the polynomial pi [12],
which is, in our case, LT ðpiÞ ¼ f1;1; f1;2; f2;1; f2;2; f1;3�; f1;3;
f2;3� and f2;3 for i ¼ 1; 2; 3; 4; 5; 6; 7; 8. Polynomials
giðf3;1; f3;2; �Þ are second order polynomials in three
variables f3;1; f3;2; �. Next, we express six variables,
f1;1; f1;2; f1;3; f2;1; f2;2; f2;3 as the following functions of the
remaining three variables f3;1; f3;2; �:

f1;1 ¼ �g1ðf3;1; f3;2; �Þ; ð9Þ

f1;2 ¼ �g2ðf3;1; f3;2; �Þ; ð10Þ

f1;3 ¼ �g6ðf3;1; f3;2; �Þ; ð11Þ

f2;1 ¼ �g3ðf3;1; f3;2; �Þ; ð12Þ
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f2;2 ¼ �g4ðf3;1; f3;2; �Þ; ð13Þ

f2;3 ¼ �g8ðf3;1; f3;2; �Þ: ð14Þ

We can substitute the expressions (9)-(14) into the

remaining two equations p5 and p7 from the epipolar

constraint (8) and also into the singularity constraint (5) for

F. In this way, we obtain three polynomial equations in

three unknowns (two third order polynomials and one fifth

order polynomial):

�ð�g6ðf3;1; f3;2; �ÞÞ þ g5ðf3;1; f3;2; �Þ ¼ 0; ð15Þ

�ð�g8ðf3;1; f3;2; �ÞÞ þ g7ðf3;1; f3;2; �Þ ¼ 0; ð16Þ

det
�g1 �g2 �g6

�g3 �g4 �g8

f3;1 f3;2 1

0
@

1
A ¼ 0: ð17Þ

We will use these three equations to solve our problem

using two different methods described next.

3 GRÖBNER BASIS METHOD

The Gröbner basis method for solving systems of poly-

nomial equations became popular in computer vision since

it helps to find fast and numerically stable solutions to

difficult problems.
Imagine that we want to solve a system of m polynomial

equations,

f1ðxÞ ¼ 0; . . . ; fmðxÞ ¼ 0; ð18Þ

in n unknowns x ¼ ðx1; . . . ; xnÞ and that this system has a

finite number of solutions.
These polynomials define ideal I, which is a set of all

polynomials that can be generated as polynomial combina-

tions of the initial polynomials f1; . . . ; fm:

I ¼ �m
i¼1fi hi j hi 2 CC½x1; . . . ; xn�

� �
; ð19Þ

where hi are arbitrary polynomials from CC½x1; . . . ; xn�.
In general, an ideal can be generated by many different

sets of generators which all share the same solutions. There

is a special set of generators though, the reduced Gröbner

basis G ¼ fg1; . . . ; glg w.r.t. the lexicographic ordering,

which generates the ideal I but is easy (often trivial) to

solve [12]. Computing this basis and “reading off” the

solutions from it is one standard method for solving systems

of polynomial equations.
Unfortunately, for most computer vision problems, this

“Gröbner basis method w.r.t. the lexicographic ordering” is

not feasible. This is because, in general, computation of

Gröbner basis is an EXPSPACE-complete problem, meaning

that it may take a very long time to compute this basis and

huge space may be necessary for storing intermediate

results [26].

Therefore, for some problems, a Gröbner basis G under

another ordering, e.g., the graded reverse lexicographic

ordering, which is often easier to compute, is constructed.

Then, the properties of the quotient ring A ¼ CC½x1; . . . ; xn�=I,

i.e., the set of equivalence classes represented by remain-

ders modulo I, can be used to get the solutions.

In this quotient ring A, the multiplication matrix Mp [43],

also called the “action” matrix can be constructed. This

action matrix is the matrix of the linear operator Tp : A! A

of the multiplication by a suitably chosen polynomial p

w.r.t. the basis B ¼ fx�jx�G ¼ x�g of A. Here, x� represents

a monomial x� ¼ x�1

1 x
�2

2 . . .x�nn and x�
G

is the remainder of

x� on the division by G. The solutions to the system of

equations (18) can then be read off directly from the

eigenvalues and the eigenvectors of the action matrix [12].

Therefore, this action matrix can be viewed as a general-

ization of the companion matrix used in solving one

polynomial equation in one unknown [12].
Unfortunately, this method based on the computation of

the Gröbner basis G w.r.t. the graded reverse lexicographic
ordering and construction of the action matrix may take a
very long time in general. However, in some cases, when
we know the structure of the problem, Gröbner bases and
action matrices can be obtained with low cost and
efficiently, and this is the case here.

