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1 Preface

The thesis “Design of modulations for Wireless (Physical#r) Network Coding
(WNC)” is primarily submitted as a partial fulfilment of thequirements for the PhD
degree. It summarizes my up-to-date research activities RsD candidate at the
Faculty of Electrical Engineering, the Czech TechnicalMérsity in Prague.

1.1 Goalsof theThesis

There are two major goals of the thesis. The thesis is intbtale

1. introducecurrent state-of-the-art of WNC strategy supported by a detailed
and actual list of eferences. We tried to support the introduction by sufficient
number of basic examples and illustrations to explain thetrimoportant parts
also to the readers not working in the field.

2. Present our original contributions and map them to the current state-of-the-
art of WNC research.

2 Current State-of-the-art of Wireless Network Cod-
ing Strategy

WNC is an emerging approach for wireless networking whicli$a lot of expecta-
tions in the research community today. Its origin dates la@006, when parallely
three research group$][ [2] and [3] introduced the concept of network coding at
the physical-layer. WNC originates and shares basic idebievork Coding (NC).
Particularly,a) the relaying nodes perform some form of information compression
similarly as does network coding (in wired error-free netvgoin order to reach a
max-flow min-cut capacity bound) arx) shared wireless mediumis utilised as nat-
ural broadcast rather than an interference producing Point-to-Point JR2RR. The
last corner stone of WNC, which is distinct from NC¢)sa physical-layer processing.
NC has been originally build upon error-free bit-pipes npaiating with data packets
and using algebraic operations over finite fields [In WNC, we demand an equi-
valent operations with real signals at the PHY layer oveeliaible wireless channel.
This challenging approach (on optimal conditions) allowgxploit interference and
turns it into the extra capacity benefits. For reference atrdductory literature, we
recommend survey papes][with plenty of creditable references, book chap@r [
and tutorials 7] and [8].



2.1 Origin of WNC

New and strikingly simple idea ofl], [2] and [3] was that the relay does not need
to decode jointly[da,dg] at the Multiple Access (MA) stage of a two-way relaying
but rather directly a function of the data which will be broasdt at the BroadCast
(BC) stage (here, the function of data is an invertible fiorcproviding one of the
data message e.g. bit-wise XGRR © dg). In this text, we denote the invertible
function providing one of the data message awtavork coding function, although
functions used in the standard NC approach are often caesidwer finite-field but
functions admitted in WNC are more general algebraic stinect Latin squared].
The information theoretic rates in case of WNC are not lichiby the MAC capacity
region. The scheme is briefly depicted in Fig.As conjectured in10], the rect-
angular capacity region given by the cut-set bound theotEthdan be potentially
achieved. Work 10] compares 2-stage protocols using Amplify-and-Forwarf)(A
Joint-Decode-and-Forward (JDF) and WNC strategy (hereteéelras De-Noise-and-
Forward (DNF)). It concludes that the highest achievalile far symmetric channel
links and high SNR provides WNC. In the low SNR region are aechible rates of
WNC and JDF asymptotically identical ).

2.2 Tutorial Example: WNC in a 2-WRC

Let us consider WNC approach in a 2-WRC as a tutorial examfdiaough the in-
formation theoretical analysis irl{] predicts the highest achievable rates to WNC
when terminals use long codewords, we can simply demoasttiaé basic principles
on per-symbol relaying (which is also practical for real lempentation). For the
sake of simplicity, assume an ideally time-synchronisethado with AWGN disturb-
ancé. Assuming that both terminals use Binary Phase Shift KeyB®SK) modu-
lation alphabetzp = o8 = @gpsk = {—1,1}, the received signal at the MA stage is
X = sa+ S +W, where constellation point, Sg € «gpsk andw denotes an AWGN

1This could be a baseline model in a static frequency-flatrenment with wireless channel cancellation
adaptation.
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Figure 1: One round of 2-way communication in a 2-WRC usirggWNC strategy.
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Figure 2: Decision regions afag = da & dg decoding at the MA stage of the WNC
2-way relaying.

noise. We define a one-to-one data-to-signal modulatiorperags
,///ZdA:O%SA:—l, da=1—>sp=1 (1)

Superimposed constellation posat+ s attains one of the three possible points from
“nig = {—2,0,2}. Notice that constellation points2 and 2 uniquely correspond to
data pairgda,ds] = [0,0] and[da,ds] = [1,1], but constellation point O may corres-
pond to eithefda,dg] = [0, 1] or [da, dg] = [1,0] and we cannot decide between them.
But this is not a source of errors, because the relay decodiElsraadcasts a network
coded data symbalag being a bit-wise XOR functiodag = da & dg which for both
undistinguishable casé@, 1] and[1,0] yields the sameélpg =001 =1®0=1, see
decision regions fodag decoding in Fig2.

