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Introduction

So far, the General theory of relativity (GR) has been considered the best possible theory of gravity.
However, with the increasing amount of data from cosmology and particle physics, and with the ad-
vancement of quantum theory, some shortcomings of GR became apparent.Since GR is not able to solve
them sufficiently, this may indicate that GR is not the most fundamental theory, and that it needs to be
adjusted.

One could take a radical path and abandon GR altogether and propose a new theory of gravity. Or one
could keep the principles of GR and just modify them. There are also myriads of possible mathematical
approaches to GR that may be advantageous in different circumstances. In this thesis we consider only a
pure metric formalism in four dimensions.

In a purely metric four-dimensional approach, Lovelock’s theorem dictates that in order to modify
GR, new terms must be added to the Einstein-Hilbert action. The most natural terms that could be
introduced into the Einstein–Hilbert action are higher-derivative (HD) terms, since similar contributions
arise in the quantization of GR [31].

The thesis is organized as follows: First, we briefly review five basic categories of HD theories and
point out their potential to solve problems that GR struggles with. For the f (R) theory, we study possible
methods to solve the Schwarzschild-like problem and the Kerr-like problem. For Conformal gravity,
we will review the methods for solving the Schwarzschild-like and Kerr-like problems developed by
Mannheim and Kazanas.

Throughout the work we consider geometrized units G = 1 = c, a metric of signature (− + ++), and
the notation for the covariant derivative is ";".
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Chapter 1

Overview of higher derivative theories

1.1 Problems of General Relativity

Some problems of GR arising from Cosmology are the horizon problem, cosmological constant problem
and problem with Dark energy and Dark matter.

The Horizon problem suggests that there might be a different theory of gravity, which describes the
early universe. The Horizon problem briefly stated is following. The present universe is well described
by the Robertson-Walker (R-W) metric, which is conformally flat. If we assume that the Universe is
described by the R-W metric for its whole history, then it is concluded that the particle horizons have
to be finite. Therefore some parts of the Universe can not be causally connected and the observed
homogenity and isotropy could not be achieved. There are two possible solutions, the Universe was born
homogeneous or at its early stages it was not described by the R-W metric but by other theory which
gradually changed into the R-W model. The problem is in detail discussed in [32].

The cosmological constant problem dates back to Einstein himself. As is discussed in [33] Einstein
included the cosmological term in his equations to obtain a static solution, since it was believed that
the Universe is static. But equations of this form have another static solution, found by deSitter, which
violates Mach’s principle. Moreover, it was observed that the Universe undergoes expansion, which
then eliminates the need for a static solution. One would then like to cross out the cosmological term,
however, this is not possible, because any term that contributes to the energy density of the vacuum
manifests as a contribution to the cosmological constant. So the Einstein equations have to include the
cosmological term, so where is the problem? From the observations of the expansion of the Universe, it is
possible to estimate the value of the energy density of an empty space. Comparison of this observational
estimate with the prediction of quantum field theory reveals the problem, the prediction of the Quantum
field theory for the energy density of vacuum is about 120 magnitudes larger [33]. Even after decades of
research the problem remains and shows how challenging it is, to formulate such a theory, which would
predict such a small value of vacuum energy density.

Other observational propositions of GR are Dark Energy and Dark Matter. For GR to adequately
describe big structures of the Universe, it is necessary to introduce a new kind of matter, so-called Dark
matter, which does not interact in any other way than gravitationally [7]. But, curiously, no Dark matter
is necessary on the smaller scales as it has been pointed out in [22]. To explain the inflationary phase of
the universe by GR, it is needed to introduce Dark energy [5].

Because GR is a classical theory, it does not have to work in the quantum domain and it certainly does
not. Attempts to quantize GR have been met with failure, but once there are introduced some quantum
corrections in the quantized GR, the theory becomes viable [7].
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Besides the deviation from experimental data, GR seems to have a few fundamental defects, such as
a violation of Mach’s principle or incompatibility with other theories [7].

Mach’s principle states that the inertia of an object is a result of the interaction of the object with
the rest of the Universe. This principle is not incorporated fully in the GR, since there exists the deSitter
solution, which is nontrivial and the mass of the universe is zero [33].

Any pursuit to link GR with other fundamental theories such as Superstring theory or Grand Unified
Theories (GUT) has not been met with success yet [7]. The effective actions of these theories always
include some modified terms, higher-order curvature invariants or non-minimally coupled scalar field
[7]. Therefore, to unify GR with these possible fundamental theories, we do have to introduce some kind
of modification into Hilbert-Einstein action.

Lastly, if we analyze closely the action of GR, we can easily see that it is the simplest possible form.
However, there is no physical reason for the action to only involve Ricci scalar[7]. It is true, that with a
more intricate term in the action, namely higher-derivative terms, it is inevitable to discuss the stability of
such systems since they can suffer from Ostrogradsky’s instability [34]. But some theories are perfectly
stable, or there are promising methods to deal with the instability [29, 30, 12, 1].

1.2 Higher derivative gravity

In a search for a viable theory of gravity, it is possible to follow different paths. The most radical
approach is to completely abandon GR and formulate a new theory of gravity. Creating new theories
has its advantages like addressing directly structural problems of GR or using the same mathematical
formulation as in other theories, which are considered more fundamental [7].

Or one can preserve the metric formalism of GR and its axioms and only modify the action of GR.
These theories are called Extended Theories of Gravity (ETGs) and they venture to modify the standard
Hilbert-Einstein action in two different ways

• they include non-minimally coupled scalar fields into action

• they include higher-curvature invariants into action.

Theories of the first type are called Scalar-tensor theories, theories of the second type are named higher-
order theories and it is also possible to combine these two methods to formulate higher-order-scalar-
tensor theories [8].

All three of these modified theories are conformally equivalent to each other and moreover, they are
even equivalent to classical GR also via conformal transformation [8]. For classical theory, the mathe-
matical conformal equivalence is also a physical one, unfortunately, incorrect interpretation of scaling in
different frames leads to wrong judgements [14]. However, the meaning of conformal transformation is
still unclear in the quantum domain [15].

There are several subcategories of higher-order theories, some of which are more successful than
others. Individual theories are discussed in the following order:

1. f (R) gravity

2. f (R,G) gravity

3. Conformal gravity

4. Non-local gravity

5. f (Rµνσρ) gravity
9



1.2.1 f (R) gravity

The simplest modification of GR is so-called f (R) gravity. This gravitational theory allows the action to
have a nonlinear structure because f (R) can be any analytical function. f (R) gravity is characterized by
Lagrangian density

L f = f (R) . (1.1)

To derive equations of motion (EoM), calculus of variations is used on action

S f (R) =
1
2κ

∫
d4x
√
−gL f + S

(m) , (1.2)

where g is determinant of the metric and S(m) is action of the matter. Final EoM take form (detailed
derivation can be found in (A.1)

κTµν = Rµν f ′ (R) −
1
2
gµν f (R) + gµν□ f ′ (R) − f ′ (R);νµ , (1.3)

where f ′ (R) is the derivative of f (R) with respect to R.
The term f ′ (R);µν suggests that the EoM are partial differential equations of fourth order with respect

to the metric, since R depends on the second partial derivative of the metric.
Theories with f (R) corrections (prominently polynomial or logarithmic) predict the galaxy rotation

curves even without the introduction of Dark matter and some models also successfully describe inflation.
The simplest of f (R) gravity is the Starobinsky gravity, having Lagrangian

LS tarobinsky = R + αR2 , (1.4)

where α is a positive parameter. Similar contributions arise when higher-order quantum corrections in
quantized GR are allowed [5]. This model can describe inflation, which could solve the horizon and
flatness problem.

The generalization of Starobinsky gravity is described by Lagrangian [25]

Lpolynom = R +
α

Rn + βR
m , (1.5)

where α, β are constants and n,m are positive numbers (can be fractions). These models unify the early
cosmic inflation - terms with positive powers of R - and late-time cosmic acceleration - terms with
negative powers of R. If the model includes the positive powers of R, then the instabilities of 1

Rn are
improved. These polynomial corrections are interesting, because they might have an origin in the string
theory and they could solve the Dark matter and cosmological constant problem without the assumption
of Dark matter and Dark energy. [25]

In ref [26] has been suggested model with Lagrangian

Lln R = R + α ln R + βRm , (1.6)

where α, β are constants and m is a positive real number. Authors were motivated to include lnR terms
because similar contributions appear in the quantum theory in curved spacetime. Terms lnR support the
late-time inflation and positive powers of R describe the inflation phase and also combat the instabilities
posed by the lnR term even better than in the polynomial model above [26].
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1.2.2 f (R,G) gravity

More advanced modification of GR is f (R,G) gravity, where the G is so called Gauss-Bonnet term (GB)

G = RµνσρRµνσρ − 4RµνRµν + R2 . (1.7)

Integral over a manifold of (1.7) is the Euler characteristics of the manifold. The integral of the
Gauss=Bonnet term is in four dimensions identically zero, on the other hand in quantum theory or in
higher dimensions is the Gauss-Bonnet term nontrivial and therefore its contributions to the EoM do
change the theory while having the same dynamics in classical four-dimensional case [7].