3.1 Standard Method for Constructing the Action
Matrix

The standard method for constructing action matrices

starts with constructing the monomial basis B ¼ fx�jx�G ¼
x�g of the quotient ring A w.r.t. some monomial ordering

[12]. Let this monomial basis B consist of N monomials,

i.e., B ¼ fx�ð1Þ; . . . ;x�ðNÞg. Here, the monomial x�ðiÞ ¼
x
�1ðiÞ
1 x

�2ðiÞ
2 . . . x�nðiÞn for i ¼ 1; . . . ; N and �ðiÞ ¼ ð�1ðiÞ; . . . ;

�nðiÞÞ is the vector of exponents of the ith monomial,

�jðiÞ 2 IN.
With basis B ¼ fx�ð1Þ; . . . ;x�ðNÞg, the remainder of an

arbitrary polynomial on the division by the Gröbner basis G
can be expressed as a linear combination of the basic
monomials x�ðiÞ, i ¼ 1; . . . ; N .

To be precise, it is not the monomials x�ðiÞ, i ¼ 1; . . . ; N ,
but their cosets ½x�ðiÞ� ¼ x�ðiÞ þ I ¼ fx�ðiÞ þ h : h 2 Ig which
form the basis of A [12]. However, it is common to identify a
remainder with its coset in A and we will do this here, too.

The next step of constructing the action matrix Mp of the

linear operator Tp : A! A of the multiplication by some

polynomial p w.r.t. the monomial basis B requires comput-

ing Tpðx�ðiÞÞ ¼ p x�ðiÞ
G

for all basic monomials x�ðiÞ 2 B ¼
fx�ð1Þ; . . . ;x�ðNÞg [12], i.e., computing the remainder of

p x�ðiÞ on the division by G.

The standard approach to computing Tpðx�ðiÞÞ ¼ p x�ðiÞ
G

is to construct a complete Gröbner basis and then use it to get

p x�ðiÞ
G

. Yet, to computeMp, we do not always need a complete

Gröbner basis, as we will show in the next section.

3.2 Efficient Method for Constructing the Action
Matrix

Here, we propose a method for constructing the action matrix
which requires only the basisB of the quotient ringA or even
only knowing the number of solutions to the problem. This
method needs to generate polynomials from the ideal I with
leading monomials from the set p �B nB and the remaining
monomials fromB, where p is the monomial for which we are
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creating the action matrix Mp and n stands for the set
difference. Constructing these polynomials may, in general,
be as difficult as generating a Gröbner basis, but for some
systems, it requires to generate fewer polynomials than
necessary for constructing a complete Gröbner basis; see
Appendix B, which can be found in the Computer Society
Digital Library at http://doi.ieeecomputersociety.org/
10.1109/TPAMI.2011.86.

We assume that the monomial basis B of the algebra A is
known or can be computed for the class of problems we are
solving in advance and that the action matrix Mp is
constructed for multiplication by some monomial p which
can be arbitrary.

Many minimal problems in computer vision, including the
one presented here, have the convenient property that the
monomials which appear in the set of initial generators F are
always same, irrespective of the concrete coefficients arising
from nondegenerate image measurements. Therefore, the
leading monomials of the corresponding Gröbner basis, and
thus the monomials in the basisB, are generally the same and
they can be found once in advance. To do so, we use the
approach originally suggested in [46], [44], and [45] for
computing Gröbner bases, but we retrieve the basis B and
polynomials required for constructing the action matrix
instead.

Having B, the action matrix can be computed as follows:

if for some monomial x�ðiÞ 2 B and the chosen monomial p,

the monomial p x�ðiÞ 2 B, then Tpðx�ðiÞÞ ¼ p x�ðiÞ
G
¼ p x�ðiÞ

and we are done. For all other monomials x�ðiÞ 2 B, for

which p x�ðiÞ 62 B, consider polynomials qi ¼ p x�ðiÞ þ hi
with hi ¼

PN
j¼1 c

i
jx

�ðjÞ, cij 2 CC and x�ðjÞ 2 B. Then, it holds:

Theorem 1. For each p x�ðiÞ 62 B, there exists exactly one
polynomial qi of the form qi ¼ p x�ðiÞ þ

PN
j¼1 c

i
jx

�ðjÞ in the
ideal I and it holds

Tpðx�ðiÞÞ ¼ px�ðiÞ
G
¼ �

XN
j¼1

cijx
�ðjÞ ¼ �hi:

See Appendix A, which can be found in the Computer
Society Digital Library at http://doi.ieeecomputersociety.
org/10.1109/TPAMI.2011.86, for the proof.

This theorem shows that remainders Tpðx�ðiÞÞ ¼ p x�ðiÞ
G

,
and therefore also the action matrix Mp, can be constructed
here without explicitly constructing the Gröbner basis. All
we need is to construct polynomials qi from the ideal I with
leading monomials from the set p �B nB and the remaining
monomials from B. Then, the ith row of the action matrix Mp
for p x�ðiÞ 62 B consists of the coefficients of qi, which
correspond to the monomials from B but with opposite
signs.

Since polynomials qi are from the ideal I, we can
generate them as algebraic combinations of the initial
generators F ¼ ff1; . . . ; fmg of the ideal I. This can be done
using several methods. One possible way is to start with F
and then systematically generate new polynomials from I
by multiplying already generated polynomials by indivi-
dual variables and reducing them each time by the Gauss-
Jordan elimination. This method was, for example, used in
[27] and resulted in several G-J eliminations. Another

possible way is to generate all new polynomials up to a
necessary degree in one step by multiplying polynomials
from F with selected monomials and then reduce all
generated polynomials at once using one G-J elimination.
This method was used in [8] and we have observed that for
systems with fewer variables, like in our case, this method
was numerically more stable. Therefore, we use the latter
method to construct the action matrix for our problem.

