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Preface
This habilitation thesis is meant as a brief abstract covering a particular part of the habilitant’s career.
It is an attempt to compile the author’s works on resonant ring systems, together with relevant work by
other authors, and to form a self-consistent and readable text. The habilitant’s works are highlighted
by an asterisk symbol in the citation brackets, i.e. [X*] indicates work done by the habilitant. Other
publications by the habilitant on other topics are included in the habilitation application, but are strictly
omitted from this abstract. The author’s work on resonant rings has also been covered to a similar extent
in a review paper [1*, see Appendix 1].
It is important to stress that this thesis is not a review, and the list of references therefore does not
provide complete coverage of the topics presented here. Only those references are cited here which are
strictly necessary for setting the general context and for understanding the work that has been done.
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Chapter 1

Introduction
A general and brief definition of a metamaterial that covers all its variants and its whole scope would be
almost impossible. However, a metamaterial is most commonly understood as an artificial medium with
macroscopic electromagnetic characteristics (permittivity, permeability, conductivity), i.e. constitutive
parameters, that are not attainable in natural materials. Particular examples of great importance are
materials with negative values of their constitutive parameters. These materials have attracted a lot
of attention among physicists and electrotechnical engineers. From a general perspective, however, a
metamaterial should be seen as a material with effective parameters that can be set to almost any value
at almost any frequency.
Metaterials have brought important new concepts into classical electromagnetism. Firstly, they have
shown that electrodynamics of complex media (particularly with negative material parameters) is far
from being satisfactorily explored. Secondly, they have led to proposals for interesting new devices.
One of these was the perfect lens [2], which consists of an isotropic slab of thickness dlens with
material constants εin and µin surrounded by another isotropic material with parameters εout and µout .
If the materials are chosen [2] in such a way that εout = −εin and µout = −µin , the slab behaves as a
perfect lens that transfers all plane waves, including all evanescent harmonics, from the source plane at
a distance dsource in front of the lens, to the image plane, which is situated at a distance dimage behind
the lens, provided that the distances are chosen such that kzout dsource + kzout dimage = kzin dlens , where kz is
a wavenumber component perpendicular to the slab.
A second interesting device is an electromagnetic cloak [3–5], which consists of a shell of complex
material that makes the inner part of the shell completely invisible to electromagnetic radiation. The
basic idea behind the cloak is to deform the coordinates so that a given region is completely excluded
and to transform this deformation into a flat space filled with an inhomogeneously distributed complex
medium. This idea is in fact not completely novel, as it is well known in general relativity [6] that within
classical electromagnetism a given gravitational field can always be negated by a properly distributed
complex material. The merit of recent works on cloaks thus lie mostly in the awareness of the fact that
complex materials of this kind are now available thanks to the development of metamaterials. Currently,
the idea of an electromagnetic cloak is becoming a particular case of the broader topic of transformation
optics [7] which is extensively developed further.
In brief, metamaterials are nowadays an indivisible part of the classical electromagnetic field theory.
Its fundamental theory and its detailed history can be found in several eminent textbooks, see for example
[8–10].

Fig. 1.1: (a) A capacitivelly loaded metallic ring as depicted in [11], (b) A Split Ring Resonator as
depicted in [12].
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1.1

Metamaterials Made of Resonant Rings

An important category of metamaterials are artificial materials offering diamagnetic permeability µr < 1
(artificial diamagnetics). The idea of creating artificial diamagnetics is in fact more than a century old.
It goes back to the work of Weber [13], who realized that a closed metallic loop exhibits diamagnetic
properties. However, the magnitude of the magnetic polarizability of a simple closed loop is very limited,
due to its unavoidable self-inductance. In order to overcome this difficulty, Schelkunoff and Friis [11]
proposed to add a lumped capacitor into the loop (see Fig. 1.1a), creating a resonant system in which the
diamagnetic properties are greatly enhanced in the vicinity of the resonance frequency. This preliminary
design was improved by Hardy and Whitehead [14] using a distributed capacitance, and was later made
popular by Pendry [12] in planar technology (see Fig. 1.1b). From that point, artificial diamagnetics made
of resonant rings became one of the core topics in metamaterials and various designs were systematically
studied [9]. Resonant rings are the topic that permeates this thesis.
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Chapter 2

A Planar Ring Resonator
This chapter will review some basic properties and designs of planar resonant rings and will deal solely
with isolated rings placed in a vacuum. It should also be noted that the word “planar” will be used in
a loose sense in this section. Any design with one dimension that is much smaller than the other two
dimensions will be called planar.

2.1

Polarizability of a Capacitivelly Loaded Ring

Before presenting practical designs, it is instructive to review the simplest case of a capacitivelly loaded
ring (CLR), originally proposed in [11]. For this purpose imagine the ring (see Fig. 2.1a) is excited by
a time-varying, but almost uniform, electric or magnetic field. The ring is assumed to be significantly
smaller than the operation wavelength (kr ≪ 1), which is a necessary condition for being a component of
homogenizable material, and its polarization can be well described by the induced electric dipole moment
p and the magnetic dipole moment m. Following the standard notation [15], these dipole moments are
connected to exciting fields via the polarizability tensors as
 em 
 ee 
·B
· E + αij
p = αij
 mm 
 me 
(2.1)
m = αij · E + αij · B,
where within the defined coordinate system
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and where the reciprocity theorem [16] has been used to equate αzy
and −αyz
. The form of the electric
ee
mm
polarisability αij and magnetic polarisability αij is quite intuitive, and the magnetic polarizability can
in fact be easily estimated from Faraday’s law as
mm
αzz
=

−jωπ 2 r4
1 ,
jωL + jωC

Fig. 2.1: A metallic ring loaded by one (a) or two (b) capacitances.
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(2.3)

Fig. 2.2: Split Ring Resonator (a) Broadside-Coupled Split Ring Resonator (b) Non-Bianisotropic Split
Ring Resonator (c) and the corresponding current and charge densities excited by an axial magnetic field.
where L is the self-inductance of the closed loop and C is the loading capacitance. The form of magnetic
polarizability also shows that the ring resonance can be seen as the resonance of a serial resonance circuit
in which the inductance is given by the ring, while the majority of the capacitance is concentrated inside
the gap. Unlike the electric and magnetic polarisabilities, the presence of magnetoelectric polarizabilities
em
me
αij
, αij
(or in other words the presence of bianisotropy) is less evident and in fact poses a problem for
many applications. Fortunately, there is an easy way to remove them. The method for removing them lies
in the geometrical properties of these quantities, which should be more precisely named pseudo-tensors.
Having this property in mind, it is straightforward to show that magnetoelectric polarizabilities will
identically vanish once the structure exhibits inversion symmetry. This is easily achieved by adding a
second capacitor, as shown in (see Fig. 2.1b). The magnetic and electric polarizabilties are practically
unaffected by this change, with the only exception that the resonance frequency will be approximately
√
2-times higher, as the capacitances are added in series. It is worth noting that the growing electrical
size caused by growing symmetry is a general property of ring resonators, as will be seen also in other
designs in the following text.

2.2

Resonant Rings with Distributed Capacitance

The fundamental idea leading to present-day resonant rings is to exchange the lumped gap capacitance
for a properly distributed capacitance. A major advantage of this step is that it can be fabricated by
printed circuit board methods, and can also be extended to higher frequencies. The basic design following
this line is the so-called Split Ring Resonator (SRR) [12,14], depicted in Fig. 2.2a. Its working principle is
equivalent to an ordinary CLR, as can be seen from the depicted current and charge distribution excited
at resonance by an axial magnetic field. As was shown in [17], the circuit model of the magnetic resonance
of SRR also consists of a serial resonant circuit, where the capacitance is a serial connection of the top
and bottom halves of the SRR. This paper also contained an ingenious modification of SRR depicted in
Fig. 2.2b (commonly abbreviated as BCSRR), which exhibits identical magnetic resonance, but due to
its inversion symmetry precludes magnetoelectric coupling. A strictly planar modification of BCSRR was
proposed in [18], see Fig. 2.2c, and is commonly abbreviated as NBSRR (Non-Bianisotropic Split Ring
Resonator).
It will be shown in the next chapter that topologies with higher symmetry than those of SRR, BCSRR
or NBSRR are sometimes desired. The geometries shown in Fig. 2.3 were developed for this purpose [19*,
see Appendix 2], [20*, see Appendix 3]. As mentioned in Sec. 2.1, the price to pay for higher symmetries
is bigger electrical size.
Apart from purely geometrical changes, there are also important modifications of the resonant rings
that bring whole new functionalities. To begin with, it is for example very interesting to ask how an
ordinary SRR would perform at optical frequencies, where the magnetic response is practically impossible
to find in natural substances. A pioneering work [21] showed that when real metals can no more be
considered as perfect conductors at optical frequencies, a novel phenomenon of frequency and amplitude
saturation of the magnetic resonance emerges. The reason for this phenomenon is the presence of socalled kinetic inductance [21], which can also be seen as a negative capacitance represented by the negative
permittivity of the metal constituting the ring. This kinetic inductance scales differently than the regular
inductance, giving rise to the saturation phenomenon. A detailed model of several variants of an optical
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Fig. 2.3: Ring Resonators with various degrees of symmetry.
resonant ring, see Fig. 2.4, was developed in [22*, see Appendix 4] and it was shown that the saturation
can (quite counter-intuitively) be postponed by adding additional ring splits. The resonance frequency of

Fig. 2.4: Optical Ring Resonators.
the three designs depicted in Fig. 2.4 is shown in Fig. 2.5. The delayed saturation of the multi-gap rings is
evident from the figure. The results unfortunately also suggest that no strong magnetic response can be
expected from resonant rings in visible range, which in fact corresponds well with fundamental energetic
reasoning [23] concerning the questionable existence of magnetic properties at optical frequencies.

Fig. 2.5: Resonance frequency saturation of the three Optical Ring Resonators from Fig. 2.4 for w =
h = 0.3r, g = 0.1r, ωp ≈ 2.2 · 1016 s−1 , fc ≈ 1.2 · 1014 s−1 .
Playing with a possible material composing the body of the resonant ring, a very interesting possibility
emerges, resulting in so-called Dielectric Ring Resonator [24*, see Appendix 5], which consists of a
toroidal ring made of a high permittivity dielectric, see Fig. 2.6. This structure can exhibit exactly the
same quasi-static magnetic resonance as metallic resonant rings. The reason for this behavior lies in the
equality of the conduction and polarization currents within Ampere’s Law, and the necessity to modify
the classical definition for the magnetic dipole moment [15] and self-inductance to take into account not
only the conduction currents but also the polarization currents [24*, see Appendix 5]. The presence of
the capacitance in the gap-less ring may be less intuitive, but careful consideration [24*, see Appendix 5]
shows that it is uniformly distributed within the dielectric material of the ring.
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Fig. 2.6: Dielectric Ring Resonator.
Another interesting modification of the regular ring resonator involves exploiting the commonly unwanted magnetoelectric couplings, and leads to the so-called Chiral Split Ring Resonator [25*, see Appendix 6], [26*, see Appendix 7], see Fig. 2.7. A careful look reveals that its structure is a simple

Fig. 2.7: Chiral Split Ring Resonator.
modification of NB-SRR from Fig. 2.2c, and that the current and charge distribution will also necessarmm
ily be equal. This results (as expected) in a resonant magnetic polarizability αzz
. The fundamental
difference with respect to NB-SRR however is that the induced charges do not lie in the same plane,
and in fact all positive/negative charges lie on the top/bottom, or vice versa. This evidently results
em
ee
which, curiously,
and magnetoelectric polarizability αzz
in resonant electric dipolar polarizability αzz
all have the same tensor orientation. Furthermore, it is possible to design the ring in such a way that
ee
em
mm
= c0 |αzz
| = αzz
, which leads to a so-called balanced design [27], [25*, see Appendix 6], [26*,
c20 αzz
see Appendix 7], which can be used as a basic unit of a bi-isotropic medium transparent for circularly
polarized waves, while at the same time exhibiting negative refraction for them [27, 28].
The last presented modification of a resonant ring follows a recent trend in metamaterials to include
active elements in order to mitigate the losses and the strong dispersion that are inherent properties of
any resonant electrically small system. The simplest idea is to use an active load in the CLR design
of Fig. 2.1 instead of just a passive capacitor. One way is to use negative resistance circuits [29*, see
Appendix 8], which have a simple hand-made practical design for low RF range as shown in Fig. 2.8.
Based on both the measured data and the theoretically predicted data, the magnetic polarizability of such
a system shows a positive imaginary part, i.e. a gain, which also brings into play interesting questions
on the stability of the active medium [29*, see Appendix 8].

7

Fig. 2.8: (a) Scheme of a ring loaded by a negative resistance transistor circuit (b) and a photograph of
a realistic implementation. The ring is actually a four-turn coil made of thin wire.
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Chapter 3

Isotropic Ring Resonators
The resonant rings presented in the previous chapter all provide a strongly anisotropic response. This
can be useful for certain applications, but isotropic materials are generally of wider use. This is also true
for one of the key ideas of metamaterials, the perfect lens [2], which also assumes an isotropic medium.
Before treating the full bulk medium, it is instructive to study stand-alone, but isotropic resonators.
The first step in this direction was already taken in [12], where the cubic arrangement depicted in Fig. 3.1a
was proposed. However, this proposal is incorrect [20*, see Appendix 3], and does not in fact exhibit

Fig. 3.1: (a) A cubic resonator made of SRRs, as depicted in [12] (c) A 2D isotropic spherical resonator,
as depicted in [30] (c) A 3D isotropic spherical resonator, as depicted in [19*, see Appendix 2].
isotropic behavior. The first correct design, though only 2D isotropic, was proposed four years later,
in [30], see Fig. 3.1b, but the true isotropic resonator was not proposed until 2006 [19*, see Appendix 2],
see Fig. 3.1c. The key point of the design is the use of point groups of symmetry to establish the minimum
symmetry requirements on a single ring resonator to be useful for a 3D isotropic design. Through this
method it was shown [20*, see Appendix 3] that an ordinary SRR [12] does not exhibit enough symmetry
and some more symmetrical designs have to be used, see Sec. 2.2.
The design shown in Fig. 3.1c is theoretically very appealing, and is even superior in several parameters
to its successors. Its major drawback, however, is its fabrication complexity, which makes mass-production
practically impossible (it should be pointed out that practical metamaterial devices would easily contain
thousands of resonators of this kind). In order to remove this drawback, the point groups of symmetry
has been used for the original proposal [12], with the aim to set symmetry requirements on the rings
that are used. It was shown [20*, see Appendix 3] that only designs following the geometries depicted
in Fig. 3.2 are possible candidates for isotropic resonators. Consulting these requirements with the

Fig. 3.2: Schematic representation of isotropic cubic resonators with the designation of the corresponding
point groups of symmetry, following the Schöenflies notation.
planar rings presented in Sec. 2.2, the resonators shown in the inset of Fig. 3.3c,d were developed and
extensively analyzed [20*, see Appendix 3] both theoretically and experimentally. For an experimental
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characterization, the resonators were introduced in the center of a mono-mode rectangular waveguide
(see Fig. 3.3a) and the transmittance was measured. The resonance of the cube then corresponds to a
transmission dip, which should be independent from the rotation of the cube for isotropic designs. The
results for the cubic resonator from [12] and two novel designs proposed in [20*, see Appendix 3] are
shown in Fig. 3.3b,c,d. The isotropy of the novel resonators is evident from the invariance of the resonant
dip. It is also apparent that the cube made of original SRRs [12] is anisotropic. The resonance is not
invariant, and, in addition, there are resonances that were not present in stand-alone planar resonators
(these resonance can even be of electric type [20*, see Appendix 3]). In order to explain these results,
a detailed analytical model was developed in [20*, see Appendix 3] that predicts even the finest details
observed in the experiment.

Fig. 3.3: (a) Waveguide-coaxial transition used for measurements with the inserted cubic resonator
(b,c,d) Results of the transmittance measurement for three cubic resonators.
The symmetry pattern depicted in Fig. 3.2 is of general validity, and is not restricted to purely
magnetic resonators. In fact, as will be shown in the following sections, it has also been successfully used
for chiral resonators [25*, see Appendix 6], [26*, see Appendix 7] (see Fig. 3.4a) and for a combination
of dielectric resonators with a so-called dielectric wire medium [24*, see Appendix 5] (see Fig. 3.4b).
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Fig. 3.4: (a) A cubic resonator made of chiral resonant rings (b) A cubic unit cell made of dielectric
resonators and a mesh of dielectric wires.
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Chapter 4

An Artificial Medium Made of
Resonant Rings
4.1

An Unbounded Medium

The previous chapters were devoted to stand-alone resonators. While they are interesting systems on
their own, the ultimate goal of metamaterials is to create a medium out of them. This opens whole new
degrees of freedom, and metamaterial homogenization has in fact not yet been fully solved, see [31,32] and
the references therein. The reason lies in the macroscopic dimensions of the constituting unit cells (e.g.
the ring resonators), which can hardly have an electric size as small as that of building blocks of natural
media (atoms and molecules), for which the classical homogenization schemes [15, 33] were developed.
The metamaterials should thus better be denoted as mesoscopic systems with considerably more complex
homogenization [31, 32]. Fortunately, some of the core ideas of solid state physics (e.g. Lorentz’s sphere,
Bloch’s theorem) are of general validity, and can also be used for metamaterials.
The first serious attempt to homogenize resonant ring metematerials was made as early as in 2002 [34].
The homogenization presented there is purely static and is thus of limited applicability. However, it
showed some important routes for future development. For example, it used an approximation of a real
resonant ring by an ideal structure-less current loop with certain internal impedance. This approximation
by an “extended” magnetic dipole was latter shown [20*, see Appendix 3] to be in fact very precise, and
has been used in all the successors of [34]. Two notable examples are [35*, see Appendix 9] and [36*,
see Appendix 10], which extended the static homogenization into a fully dynamic homogenization with
spatial dispersion effects.

Fig. 4.1: (a) Full wave dispersion diagram of an isotropic material made of double gap SRRs (b) Sketch
of the unit cell.
In order to give an idea of what to expect from a resonant ring material, a particular result is shown
in Fig. 4.1a, see [35*, see Appendix 9] for more details. The figure shows a dispersion diagram of an
isotropic material made of double gap SRRs (see Fig. 4.1b). Notable branches are denoted by α, β, γ. A
sketch of an effective permeability corresponding to such a dispersion is shown in Fig. 4.2a. The branch
α starts as a light-line along which the resonators exhibit only their static polarizabilites. This light-line
starts to bend before the resonance of the rings, preceding a complete band-gap, the most important
12

region in which the permeability of the system becomes negative [35*, see Appendix 9]. Above the bandgap, two dispersion lines emerge. The β-line is in fact a continuation of α and it begins at the point of
zero permeability. The γ-branch does not have any image in the local permeability from Fig. 4.2a, as it
belongs to a so-called magneto-inductive wave [37, 38], which is a longitudinal wave that does not couple
to the propagative planewave spectrum. This magneto-inductive wave can be considered analogous to
plasmons existing in metals at plasma frequency. The isotropy suggested by the symmetry of the unit cell
(see Chap. 3) can be checked by plotting the dispersion along different directions, as is done in Fig. 4.2b.
The isotropy is clearly visible in the region of allowed homogenization, i.e. not close to the Brillouin
boundary.

Fig. 4.2: (a) Sketch of the effective permeability corresponding to the dispersion diagram of Fig. 4.1a
(b) Dispersion diagrams of the double gap SRR medium along three important directions.
Resonant ring materials can also be combined with other systems to make different functionalities.
The most notable of these is the combination of rings with a system offering negative permittivity, in which
case one obtains a medium with a negative index of refraction, the key component of a perfect lens [2].
Isotropic negative permittivity is commonly obtained by an orthogonal mesh of connected wires [39,40]. A
particular example of a combined ring-wire system is shown in the inset of Fig. 4.3a, which depicts a unit
cell containing dielectric rings and a dielectric wire medium [24*, see Appendix 5]. The corresponding
band diagram is shown in Fig. 4.3a, in which the backward-wave band is marked. At this point it is
important to mention an interesting feature of dielectric ring resonators, which is the ability to coexist
with the true homogeneous negative permittivity medium (ordinary resonant rings cannot do this due
to the short-circuiting of their capacitance). A medium of this kind can for example be represented
by conductors or semiconductors below their plasma frequency, see [24*, see Appendix 5] for a more
extensive discussion. The last representative of a bulk resonant ring medium that will be mentioned here
is the balanced chiral composite [25*, see Appendix 6], [26*, see Appendix 7]. Its dispersion diagram and
constituting unit cell are depicted in Fig. 4.3b. This is another example of an important class of isotropic
media supporting backward waves, in this case working for circularly polarized waves [25*, see Appendix
6], [26*, see Appendix 7].

4.2

Finite Material Samples

The previous section considered unbounded lattices of resonant rings, as is common in classical homogenization schemes. Ultimately, however, all practical metamaterials have to be of finite size. For
conventional materials, it is well known [41] that at the boundaries of the material body a transition
layer is formed, with properties different from those of the bulk. For large enough samples, this transition
layer does not have a significant effect on the overall macroscopic properties. The case of metamaterials
is more tricky, since they are constructed with a much smaller number of elements than any macroscopic
piece of conventional matter. At the same time, metamaterial elements are usually densely arranged.
Finally, metamaterials commonly exhibit negative material parameters which, when combined with sharp
edges, may give rise to surface resonances [42].
Possible issues with finite metamaterial samples were addressed in [43*, see Appendix 11], where the
surface geometry of a sample was treated. Two possible geometries of a cube made of resonant rings were
studied, see Fig. 4.4, and were compared with the cube filled with a homogeneous medium corresponding
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Fig. 4.3: (a) Dispersion diagram of a combined ring-wire system with a unit cell depicted [24*, see
Appendix 5] (b) Dispersion diagram of an isotropic balanced chiral medium with a unit cell depicted [25*,
see Appendix 6], [26*, see Appendix 7]. Both dispersion diagrams are valid for one of the Cartesian
directions.

Fig. 4.4: Scheme of a finite cube of resonant ring material with two possible configurations: “flat” (a)
and “ragged” (b).
to the homogenized resonant ring metamaterial [35*, see Appendix 9]. The results clearly showed a
strong preference for a “ragged” design (Fig. 4.4b) the behavior of which was quite close to that of a
homogeneous cube. On the other hand, the “flat” design (Fig. 4.4a) suffered from undesired surface
resonances, making this surface treatment inadvisable.
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Chapter 5

Systems Made of Resonant Rings
Apart form a purely theoretical contribution to physics, any topic should finally propose some application.
The metamaterials are no exception and two selected systems will be presented in this chapter.

5.1

Quasi-Static Magnetic Lenses

A perfect lens [2] is an obvious first choice for an application. Unfortunately, the design of a perfect lens is
extremely challenging, as it requires both the permittivity and the permeability to be negative and tuned
to particular values. At the same time, the lens should operate within a reasonable bandwidth. These
problems in combination virtually put a usable perfect lens into the realm of science fiction. However,
there are imaging applications that are not so demanding. There are for example applications that need
to perform imaging solely within the near-field of the imaged source, where its electric and magnetic fields
are still reasonably decoupled. In such a case it was shown [2] that within the near-field, a magnetic source
(TE waves along the optical axis) can be imaged using only negative permeability, while an electric source
(TM waves along the optical axis) can be imaged using only negative permittivity. This is a considerable
simplification and in fact resonant ring metamaterials presented in this thesis could serve as building
blocks for magnetic imaging system of this kind.

Fig. 5.1: (a) Sketch of a source coil imaging through the magnetic lens (b) Sketch of a realistic magnetic
lens made of resonant rings (single split rings loaded by a lumped SMD capacitor are used) (c) Photograph
of a fabricated lens.
Near-field magnetic imaging is a key point in image acquisition through nuclear magnetic resonance,
which is a technique of eminent importance in medical diagnostics. In this method, the magnetic field
generated in spin transitions is usually picked up by simple resonant coils, which are tuned to a specific
frequency of the spin transition. In order to mitigate the thermal noise, the tuning is made very selective.
This is in fact a very favorable property for resonant and thus narrow-band systems such as resonant
ring metamaterials. The major issue in nuclear resonance imaging is the signal-to-noise ratio, the low
value of which is mostly given by the very low signal coming from the imaged tissue. The reason for
this is twofold. First, the source it-self (a cube of properly magnetized tissue) is very weak. Second, the
radiating piece of tissue does not lie on the surface of the body, since it is also necessary to image the
15

internal part of the body. This means that the source of the radiation is located at some distance from
the pick-up coil, and the coil generally losses its sensitivity with growing distance. There is practically
no cure for the first these problems. The second problem can however be solved by using an imaging
device that will virtually shift the pick-up coil to within the tissue - i.e. using magnetic lens [44], [45*,
see Appendix 12].
An ideal lens for magnetic resonance imaging is a slab of isotropic negative permeability µr = −1
that exactly copies the magnetic field in the source plane to the image plane. According to perfect lens
theory [2] the source plane lies half of the thickness of the lens in front of the lens and the image plane lies
half of the thickness of the lens behind the lens, see Fig. 5.1a. A lens of this type has been designed [45*,
see Appendix 12] from a two unit cells thick slab of cubic ring resonators, see Fig. 5.1b,c. Although
a two unit cell thick slab clearly cannot be considered as made of a homogenous medium, the real life
performance of this lens has been very good [45*, see Appendix 12], see Fig. 5.2. In order to understand
the lens in greater details, a proper homogenization scheme taking into account its small thickness has
been developed [46*, see Appendix 13]. The results surprisingly showed that within the realm of quasistatic TE waves the lens can in fact be approximated by a slab of homogeneous medium, which explained
its performance. Subsequently, the lens has been tested in various scenarios [47*, see Appendix 14], both
experimentally and theoretically, by means of the detailed discrete model [48*, see Appendix 15]. Usage
of the lens in connection with the parallel imaging technique [47*, see Appendix 14] also opened the
question of the transversal resolution of the lens. In accordance with the theory, a detailed study [49*,
see Appendix 16] did indeed show that the lens resolution can be deeply subwavelength, reaching a size
around six unit cells, i.e. around λ/50, with lambda being the operation wavelength (compare with
diffraction limit λ/2).

Fig. 5.2: (a) Imaging of knees - a comparison of the same scenario with the lens (right) and without
the lens (left), as depicted in [45*, see Appendix 12] (b) Imaging of ankles - a comparison of the same
scenario with the lens (bottom) and without the lens (top), as depicted in [47*, see Appendix 14].

5.2

Isotropic Frequency Selective Surface

For propagative waves, a slab of a negative permeability behaves as a reflector. This, in connection with
isotropic cubic resonators, see Chap. 3, and their natural frequency selectivity, evoked the idea of creating
an angle-independent frequency selective surface [50*, see Appendix 17]. An implementation of a surface
of this kind is depicted in Fig. 5.3a. An experimental characterization of this surface did indeed confirm
the presumed angle and polarization independence, see Fig. 5.3b, which results from the ability of cubic
resonators to excite a magnetic moment that exactly follows the incident field. Outside the resonance
band such a surface would be almost transparent, which makes it a possible candidate for multi-reflector
antennas. In connection with this kind of application it can be expected that a curved surface would
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work as well as the flat surface, since the major response comes from the cubic resonators themselves.

Fig. 5.3: (a) Photograph of a planar frequency selective surface made of isotropic ring resonators (b)
Measured transmission coefficient through the surface for several incidence angles and several polarizations.
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Chapter 6

Conclusions
The emergence of metamaterials stimulated a wave of interest in classical electromagnetism, even though
at that time this area of physics had been considered to be almost exhausted. The major reason was
that, in the past, the importance of material properties was often underestimated, or materials were even
taken as parasitic components needed only to support metallic structures. Metamaterials have however
shown that constitutive parameters are extremely valuable and extremely flexible degree of freedom which
can bring whole new functionalities in even the simplest geometries, e.g. a simple slab behaving as a
perfect lens [2] or a simple spherical layer behaving as perfect cloak [3–5]. Furthermore, the development
of metamaterials brought schemes for the actual design of complex materials, whose properties could,
within some fundamental constraints, be designed almost at our will. Finally, metamaterials has shown
that classical homogenization concepts developed for natural media are not of general validity, and are
not necessarily usable for mesoscopic or strongly dispersive systems.
One of the major branches of metamaterials deals with materials made of resonant rings which aim to
manipulate the magnetic properties. This thesis has recapitulated the main lines of research carried out
in this area. The presentation started with simple planar resonators, continuing through various modifications of these resonators towards the three-dimensional isotropic systems, including a homogenizable
magnetic medium, and ending with selected systems made of this kind of material. As presented here,
this topic might seem to be fully solved. However, this is only partly true and there are still some core
problems that are waiting to be solved. The most eminent issues for future work are: materials made
of randomly-oriented rings (amorphous materials) and materials made of active rings that mitigate the
dispersion.
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Bulk Metamaterials Made of
Resonant Rings
The realization of 3-D magnetic metamaterials at microwave frequencies is
discussed in this paper and an exciting application of such materials is
described.
By Ricardo Marqués, Lukas Jelinek, Manuel J. Freire,
Juan Domingo Baena, and Mikhail Lapine

ABSTRACT | In this brief review, we present the fundamentals
of bulk resonant ring metamaterial (RRM) theory. Metamaterials made of resonant rings are discussed, and some basic design rules are provided. Homogenization (including spatial
dispersion) of 3-D resonant ring latices is reviewed, with emphasis in isotropic designs. Edge effects in finite size metamaterial samples are discussed. Finally, possible applications and
future trends are briefly reviewed.
KEYWORDS | Artificial media; homogenization theory; magnetic
resonance imaging; magnetic resonators; magneto-inductive
waves; metamaterials; spatial dispersion

I. INTRODUCTION
Diamagnetic properties of closed inductive loops were well
known in the past (see, for instance, [1]). It was also
known that this effect can be enhanced by adding a chip
capacitor [2] to the ring. However, it was not until recent
years that these effects were systematically studied in

order to develop artificial media (or metamaterials) with
negative magnetic permeability [3], which may be
eventually combined with conducting plates or wires [4]
in order to provide a medium with simultaneously negative
magnetic permeability and permittivity [5], i.e., the
negative refractive index (NRI) medium predicted many
years ago [6], [7]. After these seminal works, metamaterial
theory became a Bhot[ scientific topic, with thousands of
published scientific papers (for RRM specifically see, for
instance, [8], [9], and references therein). Although other
alternatives besides resonant rings have been proposed for
negative  metamaterial design, resonant ring technology
can be still considered as the Bstandard[ approach to this
goal, at least up to optical frequencies, where the
combined effects of the kinetic inductance of electrons
[10] and high frequency dissipation [11] introduce severe
limitations to this approach. In this paper, we will shortly
review the fundamentals of resonant ring metamaterial
(RRM) theory, with emphasis in isotropic 3-D effective
media design. The paper ends with a short discussion on
possible applications and future trends for bulk metamaterial technologies.
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A. Resonant Ring Basic Concepts
A closed conducting ring of inductance L and resistance
R provides a magnetic moment m ¼ ðj!2 r4 =ZÞB? ,
where r is the ring radius, B? is the external magnetic field
component perpendicular to the ring, and Z ¼ j!L þ R is
the ring impedance. Since L  0 r, this magnetic moment,
though opposite to the magnetic field, is not sufficient for
providing a negative effective permeability [8]. This effect
can be enhanced if the ring impedance Z ¼ j!L þ R is
0018-9219/$26.00 Ó 2011 IEEE
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modified by the presence of a series connected capacitance
C [2], so that Z ¼ j!L þ R þ 1=ðj!CÞ and

m ¼ ð!ÞB? ¼

2 r4
!2
B?
2
2
L !0  ! þ j!R=L

(1)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where !0 ¼ 1=ðLCÞ is the frequency of resonance.
Lumped capacitors are available at radio and microwave
frequencies. However, attaching a lumped capacitor at
microwave frequencies may not be a very practical approach because of some unavoidable parasitic inductance,
which cannot be neglected. For this reason, lumped capacitors are rarely used except at radio frequencies. At higher
frequencies, it may be advantageous to use conventional
printed circuit techniques and substitute the lumped capacitor by a distributed capacitance. This leads to the split
ring resonator (SRR), already known and used for some
specific applications [12], but first proposed as metamaterial element in [3].
In order to simplify the analysis, avoiding magnetoelectric couplings (see below), the geometry proposed in [12]
is used in the following. This structure (see Fig. 1) is a
broadside-coupled SRR (BC-SRR). As has been shown in [13],
near the resonance, the total current (i.e., the sum of the
current flowing on both rings) is almost uniform, forming a
closed current loop. This current flows from the upper to the
lower ring and vice versa through the gap between them, as an
electric displacement current. Therefore, the total capacitance of the resonator is the series connection of the
capacitances through both resonator halves. The resonator
inductance can be approximated by the inductance of a single
ring (assumed closed) and the magnetic polarizability is still
given by (1).
A main advantage of the BC-SRR over the design
proposed in [3] is that broadside coupling provides a much
higher capacitance than edge coupling, thus allowing for a
much smaller electrical size at resonance [13]. The price to
pay for this advantage is a more complicated fabrication

process, which includes two levels of metalization.
Another important advantage (for most applications) of
the BC-SRR is the aforementioned absence of magnetoelectric coupling. Magneto-electric coupling appears in
many SRR designs due to the simultaneous excitation of an
electric and a magnetic dipole at resonance. According to
reciprocity, the excitation of an electric dipolar moment by
an external magnetic field implies the excitation of a magnetic dipolar moment by an external electric field. Therefore, magneto-electric coupling makes the metamaterial
bi-anisotropic [14]. Magneto-electric coupling is not present if the SRR is invariant by spatial inversion, as it
happens in Fig. 1. In addition to the reported resonant
magnetic (or magneto-electric) polarizability, SRRs also
show a nonresonant electric polarizability, which can be
approximated as the polarizability of a metallic disk of the
same radius [15]. Besides the aforementioned edgecoupled and broadside-coupled SRRs, many other SRR
designs have been proposed, aimed to specific applications. The interested reader is referred to [8] for a description of some of these proposals. Finally, it may be
worth to mention that high permittivity dielectric rings
also show a resonant magnetic polarizability similar to (1)
[16], due the combined effects of the electric field
confinement inside the ring and the internal capacitance,
both associated to the high value of the dielectric constant.
Closely related to resonant rings, there are other resonant structures useful for metamaterial design, which
deserve some comments. One of them is the Bswiss roll,[
also proposed in [3], which provides a very strong magnetic response at very low frequencies, thus being useful for
applications in the megahertz range (see Section IV).
Another interesting structure is the complementary SRR
(CSRR), proposed in [17]. This resonator is the complementary screen of any planar SRR, whose properties can be
related to those of the SRR using Babinet theorem: magnetic and electric polarizabilities are interchanged. However, it must be emphasized that the polarizabilities of the
CSRR are only Beffective,[ having opposite sign at both
sides of the resonator [17]. This fact makes this element
useless for 3-D metamaterial design (although certainly
very useful for 2-D metamaterial design).

B. SRRs at Optical Frequencies
Upon the success of SRRs at radio and microwave
frequencies, such metamaterial elements were studied for
operation at terahertz [18] and infrared frequencies [19].
At few terahertz, metals still behave as good conductors.
However, at frequencies in the infrared and the visible
range, metals are better described as solid plasmas with a
complex permittivity approximated by
Fig. 1. Broadside-coupled SRR (BC-SRR). The supporting dielectric
board is in light gray, whereas metallic parts are in white (upper ring)
and dark gray (lower ring).


" ¼ "0 "i 

!2p
!ð!  jfc Þ
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where "i is the permittivity of the ionic background, !p is
the angular plasma frequency, and fc is the frequency of
collision of electrons. For metamaterial design, the electrical size of the SRR should be substantially smaller than
the wavelength, and the SRR details (for instance, the wire
section) even smaller. Therefore, the characteristic lengths
of the SRR become of the same order as the mean free path
of electronsVwhich for good conductors is of several
tenths of nanometersVand collisions with the SRR boundaries become important [20]. This effect dramatically
increases fc and, therefore, losses, as it has been analyzed
in [11] and [21]. Other effects, such as interband electron
transitions and surface roughness, also contribute to an
increase of metal losses at optical frequencies [11].
Even more important than losses are the effects of the
kinetic inductance of electrons Lk [10]. This effect can be
also understood as the effect of the negative permittivity of
the metal [8], which provides a negative internal capacitance associated with the displacement current inside
the metallic ring. This negative internal capacitance is, in
fact, equivalent to a positive extra inductance

Lk ¼ 

1
!2 Cint

¼

1 2r
2r

2
! <ð"ÞS "0 S!2p

(3)

where r is the ring radius and S is the wire section. This
additional kinetic inductance must be added to the magnetic inductance L in the expressions for the polarizability
of the SRR (1). When the SRR is scaled down in order to
achieve resonance at optical frequencies, the kinetic inductance (3) scales as Lk  1=r, whereas the magnetic
inductance scales as L  r. Therefore, the kinetic inductance becomes dominant and the frequencypofﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
resonance
ﬃ
saturates to the constant value !s ¼ 1=Lk C (the
capacitance C scales down as C  r). In addition, the
amplitude of the magnetic susceptibility scales as
m  N, where N  1=r3 and  is given by (1).
Therefore, m  r=Lk  r2 . That is, the amplitude of the
susceptibility decreases dramatically when the SRR is
scaled down. Since the magnetic inductance varies as
L  0 r with the ring radius r, from (3) follows that the
kinetic inductance becomes dominant when the section of
the SRR wire becomes of the same order as the plasma
wavelength of the metal [8]. For good conductors this
effect appears when the wire section approaches to several
tens of nanometers. Therefore, both effects analyzed in
this section appear simultaneously, making the SRRs
useless below these dimensions.

III . THREE-DI MENS IONAL RESONANT
RING METAMATERIALS
There is a very high variety of phenomena that may appear
in 3-D arrays of resonant rings, even if the analysis is
1662
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restricted to homogenizable mixtures. In order not to
make the analysis endless, we will restrict ourselves to the
important case of isotropic RRM, which has been addressed in [22], [23], and [24] among others. Most of the
concepts developed for isotropic designs can be extended
to more complex structures, and the reader interested in
such composites is referred to the available bibliography
[8], [9].

A. Lorentz Homogenization Theory for Cubic
Lattices of Resonant Rings
Let us consider an isotropic cubic lattice of electrically small resonant rings, as is sketched in Fig. 2(a). We
will consider rings with only magnetic polarizability (1),
so that magneto-electric coupling is not considered. We
will also neglect the details of the ring design, assuming
that the rings can be described by a closed current loop
with some internal inductance, capacitance, and resistance (the conditions for the validity of such assumptions
have been discussed in [24]). Lorentz homogenization
theory of cubic crystals is based on the well-known
relation [25] Hl ¼ H þ M=3 between the local magnetic
field Hl , the macroscopic magnetic field H, and the
macroscopic magnetization M. This relation is valid for
cubic lattices of point magnetic dipoles. However, in
cubic lattices of resonant rings of radius r comparable to
the lattice constant a, the interaction between the closest
rings cannot be approximated as the interaction between
two magnetic dipoles. In this case, the local field
component normal to the ring Hl;? is better approximated by
(
Hl;? ¼ H? þ

)
a3
1
ð4Mc þ 2Ma Þ þ M?
3
0 ðr2 Þ2

(4)

where Mc and Ma are the mutual inductances between
parallel coplanar and co-axial nearest rings, respectively
(couplings between rings placed over perpendicular planes
cancel each other). Taking into account the exact mutual

Fig. 2. (a) The unit cell of an ideal cubic lattice of resonant rings of
self-inductance L, self-capacitance C, and resistance R. (b) Unit cell
of a NRI medium made by a combination of BC-SRRs and wires.
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inductance between more distant neighbors [26] does not
significantly change the result for a cubic lattice. From (4),
the magnetic susceptibility of the lattice can be readily
found as a function of the ring polarizability . For  given
by (1), this expression is

ð!Þ ¼

!2 0 0 =ða3 Þ
!20 !2 ½1 þ 2Ma =Lþ4Mc =Lþ0 0 =ð3a3 Þþj!R=L
(5)

where 0 ¼ 2 r4 =L is the magnitude of the polarizability
of an ideal lossless ðR ¼ 0Þ and nonresonant ð!0 ¼ 0Þ
ring.

for these waves being a straightforward generalization of
(6) [27]. It is however interesting to explicitly write these
expressions for the cubic lattice shown in Fig. 2(a). If we
restrict our analysis to waves propagating along a main
axis, namely the z-axis of Fig. 2(a), we can distinguish two
branches, corresponding to Blongitudinal[ waves with
axial coupling between the rings, and to Btransverse[
waves with coplanar coupling between rings. For longitudinal waves, we have

!20
Ma
Mc
R
j
¼ 1 þ 2 cosðkaÞ þ 4
2
!L
!
L
L

(8)

and for transverse waves

B. Magneto-Inductive Waves in Resonant
Ring Metamaterials
In addition to electromagnetic TEM waves with phase
pﬃﬃﬃﬃﬃ
constant k ¼ ! , lattices of resonant rings also support
magneto-inductive waves [27]. These waves appear at
frequencies near the ring resonance and come from the
inductive coupling between rings. For a linear chain of
rings, with periodicity a, the general dispersion equation
for these waves is [27]
1
X
!20
Mn
R
cosðnkaÞ  j
¼
1
þ
2
!L
!2
L
n¼1

(6)

where Mn is the mutual inductance between two rings
separated by a distance na. In the nearest neighbors approximation, (6) reduces to

!20
M1
R
cosðkaÞ  j :
¼1þ
!L
!2
L

(7)

For an accurate quantitative analysis, (6) must be used,
and the summation taken up to the appropriate convergence. However, in order to capture the most salient features of these kind of waves, (7) is sufficient [27].
Therefore, we will use this approximation in our analysis.
For a linear chain of co-axial rings, M1  Ma > 0, and the
dispersion relation (7) shows that the magneto-inductive
wave is a forward wave. However, for a linear chain of
coplanar rings, M1  Mc G 0, and (7) shows that the
magneto-inductive wave is a backward wave. Equation (7)
also shows that magneto-inductive waves have a narrow
bandwidth !=!0  M1 =L around the frequency of
resonance !0 .
It is also possible to induce magneto-inductive waves in
unbounded lattices of resonant rings, the general formula

!20
Mc
Mc
Ma
R
þ2
j :
¼ 1 þ 2 cosðkaÞ þ 2
!L
!2
L
L
L

(9)

From the signs of Ma and Mc it comes out that longitudinal waves are forward and transverse waves are
backward.

C. Connection Between Magneto-Inductive
Waves and Electromagnetic Waves.
Spatial Dispersion
Magneto-inductive and TEM electromagnetic waves
are both present in 3-D lattices of resonant rings. Moreover, the interesting region of negative permeability is very
close to the frequency of resonance of the rings, where
magneto-inductive waves also appear. Therefore, it is crucial to elucidate which are the connections between
magneto-inductive and TEM electromagnetic waves. This
connection was first investigated in [28] using a transmission line model. Subsequently, it was investigated for a
cubic lattice of rings in [29]. In this section, we will mainly
follow the analysis reported in [29], which has been
adapted to our present purpose. Other approaches to spatial dispersion in metamaterial structures, which provide
similar results in many cases, can be found in the literature
[30], [31].
Let us consider, for simplicity, a z-polarized magnetic
wave propagating along one of the main axis of the
structure shown in Fig. 2(a), with propagation constant k,
macroscopic magnetic field Hz ¼ H0;z expðjk  rÞ, and
magnetization Mz ¼ M0;z expðjk  rÞ, associated to a
distribution of currents on the rings oriented perpendicular to the z-axis Inx ;ny ;nz ¼ I0 expðjaðkx nx þ ky ny þ
kz nz ÞÞ. In the nearest neighbors approximation, and for
propagation along one of the main axes, couplings
between rings located on orthogonal planes cancel.
Thus, a straightforward generalization of (4) leads to the
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following equation for the current I0 on the ring at
nx ¼ ny ¼ nz ¼ 0:
 2

!0
R
1þj
Iz
!L 0
!2
ext
¼
L (
r2 0
a3
¼
H0;z þ
L
0 ðr2 Þ2

 2Mc cosðkx xÞ þ 2Mc cosðky yÞ


1
þ 2Ma cosðkz zÞM0;z þ M0;z :
3

!20
2Mc
2ðMa þ Mc Þ 0 0
R
þ
cosðkx aÞ þ
¼1þ
j :
2
3
L
!L
!
L
3a
(14)

(10)

The macroscopic wave equation for the magnetization is
ð!2 0 "  k2 ÞH0 þ ð!2 0 "  kkÞM0 ¼ 0

(11)

where " is the macroscopic effective dielectric constant of
the lattice. By combining (10), (11), and M0;z ¼ r2 I0 =a3 ,
the wave equation for the currents on the rings is obtained.
For waves propagating along the z-axis, we obtain
Blongitudinal[ waves with the dispersion equation
!20
Ma
Mc 2 0 0
R

¼ 1 þ 2 cosðkz aÞ þ 4
j
2
3
3 a
!L
!
L
L

Regarding the long wavelength limit of (13), it corresponds to the transverse electromagnetic waves propagating in a medium of  ¼ 0 ð1 þ m ð!ÞÞ, with m ð!Þ given
by (5). In the short wavelength limit, when k2x
k2m , (13)
reduces to

(12)

and for waves propagating along the x-axis (or y-axis), we
obtain Btransverse[ waves with the dispersion equation,
pﬃﬃﬃﬃﬃﬃﬃﬃ
shown at the bottom of the page, where km ¼ ! "0 . Of
course similar results can be obtained for the currents on
rings oriented perpendicular to the x- and y-axis of
Fig. 2(a). Therefore, both branches of longitudinal and
transverse waves coexist along any main axis of the
structure.
Equation (12) corresponds to the longitudinal magnetoinductive wave (8) slightly modified by the presence of
the volume magnetization. In the long wavelength limit,
where cosðkx aÞ  1, substitution of (12) into (5) leads to
ð!Þ ¼ 1, i.e., ð!Þ ¼ 0. Therefore, longitudinal magneto-inductive waves in cubic lattices of resonant rings are
the short wavelength continuation of the longitudinal
magneto-plasmons that appear in continuous media when
 ¼ 0.

Equation (14) corresponds to the transverse magnetoinductive waves (9) slightly modified by the effect of the
volume magnetization. Therefore, transverse magnetoinductive waves in cubic lattices of resonant rings are the
short wavelength continuation of transverse electromagnetic waves. Equation (13) also provides the spatially
dispersive magnetic susceptibility m ðkx ; !Þ for transverse
plane waves propagating along the x-axis of the lattice (and
actually along any other main axis). The general expression
for m ðk; !Þ for any value of k becomes much more
involved, because the mutual inductances between rings
lying on orthogonal planes do not cancel. These expressions can be found in [29], where the reported theory was
also checked by careful numerical computations. Finally, it
may be worth to mention that, when spatial dispersion is
present, the magnetic susceptibility becomes a tensor [29],
even if the conditions for an isotropic behavior in the long
wavelength limit [24] are fulfilled, thus destroying the
isotropic behavior of the metamaterial.
In order to illustrate the typical behavior of TEM electromagnetic and magneto-inductive waves in RRM, the
dispersion diagrams for longitudinal (12) and transverse
(13) waves along a main axis of Fig. 2(a) are shown in
Fig. 3 (solid lines) for some realistic values of the structure
parameters. For positive values of the macoscopic permittivity ", a negative  forbidden band gap can be clearly
appreciated near the resonance ! ¼ !0 . As is expected
from its magneto-inductive nature, the longitudinal branch
presents a flat dispersion curve. The transverse branch
behaves as a nondispersive TEM electromagnetic wave at
low frequencies, and as a slightly backward magnetoinductive wave when the frequency approaches the
forbidden band gap (the reason for which this backward
behavior is not clearly seen in the figure is because (14)
corresponds to the limit kx ! 1 and, in practice, kx
reaches the end of the first Brillouin zone long before this
limit).

k2x
!2 0 0 =a3

1
¼

ðk
;
!Þ
¼
m
x
k2m
!20  !2 ½1 þ ð2Mc =LÞ cosðkx aÞ þ 2ðMa þ Mc Þ=L þ 0 0 =ð3a3 Þ þ j!R=L
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mentary ones. An example of such configurations is shown
in Fig. 2(b) [33]. Finally, it may be worth to mention that
NRI without wires can be achieved in some specific biisotropic SRR cubic lattices [34].

Fig. 3. Dispersion diagrams for longitudinal (12) and transverse (13)
waves in the lattice of rings sketched in Fig. 2(a), for two different
values of the macoscopic permittivity of the metamaterial. Solid lines:
" ¼ 2:5"0 . Dashed lines: " ¼ "0 [longitudinal waves (12) are not
affected by the macroscopic permittivity]. Structural parameters are
a ¼ 0 =20, where 0 is the wavelength at the frequency of resonance
!0 , r ¼ 0:45a, Mc =L ¼ 0:02, Ma =L ¼ 0:015, L ¼ 1:10 a, and R=!L ! 0.
The macroscopic permittivity " ¼ 2:5"0 approximately corresponds
to the background static permittivity of the lattice of rings.

D. Negative Refractive Index Metamaterials
Equation (11) is the wave equation in a medium with
E ¼ "D and magnetization M, regardless of the relation
between H and M. Therefore, " in (11) is the macroscopic
permittivity of the metamaterial, which may be different
from the permittivity of the host medium. If this permitpﬃﬃﬃﬃﬃﬃﬃﬃ
tivity is negative, then km ¼ ! "0 in (13) becomes imaginary, and a backward passband appears in the regions of
negative magnetic permeability. This effect is illustrated in
Fig. 3 where the dashed line shows the dispersion equation
for transverse waves when " ¼ "0 . The question arising
now is how to make negative the macroscopic permittivity
without affecting the permeability of the metamaterial.
The simplest possibility, at least conceptually, is to
place the resonant rings in a continuous host medium of
negative dielectric permittivity (assuming that such
medium is available). This strategy works for rings loaded
by a chip capacitor or for dielectric resonant rings [16].
However, for SRRs, the presence of a host medium of
negative dielectric permittivity drastically affects the SRR
capacitance, making it negative, and therefore equivalent
to an inductance. Then, the resonance disappears as well
as the negative polarizability. In order to avoid this effect
(and also because negative " media are not easily available
at radio frequencies) arrays of metallic wires [4], [5] are
commonly used to complement SRR lattices. However, it
must be taken into account that not any combination of
SRRs and wires provides a left-handed behavior [31], [32].
For this purpose, both sublattices must be combined in
such a way that the quasi-static properties (like inductance
and/or capacitance) of the elements of each sublattice are
not substantially affected by the presence of the comple-

E. Quasi-Static Resonances in Finite Size
Resonant Ring Metamaterials
Until now we have focused our analysis on unbounded
lattices of resonant rings. However, practical metamaterials must have a finite size, and scattering by the edges may
lead to the appearance of eigenmodes that would not be
excited in unbounded metamaterials. Actually, even homogeneous finite size negative " or  samples present quasisatic resonances that are excited at the edges and corners
of the structure (see [35] and references therein). Moreover, realistic metamaterials are mesoscopic systems,
made of a finite number of elements much smaller than
the number of atoms in any macroscopic sample. Therefore, it is not clear if the resonances that may appear in
finite samples of metamaterials will even correspond to the
resonances that may appear in the corresponding homogenized samples of a hypothetical continuous medium with
the corresponding effective parameters.
In order to take into account these effects, we have
recently developed a code able to solve large (but finite)
samples of RRM under arbitrary excitations [36]. This code
is based on the computation of the whole impedance
matrix for all rings, which is then solved for the specific
external excitation [27], [36]. Our preliminary results [37]
reveal that indeed extra resonances appear in finite samples of RRM, when they are illuminated by a TEM plane
wave. These resonances emerge even when realistic losses
are taken into account, and are observed in structures up to
at least 10 000 elements. The frequency dispersion of the
polarizability of finite samples is qualitatively different
from that of samples of continuous media under similar
excitation. Therefore, although the homogenization theory
of unbounded RRM is now quite well established (at least
for the simplest lattices), the behavior of finite samples in
the region of negative effective permeability (which is
usually the region of interest) is far from being fully
understood. Further research is necessary on this topic, of
key importance for practical applications [38].

