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Kapitola 1

Predmluva

Matematické modely transportu smési chemickych latek v poréznim prostiedi hraji dtileZitou roli
pfi studiu mnoha procesu v pfirodé i technice [5, 47, 89]. Z riznych aplikaci miiZeme jmenovat
napi. vtla¢eni CO, do podzemi za ucelem trvalého uloZeni v horninovém masivu (prevence
sklenikového efektu pomoci technologie Carbon Capture and Storage — CCS), injektdZ plynu do
ropnych lozisek za ic¢elem zvyseni jejich vytéZnosti [80, 12, 3], ¢i feSeni ekologickych problémi
vznikajicich prinikem kontaminace do horninového prostfedi [38, 1, 98]. Pri feseni téchto
problémt je potiebné simulovat transport komponent vicesloZkové smési v poréznim prostiedi.
Napt. pti vtlacovani CO, do podzemi se superkriticky CO- vtlacuje do rezervodru, ktery obsahuje
vodu a/nebo ropu. V zdvislosti na vnéjsich podminkach miiZe smés byt homogenni (CO, se
pln€ rozpusti ve vode, resp. rop€) nebo se smés muze rozdélit na dvé nebo vice fazi, které
maji navzdjem rozdilné hustoty a chemicka slozeni [82, 78]. Pokud se smés rozdéli do dvou
fazi (v ptipad€ ropy napt. plyn obsahujici pfevazné CO, a leh¢i alkany a kapalinu obsahujici
prevazné tézsi alkany a mensi mnoZstvi rozpusténého CO,) mize dojit k tomu, Ze leh¢i faze bude
mit vyrazné niZsi viskozitu neZ ptivodni jednofazova smés, coz povede ke zlepSeni vytéZnosti
rezervoaru.

P11 ukladani CO, do podzemi za ucelem trvalého ulozeni v hlubinnych ulozistich 1ze vyuZit
jedine¢nych vlastnosti smési obsahujicich CO,. Je dobfe zndmo, Ze ptfi sméSovani CO, a vody
pri zadané teploté a tlaku vyslednd smés zaujme obecné jiny objem neZ je soucet objemu vody
a CO, pred sméSovanim [30]. SméSovani vody a CO, obecné vede ke zméné hustoty smési, jedna
se tedy o siln€ neidedlni smési. Stavové chovani takovychto smési je tieba popisovat prostiedky
rovnovazné termodynamiky. Ziroven je potfeba konzistentné propojit tyto termodynamické
vypoCty s vypoctem proudéni vicefazové smési. To vede k modeliim popisujicim transport
komponent viceslozkovych smési, pficemz komponenty mohou pfechidzet mezi fizemi. Pfestoze
jak termodynamika smési, tak simulace transportu v péréznim prostfedi jsou dobfe rozvinuté
discipliny, ukazuje se, Ze propojeni téchto dvou disciplin neni trividlni a je zdrojem mnoha
problémd, které je potfeba fesit. Jedna se tedy o interdisciplinarni problematiku propojujici
znalosti z termodynamiky smési, mechaniky tekutin a termodynamiky kontinua spolu s poznatky
z numerické matematiky a matematického modelovani.



KAPITOLA 1. PREDMLUVA

Cilem této price je stru¢né popsat soucasny stav a shrnout prispévky autora k této problema-
tice. Nejprve bude popsédna konvenéni formulace kompozi¢niho modelu a budou predstaveny
nékteré jeji nedostatky, které byvaji v literatufe casto opomijeny. Zkusenosti s t€émito modely,
které ziskal autor této prace béhem svého osmimésicniho pobytu v Reservoir Engineering Re-
search Institute v Palo Alto v Kalifornii, potom vedly k navrhu riiznych modifikaci formulace
konven¢niho modelu i k ndvrhu alternativnich pfistupt feseni transportniho modelu. Tyto nové
formulace a metody jsou zakladem pfiloZzenych publikaci. Popis té€chto piispévkil autora je
hlavni ¢asti této préce.




Kapitola 2

Modelovani transportu smeési v poréznim
prostredi

2.1 Fyzikalni formulace konvenc¢niho transportniho modelu

2.1.1 Transportni rovnice

Budeme vySetfovat dvoufazové stlacitelné proudéni smési n chemickych komponent v poréznim
prostiedi vymezeném oblasti (2. Omezime se na pifipad nestlacitelného porézniho prostfedi
s porozitou ¢, kterd miZe obecné zdviset na poloze, tj. ¢ = ¢(x). Budeme uvazovat isotermdln{
pripad — tj. proudéni pfi konstantni teploté 7. Bilanci hmoty pro kazdou komponentu Ize zapsat
ve tvaru

d(¢ci)
ot

+V-q=F i=1,...,n, 2.1)

kde ¢; = ¢;(x,t) jsouneznamé celkové molarni koncentrace jednotlivych komponent smési, g; je
hustota molarniho toku i-té komponenty a zdrojovy ¢len F; popisuje objemovou hustotu vtlacent,
resp. Cerpani i-t€ komponenty ve vySetfované oblasti (pocet moli dodanych do jednotkového
objemu zeminy za jednotku ¢asu). V kazdém bodé x € (2 (a kazdém cCase t) jsou v daném bodé
definovany koncentrace ¢; vS§ech komponent ¢ = 1, ..., n. Jedna se tedy o model smési pomoci
prekryvajicich se kontinui.

V zévislosti na vnéjSich podminkdch se mtize v daném bodé smés vyskytovat bud’ v jedné
nebo vice fazich. Kazda faze « je charakterizovdna svym chemickym sloZenim (pfesnéji soubo-
rem moldrnich koncentraci jednotlivych komponent ve fazi o), saturaci (objemovym zlomkem)
S, arychlosti. Na pérové tirovni jsou faze prostoroveé oddélené podoblasti pérového prostoru. Na
makroskopickém méfitku vSak nevidime lokalni detaily a pracujeme s primérovanymi veliCi-
nami pies vhodné zvolené reprezentativni elementarni objemy. Saturace je tedy makroskopicka
veli¢ina, kterd udava podil objemu pdérového prostoru obsazeny fazi o na celkovém pérovém
prostoru. Veli¢iny S, jsou tak definovany v kazdém bodé oblasti a tvoii prekryvajici se kontinua.
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KAPITOLA 2. MODELOVANI TRANSPORTU SMESI V POREZNIM PROSTREDI

Z definice saturace plyne, Ze

> Sa=1 (2.2)

«

Neuvazujeme-li difuzi, pak rychlost vS§ech komponent v dané fizi je stejnd. Celkovd hustota
molarniho toku i-té€ komponenty je tedy ddna predpisem

q; = Z Ca,iVa, (23)

kde se scita pres vSechny faze «, c,; je molarni koncentrace ¢-t€ komponenty ve fazi o a v,
je rychlost faze «. Predpokldddame, Ze rychlost fize o je dobfe popsana Darcyho zdkonem

tvaru [22, 5]
kra

Vo = _)‘aK(vP - Qag)7 )\oz = n ) (24)
kde K = K(x) oznaCuje vlastni propustnost zeminy, p je tlak, 0, = Y ., ¢o;M; je hustota
faze o, M; je molarni hmotnost i-t¢ komponenty a g oznacuje vektor gravitacniho zrychleni.
Mobilita )\, fize « je definovana jako podil relativni permeability k., fize o a dynamické
viskozity 7, fdze a. Relativni permeabilita k., : (0,1) — (0, 1) je veli¢ina popisujici redukci
permeability z divodu pfitomnosti ostatnich fazi. Obecné zavisi na saturaci S, faze «

kra = kra (Soz) (25)

a k jejimu modelovani pouzivame bud linedrni (k,, (S,) = S,) nebo kvadraticky (ko (Sa) =
S2) model. Podle zvoleného modelu zdvisi dynamickd viskozita 7, fdze o na teploté a moldrnich
koncentracich faze a, ptip. tlaku p, teploté 7" a molarnich zlomcich jednotlivych komponent
Tai = Cai/Car kde cq = ZLI Ca,i je celkova molarni koncentrace faze o, tedy

nOé - 77a(T7 ca,h st Jca,n)a resp. 7]0& - 7704(177 T7 'ra,ly et 7Ia,n)‘ (26)

Pro modelovani této zavislosti pouzivime model LBC (Lohrenz-Bray-Clark) [60], ktery je
stru¢né popsan v piiloze ¢lanku [C5].

2.1.2 Prestup komponent mezi fizemi

Uvedeny model je tfeba doplnit konstitutivnimi vztahy, které popisi vazby mezi celkovymi
koncentracemi c; a po¢tem fazi, fizovymi koncentracemi c,, ; vS§ech komponent ve vSech fézich
a saturacemi S, vSech fazi. K modelovani pfestupu komponent mezi fazemi se béZné pouziva
predpoklad lokdlni termodynamické rovnovahy, ktery je v daném kontextu dobfe fyzikdlné
obhajitelny, nebot’ proudéni v poréznim prostiedi je typicky velmi pomalé v porovnani s rych-
losti pfestupu komponent mezi fadzemi. Podminka stabilni termodynamické rovnovahy vede
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2.1. FYZIKALNI FORMULACE KONVENCNIHO TRANSPORTNIHO MODELU

k minimalizaci celkové Gibbsovy energie sloZzeného systému pfi zadané teploté, tlaku a cel-
kovych moléarnich zlomcich jednotlivych komponent smési [30, 63, 65]. Oznacme z; = ¢;/c,
kde ¢ = >~ | ¢; je celkovd moldrni koncentrace smési, celkové moldrni zlomky jednotlivych
komponent pro i = 1,...,n. Dile zavedme molarni zlomky jednotlivych komponent ve fizi «

pfedpisem z,; = Co/Ca, kde ¢, = )| ¢4, je celkovd koncentrace faze . Podminka fazové
rovnovahy vede k nésledujici soustavé nelinearnich algebraickych rovnic

foi(vaaxo,lu'-wxo,n) :fgi(p)Tvxg,la"')xg,n)a 1= 17"'7”7 (273)
zi =1 —=v)x,; +vay,, 1=1,...,n, (2.7b)

izi - i%,i = i%,i =1, (2.7¢)
i=1 i=1 i=1

kde f,; je fugacita komponenty i ve fazi « a v € (0,1) oznacuje molarni zlomek plynné
faze (tj. pocet moli plynné faze ku celkovému poctu moli smési). Zde uvazZujeme pouze
dvoufazovy piipad a formulujeme podminku termodynamické rovnovdhy pouze mezi dvéma
fazemi oznaCenymi jako o (oil) a g (gas). Vyjadfeni fugacit pomoci stavové rovnice popiSeme
v nésledujici kapitole.

Pro zadané hodnoty tlaku p, teploty 7" a celkovych molarnich zlomk z; v§ech komponent
lze feSenim soustavy (2.7) ur¢it moldrni zlomky z, ; vSech komponent v obou fazich a molarni
zlomek plynné faze v. Dale l1ze urcit fazové koncentrace c, feSenim stavové rovnice

p=p(T,1/ca,Ta1, - s Tan), a € {o,g} (2.8)

a dopocitat fazové saturace S, feSenim soustavy rovnic
CoSo + €gS¢ = ¢, (2.9)
So+ S =1. (2.10)

Koncentrace ¢, ; jsou pak dany vzorcem c,; = ¢, ;. Pokud je za danych podminek (tj. tlaku
p, teploté 1" a celkovych molédrnich zlomcich 24, .. ., z;,,) smés stabilni, pak nedojde k rozkladu
smési na faze. V tomto pifipadé neni tfeba feSit systém (2.7), protozZe stali polozit c,; = ¢;
asS, =1

2.1.3 Stavova rovnice a fugacita

Predpokladame, Ze stavové chovani libovolné faze je popsdno stavovou rovnici tvaru
p=p(T,V,Ni,...,Ny), (2.11)

kde p oznacuje tlak, 7' je teplota, V' je objem a Vi, ..., N, jsou latkovd mnoZstvi jednotlivych
komponent v dané fazi. Pro smési nepoldrnich uhlovodikti a CO, se dobfe osvédcila Pengova-
Robinsonova rovnice [81] tvaru

RT Ao,

Vo — by V2 + 204V, — b2

p= (2.12)
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Obrazek 2.1: Zavislost tlaku p na molarnim objemu v pro Cisty CO, za riiznych teplot. Kriticka
teplota CO, je 1.+ = 304 K.

kde koeficient v, = 1/c, oznaCuje molarni objem faze «, R je univerzdlni plynova konstanta
a koeficienty a,, a b, jsou dany nasledujicimi vzorci

Ay = zn: zn: Aij T i Loy, ba = i bixa,i, (213)
i=1

i=1 j=1
RE cri
Q5 = (1 — 5ij),/a,-aj, bz = 0,0778—7]5, (214)
DPicrit
R271i2crit 2
a; = 045724 ——==[1 + m;(1 — \/T/T; crir)]", (2.15)
Dicrit
 f 0,37464 + 1,54226w; — 0,26992w7 pro w; < 0,5, 2.16)
©T 0,3796 + 1,485w; — 0,1644w? + 0,01667w?  pro w; > 0,5. '

V téchto rovnicich 6;; oznaCuje bindrni interakéni koeficient mezi komponentami ¢ a j, p; crit
aT; crit jsou kriticky tlak a kritickd teplota i-t€ komponenty a w; oznacuje tzv. excentricky faktor
1-té komponenty. Pro smési uhlovodikii s vodou je potfeba Pengovu-Robinsonovu rovnici doplnit
dodate¢nym ¢lenem popisujicim asociaci molekul vody. Konkrétni tvar této stavové rovnice je
mozno nalézt v [59] nebo v ptiloze ¢lanku [é4].

Pengova-Robinsonova stavova rovnice patii do tidy tzv. kubickych rovnic, jejichZ obecné
vlastnosti 1ze snadno ilustrovat na jednoduchém piipadu Cisté latky (n = 1). Index ¢ budeme
v tomto ptipadé€ vynechdvat. Rozebereme 2 ptipady. Necht'je nejprve T > T,,.;;. V tomto pripade
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2.1. FYZIKALNI FORMULACE KONVENCNIHO TRANSPORTNIHO MODELU

je tlak p ostfe klesajici funkei V' (viz Obr. 2.1) a lze tedy pro kazdy tlak z oboru hodnot stavové
rovnice jednoznacné urcit odpovidajici objem V. Pfi nadkritické teploté tedy v pfipadé Cisté
latky nedochézi k fazovému prechodu. Pokud je ovSem 7' < T.;;, pak m4 rovnice (2.12) pro
kazdy tlak v urcitém rozmezi tlakd az 3 redlné kofeny V' — nejmensi z nich odpovid4 objemu
kapalné faze (V7), nejvétsi z nich odpovida objemu plynné faze (V;) a prostfedni odpovida
nestabilnimu feSeni, které nemd fyzikdlni vyznam. Pro 7" — T..;; a p — p.-i+ zdola se oba
kofeny priblizuji a setkaji se v kritickém bodé&, kde nelze obé faze od sebe rozlisit (v kritickém
bodé€ je napt. hustota kapaliny 1 jeji pary stejnd). ProtoZe funkce p je homogenni funkce stupné
nula v proménnych V', Ny, ..., N,, lze tlak dané faze vyjadfit pomoci fazovych koncentraci
jako

p=pT,1,can,--sCam)- (2.17)
Zavedeme-li tzv. koeficient chemické stladitelnosti faze o vztahem Z, = pv,/RT, pak lze tento

koeficient povaZovat za miru neideality smési (pro idedlni plyn je Z, = 1). Dale ozna¢me

Qap bap
Aa = W a Ba = ﬁ’ o€ {O,g}. (218)

Fugacitu komponenty 7 ve fazi « 1ze potom vyjadfit ve tvaru [30]
fai(p7 T7 Ia,la cety xa,n) — pxa,igoa,iy (219)
kde ¢, ; oznacuje fugacitni koeficient komponenty ¢ ve fazi c, jehoZ logaritmus lze pro Pengovu-

Robinsonovu stavovou rovnici vyjadfit ve tvaru [30]

b;
Iny,; =—(Zs — 1) —In(Z, — By)—

ba

A 2 — bi Z 2+1)B
——=— | = ayze;— | In ot (V24 1D)Ba (2.20)
2v2B, \ aa ba Zo— (V2 —-1)B,

j=1

2.1.4 Prispévek k matematické formulaci modelu: pocatecni a okrajové
podminky

Vyse uvedeny systém rovnic feSenych na omezené d-rozmérné oblasti €2 je tfeba doplnit o vhodné
pocatecni a okrajové podminky, které je potfeba zvolit tak, aby vysledna tiloha byla formulovana
korektné —tj. aby za danych podminek existovalo pravé jedno feSeni, které bude spojité zaviset na
vstupnich datech tdlohy. Navzdory své diileZitosti je tato problematika v dostupné literatufe Casto
opomijena. Nékteré knihy, napt. [16], se problematice okrajovych podminek nevénuji viibec.
V mnoha ¢lancich se okrajové podminky zmiiuji pouze v souvislosti s konstrukci numerického
schématu, pri¢emz korektnost rtiznych formulaci okrajovych podminek je pfinejmensim spornd.
V pfilozeném &lanku [C1] je ukdzéno, Ze Gasto pouZivand nulovd Neumannova podminka tvaru

Vo -n=—-NK(Vp—0,8) n=0, Va € {o, g}, (2.21)
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ktera vyjadiuje podminku nepropustnosti pro kazdou fazi o na nékteré ¢asti hranice 0f2, neni
korektni. Z podminky (2.21) lze totiz ve dvoufazovém systému (kdy je A\, # 0 pro obé faze
a € {o,g}) odvodit, Ze

Vp-n=yg,g-n a zaroven Vp-n=p,g-n, (2.22)

které nemohou byt splnény zaroven ve dvoufdzovém systému s gravitaci, pokud maji obé
faze rizné hustoty. Nelze tedy vynucovat nulovou Neumannovu podminku pro kazdou fazo-
vou rychlost, ale pouze pro celkovy tok kazdé komponenty. Na zdkladé zkuSenosti ziskanych
s timto modelem doplitujeme tedy rovnice kompozi¢niho modelu nésledujicimi pocate¢nimi
a okrajovymi podminkami

ci(x,0)=A(x), x€Q, i=1,...,n, (2.23a)
p(x,t) =pP(x,t), x€Tl,, tel, (2.23Db)
qi(x,t)-nx)=0, xel',,tel, i=1,...,n, (2.23¢)

v nichZ n oznacuje jednotkovy vektor vnéjsi normdly definovany skoro vSude na 92, I', UT", =
09, al',NnT, = 0. Rovnice (2.23a) popisuje polate¢ni rozlozeni molarnich koncentraci,
(2.23b) je Dirichletova okrajovd podminka pfedepisujici tlak p” na &asti hranice I, a (2.23¢)
je homogenni Neumannova okrajova podminka popisujici nepropustnou ¢ast hranice I',. Pfed-

pokladame, Ze I', je odtokova Cast hranice, takZe na ni neni tfeba piedepisovat Zadné okrajové
podminky pro molarni koncentrace.

2.2 Numerické reSeni kompozi¢niho modelu

2.2.1 Strategie reSeni konven¢niho kompozi¢niho modelu

V této kapitole uvedeme prehled zdkladni strategie feSeni kompozi¢niho modelu. Vzhledem
k rozsahu prace nebude cilem popsat veskeré detaily pouzivanych metod, ale spiSe ukdzat
problémy, které se pii feSeni kompozi¢niho modelu vyskytuji nezdvisle na tom, kterou metodu
prostorové ¢i Casové diskretizace pouZzijeme.

Implicitni schéma

Systém rovnic (2.1)—(2.9) predstavuje soustavu nelinedrnich diferencidlné-algebraickych rov-
nic doplnény o pocatecni a okrajové podminky (2.23). Pro feSeni tohoto systému je mozno
pouzit vice pristupti [68]. Prvnim z nich je tzv. plné implicitni metoda, kdy se ¢asové derivace
aproximuji diferencemi a koeficienty rovnic se vy¢isluji na nové Casové hladiné. Po diskretizaci
v prostoru musime feSit obrovsky systém nelinearnich rovnic, ktery se zpravidla fesi Newtono-
vou metodou. Tato metoda linearizuje zaroven diskretizované transportni rovnice (2.1) i rovnice
fazové rovnovahy (2.7) na kazdém elementu vzhledem k vybranym primarnim proménnym.
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2.2. NUMERICKE RESENI KOMPOZICNIHO MODELU

V literatuie lze najit rizné volby primarnich proménnych, nejcastéji se pouziva tlak p a molarni
zlomky x,; vybrané fize a € {o,g}. Tato metoda vSak vyZzaduje, aby zvolena fize o byla
pfitomna v kaZzdém vypocetnim elementu sité. Pokud toto nelze zarucit, pak se volba primarnich
proménnych provadi na kazdém elementu K adaptivné tak, aby se za primarni proménné volily
molérni zlomky z ; té fdze a, kterd je na elementu K v nadbytku (tj. md maximaln{ saturaci).
Sada primarnich proménnych se tedy méni za béhu simulace podle toho, jak se vyviji v Case
dané feSeni, coZ vypocet ponékud komplikuje. Vzhledem k velikosti vysledné soustavy rovnic
(v problémech souvisejicich s téZbou ropy se bézné vysetiuji smési né€kolika desitek komponent)
se vSak plné implicitni piistup v kompozi¢ni simulaci mnohasloZkovych smési nepouZzivd a je
nahrazovan tzv. sekvencnimi piistupy.

Sekvencni reseni — schéma IMPEC

Pfi sekven¢nim feSeni se Casova diskretizace a linearizace systému (2.1)—(2.9) provadi tak, aby
bylo moZzno fesit jednotlivé rovnice systému postupné (viz napt. [80, 15, 94]). V metodé IMPEC
(IMplicit Pressure, Explicit Concentrations) se nejprve zformuluje rovnice popisujici evoluci
tlaku. Tato rovnice se potom fe$i implicitné a vysledny tlak na nové ¢asové hladiné se pouZzije
k vypoctu tokil (s vyuzitim koncentraci ze staré casové hladiny). Tyto toky se pak pouZiji pfi
feSeni transportnich rovnic (2.1), které se fesi explicitné. Tim obdrzime celkové koncentrace c;
na nové Casové vrstve, pricemz v kazdém casovém kroku je potieba feSit jen systém pro tlak,
jehoz velikost nezdvisi na po¢tu komponent smési.

K formulaci rovnic popisujicich evoluci tlaku je v literatufe dostupnych nékolik metod [2,

99, 19, 20, 18, 95], které ovSem v zdsadé vychdzeji ze dvou zdkladnich pfistupti. Prvnim
z nich je metoda zaloZend na linearizaci systému rovnic (2.1)—(2.9) Newtonovou metodou,
kdy se z diskrétni podoby rovnic pro piirastky zvolenych primarnich proménnych (mezi nimiz
je vzdy tlak) eliminaci ostatnich proménnych odvodi redukovany systém pouze pro pfirdstky
tlaku. Po vyfeSeni systému pro piiriistky tlaku se jiz pfirastky ostatnich primdrnich proménnych
nefesi, ziskané aproximace tlakii se pouZziji k vypoctu tokl a pak se prejde k explicitnimu
feSeni transportnich rovnic pro jednotlivé komponenty. Tuto verzi predikce tlaku v kompozi¢ni
simulaci poprvé pouZili Young a Stephenson [99]. Alternativni metodou pro predikci vyvoje
tlaku je metoda, kterou poprvé pouzili Acs, Farkas a Doleschell v préci [2], ve které se vhodnou
kombinaci transportnich rovnic (2.1) odvodi evolu¢ni rovnice pro tlak tvaru

n

a n
ergy + DTV (oot uivy) = D TE @224
i=1

=1

kde cy oznaCuje koeficient celkové (dvoufdzové) stlacCitelnosti smési a v; je celkovy (tj. dvoufd-
zovy) parcidlni molarni objem i-té komponenty. Tyto koeficienty jsou funkcemi tlaku, teploty
a moldrnich zlomki. Postup jejich vypoctu ze stavové rovnice je uveden v knize [30].

V niésledujicich odstavcich popiSeme feSeni systému rovnic (2.1)—(2.9) na dvourozmérné
oblasti €2 pokryté obdélnikovou siti s vyuzitim rovnice pro tlak (2.24), kterou diskretizujeme

11



KAPITOLA 2. MODELOVANI TRANSPORTU SMESI V POREZNIM PROSTREDI

smiSenou hybridni verzi metody konecnych prvki nejniz§tho fadu [8, 88]. V této metodé
aproximujeme tlak soucasné s celkovym tokem, ktery je déle vyuzit pro vypocet transportu.
Tento pristup navazuje na prace [67, 40, 41, 42]. Transportni rovnice jsou feSeny nespojitou
Galerkinovou metodou vyuZivajici po ¢astech linearni nespojité bazické funkce [44, 21, 14]. Pti
pouziti metody vyssiho fadu presnosti je obecné nutné vysledna data poupravit s vyuZzitim vhodné
omezujici funkce, kterd zabrani vzniku nefyzikdlnich oscilaci. Podrobnosti tohoto pfistupu jsou
uvedeny v [53, 54, 55, 56, 57, 39].

2.2.2 Diskretizace celkového molarniho toku

Celkovy molarni tok q zavedeme predpisem

q = CoVo+ CgVg = — Z cao A K(Vp — 08), (2.25)
kde 0 = fo00 + fy04 @ fo = CaXa/D . CarAor. Koeficient Y , cos Ay v rovnici (2.25) je vzdy
kladny, protoze alesponi jedna faze ma vzdy nenulovou mobilitu. Z rovnice (2.25) lze tedy
vyjadrit gradient tlaku

Vp=— K 'q+ og. (2.26)

1
Z o Co! )\O/
a ten dosadit do Darcyho zakona (2.4). Takto lze odvodit vyjadieni celkovych fazovych tokt
pomoci celkového toku ve tvaru

do = CaVa = fold — Ga), 2.27)
kde ( )
CoNo Qo — O Kg a=gq,
Ga = ’ 2.8
{ cgrg(0g — 00)Kg a=o. ( )

Aproximaci celkového moldrniho toku hleddme v prostoru RTy(K) — tj. Raviartové-
Thomasové prostoru nejnizSiho stupné na kazdém elementu K (pro podrobnosti viz [88, 97, 13]).
Aproximace celkového toku na elementu K je tedy tvaru

drx = Z Ak, EWK E; (2.29)
Ee€dK

kde koeficient qx r uddvd celkovy moldrni tok ve sméru vnéjSi normdly pfes hranu £ z ele-
mentu K a wg, g oznaCuje bazické funkce prostoru R7j(K). Vlastnosti t€chto bazickych funkci
i podrobné odvozeni jejich tvaru Ize najit v pfilozeném &lanku [C1]. S pouZitim vlastnosti t&chto
bazickych funkci 1ze odvodit vyjadfeni koeficientii celkového molarniho toku na libovolném
elementu K pomoci primérného tlaku na daném elementu py a primérnych tlakii na vSech
hranich elementu K (tzv. stopy tlaku) oznacenych jako px g ve tvaru

IKk,E = OK,EDK — Z b.p,EPK.E + dK E- (2.30)
E'€dK

12



2.2. NUMERICKE RESENI KOMPOZICNIHO MODELU

Koeficienty ax g, bk g r a dx g v této rovnici zdviseji na geometrii sit€¢ a na lokdlnich hodno-
tach celkové mobility. Vyjadfeni téchto koeficientl Ize najit v pfilozeném c¢lanku [C1]. Zakon
zachovéani hmoty na hrané £ = K N K’ oddélujici dva sousedni elementy K and K’ vede

k podmince
ax.r + a9k g =0, KNnK =E.

Dosazenim z (2.30) dostaneme

OK,EPK — E b, ppPK.E + dx B+
E'€0K

+ax EPK — E b 5,m P B+ drr g = 0,
E'€OK’

Na hranach FE lezici na neumannovské Casti hranice z rovnice (2.23¢) odvodime
dK,E = 0,

a tedy

UK EPK — E b, ppPr.p +dx e = 0.
E'cdK

Systém rovnic (2.32) a (2.34) lze zapsat v maticovém tvaru

R'P—-MP =V,

kde
R e RNioNE, Rix g = ak g,
M e RNeNE, Mg g = Z bk, B E,
K:E,E'cOK
V e RVe, Vi = Z dk,p-
K:E€OK

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36a)
(2.36b)

(2.36¢)

V téchto rovnicich Ny oznacuje pocet elementil, N je celkovy pocet hran, P € RYx je vektor
primérnych tlakd na jednotlivych elementech a P € RY* je vektor stop tlakl na jednotlivych

hranach.

2.2.3 Aproximace rovnice pro tlak

Rovnici pro tlak (2.24) 1ze preformulovat do nésledujiciho tvaru

n

o ~—~_ _
¢Cfa + ;’U@ V . (mlq — Si) = ZUze

=1

(2.37)
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KAPITOLA 2. MODELOVANI TRANSPORTU SMESI V POREZNIM PROSTREDI

kde m; = o ifo +gifgasi = ToifoGo + x4, f;Gg. Tuto rovnici Ize integrovat pies libovolny
element K. Pfedpokladdme-li, Ze koeficienty c; a v; jsou po elementech konstantni, odvodime
s vyuzitim divergenc¢ni véty

¢KCfK’K’ +Z’UZK Z/ M K, B4K,E — Si,K,E " NK,E) Z%KEK’K’ (2.38)

i=1 EecoK

kde |K| oznaCuje plochu elementu K. Dosazenim celkového toku z (2.30) a pouzitim zpétné
Eulerovy metody odvodime nésledujici schéma

DpPtt — Rp = G, (2.39)

kde hornf index n + 1 oznauje Casovou hladinu, D € RV% N« je diagonalni matice s elementy

& K
Dy = VK f’K‘ ‘+Z zKZ/mzKEaKEa

=1 EcoK

R € RV%NE je obdéInikovd matice s prvky

RKE’:ZUzK Z /mzKEbKEE’

1=1 EeO0K

a G € RY% je vektor se slozkami

crr |l
Gy = ¢K fK| | ZUZK Z / mZKEdKE_SzKE HKE +’K|ZUZKF1K

1=1 EeoK

Koeficienty cy, 0;, m; ki a s; k,r se Vy€isluji pomoci primérnych hodnot fdzovych koncentraci
a saturaci na elementu K ve staré ¢asové vrstvé n.

2.2.4 Prispévek k aproximaci fazovych toku

Dilezitym krokem v metodé IMPEC je korektni aproximace fazovych tokl q, = fo(q — G.).
V piiloZzeném &lanku [C1] zobectiujeme metodu, kterou difve Sammon [91] pouZil pi simulaci
dvoufdzového nemisitelného proudéni, na problém kompozicni simulace. Nejprve je tieba vy-
reSit soustavu rovnic (2.35) a (2.39). Tim ziskame tlaky na jednotlivych elementech P a stopy
tlaku na hrandch P na nové Casové hlading. ProtoZe matice D je diagondlni a invertovatelna, je
mozno redukovat soustavu (2.35) a (2.39) na soustavu rovnic pro stopy tlaku tvaru [66]

(M —R'D'R)P"' =V - R"D™'G (2.40)

Soustavu (2.40) feSime porpoci ptimého fesSice UMFPACK [23, 24, 25, 26]. Resenim tohoto Sys-
tému ziskdme stopy tlakd P! na nové asové hlading. Primé&mé hodnoty tlakd na jednotlivych

14



2.2. NUMERICKE RESENI KOMPOZICNIHO MODELU

elementech P"*! 1ze potom ziskat z rovnice (2.39). Potom miiZzeme vypocitat celkovy molarni
tok pomoci rovnice (2.30). Rovnice (2.31) zarucuje splnéni bilance celkového molarniho toku
na kazdé vnitfni hrané mezi dvéma elementy sité. Pokud bychom ovSem chtéli vypocitat fazové
toky pomoci (2.27), zjistime, Ze pfi pouziti lokdlnich hodnot koeficientl f, a G, na elementu
K dostaneme rozdilné hodnoty normélové slozky fazovych tokd na hrané E podle toho, z které
strany hrany FE koeficienty vycislujeme. Abychom dostali konzervativni pole, primérujeme
hodnoty o, pouzivané pro vypocet G, v rovnici (2.27) pomoci aritmetického priméru hodnot
na sousedicich elementech, zatimco hodnoty koeficientl c, A\, a ¢y A/ pTi vyCisleni f,, se berou
ze strany, kterd je proti sméru k toku q, (tzv. upwind). Zde ov§em nardZime na problém, Ze smér
d. jesté neni zndm. Tento problém lze vyfteSit ndsledujicim postupem. Oznacme symbolem «
fazi, pro kterou plati, Ze

sgnqr.r = —sgn G, - ng g, (2.41)

kde coAq @ co A se zvoli libovolng, napf. c, A\, = cor Aoy = 1. Symbolem o’ ozna¢ime zbyvajici
fazi. Alespon jedna z pritomnych fazi vZzdy splni podminku (2.41), protoze celkovy tok je predem
dan a vektory G, a G/ ukazuji do navzdjem opacnych sméri, viz (2.28). Z podminky (2.41)
plyne, Ze fdze o sméfuje stejnym smérem jako celkovy tok, piesnéji sgnqo x.r = SgNqk. g
nezdvisle na tom, jaké jsou skute¢né hodnoty nezdporného koeficientu ¢, A\, v rovnici (2.27).
Znamé znaménko ¢, i, umoZiiuje najit upwindovou hodnotu vyrazu c,\,, ktery se vyskytuje
ve vypoctu vektoru G./. Je tedy moZzno vypocitat g, x p a stanovit upwindovou hodnotu
koeficientu A\, (koeficient bereme ze strany proti sméru ¢,/ x ) a nakonec stanovit skute¢nou
hodnotu ¢, k. V poslednim kroku se zméni pouze hodnota toku, nikoliv vSak jeho smeér.
Proto nakonec dostaneme konzistentni aproximaci fazovych tokl takovou, Ze koeficienty c,\,
a cy Ay pri vyCisleni f,, se berou ze strany, kterd je proti sméru prislusného fazového toku, jak
jsme chtéli. Tyto fazové toky dale vyuzijeme pfi feSeni transportnich rovnic. Poznamenejme, Ze
prosté primérovani hodnot tokd z obou stran neni mozné, protoze vede ke schématu, které je
nepodminéné nestabilni.

2.2.5 Aproximace transportnich rovnic

Transportni rovnice (2.1) diskretizujeme nespojitou Galerkinovou metodou kone¢nych
prvka [44, 21, 14, 29]. Na kazdém obdélnikovém elementu K aproximujeme neznadmé kon-
centrace jednotlivych komponent linedrnimi funkcemi, které ovSem nemusi byt spojité pies
hranice elementd. Na kazdém elementu tedy mame pro kazdou koncentraci 3 stupné volnosti
— hodnotu koncentrace uprostied elementu a hodnoty slozek gradientu ve sméru os x a y.
Aproximace tedy uvazujeme ve tvaru

3 3
! !
Ci Kk = E Ci kPRl CajiK = E Coi, K PK s (2.42)
=1 =1
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kde g jsou bazické funkce lokdlniho prostoru linedrnich funkci na elementu K. Detailni
odvozeni tvaru téchto funkci je provedeno v pfilozeném &lanku [C1]. Ndsobenim transport-
nich rovnic testovaci funkci, integraci pres element K a pouZitim Greenovy véty lze odvodit
ndasledujici schéma nespojité Galerkinovy metody

8c,~’K

/K ¢W¢K,j - /K (Toi ko + Tgikdg) - Vi ;+

+ / (Zoir.EGo + Tgirpdy) * NKEPK, = / Fiors,  (243)
Ecok ' E K

které plati pro kazdy stupeil volnosti j € {1,2,3}. V integrilu pfes hranici elementu oznacuje
Taix.E Pro a € {o, g} hodnotu moldrniho zlomku z upwindové strany vzhledem k toku qy, tj.

— { Tai,K,E pokud Go,K,E = Yo * HKE|E’ > 0, (2.44)

To,i, K.E = _
Toix' e Ppokud ok p = qa - ngp|E| <0,

kde ptedpokladame, ze ¥ = K N K’ je spole¢na hrana mezi sousednimi elementy K a K'. Pokud
hrana E' leZi na hranici, pak 1ze na vtokové ¢asti hranice pouZit Dirichletovy okrajové podminky.
Hodnoty z,; kg a T,k E vV rovnici (2.44) ziskdme feSenim lokdlni fdzové rovnovédhy na
hrandch elementt pfi teploté 7', tlaku px i a celkovych moldrnich koncentracich z; na piislu§né
hrané. Hodnoty z; na hran€ se spocte pomoci hodnot z; uprostied elementu a slozek gradientt,
které jsou k dispozici pii pouZziti nespojité Galerkinovy metody. Hodnoty x, ; x v integralu pfes
element K v rovnici (2.43) vypocitdme feSenim lokalni termodynamické rovnovahy pfi teploté
T, tlaku pg a celkovych molédrnich zlomcich z; uprostfed elementu. K dosazeni vyssiho fadu
presnosti je tedy potieba na kazdém elementu fesit 5 problémi fazové rovnovahy.
Dosazenim (2.42) do (2.43) odvodime nasledujici semidiskrétni schéma

3 1 3
dc; K,E
I BT D M IR e
=1 a€c{o,g} =1 EcOK
+ > > daikplere M = / Fipx . (2.45)
K

EcOK aefo,g}

Matice M%, M¥, a M¥F obsahujf integrdly bazickych funkci a jsou odvozeny v pfiloZeném
¢lanku [C1]. ProtoZe matice M* je diagondlni, vede aproximace ¢asové derivace dopiednou
diferenci k explicitnimu schématu pro 3 nezndmé stupné volnosti ¢! ;- na kazdém elementu K.

2.2.6 Prispévek k implementaci omezujici funkce

Vyse popsané schéma nespojité Galerkinovy metody je potfeba stabilizovat pouzitim omezujici
funkce (tzv. limiter), kterd zabrani vzniku umélych oscilaci numerického fesSeni. Na obdélnikové
siti 1ze omezen{ sklonti provadét nezavisle na sob& pro oba sméry x a y. Podstata metody spoc¢iva
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v tom, Ze sklony ziskané pouZzitim nespojité Galerkinovy metody po kazdém casovém kroku
modifikujeme tak, aby se primérna hodnota numerického feseni na kazdém elementu nezménila
a aby hodnoty celkovych koncentraci na kaZzdé hrané leZely mezi minimem a maximem hodnot
pfislusné koncentrace uprostfed sousednich bunék. Vzhledem k tomu, Ze jako stupné volnosti na
kazdém elementu pouzivame 1) primérné hodnoty celkovych molarnich koncentract, 2) rozdily
hodnot koncentraci na pravé hrané a uprostfed elementu a 3) rozdily hodnot koncentraci na
horni hrané a uprostfed elementu, 1ze uvedenou metodu snadno implementovat. Zaroven lze
snadno ziskat metodu kone¢nych objemi, pokud oba sklony nastavime na nulu.

Pfi implementaci tohoto limiteru nardzime na zajimavy problém. Pfi kompozi¢ni simulaci

se b&Zné misto puvodniho systému rovnic (2.1) pro vSechny komponenty i € {1,2,... n}
formuluje ekvivalentni tloha ve tvaru
d(¢ci :
%—i—v-qi:ﬂ i=1,...,n—1, (2.46)
9(¢c) -
V-q=F= E;, 2.47
0 TV-a ;1 (2.47)

coZ jsou bilan¢ni rovnice pro prvnich n — 1 komponent doplnéné bilan¢ni rovnici celé smési.
Pti pouziti metod prvniho fadu presnosti (napt. metody kone¢nych objemi) jsou obé formulace
ekvivalentni a funguji stejné dobie. Pfi pouziti metody vySsiho fadu se obé formulace za¢nou
odliSovat ve zptsobu aplikace limiteru. Limiter 1ze snadno aplikovat v pripadé pivodni formu-
lace (2.1)proi € {1,2,...,n}. Pokazdém kroku nespojité Galerkinovy metody limiter definuje
horni a dolni meze ¢ acE . hodnot celkovych koncentraci na kazdé hrané E nésledujicim

i,max 1,Mmin
zpuisobem
E E :
Cimaz = maX{CZ}K’ Ci,K/}’ Cimin = mln{ci,K? Ci,K/}v (2.48)

kde K a K’ jsou elementy sité pfiléhajici k hrané F. Pokud je potieba, sklon numerického feSeni
na kazdém elementu K se redukuje tak, aby na kazdé hrané byly splnény nerovnosti

<< E (2.49)

i,min — ,max)

kde ciK’E oznacuje hodnotu celkové molarni koncentrace ¢-té komponenty uprostied hrany £
zrekonstruované pomoci 3 stupiiii volnosti na elementu K. Vys¢itdnim nerovnosti (2.49) pres

i € {1,2,...,n} dostaneme pro celkovou molédrni koncentraci smési omezen{
n n n
E KE _ K.E E
Cimin S C 7 = E ¢ < E Cimaz- (2.50)
i=1 i=1 i=1

Pokud stejny postup pouZijeme v alternativni formulaci (2.46), pak limiter bude definovat
dolni a horni meze ¢ . acf  omezujici hodnoty celkovych moldrnich koncentraci ¢; pro

7,MIn 1, max
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E E

t=1,...,n —1 adale meze ¢, a c,,,, omezujici hodnoty celkové koncentrace c na kazdé

hrané E. Sklony t€chto proménnych se budou piipadné redukovat tak, aby
i <<l e =1 n—1 (2.51)

Fo < KE< B

min max*

C

Z téchto nerovnosti mizeme pro posledni komponentu ¢,, odvodit nerovnost

n—1 n—1 n—1

e cFo< cff’E =cF — Z AE < B cF (2.52)

min 1,Max 7 — “max 7,min "’
=1 =1 =1

Tato nerovnost vSak neni v souladu s podminkou (2.49) pro ¢« = n. PouZiti metody vyssiho
fadu a limiteru ve formulaci (2.46) vede ke vzniku nefyzikalnich oscilaci koncentrace posledni
komponenty, které se béhem nékolika malo ¢asovych krokt rozsiii i do dal§ich komponent.
Problém lze vyfesit konstrukci specidlniho limiteru, ktery bude nastavovat meze celkové kon-
centrace tak, aby byly zajiStény spravné meze hodnot posledni komponenty c,. Tento postup
vsak vede ke zbyte¢né slozitému kédu. Jednodussi feseni je vychézet z pivodni formulace (2.1)
proi € {1,2,...,n}, ve které splnéni nerovnosti (2.49) zajist stabilitu feSeni pro dostecné malé
¢asové kroky (pfi splnéni tzv. CFL-podminky).

2.2.7 ReSeni rovnic fazové rovnovahy

Nedilnou soucésti feSeni transportnich rovnic je vypocet lokélni termodynamické rovnovahy
na kazdém elementu. Pro zadané hodnoty tlaku p, teploty 71" a celkovych molarnich zlomku
zi (i € {1,2,...,n} je potfeba nejdiive rozhodnout, zda je smés za téchto podminek stabiln{
nebo zda se rozdé€li na faze. Ve dvoufdzovém piipad€ je potieba stanovit molarni zlomky
Z4,; jednotlivych komponent v kazdé fazi, koncentrace c, a saturace S, obou fdzi feSenim
soustavy (2.7).

Testovani fazové stability

Pro testovani stability faze pti zadaném tlaku p, teploté 1" a celkovych molarnich zlomcich z;,
kde i € {1,2,...,n}, je mozno pouZzit Gibbsovo kritérium fazové stability [30], které testuje,
zda 1ze odloucenim malého mnoZstvi zkusebni faze s molarnimi zlomky x; z pocatecni faze
pii konstantni teploté 7" a tlaku p vytvofit dvoufdzovy stav s niZs$i hodnotou celkové Gibbsovy
energie systému nez je energie hypotetického jednofazového stavu. Po¢atecni faze je pti zadaném
tlaku p, teploté 7" a celkovych molarnich zlomcich z; stabilni, pravé kdyz

TPD(xq,...,x,) = in(ui(p, T,x1,...,20) — pi(p, Ty 215 ..., 20)) >0 (2.53)
i=1
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pro vSechny pfipustné moléarni zlomky x; zkuSebni faze. V posledni rovnici p; oznacuje che-
micky potencidl i-té komponenty, ktery souvisi s fugacitou nasledujicim zptisobem

fl(pa T7x17 s an)
fl<p7 T7 21y .- '7Zn) '

Podafi-li se najit moldrni zlomky z1, ..., xz, tak, aby TPD(xy,...,z,) < 0, pak je smés pfi
danych podminkach nestabilni a rozd€li se na faze. Hodnoty z4, ..., z, pak udavaji slozeni
nové faze, kterd, pokud se odlouc¢i v malém mnoZstvi z pocatecni faze s molarnimi zlomky
21, - - -, Zn, povede k dvoufdzovému systému s nizsi Gibbsovou energii v porovnani s ptivodnim
jednofazovym stavem. Hodnoty x4, . . . , x,, pak lze vyuZit pro konstrukci pocatecniho rozkladu
smési na faze pii ndsledném vypoctu rovnovazného stavu.

