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Abstract—A new formula for the evaluation of the modal
radiation Q factor is derived. The total Q of selected structures
is to be calculated from the set of eigenmodes with associated
eigen-energies and eigen-powers. Thanks to the analytical ex-
pression of these quantities, the procedure is highly accurate,
respecting arbitrary current densities flowing along the radiating
device. The electric field integral equation, Delaunay triangu-
lation, method of moments, Rao-Wilton-Glisson basis function
and the theory of characteristic modes constitute the underlying
theoretical background. In terms of the modal radiation Q, all
necessary relations are presented and the essential points of
implementation are discussed. Calculation of the modal energies
and Q factors enable us to study the effect of the radiating shape
separately to the feeding. This approach can be very helpful in
antenna design. A few examples are given, including a thin-strip
dipole, two coupled dipoles a bowtie antenna and an electrically
small meander folded dipole. Results are compared with prior
estimates and some observations are discussed. Good agreement
is observed for different methods.

Index Terms—Antenna theory, eigenvalues and eigenfunctions,
electromagnetic theory, Q factor.

I. INTRODUCTION

T HE radiation Q factor has long been discussed as one of
the most significant and interesting parameter of the ra-

diating system, especially in the field of the electrically small
antenna (ESA) theory [1]. Each radiating shape has a minimum
possible Q which is related to the maximum possible bandwidth
potential [2].
There are many methods for estimating Q approximately

(chronologically Wheeler [3], Chu [4], Harrington [5], Collin
and Rotschild [6], McLean [7], Geyi [8]). Earlier work [3]–[7]
do not consider actual current distribution, so they have to
deal only with bounds related to dimensions of the enclosing
sphere. The first attempt to include source distribution (cur-
rent/charge) was presented by Geyi [8], but these energies are
still quasistatic. Different approach taking the actual shape
into account (based on static polarizability), was presented by
Gustafsson et al. [9].
For effective ESA design as well as for the rigorous study

of radiating structures, it is appropriate to use the calculation
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method based directly on the sources (currents), respecting their
topology. These requirements have been fulfilled by G. Vanden-
bosch [10]. The derived expressions are rigorous, widely usable
and easy to implement. They have been verified and success-
fully tested for simple examples in [11].
We extend this theory for modal analysis purposes, based on

the theory of characteristic modes (TCM) [12] and then utilize
them for the investigation of radiation Q for some canonical an-
tennas. This approach allows us to study the behaviour of the
shape of the radiating structure and its feeding separately. This
means that the modal quantities have only to be calculated once
and then the effect of the feeding port on superposition is studied
through the coupling matrix, later denoted as . In addition, un-
derstanding the behaviour of modal energies assists in effective
ESA design as will be shown in the case of optimization of the
meander folded dipole.
The main objective of this paper is to derive the expression

for the summation of modal energies and powers in order to
obtain total Q. The comparison between the final expressions
(24), (25) and some estimations of Q are given in Section V. All
algorithms were coded in Matlab R2011a and employed in our
in-house antenna tool. The described method could be used for
arbitrary (triangularized) surface antennas with air dielectric.

II. THE RADIATION Q-FACTOR

The radiation Q factor is usually defined for antennas as [1]

(1)

where and are the time averaged stored electric and
magnetic energies and is radiated power. The (1) assumes
that the antenna is tuned to the resonance at angular frequency

by an ideal lossless reactive element so that the input
impedance is pure real, [6]. Moreover, it is known that Q is
inversely proportional to the antenna (fractional) bandwidth
and for the constant

(2)

where the factor in (2) is assumed to be much greater than
one.
The following expressions for , and are analyti-

cally derived in [10] and generalized to a suitable form for the
sake of the proposed method (note that the indexes and will
be associated with the mode indexes in subsequent sections)

(3)
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and

(4)

where

(5)

(6)

(7)

Finally, the radiated power is determined as

(8)

, and define the energies and the total radi-
ated power based on th source ( or ) on domain and
th source ( or ) on domain . In the Euclidean space,
the distance is 2-norm distance .
Note that for wavelength the angular wavenumber

and the charge density is defined as . In most
studied cases the domains and are equal ,
for see [11].

