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HABILITAČNÍ PRÁCE
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Kapitola 1

Předmluva

Matematické modely transportu směsı́ chemických látek v poréznı́m prostředı́ hrajı́ důležitou roli
při studiu mnoha procesů v přı́rodě i technice [5, 47, 89]. Z různých aplikacı́ můžeme jmenovat
např. vtláčenı́ CO2 do podzemı́ za účelem trvalého uloženı́ v horninovém masivu (prevence
sklenı́kového efektu pomocı́ technologie Carbon Capture and Storage – CCS), injektáž plynu do
ropných ložisek za účelem zvýšenı́ jejich výtěžnosti [80, 12, 3], či řešenı́ ekologických problémů
vznikajı́cı́ch průnikem kontaminace do horninového prostředı́ [38, 1, 98]. Při řešenı́ těchto
problémů je potřebné simulovat transport komponent vı́cesložkové směsi v póréznı́m prostředı́.
Např. při vtlačovánı́ CO2 do podzemı́ se superkritický CO2 vtlačuje do rezervoáru, který obsahuje
vodu a/nebo ropu. V závislosti na vnějšı́ch podmı́nkách může směs být homogennı́ (CO2 se
plně rozpustı́ ve vodě, resp. ropě) nebo se směs může rozdělit na dvě nebo vı́ce fázı́, které
majı́ navzájem rozdı́lné hustoty a chemická složenı́ [82, 78]. Pokud se směs rozdělı́ do dvou
fázı́ (v přı́padě ropy např. plyn obsahujı́cı́ převážně CO2 a lehčı́ alkany a kapalinu obsahujı́cı́
převážně těžšı́ alkany a menšı́ množstvı́ rozpuštěného CO2) může dojı́t k tomu, že lehčı́ fáze bude
mı́t výrazně nižšı́ viskozitu než původnı́ jednofázová směs, což povede ke zlepšenı́ výtěžnosti
rezervoáru.

Při ukládánı́ CO2 do podzemı́ za účelem trvalého uloženı́ v hlubinných uložištı́ch lze využı́t
jedinečných vlastnostı́ směsı́ obsahujı́cı́ch CO2. Je dobře známo, že při směšovánı́ CO2 a vody
při zadané teplotě a tlaku výsledná směs zaujme obecně jiný objem než je součet objemů vody
a CO2 před směšovánı́m [30]. Směšovánı́ vody a CO2 obecně vede ke změně hustoty směsi, jedná
se tedy o silně neideálnı́ směsi. Stavové chovánı́ takovýchto směsı́ je třeba popisovat prostředky
rovnovážné termodynamiky. Zároveň je potřeba konzistentně propojit tyto termodynamické
výpočty s výpočtem prouděnı́ vı́cefázové směsi. To vede k modelům popisujı́cı́m transport
komponent vı́cesložkových směsı́, přičemž komponenty mohou přecházet mezi fázemi. Přestože
jak termodynamika směsı́, tak simulace transportu v póréznı́m prostředı́ jsou dobře rozvinuté
disciplı́ny, ukazuje se, že propojenı́ těchto dvou disciplı́n nenı́ triviálnı́ a je zdrojem mnoha
problémů, které je potřeba řešit. Jedná se tedy o interdisciplinárnı́ problematiku propojujı́cı́
znalosti z termodynamiky směsı́, mechaniky tekutin a termodynamiky kontinua spolu s poznatky
z numerické matematiky a matematického modelovánı́.

3



KAPITOLA 1. PŘEDMLUVA

Cı́lem této práce je stručně popsat současný stav a shrnout přı́spěvky autora k této problema-
tice. Nejprve bude popsána konvenčnı́ formulace kompozičnı́ho modelu a budou představeny
některé jejı́ nedostatky, které bývajı́ v literatuře často opomı́jeny. Zkušenosti s těmito modely,
které zı́skal autor této práce během svého osmiměsı́čnı́ho pobytu v Reservoir Engineering Re-
search Institute v Palo Alto v Kalifornii, potom vedly k návrhu různých modifikacı́ formulace
konvenčnı́ho modelu i k návrhu alternativnı́ch přı́stupů řešenı́ transportnı́ho modelu. Tyto nové
formulace a metody jsou základem přiložených publikacı́. Popis těchto přı́spěvků autora je
hlavnı́ částı́ této práce.
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Kapitola 2

Modelovánı́ transportu směsı́ v poréznı́m
prostředı́

2.1 Fyzikálnı́ formulace konvenčnı́ho transportnı́ho modelu

2.1.1 Transportnı́ rovnice
Budeme vyšetřovat dvoufázové stlačitelné prouděnı́ směsin chemických komponent v poréznı́m
prostředı́ vymezeném oblastı́ Ω. Omezı́me se na přı́pad nestlačitelného poréznı́ho prostředı́
s porozitou φ, která může obecně záviset na poloze, tj. φ = φ(x). Budeme uvažovat isotermálnı́
přı́pad – tj. prouděnı́ při konstantnı́ teplotě T . Bilanci hmoty pro každou komponentu lze zapsat
ve tvaru

∂(φci)

∂t
+∇ · qi = Fi, i = 1, . . . , n, (2.1)

kde ci = ci(x, t) jsou neznámé celkové molárnı́ koncentrace jednotlivých komponent směsi,qi je
hustota molárnı́ho toku i-té komponenty a zdrojový členFi popisuje objemovou hustotu vtláčenı́,
resp. čerpánı́ i-té komponenty ve vyšetřované oblasti (počet molů dodaných do jednotkového
objemu zeminy za jednotku času). V každém bodě x ∈ Ω (a každém čase t) jsou v daném bodě
definovány koncentrace ci všech komponent i = 1, . . . , n. Jedná se tedy o model směsi pomocı́
překrývajı́cı́ch se kontinuı́.

V závislosti na vnějšı́ch podmı́nkách se může v daném bodě směs vyskytovat bud’v jedné
nebo vı́ce fázı́ch. Každá fáze α je charakterizována svým chemickým složenı́m (přesněji soubo-
rem molárnı́ch koncentracı́ jednotlivých komponent ve fázi α), saturacı́ (objemovým zlomkem)
Sα a rychlostı́. Na pórové úrovni jsou fáze prostorově oddělené podoblasti pórového prostoru. Na
makroskopickém měřı́tku však nevidı́me lokálnı́ detaily a pracujeme s průměrovanými veliči-
nami přes vhodně zvolené reprezentativnı́ elementárnı́ objemy. Saturace je tedy makroskopická
veličina, která udává podı́l objemu pórového prostoru obsazený fázı́ α na celkovém pórovém
prostoru. Veličiny Sα jsou tak definovány v každém bodě oblasti a tvořı́ překrývajı́cı́ se kontinua.
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KAPITOLA 2. MODELOVÁNÍ TRANSPORTU SMĚSÍ V PORÉZNÍM PROSTŘEDÍ

Z definice saturace plyne, že ∑
α

Sα = 1. (2.2)

Neuvažujeme-li difuzi, pak rychlost všech komponent v dané fázi je stejná. Celková hustota
molárnı́ho toku i-té komponenty je tedy dána předpisem

qi =
∑
α

cα,ivα, (2.3)

kde se sčı́tá přes všechny fáze α, cα,i je molárnı́ koncentrace i-té komponenty ve fázi α a vα
je rychlost fáze α. Předpokládáme, že rychlost fáze α je dobře popsána Darcyho zákonem
tvaru [22, 5]

vα = −λαK(∇p− %αg), λα =
krα
ηα
, (2.4)

kde K = K(x) označuje vlastnı́ propustnost zeminy, p je tlak, %α =
∑n

i=1 cα,iMi je hustota
fáze α, Mi je molárnı́ hmotnost i-té komponenty a g označuje vektor gravitačnı́ho zrychlenı́.
Mobilita λα fáze α je definována jako podı́l relativnı́ permeability krα fáze α a dynamické
viskozity ηα fáze α. Relativnı́ permeabilita krα : 〈0, 1〉 7→ 〈0, 1〉 je veličina popisujı́cı́ redukci
permeability z důvodu přı́tomnosti ostatnı́ch fázı́. Obecně závisı́ na saturaci Sα fáze α

krα = krα (Sα) (2.5)

a k jejı́mu modelovánı́ použı́váme bud’lineárnı́ (krα (Sα) = Sα) nebo kvadratický (krα (Sα) =
S2
α) model. Podle zvoleného modelu závisı́ dynamická viskozita ηα fázeα na teplotě a molárnı́ch

koncentracı́ch fáze α, přı́p. tlaku p, teplotě T a molárnı́ch zlomcı́ch jednotlivých komponent
xα,i = cα,i/cα, kde cα =

∑n
i=1 cα,i je celková molárnı́ koncentrace fáze α, tedy

ηα = ηα(T, cα,1, . . . , cα,n), resp. ηα = ηα(p, T, xα,1, . . . , xα,n). (2.6)

Pro modelovánı́ této závislosti použı́váme model LBC (Lohrenz-Bray-Clark) [60], který je
stručně popsán v přı́loze článku [Č5].

2.1.2 Přestup komponent mezi fázemi
Uvedený model je třeba doplnit konstitutivnı́mi vztahy, které popı́šı́ vazby mezi celkovými
koncentracemi ci a počtem fázı́, fázovými koncentracemi cα,i všech komponent ve všech fázı́ch
a saturacemi Sα všech fázı́. K modelovánı́ přestupu komponent mezi fázemi se běžně použı́vá
předpoklad lokálnı́ termodynamické rovnováhy, který je v daném kontextu dobře fyzikálně
obhajitelný, nebot’prouděnı́ v poréznı́m prostředı́ je typicky velmi pomalé v porovnánı́ s rych-
lostı́ přestupu komponent mezi fázemi. Podmı́nka stabilnı́ termodynamické rovnováhy vede
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2.1. FYZIKÁLNÍ FORMULACE KONVENČNÍHO TRANSPORTNÍHO MODELU

k minimalizaci celkové Gibbsovy energie složeného systému při zadané teplotě, tlaku a cel-
kových molárnı́ch zlomcı́ch jednotlivých komponent směsi [30, 63, 65]. Označme zi = ci/c,
kde c =

∑n
i=1 ci je celková molárnı́ koncentrace směsi, celkové molárnı́ zlomky jednotlivých

komponent pro i = 1, . . . , n. Dále zaved’me molárnı́ zlomky jednotlivých komponent ve fázi α
předpisem xα,i = cα,i/cα, kde cα =

∑n
i=1 cα,i je celková koncentrace fáze α. Podmı́nka fázové

rovnováhy vede k následujı́cı́ soustavě nelineárnı́ch algebraických rovnic

foi(p, T, xo,1, . . . , xo,n) = fgi(p, T, xg,1, . . . , xg,n), i = 1, . . . , n, (2.7a)
zi = (1− ν)xo,i + νxg,i, i = 1, . . . , n, (2.7b)

n∑
i=1

zi =
n∑
i=1

xo,i =
n∑
i=1

xg,i = 1, (2.7c)

kde fαi je fugacita komponenty i ve fázi α a ν ∈ (0, 1) označuje molárnı́ zlomek plynné
fáze (tj. počet molů plynné fáze ku celkovému počtu molů směsi). Zde uvažujeme pouze
dvoufázový přı́pad a formulujeme podmı́nku termodynamické rovnováhy pouze mezi dvěma
fázemi označenými jako o (oil) a g (gas). Vyjádřenı́ fugacit pomocı́ stavové rovnice popı́šeme
v následujı́cı́ kapitole.

Pro zadané hodnoty tlaku p, teploty T a celkových molárnı́ch zlomků zi všech komponent
lze řešenı́m soustavy (2.7) určit molárnı́ zlomky xα,i všech komponent v obou fázı́ch a molárnı́
zlomek plynné fáze ν. Dále lze určit fázové koncentrace cα řešenı́m stavové rovnice

p = p(T, 1/cα, xα,1, . . . , xα,n), α ∈ {o, g} (2.8)

a dopočı́tat fázové saturace Sα řešenı́m soustavy rovnic

coSo + cgSg = c, (2.9)
So + Sg = 1. (2.10)

Koncentrace cα,i jsou pak dány vzorcem cα,i = cαxα,i. Pokud je za daných podmı́nek (tj. tlaku
p, teplotě T a celkových molárnı́ch zlomcı́ch z1, . . . , zn) směs stabilnı́, pak nedojde k rozkladu
směsi na fáze. V tomto přı́padě nenı́ třeba řešit systém (2.7), protože stačı́ položit cα,i = ci
a Sα = 1.

2.1.3 Stavová rovnice a fugacita
Předpokládáme, že stavové chovánı́ libovolné fáze je popsáno stavovou rovnicı́ tvaru

p = p(T, V,N1, . . . , Nn), (2.11)

kde p označuje tlak, T je teplota, V je objem a N1, . . . , Nn jsou látková množstvı́ jednotlivých
komponent v dané fázi. Pro směsi nepolárnı́ch uhlovodı́ků a CO2 se dobře osvědčila Pengova-
Robinsonova rovnice [81] tvaru

p =
RT

vα − bα −
aα

v2
α + 2bαvα − b2

α

, (2.12)
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KAPITOLA 2. MODELOVÁNÍ TRANSPORTU SMĚSÍ V PORÉZNÍM PROSTŘEDÍ

Obrázek 2.1: Závislost tlaku p na molárnı́m objemu v pro čistý CO2 za různých teplot. Kritická
teplota CO2 je Tcrit = 304 K.

kde koeficient vα = 1/cα označuje molárnı́ objem fáze α, R je univerzálnı́ plynová konstanta
a koeficienty aα a bα jsou dány následujı́cı́mi vzorci

aα =
n∑
i=1

n∑
j=1

aijxα,ixα,j, bα =
n∑
i=1

bixα,i, (2.13)

aij = (1− δij)√aiaj, bi = 0,0778
RTi,crit
pi,crit

, (2.14)

ai = 0,45724
R2T 2

i,crit

pi,crit
[1 +mi(1−

√
T/Ti,crit)]

2, (2.15)

mi =

{
0,37464 + 1,54226ωi − 0,26992ω2

i pro ωi < 0,5,
0,3796 + 1,485ωi − 0,1644ω2

i + 0,01667ω3
i pro ωi ≥ 0,5.

(2.16)

V těchto rovnicı́ch δij označuje binárnı́ interakčnı́ koeficient mezi komponentami i a j, pi,crit
a Ti,crit jsou kritický tlak a kritická teplota i-té komponenty a ωi označuje tzv. excentrický faktor
i-té komponenty. Pro směsi uhlovodı́ků s vodou je potřeba Pengovu-Robinsonovu rovnici doplnit
dodatečným členem popisujı́cı́m asociaci molekul vody. Konkrétnı́ tvar této stavové rovnice je
možno nalézt v [59] nebo v přı́loze článku [Č4].

Pengova-Robinsonova stavová rovnice patřı́ do třı́dy tzv. kubických rovnic, jejichž obecné
vlastnosti lze snadno ilustrovat na jednoduchém přı́padu čisté látky (n = 1). Index i budeme
v tomto přı́padě vynechávat. Rozebereme 2 přı́pady. Necht’je nejprve T ≥ Tcrit. V tomto přı́padě
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je tlak p ostře klesajı́cı́ funkcı́ V (viz Obr. 2.1) a lze tedy pro každý tlak z oboru hodnot stavové
rovnice jednoznačně určit odpovı́dajı́cı́ objem V . Při nadkritické teplotě tedy v přı́padě čisté
látky nedocházı́ k fázovému přechodu. Pokud je ovšem T < Tcrit, pak má rovnice (2.12) pro
každý tlak v určitém rozmezı́ tlaků až 3 reálné kořeny V – nejmenšı́ z nich odpovı́dá objemu
kapalné fáze (VL), největšı́ z nich odpovı́dá objemu plynné fáze (VG) a prostřednı́ odpovı́dá
nestabilnı́mu řešenı́, které nemá fyzikálnı́ význam. Pro T → Tcrit a p → pcrit zdola se oba
kořeny přibližujı́ a setkajı́ se v kritickém bodě, kde nelze obě fáze od sebe rozlišit (v kritickém
bodě je např. hustota kapaliny i jejı́ páry stejná). Protože funkce p je homogennı́ funkce stupně
nula v proměnných V , N1, . . . , Nn, lze tlak dané fáze vyjádřit pomocı́ fázových koncentracı́
jako

p = p(T, 1, cα,1, . . . , cα,n). (2.17)

Zavedeme-li tzv. koeficient chemické stlačitelnosti fáze α vztahemZα = pvα/RT , pak lze tento
koeficient považovat za mı́ru neideality směsi (pro ideálnı́ plyn je Zα = 1). Dále označme

Aα =
aαp

R2T 2
a Bα =

bαp

RT
, α ∈ {o, g}. (2.18)

Fugacitu komponenty i ve fázi α lze potom vyjádřit ve tvaru [30]

fαi(p, T, xα,1, . . . , xα,n) = pxα,iϕα,i, (2.19)

kdeϕα,i označuje fugacitnı́ koeficient komponenty i ve fáziα, jehož logaritmus lze pro Pengovu-
Robinsonovu stavovou rovnici vyjádřit ve tvaru [30]

lnϕα,i =
bi
bα

(Zα − 1)− ln(Zα −Bα)−

− Aα

2
√

2Bα

(
2

aα

n∑
j=1

aijxα,j − bi
bα

)
ln
Zα + (

√
2 + 1)Bα

Zα − (
√

2− 1)Bα

. (2.20)

2.1.4 Přı́spěvek k matematické formulaci modelu: počátečnı́ a okrajové
podmı́nky

Výše uvedený systém rovnic řešených na omezenéd-rozměrné oblasti Ω je třeba doplnit o vhodné
počátečnı́ a okrajové podmı́nky, které je potřeba zvolit tak, aby výsledná úloha byla formulována
korektně – tj. aby za daných podmı́nek existovalo právě jedno řešenı́, které bude spojitě záviset na
vstupnı́ch datech úlohy. Navzdory své důležitosti je tato problematika v dostupné literatuře často
opomı́jena. Některé knihy, např. [16], se problematice okrajových podmı́nek nevěnujı́ vůbec.
V mnoha článcı́ch se okrajové podmı́nky zmiňujı́ pouze v souvislosti s konstrukcı́ numerického
schématu, přičemž korektnost různých formulacı́ okrajových podmı́nek je přinejmenšı́m sporná.
V přiloženém článku [Č1] je ukázáno, že často použı́vaná nulová Neumannova podmı́nka tvaru

vα · n = −λαK(∇p− %αg) · n = 0, ∀α ∈ {o, g}, (2.21)

9
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která vyjadřuje podmı́nku nepropustnosti pro každou fázi α na některé části hranice ∂Ω, nenı́
korektnı́. Z podmı́nky (2.21) lze totiž ve dvoufázovém systému (kdy je λα 6= 0 pro obě fáze
α ∈ {o, g}) odvodit, že

∇p · n = %gg · n a zároveň ∇p · n = %og · n, (2.22)

které nemohou být splněny zároveň ve dvoufázovém systému s gravitacı́, pokud majı́ obě
fáze různé hustoty. Nelze tedy vynucovat nulovou Neumannovu podmı́nku pro každou fázo-
vou rychlost, ale pouze pro celkový tok každé komponenty. Na základě zkušenostı́ zı́skaných
s tı́mto modelem doplňujeme tedy rovnice kompozičnı́ho modelu následujı́cı́mi počátečnı́mi
a okrajovými podmı́nkami

ci(x, 0) = c0
i (x), x ∈ Ω, i = 1, . . . , n, (2.23a)

p(x, t) = pD(x, t), x ∈ Γp, t ∈ I, (2.23b)
qi(x, t) · n(x) = 0, x ∈ Γq, t ∈ I, i = 1, . . . , n, (2.23c)

v nichž n označuje jednotkový vektor vnějšı́ normály definovaný skoro všude na ∂Ω, Γp∪Γq =
∂Ω, a Γp ∩ Γq = ∅. Rovnice (2.23a) popisuje počátečnı́ rozloženı́ molárnı́ch koncentracı́,
(2.23b) je Dirichletova okrajová podmı́nka předepisujı́cı́ tlak pD na části hranice Γp, a (2.23c)
je homogennı́ Neumannova okrajová podmı́nka popisujı́cı́ nepropustnou část hranice Γq. Před-
pokládáme, že Γp je odtoková část hranice, takže na nı́ nenı́ třeba předepisovat žádné okrajové
podmı́nky pro molárnı́ koncentrace.

2.2 Numerické řešenı́ kompozičnı́ho modelu

2.2.1 Strategie řešenı́ konvenčnı́ho kompozičnı́ho modelu
V této kapitole uvedeme přehled základnı́ strategie řešenı́ kompozičnı́ho modelu. Vzhledem
k rozsahu práce nebude cı́lem popsat veškeré detaily použı́vaných metod, ale spı́še ukázat
problémy, které se při řešenı́ kompozičnı́ho modelu vyskytujı́ nezávisle na tom, kterou metodu
prostorové či časové diskretizace použijeme.

Implicitnı́ schéma

Systém rovnic (2.1)–(2.9) představuje soustavu nelineárnı́ch diferenciálně-algebraických rov-
nic doplněný o počátečnı́ a okrajové podmı́nky (2.23). Pro řešenı́ tohoto systému je možno
použı́t vı́ce přı́stupů [68]. Prvnı́m z nich je tzv. plně implicitnı́ metoda, kdy se časové derivace
aproximujı́ diferencemi a koeficienty rovnic se vyčı́slujı́ na nové časové hladině. Po diskretizaci
v prostoru musı́me řešit obrovský systém nelineárnı́ch rovnic, který se zpravidla řešı́ Newtono-
vou metodou. Tato metoda linearizuje zároveň diskretizované transportnı́ rovnice (2.1) i rovnice
fázové rovnováhy (2.7) na každém elementu vzhledem k vybraným primárnı́m proměnným.
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V literatuře lze najı́t různé volby primárnı́ch proměnných, nejčastěji se použı́vá tlak p a molárnı́
zlomky xα,i vybrané fáze α ∈ {o, g}. Tato metoda však vyžaduje, aby zvolená fáze α byla
přı́tomna v každém výpočetnı́m elementu sı́tě. Pokud toto nelze zaručit, pak se volba primárnı́ch
proměnných provádı́ na každém elementu K adaptivně tak, aby se za primárnı́ proměnné volily
molárnı́ zlomky xα,i té fáze α, která je na elementu K v nadbytku (tj. má maximálnı́ saturaci).
Sada primárnı́ch proměnných se tedy měnı́ za běhu simulace podle toho, jak se vyvı́jı́ v čase
dané řešenı́, což výpočet poněkud komplikuje. Vzhledem k velikosti výsledné soustavy rovnic
(v problémech souvisejı́cı́ch s těžbou ropy se běžně vyšetřujı́ směsi několika desı́tek komponent)
se však plně implicitnı́ přı́stup v kompozičnı́ simulaci mnohasložkových směsı́ nepoužı́vá a je
nahrazován tzv. sekvenčnı́mi přı́stupy.

Sekvenčnı́ řešenı́ – schéma IMPEC

Při sekvenčnı́m řešenı́ se časová diskretizace a linearizace systému (2.1)–(2.9) provádı́ tak, aby
bylo možno řešit jednotlivé rovnice systému postupně (viz např. [80, 15, 94]). V metodě IMPEC
(IMplicit Pressure, Explicit Concentrations) se nejprve zformuluje rovnice popisujı́cı́ evoluci
tlaku. Tato rovnice se potom řešı́ implicitně a výsledný tlak na nové časové hladině se použije
k výpočtu toků (s využitı́m koncentracı́ ze staré časové hladiny). Tyto toky se pak použijı́ při
řešenı́ transportnı́ch rovnic (2.1), které se řešı́ explicitně. Tı́m obdržı́me celkové koncentrace ci
na nové časové vrstvě, přičemž v každém časovém kroku je potřeba řešit jen systém pro tlak,
jehož velikost nezávisı́ na počtu komponent směsi.

K formulaci rovnic popisujı́cı́ch evoluci tlaku je v literatuře dostupných několik metod [2,
99, 19, 20, 18, 95], které ovšem v zásadě vycházejı́ ze dvou základnı́ch přı́stupů. Prvnı́m
z nich je metoda založená na linearizaci systému rovnic (2.1)–(2.9) Newtonovou metodou,
kdy se z diskrétnı́ podoby rovnic pro přı́růstky zvolených primárnı́ch proměnných (mezi nimiž
je vždy tlak) eliminacı́ ostatnı́ch proměnných odvodı́ redukovaný systém pouze pro přı́růstky
tlaku. Po vyřešenı́ systému pro přı́růstky tlaku se již přı́růstky ostatnı́ch primárnı́ch proměnných
neřešı́, zı́skané aproximace tlaků se použijı́ k výpočtu toků a pak se přejde k explicitnı́mu
řešenı́ transportnı́ch rovnic pro jednotlivé komponenty. Tuto verzi predikce tlaku v kompozičnı́
simulaci poprvé použili Young a Stephenson [99]. Alternativnı́ metodou pro predikci vývoje
tlaku je metoda, kterou poprvé použili Ács, Farkas a Doleschell v práci [2], ve které se vhodnou
kombinacı́ transportnı́ch rovnic (2.1) odvodı́ evolučnı́ rovnice pro tlak tvaru

φcf
∂p

∂t
+

n∑
i=1

vi ∇ · (co,ivo + cg,ivg) =
n∑
i=1

viFi, (2.24)

kde cf označuje koeficient celkové (dvoufázové) stlačitelnosti směsi a vi je celkový (tj. dvoufá-
zový) parciálnı́ molárnı́ objem i-té komponenty. Tyto koeficienty jsou funkcemi tlaku, teploty
a molárnı́ch zlomků. Postup jejich výpočtu ze stavové rovnice je uveden v knize [30].

V následujı́cı́ch odstavcı́ch popı́šeme řešenı́ systému rovnic (2.1)–(2.9) na dvourozměrné
oblasti Ω pokryté obdélnı́kovou sı́tı́ s využitı́m rovnice pro tlak (2.24), kterou diskretizujeme
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smı́šenou hybridnı́ verzı́ metody konečných prvků nejnižšı́ho řádu [8, 88]. V této metodě
aproximujeme tlak současně s celkovým tokem, který je dále využit pro výpočet transportu.
Tento přı́stup navazuje na práce [67, 40, 41, 42]. Transportnı́ rovnice jsou řešeny nespojitou
Galerkinovou metodou využı́vajı́cı́ po částech lineárnı́ nespojité bazické funkce [44, 21, 14]. Při
použitı́ metody vyššı́ho řádu přesnosti je obecně nutné výsledná data poupravit s využitı́m vhodné
omezujı́cı́ funkce, která zabránı́ vzniku nefyzikálnı́ch oscilacı́. Podrobnosti tohoto přı́stupu jsou
uvedeny v [53, 54, 55, 56, 57, 39].

2.2.2 Diskretizace celkového molárnı́ho toku
Celkový molárnı́ tok q zavedeme předpisem

q = covo + cgvg = −
∑
α′

cα′λα′K(∇p− %̃g), (2.25)

kde %̃ = fo%o + fg%g a fα = cαλα/
∑

α′ cα′λα′ . Koeficient
∑

α′ cα′λα′ v rovnici (2.25) je vždy
kladný, protože alespoň jedna fáze má vždy nenulovou mobilitu. Z rovnice (2.25) lze tedy
vyjádřit gradient tlaku

∇p = − 1∑
α′ cα′λα′

K−1q + %̃g. (2.26)

a ten dosadit do Darcyho zákona (2.4). Takto lze odvodit vyjádřenı́ celkových fázových toků
pomocı́ celkového toku ve tvaru

qα ≡ cαvα = fα(q−Gα), (2.27)

kde

Gα =

{
coλo(%o − %g)Kg α = g,
cgλg(%g − %o)Kg α = o.

(2.28)

Aproximaci celkového molárnı́ho toku hledáme v prostoru RT0(K) – tj. Raviartově-
Thomasově prostoru nejnižšı́ho stupně na každém elementuK (pro podrobnosti viz [88, 97, 13]).
Aproximace celkového toku na elementu K je tedy tvaru

qK =
∑
E∈∂K

qK,EwK,E, (2.29)

kde koeficient qK,E udává celkový molárnı́ tok ve směru vnějšı́ normály přes hranu E z ele-
mentuK a wK,E označuje bazické funkce prostoruRT0(K). Vlastnosti těchto bazických funkcı́
i podrobné odvozenı́ jejich tvaru lze najı́t v přiloženém článku [Č1]. S použitı́m vlastnostı́ těchto
bazických funkcı́ lze odvodit vyjádřenı́ koeficientů celkového molárnı́ho toku na libovolném
elementu K pomocı́ průměrného tlaku na daném elementu pK a průměrných tlaků na všech
hranách elementu K (tzv. stopy tlaku) označených jako p̂K,E ve tvaru

qK,E = aK,EpK −
∑
E′∈∂K

bK,E,E′ p̂K,E′ + dK,E. (2.30)
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Koeficienty aK,E , bK,E,E′ a dK,E v této rovnici závisejı́ na geometrii sı́tě a na lokálnı́ch hodno-
tách celkové mobility. Vyjádřenı́ těchto koeficientů lze najı́t v přiloženém článku [Č1]. Zákon
zachovánı́ hmoty na hraně E = K ∩ K ′ oddělujı́cı́ dva sousednı́ elementy K and K ′ vede
k podmı́nce

qK,E + qK′,E = 0, K ∩K ′ = E. (2.31)

Dosazenı́m z (2.30) dostaneme

aK,EpK −
∑

E′∈∂K

bK,E,E′ p̂K,E′ + dK,E+

+aK′,EpK′ −
∑

E′∈∂K′
bK′,E,E′ p̂K′,E′ + dK′,E = 0, (2.32)

Na hranách E ležı́cı́ na neumannovské části hranice z rovnice (2.23c) odvodı́me

qK,E = 0, (2.33)

a tedy

aK,EpK −
∑

E′∈∂K

bK,E,E′ p̂K,E′ + dK,E = 0. (2.34)

Systém rovnic (2.32) a (2.34) lze zapsat v maticovém tvaru

RTP −MP̂ = V, (2.35)

kde

R ∈ RNK ,NE , RK,E = aK,E, (2.36a)

M ∈ RNE ,NE , ME,E′ =
∑

K:E,E′∈∂K

bK,E,E′ , (2.36b)

V ∈ RNE , VE =
∑

K:E∈∂K

dK,E. (2.36c)

V těchto rovnicı́ch NK označuje počet elementů, NE je celkový počet hran, P ∈ RNK je vektor
průměrných tlaků na jednotlivých elementech a P̂ ∈ RNE je vektor stop tlaků na jednotlivých
hranách.

2.2.3 Aproximace rovnice pro tlak
Rovnici pro tlak (2.24) lze přeformulovat do následujı́cı́ho tvaru

φcf
∂p

∂t
+

n∑
i=1

vi ∇ · (miq− si) =
n∑
i=1

viFi, (2.37)
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kde mi = xo,ifo + xg,ifg a si = xo,ifoGo + xg,ifgGg. Tuto rovnici lze integrovat přes libovolný
element K. Předpokládáme-li, že koeficienty cf a vi jsou po elementech konstantnı́, odvodı́me
s využitı́m divergenčnı́ věty

φKcf,K |K|∂pK
∂t

+
n∑
i=1

vi,K
∑
E∈∂K

∫
E

(mi,K,EqK,E − si,K,E · nK,E) =
n∑
i=1

vi,KFi,K |K|, (2.38)

kde |K| označuje plochu elementu K. Dosazenı́m celkového toku z (2.30) a použitı́m zpětné
Eulerovy metody odvodı́me následujı́cı́ schéma

DP n+1 − R̃P̂ n+1 = G, (2.39)

kde hornı́ index n+ 1 označuje časovou hladinu, D ∈ RNK ,NK je diagonálnı́ matice s elementy

DK =
φKcf,K |K|

∆t
+

n∑
i=1

vi,K
∑
E∈∂K

∫
E

mi,K,EaK,E,

R̃ ∈ RNK ,NE je obdélnı́ková matice s prvky

R̃K,E′ =
n∑
i=1

vi,K
∑
E∈∂K

∫
E

mi,K,EbK,E,E′ ,

a G ∈ RNK je vektor se složkami

GK =
φKcf,K |K|

∆t
pnK −

n∑
i=1

vi,K
∑
E∈∂K

∫
E

(mi,K,EdK,E − si,K,E · nK,E) + |K|
n∑
i=1

vi,KFi,K .

Koeficienty cf , vi,mi,K,E a si,K,E se vyčı́slujı́ pomocı́ průměrných hodnot fázových koncentracı́
a saturacı́ na elementu K ve staré časové vrstvě n.

2.2.4 Přı́spěvek k aproximaci fázových toků
Důležitým krokem v metodě IMPEC je korektnı́ aproximace fázových toků qα = fα(q−Gα).
V přiloženém článku [Č1] zobecňujeme metodu, kterou dřı́ve Sammon [91] použil při simulaci
dvoufázového nemı́sitelného prouděnı́, na problém kompozičnı́ simulace. Nejprve je třeba vy-
řešit soustavu rovnic (2.35) a (2.39). Tı́m zı́skáme tlaky na jednotlivých elementech P a stopy
tlaku na hranách P̂ na nové časové hladině. Protože matice D je diagonálnı́ a invertovatelná, je
možno redukovat soustavu (2.35) a (2.39) na soustavu rovnic pro stopy tlaku tvaru [66]

(M −RTD−1R̃)P̂ n+1 = V −RTD−1G (2.40)

Soustavu (2.40) řešı́me pomocı́ přı́mého řešiče UMFPACK [23, 24, 25, 26]. Řešenı́m tohoto sys-
tému zı́skáme stopy tlaků P̂ n+1 na nové časové hladině. Průměrné hodnoty tlaků na jednotlivých
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elementech P n+1 lze potom zı́skat z rovnice (2.39). Potom můžeme vypočı́tat celkový molárnı́
tok pomocı́ rovnice (2.30). Rovnice (2.31) zaručuje splněnı́ bilance celkového molárnı́ho toku
na každé vnitřnı́ hraně mezi dvěma elementy sı́tě. Pokud bychom ovšem chtěli vypočı́tat fázové
toky pomocı́ (2.27), zjistı́me, že při použitı́ lokálnı́ch hodnot koeficientů fα a Gα na elementu
K dostaneme rozdı́lné hodnoty normálové složky fázových toků na hraně E podle toho, z které
strany hrany E koeficienty vyčı́slujeme. Abychom dostali konzervativnı́ pole, průměrujeme
hodnoty %α použı́vané pro výpočet Gα v rovnici (2.27) pomocı́ aritmetického průměru hodnot
na sousedı́cı́ch elementech, zatı́mco hodnoty koeficientů cαλα a cα′λα′ při vyčı́slenı́ fα se berou
ze strany, která je proti směru k toku qα (tzv. upwind). Zde ovšem narážı́me na problém, že směr
qα ještě nenı́ znám. Tento problém lze vyřešit následujı́cı́m postupem. Označme symbolem α
fázi, pro kterou platı́, že

sgn qK,E = − sgn Gα · nK,E, (2.41)

kde cαλα a cα′λα′ se zvolı́ libovolně, např. cαλα = cα′λα′ = 1. Symbolem α′ označı́me zbývajı́cı́
fázi. Alespoň jedna z přı́tomných fázı́ vždy splnı́ podmı́nku (2.41), protože celkový tok je předem
dán a vektory Gα a Gα′ ukazujı́ do navzájem opačných směrů, viz (2.28). Z podmı́nky (2.41)
plyne, že fáze α směřuje stejným směrem jako celkový tok, přesněji sgn qα,K,E = sgn qK,E
nezávisle na tom, jaké jsou skutečné hodnoty nezáporného koeficientu cα′λα′ v rovnici (2.27).
Známé znaménko qα,K,E umožňuje najı́t upwindovou hodnotu výrazu cαλα, který se vyskytuje
ve výpočtu vektoru Gα′ . Je tedy možno vypočı́tat qα′,K,E a stanovit upwindovou hodnotu
koeficientu λα′ (koeficient bereme ze strany proti směru qα′,K,E) a nakonec stanovit skutečnou
hodnotu qα,K,E . V poslednı́m kroku se změnı́ pouze hodnota toku, nikoliv však jeho směr.
Proto nakonec dostaneme konzistentnı́ aproximaci fázových toků takovou, že koeficienty cαλα
a cα′λα′ při vyčı́slenı́ fα se berou ze strany, která je proti směru přı́slušného fázového toku, jak
jsme chtěli. Tyto fázové toky dále využijeme při řešenı́ transportnı́ch rovnic. Poznamenejme, že
prosté průměrovánı́ hodnot toků z obou stran nenı́ možné, protože vede ke schématu, které je
nepodmı́něně nestabilnı́.

2.2.5 Aproximace transportnı́ch rovnic

Transportnı́ rovnice (2.1) diskretizujeme nespojitou Galerkinovou metodou konečných
prvků [44, 21, 14, 29]. Na každém obdélnı́kovém elementu K aproximujeme neznámé kon-
centrace jednotlivých komponent lineárnı́mi funkcemi, které ovšem nemusı́ být spojité přes
hranice elementů. Na každém elementu tedy máme pro každou koncentraci 3 stupně volnosti
– hodnotu koncentrace uprostřed elementu a hodnoty složek gradientu ve směru os x a y.
Aproximace tedy uvažujeme ve tvaru

ci,K =
3∑
l=1

cli,KϕK,l, cα,i,K =
3∑
l=1

clα,i,KϕK,l, (2.42)
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kde ϕK,l jsou bazické funkce lokálnı́ho prostoru lineárnı́ch funkcı́ na elementu K. Detailnı́
odvozenı́ tvaru těchto funkcı́ je provedeno v přiloženém článku [Č1]. Násobenı́m transport-
nı́ch rovnic testovacı́ funkcı́, integracı́ přes element K a použitı́m Greenovy věty lze odvodit
následujı́cı́ schéma nespojité Galerkinovy metody∫

K

φ
∂ci,K
∂t

ϕK,j −
∫
K

(xo,i,Kqo + xg,i,Kqg) · ∇ϕK,j+

+
∑
E∈∂K

∫
E

(
x̃o,i,K,Eqo + x̃g,i,K,Eqg

) · nK,EϕK,j =

∫
K

FiϕK,j, (2.43)

které platı́ pro každý stupeň volnosti j ∈ {1, 2, 3}. V integrálu přes hranici elementu označuje
x̃α,i,K,E pro α ∈ {o, g} hodnotu molárnı́ho zlomku z upwindové strany vzhledem k toku qα, tj.

x̃α,i,K,E =

{
xα,i,K,E pokud qα,K,E ≡ qα · nK,E|E| ≥ 0,
xα,i,K′,E pokud qα,K,E ≡ qα · nK,E|E| < 0,

(2.44)

kde předpokládáme, žeE = K∩K ′ je společná hrana mezi sousednı́mi elementyK aK ′. Pokud
hranaE ležı́ na hranici, pak lze na vtokové části hranice použı́t Dirichletovy okrajové podmı́nky.
Hodnoty xα,i,K,E a xα,i,K′,E v rovnici (2.44) zı́skáme řešenı́m lokálnı́ fázové rovnováhy na
hranách elementů při teplotě T , tlaku p̂K,E a celkových molárnı́ch koncentracı́ch zi na přı́slušné
hraně. Hodnoty zi na hraně se spočte pomocı́ hodnot zi uprostřed elementu a složek gradientů,
které jsou k dispozici při použitı́ nespojité Galerkinovy metody. Hodnoty xα,i,K v integrálu přes
element K v rovnici (2.43) vypočı́táme řešenı́m lokálnı́ termodynamické rovnováhy při teplotě
T , tlaku pK a celkových molárnı́ch zlomcı́ch zi uprostřed elementu. K dosaženı́ vyššı́ho řádu
přesnosti je tedy potřeba na každém elementu řešit 5 problémů fázové rovnováhy.

Dosazenı́m (2.42) do (2.43) odvodı́me následujı́cı́ semidiskrétnı́ schéma

φK

3∑
l=1

dcli,K
dt

MK
j,l −

∑
α∈{o,g}

3∑
l=1

xα,i,K
∑
E∈∂K

qα,K,EM
K,E
j,l +

+
∑
E∈∂K

∑
α∈{o,g}

x̃α,i,K,Eqα,K,EM
E
j =

∫
K

FiϕK,j. (2.45)

Matice MK , ME , a MK,E obsahujı́ integrály bazických funkcı́ a jsou odvozeny v přiloženém
článku [Č1]. Protože matice MK je diagonálnı́, vede aproximace časové derivace dopřednou
diferencı́ k explicitnı́mu schématu pro 3 neznámé stupně volnosti cli,K na každém elementu K.

2.2.6 Přı́spěvek k implementaci omezujı́cı́ funkce
Výše popsané schéma nespojité Galerkinovy metody je potřeba stabilizovat použitı́m omezujı́cı́
funkce (tzv. limiter), která zabránı́ vzniku umělých oscilacı́ numerického řešenı́. Na obdélnı́kové
sı́ti lze omezenı́ sklonů provádět nezávisle na sobě pro oba směry x a y. Podstata metody spočı́vá
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v tom, že sklony zı́skané použitı́m nespojité Galerkinovy metody po každém časovém kroku
modifikujeme tak, aby se průměrná hodnota numerického řešenı́ na každém elementu nezměnila
a aby hodnoty celkových koncentracı́ na každé hraně ležely mezi minimem a maximem hodnot
přı́slušné koncentrace uprostřed sousednı́ch buněk. Vzhledem k tomu, že jako stupně volnosti na
každém elementu použı́váme 1) průměrné hodnoty celkových molárnı́ch koncentracı́, 2) rozdı́ly
hodnot koncentracı́ na pravé hraně a uprostřed elementu a 3) rozdı́ly hodnot koncentracı́ na
hornı́ hraně a uprostřed elementu, lze uvedenou metodu snadno implementovat. Zároveň lze
snadno zı́skat metodu konečných objemů, pokud oba sklony nastavı́me na nulu.

Při implementaci tohoto limiteru narážı́me na zajı́mavý problém. Při kompozičnı́ simulaci
se běžně mı́sto původnı́ho systému rovnic (2.1) pro všechny komponenty i ∈ {1, 2, . . . , n}
formuluje ekvivalentnı́ úloha ve tvaru

∂(φci)

∂t
+∇ · qi = Fi, i = 1, . . . , n− 1, (2.46)

∂(φc)

∂t
+∇ · q = F ≡

n∑
i=1

Fi, (2.47)

což jsou bilančnı́ rovnice pro prvnı́ch n − 1 komponent doplněné bilančnı́ rovnicı́ celé směsi.
Při použitı́ metod prvnı́ho řádu přesnosti (např. metody konečných objemů) jsou obě formulace
ekvivalentnı́ a fungujı́ stejně dobře. Při použitı́ metody vyššı́ho řádu se obě formulace začnou
odlišovat ve způsobu aplikace limiteru. Limiter lze snadno aplikovat v přı́padě původnı́ formu-
lace (2.1) pro i ∈ {1, 2, . . . , n}. Po každém kroku nespojité Galerkinovy metody limiter definuje
hornı́ a dolnı́ meze cEi,max a cEi,min hodnot celkových koncentracı́ na každé hraně E následujı́cı́m
způsobem

cEi,max = max{ci,K , ci,K′}, cEi,min = min{ci,K , ci,K′}, (2.48)

kdeK aK ′ jsou elementy sı́tě přiléhajı́cı́ k hraněE. Pokud je potřeba, sklon numerického řešenı́
na každém elementu K se redukuje tak, aby na každé hraně byly splněny nerovnosti

cEi,min ≤ cK,Ei ≤ cEi,max, (2.49)

kde cK,Ei označuje hodnotu celkové molárnı́ koncentrace i-té komponenty uprostřed hrany E
zrekonstruované pomocı́ 3 stupňů volnosti na elementu K. Vysčı́tánı́m nerovnostı́ (2.49) přes
i ∈ {1, 2, . . . , n} dostaneme pro celkovou molárnı́ koncentraci směsi omezenı́

n∑
i=1

cEi,min ≤ cK,E ≡
n∑
i=1

cK,Ei ≤
n∑
i=1

cEi,max. (2.50)

Pokud stejný postup použijeme v alternativnı́ formulaci (2.46), pak limiter bude definovat
dolnı́ a hornı́ meze cEi,min a cEi,max omezujı́cı́ hodnoty celkových molárnı́ch koncentracı́ ci pro
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i = 1, . . . , n − 1 a dále meze cEmin a cEmax omezujı́cı́ hodnoty celkové koncentrace c na každé
hraně E. Sklony těchto proměnných se budou přı́padně redukovat tak, aby

cEi,min ≤ cK,Ei ≤cEi,max, i = 1, . . . , n− 1 (2.51)

cEmin ≤ cK,E≤cEmax.

Z těchto nerovnostı́ můžeme pro poslednı́ komponentu cn odvodit nerovnost

cEmin −
n−1∑
i=1

cEi,max ≤ cK,En = cK,E −
n−1∑
i=1

cK,Ei ≤ cEmax −
n−1∑
i=1

cEi,min. (2.52)

Tato nerovnost však nenı́ v souladu s podmı́nkou (2.49) pro i = n. Použitı́ metody vyššı́ho
řádu a limiteru ve formulaci (2.46) vede ke vzniku nefyzikálnı́ch oscilacı́ koncentrace poslednı́
komponenty, které se během několika málo časových kroků rozšı́řı́ i do dalšı́ch komponent.
Problém lze vyřešit konstrukcı́ speciálnı́ho limiteru, který bude nastavovat meze celkové kon-
centrace tak, aby byly zajištěny správné meze hodnot poslednı́ komponenty cn. Tento postup
však vede ke zbytečně složitému kódu. Jednoduššı́ řešenı́ je vycházet z původnı́ formulace (2.1)
pro i ∈ {1, 2, . . . , n}, ve které splněnı́ nerovnostı́ (2.49) zajistı́ stabilitu řešenı́ pro dostečně malé
časové kroky (při splněnı́ tzv. CFL-podmı́nky).

2.2.7 Řešenı́ rovnic fázové rovnováhy
Nedı́lnou součástı́ řešenı́ transportnı́ch rovnic je výpočet lokálnı́ termodynamické rovnováhy
na každém elementu. Pro zadané hodnoty tlaku p, teploty T a celkových molárnı́ch zlomků
zi (i ∈ {1, 2, . . . , n} je potřeba nejdřı́ve rozhodnout, zda je směs za těchto podmı́nek stabilnı́
nebo zda se rozdělı́ na fáze. Ve dvoufázovém přı́padě je potřeba stanovit molárnı́ zlomky
xα,i jednotlivých komponent v každé fázi, koncentrace cα a saturace Sα obou fázı́ řešenı́m
soustavy (2.7).

Testovánı́ fázové stability

Pro testovánı́ stability fáze při zadaném tlaku p, teplotě T a celkových molárnı́ch zlomcı́ch zi,
kde i ∈ {1, 2, . . . , n}, je možno použı́t Gibbsovo kritérium fázové stability [30], které testuje,
zda lze odloučenı́m malého množstvı́ zkušebnı́ fáze s molárnı́mi zlomky xi z počátečnı́ fáze
při konstantnı́ teplotě T a tlaku p vytvořit dvoufázový stav s nižšı́ hodnotou celkové Gibbsovy
energie systému než je energie hypotetického jednofázového stavu. Počátečnı́ fáze je při zadaném
tlaku p, teplotě T a celkových molárnı́ch zlomcı́ch zi stabilnı́, právě když

TPD(x1, . . . , xn) ≡
n∑
i=1

xi(µi(p, T, x1, . . . , xn)− µi(p, T, z1, . . . , zn)) ≥ 0 (2.53)
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pro všechny přı́pustné molárnı́ zlomky xi zkušebnı́ fáze. V poslednı́ rovnici µi označuje che-
mický potenciál i-té komponenty, který souvisı́ s fugacitou následujı́cı́m způsobem

µi(p, T, x1, . . . , xn)− µi(p, T, z1, . . . , zn) = RT ln
fi(p, T, x1, . . . , xn)

fi(p, T, z1, . . . , zn)
. (2.54)

Podařı́-li se najı́t molárnı́ zlomky x1, . . . , xn tak, aby TPD(x1, . . . , xn) < 0, pak je směs při
daných podmı́nkách nestabilnı́ a rozdělı́ se na fáze. Hodnoty x1, . . . , xn pak udávajı́ složenı́
nové fáze, která, pokud se odloučı́ v malém množstvı́ z počátečnı́ fáze s molárnı́mi zlomky
z1, . . . , zn, povede k dvoufázovému systému s nižšı́ Gibbsovou energiı́ v porovnánı́ s původnı́m
jednofázovým stavem. Hodnoty x1, . . . , xn pak lze využı́t pro konstrukci počátečnı́ho rozkladu
směsi na fáze při následném výpočtu rovnovážného stavu.