2.3 Channel Coded WNC

The tutorial example from the preceding section presentsanded per-symbol re-
laying. The per-symbol relaying is practical in the sens# tio additional delay is
induced at the relay, however it possess much higher erréompgance as would have
with channel coding. There are several ways how to impleraeahnel coding into

the WNC 2-way relaying. Theoretically, the scheme with tighbst achievable rate
requires long codewords used by the terminals at the MA stagen its superposition
is obtained network coded data packet, re-encoded and ¢astt the final destina-
tions. The processing of channel decoding and network gostiould be performed
jointly, see its concrete realization using Factor-GrapmSProduct Algorithm (FG-

SPA) with LDPC codes in13]. A separate processing of these two operations

S



sub-optimal as claimed inLP] and [14]. The relay processing which uses channel
decoding and network coding separately shows approxignateB loss (Bit Error
Rate (BER) at 10" using BPSK constellations and LDPC with interleaver siz@Q.0
and code rate.@ at SNR 5dB 13]) over the optimal processing. Similar performance
loss suffers a sub-optimal relaying scheme where netwatk@symbols are obtained
per-symbol and consecutively channel encoded. This appiisaenoted aslayered
relay processing [15]. It requires linearity of the used network coding functidmut
the processing is less demanding than the previous schemes.

2.4 Fading Channel Parametrization Effects
24.1 Relative-Fading of WNC Relay Processing with CSIR

Information theoretical analysis of WN@(] assumes perfect knowledge of Channel
State Information (CSI) at all the nodes which is used foidaai time, phase and fre-
guency synchronisation and power control. In a real systeenating over wireless
channel, the amount of feedback required for such a perfexthsonisation would
be prohibiting. In order to bring WNC closer to real implertagion, work [L6] con-
siders only local knowledge of CSI at the receiver side. Is $etting, a new form of
fading in the WNC relaying appears. We call itehative-fading effect [17], because

it happens when a ratio of channel gains is close to certdticairvalues (denoted
assingularities) no matter what are the actual channel gain values. So it gapema
that the system performs very poorly even though both cHayaies at the MA stage
are strong enough. FiguBpresents such a situation when 4QAM constellations are
used by the terminals and the relay decodes a bit-wise XORtifun The reason
why channel parametrisation is still an issue even wherepe@hannel State Inform-
ation at the Receiver side (CSIR) is available (which dogsippear in standard P2P
communication) is due to the following. The received sigaal= hasa + hgss + W,
wheresa, Sg are constellation space signatg, hg are frequency-flat channel coeffi-
cients known by the relay anvddenotes a complex AWGN sample with variandg 2
The relay may work with an equivalent signal when one of thevikm coefficients is
eliminated e.g. as

X =X/hy = Sp+he/haSg +W = Sp + OS5 + W, (2

wherew is a sample of AWGN with varianc®b/|h,> anda denotes a channel para-
meter ratio. We conclude that even with CSIR the superimgosastellation is still
parametrized by channel ratm which may have a significant impact as shown in
Fig.3.
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Figure 3: Example of the relative-fading at the WNC MA staging 4QAM con-
stellations and bit-wise XOR decoding. Case a) with= hg = 1 performs much
better than case b) witl = 1, hg = €772 although in both cases the magnitude of all
channel coefficients are the same.



2.4.2 Adaptive WNC Method Eliminating the Relative-Fading

The authors of 16] proposes an adaptive relay processing where a networkigodi
function decoded by the relay is adaptively chosen accgrtbnthe actual chan-
nel ratioa in order to maximize minimal Euclidean distance and thudintieates
the relative-fading. Surprisingly, the proposed netwaokling adaptation based on
4QAM alphabets requires network coding functions with leigbardinality than 4.
Paper 9] analyses the adaptive WNC strategy using theory of Latirasgs and pro-
poses a simpler algorithm for the search of suitable netwoding functions. Pa-
per [16] also generalises the adaptive WNC strategy for 2-WRC witlitiple an-
tennas at the relay. Following work$§], [19] confirm that adaptive WNC strategy
provides significant gains in the TCM coded system and in ylstesn using multiple
antennas at the relay and destinations. Our latest waikgdvices that there ex-
ist better constellations for adaptive WNC than 4QAM suclld&X constellation,
where the relative-fading is eliminated by adaptive WNChwitt the use of network
coding functions with cardinality higher than 4. The exteddhigher than 4) cardin-
ality network codes are undesirable since it introducesmdency decreasing the data
rates at the BC stage.

2.4.3 Elimination of the Relative-Fading Without any Adaptation

Our works R1], [22] reveal that the relative-fading may not appear for speyja of
modulation schemes and network coding functions (BPSK &ngibe XOR being an
important example) without any form of adaptation. Such ulations were denoted
as Uniformly Most Powerful (UMP) alphabets due to the sinityawith UMP para-
metric detectors which performs the best among all possiétectors for any para-
meter value. In our case, UMP alphabets are those havingmahgthe best) minimal
distance among all possible constellations with identiciaimal distance of primary
alphabet for any channel parametevalue. Paperdl] identifies some important
features of UMP alphabets like a) bit-wise XOR network cgdiunction is neces-
sary but not sufficient condition for UMP alphabets, b) ogboal and bi-orthogonal
signalling is UMP and c¢) multi-dimensional constellatiomsed to be used to ful-
fil UMP condition when alphabet cardinality is higher thandny. In the design of
multi-dimensional UMP constellations we can beneficiatysider naturally multi-
dimensional schemes like frequency modulations FrequBhdy Keying (FSK) and
CPM [21]. The numerically designed UMP multi-dimensional coratens using
non-linear optimisation tools were proposed 22][ It shows that UMP condition
cannot be apparently achieved when constellation spesffieiency is higher than
1[bits/complex constellationdimensibn Ignoring the effect of the relative-fading
leads to a serious performance degradation and even datistelalphabets which
are not UMP but are resistant to the relative channel phdagao provide consider-



able gains22], [23]. According to the extensive performance evaluationliif,[we
conclude that the relative-fading has much lower negatiyeaict in a system with a
reasonable level of diversity which is a usual assumptioreliable communication
systems for wireless channel.