III. MODAL Q FORMULATION

In order to obtain modal Q’s, we have to introduce a proper
modal method to obtain eigenmodes and eigenvalues. This
method is, in our case, the Theory of Characteristic Modes.
Eigenmodes and eigenvalues are physically vivid and

valuable characteristics of electromagnetic operators such as
the electric field integral equation (EFIE) [13], [14]. In the fol-
lowing text, spectral eigen-decomposition of the EFIE complex
impedance matrix is performed in the frequency domain. The
next section briefly summarizes the mathematical formulation
of the EFIE as well as the TCM since it is crucial to know all
the properties of relevant variables.

A. The Electric Field Integral Equation

The EFIE can be formulated by employing a boundary con-
dition for the tangential incident and a scattered electric
field on the perfect electric conductor (PEC)

(9)

The operator is defined as

(10)

where and are vector and scalar potentials
respectively [15]. Physically, gives the scattered

electric field intensity. Therefore, has the characteristics of
impedance

(11)

The solution of (11) can be treated directly

(12)

as usually employed in the method of moments (MoM) [17]
or by the superposition of the characteristic currents [12], [18].
This knowledge is important for our later expectations.1

In both cases, the impedance matrix and the (unknown) sur-
face induced current density have to be expanded by appropriate
basis functions (the most suitable are the well-known RWG
basis functions [19]); Galerkin’s method is used.
The Q factor based on total current density from MoM has

already been successfully calculated in [10] and [11] (MoM in
Matlab with a thin-wire reduced kernel). However, to the knowl-
edge of the authors, modal Q factors and stored energies have
never been rigorously computed.

B. Theory of Characteristic Modes

The TCM evaluates the total surface current density as a sum
of characteristic (eigen-) currents. They depend only on the
shape and frequency, not on excitation. Details can be found in
[12] and [20].
The impedance matrix is complex and sym-

metric (but not Hermitian), its parts and are real and sym-
metric. After a little manipulation we get the associated Euler’s
equation (a generalized eigenvalue problem)

(13)

A solution of (13) may easily be obtained using the eig rou-
tine in Matlab [21]. The square impedance matrix of order
(the number of inner edges) produces eigen-pairs .

Each eigenvector together with the RWG functions forms the
vector modal current density

(14)

where the basis functions are defined in [19].
The total current density can be expressed as a linear combi-

nation of these modal currents

(15)

The expansion coefficient is obviously the modal amplitude.
The result of is a scalar value called the modal
excitation factor [20]. Remember that the and have the
same meaning in both MoM and TCM. Without the loss of gen-
erality, we consider only real feeding of for the rest of the
paper. It should be pointed out, that the sum (15) is in fact in-
complete. There is certain portion of evanescent imaginary cur-

1To get more insight on the relationship between the direct MoM and the
TCM see [16].
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rent arising from the voltage-gap [22], contributing to the stored
energies. This is reason why there are slight discrepancies be-
tween and as will be seen later. Such residual current
could be obtained as

(16)

and its contribution included. Since its effect is not crucial, it is
omitted here, however this issue is currently under study.
Thanks to the linearity of the divergence operator, the total

charge density is

(17)

and

in

otherwise
(18)

On the basis of (15)–(17) we have

(19)

The modal decomposition (eig function) is time-consuming
but can be parallelized.2 Even thought the TCM forms the or-
thogonal set of modes, the eigencurrents are of yet indetermined
amplitudes. This problem is handled by normalization to unit ra-
diated power for each frequency of interest [12]

(20)

C. Calculation of Modal Energies

Let us consider only (the first) two modes
for simplicity and write out the current summation

(21)

The total charge density is obtained in the same way. Because
variables , and are real, both modal currents and charge
densities are real. However, the coefficients

are still complex and thus both the total current and charge
densities are complex-valued.
If we take a look at (5)–(8), only parts and

have to be worked out at a given frequency and
on a triangularized shape (or just a selected triangle ). Using
(21)

(22)

2This has been done via the Matlab Distributed Computing toolbox gaining
a speed-up of about 9 for 12 nodes.