Pro vyšetřovánı́ stability bylo navrženo mnoho numerických metod. Michelsen v práci [62]
využil toho, že k ověřenı́ podmı́nky (2.53) stačı́ vyšetřit hodnoty funkce TPD pouze ve všech
stacionárnı́ch bodech a stabilitu systému stanovit podle hodnoty funkce TPD v bodě globálnı́ho
minima. Soustavu rovnic

∂TPD

∂xi
(x1, . . . , xn) = 0, i = 1, . . . , n− 1, (2.55)

n∑
i=1

xi = 1, (2.56)

lze řešit iteračně s využitı́m vı́ce počátečnı́ch nástřelů, které majı́ za cı́l pokrýt stavový prostor tak,
aby byl nalezen bod globálnı́ho minima funkce TPD. Počátečnı́ nástřely bývajı́ konstruovány
na základě fyzikálně motivovaných heuristik [96]. Podrobnosti lze najı́t v [62, 30, 43].

V souvislosti s dalšı́m výkladem zdůrazněme, že chemické potenciály a fugacity v rovni-
cı́ch (2.53) a (2.54) závisejı́ nejen na tlaku, teplotě a molárnı́ch zlomcı́ch, ale i na tom, kterou
fázi vyšetřujeme. Při výpočtu koeficientu Zα vyskytujı́cı́m se ve vzorci pro fugacitu (2.20)
je totiž potřeba volit správný kořen stavové rovnice – viz kapitola 2.1.3. Při testovánı́ fázové
stability však často předem nevı́me, zda počátečnı́ fáze je kapalná nebo plynná (a v přı́padě
dvoufázového systému toto označenı́ ani nemá rozumný smysl). Proto se testujı́ obě možnosti –
nejprve se předpokládá, že počátečnı́ fáze je kapalná a hledaná testovacı́ fáze je plynná a potom
se zkoušı́ opačná alternativa, kdy k plynné počátečnı́ fázi hledáme kapalnou testovacı́ fázi. Uve-
dené možnosti odpovı́dajı́ přı́padu, kdy vyšetřujeme dvoufázové systémy typu kapalina-plyn,
které jsou z hlediska teorie i numerického řešenı́ nejlépe prozkoumané. Ve složitějšı́ch přı́pa-
dech (vı́cefázové prouděnı́, dvoufázové prouděnı́ dvou kapalin, apod.) je pak testovánı́ stability
složitějšı́.

Výpočet dvoufázového rovnovážného stavu

Pokud zjistı́me, že při zadaném tlaku p, teplotě T a celkových molárnı́ch zlomcı́ch zi je směs
nestabilnı́, potřebujeme stanovit rovnovážný dvoufázový stav řešenı́m rovnic (2.7). Vzhledem
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k tomu, že výpočet fázové rovnováhy v dvoufázovém vı́cekomponentnı́m systému při zada-
ném tlaku, teplotě a molárnı́ch zlomcı́ch patřı́ mezi základnı́ úlohy chemického inženýrstvı́
s mnoha praktickými aplikacemi, bylo pro řešenı́ soustavy (2.7) vyvinuto mnoho iteračnı́ch me-
tod, z nichž jmenujme zejména metodu SSI (succesive substitution method – metoda postupného
dosazovánı́) a Newtonovu metodu. Jako počátečnı́ nástřel se použı́vajı́ bud’heuristické nástřely
zkonstruované na základě studia rovnováh za ideálnı́ch podmı́nek (ideálnı́ plyn a ideálnı́ roztok)
nebo aproximace zı́skaná pomocı́ výše popsaného testu stability. Podrobnosti lze najı́t v [62],
[63], [65] a [30].

Výhodou metody SSI je jejı́ robustnost, nevýhodou pomalá (lineárnı́) konvergence. New-
tonova metoda dosahuje v blı́zkosti kořene kvadratické konvergence, ale vyžaduje dobrou
počátečnı́ aproximaci, jinak nemusı́ konvergovat. Obě metody se často kombinujı́, kdy se ně-
kolik iteracı́ metody SSI použije k nalezenı́ vhodného počátečnı́ho nástřelu pro Newtonovu
metodu. Poznamenejme, že stejně jako při testovánı́ stability je i zde při výpočtu fugacit (přı́p.
i jejich derivacı́ v Newtonově metodě) potřeba rozlišovat, jaký druh fáze (kapalina nebo plyn)
vyšetřujeme a podle toho správně volit kořeny stavové rovnice.

2.2.8 Shrnutı́ výpočetnı́ho algoritmu
Výpočet transportu lze popsat následujı́cı́mi kroky:

1. Načti vstupnı́ data úlohy – teplotu, počátečnı́ rozloženı́ tlaku a molárnı́ch zlomků všech
komponent.

2. Proved’výpočet fázové rovnováhy při počátečnı́m tlaku, teplotě a molárnı́ch zlomcı́ch.

3. Vypočti viskozity všech fázı́ na všech elementech.

4. Opakuj následujı́cı́ časové kroky, dokud simulace neskončı́ v zadaném čase:

(a) Sestav a vyřeš soustavu (2.40) pro stopy tlaků P̂ .

(b) Vypočti tlaky uvnitř elementů P pomocı́ (2.39).

(c) Vypočti celkové molárnı́ toky a fázové toky pomocı́ postupu popsaného v kapi-
tole 2.2.4.

(d) Vypočti hodnoty celkových koncentracı́ všech komponent na nové časové hladině
použitı́m jednoho kroku explicitnı́ho Eulerova schématu nespojité Galerkinovy me-
tody (2.45).

(e) Oprav gradienty numerického řešenı́ aplikacı́ limiteru.

(f) Otestuj stabilitu směsi a na dvoufázových elementech proved’výpočet fázové rov-
nováhy směsi. Výsledkem jsou hodnoty fázových vlastnostı́ na nové časové hladině.

(g) Aktualizuj viskozity všech fázı́ na všech elementech.
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2.3 Přı́spěvky k formulaci kompozičnı́ho modelu
V předcházejı́cı́ch kapitolách jsme uvedli konvenčnı́ formulaci kompozičnı́ho transportnı́ho
modelu, jehož součástı́ je řešenı́ dvou základnı́ch úloh termodynamiky vı́cesložkových směsı́,
a sice problému testovánı́ fázové stability a výpočtu fázové rovnováhy při zadaných vnějšı́ch
podmı́nkách. Jedná se o základnı́ problémy chemického inženýrstvı́, které se obvykle řešı́ při
předepsaném tlaku, teplotě a celkových molárnı́ch zlomcı́ch jednotlivých komponent směsi (viz
např. [87, 4, 62, 63, 37, 77]). Ukazuje se však, že pro účely využitı́ těchto metod v transportnı́ch
modelech se vzhledem k tvaru stavových rovnic vı́ce hodı́ jiná formulace – a sice při přede-
psaném objemu, teplotě a celkovém látkovém množstvı́ každé komponenty. Možnost odvozenı́
takovýchto alternativnı́ch formulacı́ byla sice přı́ležitostně zmiňována v literatuře [65, 64, 11],
ale v kompozičnı́ simulaci se do roku 2013 použı́vala výhradně výše uvedená Gibbsova formu-
lace fázové rovnováhy při předepsaném tlaku, teplotě a celkových molárnı́ch zlomcı́ch (přı́p.
látkových množstvı́ch) jednotlivých komponent směsi. V literatuře lze najı́t použitı́ Helmholt-
zovy energie k odvozenı́ obecných podmı́nek fázové stability [35, 72], či kritéria pro stanovenı́
kritických bodů směsı́ [36, 73]. Pro výpočet fázové rovnováhy při jiných specifikovaných pro-
měnných (včetně objemu, teploty a látkových množstvı́) Michelsen v práci [64] navrhl použı́t
výpočet fázové rovnováhy při předepsaném tlaku, teplotě a molárnı́ch zlomcı́ch, přičemž tlak
se stanovı́ iteračně tak, aby výsledná kriteriálnı́ funkce (v našem přı́padě celkový molárnı́ objem
směsi) nabývala předepsané hodnoty. Tento přı́stup byl použit v pracech [28] k výpočtu ter-
modynamické rovnováhy v systému, na který působı́ gravitačnı́ sı́la a [10] ke studiu segregace
komponent směsi za působenı́ odstředivých sil. Michelsenův postup umožňuje využı́t existujı́cı́
řešiče fázové rovnováhy při zadaném tlaku, teplotě a látkových množstvı́ch. Tento postup je
však výpočetně náročný, protože pro výpočet jedné fázové rovnováhy při zadaném V , T , N
je potřeba provést mnoho výpočtů fázových rovnováh při zadaných p, T , N , než se najde tlak
odpovı́dajı́cı́ objemu V . Dalšı́ nevýhodou tohoto postupu je, že neřešı́ problémy, které budeme
diskutovat v následujı́cı́m odstavci. Přı́mý výpočet fázové rovnováhy při zadaných V , T , N
založený na minimalizaci Helmholtzovy energie použil Cabral a spol. v práci [9], avšak jejich
metoda vyžadovala provádět výpočet tlaku a fugacit v komplexnı́ aritmetice. Korektnı́ odvozenı́
a vývoj výpočetnı́ch metod pro řešenı́ fázové rovnováhy v Helmholtzově formulaci při zadaném
objemu, teplotě a celkových látkových množstvı́ch každé komponenty lze tedy považovat za
původnı́ přı́spěvek autora.

2.3.1 Některá omezenı́ konvenčnı́ formulace
Pro reprezentaci chemického potenciálu se běžně použı́vajı́ pojmy fugacity a fugacitnı́ch koefi-
cientů, což jsou funkce teploty, tlaku, molárnı́ch zlomků jednotlivých komponent směsi a fáze,
které lze vyjádřit pomocı́ stavové rovnice [30, 65]. Při použitı́ vzorců uváděných v literatuře
je však potřeba invertovat stavovou rovnici – tj. nalézt objem V odpovı́dajı́cı́ zadanému tlaku
p, teplotě T a látkovým množstvı́m N1, . . . , Nn jednotlivých komponent. V přı́padě Pengovy-
Robinsonovy rovnice však tento objem nenı́ daný jednoznačně a je tedy potřeba ze dvou
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fyzikálně významných kořenů vybrat ten, který je právě potřeba. Nejčastěji se vybı́rá ten kořen,
jehož molárnı́ Gibbsova energie je nižšı́, přı́padně kořen odpovı́dajı́cı́ zadané fázi [79, 83]. Oba
přı́stupy majı́ svá úskalı́, která nejsou běžně v literatuře diskutována.

Pokud vybı́ráme ten kořen, jehož molárnı́ Gibbsova energie je nejmenšı́, pak nenı́ jasné,
který kořen vybrat, pokud jsou molárnı́ Gibbsovy energie stejné. To nastane např. v přı́padě
čisté látky při teplotě T a odpovı́dajı́cı́m saturačnı́m tlaku psat(T ). Např. 1 mol vody při tlaku
p = 1 atm a teplotě varu T = 100 ◦C může zabı́rat objem V = 18,8 cm3 v kapalné fázi, kdežto
v plynné fázi za stejných podmı́nek 30,2 dm3 [7]. Ze zadaného tlaku, teploty a počtu molů
nelze usoudit, jaký je celkový objem systému, jenž může být ve stavu čistě kapalném nebo čistě
plynném nebo ve směsi obou fázı́. Tlak, teplota a počty molů jednotlivých komponent nejsou
tedy dostatečné pro jednoznačné určenı́ všech parametrů rovnovážného stavu.

Pokud vybı́ráme ten kořen, který odpovı́dá zadané fázi, pak narážı́me na problém fázové
identifikace – je nutno předem řı́ci, jestli chceme vyšetřovat stav systému za daných podmı́nek
v plynné fázi (pak vybı́ráme většı́ z kořenů) nebo nás zajı́má stav systému v kapalné fázi (pak
vybı́ráme menšı́ z kořenů). Tento přı́stup však může být sporný v přı́padě, že vyšetřujeme chovánı́
látky v okolı́ kritického bodu, kde se vlastnosti obou fázı́ přı́liš nelišı́ a fázová identifikace může
selhat.

Oba dva výše uvedené problémy lze elegantně vyřešit, pokud přeformulujeme úlohu do
proměnných V , T ,N1, . . . , Nn. Na rozdı́l od tlaku, teploty a látkových množstvı́ totiž proměnné
objem, teplota a látková množstvı́ určujı́ stav systému jednoznačně. Pro reprezentaci chemických
potenciálů v proměnných V , T ,N1, . . . , Nn jsme v článku [Č2] zavedli pojem objemové funkce
Fi každé komponenty pomocı́ následujı́cı́ch rovnic

µi(T, V2, N1, . . . , Nn) = µi(T, V1, N1, . . . , Nn)−RT ln
Fi(T, V2, N1, . . . , Nn)

Fi(T, V1, N1, . . . , Nn)
(2.57)

a

lim
V→+∞

Fi(T, V,N1, . . . , Nn)

V
= 1. (2.58)

Dále definujeme koeficient objemové funkce Φi předpisem

Φi(T, V,N1, . . . , Nn) =
Fi(T, V,N1, . . . , Nn)

V
. (2.59)

Takto definované pojmy objemové funkce a koeficientu objemové funkce nahrazujı́ pojmy
fugacity a fugacitnı́ho koeficientu, které se běžně použı́vajı́ při vyšetřovánı́ rovnováh při zadaném
tlaku, teplotě a molárnı́ch zlomcı́ch. V článku [Č2] je odvozeno vyjádřenı́ koeficientu Φi ze
stavové rovnice ve tvaru

ln Φi(T, V,N1, . . . , Nn) =

+∞∫
V

[
1

V
− 1

RT

∂p

∂Ni

(T, V,N1, . . . , Nn)

]
dV. (2.60)
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2.3. PŘÍSPĚVKY K FORMULACI KOMPOZIČNÍHO MODELU

Rozdı́l chemických potenciálů mezi dvěma stavy [T, V ′, N ′1, . . . N
′
n] a [T, V ′′, N ′′1 , . . . N

′′
n ] je

potom dán výrazem

µi(T, V
′′, N ′′1 , . . . , N

′′
n) = µi(T, V

′, N ′1, . . . , N
′
n)+

+RT ln
N ′′i V

′

N ′iV
′′

Φi(T, V
′, N ′1, . . . , N

′
n)

Φi(T, V ′′, N ′′1 , . . . , N
′′
n)
. (2.61)

Podrobnosti odvozenı́ těchto vztahů lze najı́t v přiloženém článku [Č2]. Pro určenı́ rovnovážného
stavu zavedeme Helmholtzovu volnou energii systému. Je-li systém n komponent s látkovými
množstvı́mi N1, . . . , Nn, objemem V při teplotě T v jedné fázi, pak jeho Helmholtzovu volnou
energii zavádı́me předpisem

AI =
n∑
i=1

Niµi(T, V,N1, . . . , Nn)− p(T, V,N1, . . . , Nn)V. (2.62)

Pro heterogennı́ systém složený z vı́ce fázı́ je Helmholtzova energie rovna součtu Helmholtzo-
vých energiı́ jednotlivých fázı́, tj.

AΠ =
Π∑
α=1

AI(T, Vα, Nα,1, . . . , Nα,n), (2.63)

kde Vα označuje objem fáze α, Nα,1, . . . , Nα,n jsou počty molů každé komponenty ve fázi α
a Π je počet fázı́. Tyto veličiny musı́ splňovat podmı́nky

Π∑
α=1

Vα = V,
Π∑
α=1

Nα,i = Ni, i = 1, . . . , n. (2.64)

V termodynamické rovnováze zaujme systémn komponent s látkovými množstvı́miN1, . . . , Nn,
objemem V při teplotě T takovou konfiguraci, pro kterou je přı́slušná hodnota Helmholtzovy
energie nejnižšı́ mezi všemi přı́pustnými rozklady na libovolný počet fázı́ splňujı́cı́mi omezenı́
(2.64). Rovnovážná hodnota Helmholtzovy energie je tedy dána předpisem

A(T, V,N1, . . . , Nn) = minAΠ = min
Π∑
α=1

AI(T, Vα, Nα,1, . . . , Nα,n), (2.65)

kde min se hledá přes všechna Π ∈ N a všechny přı́pustné rozklady splňujı́cı́ (2.64).

2.3.2 Vyšetřovánı́ fázové stability při zadané teplotě, objemu a látkových
množstvı́ch

Uvažujme směs n komponent s látkovými množstvı́mi N1, . . . Nn, které zaujı́majı́ objem V při
teplotě T . Zajı́má nás, zda tato směs zůstane homogennı́ (tj. jednofázová) nebo se rozdělı́ na dvě
nebo vı́ce fázı́.
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Pro jednofázový systém je Helmholtzova energie definována předpisem (2.62). Předpoklá-
dejme, že z počátečnı́ fáze odloučı́me malé množstvı́ zkušebnı́ fáze o objemu V ′ a látkových
množstvı́ch N ′1, . . . N

′
n. Směs je stabilnı́, pokud odloučenı́ malého množstvı́ zkušebnı́ fáze libo-

volného složenı́ z počátečnı́ fáze nepovede ke snı́ženı́ Helmholtzovy energie systému v porovnánı́
s jednofázovým stavem. V článku [Č3] odvozujeme následujı́cı́ verzi Gibbsova kritéria fázové
stability při zadané teplotě, objemu a látkových množstvı́ch (viz též [92]):

Věta 1. Počátečnı́ fáze je při zadané teplotě T , objemu V a látkových množstvı́ch N1, . . . , Nn

stabilnı́, právě když

n∑
i=1

N ′i(µi(T, V
′, N ′1, . . . , N

′
n)− µi(T, V,N1, . . . , Nn))−

− (p(T, V ′, N ′1, . . . , N
′
n)− p(T, V,N1, . . . , Nn))V ′ ≥ 0, (2.66)

pro všechny přı́pustné kombinace V ′ a N ′1, . . . , N
′
n.

Zaved’me molárnı́ koncentrace jednotlivých komponent směsi každé fáze předpisy

ci =
Ni

V
, resp. c′i =

N ′i
V ′

(2.67)

Vzhledem k tomu, že tlak a chemické potenciály jsou intenzivnı́ veličiny (pozitivně homogennı́
funkce stupně nula v proměnných V , N1, . . . , Nn), můžeme přeformulovat kritérium fázové
stability do následujı́cı́ho tvaru.

Věta 2. Počátečnı́ fáze je při zadané teplotě T a molárnı́ch koncentracı́ch c1, . . . , cn stabilnı́,
právě když funkce D (tzv. tangent plane distance function) definovaná předpisem

D(c′1, . . . c
′
n) =

n∑
i=1

c′i(µi(T, 1, c
′
1, . . . , c

′
n)− µi(T, 1, c1, . . . , cn))−

− (p(T, 1, c′1, . . . , c
′
n)− p(T, 1, c1, . . . , cn)), (2.68)

je nezáporná pro všechny přı́pustné koncentrace c′1, . . . , c
′
n.

Abychom zjistili, zda existuje stav se zápornou hodnotou funkceD, stačı́ vyšetřovat hodnoty
funkce D ve svých stacionárnı́ch bodech. Stacionárnı́ body funkce D jsou zadány podmı́nkami
(podrobné odvozenı́ je provedeno v [Č3])

∂D

∂c′j
(c′1, . . . , c

′
n) = µj(T, 1, c

′
1, . . . , c

′
n)− µj(T, 1, c1, . . . , cn) = 0, j = 1, . . . , n. (2.69)

Pokud je ve všech stacionárnı́ch bodech hodnota funkceD nezáporná, pak je daná směs stabilnı́.
Pokud v některém ze stacionárnı́ch bodů je hodnota funkce D záporná, pak je směs nestabilnı́.
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Z podmı́nek (2.69) plyne, že hledaná zkušebnı́ fáze je tedy v chemické rovnováze s počátečnı́
fázı́. Tlaky v obou fázı́ch se však mohou lišit. Pokud c′1, . . . c

′
n jsou koncentrace zkušebnı́ fáze

splňujı́cı́ podmı́nky stacionarity (2.69), pak z (2.68) plyne, že

D(c′1, . . . c
′
n) = p(T, 1, c1, . . . , cn)− p(T, 1, c′1, . . . , c′n), (2.70)

tj. hodnota funkce D ve stacionárnı́m bodě je rovna rozdı́lu tlaků v počátečnı́ fázi a zkušebnı́
fázi. Metody pro hledánı́ stacionárnı́ch bodů funkce D je možno rozdělit na dvě skupiny:

1. metody optimalizačnı́, kdy se hledá minimum funkce D na dané přı́pustné oblasti.

2. metody rovnicové, kdy se hledá numerické řešenı́ podmı́nek (2.69).

V optimalizačnı́ch metodách založených na minimalizaci funkceD se nejčastěji využı́vajı́ gradi-
entnı́ metody, Newtonova metoda nebo jejich kombinace, přı́padně kvazi-newtonovské metody.
Tyto metody zaručujı́ konvergenci k lokálnı́mu extrému funkce D. Pokud chceme zaručit kon-
vergenci ke globálnı́mu minimu funkceD, je nutno použı́vat metody pro globálnı́ optimalizaci -
např. metody založené na intervalové aritmetice nebo heuristické algoritmy (metoda simulova-
ného žı́hánı́, diferenciálnı́ evoluce, . . . ), viz např. [45, 46, 32, 50, 51, 52, 69, 70, 75, 90]. Hledánı́
globálnı́ho minima funkce je však obtı́žná úloha. Algoritmy pro globálnı́ minimalizaci vyžadujı́
mnoho vyčı́slenı́ funkce D jsou tedy nepoužitelné pro kompozičnı́ simulaci, ve které je potřeba
testovat stabilitu směsi v každém konečném elementu diskretizačnı́ sı́tě v každém časovém
kroku. V kompozičnı́ simulaci se proto použı́vajı́ lokálnı́ metody [31, 86], v nichž se pravdě-
podobnost konvergence k nesprávnému řešenı́ snižuje použitı́m vı́ce počátečnı́ch aproximacı́,
které jsou často konstruovány na základě fyzikálnı́ch heuristik zı́skaných řešenı́m problému
fázové stability za idealizovaných podmı́nek. Obdobné problémy se vyskytujı́ i u metod založe-
ných na řešenı́ rovnic (2.69). Nalezenı́ všech kořenů zadané soustavy rovnic je obecně těžká
úloha. Obvykle se tedy použı́vajı́ lokálnı́ metody s využitı́m vı́ce počátečnı́ch nástřelů. Oproti
optimalizačnı́m metodám je nutno počı́tat i s možnostı́, že algoritmus zkonverguje k řešenı́,
které nebude ani lokálnı́m minimem funkceD, nebot’podmı́nky stacionarity (2.69) jsou splněny
i v bodech lokálnı́ch maxim a sedlových bodech funkce D. V přiloženém článku [Č3] jsme
odvodili metodu pro vyšetřovánı́ fázové stability vı́cesložkové směsi založené na Newtonově
metodě pro řešenı́ systému rovnic (2.69) ve tvaru, který se ukázal jako dostačujı́cı́ pro potřeby
kompozičnı́ simulace.

2.3.3 Fázová rovnováha dvoufázového systému při zadané teplotě, objemu
a látkových množstvı́ch

Uvažujme směs n komponent s látkovými množstvı́mi N1, . . . Nn, které zaujı́majı́ objem V při
teplotě T a předpokládejme, že tato směs je nestabilnı́ a má se rozdělit na dvě fáze. Cı́lem je
stanovit objemy obou fázı́ V ′ a V ′′ a počty molů každé komponenty v obou fázı́ch N ′i a N ′′i pro
i ∈ {1, 2, . . . , n} a mj. i hodnotu rovnovážného tlaku p. Helmholtzova energie hypotetického
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jednofázového stavu je dána předpisem (2.62). Helmholtzova energie dvoufázového stavu je
dána předpisem

AII = AI(T, V ′, N ′1, . . . , N
′
n) + AI(T, V ′′, N ′′1 , . . . , N

′′
n) =

=
n∑
i=1

N ′iµi(T, V
′, N ′1, . . . , N

′
n)− p(T, V ′, N ′1, . . . , N ′n)V ′+ (2.71)

+
n∑
i=1

N ′′i µi(T, V
′′, N ′′1 , . . . , N

′′
n)− p(T, V ′′, N ′′1 , . . . , N ′′n)V ′′.

Rovnovážný stav dvoufázového systému při zadané teplotě T , celkovém objemu V a celkových
látkových množstvı́ch jednotlivých komponent Ni (i = 1, . . . n) je takový stav, pro který je
přı́růstek Helmholtzovy energie vzhledem k hypotetickému jednofázovému stavu

∆A = AI(T, V ′, N ′1, . . . , N
′
n) + AI(T, V ′′, N ′′1 , . . . , N

′′
n)− AI(T, V,N1, . . . , Nn) (2.72)

minimálnı́ mezi všemi přı́pustnými rozklady splňujı́cı́mi omezujı́cı́ podmı́nky

V ′ + V ′′ = V, (2.73a)
N ′i +N ′′i = Ni, i = 1, . . . , n. (2.73b)

Hledánı́ rovnovážného stavu tedy představuje optimalizačnı́ problém – hledánı́ minima
funkce ∆A – s vedlejšı́mi podmı́nkami (2.73). Metodou Lagrangeových multiplikátorů lze
odvodit nutné podmı́nky fázové rovnováhy.

Věta 3. Necht’ systém při zadané teplotě T , celkovém objemu V a celkových látkových množ-
stvı́ch jednotlivých komponentN1, . . . , Nn je v rovnováze rozdělen na dvě fáze s objemy V ′ a V ′′

a látkovými množstvı́mi N ′i a N ′′i každé komponenty tak, že platı́ (2.73). Potom

p(T, V ′, N ′1, . . . , N
′
n) = p(T, V ′′, N ′′1 , . . . , N

′′
n), (2.74a)

µi(T, V
′, N ′1, . . . , N

′
n) = µi(T, V

′′, N ′′1 , . . . , N
′′
n) i = 1, . . . , n. (2.74b)

Rovnice (2.74a) vyjadřuje podmı́nku mechanické rovnováhy – obě fáze majı́ v rovnováze
stejný tlak. Rovnice (2.74b) vyjadřuje podmı́nku chemické rovnováhy – chemické potenciály
každé komponenty v obou fázı́ch se rovnajı́. Označı́me-li společnou hodnotu tlaku jako peq a spo-
lečnou hodnotu chemického potenciálu i-té komponenty µeqi , pak systém rovnic (2.73) a (2.74)
představuje definici implicitně zadaných funkcı́ peq(T, V,N1, . . . , Nn) a µeqi (T, V,N1, . . . , Nn)
pro i = 1, 2, . . . , n ve dvoufázové oblasti.

Vyšetřujme systém s látkovými množstvı́mi jednotlivých komponentN1, . . . , Nn zaujı́majı́cı́
objem V při teplotě T . Zaved’me celkové molárnı́ koncentrace ci = Ni/V každé komponenty
i ∈ {1, . . . , n}. Stabilitu jednofázového stavu popsaného teplotou T a koncentracemi c1, . . . , cn
lze testovat pomocı́ kritéria stability (2.68) popsaného v předchozı́ kapitole. Pokud pro všechny
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přı́pustné hodnoty c′1, . . . , c
′
n je D(c′1, . . . , c

′
n) ≥ 0, pak je jednofázový stav stabilnı́ – systém se

nacházı́ v jedné fázi a tlak systému lze vypočı́tat pomocı́ stavové rovnice.
Pokud při testovánı́ stability nalezneme přı́pustné hodnoty c′1, . . . , c

′
n, pro které je

D(c′1, . . . , c
′
n) < 0, pak je systém nestabilnı́ a má se rozdělit na (alespoň) 2 fáze. V rámci

této práce se omezı́me na nejvýše dvoufázové systémy. Cı́lem je pak nalézt objemy V ′ a V ′′

obou fázı́ a látková množstvı́ N ′1, . . . , N
′
n a N ′′1 , . . . , N

′′
n každé komponenty v obou fázı́ch tak,

aby celková změna Helmholtzovy energie oproti hypotetickému jednofázovému stavu daná
předpisem (2.72) byla minimálnı́ mezi všemi přı́pustnými rozklady tvaru (2.73). Výpočet rov-
novážného stavu bude probı́hat ve dvou etapách. Nejprve se zkonstruuje přı́pustný dvoufázový
rozklad s nižšı́ energiı́, než je energie původnı́ho jednofázového stavu. Tento rozklad je dále
iteračně vylepšován s cı́lem dosáhnout minima funkce ∆A při splněnı́ omezujı́cı́ch podmı́-
nek (2.73). Takto nalezneme dvoufázový stav s nejnižšı́ Helmholtzovou energiı́ při zadaných
omezujı́cı́ch podmı́nkách.

Konstrukce počátečnı́ho dvoufázového rozkladu

Necht’ je jednofázový systém nestabilnı́. Potom algoritmus pro testovánı́ fázové stability po-
psaný v předchozı́ kapitole nalezne koncentrace c′1, . . . , c

′
n, pro které je D(c′1, . . . , c

′
n) < 0.

Z definice funkce D plyne, že pokud z počátečnı́ fáze o objemu V s látkovými množstvı́mi
N1, . . . , Nn vydělı́me dostatečně malé množstvı́ zkušebnı́ fáze s koncentracemi c′1, . . . , c

′
n, pak

dojde k poklesu Helmholtzovy energie systému oproti jednofázovému stavu. Hledáme tedy
dostatečně malý objem V ′ > 0 takový, aby

AI(T, V ′, c′1V
′, . . . , c′nV

′) + AI(T, V − V ′, N1 − c′1V ′, . . . , Nn − c′nV ′)
− AI(T, V,N1, . . . , Nn) < 0. (2.75)

Objem V ′ lze najı́t metodou půlenı́ intervalu – nejprve zkusı́me, zda V ′ = V/2 splňuje pod-
mı́nku (2.75). Pokud tato podmı́nka nenı́ splněna, půlı́ se hodnota V ′ tak dlouho, dokud ne-
platı́ (2.75). Protože D(c′1, . . . , c

′
n) < 0, musı́ tento proces skončit po konečně mnoha krocı́ch.

Takto nalezená hodnota V ′ poskytuje dvoufázový rozklad tvaru

N ′i = c′iV
′, N ′′i = Ni − c′iV ′, i ∈ {1, . . . , n}, (2.76)

V ′′ = V − V ′, (2.77)

který splňuje podmı́nky (2.73) a pro který je hodnota Helmholtzovy energie nižšı́ než
AI(T, V,N1, . . . , Nn) – viz (2.75).

Hledánı́ dvoufázového rovnovážného stavu

Dvoufázový rozklad zkonstruovaný v předchozı́m kroku nenı́ obecně rovnovážným stavem, tj.
stavem s nejnižšı́ hodnotou dvoufázové Helmholtzovy energie mezi všemi přı́pustnými rozklady
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splňujı́cı́mi podmı́nky (2.73). Podmı́nky (2.73) lze přepsat do maticového tvaru

Ax = b, (2.78)

kde matice A ∈ Rn+1,2n+2, vektory x ∈ R2n+2 a b ∈ Rn+1 jsou dány předpisy

A = (In+1 In+1) , (2.79)

x = [N ′1, . . . , N
′
n, V

′, N ′′1 , . . . , N
′′
n , V

′′]T , (2.80)

b = [N1, . . . , Nn, V ]T . (2.81)

V těchto rovnicı́ch In+1 označuje jednotkovou matici na prostoru dimenze n + 1 a T označuje
transpozici vektoru, resp. matice. Cı́lem je minimalizovat ∆A – funkci 2n+ 2 proměnných při
n+1 omezujı́ch podmı́nkách daných rovnicemi Ax = b, což představuje 2n+2−(n+1) = n+1
stupňů volnosti. Pomocı́ (2.78) lze např. eliminovat proměnné V ′′ = V − V ′ a N ′′i = Ni −N ′i
pro i = 1, . . . n a přeformulovat problém minimalizace funkce ∆A při zadaných omezujı́cı́ch
podmı́nkách na problém bez vazeb pouze v n + 1 proměnných N ′1, . . . , N

′
n, V

′. Tento postup
však zanášı́ do problému nesymetrii – jedna fáze je privilegována na úkor druhé, což může
způsobovat problémy v situacı́ch, kdy je např. množstvı́ jedné fáze ve dvoufázovém systému
velmi malé. Proto popı́šeme alternativnı́ postup, který ošetřuje obě fáze naprosto rovnocenně.

Z tvaru matice A, která je v hornı́m stupňovitém tvaru, vidı́me, že řádky matice jsou lineárně
nezávislé. Matice A má tedy hodnost n+ 1. Označme Z ∈ R2n+2,n+1 matici, jejı́ž sloupce tvořı́
ortonormálnı́ bázi jádra operátoru přı́slušného matici A. Tuto bázi doplňme na ortonormálnı́
bázi prostoruR2n+2 pomocı́ vektorů zR2n+2, které budou tvořit sloupce matice Y ∈ R2n+2,n+1.
Matice Y a Z lze zvolit např. ve tvaru

Y =
1√
2

(
In+1

In+1

)
, Z =

1√
2

(
In+1

−In+1

)
. (2.82)

Protože sloupce matic Y a Z tvořı́ bázi prostoru R2n+2, lze pro každý vektor x ∈ R2n+2 najı́t
rozklad tvaru

x = YxY + ZxZ , (2.83)

kde vektory xY a xZ z prostoru Rn+1 jsou vektorem x jednoznačně určeny. Vektor x je tı́mto
rozložen na část ZxZ , která ležı́ v jádře operátoru přı́slušného matici A, a na část YxY , která
ležı́ v ortogonálnı́m doplňku jádra operátoru přı́slušného matici A. Pokud je vektor x přı́pustný,
tj. splňuje podmı́nky (2.73), pak

Ax = AYxY + A ZxZ = AYxY = b, (2.84)

protože AZ = 0. Z konstrukce matice Y plyne, že součin AY je regulárnı́, a tedy soustava
AYxY = b má právě jedno řešenı́ xY . Vektor xY je tedy jednoznačně určen omezujı́cı́mi
podmı́nkami. Zbývá určit vektor xZ .
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Minimalizaci funkce ∆A za podmı́nek (2.78) budeme provádět iteračně. Počátečnı́ aproxi-
maci x(0) zı́skáme pomocı́ výše uvedeného postupu. Je-li x(k) aproximace v k-tém kroku, pak
dalšı́ aproximaci hledáme ve tvaru

x(k+1) = x(k) + αkd
(k), (2.85)

kde αk označuje velikost kroku a d(k) udává směr přı́růstku. Předpokládáme, že aproximace
d(k) je přı́pustná, tj. Ax(k) = b. Požadujeme-li, aby byla přı́pustná i x(k+1), potom vektor d(k)

musı́ splňovat Ad(k) = 0, neboli d(k) = Zd
(k)
Z , kde d

(k)
Z ∈ Rn+1. Vektor d(k) je tedy vektor

z R2n+2, který ležı́ v podprostoru (jádře operátoru přı́slušného matici A) dimenze n + 1. Takto
jsme problém optimalizace s n + 1 vazbami v dimenzi 2n + 2 převedli na problém bez vazeb
v prostoru dimenzen+1. Vektor d(k)

Z lze hledat Newtonovou minimalizačnı́ metodou využı́vajı́cı́
kvadratickou aproximaci funkce ∆A v okolı́ bodu x(k), tj.

min
d(k)∈R2n+2

Ad(k)=0

∆A(x(k) + d(k)) = min
d

(k)
Z ∈Rn+1

∆A(x(k) + Zd
(k)
Z ) ≈

≈ ∆A(x(k)) + g(x(k))TZd
(k)
Z +

1

2
(Zd

(k)
Z )TH(x(k))Zd

(k)
Z , (2.86)

kde g(x(k)) označuje gradient a H(x(k)) označuje hessián funkce ∆A vyčı́slený v bodě x(k).
Výpočet prvků gradientu a hessiánu je podrobně proveden v přiloženém článku [Č4]. Hledaný
vektor d

(k)
Z je tedy argument minima přı́slušné kvadratické formy. Z nutných podmı́nek pro

extrém plyne, že kvadratická forma v rovnici (2.86) nabývá stacionárnı́ hodnoty pro d
(k)
Z splňujı́cı́

HZ(x(k))d
(k)
Z = −gZ(x(k)), (2.87)

kde HZ(x(k)) = ZTH(x(k))Z a gZ(x(k)) = ZTg(x(k)) označujı́ zúženı́ (projekci) hessiánu, resp.
gradientu na jádro zobrazenı́ přı́slušné matici A. Matice HZ má následujı́cı́ strukturu

HZ(x(k)) =
1

2


B C

CT D


, (2.88)

kde

B ∈ Rn×n, Bij =
∂µi
∂N ′j

(T, V ′, N ′1, . . . , N
′
n) +

∂µi
∂N ′′j

(T, V ′′, N ′′1 , . . . , N
′′
n),

C ∈ Rn, Cj = − ∂p

∂N ′j
(T, V ′, N ′1, . . . , N

′
n)− ∂p

∂N ′′j
(T, V ′′, N ′′1 , . . . , N

′′
n),

D ∈ R1, D = − ∂p

∂V ′
(T, V ′, N ′1, . . . , N

′
n)− ∂p

∂V ′′
(T, V ′′, N ′′1 , . . . , N

′′
n),
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a

gZ(x(k)) =
1√
2


µ1(T, V ′, N ′1, . . . , N

′
n)− µ1(T, V ′′, N ′′1 , . . . , N

′′
n)

...
µn(T, V ′, N ′1, . . . , N

′
n)− µn(T, V ′′, N ′′1 , . . . , N

′′
n)

−p(T, V ′, N ′1, . . . , N ′n) + p(T, V ′′, N ′′1 , . . . , N
′′
n)

 . (2.89)

Při výpočtu prvků matice HZ a vektoru gZ se tlaky vyčı́slı́ pomocı́ stavové rovnice a rozdı́ly
chemických potenciálů se vyjádřı́ pomocı́ koeficientů objemových funkcı́ popsaných v kapi-
tole 2.3.1 (rovnice (2.60) a (2.61)).

Pokud d
(k)
Z je řešenı́ systému rovnic (2.87) a matice HZ je pozitivně definitnı́, pak vektor

d
(k)
Z mı́řı́ ve směru poklesu funkce ∆A. Pokud hessián nenı́ pozitivně definitnı́, pak upravı́me

směr d
(k)
Z tak, aby byl zajištěn pokles funkce ∆A v dané iteraci. Vektor d

(k)
Z v tomto přı́padě

najdeme řešenı́m pozměněné soustavy rovnic tvaru

ĤZ(x(k))d
(k)
Z = −gZ(x(k)), (2.90)

kde ĤZ(x(k)) je pozitivně definitnı́ matice zı́skaná modifikovanou Choleskyho faktorizacı́ matice
HZ(x(k)). V této variantě se provádı́ Choleskyho faktorizace původnı́ho hessiánu HZ(x(k)) do
tvaru HZ(x(k)) = LLT kde L je dolnı́ trojúhelnı́ková matice. Pokud během této faktorizace
vznikne na diagonále matice L nekladný prvek, pak tento prvek uměle přepı́šeme na kladné
čı́slo. Takto dostaneme Choleskyho rozklad nějaké pozitivně definitnı́ matice ĤZ(x(k)), která se
použije v Newtonově metodě pro výpočet směru d

(k)
Z na mı́sto skutečného hessiánu HZ(x(k)).

Tato úprava Newtonovy metody zajistı́ snižovánı́ účelové funkce ∆A v každé iteraci, pokud
zvolı́me velikost krokuαk dostatečně malou. Hodnotuαk hledáme opět metodou půlenı́ intervalu
– nejprve zkusı́me položit αk = 1 a potom testujeme, zda ∆A(x(k) + d(k)) < ∆A(x(k)). Pokud
je tato podmı́nka splněna, pak položı́me x(k+1) = x(k) + d(k). Pokud podmı́nka nenı́ splněna,
tak půlı́me hodnotu αk tak dlouho, až je splněna podmı́nka ∆A(x(k) + αkd

(k)) < ∆A(x(k))
a potom položı́me x(k+1) = x(k) + αkd

(k). Takto se provede jedna iterace Newtonovy metody.
Iterace se zastavı́, pokud (viz [85])

‖d(k)‖2 :=

(
2n+2∑
j=1

d
(k) 2
j

) 1
2

≤ εtol = 10−7. (2.91)
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2.3.4 Nekonvenčnı́ formulace kompozičnı́ho modelu
Novou formulaci lokálnı́ termodynamické rovnováhy využijeme ke konstrukci nové formulace
kompozičnı́ho modelu. Model je zapsán ve formě bilančnı́ch rovnic pro n komponent směsi

∂(φci)

∂t
+∇ · qi = Fi, i = 1, . . . , n, (2.92)

qi =
∑
α

cα,ivα, (2.93)

které jsou doplněny Darcyho zákonem pro každou fázi tvaru

vα = −λαK(∇p− %αg), λα =
krα
ηα
. (2.94)

Stejně jako v konvenčnı́m modelu jsou relativnı́ permeabilita krα fáze α a dynamické viskozity
ηα fáze α dány konstitučnı́mi vztahy

krα = krα (Sα) , (2.95)

a dynamická viskozita ηα fáze α závisı́ na teplotě a molárnı́ch koncentracı́ch fáze α

ηα = ηα(T, cα,1, . . . , cα,n). (2.96)

Tento systém rovnic doplnı́me vztahy popisujı́cı́ vazby mezi celkovými koncentracemi ci a poč-
tem fázı́, fázovými koncentracemi cα,i všech komponent ve všech fázı́ch a saturacemi Sα všech
fázı́. K tomuto účelu použijeme algoritmy pro testovánı́ fázové stability a ve dvoufázovém přı́-
padě algoritmus pro výpočet fázové rovnováhy směsi při zadaném objemu, teplotě a látkových
množstvı́ch z předchozı́ch kapitol. Primárnı́mi neznámými budou celkové molárnı́ koncentrace
všech komponent ci, které jsou funkcemi prostoru a času, tj. ci = ci(x, t). Za předpokladu lokálnı́
termodynamické rovnováhy lze v každém bodě x a každém čase t testovat stabilitu jednofá-
zového stavu s teplotou T a celkovými koncentracemi c1(x, t), . . . , cn(x, t). V jednofázovém
přı́padě lze tlak v daném bodě stanovit přı́mo pomocı́ stavové rovnice

p(x, t) = p (T, 1, c1(x, t), . . . , cn(x, t)) . (2.97)

Ve dvoufázovém přı́padě je rozklad komponent mezi fáze dán následujı́cı́mi podmı́nkami lokálnı́
fázové rovnováhy [Č2]∑

α

cα,i(x, t)Sα(x, t) = ci(x, t) i = 1, . . . , n, (2.98a)∑
α

Sα(x, t) = 1, (2.98b)

p (T, 1, cα,1(x, t), . . . , cα,n(x, t)) = p (T, 1, cβ,1(x, t), . . . , cβ,n(x, t)) , (2.98c)
∀α 6= β,

µi (T, 1, cα,1(x, t), . . . , cα,n(x, t)) = µi (T, 1, cβ,1(x, t), . . . , cβ,n(x, t)) , (2.98d)
∀α 6= β, ∀i = 1, . . . , n.
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Tento systém nelineárnı́ch algebraických rovnic při zadané teplotě a celkových molárnı́ch kon-
centracı́ch umožňuje stanovit koncentrace všech komponent v obou fázı́ch a fázové saturace.
Po vyřešenı́ této soustavy je možno stanovit hodnotu rovnovážného tlaku systému ze stavové
rovnice

p(x, t) = p (T, 1, cα,1(x, t), . . . , cα,n(x, t)) , (2.99)

kde α je kterákoliv fáze. Hodnota tlaku nezávisı́ na volbě fáze, nebot’pro systém v termodyna-
mické rovnováze jsou tlaky v obou fázı́ch stejné. Rovnice řešı́me na omezené oblasti Ω ⊂ Rd

(d ∈ N) a časovém intervalu I . V oblasti Ω× I hledáme funkce ci = ci(x, t), které řešı́ soustavu
rovnic (2.92)-(2.98) a splňujı́ následujı́cı́ počátečnı́ a okrajové podmı́nky

ci(x, 0) = c0
i (x), x ∈ Ω, i = 1, . . . , n, (2.100a)

p(x, t) = pD(x, t), x ∈ Γp, t ∈ I, (2.100b)
qi(x, t) · n(x) = 0, x ∈ Γq, t ∈ I, i = 1, . . . , n, (2.100c)

v nichž n označuje jednotkový vektor vnějšı́ normály definovaný skoro všude na ∂Ω,
Γp ∪ Γq = ∂Ω, a Γp ∩ Γq = ∅. Rovnice (2.100a) popisuje počátečnı́ rozloženı́ molárnı́ch
koncentracı́, (2.100b) je Dirichletova okrajová podmı́nka předepisujı́cı́ tlak pD na části hranice
Γp, a (2.100c) je homogennı́ Neumannova okrajová podmı́nka popisujı́cı́ nepropustnou část
hranice Γq. Předpokládáme, že Γp je odtoková část hranice, takže na nı́ nenı́ třeba předepisovat
žádné okrajové podmı́nky pro molárnı́ koncentrace.

2.4 Numerické řešenı́ nekonvenčnı́ho kompozičnı́ho modelu

Systém rovnic (2.92)–(2.100) budeme řešit numericky pomocı́ kombinace smı́šené hybridnı́
metody konečných prvků pro aproximaci celkového toku a metody konečných objemů pro
aproximaci transportnı́ch rovnic. Časová diskretizace bude provedena zpětnou Eulerovou me-
todou. Výsledný systém nelineárnı́ch rovnic bude linearizován Newtonovou metodou. Počet
fázı́ na každém elementu bude určován pomocı́ testovánı́ jednofázové stability při konstantnı́
teplotě a celkových molárnı́ch koncentracı́ch všech komponent. Ve dvoufázových elementech se
rozdělenı́ komponent mezi fáze vypočı́tá algoritmem pro výpočet fázové rovnováhy při zadané
teplotě a celkových koncentracı́ch všech komponent. Výsledkem tohoto výpočtu je i hodnota
rovnovážného tlaku v daném elementu. Tento způsob stanovenı́ tlaku při kompozičnı́ simulaci
je původnı́m přı́spěvkem autora.

Numerické schéma odvodı́me pro problém ve dvoudimenzionálnı́ polygonálnı́ oblasti Ω
s hranicı́ ∂Ω, kterou pokryjeme triangulacı́ TΩ. Označme K některý element sı́tě TΩ, jeho
plochu |K|, E bude hrana elementu a |E| jejı́ délka. Stejně jako dřı́veNK bude označovat počet
elementů v sı́ti a NE celkový počet hran sı́tě.
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2.4.1 Diskretizace celkového toku
Celkový tok q je zavedený předpisem (2.25). V kapitole 2.2.2 jsme odvodili vyjádřenı́ fázového
toku pomocı́ celkového toku (2.27). Obdobným postupem lze odvodit následujı́cı́ vyjádřenı́
celkového toku i-té komponenty pomocı́ celkového toku

qi =
∑
α

cα,iλα∑
β cβλβ

(
q−

∑
β

cβλβ (%β − %α) Kg

)
. (2.101)

Celkový tok q aproximujeme na každém elementu K funkcı́ z Raviartova-Thomasova
prostoru nejnižšı́ho stupně (RT0(K)) [8]

q|K =
∑
E∈∂K

qK,EwK,E, (2.102)

kde koeficient qK,E má význam celkového toku vektorové funkce q přes hranu E z elementu
K ve směru vnějšı́ normály nK,E a wK,E označuje po částech lineárnı́ bazické funkce prostoru
RT0(K), které v přı́padě trojúhelnı́kových prvků jsou definovány jako

wK,E(x) =
1

2|K| (x−NK,E) , ∀x ∈ K, E ∈ ∂K. (2.103)

Zde NK,E ∈ K označuje souřadnice vrcholu trojúhelnı́ku K naproti hraně E. Bazické funkce
(2.103) majı́ následujı́cı́ vlastnosti

∇ ·wK,E(x) =
1

|K| , wK,E(x) · nK,E′ =
δE,E′

|E| . (2.104)

Rovnici (2.26) vynásobı́me skalárně funkcı́ wK,E, a výsledek integrujeme přes elementK, čı́mž
obdržı́me∫

K

∇p ·wK,E′ =−
 ∑
α∈Π(K)

cα,Kλα,K

−1 ∑
E∈∂K

qK,E

∫
K

K−1wK,E ·wK,E′+

+ %̃K

∫
K

g ·wK,E′ , (2.105)

kde jsme použili (2.102) a větu o střednı́ hodnotě. Symbolem Π(K) jsme označili množinu
všech fázı́ na elementu K. Použijeme-li Greenovu větu, větu o střednı́ hodnotě a vlastnosti
(2.104), odvodı́me∫

K

∇p ·wK,E′ =
∑
E∈∂K

∫
E

pwK,E′ · nK,E −
∫
K

p∇ ·wK,E′ =

=
1

|E ′|
∫
E′

p− 1

|K|
∫
K

p. (2.106)
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Označme
AK,E,E′ =

∫
K

K−1wK,E ·wK,E′ , GK,E′ =

∫
K

g ·wK,E′ ,

p̂K,E′ =
1

|E ′|
∫
E′

p, pK =
1

|K|
∫
K

p.