General Lagrangian of the f (R,G) gravity is

LG = f (R,G) . (1.8)

The EoM can be derived in the same manner as these of f (R) gravity from action (derivation can be
found in B)

S =
1
2κ

∫
d4x
√
−g f (R,G) + S(m) (1.9)

and they take form

Tκλ = −
1
2
gκλ f + ∂R f Rκλ + □ (∂R f ) gκλ − ∂R f;λκ + 2∂G f RRκλ + 2□ (∂G f R) gκλ

− 2 (∂G f R);λκ − 4□
(
∂G f Rκλ

)
− 4

(
∂G f Rµν

)
;νµ gκλ + 8

(
∂G f Rµλ

)
;κµ
− 8∂G f RκνR

ν
λ (1.10)

+ 4
(
∂G f Rλνκρ

);ρν
+ 4

(
∂G f Rλκνρ

);ρν
+ 2∂G f RµνρλR

µνρ
κ .

Outstanding example of f (R,G) is Einstein-Gauss-Bonnet gravity which is described by action

IGB =

∫
d4x
√
−g(R + αG). (1.11)

Corresponding EoM are similar to Einstein’s equations, therefore this theory describes on the classical
level universe in the same way as GR does.

The motivation to include Gauss-Bonnet term in the gravitational action rises from QFT. GB term
appears in theories such as Yang Mills string theory [27]. In cosmology, the GB term describes well the
late time development of the Universe. Also in ref. [27] has been shown that this theory passes the Solar
system tests.

1.2.3 Conformal gravity

Conformal theory of gravity is a theory that instead of Riemann tensor Rµντσ utilizes only its anti-
symmetric part, so-called Weyl tensor Cµντσ defined in four dimensions as [16]

Cµνκλ = Rµνκλ +
1
2

(
Rµλgνκ − Rµκgνλ + Rνκgµλ − Rνλgµκ

)
+

1
6

R
(
gµκgνλ − gµλgνκ

)
. (1.12)

The conformal theory does not demand the equations of motion to be maximal of second order in
derivatives of the metric. Rather it assumes that the fundamental gauge principle has to be preserved
[20], i. e. the theory is invariant under certain transformations. The role of the gauge principle in this
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theory is the principle of local conformal invariance. The only conformally invariant gravitational action
is [18]

Sw = −α

∫
d4x
√
−gCµνσρC

µνσρ = −α

∫
d4x
√
−g

(
RµνσρR

µνσρ − 2RµνR
µν +

1
3

R2
)
=

= −2α
∫

d4x
√
−g

(
RµνR

µν −
R2

3

)
,

(1.13)

where α is a dimensionless universal constant and in the second equation, the fact that the term RµνσρR
µνσρ

can be expressed via Gauss-Bonnet term is used.
The non-vacuum EoM can be easily derived via variational principle [16] (see C.1)

4αWµν = 4α
[
W (2)

µν −
1
3

W (1)
µν

]
= 8αBµν = Tµν , (1.14)

where W(1)
µν ,W

(2)
µν are respectively variations of∫

d4x
√
−gR2 ,

∫
d4x
√
−gRµνRµν . (1.15)

Tensor Bµν is so-called Bach tensor, which can be expressed in terms of Weyl tensor Cµνσρ as

Bµν = Cµκνλ
;κλ −

1
2

CµκνλR
κλ . (1.16)

Since the EoM include a second covariant derivative of the Ricci tensor and the Ricci scalar the EoM
are partial differential equations of fourth order with respect to metric tensors.

For theory to have conformal symmetry, it has to be massless theory, so Conformal gravity does
not suffer from the cosmological constant problem. Another advantageous characteristic of Conformal
gravity is that it naturally involves inflation [19]. It also passes the Solar system tests and describes well
the large structures of the Universe [20].

1.2.4 Non-local theories

All theories of gravity mentioned above are local theories in nature [5]. Quantum theory on the other
hand is inherently non-local theory, therefore a possible approach to merge QFT and GR is to reformulate
gravity as a non-local theory as well. The non-locality can be introduced into action by the addition of
non-local operators.

There are two types of Non-local theories

1. Infinite derivative gravity (IDG)

2. Integral kernel gravity (IKG)

The most general ghost-free action of IDG is [3]

IIDG =
1

16π

∫
d4x
√
−g

[
R + α

(
RF1(□s)R + RµνF2(□s)Rµν + RµνσρF3(□s)Rµνσρ

)]
, (1.17)

where α is dimensionful coupling constant, □s =
□

M2
s
, with Ms being a scale of non-locality and Fi

being analytical functions.
12



The EoM of the IDG include of course infinite number of derivatives of the metric. Solving the
Cauchy problem in the framework of IDG requires an infinite number of initial conditions. However,
there is no physical explanation of these initial conditions.

Integral kernel gravity incorporates in the action term □−1, which can be expressed by its Green
function, there comes the name of these theories. Any term with d’Alembert operator to negative power
causes late-time cosmic expansion, hence they might be an alternative to Dark matter and Dark energy.
Non-local theories have another advantage over f (R) gravity and scalar theories and that is that they do
not need any fine-tuning to correspond to experimental data [13].

1.2.5 f (Rµνσρ) gravity

The most general higher derivative extension of GR is f (Rµνσρ) theory. There are two subcategories of
this type of gravity, one includes only curvature invariants of the Riemann tensor i.e. any contractions
and any powers, and the second type includes also arbitrary covariant derivatives of the Riemann tensor.

The most general Lagrangian for diffeomorphism-invariant action is a scalar function of contractions
of the Riemann tensor and its covariant derivatives [4]

L = L(gµν,Rµνσρ,Rµνσρ;α,Rµνσρ;αβ, . . . ) . (1.18)

Coupling the first type of f (Rµνσρ) theories (without the covariant derivatives) to matter via varia-
tional principle the EoM are obtained in the form

P αβσ
µ Rναβσ −

1
2
gµνL + 2Pµανβ

;βα =
1
2

Tµν , (1.19)

where

Pµνρσ =
[
∂L

∂Rµνρσ

]
gαβ
. (1.20)

Thanks to the assumption that Lagrangian L does not involve any covariant derivative Lagrangian is a
function of maximally second partial derivatives of the metric. Then the EoM (1.19)include a second
covariant derivative of tensor Pµανβ, therefore the EoM are of fourth order partial differential equations
with respect to metric.

The EoM of the theories with additional terms with covariant derivatives of the Riemann tensor will
be at least sixth-order partial differential equations for metric.

Quantization of GR produces quadratic corrections so the theory is renormalizable [31]. Therefore
the most straightforward generalization of GR is to include said quadratic terms in the Lagrangian. The
most general quadratic Lagrangian constructed from curvature invariants is

L = R + αR2 + βRµνR
µν + γRµνσρR

µνσρ . (1.21)

An example of the quadratic theory is Stelle gravity with Lagrangian [31]

LS telle = RµνRµν + R2 . (1.22)

In ref. [2] is formulated the most general theory of gravity involving cubic curvature invariants,
which authors called Einstein Cubic gravity (ECG). In four dimensions it is described by Lagrangian

LECG = R + αG + λP , (1.23)

where α and λ are dimensionless constants, G is Gauss-Bonnet term and P is

P = 12R ρ σ
µ ν R γ δ

ρ σ R µ ν
γ δ + RρσµνR

γδ
ρσRµνγδ − 12RµνρσRµνRνσ + 8RνµR

ρ
νR
µ
ρ . (1.24)
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The Gauss-Bonnet term does not contribute to the EoM, so the additional terms in EoM come from the
variation of P, which is a curvature invariant, therefore the EoM are of fourth order.

An interesting feature of ECG is, that it possesses dimensionless coupling constants, which is a
necessary feature for theory to be renormalizable, and it shares its spectrum with GR [2].

The conformal theory discussed in 1.2.3 also belongs in the category of f (Rµνσρ) theories, but since
its main feature is the conformal invariance it is discussed separately.
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Chapter 2

Schwarzschild type solution for HD
theories

In this work as a Schwarzschild-type solution is considered any solution of EoM for spherically symmet-
ric metric. For classical GR the spherically symmetric solution is

ds2 = −

(
1 −

2M
r

)
dt2 +

dr2

1 − 2M
r

+ r2dΩ . (2.1)

The only physical singularity appears at r = 0 and the event horizon is at r = 2M. The metric is
static above the event horizon, but the roles of time t and areal radius r switch below the event horizon.
Meaning that for r smaller than 2M it is impossible to be a static observer.

Spherical solutions can be classified using the Ricci scalar R into 4 categories [7]

1. solutions with R = 0

2. solutions with R = constant

3. solutions with R = R(r)

4. solutions with R = R(r, t)

2.1 f (R) gravity

In general, for any analytical function f (R) there exists a solution of second and third type [7].
Following the procedure in ref. [7] the derivation of Schwarzschild-like solution for f (R) starts with

the most general spherically symmetric metric

ds2 = −A(r, t)dt2 + B(r, t)dr2 + r2dΩ , (2.2)

where A, B are arbitrary functions of r, t. Ricci scalar in this metric takes the form

R =
1

2r2A2B2

[
r2B

(
−ȦḂ + A′2

)
+ 4A2

(
−B + B2 + rB′

)
+rA

(
−rḂ2 + rA′B′ + 2B

(
rB̈ − 2A′ − rA′′

))]
, (2.3)

where Ȧ, Ḃ are partial derivatives with respect to t and A′, B′ are partial derivatives with respect to r.
15



Assuming the metric (2.2) is static, i.e. A(r, t) = A(r) and B(r, t) = B(r), the expression for Ricci
scalar simplifies to

R =
1

2r2A2B2

[
r2BA′2 + 4A2

(
−B + B2 + rB′

)
+ rA

(
rA′B′ − 2B

(
2A′ + rA′′

))]
. (2.4)

The EoM (1.3) when taken R = R(r, t) can be rewritten as

f ′(R)Rµν −
1
2

f (R)gµν +Hµν = κTµν , (2.5)

where

Hµν = f ′′′(R)
(
gµνg

αβR,αR,β − R,µν
)
+ f ′′(R)

(
gµνg

αβ
(
R,αβ − ΓσαβR,σ

)
− R,µν + ΓσµνR,σ

)
. (2.6)

It is clear from this form of EoM (2.5) that derivatives of f (R) are distinct from the spatial and time
derivatives of R.