IV. APPLICATIONS AND
FUT URE TRE NDS
Metamaterial is a relatively new concept, which has provided in the recent years new ideas for the design of old
devices such as antennas, frequency selective surfaces, and
microwave circuits and filters. Some of these applications
of RRM can be seen in [8] and references therein. However, 3-D metamaterial technology itself, that is, the technology for the development of bulk effective artificial
media providing new electromagnetic effects, such as
super-resolution or cloaking, is still in a very initial stage.
Vol. 99, No. 10, October 2011 | Proceedings of the IEEE
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Fig. 4. MRI images of two human knees obtained without (left) and with (right) the help of a  ¼ 1 metamaterial lens. The lens is located
between both knees (black region the image). Reprinted with permission from [40]. Copyright 2008, American Institute of Physics.

Therefore, it is not strange if practical applications of bulk
metamaterials are still far from being developed. At the
present stage of the technology, low-frequency narrowband applicationsVfor instance, in magnetic resonance
medical imaging (MRI) using Bswiss rolls[ [39], and
resonant rings [40]–[43] 3-D metamaterialsVseem to be
the most promising ones. An example of this kind of
applications is shown in Fig. 4, where the enhancement of
the image of two human knees obtained using a  ¼ 1
RRM lens can be seen. Other examples can be seen in [43],
where  ! 0 and  ! 1 RRM slabs are used in order to
enhance the sensitivity of MRI surface coils.
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The problem of the design of artificial magnetic resonators for isotropic metamaterials is addressed.
The internal symmetries that ensure an isotropic behavior of such resonators are analyzed and some
specific designs based on the proper arrangement of modified split ring resonators are proposed.
These proposals are validated by electromagnetic simulations and experiments. The reported results
are likely to have applications in the design of devices such as negative refractive index materials,
superlenses, and metasurfaces with isotropic response. © 2006 American Institute of Physics.
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After the first practical demonstration of a medium having simultaneously negative permittivity and permeability,
also called left-handed medium 共LHM兲,1 a great wave of
interest was generated in the scientific community due to the
unique physical properties of such LHM.2,3 Once the feasibility of such media was shown, practical isotropic twodimensional designs based on well known printed circuit
technologies came soon.4–6 However, the practical implementation of a truly isotropic LHM still remains an open
question. Isotropic artificial media with negative permittivity
can be made, in principle, by assembling a three-dimensional
array of connected wires.7–9 Proposals for isotropic artificial
media having negative permeability include cubic arrays of
split ring resonators10,11 关SRRs; see Fig. 1共a兲兴 and Omega
particles,12 as well as isotropic spherical combinations of
SRRs.13 More recently, a cubic array of modified SRRs and
connected wires has been proposed for the implementation
of artificial LHM.14 Regarding cubic arrays of SRRs and
Omega particles,10,12 the couplings between these elements
should be investigated before postulating isotropy. Regarding
spherical combinations of SRRs, it is well known that they
only provide isotropy in two dimensions.13 Finally, the recently proposed cubic array of modified SRRs and wires14
clearly provides an isotropic medium, since the unit cell is
invariant under all the transformations of the group of symmetry of a cube, i.e., the group generated by the transformations 兵I , −I , C4x , C4x , C4x其 共or the Oh group in Schonflies notation兲. However, the proposed structure is difficult to
implement in practice. First of all, very high permittivity
dielectrics are involved in its design. Secondly, different
from other previously proposed combinations of SRRs and
metallic strips,4 it is made of bulk metallic parts that cannot
be manufactured by using standard printed circuit technologies. The aim of this letter is to propose and analyze some
practical ways to artificial negative permeability media made
a兲
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by using modified SRR particles and standard printed circuit
technologies 共eventually, such structures could be combined
with printed strips to produce LHM兲. First, the minimum
group of symmetry providing isotropic behavior will be investigated. Then, it will be shown through experiments that
some previous proposals lacking this symmetry do not produce an isotropic response. Finally, some practical proposals
possessing such symmetry will be analyzed.
To begin with, let us consider the subgroup of symmetry
generated by the two noncommutative products of 90° rotations around two coordinate axes: 兵I , C4x · C4y , C4y · C4x其 共i.e.,
the T group in Schonflies notation兲. After some cumbersome
but straightforward calculations, it is readily shown that any
second order tensor invariant by this group of symmetry
should be, in fact, a scalar. Nevertheless, this fact does not
guarantee that the medium can be characterized by some
scalar permittivity ⑀ and permeability . In fact, magnetoelectric couplings 共see, for instance, Ref. 15兲 may cause the
medium to be bi-isotropic, or chiral.16 To ensure that the
medium is not a chiral medium, it must be invariant by the
inversion, −I.17 Thus, to ensure both isotropy and nonchirality, the medium basic units should remain invariant by the
symmetry group 兵I , −I , C4x · C4y , C4y · C4x其 共or the Th group in
Schonflies notation兲.
To illustrate the effects of breaking this symmetry, we
will consider the basic unit shown in the inset of Fig. 2. It is
a cubic array of SRRs, where the SRRs are arranged in such
a way that the whole array satisfies inversion symmetry, so

FIG. 1. 共a兲 Split ring resonator 共SRR兲. 共b兲 Nonbianisotropic SRR.

0003-6951/2006/88共13兲/134108/3/$23.00
88, 134108-1
© 2006 American Institute of Physics
Downloaded 07 Apr 2006 to 150.214.182.8. Redistribution subject to AIP license or copyright, see http://apl.aip.org/apl/copyright.jsp

134108-2

Baena et al.

FIG. 2. Plots of the transmission coefficient 共兩S21兩兲 of a rectangular waveguide with a cubic array of SRRs 共see the inset兲 placed inside at different
orientations. The waveguide is a rectangular R22 waveguide, with dimensions of 109⫻ 55 mm2. The dimensions of the SRRs are 共see Fig. 1兲 rext
= 7 mm, w = 1.25 mm, d = 0.5 mm, and g = 1 mm. The substrate where the
SRRs were printed is ARLONC 250-LX-0193-43-11, with dielectric constant ⑀r = 2.43 and thickness t = 0.49 mm. The size of the cube is a
= 20 mm. Solid line corresponds to the cube oriented with the z axis along
the waveguide axis and the y axis along the electric field of the fundamental
TE10 waveguide mode 共the only one excited in the experiment兲. Dashed and
dash-dot lines correspond to rotations C8y, and C8y · C8z of the cube, respectively. Due to the couplings between different SRRs, the original resonance
frequency of each single SRR, f = 2.321± 0.002 GHz, changes and splits into
several resonances depending on the orientation.

that chirality is forbidden. It has been shown that if the couplings among the SRRs are neglected, such basic unit has an
isotropic response.11 However, the analyzed basic unit is not
invariant by the 兵I , −I , C4x · C4y , C4y · C4x其 group of symmetry.
In particular, it is not invariant after the transformation
C4x · C4y, as it can be easily realized by inspection. In fact, it
can be also realized by inspection that it is impossible to
build up a cubic combination of SRRs invariant by the aforementioned group of symmetry. The basic unit shown in Fig.
2 has been fabricated and placed at different orientations in a
rectangular waveguide, in order to measure its response. Before measuring the whole structure, the frequencies of resonance of the different SRRs forming the structure were measured. All of them were found to be inside the interval f
= 2.321± 0.002 GHz. No other resonances appeared in the
TE10 monomode range of the utilized waveguide, i.e., from
1.7 to 2.6 GHz. As it can be seen in the figure, the analyzed
basic unit presents an anisotropic response, which cannot be
justified by tolerances in the SRR fabrication process. This
experiment shows that couplings between adjacent elements
destroy the isotropy when the basic unit do not have the
appropriate symmetry, as in this case. Splitting of the original resonance of single SRRs into several resonances is also
observed. Similar experimental results were obtained for the
cubic array of Omega particles proposed in 12. In that case
the response also changes with the orientation, and the resonance is split into four resonances.
In order to overcome the aforementioned difficulties, a
modification of the previous structure was analyzed. This
modification substitutes the SRRs by the nonbianisotropic
SRRs reported in 17, and shown in Fig. 1共b兲. The resulting
structure, which is shown in the inset of Fig. 3, is invariant
under the symmetry group 兵I , C4x · C4y , C4y · C4x其, without the
inversion. The isotropy of the response has been checked by
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FIG. 3. Plots of the transmission coefficient 共兩S21兩兲 of a rectangular waveguide with a cubic array of nonbianisotropic SRRs 共see the inset兲 placed
inside at different orientations. The waveguide size, the dimensions of the
SRR, and the substrate characteristics are as in Fig. 1 共the frequency of
resonance of the isolated nonbianisotropic SRRs was found to be in the
interval f 0 = 2.385± 0. 002 GHz兲. The analyzed orientations are the same as
in Fig. 1. The transmission coefficient for the cross-polarized wave is also
shown.

experiments similar to those reported in Fig. 2. The results
are shown in Fig. 3, where an isotropic behavior can be
clearly seen. As it was already mentioned, the analyzed
structure has no inversion symmetry. Therefore, media made
with these basic units may show bi-isotropy. In order to
check this possibility the rotation of the plane of polarization
of the light by this structure has been investigated experimentally. In the experiment, the structure was placed inside a
rectangular waveguide and the cross-polarized transmission
coefficient was measured by using appropriate detectors 共two
orthogonal input and output dipole antennas兲. The result is
also shown Fig. 3, where a chiral behavior 共expressed in the
rotation of the plane of polarization of the transmitted wave兲
is clearly observed. Interestingly, it is known that each nonbianisotropic SRR forming the analyzed structure does not
show bianisotropy by itself.17 Therefore, the chirality of the
structure comes from the couplings between the SRRs forming the array.
If chirality was not desired, the design must be invariant
under
the
whole
group
of
symmetry
兵I ,
−I , C4x · C4y , C4y · C4x其, including inversion. Two magnetic
resonators having this symmetry are shown in Fig. 4. Figure
4共a兲 shows a spherical arrangement of two-split SRRs, which
is a modification of the spherical resonator proposed in Ref.
13. Figure 4共b兲 shows a cubic array of broadside-coupled
double-split SRRs 共the design of each SRR is a modification
of a previous proposal reported in Ref. 15兲. This structure
has the same symmetries as the resonator shown in Fig. 4共a兲.
In order to illustrate the isotropy of the structure proposed in

FIG. 4. 共a兲 Spherical isotropic magnetic resonator. 共b兲 Isotropic cubic array
of broadside-coupled SRRs possessing the same symmetries as the structure
shown in 共a兲.
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共the T group in Schonflies notation兲 is enough to ensure an
isotropic response of the design. However, if a non-biisotropic response is desired 共for instance, in order to design
an effective medium fully characterized by some scalars ⑀
and 兲, the inversion symmetry must be added to this group
共thus forming the Th group in Schonflies notation兲. Starting
from this analysis, some specific designs of bi-isotropic and
non-bi-isotropic resonators have been proposed and tested by
experiments and numerical simulations.
This work has been supported by the Spanish Ministry
of Education and Science under project Contract No.
TEC2004-04249-C02-02, and by the Grant Agency of Czech
Republic under project 102/03/0449. The authors also thank
Esperanza Rubio for manufacturing the resonators used in
the experiments.
FIG. 5. Plots of the transmission coefficient 共兩S21兩兲 for the spherical resonator shown in Fig. 4共a兲 placed inside a rectangular waveguide at different
orientations. The waveguide is a standard R9 waveguide with dimensions of
218⫻ 124 mm2. The dimensions of the resonator are rext = 20 mm, w
= 4 mm, d = 3 mm, and g = 8 mm. The dielectric filling the space between the
broadside-coupled strips has ⑀r = 4. Solid line corresponds to the resonator
with the z axis along the waveguide axis and the y axis along the electric
field of the fundamental TE10 waveguide mode. Dashed and dash-dotted
lines correspond to rotations C4y, and C8y · C8x of the resonator, respectively.

Fig. 4共a兲, its response when it is placed inside a rectangular
waveguide has been simulated by using the commercial electromagnetic solver CST MICROWAVE STUDIO. The results of
this simulation are shown in Fig. 5. The same transmission
coefficient was obtained for all the simulated orientations
共the small differences can be attributed to numerical tolerances of the simulation process兲. Similar results are expected
for the structure of Fig. 4共b兲, since it has the same symmetry
as the analyzed spherical resonator.
In summary, the possibility of designing isotropic threedimensional magnetic resonators by properly arranging
modified SRRs has been verified. It has been also verified
that the couplings between the different SRRs cannot be ignored in such design. Therefore, the array must show the
appropriate structural symmetry in order to achieve an isotropic response. It has been shown that the group of symmetry generated by the transformations 兵I , C4x · C4y , C4y · C4x其
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In this paper, a systematic approach to the design of bulk isotropic magnetic metamaterials is presented. The
roles of the symmetries of both the constitutive element and the lattice are analyzed. For this purpose, it is
assumed that the metamaterial is composed of cubic split ring resonators 共SRRs兲 arranged in a cubic lattice.
The minimum symmetries needed to ensure an isotropic behavior are analyzed, and some particular configurations are proposed. Besides, an equivalent circuit model is proposed for the considered cubic SRRs. Experiments are carried out in order to validate the proposed theory. We hope that this analysis will pave the way to
the design of bulk metamaterials with strong isotropic magnetic response, including negative permeability and
left-handed metamaterials.
DOI: 10.1103/PhysRevB.76.245115

PACS number共s兲: 42.70.Qs, 41.20.Jb, 42.25.Bs

I. INTRODUCTION

Metamaterials are artificial media exhibiting exotic electromagnetic properties not previously found in nature.
Among them, media showing simultaneously negative electric permittivity and magnetic permeability in some frequency range, or “left-handed” metamaterials, are of particular interest. The striking properties of left-handed
metamaterials, including backward-wave propagation, negative refraction, and inverse Cerenkov and Doppler effects
were first reported by Veselago1 in 1968. However, the realistic implementations of left-handed metamaterials came
several decades later, as a combination of split ring resonators 共SRRs兲 and metallic wires.2 SRRs are small planar resonators exhibiting a strong magnetic response, which were
proposed in 1999 by Pendry et al.3 as suitable “atoms” for
the development of negative magnetic permeability metamaterials. One year later, Smith et al. demonstrated the possibility of making up a left-handed medium by periodically
combining metallic wires—which provide an effective negative permittivity at microwaves4—and SRRs.2 In subsequent
works, other SRR designs were proposed,5–8 in order to reduce electrical size and/or cancel the bianisotropic behavior
of the original Pendry’s design. However, all the aforementioned implementations of negative permeability and lefthanded metamaterials are highly anisotropic—or even
bianisotropic5—providing only a uniaxial resonant magnetization, while isotropy is needed for many interesting applications of metamaterials, as, for instance, the “perfect lens”
proposed by Pendry.9
The aforementioned implementations are, in fact, a combination of two separate systems, one providing the negative
magnetic permeability 共the SRR system兲 and the other providing the negative electric permittivity 共the wire system兲.
How both subsystems can be combined in order to obtain a
new system, whose electromagnetic properties were mainly
the superposition of the magnetic and the electric properties
of each subsystem, is an interesting and controversial
issue10,11 that is, however, beyond the scope of this paper. In
what follows, we will assume that it is possible to find some
combination of two isotropic subsystems, one made of me1098-0121/2007/76共24兲/245115共14兲

tallic wires 共or other elements providing a negative electric
permittivity兲 and the other made of SRRs, whose superposition gives a left-handed metamaterial, and will focus our
attention on the design of isotropic systems of SRRs. Actually, since isotropic media with negative magnetic permeability are not found in nature, an isotropic system of SRRs
providing such property in some frequency range will be an
interesting metamaterial by itself. These metamaterials could
provide the dual of negative electric permittivity media, with
similar applications 共in imaging,9 for instance兲. They would
be also of interest for magnetic shielding and other practical
applications.
A first attempt to design an isotropic magnetic metamaterial was carried out by Gay-Balmaz and Martin,12 who designed a spherical magnetic resonator—formed by two SRRs
crossed in right angle—which is isotropic in two dimensions.
This result was later generalized in Ref. 13, where a fully
isotropic spherical magnetic resonator was proposed. However, from a practical standpoint, it is usually easier to work
with cubic designs. A first attempt on such direction was
made by Simovski and co-workers in Refs. 14–16, where
cubic arrangements of planar SRRs and omega particles were
proposed 关see Figs. 1共a兲 and 1共b兲兴. If only the magnetic
and/or electric dipole representations of the SRRs and/or
omega particles are considered, these arrangements are invariant under cubic symmetries. However, it has been
shown13,17 that this invariance is not enough to guarantee an
isotropic behavior since couplings between the planar resonators forming the cubic arrangement can give rise to an
anisotropic behavior, even if its dipole representations suggest an isotropic design. The first isotropic metamaterial design fully invariant under the whole group of symmetry of
the cube was proposed and simulated in Ref. 18. It is formed
by volumetric square SRRs with four gaps, in order to provide 90° rotation symmetries about any of the cube axes.
However, this design is unfortunately very difficult to implement in practice because it cannot be manufactured by using
standard photoetching techniques, as previous SRR
designs,2,3,5–8,13–17 and the gaps of the SRR have to be filled
with a high relative permittivity dielectric 共about 100兲. The
idea of using spatial symmetries to design isotropic metama-
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FIG. 1. Cubic constitutive elements for isotropic metamaterial
design. Cubes 共a兲 and 共b兲 were studied in Refs. 14–16. Their hidden
faces are arranged in such a way that the cube satisfies the central
symmetry to avoid magnetoelectric coupling. Cubes 共c兲 and 共d兲
were proposed in Ref. 13 as truly three-dimensional 共3D兲 isotropic
cubic resonators.

terials was further developed in Refs. 13, 17, and 19 leading
to the structures depicted in Figs. 1共c兲 and 1共d兲.
A second group of attempts to design isotropic metamaterials is developed in Ref. 20 and 21. In these works, lattices
of dielectric and/or paramagnetic spheres with very high refractive index are proposed. If the refractive index of the
spheres is high enough, the internal wavelength becomes
small with regard to the macroscopic wavelength, and Mie
resonances of the spheres can be used to produce the negative effective permittivity and/or permeability. Since the
metamaterial “atoms” are spheres, the isotropy is ensured by
simply placing them in a cubic lattice. However, practical
difficulties to implement such proposals are not easy to overcome. First of all, lossless media with the very high refractive index needed for the spheres are difficult to obtain. Secondly, the system has a very narrow band.21
All the previously reported proposals for isotropic magnetic metamaterial design use a “crystal-like” approach. That
is, they are based on the homogenization of a system of
magnetic resonators which, according to causality laws, exhibit a strong diamagnetic response above resonance. There
is, however, another approach widely used in the microwave
community which is based on the transmission line analogy
to effective media. Initially proposed for two-dimensional
metamaterial design,22 it was recently generalized to threedimensional isotropic structures.23–26 The main advantage of
this approach is its broadband operation, since no resonators
are necessary for the design. However, it also presents disadvantages with regard to crystal-like approaches. The transmission line approach to metamaterials does not seem to be
applicable beyond the microwave range, whereas a significant magnetic response of the SRR has been shown in the
terahertz range and beyond.27,28 In addition, the coupling to
free space of the reported transmission line metamaterials
seems to be difficult and sometimes needs an additional spe-

cific interface 共e.g., an antenna array25兲, whereas this coupling is direct in crystal-like metamaterials.
Finally, regarding isotropic left-handed metamaterial design, it should be mentioned that some recent proposals
based on random arrangements of chiral particles29,30 have
the advantage of providing simultaneously both electric and
magnetic negative polarizabilities. This approach can be
straightforwardly extended to the design of SRR magnetic
metamaterials, by simply considering random arrangements
of such elements. There is, however, a major difficulty with
this approach: the constitutive elements in a random composite have to be very small in comparison with the macroscopic
wavelength to show a true statistical behavior, but it is not
easy to design a SRR much smaller than one-tenth of the
wavelength. Due to this fact, periodic arrangements will be
considered in what follows.
The main aim of this paper is to present a systematic
approach to the design of metamaterial structures based on
periodic arrangements of SRRs. The first section is focused
on the spatial symmetries which are necessary to ensure an
isotropic behavior in the metamaterial. Cubic arrangements
of SRRs placed on cubic lattices are considered, and the
minimum symmetry requirements for both the individual
resonators and the lattices are investigated. The second section is devoted to a deeper analysis of the isotropic cubic
SRRs forming the basis of the crystal structure. In the third
section, an equivalent circuit model for such cubic SRRs is
developed and applied to some specific examples. The fourth
section is focused on the experimental verification of the
analysis developed in the previous ones. Finally, the main
conclusions of the work are presented.
II. ROLE OF CUBIC SYMMETRIES

Let us assume that constitutive elements and the unit cell
of the material are much smaller than the operating wavelength. In such a case, the interaction of electromagnetic field
with the material is described by means of constitutive relations. Besides, the material is supposed to be linear, so the
most general way to express those relations between electromagnetic intensities and electromagnetic flux densities is31
D =  · E +  · H,
B =  · E +  · H,

共1兲

where ,  are second rank constitutive tensors and ,  are
second rank constitutive pseudotensors. In order to get a
macroscopic isotropic behavior, all constitutive tensors and
pseudotensors , , , and  must become scalars or pseudoscalars.
Let us now address the problem of forcing the tensors 共or
pseudotensors兲 in Eq. 共1兲 to be scalars 共or pseudoscalars兲 for
the specific case of a periodic structure. It is well known32,33
that there are 32 symmetry point groups for periodic crystals
which can be classified in 7 crystallographic systems. It is
also known that the cubic system is the only one that forces
any second rank tensor 共or pseudotensor兲 to be a scalar 共or a
pseudoscalar兲.33 Since any material satisfying the linear constitutive relations 关Eq. 共1兲兴 and being invariant under the cu-
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B. Cubic basis

FIG. 2. Objects with the symmetries of the five cubic point
groups.

bic symmetries exhibits an isotropic macroscopic behavior,
this section will be focused on the analysis of such cubic
symmetries. It is clear that any structure invariant under all
the symmetry transformations of the cube must be isotropic,
as already proposed by Koschny et al.18 Furthermore, the full
symmetry group of the cube contains four different subgroups also belonging to the cubic system and, thus, providing an isotropic macroscopic behavior. Since a less symmetric design is subjected to less structural constraints, it may be
guessed that using these subgroups—instead of the whole
symmetry group of the cube—may have practical advantages. Keeping this in mind, we will first give a short overview on the five cubic point groups. Next, we shall connect
these point groups with some real structures made of planar
resonators commonly used in metamaterials. This will be
done in two parts: the study of the symmetries of the constitutive element, or the basis, and the analysis of the suitable
periodic arrangements, or the lattice. At the end of the section some practical isotropic structures will be specifically
analyzed.
A. Cubic point groups

The five cubic point groups are schematically represented
in Fig. 2. Following Schöenflies’ notation and ordering by
degree of symmetry, these groups and their generators are as
follows:
共1兲 T = 具兵1 , 4x · 4y , 4y · 4x其典 = proper rotations of the regular
tetrahedron 共12 operations兲;
共2兲 Th = 具兵1 , −1 , 4x · 4y , 4y · 4x其典 = T expanded by the inversion 共24 operations兲;
共3兲 Td = 具兵1 , −2x , 4x · 4y , 4y · 4x其典 = proper and improper rotations of the regular tetrahedron 共24 operations兲;
共4兲 O = 具兵1 , 4x , 4y其典 = proper rotations of the cube 共24 operations兲;
共5兲 Oh = 具兵1 , −1 , 4x , 4y其典 = full symmetry group of the cube
共48 operations兲.
We have used a widely used notation for symmetry transformations, 1 being the identity operator, −1 the inversion,
n p an n-fold rotation axis about the p axis, and −n p the n-fold
axis about the p axis followed by the inversion. For example,
the operator −2x is the rotation through 180° about the x axis
followed by the inversion.

In order to simplify the problem, the symmetries can be
separately imposed on the basis and the lattice of the structure. For the sake of simple fabrication, we will assume that
the basis is formed by six planar resonators placed over the
faces of an inert rigid cube, as in Fig. 1. If the crystal was
diluted enough, then the coupling between two neighboring
cubes would be much weaker than the coupling between the
six SRRs of the same cube and thus each cube could be seen
as a single cubic resonator 共CR兲 electromagnetically coupled
to others. Such consideration implies that the interaction between the CRs forming the material can be described by
dipole-dipole interactions, higher order multipole interactions being negligible. In such approximation, all the CRs are
properly described by second rank polarizability tensors connecting the external field, Eext and Bext, with the dipolar moments, p and m, induced in the CRs,31,34
p = ␣ee · Eext + ␣em · Bext ,
t
· Eext ,
m = ␣mm · Bext − ␣em

共2兲

where ␣ee, ␣mm, and ␣em are the electric, magnetic, and magnetoelectric polarizability tensors, and the superscript t
means transpose operation. The constitutive tensors in Eq.
共1兲 can be derived from these polarizabilities and from the
lattice structure by applying a homogenization technique.
In what follows, different kinds of CRs will be named by
its cubic group symmetry followed by the acronym CR
共group-CR兲. In order to design an isotropic CR, we have to
find suitable planar resonators and place them correctly over
the cube so as to fulfill the necessary symmetries. Obviously,
the planar resonators have to be invariant under certain symmetry transformations of the square. To classify all different
possibilities, a list of the symmetry subgroups of the square
is shown in Table I, as well as their geometrical representations, and some examples of planar resonators commonly
used in metamaterial design and obeying these symmetries.
This table also provides a systematic terminology for planar
resonators by using the symbol of the symmetry group followed by the term SRR 共group-SRR兲. In what follows, we
will use the term SRR in a general sense covering any type
of geometry derived from the SRR and the omega particle.
By direct inspection on Fig. 2, it can be seen that any of
the five cubic point groups contains three twofold rotation
axes 共180° rotations兲 parallel to the edges of the cube. Thus,
only resonators belonging to the last five rows of Table I are
appropriate for designing isotropic CRs. At this point, it may
be worth mentioning that Pendry’s SRRs3 as well as Omega
particles35 are not appropriate for such purpose because they
correspond to the C1-SRR and D1-SRR topologies. In summary, in order to get an isotropic CR, we have to choose six
identical SRRs pertaining to the classes C2-, D2-, C4-, or
D4-SRR and arrange them according to one of the cubic
point groups T, Td, Th, O, or Oh shown in Fig. 2.
Although all five cubic point groups mentioned above are
equally useful to achieve isotropic CRs, a specific choice
may strongly affect the properties of an isotropic metamaterial. For instance, using isotropic CRs of low symmetry may
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TABLE I. Classification of SRR types based on the symmetry subgroups of the square. The second
column shows Schöenflies’ notation and the generator of groups. The symbols of transformations are 1
= identity; 4 = 90° rotation; 2 = 180° rotation; −4 = −90° rotation; mx, my = line reflections respect to the x and
y axes, respectively; mx,y, mx−y = line reflections respect to both diagonals of the square. Each group is
schematically represented by the objects in the second column which can be replaced by the planar resonators
shown in the third column.

SRR types

Symmetry subgroups of the square

C1-SRR

C1 = {1}

Geometrical
representation

Examples of
resonators

D1x = {1, mx}
D1y = {1, my}

D1-SRR

D1,x,y = {1, mx,y}
D1,x,-y = {1, mx,-y}

C2-SRR

C2 = {1, 2}
D2x = D2y = {1, mx, my, 2}

D2-SRR

D2xy = D2 x y = {1, mx,y, mx,-y, 2}

C4-SRR

C4 = {1, 4, 2, -4}

D4-SRR

D4 = {1, 4, 2, -4, mx, my, mx,y, mx,-y}

be quite advantageous since the electrical size of the CRs can
be made smaller. This fact can be justified in terms of the LC
circuit models for the SRRs5–8 because the effective capacitances of low symmetry SRRs are usually higher than those
of high symmetry SRRs,8 thus providing a smaller resonance
frequency. Following these considerations, the best choice of
basis would be a T-CR made of six planar resonators of the
C2-SRR type. A good candidate among all possibilities is the
cube shown in Fig. 1共c兲 made of six nonbianisotropic SRRs
共NB-SRRs兲,8,36 a configuration already proposed in Refs. 13
and 17. Furthermore, it was shown in Ref. 13 that this configuration shows a bi-isotropic behavior, due to the lack of
inversion symmetry of the cubic arrangement. However,
sometimes, an effective isotropic medium without bianisotropy 共,  = 0兲 is desired. Since  and  are pseudotensors, the invariance of the CR under inversion is required in
order to avoid such property. In this case, the lowest symmetry group is the Th group. A CR invariant under the last group
of symmetry can be made by using planar resonators of the
D2-SRR type as, for instance, the symmetric SRR37 or the
modified double-slit broadside coupled SSR 共BC-SRR兲
shown in Fig. 1共d兲.13 However, as will be shown in the following, such symmetry requirements can be relaxed if the
lattice symmetries are properly chosen.

C. Cubic lattices

Above findings give precise instructions for choosing
suitable geometries for isotropic metamaterial constitutive
elements. The next step is to create an isotropic metamaterial
with these elements. The cubic shape of the considered constitutive elements suggests that the best periodical arrangements are the simple cubic 共sc兲, body centered cubic 共bcc兲,
and face centered cubic 共fcc兲 lattices shown in Fig. 3. All
these lattices obey the full symmetry group of the cube, Oh.
Therefore, the whole metamaterial 共lattice plus basis兲 retains
the cubic point group symmetries and the macroscopic isotropic behavior.
Although all previously mentioned lattices can provide
isotropic metamaterials, it is convenient to look deeply into
the possible structures because some particular choices may
offer interesting advantages. Regarding Fig. 3, a is the edge
size of the CR and b is the edge size of the cubic unit cell. In
order to describe CR interactions as dipole-dipole interactions, b must be chosen much larger than a, so that the
metamaterial properties can be deduced from Eq. 共2兲 and the
appropriate homogenization procedure. However, usually,
we are also interested in a high density of dipoles in order to
get a strong electromagnetic response. Therefore, b should
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turns into an sc lattice with the highest possible compactness,
i.e., b = a, because the holes between each eight neighboring
CRs have the same shape as the CRs forming the basis. The
case of an fcc lattice with a T-, Td-, or O-CR basis is even
more special and interesting because each hole exactly corresponds with the inversion of the CR of the basis. Therefore, although the basis of the structure is not invariant under
inversion, the fcc structure is brought into coincidence with
itself by inversion centered at the center of a CR, followed
by a translation of length a through any of the cube axes.
Since the wavelength of the signal illuminating the structure
is supposed to be much larger than a, the system can be
considered as macroscopically invariant under inversion and,
therefore, any bi-isotropic behavior must disappear. Thus, we
conclude that a very interesting choice in order to obtain an
isotropic metamaterial is the fcc lattice with b = 2a and with a
basis formed by T-CRs 关example in Fig. 1共c兲兴 because of its
high compactness, non-bi-isotropic macroscopic behavior,
and low degree of symmetry. It is worth recalling here that
T-CRs have the lowest symmetry among all the possibilities
shown in Fig. 2, which helps to reduce the electrical size of
the unit cell, as explained above.
III. RESONANCES AND POLARIZABILITIES OF CUBIC
RESONATORS

FIG. 3. Cubic Bravais’ lattices. Their top views are also depicted
for the particular case of b = 2a. Black and gray small cubes represent cubic resonators on successive planes.

be as small as possible. However, decreasing b may lead to a
failure of the aforementioned homogenization procedure.
However, in any case, the combination of a basis and a lattice with the appropriate symmetries will provide an isotropic metamaterial, regardless of the homogenization procedure. Finally, there are some practical limitations to the
values that a and b can reach as, for instance, the obvious
inequality b 艌 a, derived from the fact that CRs are supposed
to be impenetrable.
Additional limitations appear for each specific structure.
In the case of a sc lattice with T-, Td-, or O-CRs, the lack of
inversion symmetry implies that opposite sides of a CR are
not oriented in the same way. Thus, the constrain b ⬎ a is
necessary in order to avoid a mutual short circuit between
the SRRs of neighboring CRs. To allow the minimum distance b = a, the noncentrosymmetric CRs in the sc lattice
must be replaced by Th- or Oh-CRs, so that the SRRs on
contacting sides of neighboring CRs exactly overlap. In the
case of a bcc lattice, the contact between corners implies that
the inequality b 艌 a must be fulfilled for any type of CR.
Finally, for the fcc lattice, the contact between edges of
neighboring CRs establishes the harder condition b 艌 2a.
The particular case of an fcc lattice with the minimum cell
size, b = 2a, deserves a specific analysis. When Th- or
Oh-CRs are used as the basis of the fcc lattice, the structure

Until now, only the symmetry of CRs and cubic lattices
useful for isotropic periodic metamaterials were analyzed.
However, in order to have a complete characterization of the
metamaterial, polarizabilities and couplings between individual SRRs must be considered. In dilute crystals, the approach of weak coupling between CRs, but strong coupling
between the SRRs of each CR, is valid. Then, the metamaterial characterization involves two separate problems: obtaining the polarizability tensors in Eq. 共2兲 for a single CR
and applying the appropriate homogenization procedure to
obtain the constitutive parameters for the whole structure.
For dense packages, the aforementioned approach is not
valid since couplings between SRRs of different CRs can be
stronger than SRR couplings inside each individual CR.
However, even in these cases, the analysis of the isolated CR
resonances and polarizabilities still provides useful information on the behavior of the metamaterial. For instance, it
allows to elucidate if the coupling between SRRs in a practical low symmetry CR can be neglected or not. In case they
could be neglected, all the analysis in Sec. II B would become irrelevant because the SRRs could be substituted by its
equivalent dipoles 共as it was assumed in Refs. 14–16兲, without more considerations on the SRR structure. Therefore, the
analysis in this section is necessary in order to justify the
practical relevance of the analysis developed in Sec. II. Further, in Sec. IV, an experimental validation of this analysis
will be provided.
Let us assume that the CR size is much smaller than the
operating wavelength. Thus, an RLC circuit model is valid
for describing the behavior of single Pendry’s SRRs,3 as well
as for any type of modified SRRs5–8 or omega particles.38
Furthermore, if the resonators are not too close 共so that the
interaction energies are small with regard to the self-energy
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4z ⬅

FIG. 4. Definition of the sign of currents in the circuit model for
a 3D cubic magnetic resonator.

of each SRR兲, then the CR can be considered as six RLC
circuits coupled through mutual impedances. The positive
directions of the electric currents on each loop are arbitrarily
defined in Fig. 4. The relation between currents and electromotive forces exciting the CR can be written as
共3兲

Z · I = F,

where Z is a 6 ⫻ 6 square impedance matrix, I is a column
matrix whose ith component is the current flowing over the
ith SRR, and F is a column matrix whose ith component is
the external electromotive force acting on the ith SRR. The
diagonal components of the impedance matrix are the selfimpedances of each SRR, i.e., Zii = R + jL + 1 / 共jC兲, with
R, L, and C being the resistance, self-inductance, and selfcapacitance of a single SRR.8 The nondiagonal components
Zij are the mutual impedances between the ith and jth SRRs.
From the reciprocity theorem,39 we know that the impedance
matrix must be symmetric, i.e., Zij = Z ji. This reduces the
number of independent elements of Z to 21. This number can
be further reduced by applying the geometrical symmetries
of the CR, as shown in the next paragraph.
The application of any symmetry operation changes the
components of I according to the rule I⬘ = S · I, where S is the
corresponding operator of symmetry. It is well known that
any symmetry operation S of the cubic point groups can be
expressed as some combination of the three orthogonal fourfold rotations and the inversion, whose matrix representations, in the six-dimensional space defined by I, are

4x ⬅

4y ⬅
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冤

1 0

0

0 1
0

0

0

0
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−1

0

1 0

0

0
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0

0 1

0
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−1

0

0

1 0
0 1
0
0

冥
冥

冤

−1⬅

0

,

−1

−1

0

1 0

0

冤

0

0 1
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0

0

0 1

0
0 1
1 0
0

0
1 0
0 1
0
0
0 1
1 0

冥
冥

,

.

共4兲

They are unitary matrices with the well known property
S−1 = St. It can be straightforwardly demonstrated that F follows the same rule of transformation: F⬘ = S · F. Therefore,
both I and F can be considered as vectors. In what follows, I
and F will be called the “current” and the “excitation” vectors, respectively. Therefore, the impedance matrix Z is a
second rank tensor, following the transformation rule Z⬘
= S · Z · St. If the CR remains invariant by the transformation
S, then
Z = S · Z · St .

共5兲

This equation gives some relations between the components
of Z, which can reduce the number of independent components of Z.
Although the current vector I can be directly solved by
multiplying both sides of Eq. 共3兲 by Z−1, in order to identify
the different resonances of the CR, it is convenient to expand
the solution in terms of the eigenvectors of Z. The eigenvalue problem corresponding to Eq. 共3兲 is
Z · v i = z iv i ,

共6兲

where zi are the eigenvalues, vi the eigenvectors, and the
index i = 1 , . . . , 6. The impedance matrix Z can be expanded
in a sum of two terms as

冉

Zij = R + jL +

,

0

冊

1
␦ij + Zij共1 − ␦ij兲,
j C

共7兲

where ␦ij is Kronecker’s delta. The first term is the selfimpedance of a single SRR multiplied by the identity, while
the second term is the symmetric matrix of mutual impedances. These mutual impedances are purely imaginary numbers since, in the frame of a quasistatic model, they cannot
contain a resistive term. Thus, the second term in Eq. 共7兲 is a
purely imaginary symmetrical matrix. Therefore, its eigenvectors can be chosen in such a way that they form a complete and orthogonal basis that diagonalizes this matrix. Furthermore, since the first summand in Eq. 共7兲 is actually a
scalar, the eigenvectors of Zij are actually the same as those
of Zij共1-␦ij兲. Therefore, the eigenvectors of Z can be chosen
in such a way that they form an orthogonal basis for the
considered six-dimensional space. Thus, the current and ex245115-6
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citation vectors can be expanded as a summation of such
eigenvectors,

TABLE II. Eigenvalues and a complete set of orthonormal
eigenvectors of the impedance matrix 关Eq. 共12兲兴 corresponding to
anisotropic cubic resonators with symmetries −1 and 4y · 4x, as, for
instance, the structures shown in Figs. 1共a兲 and 1共b兲.

I = 兺 共I · vi兲vi,
i

F = 兺 共F · vi兲vi .

共8兲

i

By substituting both expressions into Eq. 共3兲 and applying
Eq. 共6兲, we get
I=兺
i

F · vi
vi .
zi

Eigenvectors vi

Eigenvalues zi

共9兲

1
共−1 , −1 , 1 , 1 , 0 , 0兲
2
Z11 + Z12 − Z13 − Z14

Even
modes
共magnetic兲

1

共1 , 1 , 1 , 1 , 2 , 2兲
2冑3
Z11 + Z12 + 2Z13 + 2Z14

Therefore, both F and I can be expanded in a set of orthogonal modes having mutually proportional excitation and current vectors.
From Eq. 共7兲, we can also obtain information about the
structure of the eigenvalues zi. These eigenvalues must have
the form
z i共  兲 = R + j  L +
+

册

冋

1

2冑3
Z11 − Z12 − Z13 + Z14

Odd
modes
共electric兲

2
1
R
+ zc,i共兲 = jL 1 − 20 +
j C

j L

zc,i共兲
,
j L

共10兲

0,i ⬇ 0 −

zc,i共0兲
.
2jL

共11兲

In what follows, we will apply this equivalent circuit model
to the determination of the resonances and polarizabilities of
two CRs made from two well known SRRs: Pendry’s SRR3
and NB-SRR.8
A. Analysis of an anisotropic cube

Let us now consider the CR shown in Fig. 1共a兲, made of
Pendry’s SRRs. In this section, we are going to get some
analytical approximation for its resonances and polarizabilities. Note that the cube possesses inversion symmetry and,
thus, magnetoelectric coupling is forbidden, so that ␣em = 0 in
Eq. 共2兲. It can also be seen by inspection that the considered
CR is invariant under the rotation 4y · 4x. By applying this
spatial symmetry, the impedance matrix is reduced to the
form

Z=

冤

共1 , −1 , −2 , 2 , 1 , −1兲

1
共1 , −1 , 0 , 0 , −1 , 1兲
2

Z11 − Z12 + 2Z13 − 2Z14

where 0 is the resonance frequency of an isolated SRR
共20 = 1 / LC兲, and zc,i共兲 the eigenvalues of the second summand in Eq. 共7兲, which are related to the coupling between
SRRs. It can be seen in Eq. 共9兲 that the ith mode resonates
when its eigenvalue approaches zero 共zi ⬇ 0兲. Therefore, the
frequency of resonance of the ith mode is given by the relation zi共0,i兲 ⬇ 0. If losses and couplings between SRRs are
not too strong 共R, zc,i Ⰶ jL兲, the frequencies of resonance of
the CR can be approximated as

1

冑6 共−1 , −1 , −1 , −1 , 1 , 1兲

1

冑6 共−1 , 1 , −1 , 1 , −1 , 1兲

Z11

Z12

Z13

Z14

− Z14 − Z13

Z12

Z11

Z14

Z13

− Z13 − Z14

Z13

Z14

Z11

Z12

− Z14 − Z13

Z14

Z13

Z12

Z11

− Z13 − Z14

− Z14 − Z13 − Z14 − Z13

Z11

Z12

− Z13 − Z14 − Z13 − Z14

Z12

Z11

冥

, 共12兲

where there are only four independent components. The corresponding eigenvalues and its orthonormal eigenvectors are
shown in Table II. It is worth noting that the eigenvectors can
be classified in even and odd modes: for even 共odd兲 modes,
the currents I2n-1 and I2n are parallel 共antiparallel兲.
Once the eigenvalue problem is solved, the next step is to
write an explicit expression for the excitation vector F and
introduce this expression in Eq. 共9兲, in order to get the currents over the SRRs. To begin with, we will assume that the
CR is excited by a homogeneous external magnetic field
ext
ext
Bext = 共Bext
x , B y , Bz 兲, and there is no external electric field.
Then, the excitation vector is written as

ext ext ext ext ext
Fm = − jA共Bext
x ,Bx ,B y ,B y ,Bz ,Bz 兲,

共13兲

where A is the effective area of the SRR. By introducing Eq.
共13兲 into Eq. 共9兲, the current vector I is calculated. Finally,
the magnetic dipole components of the CR are obtained from
mx = 共I1 + I2兲A, my = 共I3 + I4兲A, and mz = 共I5 + I6兲A. The resulting
expression for the magnetic polarizability tensor is
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冢 冣
I3 − I4

p ⬀ I5 − I6 .
I2 − I1

共16兲

The proportionality constants of Eq. 共15兲 and 共16兲 are given
in the Appendix, Eqs. 共A2兲 and 共A9兲. Finally, from Eq. 共A9兲
of the Appendix, we get the following analytical formula for
the electric polarizability tensor:

冤

32d2ef f
1
␣ =
2
3j Z11 − Z12 − Z13 + Z14
ee

FIG. 5. Electric excitation of the cubic resonator made of Pendry’s SRRs.

␣

mm

冤

冢

2 −1 1
1
−1 2 1
= − j A
3 Z11 + Z12 − Z13 − Z14
1
1 2
22

1
+
Z11 + Z12 + 2Z13 + 2Z14

冢

1

1

−1

1

1

−1

−1 −1

1

冣冥

冣

. 共14兲

This magnetic polarizability tensor is anisotropic and exhibits two resonances, at those frequencies where Z11 + Z12
− Z13 − Z14 ⬇ 0 or Z11 + Z12 + 2Z13 + 2Z14 ⬇ 0. Only the even
resonances of Table II appear in Eq. 共14兲 because the excitation vector and the odd eigenvectors are orthogonal, i.e.,
Fm · vodd
i = 0 in Eq. 共9兲. Just in the limit of no coupling between SRRs 共Zij = 0 for i ⫽ j兲, both resonances converge to
the single SRR resonance and ␣mm becomes a scalar, as mentioned in Refs. 14–16. However, it will be shown in the Sec.
IV that this coupling cannot be neglected in most practical
configurations.
Apart from the magnetic excitation studied above, it is
well known that Pendry’s SRR can be excited by an external
electric field.5,6,40 Therefore, an electric response is also expected for this particular CR. The electric excitation of the
rings on the cube is sketched in Fig. 5. The external electric
field Eext can excite an SRR only if it has a nonvanishing
component contained in the plane of the particle and orthogonal to the imaginary line passing through the slits of the
rings.5,6,40 Therefore, only two SRRs are excited by each
Cartesian component of Eext. Thus, for an external and homogeneous electric field of arbitrary direction, the excitation
vector has the form
Fe ⬀

共Ezext,−

Ezext,−

ext
Eext
x ,Ex ,−

ext
Eext
y ,E y 兲.

1

1

−1

−2 −1

−1 −1 −2

−1 −1 1
1
−1 −1 1
+
Z11 − Z12 + 2Z13 − 2Z14
1
1 −1

冣冥

冣

, 共17兲

where def f is an effective distance between the metal strips
on each SRR.5,6 Clearly, this electric polarizability tensor is
anisotropic and exhibits two resonances, at those frequencies
where Z11 − Z12 − Z13 + Z14 ⬇ 0 or Z11 − Z12 + 2Z13 − 2Z14 ⬇ 0.
Only the odd resonances of Table II appear in Eq. 共17兲 because the excitation vector and the even eigenvectors are
= 0 in Eq. 共9兲.
orthogonal, i.e., Fe · veven
i
In summary, it has been shown that the coupling between
the faces of the CR made of Pendry’s SRRs shown in Fig.
1共a兲 splits the original resonance of a single SRR in four new
resonances. Besides, both magnetic and electric polarizability tensors are anisotropic, as can be seen from Eqs. 共14兲 and
共17兲. Finally, it is worth mentioning that the even modes can
also be called magnetic modes because they have a resonant
magnetic moment and can be only excited by an external
magnetic field but not by an external electric field. Similarly,
the odd modes are electric modes because they present a
resonant electric dipole, which can be only excited by an
external electric field. The reported conclusions are quite relevant for our analysis because they show that a cubic arrangement of Pendry’s SRRs will not be only anisotropic but
it will also show several different resonances around the isolated SRR resonance, thus destroying any possibility of a
single-resonance Lorentzian behavior of the metamaterial.
B. Analysis of an isotropic cube

It was already shown in Sec. II B that, in order to ensure
an isotropic behavior, the CR has to be invariant at least
under the tetrahedron symmetry group T = 兵具1 , 4x · 4y , 4y · 4x典其.
The T-CR shown in Fig. 1共c兲, made of six NB-SRRs,8,13 is a
good example of particle obeying this symmetry. By using
the symmetry transformations and the rule 关Eq. 共5兲兴, its impedance matrix can be significantly reduced to

Z=

共15兲

Taking into account the sign of the charges induced over the
rings, it is clear that the electric dipole has to be proportional
to

冢

冢

−2

冤

Z11

Z12

Z13

− Z13

Z13

− Z13

Z12

Z11

− Z13

Z13

− Z13

Z13

Z13

− Z13

Z11

Z12

Z13

− Z13

− Z13

Z13

Z12

Z11

− Z13

Z13

Z13

− Z13

Z13

− Z13

Z11

Z12

− Z13

Z13

− Z13

Z13

Z12

Z11

冥

, 共18兲

where there are just three independent components. All eigenvalues and a complete set of orthonormal eigenvectors of
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TABLE III. Eigenvalues and a complete set of orthonormal
eigenvectors of the impedance matrix 关Eq. 共18兲兴 corresponding to
isotropic cubic resonators symmetric under the tetrahedron group
T = 兵具1 , 4x · 4y , 4y · 4x典其, as, for instance, the structure shown in Fig.
1共c兲.

culated as res ⬇ 关C共M 12 + L兲兴−1/2, while the magnetic polarizability tensor takes the form

Eigenvectors vi

Eigenvalues zi

1

冑2
Even
modes

共0 , 0 , 1 , 1 , 0 , 0兲

1

Z11 + Z12

冑2 共0 , 0 , 0 , 0 , 1 , 1兲
1

冑2 共1 , 1 , 0 , 0 , 0 , 0兲
1

2冑3

共1 , −1 , −2 , 2 , 1 , −1兲

Z11 − Z12 − 2Z13
Odd
modes

1
共1 , −1 , 0 , 0 , −1 , 1兲
2
Z11 − Z12 + 4Z13

1

冑6 共−1 , 1 , −1 , 1 , −1 , 1兲

this matrix are shown in Table III. If we compare Tables III
and II, we immediately find some similarities. In both cases,
the eigenvectors can be classified into even and odd types,
and the eigenvalues in Table III can be obtained from those
of Table II by making Z14 = −Z13. Furthermore, the odd and
even subspaces are kept, and only the two subspaces of the
even eigenvectors are unified into a single subspace due to
the eigenvalue degeneration induced by the additional rotation symmetry 4x · 4y.
Let us now analyze the resonances and polarizabilities of
the T-CR by following the procedure developed in the previous subsection. By considering a homogeneous external
magnetic excitation, the corresponding excitation vector 关Eq.
共13兲兴 can only excite the even modes, thus leading to the
isotropic magnetic polarizability tensor

␣

mm

␣mm ⬇

冤 冥

1 0 0
− 2jA2
0 1 0 ,
=
Z11 + Z12
0 0 1

共19兲

which, in fact, corresponds to the substitution Z14 = −Z13 in
Eq. 共14兲. The self-impedance in Eq. 共19兲 is given by Z11
= R + jL + 共jC兲−1, with R, L, and C being the resistance,
self-inductance, and self-capacitance of a single NB-SRR.8
The mutual impedance in Eq. 共19兲 can be approached as
Z12 ⬇ j M 12, where M 12 is the mutual inductance between
two NB-SRRs placed on opposite sides of the CR. This approximation is reasonable since the electric field is concentrated inside the gap of the NB-SRR, while the magnetic
field created by a NB-SRR spreads out in space. Using these
relations, the frequency of resonance of the CR can be cal-

冤 冥

1 0 0
22CA2
0
1 0 .
1 − 2共L + M 12兲C + jRC
0 0 1

共20兲

This formula shows a Lorentzian-like magnetic response,
similar to that of the single planar NB-SRR but isotropic in
three dimensions.
With regard to the behavior of the considered CR under
an external electric excitation, since the NB-SRRs cannot be
excited by an external electric field,8 the present theory predicts the absence of any resonant response to this excitation
共of course, the CR will exhibit a nonresonant electric polarizability due to the static electric moments induced on each
ring, which is of no interest in the frame of the present discussion兲. However, experiments reported in Ref. 13 have
shown that the considered CR exhibits a weak magnetoelectric coupling at the same resonant frequency, res = 关C共M 12
+ L兲兴−1/2, as in Eq. 共20兲. Therefore, this phenomenon does not
affect neither the isotropy nor the single-resonance behavior
of the considered CR. Since the tetrahedron symmetry group,
T, does not include the inversion transformation, this result is
not forbidden for T-CRs. Although the origin of this effect
will be qualitatively explained below in Sec. IV, it can be
advanced that it is basically due to a second order electric
interaction between SRRs, which is ignored in the equivalent
circuit approximation developed in this section. Actually, the
presence of this second order effect near the CR resonance
shows how important the analysis of the spatial symmetries
is in order to predict the behavior of metamaterial resonators:
it seems that any effect not forbidden by symmetry will actually appear in practice, regardless of the equivalent circuit
models. It is worth recalling here that this magnetoelectric
coupling disappears if the T-CRs are arranged in an fcc lattice with b = 2a, as explained at the end of Sec. II B.
IV. EXPERIMENTS

For the experimental verification of the theory developed
in the previous sections, some anisotropic and isotropic CRs
were manufactured. Each CR was inserted into a standard
WR430 waveguide, as shown in Fig. 6. The testing procedure starts from the fact that the particle is isotropic if their
polarizability tensors are invariant by any rotation. Therefore, all CRs were subjected to several rotations and the
transmission coefficient through the waveguide was measured using a network analyzer HP-8510. If the measured
CR were isotropic, then the measured transmission coefficient would remain invariant after rotations.
Namely, two anisotropic cubes made of Pendry’s SRRs
and omega particles and two isotropic cubes made of
C2-SRRs 共actually NB-SRRs8兲 and C4-SRRs 共see insets in
Fig. 7兲 were implemented. All SRRs were etched on Arlon
250-LX substrate with dielectric constant r = 2.43, loss tangent tan ␦ ⬍ 0.002, and thickness t = 0.49 mm. In order to
check the similarity between the SRRs belonging to the same
CR, their resonance frequencies were measured by placing
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FIG. 6. 共Color online兲 Experimental setup for checking the isotropy of cubic resonators. In the illustration, a cubic resonator made
of Pendry’s SRR is placed inside a pair of standard waveguidecoaxial transitions WR430 connected to a network analyzer HP8510-B. The transversal dimensions of the waveguide are 109
⫻ 55 mm2 and its frequency range is 1.7– 2.6 GHz. The cube is
held by a piece of electromagnetically inert foam at an arbitrary
orientation.

each one in the E plane of the waveguide, obtaining the
following values: f 0Pendry’s SRR = 共2.321± 0.002兲 GHz, f ⍀
0
= 共2.216± 0.002兲 GHz, f C4-SRR
= 共2.399± 0.001兲 GHz, and
0
f NB-SRR
= 共2.385± 0.002兲 GHz. These results show that sig0
nificant deviations from these values 共of more than
0.002 GHz兲 in the measured resonances of the transmission
coefficients for the CRs must be interpreted as a resonance
splitting due to SRR couplings, and not due to fabrication
imprecision. The SRRs were assembled over a cube of isotropic dielectric 共ROHACELL 71 HF, r = 1.07, tan ␦
⬍ 0.0002兲 of size 2 ⫻ 2 ⫻ 2 cm3. More details on the preparation of the experiments are given in Ref. 41.
A. Anisotropic cubes

First, the CRs not satisfying the necessary spatial symmetries for isotropy were tested. Figure 7共a兲 shows the transmission coefficient through the waveguide loaded with the
CR made of Pendry’s SRRs. Two observations are apparent:
there are three major resonance peaks and none of them stays
invariant under rotations of the cube. Therefore, this CR is
anisotropic, as theoretically predicted by the symmetry
theory in Sec. II B. However, the circuit model developed in
Sec. III A predicts the presence of four different resonances,
but not three, as can be observed in Fig. 7共a兲. Although this
fourth resonance is not clearly visible in Fig. 7共a兲, the dip at
the lowest frequency is split into two dips for the other different orientation shown in Ref. 42, thus recovering the
agreement with the theory. Furthermore, in Ref. 42, the nature of each resonance is identified as electric or magnetic.
The cube composed of omega particles was also experimentally tested. This cube has symmetry properties identical
as the cube made of Pendry’s SRR, i.e., it is invariant under
the inversion and the rotation 4y · 4x. The transmission coefficient for this measurement is depicted in Fig. 7共b兲, where
similar results as for the SRR cube can be observed. Namely,
the original resonance of a single omega particle now appears split in several resonances and the transmission coeffi-

FIG. 7. Transmission coefficient 共兩S21兩兲 through a waveguide
containing a cubic resonator made of 共a兲 Pendry’s SRRs, 共b兲 Omega
particles, 共c兲 C4-SRRs, or 共d兲 C2-SRRs 共or NB-SRR兲. Solid line: the
particle is oriented with its axes 共x , y , z兲 parallel to the waveguide
axes 共X , Y , Z兲 shown in Fig. 6. Dashed line: the first orientation is
rotated by 45° along the Y axis. Dash-dot line: the first orientation is
rotated by 45° along the Z axis and 45° along the Y axis. The size of
all cubes is 2 ⫻ 2 ⫻ 2 cm3. Dimensions of Pendry’s SRRs: external
radius rext = 7 mm, width of the strip w = 1.25 mm, distance between
strips d = 0.5 mm, and size of split gap g = 1 mm. Dimensions of ⍀:
rext = 8.5 mm, w = 1 mm, g = 1 mm, and the length of “legs” l
= 8 mm. Dimensions of C4-SRR: rext = 9.25 mm, w = 1.25 mm, d
= 0.5 mm, and g = 1.5 mm. Dimensions of C2-SRR: external radius
rext = 7 mm, width of the strip w = 1.25 mm, distance between strips
d = 0.5 mm, and size of split gap g = 1 mm.

cient changes for different orientations. However, the number of resonance dips in Fig. 7共b兲 is 5 instead of 4, as
previously predicted in Sec. III A. This failure of the model
can be attributed to a strong electric coupling between the
legs of two neighbors. In fact, it can be expected from the
CR depicted in Fig. 7共b兲 that the electric field between legs
of two omega particles on adjacent sides of the CR is comparable to the internal electric field in each omega particle.
Thus, the CR should be seen as an inseparable particle instead of six RLC circuits, as assumed in Sec. III.
An important result of the reported measurements is that
the relative frequency deviations between the different resonances of the CRs made of Pendry’s SRRs and omega particles 共10% or more with regard to the central frequency兲 are
of the same order that the bandwidths reported for most SRR
or omega based negative- metamaterials. Therefore, as advanced in Sec. III, it can be guessed that any metamaterial
made from such configurations will show multiple reso-
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FIG. 8. Simulated transmission coefficient 共兩S21兩兲 through the
cross polarization waveguide setup filled by T-CRs made of circular
共solid line兲 and square NB-SRRs 共dashed line兲. Dimensions of the
circular NB-SRR: external diameter 2rext = 20 mm, width of the
strip w = 2 mm, distance between strips d = 1 mm, and size of split
gap g = 1.6 mm. The square NB-SRRs have similar dimensions and
the same external perimeter. Cube edge was 24 mm long.