(2.107)

Potom lze z (2.105) a (2.106) odvodit ∑
α∈Π(K)

cα,Kλα,K

−1 ∑
E∈∂K

qK,EAK,E,E′ = pK − p̂K,E′ + %̃KGK,E′ . (2.108)

Protože vlastnı́ propustnost K je tenzor splňujı́cı́ podmı́nku stejnoměrné eliptičnosti (viz [61]),
tj.

∃α0 > 0 : α0

d∑
i=1

ξ2
i ≤

d∑
i,j=1

[K(x)]i,j ξi ξj, ∀ξ ∈ Rd, (2.109)

pro skoro všechna x ∈ Ω, existuje inverznı́ matice k matici AK = (AK,E,E′)E,E′∈∂K . Přená-
sobenı́m rovnic (2.108) maticı́ A−1

K , dostaneme pro každý element K ∈ TΩ a každou hranu
E ∈ ∂K

qK,E =
∑

α∈Π(K)

cα,Kλα,K

(
αKE pK −

∑
E′∈∂K

βKE,E′ p̂K,E′ + γKE %̃K

)
, E ∈ ∂K, (2.110)

což je diskrétnı́ analogie Darcyho zákona pro totálnı́ tok. Koeficienty αKE , β
K
E,E′ , a γKE jsou

dány následujcı́mi předpisy

αKE =
∑
E′∈∂K

A−1
K,E,E′ , βKE,E′ = A−1

K,E,E′ , γKE =
∑
E′∈∂K

A−1
K,E,E′GK,E′ , (2.111)

přičemž A−1
K,E,E′ označuje prvek inverznı́ matice A−1

K . Tyto koeficienty závisejı́ na geometrii
sı́tě a na lokálnı́ch hodnotách propustnosti prostředı́. Hodnota pK odpovı́dá průměrnému tlaku
na elementu K, p̂K,E′ je průměrný tlak na hraně E na elementu K (tzv. stopa tlaku). Symboly
cα,K , λα,K , %̃K označujı́ průměrné hodnoty koncentracı́, mobility fáze α a průměrné hustoty
na elementu K. Veličiny průměrované přes element K jsou funkcemi celkových molárnı́ch
koncentracı́ a teploty na elementuK. Vyčı́slenı́ těchto veličin bude popsáno dále v kapitole 2.4.3.

Na každé vnitřnı́ hraněE mezi sousednı́mi elementyK,K ′ ∈ TΩ požadujeme, aby přı́slušné
stopy tlaku z obou stran byly stejné, tj. p̂K,E = p̂K′,E . Společnou hodnotu tlaku na hraně E
budeme značit p̂E . Spojitost normálových komponent totálnı́ho toku na každé vnitřnı́ hraně E
mezi sousednı́mi elementy K,K ′ ∈ TΩ vede k podmı́nce

qK,E + qK′,E = 0. (2.112)
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Na hranách E ležı́cı́ch na ∂Ω lze předepsat okrajové podmı́nky (2.100b), (2.100c)

p̂E = pD(E), ∀E ⊂ Γp, (2.113a)
qK,E = 0, ∀E,K : E ⊂ Γq, E ∈ ∂K, (2.113b)

kde pD(E) označuje předepsanou hodnotu tlaku p na hraně E.
Dosazenı́m (2.110) do (2.112) a (2.113b) lze eliminovat tok qK,E . Abychom odvodili plně

implicitnı́ schéma, budeme vyčı́slovat všechny veličiny závisejı́cı́ na čase v čase tn+1, což bude
vyznačeno hornı́m indexem n + 1. Rovnice (2.110)–(2.113) lze tedy přepsat jako systém NE

algebraických rovnic tvaru FE = 0, kde

FE =


∑

K:E∈∂K

( ∑
α∈Π(K)

cn+1
α,K λ

n+1
α,K

)(
αKE p

n+1
K − ∑

E′∈∂K
βKE,E′ p̂

n+1
E′ + γKE %̃

n+1
K

)
,

∀E ⊂ Γp,

p̂n+1
E − pD(E) , ∀E ⊂ Γp.

(2.114)

Symbol
∑

K:E∈∂K označuje sčı́tánı́ přes elementy K po stranách hrany E.

2.4.2 Přı́spěvek k aproximaci transportnı́ch rovnic – výpočet toku bez
nutnosti fázové identifikace

Transportnı́ rovnice (2.92) s počátečnı́mi a okrajovými podmı́nkami (2.100) budeme diskreti-
zovat metodou konečných objemů (viz [58]). Integracı́ (2.92) přes libovolný element K ∈ TΩ

a použitı́m Greenovy věty odvodı́me

d

dt

∫
K

φ(x)ci(x, t) +

∫
∂K

qi(x, t) · n∂K(x) =

∫
K

Fi(x), i = 1, . . . , n. (2.115)

Označı́me-li φK , ci,K , Fi,K , průměrné hodnoty φ, ci , Fi (i = 1, . . . , n) přes elementK, pak lze
semi-diskrétnı́ aproximaci rovnice (2.92) zapsat ve tvaru

d(φKci,K)

dt
|K|+

∑
E∈∂K

qi,K,E = Fi,K |K|, (2.116)

kde qi,K,E je numerická aproximace toku
∫
E

qi ·nK,E přes hranu E ∈ ∂K. Numerický tok qi,K,E

vyčı́slı́me následujı́cı́m způsobem

qi,K,E =



∑
α∈Π(K,E)+

qα,i,K,E −
∑

β∈Π(K′,E)+
qβ,i,K′,E , ∀E /∈ ∂Ω ,∑

α∈Π(K,E)+
qα,i,K,E, ∀E ∈ Γp,

0, ∀E ∈ Γq.

(2.117)
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V těchto rovnicı́chΠ(K,E)+ = {α ∈ Π(K) | qα,i,K,E > 0} označuje množinu fázı́ na elementu
K, které procházejı́ hranou E ∈ ∂K , z elementu K směrem ven a qα,i,K,E je diskrétnı́ podoba
toku i-té komponenty ve fázi α (2.101)

qα,i,K,E =
cα,i,K λα,K∑

β∈Π(K)

cβ,K λβ,K

qK,E − ∑
β∈Π(K)

cβ,K λβ,K (%β,K − %α,K) γKE

 . (2.118)

Pro výpočet toku (2.117) se tedy použı́vajı́ jen fáze protékajı́cı́ hranouE ze sousednı́ch elementů
směrem ven. Tato metoda nezávisı́ na identitě fázı́ a přirozeným způsobem propojı́ i elementy
s různým počtem/identitou fázı́. V rovnici (2.118) je qK,E dáno pomocı́ (2.110). Hodnoty cα,i,K
a Sα,K se vypočtou lokálně na každém elementu řešenı́m lokálnı́ termodynamické rovnováhy
za předepsané teploty T a celkových molárnı́ch koncentracı́ ci všech komponent.

Předpokládáme, že poréznı́ prostředı́ je nestlačitelné, a tedy porozita nezávisı́ na čase.
Časovou derivaci ci,K v (2.116) lze pak aproximovat diferencı́ s časovým krokem ∆tn. Pomocı́
zpětné Eulerovy metody [58] odvodı́me plně implicitnı́ schéma tvaru FK,i = 0, kde

FK,i = φK |K|
cn+1
i,K − cni,K

∆tn
+
∑
E∈∂K

qn+1
i,K,E − F n+1

i,K |K|, (2.119)

kde tok qi,K,E je vyčı́slen pomocı́ (2.117). Počátečnı́ podmı́nky (2.100a) lze diskretizovat násle-
dovně

c0
i,K = c0

i (K), ∀K ∈ TΩ, i = 1, . . . , n, (2.120)

kde c0
i (K) označuje průměrnou hodnotu c0

i na elementu K.

2.4.3 Sestavenı́ soustavy rovnic
V rovnicı́ch (2.114) a (2.119) jsme označili FE a FK,i výrazy reprezentujı́cı́ složky vektoru F .
K výpočtu hodnot cn+1

α,K , λn+1
α,K , %̃n+1

K , které jsou potřeba v (2.114) a dalšı́ hodnoty průměrované
přes element, které závisejı́ na vlastnostech fázı́ v (2.117)–(2.119), provedeme výpočet lokálnı́
termodynamické rovnováhy na elementuK při zadaných hodnotách koncentracı́ cn+1

1,K , . . . , c
n+1
n,K

a teploty T . Tı́mto výpočtem obdržı́me i hodnotu průměrného tlaku pn+1
K . Budeme tedy řešit

systém NK · n+NE nelineárnı́ch algebraických rovnic

F = [F1,1 , . . . ,F1,n , . . . ,FNK ,1 , . . . ,FNK ,n ;F1 , . . . ,FNE
]T = 0 (2.121)

pro neznámé primárnı́ proměnné, kterými budou celkové molárnı́ koncentrace cn+1
1,K , . . . , c

n+1
n,K ,

K ∈ {1, . . . , NK} a stopy tlaků na hranách p̂n+1
E , E ∈ {1, . . . , NE}. Tento systém budeme

řešit Newtonovou metodou, která vede v každé iteraci k řešenı́ následujı́cı́ho systému lineárnı́ch
algebraických rovnic

J δ = −F . (2.122)
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Jakobiho matice J systému (2.122) je řı́dká a nesymetrická. Jakobián lze rozdělit na 4 bloky,
jejichž prvky lze napočı́tat analyticky pomocı́ následujı́cı́ch vztahů

(JK,K′)i,j =
∂FK,i
∂cn+1

j,K′
, (JK,E)i =

∂FK,i
∂p̂n+1

E

, (JE,K)j =
∂FE
∂cn+1

j,K

, JE,E′ =
∂FE
∂p̂n+1

E′
. (2.123)

V těchto rovnicı́ch JE,E′ je prvek matice JE,E′ , i, j = 1, . . . , n; K,K ′ = 1, . . . , NK ; E,E ′ =
1, . . . , NE . Soustavu (2.122) řešı́me přı́mým řešičem UMFPACK [23, 24, 25, 26]. Řešenı́ této
soustavy δ je vektor obsahujı́cı́ korekce molárnı́ch koncentracı́ δcn+1

i,K a stop tlaků na hranách
δp̂n+1

E . Přičtenı́m těchto korekcı́ k hodnotám cn+1
i,K a p̂n+1

E z předchozı́ iterace dostaneme novou
aproximaci primárnı́ch proměnných. Iteračnı́ proces zastavı́me, je-li splněna podmı́nka

‖F‖ < ε (2.124)

pro zvolenou hodnotu ε > 0 [85]. Obdobně jako při výpočtu dvoufázové rovnováhy může
být robustnost této metody zvýšena použitı́m techniky hledánı́ ve směru (line-search) [85].
Časový krok je volen adaptivně v závislosti na průběhu konvergence Newtonovy metody.
Pokud při výpočtu daného časového kroku nezkonverguje Newtonova metoda do 10 iteracı́
nebo pokud line-search nevede k redukci ‖F‖ do 10 iteracı́, pak se daný časový krok zrestartuje
s polovičnı́ hodnotou ∆tn. Pokud Newtonova metoda zkonverguje za méně než 4 iterace, pak
se daný časový krok přijme a v následujı́cı́m časovém kroku se délka časového kroku prodloužı́
(∆tn+1 = 1.2∆tn).

Nakonec zdůrazněme, že linearizace je provedena vzhledem k celkovým molárnı́m koncen-
tracı́m na každém elementu a stopám tlaku na každé hraně, což jsou proměnné, které jsou vždy
dobře definovány bez ohledu na počet a identitu fázı́ na elementu K. Nenı́ tedy potřeba měnit
v průběhu simulace primárnı́ proměnné podle toho, zda se objevı́ nová fáze nebo některá z fázı́
vymizı́ (viz např. [6, 17, 76]).

2.4.4 Shrnutı́ výpočetnı́ho algoritmu
Numerické řešenı́ probı́há v následujı́cı́ch krocı́ch:

1. Načti vstupnı́ data úlohy – teplotu a počátečnı́ rozloženı́ celkových koncentracı́ všech
komponent.

2. Proved’výpočet lokálnı́ termodynamické rovnováhy na každém elementu při zadané tep-
lotě a celkových molárnı́ch koncentracı́ch. Výsledkem výpočtu bude mimo jiné i hodnota
tlaku na každém elementu.

3. Vypočti viskozity všech fázı́ na každém elementu.

4. Opakuj následujı́cı́ časové kroky, dokud simulace neskončı́ v zadaném čase:
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(a) použij Newtonovu metodu na řešenı́ systému (2.121), tj. opakuj následujı́cı́ kroky,
dokud nenı́ splněno kritérium konvergence (2.124):

i. Proved’výpočet lokálnı́ termodynamické rovnováhy na každém elementu.
ii. Vyčı́sli fázové mobilityλn+1

α,K pomocı́ (2.94), (2.95) a (2.96) na každém elementu.

iii. Na každém elementu K vypočti průměrné hodnoty tlaku pn+1
K pomocı́ (2.97)

nebo (2.98c) v závislosti na počtu fázı́ na elementu K.
iv. Vypočti celkové toky qn+1

K,E pomocı́ (2.110) a toků qn+1
α,i,K,E s využitı́m (2.118).

v. Sestav a vyřeš soustavu lineárnı́ch algebraických rovnic (2.122) pro korekce
molárnı́ch koncentracı́ δcn+1

i,K a tlaků δp̂n+1
E .

vi. Přičti korekce δcn+1
i,K a δp̂n+1

E k cn+1
i,K a p̂n+1

E , a zkontroluj normu defektu (2.124).
V přı́padě potřeby použij modifikaci Newtonovy metody s prohledávánı́m ve
směru (line search).

(b) Pokud Newtonova metoda zkonvergovala za max. 10 iteracı́, přijmi současnou apro-
ximaci a pokračuj ve výpočtu dalšı́ časové hladiny (n→ n+ 1).

(c) Pokud Newtonova metoda nekonverguje, výpočet v daném čase se restartuje s nižšı́
hodnotou časového kroku.

2.5 Numerické výsledky
V této kapitole ukážeme výsledky numerických simulacı́ dokládajı́cı́ vybrané aspekty přı́spěvků
autora.

2.5.1 Využitı́ metod vyššı́ho řádu přesnosti
V této části ukážeme výsledky numerických simulacı́ zı́skané konvenčnı́ metodou. Výsledky zı́s-
kané metodou vyššı́ho řádu (kombinace smı́šené hybridnı́ metody konečných prvků a nespojité
Galerkinovy metody – MHFE/DG) porovnáme s metodou prvnı́ho řádu založené na kombinaci
smı́šené hybridnı́ metody konečných prvků a metody konečných objemů (MHFE/FV). Výhodou
metody vyššı́ho řádu je podstatná redukce numerické difuze při zachovánı́ stability schématu,
což demonstrujeme na následujı́cı́ch přı́kladech.

Přı́klad 1

V prvnı́m přı́kladu simulujeme vytlačovánı́ propanu metanem ve vodorovné 2D oblasti o veli-
kosti 50× 50 m bez gravitace při konstantnı́ teplotě T = 397 K. Porozita rezervoáru je φ = 0,2
a vlastnı́ propustnost K = 10 mD. Metan je vtláčen v levém dolnı́m rohu, zatı́mco směs je
čerpána v pravém hornı́m rohu, kde je udržován konstantnı́ tlak 50 bar. Za těchto podmı́nek
směs zůstává v jedné fázi po celou dobu simulace. Rychlost vtláčenı́ je 42,5 m2/den při tlaku
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Obrázek 2.2: Celkové molárnı́ zlomky metanu po injektáži 58% pórového objemu metanu
(0,69 roku) vypočtené na sı́ti 40× 40 pomocı́ metod MHFE/DG (vlevo) a MHFE/FV (vpravo):
Přı́klad 1 bez gravitace.

p = 1 atm a teplotě T = 293 K. Pro tuto simulaci použı́váme lineárnı́ model relativnı́ permeabi-
lity (krα(Sα) = Sα). Na obrázku 2.2 vidı́me molárnı́ zlomky metanu po injektáži 58% pórového
objemu metanu vypočtené oběma metodami na čtvercové sı́ti 40 × 40, odkud je vidět ostřejšı́
reprezentace postupujı́cı́ho rozhranı́ při použitı́ metody vyššı́ho řádu v porovnánı́ s metodou
prvnı́ho řádu, která je podstatně difuznějšı́. Pokud stejný problém řešı́me na svislé oblasti (tj.
uvažujeme vliv gravitace), pak dostaneme výsledky zobrazené na obrázku 2.3, kde jsou zob-
razeny molárnı́ zlomky metanu po vtlačenı́ 20% pórového prostoru metanu. I v tomto přı́padě
metoda vyššı́ho řádu přesnosti má podstatně nižšı́ numerickou difuzi v porovnánı́ s metodou
prvnı́ho řádu.

Přı́klad 2

Opět simulujeme vytlačovánı́ propanu metanem ve 2D oblasti o velikosti 50×50 m při konstantnı́
teplotě T = 311 K. Porozita rezervoáru je φ = 0,2 a vlastnı́ propustnost K = 10 mD. Metan
je vtláčen v levém dolnı́m rohu a směs je odčerpávána v pravém hornı́m rohu, kde je udržován
tlak p = 69 bar. Za těchto podmı́nek se v části oblasti objevı́ dvoufázová oblast. Rychlost
vtláčenı́ je 0,017 m2/den při tlaku p = 1 atm a teplotě T = 293 K. Opět použı́váme lineárnı́
model relativnı́ permeability. Na obrázku 2.4 vidı́me molárnı́ zlomky metanu po vtlačenı́ 50%
pórového objemu metanu vypočtené oběma metodami na čtvercové sı́ti 20 × 20 v přı́padě, že
neuvažujeme gravitaci (vodorovná oblast). Pokud uvažujeme vliv gravitace (svislá oblast), pak
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Obrázek 2.3: Celkové molárnı́ zlomky metanu po injektáži 20% pórového objemu metanu
(0,24 roku) vypočtené na sı́ti 40× 40 pomocı́ metod MHFE/DG (vlevo) a MHFE/FV (vpravo):
Přı́klad 1 s gravitacı́.

zı́skáme výsledky zobrazené na obrázku 2.5. I v těchto přı́kladech jasně vidı́me podstatnou
redukci numerické difuze při použitı́ metody vyššı́ho řádu přesnosti.

2.5.2 Výpočty fázové rovnováhy při zadané teplotě, objemu a látkových
množstvı́ch

Z velkého množstvı́ výpočtů stability a fázové rovnováhy při zadané teplotě, objemu a látkových
množstvı́ch vybı́ráme několik přı́kladů, které majı́ ukázat výhodu této formulace oproti klasické
formulaci předepisujı́cı́ tlak, teplotu a celkové molárnı́ zlomky všech komponent směsi.

Přı́klad 1 – čistý CO2

V prvnı́m přı́kladě budeme vyšetřovat stabilitu a fázovou rovnováhu čistého oxidu uhličitého
(CO2). Nejprve vyšetřujeme jednofázovou stabilitu při zadané teplotě, objemu a látkovém
množstvı́ pro teploty T ∈ 〈180; 320〉K v celém rozsahu přı́pustných molárnı́ch koncentracı́ c. Na
obrázku 2.6 (vlevo) jsou vyznačeny hodnoty minima funkceD v každém bodě (c, T ) v závislosti
na teplotě T a celkové molárnı́ koncentraci c. Na obrázku 2.6 (vpravo) je vyznačena hranice
mezi jednofázovou a dvoufázovou oblastı́ v prostoru proměnných c, T . Z obrázku 2.6 (vpravo)
je vidět, že při teplotě T = 280 K zůstává CO2 v jedné fázi pro nı́zké molárnı́ koncentrace. Při
izotermálnı́ kompresi se v jistém rozmezı́ koncentracı́ CO2 rozděluje mezi 2 fáze a při celkové
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Obrázek 2.4: Celkové molárnı́ zlomky metanu po injektáži 50% pórového objemu metanu
(1,15 roku) vypočtené na sı́ti 20× 20 pomocı́ metod MHFE/DG (vlevo) a MHFE/FV (vpravo):
Přı́klad 2 bez gravitace.

Obrázek 2.5: Celkové molárnı́ zlomky metanu po injektáži 50% pórového objemu metanu
(1,15 roku) vypočtené na sı́ti 20× 20 pomocı́ metod MHFE/DG (vlevo) a MHFE/FV (vpravo):
Přı́klad 2 s gravitacı́.
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Obrázek 2.6: Globálnı́ minimum funkceD (v grafu označené jako TPD) v závislosti na celkové
molárnı́ koncentraci c a teplotě T (vlevo) a hranice mezi jednofázovou a dvoufázovou oblastı́
v prostoru proměnných c, T -space (vpravo). Přı́klad 1: čistý oxid uhličitý CO2.

molárnı́ koncentraci vyššı́ než cca 20000 mol.m−3 přejde CO2 opět do jednofázového stavu. Na
obrázku 2.7 jsou znázorněny saturace a hustoty obou fázı́ v závislosti na celkové koncentraci. Na
obrázku 2.8, je znázorněn rovnovážný tlak systému v závislosti na celkové molárnı́ koncentraci
c. Protože ve dvoufázové oblasti (oblast mezi body A a B na obrázku 2.8) je tlak konstantnı́, nenı́
možno jednotlivé dvoufázové stavy rozlišit pomocı́ proměnných p, T , aN . Všechny dvoufázové
stavy a oba krajnı́ body jsou sice nerozlišitelné pomocı́ proměnných p, T , N , lze je však rozlišit
v proměnných V , T , N , protože každý z těchto stavů má odlišný objem. Tento přı́klad ukazuje
výhodu použitı́ proměnných V , T , N .

Přı́klad 2 – směs CO2 a nC10

Budeme vyšetřovat fázovou stabilitu a fázovou rovnováhu směsi oxidu uhličitého (CO2) a nor-
málnı́ho dekanu (nC10) s molárnı́mi zlomky zCO2 = 0,547413 a znC10 = 0,452587. Binárnı́
interakčnı́ koeficient je δCO2−nC10 = 0,15. Nejprve byla vyšetřována fázová stabilita při zadané
teplotě a celkové koncentraci směsi v rozsahu teplot T ∈ 〈250; 650〉 K a v celém rozsahu
přı́pustných molárnı́ch koncentracı́ c. Na obrázku 2.9 (vlevo), můžeme vidět hodnoty minima
funkce D jako funkci teploty T a celkové molárnı́ koncentrace c. Hranice mezi jednofázovou
a dvoufázovou oblastı́ v prostoru proměnných c, T je znázorněna na obrázku 2.9 (vpravo). Odtud
vidı́me, že při izotermálnı́ kompresi směsi při teplotě T = 311 K se směs rozděluje na 2 fáze od
nejnižšı́ch hodnot celkové koncentrace c až do přibližně c = 8000 mol.m−3, kdy směs přecházı́
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Obrázek 2.7: Saturace (vlevo) a hustoty (vpravo) obou fázı́ v závislosti na celkové molárnı́
koncentraci c při teplotě T = 280 K. Přı́klad 1: čistý oxid uhličitý CO2.

Obrázek 2.8: Rovnovážný tlak jako funkce celkové molárnı́ koncentrace c při teplotěT = 280 K.
Přı́klad 1: čistý oxid uhličitý CO2.
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do jedné fáze, zatı́mco při molárnı́ch koncentracı́ch vyššı́ch než přibližně 9500 mol.m−3 je směs
opět rozdělena mezi 2 fáze.

Na obrázku 2.11 jsou znázorněny saturace a hustoty obou fázı́ v závislosti na celkové kon-
centraci c. Molárnı́ zlomky obou komponent v obou fázı́ch pro jednotlivé molárnı́ koncentrace
c jsou znázorněny na obrázku 2.12. Na obrázku 2.10 je znázorněn rovnovážný tlak jako funkce
celkové molárnı́ koncentrace směsi. Na rozdı́l od předchozı́ho přı́kladu nenı́ tlak ve dvoufázové
oblasti konstantnı́, protože v průběhu fázového přechodu měnı́ fáze své chemické složenı́. Zá-
roveň můžeme pozorovat prudký nárůst tlaku pro molárnı́ koncentrace většı́ než 8000 mol.m−3,
kdy už je vyčerpána plynná (dobře stlačitelná) fáze. Pro vysoké hodnoty molárnı́ch koncentracı́
c a nı́zké teploty T můžeme pozorovat druhou dvoufázovou oblast.

Obrázek 2.9: Globálnı́ minimum funkce D (v obrázku značené jako TPD) v závislosti na
celkové molárnı́ koncentraci c a teplotě T (vlevo) a hranice mezi jednofázovou a dvoufázovou
oblastı́ v prostoru proměnných c, T (vpravo). Přı́klad 2: směs CO2 a nC10.

Přı́klad 3 – směs CO2 a nC10 s třı́fázovou oblastı́

Algoritmy pro testovánı́ fázové stability a výpočet fázové rovnováhy popsané v této práci lze
zobecnit i na systémy, které se rozkládajı́ do vı́ce než dvou fázı́. Takové zobecněnı́ bylo prove-
deno v diplomové práci [48] a je předmětem připravované publikace [49]. Zde uvedeme pouze
jeden přı́klad dokládajı́cı́ výhodnost nové formulace fázové rovnováhy. Stejně jako v minulém
přı́kladu budeme vyšetřovat rovnováhu směsi CO2 a nC10. Při podrobnějšı́m rozboru stability
směsi zjistı́me, že pro nı́zké teploty existuje v prostoru proměnných c, T třı́fázová oblast – viz
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Obrázek 2.10: Rovnovážný tlak v závislosti na celkové molárnı́ koncentraci c při teplotě T =
311 K. Přı́klad 2: směs CO2 a nC10.

Obrázek 2.11: Saturace (vlevo) a hustoty (vpravo) obou fázı́ v závislosti na celkové molárnı́
koncentraci c při teplotě T = 311 K. Přı́klad 2: směs CO2 a nC10.
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Obrázek 2.12: Molárnı́ zlomky obou komponent v obou fázı́ch v závislosti na celkové molárnı́
koncentraci c při teplotě T = 311 K. Přı́klad 2: směs CO2 a nC10.

obrázek 2.13, na kterém vidı́me hranici mezi jednofázovou (červená), dvoufázovou (modrá)
a třı́fázovou oblastı́ (zelená). Při izotermálnı́ kompresi při teplotě T = 260 K, se nejprve
směs rozděluje mezi 2 fáze od nejnižšı́ch celkových molárnı́ch koncentracı́ až do přibližně
c = 5000 mol.m−3, kdy systém přecházı́ do 3 fázı́. Při celkové molárnı́ koncentraci vyššı́ než
8000 mol.m−3 se směs rozděluje opět jen do 2 fázı́.

Na obrázku 2.15 jsou znázorněny saturace a hustoty obou fázı́ v závislosti na celkové
molárnı́ koncentraci c. Molárnı́ zlomky obou komponent ve všech fázı́ch jsou znázorněny
jako funkce celkové molárnı́ koncentrace c na obrázku 2.16. Na obrázku 2.14 je znázorněn
rovnovážný tlak systému v závislosti na celkové molárnı́ koncentraci c. Zde můžeme pozorovat
pomalý nárůst tlaku během izotermálnı́ komprese ve dvoufázové oblasti následovaný konstantnı́
hodnotou tlaku ve třı́fázové oblasti (molárnı́ hustoty cca od 5000 mol.m−3 do 8000 mol.m−3)
a strmý nárůst tlaku pro molárnı́ koncentrace vyššı́ než 8000 mol.m−3, kdy už nenı́ přı́tomna
plynná fáze. Ve třı́fázové oblasti je konstantnı́ nejen tlak, ale i molárnı́ zlomky jednotlivých
komponent v každé fázi a hustoty všech fázı́. Konstantnı́ hodnota tlaku ve třı́fázové oblasti
připomı́ná chovánı́ čisté látky. Podobně jako v přı́padě čisté látky nelze pomocı́ proměnných
tlak, teplota a látková množstvı́ jednoznačně rozlišit třı́fázové stavy. Tento přı́klad ukazuje, že
problém nejednoznačnosti určenı́ rovnovážného stavu nenı́ jen problémem čisté látky, ale může
se vyskytnout i u směsı́. Zde jsme tento problém pozorovali u binárnı́ směsi ve 3 fázı́ch. Našli
jsme i přı́klady dalšı́ch systémů, které vykazujı́ stejné chovánı́ (např. ternárnı́ směs sirovodı́ku,
oxidu uhličitého a metanu ve 3 i 4 fázı́ch, viz [49]).
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Obrázek 2.13: Hranice mezi jednofázovou (červená), dvoufázovou (modrá) a třı́fázovou (zelená)
oblastı́ v prostoru proměnných c, T . Přı́klad 3: směs CO2–nC10.

Obrázek 2.14: Rovnovážný tlak v závislosti na celkové molárnı́ koncentraci c při teplotě T =
260 K. Přı́klad 3: směs CO2–nC10.
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Obrázek 2.15: Saturace (vlevo) a hustoty (vpravo) všech fázı́ v závislosti na celkové molárnı́
koncentraci c při teplotě T = 260 K. Přı́klad 3: směs CO2–nC10.

Obrázek 2.16: Molárnı́ zlomky obou komponent ve všech fázı́ch v závislosti na celkové molárnı́
koncentraci c při teplotě T = 260 K. Přı́klad 3: směs CO2–nC10.
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2.5.3 Nekonvenčnı́ formulace kompozičnı́ho modelu
Nově navržená formulace kompozičnı́ho modelu byla testována na mnoha modelových přı́kla-
dech. Zde uvedeme jen přı́klad jednoduché simulace, která pomocı́ konvenčnı́ho modelu nenı́
dobře řešitelná. Budeme simulovat izotermálnı́ vtláčenı́ CO2 do vodorovného dvourozměrného
rezervoáru tvaru čtverce o hraně 50 m, který již obsahuje CO2 při teplotě T = 280 K a tlaku
p = 4 MPa. Saturačnı́ tlak CO2 při 280 K je 4,13 MPa. CO2 je vtlačován do oblasti v levém
dolnı́m rohu a odčerpáván v pravém hornı́m rohu, kde je udržován tlak p = 4 MPa. Rychlost
vtláčenı́ je 42,5 m2/den při tlaku 1 atm a teplotě 293 K.

Propustnost prostředı́ je K = 9,87 · 10−17 m2 a porozita je φ = 0,2. Hranice oblasti je
nepropustná s výjimkou rohu oblasti, kde je udržován tlak p = 4 MPa. Použı́váme linárnı́ model
pro relativnı́ permeabilitu (krα (Sα) = Sα pro každou fázi α). V důsledku vtláčenı́ roste tlak
v okolı́ vtláčecı́ho elementu na hodnoty vyššı́ než je saturačnı́ tlak CO2 při zadané teplotě, což
vede ke vzniku kapalné fáze. Na obrázku 2.17 je zobrazen výsledek výpočtu v různých časech.
Kapalný CO2 s hustotou přibližně 873 kg m−3 vytlačuje vlastnı́ plynný CO2 s hustotou přibližně
118 kg m−3. Na obrázku 2.17 je též znázorněna izočára saturačnı́ho tlaku, jejı́ž poloha velmi
dobře koresponduje s oblastı́, kde se nacházejı́ dvoufázové elementy. Při pokusu řešit tuto úlohu
pomocı́ kódu založeném na konvenčnı́ formulaci (viz kapitoly 2.1 a 2.2, přı́p. [40, 41], [Č1])
dojde k selhánı́ programu v důsledku chyb vznikajı́cı́ch z důvodu nesprávné fázové identifikace.
V nové formulaci se tyto problémy neobjevujı́, nebot’fázová identifikace nenı́ potřeba.

2.6 Shrnutı́ přı́spěvků autora
Z výše uvedeného přehledu studovaného problému a přiložených publikacı́ vyplývá, že autor
dosáhl původnı́ch výsledků v následujı́cı́ch oblastech:

• Formulace okrajových podmı́nek popisujı́cı́ch nepropustnou hranici v konvenčnı́m kom-
pozičnı́m modelu.

• Návrh stabilnı́ho schématu pro výpočet fázových rychlostı́ v konvenčnı́m kompozičnı́m
modelu.

• Vývoj metod vyššı́ho řádu přesnosti v konvenčnı́ formulaci a řešenı́ problémů konstrukce
vhodného limiteru.

• Návrh nové formulace kompozičnı́ho modelu využı́vajı́cı́ netradičnı́ formulaci problému
fázové rovnováhy.

• Vývoj numerických metod pro řešenı́ problému testovánı́ fázové stability a výpočet fázové
rovnováhy při zadaném objemu, teplotě a látkových množstvı́ch.

• Vývoj numerického modelu založeného na nové formulaci.
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(a) t = 2.54 years (b) t = 5.07 years

(c) t = 7.61 years (d) t = 10.14 years

Obrázek 2.17: Izočáry průměrných tlaků na elementech pK ve čtyřech různých časech. Šedivě
jsou vyznačeny dvoufázové elementy. Plné izočáry jsou rovnoměrně rozloženy mezi vyznačené
hodnoty. Čárkovaná izočára ukazuje saturačnı́ tlak a odděluje oblasti kapalné a plynné fáze.
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2.7. SOUČASNÝ VÝZKUM A MEZINÁRODNÍ SPOLUPRÁCE

2.7 Současný výzkum a mezinárodnı́ spolupráce

Problematika simulace transportu komponent v poréznı́m prostředı́ s přestupem komponent
mezi fázemi je zdrojem mnoha problémů, které je potřeba řešit. Jednı́m z problémů je např.
výpočetnı́ náročnost přı́stupu popsaného v kapitole 2.4, která je dána velikostı́ soustav rovnic
vznikajı́cı́ch při použitı́ plně implicitnı́ho schématu. Lze očekávat, že podstatného zrychlenı́
bude možno dosáhnout použitı́m sekvenčnı́ho přı́stupu (viz schéma IMPEC z kapitoly 2.2.1).
Konstrukce schématu IMPEC však nenı́ v přı́padě nové formulace triviálnı́ záležitost a je před-
mětem současného výzkumu autora. Mnoho otázek zůstává v této oblasti stále otevřených –
např. jak do modelu zahrnout difuzi nebo kapilaritu. V tradičně použı́vaných modelech (viz
např. [71, 93, 74, 33, 34]) jsou tyto jevy popisovány pomocı́ konceptů, které byly původně
vyvinuty pro nemı́sitelné prouděnı́. Zdá se, že i v této oblasti může popis směsi pomocı́ proměn-
ných V, T,N poskytovat jisté výhody oproti tradičnı́m proměnným p, T, z, ale současné teorie
kapilarity se nutně opı́rajı́ o fázovou identifikaci. Autor věřı́, že konceptuálnı́ model, který byl
popsán v této práci může být upraven tak, že do něj bude možné zahrnout i difuzi a kapilaritu,
i když možná za cenu netriviálnı́ reformulace základnı́ch pojmů, kterými popisujeme tyto jevy.
Vývoj takových formulacı́ je předmětem budoucı́ho výzkumu. Z hlediska praktických aplikacı́
bude zajı́mavé studovat i rozšı́řenı́ modelu na neizotermálnı́ přı́pad [27]. Daná problematika
tedy stále poskytuje mnoho přı́ležitostı́ a výzkumných témat do budoucna.

Výzkum v této oblasti se přirozeně odehrává ve spolupráci s domácı́mi i zahraničnı́mi pra-
covišti. V prvnı́ řadě je třeba uvést úspěšnou intenzivnı́ spolupráci s prof. Abbasem Firoozabadi
(Reservoir Engineering Research Institute, Palo Alto, California a Yale University, New Haven,
Connecticut) a prof. Tissou H. Illangasekarem z Center of Experimental Study of Subsurface
Environmental Processes na Colorado School of Mines (Golden, Colorado), do kterých jsou
zapojováni i magisterštı́ studenti a doktorandi FJFI ČVUT. Dále zmiňme kontakty s prof. Pe-
terem Bastianem (Heidelberg), s prof. Shuyu Sunem (King Abdullah University of Science
and Technology, Saudská Arábie), Dr. Jorge Monteagudo (ConocoPhillips, Houston, Texas),
doc. Peterem Frolkovičem ze Slovenské technické univerzity v Bratislavě a Dr. Janem Hrubým
z Ústavu termomechaniky Akademie věd České republiky. Z řady projektů, na kterých autor
pracoval, uved’me zejména:

• Development of Computational Models for Simulation of CO2 Sequestration, projekt
č. P105/11/1507 Grantové agentury České republiky, 2011-2013,

• Computational Methods in Thermodynamics of Multicomponent Mixtures, projekt Mi-
nisterstva školstvı́ mládeže a tělovýchovy České republiky KONTAKT LH12064, 2012-
2015,

• Mathematical Modelling of Multi-Phase Porous Media Flow, projekt č. 201/08/P567
Grantové agentury České republiky, 2008-2010,
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• Development and Validation of Porous Media Flow and Transport Models for Subsurface
Environmental Application, projekt Ministerstva školstvı́ mládeže a tělovýchovy České
republiky KONTAKT ME878, 2006-2009,

• Numerical Methods for Multiphase Flow and Transport in Subsurface Environmental Ap-
plications, projekt Ministerstva školstvı́ mládeže a tělovýchovy České republiky, KON-
TAKT ME10009, 2010-2012, hlavnı́ řešitel prof. Dr. Ing. Michal Beneš,

• Jindřich Nečas Center for Mathematical Modelling, výzkumné centrum Ministerstva škol-
stvı́ mládeže a tělovýchovy České republiky, LC06052, hlavnı́ řešitel prof. RNDr. Josef
Málek, CSc., Univerzita Karlova, 2006-2011.
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Kapitola 3

Přiložené publikace

3.1 Stručný přehled přiložených článků

Přı́lohou práce je následujı́cı́ch šest článků.

[Č1]: Mikyška, J., and Firoozabadi, A., Implementation of Higher-Order Methods for
Robust and Efficient Compositional Simulation, Journal of Computational Physics, 229(8):
2898-2913, 2010

V článku jsou zkoumány problémy vznikajı́cı́ při pokusu o použitı́ metod vyššı́ho řádu přesnosti
pro simulaci kompozičnı́ho prouděnı́. V této práci popisujeme korektnı́ formulaci transportnı́ch
rovnic a okrajových podmı́nek, které v dřı́vějšı́ch formulacı́ch bránily využitı́ metod vyššı́ho
řádu. Dále popisujeme metodu aproximace fázových toků ve smı́šené hybridnı́ metodě koneč-
ných prvků, která umožňuje efektivnı́ využitı́ metod vyššı́ho řádu pro simulaci dvoufázového
vı́cekomponentnı́ho prouděnı́ s přestupem komponent mezi fázemi.

[Č2]: Mikyška, J., and Firoozabadi, A., A New Thermodynamic Function for Phase-
Splitting at Constant Temperature, Moles, and Volume, AIChE Journal, 57(7):1897-1904,
2011

V tomto článku zavádı́me novou termodynamickou funkci pro popis fázové rovnováhy při
konstantnı́ teplotě, objemu a látkových množstvı́ch – tzv. objemovou funkci. Tato funkce při-
rozeným způsobem nahrazuje běžně použı́vaný pojem fugacity a umožňuje najı́t reprezentaci
chemického potenciálu v těchto proměnných. Dále odvozujeme tvar podmı́nek fázové rov-
nováhy pomocı́ objemových funkcı́ a navrhujeme prvnı́ numerický algoritmus pro vyšetřovánı́
dvoufázové rovnováhy založený na kombinaci metody postupných iteracı́ a Newtonovy metody.
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[Č3]: Mikyška, J., and Firoozabadi, A., Investigation of Mixture Stability at Given Volume,
Temperature, and Number of Moles, Fluid Phase Equilibria, Vol. 321 (May 15, 2012), pp.
1–9, 2012

V práci odvozujeme kritérium fázové stability při předepsané teplotě, objemu a látkových
množstvı́ch jednotlivých komponent směsi. V tomto přı́stupu využı́váme Helmholtzovu energii
systému a reprezentaci chemického potenciálu pomocı́ objemových funkcı́, což vede k návrhu
numerického algoritmu pro vyšetřovánı́ stability jedné fáze založené na Newtonově metodě.
Robustnost a efektivnost metody je demonstrována na mnoha přı́kladech vı́cekomponentnı́ch
směsı́.

[Č4]: Jindrová, T., and Mikyška, J., Fast and Robust Algorithm for Calculation of Two-
Phase Equilibria at Given Volume, Temperature, and Moles, Fluid Phase Equilibria, Vol.
353 (Sep 15, 2013), pp. 101–114, 2013

V článku je vyvinut rychlý a robustnı́ algoritmus pro výpočet fázové rovnováhy při zadaném
objemu, teplotě a látkových množstvı́ch jednotlivých komponent. Metoda je založena na přı́mé
minimalizaci celkové Helmholtzovy energie směsi při zadaných vazebnı́ch podmı́nkách po-
pisujı́cı́ch bilanci hmoty a objemu. Algoritmus využı́vá modifikovanou Newtonovu metodu
s prohledávánı́m v zadaném směru a modifikovanou Choleskyho faktorizaci Hessovy matice
tak, aby byl zajištěn pokles celkové Helmholtzovy energie v každé iteraci. Algoritmus využı́vá
počátečnı́ aproximaci, která se konstruuje s využitı́m výsledků zı́skaných během testovánı́ stabi-
lity směsi. Efektivnost a robustnost je demonstrována na mnoha přı́kladech výpočtů dvoufázové
rovnováhy vı́cekomponentnı́ch směsı́.

[Č5]: Polı́vka, O., and Mikyška, J., Numerical Simulation of Multicomponent Compres-
sible Flow in Porous Medium, Journal of Math-for-Industry, Vol. 3 (2011C-7), pp. 53–60,
2011

V článku se zabýváme numerickou simulacı́ stlačitelného prouděnı́ jednofázové vı́cekompo-
nentnı́ směsi (viz též [84]). Problém je formulován pomocı́ bilančnı́ch rovnic pro jednotlivé
komponenty, Darcyho zákona, stavové rovnice a vhodných počátečnı́ch a okrajových podmı́-
nek. Problém se řešı́ numericky pomocı́ kombinace smı́šené hybridnı́ metody konečných prvků
pro diskretizaci Darcyho zákona a metody konečných objemů pro diskretizaci transportnı́ch
rovnic. Časová diskretizace je provedena Eulerovou metodou. Výsledná soustava nelineárnı́ch
algebraických rovnic je řešena Newtonovou metodou. Navržená metoda umožňuje reduko-
vat velikost výsledných soustav lineárnı́ch algebraických rovnic na rozměr, který nezávisı́ na
počtu komponent směsi. Konvergence numerického schématu je ověřena na dvou modelových
problémech.
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[Č6]: Polı́vka, O., and Mikyška, J., Compositional Modeling in Porous Media using Con-
stant Volume Flash and Flux Computation without the Need for Phase Identification,
Journal of Computational Physics 272: 149–169, 2014

V článku představujeme novou formulaci kompozičnı́ho modelu popisujı́cı́ho stlačitelné dvou-
fázové prouděnı́ směsi několika chemických komponent v poréznı́m prostředı́ s přestupem kom-
ponent mezi fázemi. Model je formulován pomocı́ Darcyho zákona pro všechny fáze, rovnic
kontinuity pro každou komponentu, konstitučnı́ch vztahů a vhodných počátečnı́ch a okrajových
podmı́nek. Rozklad komponent mezi fáze je popsán novou formulacı́ lokálnı́ termodynamické
rovnováhy za předepsané teploty, objemu a látkových množstvı́. Problém je řešen numericky
pomocı́ kombinace smı́šené hybridnı́ metody konečných prvků pro diskretizaci celkového toku
a metody konečných objemů pro diskretizaci transportnı́ch rovnic. Dále je navržena nová me-
toda pro výpočet numerického toku každé komponenty, která na rozdı́l od dřı́vějšı́ch přı́stupů
nezávisı́ na fázové identifikaci a nevyžaduje párovánı́ fázových toků na sousednı́ch výpočetnı́ch
elementech.
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a b s t r a c t

Numerical simulation of two-phase multicomponent flow in permeable media with species
transfer between the phases often requires use of higher-order methods. Unlike first-order
methods, higher-order methods may be very sensitive to problem formulation. The sensi-
tivity to problem formulation and lack of recognition have hindered the widespread use of
higher-order methods in various problems including improved oil recovery and sequestra-
tion from CO2 injection. In this work, we offer proper formulation of species balance equa-
tions and boundary conditions which overcome problems of formulations used previously
that were detrimental to the efficiency of higher-order methods. We also present proper
approximation of phase fluxes in the mixed finite element method. Our proposals remove
major deficiencies in using higher-order methods in two-phase multicomponent flow.
Numerical examples are presented to demonstrate robustness and efficiency of our
approach.

� 2009 Published by Elsevier Inc.

1. Introduction

Injection of gases such as CO2 in the subsurface has broad applications in oil recovery and in sequestration. In such injec-
tion schemes in addition to transfer of species between the phases, there can be substantial changes in density and viscosity
of the phases from solubility and vaporization of species. For CO2, there is often an increase in liquid phase density from sol-
ubility. There is also decrease in liquid viscosity. CO2 solubility may also result in swelling of the liquid phase. Depending on
the transfer of species between the phases, there may be also the opposite effects. Despite much progress in the last thirty
years in numerical simulation of gas injection schemes in the subsurface, efficient numerical simulation of compositional
effects remains a challenging task.

There are two types of numerical schemes used for compositional simulation. In one scheme, first-order finite-difference
and finite-volume methods are used. The latter is fit for unstructured grids while the former is for structured grids. One seri-
ous issue with the first-order schemes is severe numerical dispersion. Another limitation is the accuracy of flow field calcu-
lations. First-order finite-volume methods [1] have been used for two-phase flow in permeable media. Despite powerful
features, these methods have inherent limitations when applied to fractured media [2].

Higher-order methods have been used in compositional models. The two main advantageous features of these methods
are: (1) low numerical dispersion, and (2) accurate flow field calculations. Finite element method is the main approach in
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higher-order method for complex compositional modeling. Unlike the first-order methods, higher-order methods, especially
the finite element methods, are very sensitive to proper problem formulation and proper physics. This aspect is often ignored
in the literature.

In two recent papers [3,4], Hoteit and Firoozabadi have advanced the use of the combined discontinuous Galerkin (DG)
and mixed-hybrid finite element (MHFE) methods for compositional modeling. The combined algorithm provides a powerful
tool for multicomponent flow modeling of two phases in complex permeable media. In an earlier work [5], Chen et al. have
applied the combined method for the electric field and convection. In the problem of interest to us, the DG has low numerical
dispersion and the MHFE gives accurate calculation of the flow field. In further testing of the combined approach we have
found that in some cases the code crashes. We have also seen some oscillations in contour plot of the species concentration.
A close examination has shown that there may exist some fundamental issues with formulation in the literature and in our
own work [3,4]. These issues may not affect first-order finite-difference and finite-volumes methods, but can affect higher-
order methods. Proper formulation of the problem has not been discussed in the literature to the best of our knowledge.
These issues are common to any higher-order method. In this work, we will use a combination of mixed-hybrid finite ele-
ment method for the pressure equation and either discontinuous Galerkin finite element method or higher-order finite-vol-
ume (FV) scheme of the MUSCL (monotone upwind-centered scheme for conservation laws) type for the transport equations.