and analogously for the part. Parts INT11/INT22
and INT12/INT21 are recognized as self andmutual interactions
respectively. All discussed integrals may be divided in sub-
integrals (22) with corresponding modes as the input data.
For clarity, the “summation matrix” is introduced for electric/
magnetic energy

(23)

The above procedure can be generalized to any number of
modes (for proof see the Appendix). The total number of
modes form the energy matrices of size. Then
the radiation Q is expressed by a novel relation

(24)

where the coupling matrix is written as

(25)

Using the Hadamard product [23]

(26)

Modal energies and respect (3) and (4) with input
current and charge densities (14) and (17) respectively.
and are in matrix form (23). At a given frequency, eigenvec-
tors , eigenvalues and stored modal energies are
known. Therefore, the total factor can be tuned by just a
single parameter—the actual feeding . In Section V we will
verify that (24) is close to the total Q and is suitable for use in
antenna design3. Both modal (3), (4) and total (23) energies give
important additional information about the radiating structure.
It is worth noting that the total Q factor can only be calculated
from the modal stored energies and powers—direct superposi-
tion of modal Q factors is impossible.

IV. SOFTWARE IMPLEMENTATION

The EFIE core is based on the RWG elements [24]. Thus,
proper discretization has to be employed. The Matlab PDE
toolbox usually creates mesh of poor quality (particularly for
complex shapes like fractals), better results are obtained by
the Comsol Multiphysics mesh generator. In order to control
meshing, the authors work on an in-house mesh generator that
employs the distmesh code from MIT [25]. In this paper we
assume that the analysed geometry is properly triangularized
into triangles with inner edges. Note that the quality and
number of triangles are crucial for the resulting convergence of
the solution.

3For , the in (24) is simply equal to total Q. In practice, how-
ever, it is sufficient to sum only finite (low) numbers of modes .
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Fig. 1. Distance between non-overlapping current elements.

MoM solutions of thin-strip structures are usually assumed to
be fed by the delta-gap [15]. Some planar structures are fed by
the incident plane wave—usually only the - or -component

is used, [24]. The respective eigenproblem
is solved in Matlab and all modes are sorted (tracked) and rep-
resented in terms of the characteristic angles [26]

(27)

The characteristic angles are continuous through the values of
90-270, resonance of the th mode occurs when . An
illustrating example is shown in Section V.

A. Numerical Evaluation of and —Distant Elements

The key expressions (5)–(8) consist of double surface inte-
grals over a given planar structure . In our case, is dis-
cretized using the Delaunay triangulation, Fig. 1. Hence the in-
tegration is now performed via the compact set of triangles .
The modal current matrices are calculated from eigen-

vectors and the RWG basis function via (14). The order of
is , but the order of the modal current is . Sim-
ilarly, the modal charge distributions are calculated from (17)
and each matrix is of order . Thus, one current vector

and charge density are assigned to each triangle.
These values are considered constant throughout the triangle
area and are assumed to be located at the centre of the triangles
[27]. It will be shown later that this centroid approximation is
accurate enough. However, it could fail e.g. for patch antennas
at very small heights above the ground plane.

B. Numerical Evaluation of —Overlapping Elements

As one can see, there are singularities in (5) and (6) for over-
lapping triangles . The so-called self-coupling term
[28] plays a major role in Q factor calculation and therefore it
should be treated carefully. We are looking for a fast and suffi-
ciently accurate solution to the following problem:

(28)

where . The
(28) is expanded in a Maclaurin series and since
( is the longest side of the triangle ) is satisfied, one can
only use its first term. Then the cosine function
from (28) reduces to the static singular part . There is still
a problem with the triangular region of integration.

TABLE I
CONVERGENCE OF THE SELECTED MODES, RECT. PLATE 30 20 cm

Fig. 2. Self-term values depending on the quality and area of the triangle.