To clarify the presented method for creating the action
matrix, we demonstrate it on a simple example in
Appendix B, which can be found in the Computer Society
Digital Library at http://doi.ieeecomputersociety.org/
10.1109/TPAMI.2011.86.

4 GRÖBNER BASIS SOLVER

The Gröbner basis solver of our problem starts with three
equations (15)-(17) in three unknowns, as described in
Section 2. To create the action matrix, we use the method
described in Section 3.3. This method assumes that the basisB
of A is known. Next, we describe how we can find this basis.

4.1 Computing B and the Number of Solutions

To compute B, we solve our problem in a randomly chosen
finite prime field ZZp (ZZ= ph i) with p ¼ 30;097, where exact
arithmetic can be used and numbers can be represented in a
simple and efficient way. It speeds up computations and
minimizes memory requirements.

We use algebraic geometry software Macaulay 2, which
can compute in finite fields, to solve the polynomial
equations for many random coefficients from ZZp, to compute
the number of solutions, the Gröbner basis, and especially
the basis B. If the basis B remains stable for many different
random coefficients, it is generically equivalent to the basis of
the original system of polynomial equations [53].

We can use the Gröbner basis and the basisB computed for
random coefficients from ZZp thanks to the fact that in our class
of problems, the way of computing the Gröbner basis is
always the same and, for particular data, these Gröbner bases
differ only in coefficients. This holds for B, which consists of
the same monomials, as well. Also, the way of obtaining
polynomials that are necessary to create the action matrix is
always the same and, for general data, the generated
polynomials again differ only in their coefficients.

To create the action matrix, we use the graded reverse
lexicographic ordering f3;1 > f3;2 > �. With this ordering,
we get the basis B ¼ ðf3

3;1; f
2
3;1f3;2; f3;1f

2
3;2; f

3
3;2; f

2
3;2�; �

3;
f2

3;1; f3;1f3;2; f
2
3;2; f3;1�; f3;2�; �

2; f3;1; f3;2; �; 1Þ of the quotient
ring A ¼ CC½f3;1; f3;2; ��=I. This way, we have found that our
problem has 16 solutions.

4.2 Constructing the Action Matrix

Once we know the basis B, the action matrix for floating-
point coefficients can be created. For creating the action
matrix, we have tested all three unknowns f3;1, f3;2, and �.
We have found that the best choice for the “action variable,”
which leads to the simplest solution, is �. Therefore, we
construct the action matrix M�.

The method described in Section 3.2 calls for generating
polynomials qi with leading monomials from the set � �B nB
and the remaining monomials from B. As described in
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Section 3.2, this can be done using several methods. One
possible way is to start with F and then systematically
generate new polynomials from I by multiplying already
generated polynomials by individual variables and reducing
them each time by the Gauss-Jordan elimination. This
method was used to solve this minimal problem in [27] and
results in three G-J eliminations of 8� 22, 11� 30, and 36� 50
matrices.

Here, we use a different approach in which we generate
all necessary polynomials qi in one step by multiplying the
initial three polynomial equations with selected monomials
and reducing all generated polynomials at once using one
G-J elimination.

The set of selected monomials which should be used to
multiply initial polynomial equations can be found once in
advance. To do this, we again use Macaulay 2. We have
found that obtaining all necessary polynomials for creating
the action matrix calls for generating all monomial multi-
ples of the initial three polynomial equations up to the total
degree 6. This means that we need to multiply our two third
degree polynomial equations (15) and (16) with all mono-
mials up to degree 3 and our fifth degree polynomial
equation (17) from the singularity constraint with all first
degree monomials.

In this way, we generate 41 new polynomials which,
together with the initial three polynomial equations, form a
system of 44 polynomials in 84 monomials. Since these
polynomials were generated systematically, they also
contain polynomials that do not affect the resulting action
matrix. We remove all these unnecessary polynomials by
the following procedure, originally introduced in [5].

In this procedure, we rewrite our 44 polynomials in the
matrix form MX ¼ 0, where M is the coefficient matrix and X

is the vector of all 84 monomials. We know that after G-J
elimination of this matrix M, we obtain all polynomials qi
that we need for constructing the action matrix M�. Since we
know how these necessary polynomials qi should look, i.e.,
which monomials they contain, we can systematically
reduce the number of generated polynomials in the
following way:

For all rows in M, starting with the last row r (i.e., with the
polynomial of highest degree), do:

1. Perform G-J elimination on the matrix M without the
row r.

2. If the eliminated matrix contains all necessary
polynomials, M :¼ M n r.

For this problem, running the above removing procedure
results in 32 polynomial equations in 84 monomials. After
rewriting these 32 polynomials in the matrix form and
performing the G-J elimination of the corresponding
coefficient matrix M, we obtain all polynomials which we
need for the construction of the action matrix M�.