In this paper, for the sake of completeness, we present the formulation of two-phase flow with species transfer between
the phases in permeable media. We first provide the flow equations, and then present boundary conditions. Boundary con-
ditions in two-phase compositional flow are subtle issues. Next we derive the numerical schemes and then introduce the
numerical algorithm for computations. Upwinding of different coefficients in the equations is discussed in detail. This issue
also deserves much attention. At the end, we provide six numerical examples to demonstrate the performance of both algo-
rithms. The results reveal that proper implementation of physical concepts allows efficient calculation and robustness of the
algorithm. The work is ended with summary and conclusions.

2. Model equations

Consider two-phase (oil and gas) flow with nc-components in permeable media without capillarity and diffusion at a con-
stant temperature T. The transport of the components is described by the following molar balance equations

/
@czi

@t
þr � ðcoxoivo þ cgxgivgÞ ¼ Fi; i ¼ 1; . . . ;nc; ð1Þ

where / is the porosity, c is the overall molar density, zi is the mole fraction of ith component, co; cg ; xoi and xgi are the oil
and gas molar densities and oil and gas molar fractions, respectively, and Fi describes distribution of the sources/sinks of the
ith component. Other symbols will be defined shortly.

The above system is written in the following form for numerical implementation [3–6]

/
@czi

@t
þr � ðcoxoivo þ cgxgivgÞ ¼ Fi; i ¼ 1; . . . ;nc � 1; ð2aÞ

/
@c
@t
þr � ðcovo þ cgvgÞ ¼ F �

Xn

i¼1

Fi: ð2bÞ

The species balance equations in the form presented in (2a) and (2b) is fit for implementation in the first-order finite-differ-
ence and first-order finite-volume schemes. This is the form that all the works in the literature is based on. However, after
much examination we suspected that (2a) and (2b) give oscillation in species profile in the implementation of the higher-
order method used in our work. The problem was definitively solved when the species balance equations in the form given
by (1) was implemented. We also observed larger time steps in our implementation. Later in this work we will discuss the
reasoning behind use of (1).

The oil and gas phase velocities vo and vg are described by Darcy’s laws,

va ¼ �kaðSaÞKðrp� qagÞ; a 2 fo; gg; ð3Þ

where ka is the a-phase mobility, K is the permeable medium intrinsic permeability, p is the pressure, qa is the a-phase den-
sity, and g is the gravity acceleration vector. In (1), (2a) and (2b), t denotes the time. The viscosities hidden in the mobility
terms are estimated based on the methodology of Lohrentz et al. [7].

Using the concept of volume-balance, one can derive the following pressure equation (see [6]),

/cf
@p
@t
þ
Xnc

i¼1

v ir � ðcoxoivo þ cgxgivgÞ ¼
Xnc

i¼1

v iFi; ð4Þ

where cf is the total fluid compressibility and v i is the total partial molar volume of the ith component (see [8] for details).
The splitting of components between the phases is given by the following thermodynamic equilibrium equations
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foiðxo1; . . . ; xonc�1;p; TÞ ¼ fgiðxg1; . . . ; xgnc�1;p; TÞ; i ¼ 1; . . . ; nc; ð5aÞ
zi ¼ ð1� vÞxoi þ vxgi; i ¼ 1; . . . ;nc; ð5bÞXnc

i¼1

xoi ¼
Xnc

i¼1

xgi ¼
Xnc

i¼1

zi ¼ 1; ð5cÞ

where foi and fgi represent fugacities of the ith component in the respective phase, and v is the gas mole fraction.
The phase and volumetric behavior is modeled using the Peng–Robinson equation of state (PR-EOS) [9] in the form

qa ¼ ca

Xnc

i¼1

xaiMi; ca ¼
p

ZaRT
;

Z3
a � ð1� BaÞZ2

a þ ðAa � 3B2
a � 2BaÞZa � ðAaBa � B2

a � B3
aÞ ¼ 0;

ð6Þ

where Mi is the molar weight of the ith component, R is the universal gas constant, and Aa and Ba are the parameters of the
PR-EOS which depend on pressure, temperature and respective phase composition (see [8]).

For evaluation of the phase mobilities in (3), the phase saturations are calculated from

So ¼
c
co
ð1� vÞ; Sg ¼

c
cg

v : ð7Þ

The saturation constraint So þ Sg ¼ 1 then provides an additional condition

1� c
1� v

co
þ v

cg

� �
¼ 0; ð8Þ

from which we can evaluate c independent of the transport equation (1). Obviously, the system is over determined; we have
one more equation than the unknowns. In the computations, the value of c is determined from Eq. (1) and the constraint
equation (8) is used as a criterion for the selection of a time step.

The above equations pertain to the condition when both phases are present. When the system is only in a single-phase,
then the equation system must be modified. When only a-phase is present, the fugacity equality (5a) has no relevance and
the rest of the equations are transformed into a simpler system by identifying ca with c, zi with xai, setting Sa to one and v to
either one or zero depending on the phase identity.

3. Initial and boundary conditions

In this work we found that the implementation of boundary conditions at the horizontal impermeable walls in two-phase
was critical for successful computations. We also found that the current implementation based on literature formulation
gives inconsistent pressure in the grid cells at the horizontal impermeable walls.

To define a well-posed problem, the system of equations formulated in the previous section must be completed by appro-
priate initial and boundary conditions. The pressure equation (4) is parabolic with respect to pressure. Therefore, we have to
provide an initial condition for pressure at each point of the domain X. As we will use the total molar flux formulation (intro-
duced later), we have to provide either pressure (Dirichlet boundary condition) or normal component of total molar flux
(Neumann boundary condition) at each boundary point x 2 @X. The transport equation (1) are hyperbolic type and of the
first-order with respect to czi. It is, therefore, necessary to prescribe initial molar density and mole fractions of all compo-
nents in the mixture at all points inside the domain X. The boundary values of molar density and composition can be pre-
scribed at the inflow boundary. On the other hand, the values at the outflow boundary will be computed.

The injection/production wells can be represented by the source/sink terms, respectively. The whole boundary can then
be represented by impermeable walls. The condition for impermeable walls is specified in the literature by

va � n ¼ �kaðSaÞKðrp� qagÞ � n ¼ 0; a 2 fo; gg; ð9Þ

where n is the outer normal vector. Use of the above equation in two-phase region (where ka – 0 for both a 2 fo; gg) gives

rp � n ¼ qog � n and rp � n ¼ qgg � n: ð10Þ

Note that there are two distinct pressure gradients at the wall when the phase densities are not the same. While there is no
issue for a vertical impermeable wall due to absence of gravity term, there is a problem when (9) is used at the horizontal
boundaries. An appropriate boundary condition in two-phase state is the use of

ðcovo þ cgvgÞ � n ¼ 0; ð11Þ

which prescribes the normal component of the total molar flux to be zero. The boundary condition (11) can be readily en-
forced using the MHFE formulation to be presented in the following section. Condition given by (11) implies that if one phase
is flowing out of the domain X, the other phase is flowing in at the same point. According to the above discussion, the com-
position of the inflow phase can be prescribed, while the composition of the outflow phase is computed. The molar balance
for each component at the wall is prescribed as
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coxoivo � nþ cgxgivg � n ¼ 0: ð12Þ

The condition given by (12) states that the total molar flux of each individual component at the boundary is zero. The com-
position of the inflow phase is computed from the composition of the outflow phase so that (12) holds.

4. Numerical solution

The system of Eqs. (1)–(5c) is discretized using the implicit pressure explicit composition (IMPEC) scheme. The pressure
equation is solved using the mixed-hybrid finite element (MHFE) method of the lowest order providing accurate approxima-
tions of phase fluxes that are consequently used in transport modeling. The transport equations are treated either by the
discontinuous Galerkin (DG) method or a higher-order finite-volume scheme such as the monotonic upwind-centered
scheme for conservation laws (MUSCL, see [10–14]). Higher-order methods generally require data reconstruction using a
slope limiter that must be carried out to avoid spurious oscillations. In this section we will give details of the methods
for a 2D rectangular grid.

4.1. Discretization of the total molar flux

We use the concept of total molar flux rather than total velocity that was used in [4]. This is due to the fact that total
volumetric velocity is not preserved when composition is not the same on the two sides of the interface. Because the mobil-
ity ka can be zero at extreme saturations, the total molar flux q is introduced

q ¼ covo þ cgvg ¼ �
X
a0

ca0ka0Kðrp� qgÞ; ð13Þ

where q ¼ foqo þ fgqg , and fa ¼ caka
P

a0ca0ka0
�

. Note that unlike coefficients caka in the phase fluxes, the coefficient
P

a0ca0ka0

in (13) is always positive as at least one of the phases is mobile. We then solve (13) in terms of the pressure gradient

rp ¼ � 1P
a0ca0ka0

K�1qþ qg: ð14Þ

Eq. (14) can be substituted in Darcy’s laws given by (3) to obtain the following expression for phase molar fluxes

qa � cava ¼ faðq� GaÞ; ð15Þ

where

Ga ¼
cokoðqo � qgÞKg a ¼ g;

cgkgðqg � qoÞKg a ¼ o:

(
ð16Þ

The total molar flux is approximated using the lowest order Raviart–Thomas elements as

qK ¼
X
E2@K

qK;EwK;E; ð17Þ

where qK;E is the normal component of the total molar flux over the edge E of element K with respect to outer normal, and
wK;E denotes the RT0 basis functions (see Appendix A). The total flux can be expressed as a function of cell-average pressure
pK , traces of pressure on element faces tpK;E as follows

qK;E ¼ aK;EpK �
X

E02@K

bK;E;E0 tpK;E0 þ dK;E; ð18Þ

where aK;E; bK;E;E0 , and dK;E are coefficients which depend on the mesh geometry and on the local values of total mobility.
Evaluation of these coefficients is detailed in Appendix A. The total flux continuity leads to the following equation on edge
E ¼ K \ K 0 between neighboring elements K and K 0

qK;E þ qK 0 ;E ¼ 0; K \ K 0 ¼ E: ð19Þ

Using (18), we derive

aK;EpK �
X

E02@K

bK;E;E0 tpK;E0 þ dK;E þ aK 0 ;EpK 0 �
X

E02@K 0
bK 0 ;E;E0 tpK 0 ;E0 þ dK 0 ;E ¼ 0; ð20Þ

In this work, we use Eq. (11) to obtain the following condition for boundary edges E � @X adjacent to an element K

qK;E ¼ 0; ð21Þ

whence

aK;EpK �
X

E02@K

bK;E;E0 tpK;E0 þ dK;E ¼ 0: ð22Þ
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The system of Eqs. (20) and (22) can be rewritten in the matrix form as

RT P �MTP ¼ V ; ð23Þ

where

R 2 RNK ;NE ; RK;E ¼ aK;E; ð24aÞ
M 2 RNE ;NE ; ME;E0 ¼

X
K:E;E02@K

bK;E;E0 ; ð24bÞ

V 2 RNE ; VE ¼
X

K:E2@K

dK;E; ð24cÞ

NK denotes the number of element cells, NE number of mesh edges, P 2 RNK is the vector of cell-average pressures (indexed
by elements), and TP 2 RNE is the vector of pressure traces indexed by mesh edges.

4.2. Approximation of the pressure equation

We use (15) to rewrite the pressure equation given by (4) in terms of the total molar flux as

/cf
@p
@t
þ
Xnc

i¼1

v ir � ðmiq� siÞ ¼
Xnc

i¼1

v iFi; ð25Þ

where mi ¼ xoifo þ xgifg , and si ¼ xoifoGo þ xgifgGg . This equation is integrated over each element K of the mesh. Assuming that
the total compressibility and the total partial molar volumes are element-wise constant, we use the divergence theorem to
rewrite the last equation in the following form

/K cf ;K jKj
@pK

@t
þ
Xnc

i¼1

v i;K

X
E2@K

Z
E
ðmi;K;EqK;E � si;K;E � nK;EÞ ¼

Xnc

i¼1

v i;K Fi;K jKj; ð26Þ

where jKj is the area of element K. The flux in this equation can be eliminated using (18). The backward Euler scheme for
discretization of the time derivative is employed, in which all coefficients are evaluated explicitly using the values from pre-
vious time level. We end up with the following system

DPnþ1 � eRTPnþ1 ¼ G; ð27Þ

where the index nþ 1 denotes the time level, D 2 RNK ;NK is a diagonal matrix with diagonal components

DK ¼
/K cf ;K jKj

Dt
þ
Xnc

i¼1

v i;K

X
E2@K

Z
E

mi;K;EaK;E;

eR 2 RNK ;NE is a rectangular matrix with components

eRK;E0 ¼
Xnc

i¼1

v i;K

X
E2@K

Z
E

mi;K;EbK;E;E0 ;

and G 2 RNK is a right side vector with components

GK ¼
/K cf ;K jKj

Dt
pn

K �
Xnc

i¼1

v i;K

X
E2@K

Z
E
ðmi;K;EdK;E � si;K;E � nK;EÞ þ jKj

Xnc

i¼1

v i;K Fi;K :

All the coefficients mi;K;E and si;K;E are evaluated using the average values inside element K, i.e. we should write mi;K , and si;K

instead of mi;K;E and si;K;E, respectively. Note that no upwinding is possible here because of implicit treatment of pressure.
Moreover, the pressure equation (4) is not in the divergence form which implies that the volume-balance (which is the basis
of the pressure equation) is not satisfied exactly by the numerical solution. This should not influence the balance of total
molar flux explicitly enforced using (19).

4.3. Approximation of the phase fluxes

One of the most important issues in this work is proper approximation of the phase fluxes qa ¼ faðq� GaÞ. In this respect
we have advanced the procedure outlined in [15]. At first the system of Eqs. (23) and (27) for pressures P and traces of pres-
sure TP at a new time level must be solved. Here we can take advantage of the fact that the matrix D is diagonal with non-
zero diagonal elements, and thus invertible. Therefore, we can combine (23) and (27) to derive the following system of equa-
tions for pressure traces

ðM � RT D�1eRÞTPnþ1 ¼ RT D�1eR: ð28Þ
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Once we solve for traces of pressure TPnþ1, the cell-average pressure P can be updated using (27). Then we can evaluate the
total molar flux from (18). Eq. (19) guarantees the balance of total molar flux over the element edges. However, when eval-
uating the phase fluxes using (15), the local values of fa and Ga cannot be used as this would lead to non-matching phase
fluxes at element edges. To obtain phase fluxes that are balanced at the mesh edges, the values of qa used in Ga in (15)
are taken as an arithmetic average of the neighboring cell values, while caka, and ca0ka0 in fa are taken from the upwind side
with respect to va. In computing phase fluxes (note that qa is not available yet), we denote by a the phase for which

sgnqK;E � nK;E ¼ �sgnGa � nK;E;

where caka and ca0ka0 , are evaluated arbitrarily, e.g. by setting caka ¼ ca0ka0 ¼ 1; the primed phase a0 denotes the other phase.
The use of the above expression is always possible because the total flux has been evaluated and Ga and Ga0 (with caka and
ca0ka0 set to 1) are pointing in the opposite directions. Now we can predict the sign of qa;K;E, which has the same sign as of qK;E,
independent of the actual value of ca0ka0 , which is always non-negative, in (15). Using the known sign of qa;K;E, we can choose
the upwind value of caka used in the computation of Ga0 . We can now evaluate qa0 ;K;E and finally the actual value of ka0 is esti-
mated and then the actual value of qa;K;E can be determined. Note that this procedure is not consistent with the way we trea-
ted flux in the discretizaton of pressure equation, but it ensures the balance of phase velocities, which is important for
correct treatment of mass balance in the transport. Our suggested procedure for calculation of individual interface phase
velocities allows robust calculations and alleviates a deficiency in previous work [4].

4.4. Approximation of components transport

We discuss two methods for approximation of the components transport equations: (1) the discontinuous Galerkin finite
element method, and (2) the MUSCL-type finite-volume scheme.

4.4.1. Discontinuous Galerkin finite element method
The components transport equation (1) are discretized using the discontinuous Galerkin finite element method. On each

rectangular element K, the unknown concentration is approximated using a linear function. Note that in a rectangular ele-
ment, there is no need for 4 degrees of freedom because the interpolant is allowed to be discontinuous in DG method.
Assuming such an approximation in the form

czi;K ¼
X3

l¼1

czl
i;KuK;l; caxai;K ¼

X3

l¼1

caxl
ai;KuK;l; ð29Þ

where functions uK;l form a basis of a local approximation space (detailed in Appendix B), we multiply (1) by a test function,
integrate over the element K and integrate by parts to obtainZ

K
/
@czi;K

@t
uK;j �

Z
K
ðxoi;K qo þ xgi;K qgÞ � ruK;j þ

X
E2@K

Z
E
ð gxoi;K;E qo þ gxgi;K;E qgÞ � nK;EuK;j ¼

Z
K

FiuK;j ð30Þ

for each j 2 f1;2;3g. In the surface integral, the gxai;K;E ða 2 fo; ggÞ denotes the value of concentration upwinded with respect
to qa defined as

gxai;K;E ¼
xai;K;E if qa;K;E � qa � nK;EjEjP 0;
xai;K 0 ;E if qa;K;E � qa � nK;EjEj < 0;

(
ð31Þ

where we assume that E ¼ K \ K 0 is a common edge between the neighboring elements K and K 0. If E is a boundary edge, then
the Dirichlet boundary conditions on the influx part of the boundary can be applied readily at this stage. Note that the values
xai;K;E and xai;K 0 ;E in (31) result from the evaluation of the two-phase flash at the element edges using the values of temper-
ature T, pressure trace TP and overall molar composition zi at that edge. The value of zi at the edge is computed from the
value of zi in the element center using the slopes provided by the DG method. On the other hand, the values xai;K in the sec-
ond integral on the left hand side of (29) is evaluated by the two-phase flash at temperature T, average element pressure P
and overall molar composition zi at the element center. This implies that five flashes must be performed on every element.

Substituting (29) into (30), we derive the following semi-discrete scheme

/K

X3

l¼1

dczl
i;K

dt
MK

j;l �
X

a2fo;gg

X3

l¼1

xai;K

X
E2@K

qa;K;EMK;E
j;l þ

X
E2@K

X
a2fo;gg

gxai;K;E qa;K;EME
j ¼

Z
K

FiuK;j: ð32Þ

The matrices MK ; ME, and MK;E are defined and their elements are evaluated in Appendix B. The matrix MK is diagonal, and
thus the forward Euler scheme leads to an explicit scheme in terms of czl

i;K with 3 degrees of freedom per element.

4.4.2. Higher-order finite-volume method of the MUSCL-type
An alternative method for the discretization of the transport equation (1) is the higher-order finite-volume method. There

are plenty of methods available (see [1]); in this paper we will discuss the monotonic upwind-centered scheme for conser-
vation laws (MUSCL) by van Leer developed in a series of papers [10–14].
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To develop the scheme, Eq. (1) are integrated over an arbitrary rectangular element K. After using the divergence theorem,
we haveZ

K
/
@cz1

i;K

@t
þ
X
E2@K

Z
E
ð gxoi;K;E qo þ gxgi;K;E qgÞ � nK;E ¼

Z
K

Fi; ð33Þ

where the gxai;K;E ða 2 fo; ggÞ denotes the value of concentration upwinded with respect to qa defined by (31). Eq. (33) de-
scribes evolution of the average values of the overall molar densities czi;K at every element. Unlike the DG scheme, the slopes
of the solution are not described by an evolution equation as in (30), but rather reconstructed by using the average values of
czi in the neighboring elements. In case of the rectangular mesh, the reconstruction carried out using central difference quo-
tients as

cz2
i;K ¼

czi;R � czi;L

4
; cz3

i;K ¼
czi;T � czi;B

4
; ð34Þ

where K denotes an element and R; L; T; B are its right, left, top, and right neighbor, respectively. The upper index
l 2 f1;2;3g in czl

i;K is used to distinguish between the central value ðl ¼ 1Þ and gradients of czi;K in the x and y direction
ðl ¼ 2;3Þ to keep the notation consistent with the one used in the derivation of the DG scheme (see also Appendix B). At
boundary elements, the slope in the direction perpendicular to the boundary is set to zero for simplicity. After the slopes
of czi have been reconstructed, the five flashes at every elements are performed to obtain equilibrium compositions xa;i;K

at element centers (using the average element pressure and overall composition) and xai;K;E at element faces (using the traces
of pressures, and overall composition evaluated at element faces evaluated in terms of the average values and reconstructed
slopes). The values xai;K;E are then used to evaluate gxai;K;E needed in (33) using upwinding (31). Finally, the resulting FV-MUS-
CL scheme reads as

/K

dcz1
i;K

dt
jKj þ

X
E2@K

X
a2fo;gg

gxai;K;E qa;K;E ¼
Z

K
Fi: ð35Þ

4.5. Slope limiter

To avoid unphysical oscillations in the numerical solution, both methods are stabilized by using an appropriate slope lim-
iter. In case of the discontinuous element-wise linear approximation on a rectangular grid, the slope limiting can be carried
out in a simple way using two 1D limiters in the directions of x and y axes. The idea of the method is to modify the solution
resulting from the DG step after each time step so that the average value of each molar concentration is not modified and the
slopes are adjusted so that the values of concentrations at any edge are between the minimum and maximum values of con-
centrations in adjacent cells. The implementation follows closely the description in Appendix B1 in [3]. As mentioned in
Appendix B, our degrees of freedom at each element are: (1) the average value of molar concentration, (2) the difference
between the value in the center of the element and the value on the right edge, and (3) the difference between the value
in the center of the element and the value on the top edge, which allows for a straightforward implementation of the limiter.
Also, the classical first-order finite-volume upwind method can be mimicked easily by setting the differences between the
two edge values and the central value to zero.

As mentioned above, the formulation given by (2) is used instead of the original system given by (1) in the literature.
When using the first-order finite-volume method, both formulations work equally well. However, there is a complication
when (2) is employed in a higher-order method, such as DG or MUSCL, that requires the use of a slope limiter. Here, the
use of the original system of Eq. (1) is more straightforward. After each step of DG method the limiter provides bounds
czi;min and czi;max for each boundary value of czi and the slope may be manipulated so that the inequalities

czi;min 6 czi 6 czi;max ð36Þ

hold for each i ¼ 1; . . . ;nc . The value of overall molar concentration is then evaluated as

c ¼
Xnc

i¼1

czi; ð37Þ

which fulfillsXnc

i¼1

czi;min 6 c 6
Xnc

i¼1

czi;max: ð38Þ

If the alternative formulation based on (2) is used, then the limiter would provide bounds czi;min and czi;max on czi for
i ¼ 1; . . . ;nc � 1 and bounds cmin and cmax on c. The slopes of these variables would be manipulated so that

czi;min 6 czi 6 czi;max; i ¼ 1; . . . ; nc � 1;
cmin 6 c 6 cmax:

ð39Þ
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From these inequalities we can derive the following bounds on cznc

cmax �
Xnc�1

i¼1

czi;min 6 cznc ¼ c �
Xnc�1

i¼1

czi 6 cmax �
Xnc�1

i¼1

czi;min; ð40Þ

which are inconsistent with the bounds given by Eq. (36) for i ¼ nc and lead to creation of unphysical oscillations in the last
component molar concentration. After several time steps, these oscillations spoil the other components profiles too. The
problem could be solved by a special version of limiter for c that would enforce the correct bounds on cznc , but this would
lead to an unnecessary complicated code which would be more difficult to debug. The straightforward solution is to use the
original system of Eq. (1).

5. Computational algorithm

The computation proceeds in the following steps:

1. Read the initial temperature and distribution of pressure and overall molar concentrations of all components. There is
only one value of temperature for the whole domain.

2. Perform the flash calculations to obtain number of phases and phase composition at the initial pressure, temperature, and
overall composition at element centers and at element faces.

3. Use the Lohrentz et al. method to evaluate the phase viscosities.
4. Repeat the following steps until a predetermined simulation time is reached.

(a) Assemble and solve the system (28) for traces of pressure TP.
(b) Evaluate cell-average pressures P locally on each element using (27).
(c) Calculate fluxes using the procedure described in Section 4.3.
(d) Compute new overall composition using one explicit Euler time step of the DG scheme (32) or FV-MUSCL scheme

(35).
(e) If the FV-MUSCL scheme was used, reconstruct the slopes of czi at every element using (34).
(f) Apply the slope limiter.
(g) Perform the phase stability analysis and flash calculation to obtain number of phases and phase composition at the

new pressure, temperature and overall composition at element centers and at element faces.
(h) Update phase viscosities.

6. Results of numerical computations

In this section, we present results of six examples that were carried out using the implementation of the method de-
scribed in this paper. All the problems were solved on a 2D rectangular domain 50 � 50 m with a rectangular grid using a
HP xw9400 RedHat WS 4 workstation with the Dual-Core AMD Opteron 2216 CPU at 2.4 GHz and 4 GB memory. The relative
permeability data for all examples are given in Table 1.

6.1. Example 1

The first problem is the displacement of propane by methane in a horizontal 2D domain (i.e. no gravity). Methane is in-
jected in the lower left corner, displacing propane that is produced in the upper right corner. The initial data of the problem

Table 1
Relative permeability used in Examples 1–6.

Examples 1–4 5 and 6
Relative permeability model type Linear Quadratic
Residual gas saturation 0 0.0
Residual oil saturation 0 0.3

Table 2
Relevant data for Examples 1 and 2.

Injection fluid (mole fraction) 1:0 C1 0:0 C3

Initial fluid (mole fraction) 0:0 C1 1:0 C3

Initial pressure at the bottom (bar) 50
Temperature (K) 397
Porosity (fraction) 0.2
Permeability (md) 10
Injection rate (m2/day) at p ¼ 1 atm; T ¼ 293 K 42.5

J. Mikyška, A. Firoozabadi / Journal of Computational Physics 229 (2010) 2898–2913 2905
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given in Table 2 are chosen so that the mixture stays in single-phase gas state during whole simulation. We fix the injection
rate (given in Table 2) and the pressure in the production well at 50 bar.

Fig. 1 shows methane mole fraction at 58% of PVI computed using the MHFE/DG and MHFE/FV methods on a 40 � 40
mesh. The computation time (to 100% PVI) is 2 min for both methods. As can be seen from the figure, both methods provide
very similar results. We have carried out calculations for Example 1 and the next three examples using the first-order finite-
volume method for the transport equations. The numerical dispersion is very significant compared to the DG and higher-or-
der finite-volume method. For the sake of brevity, these results are not shown.

6.2. Example 2

The second problem is the displacement of propane by methane in a vertical 2D domain (i.e. with gravity). Methane is
injected in the lower left corner, displacing propane that is produced in the upper right corner. The data of the problem
are given in Table 2. The initial pressure is fixed in the production well. The pressure and temperature are chosen so that
the mixture stays in single-phase gas state during the whole simulation. The computation time to 100% of PVI on a
40 � 40 grid is 8 min for both methods. Fig. 2 shows methane mole fraction at 20% of PVI computed using the MHFE/DG
and MHFE/FV methods. Note the non-symmetry due to gravity effect. Again, both methods provide similar results.

Fig. 1. Methane mole fraction at PVI = 58% (0.69 years) computed on a 40 � 40 mesh by the MHFE/DG method (left) and the MHFE/FV method (right):
Example 1.

Fig. 2. Methane mole fraction at PVI = 20% (0.24 years) computed by the MHFE/DG (left) and the MHFE/FV (right) methods on a 40 � 40 mesh: Example 2.

Table 3
Relevant data for Examples 3 and 4.

Injection fluid composition (mole fraction) 1:0 C1 0:0 C3

Initial fluid composition (mole fraction) 0:0 C1 1:0 C3

Initial pressure at the bottom (bar) 69
Temperature (K) 311
Porosity (fraction) 0.2
Permeability (md) 10
Injection rate (m2/day) at p ¼ 1 atm; T ¼ 293 K 42.5
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6.3. Example 3

The third problem is the displacement of propane by methane in a horizontal 2D domain (i.e. without gravity). Methane is
injected in the lower left corner, displacing propane that is produced in the upper right corner. The relevant data are shown
in Table 3. Unlike Example 1, the pressure and the temperature are chosen so that a two-phase region develops. In this exam-
ple, methane, similar to Examples 1 and 2, is a gas but propane, unlike Examples 1 and 2, is in liquid state.

Fig. 3 shows the overall methane mole fraction at 50% of PVI computed using the MHFE/DG and MHFE/FV methods on a
40� 40 mesh. The computation time was 2 min for MHFE/DG and 3 min for MHFE/FV methods. Both methods provide re-
sults that match almost perfectly.

Fig. 3. Overall methane mole fraction at PVI = 50% (1.15 years) computed on a 40 � 40 mesh by the MHFE/DG method (left) and the MHFE/FV method
(right): Example 3.

Fig. 4. Overall methane mole fraction at PVI = 50% (1.15 years) computed on a 40 � 40 mesh by the MHFE/DG method (left) and the MHFE/FV method
(right): Example 4.

Table 4
Relevant data for Examples 5 and 6.

Injection gas composition (mole fraction) 1:0 CO2

0:0 C1

0:0 C4—C5

0:0 C11—C24

0:0 N2

0:0 C2—C3

0:0 C6—C10

0:0 C25þ
Initial fluid composition (mole fraction) 0:0086 CO2

0:4451 C1

0:0505 C4—C5

0:1660 C11—C24

0:0028 N2

0:1207 C2—C3

0:1328 C6—C10

0:0735 C25þ
Initial pressure at the bottom (bar) 276
Temperature (K) 403.15
Porosity (fraction) 0.2
Permeability (md) 10
Injection rate (m2/day) at p ¼ 1 atm; T ¼ 293 K 133.33
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Table 5
Properties of the eight-component mixture in Examples 5 and 6.

Property CO2 N2 C1 C2—C3 C4—C5 C6—C10 C11—C24 C25þ

Accentric factor 0.23900 0.03900 0.01100 0.11783 0.21032 0.41752 0.66317 1.72763
Critical temperature (K) 304.14 126.21 190.56 327.81 435.62 574.42 708.95 891.47
Critical pressure (bar) 73.75 33.90 45.99 46.54 36.09 25.04 15.02 7.60
Molar weight (g/mol) 44 28 16 34.96 62.98 110.21 211.91 462.79
Critical volume (m3/kg) 0.00214 0.00321 0.00615 0.00474 0.437 0.00425 0.00443 0.00417
Volume shift parameter 0.0600 �0.2885 �0.0154 �0.0949 �0.0598 0.0466 0.1494 0.4950

Binary interaction coefficients
CO2 0
N2 0 0
C1 0.15 0.1 0
C2—C3 0.15 0.1 0.0346 0
C4—C5 0.15 0.1 0.0392 0 0
C5—C10 0.15 0.1 0.0469 0 0 0
C11—C24 0.15 0.1 0.0635 0 0 0 0
C25þ 0.08 0.1 0.1052 0 0 0 0 0

Fig. 5. Results at PVI = 50% (1.37 years) computed on a 40 � 40 mesh by the MHFE/DG method showing gas saturation, and overall mole fractions of
CO2; C1; C2—C3; C6—C10, and C25þ pseudocomponent: Example 5.
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6.4. Example 4

The fourth example, the displacement of propane by methane is studied in a vertical 2D domain (i.e. with gravity). Meth-
ane is injected in the lower left corner, displacing propane that is produced in the upper right corner. The data of the problem
are given in Table 3. The pressure in the production well is fixed at the initial pressure. Unlike in Example 2, the pressure and
the temperature are chosen so that a two-phase region develops. Fig. 4 shows the methane overall mole fraction at 50% of
PVI computed on a 40 � 40 grid. The match between the two methods is again very good. The computation time for both
methods to 100% of PVI is approximately 45 min for MHFE/DG and 47 min for MHFE/FV.

6.5. Example 5

In this example, we simulate the injection of CO2 in a domain saturated with an 8-component hydrocarbon mixture. The
initial fluid mixture is in liquid state. The domain is a vertical cross-section of size 50 � 50 m. The components, the compo-
sition of the initial and the injected fluid, and other parameters are specified in Tables 4 and 5. CO2 is injected in the upper

Fig. 6. Results at PVI = 50% (1.37 years) computed on a 40 � 40 mesh by the MFE/DG method showing gas saturation, overall mole fractions of
CO2; C1; C2—C3; C6—C10, and C25þ pseudocomponents: Example 6.
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right corner, displacing the hydrocarbon mixture towards the lower left corner. The pressure is fixed in the production well
at 276 bar. Under these conditions a two-phase region develops.

Fig. 5 shows gas saturation and overall molar fractions of selected components at 50% of PVI. It is only with the formu-
lation in this paper that the run can be performed. Without our modification the code would break down before achievement
of 100% of PVI. The computation time of the MHFE/DG method to 100% of PVI is 60 min on a 40 � 40 grid.

6.6. Example 6

In the last example, we simulate the injection of CO2 in the bottom of the vertical domain. The components, the compo-
sition of the initial and the injected fluid, and other physical parameters are the same as in the previous example (see Tables
4 and 5). The only difference is that this time the injection and production wells are interchanged, i.e. the injection well is
located at the bottom of the domain in the lower left corner, and the production is at the top in the upper right corner. The
pressure in the production well is fixed at the initial pressure.

Fig. 6 shows the gas saturation and overall molar fractions of selected components at 50% of PVI. The computational time
of MHFE/DG method to 100% of PVI is 2 h and 32 min on a 40 � 40 grid.

7. Discussion and concluding remarks

In this work, as a result of use of individual component balance equations, we have suppressed spurious oscillations in
composition that were leading to crash of the code in the previous works [3,4]. While our suggestion for the use of Eq.
(1) rather than Eq. (2) is deceptively simple, the effect on the robustness of the code is significant. This suggestion affects
only the higher-order methods, such as discontinuous Galerkin or MUSCL-type finite-volume methods, which require stabil-
ization using a slope limiter.

The use of boundary conditions for total molar flux and total individual component fluxes are also straightforward and
result in substantial improved efficiency of the code. Our suggestion in the boundary condition makes the problem formu-
lation consistent. Proper treatment of boundary conditions allows to increase time steps and leads to significant speed up of
the code in both MHFE/FV and MHFE/DG methods.

The approximation of phase fluxes described in our work is a key in MHFE method. Without our implementation we have
seen code crash.

All aspects of our suggestions relate to two-phase flows, where without them, the use of higher-order methods will not be
widespread in some applications such as CO2 injection in the subsurface.

In order to show robustness and efficiency of the proposed algorithm, we present six examples of various degree of com-
plexity. The comparison of MHFE/DG and MHFE/FV shows that both methods provide similar results. Generally, FV scheme
of MUSCL-type is considered to be cheaper than DG because of lower number of degrees of freedom per element in the case
of FV method, but our experiments show that the CPU time difference between the two methods is practically negligible. The
two methods are very similar; they only differ in the evaluation of the gradients of the concentrations at the elements. While
the DG method provides an evolution equation for the gradients, in higher-order finite-volume methods, the gradient is
reconstructed from the neighboring cells. In case of the orthogonal grid, this reconstruction is particularly simple, but this
may not be the case when more general unstructured grids are used (see e.g. [20]). The FV method is expected to be faster
because it does not include the evaluation of the integral over the element (the second term on the left hand side of (32)) as
in DG. However, this step has very little effect on the overall efficiency of the code. The explicit solution of the transport
equation requires about 5% of the CPU time while the flash and linear solver take 80–85% and 5–10% of the CPU, respectively.
These data correspond to Examples 1–4. In some cases we observed that the computation time of DG was even lower than
for FV (see Examples 2 and 3). We have used the MHFE/FV to compute results for Example 6 (results not presented for the
sake of brevity). The computation time is 2 h and 28 min which is less then 2 h and 32 min for MHFE/DG. We have presented
results of two simulations of CO2 injection in a multicomponent hydrocarbon mixture; these are new results that could not
be obtained using previous work in the literature in which inappropriate upwinding of mobility coefficients created numer-
ical problems leading to breakdown of the computation at the very beginning.
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Appendix A. Raviart–Thomas basis functions and details of the MHFE discretization

We use the lowest order Raviart–Thomas elements [16,17] for which the functions wK;E are associated with the rectangle
edges of each element K. These functions defined on a reference element K ¼ ð0; lxÞ � ð0; lyÞ read as
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wK;Bðx; yÞ ¼ 0;
y� ly
jKj

� �
; wK;Tðx; yÞ ¼ 0;

y
jKj

� �
;

wK;Lðx; yÞ ¼
x� lx

jKj ; 0
� �

; wK;Rðx; yÞ ¼
x
jKj ;0
� �

;

ð41Þ

where the B; T; L, and R denote the bottom, top, left, and right edge in the element K, respectively. These function are lin-
early independent and satisfy the following properties

r �wK;E ¼
1
jKj ; w � nK;E0 ¼

1
jEj dE;E0 ; ð42Þ

where jKj denotes the surface area of the element K and jEj stands for the length of the edge E.
Assume that the total molar flux q and the vector Kg can be represented on the element K as

qðx; tÞjK ¼
X

E02@K

qK;E0wK;E0 ðxÞ; KgjK ¼
X

E02@K

qKg
K;E0wK;E0 ðxÞ; ð43Þ

where qK;E0 ¼
R

E q � nK;E0 and qKg
K;E ¼

R
E Kg � nK;E ¼ Kg � nK;EjEj. Multiplying (14) by wK;E, integrating the result over the element

K, and using the Gauss theorem, one obtainsZ
K

wK;E � K�1qP
a0ca0ka0

¼ �
Z

K
wK;E � rpþ

Z
K
qwK;E � g ¼

Z
K

pr �wK;E �
Z
@K

pwK;E � nK;E þ
Z

K
qwK;E � K�1Kg: ð44Þ

The right side can be further simplified using the properties of basis functions (42) intoZ
K

wK;E � K�1qP
a0ca0ka0

¼ 1
jKj

Z
K

p� 1
jEj

Z
E

pþ
Z

K
qwK;E � K�1Kg: ð45Þ

Let pK and tpK;E denote the cell and edge average pressure, respectively. Assuming that the mobilities and densities are con-
stant over the element K, and using (43), (45) is approximated byX

E02@K

qK;E0P
a0ca0 ;Kka0 ;K

AK;E;E0 ¼ pK � tpK;E þ
X

E02@K

qK qKg
K;E0AK;E;E0 ; ð46Þ

where

AK;E;E0 ¼
Z

K
wK;E � K�1

K wK;E0 : ð47Þ

By inverting the matrix AK ¼ ½AK;E;E0 �E;E02@K , the flux qK;E can be expressed as

qK;E ¼ aK;EpK �
X

E02@K

bK;E;E0 tpK;E0 þ dK;E; ð48Þ

where

aK;E ¼
X
a0

ca0 ;Kka0 ;K

X
E02@K

A�1
K;E;E0 ; ð49Þ

bK;E;E0 ¼
X
a0

ca0 ;Kka0 ;K A�1
K;E;E0 ; ð50Þ

dK;E ¼ Kg � nK;EjEj
X
a0

ca0 ;Kka0 ;Kqa;K : ð51Þ

Note that in our implementation, K is assumed to be a scalar constant over the element. If the integral on the right side is
computed exactly, we have to invert the 4 � 4-matrix which is block-diagonal with full 2 � 2 diagonal blocks that reads as

AK ¼
1
K

Z
K

wK;E �wK;E0

� �
E;E0
¼ 1

6K

2 lx
ly
� lx

ly
0 0

� lx
ly

2 lx
ly

0 0

0 0 2 ly
lx
� ly

lx

0 0 � ly
lx

2 ly
lx

0BBBBBB@

1CCCCCCA; ð52Þ

where lx and ly are the lengths of the rectangle sides parallel to x and y axis, respectively. This matrix is non-singular and can
be inverted as

A�1
K ¼ K

4 ly
lx

2 ly
lx

0 0

2 ly
lx

4 ly
lx

0 0

0 0 4 lx
ly

2 lx
ly

0 0 2 lx
ly

4 lx
ly

0BBBBBB@

1CCCCCCA: ð53Þ
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The rows and columns of both matrices correspond to the edges of the elements in the rank right, left, top and bottom. It is
known that the resulting matrix of the MHFE method is not the M-matrix which can lead to oscillations in the solution (see
[18]). Chavent and Roberts [19] have recommended to evaluate the integral in (52) using the following low-order quadrature
rule

Z
K
uðxÞdx � jKj

4

X4

j¼1

uðxiÞ; ð54Þ

where xi denotes coordinates of the element vertices. With this mass-lumping technique, the matrix AK is approximated by

AK ¼
1
K

Z
K

wK;E �wK;E0

� �
E;E0
� 1

2K

lx
ly

0 0 0

0 lx
ly

0 0

0 0 ly
lx

0

0 0 0 ly
lx

0BBBBBB@

1CCCCCCA ð55Þ

whose inversion is

A�1
K � K

2 ly
lx

0 0 0

0 2 ly
lx

0 0

0 0 2 lx
ly

0

0 0 0 2 lx
ly

0BBBBBB@

1CCCCCCA: ð56Þ

Appendix B. Basis functions and details of the discontinuous Galerkin FEM discretization

The basis functions uK;l defined on a reference element K ¼ ð0; lxÞ � ð0; lyÞ read as

uK;1ðx; yÞ ¼ 1; uK;2ðx; yÞ ¼
2
lx

x� lx

2

� �
; uK;3ðx; yÞ ¼

2
ly

y� ly

2

� �
: ð57Þ

The weighting factors czl
i;K ðl ¼ 1;2;3Þ can be then interpreted as the average value of molar concentration over the element

K, and differences between the central value and the values at the right and top edges, respectively. The matrix elements
appearing in (32) are defined by the following integrals

MK
j;l ¼

Z
K
uK;juK;l; ME

j ¼
1
jEj

Z
E
uK;j;

MK;E
j;l ¼

Z
K
uK;lwK;E � ruK;j;

where we assume that the phase fluxes fields on the element K can be approximated as

qa;K ¼
X
E2@K

qa;K;EwK;E

using the vector basis functions from the mixed-hybrid finite-elements. The integrals can be readily evaluated to obtain

MK ¼ MK
j;l

h i
¼

1 0 0
0 1

3 0
0 0 1

3

0B@
1CAjKj ð58Þ

for matrix MK . The matrices ME, where the edges E are denoted by T; B; L, and R (top, bottom, left, and right, respectively),
read as

MT ¼ MT
j

h i
¼

1
0
1

0B@
1CA; MB ¼ MB

j

h i
¼

1
0
�1

0B@
1CA; ð59Þ

MR ¼ MR
j

h i
¼

1
1
0

0B@
1CA; ML ¼ ML

j

h i
¼

1
�1
0

0B@
1CA: ð60Þ
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Using the same notation for the edges, the elements of matrices MK;E are evaluated as

MK;T ¼ MK;T
j;l

h i
¼

0 0 0
0 0 0
1 0 1

3

0B@
1CA; MK;B ¼ MK;B

j;l

h i
¼

0 0 0
0 0 0
�1 0 1

3

0B@
1CA;

MK;R ¼ MK;R
j;l

h i
¼

0 0 0
1 1

3 0
0 0 0

0B@
1CA; MK;L ¼ MK;L

j;l

h i
¼

0 0 0
�1 1

3 0
0 0 0

0B@
1CA:

ð61Þ
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We introduce a new thermodynamic function for phase-split computations at con-
stant temperature, moles, and volume. The new volume function Fi introduced in this
work is a natural choice under these conditions. Phase equilibrium conditions in terms
of the volume functions are derived using the Helmholtz free energy. We present a
numerical algorithm to investigate two-phase equilibrium based on the fixed point
iteration and Newton method. We demonstrate usefulness and powerful features of the
new thermodynamic function for a number of examples in two-phase equilibrium
calculations. VVC 2010 American Institute of Chemical Engineers AIChE J, 57: 1897–1904, 2011

Keywords: two-phase equilibrium, constant volume flash, VT-flash, Helmholtz free
energy, volume function

Introduction

Consider a closed system of constant volume V in which
there is a mixture of c components with mole numbers
n1,…,nc at temperature T. Assuming that the system is in
two-phase, we want to establish compositions and amounts
of both phases. This is the problem of two-phase phase-split
(the so called flash) under the constant temperature, moles,
and volume (VT-flash). The motivation for constant volume
flash is the equilibrium calculation in a PVT cell in two-
phase when two nonequilibrium phases are introduced.1,2

These cells are used to determine diffusion coefficients in
both phases in two-phase state. We have found out that the
use of conventional methods is based on ad hoc approaches.

The standard problem of constant pressure and temperature
(PT-flash) is addressed in many references.3–6 In this
approach, pressure, temperature, and overall chemical compo-
sition are given. The phase compositions and molar densities
are computed using the minimization of the Gibbs energy.
This approach has the shortcoming that it cannot provide an
answer when a single component is in two-phase region at
temperature T and saturation pressure P ¼ Psat(T) because
the chemical potentials of the component in both phases are
the same. Therefore, we cannot determine whether the com-
ponent at these specific conditions is vapor or liquid or a
mixture of both. Althought P and T are the most preferred
variables in chemical engineering, we see that specifying
pressure and temperature is not sufficient for the unique
determination of the state of the system in this case.

The issue can be resolved by reformulating the problem
using the minimization of the Helmholtz free energy rather
than Gibbs free energy. In this formulation, the volume of
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the system, mole numbers, and temperature are given, and
the chemical compositions, molar densities of the phases,
and pressure in the mixture are computed. The selection of
variables V, T, and ni, (i [{1,…,c}) is natural for pressure-
explicit equations of state. Unlike in PT-flash, the VT-flash
provides a unique answer in any physically admissible situa-
tion because when V is known, P can be evaluated readily
from say a cubic equation of state. Therefore, we develop a
new ‘‘volume-based’’ formulation of equilibrium thermody-
namics. The presented derivations lead to a new function Fi,
called volume function that plays an analogous role to fugac-
ity that is used in the pressure-based formulation. We present
all derivations in details to show that this approach is much
more fit for the pressure-explicit equations of state than the
standart development using the Gibbs free energy that suf-
fers from the nonuniqueness of volume at given pressure.

A theoretical possibility of other state function-based flash
specification (including VT-flash) is mentioned in Refs. 6
and 7, where a nested optimization approach is proposed.
This means that in an outer loop we search iteratively for
pressure, which is used in PT-flash in the inner loop to eval-
uate equilibrium state at that pressure. The goal of the itera-
tions is to find a pressure for which the volume constraint is
satisfied. This procedure allows to use existing implementa-
tions of the PT-flash but, on the other hand, is computation-
ally expensive as it requires many solutions of PT-flashes
before the true pressure is found. In this article, we offer an
alternative formulation allowing to formulate VT-flash
directly without using nested iterations.

The article is structured as follows. In the first section, we
introduce the new thermodynamic volume function Fi of vari-
ables V, T, and ni that will be useful in describing thermody-
namic behavior of real mixtures under the constant tempera-
ture, volume, and moles. Then, we develop an expression for
the chemical potential of a component in a mixture in terms
of this new function. We reformulate the two-phase equilib-
rium conditions at constant temperature, volume, and moles
using Fi. Next, we propose a numerical algorithm for compu-
tation of VT-flash, and, finally, we present examples showing
results of phase-equilibrium computations based on the new
formulation for a number of mixtures in two-phase state.

Volume Function Coefficient

We will introduce a new thermodynamic volume function
that will be useful to derive basic expressions for the chemi-
cal potential of a component in a multicomponent mixture
from the bulk phase equilibrium thermodynamics. Our deri-
vation will be based on Helmholtz free energy and will use
volume, temperature, and moles as primary variables.