FIG. 9. Illustration of the bi-isotropic behavior of a T-CR made
of NB-SRRs driven by an external magnetic field.

nances inside the expected negative- frequency band, thus
destroying any single-resonance Lorentzian behavior.
B. Isotropic cubes

In order to show the usefulness of spatial symmetries to
provide isotropic resonators, the cubes made of C4-SRRs and
C2-SRRs 关see insets in Figs. 7共c兲 and 7共d兲兴, satisfying the
octahedron group O and the tetrahedron group T, respectively, have been tested. As shown in Sec. II B, both cubes
are symmetric enough to be isotropic. The transmission coefficients for these CRs are shown in Figs. 7共c兲 and 7共d兲. It
can be observed that the transmission does not depend on
their orientations, thus demonstrating their isotropy. Besides,
it can be seen that only one peak appear in both measurements, as predicted in Sec. III B. It is worth noting that a
similar result will be obtained for any CR satisfying any one
of the five cubic symmetry point groups 共T, Th, Td, O, and
Oh兲.
The cubes analyzed in this section have no inversion symmetry and, as mentioned at the end of Sec. III, they could
exhibit a bi-isotropic behavior. However, from the experimental curves, it is impossible to see whether the analyzed
CRs are bi-isotropic or not. To examine this possibility, electromagnetic simulations of a square waveguide loaded with
T-CRs were made. The input port was fed by the TE10 mode,
while the TE01 mode with orthogonal polarization was measured on the output port. The resulting cross-polarization
transmission coefficient is shown in Fig. 8. The nonzero
transmission means that the incident electric field can excite
not only a parallel electric dipole but also a parallel magnetic
dipole. From reciprocity, it is also clear that an incident magnetic field can excite both magnetic and electric dipoles parallel to the exciting field. This result clearly shows the biisotropic behavior of the C2-SRR cube. In order to show that

the bi-isotropy can be avoided by including the inversion
symmetry in the configuration, a similar simulation was carried out for the Th-CR shown in Fig. 1共d兲, already proposed
in,13 which possesses an inversion symmetry. The transmission coefficient, not depicted here, was almost zero and of
the same order as the transmission through the waveguide
without any resonator, thus showing that this last configuration is not bi-isotropic.
As already reported, the bi-isotropy of the T-CR cannot be
explained by the circuit model proposed in Sec. III. The explanation of this effect seems to rely on the electric coupling
between the edges of two SRR on adjacent faces of the cube.
To understand this in a qualitative way, let us assume that the
cube is driven by an external magnetic field feeding only two
resonators in the cube, as shown in Fig. 9. This figure also
depicts the current and corresponding charges induced by the
external field on each NB-SRR. Due to the inversion symmetry of the NB-SRR, the electric dipole generated by the
excited resonators is zero.8 However, Fig. 9 also shows how
the induced resonant charges polarize the other 共not excited兲
rings. These are polarized in such a way that the CR acquires
a net electric dipole, as sketched in the figure. This dipole
does not excite an extra net current on the NB-SRR since the
polarization charge symmetrically flows on both halves of
the resonator. Therefore, this effect is not taken into account
by the circuit model reported in Sec. III. However, it introduces a nonzero magnetoelectric polarizability that cannot be
extracted from that model. According to the above explanation, it is expected that magnetoelectic coupling will increase
if the electric coupling between the edges of neighboring
resonators grows. To check this hypothesis, the crosspolarized transmission was also computed for square rings
共see dashed line in Fig. 8兲. The enhancement of the magnetoelectric coupling can be clearly observed in this case.
At the end of Sec. II, it was mentioned that this biisotropic behavior would disappear in an fcc cubic lattice
with b = 2a 共see Fig. 3兲. In that section, this behavior was
predicted on the basis of the particular symmetry of this specific lattice. The illustration in Fig. 9 of the bi-isotropy of an
isolated CR made of six identical NB-SRRs also provides a
qualitative physical interpretation of such result: if additional
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SRRs were added to Fig. 9 in order to make an fcc cubic
lattice, it becomes apparent that the induced charges on the
nonresonant additional SRRs will cancel the total electric
dipole shown in the figure.

C02-02, by the Spanish Junta de Andalucía under Project No.
P06-TIC-01368, and by the Grant Agency of Czech Republic
under Project No. 102/03/0449. Authors also thank Esperanza Rubio for manufacturing the resonators used in the experiments.

V. CONCLUSIONS

A systematic approach to the design of isotropic magnetic
metamaterials by using isotropic cubic magnetic resonators
in a cubic lattice has been developed. For this purpose, cubic
magnetic resonators obeying some cubic point groups of
symmetry 共T, Td, Th, O, or Oh兲 placed in cubic Bravais’
lattice 共sc, bcc, or fcc兲 were analyzed. Special care has been
taken in the study of the symmetry of the constitutive elements 共also called cubic resonators or CRs兲. For practical
reasons, CRs made of six modified SRRs assembled over the
surface of a cube were considered. The connection between
the orientations of these SRRs over the cube and the cubic
point groups of symmetry has been analyzed. Starting from
this analysis, some particular examples of anisotropic and
isotropic CRs were analyzed, manufactured, and measured.
It was analytically and experimentally shown that the lack of
the necessary symmetry leads to an anisotropic response. In
experiments, the transmission through a waveguide loaded
with the manufactured CRs was measured, getting a strong
dependence of this parameter on the orientation for anisotropic CRs, while the transmission was invariant with respect
to the orientation for isotropic CRs. Furthermore, the splitting of the isolated SRR resonances into several resonances
was observed in anisotropic CRs. This effect is absent in
isotropic CRs, which always show a single resonance. Most
of these effects were theoretically explained by using an
equivalent circuit model, which takes into account the electromagnetic couplings between the SRRs making the analyzed CRs.
From a practical standpoint, we have found that using
some low symmetry CRs, pertaining to the tetrahedral group
T or Th, placed in a cubic Bravais lattice is enough to provide
isotropy in three dimensions. Using CRs with lower symmetry results in an anisotropic behavior, even if the dipole representation of the SRRs suggests an isotropic behavior. In
general, using cubic resonators pertaining to a symmetry
group which does not include inversion 共such as the symmetry group T兲 produces a bi-isotropic behavior, even if the
isolated SRRs making the metamaterial do not present magnetoelectric coupling. However, this bi-isotropy can be
avoided by a proper choice of the lattice. In particular, it has
been shown that cubic resonators pertaining to the aforementioned T group placed in an fcc lattice with the appropriate
periodicity can produce a purely magnetic isotropic behavior.
We hope that the reported results will pave the way to the
design of isotropic three-dimensional periodic metamaterials
with a resonant magnetic response, including negative permeability and left-handed metamaterials.

APPENDIX: ELECTRIC EXCITATION OF THE CUBIC
RESONATOR MADE OF PENDRY’S SPLIT RING
RESONATOR

Let us assume a single SRR placed in the xy plane with its
two slits along the x axis. The electromotive force can be
approximated by averaging the path integral of the external
electric field through the gap along the circumference of the
particle, so that
emf = 具Eext · def f 共兲典 = 2Eext
y def f
=

1


冕



cos共 − /2兲d

0

4
def f Eext
y .


共A1兲

It is worth noting that the two halves of the SRR are polarized in the same direction,5,6 so that it justifies the factor 2 in
front of the integral and its integration domain 共0 , 兲. Now,
let us generalize the electromotive force of Eq. 共A1兲 to get
the “excitation vector” for the CR made of Pendry’s SRRs
shown in Fig. 1共a兲. Taking into account the sketch of the
excitation shown in Fig. 5, it easy to get the following electric excitation vector:
Fe =

4
ext
ext ext
def f 共Ezext,− Ezext,− Eext
x ,Ex ,− E y ,E y 兲.


共A2兲

In what follows, for simplicity, the superscript ext will be
avoided. By introducing Eq. 共A2兲 in Eq. 共9兲, we get the
associated currents

冢冣
I1
I2
I3
I4
I5
I6

冢 冣
冢 冣
Ex + Ey + 2Ez

4
def f
3
=
Z11 − Z12 − Z13 + Z14

− Ex − Ey − 2Ez

− 2Ex + Ey − Ez
2Ex − Ey + Ez

Ex − 2Ey − Ez

− Ex + 2Ey + Ez

− Ex − E y + Ez

4
def f
3
+
Z11 − Z12 + 2Z13 − 2Z14

Ex + E y − Ez

− Ex − E y + Ez
Ex + E y − Ez

.

− Ex − E y + Ez
Ex + E y − Ez

共A3兲
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The electric dipole for a single SRR can be expressed in
terms of a linear charge density  as5,6

245115-12

PHYSICAL REVIEW B 76, 245115 共2007兲

TOWARDS A SYSTEMATIC DESIGN OF ISOTROPIC BULK…

py = 2r0def f

冕



cos共 − /2兲d = 4r0def f ,

兩py兩 =

共A4兲

0

where def f is an effective distance between the two metallic
strips forming the SRR. The charge density on the inner, Ii,
and outer rings, Io, of the SRR can be calculated by means of
the charge conservation law as follows:
1 dIi,o
dIi,o
= jri,0 ⇒ i,0 =
.
d
j r d

1 兩I兩
.
兩兩 =
j r 

p=

冤

32d2ef f
1
p=
2
3j Z11 − Z12 − Z13 + Z14

Although Ii and Io are not uniform through , the sum of
both, Ii + Io, is approximately constant and equal to the current I, which is actually the effective current associated with
the averaged loop. By Eqs. 共A4兲 and 共A6兲, we obtain
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共A8兲

冢

冢

− 2Ex + Ey − Ez
Ex − 2Ey − Ez
− Ex − Ey − 2Ez

− Ex − E y + Ez
1
−
Ex − E y + Ez
+
Z11 − Z12 + 2Z13 − 2Z14
Ex + E y − Ez

冣冥

.

冣
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Abstract
The article proposes an LC-circuit model for single split ring resonators (SRRs) operating at far infrared and optical frequencies.
Taking the effects of magnetic and kinetic inductances as well as gap and surface capacitances into account, we obtain analytical
expressions for the resonant frequency of the singly, doubly, and quadruply split SRRs. Comparing the analytical results with
numerical simulations, we show that the numerical simulations agree better with the present model than with the models reported
previously. We also discuss a size dependent correction to the electron collision frequency which takes into account electron collisions
with SRR walls.
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Since the seminal work of Pendry et al. [1] split ring
resonators (SRRs) have been intensively used for the
design of metamaterials from microwaves to terahertz
frequencies [2]. Due to technological constraints, the
original design evolved to a single ring design for operation in the far infrared [3] and, eventually, the optical
range. SRRs have the intrinsic advantage of a potentially
very small electrical size at resonance, provided a strong
gap and surface capacitances (see below) can be technologically achieved. The main drawback of SRRs for
operation at high frequencies (far infrared and optics)
is the saturation of the frequency of resonance and the
simultaneous decrease of polarizability [4]. The main
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aim of this article is to develop an analytical model for
the description of single ring SRRs operating at infrared
and optical frequencies. This model will be useful as a
first step in the design, in order to identify the most relevant physical effects at such frequencies, as well as to
provide insight on the potentialities of single ring SRRs
for operation in the aforementioned frequency range.
The single ring SRR is shown schematically in Fig. 1,
where r is the mean radius, h is the height, w is the
width, and g is the gap width. The resonant properties of
a metallic SRR depend on its geometry and the complex
permittivity of the metal. At high frequencies, the permittivity of bulk metals is commonly approximated by a
Drude model


ωp2
(0)
˜ = 0 i −
,
(1)
(0)
ω(ω − jfc )

58
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Fig. 1. Geometry of the singly split single SRR.
(0)

where i is the background permittivity of the ions, ωp
(0)
is the plasma frequency, and fc is the electron collision frequency. These parameters have a well defined
physical meaning and are often assumed to be independent of frequency. However, actual behavior of the
permittivity can substantially deviate from this model.
These effects can be formally introduced in formula (1)
by means of a phenomenological frequency dependent
background permittivity i which includes effects such
as the interband transitions of electrons [5,6], as well
as a phenomenological frequency of electron collision
(0)
fc , which may differ from the generic values i and
(0)
fc , while being of the same order of magnitude. Furthermore, when SRR is scaled down for operation at far
infrared and optical frequencies, its effective permittivity becomes substantially different from the bulk metal
permittivity. Although this topic has been widely studied
in the past (see, for instance [7] and references therein),
these studies had small impact in metamaterial theory. In
metamaterial context, these effects have been studied in
[9] as applied to nanorods, some experimental observations were reported in [8] with regards to U-resonators,
but have not been discussed specifically for SRRs. The
dielectric permittivity of small size metamaterial particles depends on the size, shape, surface roughness,
environment and polarization of incident light [9]. The
classical approach for the analysis of the size and shape
dependence of the permittivity assumes that the effective
electron collision frequency must be corrected through
the equation [10,11]:
vF
fc = fc + A
(2)
Leff
where A is a dimensionless parameter usually close to
unity, vF is the Fermi velocity and Leff an effective mean
free path which takes into account the size and shape of
the particle. For spherical particles, both the classical and
the quantum approaches confirm the general dependence
Leff ∼R, where R is the radius of the sphere (see [11] and
references therein). For particles of complex shape, such

Fig. 2. Evolution of the effective electron collision frequency for a
typical SRR as a function of the SRR size. The rings are made of gold
(dashed line) and silver (solid line).

as the SRR, rigorous analysis is more involved and yields
the expression:
Leff =

4V
,
S

(3)

where V is the volume of the particle, and S is the area
of its surface [11]. Using this equation, and considering
the SRR as made of a metallic wire of cross section w ×
h and length 2πr  w, h we obtain the size-dependent
correction to the electron collision frequency in the form


1
1
+
fc ≈ fc + AvF
2w 2h


1
A
A
= vF
+
(4)
+
le
2w 2h
where le the mean free path of electrons in the unbounded
metal. In Fig. 2 the correction to the collision frequency
for SRRs made of silver and gold is plotted against the
SRR radius for w = h = 0.3r, which may be considered a reasonable aspect ratio. In this figure it has been
assumed that A = 1 and that the frequency of collision
and the mean free path are given by its low frequency
(0)
(0)
values, i.e. fc = fc = 27.3 THz, le = le = 52 nm for
(0)
(0)
silver, and fc = fc = 40.8 THz, le = le = 38 nm for
gold. Fig. 2 shows that the frequency of collision grows
dramatically for particle radius below 100 nm (i.e. for
wire sections roughly of the same order as the mean
free path of electrons). For larger sizes this effect is
less important. There are other effects that may affect
the effective frequency of collision of metamaterial ele-

V. Delgado et al. / Metamaterials 3 (2009) 57–62

ments, such as the aforementioned interband transitions,
surface roughness and matrix environment (see, e.g. [9]
and references therein). However, the size, and shape
effects summarized in Eq. (2) usually outweigh all other
factors when the structural details of the particle become
smaller than the mean free path of electrons [11].
Once the frequency, size and shape dependence of
the metal permittivity has been discussed, our aim is
to develop an analytical circuit model for the SRR,
including all relevant effects at far infrared and optical frequencies. Specifically, we will develop a closed
expression for the resonant frequency of the SRR. When
the dimensions of the ring’s cross section approach
the plasma wavelength (also tens of nanometers for
most metals), inertia of conduction electrons becomes
important. The inertia can be characterized by a kinetic
inductance [12,13]. The kinetic inductance scales as
1/r, whereas the magnetic inductance scales as r. For
small rings, the kinetic inductance dominates over the
magnetic one, and the resonant frequency of the SRR
becomes independent of its size [4]. To explain the
saturation of the resonant frequency of the SRRs at
optical frequencies, several LC circuit models have
been proposed that included the kinetic inductance in
addition to the magnetic inductance and the gap capacitance [4,14,15]. The latter characterizes the parallel-plate
capacitor formed by the gap. The charges in the gap,
however, are not the sole source of the ring’s capacitance. The charges on the ring’s surfaces will also play a
role. A recent study [16] took these charges into account
by introducing a surface capacitance in addition to the
gap capacitance. At microwave frequencies, the surface
capacitance can significantly contribute to the resonant
frequency of the single SRR. The question that arises
now is whether the surface capacitance also plays a role
at optical frequencies, and, still more important, whether
the addition of this effect is enough to accurately characterize the behavior of the SRR. To answer this question,
we obtain in this article an analytical expression for the
resonant frequency of the SRRs taking into account all
four contributions: the kinetic and magnetic inductance
and the gap and surface capacitance. We will show that
including the surface capacitance significantly improves
the agreement between the analytical results and numerical simulations. Subsequently, we will further extend
this analysis to doubly and quadruply split rings.
At far infrared and optical frequencies, we can still
assume that |˜|  0 i , see Eq. (1). From the continuity of the normal component of D = jω˜E at metal–air
interfaces follows that the electric field lines are strongly
confined inside the ring. Therefore, we can define a total
current inside the ring as It ≈ jω˜Er S, where Er is the
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electric field inside the ring, and S is the area of the ring’s
cross section. This current includes both conduction and
displacement currents and, due to the confinement effect,
is approximately uniform along the ring (provided that
the gap is small relative to the ring’s circumference:
g  2πr). We can, therefore, take the magnetic inductance as that of a closed ring with the mean radius r (see,
e.g. Ref [17])


8r
1
−
.
(5)
Lmag = μ0 r log
h+w 2
Because the electric field is well confined inside the ring,
it has mainly the azimuthal component. Therefore, taking
Eq. (1) into account, the electromotive force along the
ring can be approximated by



1
E = Edl ≈ jωLkin +
(6)
+ R It ,
jωC
where Lkin the kinetic inductance, C is the total capacitance of the SRR, which includes both the gap and the
surface capacitances, and R is the ohmic resistance of
the ring. Because the SRR radiates, the total resistance of
the ring is the contribution of ohmic and radiation losses.
However, in bulk metamaterials the radiation resistance
of the elements does not play a significant role due to the
cancellation between the radiation fields of the different
metamaterial elements. Therefore, we are only interested
in the correction to ohmic losses and we will not take
care of radiation losses. The ring ohmic resistance can
be approximated by
R=

(2πr − g)fc
,
Sωp2 ε0

(7)

and the kinetic inductance by [13]
Lkin =

(2πr − g)
.
Sωp2 ε0

(8)

As shown in Ref. [16], the total capacitance of the
SRR can be presented as a sum of the gap, Cgap , and the
surface, Csurf , capacitances
Cgap = ε0

hw
+ ε0 (h + g + w)
g

(9)

and
Csurf =

4r
2ε0 (h + w)
log .
π
g

(10)

The final expression for the total current inside the
ring is
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jω(Lmag + Lkin ) +


1
+ R It
jω(Cgap + Csurf )

= −jωΦext

(11)

where Φext is the external axial magnetic flux through
the SRR, and the term jωLmag It accounts for the internal
magnetic flux through the SRR. The resonant frequency
is
ω0 =

1
.
(Lmag + Lkin )(Cgap + Csurf )

(12)

At optical frequencies, both the magnetic and kinetic
inductances should be taken into account. However,
when the ring is sufficiently small, the kinetic inductance dominates, and the resonant frequency saturates to
the value
ωs ≈

1
.
Lkin (Cgap + Csurf )

(13)

In Fig. 3 the analytically calculated values of the
resonant frequency, Eq. (12), are compared with CST
(0)
simulations for two different geometries. Since fc 
ω/2π in the frequency range of interest, the permittivity
of aluminum is mainly real. Therefore, it is not expected
that the corrections to the frequency of collisions will
considerably affect the resonant frequency of the SRR.
Nevertheless, in order to be sure of this assumption, the
simulated data were obtained using the low frequency
(0)
collision frequency fc = 121.9 THz, the corrected frequency of collision given by Eq. (4), and three times
this value1 without obtaining any meaningful deviation between them. As seen from Fig. 3, the agreement
between the analytical and numerical results is much better when the surface capacitance is taken into account.
For the rings of Fig. 3a, the mean difference between
the analytical and numerical calculations is 55% without
the surface capacitance and 13% with the surface capacitance. For the rings of Fig. 3b, the difference between
the analytical and numerical results is 59% without the
surface capacitance and 8% with the surface capacitance. Therefore, including the surface capacitance in
the model improves considerably the agreement between
the analytical and numerical results. The importance of
the surface capacitance at optical frequencies is also confirmed by the numerical simulations of the ring’s electric
field distribution near the resonance. As shown in Fig. 4
for the ring with r = 40 nm, the electric field is strong
1 Note that for aluminum, internal photoelectric effect occurs at
wavelengths below 8 m (see Ref. [5,6]). This requires an additional
correction to calculate the dissipation properly.

Fig. 3. Scaling of the resonant frequency of singly split SRRs: analytical calculations with the surface capacitance (solid line), without the
surface capacitance (dashed line), and numerical simulations (circles).
The analytical results agree much better with the numerical simulations
when the surface capacitance is taken into account. The parame(0)
ters are ωp = 2π · 3570 THz and fc = 121.9 THz; (a) w = h = 0.3r,
g = 0.1r and (b) w = 0.1r, h = r, g = 0.1r.

Fig. 4. Electric field distribution provided by CST simulation. The
field is confined in and around the gap.
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Fig. 5. Geometry of the doubly (a) and quadruply (b) split resonators.

outside the gap. This effect is taken into account by the
surface capacitance.
The agreement between the numerical calculations
and the analytical model with the surface capacitance is
surprisingly good taking into account the nature of the
approximations used to derive the expression for the surface capacitance, Eq. (10). This expression was obtained
in Ref. [16] from analytical expressions for the voltage
and surface charge distributions of an infinitely long thin
cylinder with an infinitesimal gap [18]. It was further
assumed that the surface charge distribution will be the
same for a finite SRR if the SRR is sufficiently high. As
can be seen in Fig. 3, the analytical results agree better
with the numerical simulations for the higher and thinner
ring.2
The expression for the surface capacitance derived in
Ref. [16] is for singly split SRRs. In this paper, we extend
the model by deriving expressions for the resonant frequency of doubly and quadruply split rings shown in
Fig. 5. Multiply split rings, due to their high symmetry,
could be used to mitigate bi-anisotropic effects [13]. As
previously, we assume that the width of the gaps is small
comparable to the rings’ circumference. Consequently,
both the magnetic and the kinetic inductances are the
same as for the singly split rings, Eqs. (5) and (8). Similarly, the gap capacitance of each gap is the same as for
the singly split rings, Eq. (9). The surface capacitance is,
however, different. Taking the expressions for the electric field distributions of multiply split cylinders from
Ref. [18] and following the approach of Ref. [16], we
can derive the expressions for the surface capacitances
associated with each gap of a multiply split SRR. For the
doubly split rings, we obtain
(2 gap)

Csurf

2

=

2ε0 (h + w)
2r
log ,
π
g

Fig. 6. Scaling of the resonant frequency of doubly (a) and quadruply (b) split SRRs: analytical calculations with the surface capacitance
(solid line), without the surface capacitance (dashed line), and numerical simulations (circles). The parameters are ωp = 2π · 3570 THz and
fc = 121.9 THz; w = h = 0.3r, g = 0.1r.

and for the quadruply split rings, we obtain
(4 gap)

Csurf

=

2ε0 (h + w)
r
log .
π
g

The gap and surface capacitances associated with
each gap are connected in series, so that the total capacitance of the doubly split SRR is
(2 gap)

Cgap + Csurf
.
(16)
2
The total capacitance of the quadruply split ring is

(2 gap)

Ctotal

=

(4 gap)

(14)

Note that another contribution to the capacitance has been recently
considered for SRRs at optical frequencies [19]. For the rings considered here, we found, however, that including this capacitance in the
model lead to insignificant changes in the resonant frequency.

(15)

Cgap + Csurf
.
(17)
4
To check the predictions of the analytical model,
we performed numerical simulations. The results are
shown in Fig. 6a for a doubly split SRR, and in Fig. 6b
for a quadruply split SRR. Analogously to the singly
split rings, including the surface capacitance improves
(4 gap)

Ctotal

=
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greatly the agreement between the numerical and analytical results. In fact, the difference between the analytical
and numerical results for the quadruply split rings is only
1% when the surface capacitance is taken into account,
whereas it is about 24% when the surface capacitance is
ignored.
In summary, we have developed an analytical circuit model which takes into account the most relevant
effects in single ring SRRs at far infrared and optical
frequencies, including size and shape dependence of the
metal permittivity, kinetic and magnetic inductances, and
surface and gap capacitances. We have obtained simple
analytical expressions for all these quantities for singly,
doubly and quadruply split SRRs, and it has been shown
that including these expressions in the model improves
greatly the agreement between analytical results and
numerical simulations. The accuracy of our model in
determining the resonant frequency of SRRs is typically
around a 10%.
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Abstract
It is shown that artificial magnetism with relatively large frequency bandwidth can be obtained
from periodic arrangements of dielectric rings. Combined with dielectric rods, dielectric rings
can provide 3D isotropic left-handed metamaterials which are an advantageous alternative to
metallic split ring resonators (SRRs) and/or metallic wires when undetectability by low
frequency external magnetic fields is desired. Furthermore it is shown that, unlike conventional
SRRs, dielectric rings can also be combined with natural plasma-like media to obtain a
left-handed metamaterial.

also be shown that connected networks of dielectric rods
(DRos) can be used for the design of negative permittivity
media, and that a combination of the two designs provides
a left-handed behavior. The advantages of these approaches
over conventional designs using dynamic Mie resonances will
be discussed. The paper is organized as follows. First it
will be shown that high permittivity DRs present magnetic
resonances that can be described using an LC quasi-static
model, in a rather similar way to that for capacitively loaded
rings and/or SRRs. Then, the usefulness of these resonances
for the design of negative permeability effective media will
be proven and discussed. The possibility of designing lefthanded metamaterials by combining DRs with other elements
will also be investigated. In particular, it will be shown that
combinations of DRs with a network of connected DRos,
similar to conventional combinations of SRRs and wires, can
provide a left-handed behavior. Finally, the effective medium
properties of a combination of DRs with natural plasma-like
media will be analyzed.

1. Introduction
Metamaterials, that is, artificial effective media with properties
not found in Nature, such as negative magnetic permeability
and/or permittivity, have recently been the subject of a big
wave of scientific interest due to the unique new physical
properties and promising applications (see, e.g., [1] and
references therein). For the present state of the art, the
most common way to artificial magnetism uses metallic
rings loaded either with a lumped capacitor [2] or with a
distributed capacitance [3]. This last configuration—the so
called split ring resonator (SRR)—is by far the most common
configuration due to its easy manufacturing by means of
standard photo-etching techniques.
There can be, however, other possibilities for obtaining
artificial magnetism, and, in particular, intensive research has
been recently aimed at the substitution of metallic particles
by purely dielectric resonators in order to reduce losses
and/or minimize interactions with low frequency external
magnetic fields. The overwhelming majority of these dielectric
resonators are based on Mie resonances of variously shaped
dielectric/plasmonic bodies such as long cylinders [4–6],
cubes [7–9] and spheres [10–15].
Throughout this paper we will show that uniform
dielectric rings (DRs) present unconventional LC quasi-static
magnetic resonances, which can be advantageously used in
the design of negative permeability effective media. It will
0953-8984/10/025902+06$30.00

2. The dielectric ring
To show the principle of operation of the DR, let us assume
a ring of mean radius a made of a ‘dielectric wire’ of radius
b, as sketched in figure 1(a). Let the permittivity of the
ring be ε = ε  (1 + i tan δ) and let the ring be placed in a
1
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Figure 1. (a) Sketch of the proposed dielectric particle.
(b) Equivalent circuit model.

homogeneous time varying magnetic field directed along the
ring axis. For high enough permittivities, ε , it can be assumed
that the electric field is strongly confined inside the ring due to
the boundary condition E ·n = ε0 /ε E0 ·n ≈ 0 (see figure 1(a)).
Therefore, assuming a uniform distribution of the electric field
inside the ring, an axial magnetic field will induce an uniform
displacement current in the ring given by

I = −iωε AE ϕ ,

Figure 2. Transmittances through a square TEM waveguide of lateral
size 4a loaded with a dielectric ring resonator with a = 15 mm and
r = 250 for several a/b ratios. Curves come from numerical
simulations. Arrows show the resonances predicted from the reported
analytical model.

(1)

where A = πb 2 is the cross-section of the wire and E ϕ
is the angular component of the electric field, which can be
determined from Faraday’s law:
2πa E ϕ = iω(φ int + φ ext ),

From (7) it follows that in order to reduce the electrical size
of the DR, high permittivity dielectrics and/or low a/b ratios
must be used. Since losses should increase with permittivity,
it will be advantageous to use a/b ratios that are as small as
possible. Assuming a/b = 3, we can see that in order to
achieve an electrical size a/λ0 ∼ 0.1, the real part of the ring
permittivity must be ε ∼ 100ε0 , which is a quite achievable
value at microwave and THz frequencies.
To check our analytical results, several DRs with different
a/b ratios have been designed and simulated using CST
Microwave Studio3 . To obtain the resonance frequency and the
field distribution at resonance, an ideal square TEM waveguide
(with upper and lower perfect electric conducting walls, and
lateral perfect magnetic conducting walls) was loaded with a
dielectric ring, and the scattering parameters were calculated.
The dielectric ring was placed at the center of the TEM
waveguide, with its axis along the incident magnetic field
direction. With this configuration, any resonance of the
dielectric ring will appear as a sharp dip in the transmission
coefficient.
Figure 2 shows the simulated transmission
coefficients and the resonances predicted by our analytical
model for several values of the a/b ratio. A very good
agreement can be observed, even for a/b ratios as small as
a/b = 3. The higher order DR resonances which appear in the
figure for the smaller a/b ratio are electric resonances, whose
description is outside the scope of our model. The electric
field simulations shown in figure 3 also confirm the hypothesis
underlying the model, particularly the uniformity of the field
along the ring. Besides the dielectric nature, a noticeable
advantage of the proposed DR is that it allows for the design of
unit cells exhibiting full cubic symmetry (Oh group symmetry),
thus being able to form isotropic metamaterials [17]. Such an

(2)

where φ int = L I is the internal magnetic flux due to the selfinductance of the ring and φ ext is the external driving magnetic
flux. Substituting (1) into (2) we obtain


2πa
+ iωL I = −iωφ ext .
(3)
iωε A
In (3) the first term in the bracket can be easily recognized as
the impedance Z = (1/R − iωC)−1 coming from the parallel
combination of a capacitor C and a resistor R :

C=

ε A
;
2πa

R=

2πa
Aωε tan δ

(4)

which formally are the capacitance and the resistance of an
ideal parallel plate capacitor of plate surface equal to the wire
cross-section and the distance between plates equal to the
circumference of the ring. Equation (3) leads to the equivalent
circuit shown in figure 1(b), where L can be evaluated as [16]

L = μ0 a[ln(8a/b) − 7/4].

(5)

Equation (3) can also be used to calculate the axial magnetic
polarizability of the particle:
mm
αzz
=

(1 + i tan δ)(πa 2 )2 /L
ω2

( ω02 − 1 − i tan δ)

,

(6)

√
where ω0 = 1/ LC . Therefore, the electrical size of the DR
at resonance is
√
2a
2
1
a/b
 .
=
√
(7)
λ0
π
[ln(8a/b) − 7/4] εr

3 In the case of figures 2, 3, 9 the time domain solver (FDTD) has been used.
The structure was fed by TEM waveguide ports. In the case of figures 7
and 8 the eigensolver with the Jacobi–Davidson computation scheme has been
used. In both simulations the PEC or PMC walls have been used on allowed
symmetry planes. The mesh used globally 20 mesh cells per wavelength and
local refinement in the rings/wires with 15 mesh cells along the wire diameter.

2
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Figure 3. Vector and contour plot of the electric field intensity in the
vicinity of the dielectric ring resonance. The incident wave is the
TEM waveguide mode with the magnetic field along the axis of the
ring. The contour plot shows the absolute value of the field. The ring
and waveguide parameters are the same as in figure 2.
(This figure is in colour only in the electronic version)
Figure 4. Effective permeability of an isotropic magnetic medium
composed of DRs. The geometrical ring parameters are a = 15 mm
and a/b = 5. The material is a commercially available dielectric,
denoted as K-250, from TCI Ceramics, with r = 250 and
tan δ = 0.005. The lattice constant is 45 mm.

isotropic composite, whose unit cell is shown in the inset of
figure 4, can be described using the homogenization model
developed in [18, equation 13] combined with the magnetic
polarizability (6), which leads to the local effective magnetic
permeability

μ/μ0 = 1 +

α0
p3
2
ω0c
ω2

−1−

2 Ma
L

−

4 Mc
L

−

α0
3 p3

,

(8)

2
where p is the lattice constant, ω0c
= ω02 /(1 + i tan δ),
2 2
α0 = μ0 (πa ) /L and Ma and Mc are the mutual inductances
of the closest rings of the same orientation, placed in the
coplanar and the axial directions, respectively. Equation (8)
is depicted in figure 4. The theoretical relative bandwidth of
the negative permeability region shown in figure 4 is about
10%, whereas the simulated bandwidth is about 14% (see
figure 7, below), more than one order of magnitude larger than
in other previous designs of dielectric negative permeability
media using Mie resonances of dielectric rods, cubes or spheres
in free space [4–15]. The reason for this enhanced bandwidth
may be the strong confinement of current in the periphery of
the DR, which results in a stronger magnetic moment.

Figure 5. Equivalent circuit model of the unit cell of the connected
wire medium with a cubic lattice of periodicity p.

be approximated as [19]

Zw =

 


p
−iωμ0 p
+ 0.5275 ,
ln
2π
2πrw

(9)

where rw is the wire radius. However, as shown at the
beginning of this paper, if the wires are substituted by high
permittivity DRos, they also exhibit an additional capacitance
and resistance (4) which result in the impedance

Z=

3. Dielectric rods

−p
iωεπrw2

(10)

which must be added to the impedance (9). Now, the resulting
effective permittivity is

The high symmetry of DRs also suggests the possibility of
designing a 3D isotropic left-handed medium by combining
them with a connected network of metallic wires [19].
Actually, the field confinement concept underlying DR theory
can also be applied in the design of a fully dielectric and
isotropic left-handed metamaterial by substituting the metallic
wires with dielectric rods (DRos). To keep the explanation as
simple as possible, we will stick to the parallel plate waveguide
model of the cubic wire medium [1, section 2.2.2]. In the
framework of this model, the unit cell of such a medium is
equivalent to the circuit depicted in figure 5, where L/ p = μ0
is the per unit length inductance of ‘vacuum’, C/ p = ε is the
per unit length capacitance of ‘vacuum’, Z w is the impedance
of a wire section of length p , and p is the lattice constant. In a
metallic wire medium the wire exhibits an inductance that can

εrw = 1 −
where

ωp2 =

ε0 μ0 p 2
2π

1
ω2
ωp2

−

( p/rw )2
εr π

,

1
 
p
ln 2πrw + 0.5275

(11)

(12)

is the plasma frequency of the ordinary metallic wire medium.
From (11) it can be seen that the presence of the additional
wire capacitance shifts the resonance of the metallic wire
medium from zero frequency to the higher frequency ωr =
√
pwp /(rw r π). The permittivity (11) is plotted in figure 6
for some realistic structural parameters.
3
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Figure 7. The band diagram of the DR + DRo medium (solid lines)
with the unit cell shown in the inset and the band diagram of the DR
medium alone (dashed lines). The structural parameters are the same
as in figures 4 and 6; however the losses were omitted in the
band-structure calculation. Note that the flat longitudinal mode in the
DR band diagram will also appear in the combined structure, but has
been omitted to retain the clarity of the figure.

Figure 6. Effective permittivity of a connected dielectric wire
medium. The geometrical parameters are p = 45 mm and
rw = p/15. The material is commercially available dielectric SrTiO3
with r = 500 and tan δ = 0.01. The unit cell is shown in the inset.

4. The combined ring and rod medium
By combining the DR and DRo media of figures 4 and 6,
the isotropic DR + DRo medium with the unit cell depicted
in the inset of figure 7 is obtained. The band diagram
along the –X direction of this medium calculated using
CST Microwave Studio is shown in figure 7, along with the
band diagram for the DR medium only (losses were omitted
in this calculation). A backward-wave pass band with a
relative bandwidth of about 14% can be clearly observed
for the DR + DRo medium. This pass band appears quite
approximately at the negative permeability frequency band of
the DR medium shown in figure 4. The forward pass band for
the DR + DRo medium located at lower frequencies coincides
almost exactly with a similar pass band for the DRo medium
alone, which corresponds to the region of positive dielectric
permittivity below the resonance frequency ωr . The small
numerical discrepancies in the location of the pass bands and
stop bands between figures 7, 4 and 6 can be attributed to the
effect of spatial dispersion, not considered in our analytical
model. It should be mentioned, however, that these effects
could be included in the model using the general formalism
developed in [18].

Figure 8. Band diagram of the DR medium immersed in the host
material with permittivity ε = 5ε0 . The structural parameters are
equal to those of figure 7.

lattice into the host medium with ε = 5ε0 and calculated
the band diagram using CST Microwave Studio. The result
is depicted in figure 8. As can be observed, the material still
exhibits the expected stop band at around 1 GHz and indeed its
fractional bandwidth increased to approximately 27%. Further
increase in the background permittivity (the value of 12ε0 has
been tested) starts to change the band structure considerably,
revealing for example a left-handed pass band in the region
of previous stop band. The reason for such unexpected
features can however be easily explained. Although the
high permittivity background does not greatly affect the ring
capacitance, it considerably enlarges the electrical size of unit
cell (with respect to the wavelength of the host) and we are thus
in the realm of photonic crystals rather than of homogenizable
media. This analysis thus shows that the addition of a positive
dielectric background can enlarge the negative permeability

5. Dielectric rings in a dielectric background
An interesting property of DRs is, that, in principle, the
reported expression for capacitance (4), as well as for the
magnetic polarizability (6), and the results for the magnetic
permeability, are independent of the characteristics of the
host medium. Increasing the permittivity of the host medium
however implies a smaller jump of the dielectric constant
across the ring interface, and therefore a weaker field
confinement, a feature that may affect the results in practice.
On the other hand, as suggested in [11], the introduction of a
permittivity background can lead to increased bandwidth of the
negative permeability region, making such trials worthwhile.
In order to test this hypothesis we have introduced the DR
4
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plasma frequency. The plasma frequency of metals is beyond
the optical range, where achieving the large permittivities
needed for the proposed DR designs seems almost impossible.
However, some semiconductors such as InSb [22], and others,
present plasma frequencies and relatively low losses in the
terahertz range, where the high dielectric constants needed
for DR media design can be easily achieved. Therefore,
a semiconductor matrix with DR inclusions seems to be
a promising structure for left-handed media design at THz
frequencies.

6. Conclusions
It has been shown that a high permittivity DR can resonate
at microwave and terahertz frequencies, providing strong
artificial magnetism with a frequency band of effective
negative permeability one order of magnitude larger than for
other previously proposed dielectric designs. By combining
these DRs with DRos or with a plasma-like host medium,
a left-handed behavior can be achieved. Combinations of
DRs with DRos may be useful for the design of left-handed
metamaterials when interactions with external low frequency
magnetic fields should be minimized. A composite made of
DR inclusions in a host semiconducting media near its plasma
frequency appears to be a promising alternative for the design
of left-handed media at terahertz frequencies. Lastly, it is
also worth mentioning that the use of ferroelectrics in DRs or
DRos can lead to significant tunability of the above proposed
systems.

Figure 9. Transmittance through a five unit cells thick slab of DRs
combined with homogeneous
plasma. The plasma frequency has
√
been set to ωp = 2π 109 2s −1 and the collision frequency to
f c = ωp /1000. The gray-shaded area shows the region of the stop
band in figure 7 arising from negative permeability. The structural
parameters are the same as for figure 4.

bandwidth. However, unless the electrical size of the DR
is very small, the presence of the host dielectric may lead
to strong spatial dispersion or even prevent any attempt at
homogenization.
The use of a low permittivity background also raises
the question of whether negative permittivity can be used.
In this case however another issue may appear. It is well
known [20, 21, 1] that mixing two composites of negative
permittivity and permeability does not ensure a left-handed
behavior. In particular, an array of SRRs immersed in a
homogeneous negative permittivity medium does not provide a
left-handed metamaterial, because the capacitance distributed
along the SRR becomes negative (that is, in fact inductive)
due to the negative permittivity of the host medium [1].
Fortunately, as mentioned in the previous paragraph, the
capacity of the DR should be independent of the surrounding
medium. In order to further study this property of DR
composites, the transmittance through a five unit cells thick
slab of the DR medium, shown in figure 4, immersed in a
plasma-like medium of permittivity ε/ε0 = 1 − ω2p /(ω(ω −
i f c )), has been computed using CST Microwave Studio. The
result is shown in figure 9.
A clear pass band in the frequency band of negative
permeability of figure 4 can be observed, in agreement with
the above hypothesis. Apart from this left-handed band,
the structure also exhibits a right-handed pass band at lower
frequencies, which results from the plasmonic resonances
supported by the ring for high values of the negative
permittivity of the host medium. The ripples observed in
both pass bands are Fabry–Perot resonances due to the finite
width of the sample. The above results for the DR furthermore
suggest that also previously proposed dielectric metamaterials
based on magnetic Mie resonances would provide left-handed
media when immersed in a low value negative permittivity
medium.
Apart from in gaseous hot plasmas, low valued negative
permittivity is present in metals and in semiconductors near its
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The main goal of this contribution is to show that periodic arrangements of chiral scatterers can be the basis
for the development of three dimensional and isotropic negative refractive index artificial media. Three dimensionality and isotropy are key issues in this context since only three dimensional structures can be properly
viewed as a “medium,” and only in isotropic media the refractive index is unambiguously defined. The
proposed arrangements are cubic lattices of chiral split ring resonators conveniently designed to yield an
isotropic behavior. The reported structures are shown to provide a significant frequency band of negative
refraction with good matching to free space.
DOI: 10.1103/PhysRevB.77.205110

PACS number共s兲: 41.20.Jb, 42.70.Qs, 78.20.Ci, 78.20.Ek

I. INTRODUCTION

Isotropic negative refractive index 共NRI兲 media were first
proposed and analyzed by Veselago in 1968,1 but its practical
implementation was not envisaged until recently, after the
results of Smith et al.2 It should be pointed out that the
refraction index can only be unambiguously defined in three
dimensional isotropic media and that most reported practical
realizations of media exhibiting negative refraction fall into
the category of indefinite media3 rather than into the category
of isotropic NRI or “left-handed”1 media. Actually, the development of an isotropic NRI medium is still a challenging
issue despite the diverse efforts in this direction.4–7 Overcoming this challenge is of interest not only from a theoretical standpoint but also from a practical one: isotropic and
bi-isotropic NRI media will be useful for designing three
dimensional planar focusing devices,1,8 subdiffraction imaging devices,9 and other applications.
Chiral scatterers are an attractive alternative for the design
of NRI artificial media because of their ability for providing
simultaneously negative permittivity and permeability. To the
best of our knowledge, the first proposals in this direction
were made by Tretyakov and co-workers.10,11 Other proposals aimed to take advantage of chirality for NRI media design were subsequently reported.12,13 All these proposals either neglect the issue of isotropy or propose random
arrangements to address it. However, random arrangements,
although conceptually appealing, are not easily reproducible
and do not show a well defined electromagnetic response,
mainly if the size of inclusions is not sufficiently small compared to wavelength 共as usual in most artificial media兲. In
fact, this last feature could be one of the main reasons why
isotropic NRI artificial media made from chiral inclusions
have not been developed further, remaining only as a theoretical possibility. By contrast, periodic arrangements are reproducible, and the eigenmodes of the structure can be unambiguously identified by using Bloch–Floquet theorem.
Starting from these considerations, this paper proposes a way
to the experimental realization of bi-isotropic and isotropic
NRI artificial media using periodic arrangements of chiral
scatterers. The paper is organized as follows. First, the basic
1098-0121/2008/77共20兲/205110共6兲

structure is proposed and an approximate analytical theory
based on a generalization of Lorentz homogenization procedure is developed. This analysis directly provides the appropriate design parameters. Then, rigorous full-wave electromagnetic simulations are carried out in order to identify the
eigenmodes of the structure and to validate the analytical
theory. These simulations are also useful in order to identify
the effects of spatial dispersion, which are not taken into
account by the analytical theory. As will be shown, these
effects are not relevant in the frequency band of interest.
Next, the impedance matching to free space of the proposed
structure is studied. Finally, the possibility of creating a racemic configuration is discussed.
II. BALANCED CHIRAL BI-ISOTROPIC MEDIA

Before the analysis of any specific structure, some key
properties of bi-isotropic chiral media will be recalled. Biisotropic media can be described by the following linear constitutive relations:14
D = 0共1 + e兲E + j冑00H,

共1兲

B = − j冑00E + 0共1 + m兲H,

共2兲

where e, m, and  are the electric, magnetic, and cross
susceptibilities, respectively, which are real quantities for
lossless media. Assuming an exp共jt兲 time dependence, the
eigenwaves propagating through these media are right- and
left-circularly polarized plane waves whose dispersion relation is given by14
k⫾ = k0共冑rr ⫾ 兲,

共3兲

where k0 = 冑00 and r = 共1 + e兲, r = 共1 + m兲. In order to
reduce the forbidden bands of propagation coming from
complex values of k⫾, it is desirable that e共兲 ⯝ m共兲 so
that r and ⑀r always have the same sign. It is known11,13 that
this condition also implies that

e共兲 ⯝ m共兲 ⯝ 兩共兲兩.

共4兲

The conditions for negative refraction in transparent biisotropic chiral media are also known.15 In lossless bi-
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FIG. 1. 共a兲 Cubic arrangement of chiral SRRs satisfying T group
of symmetry 共namely, any of the in-body diagonals is a third order
rotation symmetry axis兲 and 共b兲 detail of the chiral SRR design.

isotropic media satisfying the balance condition 关Eq. 共4兲兴,
these conditions reduce to

e ⬍ − 0.5

and

m ⬍ − 0.5

共5兲

or, equivalently, r ⬍ 0.5 and r ⬍ 0.5,13 which is less restrictive than the usual condition for conventional isotropic media 共r ⬍ 0 and r ⬍ 0兲. The price to pay for this enhanced
bandwidth is that only one of the eigenwaves of Eq. 共3兲 will
exhibit negative refraction, while the other will present a
positive refractive index.8,13
Both eigenwaves have the same wave impedance given
by14
Z = Z0

冑

r
,
r

冊册
冊册

M=

1
M
P
 0具 ␣ m典 H +
− 具␣em典 E +
V
3
30

共7兲

,

,

共8兲

p = 具␣e典El + 具␣em典Bl ,

共9兲

m = − 具␣em典El + 具␣m典Bl ,

共10兲

where p and m are the electric and magnetic dipoles induced
at each unit cell, El and Bl are the electric and magnetic local
fields, and where Onsager symmetries17 for the magnetoelectric polarizabilities are explicitly introduced 共具␣me典
= −具␣em典兲. By using Eqs. 共7兲 and 共8兲, the metamaterial susceptibilities are directly obtained from their definitions,
0e = P / E and m = M / H, provided that the polarizabilities are known. These polarizabilities can be obtained from
the polarizabilities of the chiral SRR. Analytical expressions
for the chiral SRR polarizabilities were already reported18
and will be here reproduced for completeness,
mm
␣zz
=

where Z0 = 冑0 / 0 is the free space impedance. However,
since the refractive index is different for each eigenmode, the
refracted amplitude is not necessarily the same for both
eigenmodes. In general, both eigenmodes will be generated
at the interface between free space 共or other isotropic medium兲 and a chiral medium, even if the incident wave is
circularly polarized. The only exception to this rule is normal
incidence.