The above issue was solved e.g. in [28] and the result was
simplified in accordance with [29]

(29)

where denote the length of the edges of the triangle
and is its perimeter. The computational cost of evaluating
(29) is mainly determined by the functions (see fifth column
in Table I).
Fig. 2 shows the behaviour of (29) while varying the triangle

area and the triangle quality which is defined as

(30)

The coefficient is between 0 (three points on a line) and 1
(equilateral triangle). When varying the triangle area, quality is
fixed (at value , solid line at Fig. 2) and when varying
the triangle quality, area is fixed (dashed line at Fig. 2).
Finally note that the term in (8) is not singular

and changes negligible within the triangle

(31)

C. Convergence Analysis

It is very important that the algorithm is convergent with an
increasing number of RWG basis functions (the parameter ).
To verify this assumption, we consider a 30 20 cm rectan-
gular plate in free space. This plate is discretized with a different
number of triangles and analyzed using the TCM solver. Then,
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Fig. 3. Algorithm convergence, rect. plate 30 20 cm.

modal radiated power and Q factors are calculated for the 1st
and 2nd modes, see Table I.
In terms of convergence, (8) is very interesting since from

(20) it is observed that the modal radiated power should be equal
to one (in case of 1st mode ). Table I confirms that
the modal radiated power is very close to 1 W.
It can therefore be assumed that the numerical integration of

radiated power (8) as well as the stored energies (3) and (4) are
performed correctly. Singularity treatment can be illustrated at
Fig. 3, which shows the convergence of modal Q factors for
the 1st and 2nd modes of the rectangular plate. Note, that the
inaccurate Q results for low values of (typically fewer than
150 edges) are caused by a poorly conditioned TCM task. In the
case of 42 edges the resonant frequency of the second mode was
not found.
Given that energies and are very small (ranging

in the order of relative to the unit radiated power),
we can conclude that the convergence is sufficient.
Run-time complexity: The complexity of the TCM solu-

tion for frequency samples is . Considering just
one mode at a single frequency, the modal energy com-
putation has a quadratic time complexity (see the
5th column in Table I). Finally, the complexity of (24) is

. Because it is sufficient to calculate
only half of all the energies and (see Appendix),
the time-complexity is . And since
in practice , the total calculation time is strongly
dominated by the eigen-decomposition, see Section V-D2.
Fortunately, in the frequency domain both (13) and (24) can be
parallelized (at most nodes may be employed).

D. Tracking of Eigenvalues and Eigenvectors

The spectral decomposition of the moment impedance ma-
trix doesn’t always produce well ordered eigenmodes (see
Fig. 4 left). This issue is particularly caused by finite numer-
ical accuracy and slight asymmetry of the frequency-depen-
dent matrix (although the MoM code is based on the Galerkin
testing procedure, the Z-matrix is not purely symmetrical). At
specific frequencies, the decomposition issue might be ill-posed
and non-uniquely defined as well.
Proper manipulation and tracking of the modes is the key to

preventing physically different current distributions along the
frequency samples. Many matrix preconditioners could be used
but the resulting modes still need tracking. There are many is-
sues that have to be considered and therefore a specific heuristic

Fig. 4. The original data from the TCM (left) and the sorted ones (right), rec.
plate 30 20 cm (634 triangles, 926 edges).

method was coded and implemented. Detailed description is be-
yond the scope of this paper although further information can be
found in [30].
Another problem is caused by slight asymmetry of the TCM

solution (currents are not ideally orthogonal to each other) and
the fact that the current can be computed with random
sign. To explain this matter, we extend (13) to a formally correct
form . While the magnitude of the constant
can be removed by normalization to unit radiated power

, the sign of remains unchanged.4

Fig. 4 shows that the frequency samples aren’t spaced
equidistantly. This is because that an adaptable frequency
solver (AFS) is used in our tool. The AFS starts with an initial
set of samples (specified by the user) and then dynamically
adds additional samples to the locations with large changes in
eigenvalues. This technique significantly saves computational
time and helps the tracking of modes.