Assuming a pressure-explicit equation of state, it is con-
venient to describe the system using the Helmholtz free
energy A ¼ A(V,T,n1,…,nc). The general expression for the
Helmholtz free energy of a bulk phase is given by

A ¼ �PV þ
Xc
i¼1

nili; (1)

where P¼P(V,T,n1,…,nc) is the pressure given by an equation
of state, and li ¼ li(V,T,n1,…,nc) is the chemical potential of
the i-th component in the mixture. From

dA ¼ �SdT � PdV þ
Xc
i¼1

lidni;

we see that

P ¼ � @A

@V
; li ¼

@A

@ni
: (2)

Assuming that A is a smooth function of its variables, the
mixed second-order derivatives must be interchangeable,
which implies

@li
@V

¼ � @P

@ni
; (3)

with appropriate variables held constant. Integrating (3)
between two volumes V1 and V2, we derive the following
expression describing the change of chemical potential with
volume at constant temperature and moles

liðV2;T; n1;…; ncÞ ¼ liðV1; T; n1;…; ncÞ

�
ZV2

V1

@P

@ni
ðV;T; n1;…; ncÞdV: ð4Þ

Algorithm: Two-Phase VT-Flash Using Fixed Point Iteration

1. Let c, z1,…zc, and T[ 0 be given. Evaluate P0 ¼ P(1/c,T,z1,…,zc),
initialize Ki’s using Wilson correlation,8 i.e.

ln Ki ¼ 5:37ð1þ xiÞ 1� Tci
T

� �
þ ln

Pci

P0

at the initial pressure P0 and set the number of iterations, n ¼ 0.
2. Evaluate a [ (0;1) by solving the Rachford-Rice equation

Xc
i¼1

ðKn
i � 1Þzi

1þ ðKn
i � 1Þa ¼ 0;

that can be solved, e.g., by Newton’s method.
3. Update chemical compositions of both phases by

x0i;nþ1 ¼
zi

1þ ðKn
i � 1Þa ; x00i;nþ1 ¼

ziK
n
i

1þ ðKn
i � 1Þa ;

4. Use bisection or other method to find S
00
nþ1 [ (0;1) satisfying

P
1� S00nþ1

cð1� aÞ ; T; x
0
1;nþ1;…; x0c;nþ1

� �

¼ P
S00nþ1

ca
; T; x001;nþ1;…; x00c;nþ1

� �
;

and update the other saturation and molar concentrations by

S0nþ1 ¼ 1� S00nþ1; c0nþ1 ¼
cð1� aÞ
1� S00nþ1

; c00nþ1 ¼
ca
S00nþ1

:

5. Update Ki values by

Knþ1
i ¼ c0nþ1Uið1; T; c00nþ1x

00
1;nþ1;…; c00nþ1x

00
c;nþ1Þ

c00nþ1Uið1; T; c0nx01;nþ1;…; c0nx
0
c;nþ1Þ

:

6. Check for convergence. If needed, increase n by one and go to step 2.
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For an ideal gas mixture, the equation of state

P ¼ nRT

V
; where n ¼

Xc
i¼1

ni

can be integrated using (4) to yield

liðV2; T; n1;…; ncÞ ¼ liðV1;T; n1;…; ncÞ � RT ln
V2

V1

: (5)

For real mixtures a more general equation than (5) must be
used. To simplify our derivations, it is convenient to have a
similar form of the expression for the chemical potential of a
component in a real mixture as in the ideal case. For this
purpose, we introduce the volume function of i-th component
Fi ¼ Fi(V,T,n1, …,nc) by the following properties

liðV2; T; n1;…; ncÞ ¼ liðV1;T; n1;…; ncÞ

�RT ln
FiðV2;T; n1;…; ncÞ
FiðV1;T; n1;…; ncÞ ; ð6Þ

and

lim
V!þ1

FiðV;T; n1;…; ncÞ
V

¼ 1: (7)

Furthermore, we define the volume function coefficient by

UiðV;T; n1;…; ncÞ ¼ FiðV;T; n1;…; ncÞ
V

: (8)

Equation 7 then amounts to saying that limV!þ1
Ui(V,T,n1,…,nc) ¼ 1 for given temperature and moles. The
volume function Fi and volume function coefficient Ui play
analogous roles to fugacity and fugacity coefficients. Compar-
ing (6) with (4), we have

RT ln
FiðV2; T; n1;…; ncÞ
FiðV1; T; n1;…; ncÞ ¼

ZV2

V1

@P

@ni
ðV; T; n1;…; ncÞdV:

Setting V1 ¼ V, the last equation can be rearranged to

ln
FiðV;T; n1;…; ncÞ

V

V

V2

V2

FiðV2;T; n1;…; ncÞ

¼ � 1

RT

ZV2

V

@P

@ni
ðV;T; n1;…; ncÞdV:

The above equation can be written as

ln
FiðV;T; n1;…; ncÞ

V
¼
ZV2

V

1

V
� 1

RT

@P

@ni
ðV;T; n1;…; ncÞ

� �
dV

þ ln
FiðV2; T; n1;…; ncÞ

V2

:

Passing V2 ! þ1, the last term on the right hand side
vanishes because of (7), which yields

lnUiðV;T; n1;…; ncÞ ¼
Zþ1

V

1

V
� 1

RT

@P

@ni
ðV;T; n1;…; ncÞ

� �
dV:

(9)

The integral on the right hand side can be evaluated
analytically using an equation of state. It follows from (9)
that for an ideal gas Fi(V,T,n1,…,nc) ¼ V, and Ui(V,T,n1,…,nc)
¼ 1 for any given temperature, moles, and volume. Thus, the
volume function coefficient can indicate the degree of
nonideality of a component in the mixture. These properties
are ‘‘volume-based’’ counterparts of analogous properties of
the fugacity and fugacity coefficients with respect to pressure.

Comparing the integral on the right hand side of (9) with
the formula for fugacity coefficients found in literature (see
e.g., Ref. 3), we note that the relationship between the vol-
ume function coefficient and the fugacity coefficient is

Ui ¼ 1

Zui

;

where ui denotes the conventional fugacity coefficient and Z is
the phase compressibility factor. Z and ui must now be
expressed in terms of volume, temperature, and moles. In the
literature, the Z and ui are usually understood as functions of
P, T, and composition. However, when Z and u are to be
evaluated for given P, T, and moles, one has to solve the cubic
equation to get volume, which may not be unique, and in that
case, one has to select one of the roots based on the Gibbs free
energy criteria or other methods. In this article, we present an
alternative formulation, which uses the volume function
coefficients rather than fugacity coefficients. In this formula-
tion, the root-selection problems do not appear because all
functions are expressed in terms of volume, temperature, and
moles.

The formula for the volume function coefficient Ui for the
Peng-Robinson equation9 is presented in the Appendix.

Chemical Potential of a Component in a Real
Mixture

In the new framework, we describe the dependency of the
chemical potential of a component in a real mixture to the
chemical potential in a pure substance. An ideal mixture is
the one which obeys

liðV; T; n1;…; ncÞ ¼ liðV; T; 0;…; 0; ni; 0;…; 0Þ:

To simplify the notation, we will denote the chemical potential
of the pure substance i as

l�i ðV;T; niÞ ¼ liðV; T; 0;…; 0; ni; 0;…; 0Þ;

and the volume function in the pure component as

F�
i ðV; T; niÞ ¼ FiðV; T; 0;…; 0; ni; 0;…; 0Þ:

Equation 6 can be written for the mixture as well as for the
pure component
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liðV; T; n1;…; ncÞ ¼ liðV1;T; n1;…; ncÞ

� RT ln
FiðV;T; n1;…; ncÞ
FiðV1; T; n1;…; ncÞ ;

l�i ðV; T; niÞ ¼ l�i ðV1;T; niÞ � RT ln
F�
i ðV;T; niÞ

F�
i ðV1; T; niÞ :

Subtracting the second expression from the first above,

liðV; T; n1;…; ncÞ � l�i ðV;T; niÞ
¼ liðV1;T; n1;…; ncÞ � l�i ðV1;T; niÞ

�RT ln
FiðV; T; n1;…; ncÞ
FiðV1;T; n1;…; ncÞ � RT ln

F�
i ðV1; T; niÞ
F�
i ðV; T; niÞ

:

If the volume V1 is sufficiently large, the mixture at volume V1

behaves ideally. Passing V1 ! þ1, one can derive

liðV;T; n1;…; ncÞ ¼ l�i ðV;T; niÞ � RT ln
FiðV;T; n1;…; ncÞ

F�
i ðV; T; niÞ

:

(10)

Let us assume that we have a mixture at two states (V0,T,n01,
…,n0c) and (V00,T,n001,…,n00c). Our goal is to express the
difference of chemical potentials between these two states in
terms of the volume functions. Using (10), we derive

liðV0;T; n01;…; n0cÞ � liðV00;T; n001;…; n00c Þ
¼ l�i ðV0; T; n0iÞ � l�i ðV00;T; n00i Þ

�RT ln
FiðV0;T; n01;…; n0cÞ
FiðV00;T; n001;…; n00c Þ

þ RT ln
F�
i ðV0; T; n0iÞ

F�
i ðV00; T; n00i Þ

:

The first two terms on the right hand side can be rewritten as

l�i ðV0;T;n0iÞ�l�i ðV00;T;n00i Þ ¼ l�i ðV0=n0i;T;1Þ�l�i ðV00=n00i ;T;1Þ

¼�RT ln
F�
i ðV0;T;n0iÞ

F�
i ðV00;T;n00i Þ

n00i
n0i
;

where we take advantage of the fact that the chemical potential
is a homogeneous function of order zero and the volume
function is a homogeneous function of order one in the volume
and moles. Combining the last two equations, we obtain the
following key expression for the difference of chemical
potentials at two different states written in terms of the
volume functions

liðV0;T; n01;…; n0cÞ � liðV00;T; n001;…; n00c Þ

¼ �RT ln
n00i
n0i

FiðV0;T; n01;…; n0cÞ
FiðV00;T; n001;…; n00c Þ

: ð11Þ

Conditions for Two-Phase Equilibrium

Consider a mixture of c components with mole numbers
n1,…,nc occupying volume V at temperature T. Assuming
that the mixture will split into two phases, we want to calcu-
late volumes V0 and V00, and mole numbers of each compo-
nent in each phase n0i and n00i for i ¼ 1,…,c, and con-
sequently the pressure. The equilibrium state is derived
from the minimization of the total Helmholtz energy of the
mixture

A ¼ AðV0; T; n01;…; n0cÞ þ AðV00;T; n001;…; n00c Þ;

which is subject to the following constraints

V0 þ V00 ¼ V; (12)

and

n0i þ n00i ¼ ni; i ¼ 1;…; c: (13)

Using the Lagrange multiplier method, one can find the
necessary conditions of the phase equilibria

PðV0; T; n01;…; n0cÞ ¼ PðV00;T; n001 ;…; n00c Þ; (14)

and

liðV0; T; n01;…; n0cÞ ¼ liðV00;T; n001;…; n00c Þ; i ¼ 1;…; c;

(15)

as expected. An equivalent expression of (15) in terms of the
volume functions reads as

n0i
FiðV0;T; n01;…; n0cÞ

¼ n00i
FiðV00; T; n001 ;…; n00c Þ

: (16)

Numerical Algorithm for Two-Phase Flash
Computation

In two-phase, we are interested to calculate phase compo-
sitions, amounts, and also the pressure of the system. Let us
rewrite the two-phase flash Eqs. 12–15 in terms of concen-
trations and compositions of both phases. We introduce the
overall molar concentration c ¼ n/V, the phase molar con-
centrations c0 ¼ n0/V0 and c00 ¼ n00/V00, overall mole fractions
zi ¼ ni/n, and phase mole fractions x0i ¼ n0i/n

0and x00i ¼ n00i/n
00,

and phase volume fractions S0 ¼ V0/V, and S
00 ¼ V

00
/V,

respectively. Using this notation, Eq. 12 transforms to

S0 þ S00 ¼ 1; (17)

whereas the mole balance Eq. 13 can be rewritten as

c0x0iS
0 þ c00x00i S

00 ¼ czi; i ¼ 1;…; c: (18)

As pressure is an intensive property (homogeneous function of
order zero in variables V,n1,…, nc), Eq. 14 yields

Pð1; T; c0x01;…; c0x0cÞ ¼ Pð1;T; c00x001 ;…; c00x00c Þ: (19)

Finally, the chemical equilibrium Eq. 16 can be written in
terms of the volume function coefficients using (11) as

c0x0i
Uið1; T; c0x01;…; c0x0cÞ

¼ c00x00i
Uið1; T; c00x001;…; c00x00c Þ

: (20)

To solve these equations using the fixed point iteration (also
called succesive substitution iteration, SSI), it is convenient to
introduce the Ki values by

Ki ¼ x00i
x0i
: (21)

From (21) it follows that x00i ¼ Kix
0
i, which can be substituted

into (18) to obtain
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x0i ¼
zi

1þ ðKi � 1Þa ; x00i ¼
ziKi

1þ ðKi � 1Þa ; (22)

where a ¼ c00S00/c is the mole fraction of the double-primed
phase. These equations can be used to evaluate phase
compositions provided that Ki and a are given. As composi-
tions of both phases in (22) should sum to one, for a given set
of Ki values, a can be updated by solving the Rachford-Rice
equation10

Xc
i¼1

ðx00i � x0iÞ ¼
Xc
i¼1

ðKi � 1Þzi
1þ ðKi � 1Þa ¼ 0: (23)

Once a and chemical composition of both phases are
established, phase molar concentrations and saturations must
be determined so that the pressures in both phases are the
same. The following system of four equations

c0S0 ¼ cð1� aÞ;
c00S00 ¼ ca;

S0 þ S00 ¼ 1;
P 1

c0 ; T; x
0
1;…; x0c

� � ¼ P 1
c00 ;T; x

00
1 ;…; x00c

� �
;

for the 4 unknowns (c0, c00, S00, and S00) can be readily reduced
into a single equation for one unknown saturation S00 [ (0;1)

P
1� S00

cð1� aÞ ;T; x
0
1;…; x0c

� �
¼ P

S00

ca
;T; x001;…; x00c

� �
: (24)

For a cubic equation of state, Eq. 24 is an algebraic equation of
the fifth order. In theory it may have up to five real roots. In all
examples we examinated, there was always only one root in
the interval (0;1), which could be readily approximated using
the bisection method. Other methods, like the Newton method,
can be used as well.

Finally, Ki values are updated using (20) as

Ki ¼ x00i
x0i

¼ c0Ui 1=c
00; T; x001;…; x00c

� �
c00Ui 1=c0; T; x01;…; x0c

� � :
The key steps of the method are summarized in the Algorithm.

The iterations are stopped whenever

max
i2f1;…;cg

lnKnþ1
i � lnKn

i

�� ��\ tol ¼ 10�12:

Numerical Examples

We have tested the algorithm in several examples of bi-
nary and multicomponent mixtures in two-phase. Below we
show performance of the method for two binary mixtures and
one four-component mixture. Further, we provide two more-
complex phase-split computations for a multicomponent reser-
voir fluid. All examples are motivated by experiments in the
PVT cells. In these experiments, the total volume is fixed. A
part of this volume is filled by a liquid at some initial pres-
sure Pini. The rest of the volume is filled by a gas at the same
initial pressure. When the two fluids are mixed, the pressure
changes. The final equilibrium pressure P of the system after
mixing results from the VT-flash computation. The correct-
ness of the VT-flash results is checked by performing the PT-
flash at the final pressure with the same overall composition
and temperature. The agreement was excellent in all cases.

Example 1

In the first example, we investigate two-phase equilibrium
for a binary mixture of methane (C1) and n-penthane (nC5)
of total concentration c ¼ 6307.21 mol m�3, with mole frac-
tions zC1

¼ 0.547413 and znC5
¼ 0.452587 at temperature

T ¼ 371 K. The condition corresponds to the PVT-cell
experiment in which C1 (34.4% of volume) is placed on the
top of nC5 at the initial pressure Pini ¼ 15 MPa. Parameters
of the Peng-Robinson equation of state are presented in Ta-
ble 1. The algorithm found a solution in 46 iterations.
Within each iteration the Rachford-Rice, Eq. 23, was solved
by Newton’s method with the initial guess a ¼ 0.5. The
resulting pressure is P ¼ 10.4653 MPa. The overall mixture
and phase-split results are summarized in Table 2. The
results were verified by the PT-flash computation performed
at the final pressure with the same overall composition and
temperature. The PT-flash converged in 45 iterations.

Table 1. Properties of the Components for the C1–nC5

Mixture Used in Examples 1 and 2

Component xi [�] Tcrit [K] Pcrit [MPa] Mw [g mol�1]

C1 0.011 190.56 4.599 16
nC5 0.251 469.70 3.37 72.2

The C1–nC5 binary interaction coefficient is dC1–nC5 ¼ 0.041.

Table 2. Overall Properties of the Mixture and Resulting
Phase Properties in Two-Phase Flash at Constant

Temperature T 5 371 K and Volume for Example 1

Property Unit
Overall
mixture Phase 1 Phase 2

Molar concentration mol m�3 6307.21 8616.72 4307.03
C1 mole fraction – 0.547413 0.388095 0.823458
nC5 mole fraction – 0.452587 0.611905 0.176542
Phase volume

fraction
– 0.464113 0.535887

Table 4. Properties of the Components for the
Four-Component Mixture Used in Example 3

Component xi [�] Tcrit [K] Pcrit [MPa] Mw [g mol�1]

N2 0.039 126.21 3.39 28
C1 0.011 190.56 4.599 16
C3 0.153 369.83 4.248 44.1
nC10 0.489 617.70 2.110 142.3

Table 3. Overall Properties of the Mixture and Resulting
Phase Properties in Two-Phase Flash at Constant

Temperature T 5 310.95 K and Volume for Example 2

Property Unit
Overall
mixture Phase 1 Phase 2

Molar concentration mol m�3 6135.3 10105.5 3177.77
C1 mole fraction – 0.489575 0.293471 0.954131
nC5 mole fraction – 0.510425 0.706529 0.0458693
Phase volume

fraction
– 0.42691 0.57309
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Example 2

In this example, we compute two-phase equilibrium for a
mixture of methane (C1) and n-penthane (nC5) of total con-
centration c ¼ 6135.3 mol m�3, with mole fractions zC1

¼
0.489575 and znC5

¼ 0.510425 at temperature T ¼ 310.95 K.
The condition corresponds to the PVT-cell experiment in
which C1 (65% of volume) is placed on the top of nC5 at
the initial pressure Pini ¼ 10.2 MPa. Parameters of the Peng-
Robinson equation of state are presented in Table 1. The
algorithm found a solution in 20 iterations. The resulting
pressure is P ¼ 6.95477 MPa. The overall mixture and split-
phase results are summarized in Table 3. The agreement
with the PT-flash at the final pressure is excellent. The PT-
flash converged in 19 iterations.

Example 3

In Example 3, we compute two-phase equilibrium for a
four-component mixture of nitrogen (N2), methane (C1), pro-
pane (C3), and n-decane (nC10) at temperature T ¼ 393.15
K. Here, nitrogen (35% of volume) is placed on the top of a
four-component mixture (zN2

¼ 0.01, zC1
¼ 0.29, zC3

¼ 0.29,
and znC10

¼ 0.41) at the initial pressure 13.73 MPa. Parame-
ters of the Peng-Robinson equation of state are presented in
Tables 4 and 5. The overall molar concentration and overall
mole fractions of all components are shown in Table 6. The
algorithm found a solution in 25 iterations. The resulting
pressure is P ¼ 14.9502 MPa. Note the pressure increase
due to vaporization. The overall mixture and split-phase
results are summarized in Table 6. The results agree with
those obtained using the PT-flash at the final pressure. The
PT-flash converged in 25 iterations.

Example 4

In Example 4, we compute two two-phase equilibria for a
multicomponent oil mixed with nitrogen (N2), and carbon
dioxide (CO2). The oil is modelled using seven components.
The composition of the oil and parameters of the Peng-Rob-
inson equation of state are presented in Tables 7 and 8. The

pseudocomponents are defined as PC1 (H2S þ C2 þ C3),
PC2 (C4–C6), and PC3 (C7–C11). In both experiments, 50%
of volume of the PVT cell is filled by this oil. The initial
pressure Pini ¼ 30.34 MPa, and the temperature is T ¼
413.71 K. Under these conditions, the oil is in single phase
with molar concentration coil ¼ 8944.22 mol m�3. The
remaining 50% of volume is filled with either N2 or CO2 at
the same initial pressure. Addition of gas turns the system
into two phase in both cases.

For the case of N2, the overall properties of the resulting
mixture and phase-split results are summarized in Table 9. The
final pressure is P ¼ 32.66 MPa. The algorithm found a solu-
tion in 33 iterations. The results agree with those obtained
using the PT-flash at the final pressure. The PT-flash converged
in 34 iterations. Some of the Ki-values in Table 9 are very dif-
ferent from one; the system is far from the critical point.

For the case of CO2, the overall properties of the resulting
mixture and split-phase results are summarized in Table 10.
The final pressure is P ¼ 31.27 MPa. The algorithm found a
solution in 266 iterations. The results agree with those obtained
using the PT-flash at the final pressure. The PT-flash converged
in 254 iterations. The Ki-values in Table 10 are closer to one.
Unlike in the previous case, the mixture is near-critical, which
explains the increased number of iterations that are needed to
converge using the fixed point iteration method.

Summary and Conclusions

In this work, we have introduced a new thermodynamic
function to describe two-phase equilibrium at constant tem-
perature, volume, and moles. The new volume function coef-
ficient replaces the fugacity coefficients that are used in
common formulations of two-phase equilibrium at constant
temperature and pressure. Unlike the conventional approach,
our method can determine uniquely the equilibrium state of
a pure substance in two-phase state. The volume-based for-
mulation of two-phase equilibrium in terms of the volume
function coefficients has been derived for the Peng-Robinson

Table 5. Binary Interaction Coefficients for the
Four-Component Mixture Used in Example 3

Component N2 C1 C3 nC10

N2 0 0.1 0.1 0.1
C1 0.1 0 0.036 0.052
C3 0.1 0.036 0 0
nC10 0.1 0.052 0 0

Table 7. Composition and Properties of the Components for
the Reservoir Fluid Used in Example 4

Component zi xi [�] Tcrit [K]
Pcrit

[MPa]
Mw

[g mol�1]

N2 0.0003 0.0390 126.21 3.390 28.0
CO2 0.0140 0.2390 304.14 7.375 44.0
C1 0.5634 0.0110 190.56 4.599 16.0
PC1 0.1970 0.1113 333.91 5.329 34.64
PC2 0.0770 0.2344 456.25 3.445 69.52
PC3 0.0845 0.4470 590.76 2.376 124.57
C12þ 0.0638 0.9125 742.58 1.341 248.30

Table 6. Overall Properties of the Mixture and Resulting
Phase Properties in Two-Phase Flash at Constant

Temperature T 5 393.15 K and Volume for Example 3

Property Unit
Overall
mixture Phase 1 Phase 2

Molar concentration mol m�3 5912.74 6690.98 4795.04
N2 mole fraction – 0.2463 0.12944 0.48049
C1 mole fraction – 0.2208 0.15509 0.35248
C3 mole fraction – 0.2208 0.25349 0.15529
nC10 mole fraction – 0.3121 0.46198 0.01173
Phase volume fraction – 0.58952 0.41048

Table 8. Binary Interaction Coefficients for the Reservoir
Fluid Used in Example 4

Component N2 CO2 C1 PC1 PC2 PC3 C12þ

N2 0.000 0.000 0.100 0.100 0.100 0.100 0.100
CO2 0.000 0.000 0.150 0.150 0.150 0.150 0.150
C1 0.100 0.150 0.000 0.035 0.040 0.049 0.069
PC1 0.100 0.150 0.035 0.000 0.000 0.000 0.000
PC2 0.100 0.150 0.040 0.000 0.000 0.000 0.000
PC3 0.100 0.150 0.049 0.000 0.000 0.000 0.000
C12þ 0.100 0.150 0.069 0.000 0.000 0.000 0.000
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equation of state, but the same concept can be used for other
pressure-explicit equations of state as well.

We proposed a numerical algorithm for computation of
the phase-split properties, which is based on a combination
of the fixed point outer iteration and Newton’s method in the
inner iteration. To show efficiency of this approach we have
performed results of numerical computations of multicompo-
nent mixtures of different complexity. The results indicate
that to achieve the same accuracy, the number of iterations
of the VT-flash method based on the fixed point iteration is
about the same as when using the PT-flash under the same
physical conditions. As the final pressure is not known a pri-
ori when the volume is constant, the computation of VT-
flash using the PT-flash combined with outer iterations, as
suggested Refs. 6 and in 7, is necessarily inefficient. Our
method provides the correct solution in practically the same
number of iterations as one run of the PT-flash at the final
pressure.
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Appendix: Volume Function Coefficient for
Peng-Robinson Equation of State

In this work, we use the Peng-Robinson equation of state9

in the form

PðV; T; n1;…; ncÞ ¼ nRT

V � B
� A

V2 þ 2BV � B2
;

where R is the universal gas constant, n ¼ P
c
i¼1ni is the total

number of moles, and coefficients A and B are given by

Table 10. Overall Properties of the Mixture of the Reservoir Fluid from Table 7 (50% of volume) with CO2 at the Initial
Pressure Pini 5 30.34 MPa and Resulting Phase Properties in Two-Phase Flash at Constant Temperature T 5 413.71 K and

Volume (Example 4)

Property Unit Overall mixture Phase 1 Phase 2 Ki-values

Molar concentration mol m�3 10211.55 9168.51 10335.60
N2 mole fraction – 0.000131 0.000103 0.000134 1.303750
CO2 mole fraction – 0.568185 0.504174 0.574938 1.140360
C1 mole fraction – 0.246739 0.214535 0.250136 1.165950
PC1 mole fraction – 0.086275 0.091552 0.085719 0.936288
PC2 mole fraction – 0.033722 0.043366 0.032704 0.754150
PC3 mole fraction – 0.037006 0.063680 0.034192 0.536942
C12þ mole fraction – 0.027941 0.082591 0.022175 0.268497
Phase volume fraction – 0.106291 0.893709

The final pressure is P ¼ 31.27 MPa.

Table 9. Overall Properties of the Mixture of the Reservoir Fluid from Table 7 (50% of volume) with N2 at the Initial
Pressure Pini 5 30.34 MPa and Resulting Phase Properties in Two-Phase Flash at Constant Temperature T 5 413.71 K and

Volume (Example 4)

Property Unit
Overall
mixture Phase 1 Phase 2 Ki-values

Molar concentration mol m�3 8386.44 6877.62 8863.05
N2 mole fraction – 0.466905 0.243471 0.521675 2.14266
CO2 mole fraction – 0.007466 0.006159 0.007786 1.26421
C1 mole fraction – 0.300435 0.210766 0.322416 1.52973
PC1 mole fraction – 0.105051 0.130065 0.098920 0.76054
PC2 mole fraction – 0.041061 0.084767 0.030347 0.35801
PC3 mole fraction – 0.045060 0.158289 0.017305 0.10932
C12þ mole fraction – 0.034021 0.166484 0.001551 0.00932
Phase volume fraction – 0.240057 0.759942

The final pressure is P ¼ 32.66 MPa.
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A¼
Xc
i¼1

Xc
j¼1

ninjaij; B¼
Xc
i¼1

nibi

aij ¼ ð1�dijÞ ffiffiffiffiffiffiffiffi
aiaj

p
; bi ¼ 0:0778

RTi;crit
Pi;crit

ai ¼ 0:45724
R2T2

i;crit

Pi;crit
1þmi 1�

ffiffiffiffiffi
Tr

p� �	 
2
;

mi¼
0:37464þ1:54226xi�0:26992x2

i ; for xi\0:5;

0:3796þ1:485xi�0:1644x2
i þ 0:01667x3

i forxi� 0:5:

(

In these equations, dij denotes the binary interaction parameter
between the components i and j, Ti,crit, Pi,crit, and xi are the

critical temperature, critical pressure, and accentric factor of
the i-th component, respectively. The volume function
coefficient for the Peng-Robinson equation of state can be
found analytically using (9) as

lnUi ¼ ln
V � B

V
� bin

V � B
þ Abi
BRT

V

V2 þ 2BV � B2

� 1ffiffiffi
2

p
BRT

Abi
2B

�
Xc
j¼1

njaij

" #
ln

V þ ð1þ ffiffiffi
2

p ÞB
V þ ð1� ffiffiffi

2
p ÞB

�����
�����:
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We  derive  a criterion  for phase  stability  under  constant  temperature,  moles,  and  volume  using  the
Helmholtz  free  energy.  Using  the  volume-based  formulation,  we  develop  a numerical  algorithm  to  inves-
tigate single-phase  stability  based  on  the  Newton  method.  We  demonstrate  robustness  and  efficiency  of
the  new  method  in  a  number  of  examples  in  single-phase  stability  testing.
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1. Introduction

Consider a mixture of n components with mole numbers N1, . . .,
Nn in a closed system of constant volume V at temperature T. We  are
interested to know whether the mixture is in single-phase or splits
into two or more phases. This is the problem of phase stability under
constant temperature, moles, and volume (VT-stability). The goal
of the constant volume stability analysis is to determine whether
a phase is stable at specified volume, temperature, and mole num-
bers. If the phase is unstable, this procedure may be followed by
the equilibrium calculation at constant temperature and volume, in
which the final pressure of the mixture in the cell is to be computed
together with the compositions and amounts of the split-phases.
The latter is the problem of the two-phase phase-split (also called
flash) at constant temperature, moles, and volume (VT-flash). The
problem has been formulated in a recent paper [1],  where a simple
iterative algorithm is developed to compute the two-phase equilib-
rium under constant temperature, volume and moles. VT-stability
procedure can be developed to simplify the VT-flash calculation.
As the VT-stability algorithm is simpler than VT-flash, it can be

∗ Corresponding author at: Reservoir Engineering Research Institute, 595 Lytton
Ave, Suite B, Palo Alto, CA 94301, USA. Tel.: +1 650 326 9259.

E-mail addresses: jiri.mikyska@fjfi.cvut.cz (J. Mikyška),
abbas.firoozabadi@yale.edu (A. Firoozabadi).

performed first. If single-phase is stable, the VT-flash calculation is
avoided. This paper is focused on the problem of testing VT-stability
only. The application of the VT-stability to provide initial guesses
for the VT-flash is an important problem which is currently under
investigation.

The phase stability at constant pressure and temperature (PT-
stability) is addressed in many references [2–5]. In this approach,
pressure, temperature and overall chemical composition are given.
Trial phases of various compositions are tested to find if there is a
composition for which transfer of a small amount of the trial phase
from the initial phase leads to a decrease of the Gibbs free energy.
This is usually formulated using the so-called tangent plane dis-
tance function D. If a trial phase composition is found for which
the function D is negative, the mixture is unstable and the trial
phase composition can be used as an initial guess in the two-phase
PT-flash [7].  If for all trial phase compositions the value D is non-
negative, the mixture is in single-phase. For numerical efficiency,
the search for the global minimum of function D [5] in the com-
positional space is replaced by local minimization using multiple
initial guesses [2–4]. Many methods have been developed to locate
the minima of function D in the literature cited above and in other
papers.

The methods developed for PT-stability may  not be correspond-
ing to the VT-flash, in which the pressure is not known a-priori.
Michelsen [3] suggested to use the PT-stability algorithm for inves-
tigation of the phase stability in other variables specifications (P, S

0378-3812/$ – see front matter ©  2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.fluid.2012.01.026
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or P, H). While these methods should provide the same results, in
some special cases, as we will discuss later in the paper, they may
not. They may  be also differences in numerical efficiency. We  have
found out that the numerical implementation of the VT-stability
using the PT-algorithm at the pressure given by the equation of
state may  fail to provide correct results. We  will show two  exam-
ples to illustrate this issue. An alternative to the PT-stability will
also provide a new option. Therefore, we develop a new ‘volume-
based’ formulation of the phase stability criterion and present a
numerical algorithm for testing single-phase stability at constant
temperature and volume. Although the VT-stability criterion can
be found in Refs. [3,6,8],  the working equations for phase stability
at constant temperature and volume, to the best of our knowledge,
have not appeared in the scientific literature.

The paper is structured as follows. In the first section, we derive
conditions for single-phase stability at constant temperature and
volume. Then, we reformulate this condition in terms of the volume
functions that were introduced previously [1].  A numerical algo-
rithm is suggested for testing VT-stability, and, finally, we present
examples of phase stability testing based on the new formulation
for a number of mixtures under different conditions.

2. Conditions for phase stability

Consider a mixture of n components with mole numbers N1, . . .,
Nn occupying volume V at temperature T. The question is whether
the system stays in a single phase or splits into two phases. The
Helmholtz free energy of a phase is given by

A = −PV +
n∑

i=1

Ni�i, (1)

where P = P(V, T, N1, . . .,  Nn) is the pressure given by a pressure-
explicit equation of state, and �i = �i(V, T, N1, . . .,  Nn) is the chemical
potential of the i-th component in the mixture. If the system is in
single-phase, then the total Helmholtz free energy of the mixture
reads as

AI = A(V, T, N1, . . . , Nn), (2)

while in the two-phase

AII = A(V ′, T, N′
1, . . . , N′

n) + A(V − V ′, T, N1 − N′
1, . . . , Nn − N′

n). (3)

In Eq. (3) the prime represents the variables of the trial phase. Note
that the chemical composition of the trial phase can be quite dif-
ferent from that of the initial phase. Let us assume that if the single
phase is unstable, then an arbitrarily small perturbation can turn
the system into two-phase. Using the Taylor expansion of the sec-
ond term of the right hand side of (3) around the point (V, T, N1, . . .,
Nn), we derive

A(V − V ′, T, N1 − N′
1, . . . , Nn − N′

n) = A(V, T, N1, . . . , Nn)

− ∂A

∂V
(V, T, N1, . . . , Nn)V ′ −

n∑
i=1

∂A

∂Ni

(V, T, N1, . . . , Nn)N′
i

+ R1(V ′, T, N′
1, . . . , N′

n), (4)

where R1(V ′, T, N′
1, . . . , N′

n) denotes the reminder in the Taylor
polynomial expansion after the first-order terms. Combining the
last equation with (2),  and using

∂A

∂V
= −P,

∂A

∂Ni

= �i, (5)

we rewrite the change of the Helmholtz free energy from the single-
phase to the two-phase state as

�A  = AII − AI = A(V ′, T, N′
1, . . . , N′

n) + P(V, T, N1, . . . , Nn)V ′

−
n∑

i=1

�i(V, T, N1, . . . , Nn)N′
i+R1(V ′, T, N′

1, . . . , N′
n).

(6)

Using Eq. (1),  the last equation can be rewritten as

�A  =
n∑

i=1

[�i(V
′, T, N′

1, . . . , N′
n) − �i(V, T, N1, . . . , Nn)N′

i

− [P(V ′, T, N′
1, . . . , N′

n) − P(V, T, N1, . . . , Nn)]V ′

+ R1(V ′, T, N′
1, . . . , N′

n). (7)

For sufficiently small perturbations (V ′, T, N′
1, . . . , N′

n) the remain-
der term cannot change the sign of �A, which implies that the single
phase is stable if (c.f. [6])

n∑
i=1

[
�i(V

′, T, N′
1, . . . , N′

n) − �i(V, T, N1, . . . , Nn)
]

N′
i

− [P(V ′, T, N′
1, . . . , N′

n) − P(V, T, N1, . . . , Nn)]V ′ ≥ 0 (8)

for all admissible states (V ′, T, N′
1, . . . , N′

n).

3. Different forms of the phase stability criterion

We will rewrite (8) into a more convenient form. Let us intro-
duce the overall molar concentration c = N/V, the trial phase molar
concentration c′ = N′/V′, overall mole fractions zi = Ni/N, and trial
phase mole fractions xi = N′

i
/N′, where N =

∑n
i=1Ni and N′ =∑n

i=1N′
i
. Dividing (8) by V′ and using the fact that pressure and

chemical potentials are homogeneous functions of degree zero in
volume and moles, the single-phase is stable if and only if the tan-
gent plane distance function D defined by

D(T, c′x1, . . . , c′xn) =
n∑

i=1

[�i(1,  T, c′x1, . . . , c′xn)

− �i(1,  T, cz1, . . . , czn)]c′xi

− [P(1, T, c′x1, . . . , c′xn)

− P(1, T, cz1, . . . , czn)]

(9)

is nonnegative for all admissible concentrations (c′x1, . . .,  c′xn) at
temperature T. To see whether a state with a negative value of D
exists, it is sufficient to investigate the values of D in the minima.
The stationary points of function D are given by

∂D

∂(c′xj)
= �′

j − �j +
n∑

i=1

∂�′
i

∂N′
j

c′xi − ∂P ′

∂N′
j

= 0, j = 1, . . . , n. (10)

In the equations above, the pressure and chemical potentials
are understood as functions of independent variables V′, T, and
N′

1, . . . , N′
n; therefore, the partial derivatives are denoted as

∂�′
i
/∂N′

j
, and ∂P ′/∂N′

j
, respectively. We  use the convention that

the primed pressure, chemical potentials and their derivatives are
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evaluated at (1, T, c′x1, . . .,  c′xn), while the unprimed ones are eval-
uated at (1, T, cz1, . . .,  czn). From the reciprocity relations

∂�′
i

∂N′
j

=
∂�′

j

∂N′
i

, and
∂P ′

∂N′
j

= −
∂�′

j

∂V ′ , (11)

we obtain

∂D

∂(c′xj)
= �′

j − �j +
n∑

i=1

∂�′
j

∂N′
i

c′xi +
∂�′

j

∂V ′ = 0, j = 1, . . . , n. (12)

Note that the chemical potentials satisfy

�i(˛V ′, T, ˛N′
1, . . . , ˛N′

n) = �i(V
′, T, N′

1, . . . , N′
n) (13)

for all admissible states (V ′, T, N′
1, . . . , N′

n) and  ̨ > 0 (i.e. �i is
a homogeneous function of degree zero in variables V′ and
N′

1, . . . , N′
n). Therefore,

n∑
i=1

∂�′
j

∂N′
i

c′xi +
∂�′

j

∂V ′ = 0, (14)

and the stationarity conditions (12) simplify to

∂D

∂(c′xj)
= �′

j − �j = 0, j = 1, . . . , n, (15)

which means that in every stationary point of function D, the initial
phase and the trial phase are in chemical equilibrium (the chemi-
cal potentials of each component in the trial phase and the initial
phase are equal). Substituting (15) into (9),  the value of D at the sta-
tionary point is equal to P − P′. If the global minimum of function
D is negative, the trial phase will be in chemical equilibrium with
the initial phase, but not in mechanical equilibrium. When the trial
phase will have higher pressure than the initial phase, the phase
split will occur. If the global minimum of function D is zero (trivial
solution has zero value of D, so the global minimum of D cannot
have a positive value), then the mixture remains in single-phase.

In the development above, the stability criterion (8) was  nor-
malized to unit volume of the trial phase, however, it is interesting
to mention that other reformulations are also possible. The crite-
rion (8) can also be normalized to unit moles of the trial phase. In
this case we define a modification of the D function by

D∗(T, c′x1, . . . , c′xn) = D(T, c′x1, . . . , c′xn)
c′ . (16)

The condition for stationary points of the function D* reads as

∂D∗

∂(c′xj)
=

(�′
j
− �j)c′ − D

c′2
= 0, j = 1, . . . , n, (17)

from which it follows that

�′
j − �j = D

c′ = K, j = 1, . . . , n, (18)

i.e. the difference between chemical potentials in the trial and initial
phases has the same value K for all components. Combining (18)
with (16) and (9),  it can be shown readily that the D* function in
any stationary point is equal to the value K and that the pressures
of the trial phase and the initial phase are equal.

As both functions D and D* have the same signs in any point, the
results of stability analysis have to be the same for both functions.
However, the locations of minima for the D function are very differ-
ent from those for D*. The meaning of stationary point depends on
which function is used for stability analysis. This indicates that any
recommendation on using the global minimum of any of them as
an initial guess for the flash calculation can be considered ad hoc.

4. Limitations of the PT-stability analysis

The discussion above could lead us to the conclusion that to
test the single phase stability of a mixture at constant V an T, it
is sufficient to perform the conventional PT-stability testing of the
mixture using the pressure given by the equation of state for the
single phase. Although the conclusion, which has been mentioned
in the literature [3],  is theoretically correct, we have found out that
the common numerical implementations of this approach may  not
provide correct results. To be specific, the mixtures from Examples
3 and 4 are not VT-stable at certain conditions (see Examples 3
and 4 below), but the PT-stability indicates stability. The reason
is that the pressure computed from the equation of state is neg-
ative. When P is negative, one cannot use the Wilson correlation
to obtain initial guess of K values. Even when we  used other ini-
tial guesses by assuming various values of positive pressures in the
Wilson correlation, the PT-stability predicted that the system is sta-
ble. Without good initial guesses, the PT-stability algorithm [2–4]
can miss the global minimum of function D and indicate single-
phase instead of two-phase. One may  argue that if the pressure is
negative, the system is unstable without performing flash calcula-
tions. Our algorithm would determine phase stability whether the
pressure is positive or negative.

Another example when the conventional PT-stability analysis
will fail is the situation in which the PT-stability testing is per-
formed on a trivial mixture composed of a single component. In
this situation, if the pressure P is higher than the saturation pres-
sure Psat(T) at a given temperature T, the ‘mixture’ is stable liquid.
If pressure P is lower than Psat(T), the ‘mixture’ is stable gas. Only
if P = Psat(T), the ‘mixture’ can be in two-phase but also in single-
phase (saturated liquid or saturated gas). Note that all the latter
states are indistinguishable in terms of P and T variables, but can
be distinguished using the volume V. Although this issue is typical
for pure components only, we would like to have a theory that will
treat the real mixtures and the pure components in a unified way.
These issues and desirability of an alternative approach to stability
have lead us to develop a new ‘volume-based’ formulation of the
phase stability that can address VT-stability directly.

5. Numerical algorithm for testing phase stability

We will derive a numerical procedure for testing single-phase
stability at constant temperature, volume, and moles based on the
function D. Using the volume functions, which are introduced pre-
viously [1],  the stationarity conditions (15) for function D can be
rewritten as

ln
c′xi

czi
+ ln ˚i(cz) − ln ˚i(c

′x) = 0, i = 1, . . . , n, (19)

where ˚i is the volume function of the i-th component and cz and
c′x denote vectors with components cz1, . . .,  czn and c′x1, . . .,  c′xn,
respectively.

It is tempting to solve the system (19) by the successive substi-
tution method (SSI) defined by

c′xk+1
i

= czi
˚i(c′xk)
˚i(cz)

, (20)

where c′x0 is an initial guess. However, we have found that this
approach does not work for the following reasons:

1. The sequence given by (20) does not converge in many cases.
Frequently, after several iterations the iterate jumps out of
the feasible region (i.e. c′xi < 0 for some i ∈ {1, 2, . . .,  n} or∑n

i=1bic
′xi ≥ 1, where bi denotes the covolume parameter of the

i-th component in the Peng–Robinson equation of state).
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2. Even if the sequence (20) converges to a limit, it is not guaranteed
that the limit is the correct solution – the global minimum of
function D. This is a common problem in local methods which
is usually solved by proper initialization of the algorithm, but in
case of the SSI method, this does not solve the problem (see the
next point).

3. We  have seen the cases where the iterates diverge from the cor-
rect solution no matter how close the initial guess is to the correct
solution. It thus happens that the correct solution is a fixed point
of the iteration (20), but the iterates diverge from it rather than
converge. In many cases, the algorithm converges to a saddle
point of function D rather than (at least local) minimum.

4. The convergence of SSI (if it is achieved) is typically slow. Unlike
in PT-stability, the slow convergence is not compensated by the
robustness of the method.

5. It is not clear how to choose a stopping criterion. If the itera-
tions are stopped whenever the norm of the increment �c′x =
c′xk+1 − c′xk in an iteration is lower than a certain tolerance
εTOL > 0 or if the decrease of the value of D in an iteration is small,
there is no guarantee that the error of approximation of c′x is
small.

Therefore, the system of equations (19) is solved using the
Newton–Raphson iterative method. Starting with an initial guess
c′x0, in each iteration we find a direction �c′xk by solving the sys-
tem

J(c′xk)�c′xk = −F(c′xk), (21)

where the vector F has the elements

Fi(c
′x) = ln

c′xi

czi
+ ln ˚i(cz) − ln ˚i(c

′x), i = 1, . . . , n, (22)

and J is the Jacobian matrix with elements

Ji,j(c
′x) = ∂Fi

∂(c′xj)
(c′x) = ıi,j

c′xj
− ∂  ln ˚i

∂(c′xj)
(c′x), i, j = 1, . . . , n, (23)

where ıi,j = 1 for i = j and ıi,j = 0 for i /= j. After solving for the direc-

tion �c′xk, the approximation is updated as

c′xk+1 = c′xk + �k�c′xk, (24)

where �k ∈ (0 ; 1〉 is a dumping factor. We  set �k = 1 for the first trial.
If c′xk+1 is outside of the feasible domain, �k is halved until the new
approximation stays in the feasible domain. This modification of
the Newton method (the so-called line search) avoids overshooting
and enables to achieve global convergence in the Newton method.
This means that the approximations will converge to a station-
ary point of function D for any initial guess. It should be noted
that the property of global convergence is different from the con-
vergence to the global minimum of function D, which, of course,
cannot be guaranteed neither by using Newton-Raphson, nor any
other local minimization method. The approximations converge to
a stationary point, including the local maxima or saddle points.
We have observed in many cases that with poor initial guesses
the approximations in the Newton–Raphson method converge to a
saddle point. Unlike in SSI, the Newton–Raphson iterations always
converge to a stationary point if the initial guess is close enough,
i.e. there exist basins of attraction around all stationary points.
To ensure convergence toward the global minimum of function D,
proper initial guesses must be provided.

In PT-stability for vapor-liquid systems, Wilson’s correlation
[10] usually provides reasonable initial guesses. In VT-stability, this
correlation cannot be used directly, because the initial pressure is
unknown. One idea could be to use pressure given by equation of
state for the initial phase. In some cases, this initial pressure can be
negative. Therefore, we propose a robust method for initialization

of VT-stability algorithm based on the saturation pressure Psat
i

(T) of
each component i at temperature T. We  will discuss two  situations
depending on whether the initial phase is considered as liquid- or
vapor-like. If the initial phase is liquid-like, then the vapor phase
pressure Pini is estimated as

Pini =
n∑

i=1

Psat
i (T)zi, (25)

and the trial (vapor) phase composition is estimated as

x0
i = Psat

i

Pini
zi, i = 1, . . . , n. (26)

If the initial phase is vapor-like, then we  estimate the trial (liquid)
phase composition as

x0
i =

zi
Psat

i∑n
j=1

zj

Psat
j

, i = 1, . . . , n, (27)

and the initial trial (liquid) phase pressure Pini is given by

Pini =
n∑

i=1

Psat
i (T)x0

i . (28)

As we  do not know a-priori whether the initial phase is vapor- or
liquid-like, both possibilities are tested. The initial concentration
c

′0 of the trial phase is evaluated from the equation of state using
the estimated trial phase composition x0

i
(i = 1, . . . , n) and initial

pressure Pini. For multiple roots in the equation of state, we obtain
different initial guesses. In case of three different roots, only two  of
them are accepted and the middle one is disregarded. This way we
obtain up to four initial guesses for the Newton method. We have
tested this strategy on a number of mixtures (see the Examples) and
we have not seen a case for which the global minimum of function
D would be missed.

The iterations are stopped when the maximal number of itera-
tions is achieved (500) or when the Euclidian norm of the direction
vector is less than a prescribed limit. We use ‖�c′xk‖ < 10−7 as a
stopping criterion in all examples below. For the Newton–Raphson
method (and also for any other quadratically convergent method,
see e.g. [11]), the norm of the error of c′x is approximately equal
to the norm of increment ‖�c′xk‖ in the vicinity of the stationary
point. This is not the case for SSI (and other methods that converge
only linearly), in which the small increment does not generally
imply a small error of approximation.

6. Numerical examples of VT-stability testing

We have tested the algorithm in several examples of VT-stability
testing for binary and multi-component mixtures under different
conditions. In all numerical experiments we  investigate stability
of an n-component mixture with prescribed chemical composition
z1, . . .,  zn as a function of temperature T and overall molar con-
centration c. The c, T-space is discretized by a grid with 50 × 50
vertices. For each point (c, T) of the grid we perform the stability
analysis. We provide plots of the value of the global minimum as
a function of c and T which allows to detect two-phase stability
boundaries. Parameters of the Peng–Robinson equation of state for
all components used are presented in Table 1. In most examples we
investigate VT-stability of mixtures whose phase-splitting at con-
stant temperature, volume and moles has been investigated in our
previous work [1].