2.4.4 Non-Coherent WNC 2-Way Relaying

Another method dealing with wireless environment withowt adaptation is a non-
coherent “blind” approach. It requires no CSI neither onaasmitter nor a receiver
side. PaperZ4] develops a non-coherent WNC using orthogonal FSK sigmalli
The non-coherent WNC relay processing is very differeninfitie canonical P2P
non-coherent envelope detector. Another non-coherent Wit€me using TCM and
MIMO 2-way relaying has been recently presented2§ .

2.5 Constéelation Design for WNC in an AWGN 2-WRC

WNC possesses several unique features in comparison tmicah®2P communic-
ation. We have already mentioned the effect of relativerigj[d As another feature,
we present a problem of constellation design optimisingmmah Euclidean distance.
WNC error performance does not depend only on channel calimgpdulation but
also on which network coding function is decoded at the ratay/what type of symbol
indexing is used by the terminals. For instance, 8PSK ctasten has minimal dis-
tanced?, = 0.59, but when used at WNC MA stage, the minimal distance of biewis
XOR decoding is only\2, = 0.34. It can be even shown that there is no network cod-
ing function which would result in a higher minimal distan&®, even if the relative-
fading is not an issue due to e.g. CSl available at the recas/@ell at the transceiver.

It is generally not obvious what type of constellation, iridg and network coding
function leads to the highest minimal distance. Our pap€Jrfocuses on this issue.

It shows, that constellations taken from a common lattiogcstire which are indexed
in a special way (indices form an arithmetic progressiongleach lattice dimension;
such indexing is denoted as Affine-Indexing (Al)) has a miaidistance equal to the
minimal distance in a P2P channel. It works under the camdttiat modulo-sum net-
work coding function is decoded at the relay. Pa@é} lso presents some additional
features like that not every lattice-constellation is xalde by Al and it presents a list
of constellations with the maximal possible minimal distes. Paperd7] is focused

on a joint constellation and network coding function desigrallows unequal chan-
nel gains and alphabet cardinalities. The approach carssidenbination of different
canonical constellations like 2-, 4-, 8-QAM etc. finding artmnation of constella-
tions, its precoding coefficients and network coding fumtsileading to the highest
minimal distance. This design of network coding functiosssithe greedy clustering
algorithm trying to cluster the closest superimposed-t@iagion points (as long as



the network coding function is invertible) into the samestéur in order to maximize
the minimal distance. The clustering algorithm is the sameintroduced in16.

2.6 WNC in other than 2-WRC Networ k Topology

The concept of WNC 2-way relaying is theoretically as welpeactically quite well
understood for cases with both CSIR & Channel State Infaonait the Transceiver
side (CSIT), CSIR only and no CSI at all, including imperféate synchronisa-
tion [28 and assuming current state-of-art communication apfeasuch as MIMO,
TCM, turbo codes and principles of adaptation. Despitdivaly good knowledge of
WNC 2-way relaying, the optimal WNC strategy in a more completwork topology
is the big unknown. From this point of view is the NC approaictha link-layer much
more practical since it scales well into more complex togis (although it does not
provide such capacity gains as WNC). Strategies like thefess-and-Forward (CF)
strategy which designs PHY layer as to match the standdeddiyer NC seems to be
very promising. So far, WNC has been successfully genedlisr achain topo-
logy [7] (i.e. a bidirectional network with one source-destinatgair and multiple
serially connected relays between them) and for a wireletisitily network B]. Cer-
tainly, we could separate a complex general network topalug several 2-WRCs or
other understood topologies, but the resulting schemedivmeisuboptimal as noticed
e.g. in R9, [30]. Paper R9 shows that WNC strategy tailored far star topo-
logy (i.e. two source-destination pairs bidirectionally conmuating via a relay with
reasonably strong cross channel links) substantiallyees®s achievable rates over
the strategy based on WNC for twice 2-WRC. In a star topoltigg,cross channel
links deliver more information to the final destination, Buwough the information
is not intended to the final destination, it enables highéwagk coding compression
at the BC stage. Similarly a9, our approach3( proposes WNC strategy for a
3-terminal 1-relay multicast network. The gain is obtained w.r.t. the strategy that
considers the 3-terminal 1-relay multicast network (3T-aRa two 2-WRC. Partic-
ularly, paper 8Q] proposes a joint constellation prerotation & terminal stafiation
& its indexing & network coding function that allows compsém of two orthogonal
MA stages (corresponding to”2WNC in a 2-WRC) into the single MA stage where
multiple network coded data symbols are decoded at once.