2.1.1 Solutions with R = const

In ref. [7] is in detail discussed the derivation of Schwarzschild type solution for R = const. The method
described therein is the following. Assuming that R = R0 is constant theHµν becomes zero and the EoM
(2.5) reduce to

Rµν + λgµν = qκTµν , (2.7)

where λ = − f (R0)
2 f ′(R0) and q−1 = f ′(R0).

Vacuum solution can be obtained when Tµν = 0. Only nontrivial EoM of form (2.7) when spherically
symmetric metric (2.2) is substituted are components (t, t), (r, r), (t, r) = (r, t), (θ, θ) and (ϕ, ϕ) (their full
form can be found in A.2.1). The off-diagonal component determines that the B(r, t) = B(r) and from
component (ϕ, ϕ) follows that A(r, t) is separable. The separability of A(r, t) allows for a coordinate trans-
formation, which eliminates the time dependence of A(r, t). Hence the spherically symmetric solution
for case R = R0 in f (R) gravity will be static. The EoM (2.7) with static metric can be easily solved and
the most general solution to the spherical problem with R = R0 in a vacuum is then

ds2 = −A(r)dt2 + B(r)dr2 + r2dΩ , (2.8)

where
B(r) =

1
1 + C

r +
λ
3 r2
, A(r) =

9
B(R)

, (2.9)

where C is a constant of integration. The structure of the solution for R = const is very similar to the
Schwarzschild solution in the framework of GR, the only difference is the quadratic correction λ3 r2.

The metric is not defined for r = 0 and for

r =
−24/3λ +

(
−6Cλ2 +

√
λ3(4 + 9C2λ)

)2/3

2λ
(
−3Cλ2 +

√
λ3(4 + 9C2λ)

)1/3 . (2.10)

To determine which of the values r are true singularities the curvature invariants are computed. The
Kretschmann invariant in metric (2.8) has denominator equal to 36r6. Therefore the true singularity is
r = 0. The second singular point of the metric might be an analogue of the event horizon.
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2.1.2 Solutions with R = R(r)

In ref. [7] is also discussed the case of R = R(r). For R = R(r) the termHµν simplifies to

Hµν = f ′′′(R)
(
gµνg

rrR2
,r

)
+ f ′′(R)

(
gµν

(
grrR,rr − g

rrΓr
rrR,r

)
− R,µν + Γr

µνR,r
)
. (2.11)

When spherical metric (2.2) is substituted in EoM (2.5) withHµν of form (2.11) the off diagonal compo-
nent (t, r) takes form

d
dr

(
r2 f ′(R)

)
Ḃ(t, r) = 0 . (2.12)

There are two solutions to this equation. First assuming that Ḃ(t, r) , 0 implies that f ′(R) ∼ 1
r2 , but in

this case, the remaining field equations are not satisfied therefore the only other possible solution is when
Ḃ(t, r) = 0 and so B(r, t) = B(r). Nontrivial EoM with B(r, t) = B(r) can be found in A.2.2.

It was recovered just like in the previous case that A(r, t) has separable structure of form A(r, t) =
a(t)B(r) exp(...), and through coordinate transformation, it is possible to eliminate factor a(t). Therefore
the spherical symmetric solution in f (R) gravity with R = R(r) is static.

Trying to solve the EoM for static metric using the same approach as in the R = const case is too
complicated. Therefore in ref. [7, 6] is introduced a method which utilizes the Noether symmetry of
the system. Instead of solving EoM with infinite degrees of freedom, the Lagrangian is modified to a
point-like Lagrangian with a suitable Lagrange multiplier for Ricci scalar. The method from ref. [7, 6]
has the following steps.

First the point-like Lagrangian for f (R) gravity is formulated (in detail here A.2.3). The point-like
Lagrangian takes the form

L =
√
−gL = −

√
A∂R f

2M
√

B
M′2 −

∂R f
√

AB
A′M′ −

M∂RR f
√

AB
A′R′

−
2
√

A∂RR f
√

B
R′M′ −

√
AB ((2 + MR) ∂R f − M f ) , (2.13)

which can be rewritten in the matrix form when a general coordinate q = (A, B,M,R) is defined

L = q′T
 ∂2L
∂q′i∂q

′
j

 q′ + V(q) = q′T Tq′ + V(q) , (2.14)

where T is kinetic term and V(q) is potential. The Lagrangian (2.13) depends only on the first derivatives
of the variables R, A, B,M, therefore the EoM are the Euler-Lagrange equations, which take form

d
dr

(
∇q′L

)
− ∇qL = 2Tq′′ + 2

(
q′ · ∇qT

)
q′ − ∇qV − q′T

(
∇qT

)
q′ = 0 , (2.15)

where ∇q is four divergence with respect to q. Lagrangian (2.13) does not depend on B′, hence the B
does not change the dynamics of the system, but equations of motion for B should be considered as a
constraint on the system. From equation of motion for B which reads

0 =
d
dr

(∂B′L) − ∂BL =

−
1

2B3/2

 √A∂R f
2M

M′2 +
∂R f
√

A
A′M′ +

M∂RR f
√

A
A′R′ + 2

√
A∂RR f R′M′


+

1

2
√

B

(√
A ((2 + MR) ∂R f − M f )

)
. (2.16)
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it is possible to determine the formula for B(r) that is

B(r) =
A∂R f M′2 + 2M∂R f A′M′ + 2M2∂RR f A′R′ + 4AMM′∂RR f R′

2MA ((2 + MR) ∂R f − MR)
. (2.17)

By substituting the formula for B(r) into the Lagrangian (2.13) the new Lagrangian of three dynamical
functions is obtained. This procedure of eliminating the variables in Lagrangian is indeed correct, thanks
to the fact that B(r) is non-dynamical. New Lagrangian with only three dynamical variables takes form

L∗ =q′T L̂q′ =
(2 + MR)∂R f − f M

M

(
2M2∂RR f A′R′ + 2MM′

(
∂R f A′ + 2A∂RR f R′

)
+ A∂R f M′2

)
. (2.18)

Since the problem is spherically symmetric, Noether’s theorem states that there has to exist a conserved
quantity. The conserved quantity can be determined if the Lie derivative of Lagrangian disappears [7],
i.e.

LXL∗ = α · ∇qL∗ + α′ · ∇q′L∗ = q′T
(
α · ∇qL + 2

(
∇qα

)T
L
)

q′ , (2.19)

where X is the Noether vector and α is a vector of coefficients which are to be solved. If α satisfies the
condition

αi
∂L̂km

∂qi
+ 2
∂αi

∂qk
L̂im = 0 (2.20)

the Lie derivative of Lagrangian L∗ disappears. To continue further, one has to specify the function f (R),
because the equation (2.20) depends on it implicitly. Still, once the form of the function f (R) is specified
and the vector α is computed, then the conserved current can be calculated. This invariant quantity helps
to solve the equations of motion.

In ref. [23] is presented different approach. Authors consider the derivative of f (R) as an independent
function, denoted F(R). Then the EoM (1.3) can be rewritten as

F(R)Rµν −
1
2

f (R)gµν + gµν□F(R) − F(R);µν = 0 (2.21)

plus a condition on the function F(R)
F(R) = f ′(R) . (2.22)

Contracting (2.21) leads to the equation

F(R)R − 2 f (R) + 3□F(R) = 0 , (2.23)

thanks to which f (R) can be eliminated from equations (2.21)

Eµν ≡ F(R)Rµν − F(R);µν −
1
4
gµν (F(R)R − □F(R)) = 0 . (2.24)

Since F(R) is independent of f (R) and the problem is spherically symmetric, the function F(R) can be
perceived as a function of r, then the unknown functions in equations (2.24) are F(r), A(r), B(r), where
A(r), B(r) originate from the metric.

From equation (2.24) it is apparent that quantity

Qµ =
FRµµ − F;µµ

gµµ
(2.25)
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is scalar and it holds Qµ = Qν for any indices µ, ν. Combinations of indices µ = 0, ν = 2 and µ = 0, ν = 2
lead to following equations

2
X′

X
F + r

X′

X
F′ − 2rF′′ = 0 , (2.26)

F′

F

(
4rA − 2r2A

)
+ r2A′

X′

X
− 2r

X′

X
− 4X + 4A − 2r2A′′ = 0 , (2.27)

where X = A(r)B(r). From the first equation (2.26) quantity X′/X can be expressed and then substituted
into the second equation. Arising formula for X then is

X(r) = A
(
1 + r

F′

F
−

r2F′′

2 + rF′

)
+

1
2

r2A′
(

rF′′

2 + rF′
− 1

)
−

1
2

r2A′′ . (2.28)

One can now compute the EoM (2.24) and express the function B(r) using the formula (2.28), as it
was done in ref. [23]. One obtains a set of equations for A(r), F(r) with a common factor. So any pair of
functions A(r), F(r) for which the factor is zero satisfy the EoM (2.24). Then the B(r) is computed via
formula (2.28) and f (R) is recovered from F(r). However, this strategy is not suitable for computing the
metric from f (R).