Pro vySetfovéni stability bylo navrZeno mnoho numerickych metod. Michelsen v praci [62]
vyuzil toho, Ze k ovéfeni podminky (2.53) staci vySetfit hodnoty funkce 7'PD pouze ve vSech
staciondrnich bodech a stabilitu systému stanovit podle hodnoty funkce 7P D v bodé¢ globédlniho

minima. Soustavu rovnic

wi(p, Ty xqy . xn) — wi(p, Ty 21, ..., 2,) = RT In (2.54)

(x1,...,2,) =0, i1=1,....,n—1, (2.55)

in =1, (2.56)

1ze fesit iterané s vyuZitim vice pocate¢nich nastiell, které maji za cil pokryt stavovy prostor tak,
aby byl nalezen bod globalniho minima funkce 7'P D. Poc¢ate¢ni ndstrely byvaji konstruovany
na zdkladé fyzikalné motivovanych heuristik [96]. Podrobnosti 1ze najit v [62, 30, 43].

V souvislosti s dalsim vykladem zdliraznéme, Ze chemické potencidly a fugacity v rovni-
cich (2.53) a (2.54) zaviseji nejen na tlaku, teploté a molarnich zlomcich, ale i na tom, kterou
fazi vySetfujeme. Pii vypoctu koeficientu 7, vyskytujicim se ve vzorci pro fugacitu (2.20)
je totiz potieba volit spradvny kofen stavové rovnice — viz kapitola 2.1.3. Pfi testovani fazové
stability vSak Casto pfedem nevime, zda pocatecni faze je kapalnd nebo plynné (a v pripadé
dvoufidzového systému toto oznaceni ani nema rozumny smysl). Proto se testuji obé moZnosti —
nejprve se predpokladd, Ze pocatecni faze je kapalnd a hledand testovaci faze je plynna a potom
se zkousi opacnd alternativa, kdy k plynné pocatecni fazi hleddme kapalnou testovaci fazi. Uve-
dené moznosti odpovidaji pfipadu, kdy vySetfujeme dvoufazové systémy typu kapalina-plyn,
které jsou z hlediska teorie i numerického feSeni nejlépe prozkoumané. Ve slozitéjSich pripa-
dech (vicefdzové proudéni, dvoufdzové proudéni dvou kapalin, apod.) je pak testovani stability
sloZité;si.

Vypocet dvoufazového rovnovazného stavu

Pokud zjistime, Ze pfi zadaném tlaku p, teploté 1" a celkovych molédrnich zlomcich z; je smés
nestabilni, potfebujeme stanovit rovnovazny dvoufazovy stav feSenim rovnic (2.7). Vzhledem
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k tomu, Ze vypocet fazové rovnovahy v dvoufdzovém vicekomponentnim systému pii zada-
ném tlaku, teploté¢ a moldrnich zlomcich patii mezi zdkladni dlohy chemického inZenyrstvi
s mnoha praktickymi aplikacemi, bylo pro feSeni soustavy (2.7) vyvinuto mnoho itera¢nich me-
tod, z nichZ jmenujme zejména metodu SSI (succesive substitution method — metoda postupného
dosazovani) a Newtonovu metodu. Jako poc¢ate¢ni néstiel se pouZivaji bud heuristické néstiely
zkonstruované na zaklad¢ studia rovnovah za idedlnich podminek (idedlni plyn a idedlni roztok)
nebo aproximace ziskand pomoci vySe popsaného testu stability. Podrobnosti 1ze najit v [62],
[63], [65] a [30].

Vyhodou metody SSI je jeji robustnost, nevyhodou pomald (linedrni) konvergence. New-
tonova metoda dosahuje v blizkosti kofene kvadratické konvergence, ale vyZaduje dobrou
pocatecni aproximaci, jinak nemusi konvergovat. Obé metody se ¢asto kombinuji, kdy se né-
kolik iteraci metody SSI pouZije k nalezeni vhodného pocdte¢niho nastielu pro Newtonovu
metodu. Poznamenejme, Ze stejné jako pii testovani stability je i zde pfi vypoctu fugacit (pfip.
i jejich derivaci v Newtonové metodé€) potifeba rozliSovat, jaky druh faze (kapalina nebo plyn)
vySetfujeme a podle toho spradvné volit kofeny stavové rovnice.

2.2.8 Shrnuti vypocetniho algoritmu
Vypocet transportu 1ze popsat ndsledujicimi kroky:

1. Nacti vstupni data dlohy — teplotu, pocatecni rozloZeni tlaku a molarnich zlomkd vSech
komponent.

2. Proved vypocet fazové rovnovihy pfi po¢ate¢nim tlaku, teploté a moldrnich zlomcich.
3. Vypocti viskozity vSech fazi na vSech elementech.
4. Opakuj nasledujici casové kroky, dokud simulace neskonci v zadaném Case:

(a) Sestav a vyfes soustavu (2.40) pro stopy tlakd P.
(b) Vypocti tlaky uvnitf elementit P pomoci (2.39).

(c) Vypocti celkové molarni toky a fazové toky pomoci postupu popsaného v kapi-
tole 2.2.4.

(d) Vypocti hodnoty celkovych koncentraci vSech komponent na nové casové hlading
pouzitim jednoho kroku explicitniho Eulerova schématu nespojité Galerkinovy me-
tody (2.45).

(e) Oprav gradienty numerického feSeni aplikaci limiteru.

() Otestuj stabilitu smési a na dvoufdzovych elementech proved vypocet fazové rov-
novahy smési. Vysledkem jsou hodnoty fdzovych vlastnosti na nové ¢asové hladiné.

(g) Aktualizuj viskozity vSech fazi na vSech elementech.
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2.3 Prispévky k formulaci kompozi¢niho modelu

V predchazejicich kapitolach jsme uvedli konvencni formulaci kompozi¢niho transportniho
modelu, jehoZ soucdsti je feSeni dvou zdkladnich uloh termodynamiky vicesloZkovych smési,
a sice problému testovéani fazové stability a vypoctu fadzové rovnovahy pii zadanych vnéjSich
podminkdch. Jednd se o zdkladni problémy chemického inZenyrstvi, které se obvykle fesi pri
predepsaném tlaku, teploté a celkovych molarnich zlomcich jednotlivych komponent smési (viz
napft. [87, 4, 62, 63, 37, 77]). Ukazuje se vsak, Ze pro ucely vyuziti t€chto metod v transportnich
modelech se vzhledem k tvaru stavovych rovnic vice hodi jind formulace — a sice pii prede-
psaném objemu, teploté a celkovém latkovém mnoZstvi kazdé komponenty. MoZnost odvozeni
takovychto alternativnich formulaci byla sice prileZitostné zmifiovédna v literatufe [65, 64, 11],
ale v kompozi¢ni simulaci se do roku 2013 pouZivala vyhradné vyse uvedena Gibbsova formu-
lace fazové rovnovahy pii predepsaném tlaku, teploté a celkovych molarnich zlomcich (pfip.
latkovych mnozstvich) jednotlivych komponent smési. V literatuie 1ze najit pouZziti Helmholt-
zovy energie k odvozeni obecnych podminek fazové stability [35, 72], ¢i kritéria pro stanoveni
kritickych bodi smési [36, 73]. Pro vypocet fazové rovnovahy pfi jinych specifikovanych pro-
ménnych (véetné objemu, teploty a ldtkovych mnoZzstvi) Michelsen v préci [64] navrhl pouZit
vypocet fazové rovnovahy pii predepsaném tlaku, teplot€¢ a molarnich zlomcich, pricemz tlak
se stanovi iteracné tak, aby vysledna kriteridlni funkce (v nasem pripadé celkovy moldrni objem
smési) nabyvala predepsané hodnoty. Tento pfistup byl pouzit v pracech [28] k vypoctu ter-
modynamické rovnovéahy v systému, na ktery pisobi gravitacni sila a [10] ke studiu segregace
komponent smési za pisobeni odstiedivych sil. Michelsentiv postup umoziuje vyuZzit existujici
reSiCe fazové rovnovéahy pii zadaném tlaku, teploté a latkovych mnoZstvich. Tento postup je
vSak vypocetn€ narocny, protoze pro vypocet jedné fazové rovnovéahy pii zadaném V', T', N
je potfeba provést mnoho vypocti fazovych rovnovéh pii zadanych p, 7', N, neZ se najde tlak
odpovidajici objemu V. Dalsi nevyhodou tohoto postupu je, Ze nefesi problémy, které budeme
diskutovat v nésledujicim odstavci. Pfimy vypocet fazové rovnovahy pfi zadanych V', T', N
zaloZeny na minimalizaci Helmholtzovy energie pouZil Cabral a spol. v praci [9], avSak jejich
metoda vyZadovala provadét vypocet tlaku a fugacit v komplexni aritmetice. Korektni odvozeni
a vyvoj vypocetnich metod pro feSeni fazové rovnovahy v Helmholtzové formulaci pfi zadaném
objemu, teploté a celkovych latkovych mnoZstvich kazdé komponenty lze tedy povaZovat za
plvodni prispévek autora.

2.3.1 Néktera omezeni konvenéni formulace

Pro reprezentaci chemického potencidlu se béZné pouzivaji pojmy fugacity a fugacitnich koefi-
cientd, coz jsou funkce teploty, tlaku, molarnich zlomku jednotlivych komponent smési a faze,
které 1ze vyjadfit pomoci stavové rovnice [30, 65]. Pfi pouziti vzorcti uvadénych v literatufe
je vSak potfeba invertovat stavovou rovnici — tj. nalézt objem V' odpovidajici zadanému tlaku
p, teploté 7' a ldtkovym mnoZzstvim Ny, ..., NV, jednotlivych komponent. V pfipadé¢ Pengovy-
Robinsonovy rovnice vSak tento objem neni dany jednoznacné a je tedy potieba ze dvou
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fyzikdlné vyznamnych kofend vybrat ten, ktery je pravé potieba. NejCastéji se vybira ten kofen,
jehoz molarni Gibbsova energie je niz$i, pfipadné kofen odpovidajici zadané fazi [79, 83]. Oba
piistupy maji svd uskali, kterd nejsou bézné v literatufe diskutovéna.

Pokud vybirdme ten kofen, jehoZ moldrni Gibbsova energie je nejmensi, pak neni jasné,
ktery kofen vybrat, pokud jsou moldrni Gibbsovy energie stejné. To nastane napf. v pripadé
Cisté latky pii teploté T a odpovidajicim saturaénim tlaku p***(7T"). Napf. 1 mol vody pfi tlaku
p = 1 atm a teplot& varu 7' = 100 °C miiZe zabirat objem V = 18,8 cm?® v kapalné fazi, kdeZto
v plynné fdzi za stejnych podminek 30,2 dm?® [7]. Ze zadaného tlaku, teploty a po¢tu mold
nelze usoudit, jaky je celkovy objem systému, jenzZ miiZe byt ve stavu Cisté kapalném nebo Cisté
plynném nebo ve smési obou fazi. Tlak, teplota a pocty mold jednotlivych komponent nejsou
tedy dostate¢né pro jednoznac¢né uréeni vSech parametri rovnovazného stavu.

Pokud vybirdme ten kofen, ktery odpovida zadané fazi, pak nardZime na problém fazové
identifikace — je nutno predem fici, jestli chceme vySetfovat stav systému za danych podminek
v plynné fazi (pak vybirdme vétsi z kofenl) nebo nds zajima stav systému v kapalné fazi (pak
vybirdme mensi z kofenti). Tento piistup vSak miZe byt sporny v pfipadé, Ze vySetfujeme chovani
latky v okoli kritického bodu, kde se vlastnosti obou fazi pfili§ nelisi a fazova identifikace mize
selhat.

Oba dva vySe uvedené problémy lze elegantné vyfeSit, pokud preformulujeme tlohu do
proménnych V', T', Ny, ..., N,. Narozdil od tlaku, teploty a ldtkovych mnoZstvi totiZ proménné
objem, teplota a latkova mnozZstvi urcuji stav systému jednoznacné. Pro reprezentaci chemickych
potencidld v proménnych V, T, Ny, . .., N,, jsme v &lanku [C2] zavedli pojem objemové funkce
F; kazdé komponenty pomoci nasledujicich rovnic

E(Ta‘/?aNl?"'aNn)

(T, Vo, Ny, ... Ny) = wi(T, Vi, Ny, ..., N,,) — RT'] 2.57
il Vo N ) = gLV N N = BRI Ny 397
a
. F(T,V,Ny,...,N,)
1 = 1. 2.58
V—lg-loo V ( )
Dile definujeme koeficient objemové funkce @, pfedpisem
F(T,V,Ny,...,N,
®;(T,V,Ny,...,N,) = ( ! ), (2.59)

V

Takto definované pojmy objemové funkce a koeficientu objemové funkce nahrazuji pojmy
fugacity a fugacitniho koeficientu, které se béZné pouZzivaji pti vySetfovani rovnovéh pti zadaném
tlaku, teploté a moldrnich zlomcich. V &lanku [C2] je odvozeno vyjadieni koeficientu ®; ze
stavové rovnice ve tvaru

—+o00
1 1
ln<1>i(T,V,N1,---,Nn)=/{V—ﬁ%(ﬂwm,...,m) dv. (2.60)
|4
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Rozdil chemickych potencidld mezi dvéma stavy [T,V', Ni,...N/] a [T,V" N/, ... N/'] je
potom ddn vyrazem

(T, V" NY, ... N"Y = (T, V', N., ..., N/ )+
N!'V' ®,(T,V',N{,...,N!)
NV" &, (T, V", NI, . Ny’

+ RT'In (2.61)

Podrobnosti odvozent t&chto vztahti 1ze najit v piilozeném &lanku [C2]. Pro uréeni rovnovéazného
stavu zavedeme Helmholtzovu volnou energii systému. Je-li systém n komponent s latkovymi
mnoZzstvimi Ny, ..., IV, objemem V pfi teploté 7' v jedné fazi, pak jeho Helmholtzovu volnou
energii zavadime piedpisem

A'=> " Nipi(T,V,Ny,...,N,) = p(T,V,Ny,...,N,)V. (2.62)
=1

Pro heterogenni systém slozeny z vice fazi je Helmholtzova energie rovna sou¢tu Helmholtzo-
vych energii jednotlivych fazi, tj.

I
A" =" ANT, Vi, Naa, - Naw), (2.63)

a=1
kde V,, oznacuje objem faze o, N, 1, ..., Ny, jsou pocty moli kazdé komponenty ve fazi o

a Il je pocet fazi. Tyto veli¢iny musi spliiovat podminky

i i
d Vu=V, > Nei=Ni, i=1..n (2.64)
a=1 a=1

V termodynamické rovnovéize zaujme systém n komponent s litkovymi mnozstvimi Ny, ..., N,,,

objemem V pii teploté 7' takovou konfiguraci, pro kterou je piisluSna hodnota Helmholtzovy

cvv .

(2.64). Rovnovédznd hodnota Helmholtzovy energie je tedy ddna pfedpisem

11
A(T,V,Ny,...,N,) = min A" = min » ~A'(T, Vi, Nas, - .., Nap), (2.65)

a=1

kde min se hleda pfes vSechna II € N a vSechny ptipustné rozklady spliujici (2.64).

2.3.2 VySetrovani fazové stability pri zadané teploté, objemu a latkovych
mnoZzstvich
Uvazujme smés n komponent s latkovymi mnozstvimi Ny, ... NV, které zaujimaji objem V' pii

teploté T'. Zajima nds, zda tato smés zlistane homogenni (tj. jednofazova) nebo se rozd€li na dvé
nebo vice fazi.
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Pro jednofazovy systém je Helmholtzova energie definovana predpisem (2.62). Predpokla-
dejme, ze z pocateéni faze odlouc¢ime malé mnozstvi zkuSebni faze o objemu V"’ a latkovych
mnozstvich N7, ... N/. Smés je stabilni, pokud odlou¢eni malého mnoZzstvi zkusebni faze libo-
volného sloZeni z po¢atecni faze nepovede ke sniZeni Helmholtzovy energie systému v porovnani
s jednofdzovym stavem. V &lanku [C3] odvozujeme ndsledujici verzi Gibbsova kritéria fazové
stability pfi zadané teploté, objemu a latkovych mnozZstvich (viz té€z [92]):

Véta 1. Pocdtecni fdze je pri zadané teploté T, objemu V' a ldtkovych mnoZstvich Ny, ..., N,

stabilni, prdvé kdyz

ZNZ‘/(/@(T7 V/7N{7 . 7N7/z) - :ui(T> V> Nla s >Nn))_
=1

(T, V',N!,...,N') = p(T, V,Ny,...,N))V' >0, (2.66)
pro v§echny pripustné kombinace V' a N, ..., N].

Zavedme molarni koncentrace jednotlivych komponent smési kazdé faze piedpisy

N; N!
6= resp. ¢ = Vj (2.67)

Vzhledem k tomu, Ze tlak a chemické potencidly jsou intenzivni veli€iny (pozitivné homogenni
funkce stupné nula v proménnych V', Ny,..., N,), mizeme pireformulovat kritérium fazové
stability do nasledujiciho tvaru.

Véta 2. Pocdtecni fdze je pri zadané teploté T' a moldrnich koncentracich c., . . . , ¢, stabilni,
pravé kdyZ funkce D (tzv. tangent plane distance function) definovand predpisem

D(c),...d) = Zc;(,ui(T, 1, ..., ) — (T eq, .0 e))—
i=1
— (p(T,1,¢,,...,¢0) —p(T,1,¢1,...,¢a)), (2.68)

/

Jje nezdpornd pro vSechny pFipustné koncentrace ¢y, . .., c).

Abychom zjistili, zda existuje stav se zapornou hodnotou funkce D, sta¢i vySetfovat hodnoty
funkce D ve svych staciondrnich bodech. Stacionédrni body funkce D jsou zadany podminkami
(podrobné odvozeni je provedeno v [C3])

oD
%(c’l,...,cg) =pu;(T,1,¢),...,¢,) — (T, 1 cr,. .. c) =0, j=1,...,n. (2.69)
j

Pokud je ve vSech staciondrnich bodech hodnota funkce D nezaporn4, pak je dand smés stabilni.
Pokud v nékterém ze staciondrnich bodi je hodnota funkce D zapornd, pak je smés nestabilni.
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Z podminek (2.69) plyne, Ze hledana zkuSebni faze je tedy v chemické rovnovaze s pocatecni
fazi. Tlaky v obou fazich se v§ak mohou lisit. Pokud ¢/, ... ¢, jsou koncentrace zkuSebni faze
spliiujici podminky stacionarity (2.69), pak z (2.68) plyne, Ze

D(d,...d)=p(T,1,c1,...,¢n) —p(T,1,¢),...,¢)), (2.70)

tj. hodnota funkce D ve staciondrnim bod¢ je rovna rozdilu tlakd v pocatecni fazi a zkuSebni
fazi. Metody pro hledani stacionarnich bodu funkce D je moZno rozdélit na dvé skupiny:

1. metody optimalizacni, kdy se hleda minimum funkce D na dané pfipustné oblasti.
2. metody rovnicové, kdy se hledd numerické feSeni podminek (2.69).

V optimaliza¢nich metoddch zaloZenych na minimalizaci funkce D se nejcastéji vyuZzivaji gradi-
entni metody, Newtonova metoda nebo jejich kombinace, pfipadné kvazi-newtonovské metody.
Tyto metody zarucuji konvergenci k lokdlnimu extrému funkce D. Pokud chceme zarucit kon-
vergenci ke globalnimu minimu funkce D, je nutno pouZivat metody pro globdlni optimalizaci -
napt. metody zaloZené na intervalové aritmetice nebo heuristické algoritmy (metoda simulova-
ného zihani, diferencidlni evoluce, . . . ), viz napt. [45, 46, 32, 50, 51, 52, 69, 70, 75, 90]. Hledé4ni
globélntho minima funkce je vSak obtiZna tloha. Algoritmy pro globdlni minimalizaci vyZaduji
mnoho vyc¢isleni funkce D jsou tedy nepouZitelné pro kompozi¢ni simulaci, ve které je potieba
testovat stabilitu smési v kaZzdém konecném elementu diskretizacni sit€¢ v kazdém cCasovém
kroku. V kompozi¢ni simulaci se proto pouzivaji lokdlni metody [31, 86], v nichZ se pravdé-
podobnost konvergence k nespravnému feSeni sniZuje pouZzitim vice pocatecnich aproximaci,
které jsou Casto konstruovany na zdkladé fyzikalnich heuristik ziskanych feSenim problému
fazové stability za idealizovanych podminek. Obdobné problémy se vyskytuji i u metod zaloZe-
nych na feSeni rovnic (2.69). Nalezeni vsech kofenl zadané soustavy rovnic je obecné tézka
uloha. Obvykle se tedy pouzivaji lokalni metody s vyuZitim vice pocate¢nich néstfeld. Oproti
optimalizacnim metoddm je nutno pocitat i s moznosti, Ze algoritmus zkonverguje k feSenti,
které nebude ani lokdlnim minimem funkce D, nebot’ podminky stacionarity (2.69) jsou splnény
i v bodech lokilnich maxim a sedlovych bodech funkce D. V piiloZzeném ¢&lanku [C3] jsme
odvodili metodu pro vySetiovani fazové stability vicesloZkové smési zaloZzené na Newtonovée
metodé pro feSeni systému rovnic (2.69) ve tvaru, ktery se ukdzal jako dostacujici pro potieby
kompozi¢ni simulace.

2.3.3 Fazovarovnovaha dvoufazového systému pri zadané teploté, objemu
a latkovych mnozstvich

Uvazujme smés n komponent s latkovymi mnozstvimi Ny, ... NV, které zaujimaji objem V' pii
teploté 1" a pfedpokladejme, Ze tato smés je nestabilni a ma se rozdélit na dvé faze. Cilem je
stanovit objemy obou faz{ V' a V" a pocty molt kazdé komponenty v obou fazich N/ a N/ pro
i €{1,2,...,n} amj.ihodnotu rovnovazného tlaku p. Helmholtzova energie hypotetického
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jednofazového stavu je dana pfedpisem (2.62). Helmholtzova energie dvoufazového stavu je
dana predpisem

A[] = AI(Tu Vla N{? ey NTIL) + AI<T7 V”7 N{/’ T ’N"/ll) -

=Y N (T,V',Nj,....N,) = p(T,V',Ny, ... ,N))V'+ (2.71)

=1

+Y  N/w(T VN N = p(T VT N NV

=1

Rovnovazny stav dvoufazového systému pti zadané teploté 7', celkovém objemu V" a celkovych
latkovych mnozZstvich jednotlivych komponent N; (z = 1,...n) je takovy stav, pro ktery je
piirtstek Helmholtzovy energie vzhledem k hypotetickému jednofdzovému stavu

AA = AN(T,V',N|,...,N)+ ANT, V" N/,...,N') — AY(T,V,Ny,...,N,) (2.72)
minimdlni mezi v§emi piipustnymi rozklady spliiujicimi omezujici podminky

V4V =V, (2.73a)
N +N'=N,, i=1,...,n. (2.73b)

Hledani rovnovazného stavu tedy predstavuje optimaliza¢ni problém — hleddni minima
funkce AA — s vedlejSimi podminkami (2.73). Metodou Lagrangeovych multiplikatord 1ze
odvodit nutné podminky fazové rovnovahy.

Véta 3. Necht’ systém pri zadané teploté T, celkovém objemu V a celkovych ldtkovych mnoz-
stvich jednotlivych komponent Ny, ..., N, je v rovnovdze rozdélen na dvé fdaze s objemy V' a V"
a ldtkovymi mnoZstvimi N| a N|' kazdé komponenty tak, Ze plati (2.73). Potom

(T, V' N.,...,N')=p(T,V",N",...,N"), (2.74a)
wi(T, V' NI, ... N') = w(T,V',N',....N") i=1,...,n. (2.74b)

Rovnice (2.74a) vyjadiuje podminku mechanické rovnovéhy — obé faze maji v rovnovaze
stejny tlak. Rovnice (2.74b) vyjadiuje podminku chemické rovnovahy — chemické potencialy
kazdé komponenty v obou fazich se rovnaji. Oznac¢ime-li spole¢nou hodnotu tlaku jako p°? a spo-
le¢nou hodnotu chemického potenciélu i-té komponenty (¢, pak systém rovnic (2.73) a (2.74)
piedstavuje definici implicitné zadanych funkci p®(T,V, Ny,..., N,) a ui (T, V, Ny, ..., N,)
pro: = 1,2,..., n ve dvoufazové oblasti.

VySetiujme systém s latkovymi mnoZstvimi jednotlivych komponent V4, . . ., V,, zaujimajici
objem V pfi teploté T'. Zavedme celkové molarni koncentrace ¢; = N;/V kazdé komponenty
i € {1,...,n}. Stabilitu jednofdzového stavu popsaného teplotou 7" a koncentracemi cy, . . ., ¢;,
1ze testovat pomoci kritéria stability (2.68) popsaného v ptedchozi kapitole. Pokud pro vSechny
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piipustné hodnoty ¢}, ..., c, je D(c},...,c,) > 0, pak je jednofdazovy stav stabilni — systém se
nachdzi v jedné fazi a tlak systému lze vypocitat pomoci stavové rovnice.
Pokud pfi testovani stability nalezneme prfipustné hodnoty c,...,c,, pro které je

’no
D(cy,...,c,) < 0, pak je systém nestabilni a ma se rozdélit na (alesponl) 2 faze. V ramci
této prace se omezime na nejvyse dvoufazové systémy. Cilem je pak nalézt objemy V' a V"
obou fazi a latkova mnozstvi Nj,..., N a N{,..., N} kazdé komponenty v obou fdzich tak,
aby celkovd zména Helmholtzovy energie oproti hypotetickému jednofdzovému stavu dana
predpisem (2.72) byla minimalni mezi vSemi ptipustnymi rozklady tvaru (2.73). Vypocet rov-
novazného stavu bude probihat ve dvou etapach. Nejprve se zkonstruuje pripustny dvoufazovy
rozklad s nizsi energii, neZ je energie ptivodniho jednofazového stavu. Tento rozklad je dale
iteraéné vylepSovan s cilem dosahnout minima funkce AA pfi splnéni omezujicich podmi-
nek (2.73). Takto nalezneme dvoufazovy stav s nejnizS§i Helmholtzovou energii pfi zadanych

omezujicich podminkéch.

Konstrukce pocatecniho dvoufazového rozkladu

Necht’ je jednofdzovy systém nestabilni. Potom algoritmus pro testovani fazové stability po-

psany v pfedchozi kapitole nalezne koncentrace ¢}, ..., ¢, pro které je D(c},...,c),) < 0.
Z definice funkce D plyne, Ze pokud z pocéatecni faze o objemu V' s latkovymi mnoZstvimi
Ny, ..., N, vydélime dostate¢né malé mnozstvi zkusebni faze s koncentracemi ¢/, ..., ¢, pak

dojde k poklesu Helmholtzovy energie systému oproti jednofdzovému stavu. Hleddme tedy
dostate¢né maly objem V' > 0 takovy, aby

ATV AV E VY AT,V -V Ny =V, ... N, — V)
— AT, V,Ny,...,N,) <0. (2.75)

Objem V"’ 1ze najit metodou ptileni intervalu — nejprve zkusime, zda V' = V//2 spliiuje pod-
minku (2.75). Pokud tato podminka neni splnéna, puli se hodnota V' tak dlouho, dokud ne-
plati (2.75). Protoze D(c}, ..., c),) < 0, musi tento proces skonéit po kone¢né mnoha krocich.
Takto nalezend hodnota V' poskytuje dvoufazovy rozklad tvaru

N/ =V, N/ = N; - V', ie{l,...,n}, (2.76)
V=V -V, (2.77)

v

ktery spliiuje podminky (2.73) a pro ktery je hodnota Helmholtzovy energie niZ§i neZ
ANT,V,Ny,...,N,) —viz (2.75).
Hledani dvoufazového rovnovazného stavu

Dvoufézovy rozklad zkonstruovany v pfedchozim kroku neni obecné rovnovaZznym stavem, tj.

cvvs
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splitujicimi podminky (2.73). Podminky (2.73) Ize ptepsat do maticového tvaru
Ax = b, (2.78)

kde matice A € R"T12n+2 vektory x € R?"*2ab € R""! jsou dény piedpisy

A =T L), (2.79)
x=I[N/,...,N , V/N/.... N' V"", (2.80)
b=[Ny...,N,, V] (2.81)

V téchto rovnicich I, ; oznacuje jednotkovou matici na prostoru dimenze n + 1 a T' oznacuje
transpozici vektoru, resp. matice. Cilem je minimalizovat A A — funkci 2n + 2 proménnych pri
n+1 omezujich podminkéch danych rovnicemi Ax = b, coZ predstavuje 2n+2—(n+1) = n+1
stuptiti volnosti. Pomoci (2.78) 1ze napf. eliminovat proménné V" =V — V' a N/ = N; — N/
pro i = 1,...n a preformulovat problém minimalizace funkce A A pfi zadanych omezujicich
podminkédch na problém bez vazeb pouze v n + 1 proménnych Ny, ..., N/, V'. Tento postup
vSak zanasi do problému nesymetrii — jedna faze je privilegovdna na tukor druhé, coZ mize
zptsobovat problémy v situacich, kdy je napt. mnozstvi jedné faze ve dvoufdzovém systému
velmi malé. Proto popiSeme alternativni postup, ktery oSetfuje obé faze naprosto rovnocenné.

Z tvaru matice A, kterd je v hornim stuptiovitém tvaru, vidime, Ze fadky matice jsou linearné
nezdvislé. Matice A md tedy hodnost n + 1. Oznalme Z € R*""2"! matici, jejiZ sloupce tvori
ortonormdlni bazi jadra operatoru piislusného matici A. Tuto bazi dopliime na ortonormalni
bazi prostoru R?"*2 pomoci vektort z R*"+2, které budou tvofit sloupce matice Y € R*+2n+1,
Matice Y a Z lze zvolit napf. ve tvaru

1 I 1 I
Y=— ”“), Z:—( ”“). 2.82
NG ( Lo VA (282
ProtoZe sloupce matic Y a Z tvoif bazi prostoru R?"*2, l1ze pro kazdy vektor x € R?*"*? najit
rozklad tvaru

x = Yxy + ZXz, (2.83)

kde vektory xy a xz z prostoru R"*! jsou vektorem x jednozna¢né urceny. Vektor x je timto
rozloZen na ¢ast Zxz, kterd leZi v jadfe operdtoru piislu§ného matici A, a na ¢ast Yxy, kterd
leZi v ortogondlnim dopliiku jadra operatoru piislusného matici A. Pokud je vektor x pfipustny,
tj. spliiuje podminky (2.73), pak

Ax = AYxy + A Zxz = AYxy = b, (2.84)

protoze AZ = 0. Z konstrukce matice Y plyne, Ze soucin AY je reguldrni, a tedy soustava
AYxy = b md pravé jedno feSeni x. Vektor xy je tedy jednozna¢né ur¢en omezujicimi
podminkami. Zbyva urcit vektor x z.
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Minimalizaci funkce A A za podminek (2.78) budeme provadét iteracné. Pocate¢ni aproxi-
maci x(©) ziskdme pomoci vyse uvedeného postupu. Je-li x*) aproximace v k-tém kroku, pak
dalsi aproximaci hleddme ve tvaru

X+ = ) 1 g, d®), (2.85)

kde oy, oznaduje velikost kroku a d®) uddva smér piristku. Predpokldddme, Ze aproximace
d® je piipustnd, tj. Ax(®¥) = b. Pozadujeme-li, aby byla piipustnd i x**1, potom vektor d*)
musf spliiovat Ad®) = 0, neboli d® = Zd%¥, kde d¥ € R™*!. Vektor d® je tedy vektor
z R?"+2 ktery leZ{ v podprostoru (jadie operdtoru pifsluiného matici A) dimenze n + 1. Takto
jsme problém optimalizace s n + 1 vazbami v dimenzi 2n + 2 pfevedli na problém bez vazeb
v prostoru dimenze n+1. Vektor d( )1ze hledat Newtonovou minimaliza¢ni metodou vyuZivajici
kvadratickou aproximaci funkce AA v okoli bodu x(*, tj.

min - AAx® +d®) = min  AAx® +2dY)) ~

d(Aljiie(lgzgz d(Zk) cRn+1
~ AAx®) + gz TzaP + 2(Zd NTH(x®)ZaP, (2.86)

kde g(x™®)) oznaduje gradient a H(x®)) oznaCuje hessidn funkce AA vy¢isleny v bodé x*).
Vypocet prvki gradientu a hessidnu je podrobné proveden v piiloZzeném ¢lanku [C4]. Hledany
vektor d(zk) je tedy argument minima piislu$né kvadratické formy. Z nutnych podminek pro
extrém plyne, Ze kvadratickd forma v rovnici (2.86) nabyva stacionarni hodnoty pro d(zk) spliujici

Hz(x®)d%) = —gz (™), (2.87)

kde Hz(x®)) = ZTH(x*))Z a gz (™)) = Z g (x®) oznacuji zizeni (projekci) hessidnu, resp.
gradientu na jadro zobrazenf pfislusné matici A. Matice H z ma nasledujici strukturu

1 B C
Hz(x®)) = 3 : (2.88)
| ¢ |[p]
kde
o,
B € R™™, B;; = oN Gl v NN+ a]’é,,(T VNN,
5
CeR", C; = aN,(T V/,N!,...,N.)— ajzvj,,(T V' NI N,
J
1 a / / / ap " " "
DeR! D=— av,(T VNG VD) = 5 (TV N N,
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(T, V' NI, ..., N

n

)y — (T, V", N, ..., N"

n

1 .
h)y _ L :
gz(x") = V2 | (T VN ND) = (T, VPN N

n

—p(T,V',N{,...,N)+p(T,V" N, ...,N])

(2.89)

Pri vypoctu prvki matice Hz a vektoru gz se tlaky vyc¢isli pomoci stavové rovnice a rozdily
chemickych potencidlti se vyjadii pomoci koeficientti objemovych funkci popsanych v kapi-
tole 2.3.1 (rovnice (2.60) a (2.61)).

Pokud dg) Jje feSeni systému rovnic (2.87) a matice Hz je pozitivné definitni, pak vektor
dgf) miii ve sméru poklesu funkce AA. Pokud hessidn neni pozitivné definitni, pak upravime

smér dg) tak, aby byl zajistén pokles funkce AA v dané iteraci. Vektor dg) v tomto piipadé
najdeme feSenim pozménéné soustavy rovnic tvaru

Hz(x*®)dP = —gz(x¥), (2.90)

kde ]I-/]I\g (x®) je pozitivné definitni matice ziskand modifikovanou Choleskyho faktorizaci matice
Hz(x*)). V této varianté& se provadi Choleskyho faktorizace ptivodniho hessianu Hz (x*)) do
tvaru Hz(x*) = LLL” kde L je dolni trojihelnikovd matice. Pokud b&hem této faktorizace
vznikne na diagondle matice I nekladny prvek, pak tento prvek uméle prepiSeme na kladné
¢islo. Takto dostaneme Choleskyho rozklad néjaké pozitivné definitni matice ]I-/]I;(x(k)), ktera se
pouzije v Newtonové metodé pro vypocet smeru dg) na misto skuteného hessidnu Hz (x(*)).
Tato uprava Newtonovy metody zajisti sniZovani ucelové funkce AA v kazdé iteraci, pokud
zvolime velikost kroku o, dostate¢né malou. Hodnotu oy, hleddme opét metodou pileni intervalu
— nejprve zkusime poloZit aj, = 1 a potom testujeme, zda AA(x® +d*)) < AA(x*)). Pokud
je tato podminka splnéna, pak polozime x*+1) = x(¥) 4- d*). Pokud podminka neni splnéna,
tak ptlime hodnotu oy, tak dlouho, a7 je splnéna podminka AA(x® + a,d®) < AA(x®)
a potom polozime x**+1 = x*) + ¢, d®). Takto se provede jedna iterace Newtonovy metody.
Iterace se zastavi, pokud (viz [85])

2n—+2 %
1d® = (Z df¥’ 2) < =107, (2.91)
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2.3.4 Nekonvencni formulace kompozi¢niho modelu

Novou formulaci lokdlni termodynamické rovnovahy vyuZijeme ke konstrukci nové formulace
kompozi¢niho modelu. Model je zapsan ve formé bilan¢nich rovnic pro n komponent smési

%+V-qizﬂ, 1 =1,...,n, (2.92)
Q=) CaiVa (2.93)

které jsou doplnény Darcyho zdkonem pro kazdou fazi tvaru
Vo = —AK(VD — 048), Ao = ];’"a. (2.94)

Stejné jako v konvenénim modelu jsou relativni permeabilita k.., fdze a a dynamické viskozity
No faze a dany konstitu¢nimi vztahy

kra = kr‘a (Sa) ) (295)
a dynamicka viskozita 7, faze o zavisi na teploté a molarnich koncentracich fize «
No = Ta (T, Caly--- >Ca,n)- (296)

Tento systém rovnic doplnime vztahy popisujici vazby mezi celkovymi koncentracemi c; a poc-
tem fazi, fdzovymi koncentracemi c,; vSech komponent ve vSech fazich a saturacemi .S, vSech
fazi. K tomuto ucelu pouZijeme algoritmy pro testovéani fazové stability a ve dvoufdzovém pii-
padé algoritmus pro vypocet fdzové rovnovahy smési pfi zadaném objemu, teploté a latkovych
mnozstvich z pfedchozich kapitol. Primarnimi nezndmymi budou celkové molarni koncentrace
vSech komponent ¢;, které jsou funkcemi prostoru a ¢asu, tj. ¢; = ¢;(x, t). Za predpokladu lokaln{
termodynamické rovnovahy lze v kazdém bodé x a kaZzdém case ¢ testovat stabilitu jednofé-

zového stavu s teplotou 7" a celkovymi koncentracemi c¢; (X, t), ..., ¢,(X,t). V jednofdzovém
piipadé lze tlak v daném bod€ stanovit pfimo pomoci stavové rovnice
p(x,t) = p(T,1,c1(x,t), ..., cn(x,1)). (2.97)

Ve dvoufidzovém pripadé je rozklad komponent mezi faze ddn ndsledujicimi podminkami lokalni
fazové rovnovahy [C2]

Z Cai(X,1)50(x, 1) = ci(x,1) i=1,...,n, (2.98a)

> Salx,t) =1, (2.98b)

p(T, 1, can(X,1), ..., can(x,t) =p(T,1,c1(x,t),...,can(x,1)), (2.98¢)
Vo # 5,

wi (T 1, ca1(X,t), .oy Can(x,t)) = i (T,1,c51(X,t), ..., can(x,t)), (2.98d)

Va# 6, Vi =1,...,n.

31



KAPITOLA 2. MODELOVANI TRANSPORTU SMESI V POREZNIM PROSTREDI

Tento systém nelinedrnich algebraickych rovnic pii zadané teploté a celkovych moléarnich kon-
centracich umoZziiuje stanovit koncentrace vSech komponent v obou fazich a fazové saturace.
Po vyfeSeni této soustavy je mozno stanovit hodnotu rovnovazného tlaku systému ze stavové
rovnice

p(x,t) =p(T,1,can(x,t),...,can(x,1t)), (2.99)

kde « je kterdkoliv faze. Hodnota tlaku nezdvisi na volbé faze, nebot’ pro systém v termodyna-
mické rovnovize jsou tlaky v obou fazich stejné. Rovnice fes§ime na omezené oblasti 2 C R?
(d € N) aasovém intervalu /. V oblasti €2 x [ hleddme funkce ¢; = ¢;(x, t), které fes{ soustavu
rovnic (2.92)-(2.98) a spliiuji nadsledujici pocatecni a okrajové podminky

ci(x,0)=A(x), x€Q, i=1,...,n, (2.100a)
p(x,t) =pP(x,t), x€Tl,, tel, (2.100b)
qi(x,t)-nx)=0, xel',,tel, i=1,...,n, (2.100¢)

v nichZ n oznacuje jednotkovy vektor vngj$i normély definovany skoro vSude na 02,
ryul, =09Q,al,NT, = (. Rovnice (2.100a) popisuje pocate¢ni rozloZeni molarnich
koncentraci, (2.100b) je Dirichletova okrajova podminka predepisujici tlak p” na ¢4sti hranice
I'p, a (2.100c) je homogenni Neumannova okrajovd podminka popisujici nepropustnou ast
hranice I',. Pfedpokladdme, Ze I, je odtokova Cast hranice, takZe na ni neni tieba pedepisovat
74adné okrajové podminky pro molarni koncentrace.

2.4 Numerické reseni nekonvenc¢niho kompozi¢niho modelu

Systém rovnic (2.92)—(2.100) budeme feSit numericky pomoci kombinace smiSené hybridni
metody kone¢nych prvki pro aproximaci celkového toku a metody konecnych objemu pro
aproximaci transportnich rovnic. Casova diskretizace bude provedena zp&tnou Eulerovou me-
todou. Vysledny systém nelinedrnich rovnic bude linearizovdn Newtonovou metodou. Pocet
fazi na kaZzdém elementu bude urovan pomoci testovani jednofdzové stability pfi konstantni
teploté a celkovych molarnich koncentracich vS§ech komponent. Ve dvoufdzovych elementech se
rozdéleni komponent mezi faze vypocita algoritmem pro vypocet fdzové rovnovahy pii zadané
teploté a celkovych koncentracich vSech komponent. Vysledkem tohoto vypoctu je i hodnota
rovnovazného tlaku v daném elementu. Tento zpiisob stanoveni tlaku pfi kompozi¢ni simulaci
je pivodnim prispévkem autora.

Numerické schéma odvodime pro problém ve dvoudimenziondlni polygondlni oblasti (2
s hranici 0f2, kterou pokryjeme triangulaci 7. Oznacme K néktery element sité 7, jeho
plochu | K|, E bude hrana elementu a | F| jeji délka. Stejné jako diive N bude oznacovat pocet
elementl v siti a Nz celkovy pocet hran sité.
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2.4.1 Diskretizace celkového toku

Celkovy tok q je zavedeny predpisem (2.25). V kapitole 2.2.2 jsme odvodili vyjadieni fizového
toku pomoci celkového toku (2.27). Obdobnym postupem lze odvodit nasledujici vyjadieni
celkového toku z-t€ komponenty pomoci celkového toku

Z ga o | ( — > cshs (05— 0a) Kg) . (2.101)
B

B

Celkovy tok q aproximujeme na kazdém elementu K funkci z Raviartova-Thomasova
prostoru nejnizsiho stupné (R7T,(K)) [8]

dr =Y KEWKE, (2.102)

E€OK
kde koeficient gk p ma vyznam celkového toku vektorové funkce q pies hranu £ z elementu
K ve sméru vnéjs$i normély ng g a Wi g oznaCuje po Castech linedrni bazické funkce prostoru
RTy(K), které v pfipadé trojihelnikovych prvka jsou definovany jako
1

2| K]
Zde Nk g € K oznaCuje soufadnice vrcholu trojuhelniku K naproti hrané E. Bazické funkce
(2.103) maji nasledujici vlastnosti

WK7E(X> e (X — NK,E) , Vx € K, E € 0K. (2.103)

: () L
T Wk E\X) NKgEp = /-
K| |E|

Rovnici (2.26) vyndsobime skalarné funkci wx g, a vysledek integrujeme pies element K, ¢imz
obdrzime

/VP'WK,E/ =— Z Ca, KA, K Z QKE/K Wk E " WKET
K

a€cll(K) EcOK

+ §K/g “WK,E (2.105)
K

kde jsme pouzili (2.102) a vétu o stfedni hodnoté. Symbolem [I(K) jsme oznacili mnoZzinu
vSech fazi na elementu K. PouZijeme-li Greenovu vétu, vétu o stfedni hodnoté a vlastnosti
(2.104), odvodime

/VP Wk E = Z /pWKE’ IIKE—/}?V WK B =

EEdKE
_ L[, /p, (2.106)
| 2| / K|
E’/ K
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OznaCme

f . . (2.107)
pK,E’:W/pa pK—m p
E K
Potom lze z (2.105) a (2.106) odvodit
-1
Z Co, KA, K Z 9k, ARk B =Pk — Dr,pr + 0kGK . (2.108)

acll(K) EcOK

Protoze vlastni propustnost K je tenzor spliiujici podminku stejnomérné elipti¢nosti (viz [61]),
tj.
d d
Jag>0: agy &< ) [Kx)i &€, VEER? (2.109)
i=1

1,7=1
Prena-

pro skoro vSechna x € €2, existuje inverzni matice k matici Ay = (Ax g ) BB oK

sobenim rovnic (2.108) matici A", dostaneme pro kazdy element K € 7y, a kaZdou hranu
E e 0K

kB = Z Co K Aa,K <04ng - Z ﬂﬁE/ﬁK,E/ + 7§§K> ; EedK, (2.110)

a€ll(K) E'€0K

coZ je diskrétni analogie Darcyho zdkona pro totdlni tok. Koeficienty ok | ﬁg s aYR jsou
dany nédsledujcimi predpisy

O‘g = Z AI—{,IE,E” 5}?,12/ = AI_{}E,E” 7115( = Z AI_(,IE,E/GKE'7 (2.111)

E'e0K E'e0K

pricemz A;(?E, p 0znacCuje prvek inverzni matice Al}l. Tyto koeficienty zaviseji na geometrii
sit€ a na lokalnich hodnotach propustnosti prostiedi. Hodnota py odpovida primérnému tlaku
na elementu K, Dy g je praimérny tlak na hrané £ na elementu K (tzv. stopa tlaku). Symboly
Ca K> Aa,i» Ok OznaCuji primérné hodnoty koncentraci, mobility fize o a primérné hustoty
na elementu K. Veli¢iny primérované pies element K jsou funkcemi celkovych moldrnich
koncentraci a teploty na elementu K. Vycisleni téchto veli¢in bude popsano déle v kapitole 2.4.3.