In a previous paper,16 some of the authors showed that a
cubic arrangement of scatterers satisfying the tetrahedral or
共in Schoenflies notation兲 T group of symmetry provides a
useful basis for the design of isotropic artificial media. Figure 1共a兲 shows a cubic arrangement of chiral split ring resonators 共SRRs兲 satisfying this symmetry. It should be noticed
that the SRRs on opposite sides of the cube of Fig. 1共a兲 are
identical, which allows for the realization of an artificial medium by means of the periodic repetition of this structure.
This artificial medium has a simple cubic lattice of periodicity a 共the edge of the cube兲 and its primitive unit cell contains three chiral SRRs. Note that the proposed chiral SRR is
a practical design, feasible to be manufactured by standard
planar-circuit fabrication techniques.20
An easy way to compute the susceptibilities of the
metamaterial can be obtained from a straightforward extension of Lorentz local field theory that takes into account the
presence of cross polarizabilities. This simple theory leads to
the following equations for the macroscopic polarizations, P
and M, of the metamaterial:

冉
冉

1
P
M
具 ␣ e典 E +
+ 0具␣em典 H +
V
30
3

where V = a3 is the volume of the unit cell and 具␣e典, 具␣em典,
and 具␣m典 are the average polarizabilities of the unit cell,
which are defined as

共6兲

III. THEORY AND DESIGN

冋 冉 冊
冋 冉 冊

P=

em
␣zz
= ⫾j

ee
␣zz
=

2
 2r 4
,
L 20 − 2 + jR/L

冉 冊
冉 冊

2  r 2t  0
2
,
0L  20 − 2 + jR/L

4t2 0
20L 

2

2
,
20 − 2 + jR/L

ee
␣xx
= ␣ee
yy = 0

16 3
r ,
3 ext

共11兲

共12兲

共13兲

共14兲

where t and rext are geometrical parameters 关see Fig. 1共b兲兴
and L, R, and 0 are the chiral SRR self-inductance, resistance, and frequency of resonance, respectively, which can
be analytically obtained from a general procedure already
developed by some of the authors.19 From Eqs. 共11兲–共14兲, the
average polarizabilities in Eqs. 共9兲 and 共10兲 are obtained as
ee
ee
具␣e典 = ␣xx
+ ␣ee
yy + ␣zz ,

共15兲

em
具␣em典 = ␣zz
,

共16兲

mm
具␣m典 = ␣zz
.

共17兲

When the balance condition 关Eq. 共4兲兴 is translated to the
unit cell polarizabilities, it becomes
c2具␣e典 = c兩具␣em典兩 = 具␣m典,

共18兲

where c is the velocity of light. This condition cannot be
exactly fulfilled at all frequencies using the polarizabilities
from Eqs. 共11兲–共14兲 due to the presence of the static electric
polarizabilities 关Eq. 共14兲兴. However, if the static electric po-
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FIG. 2. Theoretical constitutive parameters e, m, and  for the
metamaterial made of the periodic repetition of the cubic arrangement of Fig. 1共a兲, forming a simple cubic lattice with periodicity a.
SRR parameters are a / rext = 2.87, w / rext = 0.4, and t / rext = 0.47.

FIG. 3. Theoretical dispersion curves for the eigenwaves of the
metamaterial shown in Fig. 2. Dispersion curves are drawn inside
the first Brillouin zone of the structure.

larizabilities are neglected 共which is a reasonable hypothesis
near resonance兲, the balance condition 关Eq. 共18兲兴 is approximately satisfied provided that

In this section, the previously studied structure is analyzed by means of the commercial electromagnetic simulator
CST MICROWAVE STUDIO, giving the band structure shown in
Fig. 4. A good qualitative agreement is found between Figs.
3 and 4. In both figures, a frequency band of backward-wave
propagation is observed for one of the eigenwaves. Also, a
small frequency stopband appears in Fig. 4 inside this
backward-wave passband 共because of the approximate balance condition employed兲 in agreement with the theoretical
predictions of Fig. 3. In order to show the isotropic nature of
the structure, the dispersion curves along the ⌫-X, ⌫-M, and
⌫-R paths are shown in Fig. 5. The isotropy of the dispersion
relation for the transverse modes becomes apparent from
these curves, except for high values of the propagation constant 共namely, close to the border of the Brillouin zone兲,
where spatial dispersion affects the dispersion relation. The
longitudinal mode of Fig. 3 also appears in Figs. 4 and 5,
although now spatial dispersion destroys degeneracy and
isotropy.
The main differences between Figs. 4 and 5 and the theoretical dispersion curves shown in Fig. 3 are observed at

t0 = 共r兲2 ,

共19兲

where 0 is the wavelength at resonance and t and r = rext
− w / 2 are structural parameters of the chiral SRR 关see Fig.
1共b兲兴. Although Eq. 共19兲 is only approximate and comes
from a simplified homogenization procedure, it will be
shown that it is a very good design rule in the frequency
band of interest.
In the following, a particular example is analyzed in order
to illustrate and validate our analytical predictions. The chosen metamaterial parameters satisfy Eq. 共19兲 and are given in
the caption of Fig. 2. The frequency band of left-handed
propagation, given by Eq. 共5兲, is marked in gray. It can be
seen how inside this region the balance condition 关Eq. 共4兲兴 is
approximately fulfilled. However, outside this region, the
static nonresonant polarizabilities 关Eq. 共14兲兴 dominate and
the balance condition is not fulfilled. The theoretical dispersion curves for the eigenwaves of the bi-isotropic metamaterial, given by Eq. 共3兲, are shown in Fig. 3. A frequency band
of backward-wave propagation for one of the eigenwaves
can be clearly observed 共between points marked as 2 and 4兲,
which corresponds to the left-handed frequency band shown
in Fig. 2. Since backward-wave propagation is the signature
of negative refraction,1 this region corresponds to a NRI for
the considered eigenmode. Inside this band, there is also a
small forbidden band gap 共marked as 3; see also the inset兲
that corresponds to complex values of the propagation constants 关Eq. 共3兲兴. This small band gap is due to the aforementioned approximations implicit in Eq. 共19兲. The straight horizontal line at the frequency where the propagation constant
of one of the eigenwaves vanishes 共corresponding to the condition rr = 2兲 represents a fully degenerate longitudinal
wave with k ⫻ E = 0 and k ⫻ H = 0.

IV. ELECTROMAGNETIC SIMULATIONS

FIG. 4. Band structure and dispersion relation for the metamaterial of Fig. 2 obtained from full-wave simulations along the path
R-⌫-X-M-R 关⌫ is the center of the k-space, X = 共 / a , 0 , 0兲, M
= 共 / a ,  / a , 0兲, and R = 共 / a ,  / a ,  / a兲兴.
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FIG. 5. Dispersion curves along the ⌫-X, ⌫-M, and ⌫-R directions for the eigenwaves of the balanced metamaterial of Figs. 2 and
3. The end of the first Brillouin zone for each direction of propagation is shown in the figure 共vertical lines兲.

high values of k and also at high values of frequency 共i.e., at
high values of k0a兲. These differences correspond to the effect of spatial dispersion, which becomes important when the
size of the unit cell is not small in comparison with the
wavelength in free space and in the medium.17 In such regions, the behavior of the structure is closer to a photonic
crystal than to an effective medium. However, inside the lefthanded band 共between points marked 2⬘ and 4⬘ in Fig. 4兲,
spatial dispersion does not produce significant deviations
from isotropy 共i.e., the dispersion curves are almost equal for
any direction of propagation, as can be seen in Fig. 5兲. This
effect is even more apparent in the frequency band between
the unbalanced forbidden band 共marked as 3⬘ in Fig. 4兲 and
the end of the left-handed band 共marked as 4⬘ in Fig. 4兲.
It is illustrative to compare the band structure of the considered balanced structure with that of an unbalanced one.
Thus, Fig. 6 shows the dispersion diagrams for the eigenmodes of two unbalanced structures 共which were obtained by
varying t in Fig. 1兲. It can be observed how, as t decreases,
the forbidden frequency band increases until the backward-

FIG. 6. Dispersion curves along the ⌫-X direction for the eigenwaves of two unbalanced metamaterials. Parameters are the same as
in Fig. 2, except for t / rext, which is taken as t / rext = 0.3 共dashed
lines兲 and t / rext = 0.1 共solid lines兲.

FIG. 7. Simulated transmittance through a seven unit cell thick
slab of the metamaterial analyzed in Figs. 2–5 for a left-circularly
polarized 共LCP兲 incident wave. Transmittance is plotted for both the
co-polar 共LCP wave兲 and the cross-polar 共RCP wave兲 components.
Points marked 1⬘ – 6⬘ correspond to the marks in Fig. 4.

wave region vanishes, giving a behavior similar to that of a
negative- split ring metamaterial. Figure 6 also shows that
the tolerance of condition 共19兲 is high. It can be seen that
even a change of more than 30% in the particle thickness
does not strongly affect the left-handed passband.
V. PROPAGATION THROUGH A FINITE SLAB

In the practical design of a NRI medium, apart from the
obvious obtaining of some amount of negative refraction, it
should be required that the metamaterial has small reflectance for the beam to be refracted with a significant amplitude. Since for balanced metamaterials it is imposed that
e ⯝ m in the frequency range of interest, it directly follows
from Eq. 共6兲 that Z共兲 ⯝ Z0, which ensures a good matching
to free space and constitutes an additional relevant advantage
of the proposed balanced NRI metamaterials.
In order to illustrate the above feature, the normal incidence of a circularly polarized plane wave on a slab of the
proposed chiral medium will be studied through electromagnetic simulations. First, a wave with the same polarization as
the left-handed eigenmode of Figs. 4 and 5 is analyzed. The
computed transmittance is shown in Fig. 7. It can be seen
that the amplitude of the cross-polarized wave is almost negligible, which means that the circular polarization is maintained. The figure also shows that the medium is practically
transparent for almost all the considered frequencies, as expected from the aforementioned impedance matching. However, the small ripples observed in the transmittance in Fig. 7
shows that the impedance matching is not perfect. The regions of poor transmittance, between points 1⬘ and 2⬘, and
beyond 6⬘, exactly reproduce the corresponding band gaps in
Fig. 4. There is also a smaller dip at point 3⬘, which corresponds to the unbalanced band gap of Fig. 4. Therefore, a
useful region of backward-wave propagation ranges from
point 3⬘ to point 4⬘, which includes the most useful values of
r and r, as already mentioned.
Backward-wave propagation in the frequency band of interest will be demonstrated by plotting the phases of the
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FIG. 8. Phase of the simulated transmission coefficient for the
incident LCP wave through a seven unit cell thick slab 共solid line兲
and a five unit cell thick slab 共dashed line兲. Points marked 2⬘ – 4⬘
correspond to the marks in Fig. 4.

FIG. 9. Simulated transmittance through a seven unit cell thick
slab of the metamaterial analyzed in Figs. 2–5 for the co-polar
共RCP wave兲 and the cross-polar 共LCP wave兲 components of an
incident RCP eigenmode. Points marked 3⬘ and 5⬘ correspond to
the marks in Fig. 4.

computed transmission coefficients for two slabs of different
thicknesses 共see Fig. 8兲. A zero phase shift between both
transmission coefficients was imposed at zero frequency, i.e.,
for static fields. Also, a convenient phase shift of 4 was
imposed to the phase of the seven unit cell thick slab at the
onset of the left-handed band 共i.e., at frequency point 2⬘兲.
This shift is imposed in order to obtain a zero phase shift
between both coefficients at point 4⬘, which corresponds to
the zero phase advance point for the backward-wave eigenmode of Fig. 4. As a consequence, the sign of the phase
difference between both samples changes from the
backward-wave region 共between frequency points 2⬘ and 4⬘兲
to the forward-wave bands 共between zero frequency and 2⬘,
and beyond 4⬘兲. This result is in complete agreement with
the backward-wave propagation postulated for the leftcircularly polarized wave 共LCP兲 between frequency points 2⬘
and 4⬘. It should be mentioned that once a zero phase shift is
imposed at zero frequency and at the frequency point 4⬘, the
phase jump at 2⬘ cannot be arbitrarily imposed. Therefore,
the fact that the phase jump necessary to fulfill the aforementioned conditions equals to 4 provides an additional confirmation of the proposed theory.
Finally, the simulated transmittances for the co-polar and
cross-polar componets of an incident RCP wave are shown in
Fig. 9. The obtained values for this transmittance are again
near unity, except for the band gaps shown in Fig. 4 for this
wave, i.e., around frequency point 3⬘ and beyond 5⬘.

posite handedness. Since the whole structure is symmetric
after inversion 共the centers of symmetry are the corners of
the cubes兲, the cross susceptibility  共which is pseudoscalar兲
must vanish.17 Therefore, the whole structure is a balanced
isotropic metamaterial with  = 0. Figure 10 shows the theoretical dispersion relation 共k = k0冑rr兲 of the proposed structure. A frequency band of backward-wave propagation, corresponding to the condition r , r ⬍ 0, can be observed in the
figure. Since the phase vector is now simply given by k
= 冑, the unbalanced band gap disappears, and the width
of the left-handed frequency band decreases in comparison
with that of Fig. 3. The wave impedance is also given by Eq.
共6兲. That is, it is almost equal to the free space impedance,
which ensures good matching to free space for all angles of
incidence. From the above considerations, we feel that these

VI. RACEMIC PERIODIC MEDIUM

Next, it will be explored the possibility of designing a
racemic mixture of chiral SRRs while keeping the necessary
symmetries to ensure an isotropic behavior for the metamaterial. For this purpose, it will be considered a simple cubic
lattice of periodicity 2a made of cubes as that shown in Fig.
1共a兲 and another similar cubic lattice made of the same cubes
but of opposite handedness. Both cubic lattices can be interleaved, as shown in the inset of Fig. 10, to give a simple
cubic lattice whose unit cell is formed by two cubes of op-

FIG. 10. Theoretical dispersion relation for plane waves propagating in the racemic metamaterial with the simple cubic lattice
shown in the inset. Inset: Racemic periodic structure made of two
interleaved simple cubic lattices of cubes as that of Fig. 1共a兲. White
cubes are identical to that of Fig. 1共a兲 and gray cubes are similar
cubes made of chiral SRRs of opposite handedness. Chiral SRR
parameters are as in Fig. 3 and the periodicity of the structure is 2a.
The fully degenerate longitudinal mode is now located at rr = 0.
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racemic isotropic mixtures can be very useful for the design
of isotropic regular left-handed metamaterials.
VII. CONCLUSIONS

Periodic NRI metamaterials based on chiral SRRs have
been proposed and demonstrated. An analytical theory has
been developed for the design of such metamaterials, which
has been validated by careful full-wave electromagnetic
simulations. It has been shown that simple cubic lattices of
chiral SRRs can provide bi-isotropic NRI metamaterials with
a well defined frequency band of backward-wave propagation for one of its plane-wave eigenstates. Transmittance
through a slab of finite thickness has been analyzed and good
matching to free space has been demonstrated. Besides, a
racemic simple cubic lattice of chiral SRRs satisfying the
appropriate symmetry has been proposed in order to provide
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Neglecting losses and following the analysis in [6], the circuit
equation for the total current in the element (i.e., for the sum of the
currents excited on both rings, which must be angle-independent
[6]) can be written as

冉

1

Received 15 March 2007
ABSTRACT: This work proposes a quasi-planar chiral resonator suitable for the design of negative refractive index metamaterials. It is presented as an analytical model to determine the metamaterial polarizabilities, which is also the basis of a further study of the viability of
negative refraction in chiral and racemic arrangements of inclusions
made up with the proposed quasi-planar chiral resonator. The present
analysis is expected to pave the way for the design and building of feasible negative refractive index metamaterials whose inclusions can be
manufactured by means of standard photo-etching techniques. © 2007
Wiley Periodicals, Inc. Microwave Opt Technol Lett 49: 2606 –2609,
2007; Published online in Wiley InterScience (www.interscience.wiley.
com). DOI 10.1002/mop.22736

The main aim of this work is to explore the possibility of obtaining
negative refraction in a medium made of a random arrangement of
quasi-planar chiral inclusions. Artiﬁcial bi-isotropic chiral media
made of random arrangements of metallic chiral inclusions are
known since long, after the works of Lindmann [1]. More recently,
a mixture of such inclusions was proposed in [2] as a way to obtain
negative refractive index metamaterials, a proposal further developed in [3] and [4]. Negative refraction in a mixture of chiral
inclusions and resonant wires was also analyzed in [5]. The main
advantage of using chiral elements to provide negative refraction is
that only one kind of inclusions is necessary to obtain negative
values of  and  simultaneously. If the design of this particle was
quasi-planar, a key additional advantage would come from the
possibility of using conventional printed-circuit fabrication techniques to manufacture such inclusions.
2. THE PROPOSED INCLUSION

The inclusion proposed here is depicted in Figure 1, which basically shows a broadside-coupled version of the two-turn spiral
resonator (2-SR) already proposed by some of the authors in [6].
The analysis in that paper shows that the proposed element can be
characterized by a quasi-static LC circuit, where L is the inductance of a single ring with the same radius and width as the
inclusion, and C ⫽ 2rCpul is the total capacitance between the
rings. There are, however, two main differences between the
structure of Figure 1 and the 2-SR analyzed in [6]. First, due to the
broadside coupling of the proposed inclusion, the distributed capacitance between the rings can be very large, thus reducing the
electrical size of the inclusion near the resonance. Second, when
the element is excited near the resonance, there will appear strong
magnetic and electric dipoles oriented parallel to the resonator
axis. The electric dipole comes from the strong electric ﬁeld
between the upper and lower rings that appear near the resonance.
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(1)

where  represents the external voltage excitation, given by
⫽

再

⫺ j  r2B zext, magnetic excitation
tC0 /CEzext, electric excitation,

(2)

where r is the mean radius of the inclusion, Bzext the z-component
of the external magnetic ﬁeld, t the substrate thickness, Ezext the
z-component of the external electric ﬁeld, and C0 the total capacitance between the rings in the absence of the dielectric substrate.
(The factor C0/C is introduced to account for the multiplicative
factor that modiﬁes the electric ﬁeld inside the capacitor when this
is excited by a normal external ﬁeld). From the above equations,
the electric and magnetic moments excited in the inclusion when
subjected to external electric and/or magnetic ﬁelds can be obtained following the same procedure already reported in [7]:

Key words: negative refraction; metamaterials
1. INTRODUCTION

冊

1
⫹ j  L I ⫽ ,
jC

em ext
m z ⫽ ␣ zzmmBzext ⫺ ␣zz
Ez

(3)
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Bz ,
p z ⫽ ␣ zzeeEzext ⫹ ␣zz

(4)

where
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冉

冊
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冉
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⫺1

,

(7)

with 0 ⫽ 冑1/LC being the resonance frequency. From (5)–(7) it
is found the following useful identity:

␣ zzmm␣zzee ⫽ ⫺ 共␣zzem)2.

(8)

It should be noted that the proposed inclusion also presents nonresonant electric polarizabilities in the transverse z-plane, ␣ee
xx and
␣ee
yy , [7]. However, since these polarizabilities are almost constant
with frequency and not very large, they can be neglected in a ﬁrst
approximation.
When N chiral inclusions are randomly assembled, the resulting
medium becomes bi-isotropic with constitutive relations given by
D ⫽ 0 共1 ⫹ e兲E ⫹ j 冑0 0 H

(9)

B ⫽ ⫺ j 冑0 0 E ⫹ 0 共1 ⫹ m[b])H.

(10)

The electric, e, magnetic, m, and cross, , susceptibilities are
related to the inclusion polarizabilities through
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m ⫽

⫽ ⫾j

mm
N0 ␣zz
⌬ 3

N
⌬

(12)

冑

 0 ␣ zzem
,
0 3

再

Chiral medium

(13)

RCP wave

where the factor 1/3 arises from the random arrangement and ⌬ is
a common factor that depends on the homogenization procedure. If
Lorentz local ﬁeld theory is used for the determination of the local
ﬁeld seen by each inclusion, and (8) is taken into account, this
factor is given by
⌬⫽1⫺

Air

冎

N ␣ zzee
mm
⫹ 0 ␣zz
.
9 0

LCP wave

RCP wave

(14)

From (8) and (11)–(13) it follows that

 e共兲m共兲 ⫽ 关共兲兴2 .

(15)

LCP wave

3. NEGATIVE REFRACTION

As it is well known, the general dispersion equation for plane
waves in lossless chiral media is
k ⫽ ⫾ k 0共 冑共1 ⫹  e兲共1 ⫹ m兲 ⫾ 兲,

(16)

where k0 ⫽  冑⑀0 0 is the free-space wavenumber. The four
solutions of (16) correspond to right- and left-hand circularly
polarized waves, depending on the sign of . To avoid complex
solutions of (16), and therefore forbidden frequency bands for
plane wave propagation, it would be desirable that e() ⫽ m().
According to (15) this implies that

 e共兲 ⫽ m共兲 ⫽ 兩共兲兩,

(17)

namely, the electric and magnetic responses of the inclusions
should be very similar [4].
The general conditions for backward-wave propagation in
chiral media were analyzed in [8], and can be summarized as

冑⑀ rr ⫾  ⬍ 0,

Plane wave

(18)

Figure 2 Illustration of the negative refraction of a linearly polarized
wave at the interface with a chiral metamaterial made of inclusions such as
that shown in Figure 1. Only one of the two eigenwaves that can propagate
in the chiral medium shows negative refraction while the reﬂected wave is
elliptically polarized. RCP, right-handed circularly polarized; LCP, lefthanded circularly polarized

where the negative sign of the square root has to be chosen if r
and r are both negative. According to (18), if 2 ⬎ 兩 ⑀ r r兩, only
one of the solutions of (16) can be a backward-wave and
therefore will experience negative refraction at the interface
with ordinary media. This is indeed the case when (17) is
satisﬁed and both e and m are negative. In such case, negative
refraction will take place for only one of the eigenmodes of (16)
provided that e ⫽ m ⫽ 兩  兩 ⬍ ⫺0.5. This condition is less
restrictive than the condition found for ordinary media (for
instance, for a balanced mixture of inclusions of opposite
helicity): e, m ⬍ ⫺1. The price to pay for this bandwidth
enlargement is that only one of the circularly polarized wave
solutions of (16) will show negative refraction. This scenario is
illustrated in Figure 2, where an incident linearly polarized
plane wave is considered
Returning to the inclusions, it is found from (11)–(13) that
condition (17) is satisﬁed provided that
mm
em
c 02␣ zzee共兲 ⫽ ␣zz
共兲 ⫽ ⫾ jc0 ␣zz
共兲,

Figure 1 The proposed inclusion is formed by two identical conducting
rings etched on both sides of a dielectric substrate and connected by a via
in order to obtain an helicoidal shape
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(19)

where c0 is the velocity of light in vacuum. In principle, this
condition is compatible with (5)–(7), which makes it possible to
ﬁnd particular designs that satisfy this condition by using the
analytical expressions for L and Cpul reported in [7]. A substrate
with permittivity similar to free space (a foam for instance) has
been chosen in order to simplify the computations. With this
substrate ( ⫽ 0), a suitable design can be: width of the strips
c ⫽ 2 mm, external radius rext ⫽ r ⫹ c/2 ⫽ 5 mm, and
separation between strips t ⫽ 2.35 mm. Following [7], the
resonance frequency of the proposed conﬁguration should be
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about 2.3 GHz, which gives an electrical size for the inclusion
(⬃/13) that is acceptable for a practical metamaterial design.
To validate our analytical results, the electric and magnetic
polarizabilities of the inclusions have been numerically computed following the procedure described in [9]. This procedure
mainly consists in placing the particle inside a TEM waveguide
and to determine the polarizabilities from the loaded
waveguide’s reﬂection and transmission coefﬁcients (see [9] for
more details). The results for the meaningful quantities  0␣ zzmm
and ␣ zzee/ ⑀ 0 are plotted in Figure 3, which shows a behavior for
these quantities in accordance with the predictions of our analytical model.
The frequency bandwidth for negative refraction in a metamaterial made of a random arrangement of the proposed inclusions can be computed from the values of the electric susceptibility e of such medium (11) with ⌬ given by (14). Thus,
taking the dimensions and characteristics of the inclusions as
those previously reported (the number of inclusions per unit
volume is set to N ⫽ (12)⫺3 mm⫺3), Figure 4 shows the
analytical results together with the numerical ones obtained
from the data in Figure 3. According to the previous analysis
and the presented numerical results, the curves for the magnetic, m, and cross, , susceptibilities (not shown in Fig. 3)
must be quite similar. Although Figure 4 shows some differences between the analytical and numerical results, the qualitative agreement is apparent. In both cases, a signiﬁcant negative refraction frequency band appears for both the random and
the racemic mixtures. As already mentioned, such frequency
bands are limited by the straight lines e ⫽ ⫺0.5 and e ⫽ ⫺1,
respectively (see Fig. 4).
Since the proposed inclusions show a balanced electric and
magnetic response (that is, (19) is satisﬁed), it follows from (17)
and (16) that there are no forbidden frequency bands for plane
wave propagation in the considered chiral medium. This implies
that the transition from backward to forward propagation occurs
through a point of zero phase velocity and nonzero group velocity,
a fact that recalls the behavior of balanced right/left-handed transmission lines reported in [10]. Needless to say, a similar behavior

Figure 4 Analytical and numerical results for the electric susceptibility
e of a random arrangement of chiral inclusions as those shown in Figure
1. The parameters of the inclusions are given in the text and are the same
as in Figure 3. The average volume per inclusion is V ⫽ 123 mm3

would appear in racemic mixtures of the proposed inclusions,
where the propagation constant for plane waves is given by k ⫽
⫾k0 冑共1 ⫹ e兲共1 ⫹ m).
4. CONCLUSION

The feasibility of negative refractive index metamaterials made
of a random arrangement of balanced chiral quasi-planar inclusions has been analyzed. It has been proposed that a speciﬁc
design amenable of being easily manufactured by means of the
standard photo-etching techniques. The proposed design has
been found to provide the necessary behavior for all the resonant polarizabilities in order to produce a signiﬁcant negative
refractive index bandwidth near the resonance. Finally, it has
been shown that a behavior quite similar to the previously
reported balanced right/left-handed transmission lines can be
achieved in three-dimensional arrangements of the proposed
inclusions.
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The evaluation of the required sum described above is independent of the arrangement of scatterers within a unit cell. Thus,
we ﬁnally apply the more precise method to the setup of [8] to
investigate to what extent the results are affected if randomly
located inclusions are considered and a subsequent averaging
procedure to homogenize the layer is applied.
2. NUMERICAL TECHNIQUE

The main focus of this section is on the method used to sum up the
ﬁelds of the inﬁnite array. The underlying scattering theory is
described in [8]. Nevertheless, for clarity, the main ideas are
brieﬂy reviewed below. This is also expedient since some of the
involved approximations have to be addressed.
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ABSTRACT: This contribution focuses on a scattering description of
inﬁnite arrays of small metallic helices. The latter are assumed to scatter like dipoles. A numerical approach is extended to account for the
inﬂuence of the lattice with more precision. This is done by a simple
extrapolation scheme, which accelerates the convergence of the arising
series. For regular arrays, a comparison with a commercial software
tool reveals a good agreement, at least as long as the distance between
the particles is large enough for the dipole assumption to be valid. This
also applies at resonance, the most critical case. The effects on random
arrays are also investigated. © 2007 Wiley Periodicals, Inc. Microwave
Opt Technol Lett 49: 2609 –2613, 2007; Published online in Wiley InterScience (www.interscience.wiley.com). DOI 10.1002/mop.22788
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2.1. Scattering Approach
Each helix is supposed to scatter like a dipole. This is plausible for
observation points far away from the scatterer. As shown in [8],
this is also a reasonable assumption if a material made of randomly
oriented helices is considered and a certain minimum distance
between the inclusions is preserved. This randomness does not
occur here, so that the inﬂuence of this approximation is investigated later on. We use the dipole-polarizabilities of the helices to
account for mutual coupling within the scattering approach. They
are determined quasi-analytically from the inverse system matrix
arising from the method of moments [9]. To keep the number of
unknowns small, a thin-wire approximation is used. Thereby,
global (harmonic) basis functions render the currents on the helix.
A number of Nc particles is arranged within a unit cell, which
is then periodically repeated to form an inﬁnite two-dimensional
array. In the present context, i.e., plane wave incidence, the number of unknowns reduces to the number of spherical waves required to describe the scattering of the elements in the original unit
cell centered at the global origin (in case of the dipole approximation: six per helix). In the following, this cell will be denoted as
“simulated cell.” If the complex spherical wave amplitudes of each
particle i in the simulated cell are written as vector bi , they can be
obtained by the following relationship [8, 10]

冘
Nc

1. INTRODUCTION

For numerical reasons, the properties of ﬁnite but large arrays of
antennas or scatterers are commonly estimated by applying periodic boundary conditions to a unit cell, i.e., considering the inﬁnite
case [1–3]. Depending on the applied numerical technique, e.g., a
method of moments [4] approach, this may require a summation of
the ﬁelds of the elements in the original cell and its spatial
repetitions to account for mutual coupling. As these series converge very slowly in space domain, several methods have been
investigated to speed up this process (see, e.g., [5–7]).
This article is mainly concerned with the case of arrays of small
metallic helices. The adopted methodology follows from previous
work [8]. Thereby the ﬁelds of each particle are expanded into
spherical waves that render the ﬁelds of its multipole moments.
Periodic boundaries are implemented by re-expanding the ﬁelds of
neighboring cells into spherical waves with respect to the global
origin and a subsequent summation. This series converges slowly.
It is shown in the course of the present article that a simple
extrapolation scheme can be effectively used to speed up the
convergence of the sum in space domain. The improved accuracy
of the method is illustrated by a sample regular helix conﬁguration.
A comparison with a commercial software tool using ﬁnite elements is drawn to assess the validity of the approach as well as the
quality of the dipole assumption for the helices.
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b
b
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 i ⫽ ai ⫹ i 䡠 共 共ri 兲 䡠 Y ⫹
 j 兲.

j⫽1, j⫽i

Here, the mutual coupling between the particles is accounted for
by the matrices b and h that comprise the Cartesian components


of different types of spherical waves (depending on their radial
dependence) and i , which transforms these “incident” ﬁelds into
the corresponding expansion coefﬁcients that represent the excited
dipoles [8, 11]. The coefﬁcients for the case, if only the external
excitation were present, are denoted by the vector ai . The vector Y

represents the ﬁelds of the particles positioned outside the simulated cell—the part that is obtained by summing up the ﬁelds of
neighboring cells in space domain until convergence is achieved:

冘
⬁

Y
⫽

冘
NC

␣
)䡠
␤
) 䡠 b.
 (r0l
 (r0j j
l⫽1
j⫽1

The subscript l denotes the index of the considered cell. The index
of the simulated cell is l ⫽ 0. In the above, the translation matrices
␤
␣
 and  [12] are used to re-expand the scattered ﬁelds into
spherical harmonics with respect to the global origin. The expansion is performed in two steps: Firstly, the translation from each
particle to the origin of the cell to which it is assigned (␤(r0j )) and
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This appendix contains a full text of Ref. [29]
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An FET-Based Unit Cell for an Active
Magnetic Metamaterial
Lukas Jelinek and Jan Machac, Senior Member, IEEE

Abstract—A particle that can be used to create an active magnetic metamaterial has been designed using an FET transistor
loaded in its gate by a conducting ring and in its source by a
parallel resonance circuit. The design procedure is discussed, and
the working principle is experimentally demonstrated in the RF
range.
Index Terms—Artificial materials, FET circuits, negative resistance devices, oscillators, polarizability.

I. INTRODUCTION

I

N THE present state of the art, artificially made lattices
of conducting rings terminated by a properly chosen
impedance are considered a standard way of implementing
magnetic metamaterials, i.e., artificial media with negative
permeability [1], [2]. Materials made of conducting rings
are also behind the practical realization of super-resolution
lenses [3] and of cloaking devices [4]. Unfortunately, it is well
known [4], [5] that the intrinsic losses of the rings and their
loads are responsible for great degradation of lens and cloaking
properties in comparison to their lossless theoretical proposals.
Passive reduction of losses by a proper choice of their geometry
is very limited [6], and thus active elements seem to be the only
way out of this problem. The first proposal for using active
elements in the ring metamaterial was published in 2001 [7] and
used a negative impedance converter (NIC) as a load. The NIC
in [7] was designed using an ideal operational amplifier, a component that works in a realistic implementation (with current
technology) only up to the low RF range. A much simpler design of NIC has recently been used in [8]–[10]. A two-transistor
implementation that offers a much wider frequency range of
operation has been used in these works. In addition to loading
rings with NIC, other authors have used two-port amplifiers
to create an active magnetic metamaterial [11], [12]. These
designs, however, suffer from the need for input and output
coils, which enlarge the unit cell and are necessarily coupled. In
addition, the necessary two-port monolitic amplifier and phase
shifter are difficult to make at high frequencies.
The design presented in this letter uses a one-port approach,
i.e., it uses a ring loaded by a one-port device offering at a given
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Fig. 1. Scheme of a ring loaded by a negative resistance transistor circuit. A
JFET transistor is used, however any other FET transistor could be used.

frequency a negative real part of impedance. Three main principles can be used to create this negative resistance. The first principle involves the Gunn diode [13], an element that is widely
used for microwave oscillators up to subterahertz range. Unfortunately, the Gunn diode needs considerable cooling, as it works
with a high dc bias, and the bulky nature of the sink preclude
its use for metamaterial design. The second principle uses the
above-mentioned NIC, which is a two-port device that images
the loading impedance on one port into an impedance
on
the other port [14]. A major review of possible NIC designs has
been published in [15] and [16]. It is shown that at least two transistors are needed for NIC design. The third principle is the use
of a single transistor loaded in its source by a proper impedance,
which makes it conditionally unstable. This is a common way
of making HF oscillators, and it is the principle that we employ
in our design. It offers the smallest size, the simplest assembly,
and even higher operating frequency than NIC.
II. DESIGN APPROACH
Our design (see Fig. 1) is mostly inspired by [17], where the
structure was used for an active antenna array. As can be seen,
the circuit is based on a JFET transistor connected in a common
drain mode, which is loaded at its gate by a ring and by a tuning
impedance, and which has a parallel resonance circuit connected
to its source. On the transistor gate, the negative resistance will
appear when operating above the resonance frequency (the capacitive loading of the source) and will disappear at frequencies
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Fig. 2. Situation as seen by the ring.

high enough to make a low-impedance connection between gate
and source (through the internal gate-source capacitance). The
negative resistance is thus limited to a given frequency band.
This is important in order to preclude self-maintained oscillations of the transistor, as will be discussed later. The tuning
impedance in the gate serves to compensate the total impedance
of the ring circuit in order to obtain the strongest possible response. The scenario from the point of view of the ring is depicted in Fig. 2. If properly tuned, the total impedance of the
ring (the self-inductance plus the load) should be small in absolute value to obtain a strong response and should have a negative
real part in order to obtain a gain. The concept of Fig. 2 allows
us to write the magnetic polarizability of the proposed particle
as [2]
(1)
with as the area of the loop. For our purposes, the polarizability will be further normalized as

Fig. 3. Input impedance of the prototype at the transistor gate.

For our purposes (a magnetic metamaterial with negative real
part of permeability), we are interested in the case of
.
However, care must be taken of the stability, otherwise the particle could become a generator. In Section III, it will be shown
that in the region of interest the total impedance can be approximated as
(4)
where
,
, and where
are frequencies at
which real/imaginary part of crosses zero. Substituting (4) in
(1) leads to (in this frequency band)
(5)
with

(2)
where is the volume occupied by the particle, is the mean
radius of the ring, which is assumed to be made of turns,
is a free-space wavelength at the operating frequency, and
is the free-space impedance. Using (2), a rough estimate of the
permeability of a cubic lattice of such particles can be written
as
.
A. Frequency Tuning and Stability
In the frequency range of intended operation, the impedance
seen at the gate of the transistor has a capacitive imaginary
part. From that point of view, the situation is identical to an ordinary split-ring resonator (SRR), where an inductive loop is
loaded by a capacitance. However, the presented circuit, unlike
in SRR, also imposes some positive or negative (depending on
frequency) real part of the impedance
. Denoting the frequency where
crosses zero as
, the full list of possible
responses is as follows:
for
for
for
unstable for
for
for

(3)

(6)
Equation (6) implies that in order to ensure the stability
of the proposed particle,
must hold,
i.e., the imaginary part of the total impedance needs to cross
zero earlier than the real part.
III. FABRICATION AND MEASUREMENT
In order to prove the working principle of the proposed active ring, the frequency neighborhood of 100 MHz has been
used, as it allows for easy handmade implementation and it is
close to the frequency used in common MRI machines—one
of the important fields of metamaterial applications [3], [18].
A prototype was built using a JFET J310 transistor, which is
commonly used in VHF amplifiers. The parameters of the parallel resonant circuit in the source of the transistor were set to
MHz,
, and
. After setting the
bias so that the drain-source dc current was
mA, the
impedance between the transistor gate and the common node
was measured through the connected SMA connector on the
vector network analyzer (VNA); see Fig. 3. The negative real
part of the impedance can be appreciated in the frequency interval 75–150 MHz together with the capacitive imaginary part.
According to Section II-A, the imaginary part of the gate input
impedance needs to be compensated just below
MHz,
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Fig. 4. Photograph of a realistic implementation of the ring loaded by a negative resistance circuit. The ring is actually a four-turn coil made of thin wire.
Fig. 6. Frequency dependence of the normalized magnetic polarizability of the
particle. The normalization volume was taken as a brick with the external dimm .
mensions of the prototype, which is

Fig. 5. Detail of the frequency band in which the real and the imaginary part
of the total impedance crosses zero. Note how the imaginary part passes zero
earlier than the real part.
Fig. 7. Amplitude of the reflection coefficient measured on the loop magnetically coupled to the active ring.

i.e., at a frequency just before the zero crossing of the real part.
Only in this case will we get stable and strong magnetic polarizability with a negative real part and a positive imaginary part.
It is also worth noting that in order to obtain low frequency dispersion and thus to make the compensation easier, the parallel
resonant circuit in the source of the transistor is highly damped.
In this particular case, the compensation was made by the
self-inductance of the connected ring, which was actually made
by four turns of wire with diameter
mm. The diameter
of the loop was
mm. The fine frequency tuning was
done by a slight change in the separation of the coil turns. The
tuning impedance of Fig. 1 was not needed in this case. A photograph of the prototype is shown in Fig. 4.
With the compensating coil connected to the transistor gate,
the impedance as seen by the coil induced voltage was once
more measured on VNA via the SMA connector. The detail of
the zero crossing of the total impedance is depicted in Fig. 5,
from which it can be clearly seen that the stability condition, derived in Section II-A, is satisfied. The measured total impedance
was then substituted into (2), and the result is plotted in Fig. 6.
The negative real part and the positive imaginary part of the normalized polarizability can be clearly observed in the figure in
the frequency range of 73–150 MHz. The polarizability values
show that the real part of the permeability of a cubic lattice
of such particles can easily be cast below zero. Note also that
in our case the electrical size of the particle is rather small
, and that according to (2) the response will

be much stronger for particles of common metamaterial sizes
.
Until now the particle has been measured by directly connected VNA and thus not in the free-space configuration in
which it is intended to work in a realistic metamaterial. To this
point the SMA connector has been substituted by a short. The
VNA has then been coupled to the particle via a mutual inductance between the active ring and a loop of similar radius connected to the VNA port. The measured amplitude of the reflection coefficient is shown in Fig. 7, from where the amplification peak in the vicinity of 78 MHz can be seen, proving the
principle proposed in this letter. In the same setup, the coupling
loop has also been connected to a spectrum analyzer. It has been
checked that the particle does not self generate any oscillations
in the range of 9 kHz–2 GHz, and that what we have at hand
is really an active metamaterial element and not a microwave
generator.
IV. CONCLUSION
An active particle using a ring loaded by an FET transistor
circuit and offering magnetic polarizability with a negative real
part and a positive imaginary part has been proposed, designed,
and measured. The measurements show that the particle is capable of being used in negative-permeability metamaterial systems, where it can remove losses or even add a gain. The use of
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the proposed particle in magnetic lenses and magnetic metasurfaces is envisaged and should be studied in future.
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A unified homogenization procedure for split-ring metamaterials taking into account time and spatial dispersion is introduced. It is shown that electromagnetic and magnetoinductive waves propagating in the
metamaterial are obtained from this analysis. Therefore, the proposed time and spatially dispersive permeability accounts for the characterization of the complete spectrum of waves of the metamaterial. Finally, it is shown
that the proposed theory is in good quantitative and qualitative agreement with full wave simulations.
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I. INTRODUCTION

Diamagnetic properties of systems of conducting rings
have long been known by physicists. In 1852 Wilhem Weber
关1兴 tried to explain natural diamagnetism 共discovered by Faraday some years before兲 as a consequence of the excitation
of induced currents in some hypothetical conducting loops
that supposedly existed in diamagnetic materials. In order to
enhance the magnetic properties of artificial media 共or
metamaterials in modern terminology兲 made from metallic
conducting rings, Shelkunoff proposed in 1952 to introduce a
capacitor 关2兴, so that the rings become resonant. More recently Pendry et al. 关3兴 proposed to replace the capacitively
loaded rings by planar split-ring resonators 共SRRs兲 which
substitute the lumped capacitor with a distributed capacitance between the rings. Because Pendry’s SRRs can be easily manufactured by using standard printed circuit technologies, this design opened the way to manufacturing true
magnetic metamaterials made of many individual elements
共SRRs兲 at many laboratories around the world. As a consequence of this resonant behavior, capacitively loaded rings
and/or SRRs can produce metamaterials with negative magnetic permeability above resonance. It is also well known
关4–6兴 that when a system of these elements is properly combined with another system of elements 共metallic wires or
plates, for instance兲 producing a negative electric permittivity 关7兴, a metamaterial with simultaneously negative permittivity and permeability 共or left-handed metamaterial 关8兴兲
arises in the frequency band where both subsystems present
negative parameters. Remarkably, the electric and magnetic
properties of such combinations are, quite approximately, the
superposition of the electric and magnetic properties of each
subsystem. This superposition hypothesis is not apparent at
all 共see, for instance, Refs. 关9,10兴兲 and, for the specific SRRs
and wire configuration proposed in Ref. 关4兴, it can be admitted that it is valid provided the elements of both subsystems
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†
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§
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are placed in such a way that their quasistatic fields do not
interact or interact weakly 关10,11兴. Almost simultaneously,
other analyses and experiments 关12,13兴 did show that SRRbased metamaterials also support, in some frequency bands,
slow waves based on short-range interactions between the
SRRs: the so-called magnetoinductive 共MI兲 waves, which
cannot be deduced from the usually assumed local magnetic
permeability of the metamaterial. Interestingly, many of the
physical effects expected in negative permeability and lefthanded metamaterials, such as frequency band gaps and frequency bands of backward-wave propagation, also come out
from the analysis when the coupling between electromagnetic and MI waves in SRR systems is considered 关14兴, thus
providing an alternative explanation for such effects. Although the analysis in Ref. 关14兴 has a great heuristic value, it
cannot be considered as fully satisfactory because it only
considers one-dimensional systems in the nearest-neighbor
approximation. On the other hand, the presence of waves
which cannot be deduced from a local time dispersive magnetic permeability in split-ring metamaterials can be expected from the fact that its periodicity is usually not smaller
than one tenth of a wavelength. As is well known 关15兴, when
the periodicity of a given medium approaches the wavelength of the electromagnetic radiation, it becomes not only
time dispersive but also spatially dispersive. Therefore, it can
be expected that both electromagnetic and MI waves would
come out from the analysis if spatial dispersion in split ring
metamaterials were taken into account. In fact, the main purpose of this paper is to develop a spatially dispersive homogenization procedure able to describe both types of waves.

II. ANALYSIS

In order to simplify the analysis, we will consider an ideal
metamaterial made of a cubic arrangement of LC circuits
supporting current loops as sketched in Fig. 1共a兲 for a unit
cell. We define the current vector In on each unit cell as In
= 共Inx , Iny , Izn兲, where n = 共nx , ny , nz兲 specifies the location of
each unit cell in the lattice and Ini denotes the current along
the loop located in the face normal to the i direction of the
unit cell of index n. The time dependence is assumed to be of
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冉

冊

M0
¯
Z̄共k, 兲 · I0 = − jA0 H0 +
,
3

共4兲

¯
where Z̄共k , 兲 is an impedance matrix which incorporates all
the magnetoinductive effects between the neighboring rings.
Explicit expressions for the diagonal and the off-diagonal
¯
terms of Z̄ are

再

FIG. 1. 共a兲 Unit cell of a material formed by a cubic array of
current loops. Each unit cell has three current loops centered at the
faces of the cube. 共b兲 Similar to 共a兲 but for a realistic metamaterial
formed by edge coupled SRRs with two splits. The SRRs are
formed by circular wires with radius r. The distance between the
inner and outer rings is d and the average radius of the particle is R.

the form In ⬀ exp共jt兲. Each component of the current vector is governed by the equation

冉

冊

1
j L +
In = − j⌽ni ,
j C i

共1兲

where L, C are self-inductance and self-capacitance of the
circuit 共losses are neglected by simplicity, although they can
be easily introduced in the analysis through a ring resistance兲. In Eq. 共1兲 ⌽ni is the total magnetic flux through the
considered loop which, using Lorentz local field approximation, can be calculated as
⌽ni

冉

冊

r⬍R

Mi
m
= A0 Hi +
+
兺 M nm
ij I j ,
3
共m⫽n兲∧共j⫽i兲

共2兲

where A is the area of the loop, H, M are the macroscopic
magnetic field and magnetization on the ring, and M nm
ij are
the mutual inductances between the loops oriented along the
i and j axes in unit cells with indexes n and m. The summation is extended to the cells inside a sphere centered around
the nth unit cell and with radius R sufficiently large so that
the region outside can be approximated by a continuous material but such that R is smaller than the wavelength to guarantee that the Lorentz approximation can be used. Therefore,
in Eq. 共2兲 the first term accounts for the contribution of all
rings outside the sphere which, according to the standard
Lorentz local field theory, are considered as a “continuous
medium,” whereas the summation accounts for the detailed
contribution of each ring inside the sphere.
In the following we will assume a spatial field dependence of the kind 兵H , M其 = 兵H0 , M0其exp共−jk · r兲 and In
= I0 exp共−jak · n兲, where a is the lattice periodicity and I0,
H0, M0 are constant vectors. With the assumed time and
space dependence, the macroscopic Maxwell equations lead
to
2
2
共km
− k2兲H0 + 共km
− kk·兲M0 = 0,

共3兲

with km = k0冑⑀r = 冑⑀r⑀00, where ⑀r is the macroscopic relative dielectric constant of the metamaterial. By combining
Eqs. 共1兲 and 共2兲 the following equation for I0 is obtained:

冎

r⬍R

Zii = jL 1 −

M 0n
20
+
兺 ii e−jak·n ,
2 n⫽0 L
r⬍R

Zij = Z ji = jL 兺
n

M 0n
ij −jak·n
e
, i ⫽ j,
L

共5兲

共6兲

where 0 = 1 / 冑LC is the frequency of resonance of the rings.
Taking into account that M0 = AI0 / a3, it is possible to combine Eq. 共3兲 with Eq. 共4兲 which gives

再

2
+ k2 − 3kk
j0A2 2km
¯
Z̄共k, 兲 −
2
3a3
km
− k2

冎

· I0 = 0.

共7兲

The dispersion relation for plane waves in the metamaterial
is obtained by equating the determinant of Eq. 共7兲 to zero. In
the most general case this equation can be only solved numerically. However, in some cases, it is possible to give analytical solutions. In particular, for propagation along one of
the coordinate axes 共for k = kx̂, for instance兲 the summation
in Eq. 共6兲 vanishes because all unit cells in planes perpendicular to the x axis are in phase and mutual inductances
cancel out couple by couple 共for instance, the mutual inductances between the ring marked Ix and the rings placed on the
top and lower faces of the cube of Fig. 1共a兲 cancel each
¯
other, and so on兲. Therefore, the matrix Z̄共k , 兲 becomes
diagonal, and Eq. 共7兲 can be easily solved. This gives two
branches: a longitudinal wave with I0 = I0xx̂ given by
Zxx −

2 j   0A 2
=0
3 a3

共8兲

and a transverse wave with I0 = I0yŷ + I0zẑ given by
Zyy −

2
+ k2x
j0A2 2km
= 0.
2
3a3 km
− k2x

共9兲

If only interactions with the closest rings are considered for
the computation of the summations in Eqs. 共5兲 and 共6兲 the
dispersion equation for the longitudinal wave becomes

20
Ma
M c 2 ␣0
,
cos共akx兲 + 4
−
2 =1+2
3 a3

L
L

共10兲

where ␣0 = 0A2 / L and M a and M c are the mutual inductances between closest rings of the same orientation, placed
in the axial and the coplanar directions, respectively. It can
be easily recognized that Eq. 共10兲 corresponds to the dispersion relation for longitudinal magnetoinductive waves 关12兴,
with some small corrections, which take into account the
effects of the rings other than the nearest neighbors in the
axial direction. In the same approximation the dispersion
equation for transverse waves can be written as
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k2x
2
km

−1=

␣0
a3
20
2M c
2共M a + M c兲 ␣0
cos共akx兲 −
− 3
2 −1−

L
L
3a

.