V. APPLICATION: NUMERICAL RESULTS

In this section we demonstrate our efforts on some selected
problems. To validate the above mentioned approach, several Q
estimates are compared.
The radiation Q factor may be estimated from the input

impedance variation around the resonant frequency [2]

(32)

The above equation could be converted to the modal form .
Let us expand both the numerator and the denominator by cur-
rent and suppose that is PEC

(33)

Since from (20) , implying that , then

(34)

4This causes problems on adjacent frequencies. For example the current
orientation at frequency is and at freq. is

. Then, due to the slight non-orthogonality, the results at
and are significantly different.
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TABLE II
COMPARISON OF ALL DEFINED Q THAT CONSIDER FEEDING

TABLE III
COMPARISON OF MODAL APPROACHES TO CALCULATION OF Q

The second modal-approach relation is based on the Rayleigh
quotient formula for eigenvalue , [31]

(35)

where is the slope of the th eigenvalue. Expressions
(34) and (35) are equal, provided that

(36)

It can be proven that at resonance . The above
derived (24) can be formally simplified by using the Frobenius
product, [23]. Because the Frobenius product is an inner product
of the vector space, we use the same notation as in (15) or (20)

(37)

It has to be noted that (37) is the total factor calculated from
selected modes. However, if we consider only one mode

(without any feeding, ), the corresponding Q factor will
be referred to as the factor.
In many cases it isn’t necessary to consider the whole matrix
because only the diagonal terms are relevant (the others

are typically in the order of , see Section V-B). We denote
the diagonal terms as .
Finally, for the comparison of , we introduce two more

radiation factors and . Both are also calculated
using (3)–(8). The input current distribution of factor

is obtained directly from MoM, the total current
of factor is calculated by (15). See Table II and Table III
for comparison of all defined radiation factors.
All the following examples are chosen in order to clarify the

presented results. At first, we verify the modal method (RWG,
TCM), then we calculate (32)–(37) and compare themwith each
other.

A. The Thin-Strip Dipole

The first antenna is a dipole in a free space. The length is
300 mm and the width is 2 mm. The dipole was discretized
into 432 triangles (534 inner edges) and fed by a voltage gap

Fig. 5. The first seven modal factors of the 300 2 mm dipole.

TABLE IV
MODAL Q FACTORS IN RESONANCE AND THE FACTORS FOR DIPOLE

Fig. 6. , and for the dipole 300 2 mm fed by an incident
plane wave.

[15]. This structure is analyzed over a large frequency band (in-
cluding the small antenna regime).
Let us look first at the modal factors that form the total
. The first seven modal factors are de-

picted at Fig. 5. It is worth mentioning that all modes cyclically
intertwine with each other in the lower right corner of Fig. 5.
Table IV shows all modal factors compared numerically at
the resonant frequency of each mode. Modal approximations
(34), (35) and the exact factor agree quite well.
Further analysis assumes that the dipole is being excited. We

consider an incident plane wave as well as two different feed
edge positions.
At first, the total with incident plane wave feeding is

shown at Fig. 6. The incident wave is polarized in the -direc-
tion . In this case, the agreement of ,

and is excellent.
1) Central Feeding: The dipole is fed by a voltage gap

located at the middle edge. The modal factors are
not changed as they describe the intrinsic behaviour of the radi-
ator. Due to symmetry, only odd modes are excited (see column

in Table IV).
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Fig. 7. , , and of the dipole 300 2 mm, feeding is
placed in the middle of the dipole.

Fig. 8. , , and of the dipole 300 2 mm, feeding is
placed at one quarter of the dipole length.

This explains why total factors at Fig. 7 are affected only
by odd modal factors (see solid lines at Fig. 5). Comparison
between Fig. 6 and Fig. 7 shows that the voltage gap case
converges relatively poorly because of issues mentioned at
Section III-B.
The total Q factor is an oscillating function with an absolute

minimum of , see Fig. 7. It can be seen, that the
agreement of the with the approximations (directly
derived from impedance matrix ) is quite good. Slight differ-
ences between and at higher frequencies are also (ex-
cept for the voltage gap issue) addressed by the fact that is
calculated only for the first few modes , which may no longer
be effective at higher frequencies.
2) Feeding at 1/4 of the Dipole Length: Now the dipole is fed

at the 1/4 of its length, more modes can be now excited and ac-
cordingly, the coefficients changed significantly (see column

in Table IV). Hence the total factors at Fig. 8 are no-
tably different as well—compare to Fig. 7.With the exception of
the fourth mode (which cannot be excited), all modes somehow
contribute to the total .
This example shows how the modal approach is effective and

illuminating. The eigenproblem is calculated only once, after
that we consider only the arrangement of the excitation.