Before this G-J elimination, we can also remove columns
of the matrix M which correspond to the monomials which
do not have impact on our solution, i.e., which do not
appear in the action matrix M�. In this way, we obtain 32�
48 coefficient matrix M.

4.3 The Online Gröbner Basis Solver

Note that all the processing until now (i.e., computation in
Macaulay 2, finding the basisB, and finding the polynomials

form the ideal which should be generated to obtain all
necessary polynomials for constructing the action matrix)
needs to be done only once when studying this problem and
building its online solver. The online solver then does only
one G-J elimination of the 32� 48 coefficient matrix M. This
matrix contains coefficients which arise from concrete image
measurements. After G-J elimination of M, the action matrixM�
can be created from rows which correspond to the poly-
nomials with leading monomials from the set � � B nB. The
eigenvectors of this action matrix M� give solutions for
f3;1; f3;2; �. Backsubstituting these solutions to (9)-(14) gives
solutions also for f1;1; f1;2; f1;3; f2;1; f2;2; f2;3. In this way, we
obtain 16 (complex) solutions. Generally, less than 10 solu-
tions are real.

5 POLYNOMIAL EIGENVALUE PROBLEMS (PEP)

The second solution to our problem is based on polynomial
eigenvalue problems.

Polynomial eigenvalue problems are problems of the form

A �ð Þv ¼ 0; ð20Þ

where Að�Þ is a matrix polynomial defined as

A �ð Þ � �lCl þ �l�1Cl�1 þ � � � þ �C1 þ C0; ð21Þ

in which the Cj are square n� n coefficient matrices.
An important class of polynomial eigenvalue problems

are quadratic eigenvalue problems, where the matrix poly-
nomial Að�Þ has degree 2. These problems have the form

ð�2C2 þ �C1 þ C0Þv ¼ 0; ð22Þ

where C2, C1, and C0 are given matrices of size n� n, v is the
eigenvector, and � corresponding eigenvalue.

QEP (22) can be easily transformed to the following
generalized eigenvalue problem (GEP) [1]:

A y ¼ �B y; ð23Þ

where

A ¼ 0 I
�C0 �C1

� �
; B ¼ I 0

0 C2

� �
;y ¼ v

�v

� �
: ð24Þ

It can easily be seen that this GEP (23) and therefore also the
QEP (22) have 2n eigenvalues.

Higher order polynomial eigenvalue problems can be
transformed to the generalized eigenvalue problems (23) in
a similar way as QEPs [1] with

A ¼

0 I 0 . . . 0
0 0 I . . . 0

. . . . . . . . . . . . . . .
�C0 �C1 �C2 . . . �Cl�1

0
BB@

1
CCA;

B ¼

I

. . .
I

Cl

0
BB@

1
CCA; y ¼

v
�v
. . .
�l�1v

0
BB@

1
CCA: ð25Þ

Generalized eigenvalue problems (23) are well-studied
problems and there exist efficient numerical algorithms for
solving them [1]. For example, MATLAB provides the
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polyeig function for solving polynomial eigenvalue pro-
blems (20) of arbitrary degree (including the transformation
to the generalized eigenvalue problems). Moreover, these
generalized eigenvalue problems can be further trans-

formed to standard eigenvalue problems [1] and solved
using standard eigenvalue algorithms which are available
in almost all mathematical softwares and libraries.

For higher order PEPs, one has to work with larger
matrices with n l eigenvalues. Therefore, for larger values of
n and l, problems with the convergence of the techniques

for solving these problems sometimes appear [1].

6 POLYNOMIAL EIGENVALUE SOLVER

The polynomial eigenvalue solution to the problem of
simultaneous estimation of epipolar geometry and one-
parameter division model from eight point correspondences
starts with three equations (15)-(17) in three unknowns

f3;1; f3;2; � and 39 monomials as described in Section 2.
Equations (15) and (16) are of degree 3 and (17) is of

degree 5. If we take unknown radial distortion parameter �
to play the role of � in (20), we can rewrite these three
equations as

ð�4C3 þ �3C3 þ �2C2 þ � C1 þ C0Þv ¼ 0; ð26Þ

where v ¼ ðf3
3;1; f

2
3;1f3;2; f3;1f

2
3;2; f

3
3;2; f

2
3;1; f3;1f3;2; f

2
3;2; f3;1;

f3;2; 1Þ> is a 10� 1 vector of monomials and C4, C3, C2, C1,

and C0 are 3� 10 coefficient matrices.
Polynomial eigenvalue formulation (20) requires having

square coefficient matrices Cj. Unfortunately, in this case, in
contrast to [11], [29], and [5], we do not have square
coefficient matrices. We have only three equations and
10 monomials in the vector v.

One way in which we can get square coefficient matrices Cj

is to generate new equations, monomial multiples of our
initial three equations (15)-(17), in such a way that we do not
produce new monomials, except for monomials that are in
these three equations (15)-(17). However, this is usually not so
easy to do.