Example 1. In the first example we investigate VT-stability for
a binary mixture of methane (C1) and propane (C3) with mole
fractions zC1 = 0.547413 and zC3 = 0.452587 for temperatures
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Fig. 1. Global minimum of function D as a function of the overall molar density c and temperature T (left) and boundary between single-phase and two-phase regions in the
c,  T-space (right). Example 1: binary C1–C3 mixture.

T ∈ 〈250 ; 330〉 K and the whole range of feasible molar densities.
The binary interaction coefficient ıC1−C3 = 0.0365. The minima of
function D for each point and the approximate boundaries of the
two-phase region in the c, T-space are presented in Fig. 1.

Example 2. In the second example we investigate VT-stability
for a binary mixture of methane (C1) and normal penthane (nC5)
with mole fractions zC1 = 0.547413 and znC5 = 0.452587 for tem-
peratures T ∈ 〈320 ; 430〉 K and the whole range of feasible molar
densities. The binary interaction coefficient ıC1−nC5 = 0.041. The
minima of function D for each point and the approximate bound-
aries of the two-phase region in the c, T-space are presented in
Fig. 2.

Example 3. In the third example we change the mole fractions
in Example 2 and investigate VT-stability for a binary mixture of
methane (C1) and normal penthane (nC5) with mole fractions zC1 =
0.489575 and znC5 = 0.510425 for temperatures T ∈ 〈250 ; 450〉 K
and the whole range of feasible molar densities. The minima of
function D for each point and the approximate boundaries of the
two-phase region in the c, T-space are presented in Fig. 3.

Note that for c = 6135.3 mol  m−3 and T = 310.95 K, the mixture
is unstable, but the PT-stability analysis performed at the pressure
provided by the equation of state (P = − 9.93516 bar) with several
initial guesses indicates single-phase. This is an example of one
of the issues with the PT-stability analysis discussed above, which
justifies the alternative formulation.

Example 4. In the fourth example we investigate VT-stability for
a binary mixture of carbon dioxide (CO2) and normal decane (nC10)
with mole fractions zCO2 = 0.547413 and znC10 = 0.452587 for

Table 1
Parameters of the Peng–Robinson equation of state for all components used in all
examples. PC1–PC3 are the pseudocomponents defined in Examples 6 and 7.

Component Ti,crit (K) Pi,crit (MPa) ωi (–) Mw,i (g mol−1)

CO2 304.14 7.375 0.2390 44
N2 126.21 3.390 0.039 28
C1 190.56 4.599 0.0110 16
C3 369.83 4.248 0.153 44.1
nC5 469.70 3.370 0.2510 72.2
nC10 617.70 2.110 0.489 142.28
PC1 333.91 5.329 0.1113 34.64
PC2 456.25 3.445 0.2344 69.52
PC3 590.76 2.376 0.4470 124.57
C12+ 742.58 1.341 0.9125 248.30

temperatures T ∈ 〈250 ; 650〉 K and the whole range of feasible molar
densities. The binary interaction coefficient ıCO2−nC10 = 0.15. The
minima of function D for each point and the approximate bound-
aries of the two-phase region in the c, T-space are presented in
Fig. 4. Note that for high molar densities c and low temperatures
we can observe a second two-phase region which may  correspond
to a liquid–liquid two-phase region (provided that the solid phase
does not form). As can be seen in Fig. 4, for c = 6307.21 mol  m−3 and
T = 311 K, the mixture is unstable. This is another example in which
the PT-stability fails to provide correct answer because when per-
formed at the pressure given by the equation state (P = − 184.5 bar),
it indicates single phase.

Example 5. In the fifth example we investigate VT-stability for a
four-component mixture of nitrogen (N2), methane (C1), propane
(C3), and normal decane (nC10) with mole fractions zN2 = 0.2463,
zC1 = 0.2208, zC3 = 0.2208, and znC10 = 0.3121 for temperatures
T ∈ 〈250 ; 650〉 K and the whole range of feasible molar densities.
The binary interaction coefficients are shown in Table 2. The min-
ima  of function D for each point and the approximate boundaries
of the two-phase region in the c, T-space are presented in Fig. 5.

Example 6. In the sixth example we  investigate VT-stability
for a seven-component mixture of nitrogen (N2), carbon diox-
ide (CO2) with a multicomponent oil. The oil is modeled by
seven (pseudo)components – N2, CO2, methane (C1), and four
hydrocarbon pseudo-components denoted as PC1 (H2S + C2 + C3),
PC2 (C4–C6), PC3 (C7–C11), and C12+. In this example oil is
mixed with nitrogen to obtain a nitrogen-rich mixture with over-
all composition zN2 = 0.466905, zCO2 = 0.007466, zC1 = 0.300435,
zPC1 = 0.105051, zPC2 = 0.041061, zPC3 = 0.045060, and zC12+ =
0.034021. We investigate VT-stability of this mixture for tem-
peratures T ∈ 〈250 ; 650〉 K and the whole range of feasible molar
densities. The binary interaction coefficients are shown in Table 3.
The minima of function D for each point and the approximate
boundaries of the two-phase region in the c, T-space are presented
in Fig. 6.

Table 2
Binary interaction coefficients for the four-component mixture used in Example 5.

Component N2 C1 C3 nC10

N2 0 0.1 0.1 0.1
C1 0.1 0 0.036 0.052
C3 0.1 0.036 0 0
nC10 0.1 0.052 0 0
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Example 7. In the last example we mix  the oil from Example 6
with CO2 so that we obtain a CO2-rich seven-component mixture
with overall composition zN2 = 0.000131, zCO2 = 0.568185, zC1 =
0.246739, zPC1 = 0.086275, zPC2 = 0.033722, zPC3 = 0.037006, and

zC12+ = 0.027941. We  investigate VT-stability of this mixture for
temperatures T ∈ 〈250 ; 650〉 K and the whole range of feasible molar
densities. The binary interaction coefficients are shown in Table 3.
The minima of function D for each point and the approximate
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Fig. 7. Global minimum of function D as a function of the overall molar density c and temperature T (left) and boundary between single-phase and two-phase regions in the
c,  T-space (right). Example 7: 7-component mixture rich in CO2.
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Table 3
Binary interaction coefficients for the reservoir fluids used in Examples 6 and 7.

Component N2 CO2 C1 PC1 PC2 PC3 C12+

N2 0.000 0.000 0.100 0.100 0.100 0.100 0.100
CO2 0.000 0.000 0.150 0.150 0.150 0.150 0.150
C1 0.100 0.150 0.000 0.035 0.040 0.049 0.069
PC1 0.100 0.150 0.035 0.000 0.000 0.000 0.000
PC2 0.100 0.150 0.040 0.000 0.000 0.000 0.000
PC3 0.100 0.150 0.049 0.000 0.000 0.000 0.000
C12+ 0.100 0.150 0.069 0.000 0.000 0.000 0.000

boundaries of the two-phase region in the c, T-space are presented
in Fig. 7. We  observe again an unstable region in the bottom right
corner of Fig. 7 (right) which corresponds to a liquid–liquid two-
phase state if the solid phase does not form.

7. Summary and conclusions

In this work we have formulated conditions for the phase
stability at constant temperature, volume, and moles. This prob-
lem differs significantly from the common problem of stability
at constant pressure, because the pressure is not known a-priori.
Moreover, the pressures in the initial phase and in the trial phase
are not generally the same. We  have proposed a simple numerical
algorithm for VT-stability testing, which is based on the Newton
method with line search. This combination together with a spe-
cial choice of initial guesses allows robust VT-stability testing. The
algorithm has been tested on many mixtures under different con-
ditions of different complexity. In most simulations, the algorithm
converges in 10–20 iterations. In seven-components examples, the

typical number of Newton iterations is between 20 and 30. In
most situations the line search is necessary in the first few iterations
of the Newton method only. Once the iterates converge toward the
true solution, we observe the quadratic convergence and the line
search is not needed any more. In some cases the Newton method
does not converge for some initial guesses, but these cases are very
rare. If the Newton method does not converge for one initial guess,
the other initial guesses converge rapidly. Therefore, we  are able
to obtain these results using at most four initial guesses for each
VT-stability testing. This can not be achieved using the SSI method
which breaks down frequently and does not allow to evaluate reli-
able phase boundaries in the c, T-space as it is for the Newton
method.

List of symbols

A Helmholtz free energy
bi covolume parameter of the Peng-Robinson EOS
c molar concentration
D, D* different forms of the tangent plane distance function
ıi,j Kronecker symbol
ıX−Y binary interaction coefficient between components X and

Y
�i volume function of the i-th component
i, j component indices
k iteration index
�i chemical potential of the i-th component
Mw,i molar weight of the i-th component
n number of components
Ni mole number of the i-th component
ωi accentric factor of the i-th component
P pressure

Pi,crit critical pressure of the it-th component
Psat

i
saturation pressure of the i-th component

Pini initial pressure
R universal gas constant
T absolute temperature
Ti,crit critical temperature of the i-th component
V total volume of the system
xi mole fraction of the i-th component in the trial phase
zi mole fraction of the i-th component in the initial phase
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Appendix A. Volume function coefficient for the
Peng–Robinson equation of state

In this work we  use the Peng–Robinson equation of state [9] in
the form

P(V, T, N1, . . . , Nn) = NRT

V − B − A
V2 + 2BV − B2)

,

where R is the universal gas constant, N =
∑n

i=1Ni is the total mole
number, and coefficients A and B are given by

A  =
n∑

i=1

n∑
j=1

NiNjaij, aij = (1 − ıi−j)
√

aiaj, ai = 0.45724
R2T2

i,crit

Pi,crit
[1 + mi(1 −

√
Tr )]2, mi =

{
0.37464 + 1.54226ωi − 0.26992ω2

i
, for ωi < 0.5,

0.3796 + 1.485ωi − 0.1644ω2
i

+ 0.01667ω3
i

for ωi ≥ 0.5
.

B =
n∑

i=1

Nibi bi = 0.0778
RTi,crit

Pi,crit

In these equations ıi−j denotes the binary interaction parameter
between the components i and j, Ti,crit, Pi,crit, and ωi are the criti-
cal temperature, critical pressure, and accentric factor of the i-th
component, respectively. Defining the molar densities of the i-th
component by cxi = Ni/V, the volume function coefficient for the
Peng–Robinson equation of state can be written in terms of molar
densities as (for details see [1])

ln ˚i(T, cx1, . . . , cxn) = ln(1 − B) − bic

1 − B
+ Abi

BRT

1
1 + 2B − 2B

− 1√
2BRT

⎡⎣Abi

2B
−

n∑
j=1

cxjaij

⎤⎦ ln

∣∣∣∣1 + (1 +
√

2)B

1 + (1 −
√

2)B

∣∣∣∣ , (29)

where

A = A
V2

=
n∑

i=1

n∑
j=1

cxicxjaij, B = B
V

=
n∑

i=1

cxibi.

In the text the dependence of the volume function ˚i on tempera-
ture T is not written explicitly, because the temperature is assumed
to be constant.
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a  b  s  t  r  a  c  t

We  develop  a new  algorithm  for the  calculation  of  phase  splitting  at constant  volume,  temperature,  and
moles. The  method  is  based  on  the direct  minimization  of  the  total  Helmholtz  free  energy  of the  mixture
with  respect  to the  mole-  and volume-balance  constraints.  The  algorithm  uses  the  Newton–Raphson
minimization  method  with  line-search  and  modified  Cholesky  factorization  of  the  Hessian  to  produce
a  sequence  of states  with  decreasing  values  of  the  total  Helmholtz  free  energy.  The  algorithm  is initial-
ized  using  an initial  guess  that  is  constructed  using  the  results  of the  constant  volume  stability  testing.
The  speed  and  robustness  of  the  algorithm  are demonstrated  by a number  of  examples  of two-phase
equilibrium  calculations.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Consider a closed system of given volume V containing a mix-
ture of n components with mole numbers N1,. . .,  Nn at temperature
T. The goal is to find out if the system is in single phase or splits
into phases. If phase splitting occurs, we want to establish com-
position, densities, and amount of the phases, and eventually, find
the equilibrium pressure. The problem of computation of phase
equilibria under constant volume, temperature, and moles (the
so-called VT-flash) is an alternative to the traditional formulation
of phase equilibria at constant pressure, temperature, and chem-
ical composition (the so-called PT-flash), which has been used in
many applications [1–3]. Although the possibility of using alter-
native variables specifications has been known for a long time,
in most applications PT-flash has been used to solve the phase
equilibrium. To compute phase equilibria under different variables
specifications (including VT,  PS,  and PH), Michelsen [1–4] suggested
to use the PT-flash algorithm iteratively, trying to find input tem-
perature T and pressure P for the PT-flash such that the resulting
specification variable (volume V, entropy S, or enthalpy H, respec-
tively) attains the prescribed value. This approach was  used in
[5] to find the conditions of thermodynamic equilibrium in sys-
tems subject to gravitational fields and in [6] to study segregation
in centrifugal fields. While this approach allows to reuse exist-
ing implementations of PT-flash, it is not computationally efficient

∗ Corresponding author. Tel.: +420 224358553.
E-mail address: jiri.mikyska@fjfi.cvut.cz (J. Mikyška).

because many solutions of the PT-flash are needed before the equi-
librium pressure is found. Another limitation of this approach is
that for a pure substance at the saturation pressure, volume is
ambiguous (see Example 1 below), and therefore, the nested loop
approach must fail to provide correct volume fractions of the split
phases. Although the single-component case seems to be a trivial
exception, we  aim to develop a method that performs equally well
for pure substances and mixtures. This motivates our interest in VT-
based formulation and direct minimization of the total Helmholtz
free energy A.

Compared to PT-flash, the VT-based algorithms for the flash cal-
culation and stability testing have been discussed rarely in the
literature. Cabral et al. [7] use the direct minimization of the
Helmholtz free energy in problems with various bulk and adsorbed
phases. In the VT-flash, pressure can become negative during the
course of iterations. For this reason, Cabral et al. [7] have evalu-
ated the logarithms of fugacities and pressures using the complex
arithmetic. In the VT-formulation presented in this paper, the use
of complex arithmetic is avoided. This is achieved by expressing
the differences of the chemical potentials using the logarithms of
volume functions rather than fugacities. The framework of volume
functions was developed recently [9] to replace fugacities in the VT-
based formulations. The first algorithm for the direct calculation of
VT-flash [9] using the new framework was based on solving the
equations of phase equilibria using the succesive substitution iter-
ations (SSI). Numerical examples in [9] demonstrate that the direct
calculation of VT-flash using SSI can be performed in essentially the
same number of iterations as SSI requires in PT-flash if applied at the
equilibrium pressure. As this pressure is usually not known a-priori

0378-3812/$ – see front matter ©  2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.fluid.2013.05.036
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List of notation

Symbol
A Helmholtz free energy
bi Covolume parameter of the Peng–Robinson EOS
c Molar concentration
ıX−Y Binary interaction coefficient between components

X and Y
i, j Component indices
k Iteration index
�i Chemical potential of the ith component
Mw,i Molar weight of the ith component
n Number of components
Ni Mole number of the ith component
ωi Accentric factor of the ith component
P Pressure
Pi,crit Critical pressure of the ith component
R Universal gas constant
T Absolute temperature
Ti,crit Critical temperature of the ith component
V Total volume of the system
zi Overall mole fraction of the ith component

(actually, it is one of the results of the VT-flash problem), itera-
tive version of the PT-flash would require more CPU-time to solve
the VT-flash problem. Besides its efficiency, there are also other
advantages of the VT-flash formulation over the PT-formulation
[11] stemming from the fact that VT are the natural variables of
pressure-explicit equations of state:

1 As volume is specified and pressure is computed from the equa-
tion of state, there is no need to invert the equation of state.

2 As the equation of state is not inverted, the problem of multiple
roots of the equation of state is avoided.

3 The algorithm can describe phase splitting in the mixtures as well
as in pure components (we will show a specific example of this
issue later in this paper).

Although the SSI-algorithm for VT-flash works well in many
cases, there are several issues to resolve. First, for some problems
the SSI algorithm requires too many iterations to converge. Second,
if SSI does converge, it does not have to converge to a state corre-
sponding to (at least) a local minimum of the total Helmholtz free
energy A. We  have found examples, in which the iterates in the SSI-
algorithm converge to a state corresponding to the saddle point of
A rather than to the point of a minimum of A. In some cases, SSI
can converge to the trivial solution although the system should be
in two-phase. Providing good initial guesses for the SSI algorithm
is another challenge. We  have found an example of a binary mix-
ture, for which the iterates in the SSI method diverged from the
vicinity of the global minimum of A no matter how close was the
initial guess to the point of the global minimum. Recently, we have
developed a fast and robust method for testing single-phase stabil-
ity under constant V and T conditions [10]. This algorithm tests if a
small volume of a trial phase with arbitrary density and composi-
tion can be split from the initial phase so that the total Helmholtz
free energy of the 2-phase system is lower than the energy of the
hypothetical single-phase system. If the mixture is stable, the VT-
flash calculation is avoided. If the mixture splits into phases, the
VT-stability provides concentrations of a trial phase, which, if taken
in a sufficiently small amount from the initial phase, leads to a two-
phase system with lower value of A than the hypothetical single
phase state. However, the SSI algorithm breaks down if the initial
guess from VT-stability is used.

To resolve these issues, we  have developed a new method for
the computation of VT-flash which is based on constrained mini-
mization of the total Helmholtz free energy rather than equation
solving. The minimization approach allows to solve all the issues
mentioned above. As the method is based on the Newton–Raphson
iterations, its convergence is fast compared to SSI. Unlike SSI, the
new method guarantees that the total Helmholtz free energy of the
system decreases in every iteration. Therefore, the method always
converges to a state corresponding to a local minimum of A. As we
use the results of stability to initialize the iteration, once the stabil-
ity analysis decides that the system is in two-phase, convergence
towards the false trivial solution is avoided.

The paper is structured as follows. In Section 2, we formulate
the VT-flash problem and derive the equilibrium conditions using
the Helmholtz free energy. In Section 3, we describe the new com-
putational algorithm for calculation of phase-equilibria at constant
volume, temperature, and moles. In Section 4, we describe con-
struction of the initial guess using the results of VT-stability testing.
In Section 5, we summarize the essential steps of the algorithm.
In Section 6, we present numerical examples showing the perfor-
mance of the algorithm on several mixtures of different degree of
complexity. In Section 7, we discuss the results and draw some con-
clusions. In Appendix A, we summarize details of the equations of
state that were used in the computations.

2. Conditions for phase equilibrium

Consider a mixture of n components with mole numbers N1,
. . .,  Nn occupying volume V at temperature T. Let us assume the
system is unstable and splits into two phases. We are interested
in calculating volumes of both phases V′ and V′′, mole numbers of
each component in both phases N′

i
and N

′′
i

for i = 1, . . .,  n and the
pressure of the system P.

For single-phase systems, the Helmholtz free energy is given by

AI = A(V, T, N1, . . . , Nn) = −PV +
n∑

i=1

Ni�i, (1)

where P = P(V, T, N1, . . .,  Nn) is the pressure given by a pressure-
explicit equation of state, and �i = �i(V, T, N1, . . .,  Nn) is the chemical
potential of the ith component in the mixture. For two-phase sys-
tems, the total Helmholtz free energy reads as

AII = A(V ′, T, N′
1, . . . , N′

n) + A(V ′′, T, N
′′
1, . . . , N

′′
n). (2)

The equilibrium state of the system is the one for which the total
Helmholtz free energy increase with respect to the hypothetical
single phase system,

�A  = A(V ′, T, N′
1, . . . , N′

n) + A(V ′′, T, N
′′
1, . . . , N

′′
n)

− A(V, T, N1, . . . , Nn), (3)

is minimal among all states satisfying the following (n + 1) con-
straints, which express the volume balance and mole balance

V ′ + V ′′ = V, (4)

N′
i + N

′′
i = Ni, i = 1, . . . , n. (5)

Using the Lagrange multiplier method, the system of (n + 1) neces-
sary conditions of the phase equilibria is derived

P(V ′, T, N′
1, . . . , N′

n) = P(V ′′, T, N
′′
1, . . . , N

′′
n), (6)

�i(V
′, T, N′

1, . . . , N′
n) = �i(V

′′, T, N
′′
1, . . . , N

′′
n) , i = 1, . . . , n. (7)

These equations are the basis for equation solving methods like SSI
developed in [9]. In this paper, we develop an optimization method,
which is based on direct minimization of �A subject to the con-
straints (4) and (5). The same problem could also be formulated
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using the minimization of A rather than �A. Obviously, the two
formulations yield the same equilibrium states as the last term on
the right hand side of (3) is constant. There are two advantages of
using �A.  First, while A can be evaluated up to an unknown addi-
tive constant, the expression for �A  can be evaluated readily from
the equation state. Second, �A  is used in stability testing and the
sign of �A  shows whether a given two-phase split is more stable
than the hypothetical single-phase state. This feature helps in the
initialization of the algorithm (see Eq. (27) in Section 4).

3. Numerical algorithm for computation of phase
equilibrium

We  derive a numerical procedure for computing two-phase
equilibrium at constant temperature, volume, and moles based on
minimization of the total Helmholtz free energy of the two-phase
system (3), which is subject to the volume and mole balance con-
straints (4) and (5).

The constraint equations (4) and (5) can be written in the matrix
form with matrix A  ∈ R(n+1)×(2n+2), vector of unknowns x ∈ R2n+2

and the vector of right hand side b ∈ Rn+1 as Ax = b, or

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 0 1 0

1 0 1 0

. . .
...

. . .
...

1 0 1 0

0 0 . . . 0 1 0 0 . . . 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
︸ ︷︷  ︸

A

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

N′
1

...

N′
n

V ′

N
′′
1

...

N
′′
n

V ′′

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
︸ ︷︷  ︸

x

=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

N1

N2

...

Nn

V

⎞⎟⎟⎟⎟⎟⎟⎟⎠
︸ ︷︷  ︸

b

.

(8)

As the matrix A  has the full rank, the optimization problem
with 2n + 2 unknowns and n + 1 linearly independent linear con-
straints can be transformed into an unconstrained problem in
2n + 2 − (n + 1) = n + 1 variables. In principle, one could use the con-
straints to eliminate one set of unknowns (say V′′, and N

′′
1, . . . , N

′′
n)

and formulate the problem as an unconstrained optimization prob-
lem in the other set of variables (V′, and N′

1, . . . , N′
n). This would

lead to a non-symmetric formulation preffering one phase over the
other one. This may  cause some problems in numerical compu-
tation if, for example, one of the phases in the two-phase system
occurs in a very small amount. In our method we use a different
approach based on the LQ-factorization of matrix A, which can treat
all phases in a unified way. The symmetry of our formulation is an
advantageous feature that makes the method robust even in these
limit situations. The reduction in dimensionality can be performed
using two subspaces Y  and Z,  where Y  is the (n + 1)-dimensional
subspace of R2n+2 spanned by the rows of matrix A  and Z is (n + 1)-
dimensional subspace of R2n+2 of vectors orthogonal to the rows of
matrix A. As

R2n+2 = Y  ⊕ Z,  (9)

any (2n  + 2)-dimensional vector x can be uniquely written as a sum
of vectors from Y  and Z as

x = YxY + ZxZ, (10)

where Y  and Z denote matrices from R(2n+2)×(n+1) whose columns
represent bases of subspaces Y  and Z,  respectively, the (n + 1)-
dimensional vector xY is called the range-space part of x, and the

(n + 1)-dimensional vector xZ is called the null-space part of x.
The solution x∗ of the constrained optimization problem, given by
x∗ = Yx∗

Y + Zx∗
Z, is feasible, therefore

Ax∗ = A(Yx∗
Y + Zx∗

Z) = b.

From the definition of the subspace Z,  it follows that AZ = 0, and

AYx∗
Y = b.

From the definition of subspace Y  it follows that the matrix AY

is non-singular, so the vector x∗
Y is uniquely determined by the

previous equation. Similarly, any feasible vector x must have the
same range-space part, that means xY = x∗

Y, and on the contrary,
any vector with range-space component x∗

Y satisfies the constraints
of the optimization problem. So the range-space part x∗

Y of the
solution is uniquely determined by the constraints, and only the
(n + 1)-dimensional part x∗

Z remains unknown.
To represent the null-space Z,  we  use the LQ-factorization of

matrix A  [12]. Let Q ∈ R(2n+2)×(2n+2) be an orthogonal matrix such
that

AQ = (L 0),  (11)

where L ∈ R(n+1)×(n+1) is a non-singular lower triangular matrix.
From this it can be seen that the matrix Y  can be chosen as the first
n + 1 columns of matrix Q and the matrix Z can be chosen as the
remaining n + 1 columns of Q,  i.e.

Q = (Y  Z). (12)

If we denote the identity matrix in Rn+1 as In+1, the matrix A  can be

written as A  = (
In+1 In+1 ). The matrices Y  and Z then read as

Y  = 1√
2
AT = 1√

2

(
In+1

In+1

)
, Z = 1√

2

(
In+1

−In+1

)
. (13)

Our algorithm for solving the optimization problem is iterative. Pro-
vided that we start from a feasible initial guess x(0), the algorithm
generates a sequence of feasible iterates x(k). In every iteration, x(k)

is updated as

x(k+1) = x(k) + ˛kd(k),

where ˛k > 0 denotes the step size and d(k) denotes the direction
vector. Assuming that x(k) is feasible, we require that x(k+1) be fea-
sible too. To satisfy this, it is necessary that the direction vector d(k)

be orthogonal to the rows of A, i.e.

Ad(k) = 0, (14)

or equivalently

d(k) = Zd(k)
Z , (15)

for a suitable (n + 1)-dimensional vector d(k)
Z . It is obvious that the

search direction d(k) is a (2n  + 2)-dimensional vector, which is con-
structed to lie in a (n + 1)-dimensional subspace Z.  The columns
of matrix Z forming an orthogonal basis of Z are given by (13), so
it remains to determine the vector d(k)

Z ∈ Rn+1. This way we have
transformed the constrained minimization problem to an uncon-
strained problem in a lower dimension.

To find the vector d(k)
Z , we use the modified Newton method,

which is based on the quadratic approximation of function �A
around the point x(k). Let us denote by g(x) the gradient of the
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function �A. By partial differentiating of �A with respect to its
variables, we obtain

g(x) = ∇(�A)T =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�1(V ′, T, N′
1, . . . , N′

n)

...

�n(V ′, T, N′
1, . . . , N′

n)

−P(V ′, T, N′
1, . . . , N′

n)

�1(V ′′, T, N
′′
1, . . . , N

′′
n)

...

�n(V ′′, T, N
′′
1, . . . , N

′′
n)

−P(V ′′, T, N
′′
1, . . . , N

′′
n)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (16)

Next, let us denote by H(x) the Hessian of the function �A  obtained
in the following block-diagonal form

(17)

where

B′ ∈ Rn×n, B′
ij

= ∂�i

∂N′
j

(V ′, T, N′
1, . . . , N′

n),

B′′ ∈ Rn×n, B
′′
ij

= ∂�i

∂N
′′
j

(V ′′, T, N
′′
1, . . . , N

′′
n),

C′ ∈ Rn, C′
j
= − ∂P

∂N′
j

(V ′, T, N′
1, . . . , N′

n),

C′′ ∈ Rn, C
′′
j

= − ∂P

∂N
′′
j

(V ′′, T, N
′′
1, . . . , N

′′
n),

D′ ∈ R1, D′ = − ∂P

∂V ′ (V ′, T, N′
1, . . . , N′

n),

D′′ ∈ R1, D′′ = − ∂P

∂V ′′ (V ′′, T, N
′′
1, . . . , N

′′
n)

.

Approximating the function �A using the Taylor expansion
around the point x(k) up to the quadratic terms, the search direc-
tion d(k) = Zd(k)

Z is found as a solution of the following minimization
problem

min
d(k)∈R(2n+2)

Ad(k) = 0

�A(x(k) + d(k)) = min
d(k)
Z ∈R(n+1)

�A(x(k) + Zd(k)
Z )

≈ min
d(k)
Z ∈R(n+1)

�A(x(k)) + g(x(k))
T
Zd(k)

Z + 1
2

(Zd(k)
Z )

T
H(x(k))Zd(k)

Z . (18)

The vector d(k)
Z is the argument of minimum of a quadratic function

� defined as

�(dZ) = g(x(k))
T
ZdZ + 1

2
dT
ZZ

TH(x(k))ZdZ.

The function � has a stationary point if and only if there is a d(k)
Z ,

for which the gradient of � vanishes, i.e.

∇�(d(k)
Z ) = 0. (19)

The stationary point d(k)
Z is a solution of the following system of

equations

HZ(x(k))d(k)
Z = −gZ(x(k)), (20)

where HZ(x(k)) ∈ R(n+1)×(n+1) and gZ(x(k)) ∈ Rn+1 are the restric-
tions of the Hessian and of the gradient vector to the subspace Z
defined as

HZ(x(k)) = ZTH(x(k))Z (21)

and

gZ(x(k)) = ZT g(x(k)). (22)

Combining (13), (16), and (17), it follows from (21) and (22) that

(23)

where

B ∈ Rn×n, Bij = ∂�i

∂N′
j

(V ′, T, N′
1, . . . , N′

n) + ∂�i

∂N
′′
j

(V ′′, T, N
′′
1, . . . , N

′′
n),

C  ∈ Rn, Cj = − ∂P

∂N′
j

(V ′, T, N′
1, . . . , N′

n) − ∂P

∂N
′′
j

(V ′′, T, N
′′
1, . . . , N

′′
n)

D  ∈ R1, D  = − ∂P

∂V ′ (V ′, T, N′
1, . . . , N′

n) − ∂P

∂V ′′ (V ′′, T, N
′′
1, . . . , N

′′
n),

and

gZ(x(k)) = 1√
2

⎛⎜⎜⎜⎜⎜⎝
�1(V ′, T, N′

1, . . . , N′
n) − �1(V ′′, T, N

′′
1, . . . , N

′′
n)

...

�n(V ′, T, N′
1, . . . , N′

n) − �n(V ′′, T, N
′′
1, . . . , N

′′
n)

−P(V ′, T, N′
1, . . . , N′

n) + P(V ′′, T, N
′′
1, . . . , N

′′
n)

⎞⎟⎟⎟⎟⎟⎠ .

(24)

Note that the gradient vector in (16) depends on the values of chem-
ical potentials, which are determined up to an arbitrary constant.
Unlike in (16), the restricted gradient given by (24) is a function of
differences of the chemical potentials between two  states whose
values can be evaluated uniquely using the equation of state [9].
Unlike in [7], our formulation does not require to use the complex
arithmetics.

If d(k)
Z solves the system of the equations (20) and the matrix

HZ is positive definite, then the search direction d(k)
Z is a descent

direction. If the matrix of the projected Hessian is not positive defi-
nite, then either the quadratic approximation of the function is not
bounded from below, or a single minimum does not exist. In this
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case, it is necessary to modify the direction d(k)
Z . If the matrix HZ is

indefinite, then the vector d(k)
Z is found as a solution of a modified

system of the equations

ĤZ(x(k))d(k)
Z = −gZ(x(k)), (25)

where ĤZ(x(k)) is a positive definite matrix obtained by the
modified Cholesky decomposition of the matrix HZ(x(k)). In this
algorithm the usual Cholesky factorization is performed to decom-
pose matrix HZ(x(k)) into the product LLT where L is a lower
triangular matrix. If a negative element appears on the diagonal
of L during the Cholesky factorization, a suitable value is added
to this element to ensure its positivity in the final decomposition.
This way we obtain the Cholesky factorization of a positive definite
matrix ĤZ(x(k)), which is used instead of matrix HZ(x(k)) in (25) to
determine the direction d(k)

Z in the Newton method. This modifi-
cation of the Newton method ensures that the obtained direction
is a descent direction. Therefore, for a sufficiently small step size
˛k > 0, the decrease of �A  can be guaranteed. The following line-
search technique can be used to find the step size ˛k. First, we
put ˛k = 1 and test if �A(x(k) + d(k)) < �A(x(k)). If this condition is
satisfied, we set x(k+1) = x(k) + d(k). If the condition is violated, we
halve the value of ˛k until the condition �A(x(k) + ˛kd(k)) < �A(x(k))
is satisfied and then set x(k+1) = x(k) + ˛kd(k). This completes a sin-
gle iteration of the Newton method. The iterations are terminated
when a suitable stopping criterion is satisfied or the method con-
tinues with the next iteration if needed. In this work, we  stop the
iterations if (cf. [13])

‖d(k)‖2 :=

⎛⎝2n+2∑
j=1

d(k)2
j

⎞⎠1/2

≤ εtol = 10−7. (26)

4. Initialization of the VT-flash algorithm

To initialize the algorithm, an initial guess x(0) is needed. We
use the VT-stability test from [10] before the VT-flash calculation
to test whether the single phase is stable or not at given volume V,
temperature T, and mole numbers N1, . . .,  Nn. Denoting by ci = Ni/V
the overall molar concentrations of all components, the VT-stability
algorithm tests whether a trial phase with concentrations c′

i
can be

found such that, if taken in a small amount from the initial phase,
the two-phase system will have lower total Helmholtz free energy
than the single-phase system. From this, the following criterion of
stability at constant volume, temperature, and moles can be derived
(see [10] for details). The single phase is stable if

D(T, c′
1, . . . , c′

n)

= lim
V ′→0+

�A

V ′ =
n∑

i=1

[�i(1,  T, c′
1, . . . , c′

n) − �i(1,  T, c1, . . . , cn)]c′
i

−[P(1, T, c′
1, . . . , c′

n) − P(1, T, c1, . . . , cn)] ≥ 0

(27)

for all admissible states (T, c′
1, . . . , c′

n). If this condition is satis-
fied, the system is in single-phase and the VT-flash calculation is
avoided (pressure can be computed using the equation of state).
In the opposite case, the mixture splits into phases and the VT-
stability algorithm provides trial phase concentrations c′

i
such that

D(T, c′
1, . . . , c′

n) < 0. As D(T, c′
1, . . . , c′

n) = lim
V ′→0+

�A/V ′ < 0, we can

use the bisection method to find a small volume V′ > 0 such that
�A < 0 for a state in which one phase is the trial phase with vol-
ume  V′ and mole numbers N′

i
= c′

i
V ′ and the other phase properties

V′′ and N
′′
i

are computed such that (4) and (5) hold. This way

we construct a two-phase state with lower total Helmholtz free
energy than the initial single-phase state. As the VT-flash algorithm
guarantees to decrease the total Helmholtz free energy in every
iteration, the possibility of convergence toward the trivial solution
is excluded.

5. Algorithm of the modified Newton method for VT-flash

Now, we  are ready to summarize the essential steps of our algo-
rithm.

Step 1 Let N1, . . ., Nn, V and T > 0 be given. Set the number of iter-
ations k = 0. Get an initial feasible solution x(0) ∈ R2n+2 from
the VT-stability algorithm

x(0) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

N′
1

...

N′
n

V ′

N
′′
1

...

N
′′
n

V ′′

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (28)

Step 2 Assemble the Hessian HZ(x(k)) and the gradient gZ(x(k)) of
�A in the kth iteration projected to the subspace Z using
(23) and (24).

Step 3 Compute the projected step direction d(k)
Z ∈ Rn+1, and the

feasible direction d(k) ∈ R2n+2 by

HZ(x(k))d(k)
Z = −gZ(x(k)), (29)

d(k) = Zd(k)
Z . (30)

If the matrix HZ(x(k)) is not positive definite, find the vector
d(k)
Z by solving a modified system of equations

ĤZ(x(k))d(k)
Z = −gZ(x(k)), (31)

where ĤZ(x(k)) is a positive definite matrix obtained from
the modified Cholesky factorization of matrix HZ(x(k)).

Step 4 Determine the step length ˛k > 0 for the kth iteration satis-
fying

�A(x(k) + ˛kd(k)) < �A(x(k)). (32)

First, set the step length to ˛k = 1 and test if the condition
(32) holds. If not, use the bisection method to find a value of
˛k satisfying (32).

Step 5 Update the approximation as

x(k+1) = x(k) + ˛kd(k). (33)

Step 6 Test the convergence using (26). If needed, increase k by 1
and go to Step 2. If not needed, the algorithm ends up with
the solution x(k+1).

6. Numerical examples of VT-flash calculations

We have tested the algorithm in several examples for binary
and multi-component mixtures under different conditions. First,
we have tested the VT-flash algorithm on all examples of mixtures
from [9]. The new algorithm converged well in all cases and pro-
vided the same solutions as those reported in [9]. In all cases the
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Table  1
Numbers of iterations for the VT-flash algorithm developed in this paper and the
succesive substitution iteration (SSI) from [9] for five mixtures investigated in [9].
Example numbers refer to Examples in [9]. The detailed description of the mixtures
and  conditions can be found in [9].

Number of iterations VT-flash (this work) VT-flash SSI [9]

Example 1 6 46
Example 2 6 20
Example 3 6 25
Example 4 (with N2) 6 33
Example 4 (with CO2) 6 266

Table 2
Parameters of the Peng–Robinson and CPA equations of state for all components
used in all examples.

Component Ti,crit [K] Pi,crit [MPa] ωi Mw,i [kg kmol−1]

H2O 647.29 22.09 0.3440 18.01528
CO2 304.14 7.375 0.2390 44.0
N2 126.21 3.390 0.0390 28.0
C1 190.56 4.599 0.0110 16.0
C3 369.83 4.248 0.1530 44.1
nC5 469.70 3.370 0.2510 72.2
C6 507.40 3.012 0.2960 86.2
nC10 617.70 2.110 0.4890 142.28

new method needed much less iterations than the SSI method from
[9]. The numbers of iterations for both methods are summarized in
Table 1.

In the following examples, we simulate isothermal compression
of a mixture in a closed cell. The VT-stability algorithm from [10] is
used to detect the boundary between the stable single-phase and
two-phase regions for an interval of temperatures and for the whole
range of admissible molar concentrations c. For a selected temper-
ature T, we change the overall molar concentration c and provide
results of the VT-flash calculations for the mixture at temperature
T and molar concentrations ci = czi. We  present six examples of dif-
ferent complexity. In Examples 1–5, we use the Peng–Robinson
equastion of state. Parameters of the Peng–Robinson equation of
state for all components used are presented in Table 2. For Exam-
ple 6, we use the Cubic-Plus-Association (CPA) equation of state.
Details for both the equations of state can be found in Appendix A.

Note that in the following examples VT-flash algorithm is used
to evaluate amount and properties of the split phases, generally
denoted as phase 1 and phase 2. We  have not attempted to perform
any phase identification or post processing of the results. Therefore,

the numbering of the phases depends solely on the result of the
minimization procedure. In some figures we  can observe swapping
of the two-phases at certain points but this effect has no physical
significance.

Example 1

In the first example, we investigate two-phase equilibrium for
pure carbon dioxide (CO2). The approximate boundary between
the single-phase and two-phase domains in the c, T-space obtained
from VT-stability analysis is shown in Fig. 1 (left). As shown in Fig. 1
(left), at temperature T = 280 K the mixture occurs in single-phase
for low enough molar densities. During isothermal compression, at
moderate molar concentrations the mixture splits into two  phases,
while at high molar densities (higher than 20 kmol m−3) the mix-
ture becomes single-phase again. We show the saturations (volume
fractions) of both phases and mass densities of both phases as
functions of the overall molar density c in Fig. 2. The equilibrium
pressure for each overall molar concentration c is presented in Fig. 1
(right).

Note that within the two-phase region (between points A and
B in Fig. 1 (right)), the pressure is constant and equal to the satu-
ration pressure Psat corresponding to the temperature T = 280 K. All
these states occur at the same pressure P, temperature T, and mole
number N. Therefore, PT-stability and PT-flash cannot distinguish
between these states. As these states have different volumes, the
VT-based formulation can distinguish between them. This example
shows that the variables P, T, N are not equivalent to V, T, N in the
sense that specifying the volume, temperature and moles uniquely
determines the equilibrium state of the system. This is not the case
of the P, T, N formulation in which all two-phase states and both
saturated gas (point A in Fig. 1 (right)) and saturated liquid (point
B in Fig. 1 (right)) occur at the same values of P, T, N.

There are also other advantages of the volume-based for-
mulations. Consider applying PT-stability and PT-flash to a pure
component system at temperature T and pressures P1 = Psat(T) + ε
and P2 = Psat(T) − ε, where ε > 0 is an arbitrarily small number. For
both cases, the system is in single-phase. For P1 we have an almost
saturated liquid with molar concentration c1, for P2 we have an
almost saturated gas with molar concentration c2 < c1. While the
difference of pressures P1 − P2 is very small, the difference in con-
centrations c1 − c2 may  be large, i.e. although the pressure change
is small, the volume of the system changes a lot. The discontinuous
jump in volume associated with a small change in pressure may
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Fig. 1. Approximate boundary between the single-phase and two-phase domains in the c, T-space (left). The arrow indicates the compression at constant temperature
T  = 280 K. Equilibrium pressure as a function of the overall molar density c at T = 280 K (right). Example 1: pure CO2.

KAPITOLA 3. PŘILOŽENÉ PUBLIKACE

104
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Fig. 2. Saturations (left) and mass densities (right) of both phases as functions of the overall molar density c. Example 1: pure CO2 at T = 280 K.

cause convergence problems in numerical methods applied to the
solution of the PT-flash. On the other hand, in the VT-formulation,
the equilibrium pressure is a continuous function of the total vol-
ume  of the system (cf. Fig. 1 (right)).

Example 2

In the second example, we investigate two-phase equilibrium
for a binary mixture of methane (C1) and normal pentane (nC5) with
mole fractions zC1 = 0.547413 and znC5 = 0.452587. The binary
interaction coefficient ıC1−nC5 = 0.041. The approximate bound-
ary between the single-phase and two-phase domains in the c,
T-space obtained from VT-stability analysis is shown in Fig. 3 (left).
As shown in Fig. 3 (left), at temperature T = 371 K the mixture occurs
in single-phase for low molar densities. During isothermal com-
pression, the mixture splits into two phases at moderate molar
densities, while at high molar densities (higher than 9 kmol m−3)
the mixture becomes single-phase again.

The equilibrium pressure as a function of the overall molar
density c is presented in Fig. 3 (right) illustrating a steady rise of
the equilibrium pressure during compression, and its substantial
increase at molar densities 9 kmol m−3 and higher when all gas is
depleted. Saturations of both phases and mass densities of both
phases as functions of the overall molar density c are presented in

Fig. 4. Mole fractions of both components in both phases for each
overall molar density c are presented in Fig. 5.

Example 3

In the third example, we investigate two-phase equilibrium
for a binary mixture of carbon dioxide (CO2) and normal decane
(nC10) with mole fractions zCO2 = 0.547413 and zC10 = 0.452587.
The binary interaction coefficient ıCO2−nC10 = 0.150. The approxi-
mate boundary between the single-phase and two-phase domains
in the c, T-space obtained from VT-stability analysis is shown
in Fig. 6 (left). As shown in Fig. 6, when compressing at con-
stant temperature T = 311 K, the mixture occurs in two-phase
from the lowest molar densities up to approximately 8 kmol m−3,
then the mixture becomes single-phase, while at molar densi-
ties higher than 9.5 kmol m−3 the mixture becomes two-phase
again.

The equilibrium pressure as a function of the overall molar
density c is presented in Fig. 6 (right) illustrating a steady rise
of the equilibrium pressure during compression, and its substan-
tial increase at molar densities 8 kmol m−3 and higher when all
gas phase is depleted. Saturations of both phases and mass den-
sities of both phases as functions of the overall molar density c
are presented in Fig. 7. Mole fractions of both components in both
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Fig. 3. Approximate boundary between the single-phase and two-phase domains in the c, T-space (left). The arrow indicates the compression at constant temperature
T  = 371 K. Equilibrium pressure as a function of the overall molar density c at T = 371 K (right). Example 2: binary C1–nC5 mixture (zC1 = 0.547413, znC5 = 0.452587).
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Fig. 4. Saturations (left) and mass densities (right) of both phases as functions of the overall molar density c. Example 2: binary C1–nC5 mixture (zC1 = 0.547413, znC5 =
0.452587, and T = 371 K).
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Fig. 5. Molar fractions of both components in both phases as functions of the overall molar density c at T = 371 K. Example 2: binary C1–nC5 mixture (zC1 = 0.547413,
znC5 = 0.452587).

phases as functions of the overall molar density c are presented in
Fig. 8.

Figs. 6 (left) and 7 (right) suggest that the second two-phase
region at high molar densities and low temperatures may  corre-
spond to a liquid–liquid two-phase region.

Example 4

In the fourth example, we investigate two-phase equilibrium for
a ternary mixture of methane (C1), hexane (C6) and normal decane
(nC10) with mole fractions zC1 = 0.405946, zC6 = 0.297027 and
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Fig. 6. Approximate boundary between the single-phase and two-phase domains in the c, T-space (left). The arrow indicates the compression at constant temperature
T  = 311 K. Equilibrium pressure as a function of the overall molar density c (right) at T = 311 K. Example 3: binary CO2–nC10 mixture (zCO2 = 0.547413, zC10 = 0.452587).
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Fig. 7. Saturations (left) and mass densities of both phases as function of the overall molar density c (right). Example 3: binary CO2–nC10 mixture (zCO2 = 0.547413, zC10 =
0.452587, and T = 311 K).
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zC10 = 0.452587).

zC10 = 0.297027. The binary interaction coefficients are presented
in Table 3. The approximate boundary between the single-phase
and two-phase domains in the c, T-space obtained from VT-stability
analysis is shown in Fig. 9 (left). As shown in Fig. 9 (left), at con-
stant temperature T = 420 K the mixture occurs in two-phase from

the lowest molar densities up to approximately 6.5 kmol m−3, then
it becomes single-phase.

The equilibrium pressure as a function of the overall molar
density c is presented in Fig. 9 (right) illustrating a steady rise of
the equilibrium pressure during compression, and a substantial
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Fig. 9. Approximate boundary between the single-phase and two-phase domains in the c, T-space (left). The arrow indicates the compression at constant temperature
T  = 420 K. The equilibrium pressure as a function of the overall molar density c at T = 420 K (right). Example 4: ternary C1–C6–nC10 mixture (zC1 = 0.405946, zC6 = 0.297027,
zC10 = 0.297027).
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Table  3
Binary interaction coefficients for the ternary mixture used in Example 4.

Component C1 C6 nC10

C1 0 0.043 0.052
C6 0.043 0 0
nC10 0.052 0 0

increase at molar densities 6.5 kmol m−3 and higher when all gas
phase is depleted. Saturations of both phases and mass densities
of both phases as functions of the overall molar density c are pre-
sented in Fig. 10. Mole fractions of all components in both phases
as functions of the overall molar density c are presented in Fig. 11.

Example 5

In the fifth example, we investigate phase equilibrium for a
four-component mixture of nitrogen (N2), methane (C1), propane
(C3), and normal decane (nC10) with mole fractions zN2 = 0.2463,
zC1 = 0.2208, zC3 = 0.2208, and znC10 = 0.3121. The binary interac-
tion coefficients are shown in Table 4. The approximate boundary
between the single-phase and two-phase domains in the c, T-space
obtained from VT-stability analysis is shown in Fig. 12 (left). As
shown in Fig. 12 (left), at constant temperature T = 393.15 K the

Table 4
Binary interaction coefficients for the four-component mixture used in Example 5.

Component N2 C1 C3 nC10

N2 0 0.1 0.1 0.1
C1 0.1 0 0.036 0.052
C3 0.1 0.036 0 0
nC10 0.1 0.052 0 0

mixture occurs in two-phase from the lowest molar densities up
to approximately 8.2 kmol m−3, then it becomes single-phase.

The equilibrium pressure as a function of the overall molar den-
sity c is presented in Fig. 12 (right) illustrating a steady rise of
the equilibrium pressure during compression, and a substantial
increase at molar densities 8.2 kmol m−3 and higher when the gas
phase is depleted. Saturations of both phases and mass densities
of both phases as functions of the overall molar density c are pre-
sented in Fig. 13. Mole fractions of all components in both phases
as functions of the overall molar density c are presented in Fig. 14.