B. The Mutually Coupled Dipoles—In-Phase Currents

The second example studies the factor of two side-by-side
coupled dipoles. Both are 100 mm long and 1 mm wide, spaced
by the distance and fed in the middle of the antenna(s) with
the same amplitude and phase . Dipoles

Fig. 9. , , and for in-phase fed dipoles of distance .

Fig. 10. The first four modal factors (two dipoles of distance ).

TABLE V
MODAL Q FACTORS IN RESONANCE FOR TWO COUPLED THIN-STRIP DIPOLES

OF DISTANCE (MINIMAL TOTAL Q)

were discretized into 576 triangles (718 inner edges). This sce-
nario is equivalent to a single horizontal dipole lying above
a perfect magnetic infinite plane (PMC).
The total factor was calculated as a function of distance
. Comparison with other total Q factors is depicted at Fig. 9.
Again, the total is an oscillating function with an absolute
minimum of .While the case of out-of-phase currents
was analytically verified in [11] , for
in-phase currents a similar study is more complicated.
Nevertheless, this behaviour can be easily explained by the

TCM. Resonant frequencies and modal quality factors are dis-
played in Table V, Fig. 10 shows the first four modal factors

; current orientation is schematically depicted
as well. Table V shows that the in-phase modes have signifi-
cantly lower than the out-of-phase modes.
Obviously, the total in-phase current is formed by the domi-

nant in-phase mode at a given frequency (which is the frequency
of the second mode with and ).
Let us consider summation of four modes at frequency
and for distance . Then we obtain the values in
Table VI. For calculation at this point, we can omit all co-
efficients and energies of an order less than . In this case
that is all except the second mode , see Table VI).
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TABLE VI
SUMMATION DATA AT RESONANCE FOR 2ND MODE ( ,
IN-PHASE CURRENT) OF TWO COUPLED THIN-STRIP DIPOLES WITH DISTANCE

(MINIMAL TOTAL Q)

Also all products of for are negligible. As a
result, only the second mode contributes to the total Q

(38)

Since , we simplify (38) by extracting

It is seen that the minimal is directly equal to the
modal of the second mode.
Note that the above described behaviour is also valid for the

folded dipole with sufficient conductor coupling and a separa-
tion distance of .

C. The Bowtie Antenna

The next antenna under study is a bowtie in a free space. Its
length is 100 mm, width is 60 mm and gap width is 4
mm, see Fig. 13. The structure is discretized into 309 triangles
with 436 inner edges (these values are doubled in the case of an
infinite ground plane as described later). Two feeding scenarios
have been considered—incident plane waves with polarizations

and .
The first step is the modal analysis of the bowtie without a

ground plane. Characteristic angles are shown at Fig. 11 (solid
lines), Fig. 12 depicts schematically the main current paths of
these modes. For clarity we show only the first five modes, but
in fact we analyze the first ten significant modes at a given fre-
quency range. Nonetheless the results may be inaccurate at the
end of the frequency spectrum (about ).
Polarization of the incident plane wave dramatically affects

the total sum for —Fig. 13. Total Q factors are the same for
both polarizations up to a frequency of about 2.3 GHz. For
higher frequencies, results start to strongly depend on the ex-
citation of modes 2–10.
An interesting study is presented at Fig. 14, only po-

larization is assumed. All the first ten modes are divided into
four groups (see Fig. 14 left), while each group contains similar
modes (regarding current distributions). Fig. 14 shows the ef-
fects on the total depending on which groups are summed
up. It is clearly seen that the inductive (non-radiating, group
at Fig. 14 left) modes significantly affect the behaviour of the
antenna (compare sum and at
Fig. 14 right).
Then the bowtie is placed above an infinite ground plane

at a height of . Changes in eigen-angles are depicted at

Fig. 11. The first five modes represented by the eigen-angles as a function of
frequency, the bowtie antenna (solid line: no ground plane; dashed lines: infinite
ground planes of height 1 cm and 2 cm, respectively).

Fig. 12. Schematic depiction of the first five modes of the bowtie antenna.

Fig. 13. and of the bowtie (two incident plane wave polarizations
are considered).

Fig. 14. The first ten modes of bowtie with associated four scenarios of
factors ( polarization).