2.7 WNC in a General Network Topology

The WNC strategies presented in the preceding subsectobaaed on an optim-
isation constrained to a given network topology. So far, eaagal rule how the
optimal solution should look like is known. The generalisatof WNC for a gen-

eral multi-source multi-destination network is still anempchallenge. The situation
is very complicated due to a huge number of parameters whfttkence the optimal



solution (e.g. every node may have different form of CSI awtl of synchronisa-
tion, cooperation and knowledge of the overall network togg, etc.). Development
of WNC strategy that is robust to the substantial portionnopérfectness is likely
to be more important than the WNC strategy achieving the maksum-rates but
under unrealistic conditions requiring tremendous datxtoyad. A WNC design for
general wireless network is also challenging due to theddakformation-theoretical
knowledge, i.e. there is no paper like(] for the 2-WRC saying that WNC is the
optimal relaying strategy in a general wireless multi-seunulti-node network. This
fact is demonstrated in unidirectional Multiple Access@eChannel (MARC) where
decoding of a function of the incoming data is not always test lsolution 81].

2.8 Real Implementation of WNC

There are a few real verifications of WNC gains in a practyjcatiplemented system.
The reason is a) the same as in case of NC, i.e. the overalbrieaschitecture needs
to be completely revamp and it is difficult to simply extene #xisting concept by
WNC processing, b) several new challenges need to be sol#das an impact of
wireless channel and synchronisation issues and geraiafisor a general multi-
node multi-source network. Recently, papgZ][presents a real implemented solution
in a 2-WRC. The authors selected OFDM and Cyclic-Prefix (GR)tegy to combat
time asynchronisation and frequency-selective fading gdin of WNC is confirmed
in Ettus Universal Software Radio Peripheral (USRP) sdermsed on modification
of the 802.11a/g standard. It assumes BPSK terminal ctetsbels, bit-wise XOR
network coding function and standard convolutional chhooges. Related worl3[]
introduced an AF network coding based relying called ANChalgh ANC non-
optimaly amplifies also AWGN noise, it still provides a SNRrga 30% over the NC
based solution (implemented in COPE proto]]. ANC scheme combats time,
phase and frequency asynchronisation by a special signakgsing using a non-
coherent Minimum-Shift Keying (MSK) modulation implemedtin the GNU-radio.
We conclude that current state-of-the-art of WNC impleragah does not go much
further then in the 2-WRC.



3 Summary of Main Contributions

3.1 Design of Lattice-Constellations and Constellation-Indexing
for WNC 2-Way Relaying using M odulo-Sum Decoding

Problem. Let us consider a WNC 2-way relaying where both terminalsoasestel-
lations curved from a common lattice structure and the retade decodes a modulo-
sum function of transmitted data symbols at the MA stage foP@mance of such a
system with AWGN is strongly determined by the used coretielh indexing. For
some indexing, the minimal distance of modulo-sum decod@ing (some points of
superimposed-constellation are equal despite corregpamedo unequal modulo-sum
of data symbols) as shown in Figb). It causes a considerable loss in the error per-
formance as well as in the alphabet-constrained capacity.

) §7) p+B
) () _ (2) _
=42 o = 42 dABO_(J dyp =1| diim=o
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2 3> 2 3 2,2] 12.3] [3,2] [3:3)
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Figure 4: Minimal distance of the modulo-sum decoding witinstellation index-
ing a) equals to the minimal distance of primary constellai since all identical
superimposed-constellation points lie in the decodingoregvith the identical
modulo-sum data symbalag. Indexing b) implies that some superimposed points
of modulo-sum decoding will be decoded erroneously.

Contribution. We show that if indices form a modulo-arithmetic progressio
along each lattice (real) dimension (denoted as Affine limdgkAl)), the minimal
distance of modulo-sum decoding equals to the minimal dégtaf primary terminal
constellations as shown in Figa). We also find that some canonical constellation-
shapes prevent existence of Al, therefore we propose a yg#tere packing al-
gorithm for constellation-shape design which jointly nmakies minimal distance and
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Figure 5: Uncoded symbol error performance curves of séearenical constella-
tions and proposed constellations. The light-green ling wiangular markers de-
notes 4-QAM performance. The dash-dotted curves denotedalytic’ are the pair-

wise symbol performance bounds.

keeps existence of APfg]. In certain cases, we have found the constellations with th
highest possible minimal distance of a network coding fiomctlecoding. The error
performance curves are shown in Fg.

3.2 Design of Constellations for Adaptive Minimum-Cardinality
WNC utilising Hexagonal L attice

Problem. Let us focus on a constellation design for adaptive WNCetpain a wire-
less 2-way relay channel. Itis well known that 4QAM consttetin requires extended-
cardinality network coding adaptation to avoid all singudhannel parameters at the
MA stage [L6]. The cardinality extension is undesirable since it introels the re-
dundancy decreasing the data rates at the broadcast stage.

Contribution. We target a constellation design removing all the singtideri
without the cardinality extensior2(]. We show that such a constellation is a 4-ary
constellation taken from hexagonal lattice (4HEX)

aviex = V¥/4{ -3-jV3 1-jV3 ~1+]V3.3+]V3}, ®)

11



3{a} N XOR (a1) |

Figure 6: Adaptive network coding/i0% (a) based on the bit-wise XOR function
for 4HEX.

which we present as a main contribution. The relay adaptiselects 4{(da,dg) =
[N; ]dA 4z @ccording to adaptive network coding functu:wglXOR shown in Fig6

dapt
whereN; = P[0,2,3,1] [NxoRr], | € Zz andNxor is given by

4

Nxor =

WNEFEL O
N WO
P O WN
OFRLNW

Adaptive WNC using 4HEX and bit-wise XOR based network cgcdidaptation re-
moves all singular channel parameters as shown in7Filj.keeps comparable error
performance at the MA stage as popular 4QAM (depicted in8}jdrowever without
the cardinality extension. The similar properties has deend also by unconven-
tional 3HEX and 7HEX constellations.