In our case, two from three equations (15) and (16) are of

degree 3 and contain unknowns f3;1 and f3;2 in degree 1
only. The third equation (17) from the determinant is of
degree 5 and contains unknowns f3;1 and f3;2 up to degree 3.
Therefore, we can multiply our two third degree equations
(15) and (16) with all monomials containing f3;1 and f3;2 up

to degree 2 ðf3;1; f3;2; f
2
3;1; f3;1f3;2; f

2
3;2Þ. In this way, we can

generate 10 new equations, monomial multiples of our
initial equations, which have the same solutions as our
initial equations and, what is important, which also have
only monomials from v.

To obtain square coefficient matrices Cj in (26), we need

seven new equations. Since we have 10 suitable equations,
we can select seven from them. We can do this such that the
resulting system has a small condition number. After
rewriting our three equations together with new seven
equations to the form (26), we obtain square 10� 10

coefficient matrices Cj.
Since C4, C3, C2, C1, and C0 are known square matrices, the

formulation (26) is a PEP of degree 4. Such a problem can be

easily solved using standard efficient algorithms, for
example, by MATLAB function polyeig.

After solving the PEP (26), we obtain 40 eigenvalues,
solutions for � and 40 corresponding eigenvectors v from
which we extract solutions for f3;1 and f3;2. To do this, we
normalize solutions for eigenvectors v to have the last
coordinate 1 and extract values from v that correspond to
f3;1 and f3;2.

Between these 40 eigenvalues, there are several “para-
sitic” zero eigenvalues. Eleven from these zero eigenvalues
correspond to zero columns of the coefficient matrices Cj
and can be easily removed before computing the eigenvalue
problem. This can be done by removing the “zero” columns
and corresponding rows of matrices A and B (25). This
means that we reduce the original 40� 40 eigenvalue
problem to a 29� 29 eigenvalue problem.

However, we still obtain more solutions than the number
of solutions to the original system of polynomial equations
which is 16. This is because this polynomial eigenvalue
method solves a relaxed version of the proposed problem.
This relaxed version does not take into account monomial
dependencies induced by the problem, e.g., vð1Þ ¼ vð8Þ3.
Therefore, the solution contains vs that automatically
(within limits of numerical accuracy) satisfy these con-
straints and additional general eigenvectors vs that do not
satisfy them. However, such vs can be eliminated by
verifying the monomial dependences or by substituting the
solutions into the initial polynomial equations (15)-(17).

Solutions satisfying the monomial constraints on v will
be obtained for exact as well as noisy data. Since we are
solving a minimal problem, noisy data can be viewed as
perfect input for a different camera configuration. Hence,
we again obtain a solution satisfying the monomial
constraints on the vector v.

After extracting the solutions for f3;1 and f3;2, we use (9)-
(14) to get solutions for the fundamental matrix F.

7 EXPERIMENTS

We have tested our algorithms on both synthetic data (with
various levels of noise, outliers, radial distortions, and
radial distortion center shifts) and on real data sets and
compared them with the minimal Gröbner basis algorithm
presented in [27] and with the nonminimal 9-point
algorithms for correcting radial distortion [16], [33].

From both our solvers, we get several (complex) roots. In
the case of the Gröbner basis solver, we get 16 roots and, in
the case of the polynomial eigenvalue solver (polyeig
solver), we get 29 roots from which maximally 16 are
satisfying all monomial constraints.

In general, more than one and less than 10 roots are real.
If there is more than one real root, we need to select the best
root, the root which is consistent with most measurements.
To do so, we treat the real roots of the 16, in general
complex, roots obtained by solving the equations for one
input as real roots from different inputs and use RANSAC
[15] or kernel voting [33], [27] for several inputs to select the
best root among all computed roots. The kernel voting is
done by a Gaussian kernel with fixed variance and the
estimate of � is found as the position of the highest peak.
See [33], [27] for more on kernel voting for this problem.
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Fig. 1 shows distributions of real roots for a typical
situation constructed using the kernel voting. In this case,
200 estimates were computed for the ground truth
� ¼ �0:2. It can be seen that it is suitable to use kernel
voting and that it makes sense to select the best root by
casting votes from all computed roots and estimate � as the
position of the highest peak.

Fig. 1 shows that it is meaningful to vote for �s either
1) within the range where most of the computed roots fall
(in our case ½�10; 10�), Fig. 1 (left), or 2) within the smallest
range in which we are sure that the ground truth lies (in our
case ½�1; 1�), Fig. 1 (middle). Moreover, from Fig. 1 (right), it
can be seen that this standard kernel voting method is
robust to noise and small number of outliers (up to
30 percent). For a higher number of outliers, more advanced
kernel voting techniques, e.g., the weighted kernel voting
method which takes into account the number of inliers and
combines RANSAC with kernel voting [6], can be used.

7.1 Synthetic Data Sets

We initially studied our algorithms on synthetically
generated ground truth 3D scenes. These scenes were
generated using the following procedure:

1. Generate a 3D scene consisting of N ð¼ 1;000Þ
random points within a 3D cube.

2. Project M percent of the points on image planes of
the two displaced cameras. These are matches.
Generate ð100�MÞ percent random points in both
images. These are mismatches. Altogether, they
become undistorted correspondences.