共11兲
For high values of kx 共kx Ⰷ km兲 this equation reduces to

20
2M c
2共M a + M c兲 ␣0
=1+
cos共akx兲 +
+ 3,
2
L
L
3a

共12兲

which corresponds to the dispersion relation for transverse
magnetoinductive waves 关12兴. On the other hand, in the long
wavelength limit 共akx Ⰶ 1兲 Eq. 共11兲 reduces to

共兲 =

k2x
2
km

␣0
a3
−1= 2
.
0
2M a 4M c ␣0
−
− 3
−1−
2
L
L
3a

共13兲

This equation gives the value for the magnetic susceptibility
that is obtained when the Lorentz homogenization procedure
is applied to the metamaterial with the ring magnetic polarizabilities ␣ = ␣0共20 / 2 − 1兲−1 already proposed in Ref. 关16兴,
except for a small correction term 2M a / L + 4M c / L accounting for the effect of the closest rings. Actually, if such a
correction term is calculated by assuming a magnetic dipole
approximation for the rings, it can be easily shown that it
vanishes, thus giving exactly the Clausius-Mossotti formula
for the susceptibility. Therefore, we can conclude that in the
long wavelength limit, the transverse waves 共9兲 correspond
to the electromagnetic waves that are obtained from the local
time-dispersive permeability  = 0兵1 + 共兲其. Conversely, in
the short wavelength limit 共kx Ⰷ km兲, they converge to the
transverse magnetoinductive waves 共12兲. Furthermore, from
M0 = AI0 / a3 and Eq. 共4兲
M0 =

再

1
ja3 ¯
Z̄共k, 兲 −
3
 0 A 2

冎

−1

· H0 = ¯¯共k, 兲 · H0 共14兲

can be obtained. Now in Eq. 共3兲 M0 can be replaced by Eq.
共14兲 leading to
2
2
兵共− k2 + km
兲 + 共− kk + km
兲 · ¯共k, 兲其 · H0 = 0,

共15兲

which gives the same dispersion equation as Eq. 共7兲. Therefore we can conclude that the nonlocal 共i.e., time and spatially dispersive兲 magnetic permeability

冉

¯ 共k, 兲 = 0 1 +


再

1
ja3 ¯
2 Z̄共k, 兲 −
3
 0 A

冎冊
−1

共16兲

provides a complete characterization of the metamaterial, accounting for all kinds of waves propagating through it. In the
long wavelength limit 共a兩k兩 Ⰶ 1兲 all the exponential terms in
¯
Z̄共k , 兲 can be equated to unity and the magnetic permeability 共14兲 reduces to the scalar time-dispersive permeability
 = 0关1 + 共兲兴 with 共兲 given by Eq. 共13兲. Alternatively,
following Landau’s description 关15兴, the metamaterial can be
also described by an equivalent spatially dispersive permit-

FIG. 2. 共Color online兲 Dispersion diagram along ⌫-X, ⌫-M, ⌫-R
directions obtained from the analytical model 共lines 1, 2, 3兲 and
from a full-wave simulation 共dashed line兲. The coordinates of selected points are ⌫ = 共0 , 0 , 0兲, X = 共 / a , 0 , 0兲, M = 共 / a ,  / a , 0兲, R
= 共 / a ,  / a ,  / a兲.

tivity ញ⑀共k , 兲. The relation between this dielectric permittivity and the proposed magnetic permeability Eq. 共16兲 is given
by Eq. 共43兲 in Ref. 关17兴.
III. NUMERICAL EXAMPLE

As a numerical example, we have studied the propagation
of electromagnetic waves in a metamaterial formed by the
simple cubic lattice of split-ring resonators whose unit cell is
depicted in Fig. 1共b兲. The capacitance C and self-inductance
L were calculated following the ideas of Ref. 关18兴 but for the
case of a SRR made of wires instead of planar strips. This
calculation was carried out by using well-known formulas
关19兴 as explained in Ref. 关20兴. The mutual inductances M nm
ij
were calculated numerically using Neumann’s formula including time retardation. The macroscopic permittivity was
evaluated by substituting the SRRs by planar conducting
disks of the same external radius, and by using the static
Lorentz homogenization theory 关21兴. This approach yielded
the approximate value ⑀r = 2.5. Using Eq. 共7兲 and the first
neighbor approximation, the dispersion characteristic of the
electromagnetic modes supported by the metamaterial along
different directions of the first Brillouin zone was calculated.
The result for the geometry associated with R = 0.44a, r
= 0.005a, and d = 0.03a 关see Fig. 1共b兲兴 is depicted in Fig. 2. It
can be seen that the band structure is formed by three
branches and contains a band gap for all the depicted directions of k. For k along ⌫-X, the first and third branches
correspond to the transversal mode described by Eq. 共9兲 and
the second branch corresponds to the longitudinal mode described by Eq. 共8兲. Figure 2 also shows the high isotropy of
the transversal mode even for moderate values of k, a fact
that is expected from the tetrahedral symmetry of the system
关22兴.
To assess the accuracy of the proposed analytical model,
we have also numerically computed the exact band structure
of the aforementioned periodic material using the hybrid-
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ful for the analysis of isotropic left-handed media made of
SRRs and wires or any other elements providing a macroscopic negative permittivity 共provided the conditions for the
validity of the superposition hypothesis previously discussed
in Ref. 关10兴 are fulfilled兲. Work in this direction is in
progress.
IV. CONCLUSIONS

FIG. 3. Dispersion diagram along the closed path R-⌫-X-M-R
obtained from full-wave simulation. The horizontal axis shows a
projection of k on the corresponding line on the boundary of the
Brillouin zone.

plane-wave-integral-equation formalism introduced in Ref.
关23兴. The result of the numerical simulation is presented in
Fig. 2 for the specific direction ⌫-R, and in Fig. 3 for the
closed path R-⌫-X-M-R. Good qualitative agreement between theory and simulation can be seen from Fig. 2. We
think that the quantitative disagreement for high values of k
in the second branch can be attributed to the specific local
field approximation considered in Eq. 共2兲, which is strictly
valid only for small values of k. In the case of the third
branch, the disagreement is due to the proximity of the second resonance of the SRRs, which is not taken into account
in the model. This effect is more visible in Fig. 3, where
higher frequency branches are included. This figure also
shows a complete electromagnetic band gap in the range
1.18⬍ k0a ⬍ 1.50, in agreement with the hypothesis of a
negative permeability in such a frequency band. It is worth
2
2
→ −km
共or equivanoting that the effect of the substitution km
lently ⑀r → −⑀r兲 into Eq. 共11兲 is the onset of a backward wave
pass-band in the frequency range of the stop-band of Fig. 3,
as well as the conversion of the pass-bands of Fig. 2 into
stop-bands. Therefore, the proposed model will be also use-
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A homogenization procedure for split-ring metamaterials
taking into account spatial dispersion has been developed.
The spatially dispersive permeability arising from this homogenization accounts for all the electromagnetic spectra
observed in these composites, including electromagnetic and
magnetoinductive waves. It has been also shown that this
spatially dispersive permeability continuously approaches to
the Lorentz local permeability in the long wavelength limit.
From this analysis follows that transverse magnetoinductive
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but to the collective oscillations of the metamaterial arising
at  = 0 in the long wavelength limit. It has been also observed that, when a macroscopic negative permittivity is imposed to the metamaterial, a typical left-handed pass-band
appears at those frequencies where the magnetic permeability becomes negative. Therefore, we feel that the proposed
homogenization procedure provides a complete macroscopic
characterization of negative- and left-handed split-ring
metamaterials.
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This appendix contains a full text of Ref. [36]
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Abstract
Here, we develop a nonlocal homogenization model to characterize the electrodynamics of an array of cubic particles made of
resonant rings. The effective parameters are calculated from the microscopic fields produced by a periodic external excitation. It is
confirmed that the spatial dispersion effects cannot be neglected in the regime where μ ≈ 0. We demonstrate that when the array of
resonant rings is combined with a triple wire medium formed by connected wires, the structure may behave approximately as an
isotropic left-handed material.
© 2009 Elsevier B.V. All rights reserved.
PACS: 42.70.Qs; 78.66.Sq
Keywords: Homogenization; Spatial dispersion; Artificial magnetism

1. Introduction
Structured materials with a strong magnetic response
have been under intense research in recent years [1–10],
mainly due to their potential applications in the design
of imaging systems with improved resolution [2–5]. In
particular, it was recently demonstrated that a metamaterial lens formed by split-ring resonators (SRRs) boosts
the sensitivity of the coil used in magnetic resonance
imaging when operated in the regime μ = −1 [6].
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In most of the studies published in the literature, it
is typically assumed from the outset that the response
of the metamaterial is local, and, based on that assumption the effective parameters are usually calculated using
the retrieval procedure reported in Ref. [11] (inversion
of the scattering parameter data). Recently, in Ref. [12]
the Lorentz local field theory was used to homogenize
a metamaterial formed by an array of cubic particles
with tetrahedral symmetry formed by split-ring resonators (a topology similar to that considered here), and
the nonlocal magnetic permeability was calculated. It
was demonstrated that the spatially dispersive model
provides a unified description of the transverse electromagnetic waves and of the so-called magnetoinductive
waves [13], demonstrating in this manner that the latter are a short-wavelength continuation of the former. In
this work, we investigate a problem closely related to
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the unit cell is by definition normal to the unit vector ûi
(i = x, y, z), and is centered at the point r0,i = − (a/2) ûi .
The resonant rings are generic planar (or quasiplanar) inclusions, which may be produced by some
lumped or distributed capacitance. We suppose that
the rings can be characterized by an impedance
Z0 = jωL + 1/(jωC) obtained from a circuit model (for
simplicity the effect of metallic loss is neglected; see
Refs. [17,18] for the particular case of SRRs). The resonant rings will be modeled as dipole-type magnetic
particles characterized by a uniaxial magnetic polarizability dyadic (tensor). The magnetic polarizability
dyadic of the ith ring is
Fig. 1. Geometry of the unit cell of a structured material formed by resonant rings. The figure depicts the particular case in which the resonant
particles are SRRs.

ᾱ¯ i = αm ûi ûi ,

(1)

where ûi ûi ≡ ûi ⊗ ûi represents the dyadic (tensor)
product of two vectors. The parameter αm (with unities
[m3 ]) is related to the impedance Z0 as follows (including
the effect of the radiation loss)
Z0
1  ω 3
α−1
=
+
j
m
−jωA2 μ0
6π c
 

ωr 2
1  ω 3
−1
= α0
−1 +j
,
(2)
ω
6π c

that considered in Ref. [12] but from a different perspective. Instead of applying the Lorentz’s local field theory,
we compute the nonlocal parameters using the homogenization method proposed in the works [14,15], which is
based on the idea of exciting the metamaterial with a periodic source with suitable phase-shift. We obtain the exact
solution (taking into account the interaction between all
the particles in lattice) of the homogenization problem
under the approximation that the response of the inclusions can be described using the dipole approximation,
and an explicit formula for the nonlocal magnetic permeability is derived. The results of the analytical model
are compared with the effective parameters obtained with
full wave simulations that take into account all the details
of the microstructure of the material. Finally, we study
the electrodynamics of a system formed by the array of
SRRs and a connected array of wires. It should be mentioned that other previous works (e.g. Ref. [16]) have
studied the homogenization of arrays of SRRs taking
into account rigorously the mutual effects and lattice
ordering. The main contribution of our analysis, which
extends our previous work [12], is the characterization
of the spatial dispersion effects.

where Hloc is the local magnetic field that polarizes the
pertinent ring. The magnetic dipole pi as defined above
is related to the more traditional definition given in textbooks (e.g. Ref. [19]) as m = pi /μ0 .

2. Homogenization

2.1. Two models for the response of the rings

A representative geometry of the unit cell of the material under analysis is shown in Fig. 1. The unit cell
contains three different resonant metallic rings, being
each ring normal to one of the Cartesian axes. The lattice
is simple cubic with lattice constant a. Clearly, each basic
inclusion has an anisotropic response, but in the long
wavelength limit the response of the composite material
is approximately isotropic due to the spatial arrangement
and orientation of the particles. The ith resonant ring in

It is possible to model the response of the resonant
rings using two alternative approaches. The first model
takes into account that the rings are metallic particles,
and thus that an external field induces a microscopic
electric current density in each ring. Since it is assumed
that the rings only have a magnetic response, which is
necessarily caused by the vortex part of the induced electric current (artificial magnetism), the induced current is
related to the magnetic dipole moments as follows (see

where α−1
= L/μ0 A2 , A is the area of the ring and ωr =
√ 0
1/ LC.
For simplicity, it will be assumed that the rings do
not have an electric response (i.e. that the electric polarizability vanishes; in Section 3, we will discuss how to
incorporate the electric response in the model). Thus, at
a microscopic level, the magnetic dipole moment of the
ith particle in the unit cell, pi , must verify:
 
pi
(3)
= ᾱ¯ i · Hloc r0,i , i = x, y, z,
μ0
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Ref. [15] for a related result)
⎫
⎧
⎨
pi −jk·rI ⎬
,
δ(r − rI − r0,i )
e
Je,dip = ∇ ×
⎭
⎩
μ0
i=1,2,3 I

(4)
where rI = a(i1 , i2 , i3 ) represents a generic lattice point,
I = (i1 , i2 , i3 ) is a triple index of integers, and pi is the
magnetic dipole moment of the ith particle in the unit
cell. Following the works [14,15], the unbounded metamaterial can be characterized by a dielectric function of
the type ε̄¯ = ε̄¯ (ω, k), where ω is the angular frequency
and k = (kx , ky , kz ) is the wave vector. The procedure to
compute the dielectric function for a given ω and k
is to excite the metamaterial with an external Floquettype electric current density Je,ext = Je,av e−jk·r , where
Je,av is a constant vector [14]. Then, one needs to
solve the corresponding source-driven electromagnetic
problem and calculate the microscopic fields. The averaged macroscopic fields and the generalized electric
polarization vector are computed using the microscopic
fields. Finally, the unknown dielectric function ε̄¯ (ω, k) is
obtained from the macroscopic fields and from the generalized polarization vector [14]. This approach is further
developed in Appendix A.
The second model is based on the observation that
since the resonant rings only have a magnetic response,
they may be as well regarded as pure magnetic particles which, when excited by an external field, originate
a magnetic current density given by:




Jm,dip =
δ r − rI − r0,i jωpi e−jk·rI ,
i=1,2,3

I

(5)
i.e. the second model for the response of the rings regards
the inclusions as magnetic particles characterized by a
magnetic current density (instead of an electric current
density as in Eq. (4)). Such model may seem less rigorous than the model associated with Eq. (4), but as
discussed below, they actually lead to equivalent results
after proper homogenization.
It is important to note that the homogenization method
introduced in Ref. [14] assumes that the inclusions
are either dielectric or metallic materials with constant
permeability (μ = μ0 ), i.e. the particles must have exclusively an electric response (even though, as mentioned
before, magnetic effects may occur due to the eddy part
of the electric current). Thus, the method of Ref. [14] cannot be directly applied to characterize a material formed
by pure magnetic particles, for which the response is
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characterized by a magnetic current density as in Eq.
(5). However, evidently a structured material formed by
magnetic-type inclusions is the electromagnetic dual of
a material formed by electric-type inclusions, and thus
it is trivial to modify and generalize the method of Ref.
[14] to such configurations. It should be clear that such
modified homogenization approach is based on the intro¯ = μ̄
¯ (ω, k),
duction of a magnetic function of the type μ̄
which, as detailed below, can be calculated by exciting the metamaterial with an external magnetic current
density Jm,ext = Jm,av e−jk·r .
One important point is the relation between the dielectric function ε̄¯ (ω, k) calculated within the framework
of the first model (developed in Appendix A), and the
¯ = μ̄
¯ (ω, k) calculated within the
magnetic function μ̄
framework of the second model (developed in Section
2.2). From the results of Appendix A, it turns out that:
 k
ε̄¯ (ω, k) ¯
k 
¯ −1 − Ī¯ × ,
= Ī + c2 × μ0 μ̄
ε0
ω
ω

(6)

where Ī¯ is the identity dyadic and c is the speed of light in
the host medium (assumed vacuum for simplicity). Interestingly, in Refs. [14,15,20,21] it is demonstrated that an
unbounded material characterized by a given magnetic
¯ and an electric permittivity ε = ε0 , can be
permeability μ̄
as well characterized by a nonlocal dielectric function
defined as in Eq. (6) (in the sense that the plane wave
dispersion characteristic and the associated electric field
polarizations are the same independent of the adopted
constitutive relations). Thus, Eq. (6) demonstrates that
the two models described in this section yield equivalent results. We will adopt the second model in the
following sections to calculate an explicit expression for
¯ = μ̄
¯ (ω, k).
μ̄
2.2. The homogenization problem
Following the discussion of Section 2.1, here we
assume that the rings can be modeled as pure magnetic
particles, whose response to an external field originates
a magnetic current density given by Eq. (5). In order
¯ = μ̄
¯ (ω, k), we excite the
to determine the unknown μ̄
electromagnetic crystal with an external (magnetic-type)
source such that
Jm,ext = jω

pext −jk·r
e
,
Vcell

(7)

where Vcell = a3 is the volume of the unit cell, and pext is
a constant vector that determines the applied current.
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The microscopic fields (E, H) are the solution of the
electromagnetic problem
∇ × E = −jωμ0 H − Jm,ext − Jm,dip

(8a)

∇ × H = jωε0 E,

(8b)

where Jm,dip is given by Eq. (5), and is written in terms of
the unknown magnetic dipole moments of the particles in
the unit cell pi (which obviously depend on the external
field). Notice that since the current source Jm,ext has the
Floquet property and the material is periodic, it is clear
that both (E, H) and Jm,dip have the Floquet property as
well (this actually justifies formula (5)). It is important
to emphasize that system (8) is a source driven problem and not an eigenvalue problem. Notice also that in
this formulation all the microscopic currents are purely
magnetic, because the rings are modeled as true magnetic
particles.
The solution of (8) can be written in a straightforward manner in terms of the Green dyadic
¯  r| r ; ω, k = Ī¯ + c2 /ω2 ∇∇ Φ  r| r ; ω, k
Ḡ
p
p
introduced in Refs. [14,15], being Φp the lattice
Green function [22]. The Green dyadic veri¯  r| r  − (ω/c)2 Ḡ
¯  r| r  =
fies
∇
×
∇
×
Ḡ
p
p




Ī¯
δ r − r − rI e−jk·r . Thus, it is simple
I

to verify that the solution of system (8) is such that:
¯  r| r  · jωp
H (r) = (−jωε0 )
Ḡ
p
0,i
i
i=1,2,3

¯ · jωp e−jk·r ,
+ (−jωε0 ) Ḡ
av
ext

(9)

¯ is the dyadic
where Ḡ
av
¯ =
Ḡ
av

1 Ī¯ − c2 /ω2 kk
,
Vcell k2 − (ω/c)2

(10)

with k2 = k·k and kk = k ⊗ k. The first term in the righthand side of Eq. (9) corresponds to the field created by the
induced magnetic dipoles, whereas the second terms corresponds to the field created by the external source Jm,ext .
¯ is the spatial average of
It is interesting to note that Ḡ
av
the Green dyadic:

¯ = 1
¯  r| r  e+jk·(r−r ) d 3 r .
Ḡ
Ḡ
(11)
av
p
Vcell cell
To obtain the complete solution of (8) we still have to
determine the magnetic dipole moments, pi (i = 1, 2, 3),
of the rings in the unit cell. This can be done using the
microscopic relations (3). It is clear from Eq. (9) that the

local field on the ith ring is
 ω 2
p
Gp ( 0| 0) · i
Hloc,i =
c
μ0
 ω 2
¯ (r |r ) · pj
Ḡ
+
p 0,i 0,j
c
μ0
j=
/ i

 ω 2

+

c

¯ · pext e−jk·r0,i ,
Ḡ
av
μ0

(12)

where by definition


¯  r| r  − G  r| r 
(13)
Gp r| r = Ḡ
p
0


and G0 r| r is the free-space Green dyadic. Using now
the microscopic relations (3) and the fact that pi = pi ûi ,
it is readily found that for i = 1, 2, 3

 ω 2
p
pi
i
ûi · Gp ( 0| 0) · ûi
=
α−1
m
μ0
c
μ0
+

¯  r  r  · û pj
ûi · Ḡ
p
0,i 0,j
j
μ0

j=
/ i

¯ · pext e−jk·r0,i
+ûi · Ḡ
av
μ0


.
(14)

The above equation can be written in matrix notation
as follows:
⎞
⎛
p1 e+jk·r0,1
 ω 2
  ⎜
⎟
aij · ⎝ p2 e+jk·r0,2 ⎠ =
Gav · pext ,
(15)
c
+jk·r
0,3
p3 e
where the matrix entries are defined as
2 
and
aij =
aii = α−1
m − ûi · (ω/c) Gp ( 0| 0) · ûi ,


 jk· r −r
2¯
(
)

0,i
0,j
−ûi · (ω/c) Ḡp r0,i r0,j e
· ûj for i =
/ j.
Eq. (15) formally relates the amplitudes of the induced
magnetic dipole moments pi (i = 1, 2, 3) with the
external source (pext ). Thus, the microscopic fields are
completely determined by the solution of Eq. (15).
We are now in a position to determine the magnetic
¯ = μ̄
¯ (ω, k) of the metamaterial. To begin
function μ̄
with, we introduce the macroscopic averaged electric
and magnetic fields, which for the present homogenization problem where all the particles are purely magnetic,
should be defined as

1
Eav =
E (r) e+jk·r d 3 r,
Vcell cell

1
Hav =
H (r) e+jk·r d 3 r.
(16)
Vcell cell
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It is simple to verify that the Maxwell equations (8)
imply that
ωμ0 Hav − k × Eav = −ω

pext
− ωμ0 M
Vcell

k × Hav + ωε0 Eav = 0,

(17a)
(17b)

where the magnetization vector M was defined as


Jm,dip av
pi jk·r0,i
1
M≡
=
e
(18)
jωμ0
Vcell
μ0
i=1,2,3

and we used the fact that (Jm,ext )av = jωpext /Vcell , being
(Jm,dip )av and (Jm,ext )av defined consistently with Eq.
(16).
¯ must ideally be such that,
The magnetic function μ̄
independent of the external excitation, one has Bav =
¯ · Hav where by definition the macroscopic inducμ̄
tion field is given by Bav ≡ μ0 (Hav + M), consistently
¯ must be such that
with the classical
formula. Thus, μ̄


¯
¯ /μ0 − Ī · Hav = M, for arbitrary pext .
μ̄
One interesting aspect implicit in the previous discussion is that when the metamaterial is formed by
purely magnetic particles, as considered in this section,
the fundamental field entity (obtained from averaging
the microscopic field) is the magnetic field intensity
(H), whereas the derived field is the induction field (B).
Indeed, this a trivial consequence of the formulation of
Ref. [14], noting that H is the electromagnetic dual of E,
and B is the electromagnetic dual of D. Quite differently,
when all the particles only have an electric response
(e.g. standard dielectrics or metals) the fundamental field
quantity is the induction field, whereas in those conditions the magnetic field should be regarded as the derived
quantity [14] (see also Appendix A).
¯ we substitute (17b) into (17a)
In order to calculate μ̄
and solve the resulting equation with respect to pext . It
may be easily verified that:
pext
μ0
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(p1 e+jk·r0,1 , p2 e+jk·r0,2 , p3 e+jk·r0,3 ), it is found that:
 ω 2
 
¯ ·M+ 1 H .
aij · M = −
Ḡ
(20)
av
av
c
Vcell


¯ /μ0 − Ī¯ ·
Therefore, it is clear that in order that μ̄
¯ should verify
Hav = M, μ̄
¯
μ̄
1 −1
χ̄¯ ,
= Ī¯ +
μ0
Vcell

(21)

where the dyadic χ̄¯ is such that (with χij = ûi · χ̄¯ · ûj ),
¯
χii = α−1
m − ûi · C̄int · ûi
¯  r  r  · û ,
χij = −ûi · D̄
0,i 0,j
j
int

(22a)
for i =
/ j

¯ and D̄
¯ are defined by
and C̄
int
int
 ω 2 


¯ (ω, k) =
¯
(
C̄
G
0|
0)
−
Ḡ
av
int
p
c

(22b)

(23a)


  
¯
¯  r| r ; ω, k = ω 2 G (r|r )ejk·(r−r ) − Ḡ
D̄
p
av .
int
c
(23b)

Eq. (21) establishes that the magnetic function (i.e.
the spatially dispersive permeability) of the material can
be written exclusively in terms of magnetic polarizability of the basic particles and of the interaction dyadics
¯ and D̄
¯ describes the interaction
¯ . The dyadic C̄
C̄
int
int
int
¯
between rings with the same orientation, whereas D̄
int
describes the interaction between rings with different
orientations. In general, these dyadics need to be numerically evaluated (using for example the mixed-domain
Green function representation of Ref. [22]). It is interest¯ is precisely the same dyadic that
ing to mention that C̄
int
¯ relates the
was obtained in Ref. [15]. Specifically, C̄
int
local fields and the macroscopic fields for point dipole
particles (Lorentz–Lorenz formulas). In particular, it was
c2 ¯ −1
demonstrated in Ref. [15] that for a simple cubic lattice
= −MVcell + 2 Ḡav · Hav ,
(19)
ω
(as the one considered in this work), we have that to a
first approximation:




ω 2
1 1
C11 (ω, k) ≡ û1 · Re Cint · û1 ≈ 3
− 0.15
a + 0.052 (cos (kx a) − 1)
a 3
c
(24)

 


−0.026 cos ky a − 1 − 0.026 (cos (kz a) − 1)
−1

¯
where Ḡ
av is the inverse of the dyadic defined
by Eq. (10). Now, substituting the above equation into Eq. (15), and noting that since pi = pi ûi
the magnetization vector is such that μ0 Vcell M =

The interaction constants C22 and C33 are defined
similarly, by permutating the wave vector components
kx , ky and kz
. The 
imaginary part of the interaction dyadic
¯
= 1 (ω/c)3 Ī¯ [15]. The first term in
verifies Im C̄
int

6π
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(which neglects the nonlocal effects) is in general invalid,
Eq. (24) is the familiar static interaction constant, 1/3a3 ,
particularly when the effective permeability is near
for a simple cubic lattice. The second term in Eq. (24)
zero.
is a frequency correction of the static term. The remaining terms, whose amplitude is evidently quite small, are
2.3. Comparison with the model of Ref. [12]
related to structural spatial dispersion effects [15]. In
general these small corrections are negligible, except
In our previous paper (Ref. [12]) an array of cubic
near to a resonance of the electric/magnetic response
particles
made of SRRs was homogenized using a local
of the particles where they may play an important role
field approach, and the nonlocal permeability was writ[15,23].
ten in terms of an impedance matrix that incorporates
On the other hand, it can be shown that because
 

¯
all the magnetoinductive effects between the rings. The
of symmetry reasons Im D̄int r0,i  r0,j = 0, i =
/ j.
case of wave propagation along one of the Cartesian axes
¯  r  r  · û , can be very
Moreover, Dint,ij = ûi · D̄
0,i 0,j
j
int
was analyzed in particular detail and it was shown that
accurately represented by the following Taylor series in
for propagation along the x-direction (ky = kz = 0), the
powers of ki , kj and (ω/c) (i =
/ j)
yy-component of the permeability dyadic is [12]

μyy 
1
1


≈1+ 3
,
(27)



μ0 ky =kz =0
a Re α−1 − α−1 2Mc /L (cos (kx a) − 1) + α−1 (2Ma /L + 4Mc /L) − 1/3a3
m
0
0

 ω 2
ki kj
Dint,ij (ω, k) ≈
−0.1936 − 0.01188
a
a
c


(25)
+ 0.005902 a2 ki 2 + kj 2 ,
even when the wave vector is close to the boundary of
the Brillouin zone or when the frequency is moderately
large. It is interesting to note that Dint,ij = 0 (for arbitrary
i, j, with i =
/ j) when the wave vector k is directed along
one of the coordinate axes, i.e. in these conditions the
coupling between the resonant rings in the unit cell is
mutually cancelled.
It is clear that Eqs. (24) and (25) imply that in the very
long wavelength limit, when |ka| 1 and |ωa/c| 1,
¯
the
diagonal and verifies χ̄¯ =
 dyadic
 −1 χ̄ is approximately
¯
3
Re αm − 1/3a Ī. Thus, within such approximations the nonlocal permeability reduces to the classical
Clausius–Mossotti
formula


¯
μ̄
1
1


Ī¯ .
(26)
≈ 1+
3
μ0
Vcell Re α−1
−
1/3a
m
This result confirms that in the very long wavelength limit the material response is isotropic, as
could be expected from the symmetry of the lattice.
Other materials formed by uniaxial resonators, suitably

where Ma and Mc are the mutual inductances between
closest rings of the same orientation, placed in the
axial and the coplanar directions, respectively, and
α0 is defined as in Eq. (2). For the particular case
of magnetic dipole-type inclusions, straightforward
calculations (using the fact that the magnetic field
created by a magnetic dipole is B = (μ0 /4π)(3r̂r̂ ·
m − m/r 3 ) [19]) show that in the quasi-static
2
limit Ma + 2Mc = 0 and α−1
0 (2Mc /L) = 2Mc /μ0 A =
(−1/2π)(1/a3 ) = −0.16/a3 . Therefore, Eq. (27) simplifies to:

μyy 
μ0 ky =kz =0
≈1+

1
1


3
−1
3
a Re αm + 0.16/a (cos(kx a) − 1) − 1/3a3
(28)

It is interesting to compare the above formula with the
magnetic permeability derived in Section 2.2. Since for
ky = kz = 0 we have Dint,ij = 0 and it is clear that Eq. (21)
implies that the magnetic
 permeability function
 is diag
onal and such that μyy k =k =0 = μ0 1 + 1/ a3 χ22 ,
y
z
or equivalently:


μyy 
1
1




=1+ 3

μ0 ky =kz =0
a Re α−1
+ 0.026/a3 (cos (kx a) − 1) − 1/a3 1/3 − 0.15(ωa/c)2
m
oriented along different directions in order to yield an
isotropic response, have been as well considered in Refs.
[24–26]. It will be shown below that such simple result

(29)

Comparing Eqs. (28) and (29) two differences are
detected. The first difference is the frequency correction
of the static interaction constant (the term 0.15(ωa/c)2 ),
which was not considered in Ref. [12]. The second
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difference is the coefficient that multiplies the term
(cos(kx a) − 1), which is responsible for the spatial dispersion effects. Apparently, the theory of our previous
paper [12] (when applied to the particular case of magnetic dipoles) overestimates this coefficient by nearly
one order of magnitude. A possible reason for this disagreement is that formula (28) is based on the nearest
neighbor approximation, while the formula derived in
this work takes into account the coupling between all
the particles in the lattice. Indeed, the nearest neighbor
approximation may be more useful when the mutual coupling between adjacent rings is large (which was the case
studied in our previous work [12], where the resonant
rings have larger diameters), whereas it may not be so
accurate for dipole-type particles with a comparatively
weaker mutual coupling.
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From Eq. (17), setting
 pext = 0, i.e.
 removing the exter¯
¯
nal source, using M = μ̄/μ0 − Ī · Hav , and replacing
ε0 by εSRR , it is readily found after some manipulations
that


¯ − k2 Ī¯ + kk · H = 0.
ω2 ε μ̄
(30)
SRR

av

3.1. Propagation along the coordinate axes
First we will analyze the case of propagation along
the one of the coordinate axes, let us say the x-axis
(ky = kz = 0). For this case the modes can be classified
as longitudinal modes and transverse modes. The longitudinal modes are such that the magnetic field is parallel
to the wavevector (Hav ∼ k), which from Eq. (30) implies
that

3. Plane wave dispersion characteristic

¯ (ω, k) · k = 0.
μ̄

Next, we apply the developed homogenization model
to characterize the dispersion characteristic of plane

As discussed in Section 2, for propagation along the
coordinate axes the magnetic function is diagonal, and
thus the above relation is equivalent to μxx = 0. Using
Eq. (21) and the fact that Dint,ij = 0, we find that


1
1
μxx 




=1+ 3

−1
3
μ0 ky =kz =0
a Re αm − 1/a 1/3 − 0.15(ωa/c)2 + 0.052 (cos (kx a) − 1)
waves. To begin with, we remind that the model introduced in Section 2 supposes that the rings only have a
magnetic response. Actually, this is a very rough approximation, since it is well known that in general resonant
rings have as well an electric response (see for example Ref. [17]). As in Ref. [12], we will assume that the
electric response of the rings can be taken into account
by considering that the effective permittivity is equal
to εSRR . Within this approximation the metamaterial is
characterized by a local effective permittivity (εSRR ) and
¯ (ω, k)).1 It is
by the nonlocal magnetic function (21) (μ̄
interesting to note that this hypothesis is nothing more
than assuming that the electric and magnetic responses
are decoupled. Indeed, εSRR may be easily related to the
electric polarizability of the particles using a homogenization approach similar to that of Section 2 (in general
εSRR may also depend on the wave vector, however since
the electric resonance occurs at a frequency significantly
higher than the magnetic resonance, that dependence
is expected to be small for frequencies comparable or
smaller than the frequency associated with the magnetic
resonance, which is the case of interest in this work).
1

Alternatively, the metamaterial could as well be characterized by
the nonlocal dielectric function (6) with the first term in the right-hand
side (Ī¯ ) replaced by (εSRR /ε0 ) Ī¯ , and by μ = μ0 .

(31)

(32)

Thus, the dispersion relation of the longitudinal mode
is:

 2

 ω 2
a3 Re α−1
+ + 0.15
a
m
3
c
− 0.052 (cos (kx a) − 1) = 0.

(33)

On the other hand, the metamaterial also supports
transverse modes for which Hav ·k = 0. It is simple to
verify that for propagation along the x-direction the dispersion relation of the transverse modes is
ω2 εSRR μyy (ω, kx ) = kx2 ,

(34)

being μyy given by Eq. (29).
3.2. Propagation along the main diagonal
It is also interesting to analyze the propagation
properties along the “main diagonal” of the unit
cell, namely along the Γ R direction, being Γ the
origin of the Brillouin zone and R = (π/a, π/a, π/a).
It is thus clear that kx = ky = kz , and therefore

 from
−
Eqs. (22a) and (24) it follows that χii = Re α−1
m


2
3
1/a 1/3 − 0.15(ωa/c) , for i = 1, 2, 3. On the other
hand, from Eqs. (22b) and (25) it is obvious that χij is
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independent of the values of i and j for i =
/ j. Based
on these properties it can be verified that the magnetic
function is such that:
!
kk
kk
¯
¯
μ̄|kx =ky =kz = Ī − 2 μt + 2 μl
(35a)
k
k
!
1
1
μt = μ0 1 +
;
Vcell χ11 − χ12
!
1
1
μl = μ0 1 +
,
(35b)
Vcell χ11 + 2χ12

with
χ12 = −k2 /3a −0.1936 − 0.01188(ωa/c)2 +

0.005902 a2 2k2 /3 , and k2 = k · k = kx2 + ky2 + kz2 .
It is clear that the above expression implies that the
electromagnetic modes can also be classified as longitudinal and transverse modes. Using Eq. (31), it follows
that the dispersion characteristic of the longitudinal
mode (for propagation in the Γ R direction) is μl = 0, or
equivalently
 2

 ω 2
+
a3 Re α−1
+
0.15
a + 2a3 χ12 = 0. (36)
m
3
c
On the other hand, the dispersion characteristic of the
transverse modes is obviously
ω2 εSRR μt (ω, k) = k2 .

(37)

4. Numerical example and discussion
In order to describe the implications of the theory
developed in Section 3, we will analyze the case where
the resonant rings are the edge-side coupled (EC) SRRs
originally proposed by Pendry [1]. To ease the numerical
and analytical modeling it is assumed that the SRRs are
formed by thin wires with radius r = 0.01a (see Fig. 1),
instead of planar particles. The mean radius of the outer
(inner) ring is R + d/2 (R − d/2), where d = 0.1607R is the
mean distance between rings, and R = 0.4a is the average
radius. Each ring has a split that covers an angular sector
of ϕgap = 10◦ . It can be shown that the self-inductance
and capacitance of the EC-SRRs may be estimated using
the following formulas (see Refs. [12,17,23] for closely
related results)


ε0 πR π − ϕgap

,
C=
cosh−1 d 2 /2r 2 − 1

!

8R
−2 .
(38)
L = μ0 R ln
r
The SRRs are oriented as shown in Fig. 1, consistent with the proposal of Ref. [27]. Such structure,

Fig. 2. Band structure of a material formed EC-SRRs with unit
cell as in Fig. 1. The inset shows the first Brillouin zone
and the high-symmetry points X = (π/a, 0, 0), M = (π/a, π/a, 0) and
R = (π/a, π/a, π/a).

unlike an ideal lattice of point magnetic dipoles, cannot be truly regarded as an isotropic magnetic material.
Indeed, as discussed in Ref. [27], to ensure that a regular arrangement of particles is isotropic, the unit cell
should be invariant under the application of proper rotations of the regular tetrahedron (cubic point group T),
and the structure of Fig. 1 does not have such symmetry.2
Moreover, the material also does not have inversion symmetry since SRRs in opposite faces of the cube have the
same orientation due to the translational symmetry, and
thus bianisotropic effects may occur [17]. Despite these
problems, it will be shown below that the metamaterial (formed by very thin and closely spaced rings) has
approximately an isotropic response.
The band structure of the array of SRR resonators was
calculated using the hybrid integral equation-plane wave
method described in Ref. [28], and is reported in Fig. 2.
It can be seen that the structured material has a complete
band gap that occurs due to the strong magnetic response
of the rings. Below the magnetic resonance (normalized
frequency ωa/c ≈ 0.77), the material supports only two
electromagnetic modes (TEM waves), whose dispersion
characteristic is nearly degenerated.
On the other hand, above the magnetic plasma
frequency (ωa/c ≈ 0.91, i.e. the frequency where the
propagation is resumed), the material supports three different modes. One of the modes is expected to be a
longitudinal wave (the so-called longitudinal magneThe unit cell of Fig. 1 is invariant under the rotation 4x ·4z , where
4i (i = x, y, z) represents a 4-fold (90-degree) rotation with respect to
the ith axis. Thus, the metamaterial is invariant under ±120◦ rotations
with respect to the diagonal of the cube along (1, −1, 1). However, it
has not the same property along the other three diagonals, as would
be required so that it would be invariant under the application of the T
cubic point group.
2
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Fig. 3. Dispersion characteristic along the directions Γ R and Γ X.
Black solid line: dipole based model proposed in this work. Black
dashed line: model proposed in Ref. [12] (Γ X propagation), adapted
for the case of point dipoles. Green (thick) lines: full wave electromagnetic simulations. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of the article.)

toinductive wave [13]) and has a nearly flat dispersion
characteristic. The other two modes are approximately
TEM waves and are nearly degenerated. The dispersion
curves confirm that the response of the material below the
magnetic resonance is to a good approximation isotropic.
However, it can be seen that near the magnetic plasma
frequency the dispersion characteristic of the longitudinal magnetoinductive wave depends significantly on the
direction of the wave vector, having a much larger slope
along the direction Γ R than along the direction X. Similar results have been reported in our previous work (Ref.
[12]) for the case where the inclusions are SRRs with
two splits (unit cell with tetrahedral symmetry). Thus,
the direction dependent properties of the longitudinal
magnetoinductive wave can only be explained in terms
of the emergence of nonlocal effects [21], induced by the
granularity of the material.
We have calculated the theoretical dispersion characteristic using the analytical formulas reported in
Sections 3.1 and 3.2, with the static effective permittivity
εSRR = 2.1ε0 . This value was numerically computed using
the homogenization approach of Ref. [14] for ω = 0.
The calculated dispersion curves are plotted in Fig. 3
(solid black lines) superposed on the numerical results
(green thick lines). Despite the simplicity of the analytical model (which treats the SRRs as magnetic point
dipoles), a fairly good agreement is revealed. In particular, below the magnetic resonance the analytical model
concurs very well with the full wave simulations. Near
the magnetic plasma frequency, the quantitative agreement is coarser, but the qualitative agreement remains
good. Consistent with the full wave simulations, the analytical model predicts that for propagation along Γ X
the dispersion characteristic of the longitudinal magne-

123

toinductive wave is flat, whereas for propagation along
Γ R the dispersion curve has a significant dispersion.
This supports that indeed the lack of isotropy of the
longitudinal mode is due to the emergence of nonlocal
effects, more specifically due to the relatively large values of Dint,ij = −χij (see Eq. (36)), which characterizes
the interaction between magnetic particles with different
orientations.
Fig. 3 also reports (black dashed line) the results
yielded by the model proposed in our previous work, Ref.
[12], (adapted for the case of point dipoles: see Section
2.3) for propagation along the Γ X-direction. Consistent
with the discussion of Section 2.3, it is seen that the
model of Ref. [12] tends to overestimate the slope of
the longitudinal model along the Γ X-direction. Apart
from that discrepancy, the general agreement between
the model proposed here and the results of Ref. [12] is
good.
It is important to underline that in a local material
(i.e. in the absence of spatial dispersion) the longitudinal
wave should have a completely flat dispersion characteristic, independent of the direction of the wave vector. It
seems that one of the most common manifestations of
nonlocal effects in structured media is that the longitudinal wave is highly dispersive. This implies that unlike in a
local material the longitudinal mode can be excited by an
external source and represent an additional propagation
channel. In an array of cubic particles made of EC-SRRs
the nonlocal effects are dominant for propagation along
the Γ R direction. Similar nonlocal effects have also been
reported for arrays of uniaxial SRRs [23,29], for connected wire media [30–33], and for plasmonic nanorods
[34].
The effects of spatial dispersion in the longitudinal
mode can be tamed by decreasing the electrical size of the
particles at the resonance, for example by increasing the
capacitance of the rings. Indeed, from Eqs. (2) and (36)
it is found that to a first order approximation (neglecting
powers of both (ωa/c)2 and (ka)4 ) the dispersion of the
longitudinal mode along Γ R is
!
1
ω 2


≈
,
(39)
ωmp
2 /ω2 0.1936(ka)2
1 + 1 − ωmp
r
where the magnetic plasma frequency (which defines
the onset of propagation of "
the longitudinal mode)


is approximately ωmp ≈ ωr / 1 − 2/ 3a3 α−1
. Let
0
us
 estimate the range of wave vectors for which
 ω − ωmp /ωmp  < δ, where δ is some small number.
Using Eq. (39) it can be easily seen that the solution is
of the form k < C/a, where C is some constant that only
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Fig. 4. Effective permeability of the array of cubic particles made
of EC-SRRs as a function of frequency. Dashed blue line: full wave
result extracted using the method reported in Ref. [14]. Solid black
line: analytical result, μ(ω, k = 0), calculated using formula (29). (For
interpretation of the references to colour in this figure legend, the reader
is referred to the web version of the article.)

depends on δ and on ωmp /ωr . But, for a fixed fill fraction
(i.e. for R/a and r/a fixed) the ratio ωmp /ωr is independent
of a. Moreover, the electrical size of the unit cell at the
plasma frequency ωmp a/c may be decreased by increasing the capacitance of the rings (e.g. by decreasing the
inter-ring distance d).Thus, the range
of wave vectors for


which the condition ω − ωmp /ωmp  < δ is observed
verifies kc/ωmp < C/(ωmp a/c), where C only depends on
the fill fraction and δ, and ωmp a/c is determined by the
electrical size of the unit cell. Therefore, the values of k
(normalized to the frequency of operation) for which the
dispersion of the longitudinal mode is below some given
threshold is broader when the electrical cell size of the
unit cell is smaller, showing that in these conditions the
nonlocal effects are less important.

In order to further reveal other possible nonlocal
effects, we have numerically calculated (with a full wave
simulation) the effective permeability of the array of ECSRRs using the approach described in Ref. [14]. The
effective permeability is written in terms of the second
order derivatives of the nonlocal dielectric function with
respect to the wave vector [14]. The extraction procedure
is only meaningful if the material’s response is approximately local. The computed results are represented in
Fig. 4 (dashed blue line), superposed on the results
obtained with the analytical model (29), μ(ω, k = 0)
(solid black line). It is seen that the curves are nearly
coincident, except for a small shift in frequency above
the resonance. Given that the dashed line was extracted
under the hypothesis that the material’s response is local,
these results suggest that, except for the dispersive longitudinal mode, the spatial dispersion effects are relatively
weak, especially for k near the origin of the Brillouin
zone.
5. Array of SRRs combined with a triple wire
medium
Given the contemporary interest in materials with
simultaneously negative permittivity and permeability
[2,26,35], it is pertinent to study the electromagnetic
response of a metamaterial formed by an array of
SRRs combined with an array of connected wires
[30–33,36,37] (see the geometry of the unit cell in the
right-hand side inset of Fig. 5). Based on the results of the
seminal work [35], it seems plausible that such structure
may behave to some approximation as a nearly isotropic
left-handed material. It is expected that the magnetic
response of the composite material will be determined
by the SRRs, whereas the electric response is mainly
determined by the array of connected wires.
It was shown in Refs. [30,31] that the triple wire
medium (with no SRRs) can be accurately characterized
by the following nonlocal dielectric function (assuming
perfectly conducting wires and that the host material is
air):
kk
ε̄¯ (ω, k) = εt,WM (ω) Ī¯ − 2
k

!
+ εl,WM (ω, k)

kk
,
k2
(40a)

Fig. 5. Band structure of an array of cubic particles made of SRRs
and connected wires (solid black lines; see geometry of the unit cell
in the small right-hand side inset), superposed on the band structure of
the array of SRRs (green lighter lines). The left-hand side inset shows
the dispersion characteristic of the connected wire medium (without
SRRs). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of the article.)

where the transverse and longitudinal components of the
dielectric function are
βp2 c2
εt,WM
(ω) = 1 − 2
ε0
ω

(40b)
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βp2
εl,WM
(ω, k) = 1 − 2 2
.
(40c)
ε0
ω /c − k2 / l0

1/2
Above, βp = 2π/ (ln (a/2πrw ) + 0.5275)
/a is
the plasma wavenumber, rw is the radius of the wires, and
l0 is a constant defined in Refs. [30,31] that depends on
the radius of the wires. The connected wire medium imitates to some extent a plasma characterized by a Drude
type dispersion model, except for the longitudinal mode,
which similar to the results of Section 4, may be highly
dispersive [30,31].
If one assumes that the array of wires interacts
weakly with the SRRs, as suggested by the symmetry
of the material, by the results of Ref. [35] and also discussed in our previous work [12], it is straightforward
to obtain a homogenization model for the composite
material formed by SRRs and metallic wires. In fact,
since the connected wire medium does not have a magnetic response, it follows that the magnetic function of
the composite medium is the same as that of the array
of cubic particles formed by EC-SRRs [Eq. (21)]. On
the other hand, the effective permittivity of the compos¯
¯
¯
ite
 mediumshould verify ε̄WM+SRR = ε0 Ī + (εSRR − ε0 ) Ī +
ε̄¯ WM − ε0 Ī¯ , where εSRR , already defined in section III, is
the effective permittivity of the array of EC-SRRs. Thus,
within the considered hypothesis it is found that
!
kk
¯
ε̄¯ (ω, k) = εt,WM+SRR (ω) Ī − 2
k
+ εl,WM+SRR (ω, k)

kk
k2

(41a)

βp2 c2
εt,WM+SRR
(ω) = εSRR,r − 2
ε0
ω

(41b)

βp2
εl,WM+SRR
(ω, k) = εSRR,r − 2 2
.
ω /c − k2 / l0
ε0

(41c)

where εSRR,r = εSRR /ε0 . It is important to emphasize that
the magnetic effects of the composite medium are not
included in the nonlocal dielectric function, and are
¯ (ω, k), given by Eq. (21) [the
described separately by μ̄
magnetic effects could be easily incorporated into the
dielectric function using a formula similar to (6); however, here it is preferable to separate the electric and
magnetic responses since such framework is necessary to
study the longitudinal magnetoinductive wave for which
μl = 0 [21].
Using the hybrid integral equation-plane wave
method of Ref. [28], we have computed the band structure of the composite material formed by connected
wires and EC-SRRs. The geometry of the EC-SRRs is the

125

same as that considered in section IV, and the triple wire
medium is formed by wires with radius rw = 0.05a. The
calculated band structure is represented in Fig. 5 (solid
black lines) for the directions Γ R and Γ X of the Brillouin zone. It is seen that the material supports backward
waves for 0.77 < ωa/c < 0.89, i.e. roughly in the same
frequency band where the array of EC-SRRs is characterized by a complete band gap (the band structure of
the array of EC-SRRs is represented with green lines
in Fig. 5). This supports the hypothesis that the composite material formed by wires and SRRs behaves as
a left-handed medium. Quite interesting, the upper frequency of the backward wave regime is slightly below
the magnetic plasma frequency of the array of ECSRRs. Most likely this is a consequence of some residual
bianisotropic effects, consistent with the theory of Ref.
[17].
Besides the two backward wave (TEM) modes, the
composite material also supports a longitudinal mode
at the magnetic plasma frequency. Remarkably, except
very near to the Γ point, the dispersion of the longitudinal mode cannot be distinguished from the dispersion
of the longitudinal magnetoinductive wave identified in
Section 4 (nearly flat green line in Fig. 5). This behavior
completely supports the hypothesis that the triple wire
medium interacts weakly with the array of SRRs. Indeed,
the dispersion of the longitudinal mode is determined by
¯ (ω, k) · k = 0], which is completely
condition (31), [μ̄
independent of the dielectric function ε̄¯ (ω, k) of the
composite material (because the magnetoinductive longitudinal mode is associated with a trivial macroscopic
electric field: Eav = 0). This explains why the dispersion
characteristic of this mode remains nearly invariant when
the triple wire medium is added to the array of EC-SRRs.
The composite material formed by SRRs and wires
has a band gap above the magnetic plasma frequency.
The propagation is resumed at ωa/c ≈ 1.08, which supposedly corresponds to the electric plasma frequency for
which εWM+SRR ≈ 0. The theoretical value of the electric
plasma frequency may be estimated using Eq. (41b) and
√
is ωep /c = βp / εSRR,r . Since, for wires with rw = 0.05a
we have that βp = 1.93/a, using εSRR,r = 2.1 (see Section 4)
we obtain the theoretical value, ωep a/c = 1.33, which is
slightly larger than the more precise value obtained from
the band structure of the material. Most likely the reason
for the discrepancy is that εSRR,r = 2.1 is the static permittivity of the array of SRRs, and thus our model may
underestimate εSRR,r at the electric plasma frequency.
Above the electric plasma frequency the metamaterial
supports three electromagnetic modes. Two of the modes
are expected to be associated with TEM waves, whereas
the other mode is expected to be associated with an
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electric-type longitudinal mode. Curiously, it can be seen
in Fig. 5 that the dispersion characteristic of these three
modes is nearly coincident. This contrasts markedly with
the case where the metallic wires stand alone in the lattice (see the left-hand side inset of Fig. 5), for which
the dispersion of the longitudinal mode is much smaller
than that of the transverse modes. To explain this curious
phenomenon, we note that near the plasma frequency the
magnetic response of the SRRs is expected to be rela¯ (ω, k) ≈ μ0 Ī¯ ], and thus
tively weak (see Fig. 4) [i.e. μ̄
to a first a approximation the composite metamaterial
may be described using only the nonlocal dielectric function ε̄¯ (ω, k). It should be clear that Eq. (41) implies that
the metamaterial supports two transverse modes with
dispersion characteristic k2 = εt,WM+SRR μ0 ω2 , i.e.
βp2
k2
ω2
=
+
c2
εSRR,r
εSRR,r

(42a)

and a longitudinal mode with dispersion characteristic
εl,WM+SRR = 0, i.e.
βp2
k2
ω2
=
+
.
c2
εSRR,r
l0

(42b)

Comparing Eqs. (42a) and (42b), it is seen that the dispersion of the transverse and longitudinal modes is the
same when εSRR,r ≈ l0 . But for a triple wire medium with
rw = 0.05a we have that l0 ≈ 2.03 (see Refs. [30,31]),
and thus the condition εSRR,r ≈ l0 seems to be verified in our problem. This coincidence explains the
similarity of the dispersion characteristics of the transverse and longitudinal modes above the electric plasma
frequency.
6. Conclusion
Using nonlocal homogenization methods we have
calculated theoretically the magnetic function of an
array of cubic magnetic resonators, under the approximation that the inclusions can be modeled using the
magnetic dipole approximation. The proposed model
complements the analysis of our previous work [12],
and takes into account all interactions between the particles (i.e. magnetic dipoles), and both frequency and
spatial dispersion. It was shown that the properties of the
longitudinal magnetoinductive wave are determined by
nonlocal effects, which are caused by the interaction of
the magnetic resonators with different orientations. Our
results suggest that except in the regime where μ ≈ 0,
the effects of spatial dispersion may be relatively weak,
especially if k is near the origin of the Brillouin zone.
In addition, we studied the propagation properties in

a composite material formed by EC-SRRs and a triple
wire medium. It was shown that such material supports a
backward wave regime, where it may behave as a nearly
isotropic left-handed material. In addition, it also supports both magnetic-type and electric-type longitudinal
modes, and two TEM modes above the electric plasma
frequency. It is hoped that the present study contributes
for the understanding of nonlocal homogenization techniques, and stimulates the study of truly isotropic local
left-handed metamaterials.
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Appendix A.
In this appendix we briefly describe the solution of
the homogenization problem when the resonant rings
are modeled as particles with an electric response. As
discussed in Section 2.1, in these circumstances the magnetic effects are related to the vortex part of the induced
electric current density.
Following Ref. [14], the nonlocal dielectric function is calculated by exciting the metamaterial
with
electric current density, Je,ext =
 an external


jω pext /Vcell e−jk·r , where pext is a constant vector.
Thus, the microscopic electromagnetic fields, (E, B),
verify:
(e)

(e)

∇ × E = −jωB
∇×

B
= jωε0 E + Je,ext + Je,dip ,
μ0

(A1a)
(A1b)

where the microscopic electric current density, Je,dip , is
given by Eq. (4), and is written in terms of the unknown
magnetic dipole moments of the particles in the unit cell
pi . It is important to emphasize that when the response of
the particles is characterized by an electric current density, as considered here, the microscopic fields are the
electric field intensity (E) and the magnetic induction
(B). Quite differently, from duality, when the response
of the particles is characterized by a magnetic current
density the microscopic fields are the electric field inten-
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sity (E) and the magnetic field intensity (H) (see Section
2.2).
It may be easily shown that the solution of Eq. (A1)
is:
¯  r| r  · pi
E (r) = (−jωμ0 )
∇ × Ḡ
p
0,i
μ0
i=1,2,3

¯ · jωp(e) e−jk·r .
+ (−jωμ0 ) Ḡ
av
ext

(A2)

Thus, the local electric field in the immediate vicinity
of the ith ring is


Eloc,i (r) = −jω∇ × Gp r| r0,i · pi
¯  r| r  · p
− jω
∇ × Ḡ
p
0,j
j
j=
/ i

¯ · p(e) e−jk·r ,
+ ω2 μ0 Ḡ
av
ext
(A3)
whereas the local
∇ × Eloc,i / (−jω), is
Bloc,i (r) =

 ω 2
c
+

induction

field,

Bloc,i =



Gp r| r0,i · pi
 ω 2

j=
/ i

c

¯ · p(e) e−jk·r ,
+ ωμ0 k × Ḡ
av
ext

j=
/ i

¯ ·
+ ûi · Ḡ
av

By averaging the microscopic Maxwell’s equations
(A1) [see Eqs. (9) and (14) of Ref. [14]], it can be easily
shown that the macroscopic electric field must be such
that:


(e)
pext
2
¯
Eav = ω μ0 Vcell Ḡav · Pg +
.
(A8)
Vcell
¯ × k and Eq.
¯ = Ḡ
Thus, using again the result k × Ḡ
av
av
(A7), it is found after some algebra that:

(A4)

 ω 2
pi
pi
ûi · Gp ( 0| 0) · ûi
=
μ0
c
μ0
 

pj
ûi · Gp r0,i  r0,j · ûj
+
μ0

(A6)

where the magnetization vector M is defined as in Eq.
(18), and the dyadic χ̄¯ is defined as inEq. (22).