12



Figure 7: Parametric minimal distance of the adaptive WN@tsgy using 4HEX.
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Figure 8: Network coded symbol error rate at the MA stage efdatdaptive WNC
strategy in RiciarK = 10dB channel using 4QAM and 4HEX constellations.
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Figure 9: Symbol error rate of BPSK and QPSK in AWGN and Rice- 10dB
channel. Surprisingly, the performance of QPSK in the Riclannel (Rician factor
K = 10dB) is not a simple 3dB shift of the BPSK performance as megsst the
performance in the AWGN channel, but it performs as it undesga stronger fading
channel with smaller diversity order.

3.3 UMP Alphabets. UMP Multi-Dimensional Frequency M odu-
lationsand UM P General Multi-Dimensional Alphabets

Problem. WNC is a promising 2-way relaying strategy due to its potdrtt oper-
ate outside of the classical MAC capacity region when CSVaslable at all network
nodes. Assuming a practical scenario with CSI at the recside and no channel
adaptation, there exist modulations and network codingtfans for which even non-
zero channel parameters (denoted as singular) cause zeroahdistance — signific-
antly degrading its performance as shown in%id he reason of the QPSK diversity
loss is well explained by analysis of parametric minimatatise

n— min HA Indh) | g psede) )
-%dap(dAadB)?éﬂ/adam(dAadB
whereAs(dA ) S NENC A %) _ ) s,(sdé‘) anda = he/hy. The minimal

dlstances are depicted |n Fitp andll The minimal distance of BPSK has a para-
bolic type of parametrization which is zero only for= 0 (i.e. hg = 0), while QPSK
indicates zero minimal distances also for some non-zetanpeter ratiosr which we
call singular channel parameters. They effectively represent additional deep fading
which appears as a diversity-loss in the error curves ir9Fig
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Figure 10: Minimal distanca 2. (a) of BPSK showing no singularities.
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Figure 12: Minimal distancA'rﬁin(a) of UMP-QFSK with optimized = 5/6 showing
no singularities.

Contribution (Design of UMP Freguency Modulations). We have proved that
non-binary linear alphabets cannot avoid these singulanpeaters. Moreover, some
network coding functions even imply its existence. We shioat such a function is
not a bit-wise XOR. We define robust alphabets avoiding atjsiarities and achiev-
ing the minimal distance upper-bound for all parametereslu/Ne denote these al-
phabets as Uniformly Most Powerful (UMP). We have found taay binary, any
non-binary orthogonal and any bi-orthogonal modulatioalgays UMP when com-
bined with the bit-wise XOR functior2[l]. Apparently, non-binary UMP alphabets
are multi-dimensional and so we optimize naturally muitirénsional modulations
such as Frequency Shift Keying (FSK) and full-response i@ootis Phase Modula-
tion (CPM) to yield UMP alphabets as shown in Fig.and Fig.13. In case of FSK,
we optimise its modulation index and in case of full-response CPM, we optimise
its frequency pulse shag®(t). UMP alphabets provide considerable error perform-
ance gains as shown in Fity, although they require always more bandwidth than in
the P2P case. The extended-bandwidth alphabets may s#ldanparable benefits
when we demand e.g. alphabets with the constant envelopenyo

Contribution (Design of General UMP Alphabets). We formulate a UMP al-
phabet design as a bi-quadratically constrained lineamigetion problem on which
the standard non-linear optimization methods are appR&H [We design a list of
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Figure 13: Minimal distanc& 2 (a) of binary full-response CPM witk = 1/2 and

SRC phase puls@(t, p) = 3 (t — pS22%) with p ~ 2.35 showing no singularities.

QFSK: performance at the WNC MA stage in a 2-WRC
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Figure 14: Symbol error rate in AWGN, Rayleigh/Rice fadirtaonel for modula-

tions QPSK, QFSkK = 1/2, UMP-QFSKk = 1 and UMP-QFSK« = 5/6 showing the
advantage of UMP alphabets (especially in Rician channels)
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Figure 15: Minimal distancA'2  of 4-ary 1-D weak UMP alphabet.

min
UMP multi-dimensional modulations for several alphabedoalities and dimen-
sions. It seems that every found UMP alphabet has its ratelipgeension upper-
bounded by 1bjtcomplexdimension (i.e. the rate-per-dimension of stash@#SK
alphabet). Therefore, we propose a different type of alptsaballed weak UMP al-

phabets which have unlimited rate-per-dimension but fth# UMP condition only
for parameter ratio® | = 1 Minimal distance of 4-ary and 8-ary weak UMP alphabets

Haaryweak UMP= \/ 2/5{-2,-1,1,2}, (6)
%aryweakUMP: V 1/91{_137 _11a _77 _5a 5; 7; 11; 13} (7)

depicted in Figl5and Fig16illustrate that all singularities do not occur far| = 1
which implies robustness to the phase rotation and the iRigjpe of fading. As
expected and shown in Fity7, weak UMP alphabets perform several dB gain over
canonical alphabets in the Rice channel.