Fig. 11. With increasing height above the ground, the slope
of eigen-angles decrease. Because of a minimum (and more
or less constant) resonant frequency, only the dominant mode

(without any feeding) will be studied. Using the image
theory [15], the radiator in the plane placed above
the infinite electric ground plane is modeled as two bowties
separated by the distance , see Fig. 15. In the TCM analyzer,
proper out-of-phase mode is selected and analysed.
The modal factors and of the first mode are depicted

at Fig. 16. These were obtained at resonance as a func-
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Fig. 15. Bowtie above infinite ground plane , dominant mode
shown.

Fig. 16. The modal radiation and the resonant frequency for dominant
mode of bowtie antenna as a function of height .

Fig. 17. The eigenvalues, electric and magnetic stored energies of the first
mode at height 5 mm, bowtie.

tion of height . For larger values of the factor becomes
smaller. The second curve at Fig. 16 (green dashed line) rep-
resents changes in the resonance frequency of the first mode,
calculated as

(39)

and displayed in [\%]. This allows us to locate zones with min-
imum values of and and to find a compromise between
them for a specific application. For comparison, the reactive en-
ergies of the 1st mode for height
are plotted at Fig. 17. It is obvious that resonance occurs when
the stored energies are equal and so the eigenvalue , (36).

Fig. 18. The first five characteristic angles of meander folded dipole.

TABLE VII
MODAL Q FACTORS IN RESONANCE FOR MEANDER FOLDED DIPOLE (THE

FIRST FIVE MODES ARE CONSIDERED)

Fig. 19. The modal of the first five modes of meander folded dipole.

D. The Meander Folded Dipole

The last example is an electrically small meander folded
dipole. Length is 100 mm, overall width is 12 mm (so en-
closing a sphere of radius ),
the width of strip is 2 mm and the gap width is also 2 mm.
The dipole is discretized into 736 triangles with 929 inner
edges. All the outer corners are bent with radius 1 mm and
refined—see the lower right corner of Fig. 18. The frequency
range for analysis is chosen from 0.5 GHz to
2.25 GHz .
Modal analysis is performed with an adaptable frequency

solver. The initial frequency step is set to 50 MHz (36 samples)
with two additional iterations (60 samples are obtained at the
end of calculation). Eigen-numbers are successfully sorted and
converted to the eigenangles, see Fig. 18. There are five modes
that are dominant in the selected frequency range.
The modal radiation factors (only at resonance) and

were calculated for each mode, see Table VII and Fig. 19. The
difference between and is caused primarily by numerical
evaluation of derivation in (35), so the calculation of gets
more inaccurate with higher values of Q. Also in this case the
AFS solver is very useful. Note that the first mode is purely
inductive at mid-range frequencies, thus the rises very fast
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Fig. 20. , and of meander folded dipole.

Fig. 21. Total calculation based on various number of modes (numbers in
the legend characterize what modes have been summarized).

(reaching a value of 95000). A detailed description of the modal
currents is beyond the scope of this paper.
1) Total Calculation: To obtain the total Q (both ,
and ), feeding has to be incorporated. For this pur-

pose a voltage gap generator was placed at the
inner edge of no. 39, highlighted at Fig. 20. Then the total Q
factors are calculated and are shown at Fig. 20. Some observa-
tions are listed as follows.
• The course of is smooth and more or less equal with

. On the other hand, doesn’t match very well,
especially in locations distant from the modal (natural) res-
onances, [2].

• (1–5) for the first five modes is close to (1–20) for
the first 20 modes ( (1–20) is considered only at some
frequencies to keep the figure readable).

• The fact that (1–5) is very close to is very
interesting from the engineering point of view-no matter
where the feeding is located, the summation of the first five
modes is sufficient enough to obtain accurate in the
“low ” region.

One minimum of total Q is located in the small antenna
regime (for , that is the resonant frequency of the
first mode). Then the total Q rises to a value of about 350.
As will be shown later, total Q can be effectively reduced in
relatively broadband regions.
From Fig. 21 is also obvious that the total for a growing

number of modes is increasingly better
matched with . In fact, the factor is perfectly ad-
justed at natural resonances because there is only one signifi-
cant entry of the matrix (for example it is for at
Fig. 21).