Example 6

In the sixth example, we investigate phase equilibrium for a
binary mixture of water (H2O) and carbon dioxide (CO2) with
mole fractions zH2O = 0.5 and zCO2 = 0.5. The binary interaction
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Fig. 10. Saturations (left) and mass densities of both phases (right) as functions of the overall molar density c. Example 4: ternary C1–C6–nC10 mixture (zC1 = 0.405946,
zC6 = 0.297027, zC10 = 0.297027, and T = 420 K).
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Fig. 11. Molar fractions of all components in both phases as functions of the overall molar density c at T = 420 K. Example 4: ternary C1–C6–nC10 mixture (zC1 = 0.405946,
zC6 = 0.297027 and zC10 = 0.297027).
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Fig. 12. Approximate boundary between the single-phase and two-phase domains in the c, T-space (left). The arrow indicates the compression at constant temperature
T  = 393.15 K. Equilibrium pressure as a function of the overall molar density c at T = 393.15 K (right). Example 5: mixture of N2–C1–C3–nC10 (zN2 = 0.2463, zC1 = 0.2208,
zC3 = 0.2208, znC10 = 0.3121).
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Fig. 13. Saturations (left) and mass densities (right) of both phases as functions of the overall molar density c (right). Example 5: four-component mixture of N2–C1–C3–nC10

(zN2 = 0.2463, zC1 = 0.2208, zC3 = 0.2208, znC10 = 0.3121, and T = 393.15 K).
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Fig. 14. Molar fractions of all components in both phases as functions of the overall molar density c at T = 393.15 K. Example 5: mixture of four-components N2–C1–C3–nC10

(zN2 = 0.2463, zC1 = 0.2208, zC3 = 0.2208, znC10 = 0.3121).
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Fig. 15. Equilibrium pressure as a function of the overall molar density c at
T  = 413.15 K. Example 6: binary H2O–CO2 mixture (zH2O = 0.5, zCO2 = 0.5).

coefficient ıH2O−CO2 = 0.30544 (for temperature T = 413.15 K). The
cross association factor used in the CPA equation of state is sCO2 =
0.083196882 (for temperature T = 413.15 K). As ıH2O−CO2 and sCO2
are strongly dependent on temperature, we omit the computation
of the stability region for this mixture. For T = 413.15 K, the mixture
splits in two phases except from very low overall concentrations c.

The equilibrium pressure as a function of the overall molar den-
sity c is presented in Fig. 15 (right) illustrating a steady increase of
the equilibrium pressure during compression. Saturations of both
phases and mass densities of both phases as functions of the over-
all molar density c are presented in Fig. 16. Mole fractions of both
components in both phases as functions of the overall molar den-
sity c are presented in Fig. 17. Unlike in previous Examples, we see
that the mutual solubility of CO2 and water is limited.

7. Summary and conclusions

In this work, we  have developed a numerical algorithm for the
calculation of two-phase equilibria at constant volume, tempera-
ture, and moles. The algorithm uses the Newton–Raphson method
with line-search for the minimization of the total Helmholtz free
energy A of the mixture. The modified Cholesky decomposition of
the Hessian matrix ensures the decrease of A in every iteration.
The initial guess is constructed using the results of the VT-stability
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Fig. 16. Saturations (left) and mass densities (right) of both phases as functions of the overall molar density c (right). Example 6: binary H2O–CO2 mixture (zH2O = 0.5,
zCO2 = 0.5, and T = 413.15 K).
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Fig. 17. Molar fractions of both components in both phases as functions of the overall molar density c at T = 413.15 K. Example 6: binary H2O–CO2 mixture (zH2O = 0.5,
zCO2 = 0.5).
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testing. This approach guarantees that the algorithm always con-
verges to a state of local minimum of A and the possibility of
convergence towards the trivial solution is avoided. Compared to
the SSI method developed previously in [9], the new algorithm
is fast – usually it converges in 6–10 iterations. We  have not
encountered a case in which the algorithm would not converge.
The robustness of our algorithm is documented by the numer-
ous examples provided in this paper. The algorithm was  tested
on many hydrocarbon mixtures that were described using the
Peng–Robinson equation of state and on the H2O–CO2 mixture
described by the CPA equation of state. We believe that the same
approach will be useful for other pressure-explicit equations of
state as well.
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Appendix A. Equations of state

In this work we use in Examples 1–5 the Peng–Robinson equa-
tion of state [14] in the form

P(V, T, N1, . . . , Nn) = NRT

V − B − A
V2 + 2BV − B2

,

where R is the universal gas constant, N =
∑n

i=1Ni is the total mole
number, and coefficients A  and B are given by

A  =
n∑

i=1

n∑
j=1

NiNjaij,

B =
n∑

i=1

Nibi,

aij = (1 − ıi−j)
√

aiaj,

bi = 0.0778
RTi,crit

Pi,crit
,

ai = 0.45724
R2T2

i,crit

Pi,crit

[
1 + mi

(
1 −
√

Tr,i

)]2
,

Tr,i = T

Ti,crit
,

mi =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0.37464 + 1.54226ωi − 0.26992ω2

i
,

for ωi < 0.5,

0.3796 + 1.485ωi − 0.1644ω2
i

+ 0.01667ω3
i
,

for ωi ≥ 0.5.

In these equations ıi−j denotes the binary interaction parameter
between the components i and j, Ti,crit, Pi,crit, and ωi are the crit-
ical temperature, critical pressure, and accentric factor of the ith
component, respectively.

In Example 6 we use for the binary mixture of water (H2O) and
carbon dioxide (CO2) the Cubic-Plus-Association (CPA) equation of
state [15,16]. This equation uses the Peng–Robinson equation of

Table 5
Parameters of the CPA equation of state for the H2O and CO2 mixture (the notation
is  explained in Appendix A).

Symbol Units Value

�˛ˇ [m 3 mol−1] 1.801506043021089 × 10−6

ε˛ˇ/kB [K] 1738.393603227767
a0

w [J m−3 mol−2] 0.09627316625476
c1 – 1.75573246325004
c2 – 0.00351802110081
c3 – −0.27463687473246

state for the physical interactions and the termodynamic pertur-
bation theory for the bonding of water molecules. We  assume that
each water molecule has four association sites of two types (mark
them  ̨ and ˇ), so each type has two sites. We  assume the same
for each molecule of carbon dioxide, whose association sites can
be marked as ˛′ and ˇ′. Let 	˛ and 	ˇ be the mole fractions of
water not bonded at site  ̨ and ˇ, respectively, and let 	˛′ and 	ˇ′
be the mole fractions of carbon dioxide not bonded at site ˛′ and
ˇ′, respectively. Assuming neither cross association nor self asso-
ciation between carbon dioxide molecules, and symmetric cross
association between the two sites of different type of water and
carbon dioxide, we obtain the following simplified expressions for
the symmetric association model

	˛ = 	ˇ = 	w = 1
1 + 2(Nw/V)	w
˛ˇ + 2(Nc/V)	c
˛ˇ′ ,

	˛′ = 	ˇ′ = 	c = 1
1 + 2(Nw/V)	c
˛ˇ′ .

In these equations the association strength between molecules of
water is given by


˛ˇ = g�˛ˇ[exp(ε˛ˇ/kBT) − 1],

where kB is the Boltzmann constant, �˛ˇ and ε˛ˇ are the bond-
ing volume and energy parameters of water, respectively, and g is
the contact value of the radial distribution function of hard-sphere
mixture that can be approximated as g = g(�) ≈ (1 − 0.5�)/(1 − �)3,
where � = B/(4V). The association strength between water and car-
bon dioxide molecules is related to the strength between water
molecules as 
˛ˇ′ = si


˛ˇ where si is the temperature-dependent
cross association coefficient which can be determined together
with the binary interaction coefficient by fitting the experimental
data. As a result, the CPA equation of state for the binary mixture
of water and carbon dioxide is given by

P(V, T, Nw, Nc) = NRT

V − B − A
V2 + 2BV − B2

+ 2RT

(
�

g

∂g

∂�
+ 1

)
×
[

Nw

V
(	w − 1) + Nc

V
(	c − 1)

]
,

where R, A  and B are the parameters from the Peng–Robinson
equation of state, Nw and Nc are the mole num-
bers of water and carbon dioxide, N = Nw + Nc , and
∂g /∂� = (2.5 − �)/(1 − �)4. The coefficients ai and bi for water read as

aw = a0
w[1.0 + c1(1 −

√
Tr,w) + c2(1 −

√
Tr,w)

2 + c3(1 −
√

Tr,w)
3
]
2
,

bw = 1.458431489141052 · 10−5,where a0
w , c1, c2, c3 are the

parameters of the equation of state given in Table 5.
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Abstract. The paper deals with the numerical modeling of compressible single-phase flow of a mix-
ture composed of several components in a porous medium. The mathematical model is formulated
by means of Darcy’s law, components continuity equations, constitutive relations, and appropriate
initial and boundary conditions. The problem is solved numerically using a combination of the
mixed-hybrid finite element method for Darcy’s law discretization and the finite volume method
for the discretization of the transport equations. This approach provides exact local mass balance.
The time discretization is carried out by the Euler method. The resulting large system of nonlinear
algebraic equations is solved by the Newton-Raphson iterative method. The dimensions of obtained
system of linear algebraic equations are significantly reduced so that they do not depend on the
number of mixture components. The convergence of the numerical scheme is verified on two prob-
lems of methane injection into a homogeneous 2D reservoir filled with propane which is horizontally
or vertically oriented.

Keywords. Mixed-hybrid finite element method, finite volume method, Newton-Raphson method,
single-phase compressible multicomponent flow, miscible displacement

1. Introduction

The reliable prediction of transport of multicomponent
mixtures in the subsurface is important for many appli-
cations including oil recovery or CO2 sequestration. The
traditional approaches use either the fully implicit (fully
coupled) method or a sequential method [20, 5]. The fully
implicit method is stable, allows for long time steps, but
leads to extremely large systems of linear algebraic equa-
tions whose size is proportional to the number of compo-
nents. Alternatively, one can use sequential solution pro-
cedures like IMPEC (implicit pressure, explicit concentra-
tions) [13]. In this approach, a pressure equation is formu-
lated by summing up the transport equations [20, 5] or by
other method [12, 21, 1]. The pressure equation is solved
implicitly using the concentrations from the previous time
step. Next, the mole fractions are updated using explicit
methods. This procedure allows to reduce the size of the
solved system as only pressure is solved implicitly. How-
ever, this approach is conditionally stable and the time step
has to be chosen prohibitively small in many cases.

In this paper, we deal with the numerical modeling of
the compressible single-phase flow of a mixture composed
of several components in a porous medium which is suit-
able for description of multicomponent subsurface trans-
port. We propose a new approach based on a combination
of the mixed-hybrid finite element method (MHFEM) and
the finite volume method (FVM). Similarly to the implicit
schemes, our method leads to large systems of linear alge-

braic equations, but it is possible to reduce the size of the
final system of equations to a size independent on the num-
ber of mixture components. Therefore, the solution cost
is comparable with the traditional sequential approaches.
Unlike in other sequential approaches, no pressure equation
has to be formed as pressure is evaluated directly from the
equation of state.

The paper is structured as follows. First, we present the
mathematical model of the problem. Then, the numerical
methods used for derivation of the computational scheme
are described together with the proposed computational
algorithm. Finally, we present computed numerical results
verifying convergence of the numerical scheme.

2. Mathematical model

Let Ω ⊂ R2 be a bounded domain with porosity ϕ [-],
and (0, τ) be the time interval [s]. Consider the single-
phase compressible flow of a fluid with NC components in
the domain at a constant temperature T [K]. Neglecting
diffusion, the transport of the components is described by
the following molar balance equations [12]

∂(ϕci)
∂t

+∇ · (ciq) = fi , i = 1, . . . , NC , (1)

ci = ci(x, t) , x ∈ Ω , t ∈ (0, τ) ,

where unknown quantities ci , i = 1, . . . , NC , are the mo-
lar concentrations of the components [mol m−3]. On the

53
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right hand side of equation (1), fi [molm−3s−1] denotes
the sink/source term. Darcy’s velocity q [m s−1] is given
by Darcy’s law (see [2])

q = −µ−1K(∇p− ϱg) , (2)

where K ∈ [L∞(Ω)]2×2 is the medium intrinsic perme-
ability [m2] (generally symmetric and uniformly positive-
definite tensor satisfying (B.7)), µ is the viscosity
[kgm−1s−1], ∇p denotes a gradient of the pressure p [Pa], g
is the gravitational acceleration vector [m s−2], and ϱ is the
fluid density [kg m−3]. Equations (1) and (2) are coupled
with constitutive relations expressing dependencies

p = p (c1, . . . , cNC
, T ) , µ = µ (c1, . . . , cNC

, T ) ,

ϱ = ϱ (c1, . . . , cNC ) .
(3)

In this work, pressure is prescribed by the Peng-Robinson
equation of state (PR EOS), while viscosity is given by the
Lohrenz-Bray-Clark (LBC) method. Details of relations
(3) are presented in Appendix A.

The initial and boundary conditions are given by

ci(x, 0) = c0
i (x) , x ∈ Ω , i = 1, . . . , NC , (4a)

ci(x, t) = cD
i (x, t) , x ∈ Γc(t) , t ∈ (0, τ) , i = 1, . . . , NC ,

(4b)
p(x, t) = pD(x, t) , x ∈ Γp , t ∈ (0, τ) , (4c)

q(x, t) · n(x) = qN (x, t) , x ∈ Γq , t ∈ (0, τ) , (4d)

where n is the unit outward normal vector to the boundary
∂Ω . Equations (4c) and (4d) determine the Dirichlet and
Neumann boundary conditions on the Γp , Γq parts of the
boundary, respectively, whereas conditions Γp ∪ Γq = ∂Ω
and Γp∩Γq = ∅ must be satisfied. The boundary condition
(4b) for molar concentration is also the Dirichlet type. The
set Γc(t) denotes the inflow part of the boundary ∂Ω in time
t, i.e.

Γc(t) = {x ∈ ∂Ω |q(x, t) · n(x) < 0} .

3. Numerical solution

The system of equations (1)–(4) is solved numerically by
a combination of the mixed-hybrid finite element method
(MHFEM), for Darcy’s law (2), and the finite volume
method (FVM), for transport equations (1). The sub-
sequent scheme is derived using the Euler method for
time discretization and linearized by the Newton-Raphson
method (NRM).

We consider a 2D polygonal domain Ω with the boundary
∂Ω which is covered by a spatial triangulation TΩ consisting
of triangles or quadrilaterals. Let us denote K the element
of the mesh TΩ with area |K|, E the edge of an element
with the length |E|, NK the number of elements of the
triangulation, and NE the number of edges of the mesh.

3.1. Discretization of Darcy’s law

Darcy’s velocity q can be approximated in the Raviart-
Thomas space of the lowest order (RT0

K) over the element

K ∈ TΩ as
q =

∑
E∈∂K

qK,EwK,E , (5)

where the coefficient qK,E is the flux of vector function q
through the edge E of the element K with respect to outer
normal, and wK,E represents the piecewise linear RT0

K–
basis function associated with the edge E (see [3, 4, 17] or
Appendix B).

By expressing the pressure gradient from Darcy’s law
(2), we obtain

∇p = −µK−1q + ϱg . (6)

Multiplying (6) by the basis function wK,E , integrating
over K, taking advantages of the RT0

K space (see Appendix
B), and using (5) on the right side and the Green theorem
on the left side together with the mean value theorem, we
derive a discrete form of Darcy’s law

qK,E = µ−1
K

(
αK

E pK −
∑

E′∈∂K

βK
E,E′pK,E′ + γK

E ϱK

)
, (7)

for E ∈ ∂K. In equation (7), αK
E , βK

E,E′ , and γK
E are coef-

ficients dependent on the mesh geometry and on the local
values of permeability (details in Appendix B); pK is the
cell pressure average; pK,E′ is the edge pressure average;
and µK , ϱK denote the mean values of viscosity and den-
sity over the cell K, respectively.

The continuity of flux and pressure on the edge E be-
tween neighboring elements K,K ′ ∈ TΩ can be written as

qK,E + qK′,E = 0 , (8)
pK,E = pK′,E =: pE . (9)

Boundary conditions (4c), (4d) expressed in a discrete form
read as

pK,E = pD(E) , ∀E ⊂ Γp , (10a)

qK,E = qN (E) , ∀E ⊂ Γq , (10b)

where pD(E) is the prescribed value of the pressure p aver-
aged on the edge E, and qN (E) is prescribed flux through
the edge E.

The flux can be eliminated by substituting qK,E from (7)
into equations (8) and (10b). For further derivation, let us
consider time dependent quantities at time tn+1 denoted
by upper index n + 1. Then, equations (7)–(10) transform
to the following system of NE linear algebraic equations

FE ≡



∑
K:E∈∂K

(
µn+1

K

)−1
(
αK

E pn+1
K − ∑

E′∈∂K

βK
E,E′p

n+1
K,E′

+ γK
E ϱn+1

K

)
= 0 , ∀E ̸⊂ ∂Ω ,(

µn+1
K

)−1
(
αK

E pn+1
K − ∑

E′∈∂K

βK
E,E′p

n+1
K,E′

+ γK
E ϱn+1

K

)
− qN (E) = 0 , ∀E ⊂ Γq ,

pn+1
K,E − pD(E) = 0 , ∀E ⊂ Γp .

(11)
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Herein, the symbol
∑

K:E∈∂K

denotes the sum over the ele-

ments containing edge E . A similar procedure leading to
the mixed-hybrid formulation can be found in [16].

3.2. Approximation of the transport equations

Transport equations (1) with the initial and boundary con-
ditions (4) are discretized using the FVM [14]. Integrating
(1) over an arbitrary element K from the mesh TΩ , and
using the Green theorem, we obtain

d
dt

∫
K

ϕ(x)ci(x, t) +
∫

∂K

ci(x, t)q(x, t) · n∂K(x) =
∫
K

fi(x) ,

i = 1, . . . , NC .
(12)

By applying the mean value theorem, and denot-
ing ϕK , ci|K , fi|K the averaged values of ϕ, ci , fi

(i = 1, . . . , NC), respectively, over the cell K, we derive
from (12)

d(ϕKci|K)
dt

|K|+
∑

E∈∂K

c̃i|E
∫
E

q · nK,E

︸ ︷︷ ︸
= qK,E

= fi|K |K| , (13)

where c̃i|E denotes the concentration ci on the edge E. The
integral in (13) is equal to the flux through the edge E from
element K (the component of q in the direction of outward
normal to E).

Let us suppose that the porosity does not depend on
time. The time derivative of ci|K in (13) is approximated
by the time difference with a time step ∆tn . Using the
Euler method (see [14]), we obtain for every n , all elements
K ∈ TΩ, and components i = 1, . . . , NC

FK,i ≡ ϕK |K|ci|n+1
K − ci|nK

∆tn

+
∑

E∈∂K

c̃i|nE qn+1
K,E

(
pn+1

K,E , c1|n+1
K , . . . , cNC |n+1

K

)
− fi|K |K| = 0 , (14)

where qn+1
K,E is given by (7). The value of c̃i|nE is chosen

from neighboring element in the upwind direction, i.e.

c̃i|nE =


ci|nK for qn+1

K,E ≥ 0 ,

ci|nK′ for qn+1
K,E < 0 ∧ E ̸⊂ ∂Ω : K ∩K ′ = E ,

cD
i |nE for qn+1

K,E < 0 ∧ E ⊂ ∂Ω ,

(15)
where cD

i represents the concentration of the i-th compo-
nent on the inflow boundary. Note that the scheme is al-
most fully implicit – the only term in (14) which is evalu-
ated explicitly is the value of c̃i|nE .

The initial and boundary conditions (4a) and (4b) are
approximated as

ci|0K = c0
i (K) , ∀K ∈ TΩ , i = 1, . . . , NC , (16a)

c̃i|nE = cD
i (E, tn) , ∀E ⊂ Γc(t) , i = 1, . . . , NC , tn < τ .

(16b)

3.3. Combining the MHFEM and the FVM
schemes

Let us use the notation FE and FK,i , for edge E ∈
{1, . . . , NE} , element K ∈ {1, . . . , NK} , and component
i ∈ {1, . . . , NC} , the left hand sides of equations (11)
and (14) with qn+1

K,E substituted from relation (7). The
cell averaged values pK = pK (c1|K , . . . , cNC

|K) , ϱK =
ϱK (c1|K , . . . , cNC

|K) , and µK = µK (c1|K , . . . , cNC
|K) are

evaluated using constitutive relations (3). The system of
NE + NK ×NC equations

F = [F1, . . . , FNE
;

F1,1, . . . , F1,NC , . . . , FNK ,1, . . . , FNK ,NC ]T = 0

for unknown molar concentrations c1|n+1
K , . . . , cNC |n+1

K ,
K ∈ {1, . . . , NK} , and edge averaged pressures pn+1

E ,
E ∈ {1, . . . , NE}, is a nonlinear system of algebraic equa-
tions which we solve using the NRM. The resulting sys-
tem of linear algebraic equations is shown in Fig. 1, where
the sparse Jacobi matrix is unsymmetric, and the unknown
vector is represented by corrections of molar concentrations
and edge pressures. The nonzero black-coloured values in
Fig. 1 are given by partial derivatives

(JK)i,j =
∂FK,i

∂cj |n+1
K

, (JK,E)i =
∂FK,i

∂pn+1
K,E

, (17)

(JE,K)j =
∂FE

∂cj |n+1
K

, JE,E′ =
∂FE

∂pn+1
K,E′

, (18)

where JE,E′ is element of the matrix JE,E′ and i, j =
1, . . . , NC ; K = 1, . . . , NK ; E, E′ = 1, . . . , NE . The par-
tial derivatives in (17) can be evaluated analytically using
(3), (11), and (14).

J1

J2

JNK

JK,E

JE,K JE,E′

c1|1 cNC
|1. . . c1|NK cNC

|NK. . .c1|2 cNC
|2. . . p1 pNE

p1

pNE

c1|1

cNC
|1
c1|2

cNC
|2

c1|NK

cNC
|NK

...

...

...

δc1|1

δcNC
|1

δc1|2

δcNC
|2

δc1|NK

δp1

δpNE

δcNC
|NK

−F1,1

−F1,NC

−F2,1

−F2,NC

−FNK,NC

−FNK ,1

−F1

−FNE

JK

Figure 1: Structure of the system of linear algebraic equa-
tions in the NRM.

The size of the system in Fig. 1 can be reduced by invert-
ing the JK blocks for all K (the inversion is possible since
the blocks are diagonally dominant for small time steps)
and eliminating vectors JE,K for all E,K. Then, we derive
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a system of NE equations for NE corrections of pressures
pE ∑

K:E∈∂K

∑
E′∈∂K

(
JE,E′ − JE,KJ−1

K JK,E′
)
δpE′

=
∑

K:E∈∂K

JE,KJ−1
K F|K − FE , (19)

where E = 1, . . . , NE , F|K = [FK,1, . . . , FK,NC
]T . Once

δpE are computed, corrections of concentrations ∆c|K =
[δc1|K , . . . , δcNC |K ]T on each cell K can be evaluated by
solving

∆c|K = −J−1
K

(
F|K +

∑
E′∈∂K

δpE′ JK,E′

)
, (20)

for K = 1, . . . , NK . The corrections δpE and δci|K for all
edges, components, and elements obtained in an iteration
of the NRM are added to the values pn+1

E and ci|n+1
K from

the previous iteration. The iteration process stops if the
condition∥∥∥[δc1|1, . . . , δcNC

|NK
, δp1, . . . , δpNE

]T
∥∥∥ < ε (21)

is satisfied for a chosen ε > 0 (see [19]).

4. Computational algorithm

Numerical solution can be computed in the following steps:
1. Initialize geometry, physical and chemical parameters,

and molar concentrations from initial condition; gen-
erate a domain triangulation.

2. Calculate pressures pK on each element using the PR
EOS from initial molar concentrations, then evaluate
all edge pressures pE by averaging pK on neighboring
elements.

3. Repeat until the predetermined final time is reached
(tn < τ):

(a) Repeat the NRM iterations until a convergence
criterion is satisfied:

i. Compute viscosities µn+1
K on each cell using

the LBC method (A.7).
ii. Compute densities ϱn+1

K on each cell using
(A.3).

iii. Calculate pressures pn+1
K on each element us-

ing the PR EOS (A.1).
iv. Assemble and solve the system (19) for edge

pressure corrections δpE .
v. Calculate molar concentration corrections

δci|K for each component and each element
from (20).

vi. Add the corrections δpE and δci|K to pn+1
E

and ci|n+1
K , respectively, check the conver-

gence (21).
(b) Continue to the next time level (n → n + 1).

In steps i.–iii. µn+1
K , ϱn+1

K , and pn+1
K are computed using

the data from the last available Newton iteration. In the
first iteration, data from the previous time step are used.

5. Numerical results

Let us consider a 2D square domain 50×50m2 which repre-
sents a cut of a propane reservoir with porosity ϕ = 0.2 and
isotropic permeability K = k = 10−14 m2 at initial pressure
p = 5·106 Pa and temperature T = 397 K in a horizontal or
vertical position. In the left bottom corner of the reservoir,
methane is injected and in the right top corner, the mixture
of methane and propane is produced (Fig. 2). The injec-
tion rate f1|K is 2.643 · 10−2/|K| molm−3s−1, where |K|
is the area of the corner grid element. Physical-chemical
properties of the mixture are summarized in Table 1. In
all examples the initial data are chosen so that the mix-
ture stays in the single-phase state. The boundary of the
domain is impermeable except the outflow corner, where
pressure p = 5 · 106 Pa is maintained. The computational
grid with 2 × m × m elements is shown in Fig. 2 (where
m = 10). Parameter ε from the NRM convergence criterion
(21) was chosen 10−6 for all computations. The system of
equations (19) was solved using UMFPACK [6, 7, 8, 9].

0 10 20 30 40 50

10

20

30

40

50

x [m]

y [m]

Injection
of

methane

Subsurface reservoir
originally filled with

propane

Outflow of mixture

Figure 2: A scheme of simulated reservoir and a structure
of the computational grid.

i (component) pci [Pa] Tci [K]

1 (CH4) 4.58373 · 106 1.89743 · 102

2 (C3H8) 4.248 · 106 3.6983 · 102

i (component) Vci [m3mol−1] Mi [kgmol−1]

1 (CH4) 9.897054 · 10−5 1.62077 · 10−2

2 (C3H8) 2.000001 · 10−4 4.40962 · 10−2

i (component) ωi [-] δi1 [-] δi2 [-]

1 (CH4) 1.14272 · 10−2 0 0.0365

2 (C3H8) 1.53 · 10−1 0.0365 0

Table 1: Relevant parameters of the PR EOS (see Ap-
pendix A) for methane CH4 and propane C3H8. Volume
translation is not used.

5.1. Convergence analysis in horizontal case

We will test convergence of the numerical scheme, derived
in section 3, using a pseudoanalytical solution – the nu-
merical solution computed on the finest grid m = 160
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(2×160×160 grid cells). Experimental order of convergence
(EOC) will be computed between grids m = 10, m = 20,
and m = 40 using the L1 , L2 , and L∞ consistent norms
for errors Em in comparison with the solution on the grid
m = 160. The error is computed on the finest grid by pro-
jecting the solutions from the coarser grids to the finest
grid and using the linear interpolation. The time step for
the solution m = 160 is chosen constant ∆t = 750 s. For
the solutions on coarser grids, ∆t is 4 times larger with
each mesh refinement (∆t ∼ m−2), i.e. ∆t = 12000 s for
m = 40, ∆t = 48000 s for m = 20, and ∆t = 192000 s for
m = 10. The EOC in a norm ∥.∥ν is given by

EOCν =
ln ∥Em1∥ν − ln ∥Em2∥ν

lnm2 − ln m1
,

where Em1 and Em2 are the numerical solution errors on
the grids with parameters m1 and m2, respectively.

The convergence analysis is, at first, performed on a
problem of injection of methane into a horizontal propane
reservoir (i.e. no gravity is considered). The EOC and
errors for the situation at time τ = 6 · 106 s are included
in Table 2. The next Table 3 contains the data from time
τ = 2.4 · 107 s, and a comparison of the solutions on the
individual grids at this time is depicted in Fig. 3.

Grid (m) ∥Em∥1 EOC1 ∥Em∥2 EOC2

10 1.1025 · 105 6.5336 · 103

20 7.1621 · 104 0.6223
4.5922 · 103 0.5086

40 4.0627 · 104 0.8179
2.8635 · 103 0.6814

Grid (m) ∥Em∥∞ EOC∞

10 1.1204 · 103

20 7.8804 · 102 0.5077

40 5.4584 · 102 0.5298

Table 2: Experimental orders of convergence and errors
of methane concentration c1, g = 0, at time τ = 6 · 106 s
compared with the numerical solution on the grid m = 160
(2×m×m elements) and time step ∆t = 750 s. On coarser
grids, ∆t ∼ m−2.

Grid (m) ∥Em∥1 EOC1 ∥Em∥2 EOC2

10 3.4079 · 105 1.109 · 104

20 2.1697 · 105 0.6514
7.6948 · 103 0.5273

40 1.218 · 105 0.833
4.7982 · 103 0.6814

Grid (m) ∥Em∥∞ EOC∞

10 1.0485 · 103

20 6.9948 · 102 0.584

40 5.0333 · 102 0.4748

Table 3: Experimental orders of convergence and errors of
methane concentration c1, g = 0, at time τ = 2.4 · 107 s
compared with the numerical solution on the grid m = 160
(2×m×m elements) and time step ∆t = 750 s. On coarser
grids, ∆t ∼ m−2.

(a) m = 10 (b) m = 20

(c) m = 40 (d) m = 160

Figure 3: Contours of methane concentration c1 at τ =
2.4 · 107 s on different grids for Table 3. Isolines are dis-
tributed uniformly between the two displayed values.

5.2. Convergence analysis in vertical case

Similarly as in the previous part, we perform the conver-
gence analysis on the problem of methane injection into a
vertically oriented 2D propane reservoir. We use the same
domain with boundary and data set as in the previous case,
but this time, gravity effect is assumed (g = 9.81 m s−2).
Pressure 5 · 106 Pa is fixed in the right upper corner of
the domain. We present the errors in L1 and L2 norm.
In Table 4, the EOC and errors from time τ = 6 · 106 s
are shown. Isolines of methane molar concentration are
depicted in Fig. 4 on all computational grids. The last
Table 5 contains the data from time τ = 2.4 · 107 s. As we
can see, the EOC is lower in the case of the vertical domain
with gravity than in the previous case of horizontal domain
without gravity (cf. Tables 2 and 3).

Grid (m) ∥Em∥1 EOC1 ∥Em∥2 EOC2

10 1.3433 · 105 8.644 · 103

20 8.8787 · 104 0.5973
6.3535 · 103 0.4441

40 5.2006 · 104 0.7717
4.2211 · 103 0.59

Table 4: Experimental orders of convergence and errors
of methane concentration c1, g = 9.81m s−2, at time τ =
6 · 106 s compared with the numerical solution on the grid
m = 160 (2 ×m ×m elements) and time step ∆t = 750 s.
On coarser grids, ∆t ∼ m−2.
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Grid (m) ∥Em∥1 EOC1 ∥Em∥2 EOC2

10 6.5964 · 105 2.2368 · 104

20 5.0932 · 105 0.3731
1.8978 · 104 0.2371

40 3.7703 · 105 0.4339
1.5975 · 104 0.2485

Table 5: Experimental orders of convergence and errors
of methane concentration c1, g = 9.81m s−2, at time τ =
2.4 ·107 s compared with the numerical solution on the grid
m = 160 (2 ×m ×m elements) and time step ∆t = 750 s.
On coarser grids, ∆t ∼ m−2.

(a) m = 10 (b) m = 20

(c) m = 40 (d) m = 160

Figure 4: Contours of methane concentration c1 at τ =
6 · 106 s on different grids for Table 4. Isolines are dis-
tributed uniformly between the two displayed values.

CPU-times for the simulation of the horizontal and ver-
tical domain on particular grids can be found in Table 6.

Grid (m)

10
20
40
80
160

g = 0: CPU-time [s]

35
207
1976
73538
436365

g ̸= 0: CPU-time [s]

30
218
2378
35633
554308

Table 6: Computational times for solutions computed on
different grids on Dual-Core AMD Opteron(tm) Processor
2216, 2400 MHz (single core used), cache size 1 MB, and
total memory 8 GB.

6. Conclusion

In this work, we have developed a new numerical scheme
based on a combination of the MHFEM and FVM for sim-
ulation of single-phase compressible multicomponent flow
in a porous medium. Unlike in traditional approaches, we
evaluate the pressure directly from the equation of state.
The system of nonlinear algebraic equations obtained by
combining the MHFEM, FVM, and using the Euler method
is linearized by the Newton-Raphson method. The size of
the resulting system of linear algebraic equations depends
on the number of mixture components. Therefore, we pro-
posed a technique reducing significantly the system into a
size that is independent on the number of mixture com-
ponents. Consequently, computational costs are compara-
ble with traditional sequential approaches. Although we
tested the numerical model for two components, the ad-
vantage of this approach is expected to be larger in the
more components case. Our method provides exact local
mass balance (up to the non-linear solver error) which is
important for solving problems especially in a heteroge-
neous medium. Convergence of the numerical scheme was
successfully verified by evaluating the experimental order
of convergence on two problems of methane injection into
a horizontal and vertical propane reservoir. In the future
work, we would like to improve the current model using
the high order methods and to test it on problems involv-
ing more than two components.

Appendix A

Peng-Robinson equation of state

In this work, pressure is given by the PR EOS [18, 10] as

p =
R T

NC∑
i=1

ci

1−
NC∑
i=1

bi ci

−

NC∑
i=1

NC∑
j=1

aij ci cj

1 + 2
NC∑
i=1

bi ci −
(

NC∑
i=1

bi ci

)2 . (A.1)

In equation (A.1), R = 8.314472 JK−1mol−1 is the univer-
sal gas constant, T the temperature [K], and

aij = (1− δij)
√

aiaj , ai =
0.45724 R2 Tc

2
i

pci

αi ,

αi =
(
1 +

(
0.37464 + 1.54226 ωi − 0.26992ω2

i

) ·
·
(
1−

√
Tri

))2

, Tri =
T

Tci

, bi =
0.07780 R Tci

pci

,

(A.2)
where δij is the binary interaction coefficient [-]; Tci , pci ,
ωi , Tri are the critical temperature, critical pressure, acen-
tric factor [-], reduced temperature [-], respectively – all
corresponding to the i-th component.
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Density computation

The density-molar concentrations relation, according to
[11], reads as

ϱ =
NC∑
i=1

Mi ci , (A.3)

where Mi is the molar weight of the i-th component
[kgmol−1].

Lohrenz-Bray-Clark model for viscosity

In the numerical computations, the model proposed by
Lohrenz, Bray, and Clark [15] in 1964 is used for estimation
of (dynamic) viscosity of hydrocarbon mixtures. At first,
empirical formulas for the viscosity µ0

i of low-pressure pure
component fluids are evaluated as follows

µ0
i =

{
34 · 10−5 Tr

0.94
i /ξi for Tri ≤ 1.5 ,

17.78 · 10−5 (4.58Tri − 1.67)5/8
/ξi for Tri > 1.5 ,

(A.4)
where

Tri =
T

Tci

, ξi =
Tc

1/6
i

M
1/2
i pc

2/3
i

, i = 1, . . . , NC . (A.5)

Next, we express the low-pressure viscosity of a mixture of
NC components as

µ0 =

NC∑
i=1

zi µ0
i

√
Mi

NC∑
i=1

zi

√
Mi

, (A.6)

where zi = ci/c is the mole fraction of the i-th component.
The final viscosity µ of the multicomponent fluid for higher
pressures is given by[(

µ− µ0
)
ξ + 10−4

]1/4
= 0.1023 + 0.023364 cr+

+ 0.058533 c2
r − 0.040758 c3

r + 0.0093324 c4
r . (A.7)

In equation (A.7), cr is called the reduced molar density
defined as

cr = c

NC∑
i=1

zi Vci , (A.8)

where Vci is the critical molar volume of the i-th compo-
nent. The parameter ξ in (A.7) is computable according
to

ξ =

(
NC∑
i=1

zi Tci

)1/6

(
NC∑
i=1

zi Mi

)1/2 (
NC∑
i=1

zi pci

)2/3
. (A.9)

In relations (A.4)–(A.9) the temperatures T and Tci are
in Kelvins, molar weights Mi in grams per mole, critical
pressures pci in atmospheres (1 atm = 101325 Pa), critical
molar volumes Vci in litres per mole, molar densities c and
ci in moles per litre, and viscosity µ is in the units of cen-
tipoise

(
1 cP = 10−3kgm−1 s−1

)
.

Appendix B

In this part, we describe details of derivation of discrete
Darcy’s law (7) using the Raviart-Thomas space. Raviart-
Thomas space of the lowest order RT0

K , over an element
K from a triangulation TΩ (consisting of triangles) of the
domain Ω, is generated by the basis functions

wK,E(x) =
1

2|K| (x−NK,E) , ∀x ∈ K , E ∈ ∂K ,

(B.1)
where NK,E ∈ K is a node against edge E. The basis
functions (B.1) satisfy the following properties

∇ ·wK,E(x) =
1
|K| , wK,E(x) · nK,E′ =

δE,E′

|E| . (B.2)

Multiplying (6) with the basis function wK,E , and inte-
grating over element K, we can write∫

K

∇p ·wK,E′ = −µK

∑
E∈∂K

qK,E

∫
K

K−1wK,E ·wK,E′+

+ ϱK

∫
K

g ·wK,E′ , (B.3)

where we have used (5) and the mean value theorem. Using
the Green theorem, the mean value theorem, and proper-
ties (B.2), we obtain∫

K

∇p·wK,E′ =
∑

E∈∂K

∫
E

pwK,E′ ·nK,E−
∫
K

p∇·wK,E′ =

=
1
|E′|

∫
E′

p

︸ ︷︷ ︸
pK,E′

− 1
|K|

∫
K

p

︸ ︷︷ ︸
pK

. (B.4)

Denoting

AK,E,E′ =
∫
K

K−1wK,E ·wK,E′ , GK,E′ =
∫
K

g ·wK,E′ ,

(B.5)

we combine (B.3) and (B.4) into

µK

∑
E∈∂K

qK,EAK,E,E′ = pK − pK,E′ + ϱKGK,E′ . (B.6)

Because K is uniformly positive-definite (see [16]), i.e.

∃α0 > 0 : α0

2∑
i=1

ξ2
i ≤

2∑
i,j=1

[K(x)]i,j ξi ξj , ∀ξ ∈ R2 , (B.7)

for almost all x ∈ Ω , it is possible to invert the matrix
AK = (AK,E,E′)E,E′∈∂K . Multiplying (B.6) in a vector
form by A−1

K , we obtain

qK,E = µ−1
K

(
αK

E pK −
∑

E′∈∂K

βK
E,E′pK,E′ + γK

E ϱK

)
,

(B.8)
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which is Darcy’s law (7) with coefficients αK
E , βK

E,E′ , and
γK

E given by

αK
E =

∑
E′∈∂K

A−1
K,E,E′ , βK

E,E′ = A−1
K,E,E′ ,

γK
E =

∑
E′∈∂K

A−1
K,E,E′GK,E′ ,

(B.9)

where A−1
K,E,E′ is the element of the inverse matrix A−1

K .
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ling in Porous Media using Constant Volume Flash and
Flux Computation without the Need for Phase Identifi-
cation, Journal of Computational Physics 272: 149–169,
2014

123
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The paper deals with the numerical solution of a compositional model describing
compressible two-phase flow of a mixture composed of several components in porous
media with species transfer between the phases. The mathematical model is formulated
by means of the extended Darcy’s laws for all phases, components continuity equations,
constitutive relations, and appropriate initial and boundary conditions. The splitting
of components among the phases is described using a new formulation of the local
thermodynamic equilibrium which uses volume, temperature, and moles as specification
variables. The problem is solved numerically using a combination of the mixed-hybrid
finite element method for the total flux discretization and the finite volume method for
the discretization of transport equations. A new approach to numerical flux approximation
is proposed, which does not require the phase identification and determination of
correspondence between the phases on adjacent elements. The time discretization is
carried out by the backward Euler method. The resulting large system of nonlinear
algebraic equations is solved by the Newton–Raphson iterative method. We provide eight
examples of different complexity to show reliability and robustness of our approach.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Mathematical models of gas injection into oil reservoirs play an important role in solving problems in enhanced oil
recovery or CO2 sequestration. These models have to describe transport of a mixture composed of several chemical compo-
nents in a porous medium. Depending on the local thermodynamic conditions, the mixture can remain in a single phase
or can split into two (or more) phases. In this work, we investigate models in which components splitting among the
phases is described by means of the equilibrium thermodynamics (i.e. we adopt the assumption of the local thermodynamic
equilibrium).

Let us briefly review the formulation of currently available compositional models, discuss several issues inherent to this
formulation, and common ways of solving these issues. Traditionally, compositional models are formulated using a set of
mass or mole balance equations for each component of the mixture in which phase velocities are given by the extended
version of Darcy’s law [5,13,14,24]. Phases are assumed to be compressible; their behavior is described by an equation of
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state, e.g. the Peng–Robinson [30] or other equation of state, of the general pressure-explicit form P = P (V , T , N1, . . . , Nnc ),
where P denotes the pressure, V is the volume, T is the temperature, and N1, . . . , Nnc are the mole numbers of the
nc components of the mixture. Using the assumption of the local thermodynamic equilibrium, the splitting of components
between the phases is described by the equality of chemical potentials or fugacities of every component in both phases [12].
The fugacities are considered to be known functions of P , T , and chemical composition, which can be derived from the
equation of state [12,23]. Therefore, for a given specification of P , T , and chemical composition, the stability algorithms [21,
12] can decide whether the single-phase mixture is stable or not. If the mixture is unstable, P T -flash algorithms are applied
to compute the two-phase equilibrium at given P and T [22,12]. To the best of our knowledge, all available formulations of
compositional models use this P T -based (constant pressure and temperature) approach to phase equilibrium computation.

No matter how wide-spread the use of the P T -based formulations of the phase stability and phase equilibria is, this
approach has some limitations. First, it has been already noticed in [26,16] that specification of P , T , and overall mole
numbers (or mole fractions) does not always determine the equilibrium state of the system uniquely. For example, if we
have 1 mole of pure water at P = 1 atm and T = 100 ◦C, one cannot tell whether it is a saturated liquid, a saturated gas, or
a two-phase mixture of both. Although all these states correspond to the same values of pressure, temperature, and moles,
these states are not the same as they differ in total volume of the mixture. Note that this situation can happen in the
compositional simulation if, for example, during fast injection of a pure component into a reservoir, the injected component
displaces all other components from the injection cell. It is certainly desirable to have a robust model formulation which
will not crash in this situation. Let us also mention that the problem of non-uniqueness of the equilibrium state at given
P , T , and N1, . . . , Nnc is not limited to pure components. We have observed the same problem in many multi-component
mixtures in three phases [15].

Another complication inherent to the P T -based flash equilibrium formulations is the fact that in compositional simu-
lation the pressure is not known a-priori. Actually, pressure field is one of the unknowns that has to be computed by the
simulator. Unlike concentrations, there is no balance equation describing evolution of the pressure field. Instead, pressure
is given implicitly by solving the whole system of equations. In the literature, two approaches to pressure computation in
compositional simulation are available. In the first approach of Ács et al. [1], an evolution partial differential equation for
pressure is formed by combining the evolution equations for overall concentrations in a suitable way. This extra equation
can be solved to get the pressure field. Pressure computation is then followed by the update of concentrations using the
transport equations, typically in an IMPEC (implicit pressure, explicit concentrations) manner [11,28]. As we have one more
equations than unknowns, the system is overdetermined, and we have two ways to evaluate the overall concentration of the
mixture – either by summing the updated overall molar concentrations of the components or by performing the P T -flash
on the mixture at the predicted pressure. Due to numerical discretization errors, the two values of concentration are not the
same and the mass-balance error occurs. This error can be reduced by reducing the time step. Therefore, this mass-balance
error has been used as one of the criteria for the time step selection [14,34]. Let us also mention that to assemble the pres-
sure equation, coefficients of the total two-phase compressibility and total partial molar volumes of all components have
to be evaluated [12], which requires additional algebraic manipulations. An alternative approach to pressure computation
is the approach of Young and Stephenson [35], in which pressure update is formed using the linearization of the transport
equations with respect to selected primary variables. This approach can also be adopted in the IMPEC manner and its ap-
plication also requires considerable algebraic manipulation. Moreover, the correct selection of the primary variables can be
tricky as phases can appear/disappear during the simulation.

Both issues mentioned above can be overcome by using an alternative variables specification for the stability and flash
equilibrium computations. By specifying volume, temperature, and moles (or temperature and overall molar concentrations
of all components), the equilibrium state of the system is uniquely determined [26]. This approach requires using variables
V , T , and Ni (i = 1, . . . ,nc) rather than the conventional set P , T , and composition. The reformulation of the state functions
like chemical potentials in terms of the new variables has been carried out in [26] and V T -based stability and flash algo-
rithm have been derived in [26,27,16]. Within the new framework, the problem of non-uniqueness of the equilibrium state
does not appear. The V T -based formulations can also be used for pressure computation because, once the temperature and
overall molar concentrations are specified, equilibrium pressure is one of the outcomes of the V T -flash calculation.

In this work, we develop a new formulation of the compositional model which uses the V T -stability and V T -flash
equilibrium calculation for pressure evaluation. The approach has several desirable features following from the fact that
volume, temperature, and moles are the natural variables of the equation of state. In the conventional P T -flash, pressure
has to be found a-priori using some of the above mentioned methods [1,35], and volume has to be computed by inverting
the equation of state. The cubic equations of state may have up to three roots, from which the correct one has to be selected.
Usually, the root with the lowest value of the Gibbs free energy is used [12]. In the V T -based algorithm, volume of the cell
is known a-priori and pressure can be evaluated directly without the need to invert the equation of state once the resulting
phase split has been computed using the V T -flash algorithm. The need for the root selection procedure is thus avoided.
This feature can be even more attractive when non-cubic equation of state (like the cubic plus association equation of state)
are used as in these equations number of roots is not known a-priori [18].

The approach suggested in this paper also addresses one issue not related to the V T -flash that is usually overlooked
in the literature. In all formulations used for gas injection into oil reservoirs we are aware of, one usually distinguishes
two phases – one of them labeled as gas and the other one labeled as liquid. In many situations of practical importance
this distinction can be done easily using the phase densities, viscosities or other physical properties of the fluids. When
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computing the phase fluxes across the cell boundaries, the gas phase properties on both sides of the interface are used
to compute the gas phase flux across the interface between the two cells. Similarly liquid properties on both sides of the
interface are used to compute the flux of the liquid phase over the interface. It is tacitly assumed that it is always possible
to find out the phase identity – i.e. decide which one of the two equilibrium phases is the gas and which one is the liquid so
that the correct pairing of the corresponding phases at the interface between the two grid cells is performed. This approach
runs into difficulties when investigating mixtures close to the critical point where both split-phases are very similar [12].
Moreover, above the critical point, the supercritical fluids have some properties similar to liquids while other properties are
similar to gases. Selection of the phase identity is then often matter of an ad-hoc procedure. It is also not clear how to
compute phase fluxes between two cells with different number of phases – e.g. with one phase on one side and two phases
on the other side – or between the cells which are both single-phase but one of them contains liquid and the other one
gas.

Therefore, we suggest a new formulation of components fluxes in the compositional model and a special version of
the upwind technique for the flux approximation which avoids the need for the phase identification. The numerical flux
proposed in this work is locally conservative, does not depend on any phase identification, and solves the problem of
connection of fluxes between the cells with different number of phases on both sides in a natural way. This method also
helps to develop a correct formulation of the boundary conditions and avoids certain complexities encountered in our
previous work [24].

The paper is structured as follows. In Section 2, the mathematical model is formulated by means of partial differential
equations representing the conservation laws, Darcy’s laws, and by means of the conditions of local thermodynamic equilib-
rium in the V T -settings. We define several fluxes and derive some relations between them. Then, the compositional model
is formulated and appropriate initial and boundary conditions are prescribed. In Section 3, the system of equations is solved
numerically using the Mixed-Hybrid Finite Element Method (MHFEM) for the Darcy’s law discretization, and the Finite Vol-
ume Method (FVM) for the components transport equations discretization. We also describe details of the numerical flux
approximation. A fully implicit scheme is derived and linearized using the Newton–Raphson iterative method (NRM). In
Section 4, we summarize the essential steps of the computational algorithm. In Section 5, we present examples of compu-
tations using the new approach. In Section 6, we summarize essential features of the method and draw some conclusions.
In Appendices A and B, we provide details of the equation of state used in the calculation, and details of the derivation of
the MHFEM.