In ref. [24] is suggested yet another approach, instead of using the quantity Qµ the authors compute
the EoM directly, i.e. they substitute spherically symmetric metric (2.2) and an expression for R (2.4).
Subsequently, they eliminate one of the unknown functions A(r), B(r) through the introduction of a new
function N(r) = A(r)B(r) obtaining two independent EoM for three unknown functions B(r), N(r) and
F(r) (derivation can be found in (A.2.4)). Therefore it is not possible to solve this problem without
any prior assumption about any function A(r),N(r), F(r). However, this approach might be interesting,
because the function N(r) provides information about the relation of (t, t) component and (r, r) component
of the metric tensor. So, for example, for solutions similar to the Schwarzschild solution in GR, the
function N(r) = 1 and subsequently the equations can be solved.

Since in the section (2.1.1) has been shown that for a spherically symmetric solution will hold that
A(r)B(r) = 1 (the factor 9 can be eliminated by rescaling the t coordinate). Then we might hypothesise,
that this might hold even for the case R = R(r).

For the spherically symmetric solution, which has structure A(r) = 1
B(r) only functions F(r) of form

F(r) = kr + k0 are possible. For choice k0 the function B(r) becomes

B(r) =
1

1 − C1
r +C2r2

(2.29)

and for choice k = 0 function B(r) obtains form

B(r) =
1

1
2 −

D1
r2 + D2r2

. (2.30)

One might also take inspiration in the derivation of a Schwarzschild-like solution for Conformal
gravity (see section 2.2, where is used a theorem (2.34) for computation of diagonal components of tensor
Eµν from Lagrangian. However, the arising equations are much more complicated than any equations in
previous methods. Still, there is a possibility that for some particular theories, this method could work.

2.1.3 Solutions with R = R(r, t)

Solutions with condition R = R(r, t) can not be solved in all generality. The EoM also have the structure
of a diagonal matrix with one off-diagonal element, but this element does not provide any constraints on
the functions A(r, t), B(r, t), which would allow for solving the problem.
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2.2 Conformal theory

The exact exterior vacuum Schwarzschild-type solution for conformal gravity was derived in [20]. The
EoM of Conformal gravity in a vacuum are

Wµν = 0 , (2.31)

where Wµν is defined most precisely in (C.7). First authors consider spherically symmetric static metric
of form

ds2 = −b(ρ)dt2 + a(ρ)dρ2 + ρ2dΩ. (2.32)

It is sufficient to consider only static metric since in ref. [28] has been proven that any spherically
symmetric solution in Weyl gravity has to be static. Via certain transformations and thanks to conformal
symmetry the general metric (2.32) is equivalent to metric (details can be found in (C.2))

ds2 = −B(r)dt2 +
dr2

B(r)
+ r2dΩ . (2.33)

The EoM (2.31) with metric (2.33) are still too complicated to solve directly. Because the metric (2.33)
is static, there holds the following theorem.

Theorem. For any action of form I =
∫

d4x
√
−gL with Lagrangian density L and static line element

ds2 = −B(r)dt2 + A(r)dr2 +C(r)dθ2 + D(r, θ)dϕ2 it is possible to calculate

δI
δA
= ∂A(

√
−gL) − ∂r

(√
−g∂A′L

)
+ ∂rr

(√
−g∂A′′L

)
. (2.34)

And other components can be computed analogically.

Specifically for Wrr

−
√
−gB−2Wrr =

δSw
δB
= ∂B(

√
−gL) − ∂r

(√
−g∂B′L

)
+ ∂rr

(√
−g∂B′′L

)
. (2.35)

Authors then argue that component Wrr is the only independent component, the other non-zero com-
ponents can be obtained using Bianchi identity and trace equation. The equation for Wrr derived using
(2.35) can be transformed via certain substitutions into a differential equation, which can be solved ana-
lytically (for details see (C.2)).

The spherically symmetric metric takes the form

ds2 = −B(r)dt2 +
dr2

B(r)
+ r2dΩ , (2.36)

B(r) = 1 −
β(2 − 3βγ)

r
− 3βγ + γr − kr2 , (2.37)

where β, γ, k are constants.
Another possible approach to derive an exterior and also an interior solution for the spherically

symmetric problem in a vacuum is to rewrite the equations for B(r) into an easier one. This method was
introduced in Ref. [18] and is following by combining the expressions derived for components Wrr and
W00 using fact (2.34) the EoM can be rewritten as

B(r) ;α ;β
;α ;β =

3(T 0
0 − T r

r )

4αB(r)
≡ f (r) , (2.38)
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where f (r) is function describing the source. Integration of (2.38) leads to a new exact exterior and
interior solution in the form

B(r > R) = w −
1
6

∫ R

0
ds f (s)

[
3s2r +

s4

r

]
− kr2 , (2.39)

B(r < R) = w −
1
6

∫ R

r
ds f (s)

[
3s3 + r2s

]
−

1
6

∫ r

0
ds f (s)

[
3s2r +

s4

r

]
− kr2 . (2.40)

The two exterior solutions are indeed equivalent if parameters in (2.36) are defined as

β(2 − 3βγ) =
1
6

∫ R

0
ds f (s)s4 , (2.41)

γ = −
1
2

∫ R

0
ds f (s)s2 . (2.42)

From the structure of the exterior solution (2.37) ensues that the Newton-like term 1
r dominates the

dynamics on the small distances, terms γr and kr2 dominate at the larger distances [20].
Equation (2.38) is the fourth-Poisson equation rather than the second-Poisson equation as it is in

GR. Still, the Newton-like contribution is recovered prompting the possible needlessness of the Poisson
equation as a condition to achieve 1

r term [22]. The fourth-order Poisson equation also determines that
the sources in Conformal gravity have to be extended since the four-momentum of a delta function would
disappear, which is unlike in classical mechanics, bit more in alignment with the reality [18].

The exterior solution depends on three constants of integration, two of which can be linked with the
interior structure of the source. In ref. [20] it is argued that when γ = 0, the solution is similar to the
Schwarzschild solution in the deSitter background with scalar curvature R = −12k. This solution in GR
would only be possible if the cosmological constant is nonzero. Hence conformal gravity does not need
cosmological constant at all [20].

Thanks to the linear term, this metric well describes the galactic rotation curves with higher precision
than GR [20].

Schwarzschild solution in GR has only one true singularity for r = 0. Singularities of metric (2.36)
can be determined from the form of the metric or they can be calculated from the curvature invariants
RµνσρRµνσρ. From the form of the metric (2.36) can be established that possible singularities can occur
for r = 0 and for r that satisfies B(r) = 0. Calculating the curvature invariant RµνσρRµνσρ its denominator
is

2r8(−r + r3 + 2β − r2γ + 3rβγ − 3β2γ)4(−r + 2r3 + 2β − r2γ + 3rβγ − 3β2γ)2 . (2.43)

The true singularity does occur for r = 0 and there are three other values of r for which the curvature
invariants are not well defined. These values of r are determined by equations

B(r) = 1 −
β(2 − 3βγ)

r
− 3βγ + γr − kr2 = 0 , (2.44)

−r + r3 + 2β − r2γ + 3rβγ − 3β2γ = 0 , (2.45)

−r + 2r3 + 2β − r2γ + 3rβγ − 3β2γ = 0 . (2.46)
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Chapter 3

Kerr type solutions for HD theories

To obtain the Kerr solution even in GR is a fairly complicated task. Kerr-type solution is a solution to an
axially symmetric problem for which the angular momentum is conserved, in other words, it is a case of
a spinning black hole. In classical GR Kerr metric in Boyer-Lindquist coordinates tales form [10]

ds2 = −

(
1 −

2Mr
ρ2

)
dt2 −

−2Mar sin2 θ

ρ2 (dtdϕ + dϕdt)

+
ρ2

∆
dr2 + ρ2dθ2 +

sin2 θ

ρ2

((
r2 + a2

)2
− a2∆ sin2 θ

)
dϕ2 ,

(3.1)

where
∆(r) = r2 − 2Mr + a2, ρ2(r, θ) = r2 + a2 cos2 θ . (3.2)

Kerr solution has two parameters M and a respectively mass and angular momentum per unit of mass.
Kerr’s solution is particularly interesting since unusual behaviour occurs in the vicinity of horizons.
Unlike Schwarzschild black hole Kerr’s rotating black hole has two event horizons and an ergosphere.
An ergosphere is a region of spacetime, where the particle has to move in the direction of rotation, i.e. in
the direction of ϕ, but the particle still can travel towards or away from the event horizon [10].

3.1 f (R) gravity

To derive a solution to an axially symmetric problem in f (R) gravity one may follow several different
paths. One may generalise Carter’s procedure for the Kerr solution in GR. This method was successfully
applied to Conformal gravity (see (3.2)), however when applied to f (R) gravity the arising equations are
quite complicated and one might prefer to find another way to solve the problem.