Na kazdé vnitini hrané F mezi sousednimi elementy K, K’ € 7, pozadujeme, aby piislusné
stopy tlaku z obou stran byly stejné, tj. px g = Pk’ . Spole¢nou hodnotu tlaku na hrané £
budeme znacit pg. Spojitost normélovych komponent totdlniho toku na kazdé vnitini hrané £
mezi sousednimi elementy K, K’ € 7 vede k podmince

qx.e + qx' e = 0. (2.112)
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Na hranach F lezicich na 0 1ze pfedepsat okrajové podminky (2.100b), (2.100c)

pe=p"(E), VECT,, (2.113a)
axr=0, VE,K:ECT,E €K, (2.113b)

kde p” (E) oznatuje piedepsanou hodnotu tlaku p na hrané E.

Dosazenim (2.110) do (2.112) a (2.113b) Ize eliminovat tok ¢k . Abychom odvodili pIné
implicitni schéma, budeme vycislovat vSechny veliCiny zadvisejici na Case v Case t,, .1, coZ bude
vyznaceno hornim indexem n + 1. Rovnice (2.110)—(2.113) 1ze tedy piepsat jako systém Ng
algebraickych rovnic tvaru Fp = 0, kde

n+1 yn+1 K, n+1 K -n+1 K-n+1
> > Ca,K )‘a,K (OéEpK - ﬂE,E/pE/ + Vg Ok ) )
K:EEOK\ aell(K) B €DK

Fo— (2.114)

VE CT),
ﬁ%ﬂ _pD(E>> VE CT.

Symbol } . o, 0znaCuje s¢itani pies elementy K po stranich hrany F.

2.4.2 Prispévek k aproximaci transportnich rovnic — vypocet toku bez
nutnosti fazové identifikace

Transportni rovnice (2.92) s po¢ate¢nimi a okrajovymi podminkami (2.100) budeme diskreti-
zovat metodou konecnych objemt (viz [58]). Integraci (2.92) pies libovolny element K € T,
a pouZzitim Greenovy véty odvodime

%/qb(x)ci(x,tw/qi(x,t)~naK(x) :/E-(x), i=1,...,n. (2.115)

K K
Oznacime-li ¢ , ¢; i , F; i , praméré hodnoty ¢, ¢; , F; (i = 1,...,n) pres element K, pak lze
semi-diskrétni aproximaci rovnice (2.92) zapsat ve tvaru
d(¢KCi K)
—— K 5 = F, g| K|, 2.116
1 |K[+ Z ¢i,K.E x| K| ( )
E€OK

kde ¢; x r je numerickd aproximace toku f q; - ng g pres hranu £ € K. Numericky tok g; g
E
vycislime nésledujicim zpisobem

Z qoi K,E — Z 48,i,K' E » VE §é aQ?

acll (K, B)+ Bell(K',E)+
4i,K,E = > QuiK.Es VE €T, (2.117)
a€cll(K,E)*t

0, VE €T,
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V téchto rovnicich I1(K, E)* = {a € II(K) | ¢uix.r > 0} 0znaCuje mnozinu fizi na elementu
K, které prochdzeji hranou £ € 0K , z elementu K smérem ven a ¢, ; . je diskrétni podoba
toku i-t€ komponenty ve fazi o (2.101)

CaiK >\a,K

TS dK,E — Z Cﬁ,K)\@K(Qﬁ,K—Qa,K)W{E( . (2.118)
sty N pel(x)

qo,i,K.E =

Pro vypocet toku (2.117) se tedy pouZivaji jen faze protékajici hranou FE ze sousednich elementi
smérem ven. Tato metoda nezdvisi na identit€ fazi a pfirozenym zptisobem propoji i elementy
s riznym poctem/identitou fazi. V rovnici (2.118) je gk g ddno pomoci (2.110). Hodnoty ¢, ; x
a S, i se vypoctou lokdln€ na kazdém elementu feSenim lokdlni termodynamické rovnovéhy
za predepsané teploty 1" a celkovych moldrnich koncentraci ¢; v§ech komponent.

Predpokldddme, Ze porézni prostfedi je nestlaCitelné, a tedy porozita nezdvisi na Case.
Casovou derivaci ik vV (2.116) Ize pak aproximovat diferenci s ¢asovym krokem At,,. Pomoci
zpétné Eulerovy metody [58] odvodime pIné€ implicitni schéma tvaru Fg ; = 0, kde

n+1 n
= ¢x| K| 1K Gk K > arils - FrEK (2.119)
EecoK

kde tok g; ki je vycislen pomoci (2.117). Poc¢ate¢ni podminky (2.100a) Ize diskretizovat nasle-
dovné

A = (K), VK €Ty, i=1,...,n, (2.120)

kde ¢! (K) oznatuje primérnou hodnotu ¢! na elementu K.

2.4.3 Sestaveni soustavy rovnic

V rovnicich (2.114) a (2.119) jsme oznacili F a Fi ; vyrazy reprezentujici slozky vektoru F.
K vypoctu hodnot ¢!, AvhE, 97!, které jsou potieba v (2.114) a dalsi hodnoty priimérované
pres element, které zaviseji na vlastnostech fazi v (2.117)—(2.119), provedeme vypocet lokalni
termodynamické rovnovéahy na elementu K pfi zadanych hodnotdch koncentraci cqf}'{l, ceey CZJ}(I

a teploty T'. Timto vypoctem obdrZime i hodnotu priimérného tlaku p7%™. Budeme tedy fesit
systém N - n + Ng nelinedrnich algebraickych rovnic

T
f: [fl,l7---7F1,n7---7fNK,17~->fNK,n;F17---7fNE] =0 (2121)
pro nezndmé priméarni proménné, kterymi budou celkové moldrni koncentrace ¢}, ... ",

K € {1,...,Ng} a stopy tlakii na hranich px™*, E € {1,..., Ng}. Tento systém budeme
resit Newtonovou metodou, kterd vede v kazdé 1teraci k feSeni ndsledujictho systému linedrnich

algebraickych rovnic
Jo=-F. (2.122)
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Jakobiho matice J systému (2.122) je fidkd a nesymetrickd. Jakobidn Ize rozdélit na 4 bloky,
jejichz prvky lze napocitat analyticky pomoci nasledujicich vztahi

OFK.i OF ki 0Fkg 0FEg
( K,K )Z,] ac;l:};-l, ) ( K,E)Z a}/?\%_;'_l ) ( E',K>j 86‘?_}_(1 ) E.E a%_}_l ( )

V téchto rovnicich Jg g je prvek matice Jg g, 4,5 = 1,...,n; K, K'=1,... ,Ng; E,E =
1,..., Ng. Soustavu (2.122) feSime pfimym feSi¢em UMFPACK [23, 24, 25, 26]. Resen této
soustavy 9 je vektor obsahujici korekce molarnich koncentraci 502}}1 a stop tlakli na hranach
SpT. Prictenim téchto korekef k hodnotdm ¢! a pis™ z predchozi iterace dostaneme novou

1y

aproximaci primdrnich proménnych. Iteracni proces zastavime, je-li splnéna podminka
IFl <e (2.124)

pro zvolenou hodnotu ¢ > 0 [85]. Obdobné jako pfi vypoctu dvoufdzové rovnovahy miize
byt robustnost této metody zvySena pouzitim techniky hleddni ve sméru (line-search) [85].
Casovy krok je volen adaptivng v zdvislosti na pribéhu konvergence Newtonovy metody.
Pokud pii vypoctu daného ¢asového kroku nezkonverguje Newtonova metoda do 10 iteraci
nebo pokud line-search nevede k redukci || F|| do 10 iteraci, pak se dany ¢asovy krok zrestartuje
s poloviéni hodnotou At,,. Pokud Newtonova metoda zkonverguje za mén¢ nez 4 iterace, pak
se dany casovy krok pfijme a v ndsledujicim ¢asovém kroku se délka ¢asového kroku prodlouzi
(At 1 = 1.2At,).

Nakonec zdiiraznéme, Ze linearizace je provedena vzhledem k celkovym molarnim koncen-
tracim na kazdém elementu a stopam tlaku na kazdé hran€, coz jsou proménné, které jsou vzdy
dobte definovdny bez ohledu na pocet a identitu fazi na elementu /K. Neni tedy potfeba ménit
v prubéhu simulace primarni proménné podle toho, zda se objevi nova faze nebo néktera z fazi
vymizi (viz napt. [6, 17, 76]).

2.4.4 Shrnuti vypocetniho algoritmu

Numerické feSeni probiha v nasledujicich krocich:

1. Nacti vstupni data ulohy — teplotu a pocatecni rozlozeni celkovych koncentraci vSech
komponent.

2. Proved vypocet lokdlni termodynamické rovnovahy na kazdém elementu pfi zadané tep-
loté a celkovych molarnich koncentracich. Vysledkem vypoctu bude mimo jiné i hodnota
tlaku na kazdém elementu.

3. Vypocti viskozity vSech fazi na kazdém elementu.

4. Opakuj nasledujici casové kroky, dokud simulace neskonci v zadaném cCase:
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(a) pouzij Newtonovu metodu na feSeni systému (2.121), tj. opakuj nasledujici kroky,
dokud nenf splnéno kritérium konvergence (2.124):

i. Proved vypocet lokdlni termodynamické rovnovahy na kazdém elementu.
ii. Vycisli fazové mobility /\Z}l pomoci (2.94), (2.95) a(2.96) na kazdém elementu.

iii. Na kaZdém elementu K vypocti priimérné hodnoty tlaku p-™' pomoci (2.97)

nebo (2.98¢) v zdvislosti na poctu fazi na elementu K.

iv. Vypotti celkové toky ¢j'; pomoct (2.110) a tokii g/t ;j 7 s vyuZitim (2.118).

v. Sestav a vyfeS soustavu linearnich algebraickych rovnic (2.122) pro korekce
moldrnich koncentract dc]' " a tlakd opp*.

vi. PFicti korekce 6c} &' a 6py™ k ¢'; apit! | a zkontroluj normu defektu (2.124).

V pripadé potieby pouzij modifikaci Newtonovy metody s prohleddvanim ve
smeéru (line search).

(b) Pokud Newtonova metoda zkonvergovala za max. 10 iteraci, pfijmi soucasnou apro-
ximaci a pokracuj ve vypoctu dalsi ¢asové hladiny (n — n + 1).

(c) Pokud Newtonova metoda nekonverguje, vypocet v daném case se restartuje s nizsi
hodnotou ¢asového kroku.

2.5 Numerické vysledky

V této kapitole ukazeme vysledky numerickych simulaci dokladajici vybrané aspekty piispévku
autora.

2.5.1 Vyuziti metod vyssSiho radu presnosti

V této Casti ukdZeme vysledky numerickych simulaci ziskané konven¢ni metodou. Vysledky zis-
kané metodou vyssiho fadu (kombinace smiSené hybridni metody kone¢nych prvkil a nespojité
Galerkinovy metody — MHFE/DG) porovndme s metodou prvniho fadu zaloZené na kombinaci
smiSené hybridni metody kone¢nych prvki a metody kone¢nych objemti (MHFE/FV). Vyhodou
metody vys§iho fiddu je podstatnd redukce numerické difuze pfi zachovani stability schématu,
coz demonstrujeme na nasledujicich piikladech.

Priklad 1

V prvnim piikladu simulujeme vytlaCovani propanu metanem ve vodorovné 2D oblasti o veli-
kosti 50 x 50 m bez gravitace pfi konstantni teploté¢ 7' = 397 K. Porozita rezervodru je ¢ = 0,2
a vlastni propustnost X = 10 mD. Metan je vtli¢en v levém dolnim rohu, zatimco smés je
¢erpana v pravém hornim rohu, kde je udrZzovan konstantni tlak 50 bar. Za téchto podminek
smés zlstdva v jedné fazi po celou dobu simulace. Rychlost vtlaceni je 42,5 m?/den pfi tlaku
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PV = 58.00%, Time= 0.69 yrs PV = 58.02%,Time= 0.69yrs
MHFE/DG MHFE/FV
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Obréazek 2.2: Celkové molarni zlomky metanu po injektdZzi 58% poérového objemu metanu

(0,69 roku) vypoctené na siti 40 x 40 pomoci metod MHFE/DG (vlevo) a MHFE/FV (vpravo):
Ptiklad 1 bez gravitace.

p = latm ateploté¢ 7' = 293 K. Pro tuto simulaci pouZivame linedrni model relativni permeabi-
lity (ko (Sa) = Sa). Na obrazku 2.2 vidime molarni zlomky metanu po injektazi 58% pérového
objemu metanu vypoctené obéma metodami na ¢tvercové siti 40 x 40, odkud je vidét ostiejsi
reprezentace postupujictho rozhrani pii pouZziti metody vys$siho fadu v porovnani s metodou
prvniho fadu, ktera je podstatné difuznéjsi. Pokud stejny problém feSime na svislé oblasti (t].
uvazujeme vliv gravitace), pak dostaneme vysledky zobrazené na obrazku 2.3, kde jsou zob-
razeny moléarni zlomky metanu po vtla¢eni 20% poérového prostoru metanu. I v tomto piipadé

metoda vysSiho faddu pfesnosti ma podstatné niZs$i numerickou difuzi v porovnani s metodou
prvniho fadu.

Priklad 2

Opét simulujeme vytlaCovani propanu metanem ve 2D oblasti o velikosti 50 x 50 m pii konstantni
teplot¢ 1" = 311 K. Porozita rezervodru je ¢ = 0,2 a vlastni propustnost X = 10 mD. Metan
je vtlacen v levém dolnim rohu a smés je odCerpdvana v pravém hornim rohu, kde je udrzovan
tlak p = 69 bar. Za téchto podminek se v ¢asti oblasti objevi dvoufdzovd oblast. Rychlost
vtlaceni je 0,017 m?/den pfi tlaku p = 1 atm a teploté¢ 7' = 293 K. Opét pouZivame linedrni
model relativni permeability. Na obrazku 2.4 vidime molarni zlomky metanu po vtla¢eni 50%
porového objemu metanu vypoctené obéma metodami na ¢tvercové siti 20 x 20 v piipadé, Ze
neuvazujeme gravitaci (vodorovnd oblast). Pokud uvazujeme vliv gravitace (svisla oblast), pak
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PV= 20.01%, Time= 0.24 yis PV= 20.00%, Time= 0.24yrs
o MHFE/DG o MHFE/FV

40 |- 40

a0 40 50

Obrazek 2.3: Celkové moldrni zlomky metanu po injektdzi 20% pérového objemu metanu
(0,24 roku) vypoctené na siti 40 x 40 pomoci metod MHFE/DG (vlevo) a MHFE/FV (vpravo):
Pfiklad 1 s gravitaci.

ziskdme vysledky zobrazené na obrazku 2.5. I v téchto prikladech jasné vidime podstatnou
redukci numerické difuze pri pouZiti metody vyssiho faddu piesnosti.

2.5.2 Vypocty fazové rovnovahy pri zadané teploté, objemu a latkovych
mnozstvich

Z velkého mnoZzstvi vypoctl stability a faizové rovnovéhy pfi zadané teploté, objemu a latkovych
mnozstvich vybirdme nékolik ptikladd, které maji ukazat vyhodu této formulace oproti klasické
formulaci ptedepisujici tlak, teplotu a celkové molarni zlomky vSech komponent smési.

Priklad 1 — &isty CO,

V prvnim piikladé budeme vySetfovat stabilitu a fazovou rovnovéhu ¢istého oxidu uhli¢itého
(COs). Nejprve vysetiujeme jednofdzovou stabilitu pfi zadané teploté, objemu a latkovém
mnoZstvi pro teploty 7' € (180; 320) K v celém rozsahu piipustnych molarnich koncentraci c. Na
obrazku 2.6 (vlevo) jsou vyznaceny hodnoty minima funkce D v kazdém bodé (¢, T') v zavislosti
na teploté 7" a celkové molarni koncentraci c. Na obrdazku 2.6 (vpravo) je vyznacena hranice
mezi jednofazovou a dvoufazovou oblasti v prostoru proménnych c, I'. Z obrazku 2.6 (vpravo)
je vidét, Ze pri teploté T' = 280 K ziistdva CO, v jedné fazi pro nizké molarni koncentrace. Pri
izotermdlni kompresi se v jistém rozmezi koncentraci CO, rozdé€luje mezi 2 faze a pfi celkové
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PV= 50.10%,Time= 1.15 yrs PV= 50.04%,Time = 1.15yrs
MHFE/DG MHFE/FV
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Obrazek 2.4: Celkové molarni zlomky metanu po injektazi 50% poérového objemu metanu
(1,15 roku) vypoctené na siti 20 x 20 pomoci metod MHFE/DG (vlevo) a MHFE/FV (vpravo):
Ptiklad 2 bez gravitace.

PY= 50.10%, Time= 1.15yrs PV = 50.04%,Time= 1.15yrs
MHFE/DG MHFE/FV

Obrazek 2.5: Celkové molarni zlomky metanu po injektdzi 50% porového objemu metanu
(1,15 roku) vypoctené na siti 20 x 20 pomoci metod MHFE/DG (vlevo) a MHFE/FV (vpravo):
Priklad 2 s gravitaci.
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Obrazek 2.6: Globalni minimum funkce D (v grafu oznacené jako 7'P D) v zavislosti na celkové
molarni koncentraci c a teploté 7' (vlevo) a hranice mezi jednofdzovou a dvoufdzovou oblasti
v prostoru proménnych ¢, T-space (vpravo). Piiklad 1: ¢isty oxid uhli¢ity CO,.

moldrni koncentraci vy$$i neZ cca 20000 mol.m 2 pfejde CO, opét do jednofdzového stavu. Na
obrazku 2.7 jsou zndzornény saturace a hustoty obou fazi v zavislosti na celkové koncentraci. Na
obrazku 2.8, je zndzornén rovnovazny tlak systému v zavislosti na celkové molarni koncentraci
c. Protoze ve dvoufdzové oblasti (oblast mezi body A a B na obrdzku 2.8) je tlak konstantni, neni
mozno jednotlivé dvoufdzové stavy rozliSit pomoci proménnych p, 7', a N. VSechny dvoufazové
stavy a oba krajni body jsou sice nerozliSitelné pomoci proménnych p, T', N, 1ze je vSak rozlisit
v proménnych V', T', N, protoze kazdy z téchto stavli ma odlisny objem. Tento piiklad ukazuje
vyhodu pouZiti proménnych V', T', N.

Priklad 2 — smés CO, a nCy

Budeme vySetiovat fazovou stabilitu a fizovou rovnovdhu smési oxidu uhlic¢itého (CO5) a nor-
mélniho dekanu (nC;p) s moldrnimi zlomky zco, = 0,547413 a z,c,, = 0,452587. Bindrni
interak¢ni koeficient je dco,-nc,, = 0,15. Nejprve byla vySetfovana fazova stabilita pii zadané
teploté a celkové koncentraci smési v rozsahu teplot 7" € (250;650) K a v celém rozsahu
piipustnych molarnich koncentraci c. Na obrdzku 2.9 (vlevo), miZeme vidét hodnoty minima
funkce D jako funkci teploty 7' a celkové moldrni koncentrace c. Hranice mezi jednofdzovou
advoufdzovou oblasti v prostoru proménnych ¢, 7' je zndzornéna na obrdzku 2.9 (vpravo). Odtud
vidime, Ze pfi izotermdlni kompresi smési pii teploté 7' = 311 K se smés rozdé€luje na 2 faze od
nejniz3ich hodnot celkové koncentrace c az do piiblizné ¢ = 8000 mol.m 3, kdy smé&s prechazi
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Obréazek 2.7: Saturace (vlevo) a hustoty (vpravo) obou fazi v zdvislosti na celkové molarni
koncentraci ¢ pfi teploté 7" = 280 K. Priklad 1: Cisty oxid uhli¢ity CO,.
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Obrazek 2.8: Rovnovazny tlak jako funkce celkové molarni koncentrace c pfiteploté 7' = 280 K.
Priklad 1: ¢isty oxid uhli¢ity COs.
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do jedné faze, zatimco pfi molarnich koncentracich vyssich neZ pfiblizng 9500 mol.m 3 je smés
opét rozdélena mezi 2 faze.

Na obrdzku 2.11 jsou zndzornény saturace a hustoty obou fazi v z4vislosti na celkové kon-
centraci c. Molarni zlomky obou komponent v obou fazich pro jednotlivé molarni koncentrace
c jsou zndzornény na obrazku 2.12. Na obrdzku 2.10 je zndzornén rovnovazny tlak jako funkce
celkové molédrni koncentrace smési. Na rozdil od pfedchoziho prikladu neni tlak ve dvoufazové
oblasti konstantni, protoZe v pribéhu fazového prechodu méni faze své chemické slozeni. Za-
roveii miizeme pozorovat prudky nértist tlaku pro molarni koncentrace vétsf nez 8000 mol.m =3,
kdy uz je vyCerpana plynnd (dobfe stlaCitelnd) faze. Pro vysoké hodnoty molarnich koncentraci
¢ a nizké teploty 7" miZeme pozorovat druhou dvoufiazovou oblast.

650
0 e
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E 5. X
A — 450
£ g -
-10. :
12 el 350
650 \\“_\ I . X ';E:I'- T i L . /
< RSN i e 311
550 - gg‘ : " 9000 > V
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Obréazek 2.9: Globdlni minimum funkce D (v obrdzku znacené jako T'PD) v zavislosti na

celkové molarni koncentraci c a teploté 7" (vlevo) a hranice mezi jednofdzovou a dvoufdzovou
oblasti v prostoru proménnych ¢, T' (vpravo). Pfiklad 2: smés COy a nCyy.

Priklad 3 — smés CO, a nC,; s tFifazovou oblasti

Algoritmy pro testovani fazové stability a vypocet fazové rovnovihy popsané v této praci lze
zobecnit i na systémy, které se rozkladaji do vice nez dvou fazi. Takové zobecnéni bylo prove-
deno v diplomové praci [48] a je pfedmétem piipravované publikace [49]. Zde uvedeme pouze
jeden ptiklad dokladajici vyhodnost nové formulace fazové rovnovahy. Stejné€ jako v minulém
prikladu budeme vySetfovat rovnovahu smési CO, a nCyg. Pfi podrobnéjS$im rozboru stability
smési zjistime, Ze pro nizké teploty existuje v prostoru proménnych ¢, T' tfifizova oblast — viz
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Obrazek 2.10: Rovnovazny tlak v zavislosti na celkové molarni koncentraci c pii teploté 1" =
311 K. Priklad 2: smés CO, a nCyy.
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Obréazek 2.11: Saturace (vlevo) a hustoty (vpravo) obou fazi v zavislosti na celkové molarni
koncentraci ¢ pfi teploté 7" = 311 K. Pfiklad 2: smé&s CO, a nCyy.
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Obrézek 2.12: Molarni zlomky obou komponent v obou fazich v zdvislosti na celkové moléarni
koncentraci c pfi teploté¢ 7' = 311 K. Priklad 2: smés CO5 a nCj.

obrazek 2.13, na kterém vidime hranici mezi jednofdzovou (Cervend), dvoufdzovou (modrad)
a tfifazovou oblasti (zelend). Pii izotermdlni kompresi pfi teplot€¢ 7' = 260 K, se nejprve
smés rozdéluje mezi 2 faze od nejnizSich celkovych moldrnich koncentraci az do priblizné
¢ = 5000 mol.m3, kdy systém piechazi do 3 fazi. P¥i celkové molarni koncentraci vy33i nez
8000 mol.m™3 se smés rozd&luje opét jen do 2 f4zi.

Na obrazku 2.15 jsou zndzornény saturace a hustoty obou fazi v zdvislosti na celkové
molarni koncentraci c¢. Moldrni zlomky obou komponent ve vSech fazich jsou zndzornény
jako funkce celkové moléarni koncentrace ¢ na obrdzku 2.16. Na obrazku 2.14 je zndzornén
rovnovazny tlak systému v zavislosti na celkové moldrni koncentraci c. Zde miiZzeme pozorovat
pomaly narlst tlaku béhem izotermalni komprese ve dvoufazové oblasti ndsledovany konstantni
hodnotou tlaku ve tiffdzové oblasti (moldrni hustoty cca od 5000 mol.m~3 do 8000 mol.m~?)
a strmy narGst tlaku pro moldrni koncentrace vy$3i nez 8000 mol.m™3, kdy uZ nenf pfitomna
plynna faze. Ve tfifdzové oblasti je konstantni nejen tlak, ale i molarni zlomky jednotlivych
komponent v kazdé fazi a hustoty vSech fazi. Konstantni hodnota tlaku ve tiifdzové oblasti
pripomind chovani Cisté latky. Podobné jako v piipadé Cisté latky nelze pomoci proménnych
tlak, teplota a latkova mnoZstvi jednoznacné rozlisit tfifazové stavy. Tento piiklad ukazuje, Ze
problém nejednoznacénosti urceni rovnovazného stavu neni jen problémem Cisté latky, ale mize
se vyskytnout 1 u smési. Zde jsme tento problém pozorovali u binarni smési ve 3 fazich. Nasli
jsme i piiklady dalSich systémi, které vykazuji stejné chovani (napf. ternarni smés sirovodiku,
oxidu uhli¢itého a metanu ve 3 i 4 fazich, viz [49]).
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Obrézek 2.13: Hranice mezi jednofdzovou (Cervend), dvoufdzovou (modrd) a tiifazovou (zelend)
oblasti v prostoru proménnych ¢, T'. Pfiklad 3: smés CO5—nCyj.
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Obrazek 2.14: Rovnovazny tlak v zavislosti na celkové molarni koncentraci c pfi teploté 1" =
260 K. Piiklad 3: smés COs—nCyg.
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Obrazek 2.15: Saturace (vlevo) a hustoty (vpravo) vSech fazi v zdvislosti na celkové molarni
koncentraci c pfi teploté 7' = 260 K. Priklad 3: smés CO9—nCjj.
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Obréazek 2.16: Moléarni zlomky obou komponent ve vSech fazich v zavislosti na celkové molarni
koncentraci ¢ pfi teploté 7' = 260 K. Piiklad 3: smés COo—nCyy.
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2.5.3 Nekonvencni formulace kompozi¢niho modelu

Nové navrzena formulace kompozi¢niho modelu byla testovdna na mnoha modelovych prikla-
dech. Zde uvedeme jen ptiklad jednoduché simulace, kterd pomoci konven¢niho modelu neni
dobre resitelnad. Budeme simulovat izotermalni vtlaceni CO5 do vodorovného dvourozmérného
rezervodru tvaru ¢tverce o hran€ 50 m, ktery jiz obsahuje CO, pii teploté 7' = 280K a tlaku
p = 4MPa. Saturacni tlak CO, pii 280K je 4,13 MPa. CO, je vtlacovan do oblasti v levém
dolnim rohu a od€erpavan v pravém hornim rohu, kde je udrzovén tlak p = 4 MPa. Rychlost
vtla&eni je 42,5 m? /den pfi tlaku 1 atm a teploté 293 K.

Propustnost prostiedi je K = 9,87 - 107" m? a porozita je ¢ = 0,2. Hranice oblasti je
nepropustnd s vyjimkou rohu oblasti, kde je udrZzovan tlak p = 4 MPa. PouZivame linarni model
pro relativni permeabilitu (k.. (S,) = S, pro kazdou fazi ). V disledku vtlaceni roste tlak
v okoli vtlaceciho elementu na hodnoty vySsi nez je saturacni tlak CO, pfi zadané teploté, coz
vede ke vzniku kapalné faze. Na obrazku 2.17 je zobrazen vysledek vypoctu v riznych ¢asech.
Kapalny CO, s hustotou pfiblizné 873 kg m 2 vytlacuje vlastni plynny CO, s hustotou piiblizné
118 kgm™3. Na obrédzku 2.17 je téZ zndzornéna izoCdra saturainiho tlaku, jejiz poloha velmi
dobre koresponduje s oblasti, kde se nachdzeji dvoufdzové elementy. Pii pokusu fesit tuto tlohu
pomoci kédu zaloZeném na konvenéni formulaci (viz kapitoly 2.1 a 2.2, piip. [40, 41], [C1])
dojde k selhani programu v diisledku chyb vznikajicich z divodu nespravné fazové identifikace.
V nové formulaci se tyto problémy neobjevuji, nebot’ fizova identifikace neni potieba.

2.6 Shrnuti piispévku autora

Z vys$e uvedeného prehledu studovaného problému a pfiloZzenych publikaci vyplyva, Ze autor
doséhl ptivodnich vysledkl v nasledujicich oblastech:

e Formulace okrajovych podminek popisujicich nepropustnou hranici v konven¢nim kom-
pozi¢nim modelu.

e Navrh stabilntho schématu pro vypocet fazovych rychlosti v konvenénim kompozi¢nim
modelu.

e Vyvoj metod vyssiho fadu pfesnosti v konvenéni formulaci a feseni problému konstrukce
vhodného limiteru.

e Navrh nové formulace kompozi¢niho modelu vyuZivajici netradi¢ni formulaci problému
fazové rovnovahy.

e Vyvojnumerickych metod pro feseni problému testovani fazové stability a vypocet fazové
rovnovahy pii zadaném objemu, teploté a latkovych mnoZstvich.

e Vyvoj numerického modelu zaloZeného na nové formulaci.
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Obrizek 2.17: Izo&4ry primérnych tlakii na elementech py ve &tyfech riiznych asech. Sedivé
jsou vyznaceny dvoufidzové elementy. PIné izo¢éry jsou rovnomérné rozloZzeny mezi vyznacené
hodnoty. Cérkovand izo¢édra ukazuje saturacni tlak a oddéluje oblasti kapalné a plynné faze.
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2.7 Soucasny vyzkum a mezinarodni spoluprace

Problematika simulace transportu komponent v poréznim prostfedi s prestupem komponent
mezi faizemi je zdrojem mnoha problémi, které je potieba fesit. Jednim z problémi je napf.
vypocetni ndro¢nost pristupu popsaného v kapitole 2.4, kterd je dana velikosti soustav rovnic
vznikajicich pfi pouziti plné implicitnitho schématu. Lze ocekévat, Ze podstatného zrychleni
bude mozno dosdhnout pouzitim sekvenéniho pfistupu (viz schéma IMPEC z kapitoly 2.2.1).
Konstrukce schématu IMPEC vS$ak neni v pfipad€ nové formulace trividlni zaleZitost a je pred-
métem soucasného vyzkumu autora. Mnoho otdzek zistdva v této oblasti stdle otevienych —
napf. jak do modelu zahrnout difuzi nebo kapilaritu. V tradi¢né pouzivanych modelech (viz
napt. [71, 93, 74, 33, 34]) jsou tyto jevy popisovany pomoci konceptl, které byly pivodné
vyvinuty pro nemisitelné proudéni. Zda se, Ze i v této oblasti miZe popis smési pomoci promén-
nych V,T', N poskytovat jisté vyhody oproti tradi¢nim proménnym p, T', 2, ale soucasné teorie
kapilarity se nutné opiraji o fdzovou identifikaci. Autor véii, Ze konceptudlni model, ktery byl
popsan v této praci miZe byt upraven tak, Ze do néj bude mozné zahrnout i difuzi a kapilaritu,
i kdyZ mozna za cenu netrividlni reformulace zdkladnich pojma, kterymi popisujeme tyto jevy.
Vyvoj takovych formulaci je predmétem budouciho vyzkumu. Z hlediska praktickych aplikaci
bude zajimavé studovat i roz§ifeni modelu na neizotermdlni piipad [27]. Dana problematika
tedy stale poskytuje mnoho pftilezitosti a vyzkumnych témat do budoucna.

Vyzkum v této oblasti se pfirozené¢ odehrdva ve spolupraci s domécimi i zahrani¢nimi pra-
covisti. V prvni fad€ je tieba uvést uspésnou intenzivni spolupréci s prof. Abbasem Firoozabadi
(Reservoir Engineering Research Institute, Palo Alto, California a Yale University, New Haven,
Connecticut) a prof. Tissou H. Illangasekarem z Center of Experimental Study of Subsurface
Environmental Processes na Colorado School of Mines (Golden, Colorado), do kterych jsou
zapojovani i magister$ti studenti a doktorandi FJFI CVUT. Dile zmifime kontakty s prof. Pe-
terem Bastianem (Heidelberg), s prof. Shuyu Sunem (King Abdullah University of Science
and Technology, Saudskd Ardbie), Dr. Jorge Monteagudo (ConocoPhillips, Houston, Texas),
doc. Peterem Frolkovicem ze Slovenské technické univerzity v Bratislavé a Dr. Janem Hrubym
z Ustavu termomechaniky Akademie véd Ceské republiky. Z fady projekti, na kterych autor
pracoval, uvedme zejména:

e Development of Computational Models for Simulation of CO, Sequestration, projekt
&. P105/11/1507 Grantové agentury Ceské republiky, 2011-2013,

e Computational Methods in Thermodynamics of Multicomponent Mixtures, projekt Mi-
nisterstva §kolstvi mladeZe a t&lovychovy Ceské republiky KONTAKT LH12064, 2012-
2015,

e Mathematical Modelling of Multi-Phase Porous Media Flow, projekt ¢. 201/08/P567
Grantové agentury Ceské republiky, 2008-2010,
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e Development and Validation of Porous Media Flow and Transport Models for Subsurface
Environmental Application, projekt Ministerstva $kolstvi mladeZe a t&lovychovy Ceské
republiky KONTAKT MES878, 2006-2009,

e Numerical Methods for Multiphase Flow and Transport in Subsurface Environmental Ap-
plications, projekt Ministerstva §kolstvi mladeZe a t&lovychovy Ceské republiky, KON-
TAKT ME10009, 2010-2012, hlavni feSitel prof. Dr. Ing. Michal Benes,

e Jindfich Necas Center for Mathematical Modelling, vyzkumné centrum Ministerstva Skol-
stvi mladeZe a t&lovychovy Ceské republiky, LC06052, hlavni fesitel prof. RNDr. Josef
Malek, CSc., Univerzita Karlova, 2006-2011.

52



Kapitola 3

Prilozené publikace

3.1 Strucny prehled prilozenych ¢lanku

Prilohou préce je nasledujicich Sest ¢lankd.

[C1): Mikyska, J., and Firoozabadi, A., Implementation of Higher-Order Methods for
Robust and Efficient Compositional Simulation, Journal of Computational Physics, 229(8):
2898-2913, 2010

V ¢lanku jsou zkoumdany problémy vznikajici pti pokusu o pouZiti metod vysSiho fadu presnosti
pro simulaci kompozi¢niho proudéni. V této praci popisujeme korektni formulaci transportnich
rovnic a okrajovych podminek, které v diivéjSich formulacich branily vyuziti metod vys$Siho
fadu. Déle popisujeme metodu aproximace fazovych tokti ve smiSené hybridni metod€ konec-
nych prvki, kterd umoziiuje efektivni vyuZiti metod vyssiho fadu pro simulaci dvoufazového
vicekomponentniho proudéni s prestupem komponent mezi fazemi.

[(VJZ]: Mikyska, J., and Firoozabadi, A., A New Thermodynamic Function for Phase-
Splitting at Constant Temperature, Moles, and Volume, AIChE Journal, 57(7):1897-1904,
2011

V tomto ¢lanku zavddime novou termodynamickou funkci pro popis fdzové rovnovahy pii
konstantni teploté, objemu a latkovych mnoZstvich — tzv. objemovou funkci. Tato funkce pii-
rozenym zpusobem nahrazuje béZné pouzivany pojem fugacity a umoziuje najit reprezentaci
chemického potencidlu v téchto proménnych. Déle odvozujeme tvar podminek fdzové rov-
novahy pomoci objemovych funkci a navrhujeme prvni numericky algoritmus pro vysetfovani
dvoufizové rovnovahy zaloZeny na kombinaci metody postupnych iteraci a Newtonovy metody.
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[(v?3]: Mikyska, J., and Firoozabadi, A., Investigation of Mixture Stability at Given Volume,
Temperature, and Number of Moles, Fluid Phase Equilibria, Vol. 321 (May 15, 2012), pp.
1-9, 2012

V prici odvozujeme kritérium fazové stability pii predepsané teploté, objemu a latkovych
mnozstvich jednotlivych komponent smési. V tomto pfistupu vyuzivdme Helmholtzovu energii
systému a reprezentaci chemického potencidlu pomoci objemovych funkci, coz vede k navrhu
numerického algoritmu pro vySetfovani stability jedné faze zaloZené na Newtonové metodé.
Robustnost a efektivnost metody je demonstrovdna na mnoha ptikladech vicekomponentnich
smési.

[(VZ4]: Jindrova, T., and Mikyska, J., Fast and Robust Algorithm for Calculation of Two-
Phase Equilibria at Given Volume, Temperature, and Moles, Fluid Phase Equilibria, Vol.
353 (Sep 15, 2013), pp. 101-114, 2013

V clanku je vyvinut rychly a robustni algoritmus pro vypocet fdzové rovnovahy pii zadaném
objemu, teploté a latkovych mnoZstvich jednotlivych komponent. Metoda je zaloZena na pfimé
minimalizaci celkové Helmholtzovy energie smési pii zadanych vazebnich podminkach po-
pisujicich bilanci hmoty a objemu. Algoritmus vyuZzivd modifikovanou Newtonovu metodu
s prohleddvanim v zadaném sméru a modifikovanou Choleskyho faktorizaci Hessovy matice
tak, aby byl zaji$tén pokles celkové Helmholtzovy energie v kazdé iteraci. Algoritmus vyuziva
pocatecni aproximaci, kterd se konstruuje s vyuZzitim vysledki ziskanych béhem testovani stabi-
lity smési. Efektivnost a robustnost je demonstrovana na mnoha piikladech vypocti dvoufazové
rovnovahy vicekomponentnich smési.

[éS]: Polivka, O., and Mikyska, J., Numerical Simulation of Multicomponent Compres-
sible Flow in Porous Medium, Journal of Math-for-Industry, Vol. 3 (2011C-7), pp. 53-60,
2011

V ¢lanku se zabyvdme numerickou simulaci stlacitelného proudéni jednofdzové vicekompo-
nentni smési (viz t€Z [84]). Problém je formulovdn pomoci bilan¢nich rovnic pro jednotlivé
komponenty, Darcyho zdkona, stavové rovnice a vhodnych pocédtec¢nich a okrajovych podmi-
nek. Problém se fesi numericky pomoci kombinace smiSené hybridni metody kone¢nych prvki
pro diskretizaci Darcyho zdkona a metody kone¢nych objemt pro diskretizaci transportnich
rovnic. Casovd diskretizace je provedena Eulerovou metodou. Vyslednd soustava nelinedrnich
algebraickych rovnic je feSena Newtonovou metodou. Navrzend metoda umoziuje reduko-
vat velikost vyslednych soustav linedrnich algebraickych rovnic na rozmér, ktery nezdvisi na
poctu komponent smési. Konvergence numerického schématu je ovéfena na dvou modelovych
problémech.
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[C6]: Polivka, O., and Mikyska, J., Compositional Modeling in Porous Media using Con-
stant Volume Flash and Flux Computation without the Need for Phase Identification,
Journal of Computational Physics 272: 149-169, 2014

V ¢lanku ptedstavujeme novou formulaci kompozi¢niho modelu popisujiciho stlacitelné dvou-
fazové proudéni smési nékolika chemickych komponent v poréznim prostiedi s prestupem kom-
ponent mezi fazemi. Model je formulovdn pomoci Darcyho zdkona pro vSechny faze, rovnic
kontinuity pro kazdou komponentu, konstitu¢nich vztahti a vhodnych pocatecnich a okrajovych
podminek. Rozklad komponent mezi faze je popsan novou formulaci lokédlni termodynamické
rovnovahy za predepsané teploty, objemu a latkovych mnoZstvi. Problém je feSen numericky
pomoci kombinace smiSené hybridni metody kone¢nych prvki pro diskretizaci celkového toku
a metody konec¢nych objemi pro diskretizaci transportnich rovnic. Déle je navrzena nova me-
toda pro vypocet numerického toku kazdé komponenty, kterd na rozdil od diivéjsich pristupi
nezavisi na fazové identifikaci a nevyzaduje parovani fazovych tokd na sousednich vypocetnich
elementech.
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Numerical simulation of two-phase multicomponent flow in permeable media with species
transfer between the phases often requires use of higher-order methods. Unlike first-order
methods, higher-order methods may be very sensitive to problem formulation. The sensi-
tivity to problem formulation and lack of recognition have hindered the widespread use of
higher-order methods in various problems including improved oil recovery and sequestra-
tion from CO, injection. In this work, we offer proper formulation of species balance equa-
tions and boundary conditions which overcome problems of formulations used previously
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that were detrimental to the efficiency of higher-order methods. We also present proper
approximation of phase fluxes in the mixed finite element method. Our proposals remove
major deficiencies in using higher-order methods in two-phase multicomponent flow.
Numerical examples are presented to demonstrate robustness and efficiency of our
approach.

Slope limiter
Gas injection

© 2009 Published by Elsevier Inc.

1. Introduction

Injection of gases such as CO, in the subsurface has broad applications in oil recovery and in sequestration. In such injec-
tion schemes in addition to transfer of species between the phases, there can be substantial changes in density and viscosity
of the phases from solubility and vaporization of species. For CO,, there is often an increase in liquid phase density from sol-
ubility. There is also decrease in liquid viscosity. CO, solubility may also result in swelling of the liquid phase. Depending on
the transfer of species between the phases, there may be also the opposite effects. Despite much progress in the last thirty
years in numerical simulation of gas injection schemes in the subsurface, efficient numerical simulation of compositional
effects remains a challenging task.

There are two types of numerical schemes used for compositional simulation. In one scheme, first-order finite-difference
and finite-volume methods are used. The latter is fit for unstructured grids while the former is for structured grids. One seri-
ous issue with the first-order schemes is severe numerical dispersion. Another limitation is the accuracy of flow field calcu-
lations. First-order finite-volume methods [1] have been used for two-phase flow in permeable media. Despite powerful
features, these methods have inherent limitations when applied to fractured media [2].

Higher-order methods have been used in compositional models. The two main advantageous features of these methods
are: (1) low numerical dispersion, and (2) accurate flow field calculations. Finite element method is the main approach in
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higher-order method for complex compositional modeling. Unlike the first-order methods, higher-order methods, especially
the finite element methods, are very sensitive to proper problem formulation and proper physics. This aspect is often ignored
in the literature.