2. Mathematical model

2.1. Transport equations

Consider two-phase compressible flow of a mixture composed of nc components in a porous medium with porosity φ [–]
at a constant temperature T [K]. Neglecting diffusion and capillarity, the transport of the components can be described by
the following molar balance equations [24]

∂(φci)

∂t
+ ∇ ·

(∑
α

cα,ivα

)
= Fi, i = 1, . . . ,nc, (1)

where
∑

α sums over all phases, ci is the overall molar concentration of component i [mol m−3], cα,i is the molar concen-
tration of component i in phase α [mol m−3], and Fi is the sink or source term [mol m−3 s−1]. The phase velocity vα is
given by the extended Darcy’s law

vα = −λαK(∇p − �αg), λα = krα

μα
, (2)

where K = K(x) is the medium intrinsic permeability [m2], p is the pressure [Pa], �α = ∑nc
i=1 cα,i Mi is the density of fluid

in phase α (Mi is the molar weight of component i [kg mol−1]), and g is the gravitational acceleration vector [m s−2]. The
α-phase mobility λα is given by the ratio of the α-phase relative permeability krα [–] and α-phase dynamic viscosity μα

[kg m−1 s−1]. The α-phase relative permeability depends on its saturation Sα [–] as

krα = krα(Sα), (3)

and

μα = μα(T , cα,1, . . . , cα,nc ) (4)

is computed using the Lohrenz–Bray–Clark method [19].
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2.2. V T -stability and phase-split calculation

Depending on the local thermodynamic conditions at each point, the mixture can be in a single phase or split into two
phases. To test whether the phase splitting occurs, we use a constant volume phase stability test described in [27]. Assuming
that temperature T > 0 and the overall molar concentrations c1, . . . , cnc are known, this algorithm tests if splitting of a small
amount of a trial phase with arbitrary concentrations c′

1, . . . , c′
nc

from the initial phase can decrease the total Helmholtz free
energy of the system. If such a trial phase cannot be found, then the single phase is stable, cα,i = ci , Sα = 1, and pressure
is given by an equation of state of the form

p = p(T , c1, . . . , cnc ). (5)

In this work, we use the Peng–Robinson equation of state, which is detailed in Appendix A.
If the V T -stability indicates that the system is in two phases, the splitting of components among the phases is given by

the following phase equilibrium conditions [26]∑
α

cα,i Sα = ci,
∑
α

Sα = 1, (6a)

p(T , cα,1, . . . , cα,nc ) = p(T , cβ,1, . . . , cβ,nc ), ∀α �= β, (6b)

μ̃i(T , cα,1, . . . , cα,nc ) = μ̃i(T , cβ,1, . . . , cβ,nc ), ∀α �= β, ∀i = 1, . . . ,nc . (6c)

Eqs. (6) express the balance of mass and volume (6a), mechanical equilibrium (6b), and chemical equilibrium (6c) in which
μ̃i denotes the chemical potential of component i. Details of relations (6b) and (6c) can be found in Appendix A.

The system of equations (6) represents a set of non-linear algebraic equations. If the temperature T and overall molar
concentrations c1, . . . , cnc are specified, solving (6) will provide molar concentrations of all components in both phases cα,i
and phase saturations Sα . Once the system (6) is resolved, the equilibrium pressure p can be determined readily using the
equation of state as

p = p(T , cα,1, . . . , cα,nc ), (7)

where α is any of the split-phases. The value of pressure does not depend on the selection of α because in equilibrium,
pressures in both phases are the same, see (6b).

2.3. Definition of several fluxes

Let us define the i-th component flux in the α-phase qα,i and the total α-phase flux qα as

qα,i = cα,ivα, (8a)

qα =
nc∑

i=1

qα,i = cαvα, (8b)

where cα = ∑nc
i=1 cα,i is the total α-phase concentration. By summing over all phases in (8), we can calculate the total

component flux qi and the total flux q as

qi =
∑
α

qα,i =
∑
α

cα,ivα, (9a)

q =
∑
α

qα =
∑
α

cαvα. (9b)

For further derivation of the numerical scheme, we need to express the phase velocity vα using the total flux q. By substi-
tuting (2) into (9b), Darcy’s law for the total flux can be formulated as

q = −
∑
α

cαλαK(∇p − �̃g), (10)

where

�̃ =
∑
α

cαλα�α∑
α

cαλα
(11)

is an average density. Note that although λα can vanish when Sα → 0, the sum
∑

α cαλα is always positive, so the division
in (11) is permissible. By inverting K (which is invertible since (B.7) holds) in (10), the pressure gradient is given by

∇p = − K−1q∑
α

cαλα
+ �̃g. (12)
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Combining (12) and (2), we have

vα = λα∑
β

cβλβ

(
q −

∑
β

cβλβ(�β − �α)Kg
)

. (13)

Then, using (8a) and (13), qα,i can be evaluated as

qα,i = cα,iλα∑
β

cβλβ

(
q −

∑
β

cβλβ(�β − �α)Kg
)

, (14)

and the total component flux (combining (9a) and (13)) as

qi =
∑
α

cα,iλα∑
β

cβλβ

(
q −

∑
β

cβλβ(�β − �α)Kg
)

. (15)

2.4. Model formulation

Let Ω ⊂ Rd (d ∈ N) be a bounded domain and I be a time interval. In Ω × I , we solve for ci = ci(x, t) the following
equations which can be obtained from the transport equations (1) and (9a)

∂(φci)

∂t
+ ∇ · qi = Fi, i = 1, . . . ,nc, (16)

where qi is given by (15), and q is given by (10). The molar concentrations cα,i and saturations Sα are related to the overall
molar concentrations ci by (6) from which we also determine the pressure (see Section 2.2). Relative permeabilities and
viscosities are given by (3) and (4). For this system of equations, we impose the following initial and boundary conditions

ci(x,0) = c0
i (x), x ∈ Ω, i = 1, . . . ,nc, (17a)

p(x, t) = pD(x, t), x ∈ Γp, t ∈ I, (17b)

qi(x, t) · n(x) = 0, x ∈ Γq, t ∈ I, i = 1, . . . ,nc, (17c)

where n is the unit outward normal vector to the boundary ∂Ω , Γp ∪ Γq = ∂Ω , and Γp ∩ Γq = ∅. Initial values of molar
concentrations are given by (17a), whereas (17b) is the Dirichlet boundary condition prescribing the pressure pD on Γp ,
and (17c) is zero Neumann boundary condition representing impermeable boundary on Γq . We assume that Γp is the
outflow boundary, so no boundary condition for concentration has to be imposed.

3. Numerical scheme

The system of equations (16), (6), and (17) is solved numerically by a combination of the MHFEM for the total flux
discretization, and the FVM for the transport equations discretization. The system is linearized using the NRM. The local
number of phases on every element is determined by testing the single-phase stability at constant temperature and overall
molar concentrations using the constant volume stability algorithm described in [27]. In two-phase elements, the splitting of
components among the phases is computed using the V T -flash algorithm from [26]. Once the phase state (i.e. single-phase
or two-phase) of every element and the phase splitting in two-phase elements have been established, pressure is computed
explicitly using the equation of state.

We consider a 2D polygonal domain Ω with the boundary ∂Ω which is covered by a conforming triangulation TΩ . Let
us denote K the element of the mesh TΩ with area |K |, E the edge of an element with the length |E|, nk the number of
elements of the triangulation, and ne the number of edges of the mesh.

3.1. Discretization of the total flux

The total flux q is approximated locally in the Raviart–Thomas space of the lowest order (RT0(K )) over the element
K ∈ TΩ [3] as

q|K =
∑

E∈∂ K

qK ,E wK ,E , (18)

where the coefficient qK ,E is the numerical flux of vector function q through the edge E on the element K with respect
to the outer normal, and wK ,E represents the piecewise linear RT0(K )-basis function associated with the edge E (see
Appendix B).
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Multiplying relation (12) by the basis function wK ,E , integrating over the element K , and using the RT0(K ) properties
described in details in Appendix B, we obtain a discrete form of Darcy’s law for the total flux (10) as follows

qK ,E =
∑

α∈Π(K )

cα,K λα,K

(
αK

E pK −
∑

E ′∈∂ K

βK
E,E ′ p̂K ,E ′ + γ K

E �̃K

)
, E ∈ ∂ K . (19)

In Eq. (19), Π(K ) denotes all phases on element K . The coefficients αK
E , βK

E,E ′ and γ K
E dependent on the mesh geometry

and on the local values of the medium permeability are detailed in Appendix B. Further, pK denotes the cell pressure aver-
age, p̂K ,E ′ is the edge pressure average, cα,K , λα,K , �̃K are the mean values of concentration and mobility of phase α, and
average density on element K . The cell-averaged quantities are functions of the overall molar concentrations and tempera-
ture at element K ; their evaluation is described in Section 3.3.

The continuity of normal component of the total flux and pressure on the edge E between neighboring elements
K , K ′ ∈ TΩ can be written as

qK ,E + qK ′,E = 0, (20)

p̂K ,E = p̂K ′,E =: p̂E . (21)

The boundary conditions (17b), (17c) are discretized as

p̂E = pD(E), ∀E ⊂ Γp, (22a)

qK ,E = 0, ∀E, K : E ⊂ Γq, E ∈ ∂ K , (22b)

where pD(E) is the prescribed value of pressure p averaged on the edge E .
The numerical flux can be eliminated by substituting qK ,E from (19) into (20) and (22b). For further derivation, let us

consider time dependent quantities at time tn+1 denoted by upper index n + 1. Then, Eqs. (19)–(22) can be transformed to
the following system of ne linear algebraic equations FE = 0, where

FE =
⎧⎨⎩

∑
K :E∈∂ K

(
∑

α∈Π(K )

cn+1
α,K λn+1

α,K )(αK
E pn+1

K − ∑
E ′∈∂ K

βK
E,E ′ p̂n+1

E ′ + γ K
E �̃n+1

K ), ∀E �⊂ Γp,

p̂n+1
E − pD(E), ∀E ⊂ Γp .

(23)

Herein, the symbol
∑

K :E∈∂ K
denotes the sum over the elements adjacent to the edge E .

3.2. Approximation of the transport equations

The transport equations (16) with the initial and boundary conditions (17) are discretized by the FVM [17]. Integrat-
ing (16) over an arbitrary element K ∈ TΩ and using Green’s theorem, we have

d

dt

∫
K

φ(x)ci(x, t) +
∫
∂ K

qi(x, t) · n∂ K (x) =
∫
K

Fi(x), i = 1, . . . ,nc . (24)

Applying the mean value theorem on (24), and denoting φK , ci,K , Fi,K , the averaged values of φ, ci, Fi (i = 1, . . . ,nc) over
the cell K , respectively, the semi-discrete form of (16) reads as

d(φK ci,K )

dt
|K | +

∑
E∈∂ K

qi,K ,E = Fi,K |K |, (25)

where qi,K ,E is a numerical approximation of
∫

E qi · nK ,E for E ∈ ∂ K . The numerical flux qi,K ,E is evaluated by the following
upwind technique

qi,K ,E =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∑
α∈Π(K ,E)+

qα,i,K ,E − ∑
β∈Π(K ′,E)+

qβ,i,K ′,E , ∀E /∈ ∂Ω,∑
α∈Π(K ,E)+

qα,i,K ,E , ∀E ∈ Γp,

0, ∀E ∈ Γq,

(26)

where Π(K , E)+ = {α ∈ Π(K ) | qα,i,K ,E > 0} for E ∈ ∂ K , and qα,i,K ,E is (14) written in a discrete form as

qα,i,K ,E = cα,i,K λα,K∑
β∈Π(K )

cβ,K λβ,K

(
qK ,E −

∑
β∈Π(K )

cβ,K λβ,K (�β,K − �α,K )γ K
E

)
. (27)

Notice that (26) is an approximation of (15), where we sum over the phases on the edge E taking only the outflowing
phases into account. This method ensures that no phase identification or phase interconnection between neighboring ele-
ments is necessary, and the total component fluxes are balanced on each inner edge. In (27), qK ,E is given by (19), cα,i,K
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and Sα,K are computed locally on each element by V T -flash (see Section 2.2), and from them, cα,K , λα,K , and �α,K are
evaluated.

Assuming that the porosity does not depend on time, the time derivative of ci,K in (25) is approximated by the time
difference with a time step �tn . Using Euler’s method [17], we obtain for every n, all K ∈ TΩ , and i = 1, . . . ,nc Eq. (25) in
a form FK ,i = 0, where

FK ,i = φK |K | cn+1
i,K − cn

i,K

�tn
+

∑
E∈∂ K

qn+1
i,K ,E − Fi,K |K |, (28)

where qi,K ,E is given by (26). Note that scheme (28) is fully implicit.
The initial conditions (17a) are approximated as

c0
i,K = c0

i (K ), ∀K ∈ TΩ, i = 1, . . . ,nc, (29)

where c0
i (K ) denotes the average value of c0

i on element K .

3.3. Assembling the final scheme

In Eqs. (23) and (28), we have denoted FE and FK ,i , (for the edge E ∈ {1, . . . ,ne}, element K ∈ {1, . . . ,nk}, and com-
ponent i ∈ {1, . . . ,nc}) the expressions which represent the components of a vector F . To evaluate coefficients cn+1

α,K , λn+1
α,K ,

�̃n+1
K that are needed in (23) and also other element-averaged quantities depending on phase splitting required in (26)–(28),

we perform the V T -flash calculation on element K using the cell-averaged values cn+1
1,K , . . . , cn+1

nc ,K , and temperature T . The

cell average pressure pn+1
K is also given implicitly by the result of the V T -flash at given cn+1

1,K , . . . , cn+1
nc ,K , and temperature

T as described in Section 2.2. Using the NRM, we therefore solve a nonlinear system of algebraic equations of nk · nc + ne

equations

F = [F1,1, . . . ,F1,nc , . . . ,Fnk,1, . . . ,Fnk,nc ;F1, . . . ,Fne ]T = 0 (30)

for unknown primary variables – overall molar concentrations cn+1
1,K , . . . , cn+1

nc ,K , K ∈ {1, . . . ,nk}, and pressures on edges p̂n+1
E ,

E ∈ {1, . . . ,ne}. In each iteration of the NRM, we solve the following linear system of algebraic equations

Jδ = −F . (31)

The Jacobian matrix J of system (31) is sparse and nonsymmetric. The matrix is divided into 4 blocks whose elements can
be evaluated analytically using the following relations

(JK ,K ′)i, j = ∂FK ,i

∂cn+1
j,K ′

, (JK ,E)i = ∂FK ,i

∂ p̂n+1
E

, (JE,K ) j = ∂FE

∂cn+1
j,K

, J E,E ′ = ∂FE

∂ p̂n+1
E ′

, (32)

where J E,E ′ is an element of the matrix JE,E ′ , i, j = 1, . . . ,nc ; K , K ′ = 1, . . . ,nk; E, E ′ = 1, . . . ,ne . The vector of solutions δ

contains the corrections of molar concentrations δcn+1
i,K and pressures on the edges δ p̂n+1

E , which are computed in each NRM

iteration and added to the values of cn+1
i,K and p̂n+1

E given from the previous iteration. The iteration procedure ends when
the condition

‖F‖ < ε (33)

is satisfied for a chosen ε > 0 [33]. The robustness of the NRM is increased by using the line-search technique [33]. If the
NRM cannot converge in 10 iterations or if the line-search does not lead to the reduction of ‖F‖ in 10 iterations, the time
step is restarted and the value �tn is halved. If the NRM converges in less than 4 iterations, the time step is accepted and
the next time step size is increased (�tn+1 = 1.2�tn).

Let us point out that the linearization is performed with respect to the overall molar concentrations on each element
and traces of pressure on every edge of the triangulation. These variables are persistent – i.e. well defined independently
of whether a given element is in a single phase or two phases. The derivatives in (32) are also well defined in both single
phase and two phases. Therefore, our scheme performs well in both cases and no primary variables switching is needed
for treating phase appearance/disappearance (cf. [2,6,29]). As the discretization of the transport equations is based on the
approximation of the total component flux, the connection between the elements with different number of phases is treated
in a natural way.
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Fig. 1. Structures of the computational grid in our code and P T -code.

4. Computational algorithm

Numerical solution can be computed in the following steps:

1. Initialize the geometry, physical and chemical parameters, and molar concentrations, generate a domain triangulation.
2. Calculate pressures pK on each element using the equation of state (A.1) and initial molar concentrations, then initialize

all edge pressures p̂E by averaging pK on neighboring elements.
3. Repeat until the predetermined final time is reached (tn ∈ I):

(a) Repeat the NRM iterations until the convergence criterion (33) is satisfied:
i. Perform the stability and flash calculations (see Section 2.2) to obtain a number of phases and their compositions

locally on all elements.
ii. Evaluate phase mobilities λn+1

α,K using (2), (3), and (4) on each element.

iii. For each K , compute the cell-averaged pressures pn+1
K using (5) or (6b) depending on the phase state (see

Section 2.2), and average densities �̃n+1
K using (11).

iv. Evaluate the total fluxes qn+1
K ,E using (19) and phase fluxes qn+1

α,i,K ,E using (27).

v. Assemble and solve the system (31) for corrections of molar concentrations δcn+1
i,K and pressures δ p̂n+1

E simulta-
neously.

vi. Add corrections δcn+1
i,K and δ p̂n+1

E to cn+1
i,K and p̂n+1

E , respectively, check the convergence criterion (33).
(b) Continue to the next time level (n → n + 1).

In steps i.–iii. cn+1
α,K , λn+1

α,K , �̃n+1
K , and pn+1

K are computed using the data from the last available Newton iteration. In the first
iteration, data from the previous time step are used.

5. Numerical results

In this section, we present results of compositional simulations of gas injections into reservoirs filled with different mix-
tures using the numerical scheme described above. We compute the flow in a 2D square reservoir 50 × 50 m2 with porosity
φ = 0.2 and isotropic permeability K = k = 9.87 × 10−15 m2 (i.e. 10 mD) if not specified otherwise. Structure of the com-
putational grid with 2 × 10 × 10 elements is shown in Fig. 1(a). Parameter ε from the NRM convergence criterion (33) was
chosen 10−6 for all computations. The systems of linear algebraic equations were solved using the direct solver UMFPACK
[7–10]. All our results were computed on a grid of 2 × 40 × 40 elements except for the simulations serving for the conver-
gence verification. Our calculations were performed on Six-Core AMD Opteron(tm) Processor 2427 at 2.2 GHz and 32 GB
memory. Only V T -flash calculations were performed in parallel. The rest of the computation was sequential.

In the following parts, the numerical simulations are computed for different mixtures, and validated with results com-
puted using an other code. The other code uses the method of Ács et al. [1] to decouple pressure computation and the
update of concentrations. While the pressure equation is treated semi implicitly using the MHFEM, the update of concentra-
tions is performed explicitly using the first order FVM upwind scheme. The phase splitting is solved using the conventional
P T -flash, and the phase identification is performed using the densities of the split phases. Details of the scheme can be
found in [13,14,24]. In the following, we denote this code as P T -code. Note that in [24] a higher order scheme is used for
computations. In this paper, we compare our results with those obtained by the first order (MHFEM–FVM) variant of the
scheme [24] on a rectangular grid with structure shown in Fig. 1(b). Examples 1 and 2 correspond to Examples 3 and 4
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Fig. 2. Outlines of the simulated reservoirs for Examples 1–4.

Table 1
Relevant parameters of the Peng–Robinson equation of state (A.1) for Examples 1 and 2. Volume translation is not used.

i (component) pc i [MPa] Tc i [K] V c i [m3 mol−1] Mi [g mol−1] ωi [–] δi1 [–] δi2 [–]

1 (C1) 4.58373 189.743 9.897054 × 10−5 16.2077 1.14272×10−2 0 0.0365
2 (C3) 4.248 369.83 2 × 10−4 44.0962 0.153 0.0365 0

in [24]. Examples 3 and 4 are inspired by Example 2 in [25]. Examples 6 and 7 correspond to Examples 6 and 5 in [24].
Example 8 demonstrates a case in which the traditional P T -based approach fails.

5.1. Injection of methane into propane

Let us consider a cut through a propane reservoir at initial pressure p = 6.9 MPa and temperature T = 311 K. In the left
bottom corner of the reservoir, methane is injected, and in the right upper corner, the mixture of methane and propane is
produced (Fig. 2(a)). The injection rate of methane is 42.5 m2/day at pressure 1 atm (0.101325 MPa) and temperature 293 K.
The parameters of the Peng–Robinson equation of state for both components of the mixture are summarized in Table 1. In
these settings, both methane and propane are single-phase but when mixed, the mixture can split into two phases. The
boundary of the domain is impermeable except for the outflow corner where pressure p = 6.9 MPa is maintained. Relative
permeability depends linearly on saturation as krα(Sα) = Sα for each phase α.

Example 1. First, we simulate injection of methane into a horizontal reservoir (i.e. with zero gravity) originally filled with
propane. Isolines of methane overall molar fraction c1/(

∑2
i=1 ci) at three different times are shown in Fig. 3. The value of

molar fraction nearest to the injection corner is 0.95, and with each isoline towards the outflow corner the value decreases
by 0.1. The mixture stays in the single phase in the major part of the domain, but, in the mixing zone, the two-phase
region develops (visualized by gray color). The computation to t = 1.71 years lasted 13.1 hours. To validate our results, the
problem was computed also by the P T -code. The obtained result at t = 1.14 years is depicted in Fig. 3(d) (indication of the
two-phase region was unavailable in the P T -code). The result is similar to the one in Fig. 3(b).

In this example, we also verify convergence of the numerical scheme. In the single-phase case, an analytical solution
for a special problem is available. The experimental convergence analysis of the MHFEM–FVM for this problem can be
found in [32]. As, to the best of our knowledge, there is no analytical solution for the two-phase case available, we use a
pseudoanalytical solution, i.e. the numerical solution computed on the finest grid of 8192 elements, for the convergence
analysis. Experimental orders of convergence (EOC) are computed between neighboring grids m = 2 × 2 × 2, 2 × 4 × 4,
2 × 8 × 8, 2 × 16 × 16, and 2 × 32 × 32 using the L1 and L2 consistent norms for errors Em of methane concentrations
and cell-averaged pressures in comparison with the solution obtained on the grid 2 × 64 × 64. The errors are computed on
the finest grid by projecting the solutions from the coarser grids to the finest grid. The time step for the pseudoanalytical
solution is chosen constant �t = 195.3125 s. For the solutions on coarser grids, �t is 4 times larger with each mesh
refinement (�t ∼ m−1), i.e. �t = 781.25 s for the solution computed on 2048 elements, �t = 3125 s for 512 elements,
�t = 12 500 s for 128 elements, �t = 50 000 s for 32 elements, and �t = 200 000 s for 8 elements. The EOC in a norm ‖.‖ν

is given by

EOCν = ln ‖Em1‖ν − ln‖Em2‖ν

lnm2 − lnm1
,
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Fig. 3. Isolines of methane overall molar fraction and the two-phase region (gray color) at different times. Contours are distributed uniformly between the
two printed values. The solution is computed on the triangular grid 2 × 40 × 40; (d) is computed on 40 × 40 rectangles using the P T -code (the two-phase
region is not indicated here): Example 1.

Table 2
Experimental orders of convergence and errors of methane concentration c1 at time t =
0.48 years for grids of m elements compared with the numerical solution on the grid of
8192 elements and the time step �t = 195.3125 s. On coarser grids, �t ∼ m−1.

m ‖Em‖1 EOC1 ‖Em‖2 EOC2

8 7.3988 × 105
0.4588
0.6912
0.4082
0.6679

3.3186 × 104
0.2532
0.5809
0.1114
0.3603

32 5.3833 × 105 2.7844 × 104

128 3.3342 × 105 1.8615 × 104

512 2.5125 × 105 1.7232 × 104

2048 1.5814 × 105 1.3424 × 104

where Em1 and Em2 are the numerical solution errors for the grids containing m1 and m2 elements, respectively. The
EOC and L1 and L2 errors of methane concentrations and cell-averaged pressures for the situation at time t = 0.48 years
are included in Table 2 and Table 3. EOC of concentrations in L1 norm are approximately 0.5, which is expected for the
first order upwind FVM on hyperbolic problems with discontinuous solutions [17]. A comparison of the solutions on the
individual grids using methane overall molar fractions at this time is depicted in Fig. 4.

Example 2. In the next example, we simulate the methane injection into a vertical reservoir (i.e. with gravity) originally
filled with propane. In Fig. 5 isolines of methane overall molar fraction c1/(

∑2
i=1 ci) at different times are depicted. The

value of molar fraction nearest to the injection corner is 0.95, and with each isoline towards the outflow corner the value
decreases by 0.1. As in Example 1, the fluid is in the single phase in the whole reservoir except for the mixing zone where
the mixture occurs also in two phases as indicated by gray color. The computation to t = 1.14 years lasted 13.2 hours.
To validate our results, the problem was computed also by the P T -code. The obtained result at t = 1.14 years is depicted
in Fig. 5(d) (indication of the two-phase region was unavailable in the P T -code). The result differs slightly from ours in
Fig. 5(c). The zone between 0.95 and 0.05 isoline is narrower in Fig. 5(d), however, we observed an incorrect pressure in the
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Table 3
Experimental orders of convergence and errors of pressure pK at time t = 0.48 years for grids
of m elements compared with the numerical solution on the grid of 8192 elements and the
time step �t = 195.3125 s. On coarser grids, �t ∼ m−1.

m ‖Em‖1 EOC1 ‖Em‖2 EOC2

8 3.0257 × 108
0.1283
0.3544
0.6859
1.0166

6.0661 × 106
0.1301
0.3550
0.6866
1.0166

32 2.7682 × 108 5.5430 × 106

128 2.1652 × 108 4.3339 × 106

512 1.3459 × 108 2.6928 × 106

2048 6.6528 × 107 1.3310 × 106

Fig. 4. Isolines of methane overall molar fraction and the two-phase region (gray color) computed on different grids at time t = 0.48 years. Contours are
distributed uniformly between the two printed values. Solutions are computed on the triangular grid: Example 1.
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Fig. 5. Isolines of methane overall molar fraction and the two-phase region (gray color) at different times. Contours are distributed uniformly between the
two printed values. The solution is computed on the triangular grid 2 × 40 × 40; (d) is computed on 40 × 40 rectangles using the P T -code (the two-phase
region is not indicated here): Example 2.

Table 4
Relevant parameters of the Peng–Robinson equation of state (A.1) for Examples 3, 4, and 8. Volume translation is not used.

i (component) pc i [MPa] Tc i [K] Vc i [m3 mol−1] Mi [g mol−1] ωi [–] δi1 [–] δi2 [–]

1 (CO2) 7.375 304.14 9.416 × 10−5 44 0.239 0 0.15
2 (C3) 4.248 369.83 2 × 10−4 44.0962 0.153 0.15 0

outflowing element in the right upper corner of the domain in this result. Instead of a value close to 6.9 MPa (at the corner
edges, there is prescribed exactly 6.9 MPa), which was observed in our result, there was 6.68 MPa in the result obtained by
the P T -code. The lower pressure in the outflowing corner implies higher velocities, which can explain the difference in the
molar fractions.

5.2. Injection of CO2 into propane

Let us consider a cut through a propane reservoir at initial pressure p = 2.5 MPa and temperature T = 311 K. In the
left bottom corner of the reservoir, CO2 is injected, and in the right upper corner, the mixture of CO2 and propane is
produced (Fig. 2(b)). The injection rate of CO2 is 42.5 m2/day at pressure 1 atm and temperature 293 K. The parameters
of the Peng–Robinson equation of state for both components of the mixture are summarized in Table 4. In these settings,
the mixture can stay in the single phase or split into two phases. The boundary of the domain is impermeable except
for the outflow corner where pressure p = 2.5 MPa is maintained. Relative permeability depends linearly on saturation as
krα(Sα) = Sα for each phase α.

Example 3. In Fig. 6, a simulation of CO2 injection into a horizontal reservoir originally filled with propane is shown. Isolines
of CO2 overall molar fraction c1/(

∑2
i=1 ci) are distributed uniformly between the two displayed values of 0.95 and 0.05. The

mixture stays in the single phase in the majority of the domain, only in the zone where the molar fractions are greater than
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Fig. 6. Isolines of CO2 overall molar fraction and the two-phase region (gray color) at different times. Contours are distributed uniformly between the two
printed values. The solution is computed on the triangular grid 2 × 40 × 40; (d) is computed on 40 × 40 rectangles using the P T -code (the two-phase
region is not indicated here): Example 3.

0.05 and less than 0.95, the two-phase region (colored in gray) appears. The computation to t = 0.79 years lasted 6.4 hours.
To validate our results, the problem was computed also by the P T -code. The zone between 0.95 and 0.05 isolines in the
obtained result at t = 0.48 years depicted in Fig. 6(d) (indication of the two-phase region was unavailable in the P T -code)
is slightly wider than the one in Fig. 6(b) computed by our code.

Example 4. In this example, we simulate the CO2 injection into a vertical propane reservoir. Uniformly distributed contours
of CO2 overall molar fractions c1/(

∑2
i=1 ci) between 0.95 and 0.05 are visualized in Fig. 7. The single-phase mixture occupies

a major part of the domain during the simulation but in the mixing zone a two-phase domain (gray color) also develops.
At time t = 0.55 years, we observed that there were the most two-phase elements of the whole simulation. Afterwards,
the number of two-phase elements decreases. The computation to t = 0.79 years lasted 8.8 hours. To validate our results,
the problem was computed also by the P T -code. The obtained result at t = 0.48 years is depicted in Fig. 7(d) (indication
of the two-phase region was unavailable in the P T -code). The result differs from ours in Fig. 7(b), however, we observed
an incorrect pressure in the outflowing element in the right upper corner of the domain in this result. Instead of a value
close to 2.5 MPa (at the corner edges, there is prescribed exactly 2.5 MPa), which was observed in our result (2.51 MPa),
there was 2.27 MPa in the other result. The lower pressure in the outflowing corner can cause different velocities, which
explains the difference in the molar fractions. In the injection corner, the pressure was 2.53 MPa in the result obtained by
the P T -code, while we observed 2.97 MPa in our result.

5.3. Injection of CO2 into oil

In the third problem, let us consider a cut through an oil (8-component hydrocarbon mixture) reservoir at initial pressure
p = 27.6 MPa and temperature T = 403.15 K. The initial overall molar fractions in the reservoir can be found in Table 5. CO2
is injected in one corner of the reservoir, and the mixture of CO2 and oil is produced in the opposite corner. The injection
rate of CO2 is 133.33 m2/day at pressure 1 atm and temperature 293 K. The parameters of the Peng–Robinson equation of
state for all components of the mixture are summarized in Table 6. In these settings, the mixture can stay in the single
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Fig. 7. Isolines of CO2 overall molar fraction and the two-phase region (gray color) at different times. Contours are distributed uniformly between the two
printed values. The solution is computed on the triangular grid 2 × 40 × 40; (d) is computed on 40 × 40 rectangles using the P T -code (the two-phase
region is not indicated here): Example 4.

Table 5
The initial overall molar fractions in the reservoir.

Component CO2 N2 C1 C2–C3 C4–C5 C6–C10 C11–C24 C25+
Overall molar fraction 0.0086 0.0028 0.4451 0.1207 0.0505 0.1328 0.1660 0.0735

Table 6
Relevant parameters of the Peng–Robinson equation of state (A.1) for Examples 5, 6, and 7. Volume translation is not used.

i (component) pc i [MPa] Tc i [K] V c i [m3 mol−1] Mi [g mol−1] ωi [–] δi1 [–] δi2 [–] δi3 [–] δi4 [–] δi5 [–] δi6 [–] δi7 [–] δi8 [–]

1 (CO2) 7.375 304.14 9.416 × 10−5 44 0.239 0 0 0.15 0.15 0.15 0.15 0.15 0.08
2 (N2) 3.39 126.21 8.988 × 10−5 28 0.039 0 0 0.1 0.1 0.1 0.1 0.1 0.1
3 (C1) 4.599 190.56 9.84 × 10−5 16 0.011 0.15 0.1 0 0.0346 0.0392 0.0469 0.0635 0.1052
4 (C2–C3) 4.654 327.81 1.6571 × 10−4 34.96 0.11783 0.15 0.1 0.0346 0 0 0 0 0
5 (C4–C5) 3.609 435.62 2.7522 × 10−4 62.98 0.21032 0.15 0.1 0.0392 0 0 0 0 0
6 (C6–C10) 2.504 574.42 4.6839 × 10−4 110.21 0.41752 0.15 0.1 0.0469 0 0 0 0 0
7 (C11–C24) 1.502 708.95 9.3876 × 10−4 211.91 0.66317 0.15 0.1 0.0635 0 0 0 0 0
8 (C25+) 0.76 891.47 1.9298 × 10−3 462.79 1.7276 0.08 0.1 0.1052 0 0 0 0 0

phase or split into two phases. The boundary of the domain is impermeable except for the outflow corner where pressure
p = 27.6 MPa is maintained. Relative permeability depends quadratically on saturation as krα(Sα) = S2

α for each phase α.
To validate our results, the following examples were computed also by the P T -code as in the previous simulations, but

we have not included the results obtained by the P T -code for the sake of brevity.

Example 5. In Fig. 9, a simulation of CO2 injection in the left bottom corner of a horizontal reservoir originally filled with
oil is shown. In the right upper corner, the mixture is produced. The reservoir is outlined in Fig. 8(a). In each of the 6
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Fig. 8. Outlines of the simulated reservoirs for Examples 5–7.

plots, isolines of the overall molar fraction ci/(
∑8

i=1 ci) are visualized for 1 of the 8 components at time t = 1.36 years.
Contours are distributed uniformly between the displayed values. In each figure the two-phase region is colored in gray
color. In comparison with Examples 1–4, the two-phase region occupies a major part of the domain. The computation to
t = 1.36 years lasted 57.8 hours.

Example 6. This example is similar to Example 5, but this time we simulate injection of CO2 into a vertical oil reservoir. CO2
is injected in the left bottom corner and the mixture is produced in the right upper corner (as outlined in Fig. 8(a)). Results
of the simulation at time t = 1.36 years are shown in Fig. 10 using the isolines of the overall molar fractions ci/(

∑8
i=1 ci)

of 6 selected components, and the two-phase region is colored in gray. As in Example 5, also here, the two-phase region
occupies a large part of the reservoir. The computation to t = 1.36 years lasted 96.7 hours.

Example 7. In this example, we compute the injection of CO2 in the right upper corner of the vertical reservoir, whereas
the mixture outflows in the left bottom corner (see Fig. 8(b)). Fig. 11 shows results of the simulation at time t = 1.36 years.
Isolines of the overall molar fraction ci/(

∑8
i=1 ci) are visualized for the same components as in Examples 5 and 6. Again,

the gray-colored two-phase region is spread over a significant part of the reservoir. The computation to t = 1.36 years lasted
75.3 hours.

5.4. CO2 close to the saturation pressure

Example 8. In the last example, we simulate an isothermal injection of CO2 into a reservoir that is filled with pure gas
CO2 at temperature T = 280 K and p = 4 MPa. Note that the saturated vapor pressure of CO2 at 280 K is 4.13 MPa. CO2 is
injected in the left bottom corner of the reservoir and produced in the right upper corner. The injection rate is 42.5 m2/day
at pressure 1 atm and temperature 293 K. The parameters of the Peng–Robinson equation of state for CO2 are summarized
in Table 4 (first line). The medium has a low permeability K = k = 9.87 × 10−17 m2 (i.e. 0.1 mD) and porosity φ = 0.2. The
boundary of the domain is impermeable except for the outflow corner where pressure p = 4 MPa is maintained. Relative
permeability depends linearly on saturation as krα(Sα) = Sα for each phase α.

Due to the injection, the pressure in the vicinity of the injection point rises above the value of the saturation pressure
and the liquid CO2 phase should appear. Fig. 12 shows the result of our code at four different times. The computation
to t = 10.14 years lasted 4.6 hours. The liquid CO2 with density approximately 873 kg m−3 displaces the vapor with den-
sity approximately 118 kg m−3. The two-phase elements (gray) correspond well with the dashed isoline of the saturation
pressure (see Fig. 12). The P T -code (based on [13,14,24]) used for this simulation crashes due to the problem with the
phase identification. This problem shows the advantages of the V T -based formulation which does not require the phase
identification.

6. Summary and conclusions

We have developed a new formulation of the compositional model for the reservoir simulation. The new feature of the
model is that it uses computation of phase equilibria at constant temperature and volume rather than pressure. Compared
to the traditional P T -based formulation, the new formulation in terms of V T is not only more robust, but also provides a
convenient and natural way for the pressure computation. In the new formulation, the equation of state does not have to be
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Fig. 9. Isolines of the overall molar fractions and the two-phase region (gray color) at t = 1.36 years. Contours are distributed uniformly between the two
printed values. The solution is computed on the triangular grid 2 × 40 × 40: Example 5.

inverted, and thus the root selection problem does not appear. We have tested the model on eight examples involving binary
and multicomponent mixtures described by the Peng–Robinson equation of state. We expect that the same approach can be
used for other pressure-explicit equations of state as well. Moreover, we expect that the advantage of the fact that there is
no need for inversion in the equation of state will appear to be beneficial for simulations using non-cubic equations of state.
These equations of state can describe correctly association in the mixtures involving polar components (e.g. CO2 + H2O)
and, thus, have important applications in problems related to carbon sequestration [18,16]. Extension of our approach to
these equations of state is a subject of current research.

We have discretized the model using a combination of the MHFEM and FVM for the computation of two-phase com-
pressible flow of a mixture in porous media in 2D. In comparison with the traditional approaches, our approximation of the
component flux between elements does not depend on the phase identification and pairing of phases between elements.
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Fig. 10. Isolines of the overall molar fractions and the two-phase region (gray color) at t = 1.36 years. Contours are distributed uniformly between the two
printed values. The solution is computed on the triangular grid 2 × 40 × 40: Example 6.

This feature of the model will be also advantageous in problems related to carbon sequestration as typically CO2 is injected
into the reservoir in the supercritical state.

Our method is fully coupled, fully implicit and is therefore much more expensive in comparison with the decoupled
(sequential) IMPEC approaches. In this work, we focused on the robustness of the formulation rather than the CPU costs.
We believe that the robustness of the V T -flash and flux evaluation which does not depend on the phase identification can
be exploited also in the sequential schemes. Development of such schemes is another subject of our current research.

Many questions related to the new formulation remain open, e.g. how to include diffusion or capillarity in the V T -based
model. For example, capillarity in the compositional simulation has traditionally been formulated using the extension of the
concepts developed in the immiscible flow. Here, the V T -based formulation seems to be of great advantage with respect
to P T , but currently available theories of capillarity rely heavily on the phase identification. We believe that the model
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Fig. 11. Isolines of the overall molar fractions and the two-phase region (gray color) at t = 1.36 years. Contours are distributed uniformly between the two
printed values. The solution is computed on the triangular grid 2 × 40 × 40: Example 7.

concept proposed in this paper can be extended to include capillarity and diffusion, although this may require a non-trivial
revision of basic concepts and the way we usually describe these phenomena. Development of such extensions is subject of
our future research.
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Fig. 12. Isolines of the cell-averaged pressure pK and the two-phase elements (gray color) at different times. Solid contours are distributed uniformly
between the two printed values. Dashed contours represent the saturation pressure and separates the liquid and gas zones. The solution is computed on
the triangular grid 2 × 40 × 40: Example 8.

Appendix A. Details of the constitutive relations

Pressure in (6b) is given by the Peng–Robinson equation of state [30,12,26,27] as

p(T , c1, . . . , cnc ) =
RT

nc∑
i=1

ci

1 −
nc∑

i=1
bici

−

nc∑
i=1

nc∑
j=1

aijcic j

1 + 2
nc∑

i=1
bici − (

nc∑
i=1

bici)
2

. (A.1)

In Eq. (A.1), R = 8.314472 J K−1 mol−1 is the universal gas constant and

aij = (1 − δi j)
√

aia j, ai = 0.45724
R2Tc i

2

pc i

[
1 + mi(1 − √

Tri)
]2

,

mi =
{

0.37464 + 1.54226ωi − 0.26992ω2
i for ωi < 0.5,

0.3796 + 1.485ωi − 0.1644ω2
i + 0.01667ω3

i for ωi ≥ 0.5,

Tri = T

Tc i
, bi = 0.0778

RTc i

pc i
, (A.2)

where δi j is the binary interaction coefficient [–]; Tc i , pc i , ωi , Tr i are the critical temperature [K], critical pressure [Pa],
acentric factor [–], reduced temperature [–], respectively – all corresponding to the i-th component.

The condition of chemical equilibrium (6c) can be rewritten in terms of the volume function coefficients, which were
introduced in [26] to replace fugacities in the V T -based formulations. The equivalent condition to (6c) reads as

cα,i

ϕi(T , cα,1, . . . , cα,nc )
= cβ,i

ϕi(T , cβ,1, . . . , cβ,nc )
, ∀α �= β, ∀i = 1, . . . ,nc, (A.3)
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where the volume function coefficient ϕi for the Peng–Robinson equation of state reads as

lnϕi(T , c1, . . . , cnc )

= ln

(
1 −

nc∑
j=1

b jc j

)
−

bi

nc∑
j=1

c j

1 −
nc∑

j=1
b jc j

+
bi

nc∑
j=1

nc∑
k=1

a jkc jck

RT
nc∑
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b jc j(1 + 2

nc∑
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b jc j − (
nc∑
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− 1
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2RT
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b jc j

⎛⎜⎜⎜⎝
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a jkc jck

2
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j=1
b jc j

−
nc∑

j=1

aijc j

⎞⎟⎟⎟⎠ ln

∣∣∣∣∣∣∣∣∣
1 + (1 + √

2)
nc∑

j=1
b jc j

1 + (1 − √
2)

nc∑
j=1

b jc j

∣∣∣∣∣∣∣∣∣ . (A.4)

Details of the definition and basic properties of the volume functions and volume function coefficients as well as derivation
of the last formula can be found in [26].

Appendix B. Raviart–Thomas basis functions and details of the MHFEM

In this part, we describe details of derivation of discrete Darcy’s law (19) using the Raviart–Thomas space [3,4,31,24].
The Raviart–Thomas space of the lowest order RT0(K ), over an element K from a triangulation TΩ (consisting of triangles)
of the domain Ω , is generated by the basis functions

wK ,E(x) = 1

2|K | (x − NK ,E), ∀x ∈ K , E ∈ ∂ K , (B.1)

where NK ,E ∈ K is a node against edge E . The basis functions (B.1) satisfy the following properties

∇ · wK ,E(x) = 1

|K | , wK ,E(x) · nK ,E ′ = δE,E ′

|E| . (B.2)

Multiplying (12) with the basis function wK ,E , and integrating over element K , we can write∫
K

∇p · wK ,E ′ = −
( ∑

α∈Π(K )

cα,K λα,K

)−1 ∑
E∈∂ K

qK ,E

∫
K

K−1wK ,E · wK ,E ′ + �̃K

∫
K

g · wK ,E ′ , (B.3)

where we have used (18), the mean value theorem, and Π(K ) denotes all phases on element K . On the other hand, using
the Green theorem, the mean value theorem, and properties (B.2), we obtain∫

K

∇p · wK ,E ′ =
∑

E∈∂ K

∫
E

pwK ,E ′ · nK ,E −
∫
K

p∇ · wK ,E ′ = 1

|E ′|
∫
E ′

p − 1

|K |
∫
K

p. (B.4)

Denoting

AK ,E,E ′ =
∫
K

K−1wK ,E · wK ,E ′ , G K ,E ′ =
∫
K

g · wK ,E ′ ,

p̂K ,E ′ = 1

|E ′|
∫
E ′

p, pK = 1

|K |
∫
K

p, (B.5)

we combine (B.3) and (B.4) into( ∑
α∈Π(K )

cα,K λα,K

)−1 ∑
E∈∂ K

qK ,E AK ,E,E ′ = pK − p̂K ,E ′ + �̃K G K ,E ′ . (B.6)

Assuming that K is a uniformly positive-definite tensor (see [20]), i.e.

∃α0 > 0: α0

d∑
i=1

ξ2
i �

d∑
i, j=1

[
K(x)

]
i, jξ iξ j, ∀ξ ∈ Rd, (B.7)

for almost all x ∈ Ω , it is possible to invert the matrix AK = (AK ,E,E ′ )E,E ′∈∂ K . Multiplying (B.6) in a vector form by A−1
K , we

obtain for K ∈ TΩ and E ∈ ∂ K
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qK ,E =
∑

α∈Π(K )

cα,K λα,K

(
αK

E pK −
∑

E ′∈∂ K

βK
E,E ′ p̂K ,E ′ + γ K

E �̃K

)
, (B.8)

which is Darcy’s law (19) with coefficients αK
E , βK

E,E ′ , and γ K
E given by

αK
E =

∑
E ′∈∂ K

A−1
K ,E,E ′ , βK

E,E ′ = A−1
K ,E,E ′ , γ K

E =
∑

E ′∈∂ K

A−1
K ,E,E ′ G K ,E ′ , (B.9)

where A−1
K ,E,E ′ is the element of the inverse matrix A−1

K .
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[12] Chavent, G., Jaffré, J. (1986), Mathematical Models and Finite Elements for Reservoir
Simulation, North-Holland, Amsterdam.

147



LITERATURA

[13] Chavent, G., Roberts, J.E. (1991), A unified physical presentation of mixed, mixed-hybrid
finite elements and standard finite difference approximations for the determination of
velocities in waterflow problems, Advances in Water Resources, 14(6): 329–348.

[14] Chen, Z., Cockburn, B., Jerome, J., W., and Shu, C.-W. (1995), Mixed-RKDG Finite
Element Methods for the 2-D Hydrodynamic Model for Semiconductor Device Simulation,
VLSI Design, 3(2):145–158.

[15] Chen, Z., Ewing, R. E. (1997), From Single-Phase To Compositional Flow: Applicability
Of Mixed Finite Elements, in Transport in Porous Media, 225–242.

[16] Chen, Z., Ma Y., Huan, G. (2006), Computational Methods for Multiphase Flows in Porous
Media, SIAM, Philadelphia.

[17] Class, H., Helmig, R., Bastian, P. (2002), Numerical simulation of non-isothermal mul-
tiphase multicomponent processes in porous media.: 1. An efficient solution technique,
Advance in Water Resources, 25(5), 533–550.

[18] Coats, K. H. (1980), An equation of state compositional model, SPE Journal, October:363–
376.

[19] Coats, K. H. (1982), Reservoir Simulation: State of the Art, Journal of Petroleum Techno-
logy, August:1633–1642.

[20] Coats, K. H., Thomas, L.K., Pierson, R. G. (1998), Compositional and Black Oil Reservoir
Simulation, SPE Reservoir Evaluation & Engineering, August: 372–379.

[21] Cockburn, B., Shu, C.-W. (2001), Runge-Kutta Discontinuous Galerkin Methods for Con-
vection Dominated Problems, Journal of Scientific Computing, 16(3):173–261.

[22] Darcy, H. (1856), Les Fontaines Publiques de la Ville de Dijon, Victor Dalmond, Paris.

[23] Davis, T. A. (2004), A column pre-ordering strategy for the unsymmetric-pattern multif-
rontal method, ACM Transactions on Mathematical Software, 30(2), 165–195.

[24] Davis, T. A. (2004), Algorithm 832: UMFPACK, an unsymmetric-pattern multifrontal
method, ACM Transactions on Mathematical Software, 30(2), 196–199.

[25] Davis, T. A., Duff, I. S. (1999), A combined unifrontal/multifrontal method for unsym-
metric sparse matrices, ACM Transactions on Mathematical Software, 25(1), 1–19.

[26] Davis, T. A., Duff, I. S. (1997), An unsymmetric pattern multifrontal method for sparse
LU factorization, SIAM Journal on Matrix Analysis and Applications, 18(1), 140–158.

[27] Delshad, M., Thomas, S.G., Wheeler, M.F. (2011), Parallel numerical reservoir simulations
of nonisothermal compositional flow and chemistry, SPE Journal, 16(2), 239–248.

148



LITERATURA

[28] Espósito, R.O., Castier, M., Tavares, F.W., (2000), Calculations of thermodynamic equi-
librium in systems subject to gravitational fields, Chemical Engineering Science, 55(17),
3495–3504.
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