Probably the most general approach is to generalise the Chandrasekhar method, its generalization for
f (R) has been done in [17]. This method uses formalism of differential forms, therefore it will not be
discussed further in this work.

In GR there exists a procedure called the Newman-Janis algorithm, which through complex coordi-
nate transformation generalises the spherically symmetric solution to an axially symmetric one (in A.3
is summarized the algorithm for GR). This procedure has been generalised to f (R) gravity in article [6].
This method only uses the spherically symmetric metric and only transforms it into different coordinates,
therefore it does not have to correspond to the EoM of the axial symmetric problem. Hence any axially
symmetric metric obtained by this algorithm has to be checked if it does satisfy the EoM.
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3.2 Conformal theory

In ref. [21] is derived exact solution to Kerr type problem for conformal gravity. Authors use a similar
method as Carter in [11] to derive the Kerr solution in GR. They start with the general Carter’s metric

ds2 = (b f − ce)
[
dx2

a
+

dy2

d

]
+

1
b f − ce

[
d(bdϕ − cdt)2 − a(edϕ − f dt)2

]
, (3.3)

where a, b, c are functions of x and d, e, f are functions of y. Subsequently, they extend the crucial
characteristic of the metric - separability of the Klein-Gordon equation - into the framework of Conformal
gravity. For Conformal gravity, it is however the separability of the vacuum Klein-Gordon equation
which has to be preserved instead of the Klein-Gordon equation coupled to matter (Conformal theory is
massless). Requiring the separability leads to similar kinematical conditions.

b = j2 + x2, e = j(1 − y2), c = j, f = 1 , (3.4)

where j is angular momentum. Imposing the separability conditions simplifies the metric (3.3) so that it
is determined only by two unknown functions a(x), d(y). The EoM of the problem are of the form (1.14)
with Tµν = 0. Thanks to Bianchi and trace identities

Wµν;ν = 0 , Wµµ = 0 , (3.5)

which follow directly from the EoM, are only three components of Wµν independent – W11,W22,W12.
Since the metric is static, to derive the EoM one can use the same method as in the derivation of EoM
for Schwarzschild type solution for Conformal gravity, i.e. using theorem (2.34). However this time the
resulting equations are too complicated to be solved in all generality.

Yet assuming that the unknown functions are polynomials of fourth order suffices to satisfy the EoM.
Substituting (3.8) into the expressions for components W1

1 ,W
2
2 following formula is obtained

W1
1 = −W2

2 =
uv − rs

(x2 + j2y2)2 , (3.6)

which leads to the solution

ds2 = (x2 + y2)
[

dx2

a(x)
+

dy2

d(y)

]
+

1
x2 + y2

[
d(y)[( j2 + x2)dϕ − jdt]2 − a(x)[ j(1 − y2)dϕ − dt]2

]
, (3.7)

where the functions a(x) and d(y) are

a(x) = j2 + ux + px2 + vx3 − kx4 ,

d(y) = 1 + ry − py2 + sy3 − j2ky4 ,
(3.8)

with the condition
uv − rs = 0. (3.9)

This solution is conformal to the Kerr solution in GR [21] and therefore it does encompass the classical
dynamics of GR.
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Conclusion

The purpose of this work is to get familiar with the problematic of higher derivative theories of gravity
as possible modifications of general relativity.

General relativity is so far the best description of gravitational interaction, however, the ongoing
advancement of Cosmology, Particle physics and Quantum theory, exposes several problems which GR
is not able to satisfactorily clarify. Some of these problems are Cosmological constant problems, the
need for Dark matter and Dark Energy and nonrenormalizability of GR.

In a purely metric four-dimensional approach, the most natural way to generalise gravity and perhaps
explain some of the problems of GR is to introduce into the Einstein-Hilbert action terms with higher
than second order derivatives of the metric tensor.

The most straightforward generalization of GR is f (R) gravity, which can explain the early inflation
of the Universe and its late time expansion without the need for Dark Energy, however for good results,
it is still necessary to fine-tune the constant of the theory.

HD theories which in certain settings might have EoM of lesser order than fourth, as it is common
among HD theories, are f (R,G) theories. These theories incorporate into action the Gauss-Bonnet term
G, which is a topological term, meaning its value is determined by the topological structure of spacetime.
In four dimensions the Gauss-Bonnet term is identically zero, which allows the EoM to be possibly
simpler than of other HD theories.

For theories describing other physical interactions is typical gauge invariance. Insisting that the
metric is invariant under conformal transformation gives rise to other modifications of GR, the Conformal
theory of gravity. This theory predicts well the galactic rotation curves without the need for Dark matter.

As an attempt to unify the formalism of GR and quantum mechanics the Non-local modification of
gravity was devised. The non-locality is introduced through the appearance of infinite derivatives or
some non-local operators such as □−1. With infinite derivatives comes hand in hand with the problem of
formulating the initial conditions of EoM, there is still no physical explanation for this phenomenon.

The most general modification of the GR is f (Rµνσρ), which introduces into action any contraction
and any covariant derivative of Riemann tensor. Quantum theory does predict the appearance of similar
corrections in gravitational action.

In the second chapter were presented some attempts to solve the spherically symmetric problem in
the framework of f (R) gravity and Conformal gravity.

For f (R) was recovered that for constant Ricci scalar and Ricci scalar being a function of radial co-
ordinate, the spherical symmetric solution is static regardless of the function f (R). The case of constant
Ricci scalar was solved entirely for any function f (R). For the case of Ricci scalar being a function of
radial coordinate, there were suggested three feasible procedures to derive a solution in the most gener-
ality possible. First, the Noether symmetry approach permits solving the EoM by finding the conserved
current, which does exist thanks to the Noether’s theorem. Another two methods transfigured the EoM
and regarded the derivative of function f (R) as an independent function of the radial component. Then
one of the unknown functions of metric was eliminated from the EoM by the introduction of a new
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function. One method arrived at an equation relating the derivative of the function f (R) and one of the
unknown functions of the metric and the second method arrived at equations for the derivative of the
f (R), the function of the metric and the newly introduced function relating the two unknown functions
of the metric. All three of the above methods are highly dependent on the particular form of the function
f (R).

For Conformal gravity, there was reiterated the derivation of the Schwarzschild-like solution derived
by Mannheim in [20].

In the last chapter, the possible ways to derive an axially symmetric solution in the framework of
f (R) gravity and conformal gravity were presented.

For f (R) gravity, there are many approaches, the Generalization of Carter’s derivation of Kerr solu-
tion, the generalization of the Chandrasekhar method or the generalization of the Newman-Janis algo-
rithm.

For Conformal gravity, the derivation of Mannheim and Kazanas which generalizes Carter’s approach
to the axial problem was presented.

Higher derivative theories of gravity have the potential to solve some of the problems, which GR
still fails to address. However, with more derivatives in the action come new problems, which have to be
resolved before the HD theories might be considered as a new theory of gravity.

Any Lagrangian with a higher than the first derivative does suffer from Ostrogradsky instability,
which can manifest in many ways, like ghosts, or complete collapse of the system.

More derivatives also mean the need for more initial conditions. The physical meaning of these addi-
tional conditions is still unclear. In some particular higher-derivative theories it is feasible to interpret the
additional initial conditions as new healthy degrees of freedom. But for an infinite number of derivatives,
nothing alike has not been proven yet.

Further research in this field might be interested in determining the stability of certain types of HD
theories, interpretation of the initial conditions or to quantize some interesting HD models.

It might be interesting to thoroughly examine the singularities and horizons in the framework of HD
theories, to see if there is any interesting behaviour.
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Appendix A

f (R) gravity

A.1 EoM

In this section is presented a detailed derivation of equations of motion for f (R) gravity.
Standard approach is to vary the action S f (R) defined in (1.2) with respect to gµν. The variation can

be then written as

δS f (R) =

∫
d4x

(
−

1
2
√
−g

f (R)δg +
√
−g∂R f (R)δR

)
+ S(m) . (A.1)

In [10] is proved that variation of the determinant of metric tensor g with respect to gµν is

δg = −ggµνδg
µν . (A.2)

Variation of Ricci scalar is
δR = δgµνRµν + g

µνδRµν . (A.3)

The second element can be rewritten as

gµνδRµν =
(
gµβ

(
δgµβ

);λ
−

(
δgµλ

)
;µ

)
;λ
, (A.4)

where is used the relation gµν;λ = 0 and the variation of Riemann tensor

δRαβγω
O(δ2Γ)
=

(
δΓαωβ

)
;γ
−

(
δΓαγβ

)
;ω
. (A.5)

Since the variation of affine connection is

δΓαβγ = −
1
2

[gµβ
(
δgµα

)
;γ + gµγ

(
δgµα

)
;β − gβµgγν

(
δgµν

)α] , (A.6)

formula (A.4) follows immediately.
Then it is necessary to reformulate expression f ′ (R) gµνδRµν. Exploiting the Leibnitz rule and the

fact that 4-divergence of a metric is zero we obtain

f ′ (R) gµνRµν =
(

f ′ (R) gµβg
λωδgµν − f ′ (R) δgωλ

)
;ωλ
+ 2

(
f ′ (R);µ δg

µλ
)
;λ

+
(

f ′ (R) λ;λ gµβ − f ′ (R);βµ

)
δgµβ .