3. Apply the radial distortion to the undistorted corre-
spondences to generate noiseless distorted points.

4. Add Gaussian noise of standard deviation � to the
distorted points assuming a 1;000� 1;000 pixel
image.

In the first synthetic experiment, we have studied how
well the results from our solvers fit the distorted data. To do
this, we have created four synthetic scenes using different
radial distortion models. The first two scenes were created
using the division model for which the solvers were
intended and the remaining two scenes were created using
the three parameter distortion model:

pd � pu
�
1þ �1ru þ �2r

2
u þ �3r

3
u

�
: ð27Þ

The numbers of mismatches in all these scenes were 400,
which is 40 percent, and the noise level was 0.5 pixels.

Fig. 2 shows the mean value of the number of inliers over
1,000 runs of RANSAC as a function of the number of
samples of the RANSAC. The top row shows the results for

the division model with ground truth � ¼ �0:1 (left) and
� ¼ �0:4 (right) and the bottom row the results for the
model (27) with ground truth �1 ¼ �0:1 and �3 ¼ �0:1
(left), respectively, with �1 ¼ �0:2 and �3 ¼ �0:1 (right). In
this experiment, we have compared both proposed minimal
solvers, the Gröbner basis solver (red) and the polyeig
solver (green), with the minimal Gröbner basis solver
proposed in [27] (blue-dashed), the nonminimal solver
[16] (black), and the standard perspective 7-point algorithm
[22] (cyan). It can be seen from Fig. 2 that all minimal
solvers give very similar and good results and outperform
the nonminimal solver [16] (black) and, what is also
expected, the standard perspective 7-point algorithm,
which does not take into account radial distortion at all.

In our next synthetic experiment, we have studied the
numerical stability of both proposed solvers and compared
them with the nonminimal 9-point solver [16] and with the
minimal Gröbner basis solver proposed in [27]. We have
focused on radial distortion parameter estimation because
once we have a good radial distortion estimate, the
fundamental matrix is usually good or can be recomputed
using well-known algorithms for perspective cameras [22],
[37], [45].

Fig. 3 (left) shows the log10 relative error of the radial

distortion parameter � obtained by selecting the real root
closest to the ground truth value �true ¼ �0:2 for a noise-

free synthetic scene. It can be seen that the new proposed

polyeig solver (green) provides the most accurate results
and that one Gauss-Jordan elimination (red) little bit helps

in precision over three Gauss-Jordan eliminations [27]
(blue). For data with noise, the results of all solvers are

almost the same, see Fig. 3 (right).
In the next two synthetic experiments, we have studied the

robustness of our algorithms to outliers and to increasing
levels of Gaussian noise added to the distorted points. The

ground truth radial distortion �true was �0:2 and the level of

noise varied from 0 to 2 pixels. We have used two strategies
for selecting the best � among all generated radial distortion

parameters, the RANSAC strategy, and the kernel voting.
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Fig. 1. Distribution of real roots using kernel voting for 1,000 point
matches, 200 estimations, and �true ¼ �0:2. (Left) Roots within the
range ½�10; 10� and no noise contamination. (Center) Roots within the
range ½�1; 1� and no noise. (Right) Roots within the range ½�1; 1�,
80 percent of inliers and 0:5px noise.

Fig. 2. The mean value of the number of inliers over 1,000 runs of
RANSAC as a function of the number of samples of the RANSAC. The
top row shows the results for the division model with parameters � ¼
�0:1 (left) and � ¼ �0:4 (right) and the bottom row the results for the
model (27) with �1 ¼ �0:1 and �3 ¼ �0:1 (left) and �1 ¼ �0:2 and �3 ¼
�0:1 (right).



Fig. 4 shows �s computed by the four studied algorithms
as a function of noise. In this case, 500�s were estimated using
RANSAC for each noise level and 80 percent (left) and
60 percent (right) of inliers. The results are presented by the
Matlab function boxplot, which shows values 25 to 75 percent
quantile as a box with horizontal line at median. The crosses
show data beyond 1.5 times the interquartile range.

The median values (from �0:1968 to �0:2036) for all
8-point algorithms as well as the 9-point algorithm (black)
are very close to the ground truth value �true ¼ �0:2 for all
noise levels. The variances of the 9-point algorithm [16]
(black) are little bit larger than the variances of the 8-point
algorithms; however, this is not significant. More important
is the fact that for larger noise levels, the 9-point algorithm
sometimes failed and delivered result far from the ground
truth value inside the RANSAC loop. For the noise level
2 pixels, 5 percent of the results of the 9-point algorithm
were far from the ground truth value.

We have performed the same experiment using the kernel
voting strategy for selecting the best �. In this case, the
resulting � was estimated using the following procedure:

1. Repeat K times. (We use K ¼ 100 here, but in many
cases, K from 30 to 50 is sufficient.)

a. Randomly choose eight point (nine point) corre-
spondences from given N correspondences.

b. Find all �s of the minimal (nonminimal) solution
to the autocalibration of radial distortion.

c. Select the real �s in the feasible interval, e.g.,
�1 < � < 1 and the corresponding Fs.