The dielectric function must verify ε̄¯ (ω, k) − ε0 Ī¯ ·
Eav = Pg , independent of the applied current density,
where Pg is the generalized electric polarization vector
given by [14]:

1
k
Pg =
Je,dip (r) e+jk·r d 3 r = − × M.
Vcell jω cell
ω
(A7)

ω2
¯ ·
= M + 2 Vcell Ḡ
av
c

being Gp defined as in Eq. (13). It should be clear that
in the present context Hloc in Eq. (3) should be identified with Bloc /μ0 . Thus, using the auxiliary relation
¯ = Ḡ
¯ × k = Ḡ
¯ · (k × Ī¯ ), [see Eq. (10)], and
k × Ḡ
av
av
av
the property pi = pi ûi , it is found that for i = 1, 2, 3
α−1
m

those of Section 2.2, we conclude that
!
 ω 2
2
¯ · M + 1 c k × p(e) ,
Ḡ
χ̄¯ · M =
av
ext
c
Vcell ω

k
× Eav
μ0 ω

¯  r| r  · p
Ḡ
p
0,j
j
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!
1 c2 k
(e)
× pext .
M+
Vcell ω
(A9)

Substituting now the above formula into Eq. (A6), it
follows the magnetization vector is related to the macroscopic electric field as
!


k
−1
¯
¯
M = − μ0 μ̄ − Ī ·
(A10)
× Eav ,
μ0 ω
¯ is defined as in Eq. (21), and we have used the
where μ̄
−1

¯ −1 = Ī¯ − Ī¯ + Vcell χ̄¯
property μ̄
. Finally, using the


property ε̄¯ (ω, k) − ε0 Ī¯ · Eav = Pg and Eqs. (A7) and
(A10), it is found that the nonlocal dielectric function of
the metamaterial verifies, indeed, Eq. (6), as we wanted
to prove.

!
!
c2 k
(e)
−jk·r0,i
.
× pext e
ω
(A5)

Interestingly, the above result is equivalent to Eq.
(14), provided we make the identification pext = k ×
(e)
pext /ωε0 . Therefore, making manipulations similar to
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Appendix 11
This appendix contains a full text of Ref. [43]
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Abstract: While the effective medium treatment of unbounded metamaterials appears to be well established and firmly proven, related phenomena in
finite structures have not received sufficient attention. We report on mesoscopic effects associated with the boundaries of finite discrete metamaterial
samples, which can invalidate an effective medium description. We show
how to avoid such effects by proper choice of boundary configuration. As
all metamaterial implementations are naturally finite, we are confident that
our findings are crucial for future metamaterial research.
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15. A. Alù, “First-principles homogenization theory for periodic metamaterials,” Phys. Rev. B 84, 075153 (2011).
16. M. Gorkunov, S. A. Gredeskul, I. V. Shadrivov, and Y. S. Kivshar, “Effect of microscopic disorder on magnetic
properties of metamaterials,” Phys. Rev. E 73, 056605 (2006).

#169079 - $15.00 USD

Received 23 May 2012; accepted 1 Jul 2012; published 25 Jul 2012

(C) 2012 OSA

30 July 2012 / Vol. 20, No. 16 / OPTICS EXPRESS 18297

17. J. Rico-Garcı́a, J. López-Alonso, and A. Aradian, “Toy model to describe the effect of positional blocklike
disorder in metamaterials composites,” J. Opt. Soc. Am. B 29, 53–67 (2012).
18. R. R. A. Syms, O. Sydoruk, and L. Solymar, “Lossy metamaterials: no effective medium properties without
noise,” Phys. Rev. B 84, 235150 (2011).
19. A. P. Vinogradov, D. P. Makhnovskii, and K. N. Rozanov, “Effective boundary layer in composite materials,”
J. Communication Technol. Electron. 44, 317–322 (1999).
20. O. N. Gadomskii and S. V. Sukhov, “Microscopic theory of a transition layer on the ideal surface of semiinfinite
dielectric media and the near-field effect,” Opt. Spectrosc. 89, 261–266 (2000).
21. M. Lapine, S. Tretyakov, “Contemporary notes on metamaterials,” IET Microw. Antenn. Propag. 1, 3–11 (2007).
22. O. Zhuromskyy, E. Shamonina, and L. Solymar, “2D metamaterials with hexagonal structure: spatial resonances
and near field imaging,” Opt. Express 13, 9299–9309 (2005).
23. R. Marqués, L. Jelinek, M. Freire, J. Baena, and M. Lapine, “Bulk metamaterials made of resonant rings,”
Proc. IEEE 99, 1660–1668 (2011).
24. A. M. Nicolson and G. F. Ross, “Measurement of the intrinsic properties of materials by time-domain techniques,” IEEE Trans. Instrum. Meas. IM–19, 377–382 (1970).
25. W. B. Weir, “Automatic measurement of complex dielectric constant and permeability at microwave frequencies,”
Proc. IEEE 62, 33–36 (1974).
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1.

Introduction

Metamaterials — artificial media engineered with various structural units which play the role
of atoms — have been in the focus of active research for more than a decade. One of the milestones in understanding metamaterial properties is the effective medium theory (EMT), which
aims to describe metamaterials in terms of effective parameters: permittivity and permeability [1]. In particular, EMT has been essential for the lattices of split-ring-resonators (SRRs) —
the key structure for obtaining an artificial magnetic response [2]. Approaches for determining
the effective permeability of bulk SRR-metamaterials were attempted prior to metamaterials
outburst [3]. Subsequently, fruitful theoretical procedures were developed to account for mutual interaction [4], bianisotropy [5], magnetoinductive waves [6] and their interaction with
the electromagnetic spectrum [7, 8], spatial dispersion [8–10], mutual interaction between the
electric and magnetic subsystems [11], specificity of boundary conditions [12, 13], arbitrary
geometry of elements [14], multipole expansion [15], disorder [16, 17] and noise [18].
However, effective medium theories, in principle, consider unbounded lattices, whereas all
practical metamaterials are of finite size. For conventional materials, it is well known [13, 19,
20] that at the boundaries a transition layer is formed, with properties different from those of
the bulk (see the historical introduction in [13] for a detailed background). For large samples,
however, transition layer does not significantly affect the overall macroscopic properties, and
only manifests itself under specific conditions such as strongly oblique incidence, with surface
modes not affecting the bulk considerably. But metamaterials are often constructed with a much
fewer number of elements than reasonable pieces of conventional materials, so a comparison to
atomic clusters might be more appropriate. At the same time, internal structure of metamaterials
is often more complex than that of natural materials, in a sense that metamaterial elements
may be quite densely arranged, be of different types or form geometrically independent sublattices [21]. This raises an issue of pronounced surface and spatial resonances which may
appear in finite structures even in a quasi-static regime [22, 23].
For metamaterial slabs, having a finite size in one dimension (and the same applies to the
small samples placed inside a waveguide, which is equivalent to a system infinite in transverse
#169079 - $15.00 USD
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a

(a)

(b)

Fig. 1. Scheme of a symmetric finite cube with discrete structure, showing two options of
surface configuration (for the same unit cell in the bulk): “flat” geometry (a) and “ragged”
geometry (b). Note that the actual number of elements is not necessarily reflected here.

direction), bulk effective parameters can be, with certain precautions, extracted from transmission and reflection characteristics [24, 25] (see e.g. [26, 27] for a recent update on the methodology). On this way, it is known that the effective properties extracted for the slabs of finite
thickness quickly converge to the EMT predictions when the number of unit cells across the
slab increases, and for most structures with low spatial dispersion a thickness of a few unit cells
is sufficient to yield the bulk properties.
In this paper, we address the most general case of practical relevance: metamaterials with
finite size in all three dimensions, observed in free space. We will analyse whether such metamaterials can be described with EMT parameters, and what are the requirements for such a
description to be valid. It turns out that while for a slab of metamaterial a few unit cells across
the slab are sufficient for EMT to work well, for the finite size in 3D it may be not sufficient to
take several unit cells in each direction, and that a dramatic effect is caused by the ambiguity in
the boundary structure (see Fig. 1).
Indeed, a unit cell of the isotropic system shown in Fig. 1 contains three resonant loops nonsymmetrically positioned with respect to the geometrical centre of the cell: three sides of the
cube carry resonators, and the other three do not (as those resonators belong to the adjacent
unit cells). This makes no difference in the middle of the structure. However, at the boundaries,
overall symmetry of the sample can be achieved either by adding extra surface resonators on the
three sides, Fig. 1(a), or, less trivially, by removing the unnecessary resonators on the opposite
sides, Fig. 1(b). We will further refer to these methods of assembly as “flat” and “ragged”.
We should note that early analysis [4] confirmed that anisotropic stacks of uniformly oriented
SRRs (all having parallel axes), with about one thousand elements can be successfully described
with EMT; however that structure has no ambiguity of the kind described above.
2.

Results and discussion

We will now analyse metamaterial cubes with isotropic cubic unit cells, and having different
surface geometry as discussed above, and compare their characteristics to those of homogeneous pieces of a bulk material with the corresponding effective parameters [8]. In order to
avoid any complications related to spatial dispersion and fit well into the EMT domain, we
study a system with deeply subwavelength and strongly interacting resonant current loops:
kres a ≈ 0.02 and a/r0 ≈ 3.1 (where kres is the value of the free space wavenumber k0 at resonance, a is the lattice constant and r0 is the mean radius of the loop). A high quality factor of
the resonators, Q ≈ 500, has been chosen in order to present more illustrative results.
The finite size in all three directions does not permit a consistent study in terms of transmission characteristics, but there is a convenient macroscopic characteristic that can be attributed
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Fig. 2. Real part of the normalised polarisability (arbitrary units) of discrete cubes with
5, 8 or 11 layers of resonators in each direction, having either a “flat” geometry (a) or a
“ragged” geometry (b).

to finite samples: normalised polarisability, i.e. the total magnetic moment of the sample per
unit external magnetic field and per unit volume. For subwavelength objects made of a homogeneous isotropic medium, this quantity is a scalar independent of the size. To find the polarisability of our discrete cubes, we solved a system of circuit equations for coupled resonators [6, 28],
assuming a uniform external magnetic field perpendicular to the face of the cube; note that
taking all the mutual interactions into account is essential for such analysis. The total magnetic
moment is then computed by summing the individual magnetic moments of each ring.
In Fig. 2, we compare the normalised polarisabilities of several metamaterial samples with
various number of layers in each direction, calculated for either “flat” or “ragged” boundary.
The normalised polarisability of the discrete cubes changes remarkably as the number of elements grows (unlike what we would expect for a homogeneous material), and it does not show
a trend towards similarity between “flat” and “ragged” versions. However, the results obtained
for the “ragged” geometry show more uniformity than those obtained for “flat” cubes.
Further distinctions are revealed (Fig. 3) by comparing discrete cubes with an equivalent
cube made of a homogeneous medium, with the permeability given by Eq. (13) of [8],

μ = 1+

γ

,
(kres a)2 (k0 a)2 − 1 − 2κa − 4κc − γ /3

(1)

where γ = 0.162 is a coefficient related to the polarisability of a ring (determined by its geometry), κa = 0.0195 and κc = −0.0173 are inductive coupling coefficients to the axial and coplanar nearest neighbours; the numerical values specified here, correspond to the example used in
our illustrations. Note that, although it is generally necessary to take more remote neighbours
into account as well [4], for an unbounded cubic lattice taking only the nearest neighbours explicitly and then using Lorentz correction for farther neighbours [8] provides a sufficiently good
accuracy. The polarisability of the homogeneous cube was found using the CST “Microwave
Studio” commercial package. In order to avoid the appearance of multiple non-physical resonances, the edges and corners of the homogeneous cube must be rounded [29]. We have used
a rounding radius corresponding to one half of the unit cell size of the discrete cubes. Such
rounding leads to a minor difference between the simulation results for cubes of various absolute sizes, but this difference is very small in comparison with discrete cubes, and is not of a
qualitative nature. Figure 3 shows that the polarisability of the “ragged” cube is significantly
closer to that of the homogeneous cube, than the polarisability of the “flat” cube.
These results can be understood in view of the essential role of surface elements [13, 20],
since they do not have the same surroundings as the elements in the bulk and form transition
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Fig. 3. Real (a) and imaginary (b) parts of the normalised polarisability (arbitrary units)
of discrete cubes with 11 layers in each direction, having either a “flat” geometry (dashed
lines) or “ragged” geometry (dotted lines), in comparison with the polarizability of a homogeneous cube (solid lines).

layers with different properties. Then the difference between a “flat” structure and a “ragged”
structure can be qualitatively assessed by noting that the elements of a “flat” surface do not
have 5 out of 14 nearest neighbours, as compared to fully immersed rings, while in “ragged”
surfaces, only 3 of the nearest neighbours are absent. This suggests that the behaviour of the
“ragged” cube should be closer to the behaviour of an unbounded piece.
Although the considered metamaterial samples are formed by hundreds or even thousands
of elements, they still behave like mesoscopic systems. The reason for this is that the number
of periods is relatively small, so the surface excitations do not sufficiently dissipate within the
sample, making a consistent macroscopic field averaging unreliable. However, we can attempt
to extract the effective permeability directly from the polarisability of our cubic samples, as
these quantities must be related. For this purpose, we assume that the functional form of the
polarisability of a cube is similar to that of a sphere αo = 3(μ − 1)/(μ + 2). So, we formally
express the polarisability of a cube as

α = A · (μ − 1)/(μ +C),

(2)

where A and C are real frequency-dependent coefficients (see Fig. 4 for an example of their
functional form). But for a homogeneous cube we know both the permeability function μ given
4.0
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Fig. 4. Frequency dependence of the A and C coefficients calculated with Eq. (3) based
on the effective permeability μ of a homogeneous cube Eq. (1) and its polarisability α ,
obtained from numerical simulations.
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Fig. 5. A comparison between the permeability μ of a homogeneous cube (solid line) and
the effective permeability μ # obtained for 11-layer discrete cubes with a “flat” geometry
(dashed lines) or a “ragged” geometry (dotted lines); real (a) and imaginary (b) parts.

by Eq. (1), and the polarisability α (which was computed numerically and shown with solid
lines in Fig. 3). Thus, we can uniquely calculate A and C (shown in Fig. 4) as
Re α
Im μ
(Re μ +C)2 + (Im μ )2
Im α
Im α .
,
A=
(3)
C=
Re α
Im μ · (C + 1)
1 − Re μ +
Im μ
Im α
Now, these A and C coefficients can be used to evaluate the effective permeability of discrete
cubes from their polarisability α # which is available from our analysis (shown with the dashed
and dotted lines in Fig. 3), using an inverse of equation (2):
|μ |2 − Re μ −

μ # = (A +Cα # )/(A − α # ).

(4)

The result of this procedure is shown in Fig. 5: the curve corresponding to the “ragged” cube
is very similar to the actual permeability of a homogeneous cube, unlike the curve of the “flat”
cube. This result can be regarded as a strong argument in favour of the “ragged” configuration,
in a sense that its effective permeability retrieved through the above procedure, matches the
EMT prediction, whereas for the “flat” configuration such retrieval fails.
3.

Conclusions

We have shown that the behaviour of finite metamaterial samples can deviate significantly from
continuous medium expectations. We conclude that for isotropic SRR-metamaterials with up
to several thousands of elements, the “ragged” boundary structure should be used for practical applications to permit a description in terms of the effective parameters of an unbounded
metamaterial. We are confident that, for the size range in which most practical metamaterials
fit, our results provide valuable information and design guidelines, allowing for to control the
properties of finite metamaterial structures. Our results can be also of interest for the general
theory of mesoscopic electromagnetic systems.
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In this work a  = −1 metamaterial 共MM兲 lens for magnetic resonance imaging 共MRI兲 is
demonstrated. MRI uses surface coils to detect the radio frequency 共rf兲 energy absorbed and emitted
by the nuclear spins in the imaged object. The proposed MM lens manipulates the rf field detected
by these surface coils so that the coil sensitivity and spatial localization are substantially improved.
Beyond this specific application, we feel that the reported results are the experimental confirmation
of a new concept for the manipulation of rf field in MRI, which paves the way to many other
interesting applications. © 2008 American Institute of Physics. 关DOI: 10.1063/1.3043725兴
After the demonstration of the ability of a slab of an
ideal negative refractive index metamaterial 共MM兲 with
 = −1 and  = −1 to obtain subdiffraction images,1 the issue
of optical subwavelength imaging through the direct manipulation of the electromagnetic field has attracted a lot of attention. This effect has been shown in the optical frequency
range,2 in the microwave range,3,4 and in the radio frequency
共rf兲 range5,6 by using different devices. However, the ability
to image objects smaller than the wavelength is not a recent
concept. It is something well known since long in magnetic
resonance imaging 共MRI兲, where imaged objects are very
small as compared to the wavelength of the rf fields used to
obtain the image. As it is well known, the generation of
images in MRI is based on the detection of spatial variations
in the phase and frequency of the rf energy absorbed and
emitted by the nuclear spins of the imaged object.7 These
spatial variations are induced by some static magnetic field
gradients, and the image is built from signals measured by a
receiving coil that has no information about the relative location of the emitting magnetic dipoles. Conventional MRI
involves many repeated measurements and then signal processing 共inverse Fourier transforming兲 before obtaining an
image of a single slice of tissue. Therefore, conventional
subwavelength MRI is based on signal processing and does
not involve any optical means such as focusing or collimation. At this point a question arises in a natural way: would it
be possible to combine both signal processing and optical
means so that the ability of MM devices to directly obtain
subwavelength images could be used to improve conventional MRI? The application of microstructured MM in MRI
was already explored to some extension by Wiltshire et al.8
In Ref. 8 a magnetic flux guide with high permeability was
used to guide the rf flux to a remote coil. This work clearly
showed the compatibility of microstructured MMs with conventional MRI machines, as well as their potential usefulness
in the frame of this technology, thus encouraging our search
for a rf lens with application in MRI.
In a recent work9 some of the authors proposed to use a
subdiffraction MM lens to improve the images obtained by
surface coils in MRI. Surface MRI coils are usually placed
just on the skin of the patient and are used to obtain images
a兲
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of tissues in the proximity of the coil. Due to its higher
sensitivity, surface coils provide a signal-to-noise ratio
共SNR兲 much larger than that obtained with whole-volume
coils or body coils. However, whereas the sensitivity of body
coils is uniform, the sensitivity of surface coils, as well as the
SNR, decreases rapidly with the distance from the coil. Due
to Lorentz reciprocity, the sensitivity of a coil is directly
proportional to the intensity of the magnetic field created by
the coil inside the body of the patient for a standard value of
the current on the coil.10 Figure 1共a兲 shows a typical plot of
the sensitivity 共i.e., the normalized magnetic field intensity兲

FIG. 1. 共Color online兲 Calculation of the normalized magnetic field intensity
共sensitivity兲 for different distances in centimeter of 共a兲 a standard surface
coil of 3 in. in diameter and 共b兲 of the same coil placed on the lens. Units are
arbitrary.
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of a circular coil placed on the skin of the patient. As can be
seen, this sensitivity decays with the distance from the coil,
making the coil useless for obtaining images of tissues located at distances into the body deeper than the coil dimensions, typically. Let us now imagine that an ideal MM lens of
thickness d is placed between the coil and the skin of the
patient. An ideal MM lens of thickness d has the ability of
focusing the electromagnetic field, translating the field distribution on the plane of the coil to another plane at a distance
2d from the coil, and vice versa.1 Therefore, this configuration would increase the coil sensitivity, making it possible to
obtain images of deeper tissues. Before going further with
the design, we must consider that rf fields used for MRI have
an associated wavelength much higher than the dimensions
of any practical coil. Therefore, we are in the realm of the
quasimagnetostatics, and a slab of a microstructured MM
with  = −1 should be enough for manufacturing the lens.
Figure 1共b兲 shows the sensitivity of a coil in the presence of
such a lens with  ⬇ −1 关actually, the permeability of this
MM lens corresponds to that computed according to Eq. 共13兲
of Ref. 11 for the lens manufactured for this work兴. As it can
be seen, the theory predicts a substantial increase in the coil
sensitivity and SNR inside the body of the patient. It is worth
mentioning here that the same effect would appear if the lens
is placed not directly on the coil but at some distance from it.
In this case the only difference will be that the coil sensitivity in the space between the coil and the lens will not be
affected by the presence of the lens.
For the practical implementation of the aforementioned
ideas, the ideal  = −1 lens was mimicked by a slab consisting of a three-dimensional 共3D兲 array of copper metallic
rings loaded with nonmagnetic capacitors. Capacitively
loaded rings 共CLRs兲 were previously proposed by Schelkunoff and Friis12 in order to design artificial media with strong
magnetic response. In our case they were placed in a simple
cubic lattice in order to obtain an isotropic artificial medium
with  = −1. The magnetic permeability of this medium was
computed from Eq. 共13兲 of Ref. 11 as a function of the periodicity, the ring resistance, the ring self-inductance, and the
frequency of resonance. The fabricated MM lens was a two
unit cell thick slab of this artificial medium. A sketch of the
proposed lens is shown in Fig. 2共a兲. Before proceeding with
the description of the experiments, some additional words
will be devoted to the modeling of the lens. It is apparent that
a slab made of only two layers of unit cells can hardly be
considered as a continuous medium. Therefore, the detailed
description of this structure deserves a deeper discussion.
Actually, the authors have recently developed a homogenization procedure for thin slabs made of resonant metallic
rings.13,14 A conclusion of this analysis was that for the specific configuration proposed in this report, the continuous
medium approach gives a good description of the behavior of
the lens. Only a small shift in the frequency of operation of
the lens with regard to the continuous medium model was
detected. This conclusion was confirmed by additional electromagnetic simulations made by using the commercial software package CST MICROWAVE STUDIO. Additional design
corrections were necessary as a consequence of the finite size
of the capacitors, which was not taken into account by the
models. Finally, the lens was manufactured for operation in a
MRI system of 1.5 T 共i.e., for a frequency of operation of
63.85 MHz兲. Figure 2共b兲 shows a sketch of a CLR of the lens
whose dimensions and design parameters are external radius

Appl. Phys. Lett. 93, 231108 共2008兲

FIG. 2. 共Color online兲 共a兲 Sketch of the lens: a 3D array of CLRs. 共b兲
Sketch of a CLR with dimensions. Parameters of the fabricated CLRs:
w = 2.17 mm, r = 6.02 mm, self-inductance of 13.45 nH, capacitance of
470⫾ 1% pF, resonance frequency of 63.28 MHz, and quality factor of
Q = 115. 共c兲 Photographs of the fabricated lens consisting of a 3D array of
18⫻ 18⫻ 2 cubic cells with a periodicity of 15 mm. The total number of
CLRs is 2196. The height and width of the lens are both 27 cm and the
thickness is 3 cm.

of the rings r = 6.02 mm, ring width w = 2.17 mm, ring selfinductance of 13.45 nH, and ring capacitance of 470⫾ 1%
pF, which gives a resonance frequency of 63.28 MHz and a
quality factor of 115. Finally, Fig. 2共c兲 shows two photographs of the final device consisting of a 3D array of 18
⫻ 18⫻ 2 cubic cells with a periodicity of 15 mm and a total
number of CLRs of 2196. The dimensions of the lens are
27⫻ 27⫻ 3 cm3. The capacitors were low-loss nonmagnetic
capacitors of the series ATC100B specially designed by the
company American Technical Ceramics Corp. 共NY, USA兲 for
MRI applications and manufactured with low tolerance for
our application. The rings were photoetched on a FR4 substrate by the company Circuitronica S. L. 共Seville, Spain兲
and the capacitors were inserted by the company Silicium
S. L. 共Seville, Spain兲.
The fabricated lens was tested in a General Electric
Signa 1.5T MRI machine using a standard 3 in. circular
surface coil 1.5T model M1085GA manufactured by ETL
for General Electric. In the experiment, one of the authors
was lying on the MRI machine and the coil was placed beside one of his knees. In our study, axial images 共i.e., images
of a plane normal to the bore of the magnet兲 of type T1 were
acquired using a standard spin-echo sequence typical of T1
acquisitions. The repetition time between signals was 220 ms
and the echo time was 10 ms. The field of view was 34
⫻ 34 cm2 with a 256⫻ 192 data matrix. Two acquisitions
with averaging were used in all cases. Figure 3共a兲 shows an
axial image of the knees without the lens so that both knees
are touching. In this figure, the knee on the right of the image
is closer to the coil and is clearly visible, whereas the knee
on the left is hardly visible, as it is expected from the fact
that the sensitivity of the coil drops off rapidly with distance.
Figure 3共b兲 shows also an axial image of both knees with the
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MRI parallel imaging techniques use several surface coils
and take advantage of the spatial localization of the images
detected by each coil17 to reduce acquisition time. The spatial localization of the images detected by the different coils
would be substantially increased if the coils were placed on
the equivalent plane of the imaged slice of tissue. In the
limit, this technique could make possible to avoid the phase
encoding process following the technique reported in Ref.
18, thus opening the way to real time image acquisition of
deep tissues.

FIG. 3. 共Color online兲 Axial T1 image of the knees of one of the authors 共a兲
without the lens and 共b兲 with the lens between the knees. It must be noted
that the magnetic resonance images are inverted with respect to the photographs, and that this is inherent to the MRI acquisition process.

lens being placed between them 共with this configuration it is
not necessary to retune the coil, and a direct comparison with
the previous image is possible using the same coil兲. In spite
of the fact that the distance between the coil and the knee on
the left of the image is larger than in the absence of the lens,
this knee is now more visible due to the presence of the lens.
This makes apparent that the lens increases the sensitivity of
the coil. We feel that this is a completely new result that
relies on the specific design of the lens, which mimics a
 = −1 medium. We also feel that this result introduces a new
concept in MRI, showing that a  = −1 MM lens can be
applied in the frame of conventional MRI technology in order to improve the sensitivity of surface coils.
Up to now we have shown that MM lenses can be useful
in MRI technology due to their ability of focusing the rf
magnetic field lines of force. Specifically, we have shown
that MM lenses can be applied to improve the sensitivity of
surface coils, thus resulting in an improvement in image
quality, reduction in acquisition time, and/or increase in spatial localization. Since MM lenses can translate the field distribution in a plane behind the lens to another “equivalent”
plane in front of the lens, they can be also useful for obtaining images of deeper tissues. We feel that the reported results
provide a sufficient “proof of concept” for the reported effect. Other MM lens configurations different from the manufactured CLR lens, as that proposed in Ref. 15, could be also
useful for this application. Regarding further applications of
this new concept, we feel that it may also find application in
parallel imaging MRI technology,16 as suggested in Ref. 15.
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Accurate modeling of split ring metamaterial lenses for magnetic
resonance imaging applications
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The usefulness of thin split ring metamaterial slabs for imaging applications, including magnetic
resonance imaging applications, has attracted some attention in the past years. However, the small
number of unit cells across these thin slabs prevents the direct application of continuous medium
models for its characterization. The main aim of this contribution is to provide a rigorous model for
these structures, also clarifying the usefulness of continuous medium approach for their
characterization. The proposed model is a generalization of the classical Lorentz procedure to two
dimensions and is able to deal with electrically thin slabs made of small resonant closed current
loops. The obtained results are validated by full-wave electromagnetic simulations and compared
with the continuous model approximation of the slab. © 2009 American Institute of Physics.
关DOI: 10.1063/1.3067788兴
I. INTRODUCTION

One of the most promising applications of left-handed
metamaterials is the Veselago–Pendry lens1,2 made of a
single slab of thickness d showing relative electric permittivity and magnetic permeability both equal to minus unity. In
principle, this device will be able to reproduce, with any
desired resolution, including subdiffraction resolution, the
electromagnetic field on a given plane 共source plane兲 located
in front of the lens onto another plane 共image plane兲 located
behind the lens at a distance 2d from the source plane.2
However, this effect is strongly limited by losses, which in
practice reduces it to a near field effect. In fact, it can be
shown 共see Ref. 3 and references therein兲 that the minimum
resolution attainable from a lossy slab, having the real parts
of r and ⑀r both equal to minus unity, is given by
⌬ⱖ

2d
,
ln共2/␦兲

共1兲

where ␦ is the loss tangent of the slab. It is clear from Eq. 共1兲
that ⌬ ⬎ d for any realistic metamaterial. This means that in
order to obtain subdiffraction resolution 共⌬ ⬍ 兲 the slab
thickness must be substantially smaller than the wavelength.
In such case, electric and magnetic effects are decoupled and
we are in the realm of the quasielectrostatics or the quasimagnetostatics. Therefore, only slabs with r = −1 or ⑀r = −1
are necessary in order to obtain subdiffraction resolution in
the near field. The first possibility was actually analyzed in
Ref. 2 and then experimentally demonstrated using a thin
silver slab in Ref. 4. The second one was demonstrated in
Ref. 5 using a ferrite slab.
Regarding imaging in the quasimagnetostatic limit, a
promising application of metamaterial structures can be
found in magnetic resonance imaging 共MRI兲 for medical
applications.6–10 In Ref. 6 a hexagonal array of metallic
a兲
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Swiss rolls was used as a “magnetic flux guide” in order to
translate MRI images from a source to a distant receiving
coil. In Ref. 7 a Swiss roll r = −1 lens was proposed for
MRI applications. In Refs. 8 and 9 the applications of split
ring magnetoinductive lenses8 for medical MRI were discussed. Later, a r = −1 lens made of split rings was proposed
for the same application.10 These applications include improvement of surface coil sensitivity and acceleration of
measurement time in the frame of a parallel imaging process.
Split ring lenses with r = −1 共Ref. 10兲 have the key advantages over Swiss-roll lenses7 of three-dimensional 共3D兲 isotropy and sensitivity to axial magnetic fields. With regard to
magnetoinductive lenses,8,9 split ring r = −1 lenses10 have
more complicated design, but this may be compensated by
smaller losses and improved sensitivity coming from the fact
that they do not operate at the split ring resonance, but well
above it, in the negative permeability frequency range.
Since nuclear MRI takes place in the megahertz frequency range, a cubic array of capacitively loaded rings
共CLRs兲 共Ref. 11兲 is a suitable design in order to approach
ideal r = −1 lenses in practice 共CLRs were already used for
magnetoinductive lenses8 operating in the same frequency
range兲. Since losses in the metamaterial are essentially given
by losses in its constitutive elements and vary inversely with
the electrical size of these elements,12 it is desirable from this
point of view to use electrically big CLRs for the design. On
the other hand, since according to Eq. 共1兲 the minimum resolution cannot be made smaller than the slab thickness, there
is no reason to use more than two or three periods along the
slab width. From these considerations it comes out that the
better design for the implementation of an artificial r = −1
lens for MRI applications contains only a few periods along
the slab thickness. Such system, however, can hardly be considered as a continuous medium and a specific description
must be developed in order to rigorously model its behavior.
According to the previous discussion, the main aim of
this work will be to develop a specific model for the analysis
of electrically thin periodic slabs of resonant split rings
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this homogenization procedure applies and let us compute
the transfer function of the lens, that is, the transmission
coefficient between two planes at opposite sides of the lens,
separated by a distance 2d, where d is the lens width.
Clearly, in the ideal case of r = −1, this transfer function
must be equal to unity for any value of the transverse wave
number ky of the incident wave.
As mentioned above, the lens is supposed to operate in
the quasimagnetostatic limit, where all fields are almost
purely composed of evanescent TE modes. Let us then analyze the incidence of a TE plane wave, evanescent in the
z-direction, on the slab in Fig. 1共a兲. Fields of such wave are
FIG. 1. 共a兲 Ideal slab of an effective magnetic medium with  = −0. 共b兲 A
sketch of the proposed CLR implementation.

关which may include the aforementioned CLRs, as well as
split ring resonators 共SRRs兲 共Ref. 13兲 or other similar elements兴 with the sight on imaging applications. At the present
state of the art it is possible to find, apart from the specific
models developed for the analysis of magnetoinductive
lenses,8,9 some attempts of homogenization of thin metamaterial slabs or layers. One of the directions is the analytical
calculation of the interaction constant inside double dipole
arrays,14,15 which finally leads to the definition of the effective material parameters for thin metamaterial slabs.16 This
method is not appropriate for the proposed application because it only takes into account normal incidence. Furthermore, it was developed for point dipole scatterers, which is
not appropriate for the analysis of practical lenses with
strongly coupled elements. Other possibility of homogenization of thin slabs was proposed in Ref. 17. This method
derives the effective material parameters of a slab from the
effective material parameters of a 3D infinite lattice. Also
this method has two drawbacks for our purpose. First, the
homogenization of a 3D lattice is in many cases of the same
difficulty as the homogenization of a slab. Second, in order
to calculate the transmission and reflection by a slab, spatial
dispersion has to be taken into account.
To overcome the difficulties of the aforementioned approaches we will develop a model, which essentially is a
kind of two-dimensional 共2D兲 generalized Lorentz procedure
including a detailed analysis of the magnetoinductive couplings between nearest neighbors. The results obtained from
this model will be compared with those obtained from fullwave electromagnetic simulations in order to validate the
analysis. They will also be compared with the results obtained from the continuous medium approach in order to find
the limits of such approximation.
II. THE CONTINUOUS MEDIUM APPROACH

Figure 1共a兲 shows an ideal r = −1 lens for MRI applications. A practical implementation of this lens using CLRs,
which, according to our previous discussion, has only two
periods along the slab thickness, is sketched in Fig. 1共b兲. In
order to find the effective parameters of the ideal lens in Fig.
1共a兲 we can follow the homogenization procedure developed
in Ref. 18 关Eq. 共13兲兴, which takes into account magnetoinductive couplings between rings. Let us then suppose that

inc j共ky y+kzz兲
x0 ,
Einc
0 = E0 e

Hinc
0 =

Einc
0
共− kzy0 + kyz0兲e j共kyy+kzz兲 ,
0

共2兲

where kz = 冑k20 − k2y , with Re共kz兲 ⬍ 0 and Im共kz兲 ⬎ 0. Taking
the reference planes on the source and image planes 共i.e., at
two parallel planes located at both sides of the lens and separated by a distance 2d = 4a兲 the transmission coefficient of
the lens can be written as
kzs jk d
e z
kz
T=
,
2
2
kzs
kzs
−jkzsd
jkzsd
+ r e
−
− r e
kz
kz

冉

冊

4r

冉

冊

共3兲

where kzs = 冑rk20 − k2y is the longitudinal wave number inside
the slab with Re共kzs兲 ⬍ 0 and Im共kzs兲 ⬎ 0. Making use of this
approach, we have designed a r = −1 split ring lens for operation in a MRI 1.5 T machine 共f ⬇ 63.85 MHz兲 according
to the design sketched in Fig. 1共b兲 with the lattice constant
a = 15 mm. The CLRs were made of copper with metallic
strips etched on a nonmagnetic dielectric board. The CLRs
were loaded with lumped capacitors with normalized capacitance C / 共a⑀0兲 = 354 共470 pF兲. The normalized mean radius of
the CLRs was r0 / a = 0.329 共4.935 mm兲 and the normalized
width of the strips was w / a = 0.145 共2.17 mm兲. The selfinductance of the CLRs was obtained from the measured
value of the frequency of resonance in free space, whose
normalized value was k0a = 0.0199 共63.28 MHz兲. From this
value, the CLR self-inductance L = 20 / C was computed, having the normalized value L / 共a0兲 = 0.714 共13.5 nH兲. By measurement of the quality factor of the resonator, the normalized resistance R / 共0L兲 = 0.008 69 共0.0465 ⍀兲, which
includes the effects of the ring and the capacitor, was obtained. The permeability of a simple cubic lattice of such
SRRs was then calculated using the homogenization procedure developed in Ref. 18 关Eq. 共13兲兴, and introduced in Eq.
共3兲 in order to compute the transfer function of the lens. It is
worth to note that strictly speaking, the analyzed CLR arrangement is not isotropic as it does not follow the necessary
symmetries19 due to the asymmetric location of the capacitors on the rings. However, the electrical size of the CLRs is
so small 共diameter/  = 1 / 394兲 that they can be practically
seen as resonant closed current loops, supporting a uniform
current distribution. Therefore, the analysis reported in Ref.
18 can be applied to the proposed structure.
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FIG. 2. 共Color online兲 Transfer function through the r = −1 lens of Fig. 1
calculated using the continuous medium model in Ref. 18. 共a兲 Losses are
ignored 共R = 0 ⍀兲. 共b兲 Realistic losses
共R = 0.0465 ⍀兲 are included in the
model.

The computed amplitude of the transmission coefficient
共3兲 is plotted in Fig. 2, as a function of the normalized frequency k0a and the normalized transverse wave number kya.
In the lossless case it can be seen that the transmission coefficient forms a flat valley between two steep cliffs, which
corresponds to the surface waves that can be excited at both
interfaces of the lens.8 The frequency bandwidth of the valley increases from zero width at kya =  to some finite width
when the incident wave exhibits normal incidence. The
transmission coefficient inside the entire valley has a value
very close to unity, which reflects the imaging properties of
the slab. The middle frequency of the valley corresponds to
permeability r = −1. When realistic losses are included, the
transfer function is strongly affected: both cliffs disappear
共for smaller losses, for instance, R = 0.01 ⍀, we can still find
some trace of them兲 and the spatial bandwidth 共the allowed
values of kya兲 becomes smaller. Since the resolution of the
lens is limited by the minimum value of the allowed transverse wavelength y = 2 / ky, the presence of losses reduces
the resolution of the lens in agreement with our previous
discussion. Nevertheless, the results shown in Fig. 2 are still
very promising for MRI applications, as it will be shown in
Sec. IV. However, as it was mentioned above, this conclusion
is conditioned by the validity of the continuous medium
model, which is not clear for the analyzed structure. In Sec.
III we will develop a more accurate model and compare the
results with those obtained in this section.
III. THE THIN SLAB MODEL

In this section a theoretical model of electrically thin
slabs made of 2D periodic arrays of SRRs will be developed.
The model will be particularized for the specific geometry
discussed in Sec. II. However, it will become apparent that
the analysis can be easily generalized to other similar configurations, including one or more layers of resonant current
loops. The only limitations are a small electrical size of the
loops and slab thickness. In our particular example, the slab
is composed of a regular array of the unit cells shown in Fig.
3, which are periodically arranged in a square lattice of periodicity a over the x-y plane. It can be seen that each unit
cell contains seven resonators 共in our specific example they
are CLRs, but other configurations, such as small SRRs, can
also be considered兲. Figure 3共b兲 shows the current loop

model of the real structure in Fig. 3共a兲, where it is assumed
that each loop forms an RLC circuit20 having self-impedance
Z0 = 1 / 共jC兲 + jL + R.
A. Circuit model of the slab

Let us assume now the incident wave 共2兲 impinging on
the slab. This polarization was selected due to the particular
purpose of the example; however the analysis can be easily
modified for incident plane waves of any polarization and
phase shift in any direction. According to the model, each
unit cell of the slab is described by a current vector Imn,
where superindices m and n indicate the location of the unit
cell in the x-y plane. Due to the assumed form of the incident
field it is Imn = I00e jkyna. The currents in the unit cell at origin
are driven by the magnetic flux across the different loops
according to
00
Z0I00
i = − j ⌽i ,

i = 1, . . . ,7,

共4兲

where the magnetic flux ⌽00
i through the loops includes the
flux of the external magnetic field as well as the magnetic
flux created by all other loops in the lattice. Therefore, it can
be then written that
ext
00 00
⌽00
i = ⌽i + 兺 M ij I j +
j⫽i

mn
兺 兺 M mn
ij I j ,

共5兲

mn⫽00 j

where M mn
ij is the mutual inductance between ith loop in 00th
cell and jth loop in mnth cell, and the summations extend
over all the unit cells. Although Eq. 共5兲 is formally correct,
the last series are only conditionally convergent and cannot
be used in practice. To overcome this difficulty, the well
known Lorentz local field procedure21 will be applied. This
procedure, which for 3D structures leads to the well known

FIG. 3. 共a兲 Considered unit cell made of CLRs. 共b兲 Current loop model of
the unit cell.
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Clausius–Mossotti formula, has been successfully applied in
the past to the analysis of 3D metamaterial structures 共see,
for instance, Ref. 3 and references therein兲 and, more recently, it has been applied to the analysis of 3D metamaterials made of resonant current loops.18 In this paper, a straightforward generalization of this procedure to the analyzed 2D
structure will be applied to compute the last summation in
Eq. 共5兲.
Following the aforementioned Lorentz approach, the
whole metamaterial is divided in two regions: inside and
outside a circle 共actually a flat cylinder兲 of radius R around
the 00th unit cell, i.e.,
ext
00 00
00
⌽00
i = ⌽i + 兺 M ij I j + 兺 I j
j⫽i

j

兺

jkyna
M mn
ij e

M = M0e jkyy␦共z − zi兲,

where zi stands for the location of the layer along the z axis,
that is, z1 = a, z2 = 0, z3 = −a, z4 = z6 = a / 2, and z5 = z7 = −a / 2.
Radiation of these sources can be easily obtained by direct inversion of Maxwell equations. Assuming a magnetization layer at z = zi and B = 0共H + M兲, this results in

冉

j0 ky M 0z
− M 0y sgn共z − zi兲 e jkyye jkz兩z−zi兩 ,
2
kz

Ey =

jk20M 0x
sgn共z − zi兲e jkyye jkz兩z−zi兩 ,
20

mn⫽00

M ⬁ij I00
j ,

共6兲

Ez = −

j

where the term 兺 j冑M ⬁ij I00
j represents the magnetic flux coming from all the loops outside the circle.
Substitution of Eq. 共6兲 into Eq. 共4兲 then gives
共Z01 + jM + jM⬁兲I00 = − j⌽ext ,
M ii =

兺

Hx =

jkyk20M 0x jk y jk 兩z−z 兩
e y e z i,
2   0k z

− k20M 0x jk y jk 兩z−z 兩
e y e z i,
2jkz

j
Hy = 关− ky M 0z sgn共z − zi兲 + kzM 0y兴e jkyye jkz兩z−zi兩 ,
2

jkyna
M mn
,
ii e

冉

mn⫽00
m2+n2⬍R2/a2

M

ij
i⫽j

= M 00
ij +

Hz =

兺

冊

Ex =

m2+n2⬍R2/a2

+兺

共8兲

jkyna
M mn
.
ij e

共7兲

mn⫽00
m2+n2⬍R2/a2

This equation can be solved provided M, M⬁, and the external magnetic flux ⌽ext are known. Calculation of matrix M is
straightforward as its terms are given by summations of mutual inductances between two current loops, which are explicitly calculated in Appendix A. The expression for M⬁
will be given in Sec. III C, assuming that the radius R is big
enough so that the contribution coming from all the unit cells
outside the circle can be seen as a continuous distribution of
magnetization. The details of these computations are left to
Sec. III C and to Appendix B; however, it is worth to mention that the proposed procedure avoids all the problems related to the slow convergence of the last summation in Eq.
共5兲 because all series and integrals involved in the final expressions will be finite.

− M 0ze jkyy␦共z − zi兲.

The scattering of a plane wave by the considered slab is
characterized by the transmission T and reflection R coefficients. At the present stage of the analysis, Eq. 共7兲 only gives
the currents on the loops along the periodic array. In order to
calculate T and R, the far field radiated by the loops has to be
calculated. In the far field region, the lens can be seen as
seven parallel magnetized surfaces, each of them carrying
the magnetization connected to each one of the seven loops
in the unit cell, altogether with its periodic repetitions along
the slab. Magnetization of each surface has the form

共9兲

Now, according to the indices in Fig. 3共b兲, it can be easily
realized that only surfaces corresponding to loops 1, 2, 3, 4,
and 5 contribute to the radiated Ex field component through
=
E1,2,3,4,5
x

冋

j0A ky jk 兩z−a兩 ky jk 兩z兩 ky jk 兩z+a兩
I 1e z
+ I 2e z + I 3e z
2a2 kz
kz
kz

冉 冊
冉 冊

− sgn z −

a
I4e jkz兩z−a/2兩
2

− sgn z +

a
I5e jkz兩z+a/2兩 e jkyy ,
2

册

共10兲

and only surfaces corresponding to loops 6 and 7 contribute
to the radiated Ey and Ez field components through
E6,7
y =

B. Transmission and reflection coefficient of the slab

冊

jky ky M 0z
− M 0y sgn共z − zi兲 e jkyye jkz兩z−zi兩
2
kz

冋 冉 冊
冉 冊 册

jk20A jk y
a
y
sgn z − I6e jkz兩z−a/2兩
2e
2   0a
2
+ sgn z +

Ez6,7 = −

a
I7e jkz兩z+a/2兩 ,
2

jkyk20A jk y
e y 共I6e jkz兩z−a/2兩 + I7e jkz兩z+a/2兩兲,
2   0k za 2

共11兲

where A states for the surface of the current loop.
Now, taking into account the presence of the incident
wave, the reflection and transmission coefficients for the reference planes z = −2a and z = 2a are given by
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FIG. 4. Illustration of the slab with a hole of radius R.
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共12兲

In Eq. 共12兲 superindices sign the co- and cross-polar components. The presence of cross-polar components, not found in
homogeneous material slabs, is a consequence of the lack of
periodicity in the z-direction. The transmission and reflection
coefficients for the cross-polarized wave are, however, very
small in the analyzed structure, as it will be shown in Sec.
IV.

C. Calculation of the magnetic flux created by far
neighbors

The last step before using Eq. 共7兲 to calculate the induced currents and, subsequently, Tij and Rij coefficients, is
the calculation of matrix M⬁, which represents the coupling
of each unit cell with its far neighbors. For this purpose we
must evaluate the magnetic field over the unit cell at origin
created by unit cells outside a circular hole of radius R. This
situation is illustrated in Fig. 4.
Let us assume, following the procedure outlined in Sec.
III A, that the hole is big in comparison to unit cell 共R Ⰷ a兲,
that the unit cell is electrically small 共k0a Ⰶ 1, kya Ⰶ 1兲, and
that the slab is electrically thin 共k0d Ⰶ 1兲. In such case it is
possible to say that the field over the unit cell at origin,
created by neighbors outside of the hole, is almost uniform.
Therefore, the magnetic flux through the loops of the unit
cell will be ⌽i ⬇ A0ni · H M 共0 , 0 , 0兲, where ni is the normal
to the ith loop and H M 共0 , 0 , 0兲 is the magnetic intensity at
origin. Furthermore, since the slab is electrically thin, it can
be said that the field H M 共0 , 0 , 0兲 is radiated by a surface with
magnetization

having a circular hole of radius R at the center. It may seem
that the field HM can be calculated by using free space
Green’s function for magnetic currents22 and integrating over
the surface with the hole. Although this is possible, it has to
be taken into account that such approach leads to very poorly
convergent integrals that prevent any numerical solution.
This approach was used, for example, in Ref. 23 in case of
ky = 0, where the poor convergence was overcome by finding
an analytical solution. Unfortunately, in the general case of
ky ⫽ 0 there is no closed form solution of such integrals,
which prevents the generalization of such procedure. There
is, however, another possible approach that can be described
as follows: calculate the field created by a magnetized annulus of outer radius R and inner radius ⑀ and subtract it from
the field created by a magnetized surface with a hole of radius ⑀, assuming that ⑀ is negligibly small. Making then the
limit ⑀ → 0 leads to the desired field HM . This procedure
slightly differs from the standard Lorentz procedure since the
field created by a surface of uniform magnetization has a
singularity on the surface. This singularity is avoided by the
subtraction of the fields created by a small circle of radius
⑀ → 0. The advantage of this procedure is that since ⑀ → 0,
the magnetization of this last disk can be considered uniform, and therefore the fields can be easily computed. The
mathematical details of outlined procedure can be found in
Appendix B, where it is shown that
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where F⬁x , F⬁y , and Fz⬁ are given by integrals 共B8兲, which can
be easily evaluated.
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FIG. 5. Amplitude of the transmission
coefficient for several electrical sizes
of the CLRs in the lens of Fig. 1共b兲.
The transmission coefficient was obtained by simulation 共solid lines兲, theoretical model of Sec. III 共dashed
lines兲, and effective medium model
共dashed-doted lines兲. The considered
normalized transversal wave number
is kya =  / 18 in all figures.

IV. NUMERICAL VALIDATION AND COMPARISON
WITH THE CONTINUOUS MEDIUM MODEL

In this section the results of the model developed
through Sec. III will be compared to full-wave numerical
simulations, carried out by the numerical CST Microwave
Studio electromagnetic solver. The comparison will be provided via the calculated transmission coefficient between
planes z = −2a and z = 2a and the reflection coefficient at
plane z = −2a. For all the following calculations of the coupling matrices M⬁ and M a radius R = 10a will be used. The
simulated slab is made of CLRs with normalized mean radius r0 / a = 0.34 and normalized width w / a = 0.13. The normalized self-inductance L = 2 / C was computed from the
simulated frequency of resonance for several values of the
capacitance C, and the value L / 共a0兲 = 0.79 was obtained.
The losses in CLRs will be neglected at this moment so that
all the resonance peaks are well visible.
First of all, the limits of the proposed model will be
studied. For this purpose the capacitance of the CLRs is varied so that the mean diameter of the CLRs at resonance is
d /  = 1 / 30, 1/50, 1/100, and 1/440. The transmission coefficients for all the above situations obtained from the theoretical model, full-wave simulations, and effective medium
model 共see Sec. II兲 are depicted in Fig. 5. In all plots of Fig.
5 a normalized transversal wave number kya =  / 18 was imposed. The plots for CLRs with d /  = 1 / 30 are depicted in
Fig. 5共a兲. It can be seen that although the theoretical model
reproduces the simulation better than the effective medium
model, the quantitative agreement is very poor. This is expected since it is known24 that the current induced on a conducting loop can be considered approximately uniform only
if the circumference of the loop is smaller than  / 10. There-

fore, the quantitative disagreements can be attributed to the
imprecise assumption of a uniform current over the CLRs.
This hypothesis is confirmed by the remaining panels of Fig.
5, where it can be clearly observed that as the CLRs become
electrically smaller, the quantitative agreement between
theory and simulation improves, reaching a practically perfect matching in Fig. 5共d兲. Noticeably, Fig. 5 also shows that
the effective medium model provides a reasonable first order
approximation for small CLRs, even though it shows a systematic frequency shift with regard to simulations. This frequency shift is present for any electrical size of the CLRs.
Therefore it seems to be a consequence of the small number
of unit cells through the slab, regardless of the size of the
CRLs.
After the validation of the proposed model, the analysis
will be focused on the slab made of CLRs with d / 
= 1 / 440, which is close to the slab proposed in Sec. II for
MRI applications. To study the imaging properties of this
slab, the transmission coefficient will be plotted for several
values of the transversal phase shift. Figure 6共a兲 shows the
result of the effective medium model and Fig. 6共b兲 shows the
results of the model of Sec. III. As it was already mentioned
in Sec. II, a T ⬇ 1 valley appears between two peaks in both
cases. These peaks are approaching each other when the
transverse phase shift increases; however it can be seen that
there is always a region common to all curves. When dealing
with effective medium model, this common region precisely
corresponds with permeability around r = −1 and lies just in
the middle between both peaks. The model in Sec. III corrects this scenario, showing that this common region is
shifted to lower frequencies when the transverse phase shift
increases and it is no more centered. However, in both cases,
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FIG. 6. 共Color online兲 Amplitude of
transmission coefficient for various
transversal wave numbers obtained
from the effective 共a兲 medium model
and the 共b兲 model of Sec. III.

a frequency band of T = 1 is present for moderate values of
the transverse phase shift, which confirms the usefulness of
the proposed design for MRI applications. Figure 7 shows
the transmission and reflection coefficient of the lens. It reveals that an optimal point of minimum reflection appears
just at the expected frequency of operation of the lens.
Finally, cross-polarization effects will be investigated.
As it was already mentioned in Sec. III B, the analyzed slab
produces not only copolar but also cross-polar components
of the transmitted and reflected waves, as it can be seen from
Eq. 共12兲. In order to illustrate this effect, the transmission
coefficients Txx and Tyx are plotted in Fig. 8 for a normalized
transversal wave number kya =  / 18. It can be observed that
especially in the region of interest, the cross-polar component is approximately two orders of magnitude smaller that
the copolar one, having thus a negligible influence. Similar
conclusions are reached for other transversal wave numbers.
V. CONCLUSION

A rigorous model has been proposed for the description
of electrically thin metamaterial slabs made of resonant current loops. This includes electrically small capacitively
loaded loops, SRRs, and other related configurations. This
model allows for the computation of the transmission and
reflection coefficients of any kind of propagative and/or evanescent incident plane wave, and is specifically well suited
for the analysis of imaging applications of such slabs.