3.4 Impact of Relative-Fading in WNC 2-Way Relaying with Di-
versity Reception

Problem. We identify two distinct sources of fading significantly dading the per-
formance of the WNC 2-way relaying with CSI at the receivebsAlute-Fading (AF)
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Figure 16: Minimal distancA 2,, of 8-ary 1-D weak UMP alphabet.
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Figure 17: Symbol error rate of 4-ary and 8-ary Weak UMP dighsiin RiceK =
10dB channel.
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Figure 18: Symbol error rate of QPSK in a SIMO Rice channel.

and Relative-Fading (RF). AF corresponds to a standard-soale fading of a wire-
less point-to-point channel when absolute values of thambélgparameters are insuf-
ficiently strong. RF is a unique paradigm of WNC occurring whertain critical data
symbols are transmitted and a ratio of channel parametetese to certain critical
values. The negative impact of RF is well demonstrated onkQp&formance in
Rician channel as shown in Fig,.

Contribution. We show that the diversity reception techniques (essetatied-
strain AF) significantly suppresses RF as wélf][ We measure the impact of RF
on the uncoded error performance (Fif) and ergodic alphabet-constrained capacity
(Fig.19) of representative QPSK alphabet in a wireless Ri¢fan 10dB channel.
We conclude that RF is sufficiently suppressed by systentsavieasonable level of
diversity which is typically assumed if only AF is presem.dther words, RF is ap-
parently not so detrimental in practice as may be concludead fin artificial model
assuming uncoded performance with diversity 1.

3.5 Optimised Constellation-Prerotation for WNC Relaying in 3-
Terminal 1-Relay Network

Problem. WNC method is an interference harnessing physical-layecept combin-

ing network coding principles and broadcast nature of threless medium. Signific-

ant capacity gains of WNC were shown in a wireless 2-WRC. Kbension of WNC
to more complicated network topologies potentially offeven larger gains than in
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Figure 19: Alphabet-constrained capacity of QPSK in a SIMERhannel.

the 2-WRC. However, such an extension is generally nomatriv

Contribution. We show that it is feasible to achieve additional considerab-
pacity gains in a 3-Terminal 1-Relay (3T-1R) netwoB]. We focus on the constel-
lation design for its uplink MA stage. The throughput maydation is achieved by
an optimised prerotation of carefully selected source tshlasions and corresponding
network coding functions, effectively reducing the numbfnequired MA stages. We
propose ASK and modulo sum operation with3 prerotation (Fig20) which seems
to be a favourable choice for 3T-1R since it keeps the samamalistance as in the
point-to-point case which results to the highest achieveadties as depicted in Fi2{l.

4 Conclusion

This thesis is concerned with a modulation design for therging wireless network
architecture denoted as Wireless Network Coding (WNC). imoelulation design
topic is challenging and still sparsely investigated evethe simplest possible net-
work scenario — a 2-Way Relay Channel (2-WRC) which is ourtrassumed scen-
ario.

We see a great potential of our work considering affine-iedéattice-constellations
with modulo-sum relay decodin@§]. This contribution is rather theoretical one, but
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Figure 20: Composite constellation of three mutuatly3 prerotated BPSK mod-
ulations. The interfering signals at the point 0 in the sligsimace correspond to
[da,ds,dc] = [0,0,0] and[1,1,1]. Since these points lie in the region with identical
[das,dsc] (identical colour), it is not a source of errors.
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Figure 21: Alphabet-constrained capacity curves for sshaphabets, network cod-
ing operations and mutual prerotations.
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due to its simple analytical results, it provides a very ukdgsigning tool. As far
as we know, the modulations and network coding function® teeen designed only
numerically, particularly, by suboptimal greedy clustgralgorithm [L6] or by the NP
hard algorithm filling a partially-filled Latin squared][ It can provide a solution only
for reasonably large constellation alphabets. In our aggrowe are always sure that
the modulo-sum function is decodable at the relay as long| &sttace-constellations
are affine-indexed. We believe that the lattice-consieliatare naturally suitable for
the modulo-sum decoding also in a general network topolegpbse a superposition
of any number of constellations taken from the same latdcagain a point in that
lattice. It is very convenient that we can describe both dommixed by WNC (i.e.
the continuous signal space of physical-layer and theelis@nteger space of network
coding) by a common algebraic structure (by lattice-cauaith integer vectors).

We have successfully utilised the discovered propertigsodffine-indexed lattice-
constellations with modulo-sum relay decoding and basethem we find a 4HEX
constellation suitable for adaptive WNC strategy usingimim-cardinality network
coding adaptationZ0]. Our proposed 4HEX constellation is probably the most prac
tical contribution suitable for real implementation.