2. Use kernel voting on all selected �s to estimate the
best radial distortion parameter.

Fig. 5 shows estimated �s using this procedure as a
function of noise. Five hundred �s were estimated from 100
(K ¼ 100) 8 and 9-tuples of correspondences randomly
drawn for each noise level and 100 percent (left) and
80 percent (right) of inliers. Here, the results are worse for

larger noise levels than in the RANSAC experiment (Fig. 4);
however, for smaller outlier contamination and lower noise
levels, the results are again very precise.

Since in our algorithms we assume that the distortion
center is in the center of the image, we have studied in the
final synthetic experiment the robustness of our algorithms
to a shift of the radial distortion center. The ground truth
radial distortion �true was �0:1, the number of outliers
40 percent, and the shift of the radial distortion center from
the image center varied from 0 to 30 percent of the image
size (for 1;000� 1;000 px image from 0 to 300 px).

Fig. 6 shows the mean value of the number of inliers over
1,000 runs of RANSAC as a function of the number of
samples of the RANSAC. The top left figure shows the
result for the radial distortion center shifted by 1 percent of
the image size from the image center, the top right figure for
the 5 percent shift, the bottom left for the 10 percent shift,
and, finally, the bottom right figure shows the result for the
30 percent shift.

We again show results for both proposed minimal
solvers, the Gröbner basis solver (red) and the polyeig
solver (green), the minimal Gröbner basis solver proposed
in [27] (blue-dashed), and the nonminimal solver [16]
(black). It can be seen from Fig. 6 that all minimal solvers
give very similar and good results for all shifts of the
radial distortion center and outperform the nonminimal
solver [16] (Black). For all radial distortion shifts, except for
the 30 percent shift, all minimal solvers were able to find
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Fig. 3. Log10 relative error of the radial distortion parameter � obtained
by selecting the real root closest to the ground truth value �true ¼ �0:2
for (left) noise-free synthetic scene and (right) noise 0:5px.

Fig. 4. RANSAC: Estimated � as a function of noise, ground truth �true ¼
�0:2 and (left) inliers ¼ 80%, (right) inliers ¼ 60%. Boxes contain
values from 25 to 75 percent quantile.

Fig. 5. KERNEL VOTING: Estimated � as a function of noise, ground
truth �true ¼ �0:2, and (left) inliers ¼ 100%, (right) inliers ¼ 80%. Boxes
contain values from 25 to 75 percent quantile.

Fig. 6. The mean value of the number of inliers over 1,000 runs of
RANSAC as a function of the number of samples of the RANSAC for
�true ¼ �0:1, outliers ¼ 40% and the radial distortion shift 1 percent of
the image size (top left), 5 percent of the image size (top right),
10 percent of the image size (bottom left), and 30 percent of the image
size (bottom right).



the radial distortion parameter and the epipolar geometry

consistent with all 600 inliers within 200 cycles of

RANSAC. For the 30 percent shift, the results were also

satisfactory.
Fig. 7 shows �s computed by the four studied algorithms

as a function of the radial distortion center shift. One

thousand �s were estimated using RANSAC for each radial

distortion center shift from 0 to 30 percent of the image size

and 40 percent of outliers. The results are presented by the

Matlab function boxplot. The median values of estimated �s

are quite close to the ground truth value �true ¼ �0:1 for all

radial distortion shifts.
These RANSAC experiments (Figs. 6 and 7) show that

even large shifts of the radial distortion center from the

image center do not make problems in finding quite precise

distortion parameters and good inliers sets.

7.2 Tests on Real Images

We have tested both our algorithms on several sequences of

real images. The first image sequence was sequence with

relatively large distortions. These images were obtained as

75 percent cutouts from 180 degree angle of view fish-eye

images. We use cutouts since the one-parameter division

model (1) is not able to handle 180 degree images. Tentative

point correspondences were found by the wide baseline

matching algorithm [35]. They contained correct as well as

incorrect matches. Note that for such distorted images, the

number of incorrect matches is relatively large (usually

between 30 and 70 percent). For all images, we approxi-

mated the center of radial distortion with the image center.

In our first experiment with this image sequence, we
have studied the stability of the estimated radial distortion
parameter. To do this, we have estimated �s for the image
sequence taken by a single camera. Fig. 8 shows �s
estimated for each image pair using our Gröbner basis
algorithm (left), our polyeig algorithm (middle), and the
nonminimal 9-point algorithm [16] (right). In this case,
100 �s were estimated using RANSAC and the results are
presented using the Matlab function boxplot.

It can be seen that both minimal solvers give very similar
and relatively stable results. The median values (red lines in
the figure) for these solvers varied from �0:3809 to �0:2935.
The variances of the 9-point solver, Fig. 8 (right), were
considerably larger than the variances of both minimal
solvers, Fig. 8 (left and middle). The mean range of upper
and lower quartile (blue box in Fig. 8) of estimated �s was,
for the nonminimal 9-point algorithm, 0.1021, for our
polyeig algorithm, 0.0521, and for the Gröbner basis
algorithm, 0.0481, which is approximately two times lower
than for the nonminimal case. One should also mention that
the number of outliers in this image sequence was not
negligible. It varied from 35 to 60 percent.