In two recent papers [3,4], Hoteit and Firoozabadi have advanced the use of the combined discontinuous Galerkin (DG)
and mixed-hybrid finite element (MHFE) methods for compositional modeling. The combined algorithm provides a powerful
tool for multicomponent flow modeling of two phases in complex permeable media. In an earlier work [5], Chen et al. have
applied the combined method for the electric field and convection. In the problem of interest to us, the DG has low numerical
dispersion and the MHFE gives accurate calculation of the flow field. In further testing of the combined approach we have
found that in some cases the code crashes. We have also seen some oscillations in contour plot of the species concentration.
A close examination has shown that there may exist some fundamental issues with formulation in the literature and in our
own work [3,4]. These issues may not affect first-order finite-difference and finite-volumes methods, but can affect higher-
order methods. Proper formulation of the problem has not been discussed in the literature to the best of our knowledge.
These issues are common to any higher-order method. In this work, we will use a combination of mixed-hybrid finite ele-
ment method for the pressure equation and either discontinuous Galerkin finite element method or higher-order finite-vol-
ume (FV) scheme of the MUSCL (monotone upwind-centered scheme for conservation laws) type for the transport equations.

In this paper, for the sake of completeness, we present the formulation of two-phase flow with species transfer between
the phases in permeable media. We first provide the flow equations, and then present boundary conditions. Boundary con-
ditions in two-phase compositional flow are subtle issues. Next we derive the numerical schemes and then introduce the
numerical algorithm for computations. Upwinding of different coefficients in the equations is discussed in detail. This issue
also deserves much attention. At the end, we provide six numerical examples to demonstrate the performance of both algo-
rithms. The results reveal that proper implementation of physical concepts allows efficient calculation and robustness of the
algorithm. The work is ended with summary and conclusions.

2. Model equations

Consider two-phase (oil and gas) flow with n.-components in permeable media without capillarity and diffusion at a con-
stant temperature T. The transport of the components is described by the following molar balance equations

ocz; ,
¢a—t'+V-(cox0,-v,,+chg,-vg) =F, i=1,...,n, (1)

where ¢ is the porosity, c is the overall molar density, z; is the mole fraction of ith component, ¢,, ¢, X,; and x; are the oil
and gas molar densities and oil and gas molar fractions, respectively, and F; describes distribution of the sources/sinks of the
ith component. Other symbols will be defined shortly.

The above system is written in the following form for numerical implementation [3-6]

ocz;

¢T+V~(Coxoivo+chg,-vg):F,-, i:l,...,nc—l, (23)
ac -

d5p+ V- (CoVo+ Cevy) =F=) F. (2b)
i=1

The species balance equations in the form presented in (2a) and (2b) is fit for implementation in the first-order finite-differ-
ence and first-order finite-volume schemes. This is the form that all the works in the literature is based on. However, after
much examination we suspected that (2a) and (2b) give oscillation in species profile in the implementation of the higher-
order method used in our work. The problem was definitively solved when the species balance equations in the form given
by (1) was implemented. We also observed larger time steps in our implementation. Later in this work we will discuss the
reasoning behind use of (1).

The oil and gas phase velocities v, and v, are described by Darcy’s laws,

Vo = —u(S)K(Vp - p,g), € {o.g}, G)

where 7, is the a-phase mobility, K is the permeable medium intrinsic permeability, p is the pressure, p, is the «-phase den-
sity, and g is the gravity acceleration vector. In (1), (2a) and (2b), t denotes the time. The viscosities hidden in the mobility
terms are estimated based on the methodology of Lohrentz et al. [7].

Using the concept of volume-balance, one can derive the following pressure equation (see [6]),

0 L o
qbcfa—l; + Y TV - (CoXoiVo + CeXgiVg) = > TiFy, (4)
i=1 i=1

where ¢; is the total fluid compressibility and 7; is the total partial molar volume of the ith component (see [8] for details).
The splitting of components between the phases is given by the following thermodynamic equilibrium equations
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zi=(1—v)xi +vxgi, i=1,...,n (5b)

Z(Xaf:Z(Xgi:Z(Zizl. (SC)
i=1 i=1 i=1

where f,; and f;; represent fugacities of the ith component in the respective phase, and v is the gas mole fraction.
The phase and volumetric behavior is modeled using the Peng-Robinson equation of state (PR-EOS) [9] in the form

¢
_ M __b
Py =Ca ?:1 XiMi, €y = ZRT" ©)

73 —(1-B,)Z% + (A, — 3B% — 2B,)Z, — (A,B, — B2 —B}) =0,

where M; is the molar weight of the ith component, R is the universal gas constant, and A, and B, are the parameters of the
PR-EOS which depend on pressure, temperature and respective phase composition (see [8]).
For evaluation of the phase mobilities in (3), the phase saturations are calculated from

c c
SD:C—D(lfv), Sg:C—gv. (7)

The saturation constraint S, + Sg = 1 then provides an additional condition

1_c<1c‘”+£)=o, ®)

0 Cg

from which we can evaluate c independent of the transport equation (1). Obviously, the system is over determined; we have
one more equation than the unknowns. In the computations, the value of c is determined from Eq. (1) and the constraint
equation (8) is used as a criterion for the selection of a time step.

The above equations pertain to the condition when both phases are present. When the system is only in a single-phase,
then the equation system must be modified. When only «-phase is present, the fugacity equality (5a) has no relevance and
the rest of the equations are transformed into a simpler system by identifying c, with c, z; with x,;, setting S, to one and v to
either one or zero depending on the phase identity.

3. Initial and boundary conditions

In this work we found that the implementation of boundary conditions at the horizontal impermeable walls in two-phase
was critical for successful computations. We also found that the current implementation based on literature formulation
gives inconsistent pressure in the grid cells at the horizontal impermeable walls.

To define a well-posed problem, the system of equations formulated in the previous section must be completed by appro-
priate initial and boundary conditions. The pressure equation (4) is parabolic with respect to pressure. Therefore, we have to
provide an initial condition for pressure at each point of the domain Q. As we will use the total molar flux formulation (intro-
duced later), we have to provide either pressure (Dirichlet boundary condition) or normal component of total molar flux
(Neumann boundary condition) at each boundary point x € 9Q. The transport equation (1) are hyperbolic type and of the
first-order with respect to cz;. It is, therefore, necessary to prescribe initial molar density and mole fractions of all compo-
nents in the mixture at all points inside the domain Q. The boundary values of molar density and composition can be pre-
scribed at the inflow boundary. On the other hand, the values at the outflow boundary will be computed.

The injection/production wells can be represented by the source/sink terms, respectively. The whole boundary can then
be represented by impermeable walls. The condition for impermeable walls is specified in the literature by

V. n=—7y(S)K(Vp—p,g) n=0, ac{ogl 9)
where n is the outer normal vector. Use of the above equation in two-phase region (where /1, # 0 for both o € {o0,g}) gives

Vp-n=p,g-n and Vp-n=p,g-n (10)
Note that there are two distinct pressure gradients at the wall when the phase densities are not the same. While there is no

issue for a vertical impermeable wall due to absence of gravity term, there is a problem when (9) is used at the horizontal
boundaries. An appropriate boundary condition in two-phase state is the use of

(CoVo +CgVg) M =0, (11)

which prescribes the normal component of the total molar flux to be zero. The boundary condition (11) can be readily en-
forced using the MHFE formulation to be presented in the following section. Condition given by (11) implies that if one phase
is flowing out of the domain @, the other phase is flowing in at the same point. According to the above discussion, the com-
position of the inflow phase can be prescribed, while the composition of the outflow phase is computed. The molar balance
for each component at the wall is prescribed as
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CoXoiVo - M+ CeXgiVg - M = 0. (12)

The condition given by (12) states that the total molar flux of each individual component at the boundary is zero. The com-
position of the inflow phase is computed from the composition of the outflow phase so that (12) holds.

4. Numerical solution

The system of Eqs. (1)-(5c¢) is discretized using the implicit pressure explicit composition (IMPEC) scheme. The pressure
equation is solved using the mixed-hybrid finite element (MHFE) method of the lowest order providing accurate approxima-
tions of phase fluxes that are consequently used in transport modeling. The transport equations are treated either by the
discontinuous Galerkin (DG) method or a higher-order finite-volume scheme such as the monotonic upwind-centered
scheme for conservation laws (MUSCL, see [10-14]). Higher-order methods generally require data reconstruction using a
slope limiter that must be carried out to avoid spurious oscillations. In this section we will give details of the methods
for a 2D rectangular grid.

4.1. Discretization of the total molar flux

We use the concept of total molar flux rather than total velocity that was used in [4]. This is due to the fact that total
volumetric velocity is not preserved when composition is not the same on the two sides of the interface. Because the mobil-
ity 4, can be zero at extreme saturations, the total molar flux q is introduced

q=CoVo+CgVg = — ZCMMK(VP - 08), (13)

where p = fop, + fzp,, and f, = ca).“/zx,c,t,,lw. Note that unlike coefficients c, 4, in the phase fluxes, the coefficient Y ¢, A
in (13) is always positive as at least one of the phases is mobile. We then solve (13) in terms of the pressure gradient

Vp=-=——K'lq+psg 14
P=—5 ¢ a4t (14)
Eq. (14) can be substituted in Darcy’s laws given by (3) to obtain the following expression for phase molar fluxes
2 = CaVa = fo(q — Gy), (15)
where
Coho(po — P )KE =g,
v = _ (16)
Cg)vg<pg - po)l(g o =0.
The total molar flux is approximated using the lowest order Raviart-Thomas elements as
A = Y Qe sWie, (17)

EcoK

where gy ; is the normal component of the total molar flux over the edge E of element K with respect to outer normal, and
wy  denotes the RT, basis functions (see Appendix A). The total flux can be expressed as a function of cell-average pressure
Dx. traces of pressure on element faces tpy ; as follows

Qg = Ak.EPx — Z beeptpkp + dik. (18)
E'coK

where axg, byxrp, and dgp are coefficients which depend on the mesh geometry and on the local values of total mobility.
Evaluation of these coefficients is detailed in Appendix A. The total flux continuity leads to the following equation on edge
E = K nK' between neighboring elements K and K’

ke +arg =0, KnK =E. (19)
Using (18), we derive
Ak EPk — Z by g etk +dice + g gPr — Z by pptprp +dgre =0, (20)
E'coK E'coK’

In this work, we use Eq. (11) to obtain the following condition for boundary edges E C 9Q adjacent to an element K

qxe =0, (21)
whence
Ak Pk — Z by getpgp +de = 0. (22)
E'eok
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The system of Eqs. (20) and (22) can be rewritten in the matrix form as

R'P—MIP =V, (23)
where
Re RN, Ryp = agp, (24a)
M e RNeNe, Mpp = Z bxep, (24b)
K:EE oK
VeRY, Vi= > ds, (24¢)
K:EcoK

N denotes the number of element cells, N; number of mesh edges, P ¢ RV« is the vector of cell-average pressures (indexed
by elements), and TP € R" is the vector of pressure traces indexed by mesh edges.

4.2. Approximation of the pressure equation

We use (15) to rewrite the pressure equation given by (4) in terms of the total molar flux as
ne
¢Cf + Z Z}l qu - SI ZEFE <25)
i=1

where m; = X,ifo + Xgifg, and s; = X,ifoG, + X,ify G,. This equation is integrated over each element K of the mesh. Assuming that
the total compressibility and the total partial molar volumes are element-wise constant, we use the divergence theorem to
rewrite the last equation in the following form

ne
xCrxlKl 5 pK + Z Uik Y /(mi-K.EqK,E —Sike - Nep) = > icFix|K], (26)
Ecok /E i=1

where |K]| is the area of element K. The flux in this equation can be eliminated using (18). The backward Euler scheme for
discretization of the time derivative is employed, in which all coefficients are evaluated explicitly using the values from pre-
vious time level. We end up with the following system

DPn+1 _ RTPHH _ G, (27)

where the index n + 1 denotes the time level, D € RV« is a diagonal matrix with diagonal components

dxCrlK
Dy = K f | l Z Vik m;x edk E,
Ecok VE

i=1

R € RMNe s a rectangular matrix with components

~ N
Rke = E Uik /leEbI(EE’
i1

EcoK

and G € RM is a right side vector with components

crxlK LN
G d)K le ‘PK Z Vik Z / (Mikpdr — Sixe - M) + K| Z ikFik.
E

EcoK i=1

All the coefficients m;xr and s;x are evaluated using the average values inside element K, i.e. we should write m;, and s;
instead of m;xr and s;k g, respectively. Note that no upwinding is possible here because of implicit treatment of pressure.
Moreover, the pressure equation (4) is not in the divergence form which implies that the volume-balance (which is the basis
of the pressure equation) is not satisfied exactly by the numerical solution. This should not influence the balance of total
molar flux explicitly enforced using (19).

4.3. Approximation of the phase fluxes

One of the most important issues in this work is proper approximation of the phase fluxes q, = f,(q — G). In this respect
we have advanced the procedure outlined in [15]. At first the system of Eqs. (23) and (27) for pressures P and traces of pres-
sure TP at a new time level must be solved. Here we can take advantage of the fact that the matrix D is diagonal with non-
zero diagonal elements, and thus invertible. Therefore, we can combine (23) and (27) to derive the following system of equa-
tions for pressure traces

(M —R'D'R)TP"! = R'D'R. (28)
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Once we solve for traces of pressure TP"!, the cell-average pressure P can be updated using (27). Then we can evaluate the
total molar flux from (18). Eq. (19) guarantees the balance of total molar flux over the element edges. However, when eval-
uating the phase fluxes using (15), the local values of f, and G, cannot be used as this would lead to non-matching phase
fluxes at element edges. To obtain phase fluxes that are balanced at the mesh edges, the values of p, used in G, in (15)
are taken as an arithmetic average of the neighboring cell values, while c,,, and ¢, 4, in f, are taken from the upwind side
with respect to v,. In computing phase fluxes (note that q, is not available yet), we denote by o the phase for which

SgNqy ;- N = —SgnGy - N,

where c,/, and ¢, 4y, are evaluated arbitrarily, e.g. by setting c, ., = ¢4y = 1; the primed phase o denotes the other phase.
The use of the above expression is always possible because the total flux has been evaluated and G, and G, (with c,/, and
Cw Ay Set to 1) are pointing in the opposite directions. Now we can predict the sign of q, x ;, which has the same sign as of g,
independent of the actual value of ¢, 2, which is always non-negative, in (15). Using the known sign of q,,  ;, we can choose
the upwind value of c, /4, used in the computation of G,,. We can now evaluate q,, . ; and finally the actual value of 4, is esti-
mated and then the actual value of g, x ; can be determined. Note that this procedure is not consistent with the way we trea-
ted flux in the discretizaton of pressure equation, but it ensures the balance of phase velocities, which is important for
correct treatment of mass balance in the transport. Our suggested procedure for calculation of individual interface phase
velocities allows robust calculations and alleviates a deficiency in previous work [4].

4.4. Approximation of components transport

We discuss two methods for approximation of the components transport equations: (1) the discontinuous Galerkin finite
element method, and (2) the MUSCL-type finite-volume scheme.

4.4.1. Discontinuous Galerkin finite element method

The components transport equation (1) are discretized using the discontinuous Galerkin finite element method. On each
rectangular element K, the unknown concentration is approximated using a linear function. Note that in a rectangular ele-
ment, there is no need for 4 degrees of freedom because the interpolant is allowed to be discontinuous in DG method.
Assuming such an approximation in the form

3 3
I ]
CZix = Z CZigPrys  CaXoik = Z CoaXoik Pr.1s (29)
=1 =1

where functions ¢, form a basis of a local approximation space (detailed in Appendix B), we multiply (1) by a test function,
integrate over the element K and integrate by parts to obtain

acz; __ __
/K ¢ atI'K Prj— /K(Xoi.qu + XgikGg) - VP + Z /E(Xou(.isqo + Xgik EQg) " Mk EPyj = /KF:'QDK_J' (30)

EcoK

for each j € {1,2,3}. In the surface integral, the X, ¢ (o € {0,g}) denotes the value of concentration upwinded with respect
to q, defined as

__ {X'xi.K.E if g, =4, -NkelE| > 0, (31)

XoiKE = . _
Xyix g if Quip =4q, -MiplEl <O,

where we assume that E = K N K’ is a common edge between the neighboring elements K and K'. If E is a boundary edge, then
the Dirichlet boundary conditions on the influx part of the boundary can be applied readily at this stage. Note that the values
Xyike and X, ¢ in (31) result from the evaluation of the two-phase flash at the element edges using the values of temper-
ature T, pressure trace TP and overall molar composition z; at that edge. The value of z; at the edge is computed from the
value of z; in the element center using the slopes provided by the DG method. On the other hand, the values x,;x in the sec-
ond integral on the left hand side of (29) is evaluated by the two-phase flash at temperature T, average element pressure P
and overall molar composition z; at the element center. This implies that five flashes must be performed on every element.
Substituting (29) into (30), we derive the following semi-discrete scheme

dcz!

3 3
bk Z dtl'K M,’f( - Z Zxau( Z qx,K.EMfiE + Z Z XaTKEQx.K.EMJ'E = /’<Fi(pKJ' (32)

=1 ac{og} I=1 EcoK EcoK oe{o.g}

The matrices M*, ME, and M** are defined and their elements are evaluated in Appendix B. The matrix MX is diagonal, and
thus the forward Euler scheme leads to an explicit scheme in terms of cz!, with 3 degrees of freedom per element.

4.4.2. Higher-order finite-volume method of the MUSCL-type

An alternative method for the discretization of the transport equation (1) is the higher-order finite-volume method. There
are plenty of methods available (see [1]); in this paper we will discuss the monotonic upwind-centered scheme for conser-
vation laws (MUSCL) by van Leer developed in a series of papers [10-14].
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To develop the scheme, Eq. (1) are integrated over an arbitrary rectangular element K. After using the divergence theorem,
we have

acz! _ _
/K¢ 8tLK + Z A(Xoi.K.qu + XgikEQg) Nk E = /{Fh (33)

EcoK

where the x,xr (« € {0,g}) denotes the value of concentration upwinded with respect to q, defined by (31). Eq. (33) de-
scribes evolution of the average values of the overall molar densities cz;x at every element. Unlike the DG scheme, the slopes
of the solution are not described by an evolution equation as in (30), but rather reconstructed by using the average values of
cz; in the neighboring elements. In case of the rectangular mesh, the reconstruction carried out using central difference quo-
tients as

2 CZig ; CzZiy , CZEK _ CzZit ; CZig )
where K denotes an element and R, L, T, B are its right, left, top, and right neighbor, respectively. The upper index
l€{1,2,3} in ¢zl is used to distinguish between the central value (I = 1) and gradients of czx in the x and y direction
(I=2,3) to keep the notation consistent with the one used in the derivation of the DG scheme (see also Appendix B). At
boundary elements, the slope in the direction perpendicular to the boundary is set to zero for simplicity. After the slopes
of cz; have been reconstructed, the five flashes at every elements are performed to obtain equilibrium compositions x,;x
at element centers (using the average element pressure and overall composition) and x,; «  at element faces (using the traces
of pressures, and overall composition evaluated at element faces evaluated in terms of the average values and reconstructed
slopes). The values x,;x z are then used to evaluate x,; ¢ needed in (33) using upwinding (31). Finally, the resulting FV-MUS-
CL scheme reads as

(34)

dezy

G K Y Y kedae = | Fe (35)

EcoK oc{o.g}

4.5. Slope limiter

To avoid unphysical oscillations in the numerical solution, both methods are stabilized by using an appropriate slope lim-
iter. In case of the discontinuous element-wise linear approximation on a rectangular grid, the slope limiting can be carried
out in a simple way using two 1D limiters in the directions of x and y axes. The idea of the method is to modify the solution
resulting from the DG step after each time step so that the average value of each molar concentration is not modified and the
slopes are adjusted so that the values of concentrations at any edge are between the minimum and maximum values of con-
centrations in adjacent cells. The implementation follows closely the description in Appendix B1 in [3]. As mentioned in
Appendix B, our degrees of freedom at each element are: (1) the average value of molar concentration, (2) the difference
between the value in the center of the element and the value on the right edge, and (3) the difference between the value
in the center of the element and the value on the top edge, which allows for a straightforward implementation of the limiter.
Also, the classical first-order finite-volume upwind method can be mimicked easily by setting the differences between the
two edge values and the central value to zero.

As mentioned above, the formulation given by (2) is used instead of the original system given by (1) in the literature.
When using the first-order finite-volume method, both formulations work equally well. However, there is a complication
when (2) is employed in a higher-order method, such as DG or MUSCL, that requires the use of a slope limiter. Here, the
use of the original system of Eq. (1) is more straightforward. After each step of DG method the limiter provides bounds
CZimin and cz;mqx for each boundary value of cz; and the slope may be manipulated so that the inequalities

CZi min < CZi < CZimax (36)
hold for each i = 1,...,n.. The value of overall molar concentration is then evaluated as
ne
c=> c (37)
i1
which fulfills
Ne ne
D Cimin <€ <Y Cimax: (38)
iz1 i1
If the alternative formulation based on (2) is used, then the limiter would provide bounds ¢z;mi» and cz;mex On cz; for
i=1,...,n.—1 and bounds cp;; and cyqx on c. The slopes of these variables would be manipulated so that
CZimin < €Zi < CZimax, 1=1,..., n.—1,
Lmin =X 1 1,max s E] y e (39)
Cmin <C < Crmax-
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From these inequalities we can derive the following bounds on cz,,

ne—1 ne—1 ne—1

Cinax — Z: CZimin < CZn, = C — Z: Zi < Cax — Zl CZimin, (40)
1= 1= 1=

which are inconsistent with the bounds given by Eq. (36) for i = n. and lead to creation of unphysical oscillations in the last
component molar concentration. After several time steps, these oscillations spoil the other components profiles too. The
problem could be solved by a special version of limiter for c that would enforce the correct bounds on cz,,, but this would
lead to an unnecessary complicated code which would be more difficult to debug. The straightforward solution is to use the
original system of Eq. (1).

5. Computational algorithm
The computation proceeds in the following steps:

1. Read the initial temperature and distribution of pressure and overall molar concentrations of all components. There is
only one value of temperature for the whole domain.
2. Perform the flash calculations to obtain number of phases and phase composition at the initial pressure, temperature, and
overall composition at element centers and at element faces.
3. Use the Lohrentz et al. method to evaluate the phase viscosities.
4. Repeat the following steps until a predetermined simulation time is reached.
(a)  Assemble and solve the system (28) for traces of pressure TP.
(b)  Evaluate cell-average pressures P locally on each element using (27).
(c) Calculate fluxes using the procedure described in Section 4.3.
(d) Compute new overall composition using one explicit Euler time step of the DG scheme (32) or FV-MUSCL scheme
(35).
(e) If the FV-MUSCL scheme was used, reconstruct the slopes of cz; at every element using (34).
(f)  Apply the slope limiter.
(g) Perform the phase stability analysis and flash calculation to obtain number of phases and phase composition at the
new pressure, temperature and overall composition at element centers and at element faces.
(h)  Update phase viscosities.

6. Results of numerical computations

In this section, we present results of six examples that were carried out using the implementation of the method de-
scribed in this paper. All the problems were solved on a 2D rectangular domain 50 x 50 m with a rectangular grid using a
HP xw9400 RedHat WS 4 workstation with the Dual-Core AMD Opteron 2216 CPU at 2.4 GHz and 4 GB memory. The relative
permeability data for all examples are given in Table 1.

6.1. Example 1

The first problem is the displacement of propane by methane in a horizontal 2D domain (i.e. no gravity). Methane is in-
jected in the lower left corner, displacing propane that is produced in the upper right corner. The initial data of the problem

Table 1

Relative permeability used in Examples 1-6.
Examples 1-4 5 and 6
Relative permeability model type Linear Quadratic
Residual gas saturation 0 0.0
Residual oil saturation 0 0.3

Table 2

Relevant data for Examples 1 and 2.
Injection fluid (mole fraction) 1.0 G 0.0 G5
Initial fluid (mole fraction) 0.0 G 1.0G
Initial pressure at the bottom (bar) 50
Temperature (K) 397
Porosity (fraction) 0.2
Permeability (md) 10
Injection rate (m?/day) at p = 1 atm, T = 293 K 42.5
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given in Table 2 are chosen so that the mixture stays in single-phase gas state during whole simulation. We fix the injection
rate (given in Table 2) and the pressure in the production well at 50 bar.

Fig. 1 shows methane mole fraction at 58% of PVI computed using the MHFE/DG and MHFE/FV methods on a 40 x 40
mesh. The computation time (to 100% PVI) is 2 min for both methods. As can be seen from the figure, both methods provide
very similar results. We have carried out calculations for Example 1 and the next three examples using the first-order finite-
volume method for the transport equations. The numerical dispersion is very significant compared to the DG and higher-or-
der finite-volume method. For the sake of brevity, these results are not shown.

6.2. Example 2

The second problem is the displacement of propane by methane in a vertical 2D domain (i.e. with gravity). Methane is
injected in the lower left corner, displacing propane that is produced in the upper right corner. The data of the problem
are given in Table 2. The initial pressure is fixed in the production well. The pressure and temperature are chosen so that
the mixture stays in single-phase gas state during the whole simulation. The computation time to 100% of PVI on a
40 x 40 grid is 8 min for both methods. Fig. 2 shows methane mole fraction at 20% of PVI computed using the MHFE/DG
and MHFE/FV methods. Note the non-symmetry due to gravity effect. Again, both methods provide similar results.

MHFE/DG MHFE/FV

Y (m)
Y (m)

10 20 30 40 0 20 30 40
X (m) X (m)

Fig. 1. Methane mole fraction at PVI = 58% (0.69 years) computed on a 40 x 40 mesh by the MHFE/DG method (left) and the MHFE/FV method (right):
Example 1.

MHFE/DG MHFE/FV
40 40

Y (m)
Y (m)

20 30 40 40
X (m)

Fig. 2. Methane mole fraction at PVI = 20% (0.24 years) computed by the MHFE/DG (left) and the MHFE/FV (right) methods on a 40 x 40 mesh: Example 2.

Table 3
Relevant data for Examples 3 and 4.
Injection fluid composition (mole fraction) 1.0C 0.0 C3
Initial fluid composition (mole fraction) 0.0 C; 1.0G
Initial pressure at the bottom (bar) 69
Temperature (K) 311
Porosity (fraction) 0.2
Permeability (md) 10
Injection rate (m?/day) at p = 1 atm, T = 293 K 42.5
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6.3. Example 3

The third problem is the displacement of propane by methane in a horizontal 2D domain (i.e. without gravity). Methane is
injected in the lower left corner, displacing propane that is produced in the upper right corner. The relevant data are shown
in Table 3. Unlike Example 1, the pressure and the temperature are chosen so that a two-phase region develops. In this exam-
ple, methane, similar to Examples 1 and 2, is a gas but propane, unlike Examples 1 and 2, is in liquid state.

Fig. 3 shows the overall methane mole fraction at 50% of PVI computed using the MHFE/DG and MHFE/FV methods on a
40 x 40 mesh. The computation time was 2 min for MHFE/DG and 3 min for MHFE/FV methods. Both methods provide re-
sults that match almost perfectly.

MHFE/DG MHFE/FV

Y (m)
Y (m)

10 20

30 40 10 20 30 40
X (m) X (m)

Fig. 3. Overall methane mole fraction at PVI=50% (1.15 years) computed on a 40 x 40 mesh by the MHFE/DG method (left) and the MHFE/FV method
(right): Example 3.

MHFE/DG__ MHF/E_,’FV//
3
%

40

30 ,_ .
2 3 y 4
iy > 7

20

10

10 20 30 40 10 20 30 40
X (m) X (m)

Fig. 4. Overall methane mole fraction at PVI=50% (1.15 years) computed on a 40 x 40 mesh by the MHFE/DG method (left) and the MHFE/FV method
(right): Example 4.

Table 4
Relevant data for Examples 5 and 6.
Injection gas composition (mole fraction) 1.0 CO, 0.0 N,
0.0 G 0.0 C,—C3
0.0 C4—Cs 0.0 Cs—Cyo
0.0 C11—Cpq 0.0 Cps,
Initial fluid composition (mole fraction) 0.0086 CO, 0.0028 N,
0.4451 ¢4 0.1207 C,—GC3
0.0505 C4—Cs 0.1328 Cg—Co
0.1660 Cy1—Cyq 0.0735 Cys,
Initial pressure at the bottom (bar) 276
Temperature (K) 403.15
Porosity (fraction) 0.2
Permeability (md) 10
Injection rate (m?/day) at p = 1 atm, T = 293 K 133.33
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Table 5
Properties of the eight-component mixture in Examples 5 and 6.
Property CO, N, G GG C4—Cs Cs—Cio Ci1—Coy Cas.,
Accentric factor 0.23900 0.03900 0.01100 0.11783 0.21032 0.41752 0.66317 1.72763
Critical temperature (K) 304.14 126.21 190.56 327.81 435.62 574.42 708.95 891.47
Critical pressure (bar) 73.75 33.90 45.99 46.54 36.09 25.04 15.02 7.60
Molar weight (g/mol) 44 28 16 34.96 62.98 110.21 211.91 462.79
Critical volume (m>/kg) 0.00214 0.00321 0.00615 0.00474 0.437 0.00425 0.00443 0.00417
Volume shift parameter 0.0600 —0.2885 —0.0154 —0.0949 —0.0598 0.0466 0.1494 0.4950
Binary interaction coefficients
CO, 0
N, 0 0
G 0.15 0.1 0
-G 0.15 0.1 0.0346 0
C4—Cs 0.15 0.1 0.0392 0 0
Cs—Cqo 0.15 0.1 0.0469 0 0 0
Ci1—Coq 0.15 0.1 0.0635 0 0 0 0
Cos. 0.08 0.1 0.1052 0 0 0 0 0
D‘ a5
038 N o8
40 o015 40 028
30 30 )
E E
- >
20 o 20 &
065
10 & 10 o
Gas Saturation COo2
10 20 30 40 10 20 30 40
X (m) X (m)
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_-"‘ & \1"" |
30 e 30 g !
A 2| 18 € 2
£ - o= E‘ ==,
>
20 o 20 o z
05 %73
10 © = 10 =
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10 3 40 10 20 30 40
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40 %0, 40
30 3
£ |z E |t
5 >
20 20
o
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C6-C10 C25+
10 20 30 40 10 20 30 40
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Fig. 5. Results at PVI=50% (1.37 years) computed on a 40 x 40 mesh by the MHFE/DG method showing gas saturation, and overall mole fractions of

CO,, Cy, (;—GC3, Cs—Cyp, and Cy5, pseudocomponent: Example 5.
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6.4. Example 4

The fourth example, the displacement of propane by methane is studied in a vertical 2D domain (i.e. with gravity). Meth-
ane is injected in the lower left corner, displacing propane that is produced in the upper right corner. The data of the problem
are given in Table 3. The pressure in the production well is fixed at the initial pressure. Unlike in Example 2, the pressure and
the temperature are chosen so that a two-phase region develops. Fig. 4 shows the methane overall mole fraction at 50% of
PVI computed on a 40 x 40 grid. The match between the two methods is again very good. The computation time for both
methods to 100% of PVI is approximately 45 min for MHFE/DG and 47 min for MHFE/FV.

6.5. Example 5

In this example, we simulate the injection of CO, in a domain saturated with an 8-component hydrocarbon mixture. The
initial fluid mixture is in liquid state. The domain is a vertical cross-section of size 50 x 50 m. The components, the compo-
sition of the initial and the injected fluid, and other parameters are specified in Tables 4 and 5. CO, is injected in the upper

Gas Saturation

Y (m)

Y (m)

Y (m)

0 30 40 20 3
X (m) X (m)

Fig. 6. Results at PVI=50% (1.37 years) computed on a 40 x 40 mesh by the MFE/DG method showing gas saturation, overall mole fractions of
CO,, Cy, C;—C3, Cs—Cyo, and Cy5, pseudocomponents: Example 6.
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right corner, displacing the hydrocarbon mixture towards the lower left corner. The pressure is fixed in the production well
at 276 bar. Under these conditions a two-phase region develops.

Fig. 5 shows gas saturation and overall molar fractions of selected components at 50% of PVL. It is only with the formu-
lation in this paper that the run can be performed. Without our modification the code would break down before achievement
of 100% of PVI. The computation time of the MHFE/DG method to 100% of PVI is 60 min on a 40 x 40 grid.

6.6. Example 6

In the last example, we simulate the injection of CO, in the bottom of the vertical domain. The components, the compo-
sition of the initial and the injected fluid, and other physical parameters are the same as in the previous example (see Tables
4 and 5). The only difference is that this time the injection and production wells are interchanged, i.e. the injection well is
located at the bottom of the domain in the lower left corner, and the production is at the top in the upper right corner. The
pressure in the production well is fixed at the initial pressure.

Fig. 6 shows the gas saturation and overall molar fractions of selected components at 50% of PVI. The computational time
of MHFE/DG method to 100% of PVI is 2 h and 32 min on a 40 x 40 grid.

7. Discussion and concluding remarks

In this work, as a result of use of individual component balance equations, we have suppressed spurious oscillations in
composition that were leading to crash of the code in the previous works [3,4]. While our suggestion for the use of Eq.
(1) rather than Eq. (2) is deceptively simple, the effect on the robustness of the code is significant. This suggestion affects
only the higher-order methods, such as discontinuous Galerkin or MUSCL-type finite-volume methods, which require stabil-
ization using a slope limiter.

The use of boundary conditions for total molar flux and total individual component fluxes are also straightforward and
result in substantial improved efficiency of the code. Our suggestion in the boundary condition makes the problem formu-
lation consistent. Proper treatment of boundary conditions allows to increase time steps and leads to significant speed up of
the code in both MHFE/FV and MHFE/DG methods.

The approximation of phase fluxes described in our work is a key in MHFE method. Without our implementation we have
seen code crash.

All aspects of our suggestions relate to two-phase flows, where without them, the use of higher-order methods will not be
widespread in some applications such as CO, injection in the subsurface.

In order to show robustness and efficiency of the proposed algorithm, we present six examples of various degree of com-
plexity. The comparison of MHFE/DG and MHFE/FV shows that both methods provide similar results. Generally, FV scheme
of MUSCL-type is considered to be cheaper than DG because of lower number of degrees of freedom per element in the case
of FV method, but our experiments show that the CPU time difference between the two methods is practically negligible. The
two methods are very similar; they only differ in the evaluation of the gradients of the concentrations at the elements. While
the DG method provides an evolution equation for the gradients, in higher-order finite-volume methods, the gradient is
reconstructed from the neighboring cells. In case of the orthogonal grid, this reconstruction is particularly simple, but this
may not be the case when more general unstructured grids are used (see e.g. [20]). The FV method is expected to be faster
because it does not include the evaluation of the integral over the element (the second term on the left hand side of (32)) as
in DG. However, this step has very little effect on the overall efficiency of the code. The explicit solution of the transport
equation requires about 5% of the CPU time while the flash and linear solver take 80-85% and 5-10% of the CPU, respectively.
These data correspond to Examples 1-4. In some cases we observed that the computation time of DG was even lower than
for FV (see Examples 2 and 3). We have used the MHFE/FV to compute results for Example 6 (results not presented for the
sake of brevity). The computation time is 2 h and 28 min which is less then 2 h and 32 min for MHFE/DG. We have presented
results of two simulations of CO, injection in a multicomponent hydrocarbon mixture; these are new results that could not
be obtained using previous work in the literature in which inappropriate upwinding of mobility coefficients created numer-
ical problems leading to breakdown of the computation at the very beginning.
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Appendix A. Raviart-Thomas basis functions and details of the MHFE discretization

We use the lowest order Raviart-Thomas elements [16,17] for which the functions wy are associated with the rectangle
edges of each element K. These functions defined on a reference element K = (0, ) x (0,1,) read as
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_(o¥-b (oL
Wip(X,Y) = (07 K] >-, Wir(X,y) = <0, |I(\>’

x—1 X
Wi (%,y) = ( ‘K|X70>; Wir(X,Y) = <W70>7

where the B, T, L, and R denote the bottom, top, left, and right edge in the element K, respectively. These function are lin-
early independent and satisfy the following properties
1 1
Wgg=-—=, W-Ngp=—0p, 42
V K.E |K‘ 3 K.E ‘E‘ EE» ( )
where |K| denotes the surface area of the element K and |E| stands for the length of the edge E.
Assume that the total molar flux q and the vector Kg can be represented on the element K as

qx, bl = Z QepWip (X), Kglx = Z qz‘jgyWKf’ (x), (43)

E'coK E'coK

(41)

where gy = [;q-ngp and qE = J:Kg - ngp = Kg - ng ¢|E|. Multiplying (14) by wg, integrating the result over the element
K, and using the Gauss theorem, one obtains

wie-K! -
Wee 2 9__ / Wi - Vp+ / PWkE - 8= /PV “WgE — / PWk g - DN g + / pwi - K 'Kg. (44)
K Doy Coalw Jk JK JK Jok Jk

The right side can be further simplified using the properties of basis functions (42) into

wie-K'q 1/ 1/ / ;
N o Kl —TE + wy ;- K Kg. 45
S S FERT(I L - LA M us)

Let py and tpy ; denote the cell and edge average pressure, respectively. Assuming that the mobilities and densities are con-
stant over the element K, and using (43), (45) is approximated by

Ak p K
=5 Axer =Dk — Pxe + quKgE'AKAE.E’ﬂ (46)
E'cok 2o Cor Ak E’za’):l( '
where
Agepr = / WkE - Kl;]wl(.E“ (47)
K
By inverting the matrix Ax = [Axpplgp e the flux g, can be expressed as
Gk g = Ak Pk — Z by g tpxp + di, (48)
E'eok
where
g = ZCM’.K)-M,K Z AI;,]E,E/, (49)
o E'cok
bgee =Y Coklor B Ep (50)
7
dir = Kg - ngg|E| Z Cor kAt KP o k- (51)
s

Note that in our implementation, K is assumed to be a scalar constant over the element. If the integral on the right side is
computed exactly, we have to invert the 4 x 4-matrix which is block-diagonal with full 2 x 2 diagonal blocks that reads as

2k —% 0 O
A= [k [weewee] — & b 00 (52
K=K Je K.E - WgE ir ~BK 0 0 2;1 ;y B
0 0 -—p 27
where I, and I, are the lengths of the rectangle sides parallel to x and y axis, respectively. This matrix is non-singular and can
be inverted as

4 2% 0 0
2b 4% 0 o0
Al =K| "
0 0 4f 2k
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The rows and columns of both matrices correspond to the edges of the elements in the rank right, left, top and bottom. It is
known that the resulting matrix of the MHFE method is not the M-matrix which can lead to oscillations in the solution (see

[18]). Chavent and Roberts [19] have recommended to evaluate the integral in (52) using the following low-order quadrature
rule

4
[omax=lg S pw) (54)
Jk =

where x; denotes coordinates of the element vertices. With this mass-lumping technique, the matrix Ay is approximated by

£ 000
A= i [weewee| > o 0600 (55)
K Jk e 2Kfo o o
000 ¢
whose inversion is
2¢ 0 0
Al ~K 0 25 0 0 (56)
0 0 2 0
0 0 0 2p

Appendix B. Basis functions and details of the discontinuous Galerkin FEM discretization

The basis functions ¢, defined on a reference element K = (0, ) x (0,1,) read as

2 L, 2
P 1(%,Y) =1, @Qa(X,y) = I <x*§>’ Px3(XY) =1 <y

Ly

-3). (57)

The weighting factors cz}, (I =1,2,3) can be then interpreted as the average value of molar concentration over the element

K, and differences between the central value and the values at the right and top edges, respectively. The matrix elements
appearing in (32) are defined by the following integrals

1
K — ) E_ )
Mj.l_/qul(J(pK.l% M; IE| /E Py s

K.E
M;" = /K P WiE - V@,
where we assume that the phase fluxes fields on the element K can be approximated as

Qi = Z Aok EWKE

EcoK
using the vector basis functions from the mixed-hybrid finite-elements. The integrals can be readily evaluated to obtain

100
M’(:[Mm: 01 0]k (58)

00!

for matrix M*. The matrices M, where the edges E are denoted by T, B, L, and R (top, bottom, left, and right, respectively),
read as

1 1

M7 [MJT]: o, MB:[M}‘]: 0|, (59)
1 -1
1 1

M =M =[] M=M= | -1 (60)
0 0
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Using the same notation for the edges, the elements of matrices M** are evaluated as

000 0 00
MT =M =0 0 0] M =[MF=|0 00
101 -1.0 3 (61)
000 0 00
MM = (103 o] M=M= 15 o
000 0 00
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We introduce a new thermodynamic function for phase-split computations at con-
stant temperature, moles, and volume. The new volume function F; introduced in this
work is a natural choice under these conditions. Phase equilibrium conditions in terms
of the volume functions are derived using the Helmholtz free energy. We present a
numerical algorithm to investigate two-phase equilibrium based on the fixed point
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Introduction

Consider a closed system of constant volume V in which
there is a mixture of ¢ components with mole numbers
ny,...,n. at temperature 7. Assuming that the system is in
two-phase, we want to establish compositions and amounts
of both phases. This is the problem of two-phase phase-split
(the so called flash) under the constant temperature, moles,
and volume (VT-flash). The motivation for constant volume
flash is the equilibrium calculation in a PVT cell in two-
phase when two nonequilibrium phases are introduced.'?
These cells are used to determine diffusion coefficients in
both phases in two-phase state. We have found out that the
use of conventional methods is based on ad hoc approaches.

Correspondence concerning this article should be addressed to A. Firoozabadi at

abbas.firoozabadi@yale.edu.

© 2010 American Institute of Chemical Engineers
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July 2011 Vol. 57, No. 7

The standard problem of constant pressure and temperature
(PT-flash) is addressed in many references.”™ In this
approach, pressure, temperature, and overall chemical compo-
sition are given. The phase compositions and molar densities
are computed using the minimization of the Gibbs energy.
This approach has the shortcoming that it cannot provide an
answer when a single component is in two-phase region at
temperature T and saturation pressure P = P*(T) because
the chemical potentials of the component in both phases are
the same. Therefore, we cannot determine whether the com-
ponent at these specific conditions is vapor or liquid or a
mixture of both. Althought P and T are the most preferred
variables in chemical engineering, we see that specifying
pressure and temperature is not sufficient for the unique
determination of the state of the system in this case.

The issue can be resolved by reformulating the problem
using the minimization of the Helmholtz free energy rather
than Gibbs free energy. In this formulation, the volume of
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the system, mole numbers, and temperature are given, and
the chemical compositions, molar densities of the phases,
and pressure in the mixture are computed. The selection of
variables V, T, and n;, (i €{1,...,c}) is natural for pressure-
explicit equations of state. Unlike in PT-flash, the VT-flash
provides a unique answer in any physically admissible situa-
tion because when V is known, P can be evaluated readily
from say a cubic equation of state. Therefore, we develop a
new ‘“‘volume-based” formulation of equilibrium thermody-
namics. The presented derivations lead to a new function F;,
called volume function that plays an analogous role to fugac-
ity that is used in the pressure-based formulation. We present
all derivations in details to show that this approach is much
more fit for the pressure-explicit equations of state than the
standart development using the Gibbs free energy that suf-
fers from the nonuniqueness of volume at given pressure.

A theoretical possibility of other state function-based flash
specification (including VT-flash) is mentioned in Refs. 6
and 7, where a nested optimization approach is proposed.
This means that in an outer loop we search iteratively for
pressure, which is used in PT-flash in the inner loop to eval-
uate equilibrium state at that pressure. The goal of the itera-
tions is to find a pressure for which the volume constraint is
satisfied. This procedure allows to use existing implementa-
tions of the PT-flash but, on the other hand, is computation-
ally expensive as it requires many solutions of PT-flashes
before the true pressure is found. In this article, we offer an
alternative formulation allowing to formulate VT-flash
directly without using nested iterations.

The article is structured as follows. In the first section, we
introduce the new thermodynamic volume function F; of vari-
ables V, T, and n; that will be useful in describing thermody-
namic behavior of real mixtures under the constant tempera-
ture, volume, and moles. Then, we develop an expression for
the chemical potential of a component in a mixture in terms
of this new function. We reformulate the two-phase equilib-
rium conditions at constant temperature, volume, and moles
using F;. Next, we propose a numerical algorithm for compu-
tation of VT-flash, and, finally, we present examples showing
results of phase-equilibrium computations based on the new
formulation for a number of mixtures in two-phase state.