The considerable part of our work studies negative impactlaitive-fading in

wireless 2-WRC. We have found and proposed frequency rdintensional modu-
lations robust to the relative-fading1]. These modulations are beneficial especially
when also the constant envelope property is demanded (elgwicost receivers or
satellite communication). Our analysis of a general desfggniformly Most Power-
ful (UMP) alphabets reveals that we cannot entirely elirtérihe relative-fading by a
suitable alphabet design when a spectral-efficiency isdrititan 1 bitdimension 22].
In that case, we can find alphabets (denoted as weak UMP) witartperformance
than standard QAM, PSK but still performing considerablyrstdhan the utmost
UMP scheme. The obstacle of the relative-fading seems todmtigally solved when
some level of diversity is assumed as shown in our pabar Either the environment
is so static that we can effort some form of adaptation elatiiny the relative-fading
or the environmentis so dynamic that a rich source of tempofaequency diversity
is available. Our analysis shows that the relative-fadiag $ignificantly lower negat-
ive impact when enough diversity is provided which is usuallfilled in practice.

WNC is both theoretically as well as practically quite wellderstood in the 2-
WRC but the generalisation of WNC into a more complex netwogology is still
an open problem. We have identified another potential soefrgains based on the
optimisation of the multiple-access stage in a 3-terminadlay network 80Q].
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Summary

This thesis is focused on a modulation design for emergirrggs Network Coding
(WNC) relaying strategy respecting various practical drebtetical conditions. Our
contributions concern three main topics.

The first topic is a constellation design for WNC in a simple @W 2-Way Re-
lay Channel (2-WRC). The constellation design for WNC is eyafly challenging
and sparsely investigated since the error performance o€\Widcessing at the relay
(asymptotically determined by the minimal distance) dostsdepend only on a par-
ticular modulation alphabet but also on a network codingfiom used by the relay.
Among other findings, we reveal the important property thaiconstellations taken
from a common lattice which are indexed in a suitable way (indices form an arith-
metic progression along each lattice dimensimgthe minimal distance equal to the
minimal distance as in the point-to-point channel (the important condition is that the
modulo-sum network coding function is used by the relay)segbon this result, we
have designed the constellations with the maximal possiibiénal distance. The op-
timality of the proposed constellations are supported byrgrerformance simulations
as well as mutual information alphabet-constrained céypaarves.

The second topic targets a unique phenomenon of WNC in aess&-WRC with
perfect channel state information at the receiver — a new dffading denoted as a
relative-fading. Its name is derived by the fact that the relative-fadingesgpp when a
ratio of the channel gains is close to certain critical valne matter what are the actual
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values of the channel gains. The well-known relay procgssiethod (using popu-
lar 4QAM) eliminates the relative-fading by the extendedeinality network coding
adaptation (the cardinality extension is undesirablessiniotroduces redundancy de-
creasing the data rates). We design and progpesal constellations (e.g. 4HEX
constellation) suitable for this method where the relative-fading is eliminated without
the use of extended-cardinality adaptation. As an alternative way how to combat the
relative-fading, we introduceonstellationsimmune to the rel ative-fading without any
adaptation denoted as Uniformly Most Powerful (UMP). We identify someportant
features of the UMP systems like a) the use of bit-wise XORvasgk coding func-
tion is necessary but not a sufficient condition for the UMRdition, b) any ortho-
gonal and bi-orthogonal alphabet is UMP and c) generally omlilti-dimensional
constellations can be UMP. We optimise naturally multi-eiveional modulations
such as Frequency Shift Keying (FSK) and full-response i@antis Phase Modu-
lation (CPM) to yield UMP alphabets. The found UMP alphah@tsvide consid-
erable gains in a Rayleigh/Rice fading 2-WRC. Although theyuire always more
bandwidth than in the point-to-point case, they serve welagerformance bench-
mark identifying the schemes which perform close to the stnMiéMP case but do
not require more bandwidth. In the next chapter, we use talslinear optimisa-
tion tools to design general multi-dimensional UMP conatiins with the highest
possible minimal distance for given available bandwidthtuins out that the UMP
condition cannot be apparently fulfilled when the constigltaspectral-efficiency is
higher than Ibits/dimension. Therefore, we propose a different type of alphabets
called weak UMP which possess an unlimited spectral-effggidout fulfil the UMP
condition only for parameter ratios with absolute valueada 1. This implies ro-
bustness to the Rician-type of fading

The third topic is focused on the widely unexplored arethefxtension of WNC
to more complicated network topologies. We show that it is feasible to achieve addi-
tional considerable capacity gains in a 3-terminal 1-relegwork with the carefully
optimised multiple-access stage. We propose the ASK mtidalahe modulo-sum
network coding function and tha/3 constellation prerotation for this scenario. It
keeps the same minimal distance as in the point-to-poirg pagviding the highest
alphabet-constrained capacity performance among the otbéulation, coding and
prerotation types.
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Anotace

Tématem mé disertai prace je navrh modulaci pro novznikajici a slibnou metodu
komunikace v bezdratovych sitich zvanou Wireless Netwaréi@y (WNC). Navrh
modulaci respektuje rliznorodé praktické a teoretickérioky. Nové [iinosy prace
spadaji doff kategorii.