(A.7)
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Then δS f (R) is

δS f (R) =

∫
√
−gd4x

(
−

1
2
gµν f (R) + f ′ (R) Rµν +

(
□ f ′ (R) gµν − f ′ (R);νµ

))
δgµν+ (A.8)

+

∫
d4x
√
−g

(
f ′ (R) gµβg

λω − f ′ (R) δgωλ
)
;ωλ
+ (A.9)

+

∫
d4x
√
−g

(
2 f ′ (R);µ δg

µλ
)
;λ
+ δS(m) , (A.10)

the second integral is zero because it is possible to use twice the Stokes theorem and because the boundary
of a boundary is zero and the third integral is zero because we assume variations with static ends. The
EoM follow from

δS f (R) = 0 , (A.11)

where the variation of S(m) is
δS(m) = −

1
2
√
−gTµν . (A.12)

A.2 Schwarzschild Solution - f (R) gravity

A.2.1 R = R0

The (t, t), (t, r), (r, r), (ϕ, ϕ) = (θ, θ) components of EoM (2.7) with a constraint that R = R0 is constant
are

−4rλA2B2 + rBȦḂ + rAḂ2 − 2rABB̈ + 4ABA′ − rBA′2 − rAA′B′ + 2rABA′′ = 0 , (A.13)

Ḃ
rB
= 0 , (A.14)

4rλA2B2 − rBȦḂ − rAḂ2 + 2rABB̈ + rBA′2 + 4A2B′ + rAA′B′ − 2rABA′′ = 0 , (A.15)

−2AB + 2AB2 + 2r2λAB2 − rBA′ + rAB′ = 0 . (A.16)

Instantly from equation (A.14) follows B = B(r). Substituting this fact into equations (A.13), (A.15),
(A.16) leads to system of equations

−4rλA2B2 + (4BA − rAB′)A′ − rBA′2 + 2rABA′′ = 0 , (A.17)

4rλA2B2 + (4A2 + rAA′)B′ + rBA′2 − 2rABA′′ = 0 , (A.18)

A
(
−2B + 2B2 + 2λr2B2 + rB′

)
− rBA′ = 0 . (A.19)

Last equation (A.19) can be rewritten as

A′

A
=

B′

B
−

2
r
+ 2λBr +

2B
r
= f (r), (A.20)

which can be easily integrated

A(r, t) = a(t) exp
(∫

dr f (r)
)
= a(t)B(r) exp

(
2
∫

dr
B(r) + λB(r)r2 − 1

r

)
= a(t)B(r)e(r) . (A.21)

The function A(r, t) is therefore separable and the factor a(t) can be eliminated rescaling the coordi-
nate t. The metric is then static in these rescaled coordinates.
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Substituting expression (A.21) into remaining equations (A.17) and (A.18) leads to differential equa-
tions of second order for the function B(r).

−2B3 + B4
(
2 + 4r2λ + 2r4λ2

)
+ B′

(
rB + 3rB2 + 3r2λB2

)
− r2B′2 + r2BB′′ = 0 , (A.22)

−4B2+B3
(
6 + 4r2λ

)
+B4

(
−2 − 4r2λ − 2r4λ2

)
+B′

(
3rB − 3rB2 − 3r3λB2

)
+r2B′2−r2BB′′ = 0 . (A.23)

Expressing r2BB′′ from the first equation

r2BB′′ = 2B3 − B4
(
2 + 4r2λ + 2r4λ2

)
− B′

(
rB + 3rB2 + 3r2λB2

)
+ r2B′2 (A.24)

and substituting into the second equation it is possible to reduce the order of the differential equation

B′ −
B
r
+ B2 1 + λr2

r
= 0 , (A.25)

whose solution is
B(r) =

1
1 + C

r +
λ
3 r2
, (A.26)

where C is an integration constant.
Function A(r) then takes form

A(r, t) = 3
(
3 + λr2 +

3C
r

)
=

9
B(r)
. (A.27)

A.2.2 R = R(r)

The EoM (2.21) for choice B(r, t) = B(r) take form

f ′(R)
(
−

B′A′

4B2 +
4AA′ − rA′2 + 2rAA′′

4rBA

)
+

A
2B

f (R)R′2 −
A
B

f ′′′(R)R′2

+ f ′′(R)
(
−

A
B

(
R′′ +

B′

2B
R′

)
+

A′R′

2B

)
= 0 , (A.28)

1
4B

f ′(R)
(
B′

(
4
r
+

A′

A

)
+

1
A2

(
BA′2 − 2ABA′′

))
+

B
2

f ′(R) + f ′′′(R)
(
R′2 − R′′

)
= 0 , (A.29)

1
2

f ′(R)
(
2 +

rB′

B2 −
2A + rA′

BA

)
−

r2

2
f (R) + f ′′′(R)

(
r2

B
R′2

)
+ f ′′(R)

(
r2

B

(
R′′ −

B′R′

2B

)
−

rR′

B

)
= 0 , (A.30)

f ′(R)
1

AB2

(
−2AB + 2B2A + rB′A − rBA′

)
−

r2

2
f (R) + f ′′′(R)

r2R′2

B

+ f ′′(R)
(
r2 1

B

(
R′′ −

B′R′

2B

)
−

rR′

B

)
= 0 . (A.31)
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From equation (A.30) is again possible to express A′/A as a function of only r and by integrating the
formula A(r, t) can be rewritten as

A(r, t) = a(t)B(r) exp
(∫

drg(r)
)
, (A.32)

where

g(r) = −
2
r
+

2B
r
−

Br f (R)
f ′(R)

+ 2rR2 f ′′′(R) + 2
f ′′(R)r
f ′(R)

(
R′′ −

B′R
2B

)
−

2 f ′′(R)R′

f ′(R)
. (A.33)

Transforming the coordinate system so that the factor a(t) in the definition of A(r, t) disappears one
obtains a static solution of similar structure as in the previous case for R = const.

A.2.3 The Point-like Lagragian

In ref. [9] is devised the point-like Lagrangian in the following manner. First, the static spherically
symmetric metric is generalised like so

ds2 = −A(r)dt2 + B(r)dr2 + M(r)dΩ , (A.34)

where A(r), B(r),M(r) are functions of areal radius. The action then takes the form

S =

∫
d4xL(A, A′, B, B′,R,R′,M,M′) . (A.35)

Thanks to spherical symmetry the action of the theory has a finite number of degrees of freedom, which
are Ricci scalar and functions A(r), B(r),M(r).

The point-like Lagrangian is constructed by action

S =

∫
d4x
√
−g

(
f (R) − λ

(
R − R̄

))
, (A.36)

where R̄ is Ricci scalar constructed from the metric (A.34) and λ is Lagrangian multiplier. The R̄ takes
form

R̄ =
A′′

AB
+ 2

M′′

BM
+

A′M′

ABM
−

A′2

2A2B
−

M′2

2BM2 −
A′B′

2AB2 −
B′M′

B2M
−

2
M
= R̃ +

A′′

AB
+ 2

M′′

BM
. (A.37)

Substituting the formula for R̄ into action (A.36) and instead of determinant of the metric is substituted
−ABM2 the action can be rewritten as

S =

∫
dr

√ABM
[
f − ∂R f

(
R − R̄

)]
−

(
∂R f M
√

AB

)′
A′ − 2

 √A∂R f
√

B

′ M′
 (A.38)

where the last two terms arise from the per partes of the second derivative terms in the formula for R̄.
Explicit manipulation of the expression in the integral leads to the point-like Lagrangian L of a form
(2.13).
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A.2.4 Nashed-Nojiri approach

In this section is in detail performed the computation of method introduced in [24].
The full set of nontrivial EoM (2.24), when F(R) is taken as function of r, with static spherical metric

and R of form (2.4) take form

Ett =
1

8r2AB2

(
−r2BFA′2s + rA

(
−rFA′B′ + B

(
4FA′ + 3rA′F′ + 2rFA′′

))
+ A2

(
4B2F + rB′

(
4F + rF′

)
− 2B

(
2F + 2rF′ + r2F′′

)))
= 0 , (A.39)

Err =
1

8r2A2B

(
r2BFA′2 + rA

(
rFA′B′ + B

(
4 f A′ + rFA′′

))
+

A2
(
−4B2F + rB′

(
4F + 3rF′

)
+ B

(
4F + 4rF′ − 6r2F′′

)))
= 0 , (A.40)

Eθθ =
1

sin2 θ
Eϕϕ =

1
8A2B2

(
−r2BFA′2 + r2A

(
BA′F′ + F

(
−A′B′ + 2BA′′

))
+A2

(
4B2F − r2B′F′ + B

(
−4F − 4rF′ + 2r2F′′

)))
= 0 . (A.41)

Equations (A.39), (A.40), (A.41) can be rewritten using function N(r) = A(r)B(r) and omitting the
prefactors as

− 4B3FN2 − 4r2FN2B′2 + r2BN
(
3FB′N′ + 2N

(
B′F′ + FB′′

))
+ B2

(
rN

(
−3rF′N′ + 2N

(
2F′ + rF′′

))
+ F

(
4N2 + r2N′2 − 2rN

(
2N′ + rN′′

)))
= 0 , (A.42)

− 4B3FN2 − 4r2FN2B′2 + r2BN
(
3FB′N′ + 2N

(
B′F′ + FB′′

))
+ B2

(
rN

(
rF′N′ + N

(
4F′ − 6rF′′

))
+ F

(
4N2 + r2N′2 − 2rN

(
2N′ + rN′′

)))
= 0 , (A.43)

4B3FN2 + 4r2FN2B′2 − r2BN
(
3 f B′N′ + 2N

(
B′F′ + FB′′

))
+ B2

(
rN

(
−4NF′ + rF′N′ + 2rNF′′

)
− F

(
4N2 + r2N′2 − 2r2NN′′

))
= 0 . (A.44)

Only two of the equations (A.42)-(A.44) are independent, because subtracting equation (A.2.4) from
(A.42) yields same quantity as adding equations (A.42) and (A.44). Therefore only two independent
equations for three dynamical variables F(r), B(r),N(r) were obtained. Hence the system can not be
solved in all generality, but if one of the functions F(r),N(r), B(r) is fixed beforehand, the system (A.42)-
(A.44) can be solved.