Volume Function Coefficient

We will introduce a new thermodynamic volume function
that will be useful to derive basic expressions for the chemi-
cal potential of a component in a multicomponent mixture
from the bulk phase equilibrium thermodynamics. Our deri-
vation will be based on Helmholtz free energy and will use
volume, temperature, and moles as primary variables.

Assuming a pressure-explicit equation of state, it is con-
venient to describe the system using the Helmholtz free
energy A = A(V,T,ny,...,n.). The general expression for the
Helmholtz free energy of a bulk phase is given by

A==PV+> nip, M
i=1

where P = P(V,T,ny,...,n.) is the pressure given by an equation
of state, and u; = pui(V,T,ny,...,n.) is the chemical potential of
the i-th component in the mixture. From
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Algorithm: Two-Phase VT-Flash Using Fixed Point Iteration

1. Let ¢, z,...2., and T > 0 be given. Evaluate P, = P(1/c,T.zy.....z..
initialize K;’s using Wilson correlation,g ie

TL'{ P('i
In K; =5.37(1 i) |1 ——| +In—
n (1 + o) T}+nPU

at the initial pressure P, and set the number of iterations, n = 0.
2. Evaluate o € (0;1) by solving the Rachford-Rice equation

B
y K
k)
— 1+ (K;I — Da
that can be solved, e.g., by Newton’s method.

3. Update chemical compositions of both phases by

z.
i

1+ (K" =)o’

Z,‘K{l
1+ (K" — Da’

P V.
Xing1 = Xiny1 =

4. Use bisection or other method to find S:;H € (0;1) satistying

=S
P<ﬁ7T7XJI,H+I7 "‘7xi',n+1>

S//
_ n+l1 " Wi
- P<W>T7X1,n+lﬂ “‘!"z',n+l>7

and update the other saturation and molar concentrations by

Sr —1- S// / _ C(l - “) " _ co
ntl n+12 Cnp1 = 1-9" ’ Cnt1 = S :
n+l n+1

5. Update K; values by

Y . N "o
Kn+1 _ L’Vrlq)l(] ) T’ (’n+1“kl,n+l7 ces CII+I'XL'J1+1)
; =

S . Sy
QLT X e

Sy
’ Lzr\r.nJr])

6. Check for convergence. If needed, increase n by one and go to step 2.

dA = =SdT — PaV +_ wdn;,
=1
we see that

o _oa
0V7 ui—@n,-'

= @)
Assuming that A is a smooth function of its variables, the
mixed second-order derivatives must be interchangeable,
which implies

o oP

T 3

)% on;’ ®
with appropriate variables held constant. Integrating (3)
between two volumes V; and V,, we derive the following
expression describing the change of chemical potential with
volume at constant temperature and moles

wi(Va, Tonyseoyne) = (Vi Ty, .ome)

Vs
- [y, @
/
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For an ideal gas mixture, the equation of state
nRT <

P= T where n = Zn;
=1

can be integrated using (4) to yield

v
w(VaTomeoone) = (Vi Toni, o) = RTIng 2 (5)
1

For real mixtures a more general equation than (5) must be
used. To simplify our derivations, it is convenient to have a
similar form of the expression for the chemical potential of a
component in a real mixture as in the ideal case. For this
purpose, we introduce the volume function of i-th component
F; = F(V.,T,ny, ...,n.) by the following properties

wi(Va, Tony,eyne) = (Vi Tomy, yme)
Fi(Va,Tony, ... ne
_rr BVl ) g
Fi(Vi,T,ny,....nc)
and
Fi 7T- IEERPRLS
BV Tomme) _ )

m
V—+oo \%

Furthermore, we define the volume function coefficient by

(V. T,ny, ... n.) _EW T, ) ®)
1
Equation 7 then amounts to saying that limy_
OV, T,ny,...,n.) = 1 for given temperature and moles. The
volume function F; and volume function coefficient ®; play
analogous roles to fugacity and fugacity coefficients. Compar-
ing (6) with (4), we have

Fi(Vo,T,ny,...on,

1%
) /6P
RT1 = [ W T m, .. nav.
nFi(VlaTynla--wnz) 3’1,'( Tomy ey me)
Vv,

Setting V; =V, the last equation can be rearranged to

lnFi(Vvanlw--v”(:)K Vs
|4 VzF[(V27T,I’11,...,n(-)
1 fop
= R7 B—m(V7T,n17...,n(;)dV.

The above equation can be written as

V.

F,'(V,T,I’l],...,n(-) / 1 1 OP
In——— 1" 2= —
Vv V. RT On;

Fi(Va,T,ny, ... ne
+1n7( 2 )
Va

(V,T,nl,....,ng)}dv
v

Passing V, — oo, the last term on the right hand side
vanishes because of (7), which yields
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+o0
1 1 opP

lnCD,-(V,T,n], ...71’15) = / [V—R—T%(V,Tﬂ’l], .
14

Lne)|dV.
(C))

The integral on the right hand side can be evaluated
analytically using an equation of state. It follows from (9)
that for an ideal gas F,(V.,T,n,,...,n.) =V, and ®«(V.T,ny,...,n.)
= 1 for any given temperature, moles, and volume. Thus, the
volume function coefficient can indicate the degree of
nonideality of a component in the mixture. These properties
are “volume-based” counterparts of analogous properties of
the fugacity and fugacity coefficients with respect to pressure.

Comparing the integral on the right hand side of (9) with
the formula for fugacity coefficients found in literature (see
e.g., Ref. 3), we note that the relationship between the vol-
ume function coefficient and the fugacity coefficient is

1
Zg;’

;

where ¢, denotes the conventional fugacity coefficient and Z is
the phase compressibility factor. Z and ¢; must now be
expressed in terms of volume, temperature, and moles. In the
literature, the Z and ¢; are usually understood as functions of
P, T, and composition. However, when Z and ¢ are to be
evaluated for given P, T, and moles, one has to solve the cubic
equation to get volume, which may not be unique, and in that
case, one has to select one of the roots based on the Gibbs free
energy criteria or other methods. In this article, we present an
alternative formulation, which uses the volume function
coefficients rather than fugacity coefficients. In this formula-
tion, the root-selection problems do not appear because all
functions are expressed in terms of volume, temperature, and
moles.

The formula for the volume function coefficient ®; for the
Peng-Robinson equation’ is presented in the Appendix.

Chemical Potential of a Component in a Real
Mixture

In the new framework, we describe the dependency of the
chemical potential of a component in a real mixture to the
chemical potential in a pure substance. An ideal mixture is
the one which obeys

w(V,Tn,...,ne) = 1,(V,T,0,...,0,n;,0,...,0).

To simplify the notation, we will denote the chemical potential
of the pure substance i as

5 (V.T,n) = (V. T,0,...,0,n,,0, ..., 0),
and the volume function in the pure component as
F?(V, T,nf) = F,’(V,T,O, ...,O,n,~,0, ,0)

Equation 6 can be written for the mixture as well as for the
pure component

DOI 10.1002/aic 1899
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.ui(VaTynlv“'vnz‘) = :ui(VhTynl»“'anz)

Fi(V,T,ny,...,n.)
—RTlh——————=,
Fi(Vi,T,ny, .. ne)’

FX(V T.I’l,')

“(V,T,n) = w'(Vi,T,n)) — RTIn 1221

V-Tm) = V2, Tom) — RTIn 500

Subtracting the second expression from the first above,

w(V, Ty, eyne) = 1 (V, T, i)
= V1, T,ni,..one) — wi (Vi, T, ny)
Fi(V,T,ny,....n. Fi(VL,T,n;
_rrin BTy ) (0, Tom)

—RT In— .
Fi(Vi,T,ny,....ne) Fi(V,T,n;)

If the volume V is sufficiently large, the mixture at volume V,
behaves ideally. Passing V| — 400, one can derive

Fi(V,T,ny,...,n.)

(V. Tony,...one) = w (V,T,n;) — RTIn—————————=
(V. Tom,ne) = (V. T,n,) RO

(10)

Let us assume that we have a mixture at two states (V',T,n{,
...nl) and (V" T.nf{,...n{). Our goal is to express the
difference of chemical potentials between these two states in
terms of the volume functions. Using (10), we derive

(VT o) = (V" T oyl

c
= :“i*(vlﬁ T, nz/) - #?(VN7 T, ";/)
Fi(V',T,n,....,n.)
Fi(V",T,n},....n!")

Fi(V',T,n)
Fy(V".T,n!)’

—RT In + RT In

The first two terms on the right hand side can be rewritten as

WV Tl — (V" Tonl) = wi (V! /i, T, 1) — e (V" /! T, 1)
Fi(V',T,n) n!
— _RTIni\ Do) M
E VT

where we take advantage of the fact that the chemical potential
is a homogeneous function of order zero and the volume
function is a homogeneous function of order one in the volume
and moles. Combining the last two equations, we obtain the
following key expression for the difference of chemical
potentials at two different states written in terms of the
volume functions

w(V', Tony, oonl) — (V" T 0, .. nl))

c

_ —RTlnn—'U Fy(V'.T,n},...,n.)
L Fy(V".T,nf,....n")"

(11)

Conditions for Two-Phase Equilibrium

Consider a mixture of ¢ components with mole numbers
ny,...,n. occupying volume V at temperature 7. Assuming
that the mixture will split into two phases, we want to calcu-
late volumes V' and V", and mole numbers of each compo-
nent in each phase n/ and n’ for i = 1,....c, and con-
sequently the pressure. The equilibrium state is derived
from the minimization of the total Helmholtz energy of the
mixture

1900 DOI 10.1002/aic
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A=AV T, ny, .. n)+AV", T, n},....,n),

N,
which is subject to the following constraints

V V' =V, (12)
and
n+n! = n;, i=1,..c. (13)

Using the Lagrange multiplier method, one can find the
necessary conditions of the phase equilibria

P(V'\T,n\,...,n.) = P(V",T,n,....;nl"), (14)
and
w(V', Ty, oonl) = (V' Tony,....nl0), i=1,..c,
(15)

as expected. An equivalent expression of (15) in terms of the
volume functions reads as
n n

F(V. T, ) F(V Tl )

(16)

Numerical Algorithm for Two-Phase Flash
Computation

In two-phase, we are interested to calculate phase compo-
sitions, amounts, and also the pressure of the system. Let us
rewrite the two-phase flash Eqs. 12-15 in terms of concen-
trations and compositions of both phases. We introduce the
overall molar concentration ¢ = n/V, the phase molar con-
centrations ¢’ = n//V' and ¢” = n”/V", overall mole fractions
z; = ny/n, and phase mole fractions x/ = n//n’and x" = n}/n",
and phase volume fractions §* = V//V, and s =V,
respectively. Using this notation, Eq. 12 transforms to

§' 48" =1, W)

whereas the mole balance Eq. 13 can be rewritten as

IS+ NS = ez, i=1,..,c. (18)
As pressure is an intensive property (homogeneous function of
order zero in variables V,ny,..., n.), Eq. 14 yields

P(1,T, Xy, ..., X)) = P(1,T,c"x, ..., c"xl). (19)

Finally, the chemical equilibrium Eq. 16 can be written in
terms of the volume function coefficients using (11) as
'y} "x

= . 20
D;i(1,T,c'x,, ... D;i(1,T, ", ..., c"xY) 20)

,c'xl)

To solve these equations using the fixed point iteration (also
called succesive substitution iteration, SSI), it is convenient to
introduce the K; values by

}4/
K = 7 @1

From (21) it follows that x; = K;x/, which can be substituted
into (18) to obtain
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Table 1. Properties of the Components for the C1—nCs
Mixture Used in Examples 1 and 2

Table 3. Overall Properties of the Mixture and Resulting
Phase Properties in Two-Phase Flash at Constant
Temperature T = 310.95 K and Volume for Example 2

Component w; [—] Terie [K] Pt [MPa] M, (g mol’l]
C, 0.011 190.56 4.599 16 Overall
nCs 0.251 469.70 3.37 72.2 Property Unit mixture  Phase 1 Phase 2
The C;—nCs binary interaction coefficient is dc1—nCs = 0.041. Molar concentration mol m—>  6135.3 10105.5 3177.77
C; mole fraction - 0.489575 0.293471 0.954131
nCs mole fraction - 0.510425 0.706529 0.0458693
¥ Zi " ziKi 22 Phase volume - 0.42691  0.57309

I D2 T T (K- D

where o = ¢”S"/c is the mole fraction of the double-primed
phase. These equations can be used to evaluate phase
compositions provided that K; and o are given. As composi-
tions of both phases in (22) should sum to one, for a given set
of K; values, o can be updated by solving the Rachford-Rice
equation'®

c c

ITEESY

i=1 i=1

K,’—l Zj
( ) =0.

1+ (K — o @3

Once o and chemical composition of both phases are
established, phase molar concentrations and saturations must
be determined so that the pressures in both phases are the
same. The following system of four equations

S =c(l —a),
"S" = ca,
S48 = 1,

PT.Y.....x)

= P(:TvT',)H],’ Jé,)

for the 4 unknowns (¢, ¢”, §”, and S”) can be readily reduced
into a single equation for one unknown saturation S” € (0;1)

1-5" "
P<ﬁ,ﬁx’l,...,xﬁ_>:P(f—a,T,x’l’,...,xZ). 24)

For a cubic equation of state, Eq. 24 is an algebraic equation of
the fifth order. In theory it may have up to five real roots. In all
examples we examinated, there was always only one root in
the interval (0;1), which could be readily approximated using
the bisection method. Other methods, like the Newton method,
can be used as well.

Finally, K; values are updated using (20) as

¥ O (1) T, 2
K="= .
X L"’(I),-(l/c",T,x’l,...,xi,)

i

The key steps of the method are summarized in the Algorithm.

Table 2. Overall Properties of the Mixture and Resulting
Phase Properties in Two-Phase Flash at Constant
Temperature 7' = 371 K and Volume for Example 1

Overall
Property Unit mixture Phase 1 Phase 2
Molar concentration mol m—>  6307.21 8616.72  4307.03
C; mole fraction - 0.547413  0.388095 0.823458
nCs mole fraction - 0.452587 0.611905 0.176542
Phase volume - 0.464113  0.535887

fraction

fraction

The iterations are stopped whenever

max |InK!"" —InK!| < tol = 1072,
ie{l,....c}

Numerical Examples

We have tested the algorithm in several examples of bi-
nary and multicomponent mixtures in two-phase. Below we
show performance of the method for two binary mixtures and
one four-component mixture. Further, we provide two more-
complex phase-split computations for a multicomponent reser-
voir fluid. All examples are motivated by experiments in the
PVT cells. In these experiments, the total volume is fixed. A
part of this volume is filled by a liquid at some initial pres-
sure Pj,;. The rest of the volume is filled by a gas at the same
initial pressure. When the two fluids are mixed, the pressure
changes. The final equilibrium pressure P of the system after
mixing results from the VT-flash computation. The correct-
ness of the VT-flash results is checked by performing the PT-
flash at the final pressure with the same overall composition
and temperature. The agreement was excellent in all cases.

Example 1

In the first example, we investigate two-phase equilibrium
for a binary mixture of methane (C,) and n-penthane (1nCs)
of total concentration ¢ = 6307.21 mol m’3, with mole frac-
tions ze, = 0.547413 and z,c, = 0.452587 at temperature
T = 371 K. The condition corresponds to the PVT-cell
experiment in which C; (34.4% of volume) is placed on the
top of nCs at the initial pressure P;,; = 15 MPa. Parameters
of the Peng-Robinson equation of state are presented in Ta-
ble 1. The algorithm found a solution in 46 iterations.
Within each iteration the Rachford-Rice, Eq. 23, was solved
by Newton’s method with the initial guess o = 0.5. The
resulting pressure is P = 10.4653 MPa. The overall mixture
and phase-split results are summarized in Table 2. The
results were verified by the PT-flash computation performed
at the final pressure with the same overall composition and
temperature. The PT-flash converged in 45 iterations.

Table 4. Properties of the Components for the
Four-Component Mixture Used in Example 3

Component  @; [—] Terit [K] Peic [MPa] M, [g mol ']
N, 0.039 126.21 3.39 28

C, 0.011 190.56 4.599 16

Cs 0.153 369.83 4.248 44.1
nCio 0.489 617.70 2.110 1423
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Table 5. Binary Interaction Coefficients for the
Four-Component Mixture Used in Example 3

Table 7. Composition and Properties of the Components for
the Reservoir Fluid Used in Example 4

Component N, C, Cs nCio

N> 0 0.1 0.1 0.1

C, 0.1 0 0.036 0.052

Cs 0.1 0.036 0 0

nCio 0.1 0.052 0 0
Example 2

In this example, we compute two-phase equilibrium for a
mixture of methane (C;) and n-penthane (nCs) of total con-
centration ¢ = 6135.3 mol m’3, with mole fractions zc, =
0.489575 and z,c, = 0.510425 at temperature T = 310.95 K.
The condition corresponds to the PVT-cell experiment in
which C; (65% of volume) is placed on the top of nCs at
the initial pressure P;,; = 10.2 MPa. Parameters of the Peng-
Robinson equation of state are presented in Table 1. The
algorithm found a solution in 20 iterations. The resulting
pressure is P = 6.95477 MPa. The overall mixture and split-
phase results are summarized in Table 3. The agreement
with the PT-flash at the final pressure is excellent. The PT-
flash converged in 19 iterations.

Example 3

In Example 3, we compute two-phase equilibrium for a
four-component mixture of nitrogen (N;), methane (C;), pro-
pane (C3), and n-decane (nC,o) at temperature 7 = 393.15
K. Here, nitrogen (35% of volume) is placed on the top of a
four-component mixture (zN2 = 0.01, Ic, = 0.29, z¢, = 0.29,
and z,c,, = 0.41) at the initial pressure 13.73 MPa. Parame-
ters of the Peng-Robinson equation of state are presented in
Tables 4 and 5. The overall molar concentration and overall
mole fractions of all components are shown in Table 6. The
algorithm found a solution in 25 iterations. The resulting
pressure is P = 14.9502 MPa. Note the pressure increase
due to vaporization. The overall mixture and split-phase
results are summarized in Table 6. The results agree with
those obtained using the PT-flash at the final pressure. The
PT-flash converged in 25 iterations.

Example 4

In Example 4, we compute two two-phase equilibria for a
multicomponent oil mixed with nitrogen (N,), and carbon
dioxide (CO,). The oil is modelled using seven components.
The composition of the oil and parameters of the Peng-Rob-
inson equation of state are presented in Tables 7 and 8. The

Table 6. Overall Properties of the Mixture and Resulting
Phase Properties in Two-Phase Flash at Constant
Temperature 7 = 393.15 K and Volume for Example 3

Perit

Component z; w; [—] Terie [K] [MPa] [g mol"]
N, 0.0003  0.0390 126.21 3.390 28.0
CO, 0.0140  0.2390 304.14 7.375 44.0
C, 0.5634  0.0110 190.56 4.599 16.0
PC, 0.1970  0.1113 33391 5.329 34.64
PC, 0.0770  0.2344 456.25 3.445 69.52
PC; 0.0845  0.4470 590.76 2.376 124.57
Ciay 0.0638 09125 742.58 1.341 248.30

pseudocomponents are defined as PC; (H,S + C, + Cj),
PC, (C4—Cg), and PC; (C7—Cyy). In both experiments, 50%
of volume of the PVT cell is filled by this oil. The initial
pressure P;,; = 30.34 MPa, and the temperature is T =
413.71 K. Under these conditions, the oil is in single phase
with molar concentration co; = 8944.22 mol m™>. The
remaining 50% of volume is filled with either N, or CO, at
the same initial pressure. Addition of gas turns the system
into two phase in both cases.

For the case of N,, the overall properties of the resulting
mixture and phase-split results are summarized in Table 9. The
final pressure is P = 32.66 MPa. The algorithm found a solu-
tion in 33 iterations. The results agree with those obtained
using the PT-flash at the final pressure. The PT-flash converged
in 34 iterations. Some of the K;-values in Table 9 are very dif-
ferent from one; the system is far from the critical point.

For the case of CO,, the overall properties of the resulting
mixture and split-phase results are summarized in Table 10.
The final pressure is P = 31.27 MPa. The algorithm found a
solution in 266 iterations. The results agree with those obtained
using the PT-flash at the final pressure. The PT-flash converged
in 254 iterations. The K;-values in Table 10 are closer to one.
Unlike in the previous case, the mixture is near-critical, which
explains the increased number of iterations that are needed to
converge using the fixed point iteration method.

Summary and Conclusions

In this work, we have introduced a new thermodynamic
function to describe two-phase equilibrium at constant tem-
perature, volume, and moles. The new volume function coef-
ficient replaces the fugacity coefficients that are used in
common formulations of two-phase equilibrium at constant
temperature and pressure. Unlike the conventional approach,
our method can determine uniquely the equilibrium state of
a pure substance in two-phase state. The volume-based for-
mulation of two-phase equilibrium in terms of the volume
function coefficients has been derived for the Peng-Robinson

Table 8. Binary Interaction Coefficients for the Reservoir
Fluid Used in Example 4

Overall

Property Unit mixture  Phase 1  Phase 2
Molar concentration mol m™ 591274 669098 4795.04
N> mole fraction - 0.2463  0.12944  0.48049
C; mole fraction - 0.2208  0.15509  0.35248
C3 mole fraction - 0.2208  0.25349  0.15529
nCio mole fraction - 0.3121 0.46198  0.01173
Phase volume fraction - 0.58952  0.41048

Component N, CO, C, PC, PC, PC;  Cpoy

N> 0.000 0.000 0.100 0.100 0.100 0.100 0.100
CO, 0.000 0.000 0.150 0.150 0.150 0.150 0.150
C, 0.100  0.150 0.000 0.035 0.040 0.049 0.069
PC, 0.100  0.150 0.035 0.000 0.000 0.000 0.000
PC, 0.100 0.150 0.040 0.000 0.000 0.000 0.000
PCs 0.100  0.150 0.049 0.000 0.000 0.000 0.000
Cioy 0.100 0.150 0.069 0.000 0.000 0.000 0.000
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Table 9. Overall Properties of the Mixture of the Reservoir Fluid from Table 7 (50% of volume) with N, at the Initial
Pressure P;,; = 30.34 MPa and Resulting Phase Properties in Two-Phase Flash at Constant Temperature 7 = 413.71 K and
Volume (Example 4)

Overall

Property Unit mixture Phase 1 Phase 2 K;-values
Molar concentration mol m 8386.44 6877.62 8863.05
N, mole fraction - 0.466905 0.243471 0.521675 2.14266
CO, mole fraction - 0.007466 0.006159 0.007786 1.26421
C; mole fraction - 0.300435 0.210766 0.322416 1.52973
PC; mole fraction - 0.105051 0.130065 0.098920 0.76054
PC, mole fraction - 0.041061 0.084767 0.030347 0.35801
PC; mole fraction - 0.045060 0.158289 0.017305 0.10932
Cj,. mole fraction - 0.034021 0.166484 0.001551 0.00932
Phase volume fraction - 0.240057 0.759942

The final pressure is P = 32.66 MPa.

Table 10. Overall Properties of the Mixture of the Reservoir Fluid from Table 7 (50% of volume) with CO, at the Initial
Pressure P;,; = 30.34 MPa and Resulting Phase Properties in Two-Phase Flash at Constant Temperature 7 = 413.71 K and
Volume (Example 4)

Property Unit Overall mixture Phase 1 Phase 2 K-values
Molar concentration mol m 10211.55 9168.51 10335.60
N, mole fraction - 0.000131 0.000103 0.000134 1.303750
CO, mole fraction - 0.568185 0.504174 0.574938 1.140360
C; mole fraction - 0.246739 0.214535 0.250136 1.165950
PC, mole fraction - 0.086275 0.091552 0.085719 0.936288
PC, mole fraction - 0.033722 0.043366 0.032704 0.754150
PC;5 mole fraction - 0.037006 0.063680 0.034192 0.536942
Cj2; mole fraction - 0.027941 0.082591 0.022175 0.268497
Phase volume fraction - 0.106291 0.893709

The final pressure is P = 31.27 MPa.

equation of state, but the same concept can be used for other
pressure-explicit equations of state as well.

We proposed a numerical algorithm for computation of
the phase-split properties, which is based on a combination
of the fixed point outer iteration and Newton’s method in the
inner iteration. To show efficiency of this approach we have
performed results of numerical computations of multicompo-
nent mixtures of different complexity. The results indicate
that to achieve the same accuracy, the number of iterations
of the VT-flash method based on the fixed point iteration is
about the same as when using the PT-flash under the same
physical conditions. As the final pressure is not known a pri-
ori when the volume is constant, the computation of VT-
flash using the PT-flash combined with outer iterations, as
suggested Refs. 6 and in 7, is necessarily inefficient. Our
method provides the correct solution in practically the same
number of iterations as one run of the PT-flash at the final
pressure.
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Appendix: Volume Function Coefficient for
Peng-Robinson Equation of State

In this work, we use the Peng-Robinson equation of state’
in the form

_ nRT A
" V-B V242BV B

P(V,T,ny,...,n.)

where R is the universal gas constant, n = ) ¢ n; is the total
number of moles, and coefficients A and B are given by
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C C C
A= E E ninja;, B= E n;b;
i=1 j=1 =1

b= 0.0778R Ficrit

icrit

ay = (1-0y) aa,

RZT[zcril 2
a= 045724 [14-m;(1-V/T;)],

icrit

{0.37464 +1.54226w; 70.2699200,2, for w;<0.5,

0.3796 + 1.4850; — 0.1644)} + 0.01667; for w; >0.5.

In these equations, d;; denotes the binary interaction parameter
between the components i and j, T;crir, Picrit, and ; are the

critical temperature, critical pressure, and accentric factor of
the i-th component, respectively. The volume function
coefficient for the Peng-Robinson equation of state can be
found analytically using (9) as

V—-B bin JrAh,- Vv
Vv V—B BRTV?+2BV —B?

S (L < NEICESEL]
V2BRT 2B Y| TV + (1-V2)B|

In®; =In

1
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1. Introduction

Consider a mixture of n components with mole numbers Ny, ... .,
Npinaclosed system of constant volume V at temperature T. We are
interested to know whether the mixture is in single-phase or splits
into two or more phases. This is the problem of phase stability under
constant temperature, moles, and volume (VT-stability). The goal
of the constant volume stability analysis is to determine whether
a phase is stable at specified volume, temperature, and mole num-
bers. If the phase is unstable, this procedure may be followed by
the equilibrium calculation at constant temperature and volume, in
which the final pressure of the mixture in the cell is to be computed
together with the compositions and amounts of the split-phases.
The latter is the problem of the two-phase phase-split (also called
flash) at constant temperature, moles, and volume (VT-flash). The
problem has been formulated in a recent paper [1], where a simple
iterative algorithm is developed to compute the two-phase equilib-
rium under constant temperature, volume and moles. VT-stability
procedure can be developed to simplify the VT-flash calculation.
As the VT-stability algorithm is simpler than VT-flash, it can be

* Corresponding author at: Reservoir Engineering Research Institute, 595 Lytton
Ave, Suite B, Palo Alto, CA 94301, USA. Tel.: +1 650 326 9259.
E-mail addresses: jiri.mikyska@fjfi.cvut.cz (J. Mikyska),
abbas.firoozabadi@yale.edu (A. Firoozabadi).

0378-3812/$ - see front matter © 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.fluid.2012.01.026

performed first. If single-phase is stable, the VT-flash calculation is
avoided. This paper is focused on the problem of testing VT-stability
only. The application of the VT-stability to provide initial guesses
for the VT-flash is an important problem which is currently under
investigation.

The phase stability at constant pressure and temperature (PT-
stability) is addressed in many references [2-5]. In this approach,
pressure, temperature and overall chemical composition are given.
Trial phases of various compositions are tested to find if there is a
composition for which transfer of a small amount of the trial phase
from the initial phase leads to a decrease of the Gibbs free energy.
This is usually formulated using the so-called tangent plane dis-
tance function D. If a trial phase composition is found for which
the function D is negative, the mixture is unstable and the trial
phase composition can be used as an initial guess in the two-phase
PT-flash [7]. If for all trial phase compositions the value D is non-
negative, the mixture is in single-phase. For numerical efficiency,
the search for the global minimum of function D [5] in the com-
positional space is replaced by local minimization using multiple
initial guesses [2-4]. Many methods have been developed to locate
the minima of function D in the literature cited above and in other
papers.

The methods developed for PT-stability may not be correspond-
ing to the VT-flash, in which the pressure is not known a-priori.
Michelsen [3] suggested to use the PT-stability algorithm for inves-
tigation of the phase stability in other variables specifications (P, S
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or P, H). While these methods should provide the same results, in
some special cases, as we will discuss later in the paper, they may
not. They may be also differences in numerical efficiency. We have
found out that the numerical implementation of the VT-stability
using the PT-algorithm at the pressure given by the equation of
state may fail to provide correct results. We will show two exam-
ples to illustrate this issue. An alternative to the PT-stability will
also provide a new option. Therefore, we develop a new ‘volume-
based’ formulation of the phase stability criterion and present a
numerical algorithm for testing single-phase stability at constant
temperature and volume. Although the VT-stability criterion can
be found in Refs. [3,6,8], the working equations for phase stability
at constant temperature and volume, to the best of our knowledge,
have not appeared in the scientific literature.

The paper is structured as follows. In the first section, we derive
conditions for single-phase stability at constant temperature and
volume. Then, we reformulate this condition in terms of the volume
functions that were introduced previously [1]. A numerical algo-
rithm is suggested for testing VT-stability, and, finally, we present
examples of phase stability testing based on the new formulation
for a number of mixtures under different conditions.

2. Conditions for phase stability

Consider a mixture of n components with mole numbers Ny, ... .,
Ny occupying volume V at temperature T. The question is whether
the system stays in a single phase or splits into two phases. The
Helmbholtz free energy of a phase is given by

n
A=-PV+ > N, (1)
i=1

where P=P(V, T, Ny, ..., Ny) is the pressure given by a pressure-
explicit equation of state, and w; = 4;(V, T, Ny, . . ., Np) is the chemical
potential of the i-th component in the mixture. If the system is in
single-phase, then the total Helmholtz free energy of the mixture
reads as

Al =A(V,T,Ny,...,Nn), (2)

while in the two-phase

Al = A(V',T,N},...,Np)+A(V = V', T,Ny = Nj,...,Ny = Nj). (3)

In Eq. (3) the prime represents the variables of the trial phase. Note
that the chemical composition of the trial phase can be quite dif-
ferent from that of the initial phase. Let us assume that if the single
phase is unstable, then an arbitrarily small perturbation can turn
the system into two-phase. Using the Taylor expansion of the sec-
ond term of the right hand side of (3) around the point (V, T, Ny, .. .,
Np), we derive

AV =V, T,N; =N}, ..., Nq = Ny) = A(V, T, Ny, ..., Np)

" 9A

0A , ,
—aT(V, T,Nq,...,Ng)V' — W(V’ T,N1,...,Na)N
1

1

+Ri(V',T,Ny, ..., Np), (4)

where R{(V', T, \ ., N;;) denotes the reminder in the Taylor
polynomial expansion after the first-order terms. Combining the
last equation with (2), and using

A __, A
o BNi_M”

we rewrite the change of the Helmholtz free energy from the single-
phase to the two-phase state as

(5)

AA=A"—Al = AV, T,N},...,N))+P(V,T,Ny,...,Np)V'

n
_ Z,Li(v, T,Ny, ..., NoN+Ry(V/, T, N}, ..., Np).
i=1

(6)

Using Eq. (1), the last equation can be rewritten as

n
AA =TTV TN, - N = iV T Ny NN
i=1
~[P(V', T, Ny, ..
+Ri(V, TNy, ..

N —P(V,T,Ny, ..
LND).

S NIV
7

For sufficiently small perturbations (V', T, N}, ..., N;) the remain-
der term cannot change the sign of AA, which implies that the single
phase is stable if (c.f. [6])

n
D [V TN NG = (V. T Ny N N
i=1

—[P(V', T,Ny, ..

< Np)=P(V,T,Ny,...,Ng)[V' 20

for all admissible states (V', T, N, ..., Np).

3. Different forms of the phase stability criterion

We will rewrite (8) into a more convenient form. Let us intro-
duce the overall molar concentration c=N/V, the trial phase molar
concentration ¢'=N'|V/, overall mole fractions z;=N;/N, and trial
phase mole fractions x; = N//N’, where N=3"7 |N; and N’ =
ELN}.’. Dividing (8) by V' and using the fact that pressure and
chemical potentials are homogeneous functions of degree zero in
volume and moles, the single-phase is stable if and only if the tan-
gent plane distance function D defined by

n
D(T, c'x1, ..., C'%n) = Z[Mi(l,T, X1y, C'xn)
i=1

—ui(1,T, ez, ..., czn)lc'x;
—[P(l, T, c'xq, -~-7C/Xn)
—P(1,T,czy, ..., ¢zn)]

(9)

is nonnegative for all admissible concentrations (c'xq, ..., ¢'xp) at
temperature T. To see whether a state with a negative value of D
exists, it is sufficient to investigate the values of D in the minima.
The stationary points of function D are given by

oD

o
== i+ —lx—~— =0, j=1,...,n. 10
Ben) i — K 21 aNJ{ j 8Nj{ J (10)

In the equations above, the pressure and chemical potentials
are understood as functions of independent variables V', T, and
Ni,...,Np; therefore, the partial derivatives are denoted as
o/ BNJT, and oP'/ BNJI, respectively. We use the convention that
the primed pressure, chemical potentials and their derivatives are
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evaluated at (1, T, ¢'xq, .. ., C'xp), while the unprimed ones are eval-

uated at (1, T, czy, . . ., czn). From the reciprocity relations
8”;_% and @_,% (11)
N, ON;’ oN; oV
we obtain

oD , " O o} .
== Ui+ c'x; + =0, j=1,...,n. 12
Aoy T 2N T Gy ! (12)

i=1
Note that the chemical potentials satisfy

mi(aV', T, aNy, ..., aNy) = wi(V', T,Ny, ..., Ny) (13)
for all admissible states (V', T, Ni,...,N,;) and a>0 (i.e. u; is
a homogeneous function of degree zero in variables V' and

Ni ooy N;). Therefore,

noou 3;4]’.
' + =0, 14

Z oN. Tt av (14)
i=1 !
and the stationarity conditions (12) simplify to

oD
——  =ul—pu;=0, j=1,...,n, 15
aex) W= 1y J (15)

which means that in every stationary point of function D, the initial
phase and the trial phase are in chemical equilibrium (the chemi-
cal potentials of each component in the trial phase and the initial
phase are equal). Substituting (15) into (9), the value of D at the sta-
tionary point is equal to P— P If the global minimum of function
D is negative, the trial phase will be in chemical equilibrium with
the initial phase, but not in mechanical equilibrium. When the trial
phase will have higher pressure than the initial phase, the phase
split will occur. If the global minimum of function D is zero (trivial
solution has zero value of D, so the global minimum of D cannot
have a positive value), then the mixture remains in single-phase.

In the development above, the stability criterion (8) was nor-
malized to unit volume of the trial phase, however, it is interesting
to mention that other reformulations are also possible. The crite-
rion (8) can also be normalized to unit moles of the trial phase. In
this case we define a modification of the D function by

D(T, c'xy, ..., C'xp)

D*(T, c'xq, .. o

L, CXp) = (16)

The condition for stationary points of the function D* reads as

. (W — ) =D
o+ _HiTH -0, j=1,....n, (17)
a(c'x;) c2

from which it follows that

, D .
Mj—ujzgzl(, j=1,...,n, (18)

i.e.the difference between chemical potentials in the trial and initial
phases has the same value K for all components. Combining (18)
with (16) and (9), it can be shown readily that the D* function in
any stationary point is equal to the value K and that the pressures
of the trial phase and the initial phase are equal.

As both functions D and D* have the same signs in any point, the
results of stability analysis have to be the same for both functions.
However, the locations of minima for the D function are very differ-
ent from those for D*. The meaning of stationary point depends on
which function is used for stability analysis. This indicates that any
recommendation on using the global minimum of any of them as
an initial guess for the flash calculation can be considered ad hoc.

4. Limitations of the PT-stability analysis

The discussion above could lead us to the conclusion that to
test the single phase stability of a mixture at constant V an T, it
is sufficient to perform the conventional PT-stability testing of the
mixture using the pressure given by the equation of state for the
single phase. Although the conclusion, which has been mentioned
in the literature [3], is theoretically correct, we have found out that
the common numerical implementations of this approach may not
provide correct results. To be specific, the mixtures from Examples
3 and 4 are not VT-stable at certain conditions (see Examples 3
and 4 below), but the PT-stability indicates stability. The reason
is that the pressure computed from the equation of state is neg-
ative. When P is negative, one cannot use the Wilson correlation
to obtain initial guess of K values. Even when we used other ini-
tial guesses by assuming various values of positive pressures in the
Wilson correlation, the PT-stability predicted that the system is sta-
ble. Without good initial guesses, the PT-stability algorithm [2-4]
can miss the global minimum of function D and indicate single-
phase instead of two-phase. One may argue that if the pressure is
negative, the system is unstable without performing flash calcula-
tions. Our algorithm would determine phase stability whether the
pressure is positive or negative.

Another example when the conventional PT-stability analysis
will fail is the situation in which the PT-stability testing is per-
formed on a trivial mixture composed of a single component. In
this situation, if the pressure P is higher than the saturation pres-
sure P%(T) at a given temperature T, the ‘mixture’ is stable liquid.
If pressure P is lower than P*%(T), the ‘mixture’ is stable gas. Only
if P=Ps%(T), the ‘mixture’ can be in two-phase but also in single-
phase (saturated liquid or saturated gas). Note that all the latter
states are indistinguishable in terms of P and T variables, but can
be distinguished using the volume V. Although this issue is typical
for pure components only, we would like to have a theory that will
treat the real mixtures and the pure components in a unified way.
These issues and desirability of an alternative approach to stability
have lead us to develop a new ‘volume-based’ formulation of the
phase stability that can address VT-stability directly.

5. Numerical algorithm for testing phase stability

We will derive a numerical procedure for testing single-phase
stability at constant temperature, volume, and moles based on the
function D. Using the volume functions, which are introduced pre-
viously [1], the stationarity conditions (15) for function D can be
rewritten as
c'x;

In—
Cz;

+In @;(cz) — In ®j(c'’x)=0, i=1,...,n, (19)
where @; is the volume function of the i-th component and ¢z and
c¢'x denote vectors with components czy, ..., cz; and c'xq, ..., C'Xn,
respectively.

It is tempting to solve the system (19) by the successive substi-
tution method (SSI) defined by

®i(cxb)

k+1
xt = czi—0———
i U di(cz)

(20)

where ¢’x® is an initial guess. However, we have found that this
approach does not work for the following reasons:

1. The sequence given by (20) does not converge in many cases.
Frequently, after several iterations the iterate jumps out of
the feasible region (i.e. ¢'x;<0 for some ie{1, 2, ..., n} or
Z?:l bic’x; > 1, where b; denotes the covolume parameter of the
i-th component in the Peng-Robinson equation of state).
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2. Evenifthe sequence (20) converges to a limit, it is not guaranteed
that the limit is the correct solution - the global minimum of
function D. This is a common problem in local methods which
is usually solved by proper initialization of the algorithm, but in
case of the SSI method, this does not solve the problem (see the
next point).

3. We have seen the cases where the iterates diverge from the cor-
rect solution no matter how close the initial guess is to the correct
solution. It thus happens that the correct solution is a fixed point
of the iteration (20), but the iterates diverge from it rather than
converge. In many cases, the algorithm converges to a saddle
point of function D rather than (at least local) minimum.

4. The convergence of SSI (if it is achieved) is typically slow. Unlike
in PT-stability, the slow convergence is not compensated by the
robustness of the method.

5. It is not clear how to choose a stopping criterion. If the itera-
tions are stopped whenever the norm of the increment Ac'x =
cx**1 — ¢xk in an iteration is lower than a certain tolerance
eroL > 0 or if the decrease of the value of D in an iteration is small,
there is no guarantee that the error of approximation of ¢'x is
small.

Therefore, the system of equations (19) is solved using the
Newton-Raphson iterative method. Starting with an initial guess

¢x°, in each iteration we find a direction Ac'x by solving the sys-
tem
Jx)ACK = —F(c'x¥), (21)
where the vector F has the elements

F(c'x)=1In % T 1n &(cz) - In D(cx), i=1,...,n, (22)

i
and J is the Jacobian matrix with elements
BF,- 51'1' 311’1 (D,-

ii(dx) = X)= —= — cx), i,j=1,...,n, (23

Ii(€X) = g (€)= Gy~ Bew) € (23)

where §;;=1fori=jand ;;=0 fori # j. After solving for the direc-
tion Ac’x", the approximation is updated as

exft = oxF 4 Ak Ak, (24)
where AK€ (0; 1) is a dumping factor. We set A¥ = 1 for the first trial.
If ’x**1 is outside of the feasible domain, A* is halved until the new
approximation stays in the feasible domain. This modification of
the Newton method (the so-called line search) avoids overshooting
and enables to achieve global convergence in the Newton method.
This means that the approximations will converge to a station-
ary point of function D for any initial guess. It should be noted
that the property of global convergence is different from the con-
vergence to the global minimum of function D, which, of course,
cannot be guaranteed neither by using Newton-Raphson, nor any
other local minimization method. The approximations converge to
a stationary point, including the local maxima or saddle points.
We have observed in many cases that with poor initial guesses
the approximations in the Newton-Raphson method converge to a
saddle point. Unlike in SSI, the Newton-Raphson iterations always
converge to a stationary point if the initial guess is close enough,
i.e. there exist basins of attraction around all stationary points.
To ensure convergence toward the global minimum of function D,
proper initial guesses must be provided.

In PT-stability for vapor-liquid systems, Wilson’s correlation
[10] usually provides reasonable initial guesses. In VT-stability, this
correlation cannot be used directly, because the initial pressure is
unknown. One idea could be to use pressure given by equation of
state for the initial phase. In some cases, this initial pressure can be
negative. Therefore, we propose a robust method for initialization

of VT-stability algorithm based on the saturation pressure P{%(T) of
each component i at temperature T. We will discuss two situations
depending on whether the initial phase is considered as liquid- or
vapor-like. If the initial phase is liquid-like, then the vapor phase
pressure Pj,; is estimated as

n

Pii = Y _Pi(T)z;, (25)
i=1
and the trial (vapor) phase composition is estimated as
X! = iﬂ[z- i=1 n (26)
PPy T

If the initial phase is vapor-like, then we estimate the trial (liquid)
phase composition as

Zj

psat
x?:”’izj, i=1,...,n, (27)
Zj:’l P;at
and the initial trial (liquid) phase pressure P;; is given by
n
Pii = > _PS(TI. (28)
i=1

As we do not know a-priori whether the initial phase is vapor- or
liquid-like, both possibilities are tested. The initial concentration
c0 of the trial phase is evaluated from the equation of state using
the estimated trial phase composition x?(i =1,...,n) and initial
pressure Pj,;. For multiple roots in the equation of state, we obtain
different initial guesses. In case of three different roots, only two of
them are accepted and the middle one is disregarded. This way we
obtain up to four initial guesses for the Newton method. We have
tested this strategy on a number of mixtures (see the Examples)and
we have not seen a case for which the global minimum of function
D would be missed.

The iterations are stopped when the maximal number of itera-
tions is achieved (500) or when the Euclidian norm of the direction
vector is less than a prescribed limit. We use |\Ac/xk|| <107 asa
stopping criterion in all examples below. For the Newton-Raphson
method (and also for any other quadratically convergent method,
see e.g. [11]), the norm of the error of ¢'x is approximately equal
to the norm of increment || Ac'x| in the vicinity of the stationary
point. This is not the case for SSI (and other methods that converge
only linearly), in which the small increment does not generally
imply a small error of approximation.

6. Numerical examples of VT-stability testing

We have tested the algorithm in several examples of VT-stability
testing for binary and multi-component mixtures under different
conditions. In all numerical experiments we investigate stability
of an n-component mixture with prescribed chemical composition
Z1, ..., Zn as a function of temperature T and overall molar con-
centration c. The c, T-space is discretized by a grid with 50 x 50
vertices. For each point (c, T) of the grid we perform the stability
analysis. We provide plots of the value of the global minimum as
a function of ¢ and T which allows to detect two-phase stability
boundaries. Parameters of the Peng-Robinson equation of state for
all components used are presented in Table 1. In most examples we
investigate VT-stability of mixtures whose phase-splitting at con-
stant temperature, volume and moles has been investigated in our
previous work [1].