Prvni cast se zabyva navrhem konstelaci pro WNC metodu v jednédudtd-
ditive White Gaussian Channel (AWGN) relay kanale. Navrhdtelaci pro WNC
metodu je obead nar@néjsi (a také mém prozkoumany) nez navrh konstelaci pro
komunikaci bod-bod (Point-to-Point (P2P)), protoze kéokonstelace samotné jést
chybovost vyznamnym zplisobem ovliyje vylker network coding funkce, kterou
pri detekci pouziva relay uzel. Kroinjinych vlastnosti systému se pdiia objevit
dulezitou skuténost, Ze konstelace, které jsou vybrané z pravidelfigky (zvané
lattice) a zarovi jejich indexy sphuji jisté podminky (indexy tvid aritmetickou pos-
loupnost v kaZzdé dimenzi lattice), pak maji minimalni vaeidst pi dekodovani
network coding funkce rovnu minimalni vzdalenosti koretel samotné (dllezita
podminka platnosti tohoto tvrzeni jgquipoklad, Ze network coding funkce se da
popsat jako sotet modulo). Na zaklasltohoto tvrzeni se poéito nalézt konstelace s
maximalni moznou minimalni vzdalenosti. Takovéto kor&telpoté v porovnani se
standardnimi konstelacemi vykazovaly nejmeri§iku chybovosti a nej&tsi Kivku
abecedou podmémé kapacé kanalu.

Druhé téma se tyka unikatniho jevu, ktery se vyskytuje u WN&ady v bez-
dratovém dvoucestném relay kanale, a to je novy druh Unddirgf), ktery se nazyva
Relativni Fading (RF). Jméno RF vychazi ze skatssti, ze k niku dochazi, kdyz
pomeér koeficientll kanalu se blizi ¢itym kritickym hodnotam, bez ohledu na to,
jak jsou jednotlivé koeficienty kanélu velké. Byla navrZzeakay strategie, které je
schopna eliminovat RF tim, Ze adaptiv@izplsobuje network coding funkci na re-
lay uzlu. Jestlize tato metoda pouziva popularni konstdl@AM, pak maji net-
work coding funkce @tSi kardinalitu nez vstupni abeceda. Extenze kardingity
tomto Fipace nezadouci, protozégdstavuje redundanci, kterd pak omezuje celkové
dosazitelné datové rychlosti. V této oblasti se nam pimaavrhnout specialni kon-
stelace, které umaiji potl&it RF aniz by dochazelo k extenzi kardinality. Dalsi
moznosti jak potléit RF je navrh abecedy, ktery potlaje RF aniz by se pouzivala
jakékoli forma adaptace. Takovéto abecedy jsme nazvafotmiy Most Powerful
(UMP) abecedy. Poddo se nalézt gkolik dulezitych vlastnosti UMP abeced jako:
a) pouziti bit-wise XOR network coding funkce je nutné podkaipro UMP abecedy,
b) ortogonalni a bi-ortogonalni abecedy jsou UMP, c) natihdbecedy mohou byt
UMP jen pokud jsou vice dimenzionalni. Proto jsme hledali Risbecedy, které
vychazi z vice dimenzionalnich frekv@rich abeced jakymi je Frequency Shift Key-
ing (FSK) a Continuous Phase Modulation (CPM). Nalezené Widécedy vykazuji
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vyznamny vykonovy zisk na chybovostech v kanalech s Ralyt&ice tnikem. &koli
UMP frekverEni abecedy vyzaduji SirSi frekvemi pasmo (bandwidth), tak did
poslouZzijako horni odhad chybovosti, ktery umozZni idekditi abeced, které nevyzaduji
SirSi frekve@ni pasmo, ale zarowemaji chybovost blizkou UMP maximu. V dalsi
Casti textu jsme se zabyvali obecnym navrhem UMP abecedjskde pro navrh
pouzili robustni nelinearni numerické optimalina algoritmy. Optimalizéni Gloha
byla pak nalézt abecedu pro danou kardinalitu égbaimenzi za podminky UMP a
maximalni minimalni vzdalenosti. Ukazalo se, ze UMP podmiziejmé neni mozné
splnit, pokud spektralni@innost abecedyfpsahuje 1 bit na komplexni dimenzi. Z
tohoto dlivodu jsme UMP kritérium zBkCili, tak aby spektralni €innost zlstala
neomezena, ale UMP podminka byla €pia jen pro absolutniho hodnotu pém
kanalovych koeficientll rovnou jedné, cozZ implikuje doblgstnosti pro kandly se
silnou Line-Of-Sight (LOS) slozkou tj. kanaly typu Rice.

Treti téma se za#iuje na Siroce neprobadanou Ulohu zol@tmrincipll WNC
pro komplikovamjSi si& nez je dvoucestny relay kandal. Patiase nam ukazat, ze v
komplikovargjsi siti seitemi termindly a jednim sdilenym relay uzlem metoda WNC
nabizi novy dalSi druh kapacitniho zisku, ktery se neolpgeve dvoucestném re-
lay kandle. Tento zisk souvisi s vhodnou volbou optimal&oich abeced pro fazi s
mnoho uzivatelskymigstupem (Multiple Access komunikace). Pro takovyto model
doporiEujeme pouzit vzajentno 17/3 pred rotovanou ASK konstelaci, pro kterou
minimalni vzdalenost dekédovani modulo-sum funkce je slh@iminimalni vzdalen-
osti abecedy samotné, coZz umaje mezi ostatnimi standartnimi modulacemi dosah-
nout nejvyssi dosazitelné datové rychlosti.
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