Assuming that N(r) = 1 the equations (A.42) and (A.2.4) take form

−4B3F − 4r2F′B′2 + 2r2B
(
B′F′ + FB′′

)
+ 2B2

(
2F + 2rF′ + r2F′′

)
= 0 , (A.45)

−4B3F − 4r2FB′2 + 2r2B
(
B′F′ + FB′′

)
+ B2

(
4F + 4rF′ − 6r2F′′

)
= 0 . (A.46)
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Subtracting equations (A.45) and (A.46) leads to

4B2r2F′′ = 0 , (A.47)

which has two solutions, B(r) = 0 or
F(r) = kr + k0 . (A.48)

Substituting F(r) back into equation (A.45) yields

−4B3(kr + k0) − 4r2(kr + k0)B′2 + r2B(kr + k0)2B′′ + 4B2(kr + k0) = 0 , (A.49)

which has solution for k0 = 0 of form

B(r) =
1

1 − C1
r +C2r2

, (A.50)

and for k = 0
B(r) =

1
1
2 −

D1
r2 + D2r2

, (A.51)

where C1,C2,D1,D2 are constants of integration.

A.3 Newmann-Janis algorithm for GR

In Ref. [6, 9] is summarized the Newman-Janis algorithm in GR and subsequently applied to specific
f (R) gravity. The procedure is following. Let us consider static spherically symmetric metric of form

ds2 = − exp2ϕ(r) dt2 + exp2λ(r) dr2 + r2dΩ . (A.52)

The metric (A.52) can be transformed into new coordinates (u, r, θ, ϕ) by defining dt = du + F(r)dr,
where F(r) = ± expλ(r)−ϕ(r). The metric in these new coordinates is

ds2 = − exp2ϕ(r) du2 ∓ 2 expλ(r)+ϕ(r) dudr − r2dΩ . (A.53)

Then the metric (A.53) can be rewritten in the matrix form

gµν =


− exp2ϕ(r) ∓ expλ(r)+ϕ(r) 0 0
∓ expλ(r)+ϕ(r) 0 0 0

0 0 r2 0
0 0 0 r2 sin2 θ

 , (A.54)

and the contravariant metric in the matrix form then takes the form

gµν =


0 ∓ exp−λ(r)−ϕ(r) 0 0

∓ exp−λ(r)−ϕ(r) exp−2λ(r) 0 0
0 0 1/r2 0
0 0 0 1/r2 sin2 θ

 . (A.55)

This metric can be rewritten in terms of a null tetrad (four basis vectors from which two are related to
the t coordinate)

gµν = lµnν + lνnµ − mµm̄ν − mνm̄µ , (A.56)
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where the bar signifies the complex conjugate and the individual vectors lµ, nµ,mν have to satisfy

lµlµ = nµnµ = mµmµ = 0 , lµnµ = −mµm̄µ = −1 , lµmµ = nµmµ = 0 . (A.57)

In Ref. [6] it is stated that at any point of space-time it is possible to choose null tetrad satisfying
conditions (A.57) so that vector lµ is an outward null vector to the light cone, nµ is the inward null vector
pointed to the origin and mµ, m̄µ are tangent vectors to the two-dimensional sphere of constant radius r
and constant u. For the metric (A.55) this null tetrad has been chosen as

lµ = δµ1

nµ =
1
2

exp−2λ(r) δ
µ
1 + exp−λ(r)−ϕ(r) δ

µ
0

mµ =
1
√

2r

(
δ
µ
2 +

i
sin θ
δ
µ
3

)
m̄µ =

1
√

2r

(
δ
µ
2 −

i
sin θ
δ
µ
3

)
. (A.58)

Now the set of coordinates xµ = (u, r, θ, ϕ) has to be extended by a complex radial coordinate in a way

lµ = δµ1

nµ =
1
2

exp−2λ(r,r̄) δ
µ
1 + exp−λ(r,r̄)−ϕ(r,r̄) δ

µ
0

mµ =
1
√

2r̄

(
δ
µ
2 +

i
sin θ
δ
µ
3

)
m̄µ =

1
√

2r

(
δ
µ
2 −

i
sin θ
δ
µ
3

)
. (A.59)

To obtain a real metric from the metric of the form (A.56) the following transformation is performed.
Let coordinates xµ undergo a transformation

xµ → x̃µ = xµ + iyµ(xσ) , (A.60)

assuming that yµ are analytical functions of the real coordinates xµ and at the same time let the null tetrad
vectors Zµa = (lµ, nµ,mµ, m̄µ), where a = 1, 2, 3, 4, transform as

Zµa → Zρa
∂x̃µ

∂xρ
. (A.61)

This last transformation serves to make the metric (A.56) real again.
For the purposes of the paper [6] the transformation x̃µ has been chosen as

x̃µ = xµ + ia
(
δ
µ
1 − δ

µ
0

)
cos θ , (A.62)

the transformed coordinates read

ũ = u + ia cos θ (A.63)

r̃ = r − ia cos θ (A.64)

θ̃ = θ (A.65)

ϕ̃ = ϕ . (A.66)
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For the choice r̃ = ¯̃r the null tetrad vectors (A.59) becomes

l̃µ = δµ1

ñµ =
1
2

exp−2λ(r̄,θ) δ
µ
1 + exp−λ(r̄,θ)−ϕ(r̄,θ) δµ0

m̃µ =
1

√
2 (r̄ − ia cos θ)

[
ia

(
δ
µ
0 − δ

µ
1

)
sin θ + δµ2 +

i
sin θ
δ
µ
3

]
¯̃mµ =

1
√

2 (r̄ + ia cos θ)

[
−ia

(
δ
µ
0 − δ

µ
1

)
sin θ + δµ2 −

i
sin θ
δ
µ
3

]
. (A.67)

The new transformed metric is then recovered by using (A.56) and it takes form in transformed coordi-
nates x̃µ = (ũ, r̃, θ, ϕ)

g̃µν =


−a2 sin θ

Σ
exp−λ(r̄,θ)−ϕ(r̄,θ) + a2 sin2 θ

Σ
0 a

Σ

· exp−2λ(r̄,θ) − a2 sin2 θ
Σ

0 a
Σ

· · 1
Σ

0
· · · 1

Σ sin2 θ

 , (A.68)

where Σ = r̃2 + a2 cos2 θ and the dots in the matrix symbolize the symmetric component.
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Appendix B

f (R,G) gravity

EoM of f (R,G) gravity can be easily derived similarly as in (A). We will vary the action (1.9) with
respect to gµν

δSG = δS
(G)+δS(m) =

1
2κ

∫
d4x
√
−g

(
−

1
2

fgµν + ∂R f δR
)
δgµν+

1
2κ

∫
d4 √−g∂G f δG+δS(m) . (B.1)

The first integral is similar to the variation action of f (R) gravity (A.1), hence the only unknown term
remaining is term ∂G f (R,G)δG. Variation of the Gauss-Bonnet term is

δG = 2RδR − 4δRµνR
µν − 4RµνδR

µν + δRµνσρRµνσρ + RµνσρδRµνσρ (B.2)

Variations of the Ricci scalar, Ricci tensor and covariant Riemann tensor are

δR = δgµνRµν + g
µνδRµν = δg

µνRµν +
(
gµβ

(
δgµβ

);λ
−

(
δgλµ

)
;µ

)
;λ
, (B.3)

δRµν =
1
2

(
gαλ(δg

αλ);µν − gλν(δg
λα);µα − gλµ(δg

λα);να + gκνgλµ(δg
κλ);α

;α

)
, (B.4)

δRµνσρ = − gµκRλνσρδg
κλ +

1
2

(gρκgνκδg
κλ);µσ −

1
2

(gσκgνλδg
λκ);µρ

+
1
2
gµα

[
(−gλρδg

λα);νσ − (gλνδg
λα);ρσ + (gλσδg

λα);νρ + (gλνδg
λα);σρ

]
.