Example 1. In the first example we investigate VT-stability for
a binary mixture of methane (C;) and propane (C3) with mole
fractions z¢, = 0.547413 and zc, = 0.452587 for temperatures
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Fig. 1. Global minimum of function D as a function of the overall molar density c and temperature T (left) and boundary between single-phase and two-phase regions in the

¢, T-space (right). Example 1: binary C;-C; mixture.

Te(250;330)K and the whole range of feasible molar densities.
The binary interaction coefficient ¢, _c, = 0.0365. The minima of
function D for each point and the approximate boundaries of the
two-phase region in the c, T-space are presented in Fig. 1.

Example 2. In the second example we investigate VT-stability
for a binary mixture of methane (C;) and normal penthane (nCs)
with mole fractions zc, = 0.547413 and zyc, = 0.452587 for tem-
peratures Te (320;430) K and the whole range of feasible molar
densities. The binary interaction coefficient 8¢, _nc; = 0.041. The
minima of function D for each point and the approximate bound-
aries of the two-phase region in the c, T-space are presented in
Fig. 2.

Example 3. In the third example we change the mole fractions
in Example 2 and investigate VT-stability for a binary mixture of
methane (C;) and normal penthane (nCs) with mole fractions zc, =
0.489575 and zpc; = 0.510425 for temperatures T e (250 ;450) K
and the whole range of feasible molar densities. The minima of
function D for each point and the approximate boundaries of the
two-phase region in the c, T-space are presented in Fig. 3.

Note that for c=6135.3molm~3 and T=310.95K, the mixture
is unstable, but the PT-stability analysis performed at the pressure
provided by the equation of state (P=—9.93516 bar) with several
initial guesses indicates single-phase. This is an example of one
of the issues with the PT-stability analysis discussed above, which
justifies the alternative formulation.

Example 4. In the fourth example we investigate VT-stability for
a binary mixture of carbon dioxide (CO, ) and normal decane (nCyq)
with mole fractions zco, = 0.547413 and zpc,, = 0.452587 for

Table 1
Parameters of the Peng-Robinson equation of state for all components used in all
examples. PC;-PC; are the pseudocomponents defined in Examples 6 and 7.

Component Ticrit (K) Picrir (MPa) wi (=) My, (gmol~")
o, 304.14 7.375 0.2390 44
N 126.21 3.390 0.039 28

G 190.56 4599 0.0110 16

Cs 369.83 4248 0.153 441
nCs 469.70 3.370 0.2510 722
nCyo 617.70 2.110 0.489 14228
PG, 333.91 5329 0.1113 34.64
PC, 45625 3.445 0.2344 69.52
PC; 590.76 2.376 0.4470 12457
Cioe 74258 1341 0.9125 248.30

temperatures T € (250 ; 650) Kand the whole range of feasible molar
densities. The binary interaction coefficient dco,-nc,, = 0.15. The
minima of function D for each point and the approximate bound-
aries of the two-phase region in the c, T-space are presented in
Fig. 4. Note that for high molar densities ¢ and low temperatures
we can observe a second two-phase region which may correspond
to a liquid-liquid two-phase region (provided that the solid phase
does not form). As can be seen in Fig. 4, for c=6307.21 molm~—3 and
T=311K, the mixture is unstable. This is another example in which
the PT-stability fails to provide correct answer because when per-
formed at the pressure given by the equation state (P=— 184.5 bar),
it indicates single phase.

Example 5. In the fifth example we investigate VT-stability for a
four-component mixture of nitrogen (N, ), methane (C;), propane
(C3), and normal decane (nCyo) with mole fractions zy, = 0.2463,
z¢, = 0.2208, z¢, = 0.2208, and zpc,, = 0.3121 for temperatures
Te (250;650)K and the whole range of feasible molar densities.
The binary interaction coefficients are shown in Table 2. The min-
ima of function D for each point and the approximate boundaries
of the two-phase region in the c, T-space are presented in Fig. 5.

Example 6. In the sixth example we investigate VT-stability
for a seven-component mixture of nitrogen (N;), carbon diox-
ide (CO,) with a multicomponent oil. The oil is modeled by
seven (pseudo)components — N,, CO,, methane (C;), and four
hydrocarbon pseudo-components denoted as PC; (H,S+C, +C3),
PC, (C4-Cg), PC3 (C7-Cq1), and Cqp+. In this example oil is
mixed with nitrogen to obtain a nitrogen-rich mixture with over-
all composition zy, = 0.466905, zco, = 0.007466, zc, = 0.300435,
Zpc, = 0.105051, Zpc, = 0.041061, Zpcy = 0.045060, and ZC12+ =
0.034021. We investigate VT-stability of this mixture for tem-
peratures Te (250;650) K and the whole range of feasible molar
densities. The binary interaction coefficients are shown in Table 3.
The minima of function D for each point and the approximate
boundaries of the two-phase region in the c, T-space are presented
in Fig. 6.

Table 2

Binary interaction coefficients for the four-component mixture used in Example 5.
Component N, C; Cs nCio
N; 0 0.1 0.1 0.1
[ 0.1 0 0.036 0.052
C3 0.1 0.036 0 0
nCio 0.1 0.052 0 0
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Fig. 2. Global minimum of function D as a function of the overall molar density c and temperature T (left) and boundary between single-phase and two-phase regions in the
¢, T-space (right). Example 2: binary C;-nCs mixture (mole fractions in the text).
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Fig. 3. Global minimum of function D as a function of the overall molar density c and temperature T (left) and boundary between single-phase and two-phase regions in the
¢, T-space (right). Example 3: binary C;-nCs mixture (mole fractions in the text).
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Example 7. In the last example we mix the oil from Example 6 Zc,,, = 0.027941. We investigate VT-stability of this mixture for
with CO; so that we obtain a CO,-rich seven-component mixture temperatures T € (250 ; 650) Kand the whole range of feasible molar
with overall composition zy, = 0.000131, z¢o, = 0.568185, z¢c, = densities. The binary interaction coefficients are shown in Table 3.
0.246739, zpc, = 0.086275, zpc, = 0.033722, zpc, = 0.037006, and The minima of function D for each point and the approximate
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Table 3 ) . o ) Pi crit critical pressure of the it-th component
Binary interaction coefficients for the reservoir fluids used in Examples 6 and 7. Pism saturation pressure of the i-th component
Component N, CO, C PG, PC, PC3 Cize Pini initial pressure
N, 0.000 0000 0100 0100 0.100 0.100  0.100 universal gas constant
Co, 0.000 0000 0150 0150 0150 0.150 0.150 T absolute temperature
G 0100 0150 0000 0035 0040 0049 0.069 T crit critical temperature of the i-th component
PC, 0.100 0.150 0.035 0.000 0000 0000 0.000 total volume of the system
PC, 0.100 0.150 0.040 0.000 0.000 0.000 0.000 ) . g . .
PC; 0100 0150 0049 0000 0000 0000 0.000 Xi mole fraction of the i-th component in the trial phase
Ciar 0100 0150 0069 0000 0000 0000 0.000 z; mole fraction of the i-th component in the initial phase
Acknowledgments

boundaries of the two-phase region in the c, T-space are presented
in Fig. 7. We observe again an unstable region in the bottom right
corner of Fig. 7 (right) which corresponds to a liquid-liquid two-
phase state if the solid phase does not form.

7. Summary and conclusions

In this work we have formulated conditions for the phase
stability at constant temperature, volume, and moles. This prob-
lem differs significantly from the common problem of stability
at constant pressure, because the pressure is not known a-priori.
Moreover, the pressures in the initial phase and in the trial phase
are not generally the same. We have proposed a simple numerical
algorithm for VT-stability testing, which is based on the Newton
method with line search. This combination together with a spe-
cial choice of initial guesses allows robust VT-stability testing. The
algorithm has been tested on many mixtures under different con-
ditions of different complexity. In most simulations, the algorithm
converges in 10-20 iterations. In seven-components examples, the
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Appendix A. Volume function coefficient for the
Peng-Robinson equation of state

In this work we use the Peng-Robinson equation of state [9] in
the form

NRT A

P(V9T5N19~~')Nﬂ)=m7ms

where R is the universal gas constant, N = ZLN,- is the total mole
number, and coefficients A and B3 are given by

0.37464 + 1.54226w; — 0.26992w?, forw; < 0.5,

P
RT2
— " L= (1= aa = Lerit _ 2 m=
A‘E :E :N’Nfa"’ 4 =(1-8i5)\/ae;, &= 0457245 = {1 +mi(1 \/;')] s 1M {0.3796+1.485w.-0.1644w3+0f01667w,3 forw; > 0.5

=1 j=1

typical number of Newton iterations is between 20 and 30. In
most situations the line search is necessary in the first few iterations
of the Newton method only. Once the iterates converge toward the
true solution, we observe the quadratic convergence and the line
search is not needed any more. In some cases the Newton method
does not converge for some initial guesses, but these cases are very
rare. If the Newton method does not converge for one initial guess,
the other initial guesses converge rapidly. Therefore, we are able
to obtain these results using at most four initial guesses for each
VT-stability testing. This can not be achieved using the SSI method
which breaks down frequently and does not allow to evaluate reli-
able phase boundaries in the c, T-space as it is for the Newton
method.

List of symbols

A Helmbholtz free energy

b; covolume parameter of the Peng-Robinson EOS

c molar concentration

D, D* different forms of the tangent plane distance function

3ij Kronecker symbol

Sx_y binary interaction coefficient between components X and
Y

D; volume function of the i-th component

i,j component indices

k iteration index

i chemical potential of the i-th component

My, i molar weight of the i-th component

n number of components

N; mole number of the i-th component

wj accentric factor of the i-th component

P pressure

n

RT; o

B= ZNibi b; = 0.0778 — Lt
i=1

i,crit

In these equations §;_; denotes the binary interaction parameter
between the components i and j, T it, Picrir, and w; are the criti-
cal temperature, critical pressure, and accentric factor of the i-th
component, respectively. Defining the molar densities of the i-th
component by cx;=N;/V, the volume function coefficient for the
Peng-Robinson equation of state can be written in terms of molar
densities as (for details see [1])

b,’C i lei 1
-8  BRT1+2B-29

In ®(T, cxq, ..., cxp) =In(1 - B) — i

1+(1-+2)38 (29)

n
1 Ab; 1+(1+v2)8
= V2®RT 78~ 2% | N T s |
j=1

where
n n

n
A= % = ZZcx,—cxjaij, B = g = Zcxibi.
i=1

i=1 j=1

In the text the dependence of the volume function @; on tempera-
ture Tis not written explicitly, because the temperature is assumed
to be constant.
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We develop a new algorithm for the calculation of phase splitting at constant volume, temperature, and
moles. The method is based on the direct minimization of the total Helmholtz free energy of the mixture
with respect to the mole- and volume-balance constraints. The algorithm uses the Newton-Raphson
minimization method with line-search and modified Cholesky factorization of the Hessian to produce
a sequence of states with decreasing values of the total Helmholtz free energy. The algorithm is initial-
ized using an initial guess that is constructed using the results of the constant volume stability testing.
The speed and robustness of the algorithm are demonstrated by a number of examples of two-phase

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Consider a closed system of given volume V containing a mix-
ture of n components with mole numbers Ny,. . ., N, at temperature
T. The goal is to find out if the system is in single phase or splits
into phases. If phase splitting occurs, we want to establish com-
position, densities, and amount of the phases, and eventually, find
the equilibrium pressure. The problem of computation of phase
equilibria under constant volume, temperature, and moles (the
so-called VT-flash) is an alternative to the traditional formulation
of phase equilibria at constant pressure, temperature, and chem-
ical composition (the so-called PT-flash), which has been used in
many applications [1-3]. Although the possibility of using alter-
native variables specifications has been known for a long time,
in most applications PT-flash has been used to solve the phase
equilibrium. To compute phase equilibria under different variables
specifications (including VT, PS, and PH), Michelsen [1-4] suggested
to use the PT-flash algorithm iteratively, trying to find input tem-
perature T and pressure P for the PT-flash such that the resulting
specification variable (volume V, entropy S, or enthalpy H, respec-
tively) attains the prescribed value. This approach was used in
[5] to find the conditions of thermodynamic equilibrium in sys-
tems subject to gravitational fields and in [6] to study segregation
in centrifugal fields. While this approach allows to reuse exist-
ing implementations of PT-flash, it is not computationally efficient

* Corresponding author. Tel.: +420 224358553.
E-mail address: jiri.mikyska@fjfi.cvut.cz (J. Mikyska).

0378-3812/$ - see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.fluid.2013.05.036

because many solutions of the PT-flash are needed before the equi-
librium pressure is found. Another limitation of this approach is
that for a pure substance at the saturation pressure, volume is
ambiguous (see Example 1 below), and therefore, the nested loop
approach must fail to provide correct volume fractions of the split
phases. Although the single-component case seems to be a trivial
exception, we aim to develop a method that performs equally well
for pure substances and mixtures. This motivates our interest in VT-
based formulation and direct minimization of the total Helmholtz
free energy A.

Compared to PT-flash, the VT-based algorithms for the flash cal-
culation and stability testing have been discussed rarely in the
literature. Cabral et al. [7] use the direct minimization of the
Helmbholtz free energy in problems with various bulk and adsorbed
phases. In the VT-flash, pressure can become negative during the
course of iterations. For this reason, Cabral et al. [7] have evalu-
ated the logarithms of fugacities and pressures using the complex
arithmetic. In the VT-formulation presented in this paper, the use
of complex arithmetic is avoided. This is achieved by expressing
the differences of the chemical potentials using the logarithms of
volume functions rather than fugacities. The framework of volume
functions was developed recently [9] to replace fugacities in the VT-
based formulations. The first algorithm for the direct calculation of
VT-flash [9] using the new framework was based on solving the
equations of phase equilibria using the succesive substitution iter-
ations (SSI). Numerical examples in [9] demonstrate that the direct
calculation of VT-flash using SSI can be performed in essentially the
same number of iterations as SSIrequires in PT-flash if applied at the
equilibrium pressure. As this pressure is usually not known a-priori
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To resolve these issues, we have developed a new method for
the computation of VT-flash which is based on constrained mini-
mization of the total Helmholtz free energy rather than equation
solving. The minimization approach allows to solve all the issues
mentioned above. As the method is based on the Newton-Raphson
iterations, its convergence is fast compared to SSI. Unlike SSI, the
new method guarantees that the total Helmholtz free energy of the
system decreases in every iteration. Therefore, the method always
converges to a state corresponding to a local minimum of A. As we
use the results of stability to initialize the iteration, once the stabil-
ity analysis decides that the system is in two-phase, convergence
towards the false trivial solution is avoided.

The paper is structured as follows. In Section 2, we formulate
the VT-flash problem and derive the equilibrium conditions using
the Helmholtz free energy. In Section 3, we describe the new com-
putational algorithm for calculation of phase-equilibria at constant
volume, temperature, and moles. In Section 4, we describe con-
struction of the initial guess using the results of VT-stability testing.
In Section 5, we summarize the essential steps of the algorithm.
In Section 6, we present numerical examples showing the perfor-
mance of the algorithm on several mixtures of different degree of
complexity. In Section 7, we discuss the results and draw some con-
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List of notation

Symbol

A Helmbholtz free energy

b; Covolume parameter of the Peng-Robinson EOS

c Molar concentration

Sx_y Binary interaction coefficient between components
XandY

i,j Component indices

k Iteration index

i Chemical potential of the ith component

M,y i Molar weight of the ith component

n Number of components

N; Mole number of the ith component

w; Accentric factor of the ith component

P Pressure

Pi,crie Critical pressure of the ith component
Universal gas constant

T Absolute temperature

Ti crit Critical temperature of the ith component
Total volume of the system

z; Overall mole fraction of the ith component

(actually, it is one of the results of the VT-flash problem), itera-
tive version of the PT-flash would require more CPU-time to solve
the VT-flash problem. Besides its efficiency, there are also other
advantages of the VT-flash formulation over the PT-formulation
[11] stemming from the fact that VT are the natural variables of
pressure-explicit equations of state:

1 As volume is specified and pressure is computed from the equa-
tion of state, there is no need to invert the equation of state.

2 As the equation of state is not inverted, the problem of multiple
roots of the equation of state is avoided.

3 The algorithm can describe phase splitting in the mixtures as well
as in pure components (we will show a specific example of this
issue later in this paper).

Although the SSI-algorithm for VT-flash works well in many
cases, there are several issues to resolve. First, for some problems
the SSI algorithm requires too many iterations to converge. Second,
if SSI does converge, it does not have to converge to a state corre-
sponding to (at least) a local minimum of the total Helmholtz free
energy A. We have found examples, in which the iterates in the SSI-
algorithm converge to a state corresponding to the saddle point of
A rather than to the point of a minimum of A. In some cases, SSI
can converge to the trivial solution although the system should be
in two-phase. Providing good initial guesses for the SSI algorithm
is another challenge. We have found an example of a binary mix-
ture, for which the iterates in the SSI method diverged from the
vicinity of the global minimum of A no matter how close was the
initial guess to the point of the global minimum. Recently, we have
developed a fast and robust method for testing single-phase stabil-
ity under constant V and T conditions [10]. This algorithm tests if a
small volume of a trial phase with arbitrary density and composi-
tion can be split from the initial phase so that the total Helmholtz
free energy of the 2-phase system is lower than the energy of the
hypothetical single-phase system. If the mixture is stable, the VT-
flash calculation is avoided. If the mixture splits into phases, the
VT-stability provides concentrations of a trial phase, which, if taken
in a sufficiently small amount from the initial phase, leads to a two-
phase system with lower value of A than the hypothetical single
phase state. However, the SSI algorithm breaks down if the initial
guess from VT-stability is used.

clusions. In Appendix A, we summarize details of the equations of
state that were used in the computations.

2. Conditions for phase equilibrium

Consider a mixture of n components with mole numbers Ny,
..., Np occupying volume V at temperature T. Let us assume the
system is unstable and splits into two phases. We are interested
in calculating volumes of both phases V' and V”, mole numbers of
each component in both phases N; and in/ fori=1, ..., n and the
pressure of the system P.

For single-phase systems, the Helmholtz free energy is given by

n
A=AV, T, Ny, Na) = =PV 4+ N, (1)
i=1
where P=P(V, T, Ny, ..., Np) is the pressure given by a pressure-
explicit equation of state, and w; = £i(V, T, Ny, . . ., Ny ) is the chemical
potential of the ith component in the mixture. For two-phase sys-
tems, the total Helmholtz free energy reads as
A= AWV, T,Nj, ... ,N))+A(V", TNy, ..., Ny). (2)

The equilibrium state of the system is the one for which the total
Helmholtz free energy increase with respect to the hypothetical
single phase system,

AA=A(V' TN}, ....N))+A(V", TNy, ..., Ny)
—A(V,T,Ny,...,Np), 3)

is minimal among all states satisfying the following (n+1) con-
straints, which express the volume balance and mole balance

V4V =V, (4)
N +N/ =N;, i=1,....n (5)

Using the Lagrange multiplier method, the system of (n+ 1) neces-
sary conditions of the phase equilibria is derived

PV, T,N;,...,Ny)=P(V", T,N], ..., Np), (6)

WiV TNY, o N = (VI TNy o Ny), i=1, .. ,n. (7)

These equations are the basis for equation solving methods like SSI
developed in [9]. In this paper, we develop an optimization method,
which is based on direct minimization of AA subject to the con-
straints (4) and (5). The same problem could also be formulated
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using the minimization of A rather than AA. Obviously, the two
formulations yield the same equilibrium states as the last term on
the right hand side of (3) is constant. There are two advantages of
using AA. First, while A can be evaluated up to an unknown addi-
tive constant, the expression for AA can be evaluated readily from
the equation state. Second, AA is used in stability testing and the
sign of AA shows whether a given two-phase split is more stable
than the hypothetical single-phase state. This feature helps in the
initialization of the algorithm (see Eq. (27) in Section 4).

3. Numerical algorithm for computation of phase
equilibrium

We derive a numerical procedure for computing two-phase
equilibrium at constant temperature, volume, and moles based on
minimization of the total Helmholtz free energy of the two-phase
system (3), which is subject to the volume and mole balance con-
straints (4) and (5).

The constraint equations (4) and (5) can be written in the matrix
form with matrix A e R™1D*(2142) yector of unknowns x € R2™*2
and the vector of right hand side be R™! as Ax = b, or

N}
1 01 0 : Ny
1 0o 1 0 N
Ny
. 4
10 10 Ny :
00 0100 01 . Nn
v
N, ——
A b
v
——

(8)

As the matrix A has the full rank, the optimization problem
with 2n+2 unknowns and n+1 linearly independent linear con-
straints can be transformed into an unconstrained problem in
2n+2 —(n+1)=n+1 variables. In principle, one could use the con-
straints to eliminate one set of unknowns (say V’,and N, ..., N;)
and formulate the problem as an unconstrained optimization prob-
lem in the other set of variables (V/, and \ Np,). This would
lead to a non-symmetric formulation preffering one phase over the
other one. This may cause some problems in numerical compu-
tation if, for example, one of the phases in the two-phase system
occurs in a very small amount. In our method we use a different
approach based on the LQ-factorization of matrix A, which can treat
all phases in a unified way. The symmetry of our formulation is an
advantageous feature that makes the method robust even in these
limit situations. The reduction in dimensionality can be performed
using two subspaces Y and Z, where Y is the (n+1)-dimensional
subspace of R2™2 spanned by the rows of matrix A and Zis (n+1)-
dimensional subspace of R2™2 of vectors orthogonal to the rows of
matrix A. As

R2n+2 =)o Z, (9)

any (2n+2)-dimensional vector X can be uniquely written as a sum
of vectors from )Y and 2 as

X =YXy + ZXz, (10)

where Y and Z denote matrices from RZ"2)x("*1) whose columns
represent bases of subspaces )} and Z, respectively, the (n+1)-
dimensional vector Xy is called the range-space part of x, and the

(n+1)-dimensional vector xz is called the null-space part of x.
The solution x* of the constrained optimization problem, given by
X* =YX}, 4 Zx}, is feasible, therefore

AX* = A(YX5, + Zx%) = b.
From the definition of the subspace Z, it follows that AZ = 0, and
AYXS, =b.

From the definition of subspace Y it follows that the matrix AY
is non-singular, so the vector xj, is uniquely determined by the
previous equation. Similarly, any feasible vector x must have the
same range-space part, that means xy = x%, and on the contrary,
any vector with range-space component xj, satisfies the constraints
of the optimization problem. So the range-space part X3, of the
solution is uniquely determined by the constraints, and only the
(n+1)-dimensional part X remains unknown.

To represent the null-space Z, we use the LQ-factorization of
matrix A [12]. Let Q e RZ"2)x(27+2) pe an orthogonal matrix such
that

AQ=(L 0), (11)

where L e R™1D*("1) s a non-singular lower triangular matrix.
From this it can be seen that the matrix Y can be chosen as the first
n+1 columns of matrix Q and the matrix Z can be chosen as the
remaining n+1 columns of Q, i.e.

Q=(Y 7). (12)

If we denote the identity matrix in R™*! as I, 1, the matrix A can be

Int1

written as A = ( Insa ). The matrices Y and Z then read as

1 T 1 Int+1 1 Inta
Y=—1A =— , L=— . 13
\/j \/j In+1 \/i —In1 ( )

Our algorithm for solving the optimization problem is iterative. Pro-
vided that we start from a feasible initial guess x(9), the algorithm
generates a sequence of feasible iterates x(¥). In every iteration, x(K)
is updated as

X1 = x4 g d®),

where oy >0 denotes the step size and d*) denotes the direction
vector. Assuming that x(¥) is feasible, we require that x(k*1) be fea-
sible too. To satisfy this, it is necessary that the direction vector d()
be orthogonal to the rows of A, i.e.

ad® =0, (14)
or equivalently

K k
d® = zd®), (15)

for a suitable (n+1)-dimensional vector d(Z"). It is obvious that the
search direction d®) is a (2n +2)-dimensional vector, which is con-
structed to lie in a (n+1)-dimensional subspace Z. The columns
of matrix Z forming an orthogonal basis of Z are given by (13), so
it remains to determine the vector d%) ¢ R"*!. This way we have
transformed the constrained minimization problem to an uncon-
strained problem in a lower dimension.

To find the vector d(Z"), we use the modified Newton method,
which is based on the quadratic approximation of function AA
around the point x(). Let us denote by g(x) the gradient of the
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function AA. By partial differentiating of AA with respect to its
variables, we obtain

wa (VL TNy, o Np)

un(V', T, Ny, ..., Np)
—P(V',T,N/, ..., N})

g(x) = V(AA) = (16)

(V" TN}, ..., Ny)

Mn(V", TNy, .., Np)

~P(V",T,Nj,...,Np)

Next, let us denote by H(x) the Hessian of the function AA obtained
in the following block-diagonal form

cT

H(x) = V?AA = ,

(17)
where
, 3Mi , ’ ,
B e R™M, By = BNJT(V’T’Nl""'N”)’
B erm B - M 1NN
€ s i = N s Ly Ngs oo s Ny )y
BPJ
' n o ’ ’ ’
CeR', €= aNJf(V'T’Nl""’N")'
C R C - oP (V' TN N
ER, j—_aNt; s Ly Ny ey n)s
apj
D' eR', ]D)’:—av/(v’,T,N;, ... NO),
, , oP p )
D’ eR', D’:—av//(V,T,N1,...,Nn)

Approximating the function AA using the Taylor expansion
around the point x(¥) up to the quadratic terms, the search direc-
tiond® = ng‘) is found as a solution of the following minimization
problem

min  AAX® +d%)= min AAX® + zdP)
d(K) cr(2n+2) d(Z’f)ER(nH)

ad® =0

. 1 T
~ min AAX®)+gx®) zd® + 2 (zd®) m(x©)zd®. (18)
dE;JER(nH) 2

The vector dg‘) is the argument of minimum of a quadratic function
@ defined as

(d) = gx¥) 2z + dL2THK)zd.

The function ® has a stationary point if and only if there is a d(Zk).
for which the gradient of ® vanishes, i.e.

vaoad) =o. (19)
The stationary point dg‘) is a solution of the following system of
equations

Hz(x)dY) = —g(x), (20)

where Hz(x(0)) e RMDX(+1) apd g (x(K)) ¢ R™! are the restric-
tions of the Hessian and of the gradient vector to the subspace 2
defined as

Hz(xK) = zTH(x*)Z (21)
and
g5(x®)) = zTg(x1). (22)

Combining (13), (16), and (17), it follows from (21) and (22) that

1
Hzx®) = - ,
Zz(&) = 5

(= E1

(23)
where
nxn _._aﬂi ’ / ’ Ok 1y, " "
B e R By = = (V/, T,Nj,...,Np)+ =+ (V", TNy, ..., Np),
BNJT BNJ.

P P, )
CeR”,<Cj:7W(V,T,N1,...,Nn)fBN,,(V,T,Nl,...,Nn)
J J

ap P , .
1 ’ ’ 7 "
]D)eR,D:—W(V,T,Nl,...,Nn)—W(V,T,Nl,...,Nn),
and
pa(V/, TNy, -, N = e (V7 T, NG, Ny)
1 :
g:(xW) = — . ,
N V2 | walV/ TN, N = (VYL TN, LN
=P(V', T, Ny, ..., Np)+ P(V", T, N}, ..., Ny)

(24)

Note that the gradient vector in (16) depends on the values of chem-
ical potentials, which are determined up to an arbitrary constant.
Unlike in (16), the restricted gradient given by (24) is a function of
differences of the chemical potentials between two states whose
values can be evaluated uniquely using the equation of state [9].
Unlike in [7], our formulation does not require to use the complex
arithmetics.

If dg‘) solves the system of the equations (20) and the matrix
Hz is positive definite, then the search direction dg‘) is a descent
direction. If the matrix of the projected Hessian is not positive defi-
nite, then either the quadratic approximation of the function is not
bounded from below, or a single minimum does not exist. In this
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case, it is necessary to modify the direction d(zk)~ If the matrix Hyz is

indefinite, then the vector dg‘) is found as a solution of a modified
system of the equations

Hz(x0)d¥) = —g(x), (25)

where Hz(x®)) is a positive definite matrix obtained by the
modified Cholesky decomposition of the matrix Hz(x(¥). In this
algorithm the usual Cholesky factorization is performed to decom-
pose matrix Hz(x(k)) into the product LLT where L is a lower
triangular matrix. If a negative element appears on the diagonal
of L during the Cholesky factorization, a suitable value is added
to this element to ensure its positivity in the final decomposition.
This way we obtain the Cholesky factorization of a positive definite
matrix Hz(x(X)), which is used instead of matrix Hz(x(X)) in (25) to
determine the direction dg) in the Newton method. This modifi-
cation of the Newton method ensures that the obtained direction
is a descent direction. Therefore, for a sufficiently small step size
oy >0, the decrease of AA can be guaranteed. The following line-
search technique can be used to find the step size «j. First, we
put o =1 and test if AAX® +d®))< AAx(K)). If this condition is
satisfied, we set x(k*1)=x(K) +d), If the condition is violated, we
halve the value of o, until the condition AA(X(K) + o, d®)) < AA(x(K))
is satisfied and then set x(*1) =x(K) + ¢, d%), This completes a sin-
gle iteration of the Newton method. The iterations are terminated
when a suitable stopping criterion is satisfied or the method con-
tinues with the next iteration if needed. In this work, we stop the
iterations if (cf. [13])

1/2
2n+2 !/

1d%), = Zdj('m <ep =107, (26)
j=1

4. Initialization of the VT-flash algorithm

To initialize the algorithm, an initial guess x(©) is needed. We
use the VT-stability test from [10] before the VT-flash calculation
to test whether the single phase is stable or not at given volume V,
temperature T, and mole numbers Ny, .. ., Ny. Denoting by ¢; = N;/V
the overall molar concentrations of all components, the VT-stability
algorithm tests whether a trial phase with concentrations c; can be
found such that, if taken in a small amount from the initial phase,
the two-phase system will have lower total Helmholtz free energy
than the single-phase system. From this, the following criterion of
stability at constant volume, temperature, and moles can be derived
(see [10] for details). The single phase is stable if

D(T,c’l,...,c,g)
n
. AA , , '
= Jim T =Y I T.6 G = (1L Tl
i=1
=[P(1,T,c}, ..., cp) = P(1, T, cq, ..o Cn)] 2 0

(27)

for all admissible states (T, ¢, ..., cp). If this condition is satis-
fied, the system is in single-phase and the VT-flash calculation is
avoided (pressure can be computed using the equation of state).
In the opposite case, the mixture splits into phases and the VT-
stability algorithm provides trial phase concentrations ¢; such that
D(T, Chyenns ¢p) < 0.As D(T, [/ )= V}i_)n(‘)1+AA/V’ < 0, we can
use the bisection method to find a small volume V' >0 such that
AA<O for a state in which one phase is the trial phase with vol-
ume V' and mole numbers N} = ¢;V’ and the other phase properties
Vv’ and N; are computed such that (4) and (5) hold. This way

we construct a two-phase state with lower total Helmholtz free
energy than the initial single-phase state. As the VT-flash algorithm
guarantees to decrease the total Helmholtz free energy in every
iteration, the possibility of convergence toward the trivial solution
is excluded.

5. Algorithm of the modified Newton method for VT-flash

Now, we are ready to summarize the essential steps of our algo-
rithm.

Step 1 Let Ny, ..., Ny, Vand T>0 be given. Set the number of iter-
ations k=0. Get an initial feasible solution x(®) € R2™2 from
the VT-stability algorithm

N;

N,
v

o (28)
1

© _
=N

”

Ny
v

Step 2 Assemble the Hessian Hz(x(¥)) and the gradient g;(x()) of
AA in the kth iteration projected to the subspace Z using
(23) and (24).

Step 3 Compute the projected step direction dg) e R™1, and the
feasible direction d¥) € R2"*2 by

Hz(x)d¥) = —g(x), (29)
k k
d® — za®, (30)

If the matrix Hz(x(®) is not positive definite, find the vector
d(Z") by solving a modified system of equations

Hz(x0)d¥) = —g(x), 31

where Hz(x() is a positive definite matrix obtained from

the modified Cholesky factorization of matrix Hz(x(*)).
Step 4 Determine the step length o, >0 for the kth iteration satis-

fying

AAX® 4 o, d®y < AAXD). (32)

First, set the step length to o, =1 and test if the condition
(32) holds. If not, use the bisection method to find a value of
oy, satisfying (32).

Step 5 Update the approximation as

xD = x4 g d®), (33)

Step 6 Test the convergence using (26). If needed, increase k by 1
and go to Step 2. If not needed, the algorithm ends up with
the solution x(k*1),

6. Numerical examples of VT-flash calculations

We have tested the algorithm in several examples for binary
and multi-component mixtures under different conditions. First,
we have tested the VT-flash algorithm on all examples of mixtures
from [9]. The new algorithm converged well in all cases and pro-
vided the same solutions as those reported in [9]. In all cases the
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Table 1

Numbers of iterations for the VT-flash algorithm developed in this paper and the
succesive substitution iteration (SSI) from [9] for five mixtures investigated in [9].
Example numbers refer to Examples in [9]. The detailed description of the mixtures
and conditions can be found in [9].

Number of iterations VT-flash (this work) VT-flash SSI [9]
Example 1 6 46
Example 2 6 20
Example 3 6 25
Example 4 (with Ny) 6 33
Example 4 (with CO3) 6 266

Table 2
Parameters of the Peng-Robinson and CPA equations of state for all components
used in all examples.

Component Ticrie [K] P;erie [MPa] ;i M,y,; [kgkmol~]
H,0 647.29 22.09 0.3440 18.01528

CO, 304.14 7.375 0.2390 44.0

N> 126.21 3.390 0.0390 28.0

[ 190.56 4.599 0.0110 16.0

C3 369.83 4.248 0.1530 441

nCs 469.70 3.370 0.2510 722

Cs 507.40 3.012 0.2960 86.2

nCio 617.70 2.110 0.4890 142.28

new method needed much less iterations than the SSI method from
[9]. The numbers of iterations for both methods are summarized in
Table 1.

In the following examples, we simulate isothermal compression
of a mixture in a closed cell. The VT-stability algorithm from [10] is
used to detect the boundary between the stable single-phase and
two-phaseregions for an interval of temperatures and for the whole
range of admissible molar concentrations c. For a selected temper-
ature T, we change the overall molar concentration c and provide
results of the VT-flash calculations for the mixture at temperature
T and molar concentrations c; = cz;. We present six examples of dif-
ferent complexity. In Examples 1-5, we use the Peng-Robinson
equastion of state. Parameters of the Peng-Robinson equation of
state for all components used are presented in Table 2. For Exam-
ple 6, we use the Cubic-Plus-Association (CPA) equation of state.
Details for both the equations of state can be found in Appendix A.

Note that in the following examples VT-flash algorithm is used
to evaluate amount and properties of the split phases, generally
denoted as phase 1 and phase 2. We have not attempted to perform
any phase identification or post processing of the results. Therefore,

T. Jindrovd, J. MikySka / Fluid Phase Equilibria 353 (2013) 101-114

the numbering of the phases depends solely on the result of the
minimization procedure. In some figures we can observe swapping
of the two-phases at certain points but this effect has no physical
significance.

Example 1

In the first example, we investigate two-phase equilibrium for
pure carbon dioxide (CO;). The approximate boundary between
the single-phase and two-phase domains in the c, T-space obtained
from VT-stability analysis is shown in Fig. 1 (left). As shown in Fig. 1
(left), at temperature T=280K the mixture occurs in single-phase
for low enough molar densities. During isothermal compression, at
moderate molar concentrations the mixture splits into two phases,
while at high molar densities (higher than 20 kmol m~3) the mix-
ture becomes single-phase again. We show the saturations (volume
fractions) of both phases and mass densities of both phases as
functions of the overall molar density c in Fig. 2. The equilibrium
pressure for each overall molar concentration cis presented in Fig. 1
(right).

Note that within the two-phase region (between points A and
B in Fig. 1 (right)), the pressure is constant and equal to the satu-
ration pressure Psq: corresponding to the temperature T=280K. All
these states occur at the same pressure P, temperature T, and mole
number N. Therefore, PT-stability and PT-flash cannot distinguish
between these states. As these states have different volumes, the
VT-based formulation can distinguish between them. This example
shows that the variables P, T, N are not equivalent to V, T, N in the
sense that specifying the volume, temperature and moles uniquely
determines the equilibrium state of the system. This is not the case
of the P, T, N formulation in which all two-phase states and both
saturated gas (point A in Fig. 1 (right)) and saturated liquid (point
B in Fig. 1 (right)) occur at the same values of P, T, N.

There are also other advantages of the volume-based for-
mulations. Consider applying PT-stability and PT-flash to a pure
component system at temperature T and pressures P =Psq(T)+ &
and P, = Psq(T) — €, where ¢ >0 is an arbitrarily small number. For
both cases, the system is in single-phase. For P; we have an almost
saturated liquid with molar concentration cq, for P, we have an
almost saturated gas with molar concentration c; <cq. While the
difference of pressures P; — P, is very small, the difference in con-
centrations ¢y — ¢, may be large, i.e. although the pressure change
is small, the volume of the system changes a lot. The discontinuous
jump in volume associated with a small change in pressure may

320 9
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Fig. 1. Approximate boundary between the single-phase and two-phase domains in the c, T-space (left). The arrow indicates the compression at constant temperature
T=280K. Equilibrium pressure as a function of the overall molar density c at T=280K (right). Example 1: pure CO,.
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Fig. 2. Saturations (left) and mass densities (right) of both phases as functions of the overall molar density c. Example 1: pure CO, at T=280K.

cause convergence problems in numerical methods applied to the
solution of the PT-flash. On the other hand, in the VT-formulation,
the equilibrium pressure is a continuous function of the total vol-
ume of the system (cf. Fig. 1 (right)).

Example 2

In the second example, we investigate two-phase equilibrium
for a binary mixture of methane (C; ) and normal pentane (nCs ) with
mole fractions zc, = 0.547413 and z,c, = 0.452587. The binary
interaction coefficient 8¢, _nc; = 0.041. The approximate bound-
ary between the single-phase and two-phase domains in the c,
T-space obtained from VT-stability analysis is shown in Fig. 3 (left).
As shown in Fig. 3 (left), at temperature T= 371 K the mixture occurs
in single-phase for low molar densities. During isothermal com-
pression, the mixture splits into two phases at moderate molar
densities, while at high molar densities (higher than 9 kmol m—3)
the mixture becomes single-phase again.

The equilibrium pressure as a function of the overall molar
density c is presented in Fig. 3 (right) illustrating a steady rise of
the equilibrium pressure during compression, and its substantial
increase at molar densities 9 kmol m~3 and higher when all gas is
depleted. Saturations of both phases and mass densities of both
phases as functions of the overall molar density c are presented in
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371 >

£ 350 ]
=
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Fig. 4. Mole fractions of both components in both phases for each
overall molar density c are presented in Fig. 5.

Example 3

In the third example, we investigate two-phase equilibrium
for a binary mixture of carbon dioxide (CO,) and normal decane
(nCyo) with mole fractions zco, = 0.547413 and zc,, = 0.452587.
The binary interaction coefficient 8CO2—nC10 = 0.150. The approxi-
mate boundary between the single-phase and two-phase domains
in the c, T-space obtained from VT-stability analysis is shown
in Fig. 6 (left). As shown in Fig. 6, when compressing at con-
stant temperature T=311K, the mixture occurs in two-phase
from the lowest molar densities up to approximately 8 kmol m~3,
then the mixture becomes single-phase, while at molar densi-
ties higher than 9.5kmolm=3 the mixture becomes two-phase
again.

The equilibrium pressure as a function of the overall molar
density c is presented in Fig. 6 (right) illustrating a steady rise
of the equilibrium pressure during compression, and its substan-
tial increase at molar densities 8 kmolm—3 and higher when all
gas phase is depleted. Saturations of both phases and mass den-
sities of both phases as functions of the overall molar density ¢
are presented in Fig. 7. Mole fractions of both components in both
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Fig. 3. Approximate boundary between the single-phase and two-phase domains in the c, T-space (left). The arrow indicates the compression at constant temperature
T=371K. Equilibrium pressure as a function of the overall molar density ¢ at T=371K (right). Example 2: binary C;-nCs mixture (zc, = 0.547413, zyc; = 0.452587).
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Fig. 5. Molar fractions of both components in both phases as functions of the overall molar density ¢ at T=371K.

Zncs = 0.452587).

phases as functions of the overall molar density c are presented in
Fig. 8.

Figs. 6 (left) and 7 (right) suggest that the second two-phase
region at high molar densities and low temperatures may corre-
spond to a liquid-liquid two-phase region.

Example 4

Example 2: binary C;-nCs mixture (zc, = 0.547413,

In the fourth example, we investigate two-phase equilibrium for
a ternary mixture of methane (Cy ), hexane (Cg) and normal decane

650

(nCyp) with mole fractions z¢, = 0.405946, zc, = 0.297027 and
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Fig. 6. Approximate boundary between the single-phase and two-phase domains in the c, T-space (left). The arrow indicates the compression at constant temperature
T=311K. Equilibrium pressure as a function of the overall molar density c (right) at T=311K. Example 3: binary CO;-nC;o mixture (zco, = 0.547413, z¢,, = 0.452587).
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Fig. 7. Saturations (left) and mass densities of both phases as function of the overall molar density c (right). Example 3: binary CO,-nCo mixture (zco, = 0.547413, z¢,, =
0.452587, and T=311K).
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Fig. 8. Molar fractions of both components in both phases as functions of the overall molar density c at T=311K. Example 3: binary CO,-nC;o mixture (zco, = 0.547413,
Zc,p = 0.452587).

Zc,, = 0.297027. The binary interaction coefficients are presented the lowest molar densities up to approximately 6.5 kmol m~3, then
in Table 3. The approximate boundary between the single-phase it becomes single-phase.

and two-phase domains in the c, T-space obtained from VT-stability The equilibrium pressure as a function of the overall molar
analysis is shown in Fig. 9 (left). As shown in Fig. 9 (left), at con- density c is presented in Fig. 9 (right) illustrating a steady rise of
stant temperature T=420K the mixture occurs in two-phase from the equilibrium pressure during compression, and a substantial
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Fig. 9. Approximate boundary between the single-phase and two-phase domains in the c, T-space (left). The arrow indicates the compression at constant temperature
T=420K. The equilibrium pressure as a function of the overall molar density ¢ at T=420K (right). Example 4: ternary C;-Cs-nCyo mixture (zc, = 0.405946, zc; = 0.297027,
2,y = 0.297027).
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Table 3 Table 4

Binary interaction coefficients for the ternary mixture used in Example 4. Binary interaction coefficients for the four-component mixture used in Example 5.
Component C Ce nCqo Component N, C; GCs nCqo
G 0 0.043 0.052 N, 0 0.1 0.1 0.1
Cs 0.043 0 0 G 0.1 0 0.036 0.052
nCro 0.052 0 0 G 0.1 0.036 0 0

nCio 0.1 0.052 0 0

increase at molar densities 6.5 kmolm~3 and higher when all gas
phase is depleted. Saturations of both phases and mass densities
of both phases as functions of the overall molar density c are pre-
sented in Fig. 10. Mole fractions of all components in both phases
as functions of the overall molar density c are presented in Fig. 11.

Example 5

In the fifth example, we investigate phase equilibrium for a
four-component mixture of nitrogen (N, ), methane (C; ), propane
(C3), and normal decane (nCyo) with mole fractions zy, = 0.2463,
zc, = 0.2208, zc, = 0.2208, and zyc,, = 0.3121. The binary interac-
tion coefficients are shown in Table 4. The approximate boundary
between the single-phase and two-phase domains in the c, T-space
obtained from VT-stability analysis is shown in Fig. 12 (left). As
shown in Fig. 12 (left), at constant temperature T=393.15K the

mixture occurs in two-phase from the lowest molar densities up
to approximately 8.2 kmol m~3, then it becomes single-phase.

The equilibrium pressure as a function of the overall molar den-
sity c is presented in Fig. 12 (right) illustrating a steady rise of
the equilibrium pressure during compression, and a substantial
increase at molar densities 8.2 kmolm~3 and higher when the gas
phase is depleted. Saturations of both phases and mass densities
of both phases as functions of the overall molar density c are pre-
sented in Fig. 13. Mole fractions of all components in both phases
as functions of the overall molar density c are presented in Fig. 14.