Fig. 22. Comparison between full and based only on diagonal terms
in matrix , minimalized is displayed as an asterisk.

Fig. 23. matrix for two feeding scenarios: the original feeding (
at ) and the optimized feeding ( at the same ), first five
modes are considered.

Including all entries (not only the diagonal ones) is gener-
ally necessary for correct calculation. Compare the red solid line
at Fig. 22 (which shows full summation where all members are
used) with blue dashed lines (which consider only the diagonal
terms of the matrix). For simple structures (like a dipole), it
is usually sufficient to use the self coupling diagonal terms, but
generally energies produced by eigencurrents seem to be non
orthogonal (unlike radiated powers).
2) Total Minimization: The following subsection draws

out some benefits of the proposed method. We choose
with , see Figs. 20–22. Using optimization we
now try to minimize the factor in the neighborhood of the
selected point (which is the boundary value of ESA).
A significant advantage is that the TCM solution and ergo

the modal energies and are computed only once. All
single-calculated operations (eigensolution (13), 60 freq. sam-
ples, time: 229 s; tracking [30], 20 modes, time: 10 s; and modal
energies calculation (3), (4), 5 modes, time: 62 s) took totally5

301 s. Our in-house Particle SwarmOptimization algorithm [32]
is utilized to find optimal feeding scenarios—we consider two
(voltage) gaps with independent magnitudes
that may be located at any inner edges.
Equations (25) and (37) form the so-called fitness function

(f.f.) which was evaluated for 50 agents and 300 iterations. Op-
timization takes a total of 1741 seconds which is only 0.116
second per f.f. call.
The original and the optimized feeding points are depicted

at Fig. 23, together with the matrices before and after opti-
mization. Note here that the modal energies as well as the radi-

5All calculations presented in this paper were performed at computer with
i7-X980 3.33 GHz processor, 24 GB RAM and SDD disc. As mentioned above,
some processes were parallelized (with 8 threads).



4566 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 60, NO. 10, OCTOBER 2012

ated power matrices are the same in both cases. The resulting
impressed gap magnitudes are identical 80 V. The total is
significantly decreased to the value at . The
optimized is shown at Fig. 22 as a black dashed line with
an asterisk mark at the studied value of .

VI. CONCLUSION

Rigorous expressions for electric and magnetic stored ener-
gies are utilized for the evaluation of the radiation factor
based on the superposition of the characteristic mode currents.
It is demonstrated that the newly derived coupling matrix
(that includes the frequency and the feeding effects) determines
the total radiation factor . This matrix may be viewed as a
connection between the intrinsic behaviour of the antenna (de-
scribed by the set of characteristic currents) and the external
world, represented by feeding.
The presented algorithm is implemented and verified for

several examples. An up-to-date tracker is applied for sorting
the modal data obtained from paralleled eigen-decomposition.
Good agreement between the proposed summation technique
and conventional methods is observed. All the examples clearly
illustrate that the novel expressions together with the robust
modal method can be used for the investigation of the modal
and total factors.
The method stated above can be used for effective design of

multiband and broadband ESAs. It also provides a deep phys-
ical insight into the studied structures. The commonly used
factor gives a nice estimation of the radiation , but it only an-
swers the question “what is the overall ?” In turn, the ap-
proach is much more general since answers also on important
question “what might the overall be?” The presented concept
opens novel possibilities for lowering the by using multipoint
feeds and the design of MIMO antennas. The presented method
has been successfully employed in the optimization loop aswell.
Further work is aimed to study complex planar geometries and
detailed analysis of the exact relationship between (modal) ra-
diation factors and maximum bandwidth.

APPENDIX
SUM OF MODAL ENERGIES

Consider (23) with modes expressed as a double sum

(40)

where modal energies are calculated by (3), (4). In
the following, the arguments of energies are omitted. The
(40) may be divided into two parts
•
The term is real and equal (see (15)) to

(41)

If we expand the product (41) by , then

(42)

•
Since ,
and we can sum two terms at a time

(43)

and from (15) after several manipulations

(44)

Using (42) and (44)

(45)
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