(B.5)

Using same procedure as in deriving formula (A.7), individual terms of ∂G f δG can be rewritten as

∂G f RδR =
(
∂G f RRκλ + □(∂G f R)gκλ − (∂G f R);λκ

)
δgκλ+

+ 2
[
(∂G f R);κδg

κλ − (∂G f Rgκβ)
;λδgκβ

]
;λ
+ □(∂G f Rgµβδg

µβ) − (∂G f Rδgµλ);λµ ,
(B.6)

∂G f RµνδRµν =
1
2

[
□(∂G f Rκλ) +

(
∂G f Rµν

)
;νµ gκλ − 2

(
∂G f Rµλ

)
;κµ

]
δgκλ

+

[(
∂G f Rκλ

);α
δgκλ +

(
∂G f Rµλ

)
;µ
δgλα +

(
∂G f Rαλ

)
;µ
δgµλ −

(
∂G f Rµα

)
;µ gκλδg

κλ
]
;α

+
1
2

(
∂G f Rµνgκλδg

κλ
)
;µν
+

1
2
□

(
∂G f Rκλδg

κλ
)
−

(
∂G f Rµλg

λα
)
;µα

(B.7)
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∂G f RµνδR
µν =

[
2∂G f RκνR

ν
λ +

1
2
□

(
∂G f Rκλ

)
+

1
2

(
∂G f Rµν

)
;νµ gκλ −

(
∂G f Rµλ

)
;κµ

]
δgκλ

+

[(
∂G f Rκλ

);α
δgκλ +

(
∂G f Rµλ

)
;µ
δgλα +

(
∂G f Rαλ

)
;µ
δgµλ −

(
∂G f Rµα

)
;µ gκλδg

κλ
]
;α

+
1
2

(
∂G f Rµνgκλδg

κλ
)
;µν
+

1
2
□

(
∂G f Rκλδg

κλ
)
−

(
∂G f Rµλg

λα
)
;µα

(B.8)

∂G f RµνσρδRµνσρ =
[
−∂G f R νσρκ Rλνσρ + 2

(
∂G f Rλνκρ

);ρν
+

(
∂G f Rλκνρ

);ρν]
δgκλ

−
[(
∂G f Rαρκν

);ν
δgακ

];ρ
+

(
∂G f Rλκσρδg

κλ
)
;σρ
−

(
∂G f Rσλκρδg

κλ
);σρ
,

(B.9)

∂G f RµνσρδR
µνσρ =

[
∂G f RλµνρR

µνρ
κ + 2∂G f RµνρλR

µνρ
κ + 2

(
∂G f Rλνκρ

);ρσ
+

(
∂G f Rλκνρ

);ρν]
δgκλ

−
[(
∂G f Rαρκν

);ν
δgακ

];ρ
+

(
∂G f Rλκσρδg

κλ
)
;σρ
−

(
∂G f Rσλκρδg

κλ
);σρ
,

(B.10)

Assuming variations with fixed ends four-divergence terms in equations (B.6)-(B.10) do not con-
tribute to the EoM. Terms rewritten as second covariant derivatives also do not contribute to the EoM
thanks to the fact that the boundary of a boundary is zero. Omitting four-divergence terms and second
covariant derivatives yields

∂G f δG
δgκλ

= 2∂G f RRκλ + 2□ (∂G f R) gκλ − 2 (∂G f R);λκ − 4□
(
∂G f Rκλ

)
− 4

(
∂G f Rµν

)
;νµ gκλ

+ 8
(
∂G f Rµλ

)
;κµ
− 8∂G f RκνR

ν
λ + 4

(
∂G f Rλνκρ

);ρν
+ 4

(
∂G f Rλκνρ

);ρν

+ 2∂G f RµνρλR
µνρ
κ

(B.11)

The EoM then take the form

−
1
2
gκλ f + ∂R f Rκλ + □ (∂R f ) gκλ − ∂R f;λκ + 2∂G f RRκλ + 2□ (∂G f R) gκλ

− 2 (∂G f R);λκ − 4□
(
∂G f Rκλ

)
− 4

(
∂G f Rµν

)
;νµ gκλ + 8

(
∂G f Rµλ

)
;κµ

− 8∂G f RκνR
ν
λ + 4

(
∂G f Rλνκρ

);ρν
+ 4

(
∂G f Rλκνρ

);ρν
+ 2∂G f RµνρλR

µνρ
κ = κTκλ (B.12)
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Appendix C

Conformal gravity

C.1 EoM

The EoM of Conformal gravity can be derived by varying action (1.13). The arising EoM can be then
rewritten as

Wµν = W(2)
µν −

1
3

W(1)
µν , (C.1)

where W(2)
µν and W(1)

µν are respectively variations of∫
d4x
√
−gRκλR

κλ ,

∫
d4x
√
−gR2 . (C.2)

Variations of these integrals can be readily done using the formulas (B.6), (B.7), (B.8), when ∂G f = 1

δ

∫
d4x
√
−gRκλR

κλ =

∫
d4x
√
−g

(
−

1
2

RκλRκλgµν + 2RµκR
κν + □Rµν + Rκλ;λκgµν − 2Rκν;µκ

)
δgµν

+ 2
∫

d4x
√
−g

(
R ;α
κλ δg

κλ + Rµλ;µδg
λα + Rαλ;µδg

µλ − Rµα;µgκλδg
κλ
)
;α

+

∫
d4x
√
−g

{(
Rµνgκλδg

κλ
)
;µν
+ □

(
Rκλδg

κλ
)
− 2

(
Rµλδg

λα
)
;µα

}
,

(C.3)

δ

∫
d4x
√
−gR2 =

∫
d4x
√
−g

(
−

1
2

R2gµν + 2RRµν + 2□Rgµν − 2R;νµ

)
δgµν

+ 2
∫

d4x
√
−g

(
R;κδg

κλ −
(
Rgκβ

);λ
δgκβ

)
;λ

+

∫
d4x
√
−g

{
□

(
Rgµβδg

µβ
)
−

(
Rδgµλ

)
;λµ

}
.

(C.4)

The second and third terms are again zero. Therefore the W (2)
µν and W(1)

µν are

W(2)
µν = −

1
2

RκλRκλgµν + 2RµκR
κν + □Rµν + Rκλ;λκgµν − 2Rκν;µκ , (C.5)

W(1)
µν = −

1
2

R2gµν + 2RRµν + 2□Rgµν − 2R;νµ , (C.6)

and Wµν is

Wµν = □Rµν −
2
3
□Rgµν − 2Rκν;µκ +

2
3

R;νµ + Rκλ;λκgµν +
1
6

R2gµν −
2
3

RRµν + 2RµκR
κ
ν −

1
2

RκλRκλ . (C.7)
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Expressing Bach’s tensor in terms of Riemann tensor leads to

2Bµν = 2R ;κλ
µκνλ + R λ

µ ;νλ + R λν ;λµ − □Rµν − R ;κλ
κλ gµν +

1
3
□Rgµν −

1
3

R;µν − RκλRµκνλ − RµκR
κ
ν

+
2
3

RRµν −
1
2

RκλR
κλgµν −

1
6

R2gµν ,

(C.8)

commuting the covariant derivatives

Rλν;λµ = Rλν;µλ − RµαR
α
ν + RκνλµR

κλ , (C.9)

and rewriting second covariant derivative of Riemann tensor via Ricci tensor as

R ;κλ
µκνλ = gµνR

;κλ
κλ , (C.10)

leads to relation for Bach’s tensor

2Bµν = R ;κλ
κλ +

2
3

R;µν +Rλν;µλ − 2RµκR
κ
ν −□(Rµν)+

1
3
□Rgµν +

2
3

RRµν −
1
2

RκλR
κλgµν −

1
6

R2gµν . (C.11)

This formula has the same terms as (??) but some are with different factors. However, these might be
eliminated by adding a suitable four-divergence term, which will be zero under the integral. Hence the
EoM can be rewritten using Bach’s tensor.

C.2 Schwarzschild type solution

In Ref. [20] taken advantage of the conformal symmetry to transform general spherical metric (2.32)
into coordinates such that the metric will have a special form. The static spherically symmetric metric
(2.32) can be transformed into a coordinate system

ρ = p(r), B(r) =
r2b(r)
p2(r)

, A(r) =
r2a(r)p′2(r)

p2(r)
. (C.12)

The metric (2.32) in coordinates (C.12) takes form

ds2 =
p2(r)

r2

(
−B(r)dt2 + A(r)dr2 + r2dΩ

)
. (C.13)

Thanks to conformal symmetry the function p(r) can be chosen as it satisfied

−
1

p(r)
=

∫
dr

r2(a(r)b(r))
1
2

. (C.14)

This condition (C.14) ensures that A−1(r) = B(r).
Then the metric (C.13) takes form

ds2 =
p2(r)

r2

(
−B(r)dt2 +

dr2

B(r)
+ r2dΩ

)
. (C.15)

The prefactor p2(r)
r2 can be omitted since it is conformal scaling. Therefore the most general static spher-

ical metric (2.32) is conformally equivalent to metric

ds2 = −B(r)dt2 +
dr2

B(r)
+ r2dΩ . (C.16)
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Using theorem (2.34) the component Wrr and other diagonal components of Wµν are derived. Thanks
to the fact that the metric (2.33) is static all elements Wr0 are identically zero and components W00,Wθθ

can be calculated from Bianchi and trace identity.

Wµν;ν = 0 , Wµν = 0 , (C.17)

which follow directly from the EoM (2.31). Therefore all information about the system is contained in
the component Wrr.

The theorem (2.35) applied to the action (1.13) using metric (2.33) leads to equation

B−1Wrr =
1
6

B′B′′′ −
1
12

B′′2 −
1
3r

(BB′′′ − B′B′′) −
1

3r2 (BB′′ + B′2) +
2

3r3 BB′ −
B2

3r4 +
1

3r4 . (C.18)

When substituting first B(r) = r3 f (r) and then f ′(r) = y2(r)r−4 the following equation is obtained

0 = B−1Wrr =
1

3r4 (1 + y3y′′) (C.19)

which can be integrated to obtain metric (2.36).
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