Example 6

In the sixth example, we investigate phase equilibrium for a
binary mixture of water (H,0) and carbon dioxide (CO,) with
mole fractions zy,0 = 0.5 and zco, = 0.5. The binary interaction
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Fig. 10. Saturations (left) and mass densities of both phases (right) as functions of the overall molar density c. Example 4: ternary C;-Cs-nCyo mixture (zc, = 0.405946,

2¢s = 0.297027, zc,, = 0.297027, and T=420K).

O C; phase 1
0.9 Ooooooooooooooooooooooo O e 1
OOO * 6 phase
0'87X o x nCyp phase 1
o
07 o O C; phase 2
= X
=z 06Fp X % Cg phase 2
3
g L xxxx x nCyp phase 2
Zos
= X x
2 0.4b ot TR At g g 2 X X x ¢ 0000000000000 00O0 0
: L *s&s}éééégﬂ;é@%oo
0.3% ‘; OoO T # % % 3 s %k % % % & K % k% % *k K|
o©0
*o% 00©°
0.2 e 0009 1
* 00
FrapaQl
011 oOOOo B A e N A de s A gt o A At 7
x
010 0® R 5 x b i i x XX X X X x| ‘ ‘
0 1 2 3 4 5 6 7 8 9 10

¢ [kmol.m~3]

Fig. 11. Molar fractions of all components in both phases as functions of the overall molar density ¢ at T=420K. Example 4: ternary C;-Cs—nC;p mixture (zc, = 0.405946,

2¢; =0.297027 and z¢,, = 0.297027).
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Fig. 12. Approximate boundary between the single-phase and two-phase domains in the c, T-space (left). The arrow indicates the compression at constant temperature
T=393.15K. Equilibrium pressure as a function of the overall molar density ¢ at T=393.15K (right). Example 5: mixture of N>-C;-C3-nCyo (zn, = 0.2463, zc, = 0.2208,
z¢y = 0.2208, znc,, = 0.3121).
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Fig. 13. Saturations (left) and mass densities (right) of both phases as functions of the overall molar density c (right). Example 5: four-component mixture of N;-C;-C3-nCyg
(zn, = 0.2463, zc, = 0.2208, zc, = 0.2208, zyc,, = 0.3121, and T=393.15K).
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Fig. 14. Molar fractions of all components in both phases as functions of the overall molar density c at T=393.15 K. Example 5: mixture of four-components N,-C;-C3-nCjo
(zn, = 0.2463, zc, = 0.2208, zc, = 0.2208, zc,, = 0.3121).
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coefficient dy,0_co, = 0.30544 (for temperature T=413.15K). The
cross association factor used in the CPA equation of state is sco, =
0.083196882 (for temperature T=413.15K). As 8u,0-co, and sco,
are strongly dependent on temperature, we omit the computation
of the stability region for this mixture. For T=413.15K, the mixture
splits in two phases except from very low overall concentrations c.

The equilibrium pressure as a function of the overall molar den-
— sity c is presented in Fig. 15 (right) illustrating a steady increase of
the equilibrium pressure during compression. Saturations of both
phases and mass densities of both phases as functions of the over-

500 ; ; ; ;
+
+
+
+
+
+
+
+
j all molar density c are presented in Fig. 16. Mole fractions of both
Ry
Iy
i

400
300

components in both phases as functions of the overall molar den-
sity c are presented in Fig. 17. Unlike in previous Examples, we see
that the mutual solubility of CO, and water is limited.

pressure [MPa]

1001 1
7. Summary and conclusions

Ot - . ! . In this work, we have developed a numerical algorithm for the
0 10 20 30 40 calculation of two-phase equilibria at constant volume, tempera-
ture, and moles. The algorithm uses the Newton-Raphson method
with line-search for the minimization of the total Helmholtz free
Fig. 15. Equilibrium pressure as a function of the overall molar density c at energy A of the mixture. The modified Cholesky decomposition of
T=413.15K. Example 6: binary H,0-C0, mixture (2,0 = 0.5, zco, = 0.5). the Hessian matrix ensures the decrease of A in every iteration.
The initial guess is constructed using the results of the VT-stability
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Fig. 16. Saturations (left) and mass densities (right) of both phases as functions of the overall molar density c (right). Example 6: binary H,0-CO, mixture (z4,0 = 0.5,
Zco, = 0.5, and T=413.15K).
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Fig. 17. Molar fractions of both components in both phases as functions of the overall molar density ¢ at T=413.15K. Example 6: binary H,0-CO, mixture (zu,0 = 0.5,
Zco, = 0.5).
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testing. This approach guarantees that the algorithm always con-
verges to a state of local minimum of A and the possibility of
convergence towards the trivial solution is avoided. Compared to
the SSI method developed previously in [9], the new algorithm
is fast — usually it converges in 6-10 iterations. We have not
encountered a case in which the algorithm would not converge.
The robustness of our algorithm is documented by the numer-
ous examples provided in this paper. The algorithm was tested
on many hydrocarbon mixtures that were described using the
Peng-Robinson equation of state and on the H,0-CO, mixture
described by the CPA equation of state. We believe that the same
approach will be useful for other pressure-explicit equations of
state as well.
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Appendix A. Equations of state
In this work we use in Examples 1-5 the Peng-Robinson equa-
tion of state [14] in the form

NRT A

PO M) = V5 = 4 gy — 2

- Nn) =

where R is the universal gas constant, N = ZL N; is the total mole
number, and coefficients A and B are given by

n n
A=>"% "NiNjay,

i=1 j=1

n
B= ZN,«b,»,
i-1
ay =(1-6;),/aiq,

b; = 0.0778 -
i,crit
RzTizcn't 2
a; = 0457241)7’ [] +m; (1 — 1/ Tm‘>i| y
i,crit
T
T = =—,
n Ti,crit
0.37464 + 1.54226w; — 0.26992601.2,
for w; < 0.5,
m; =

0.3796 + 1.485w; — 0.1644? + 0.0166702,
for w; > 0.5.

In these equations §;_; denotes the binary interaction parameter
between the components i and j, Tjqit, Picrir, and w; are the crit-
ical temperature, critical pressure, and accentric factor of the ith
component, respectively.

In Example 6 we use for the binary mixture of water (H,0) and
carbon dioxide (CO, ) the Cubic-Plus-Association (CPA) equation of
state [15,16]. This equation uses the Peng-Robinson equation of

Table 5
Parameters of the CPA equation of state for the H,0 and CO, mixture (the notation
is explained in Appendix A).

Symbol Units Value

Kop [m?3 mol-1] 1.801506043021089 x 10-6
&Pk [K] 1738.393603227767

al, [Jm~3mol2?] 0.09627316625476

[ - 1.75573246325004

[ - 0.00351802110081

c3 - —0.27463687473246

state for the physical interactions and the termodynamic pertur-
bation theory for the bonding of water molecules. We assume that
each water molecule has four association sites of two types (mark
them « and B), so each type has two sites. We assume the same
for each molecule of carbon dioxide, whose association sites can
be marked as &’ and f'. Let x4 and xg be the mole fractions of
water not bonded at site « and B, respectively, and let xo and xp
be the mole fractions of carbon dioxide not bonded at site ' and
B, respectively. Assuming neither cross association nor self asso-
ciation between carbon dioxide molecules, and symmetric cross
association between the two sites of different type of water and
carbon dioxide, we obtain the following simplified expressions for
the symmetric association model

1
T 1+ 2(Nw/V)xw AP 1 2(Nc /V)yc A
S S
1+ 2(Nw/V)xc A%F”

Xa=Xp= Xw

X = Xp = Xc =

In these equations the association strength between molecules of
water is given by

AP = gi*Plexp(e*P [kgT) - 1],

where kg is the Boltzmann constant, k%f and £*# are the bond-
ing volume and energy parameters of water, respectively, and g is
the contact value of the radial distribution function of hard-sphere
mixture that can be approximated as g=g(n)~(1-0.517)/(1-n)3,
where 1 = B/(4V).The association strength between water and car-
bon dioxide molecules is related to the strength between water
molecules as A%F" = 5; A%P where s; is the temperature-dependent
cross association coefficient which can be determined together
with the binary interaction coefficient by fitting the experimental
data. As a result, the CPA equation of state for the binary mixture
of water and carbon dioxide is given by

NRT A n og
P(V, T,Ny, Nc) = VB Vi @ +2RT (E?Tn +1

x (Rt -1+ e - 1)

where R, A and B are the parameters from the Peng-Robinson
equation of state, N, and N, are the mole num-
bers of water and carbon dioxide, N =N, + N, and
0g/0n=(2.5—1)/(1 —n)*. The coefficients a; and b; for water read as

2 32
aw =af[1.0+c1(1 - VTrw)+ el —/Trw) +c3(1—/Trw) ],
by = 1.458431489141052 - 10>, where a9, c;, 3, c3 are the
parameters of the equation of state given in Table 5.
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Abstract. The paper deals with the numerical modeling of compressible single-phase flow of a mix-
ture composed of several components in a porous medium. The mathematical model is formulated
by means of Darcy’s law, components continuity equations, constitutive relations, and appropriate
initial and boundary conditions. The problem is solved numerically using a combination of the
mixed-hybrid finite element method for Darcy’s law discretization and the finite volume method
for the discretization of the transport equations. This approach provides exact local mass balance.
The time discretization is carried out by the Euler method. The resulting large system of nonlinear
algebraic equations is solved by the Newton-Raphson iterative method. The dimensions of obtained
system of linear algebraic equations are significantly reduced so that they do not depend on the
number of mixture components. The convergence of the numerical scheme is verified on two prob-
lems of methane injection into a homogeneous 2D reservoir filled with propane which is horizontally
or vertically oriented.

Keywords. Mixed-hybrid finite element method, finite volume method, Newton-Raphson method,

single-phase compressible multicomponent flow, miscible displacement

1. INTRODUCTION

The reliable prediction of transport of multicomponent
mixtures in the subsurface is important for many appli-
cations including oil recovery or CO2 sequestration. The
traditional approaches use either the fully implicit (fully
coupled) method or a sequential method [20, 5]. The fully
implicit method is stable, allows for long time steps, but
leads to extremely large systems of linear algebraic equa-
tions whose size is proportional to the number of compo-
nents. Alternatively, one can use sequential solution pro-
cedures like IMPEC (implicit pressure, explicit concentra-
tions) [13]. In this approach, a pressure equation is formu-
lated by summing up the transport equations [20, 5] or by
other method [12, 21, 1]. The pressure equation is solved
implicitly using the concentrations from the previous time
step. Next, the mole fractions are updated using explicit
methods. This procedure allows to reduce the size of the
solved system as only pressure is solved implicitly. How-
ever, this approach is conditionally stable and the time step
has to be chosen prohibitively small in many cases.

In this paper, we deal with the numerical modeling of
the compressible single-phase flow of a mixture composed

braic equations, but it is possible to reduce the size of the
final system of equations to a size independent on the num-
ber of mixture components. Therefore, the solution cost
is comparable with the traditional sequential approaches.
Unlike in other sequential approaches, no pressure equation
has to be formed as pressure is evaluated directly from the
equation of state.

The paper is structured as follows. First, we present the
mathematical model of the problem. Then, the numerical
methods used for derivation of the computational scheme
are described together with the proposed computational
algorithm. Finally, we present computed numerical results
verifying convergence of the numerical scheme.

2. MATHEMATICAL MODEL

Let © C R? be a bounded domain with porosity ¢ [-],
and (0,7) be the time interval [s]. Consider the single-
phase compressible flow of a fluid with No components in
the domain at a constant temperature T [K]. Neglecting
diffusion, the transport of the components is described by
the following molar balance equations [12]

of several components in a porous medium which is suit- A(¢pci) .

able for description of multicomponent subsurface trans- ot tV-(aq)=fi, i=1....Ne, )
port. We propose a new approach based on a combination i =ci(x,t), x€Q, te(0,7),

of the mixed-hybrid finite element method (MHFEM) and

the finite volume method (FVM). Similarly to the implicit where unknown quantities ¢;, i = 1,..., N¢, are the mo-

schemes, our method leads to large systems of linear alge-
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lar concentrations of the components [molm~3]. On the
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right hand side of equation (1), f; [molm—3s7!] denotes
the sink/source term. Darcy’s velocity q [ms™!] is given
by Darcy’s law (see [2])

(2)

where K € [L°°(Q)]**? is the medium intrinsic perme-
ability [m?] (generally symmetric and uniformly positive-
definite tensor satisfying (B.7)), p is the viscosity
[kgm~1s71], Vp denotes a gradient of the pressure p [Pa], g
is the gravitational acceleration vector [ms~2], and g is the
fluid density [kgm™3]. Equations (1) and (2) are coupled
with constitutive relations expressing dependencies

q=—p""K(Vp—og),

p=p(c,...,ene,T) s p=pler,....eng, T),

o=olc,..

®3)
- C Nc) .
In this work, pressure is prescribed by the Peng-Robinson
equation of state (PR EOS), while viscosity is given by the
Lohrenz-Bray-Clark (LBC) method. Details of relations
(3) are presented in Appendix A.

The initial and boundary conditions are given by

ci(x,0) = (%), xeN,i=1,...,N¢, (4a)
ci(x,t) =cP(x,t), xeT.(t), te(0,7),i=1,...,Nc,
(4b)

p(x,t) = D(x,t)7 xel,, te(0,7), (4c)
a(x,t)-n(x) =¢V(x,t), xeT,, te0,7), (4d)

where n is the unit outward normal vector to the boundary
0. Equations (4c) and (4d) determine the Dirichlet and
Neumann boundary conditions on the I'y, , I'; parts of the
boundary, respectively, whereas conditions I'), UT'; = 02
and I', N\T'y = @ must be satisfied. The boundary condition
(4b) for molar concentration is also the Dirichlet type. The
set I'¢(t) denotes the inflow part of the boundary € in time
t, i.e.
T.(t) = {x € 0N|q(x,t) -n(x) <0} .

3. NUMERICAL SOLUTION

The system of equations (1)—(4) is solved numerically by
a combination of the mixed-hybrid finite element method
(MHFEM), for Darcy’s law (2), and the finite volume
method (FVM), for transport equations (1). The sub-
sequent scheme is derived using the Euler method for
time discretization and linearized by the Newton-Raphson
method (NRM).

‘We consider a 2D polygonal domain §2 with the boundary
09 which is covered by a spatial triangulation 7¢, consisting
of triangles or quadrilaterals. Let us denote K the element
of the mesh 7 with area |K|, E the edge of an element
with the length |E|, Nk the number of elements of the
triangulation, and Ng the number of edges of the mesh.

3.1. DISCRETIZATION OF DARCY’S LAW

Darcy’s velocity q can be approximated in the Raviart-
Thomas space of the lowest order (RTY%) over the element

Journal of Math-for-Industry, Vol. 3 (2011C-7)

K e7g as
q= Z IK,EWVKE ; (5)
EedK
where the coefficient ¢x g is the flux of vector function q
through the edge E of the element K with respect to outer
normal, and wg g represents the piecewise linear RT9—
basis function associated with the edge E (see [3, 4, 17] or
Appendix B).
By expressing the pressure gradient from Darcy’s law
(2), we obtain

(6)

Multiplying (6) by the basis function wg g, integrating
over K, taking advantages of the RTY. space (see Appendix
B), and using (5) on the right side and the Green theorem
on the left side together with the mean value theorem, we
derive a discrete form of Darcy’s law

Vp=—-uK 'a+o0g.

KB = py (agpk - Y BEepkw +“/§9K> , (7)
E'€0K

for E € OK. In equation (7), a§7ﬁ£E, , and 75 are coef-
ficients dependent on the mesh geometry and on the local
values of permeability (details in Appendix B); px is the
cell pressure average; pi g is the edge pressure average;
and pg , ox denote the mean values of viscosity and den-
sity over the cell K, respectively.

The continuity of flux and pressure on the edge E be-
tween neighboring elements K, K’ € 7q can be written as

gx.E+qx g =0, ®)
PK,E = PK'.E =: PE - 9)

Boundary conditions (4c), (4d) expressed in a discrete form
read as

(10a)
(10b)

i, =" (E),
ax.e =q" (E),

VE CTy,
VE CTy,

where pP (E) is the prescribed value of the pressure p aver-
aged on the edge E, and ¢"V(E) is prescribed flux through
the edge E.

The flux can be eliminated by substituting ¢,z from (7)
into equations (8) and (10b). For further derivation, let us
consider time dependent quantities at time ¢,; denoted
by upper index n + 1. Then, equations (7)-(10) transform
to the following system of Ng linear algebraic equations

+1\ Y K 4l K +1
(™) <aEp71L( - > BEePkm
K:E€OK E'€dK

+v§g’;j1> =0, VE¢oN,

F = n -1 77 ‘3
L (:“KH) ("‘ng+1 - /BE}iE’pKTEl’
E'€dK
+yEort) —¢N(E)=0, VECT,,
pih—pP(E)=0, VECT, .

(11)
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Herein, the symbol >
K:E€OK
ments containing edge E. A similar procedure leading to

the mixed-hybrid formulation can be found in [16].

denotes the sum over the ele-

3.2.  APPROXIMATION OF THE TRANSPORT EQUATIONS

Transport equations (1) with the initial and boundary con-
ditions (4) are discretized using the FVM [14]. Integrating
(1) over an arbitrary element K from the mesh 7g, and
using the Green theorem, we obtain

/ £,

G [omoatn+ [ atnant noxx
K oK
., Nc.

el

and denot-

of ¢,¢i, fi

By applying the mean value theorem,
ing ¢ ,clk,filk the averaged values

(i=1,...,N¢), respectively, over the cell K, we derive
from (12)
c - .
Wl 3 ale [anice = flelKl. 03)
E€dK E
| —

=d4K,E

where ¢;|g denotes the concentration ¢; on the edge E. The
integral in (13) is equal to the flux through the edge F from
element K (the component of q in the direction of outward
normal to E).

Let us suppose that the porosity does not depend on
time. The time derivative of ¢;|x in (13) is approximated
by the time difference with a time step At, . Using the
Euler method (see [14]), we obtain for every n, all elements

K € Tg, and components i = 1,..., N¢
cil i —cilk
Fg, = K|l——
K,i ¢K| | Atn
+ Y alpah (pEh el ene i)
E€OK
= filxlK| =0, (14)
n+1

where ¢i'5 is given by (7). The value of ¢|% is chosen
from ne1ghb0ring element in the upwind direction, i.e.

¢l for q%+é>0,
alp =19 ali for ¢ <0 AEZIN:KNK =E,

cPln for q"Jrl <0 ANE C0Q,

(15)
where (’ represents the concentration of the i-th compo-
nent on the inflow boundary. Note that the scheme is al-
most fully implicit — the only term in (14) which is evalu-
ated explicitly is the value of ¢;|% .

The initial and boundary conditions (4a) and (4b) are
approximated as

el = S(K), VK €71g,i=1,...,N¢c, (16a)
cL\Efc (B tn), VECT(t),i=1,...,Nc, t, <T.
(16b)
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3.3. COMBINING THE MHFEM

SCHEMES

AND THE FVM

Let us use the notation Fr and Fg;, for edge £ €
{1,...,Ng}, element K € {1,..., Nk}, and component
i € {1,...,N¢}, the left hand sides of equations (11)
and (14) w1th q"+1 substituted from relation (7). The
cell averaged values pr = pk (cilk, .. englK), 0k =
ok (c1lk, .- eng i) s and pg = pk (c1lk, -, eng | k) are
evaluated using constitutive relations (3). The system of
Ng + Nk x N¢ equations

:[Fl,...
Fl,lv"'

7FN 3

E?

T
Fine, - Fneas oo Fnene) =0

n+1
K
1L+1

for unknown molar concentrations cl\"
K e {1,...,Nk}, and edge averaged pressures pl
Ee{l,.. ,N £}, is a nonlinear system of algebraic cqua—
tions which we solve using the NRM. The resulting sys-
tem of linear algebraic equations is shown in Fig. 1, where
the sparse Jacobi matrix is unsymmetric, and the unknown
vector is represented by corrections of molar concentrations
and edge pressures. The nonzero black-coloured values in
Fig. 1 are given by partial derivatives

y-++3CNe

)

aFKi OFKi
(JK)1 i = n? ’ (JKE)l =An T (17)
7 aCJ'|K+1 apxté
TeK); = 057> JeE =1 (18)
J Oc]- K+1 8]715}:1—;/

where Jg g/ is element of the matrix Jg g and i,j =
i K=1,...,Ng; E,E' = 1,...,Ng. The par-
tial derivatives in (17) can be evaluated analytically using

(3), (11), and (14).

cili...endi el . enls N . en Pt PNe

ah deily —Fiy
dengli —Fi N

dein || P
deng 2 —Fyne
der|nie | | —Fiviea

. . e | .

0¢N v ~FNgeNe

1 _F

OpNg —Fy,

Figure 1: Structure of the system of linear algebraic equa-
tions in the NRM.

The size of the system in Fig. 1 can be reduced by invert-
ing the Jx blocks for all K (the inversion is possible since
the blocks are diagonally dominant for small time steps)
and eliminating vectors Jg i for all £, K. Then, we derive
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a system of Ng equations for Ng corrections of pressures
PE

Z Z (Je,pr — Ip.k I Tk, B0 OpE

K:EcOK E'cdK
= Z Jp kI 'Flx — Fg, (19)

K:E€dK
where E = 1,...,Ng, F|lg = [Fk,... ,FK)NC]T. Once
dpg are computed, corrections of concentrations Ac|x

[ber]ks - - 17 on each cell K can be evaluated by
solving

. 75CNC |K

AC‘K = 7.];(1 <F|K -+ Z 5pEr JK,E’) s (20)
E'€cOK

for K =1,...,Nk . The corrections dpg and d¢;|x for all
edges, components, and elements obtained in an iteration
of the NRM are added to the values p5™' and ¢;|% from
the previous iteration. The iteration process stops if the
condition

[Bels, - dene s dp - omwa] | <6 @D

is satisfied for a chosen € > 0 (see [19]).

4. COMPUTATIONAL ALGORITHM

Numerical solution can be computed in the following steps:

1. Initialize geometry, physical and chemical parameters,
and molar concentrations from initial condition; gen-
erate a domain triangulation.

2. Calculate pressures px on each element using the PR
EOS from initial molar concentrations, then evaluate
all edge pressures pg by averaging px on neighboring
elements.

3. Repeat until the predetermined final time is reached
(tn <7):

(a) Repeat the NRM iterations until a convergence
criterion is satisfied:
i. Compute viscosities ,u}l(“ on each cell using
the LBC method (A.7).
ii. Compute densities g}l(“

(A.3).

Calculate pressures p"l,’;r1 on each element us-

ing the PR EOS (A.1).

Assemble and solve the system (19) for edge

pressure corrections 0pg.

v. Calculate molar concentration corrections

dci|k for each component and each element

from (20).

Add the corrections dpg and d¢;|x to pil

and ci\}lfl, respectively, check the conver-

gence (21).

on each cell using
iil.

iv.

vi.

(b) Continue to the next time level (n — n +1).

In steps i.ii. ,u?(“, Q”K“, and p}”}“ are computed using

the data from the last available Newton iteration. In the
first iteration, data from the previous time step are used.
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5. NUMERICAL RESULTS

Let us consider a 2D square domain 50 x 50 m? which repre-
sents a cut of a propane reservoir with porosity ¢ = 0.2 and
isotropic permeability K = k& = 10714 m? at initial pressure
p = 5-10% Pa and temperature T' = 397 K in a horizontal or
vertical position. In the left bottom corner of the reservoir,
methane is injected and in the right top corner, the mixture
of methane and propane is produced (Fig. 2). The injec-
tion rate fi|x is 2.643 - 1072/|K| molm~3s~!, where | K|
is the area of the corner grid element. Physical-chemical
properties of the mixture are summarized in Table 1. In
all examples the initial data are chosen so that the mix-
ture stays in the single-phase state. The boundary of the
domain is impermeable except the outflow corner, where
pressure p = 5 - 10° Pa is maintained. The computational
grid with 2 x m x m elements is shown in Fig. 2 (where
m = 10). Parameter ¢ from the NRM convergence criterion
(21) was chosen 1078 for all computations. The system of
equations (19) was solved using UMFPACK [6, 7, 8, 9].

Outflow of mixture

30 Subsurface reservoir
originally filled with
propane

y[m]

10
Injection|
of —»

methane!

10 20 30

-
& [m)’ 40 50 10 2

0 3
x [m]

Figure 2: A scheme of simulated reservoir and a structure
of the computational grid.

i (component) De; [Pa] T.; K]
1 (CHy) 4.58373-10% | 1.89743-102
2 (C3Hs) 4.248 - 10° 3.6983 - 102

i (component) | V.; [m®mol~!] | M; [kgmol™!]
1 (CHy) 9.897054 - 10~° | 1.62077 - 102
2 (C3Hyg) 2.000001 - 10~ | 4.40962 - 10~2

i (component) wi [-] dir [] | diz []
1 (CHy) 1.14272-1072 0 0.0365
2 (C3Hg) 1.53-107' | 0.0365 0

Table 1: Relevant parameters of the PR EOS (see Ap-
pendix A) for methane CHy and propane C3Hs. Volume
translation is not used.

5.1. CONVERGENCE ANALYSIS IN HORIZONTAL CASE

We will test convergence of the numerical scheme, derived
in section 3, using a pseudoanalytical solution — the nu-
merical solution computed on the finest grid m 160
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(2x160x 160 grid cells). Experimental order of convergence
(EOC) will be computed between grids m = 10, m = 20,
and m = 40 using the L', L?, and L™ consistent norms
for errors E,, in comparison with the solution on the grid
m = 160. The error is computed on the finest grid by pro-
jecting the solutions from the coarser grids to the finest
grid and using the linear interpolation. The time step for
the solution m = 160 is chosen constant At = 750s. For
the solutions on coarser grids, At is 4 times larger with
each mesh refinement (At ~ m~2), i.e. At = 12000s for
m = 40, At = 48000s for m = 20, and At = 192000s for
m = 10. The EOC in a norm ||.||, is given by

1Byl = B
Inmy — Inmy ’

EOC,

where E,,, and E,,, are the numerical solution errors on
the grids with parameters m; and ms, respectively.

The convergence analysis is, at first, performed on a
problem of injection of methane into a horizontal propane
reservoir (i.e. mno gravity is considered). The EOC and
errors for the situation at time 7 = 6 - 10%s are included
in Table 2. The next Table 3 contains the data from time
T =24-107s, and a comparison of the solutions on the
individual grids at this time is depicted in Fig. 3.

‘ Grid (m) H | Emll1 ‘ EOC, ‘ [ Ell2 ‘ EOCy ‘

10 1.1025 - 10° 06223 6.5336 - 103 05086
20 7.1621 - 10* 0'8179 4.5922 - 103 0'6814
40 4.0627-10* | 2.8635-10% |
| Grid ) | Bl | EOC,, |
10 1.1204 - 103
- 0.5077
20 7.8804 - 10 05208
40 5.4584-10% |

Table 2: Experimental orders of convergence and errors
of methane concentration ¢;, g = 0, at time 7 = 6 - 10°s
compared with the numerical solution on the grid m = 160
(2 xm xm elements) and time step At = 750s. On coarser

grids, At ~m™2.

57
40 180.1 40 1441
30 30
E E
£ £ 1440
= -
2 1437 2
10 10
10 20 30 40
x[m] x[m]
(a) m =10 (b) m =20
40 144.4

yI[m]
yI[m]

0

x[m]

x[m]

(c) m =40 (d) m = 160

Figure 3: Contours of methane concentration ¢; at 7 =
2.4-107s on different grids for Table 3. Isolines are dis-
tributed uniformly between the two displayed values.

5.2. CONVERGENCE ANALYSIS IN VERTICAL CASE

Similarly as in the previous part, we perform the conver-
gence analysis on the problem of methane injection into a
vertically oriented 2D propane reservoir. We use the same
domain with boundary and data set as in the previous case,
but this time, gravity effect is assumed (g = 9.81ms~2).
Pressure 5 - 106 Pa is fixed in the right upper corner of
the domain. We present the errors in L' and L? norm.
In Table 4, the EOC and errors from time 7 = 6 - 10%s
are shown. Isolines of methane molar concentration are
depicted in Fig. 4 on all computational grids. The last

‘ Grid (m) H 1B i1 ‘ EOC; ‘ | Bl ‘ EOC, ‘ Table 5 contains the data from time 7 = 2.4-107s. As we
10 3.4079 - 105 1.109 - 10° can see, tl'le EOC 15 lower i}n t.he ::a‘sos of the \{ertical doma%n
—1 0.6514 - 0.5273 with gravity than in the previous case of horizontal domain
20 2.1697 - 10° 0.833 7.6948 - 10° 0.6814 | Without gravity (cf. Tables 2 and 3).
40 1.218 - 10° ) 4.7982-10% |
| Grid ) | Bl | BOC, | | Grid m) | [Baln | BOC, | Ewl, | BOG |
103 10 1.3433 - 10° 8.644 - 10°
10 e R L R 1 0.5973 - 0.4441
20 6.9948 - 102 : 20 8.8787 - 10 07717 6.3535 - 10 0.59
10 50333 102 | 04748 40 5.2006- 10" | 4.2211-10% | 7

Table 3: Experimental orders of convergence and errors of
methane concentration ¢i, g = 0, at time 7 = 2.4 - 10" s
compared with the numerical solution on the grid m = 160
(2 x m xm elements) and time step At = 750s. On coarser
grids, At ~ m~2.

Table 4: Experimental orders of convergence and errors
of methane concentration c¢;, g = 9.81ms™2, at time 7 =
6-105s compared with the numerical solution on the grid
m = 160 (2 x m x m elements) and time step At = 750s.

On coarser grids, At ~m™2.
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|crid ]| Bl | BOC, | |E.l. | EOC, |
10 6.5964 - 10° 2.2368 - 104
— 0.3731 — 02371
20 5.0932 - 10 0.4339 1.8978 - 10 0.9485
40 3.7703 - 10° ' 1.5975 - 104 ’

Table 5: Experimental orders of convergence and errors
of methane concentration ¢;, g = 9.81ms~2, at time 7 =
2.4-10" s compared with the numerical solution on the grid
m = 160 (2 x m x m elements) and time step At = 750s.
On coarser grids, At ~ m™2,

40 40/

30

yIm]
y[m]

207 145.4

10{ 101 1454

30 40 20 30

3 40
x[m]

x[m]

(a) m =10 (b) m =20

40|

40,

30

yI[m]
y[m]

204

10{

40 40

30
x [m]

(d) m = 160

Figure 4: Contours of methane concentration c¢; at 7
6-105s on different grids for Table 4. Isolines are dis-
tributed uniformly between the two displayed values.

CPU-times for the simulation of the horizontal and ver-
tical domain on particular grids can be found in Table 6.

‘ Grid (m) H g = 0: CPU-time [s] H g # 0: CPU-time [s] ‘

10 35 30
20 207 218
40 1976 2378
80 73538 35633
160 436365 554308

Table 6: Computational times for solutions computed on
different grids on Dual-Core AMD Opteron(tm) Processor
2216, 2400 MHz (single core used), cache size 1 MB, and
total memory 8 GB.
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6. CONCLUSION

In this work, we have developed a new numerical scheme
based on a combination of the MHFEM and FVM for sim-
ulation of single-phase compressible multicomponent flow
in a porous medium. Unlike in traditional approaches, we
evaluate the pressure directly from the equation of state.
The system of nonlinear algebraic equations obtained by
combining the MHFEM, FVM, and using the Euler method
is linearized by the Newton-Raphson method. The size of
the resulting system of linear algebraic equations depends
on the number of mixture components. Therefore, we pro-
posed a technique reducing significantly the system into a
size that is independent on the number of mixture com-
ponents. Consequently, computational costs are compara-
ble with traditional sequential approaches. Although we
tested the numerical model for two components, the ad-
vantage of this approach is expected to be larger in the
more components case. Our method provides exact local
mass balance (up to the non-linear solver error) which is
important for solving problems especially in a heteroge-
neous medium. Convergence of the numerical scheme was
successfully verified by evaluating the experimental order
of convergence on two problems of methane injection into
a horizontal and vertical propane reservoir. In the future
work, we would like to improve the current model using
the high order methods and to test it on problems involv-
ing more than two components.

APPENDIX A
PENG-ROBINSON EQUATION OF STATE

In this work, pressure is given by the PR EOS [18, 10] as

N¢ N¢ Nc¢
RTY ¢ > 0. aiicic
i=1 i=1j=1

p= (A1)

= o 5 -
1-— Z bl C;
i=1

Ne Ne
1+22b161 - <Z bzéz)
i=1 i=1
In equation (A.1), R = 8.314472 JK~'mol~! is the univer-

sal gas constant, T the temperature [K], and

045724 R*T,;

- i

aij = (1= 0y) aiag, a; e
Cq
a; = (1+ (037464 + 154226 w; — 0.269920?) -

.(km))?’ T:Tl b = LOTBORTe:

Pe;
(A.2)
where d;; is the binary interaction coefficient [-]; T, , pe; ,
wj , Tr; are the critical temperature, critical pressure, acen-
tric factor [-], reduced temperature [-], respectively — all
corresponding to the i-th component.
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DENSITY COMPUTATION

The density-molar concentrations relation, according to
[11], reads as

Nc
0= Z M;c;, (A3)
i=1
where M; is the molar weight of the i-th component
[kg mol~1].

LOHRENZ-BRAY-CLARK MODEL FOR VISCOSITY

In the numerical computations, the model proposed by
Lohrenz, Bray, and Clark [15] in 1964 is used for estimation
of (dynamic) viscosity of hydrocarbon mixtures. At first,
empirical formulas for the viscosity ,u? of low-pressure pure
component fluids are evaluated as follows

o 341075109 for T,; < 1.5,
Hi= 1778105 (4.58T,; — 1.67)°/% J¢&; for Tp; > 1.5,
(A4)
where
1/6
T, = T Te; i=1,...,Noc. (A.5)

2/3°

T’ > ]Wil/Q De;

Next, we express the low-pressure viscosity of a mixture of
N¢ components as

N¢
> i pd /M
R (A.6)
Z ZiV AL
i=1

where z; = ¢;/c is the mole fraction of the i-th component.
The final viscosity u of the multicomponent fluid for higher
pressures is given by

[(1n— 1°) €+ 104" = 0.1023 + 0.023364 ¢, +

+0.058533 ¢2 — 0.040758 ¢2 + 0.0093324 ¢} . (A.7)

In equation (A.7), ¢, is called the reduced molar density

defined as
Nc
¢ =c E 2i Vei s
i=1

where V_; is the critical molar volume of the i-th compo-
nent. The parameter £ in (A.7) is computable according

to
Ne 1/6
<Z Zi Tci>
£= = N X)

Ne 172 /ne 2/3
<Z Zi JW:‘) <E Zipui>
i=1 i=1

In relations (A.4)—(A.9) the temperatures T' and T; are
in Kelvins, molar weights M; in grams per mole, critical
pressures p.; in atmospheres (1atm = 101325 Pa), critical
molar volumes V,; in litres per mole, molar densities ¢ and
¢; in moles per litre, and viscosity p is in the units of cen-
tipoise (1 cP = 10’3kgm_1 s’l)‘

(A.8)
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APPENDIX B

In this part, we describe details of derivation of discrete
Darcy’s law (7) using the Raviart-Thomas space. Raviart-
Thomas space of the lowest order RT% , over an element
K from a triangulation 7q (consisting of triangles) of the
domain €2, is generated by the basis functions

1

—  _(x-N
2|K| (X K,E)’

vxe K, E € 9K,

(B.1)
where Nx g € K is a node against edge £. The basis
functions (B.1) satisfy the following properties

WK’E(X)

1 0p,B

V-WK"E(X): ﬁ, WK,E(X)-DK,EI :W (B2)

Multiplying (6) with the basis function wg g, and inte-
grating over element K, we can write

/VP'WK,E’ = —UK Z thE/Kile’E”WK,E/—I—
K E€OK K

+ QK/g “wg.g, (B.3)
K

where we have used (5) and the mean value theorem. Using
the Green theorem, the mean value theorem, and proper-
ties (B.2), we obtain

/VP'WK‘E’ = Z /pr,E"nK‘E_/pV'WK,E’ =
K

E€oK § K

1 1
g [ [re @
E’ K
——
PK,E' PK

Denoting

Ag g p = /KileﬁE ‘wg g, Grp = /g CWKE
K K
(B.5)

we combine (B.3) and (B.4) into
1974 Z 4k.EAK. B, =Pk — PK,Er + 0k Gk pr . (B.6)
E€OK
Because K is uniformly positive-definite (see [16]), i.e.

2

2
Jag > 0:ap» &< Y [KX)ij&&, VE€R?, (B.T)

i=1 i,j=1

for almost all x € 2, it is possible to invert the matrix
AK = (AKwE‘E/)EE’EBK . l\lultiplying (B6) in a vector

form by Al}l , we obtain

Y <a§pK - Y BEppkE + m’éw) 7

E'€dK
(B3)
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which is Darcy’s law (7) with coefficients o |, ﬂgE, , and
'\/g given by

K _ -1 K _ -1
ap = E AK,E,E’ ) ﬁE,E’ = AK,E,E’ )
E'cOK
K 1 (B.9)
TE = E AK,E,E’GK>E'7
E'coK

where AglE g is the element of the inverse matrix Agl .
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media with species transfer between the phases. The mathematical model is formulated
by means of the extended Darcy’s laws for all phases, components continuity equations,
constitutive relations, and appropriate initial and boundary conditions. The splitting
of components among the phases is described using a new formulation of the local

'é?::ggi}ona] simulation without phase thermodynamic equilibrium which uses volume, temperature, and moles as specification
identification variables. The problem is solved numerically using a combination of the mixed-hybrid
Mixed-hybrid finite element method finite element method for the total flux discretization and the finite volume method for
Finite volume method the discretization of transport equations. A new approach to numerical flux approximation
Phase-by-phase upwinding is proposed, which does not require the phase identification and determination of

Constant-volume phase splitting

. correspondence between the phases on adjacent elements. The time discretization is
Pressure computation

carried out by the backward Euler method. The resulting large system of nonlinear
algebraic equations is solved by the Newton-Raphson iterative method. We provide eight
examples of different complexity to show reliability and robustness of our approach.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Mathematical models of gas injection into oil reservoirs play an important role in solving problems in enhanced oil
recovery or CO; sequestration. These models have to describe transport of a mixture composed of several chemical compo-
nents in a porous medium. Depending on the local thermodynamic conditions, the mixture can remain in a single phase
or can split into two (or more) phases. In this work, we investigate models in which components splitting among the
phases is described by means of the equilibrium thermodynamics (i.e. we adopt the assumption of the local thermodynamic
equilibrium).

Let us briefly review the formulation of currently available compositional models, discuss several issues inherent to this
formulation, and common ways of solving these issues. Traditionally, compositional models are formulated using a set of
mass or mole balance equations for each component of the mixture in which phase velocities are given by the extended
version of Darcy’s law [5,13,14,24]. Phases are assumed to be compressible; their behavior is described by an equation of

* Corresponding author. Tel.: +420 224 358 553.
E-mail addresses: ondrej.polivka@fjfi.cvut.cz (0. Polivka), jiri.mikyska@fjfi.cvut.cz (J. Miky3ka).
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0021-9991/© 2014 Elsevier Inc. All rights reserved.
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state, e.g. the Peng-Robinson [30] or other equation of state, of the general pressure-explicit form P =P(V,T,Nq,..., Np,),
where P denotes the pressure, V is the volume, T is the temperature, and Nji,..., Ny, are the mole numbers of the

n. components of the mixture. Using the assumption of the local thermodynamic equilibrium, the splitting of components
between the phases is described by the equality of chemical potentials or fugacities of every component in both phases [12].
The fugacities are considered to be known functions of P, T, and chemical composition, which can be derived from the
equation of state [12,23]. Therefore, for a given specification of P, T, and chemical composition, the stability algorithms [21,
12] can decide whether the single-phase mixture is stable or not. If the mixture is unstable, PT-flash algorithms are applied
to compute the two-phase equilibrium at given P and T [22,12]. To the best of our knowledge, all available formulations of
compositional models use this PT-based (constant pressure and temperature) approach to phase equilibrium computation.

No matter how wide-spread the use of the PT-based formulations of the phase stability and phase equilibria is, this
approach has some limitations. First, it has been already noticed in [26,16] that specification of P, T, and overall mole
numbers (or mole fractions) does not always determine the equilibrium state of the system uniquely. For example, if we
have 1 mole of pure water at P =1 atm and T = 100°C, one cannot tell whether it is a saturated liquid, a saturated gas, or
a two-phase mixture of both. Although all these states correspond to the same values of pressure, temperature, and moles,
these states are not the same as they differ in total volume of the mixture. Note that this situation can happen in the
compositional simulation if, for example, during fast injection of a pure component into a reservoir, the injected component
displaces all other components from the injection cell. It is certainly desirable to have a robust model formulation which
will not crash in this situation. Let us also mention that the problem of non-uniqueness of the equilibrium state at given
P, T, and Nji,..., Ny, is not limited to pure components. We have observed the same problem in many multi-component
mixtures in three phases [15].

Another complication inherent to the PT-based flash equilibrium formulations is the fact that in compositional simu-
lation the pressure is not known a-priori. Actually, pressure field is one of the unknowns that has to be computed by the
simulator. Unlike concentrations, there is no balance equation describing evolution of the pressure field. Instead, pressure
is given implicitly by solving the whole system of equations. In the literature, two approaches to pressure computation in
compositional simulation are available. In the first approach of Acs et al. [1], an evolution partial differential equation for
pressure is formed by combining the evolution equations for overall concentrations in a suitable way. This extra equation
can be solved to get the pressure field. Pressure computation is then followed by the update of concentrations using the
transport equations, typically in an IMPEC (implicit pressure, explicit concentrations) manner [11,28]. As we have one more
equations than unknowns, the system is overdetermined, and we have two ways to evaluate the overall concentration of the
mixture - either by summing the updated overall molar concentrations of the components or by performing the PT-flash
on the mixture at the predicted pressure. Due to numerical discretization errors, the two values of concentration are not the
same and the mass-balance error occurs. This error can be reduced by reducing the time step. Therefore, this mass-balance
error has been used as one of the criteria for the time step selection [14,34]. Let us also mention that to assemble the pres-
sure equation, coefficients of the total two-phase compressibility and total partial molar volumes of all components have
to be evaluated [12], which requires additional algebraic manipulations. An alternative approach to pressure computation
is the approach of Young and Stephenson [35], in which pressure update is formed using the linearization of the transport
equations with respect to selected primary variables. This approach can also be adopted in the IMPEC manner and its ap-
plication also requires considerable algebraic manipulation. Moreover, the correct selection of the primary variables can be
tricky as phases can appear/disappear during the simulation.

Both issues mentioned above can be overcome by using an alternative variables specification for the stability and flash
equilibrium computations. By specifying volume, temperature, and moles (or temperature and overall molar concentrations
of all components), the equilibrium state of the system is uniquely determined [26]. This approach requires using variables
V,T,and N; (i=1,...,n¢) rather than the conventional set P, T, and composition. The reformulation of the state functions
like chemical potentials in terms of the new variables has been carried out in [26] and V T-based stability and flash algo-
rithm have been derived in [26,27,16]. Within the new framework, the problem of non-uniqueness of the equilibrium state
does not appear. The V T-based formulations can also be used for pressure computation because, once the temperature and
overall molar concentrations are specified, equilibrium pressure is one of the outcomes of the V T-flash calculation.

In this work, we develop a new formulation of the compositional model which uses the V T-stability and V T-flash
equilibrium calculation for pressure evaluation. The approach has several desirable features following from the fact that
volume, temperature, and moles are the natural variables of the equation of state. In the conventional PT-flash, pressure
has to be found a-priori using some of the above mentioned methods [1,35], and volume has to be computed by inverting
the equation of state. The cubic equations of state may have up to three roots, from which the correct one has to be selected.
Usually, the root with the lowest value of the Gibbs free energy is used [12]. In the V T-based algorithm, volume of the cell
is known a-priori and pressure can be evaluated directly without the need to invert the equation of state once the resulting
phase split has been computed using the VT-flash algorithm. The need for the root selection procedure is thus avoided.
This feature can be even more attractive when non-cubic equation of state (like the cubic plus association equation of state)
are used as in these equations number of roots is not known a-priori [18].