FIG. 7. Amplitude of transmission and reflection coefficient obtained from
the model of Sec. III. The normalized transversal wave number is kya
=  / 18.

The reported model has been compared with numerical
full-wave electromagnetic computations, and a good agreement has been found provided the hypothesis underlying the
approximation is fulfilled. Specifically, it has been found that
the proposed model remains valid, provided the size of the
current loops is small enough to guarantee an approximately
uniform current distribution along the loop. It has been also
compared with the continuous medium model of the slab.
The main conclusion of this comparison is that this last
model provides a qualitative description of the electromagnetic behavior of the slab, even for thicknesses including a
number of unit cells so small as two. Quantitatively, the continuous medium model fails by a small amount even for very
small current loops, as a consequence of the small number of
unit cells across the slab. In such situations, the main brawback of the continuous medium model is a non-negligible
frequency shift in the transmission and reflection coefficients
through the slab.
Applications of the above concepts in the design of
metamaterial magnetic superlenses are envisaged. Specifically, medical applications in MRI can be foreseen. These
applications could result in a meaningful increasing of the
sensitivity of surface coils, reduction in image acquisition
times, and improvement of parallel imaging techniques.

FIG. 8. Amplitude of transmission coefficient obtained from the model of
Sec. III. The solid line represents direct copolar transmission, while dashed
line represents transmission through cross-polar component. The normalized
transversal wave number is kya =  / 18.
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y = r0共nz sin ␣ − nx sin ␣兲 + y s ,
z = r0共ny cos ␣ + nx cos ␣兲 + zs ,

␣ 苸 共0,2兲,
APPENDIX A: MUTUAL INDUCTANCE OF TWO
CURRENT LOOPS

For orthogonally oriented loops the parametrization of
each current loop can be written as

共A1兲

where nx, ny, and nz are the components of the unit vector
normal to the loop; xs, y s, and zs are the coordinates of its
center; and r0 is the radius of the loop. The element of length
in parametrization 共A1兲 is given by

dl = r0关x0共− nz sin ␣ + ny cos ␣兲 + y0共nz cos ␣ − nx cos ␣兲 − z0共ny sin ␣ + nx sin ␣兲兴d␣ .

共A2兲
22

The mutual inductance between two loops can now be calculated using the Neumann formula
M=

0
4

冕冕
l2

l1

as

e−jk0
dl1 · dl2 ,


 = 冑关x1共␣1兲 − x2共␣2兲兴2 + 关y 1共␣1兲 − y 2共␣2兲兴2 + 关z1共␣1兲 − z2共␣2兲兴2 .

For numerical calculations it is very convenient to rewrite
Eq. 共A3兲 as
M=

0
4

冕冕
l2

l1

e−jk0 − 1
0
dl1 · dl2 +

4

冕冕
l2

l1

1
dl1 · dl2 .

共A4兲

In Eq. 共A4兲 the second integral 共static part兲 does not depend
on frequency and can be evaluated only once in whole frequency sweep. The first integral 共dynamic part兲 has to be
evaluated for each frequency. However the integrand is a
very slow varying function 共especially when k0 ⬍  / 2, the
integrand is practically a linear function兲, so only a few integration points are needed, which drastically fasten the calculation.

共A3兲

Hzdisk ⑀ = − M 0z␦共z = 0兲 +

冉
冉

冊
冊

⑀
=
Hdisk
x

− jk0M 0x 1
1
+
jk0 − M 0xe−jk0⑀ ,
4
2
⑀

⑀
=
Hdisk
y

− jk0M 0y 1
1
+
jk0 − M 0ye−jk0⑀ ,
4
2
⑀

冊

共B1兲

In Eq. 共B1兲 it can be seen that the z-component of the field is
divergent. However, it will be shown that this fact does not
introduce any difficulty if the term ␦共z = 0兲 is treaded in symbolic way. Subtracting Eq. 共B1兲 from Eq. 共9兲 we can write
the field in the center of hole of radius ⑀ as

=
Hhole
x

冉

冊

− k20M 0x jk0M 0x 1
1
−
+
jk0 − M 0xe−jk0 ,
4
2jkz
2


j
jk0M 0y

Hhole
= 关− ky M 0z sgn共z = 0兲 + kzM 0y兴 +
y
2
2
−

APPENDIX B: CALCULATION OF THE FIELD
HM„0 , 0 , 0…

Let us assume a problem of negligibly small hole of
radius ⑀ cut in the magnetized surface. Such problem can be
solved by subtracting the field of a disk of radius ⑀ from the
field of a full magnetization surface given by Eq. 共9兲. Since
the disk is negligibly small it is ky⑀ Ⰶ 1, and the field in its
center can be approximated by the field of a uniformly magnetized disk, a problem that is solved in Appendix C. It can
be found that the field at the center of such disk is

冉

1
1
jk0 + M 0ze−jk0⑀ .
2
⑀

Hzhole  =

冉

冊

1
1
jk0 − M 0ye−jk0 ,
4


冉

冊

jky ky M 0z
− M 0y sgn共z = 0兲 −
2
kz

冉

冊

1
1
jk0 + M 0ze−jk0 .
2


共B2兲

The problem of the terms sgn共z = 0兲 in Eq. 共B2兲 can be
solved as follows: assume that there is only magnetization
M 0z. In such case there is an x-y magnetic wall at z = 0 and
Hy must vanish on it. This means that we can take sgn共z
= 0兲 = 0 for Hy components. In a similar way, when there is
only magnetization M 0y, there must be an x-y electric wall at
z = 0 and Hz must vanish on it. This means that we can take
sgn共z = 0兲 = 0 for Hz component. Finally we obtain
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冋
冋


Hhole
=
x


=
Hhole
y

Hzhole
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冉 冊 册
冉 冊 册
冉 冊 册

jk20 jk0 1
1
−
+
jk0 − e−jk0 M 0x ,
2
4
2kz


Hannulus
=
x

1
jkz jk0 1
−
+
jk0 − e−jk0 M 0y ,
2
4
2


jk2y 1
1

=
−
jk0 + e−jk0 M 0z .
2kz 2


共B3兲

The final step is now to subtract from Eq. 共B3兲 the field in
the center of an annulus with outer radius R and inner radius
⑀. The field of such annulus can be solved by direct integration of the magnetic current Green’s function, which leads to
Hannulus
=
x

M 0x
2

冕再 冉
R

k20



J1共ky兲
J0共ky兲 −
ky

冉

冊

共1 + jk0兲 J1共ky兲
+
3
− J0共ky兲
2
ky
Hannulus
=
y

M 0y
2



k20

3J1共ky兲
ky

−

Hzannulus =

冕再
R

M 0z
2

冕再


k20

冎

Subtraction of Eq. 共B4兲 from Eq. 共B3兲 gives the field
H M 共0 , 0 , 0兲 at the center of the circular hole of radius R. The
integrals in Eq. 共B4兲 can be solved numerically; however the
numerical solution is difficult due to the divergent behavior
of the integrands for  = 0 共note that it is assumed that ky⑀
Ⰶ 1兲. However, this problem can be easily solved. The integrals in Eq. 共B4兲 have a closed form solution in the case of
ky = 0, which reads
M 0x
4
−

Gz =



k20 +

冎

共1 + jk0兲 −jk 
M 0x
e 0 d =
2
4

冊 冉
冕再
冊 冉
冕再
冊 冉

冊

冎

1 −jk R
1
e 0 + − jk0 + e−jk0 ,
R


M 0y
Gy =
4
−

冕再
R

R



冎

冊

冎

R



k20 −

冎

共1 + jk0兲 −jk 
M 0z
e 0 d =
2
2

冊

冎

1 −jk R
1
e 0 + − jk0 − e−jk0 .
R


再冉

再冉

冊

冎

再冉 冊

1 −jk R
e 0 +
R

jk0 −

1 −jk 
e 0 ,


冕再 冉
R

M 0y
2

M 0x
4

k20



冉

J1共ky兲 1
−
2
ky

冊

+

共1 + jk0兲
3J1共ky兲
2J0共ky兲 −
2

ky

−

1
2

冊冎

e−jk0d +

− jk0 +

M 0z
2

冊

冎

再冉 冊

1 −jk R
e 0 +
R

jk0 −

1 −jk 
e 0 ,


冕再


冎

k20 −

共1 + jk0兲
兵J0共ky兲 − 1其e−jk0d
2

jk0 +

1 −jk R
1
e 0 + − jk0 − e−jk0 .
R


R

M 0z
2

M 0y
4

再冉 冊 冉

冊

冎

Field 共B6兲 is identical to Eq. 共B4兲, but now all the integrands
tend to zero for  → 0 and all integrals in Eq. 共B6兲 can be
numerically evaluated without difficulty. Finally the subtraction of Eq. 共B6兲 from Eq. 共B3兲, taking into account Eq. 共13兲,
leads to

冤

jk0

Fz⬁ Fz⬁ Fz⬁ 0

Fz⬁
Fz⬁
2

 0A
M = 2 0
a
0
jk0

Fz⬁
Fz⬁

Fz⬁
Fz⬁

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

F⬁y
F⬁y

F⬁y
F⬁y

0

0

0

0

F⬁x
F⬁x

F⬁x

0

0

0

0

0

0

0

0

0

0

F⬁x

冥

,

共B7兲

where

再冉

F⬁x =

jk0

再冋

共B5兲

−

Now, we can add the right-hand part and subtract the lefthand part of Eq. 共B5兲 from Eq. 共B4兲, which leads to

+

+

e−jk0d +

冊

共B6兲

⬁

共1 + jk0兲 −jk 
M 0y
k20 +
e 0 d =
2

4

1 −jk R
1
e 0 + − jk0 + e−jk0 ,
R


M 0z
2

冊冎

− jk0 +

+

共B4兲

Gx =

1
2

e−jk0d ,

共1 + jk0兲
−
J0共ky兲e−jk0d .
2

冉

−

冉
Hzannulus =



J1共ky兲 1
−
2
ky

共1 + jk0兲 J1共ky兲
− J0共ky兲
3
2
ky

e−jk0d ,

J1共ky兲 共1 + jk0兲
+
2J0共ky兲
ky
2

冊冎

R

冊冎
冉

k20 J0共ky兲 −

+

冉
=
Hannulus
y

冕再 冉
R

M 0x
2

1
2

冉

冊 册

jk20 jk0 1
1 −jk R
+
jk0 −
e 0
−
2
4
2kz
R

冕再 冋
R



k20 J0共ky兲 −

冋

J1共ky兲 1
−
2
ky

册

共1 + jk0兲 J1共ky兲
1
3
− J0共ky兲 −
2
2

ky

册冎

冎

e−jk0d ,
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F⬁y =

再冋
−

1
2

冉

=

再冋

−

冊 册

1 −jk R
jkz jk0 1
+
jk0 −
e 0
−
2
4
2
R

冕再 冋
R



k20

册

冉 冊

1 + jk0 −jk 
 e−jk0
=−
e 0 ,


2

冋

共1 + jk0兲
J1共ky兲 1
−
+
2J0共ky兲
2
ky
2

3J1共ky兲 1
−
−
2
ky
Fz⬁
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册冎

冉

冎

冊 册 冕冋

冎



k20
共B8兲

All integrals in Eq. 共B8兲 converge even for ⑀ = 0. Making ⑀
→ 0 leads to the exact solution.

APPENDIX C: MAGNETIC FIELD IN THE MIDDLE OF
A UNIFORMLY MAGNETIZED DISK

Assume that the disk of radius ⑀ carries a uniform magnetization
共C1兲

The magnetic intensity produced in the disk center will be
obtained in two steps. First of all, setting ky = 0 in Eq. 共9兲, we
obtain the magnetic field intensity radiated by an infinite
surface of magnetization M,
Hx =

− jk0M 0x −jk 兩z兩
e 0 ,
2

Hy =

− jk0M 0y −jk 兩z兩
e 0 ,
2

Hz = − M 0z␦共z兲.

冥冧

M0e−jk0⑀ . 共C3兲

Now, by subtracting Eq. 共C3兲 from Eq. 共C2兲 we can easily
obtain the field in the middle of uniformly magnetized disk
of radius ⑀.

R

共1 + jk0兲
关J0共ky兲 − 1兴e−jk0d .
2

M = M0␦共z兲.

冦 冤 冥 冤

1 0 0
1 0 0
1
1
H = − jk0 0 1 0 + 0 1 0
4
⑀
0 0 2
0 0 −2

e−jk0d ,

jk2y 1
1 −jk R
1
−
jk0 +
e 0 −
2
2kz 2
R

册

it is found that the magnetic field intensity in the middle of
the hole is

共C2兲

Then, it is assumed that there is a circular hole of radius ⑀ on
the surface of magnetization 共C1兲. Since ky = 0, this problem
can be solved directly by integration of the magnetic Green’s
function. Introducing polar coordinates and using the identity
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a b s t r a c t
In this work some possible applications of negative permeability magnetic metamaterial lenses for magnetic resonance imaging (MRI) are analyzed. It is shown that using magnetic metamaterials lenses it is
possible to manipulate the spatial distribution of the radio-frequency (RF) ﬁeld used in MR systems
and, under some circumstances, improve the sensitivity of surface coils. Furthermore a collimation of
the RF ﬁeld, phenomenon that may ﬁnd application in parallel imaging, is presented. MR images of real
tissues are shown in order to prove the suitability of the theoretical analysis for practical applications.
Ó 2009 Elsevier Inc. All rights reserved.

1. Introduction
Metamaterials are artiﬁcial composites whose electromagnetic
properties can be engineered to achieve extraordinary phenomena
not observed in natural materials as, for instance, negative effective permittivity and/or permeability [1]. Effective permittivity
and permeability of metamaterials arise from their structure rather
than from the nature of their components, which usually are conventional conductors and dielectrics. Metamaterials are usually
manufactured by means of the repetition of resonant elements to
constitute a periodic structure. An essential characteristic of
metamaterials is that both the size of these elements and the periodicity are smaller than the wavelength of the electromagnetic
ﬁelds that propagate through the structure, so that an effective
permittivity and permeability can be deﬁned through the appropriate homogenization procedure [2]. One of the most striking
properties of metamaterials is the ability of a metamaterial slab
with relative permittivity er and relative permeability lr , both
equal to 1, to behave as a ‘‘super-lens” with sub-wavelength resolution [3], that is, with a resolution smaller than the free-space
wavelength of the impinging radiation. Although this effect is severely limited by losses, it is now well supported by many experiments and theoretical calculations (see, for instance, [2] and
references therein). Interestingly, if the frequency of operation is
sufﬁciently low, as it happens in MRI, we are in the realm of the
quasi-statics, and we only need a metamaterial slab with er ¼ 1
* Corresponding author. Fax: +34 954239434.
E-mail address: freire@us.es (M.J. Freire).
URL: http://alojamientos.us.es/gmicronda/Miembros/Freire/freire.htm
Freire).
1090-7807/$ - see front matter Ó 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmr.2009.12.005

(M.J.

or lr ¼ 1 (depending on the electric or magnetic nature of the
quasi-static ﬁeld) in order to observe this effect [3]. Therefore, if
we place a lr ¼ 1 metamaterial slab between a RF magnetic ﬁeld
source (for instance an oscillating magnetic dipole) and a receiving
device (for instance a MR surface coil) the slab will image the
source towards the receiver, which will ‘‘see” the source closer
than it actually is, thus detecting a stronger signal. It is clear that
this mechanism can be applied to improve the sensitivity of MR
surface coils as far as the additional noise introduced by the device
will not compensate the gain in the signal. As it has been just explained, lr ¼ 1 metamaterial slabs have the ability to virtually
‘‘approach” the source to the detector. As it will be shown in this
paper, this can be useful not only to improve the signal, but also
to provide a better localization of the ﬁeld of view (FOV) of the
detector, with potential applications in parallel imaging. Of course,
in order to take advantage of all these capabilities, metamaterials
should not interact with the static magnetic ﬁelds used to codify
the oscillating magnetic dipoles in MRI. Fortunately, as it was already mentioned, metamaterials are usually made of conventional
dielectric and conductors, so that the compatibility with static MR
magnetic ﬁelds can be achieved by using non-magnetic conductors.
The interesting properties of most metamaterials occur in a
very narrow band of frequencies due to the resonant nature of
the elements that constitute the periodic structure. This narrow
bandwidth is usually cited as one of the main limitations for metamaterial applications. However, it is not a problem for MRI applications, because MR images are acquired by measuring RF signals
inside a relatively narrow bandwidth of a few tens of kilohertz.
In addition, since the wavelength associated with RF ﬁelds is of
the order of the meters, it is possible to use conventional printed
circuit techniques to develop quasi-continuous metamaterials
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with constituent elements and periodicities two orders of magnitude smaller than the wavelength.
Application of metamaterials in MRI has been explored previously in several works [4–11]. Basically, two types of metamaterials which correspond to two different resonant elements have been
used for MRI applications. The ﬁrst group are swiss roll metamaterials [4–8]. A swiss roll consists of a conductive layer which is
wound on a spiral path around a cylinder with an insulator separating consecutive turns. Reported experiments [4,5] proved that
swiss roll metamaterials can guide the RF ﬂux from a sample to a
remote coil. The guiding behavior is due to the high effective permeability of the metamaterial. The reported experiments also
proved that these metamaterial guides can be employed in imaging [4] and spectroscopic [5] experiments for excitation as well
as reception. In all these applications, the swiss rolls metamaterials
mimic a medium with very high magnetic permeability at the
proper frequency. A 2D log-pile structure of swiss rolls, which
mimics a two-dimensional lr ¼ 1 medium was also used to demonstrate sub-wavelength imaging of a pair of parallel wire currents
[6], but no direct application to MRI of this device has been reported up to the date. The other group of metamaterials which
have been applied to MRI are capacitively-loaded split ring metamaterials [9–11]. A capacitively-loaded split ring is a small open ring
of copper which is loaded in the gap with a capacitor. Of course,
this capacitor has to be non-magnetic for MRI applications. Split
rings have the key advantage over swiss rolls of providing threedimensional (3D) isotropy when they form a cubic lattice [9,10],
which is an essential property if the device has to image 3D
sources. A split ring is similar to a very small parasitic MR coil.
However, whereas a MR coil works at resonance, the working frequency of split rings in a lr ¼ 1 metamaterial lens differs from its
frequency of resonance [9,10], which also helps to reduce losses
and noise. It is the collective behaviour of split rings what provides
the relative effective permeability equal to 1 [10]. Split rings
were used as the constituent elements of a 3D lens that was fabricated and tested in a 1.5 T MRI system [9]. Fig. 1 shows a photograph of this device. Almost simultaneously, an accurate model
for this design was developed, which showed the consistency of
the continuous medium description of the device [10]. The goal
of this design was to provide a permeability lr ¼ 1 at the Larmor
frequency of the MRI system. The reported experiment [9] showed
the capability of a lr ¼ 1 metamaterial lens to improve the signal
detected by a surface coil for a particular conﬁguration, but did not

provide a systematic analysis of the capabilities of such metamaterial lenses for MRI applications. The main aim of this work is to
provide this analysis.
The paper is organized as follows: ﬁrst, a theoretical model
based on a continuous medium approach is developed. Using this
model, the sensitivity, the signal-to-noise ratio (SNR) and the
FOV localization provided by lr ¼ 1 metamaterial lenses are analyzed in several situations. Inspired by this analysis some experiments were designed and carried out in order to test the
conclusions derived from the analysis. Finally, potential future
applications of metamaterial lenses for MRI will be discussed.
2. Model
The main aim of this section is to develop a method for the computation of the signal, the noise, and then the SNR detected by a
surface coil in the presence of a metamaterial slab placed at several
distances. The analysis will include conﬁgurations that mimic the
experiments reported in [9] and [11], as well as other potentially
useful conﬁgurations. Through the analysis it will be assumed that
the metamaterial slab behaves as an effective homogeneous medium with some effective permittivity and permeability. To demonstrate that the device shown in Fig. 1 actually behaves as an
effective homogeneous medium is outside the scope of this paper,
and furthermore this was shown in detail in our previous work [9–
11]. Although the analysis could be done, in principle, by using a
conventional electromagnetic solver, our experience is that these
solvers have difﬁculties to deal with effective media of negative
permeability, particularly those close to lr ¼ 1. Therefore, a speciﬁc code has been developed for this analysis. In order to simplify
the following discussion, Fig. 2 shows the structure under analysis.
This structure includes a coil of average radius q0 made of a lossless metallic strip of width w and negligible thickness. The coil is
placed at certain distance of a piecewise homogeneous multilayered medium with the coil axis perpendicular to the layers. The
layers have a thickness t and an arbitrary complex permittivity e
and permeability l, and depending on the values of these parameters they can model either the lr ¼ 1 lens, a speciﬁc tissue, or
air. This simpliﬁed model has the advantage of an easy analytical
solution, and we feel that it retains the most salient features of real
experiments, at least qualitatively.
The ﬁrst step in the analysis is the computation of the signal received by the coil. According to reciprocity theorem this signal is
proportional to the B1 magnetic ﬁeld produced by the detector
when it is driven by a unit current [12]. We begin with the calculation of the B1 ﬁeld by considering a current density given by

J u ðq; zÞ ¼ K u ðqÞdðzÞ

Fig. 1. Photograph of the metamaterial lens and reﬂector. The lens consists of a 3D
array of capacitively-loaded copper rings with 18  18  2 cubic unit cells
containing a total of 2196 rings. It has been designed to exhibit a permeability
equal to 1 at the Larmor frequency of 63.87 MHz in a 1.5 T system. The reﬂector
consists of a 2D array of 14  14 rings which constitutes the ﬁrst layer of a high
permeability metamaterial slab.

ð1Þ

Fig. 2. Model for the analysis of the sensitivity and the SNR of a circular coil in
presence of a metamaterial slab and one or more samples. The coil is modelled by a
ﬂat perfect conducting strip. The complex permittivity and/or permeability of each
layer of thickness t models either the metamaterial lens or the tissue.
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1
R ¼ 2 Re
Js  Ec dV
jIj
V

ð8Þ

where K u ðqÞ is the surface current density on the ring. This surface
current density is approximated by a Maxwellian distribution in the
ring cross-section as


Ku ¼ K0 1 

q  q0

2 !1=2
ð2Þ

w=2

which gives quite good approximation for the actual current distribution on the metallic strip provided that the ring radius is not too
small.
In order to compute the magnetic ﬁeld, the equation for the vector potential A must be solved
2

DA þ k A ¼ lr l0 J

ð3Þ

where k accounts for the wavenumber. This equation has to be
solved at each layer and the boundary conditions have to be satisﬁed. Since the studied system has angular symmetry, Eq. (3) can
be easily solved with the help of a Hankel transformation of the ﬁrst
order. Particularly, in the layer containing the coil, the transformed
equation has the following shape

eu
@2 A
2e
e
þ kz A
u ¼ dðzÞlr l0 K u
@z2

ð4Þ

2

R¼

1

Re
jIj2

Z


Jc  Er dV :

ð9Þ

V

Particularly, for the case presented above, this resistance can be calculated as

R¼

2p

Re
jIj2

Z

1

0


K u  Eru q dq

ð10Þ

which can be advantageously rewritten using Plancherel–Parseval
theorem as

R¼

2p

Re
jIj2

Z
0

1


eu  e
E ru kq dkq :
K

ð11Þ

Once the noise
pﬃﬃﬃresistance R has been computed, the normalized SNR
given by B1 = R, can be readily computed, which ends our analysis.

where
2

where Ec is the electric ﬁeld induced by the coil, and I is the current
intensity, which is set equal to unity. In our analysis, we use reciprocity theorem ([15], pp. 116) to obtain this resistance from the
reaction between the current in the coil Jc and the electric ﬁeld reﬂected by the sample Er , which is deﬁned as the ﬁeld created by all
currents in the multilayer medium (that is, all currents in the system, except the imposed current on the coil):

2

kz ¼ k  kq

ð5Þ
3. Results

and kq is the spectral wavenumber associated with the transverse
coordinates x, y, and the tilde above the quantities denotes Hankel
transformation. Eq. (4) can be easily solved giving

e u ðkq ; zÞ ¼  jlr l0 ejkz jzj K
e u ðkq Þ þ C  ðkq Þejkz z
A
2kz

ð6Þ

where the ﬁrst summand in the second term of Eq. (6) represents
the excitation, and the second one represents the reﬂected wave.
In the remaining layers, the corresponding equation is the expression in Eq. (4) without the source term, and the solution is

e u ¼ C þ ðkq Þejkz z þ C  ðkq Þejkz z :
A
þ

ð7Þ


The unknown coefﬁcients C ðkq Þ, C ðkq Þ can be determined for each
layer by imposing the appropriate boundary conditions, speciﬁcally,
by enforcing the continuity of the tangential components of the
electric and magnetic ﬁelds on each boundary. After the unknown
coefﬁcients C þ ðkq Þ, C  ðkq Þ have been determined, the magnetic ﬁeld
is know at every point in space.
As it was already mentioned, the signal is proportional to the B1
magnetic ﬁeld produced by the coil when it is driven by a unit current. On the other hand, the MR noise is proportional to the square
root of the noise resistance R associated with the sample [13]. In
our analysis the coil is assumed to be lossless, which means that
both the coil losses and the MRI system losses are excluded from
the analysis. Therefore the computed noise will be a sort of intrinsic noise [14]. Since we are interested in the comparison of the SNR
given by different conﬁgurations,
taking into account that the SNR
pﬃﬃﬃ
is proportional to B1 = R, in our analysis we will compute and compare this quantity for the different conﬁgurations. This quantity
can be seen as a sort of normalized SNR.
pﬃﬃﬃ For the sake of simplicity,
we will term SNR to the quantity B1 = R, but the previous considerations must be taken into account in order to get a correct interpretation of the results.
Once the magnetic ﬁeld is calculated, the next step is the computation of the noise resistance R. Usually, this resistance is calculated from the power dissipated by the eddy currents Js induced in
the sample as:

3.1. Numerical results
Following the method described above, the signal and the SNR
for a surface coil of 3 inch in diameter and a strip width of 1 cm,
have been computed at the frequency of 63.87 MHz corresponding
to the Larmor frequency of a 1.5 T MRI system, which is the type of
system used in the experiments reported in this work. According to
the previous analysis, the sample is modelled as a lossy layer with
a complex permittivity whose real and imaginary parts are given
by the mean values corresponding to human tissues [16]. The lens
is modelled as a layer with a complex permeability whose imaginary part accounts for the losses. Fig. 3 shows on the left side a
sketch of the two different conﬁgurations analyzed in this section.
In one of them the coil is placed at certain distance d of a semi-inﬁnite lossy media (no lens case in the ﬁgure) which models the sample. In the other conﬁguration the coil is placed at the same
distance d from the lens and this lens is in contact with the sample.
In our calculations the lens was modelled as a 3 cm thick slab with
a complex permeability lr ¼ 1  j0:25, which corresponds to the
realistic values calculated for the lens shown in Fig. 1 from previously developed models [10,17]. The sample was modelled by
using an average value for the permittivity of human tissues,
er ¼ 90  j197, whose imaginary part corresponds to a conductivity of 0.7 S/m at 63.87 MHz [16].
Fig. 3a shows the signal (the axial magnetic ﬁeld) along the coil
axis for a distance d ¼ 1 cm. The solid line in Fig. 3a (no lens case)
corresponds to the signal provided by the coil in the absence of the
lens. The dashed line (realistic lens case) corresponds to the signal
provided by the coil with the lens placed between the coil and
the lossy media. Finally, the dotted line (low-loss case) corresponds
to the signal provided by the coil in front of a hypothetical lens
with an imaginary part of the permeability one order of magnitude
smaller than for the realistic lens. As expected, the comparison between the different curves shows that the signal with the lens is always larger that the signal without the lens for the same distance
d. The dip in the signal observed for the low-loss case is due to the
strong oscillations of the magnetic ﬁeld at the output interface of
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a

b

c

d

Fig. 3. On the left side it is shown a sketch of the conﬁgurations which are theoretically analyzed, a coil of 3 inch in diameter with a strip width of 1 cm at certain distance d of
a semi-inﬁnite lossy media and the coil at the same distance from a lens, which is placed in contact with the lossy media. On the right side it is shown the calculation of the
magnetic ﬁeld per unit current along the coil axis in these conﬁgurations for (a) d ¼ 1 cm and (b) d ¼ 6 cm. The SNR of the coil is also shown for (c) d ¼ 1 cm and (d) d ¼ 6 cm.
The lens is modelled as a slab with a complex permeability lr ¼ 1  j0:25 and the lossy media has a complex permittivity er ¼ 90  j197. The frequency is 63.87 MHz.

the lens [2]. Fig. 3b shows the signal for a distance d ¼ 6 cm, with a
qualitative behavior similar to that shown in Fig. 3a.
The normalized SNR corresponding to the cases analyzed in
Fig. 3a and b are shown in Fig. 3c and d, respectively. It can be seen
that for the smaller distance, d ¼ 1 cm, the SNR is lower in the
presence of the lens than in the absence of it. However, for larger
distances, such as d ¼ 6 cm, the SNR becomes systematically higher when the lens is present (numerical computations not shown
here prove that this improvement is even better for higher distances). It is worth to mention that this behavior is almost unchanged when losses in the lens are reduced by an order of
magnitude, as it is shown in Fig. 3d. Only at very small distances
of the lens there is a systematic improvement of the SNR, associated to the aforementioned oscillations of the ﬁeld. Therefore,
reducing lens losses—for instance, using superconducting split
rings [18] (in this case the different temperature of the sample
and the lens should be taken into account in the analysis)—is not
enough to systematically improve the SNR over the no lens case
when the coil is near the lens (and the lens near the sample). From
ﬁeld computations we have realized that this fact is related to the
very high values of the induced ﬁelds at the interface between the
lens and the sample that appear in the low-loss conﬁguration.
These strong ﬁelds cause a strong dissipation in the sample, and
therefore a substantial increase of noise. The presence of such
strong ﬁelds at the lens-sample interface is a well known effect
in low-loss metamaterial lenses (see, for instance, [2] and references therein) which is related to the strong variations of the magnetic ﬁeld at the input lens interface (the interface closer to the
coil) when the coil is near this interface.
From the results reported in Fig. 3 and from the above considerations, it can be concluded that, as far as the lens can be modelled
as a continuous medium with lr ¼ 1, the presence of the lens always improves the signal, but (except very near the lens) it only
improves the SNR when the coil is placed at some distance of the
lens. When the coil is placed near the lens, the SNR is not im-

proved, although it remains of the same order as in the absence
of the lens.
From systematic numerical calculations and experiments (not
shown in this work) it is concluded that, as a rule of thumb, the distance between the coil and the lens should be at least equal to the
diameter of the coil in order to ensure an improvement of the SNR.
Since the conﬁguration in the experiment previously reported by
the authors [9] fulﬁls this requirement, the analysis is now oriented to a conﬁguration that resembles this experiment. The
experiment consisted of placing the lens between the knees of a
volunteer in order to image both knees with a 3-inch coil placed
near one of the knees. Fig. 4 shows in logarithmic scale the normalized SNR for the same coil geometry as in Fig. 3 but with the lens
placed between two lossy slabs (noted as tissue in the ﬁgure)
which may represent the knees in the reported experiment [9] or
any other tissue. The curves in the ﬁgure show that the SNR in
the slab closer to the coil is the same regardless the lens is present
or not. However, the SNR is highly improved for the slab beyond
the lens in comparison with the situation where the lens has been

Fig. 4. SNR along the axis of a coil placed in front of two lossy slabs of 10 cm of
thickness separated by a lens of 3 cm.
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Coils

a

Lens
Lossy media

b

First, for the purpose of illustrating how a lr ¼ 1 metamaterial
lens does really transfer the ﬁeld pattern of a source beyond the
lens, Fig. 7 shows a sketch of a simple experiment and the MR
images obtained in this experiment where a coil of 16 cm in diameter is placed on a saline solution phantom—Fig. 7a—and then a
lens of 3 cm in thickness is placed between the coil and the phantom—Fig. 7b. The MR images were obtained in a Siemens Avanto

Fig. 5. SNR along the axis of a coil with a lossy slab of 10 cm of thickness placed
between the coil and the lens backed by a reﬂector.
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replaced by an air layer of the same thickness. The reported results
clearly show the improvement of the SNR when the lens is placed
between the lossy layers.
Since the sensitivity of surface coils strongly decays with distance, it will be useful if, on the basis of the previous concepts, it
can be developed some way of reducing this decay. This can be
possible by backing the lens with a magnetic wall, that is, a medium with a large value of the permeability (which, in practice,
could also be another metamaterial slab). According to image theory in electromagnetism, this conﬁguration will create an ‘‘image”
beyond the magnetic wall composed by an identical lens and an
identical coil, carrying the same current as the original one. Therefore, the magnetic ﬁeld (and the signal) in the region of interest
will be increased by the presence of these additional coil and lens.
Fig. 5 shows the SNR along the coil axis for this conﬁguration when
the lens is backed by a magnetic wall and when the lens and the
magnetic wall have been removed. The comparison between both
results makes clear the increasing of the SNR in the region between
the coil and the lens at distances where the coil sensitivity has decayed appreciably in the absence of the lens. This result is experimentally checked in the following section.
Probably the most studied property of metamaterial lenses is
their ability to improve the discrimination between the ﬁelds coming from two independent sources [3]. Translated to MRI terminology, this property implies an improved localization of the FOV of
each coil in an array of surface coils, a fact that could ﬁnd application in parallel imaging [19]. Some numerical computations carried
out using the method described in the previous section are shown
in Fig. 6. This ﬁgure shows the B1 ﬁeld produced at 6 cm inside a
lossy semi-inﬁnite media by two rectangular coils with dimensions
of 7  23 cm2 and with their centers separated 10 cm. These
dimensions correspond to the coil geometry used in [19]. The coil
array is placed at 1.5 cm from the sample and at the same distance
of the lens analyzed in this work, which is then placed on the sample, as it is shown in Fig. 6a. The results in Fig. 6b and c shows that
the ﬁeld pattern of each coil can be distinguished much better
when the lens is present than when it is not. In other words, the
lens improves the localization of the FOV of each coil in the array.
As it is expected from the previous results—Fig. 3c—this should not
imply a signiﬁcant loss in the SNR.
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Fig. 6. Plots of the calculated sensitivity at 6 cm inside a lossy semi-inﬁnite slab
(er ¼ 90  j197) for two rectangular coils with dimensions of 7  23 cm—dimensions of the coil geometry used for PILS demonstration [19]—and with their centers
separated 10 cm. (a) Sketch of the conﬁguration. (b and c) Images when the coils are
placed at 1.5 cm from (a) the sample and (b) when they are placed at the same
distance from the lens. The ﬁeld pattern of each coil can be distinguished much
better when the lens is present, which suggests the use of the lens for parallel
imaging.

1.5 T system (Siemens Medical Systems, Erlangen, Germany) sited
at the Department of Experimental Physics 5 (Biophysics) of the
University of Würzburg (Würzburg, Germany). The coil was used
in transmit/receive mode of operation. The pulse sequence used
was a typical rf ﬁeld mapping sequence, i.e., a high ﬂip angle preparation pulse followed by a rapid image acquisition module. This
allows to visualize the ﬁeld lines pattern produced by the coil. A
ﬁeld line in the MR image shown in Fig. 7a has been marked with
a cross. The equivalent ﬁeld line in Fig. 7b appears shifted into the
phantom a distance of 3 cm, which is the thickness of the lens. This
experiment clearly illustrates the ability of the metamaterial lens
to translate the ﬁeld proﬁle of the coil deeper into the sample.
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a

b

Fig. 7. MR images obtained for a circular coil of 16 cm in diameter by using a RF ﬁeld sequence when (a) it is placed on a water saline phantom and (b) when a two unit cell
(3 cm) thick lens is placed between the coil and the phantom. The ﬁeld lines in case (a) appear in case (b) shifted inside the phantom a distance which is similar to the
thickness of the lens.

Fig. 8a–c shows MR images of a phantom when a coil of 5-inch
in diameter is placed in contact with the phantom. Fig. 8d–f shows
MR images of the phantom when a lens is introduced between the
coil and the phantom (that is, the coil is placed directly on the
lens). The sagittal images in Fig. 8a and d contains the axis direction of the coil. The coronal images were obtained at distances of
1 cm (Fig. 8b and e) and 4 cm (Fig. 8c and f) inside the phantom
(there is an additional distance of 0.5 cm between the lens and
the phantom, as it is explained in the caption of the ﬁgure). T1weighted pulse sequences with FOV ¼ 26  26 cm2 , data matrix
256  160, TE = 10 ms, TR = 180 ms, and slice thickness 3 mm were
used. The images were obtained in a GE Signa LX 1.5T system (General Electric, Milwaukee, USA) sited at PET Cartuja (Seville, Spain).
The comparison between the images shows that the lens produces
a compression of the image, which is in agreement with the discussion in the previous section about the parallel imaging application
of the lens. In the coronal images, an estimation of the SNR in a
small circular ROI placed as shown in the ﬁgures was derived from
the ratio between the mean signal to the standard deviation (SD).
The SNR at a distance of 4 cm inside the phantom is lower when
the lens is present in Fig. 8f (mean/SD = 43.26) than when it is absent in Fig. 8c (mean/SD = 69.06), in agreement with the general
conclusion arising from the analysis shown in the ﬁrst section
(see Fig. 3). However, at the distance of 1 cm inside the phantom
(i.e. 1.5 cm from the lens) an increase in the SNR is observed in
Fig. 8e with the lens (mean/SD = 75.46) in comparison with the value measured in Fig. 8b without the lens (mean/SD = 56). This in-

crease in the SNR cannot be explained by the model shown in
this paper since this model assumes that the lens is a continuous
slab of metamaterial and in practice the lens is a discrete structure,
so that at distances from the lens of the order of the periodicity
(15 mm) the continuous medium approach is not appropriate.
This unexpected increase in the SNR at very short distances has
been checked theoretically by means of ﬁeld calculations with an
‘‘ad hoc” numerical code which takes into account the discrete nature of the lens. This code, whose numerical details will be presented elsewhere [20,21], is based on the direct computation of
the self and mutual inductances between the rings of the lens,
and between these rings and the surface coil. Even taking into account all symmetries, the code involves the computation of thousands of mutual inductances, which are obtained by using some
numerical tricks that are described in [21]. Both realistic widths
and resistances of the rings were taking into account in the computation but the effect of the conductivity of the human body must be
neglected to simplify the calculations, so that the ﬁelds are computed in vacuum. Fig. 9 shows the axial magnetic ﬁeld generated
in air by the coil and the lens of three layers of Fig. 8. In Fig. 9
the ﬁeld is computed along the coil axis by using the continuous
medium model (dotted line) described in Section 2 and the ‘‘ad
hoc” model or discrete model (solid and dashed lines). With the
discrete model, the ﬁeld was computed for two cases: the coil axis
contains the axis of a ring in the lens interface (dashed line) or the
coil axis is off the axis of a ring (solid line), as it is shown in the inset. The results of this ﬁgure clearly show that there is an increase
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Fig. 8. MR images obtained for a circular coil of 5-inch in diameter when (a–c) the coil is placed on a water saline phantom and (d–f) a three unit cells thick lens (thickness is
4.5 cm) is introduced between the coil and the phantom. A pulse sequence with FOV ¼ 26  26 cm2 , data matrix 256  160, TE = 10 ms, TR = 180 ms, and slice thickness of
3 mm was used. (a and d) Sagittal images containing the axis of the coil. (b and e) Coronal images at a distance of 1 cm inside the phantom. (c and f) Coronal images at a
distance of 4 cm inside the phantom (there is, however, an additional distance between the phantom and the lens, due to the plastic screws that can be seen in Fig. 1, so that
the actual distances between the images and the ﬁrst plane of rings is of 1.5 cm and 4.5 cm, respectively).

of the coil signal of about a 40% at 1.5 cm of the lens (the distance
for the image of Fig. 8e) with regard to the continuous medium
model, which we feel can explain the observed increase in the
SNR. Small discrepancies between the models at larger distances
can be attributed to the ﬁnite size of the lens itself, not taken into
account by the continuous model which considers the lens as an
inﬁnite slab of homogeneous permeability.
Next, other conclusions arising from the theoretical analysis
shown in the previous section will be tested by means of experiments. The results shown in Fig. 4 are in agreement with the re-

sults of the previous experiment reported by the authors [9]. It is
of interest to illustrate the present work with other MR images corresponding to a different coil geometry, and to include in the results a quantitative evaluation of the increase in the SNR, which
was not provided in [9]. Fig. 10 shows a sketch of the experimental
setup and the MR images obtained for this purpose. The MR images
were obtained in a Siemens Simphony 1.5 T system (Siemens Medical Systems, Erlangen, Germany) sited at Virgen Macarena University Hospital (Seville, Spain). One of the elements of a double loop
array coil (Siemens Medical Systems, Erlangen, Germany) was used
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Fig. 9. Magnitude of the axial magnetic ﬁeld generated in air by the coil and the
lens of three layers of Fig. 8. The ﬁeld is computed along the coil axis by using the
continuous medium model (dotted line) described in Section 2 and an ‘‘ad hoc”
model or discrete model which accounts for the discrete nature of the lens (solid
and dashed lines). The discrete model involves the computation of all the mutual
inductances between the 3132 rings of the lens of Fig. 8 and between the coil and
these rings. With the discrete model, the ﬁeld was computed for two cases: the coil
axis contains the axis of a ring in the lens interface (dashed line) or the coil axis is
off the axis of a ring (solid line), as it is shown in the inset.

as detector. This array is usually applied for imaging of the temporo mandibular joints, eyes and wrists, and it was used in the
experiments for imaging the ankles of one of the authors. A fat-

suppression pulse sequence with FOV ¼ 219  250 mm2 , data matrix 224  256, TE = 7.7 ms, TR = 371 ms and slice thickness 3 mm
was used and axial MR images were obtained. The comparison between the MR images shows that the presence of the lens increases
the SNR in the ankle which is far from the coil. An estimation of the
SNR was derived from the ratio between the mean signal to the
standard deviation (SD) of a small circular ROI placed as shown
in the ﬁgure. The ratio mean/SD in the presence of the lens was
56:3=5:1 ¼ 11 and it was 15:7=3:7 ¼ 4:2 without the lens, that is,
the SNR provided by the lens in the observed ROI was 2.6 times larger than without the lens. This gain is of the same order as the gain
predicted in Fig. 4 for a similar situation, which was approximately
3.5 times along all the region behind the lens. Therefore, there exists
a qualitative agreement between these experimental results and the
theoretical results shown in Fig. 4 (quantitative predictions of the
SNR are out of the scope of this work since noise depends on the speciﬁc structure of the tissues, which cannot be accounted for quantitatively by the simple model developed in the previous section).
At this stage it would be worth to mention that a similar
enhancement of the SNR could be obtained by using a resonant coil
instead of the metamaterial lens [22]. The physics behind this last
technique is, however, quite different from the physics behind the
analyzed device, and also performances are different. Unlike a resonant coil, the metamaterial lens is not a resonant device (the frequency of resonance of the individual coils of the lens is

a

b

Fig. 10. Sketch of the experiment carried out in a 1.5 T Simphony system from SIEMENS (Siemens Medical Solutions, Erlangen, Germany) in the Virgen Macarena University
Hospital (Seville, Spain) using an element of a double loop array coil (Siemens Medical Systems, Erlangen, Germany) as detector. A fat-suppression pulse sequence with
FOV ¼ 219  250 mm2 , data matrix 224  256, TE = 7.7 ms, TR = 371 ms, and slice thickness of 3 mm was used. Axial MR images of the ankles of one of the authors were
obtained with and without a two unit cell (3 cm) thick lens. A small ROI for determination and comparison of the SNR in both situations is shown in the images. The SNR was
increased 2.6 times with the lens.
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63.28 MHz, which is far from the frequency of operation of
63.87 MHz in the 1.5 T system in comparison with the typical
bandwidth of tens of KHz of the MRI acquisition). This makes a
key difference since the metamaterial lens presents a much less
interaction with the strong RF ﬁeld emitted by the body coil, a fact
that can be advantageous in some situations. On the other hand,
owing to the intrinsic properties of metamaterial lenses [1,2], the
sensitivity in the region between the receiving coil and the lens
is not signiﬁcantly affected by the presence of the lens, as it is
shown in Fig. 4. This also implies that the metamaterial lens does
not strongly interact with the receiving coil. It is quite apparent
that this behavior will not be shared by a resonant coil (unless it
is very small), which will equally affect the ﬁeld at its both sides,
and eventually could strongly interact with the receiving coil [22].
Next, an experiment was designed to validate the conclusion
arising from the analysis shown in Fig. 5 for the combination of a
lens with a magnetic wall. A theoretical magnetic wall is given
by a semi-inﬁnite medium with an inﬁnite permeability. In practice, a magnetic wall can be implemented by means of a thick slab
exhibiting a high permeability. In a ﬁrst approach we simply fabricated a 2D array of split rings corresponding to the outer interface
of this metamaterial slab. Since magnetic ﬁelds do not penetrate
into the inﬁnite permeability medium, it can be guess that this single layer will mimic to some extent the above mentioned metamaterial slab [11]. A photograph of this device, which has been
termed ‘‘reﬂector” by the authors, is shown in Fig. 1 besides the
lens. Fig. 11 shows a sketch of the experiment, as well as the axial
and sagittal MR images obtained with the lens and the reﬂector.
The pulse sequence was the same as that used for the results
shown in the previous ﬁgure. With the lens and the reﬂector an
increasing of the SNR is observed in the ankle placed between

89

the coil and the lens. The ratio mean/SD in the circular ROI indicated in the axial images corresponds to 30:9=4:6 ¼ 6:7 for the case
without lens and 62:4=7:7 ¼ 8:1 for the case where the reﬂectorbacked lens is used, so that this combined device provides a relative increasing of 20% in the SNR at that point. This result can be
probably improved by optimizing the implementation of the magnetic wall (for example, by using a 3D array of split rings exhibiting
a high permeability instead of a single 2D array). Anyway, the
authors think that the reported experiment clearly shows the
validity of the proposed concept.
4. Conclusions
Along this paper a theoretical model for the analysis of the sensitivity, the SNR and the FOV of MR coils in the presence of lr ¼ 1
metamaterial lenses has been developed. Our analysis has shown
that metamaterial lenses usually improve the signal and the localization of the FOV of surface coils. However, except very near the
lens, the SNR is only systematically improved if the lens is placed
at a distance from the coil which, as a rule of thumb, should be larger than the coil diameter. A combination of a lens with a metamaterial mimicking a magnetic wall may behave as a reﬂector,
increasing the signal received by a coil located at the opposite side
of a given organ or tissue. These conclusions have been checked
successfully by ‘‘in situ” MR experiments. Although a similar increase of the SNR could be achieved by means of other passive devices, such as additional parasitic resonant coils [22], we feel that
the metamaterial lens could provide an useful alternative to such
devices due to its non-resonant nature, which implies a lower
interaction with the RF ﬁeld coming from the body coil, as well
as a lower interaction with the receiving coil.

a

b

Fig. 11. With the same experimental setup as in Fig. 5, axial and sagittal MR images were obtained by using the lens backed by the reﬂector. The images show that the SNR is
increased in the ankle placed between the detector and the reﬂector-backed lens. Direct measurements of the SNR in the small ROI indicated in the images show an increase
of 20% by using the lens and the reﬂector.
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Another interesting application for metamaterial lenses is related with the techniques of parallel imaging. Thus, for example,
in the PILS technique [19] it is essential that the FOV of each coil
is well localized and restricted to a ﬁnite region of space. However,
in conventional coil arrays, this localization takes place only at distances close to the array because the ﬁeld produced by the coils
spread out at farther distances. Since the lens can help to discriminate the ﬁelds produced by individual coils at deeper distances inside the patient body, this device could be advantageously used in
PILS and other parallel imaging techniques in order to obtain a better localization of the FOV of the receiving coils. This better localization will be achieved without signiﬁcant loss in the SNR, or
even with gain in the SNR at small distances of the lens. Computer
simulations and experiments reported along this paper support
these conclusions.
In summary, the authors feel that, in general, the emerging
technology of metamaterials could help to improve several aspects
of MR imaging by providing new concepts for the advancement of
the MR technology, and that split ring lr ¼ 1 metamaterial lenses
could play an important role in this direction.
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Abstract: The authors analyse the properties of metamaterial lens composed of capacitively loaded ring
resonators, with the help of an efﬁcient rigorous model suitable for calculating the properties of ﬁnite
metamaterial samples. This approach takes into account the discrete structure and ﬁnite extent of realistic
metamaterials. The authors show that the discrete model reveals the effects, which can be missed by a
continuous model based on effective parameters and that the results are in close agreement with the
experimental data.

1

Introduction

For the last decade, metamaterials [1, 2] are in the focus of
research
attention
in
theoretical
and
applied
electrodynamics. Even though no commonly accepted
deﬁnition is available [3, 4], this research direction
experiences a boom encompassing a wide span of areas
ranging from microwave engineering to non-linear optics.
One of the well-known suggestions for applications was
formulated as a ‘perfect lens’ [5], making use of negative
effective material parameters and providing imaging with
subwavelength resolution. The idea of super-resolution was
subsequently analysed and developed in a number of ways
[6 – 8] and even realised in practice (speaking about threedimensional (3D) systems) using split-ring resonators
(SRRs) [9, 10], or transmission-line networks [11, 12].
Arguably the closest approach to practice offered by
metamaterials, is related to magnetic resonance imaging
(MRI). For example, rotational resonance of magnetoinductive
waves [13] was suggested for parametric ampliﬁcation of MRI
signals [14] or enhanced detection with ﬂexible ring resonators
[15]. Alternatively, applications were promised with using
‘swiss-rolls’ [16] or employing channelling effect with wire
media [17, 18]. Naturally, superlens concept is also promising
in this area: an isotropic lens based on capacitively loaded
single-ring resonators was experimentally tested speciﬁcally for
MRI [19].
1132
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Such a metamaterial lens is intended to operate at the value
of effective permeability m = −1. In theory, for modelling
such metamaterials (based on SRRs), one can exploit an
effective medium approach, taking care of numerous
limitations related to general restrictions of homogenisation
[20] as well as to speciﬁc peculiarities caused by resonant
nature of the structural elements [21]. Universally, all the
structure details (size of the elements and lattice constants)
must be much smaller than the wavelength, whereas the
total number of elements in metamaterial should be
sufﬁciently large to make homogenisation meaningful. In
addition, spatial dispersion effects can be rather remarkable
in metamaterials and impose further restrictions on
effective medium treatment, prohibiting that in certain
frequency bands [21, 22].
Unless one opts for a completely numerical
homogenisation method [23], generally applicable to
almost arbitrary structures, a model have to be developed to
describe adequately the effective medium properties. In
SRR-type metamaterials, near-ﬁeld mutual interaction
between the elements signiﬁcantly differs from dipole
interaction adopted in many models; this is particularly
relevant for dense arrays. The ﬁrst rigorous analysis of such
metamaterials was given early in [24], where the effective
permeability has been derived given the properties of
individual elements and lattice parameters, through the
classical procedure of averaging the microscopic ﬁelds. In
IET Microw. Antennas Propag., 2010, Vol. 4, Iss. 8, pp. 1132 – 1139
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that approach, mutual inductances between a large number of
neighbours are taken into account, revealing the importance
of lattice effects. This approach, however, is limited to
quasi-static conditions and requires wavelength to be much
larger than any structural details. Later on, a similar
method, accounting also for spatial dispersion, was
elaborated for isotropic lattices of resonant rings [22, 25].
The latter approach employs a nearest-neighbour
approximation as otherwise full analytical treatment
becomes impractical.
The above theoretical approaches provide the effective
parameters for ‘inﬁnite’ structures (which in practice implies
the structures sufﬁciently large in all three dimensions).
The lens of [10], however, contains just a few elements
across the slab. Speciﬁcally for this case, a method was
developed to calculate the transmission properties for a thin
inﬁnite slab [26], providing rather realistic predictions for
the lens properties in most cases.
Nevertheless, it is clear that a number of peculiar effects
caused by the discrete structure of the lens as well as its
ﬁnite size, cannot be reliably assessed with the above
models, as the lens is too small for an effective medium
treatment. On the other hand, it is large enough to make
an analysis with full-wave commercial software practically
impossible. For this reason, an optimal solution to achieve
reliable modelling is to employ a discrete model, which
explicitly takes the structural details into account by
evaluating mutual interaction between all the elements. In
the context of metamaterials, such an approach was ﬁrst
applied a few years ago in connection with research on
magnetoinductive excitations in SRR arrays [27] or
evaluation of the effective permeability of ﬁnite SRR
samples [24]. This method have been, for example,
successively applied to ‘swiss-roll’ resonators [28], extended
to hexagonal symmetry [29] and imaging with bilayer
structures [30]. Further generalisations considered
retardation effects in mutual interaction [31] or arbitrarily
oriented elements [32]. In the above work, however, the
total number of elements to be considered was typically of
the order of tens or few hundreds (about 500 at most). A
typical isotropic lens [10], in contrast, contains thousands
of elements and an extra care is required to make the
rigorous calculation practically feasible.