Fig. 9 (top) shows examples of images from processed
image sequence. Corrected images (bottom) were obtained
using median values from �s computed using our polyeig
algorithm together with RANSAC (Fig. 8 (middle)). It can
be seen that straight lines in the real world are really
straight on corrected images.

In the second experiment, we have tested the kernel
voting strategy for selecting the best � on the same image
sequence as it was used in the first experiment. Fig. 10
shows results of the kernel voting made on �s obtained
from 500 runs of our polyeig algorithm for image pairs 4-5,
5-6, 8-9, and 11-12. Red vertical lines show estimated �s
using the kernel voting method and dashed green lines
show �s computed as median values from 100 results of
RANSAC (Fig. 8 (Middle)). In both cases, our polyeig
algorithm was used to estimate �.

It can be seen that both methods, the kernel voting and
RANSAC, behave similarly when estimating radial distor-
tion parameter. On image pairs 4-5 and 5-6, where the
RANSAC method returns very stable results, the kernel
voting strategy produces histograms with significant peaks.
In this case, results from RANSAC (green dashed line) are
very close to the results from the kernel voting (red line). On
the other hand, on image pairs 8-9 and 11-12 where the
variations of results from RANSAC are larger, the kernel
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Fig. 7. Estimated �s as a function of the radial distortion center shift,

ground truth �true ¼ �0:1, outliers ¼ 40%. Boxes contain values from 25

to 75 percent quantile.

Fig. 8. One hundred �s estimated using RANSAC for the real image sequence consisting of 16 images taken by one camera. Blue boxes contain
values from 25 to 75 percent quantile: (left) the Gröbner basis algorithm, (middle) the polyeig algorithm, (right) the nonminimal 9-point algorithm [16].



voting strategy doesn’t produce so significant peaks. Still,
the results of the kernel voting corresponding to the highest
peak (red line) are close to the results from RANSAC (green
dashed line). However, we suggest using RANSAC or a
combination of RANSAC with weighted kernel voting [6]
instead of the standard kernel voting in the cases with
higher noise level and outlier contamination, as it was in
this case.

Finally, we have performed the same experiments on
several image pairs taken by standard consumer camera at
28 mm focal length. Fig. 11 (right) shows �s estimated for
each image pair using our Gröbner basis algorithm. Again,
100 �s were estimated using RANSAC and the results are
presented using the Matlab function boxplot. Here, the
results were even more stable than the results of the same
experiment for the fish-eye camera (Fig. 8). The mean values
varied from �0:0243 to �0:0476. These values of � are quite

small, what corresponds to quite small radial distortion of
the input images as can be seen in the example of input
image in Fig. 11 (left). However, this radial distortion was
still large enough to create problems in 3D reconstruction
and, without its correction, standard SfM pipelines were not
able to give satisfactory results. The example of corrected
image can be seen in Fig. 11 (middle).

7.3 Time Complexity

Our current MATLAB implementation of the Gröbner basis
solver runs about 1.2 ms on an AMD Athlon 64 X2 Dual,
4800+, 2.51 GHz. The running time of the polyeig solver is
about 1.75 ms. For comparison, our MATLAB implementa-
tion of Fitzgibbon’s nonminimal algorithm runs about
1.68 ms and the original implementation of Li’s algorithm
[33] based on MATLAB Symbolic-Math Toolbox runs
about 860 ms.
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Fig. 10. Result of the kernel voting strategy on image pairs 4-5, 5-6, 8-9, and 12-13 from image sequence from Fig. 8. Red vertical lines show
estimated �s using the kernel voting method and dashed green lines show �s computed as median values from 100 results of RANSAC (Fig. 8
(middle)). In both cases, our polyeig algorithm was used to estimate �.

Fig. 11. (Left) Example of input image, (middle) Corrected image, (right) 100 �s estimated using RANSAC for each from 10 image pairs taken by one

camera. Blue boxes contain values from 25 to 75 percent quantile.

Fig. 9. Examples of images from processed image sequence. (Top) Input image with significant radial distortion. (Bottom) Corrected images using
median values from Fig. 8.



8 CONCLUSION

We have presented two robust and efficient solutions to
the minimal problem for the autocalibration of radial
distortion from eight point correspondences. Both solutions
have been obtained by a specialization of general techni-
ques for solving systems of polynomial equations. The first
solution is based on the Gröbner basis method and the
second on the polynomial eigenvalue technique for solving
systems of algebraic equations. Our algorithms provide
singular fundamental matrices, reduce the number of
samples in RANSAC, and are more stable than previously
known 9-point algorithms [16], [33]. We demonstrate the
quality of both our solvers by experiments on synthetic
and real data. Since the Gröbner basis solver solves smaller
eigenvalue problem and delivers less solutions (16 versus
29), it is faster and more efficient. The polynomial
eigenvalue solver is, on the other hand, easy to understand
and implement and also a little bit more stable than the
Gröbner basis solver. However, both solvers perform well
on synthetic and real data.
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