The approach suggested in this paper also addresses one issue not related to the VT-flash that is usually overlooked
in the literature. In all formulations used for gas injection into oil reservoirs we are aware of, one usually distinguishes
two phases - one of them labeled as gas and the other one labeled as liquid. In many situations of practical importance
this distinction can be done easily using the phase densities, viscosities or other physical properties of the fluids. When
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computing the phase fluxes across the cell boundaries, the gas phase properties on both sides of the interface are used
to compute the gas phase flux across the interface between the two cells. Similarly liquid properties on both sides of the
interface are used to compute the flux of the liquid phase over the interface. It is tacitly assumed that it is always possible
to find out the phase identity - i.e. decide which one of the two equilibrium phases is the gas and which one is the liquid so
that the correct pairing of the corresponding phases at the interface between the two grid cells is performed. This approach
runs into difficulties when investigating mixtures close to the critical point where both split-phases are very similar [12].
Moreover, above the critical point, the supercritical fluids have some properties similar to liquids while other properties are
similar to gases. Selection of the phase identity is then often matter of an ad-hoc procedure. It is also not clear how to
compute phase fluxes between two cells with different number of phases - e.g. with one phase on one side and two phases
on the other side - or between the cells which are both single-phase but one of them contains liquid and the other one
gas.

Therefore, we suggest a new formulation of components fluxes in the compositional model and a special version of
the upwind technique for the flux approximation which avoids the need for the phase identification. The numerical flux
proposed in this work is locally conservative, does not depend on any phase identification, and solves the problem of
connection of fluxes between the cells with different number of phases on both sides in a natural way. This method also
helps to develop a correct formulation of the boundary conditions and avoids certain complexities encountered in our
previous work [24].

The paper is structured as follows. In Section 2, the mathematical model is formulated by means of partial differential
equations representing the conservation laws, Darcy’s laws, and by means of the conditions of local thermodynamic equilib-
rium in the VT-settings. We define several fluxes and derive some relations between them. Then, the compositional model
is formulated and appropriate initial and boundary conditions are prescribed. In Section 3, the system of equations is solved
numerically using the Mixed-Hybrid Finite Element Method (MHFEM) for the Darcy’s law discretization, and the Finite Vol-
ume Method (FVM) for the components transport equations discretization. We also describe details of the numerical flux
approximation. A fully implicit scheme is derived and linearized using the Newton-Raphson iterative method (NRM). In
Section 4, we summarize the essential steps of the computational algorithm. In Section 5, we present examples of compu-
tations using the new approach. In Section 6, we summarize essential features of the method and draw some conclusions.
In Appendices A and B, we provide details of the equation of state used in the calculation, and details of the derivation of
the MHFEM.

2. Mathematical model
2.1. Transport equations

Consider two-phase compressible flow of a mixture composed of n. components in a porous medium with porosity ¢ [-]
at a constant temperature T [K]. Neglecting diffusion and capillarity, the transport of the components can be described by
the following molar balance equations [24]

a(¢pci) ;
(jtl +V'<;Cmiv&>:ﬂ, i=1,...,nc M

where )", sums over all phases, c; is the overall molar concentration of component i [molm~3], ¢y ; is the molar concen-
tration of component i in phase @ [molm~3], and F; is the sink or source term [molm—3s~!]. The phase velocity vy is
given by the extended Darcy’s law

k
Vo = —2aK(VP = 0u8), ho=—, (2)
Mo
where K =K(x) is the medium intrinsic permeability [m?], p is the pressure [Pa], oy = Z?;l Cq.iM; is the density of fluid
in phase o (M; is the molar weight of component i [kgmol~1]), and g is the gravitational acceleration vector [ms—2]. The
o-phase mobility Ay is given by the ratio of the a-phase relative permeability k;, [-] and a-phase dynamic viscosity iy
[kem~1s~1]. The a-phase relative permeability depends on its saturation S, [-] as
kro = ko (Sar), 3)

and

Mo = Ma(T, a1y, Cane) (4)

is computed using the Lohrenz-Bray-Clark method [19].
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2.2. VT-stability and phase-split calculation

Depending on the local thermodynamic conditions at each point, the mixture can be in a single phase or split into two
phases. To test whether the phase splitting occurs, we use a constant volume phase stability test described in [27]. Assuming
that temperature T > 0 and the overall molar concentrations c1, ..., ¢y, are known, this algorithm tests if splitting of a small
amount of a trial phase with arbitrary concentrations c}, ..., cgc from the initial phase can decrease the total Helmholtz free
energy of the system. If such a trial phase cannot be found, then the single phase is stable, ¢4 ;i = ¢j, S = 1, and pressure
is given by an equation of state of the form

p=p(T,c1,....Cnc). (5)

In this work, we use the Peng-Robinson equation of state, which is detailed in Appendix A.
If the V T-stability indicates that the system is in two phases, the splitting of components among the phases is given by
the following phase equilibrium conditions [26]

Y caiSa=ci, Y Sa=1, (6a)
o o

p(T,cq1s--sCan) =DP(T,Ca1,....Con.), Yo #pB, (6b)
(T, a1y Came) = Hi(T,Cp1, ... Cone), Ya#B, Vi=1,...,nc. (6¢)

Eqgs. (6) express the balance of mass and volume (6a), mechanical equilibrium (6b), and chemical equilibrium (6¢) in which
[T denotes the chemical potential of component i. Details of relations (6b) and (6¢) can be found in Appendix A.

The system of equations (6) represents a set of non-linear algebraic equations. If the temperature T and overall molar
concentrations c1, ..., cy. are specified, solving (6) will provide molar concentrations of all components in both phases cy i
and phase saturations S,. Once the system (6) is resolved, the equilibrium pressure p can be determined readily using the
equation of state as

p:p(TaCa,‘lﬁ“-aCa,Tlc)a (7)

where « is any of the split-phases. The value of pressure does not depend on the selection of « because in equilibrium,
pressures in both phases are the same, see (6b).

2.3. Definition of several fluxes

Let us define the i-th component flux in the «-phase qq ; and the total a-phase flux qq as

Qi = Ca,iVa, (8a)
ne

Q=) Yo =CaVa (8b)
i=1

where ¢y = Z?;l Cq,i is the total o-phase concentration. By summing over all phases in (8), we can calculate the total

component flux q; and the total flux q as

Q4= Gui=) CaiVa, (9a)
o o

qzzq(x :anvw (9b)
o o

For further derivation of the numerical scheme, we need to express the phase velocity v, using the total flux q. By substi-
tuting (2) into (9b), Darcy’s law for the total flux can be formulated as

o
where
ZCaAaQa
=4 11)
e an)\a (
o

is an average density. Note that although XA, can vanish when Sy, — 0, the sum )", coAq is always positive, so the division
in (11) is permissible. By inverting K (which is invertible since (B.7) holds) in (10), the pressure gradient is given by
Klq .
Vp=—=——+08. (12)
Y Cadg
o

128



[C6]: Journal of Computational Physics 272: 149-169, 2014

0. Polivka, J. Miky3ka / Journal of Computational Physics 272 (2014) 149-169 153

Combining (12) and (2), we have

A
= — A — Kg ). 13
S csip (q ;C,B 80 — Oa) > (13)
B
Then, using (8a) and (13), q¢,; can be evaluated as
Qi = it (q — > cprplop - g«)Kg), (14)
%Cﬁ}‘ﬁ 5

and the total component flux (combining (9a) and (13)) as

Ca,ita
=) Seis (q — > cphplop - @a>l<g). (15)
o }3 ﬁ

2.4. Model formulation

Let 2 C RY (d € N) be a bounded domain and I be a time interval. In £2 x I, we solve for ¢; = cj(x,t) the following
equations which can be obtained from the transport equations (1) and (9a)

a(gci)
at

where q; is given by (15), and q is given by (10). The molar concentrations ¢, ; and saturations S, are related to the overall
molar concentrations ¢; by (6) from which we also determine the pressure (see Section 2.2). Relative permeabilities and
viscosities are given by (3) and (4). For this system of equations, we impose the following initial and boundary conditions

+V.qi=F, i=1,...,n, (16)

ix,0=cx), xeR,i=1,...,n, (17a)
px,0)=p°x,1), xelp tel, (17b)
qiX,t) - nx)=0, xely tel, i=1,...,n, (17¢)

where n is the unit outward normal vector to the boundary 32, I', U I'; = 9%, and I', N Iy = @. Initial values of molar
concentrations are given by (17a), whereas (17b) is the Dirichlet boundary condition prescribing the pressure pp on I},
and (17c) is zero Neumann boundary condition representing impermeable boundary on I;. We assume that I, is the
outflow boundary, so no boundary condition for concentration has to be imposed.

3. Numerical scheme

The system of equations (16), (6), and (17) is solved numerically by a combination of the MHFEM for the total flux
discretization, and the FVM for the transport equations discretization. The system is linearized using the NRM. The local
number of phases on every element is determined by testing the single-phase stability at constant temperature and overall
molar concentrations using the constant volume stability algorithm described in [27]. In two-phase elements, the splitting of
components among the phases is computed using the V T-flash algorithm from [26]. Once the phase state (i.e. single-phase
or two-phase) of every element and the phase splitting in two-phase elements have been established, pressure is computed
explicitly using the equation of state.

We consider a 2D polygonal domain £2 with the boundary 92 which is covered by a conforming triangulation 7. Let
us denote K the element of the mesh 7 with area |K|, E the edge of an element with the length |E|, ny the number of
elements of the triangulation, and n, the number of edges of the mesh.

3.1. Discretization of the total flux

The total flux q is approximated locally in the Raviart-Thomas space of the lowest order (RTo(K)) over the element
K eTg [3] as

alk =Y aK.EWK.E: (18)
EcdK
where the coefficient g g is the numerical flux of vector function q through the edge E on the element K with respect
to the outer normal, and wg g represents the piecewise linear RTo(K)-basis function associated with the edge E (see
Appendix B).
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Multiplying relation (12) by the basis function wg g, integrating over the element K, and using the RTo(K) properties
described in details in Appendix B, we obtain a discrete form of Darcy’s law for the total flux (10) as follows

WE= Y, Cakrak (aé(pk - Y BEpPrr+ Vé(§l<>, E e K. (19)
ael (K) Eeak

In Eq. (19), IT(K) denotes all phases on element K. The coefficients af, Bf ;, and y dependent on the mesh geometry
and on the local values of the medium permeability are detailed in Appendix B. Further, px denotes the cell pressure aver-
age, Dk g is the edge pressure average, Cq k, Ay Kk, Ok are the mean values of concentration and mobility of phase «, and
average density on element K. The cell-averaged quantities are functions of the overall molar concentrations and tempera-
ture at element K; their evaluation is described in Section 3.3.

The continuity of normal component of the total flux and pressure on the edge E between neighboring elements
K, K’ € To can be written as

ak.E+4qx g =0, (20)

Pk.E =Dk .E = DE. (21)
The boundary conditions (17b), (17c) are discretized as

Pe=p"(E), VECT, (22a)

qk,e=0, VE,K:EC Iy, E€dK, (22b)

where pP(E) is the prescribed value of pressure p averaged on the edge E.

The numerical flux can be eliminated by substituting qx ¢ from (19) into (20) and (22b). For further derivation, let us
consider time dependent quantities at time t,41 denoted by upper index n + 1. Then, Eqs. (19)-(22) can be transformed to
the following system of n, linear algebraic equations Fr = 0, where

O ROl = X BE PR+ vEOKT, VEZ T,
-7:E — K:E€dK aell(K) E'edK (23)

et — pP(E), VEC Ip.

Herein, the symbol Y denotes the sum over the elements adjacent to the edge E.
K:E€dK

3.2. Approximation of the transport equations

The transport equations (16) with the initial and boundary conditions (17) are discretized by the FVM [17]. Integrat-
ing (16) over an arbitrary element K € 7 and using Green’s theorem, we have

d .
a/¢>(X)ci(x,t)+/qi(x,t)~naz<(X)=/Ff(X), i=1,...,0c. (24)
K aK K

Applying the mean value theorem on (24), and denoting ¢k, ¢ k, Fi k., the averaged values of ¢,c;, F; (i=1,...,nc) over
the cell K, respectively, the semi-discrete form of (16) reads as

d(¢kci k)

—aq K+ Z Gi.k.e = FikIK], (25)

EcoK

where q; g ¢ is a numerical approximation of fE q; -ng g for E € K. The numerical flux g; x g is evaluated by the following
upwind technique

> GaikE— ) 4dgik.E. YE¢382,
aell (K,E)* Bel (K’ E)*
qi,K.E= > QaiK.Es VE € Iy, (26)
aell (K,E)*
0, VE € Iy,
where IT(K,E)T™ ={a € T(K) | qq.i.x g > 0} for E € 3K, and qq ; i ¢ is (14) written in a discrete form as
Coi, K har, K
Go.,i,K.E = %(‘M,E — Z cpxrpk(0pK — Qa,K)VEK) (27)
pemk) ' Bel(K)

Notice that (26) is an approximation of (15), where we sum over the phases on the edge E taking only the outflowing
phases into account. This method ensures that no phase identification or phase interconnection between neighboring ele-
ments is necessary, and the total component fluxes are balanced on each inner edge. In (27), qg g is given by (19), cu.i x
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and Sy x are computed locally on each element by VT-flash (see Section 2.2), and from them, cy k, Aok, and gy x are
evaluated.

Assuming that the porosity does not depend on time, the time derivative of ¢; ¢ in (25) is approximated by the time
difference with a time step Aty. Using Euler’s method [17], we obtain for every n, all K € 7;, and i =1,...,n. Eq. (25) in
a form Fi ; =0, where

n+l n

Fici= o lK|I-—5 4+ 3 g Rl — Fik K], (28)
EcoK

where q; g g is given by (26). Note that scheme (28) is fully implicit.
The initial conditions (17a) are approximated as

y=K), VKeTp, i=1,...n (29)
where c? (K) denotes the average value of c? on element K.
3.3. Assembling the final scheme

In Egs. (23) and (28), we have denoted Fr and Fy ;, (for the edge E € {1,...,n}, element K € {1,...,n4}, and com-

ponent i € {1,...,n.}) the expressions which represent the components of a vector F. To evaluate coefficients cgf,}, )»Z*,é

5"“ that are needed in (23) and also other element-averaged quantities depending on phase splitting required in (26)-(28),

we perform the V T-flash calculation on element K using the cell-averaged values c]?, A CZC*}( and temperature T. The

cell average pressure p”“ is also given implicitly by the result of the V T-flash at given c’ﬁg A CZ:',E and temperature

T as described in Section 2.2. Using the NRM, we therefore solve a nonlinear system of algebraic equations of ny - n. + n,
equations

F=[F11 s Fines s Fudoooos Fryenes Fio oo F 1T =10 (30)
for unknown primary variables - overall molar concentrations c]ﬁ(l, ceey Z*,l( K €{1,...,n}, and pressures on edges P p
E e {1,...,ne}. In each iteration of the NRM, we solve the followmg linear system of algebralc equations

Jo=-F. (31)

The Jacobian matrix J of system (31) is sparse and nonsymmetric. The matrix is divided into 4 blocks whose elements can
be evaluated analytically using the following relations

N 0Fk.i JFE JdFE
dk.x)ij= St Jk,p)i= peorag Jex)j= Py g JEp = PR (32)

Gk 7 i.K D
where Jg g is an element of the matrix Jg g, i, j=1,...,nc; K,K'=1,...,m; E,E'=1,...,ne. The vector of solutions &
contains the corrections of molar concentrations Sc”“ and pressures on the edges S'p\'é“ which are computed in each NRM

iteration and added to the values of c’ﬁ(] and p A”“ given from the previous iteration. The iteration procedure ends when
the condition
1Fl<e (33)

is satisfied for a chosen & > 0 [33]. The robustness of the NRM is increased by using the line-search technique [33]. If the
NRM cannot converge in 10 iterations or if the line-search does not lead to the reduction of || F| in 10 iterations, the time
step is restarted and the value At, is halved. If the NRM converges in less than 4 iterations, the time step is accepted and
the next time step size is increased (Atp+1 = 1.2Aty).

Let us point out that the linearization is performed with respect to the overall molar concentrations on each element
and traces of pressure on every edge of the triangulation. These variables are persistent - i.e. well defined independently
of whether a given element is in a single phase or two phases. The derivatives in (32) are also well defined in both single
phase and two phases. Therefore, our scheme performs well in both cases and no primary variables switching is needed
for treating phase appearance/disappearance (cf. [2,6,29]). As the discretization of the transport equations is based on the
approximation of the total component flux, the connection between the elements with different number of phases is treated
in a natural way.
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Fig. 1. Structures of the computational grid in our code and PT-code.

4. Computational algorithm
Numerical solution can be computed in the following steps:

1. Initialize the geometry, physical and chemical parameters, and molar concentrations, generate a domain triangulation.
2. Calculate pressures px on each element using the equation of state (A.1) and initial molar concentrations, then initialize
all edge pressures pg by averaging px on neighboring elements.
3. Repeat until the predetermined final time is reached (t, € I):
(a) Repeat the NRM iterations until the convergence criterion (33) is satisfied:
. Perform the stability and flash calculations (see Section 2.2) to obtain a number of phases and their compositions
locally on all elements.
. Evaluate phase mobilities A

*’,g using (2), (3), and (4) on each element.

iii. For each K, compute the cell-averaged pressures p“Jrl using (5) or (6b) depending on the phase state (see
~n+1

Section 2.2), and average densities ¢}"" using (11).
iv. Evaluate the total fluxes q’,'<+E] using (19) and phase fluxes qg*,]K  using (27).
v. Assemble and solve the system (31) for corrections of molar concentrations Sc'ﬁ(l and pressures S'p\’;“ simulta-

neously.
vi. Add corrections Sc ! and zSp”“ to ¢ K ! and p”Jr1 respectively, check the convergence criterion (33).
(b) Continue to the next t1me level (n —>n+ 1)

In steps i.-iii. c"“ A”H Q;_H and p’}j’l are computed using the data from the last available Newton iteration. In the first
iteration, data from the previous time step are used.

5. Numerical results

In this section, we present results of compositional simulations of gas injections into reservoirs filled with different mix-
tures using the numerical scheme described above. We compute the flow in a 2D square reservoir 50 x 50 m? with porosity
¢ =0.2 and isotropic permeability K=k =9.87 x 107> m? (i.e. 10 mD) if not specified otherwise. Structure of the com-
putational grid with 2 x 10 x 10 elements is shown in Fig. 1(a). Parameter ¢ from the NRM convergence criterion (33) was
chosen 10~ for all computations. The systems of linear algebraic equations were solved using the direct solver UMFPACK
[7-10]. All our results were computed on a grid of 2 x 40 x 40 elements except for the simulations serving for the conver-
gence verification. Our calculations were performed on Six-Core AMD Opteron(tm) Processor 2427 at 2.2 GHz and 32 GB
memory. Only V T-flash calculations were performed in parallel. The rest of the computation was sequential.

In the following parts, the numerical simulations are computed for different mixtures, and validated with results com-
puted using an other code. The other code uses the method of Acs et al. [1] to decouple pressure computation and the
update of concentrations. While the pressure equation is treated semi implicitly using the MHFEM, the update of concentra-
tions is performed explicitly using the first order FVM upwind scheme. The phase splitting is solved using the conventional
PT-flash, and the phase identification is performed using the densities of the split phases. Details of the scheme can be
found in [13,14,24]. In the following, we denote this code as PT-code. Note that in [24] a higher order scheme is used for
computations. In this paper, we compare our results with those obtained by the first order (MHFEM-FVM) variant of the
scheme [24] on a rectangular grid with structure shown in Fig. 1(b). Examples 1 and 2 correspond to Examples 3 and 4
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Fig. 2. Outlines of the simulated reservoirs for Examples 1-4.

Table 1

Relevant parameters of the Peng-Robinson equation of state (A.1) for Examples 1 and 2. Volume translation is not used.
i (component) pei [MPa] Tei [K] Vei [m® mol '] M [gmol '] i [-] S -] Sz [-]
1(CG1) 4.58373 189.743 9.897054 x 10> 16.2077 1.14272 x 1072 0 0.0365
2 (G3) 4.248 369.83 2x 1074 44.0962 0.153 0.0365 0

in [24]. Examples 3 and 4 are inspired by Example 2 in [25]. Examples 6 and 7 correspond to Examples 6 and 5 in [24].
Example 8 demonstrates a case in which the traditional PT-based approach fails.

5.1. Injection of methane into propane

Let us consider a cut through a propane reservoir at initial pressure p = 6.9 MPa and temperature T =311 K. In the left
bottom corner of the reservoir, methane is injected, and in the right upper corner, the mixture of methane and propane is
produced (Fig. 2(a)). The injection rate of methane is 42.5 m?/day at pressure 1 atm (0.101325 MPa) and temperature 293 K.
The parameters of the Peng-Robinson equation of state for both components of the mixture are summarized in Table 1. In
these settings, both methane and propane are single-phase but when mixed, the mixture can split into two phases. The
boundary of the domain is impermeable except for the outflow corner where pressure p = 6.9 MPa is maintained. Relative
permeability depends linearly on saturation as k;o(Sy) = So for each phase «.

Example 1. First, we simulate injection of methane into a horizontal reservoir (i.e. with zero gravity) originally filled with
propane. Isolines of methane overall molar fraction cl/(Z,-2=1 c;) at three different times are shown in Fig. 3. The value of
molar fraction nearest to the injection corner is 0.95, and with each isoline towards the outflow corner the value decreases
by 0.1. The mixture stays in the single phase in the major part of the domain, but, in the mixing zone, the two-phase
region develops (visualized by gray color). The computation to t = 1.71 years lasted 13.1 hours. To validate our results, the
problem was computed also by the PT-code. The obtained result at t = 1.14 years is depicted in Fig. 3(d) (indication of the
two-phase region was unavailable in the PT-code). The result is similar to the one in Fig. 3(b).

In this example, we also verify convergence of the numerical scheme. In the single-phase case, an analytical solution
for a special problem is available. The experimental convergence analysis of the MHFEM-FVM for this problem can be
found in [32]. As, to the best of our knowledge, there is no analytical solution for the two-phase case available, we use a
pseudoanalytical solution, i.e. the numerical solution computed on the finest grid of 8192 elements, for the convergence
analysis. Experimental orders of convergence (EOC) are computed between neighboring grids m =2 x 2 x 2, 2 x 4 x 4,
2x8x8,2x16x 16, and 2 x 32 x 32 using the L' and L? consistent norms for errors E,; of methane concentrations
and cell-averaged pressures in comparison with the solution obtained on the grid 2 x 64 x 64. The errors are computed on
the finest grid by projecting the solutions from the coarser grids to the finest grid. The time step for the pseudoanalytical
solution is chosen constant At = 195.3125 s. For the solutions on coarser grids, At is 4 times larger with each mesh
refinement (At ~m™'), ie. At =781.25 s for the solution computed on 2048 elements, At = 3125 s for 512 elements,
At =12500 s for 128 elements, At =50000 s for 32 elements, and At =200000 s for 8 elements. The EOC in a norm |.||,,
is given by

EOC, = I Emy lv — 10| Em, [l

Inmy — Inmy
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Fig. 3. Isolines of methane overall molar fraction and the two-phase region (gray color) at different times. Contours are distributed uniformly between the
two printed values. The solution is computed on the triangular grid 2 x 40 x 40; (d) is computed on 40 x 40 rectangles using the PT-code (the two-phase
region is not indicated here): Example 1.

Table 2

Experimental orders of convergence and errors of methane concentration c; at time t =
0.48 years for grids of m elements compared with the numerical solution on the grid of
8192 elements and the time step At =195.3125 s. On coarser grids, At ~m™".

m IlEmll1 EOC; IEmll2 EOC,
8 7.3988 x 10° 3.3186 x 10*
0.4588 0.2532
5 4
é; gggig X 185 0.6912 %2‘;‘5l X }g" 0.5809
512 2.5125 . 10° 04082 17232 . 10% 01114
el 0.6679 Esetoled 0.3603
2048 1.5814 x 10 1.3424 x 10

where Ep, and E;, are the numerical solution errors for the grids containing m; and my elements, respectively. The
EOC and L! and L? errors of methane concentrations and cell-averaged pressures for the situation at time t = 0.48 years
are included in Table 2 and Table 3. EOC of concentrations in L! norm are approximately 0.5, which is expected for the
first order upwind FVM on hyperbolic problems with discontinuous solutions [17]. A comparison of the solutions on the
individual grids using methane overall molar fractions at this time is depicted in Fig. 4.

Example 2. In the next example, we simulate the methane injection into a vertical reservoir (i.e. with gravity) originally
filled with propane. In Fig. 5 isolines of methane overall molar fraction cq /(Z,-z=1 ¢;) at different times are depicted. The
value of molar fraction nearest to the injection corner is 0.95, and with each isoline towards the outflow corner the value
decreases by 0.1. As in Example 1, the fluid is in the single phase in the whole reservoir except for the mixing zone where
the mixture occurs also in two phases as indicated by gray color. The computation to t = 1.14 years lasted 13.2 hours.
To validate our results, the problem was computed also by the PT-code. The obtained result at t = 1.14 years is depicted
in Fig. 5(d) (indication of the two-phase region was unavailable in the PT-code). The result differs slightly from ours in
Fig. 5(c). The zone between 0.95 and 0.05 isoline is narrower in Fig. 5(d), however, we observed an incorrect pressure in the
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Table 3

Experimental orders of convergence and errors of pressure px at time t = 0.48 years for grids
of m elements compared with the numerical solution on the grid of 8192 elements and the
time step At =195.3125 s. On coarser grids, At ~m™",

m I Emll1 EOC, lEm|l2 EOC,
8 3.0257 x 108 6.0661 x 10°
32 2.7682 x 108 g'ﬁii 5.5430 x 10° 8'1335(5’(1)
128 2.1652 x 108 06859 4.3339 x 106 0.6866
8 . 6 N
512 1.3459 x 107 10166 2.6928 x 106 10166
2048 6.6528 x 10 1.3310 x 10
40
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g g
> >
10 20 30 40 l 20 30 40
0.31 x [m] 0.95 x [m]
(a) 8 elements (b) 32 elements
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£ g
) > 90 0.05
1
%l o095
10 20 30 40 10 20 30 40
x [m] x [m]
(c) 128 elements (d) 512 elements
40 40
— 30 'E' 301
g g
= 20 0.05 e 20
10 0.95 10
=\
10 20 30 40 10 20 30 40
x [m] x [m]
(e) 2048 elements (f) 8192 elements

Fig. 4. Isolines of methane overall molar fraction and the two-phase region (gray color) computed on different grids at time t = 0.48 years. Contours are
distributed uniformly between the two printed values. Solutions are computed on the triangular grid: Example 1.
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Fig. 5. Isolines of methane overall molar fraction and the two-phase region (gray color) at different times. Contours are distributed uniformly between the
two printed values. The solution is computed on the triangular grid 2 x 40 x 40; (d) is computed on 40 x 40 rectangles using the PT-code (the two-phase
region is not indicated here): Example 2.

Table 4

Relevant parameters of the Peng-Robinson equation of state (A.1) for Examples 3, 4, and 8. Volume translation is not used.
i (component) pei [MPa] Tei [K] Vei [m? mol '] M; [gmol '] i [-] Sin [-] Sz [-]
1 (COy) 7.375 304.14 9.416 x 10~> 44 0.239 0 0.15
2 (C3) 4.248 369.83 2x1074 44.0962 0.153 0.15 0

outflowing element in the right upper corner of the domain in this result. Instead of a value close to 6.9 MPa (at the corner
edges, there is prescribed exactly 6.9 MPa), which was observed in our result, there was 6.68 MPa in the result obtained by
the PT-code. The lower pressure in the outflowing corner implies higher velocities, which can explain the difference in the
molar fractions.

5.2. Injection of CO; into propane

Let us consider a cut through a propane reservoir at initial pressure p = 2.5 MPa and temperature T = 311 K. In the
left bottom corner of the reservoir, CO, is injected, and in the right upper corner, the mixture of CO, and propane is
produced (Fig. 2(b)). The injection rate of CO, is 42.5 m?/day at pressure 1 atm and temperature 293 K. The parameters
of the Peng-Robinson equation of state for both components of the mixture are summarized in Table 4. In these settings,
the mixture can stay in the single phase or split into two phases. The boundary of the domain is impermeable except
for the outflow corner where pressure p = 2.5 MPa is maintained. Relative permeability depends linearly on saturation as
kro (Sq) = So for each phase «.

Example 3. In Fig. 6, a simulation of CO; injection into a horizontal reservoir originally filled with propane is shown. Isolines
of CO, overall molar fraction cq /(Ziz:] c;) are distributed uniformly between the two displayed values of 0.95 and 0.05. The
mixture stays in the single phase in the majority of the domain, only in the zone where the molar fractions are greater than
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Fig. 6. Isolines of CO, overall molar fraction and the two-phase region (gray color) at different times. Contours are distributed uniformly between the two
printed values. The solution is computed on the triangular grid 2 x 40 x 40; (d) is computed on 40 x 40 rectangles using the PT-code (the two-phase
region is not indicated here): Example 3.

0.05 and less than 0.95, the two-phase region (colored in gray) appears. The computation to t = 0.79 years lasted 6.4 hours.
To validate our results, the problem was computed also by the PT-code. The zone between 0.95 and 0.05 isolines in the
obtained result at t = 0.48 years depicted in Fig. 6(d) (indication of the two-phase region was unavailable in the PT-code)
is slightly wider than the one in Fig. 6(b) computed by our code.

Example 4. In this example, we simulate the CO, injection into a vertical propane reservoir. Uniformly distributed contours
of CO, overall molar fractions cq /(Ziz:] c;) between 0.95 and 0.05 are visualized in Fig. 7. The single-phase mixture occupies
a major part of the domain during the simulation but in the mixing zone a two-phase domain (gray color) also develops.
At time t = 0.55 years, we observed that there were the most two-phase elements of the whole simulation. Afterwards,
the number of two-phase elements decreases. The computation to t = 0.79 years lasted 8.8 hours. To validate our results,
the problem was computed also by the PT-code. The obtained result at t = 0.48 years is depicted in Fig. 7(d) (indication
of the two-phase region was unavailable in the PT-code). The result differs from ours in Fig. 7(b), however, we observed
an incorrect pressure in the outflowing element in the right upper corner of the domain in this result. Instead of a value
close to 2.5 MPa (at the corner edges, there is prescribed exactly 2.5 MPa), which was observed in our result (2.51 MPa),
there was 2.27 MPa in the other result. The lower pressure in the outflowing corner can cause different velocities, which
explains the difference in the molar fractions. In the injection corner, the pressure was 2.53 MPa in the result obtained by
the PT-code, while we observed 2.97 MPa in our result.

5.3. Injection of CO, into oil

In the third problem, let us consider a cut through an oil (8-component hydrocarbon mixture) reservoir at initial pressure
p =27.6 MPa and temperature T =403.15 K. The initial overall molar fractions in the reservoir can be found in Table 5. CO;
is injected in one corner of the reservoir, and the mixture of CO, and oil is produced in the opposite corner. The injection
rate of CO; is 133.33 m?/day at pressure 1 atm and temperature 293 K. The parameters of the Peng-Robinson equation of
state for all components of the mixture are summarized in Table 6. In these settings, the mixture can stay in the single
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Fig. 7. Isolines of CO, overall molar fraction and the two-phase region (gray color) at different times. Contours are distributed uniformly between the two
printed values. The solution is computed on the triangular grid 2 x 40 x 40; (d) is computed on 40 x 40 rectangles using the PT-code (the two-phase
region is not indicated here): Example 4.

Table 5
The initial overall molar fractions in the reservoir.
Component COy Ny Cq C-C3 C4-Cs Cs—C1o C11-Coq Cosy
Overall molar fraction 0.0086 0.0028 0.4451 0.1207 0.0505 0.1328 0.1660 0.0735
Table 6
Relevant parameters of the Peng-Robinson equation of state (A.1) for Examples 5, 6, and 7. Volume translation is not used.
i (component) p¢; [MPa] Te; [K] Ve [m*mol~'] M [gmol™'] w;i[-] & [-] Sil-] 83l-]1 Sial-] 8is[-] &6 l-] &7l-] 8isl-]
1 (COy) 7.375 304.14 9.416 x 107> 44 0.239 0 0 0.15 0.15 0.15 0.15 0.15 0.08
2 (N2) 3.39 126.21 8.988 x 107> 28 0.039 0 0 0.1 0.1 0.1 0.1 0.1 0.1
3(Gy) 4.599 190.56 9.84 x 107> 16 0.011 0.15 0.1 0 0.0346 0.0392 0.0469 0.0635 0.1052
4 (C-C3) 4.654 327.81 1.6571 x 104 34.96 0.11783 0.15 0.1 0.0346 0 0 0 0 0
5 (C4-Cs) 3.609 435.62 2.7522 x 1074 62.98 0.21032 0.15 0.1 0.0392 0 0 0 0 0
6 (Cs—C10) 2.504 574.42 4.6839x 1074 110.21 0.41752 0.15 0.1 0.0469 0 0 0 0 0
7 (C11-Ca4) 1.502 708.95 9.3876 x 1074 211.91 0.66317 0.15 0.1 0.0635 0 0 0 0 0
8 (Ca54) 0.76 891.47 1.9298 x 1073 462.79 1.7276  0.08 0.1 0.1052 0 0 0 0 0

phase or split into two phases. The boundary of the domain is impermeable except for the outflow corner where pressure
p =27.6 MPa is maintained. Relative permeability depends quadratically on saturation as k;(Sq) = Sé for each phase «.

To validate our results, the following examples were computed also by the PT-code as in the previous simulations, but
we have not included the results obtained by the PT-code for the sake of brevity.

Example 5. In Fig. 9, a simulation of CO, injection in the left bottom corner of a horizontal reservoir originally filled with
oil is shown. In the right upper corner, the mixture is produced. The reservoir is outlined in Fig. 8(a). In each of the 6
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Fig. 8. Outlines of the simulated reservoirs for Examples 5-7.

plots, isolines of the overall molar fraction c,-/(Z?Z1 ci) are visualized for 1 of the 8 components at time t = 1.36 years.
Contours are distributed uniformly between the displayed values. In each figure the two-phase region is colored in gray
color. In comparison with Examples 1-4, the two-phase region occupies a major part of the domain. The computation to
t = 1.36 years lasted 57.8 hours.

Example 6. This example is similar to Example 5, but this time we simulate injection of CO; into a vertical oil reservoir. CO;
is injected in the left bottom corner and the mixture is produced in the right upper corner (as outlined in Fig. 8(a)). Results
of the simulation at time t = 1.36 years are shown in Fig. 10 using the isolines of the overall molar fractions Ci/(z,s:] ()]
of 6 selected components, and the two-phase region is colored in gray. As in Example 5, also here, the two-phase region
occupies a large part of the reservoir. The computation to t = 1.36 years lasted 96.7 hours.

Example 7. In this example, we compute the injection of CO; in the right upper corner of the vertical reservoir, whereas
the mixture outflows in the left bottom corner (see Fig. 8(b)). Fig. 11 shows results of the simulation at time t = 1.36 years.
Isolines of the overall molar fraction c,-/(Z?:1 ¢;) are visualized for the same components as in Examples 5 and 6. Again,
the gray-colored two-phase region is spread over a significant part of the reservoir. The computation to t = 1.36 years lasted
75.3 hours.

5.4. CO; close to the saturation pressure

Example 8. In the last example, we simulate an isothermal injection of CO, into a reservoir that is filled with pure gas
CO, at temperature T =280 K and p =4 MPa. Note that the saturated vapor pressure of CO, at 280 K is 4.13 MPa. CO; is
injected in the left bottom corner of the reservoir and produced in the right upper corner. The injection rate is 42.5 m?/day
at pressure 1 atm and temperature 293 K. The parameters of the Peng-Robinson equation of state for CO, are summarized
in Table 4 (first line). The medium has a low permeability K=k = 9.87 x 10~17 m? (i.e. 0.1 mD) and porosity ¢ = 0.2. The
boundary of the domain is impermeable except for the outflow corner where pressure p =4 MPa is maintained. Relative
permeability depends linearly on saturation as k;o(Sy) = S¢ for each phase «.

Due to the injection, the pressure in the vicinity of the injection point rises above the value of the saturation pressure
and the liquid CO, phase should appear. Fig. 12 shows the result of our code at four different times. The computation
to t = 10.14 years lasted 4.6 hours. The liquid CO, with density approximately 873 kgm™3 displaces the vapor with den-
sity approximately 118 kgm™3. The two-phase elements (gray) correspond well with the dashed isoline of the saturation
pressure (see Fig. 12). The PT-code (based on [13,14,24]) used for this simulation crashes due to the problem with the
phase identification. This problem shows the advantages of the V T-based formulation which does not require the phase
identification.

6. Summary and conclusions

We have developed a new formulation of the compositional model for the reservoir simulation. The new feature of the
model is that it uses computation of phase equilibria at constant temperature and volume rather than pressure. Compared
to the traditional PT-based formulation, the new formulation in terms of VT is not only more robust, but also provides a
convenient and natural way for the pressure computation. In the new formulation, the equation of state does not have to be
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Fig. 9. Isolines of the overall molar fractions and the two-phase region (gray color) at t = 1.36 years. Contours are distributed uniformly between the two
printed values. The solution is computed on the triangular grid 2 x 40 x 40: Example 5.

inverted, and thus the root selection problem does not appear. We have tested the model on eight examples involving binary
and multicomponent mixtures described by the Peng-Robinson equation of state. We expect that the same approach can be
used for other pressure-explicit equations of state as well. Moreover, we expect that the advantage of the fact that there is
no need for inversion in the equation of state will appear to be beneficial for simulations using non-cubic equations of state.
These equations of state can describe correctly association in the mixtures involving polar components (e.g. CO; + Hy0)
and, thus, have important applications in problems related to carbon sequestration [18,16]. Extension of our approach to
these equations of state is a subject of current research.

We have discretized the model using a combination of the MHFEM and FVM for the computation of two-phase com-
pressible flow of a mixture in porous media in 2D. In comparison with the traditional approaches, our approximation of the
component flux between elements does not depend on the phase identification and pairing of phases between elements.
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Fig. 10. Isolines of the overall molar fractions and the two-phase region (gray color) at t = 1.36 years. Contours are distributed uniformly between the two
printed values. The solution is computed on the triangular grid 2 x 40 x 40: Example 6.

This feature of the model will be also advantageous in problems related to carbon sequestration as typically CO; is injected
into the reservoir in the supercritical state.

Our method is fully coupled, fully implicit and is therefore much more expensive in comparison with the decoupled
(sequential) IMPEC approaches. In this work, we focused on the robustness of the formulation rather than the CPU costs.
We believe that the robustness of the V T-flash and flux evaluation which does not depend on the phase identification can
be exploited also in the sequential schemes. Development of such schemes is another subject of our current research.

Many questions related to the new formulation remain open, e.g. how to include diffusion or capillarity in the V T-based
model. For example, capillarity in the compositional simulation has traditionally been formulated using the extension of the
concepts developed in the immiscible flow. Here, the V T-based formulation seems to be of great advantage with respect
to PT, but currently available theories of capillarity rely heavily on the phase identification. We believe that the model
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Fig. 11. Isolines of the overall molar fractions and the two-phase region (gray color) at t = 1.36 years. Contours are distributed uniformly between the two
printed values. The solution is computed on the triangular grid 2 x 40 x 40: Example 7.

concept proposed in this paper can be extended to include capillarity and diffusion, although this may require a non-trivial
revision of basic concepts and the way we usually describe these phenomena. Development of such extensions is subject of
our future research.
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Appendix A. Details of the constitutive relations

Pressure in (6b) is given by the Peng-Robinson equation of state [30,12,26,27] as

ne ne Ne
RT ZC,‘ Z Zaijcifj
p(T,CtyennyCp) = — 1 = (A1)

ne Nc ne :
1-— Z b,'C,' 142 Z biC,' — (Z b,’Cl')z
i=1 i=1 i=1

In Eq. (A1), R =8.314472 JK~'mol~! is the universal gas constant and

R2T 2 2
aj=(1-8)/aa;, a =0.45724T [14+ma-T],
ci

0.37464 + 1.542260; — 0.26992w? for w; < 0.5,

"7 1 0.3796 + 1.485w; — 0.1644? + 0.01667w? for w; > 0.5,
T RT¢;

Tij=—, b;j=00778—2, (A.2)

Tci Dei

where §;; is the binary interaction coefficient [-]; T¢;, pc;, wj, Tr; are the critical temperature [K], critical pressure [Pa],
acentric factor [-], reduced temperature [-], respectively - all corresponding to the i-th component.
The condition of chemical equilibrium (6¢) can be rewritten in terms of the volume function coefficients, which were
introduced in [26] to replace fugacities in the V T-based formulations. The equivalent condition to (6c) reads as
Cai _ CB.i
Oi(T,Cq1s-- s Cane)  @i(T,C1,...,Chinc)

. Ya£B, Vi=1,...,nc, (A3)
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where the volume function coefficient ¢; for the Peng-Robinson equation of state reads as

lngof(T,c1, ...,Cnc)

ne Ne  Ne
ne b,’ Z:l Cj b,' Z:l kz ajijCk
= Jj=1k=1
= 11‘1(1 — ijCj) — e + e ” e
j=1 I—ijCj RTijCj(l—i—ZijCj—(ijCj)z)
=1 =1 =1 =1
ne nNe n¢
b,-ZZajkcjck ne 1+(1+«/§)ijcj
j=1k=1 j=1
- e e - ajcj|In o : (A4)
ﬁRTijCj ZZb]‘C]‘ j=1 1+(1—\/§)ij(‘j
=1 =1 =1

Details of the definition and basic properties of the volume functions and volume function coefficients as well as derivation
of the last formula can be found in [26].

Appendix B. Raviart-Thomas basis functions and details of the MHFEM
In this part, we describe details of derivation of discrete Darcy’s law (19) using the Raviart-Thomas space [3,4,31,24].

The Raviart-Thomas space of the lowest order RTo(K), over an element K from a triangulation 7 (consisting of triangles)
of the domain £2, is generated by the basis functions

1
wK,E(x):m(x—NK,E), vVxeK, E €0k, (B.1)
where Ng ¢ € K is a node against edge E. The basis functions (B.1) satisfy the following properties
VoW () = — Wi £(X) -n O.p (B.2)
“Wg E(X) = —, K,EX) - N pr = . .
K| |E|

Multiplying (12) with the basis function wg g, and integrating over element K, we can write
-1
/VP'WK’E' :_( > CO"K)‘“K) > QK,E/K_le,E ~WK,E'+5K/g"W1<,Eu (B.3)
e aell(K) EcdK e e

where we have used (18), the mean value theorem, and I7(K) denotes all phases on element K. On the other hand, using
the Green theorem, the mean value theorem, and properties (B.2), we obtain

1 1
Vp -wWg g = Wy g - DK E — V-Wgp=— - — . B.4
/P K.E E /P K.E - DK.E /P K.E IE,I/P K] p (B.4)
E K

K E€dK ¢ K

Denoting

-1
Ak EE =/K Wk E - WK /s Gg.p =/g'WK,E/,
Kk

K
~ 1 /‘ _ 1/ (B.5)
Pk = | b, Pk = K| p, .
E K

we combine (B.3) and (B.4) into

-1
( > Ca,K?»a,K) D Ak eAk.Ep =Pk — Pk.p + Ok Gk p- (B.6)
el (K) EcoK

Assuming that K is a uniformly positive-definite tensor (see [20]), i.e.

d d
Jop>0: oy EF< Y (K], &:i&;. VEe RY, (B.7)
i=1 i,j=1

for almost all x € £2, it is possible to invert the matrix Ax = (Ak g p’)E. ek Multiplying (B.6) in a vector form by AF, we
obtain for K € 7; and E € 0K
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K K = K~
awe= ) Cu.K?xu.K<Ol5 pr— Y BfpPrE + Vi QK)v (B.8)
aell(K) E’'edK

which is Darcy's law (19) with coefficients «f, Bf ., and y[ given by

K _ -1 K _ a2-1 K _ -1
af =Y Adep  Bre=Alee  VE= D AcepCre. (B.9)
E'cak E'edk

where Ay, ., is the element of the inverse matrix Ag'.
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