Figure 1 Photograph of the analysed quasi-magnetostatic
metamaterial lens
with orthogonal segments providing two mutually
orthogonal sets of two layers 17 × 18 CLRs each (see
Fig. 1 for clarity), which makes it up to roughly 2200
CLRs. This lens can be optionally extended by an extra
3D-layer, resulting in having four 18 × 18 layers interlaced
with the three orthogonal subsystems of 3 × 17 × 18
CLRs, amounting to about 3130 elements. Overall
dimensions of the (non-extended) lens are thus
27 × 27 × 3 cm.
The CLRs themselves (Fig. 2a) are made of copper
through etching metallic strips on a dielectric board. The
mean radius r0 of the CLRs is 0.49 cm (r0 / a ¼ 0.33) and
the strip width w is 0.22 cm (w / a ¼ 0.15). The CLRs are
loaded with lumped non-magnetic 470 pF capacitors. The

The goal of this paper is to describe in detail such a
modelling approach, as applied speciﬁcally to a
metamaterial lens employed in MRI and to illustrate that
indeed it does reveal certain features, which are missed by
the corresponding continuous modelling of [26].

2

Geometry of the problem

The metamaterial lens described in [10] is composed of
capacitively loaded rings (CLRs) periodically arranged in an
isotropic 3D lattice with the lattice constant a ¼ 1.5 cm.
The lens has three planes of 18 × 18 CLRs interlayered
IET Microw. Antennas Propag., 2010, Vol. 4, Iss. 8, pp. 1132 – 1139
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Figure 2 Lens structure and geometry
a Sketch of the CLR resonator
b Scheme of the lens with the corresponding coordinate system
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self-inductance of the CLRs, L = v20 /C = 13.5nH, has
been obtained from the measured value of the frequency of
resonance in free space, equal to 63.28 MHz. By
measurement of the quality factor of the resonator the
resistance has been estimated as R = 0.0465 Ohm, which
includes the losses in both the ring and the capacitor.
We reserve the standard coordinate system (x, y, z) for
discussions of rings geometry and their mutual interactions
(the next section). When referring to the overall lens
geometry, we deﬁne a supplementary coordinate system (X,
Y, Z ) so that the lens geometrical centre is placed at the
coordinate origin and the Y-axis is perpendicular to the
lens as slab (‘lens axis’), whereas the long edges of the lens
are parallel to X and Z axes (Fig. 2b). Note that the
coordinate origin is between the rings and thus the lens is
completely symmetric with respect to the coordinate origin,
all the axes and all the coordinate planes (in the analysis,
we neglect minor asymmetry occurring in the real lens
caused by speciﬁc assembly details, for example resulting
from substrate thickness, as well as unavoidable production
inaccuracy). For the three mutually orthogonal sets of
CLRs, we will refer to as X-rings, Y-rings or Z-rings,
depending on whether the rings’ normals are along X, Y or
Z axes. The lens therefore contains 612 of either X-rings
and Z-rings, and 972 Y-rings. We also introduce a
consecutive numbering through all the N CLRs with a
single index n or m. The so called input and output
surfaces of the lens correspond to Y ¼ + 1.5 cm, whereas
the theoretical source and image planes are at Y + 3.0 cm.

3

Discrete modelling of the lens

In line with the description of similar lattices [24, 25, 27], for
the analysis of the lens response to the external ﬁeld, we
consider an ideal cubic array of L – C circuits supporting
current. With the time convention as I / exp( jvt), each of
the currents is governed by equation
Z0 In = −jvFn

(1)

where the self-impedance Z0 = (R + jvL + 1/( jvC)) is
determined by the resistance R, self-inductance L and selfcapacitance C of the single CLR, whereas Fn represents
the total magnetic ﬂux through the considered ring which
can be written as
Fn = Fext
n +



Fnm = Fext
n +

m=n



Mnm Im

(2)

m=n

where Fext
n is the magnetic ﬂux from external sources and Mnm
are the mutual inductances between the rings n and m.
Combining (1) and (2), we obtain
 · I = −jv Fext
Z

(3)

with Znn = Z0 , Znm = jvMnm , which is a system of linear
equations for unknown currents, provided that the external
1134
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sources are known. This is the general equation for various
discrete modelling approaches. As opposed to continuous
models [24, 26], which develop analytical approaches to
evaluate remote mutual interactions in a (theoretically)
inﬁnite lattice, discrete modelling explicitly takes all the
mutual inductances into account, so that the system (3) is
solved exactly for the ﬁnite number of elements.
Note that, in practice, it is convenient ﬁrst to evaluate the
matrix of mutual inductances M. This matrix is only
determined by the geometry of the rings arrangement
inside the lens and can be ﬁlled once for a given lens
 = jvM can be
geometry, while the impedance matrix Z
then obtained for any particular set of frequencies as required.
Mutual inductance between the ﬂat rings (which is the
case under consideration) carrying the currents In and Im
along the ring contour is, most generally [33]
Mnm

m
=
4pIn Im

 
S

Kn (r) · Km (r ′ )
dS dS ′
|r − r ′ |
S′

(4)

where K represent surface current densities. We assume that
these follow Maxwellian distribution across the strip
K w (r ) =

2I



r − r0 2
wp 1 −
w/2

(5)

and that the currents In and Im are uniform along the ring
contour, which is quite reasonable for this perfectly
subwavelength (a/l = 0.0005) system.
Clearly, such integration is not sufﬁciently fast for
numerous calculations required. Although, in the ﬁrst
approximation, mutual inductance between CLRs can be
estimated with the one between linear currents (double
linear integration along the equivalent ring contour), for
close CLRs this does not give a good precision. However, a
trick is that the result of surface integration according to
(4) can be approximated with a good precision through an
average mutual inductance between two pairs of circular
currents [34]. This way, each ﬂat ring can be represented
by a pair of coaxial circular currents of radii r0 + gw/2 and
the sought value is calculated as an average between the
four corresponding mutual inductances
−−
+−
−+
Mnm = (L++
nm + Lnm + Lnm + Lnm )/4

(6)

which essentially decreases calculation time. The value of
particular parameter g depends on the ring geometry, but
does not depend remarkably on the relative orientation and
distance between the CLRs (within the limits of lens
structure). For the particular parameters considered here, g ≃
0.7 was numerically found to give a good match to the
precise integration (4) (while g ¼ 1 would correspond to the
edges of the strip).
IET Microw. Antennas Propag., 2010, Vol. 4, Iss. 8, pp. 1132 – 1139
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Note that a ‘linear’ mutual inductance Lnm can be routinely
obtained by integrating the vector potential of one ring along
the other one, while the vector potential can be easily
determined through elliptic integrals [33]. Given the fact
that the fast pre-deﬁned routines for elliptic functions are
available in a number of computational platforms (e.g.
Matlabw), the approximation (6) effectively reduces the
double surface integration (4) to just four single ones.
For such a lens as described above, having 2196 rings, the
matrix M contains almost 5 million values and ﬁlling those
with a direct calculation would be rather time-consuming
even with a simpliﬁed integration described above.
However, obvious reciprocity (Mnm = Mmn ) and symmetry
properties of the lens allow for a great simpliﬁcation of
matrix ﬁlling. Indeed, the lens is symmetric with respect to
X, Y and Z axes as well as to XY, YZ and ZX planes. This
implies, in particular, that the mutual inductances between
X-rings and Y-rings are all the same as between Z-rings
and Y-rings. Furthermore, as all the rings are identical,
inductance between them is only determined by their
mutual orientation and spatial offsets Dx, Dy and Dz (see
Fig. 3) and for parallel rings even Dx is equivalent to Dy.
Explicitly, integration for the mutual inductances between
the parallel rings is performed according to
2p

r2 (r2 + Db cos a)
da
Dr
0

Dr = r22 + (Db)2 + 2r2 Db cos a

LP (Db, Dz) =

Aw

(7)

4r1 Dr

52 =

(Dr + r1 )2 + (Dz)2

with Db = (Dx)2 + (Dy)2 and for the rings with orthogonal
mutual orientation
 2p

r2 Dy cos a
da
Dr
0

Dr = (Dx − r2 sin a)2 + (Dy)2

LO (Dx, Dy, Dz) =

52 =

Aw

(8)

4r1 Dr
2

(Dr + r1 ) + (Dz − r2 cos a)2

In both the integrals, the only component of the vector
potential is calculated as

m0 r1 (2 − 52 )K(5) − 2E(5)
Aw =
4 p Dr
5
where the corresponding 5 (as shown within either of
equations) also serves as the argument of complete elliptic
integrals of ﬁrst and second kind, K and E [33]. Note that,
in the above equations, we imply a general case that the
radii of the two rings (r1 and r2 ) can be different.
Thus, a number of ring pairs within the lens share the
same value of mutual inductance, so it is only necessary to
calculate a full set of non-equivalent mutuals [27] and then
assign those values depending on the mutual offsets. With
the particular lens considered here, there are only 1924
independent inductances for the parallel ring orientation
and 1668 for the orthogonal one, so the total number of
calculations with (6) amounts to 3592, which is orders of
magnitude smaller than the number of matrix elements.
This way, ﬁlling the entire matrix is a matter of seconds on
a conventional personal computer.
Another preliminary step is to determine the external ﬂux
Fext imposed to each ring by a given source. For a
homogeneous ﬁeld or a plane wave excitation, calculation is
straightforward with the known coordinates of each ring:
2
F ext
n = pr0 (Bn · n), where n is a ring normal while
magnetic ﬁeld Bn can be evaluated at the ring centre as the
ﬁeld variation across the ring is negligible.
In practice, the lens is typically used along with excitation/
measuring coils employed in MRI practice. In that case,
instead of calculating the ﬁeld produced by a coil over each
ring (which has an extra complication as this ﬁeld is not
even uniform across each ring), it is much easier to obtain
c c
in terms of mutual
the ﬂux directly F ext
n = Mn I
c
inductance Mn between the coil and each ring, which can
be calculated with the same method as the one between the
rings, only that the distances and ring radii are different in
(7) and (8). Then, the total current I c in the coil (induced
in the coil by the external voltage source as well as by the
lens) can be encompassed by the entire vector of currents I
as IN +1 ; I c . Imposing a given voltage Vc to the coil with
the self-impedance Zc , we can thus include the coil mutual
impedances into system (3), modiﬁed as
 ·I=V
Z
Znn =

Figure 3 Geometry of the linear currents for parallel or
orthogonal ring orientations, as relevant for mutual
inductance calculations
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Z0
Zc

Znm =

jvMnm ,
jvMnc ,

(9)
for 1 ≤ n ≤ N
for n = N + 1

with Vn = Vc dn,N . Clearly, additional coils, if necessary, can
be included by extending the system in an analogous way.
Matrix equations in this form are typically used in the
analysis of magnetoinductive waves in ﬁnite arrays [27 – 31].
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After the above procedures, it is ﬁnally possible to solve the
systems (3) or (9) obtaining currents In in each ring for any
given excitation. With these known, it is further possible to
calculate any desired response of the lens, such as magnetic
ﬁeld produced by the lens (using standard Biot –Savart
expressions) or impedance as measured by the MRI coil
(see below).

4

Results and discussion

Armed with the above precise method, we can have a detailed
look into lens features and its response to external ﬁeld
sources. In the previous work [26], it was concluded that
the accurate model, developed for a 2D-inﬁnite slab with
the same structure and thickness as the real lens, is capable
of predicting the observations made in connection to lens
use in MRI practice. In a typical setup, a coil of 3 inch in
diameter is placed parallel to the lens interface at the source
plane, Y ¼ 23 cm (that is, at a distance 1.5 cm from the
lens surface – equal to one half of the lens thickness). The
super-lens behaviour implies that the magnetic ﬁeld
produced by the coil, is then reproduced in the space
behind the image plane (Y ¼ 3 cm), as if the coil itself were
present in place of the image.
A straightforward example to test the discrete model and
to compare it with practice as well as with earlier models, is
to evaluate the impedance as measured by a coil in front of
the lens, depending on frequency. With the discrete model,
it is easily calculated as
Z coil =

N


jvMnc

n=1

In
Ic

(10)

Figure 4 Frequency dependence of the impedance measured
by a 3 inch coil placed at the ‘source’ plane (1.5 cm from the
lens surface)
a Imaginary part
b Real part

while with the continuous model it can be obtained from
numerical simulations with a homogeneous slab having an
appropriate effective permeability (of [25]), as
Z coil = −

1
Re
Ic


Er · dlc

(11)

coil

where E r is electric ﬁeld reﬂected by the lens. The two
modelling results are compared in Fig. 4 along with the
experimental data. Although there is no exact quantitative
matching to the measured data, it is clear that the
frequency dependence provided by the discrete model is
much closer to experiment than that of the continuous
calculation. The latter only provides a qualitative picture,
predicting an overall course of the impedance frequency
dependence.
With both the continuous model [26] and the model
described above, it is easy to obtain the axial magnetic ﬁeld
HY behind the lens for a given excitation. Comparison
between the predictions of the two models is shown in
Fig. 5. One can see that at distances smaller than about
one lattice constant (a ¼ 1.5 cm), HY is essentially
1136
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Figure 5 Axial component HY of the total magnetic ﬁeld
observed behind the lens surface along the lens axis (1)
or along the parallel line (2) slightly displaced in X- and
Z- directions so that it passes through the centre of one
ring (see the inset for the labels of the axes)
Comparison between the two models for the lens excited by 3 inch
coil, centred with respect to the lens axis and placed at 1.5 cm
from the lens surface
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inhomogeneous as the near ﬁeld of the individual rings
dominates, so that the total ﬁeld is quite different whether
traced along the lens axis (which passes between the rings)
or along a line that passes through a ring centre, while both
are remarkably different from the continuous model. This
is an obvious consequence of the discrete structure, which
cannot be revealed by a homogenised model but is apparent
in practice [30]. At distances larger than approximately one
lattice constant (1.5 cm), the ﬁeld observed along the two
axes converge and are qualitatively similar to the continuous
model with a fair numerical agreement (see Fig. 5).
Further comparison can be made by looking at the axial
magnetic ﬁeld patterns at various X – Z planes as shown in
Fig. 6. It can be clearly seen that close to the lens (5 mm)
the ﬁeld calculated with the discrete model is locally
inhomogeneous so that even the individual rings can be
distinguished in the ﬁeld pattern. Clearly, the ﬁeld as
predicted by the continuous model is quite different

Figure 6 Patterns of the axial magnetic ﬁeld (HY) observed
in X– Z planes at various distances from the lens surface
a and b 0.5 cm
c and d 1.5 cm
e and f 4.5 cm
Comparison between the continuous a, c, e and discrete b, d, f
models for the lens excited by 3 inch coil, centred with respect
to the lens axis and placed at 1.5 cm from the lens surface
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(compare (a) and (d ) plots in Fig. 6). At larger distances,
the ﬁeld calculated through the discrete model becomes
reasonably smooth and can be favourably compared to the
continuous model calculation, although certain extra
features presumably imposed by the square shape of the
lens lattice as well as of lens itself, are visible (compare (b)
to (e) and (c) to ( f ) plots in Fig. 6). The key discrepancy
between the continuous and discrete models here is that
the circular area corresponding to the minimum of axial
ﬁeld at the ‘image’ of the coil, quite apparent in (b) plot, is
hardly traceable in the (e) counterpart. On the other hand,
comparison between (c) and ( f ) patterns suggests that the
agreement between the discrete and continuous models is
improved at larger distances, which is reasonable to expect.
One can also check how the imaging properties of the
system change when the exciting coil is moved away from
the ideal source plane (Fig. 7). These results suggest,
analogously, that as the excitation becomes more remote

Figure 7 Patterns of the axial magnetic ﬁeld in the X– Z
plane ﬁxed at 1.5 cm behind the lens, when the 3 inch
coil is placed at various distances from the lens surface
a and b 1.5 cm
c and d 4.5 cm
e and f 9.0 cm
Comparison between the continuous a, c, e and discrete b, d, f
models
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from the discrete structure, the ﬁeld patterns as obtained by
the two models, tend to agree better. At the same time,
these ﬁeld patterns support an idea that the lens produces
an image of the ﬁeld pattern available at the source plane:
the patterns show the same trend as the ﬁeld of an isolated
coil observed at increasing distances (not shown). However,
if the distance from the coil to the lens is comparable to
the transverse size of the lens, inﬂuence of the overall
rectangular shape is noticeable with the discrete model
(Fig. 7f ).
Evidently, a lens cannot resolve any details of the source
ﬁeld which are of the order of lattice constant in size. In
attempt to identify the actual limitation, we test the
magnetic ﬁeld distributions originating from using the coils
of various small radii (Fig. 8). For this series of
calculations, we assume the lens with a ten times lower
resistance of the CLRs, in order to reduce the impact on
the resolution imposed by the losses [2]. For excitations
with a coil of the ring size (r0 ), the entire lens is dominated
by strong excitations and the ﬁeld pattern does not suggest
any hints for resolving the source (Fig. 8a). Indeed,
practically the same ﬁeld pattern is observed with a three
times larger coil, two lattice constants in diameter (Fig. 8b).
With a still larger coil, encompassing four lattice constants,
one may argue that the pattern starts to clarify (Fig. 8c),
although still it cannot be reliably used to assess the source

location and size. A reasonable picture is obtained for a
4.5 cm coil radius, where the ﬁeld farther than the image
plane looks as expected with super-lens performance
(Fig. 8d ). We can therefore make a preliminary conclusion
that spatial resolution of the discrete lens can be assumed
to be of the order of 5 lattice constants. This observation is
in good agreement with the general concerns regarding the
lattice effects in metamaterials [24].
With the above examples, we clearly demonstrate that the
discrete modelling is suitable for a reliable description of the
metamaterial lens and makes it possible to predict speciﬁc
observations, which might be missed by a continuous
model. At the same time, we should note that the question
of the discrete lens resolution is not trivial, and further
careful analysis is required to address this question in a
satisfactory manner. This is the subject of our ongoing
research.
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I. INTRODUCTION

Metamaterials attract heaps of research attention for the
last 10 years.1,2 Although there is no consensus on the very
definition of metamaterials,3,4 the number of publications
rises exponentially and ever new directions are proclaimed
promising. A major flow of work and speculations is related
to the idea of super-resolution with the so-called “perfect
lens,”5 which is perhaps among the few key triggers6 of the
research outburst. While it was soon apparent that the perfect
lens is not so perfect,7–9 the overall idea appeared to be fruitful enough to be developed up to a level of applications. In
particular, metamaterials based on split-ring resonators were
put forward for various superlenses.10,11
Practical solutions are so far available at microwave and
radio frequencies, with the key goal to aid at magnetic resonance imaging 共MRI兲. A metamaterial superlens suggested11
for MRI applications employs an idea of imaging with a
sufficiently subwavelength slab having negative permeability
or permittivity.5 This must be distinguished from another approach, based on a multiple point-to-point channelling 共canalization兲, as can be achieved with wires12 or “Swiss
rolls,”13 although such method is also applicable for
MRI.13,14 With the split rings, on the other hand, other MRI
enhancements are possible, being, for example, the eased
detection with flexible ring resonators,15 or parametric amplification of MRI signals.16
While the latter practical devices allow for a precise and
exact theoretical description 共in terms of accounting for their
structure and all the few elements explicitly兲, larger metamaterials are normally analyzed with the help of effective medium modeling,17,18 so that split-ring structures can be described with effective permeability.19–21 Since for a thin lens
共comprising just a few structural units in one direction兲 the
effective permeability approach is not directly applicable, a
specific continuous slab model was developed22 which could
be used to calculate transmission/reflection properties with
the only approximation that the lens is assumed homogeneous and infinite in transverse directions. Although the latter model was quite efficient to predict the overall performance of the lens,22,23 it was soon noticed24 that some of the
lens properties can differ remarkably whether evaluated with
a continuous medium approximation, or assessed experimen1098-0121/2010/82共16兲/165124共8兲

tally. In order to achieve better accuracy in theoretical description, we should follow an explicit approach 共see, e.g.,
Ref. 25兲 which takes into account interaction between all the
elements in a finite structure. Preliminary comparison24 revealed that the predictions of the discrete model are quite
close to the experimental findings while deviate sometimes
from the continuous model approximation.
The aim of this paper is to analyze in detail what is the
consequence of the discrete structure of the lens and its finite
size; how this affects the general lens properties, such as
imaging frequency, transmission between the MRI coils, etc.;
and how the continuous model can be modified in order to
describe some of such features.
II. SETUP OF THE PROBLEM

Geometry of the problem and the corresponding discrete
modeling approach were described in great detail in a previous publication.24 Here we only repeat the most general information as long as necessary for discussing the results.
The isotropic metamaterial lens proposed in Ref. 11 is
composed of capacitively loaded rings 共CLRs兲 periodically
arranged in an isotropic three-dimensional lattice with the
lattice constant a = 1.5 cm. The lens has three planes of 18
by 18 CLRs interlayered with orthogonal segments providing
two 共mutually orthogonal兲 sets of two layers 17 by 18 CLRs
each, which makes it up to roughly 2200 CLRs. Overall
dimensions of the lens are thus 18⫻ 18⫻ 2 lattice constants,
although it must be noted that “unit cells” are incomplete at
the edges of the structure and that there are neither two nor
three unit cells across the lens.
The CLRs have the mean radius r0 = 0.49 cm 共2r0 / a
= 0.66兲 and are loaded with lumped nonmagnetic capacitors
so that the frequency of resonance in free space equals to
63.28 MHz 共k0a = 0.02兲. The total resistance has been estimated as R = 0.0465 Ohm 共obtained indirectly by measurements of the quality factor of the resonator兲.
We define a Cartesian coordinate system 共x , y , z兲 so that
the lens geometrical center is placed at the coordinate origin;
the y axis is perpendicular to the lens as slab 共lens axis兲
while the long edges of the lens are parallel to x and z axes
共Fig. 1兲. The lens is thus completely symmetric with respect
to the coordinate origin, all the axes and all the coordinate
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FIG. 1. Scheme of the lens with the corresponding coordinate
system. Note that the actual number of elements along x and z
directions is not reflected in this sketch.

planes 共we neglect minor asymmetry occurring in the real
lens caused by specific assembly details such as resulting
from substrate thickness; these deviations are of the same
order as unavoidable production inaccuracy兲. The so-called
input and output surfaces of the lens correspond to y
= ⫿ 1.5 cm while the theoretical source and image planes
are xz planes at y = ⫿ 3.0 cm.
The discrete analysis of the systems of resonators is well
appreciated in literature, particularly in studying magnetoinductive waves in CLR arrays.25–28 It constitutes in solving
the matrix multi-impedance equation
Z̄ · I = − j⌽ext

共1兲

with Znn = Z0 and Znm = j M nm. The self-impedance Z0 = R
+ jL + 1 / 共jC兲 is determined by the resistance R, selfinductance L and self-capacitance C of a single CLR. Here,
⌽ext represents the total external magnetic flux through the
corresponding ring while the mutual interaction between all
the rings is expressed in terms of mutual inductances M nm.
Solving the system 共1兲 for currents with a given distribution
of external sources of magnetic field provides the complete
description of the lens, as all the interesting characteristics,
such as impedance measured by the coil, spatial distribution
of the magnetic field produced by the lens, can be calculated
as soon as all the currents In are known. Further specific
details of such analysis applied to a large lens are given in.24
III. RESULTS AND DISCUSSION
A. Imaging frequency

Within the continuous medium approach, it is well
known2 that the best imaging with a slab having negative
effective permeability occurs at a frequency where  = −1.
For a discrete lens of a finite size, however, the question is
less trivial as it is too small to be described with effective
parameters.29 The assessment can be attempted through some
indirect characteristics. Continuous modeling approach
suggests2 that at the imaging frequency impedance measured
with a sufficiently large coil placed at the source plane has a

FIG. 2. 共a兲 Real and 共b兲 imaginary parts of impedance for a
5-inch coil placed in the source plane 共15 mm from the lens surface兲: comparison between a slab of continuous medium 共solid兲 and
discrete model 共dash兲.

local minimum 共between the two peaks兲 in the real part
while the imaginary part is crossing zero 共Fig. 2, solid
curves兲. However, discrete model predicts a different pattern
共Fig. 2, dash curves兲, expressing a more complex picture of
peaks.
Further complication is that with the discrete model, the
impedance frequency dependence is not the same for the
coils of different size and also depends on the distance between the coil and the lens. With an increase in the coil size,
the frequency dependence of the impedance changes qualitatively 共Fig. 3兲. For small coils, a peak at 63.2 MHz 共close to
the resonance frequency of the corresponding bulk medium兲
is dominant in the resistance. For moderate coil sizes
共5a – 10a in diameter兲, second peak at 65.5 MHz emerges,
although the main resonance is still present. For larger coils,
this second peak starts to vanish while the third one, at 67
MHz, becomes stronger and for coils larger than 20a is
clearly dominant.
These observations imply that the lens shows distinct
properties caused not only by the discrete structure but also
by its finite size. For this reason, it is only possible to use the
corresponding criterion for the coils of moderate size: large
enough to make an averaging over many unit cells but still
sufficiently small not to be affected by the lens size limitations. From Fig. 3, we can conclude that for moderate coil
sizes, 共first兲 local minimum of the resistance occurs within
64.0–64.5 MHz, and the zero crossing of the reactance hap-
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FIG. 3. 共Color online兲 共a兲 Real and 共b兲 imaginary parts of impedance for coils of different size, placed in the source plane. The
color sequence from red to blue 共curves upwards at 66.5 MHz兲
corresponds to the coils from 1 to 13 cm in radius, with a step of 0.5
cm. The data are renormalized to have a unity maximum.

pen within the same frequency interval, although we must
note that the two characteristic frequencies do not exactly
coincide for each particular coil radius.
Similar conclusions can be made by studying the impedance measured by a coil placed at various distances from the
lens 共Fig. 4兲. Apart from the case when the coil is too close
to the lens surface 共when close proximity of some lens rings
to the coil apparently has a dominating effect on the pattern
of frequency dependence兲, we can see that characteristic frequencies converge within the interval mentioned above. For
this particular coil size 共5 inch diameter兲, the frequency of
64.2–64.4 MHz can be assumed.
Another approach to evaluate the imaging frequency 共or,
as it is likely, frequency range兲 lies in the calculation of the
transmission between the two identical coils, placed in the
source and image planes, respectively.9 An easy measure of
this quantity can be the ratio of the current induced in the
receiving coil, to that in the transmitting coil. For a continuous slab at the imaging frequency 共not shown兲, this ratio has
a local minimum 共equal to unity in a lossless case兲; naturally,
this occurs exactly at the same frequency as the minimum in
the resistance measured by the coil, and zero reactance.22
The imaginary part of the current ratio is zero, as there is no
phase shift between the two currents. However, the discrete
model reveals different observations. Figure 5 shows the ab-

FIG. 4. 共Color online兲 共a兲 Real and 共b兲 imaginary parts of impedance for a 5-inch coil, placed at various distances from the lens
surface 共millimeter, shown in the inset兲. The data are renormalized
to have a unity maximum.

solute value and imaginary part of this ratio for different coil
sizes. Comparing the absolute values of transmission for different coils, we can admit that while the data for small and
large coils vary considerably, there is certain uniformity 共aggregation of curves at a local minimum around 64 MHz兲 for
intermediate coil sizes, 6a – 10a in diameter. This local minimum roughly corresponds to the zero crossing of the imaginary part 共renormalized to a unity maximum in Fig. 5 for
clarity兲. For the representative coil sizes mentioned above,
the frequency of zero crossing varies between 63.5 and 63.7
MHz, and this frequency range can be assumed to be the
result of the transmission criterion for imaging. Note that this
result differs from the impedance approach.
So far, we were discussing indirect criteria to evaluate the
imaging frequency. The necessity to employ such criteria, in
spite of the ambiguity discussed above, is driven by the fact
that direct observations of the field patterns produced by the
lens from various sources, might be equally unclear. Indeed,
as the resolution of the lens is still to be determined 共see Sec.
III B兲, we cannot be certain about choosing an appropriate
geometry to check if an image can be observed at some
frequency. For example, the field patterns observed in the
imaging plane for various coils were not found to reproduce
the source field in detail at any frequency between 60 and 70
MHz while a clear central spot could be observed several
times across the frequency sweep, interchanged with more
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FIG. 5. 共Color online兲 共a兲 Absolute value and 共b兲 normalized
imaginary part of the ratio between the current induced in a coil in
the image plane, to the current in the identical coil in the source
plane, for coils of different size. The color sequence from red to
blue 共curves upwards at 64 MHz兲 corresponds to the coils from 1 to
9.5 cm in radius with a step of 0.5 cm.

FIG. 6. Spatial profile of the axial component 共Hy兲 of the total
magnetic field observed across the image plane 共y = 3 cm, z = 0兲 for
a small or a large coil placed in the source plane. Comparison
between the field obtained with a discrete lens 共at 63.6 MHz兲 with
a continuous slab 共with  = −1兲 and in vacuum.

complex patterns of excitations 共data not shown兲. For the
reasons explained in Sec. III B, it appears more reasonable to
try an arrangement of two sufficiently distant small sources:
two coils of 5 mm radius positioned symmetrically at 7a
distance. Detailed observation of the changes in the field
pattern with frequency, illustrated by an animation30 made
with a 0.1 MHz step in the 60–70 MHz interval, demonstrates that the pattern obtained around 63.6 MHz appears
most clear, although we should note that none of the patterns
actually correspond to the source field of the small loops.
The frequency found this way, is consistent with the criterion
based on the transmission between two coils but deviates
from the impedance criterion 共at 64.0–64.5 MHz, further
maxima emerge in the field pattern and overall image is less
clear兲. However, we should note that the frequency difference is minor, so for experimental evaluation both the criteria appear to be fairly suitable.
One may argue that a further discrepancy lies in the fact
that, contrary to the continuous model which predicts the
imaging frequency to be symmetrically between the two
resonances of the slab 共Fig. 2, solid curves兲, the frequency
we choose is much closer to the first resonance. This is,
however, consistent with the findings of paper,22 where it
was demonstrated that the imaging frequency of the thin slab

is indeed expected to be closer to the first resonance. We
therefore should not seek to find imaging phenomena between the second and third peaks of the impedance predicted
by discrete model, even though some of the field patterns
might look promising.
We should also comment that one further qualitative criterion for a superlens behavior could have been the observation of evanescent field enhancement. However, the field
structure inside the lens is strongly nonuniform and cannot
show a clear analogy to a field inside a homogeneous slab.
At the same time, field analysis in the outer areas faces the
same difficulty: there is no unique frequency to be selected
with such criterion, as the best visual analogy 共field decay
from the source and a subsequent decay, from a larger value,
on the other side兲 occurs at different frequencies depending
on the coil size and distance to the lens.
All this analysis suggests that, although no direct coincidence between the continuous model and the discrete calculation can be found, the general criteria formulated with the
help of continuous model are still applicable. Although we
cannot select an exact frequency, ideal for imaging, we can
safely speak of a relatively narrow frequency interval—63.5
to 63.7 MHz—where the phenomena, analogous to the imaging with a continuous  = −1 slab, can be observed with a
discrete finite lens. Since the field patterns do not change
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FIG. 7. Axial component 共Hy兲 of the total magnetic field observed at 63.6 MHz in the image plane for the two small sources 共coils of 5
mm radius兲 placed in the source plane at various distances 共1a – 12a兲 between each other.

remarkably within this frequency range, we have chosen
63.6 MHz in order to convey calculations necessary to evaluate the spatial resolution of the lens, analyzed in the following section.
B. Spatial resolution of the lens

Now that we are confident that the lens behavior corresponding to the imaging phenomena can be reliably studied
at frequencies discussed in the previous section, we are able
to proceed to the important question of the resolution that
can be achieved by the lens. Within the continuous theory,
resolution is limited by lens thickness and by dissipation,
according to the relation2
⌬=

2d
.
ln共2/␦兲

共2兲

For the lens under consideration, having loss tangent ␦ = 0.2
and thickness d = 2a, resolution is thus limited by 5.5a. This
value might be not a good starting point to study the resolution of a discrete structure if we expect it to be of the order
of a few lattice constants. Nevertheless, it is interesting to
check the behavior of the realistic lens with this respect.
As it was already noticed,24 magnetic field distributions
behind the lens excited by relatively small coils, are visually
rather similar regardless of the coil size. Now, we have systematically studied the patterns in the image plane for coils
of different radii, and conclude that the field profiles are
practically identical for small coils up to 5 cm in radius.

These profiles are characterized by 4.3a full-width at halfmaximum, so are almost as wide as the coil field in vacuum
共in the absence of the lens兲 for same coils 共Fig. 6兲. For coil
radii larger than 6 cm, the profiles obtained with the lens tend
to give a clearly better spot size accuracy than in vacuum. On
the other hand, even for larger coils the image field remains
unresolved in details, demonstrating only a central spot 共of
appropriate size兲 but not the source profile. Only with a coil
as large as 9 cm radius further features in the profile are
visible, which are qualitatively analogous to the source field,
as also with the continuous model 共Fig. 6兲. Going to much
larger sizes is not appropriate as the size of coil becomes
comparable with the lens dimensions, and edge effects are be
essential, deteriorating the image 共not shown兲. For checking
bigger coils, studying a much larger lens would be necessary,
which is numerically challenging but will be probably done
in the future.
Clearly, the above observations cannot be considered entirely appropriate for understanding the resolution. More
consistent approach to test the resolution limitations is to
analyze if the lens can distinguish the two point sources with
various spacing. As we know that the field patterns obtained
with coils smaller than four lattice constants in diameter are
practically identical, we can safely choose a coil with the
same radius as the ring inside the lens, as a fair representative of a point source. Placing two such coils at various distances between each other in the source plane provides the
field patterns in the image plane as shown in Fig. 7. We can
see that indeed coils close enough provide either one central
spot or a complex pattern which does not reflect actual loca-
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FIG. 8. 共Color online兲 Profiles of the axial component 共Hy兲 of
the total magnetic field observed at 63.6 MHz along x axis in the
image plane 共at y = 3 cm, z = 0兲 for the two sources at various distances between each other. The data are renormalized to have a
unity maximum.

tion of the sources unambiguously. With separation of 6a,
the two spots can be distinguished although the “spurious”
maximum between them is still strong; for separations larger
than 7a, resolution is apparent, although of course not the
size of the spots but only location corresponds to the source
geometry. This can be also conveniently seen on a field profile across the line of the source images in the image plane
共Fig. 8兲. Note, though, that the shape of these profiles makes
a standard half-maximum criterion for peak separation barely
applicable.
In spite of these complications, we can nevertheless conclude that the spatial resolution of the lens is limited by 5–7
lattice constants. This conclusion can be supported with the
continuous model. Indeed, if we force certain truncation for
the k vectors which can be transmitted by the lens, we can
obtain the field patterns for the corresponding resolution.
Figure 9 shows the difference between the virtually unrestricted case 共k ⱕ 300 m−1, corresponding to 1.5a resolution兲, and the truncated calculation 共k ⱕ 65 m−1, which
corresponds to a restriction by 6.5a兲. The difference is
clearly visible: complete separation of the source spots occurs starting from about 4a in the first case but only at 6a in
the second. This test supports indirectly the conclusion on
resolution made from field pattern observations.
However, with the theoretical limitation, Eq. 共2兲, being of
the same order, one may doubt whether these results reflect
the limitations specific for the discrete structure. In order to
make a reliable check, it is possible to study an artificial case
of lower losses. Because of the logarithmic dependence in
Eq. 共2兲, we would need to assume the resistance a few orders
of magnitude lower in order to improve dramatically the prediction of continuous model. In general, the overall characteristics of the lens, such as its impedance to the coil or
transmission between the coil, remain qualitatively similar,
however, the analysis is more complicated as all the resonant
features are sharper and extra resonances emerge. We therefore restrict this consideration by assuming a ten times
smaller dissipation. The frequency interval given for the imaging phenomena by the impedance criterion, is confined to

FIG. 9. Assessment of the resolution with a continuous slab
model. Axial component 共Hy兲 of the total magnetic field observed in
the image plane for the two point sources at various distances between each other 共as shown above each image兲. Spatial harmonics
are cut at either 300 m−1 共left column兲 or 65 m−1 共right column兲.

64.0–64.2 MHz while the transmission approach suggests
63.4–63.5 MHz. As to the field patterns in the image plane,
further complication is brought by very rapid change in the
patterns with frequency and numerous multiple additional
maxima observed practically in the whole frequency range.
By analyzing the patterns for 6a separation between the two
small sources, we were able to give preference to the frequency interval of 63.46 to 63.50 MHz, which is once again
close to the transmission optimum. We should note, though,
that such a favorable interval may appear different for different geometry, and is not very reliable. With this precaution,
we performed a resolution check analogous to that of Fig. 7
at a frequency 63.48 MHz. It can be seen 共Fig. 10兲 that
although the patterns look much more “noisy” with extra
excitations, the two sources can be reasonably distinguished
at separations more than 5a while at a smaller distance the
central spot dominates. As for these losses resolution predicted by Eq. 共2兲 is less than 3a, we feel confident that the
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FIG. 11. Axial component 共Hy兲 of the total magnetic field observed 共at 63.6 MHz兲 in the image plane for the two small sources
共coils of 5 mm radius兲 placed nonsymmetrically in the source plane:
one source is at x1 = 3a and z1 = 2a from the lens center, the other
one is at either 关共a兲 and 共c兲兴 x1 = −4a, z1 = −5a 共distance approximately 10a兲 or 关共b兲 and 共d兲兴 x1 = −4a, z1 = 5a 共distance approximately 7.5a兲. Comparison between the low-loss case 关共a兲 and 共b兲兴
and realistic dissipation 关共c兲 and 共d兲兴.

FIG. 10. Axial component 共Hy兲 of the total magnetic field observed 共at 63.6 MHz兲 in the image plane for the two small sources
共coils of 5 mm radius兲 placed in the source plane at various distances between each other. Dissipation in the lens is assumed to be
ten times smaller as compared to Fig. 7

observed limitation should be attributed to the discreteness
effect.
On the other hand, with low losses the above patterns of
magnetic field are very sensitive to subtle variations in frequency and setup geometry. The additional peaks can be
comparable or even exceed the image peaks in magnitude.
This is especially remarkable when the coils are placed nonsymmetrically with respect to the lens center 共Fig. 11兲: while
with the realistic losses the shifted sources can be well resolved, the patterns at low loss are not comprehensive and
could not be improved even by frequency variation. This is a
consequence of numerous magnetoinductive excitations
共spatial resonances兲 across the lens structure25,26 which are
favored by low dissipation and relatively small size of the
entire lens. This leads to various standing wave patterns
which depend on frequency and coil parameters. In other
words, a clear analogy to the phenomena, predicted for homogenized media, are not possible here because of the strong
spatial dispersion.17,20,21 For these reasons, we feel that it is

impossible to discuss consistently lens resolution at low
losses, as the whole structure does not perform as intended
with the original design. Note that the presence of such inhomogeneities is also noticeable for realistic losses 共Fig. 7兲
but in that case they are largely suppressed and do not interfere so significantly with the image patterns.
Nevertheless we can conclude that the spatial resolution is
not improved by decreased dissipation and that a reasonable
distinction between the small sources is only possible for the
same separations as with realistic losses. Therefore, resolution is indeed severely limited by discreteness of the lens
and cannot be made better than five lattice constants.
Finally, we should comment that the result which we obtained with regards to resolution, is consistent with the effective medium theory. Indeed, it was shown explicitly for CLR
metamaterials that the characteristic length of response formation in the bulk is of the order of few lattice constants.19
This is also generally expected in condensed matter
theory.31,32 Consequently, it does not make sense to speak of
any effective material properties on a smaller scale and any
excitations delivered on the level of individual elements are
spread out across the corresponding area encompassing numerous unit cells. This makes an important distinction to the
channeling approach12 to imaging: resolution on the level of
lattice constant is only possible with an array of weakly interacting elements. When, however, metamaterial is build up
as an internally coupled effective medium, the limitations
discussed in this paper are unavoidable.
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IV. CONCLUSIONS

We have shown that the behavior of a realistic metamaterial lens 共which can be practically implemented with a limited number of capacitively loaded resonators兲, differs significantly from the predictions based on a continuous
medium approximation. It turns out that no direct coincidence to the imaging properties of a  = −1 slab can be obtained with such a practical lens, although analogous phenomena, suitable for imaging applications, are available in a
certain frequency range.
We have also assessed the resolution, achievable with a
discrete lens and conclude that it is generally limited by 5–7
lattice constants. It is important to emphasize that this limitation is entirely structural and cannot be improved by decreasing losses.
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Isotropic frequency selective surface 共FSS兲 made of cubic arrangements of split ring resonators
共SRRs兲 is proposed and analyzed. For this purpose, a suitable isotropic modification of the SRR was
used in the design of a cubic unit element invariant under the tetrahedral point symmetry group. It
was experimentally demonstrated that the transmission through such a FSS is angle and polarization
independent. For comparison, another FSS, whose unit elements do not satisfy necessary
symmetries, was measured, showing clearly anisotropic behavior. We feel then that symmetries play
an important role. Potential device applications are envisioned for antenna technology at microwave
and terahertz frequencies. © 2007 American Institute of Physics. 关DOI: 10.1063/1.2806915兴
Frequency selective surfaces 共FSSs兲 are planar periodic
arrays of scatterers exhibiting one or more passbands or stopbands for impinging electromagnetic waves. They are widely
used in microwave technology as, for instance, in antenna
radomes and reflectors.1 For the aforementioned applications
it is often desirable to have an isotropic transmittance and/or
reflectivity of the FSS, which should be independent of both
the angle of incidence and the polarization of the impinging
wave.1 Needless to say, this implies that secondary grating
lobes should not be generated by the FSS.
Previous implementations of FSSs can generally be classified into two groups. The first group consists of electromagnetic band gap planar structures. In these structures, the
distance between the elementary scatterers is of the order of
the wavelength, which results in the generation of undesirable secondary grating lobes. The second group of FSSs is
based on resonant scatterers individually interacting with the
electromagnetic fields. In this case, the distance between
scatterers can be made much smaller than the wavelength to
prevent the generation of secondary grating lobes. There are
many kinds of resonant scatterers useful for FSS design.
Resonant electric dipoles, tripoles, and metallic crosses were
used in many former FSS designs.1 However, the behavior of
such FSSs presents a strong dependence on the angle of incidence and the polarization of the impinging wave. Annular
elements were theoretically studied in Ref. 2 and are widely
used3,4 for microwave reflector antennas and for applications
at optical frequencies.5 FSSs made of annular elements were
shown to be less sensitive to the incidence angle and polarization than other previous designs.2–5 More recently, fractal
resonators were proposed as small size scatterers able to reduce the angular dependence of FSS transmittance and/or
reflectance.6,7 Split ring resonators8 共SRRs兲 can also be used
as small size scatterers for FSS design.9,10 However, the
transmittance/reflectance of SRR made FSSs strongly depends on the angle of incidence.10
The aim of this work is to develop an isotropic 共i.e.,
polarization and angle independent兲 FSS by using SRRs as
basic elements. It was shown in Ref. 10 that the SRR anisotropy is the main source of FSS anisotropy. Therefore, the
a兲
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first challenge is to find a suitable arrangement of SRRs
showing an isotropic behavior. Once this arrangement is
found, it can be expected that FSSs made of such elementary
scatterers will show almost isotropic behavior. In Ref. 11, it
was demonstrated that the cubic resonator 共CR兲 shown in
Fig. 1共a兲 exhibits an isotropic behavior due to its invariance
under the tetrahedral point group of symmetry 共or T group in
Schöenflies notation兲. The planar resonator used in this CR
was first introduced in Ref. 12 and called nonbianisotropic
SRR 共NB-SRR兲. In what follows, this cubic element will be
called T-CR, in accordance with its symmetry properties.
A square network of 18⫻ 18 T-CRs, partially shown in
Fig. 2, was assembled in order to form an isotropic FSS. To
illustrate the importance of the aforementioned symmetry,
another anisotropic FSS made of 18⫻ 18 CRs of conventional SRRs shown in Fig. 1共b兲 was also manufactured. Geometrical parameters of both samples were equal. The resonance frequencies of each individual NB-SRR and SRR were
measured in an X-band waveguide, getting the experimental
frequencies of resonance f NB-SRR = 共10.00± 0.22兲 GHz and
f SRR = 共9.65± 0.28兲 GHz, respectively.
Figure 3 shows the experimental setup used for the
analysis of the transmission through both FSSs. Two conventional X-band horn antennas were used as emitter and receiver. The FSS was measured for TEy, TEx, TMy, and TMx
polarizations, where TE 共TM兲 means that the electric 共magnetic兲 field is tangent to the FSS and TFx 共TFy兲 means that
the field F of the incident wave is directed along the x 共y兲
axis. Different polarizations were achieved by rotating either

FIG. 1. Unit elements used for the design of the FSSs: 共a兲 the isotropic
T-CR and 共b兲 the CR made of conventional SRRs.
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FIG. 2. 共Color online兲 Image of the actual experimental isotropic FSS structure made of T-CRs. The sample has a size of 16.6⫻ 16.6 cm2 and contains
18⫻ 18 CRs with edge size a = 4.6 mm placed on a square network of periodicity 2a. Geometrical dimensions of planar resonators are external radius
rext = 1.8 mm, width of strips w = 0.2 mm, distance between strips
d = 0.4 mm, and slit size g = 0.4 mm. Planar resonators were etched on a
dielectric substrate FR4, with r = 4.4, thickness t = 0.2 mm, and copper metallization thickness h = 17 m.

the sample or the antennas. In order to avoid diffraction effects on the FSS borders, the FSS was surrounded by a microwave absorber. Finally, since a bigger incidence angle implies a smaller sample effective cross section, transmission
was normalized to previous measurements of transmittance
through the hole in the absorber without the sample.
Figures 4 and 5 show the transmission through the
sample made of T-CRs for a selected set of angles 共the measurement was made for angles from −50° to 50° with 10°
step for all polarizations兲. For better readability, Fig. 4 presents fewer angles showing amplitude and phase of transmission and Fig. 5 presents finer angle definition but shows only
amplitudes and selected polarizations. Both figures, however,
clearly reflect the angle independency of transmission for
both TE and TM polarizations, except for small deviations
that may be attributed to imprecision during the manufacturing process.
Transmission through the FSS made of conventional
SRRs is reported in Fig. 6. It can be seen that the transmission strongly depends on the angle and the polarization of
the incident wave, i.e., this FSS clearly exhibits an anisotropic behavior. Furthermore, instead of a single stopband
approximately centered at the resonance frequency of a
single SRR, a set of four stopbands appears. This splitting of
the transmission dip cannot be attributed to fabrication imprecision 共note that the distance between dips is bigger than

FIG. 4. Measured transmission coefficient S21 through the FSS made of the
T-CR shown in Fig. 1共a兲 for different incidence angles and polarizations.

⌬f SRR = 0.28 GHz兲 but to internal couplings in the unit
element.13 We feel that these results show the importance of
geometrical symmetries in order to obtain an isotropic behavior for the FSS.
Finally, a model of isotropic FSS describing its overall
characteristics is presented. This model is based on approximation by slab of homogeneous isotropic medium of thickness t = 2a equal to the FSS periodicity. Although we admit
that such model cannot be rigorous, since there is no periodicity along the direction normal to the FSS, it can serve as
first order approximation. The model assumes that the coupling between adjacent cubic resonators is not strong. In
such case, the relative permeability of the three-dimensional
lattice of cubic SRRs can be approximated as
r = 1 + 0␣ / V, with V = 共2a兲3 being the volume of unit cell
and ␣ = 22A2 / 关共L + M兲共20 − 2 + j␥兲兴 the T-CR free space
polarizability, where A is area of planar SRR. The selfinductance L was calculated using the inductance model
from Ref. 14 and the mutual inductance M as coupling between two circular loops. The resonance frequency 0 was
taken equal to the experimental resonance frequency of the
FSS and the damping factor ␥ was fitted so that the trans-

FIG. 3. Sketch of the experimental setup for measuring the transmission
through the FSSs. Two X-band horn antennas, located at l = 61 cm from the
sample, are used as emitter and receiver. The FSS is placed in a window
FIG. 5. 共Color online兲 Measured amplitudes of transmission coefficient S21
through the FSS made of the T-CR shown in Fig. 1共a兲 for different incidence
opened in a wood panel covered with microwave absorber. The size of this
angles and TEy and TMy polarizations.
absorber panel is 122⫻ 122 cm2.
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needed to reproduce all the observed effects in detail.
In summary, an isotropic polarization and angle independent FSS has been designed by using previously proposed
isotropic SRR cubic resonators that are invariant under the
tetrahedral point group of symmetry and an ab initio physical
model has been proposed. Practical applications of the reported device may arise in the design of frequency selective
antenna reflectors and antenna dichroic subreflectors.1 Since
magnetic response of SRRs has been shown from the
radiofrequency to the terahertz range,15 applications of the
proposed design may cover all the aforementioned range of
frequencies. In fact, the proposed isotropic FSS design is the
first practical application of the isotropic cubic resonators
already proposed in Ref. 11 for metamaterial design. We feel
that this application will pave the way for future applications, including truly isotropic three-dimensional magnetic
metamaterials with interesting applications in lenses and
other bulk metamaterial devices.
This work has been supported by the Spanish Ministerio
de Educación y Ciencia under Project No. TEC2004-04249C02-02, by the DARPA under Contract No. HR0011-05-30002, and by Spanish Junta de Andalucía under Project No.
TIC2006-1368.
FIG. 6. Measured transmission coefficient S21 through the FSS made of
conventional SRR CRs shown in Fig. 1共a兲 for different incidence angles and
polarizations.

mission coefficient through the slab coincides with experimental value at normal incidence. The resulting transmissions through the slab are shown in Fig. 7 for both
polarizations. It can be observed that transmissions in Fig. 7
show a similar behavior to those in Figs. 4 and 5. Figure 7,
however, also shows that the slab model predicts a dependence of the minimum transmission on the angle of incidence bigger than the experimental values. Thus, the bulk
isotropic material model may offer a reasonable first order
approximation. However, more precise calculations are

FIG. 7. 共Color online兲 Amplitudes of transmission coefficient S21 through a
slab model of FSS for different incidence angles and polarizations.
Parameters of the model are 0 = 6.0⫻ 1010 s−1, a = 4.6⫻ 10−2 m,
A = 6.2⫻ 10−6 m2, L + M = 3.0⫻ 10−9 H, and ␥ = 1.6⫻ 109 s−1.
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