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Preface

We present in this thesis a selection of our nine recent research papers. Al-
though their topics are somewhat varied, they share one common feature:
they involve Lie algebras and Lie groups either as a main subject of investi-
gation or as an essential tool.

The papers contained in the thesis are divided into three thematic chap-
ters preceded by an introductory review of our notation and essential back-
ground. In the first group consisting of four papers in Chapter 2 we study
the structure of certain classes of solvable Lie algebras, establish their basic
properties and construct their generalized Casimir invariants. We also in-
vestigate the structure of Lie algebras with nontrivial Levi decomposition,
i.e. of algebras which are neither semisimple nor solvable. The notation and
methods used in these papers are introduced in Sections 1.1,1.2.

In the second group of two papers in Chapter 3 we compute the Lie su-
peralgebra of point (super)symmetries of certain partial differential equations
defined on superspace. Next, we use it in construction of particular solutions
of these equations. This is a generalization of Sophus Lie’s approach to
symmetries of differential equations which is reviewed in Section 1.3. Both
similarities and differences between the ordinary, i.e. commuting, case and
the superspace case are also discussed in the papers.

In the last group consisting of three papers in Chapter 4 we present sev-
eral results concerning the Poisson—Lie T—duality/plurality of sigma models.
In particular, we show that Poisson—Lie T—plurality can be interpreted as a
canonical transformation in Section 4.1. Next, we discuss the transformation
of boundary conditions for open strings under T—plurality. Some introduc-
tory remarks to these papers are contained in Section 1.4.

Most parts of the introduction in Chapter 1 review rather well-known
material and consequently are quite concise — their main purpose is to es-
tablish the notation and also to refresh reader’s knowledge of the theory by
means of simple examples. The reader is referred to the literature for proofs
of any theorems stated there. The only less standard and therefore more
detailed part of the Introduction is Section 1.2 where Casimir operators and
generalized Casimir invariants are introduced.

I would like to thank all coauthors of the presented papers for our suc-
cessful collaboration. These involve my senior colleagues, professors Alfred
Michel Grundland (Université du Québec a Trois-Rivieres and Université
de Montréal), Ladislav Hlavaty (Czech Technical University in Prague) and
Pavel Winternitz (Université de Montréal); Cecilia Albertsson and Alexander
Hariton who were postdoctoral fellows at Yukawa Institute and Université de



Montréal, respectively, at the time of our joint work; and my student Dalibor
Karasek at Czech Technical University in Prague.

I would also like to thank my colleagues at the Department of Physics,
in particular professors Igor Jex and Jifi Tolar, for maintaining an inspiring
and creative atmosphere at our department.

Finally, I would like to express my gratitude towards my parents, Zdenék
Snobl and Libuge Snoblové for all their support and encouragement.
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Chapter 1

Introduction

Our intention is to review in the present chapter certain basic notions and
results in the theory of Lie groups and Lie algebras, symmetries of differential
equations, Poisson—Lie groups and sigma models built on them. For the Lie
group part, we assume that the reader has basic familiarity with differential
geometry. We omit proofs which can be found in numerous textbooks [1, 2,
3,4,5,6, 7.

1.1 Lie algebras

1.1.1 Definition and basic properties of Lie algebras

A Lie algebra g is a vector space over a field F equipped with a multiplication

(also called a bracket), i.e. a bilinear map [, |: g X g — g, such that
ly,z] = —[x,y] (antisymmetry) :
0 = [z, [y, 2]] + [y, [z, 2]] + [2 [z, ¥]] (Jacobi identity) (1.2)

for all elements x,y, z € g. In what follows we shall consider the fields F = R,
C and finite-dimensional Lie algebras only.
The structure of the Lie algebra g can be represented in any chosen basis

(ej)?i:r?g by the corresponding structure constants c;;z' in the basis (ej)?ifig

dim g

lej,ex] = Z cirler. (1.3)

=1

When we write down Lie brackets specifying the structure of some Lie
algebra, we usually omit vanishing brackets and suppose that antisymmetry

holds.



For any pair of vector subspaces V, W of g we define their bracket as
[V, W] = span{[x,y||r € V,y € W}. (1.4)

We notice that the linear span is necessary in order for [V, W] to be a vector
subspace of g.

A subalgebra b of the Lie algebra g is a vector subspace of g which is
closed under the bracket,

[b.b] € b. (1.5)
An ideal I of the Lie algebra g is a subalgebra such that

I,g] C 1. (1.6)

The Lie algebra g itself and {0} are trivial ideals. A Lie algebra which does
not possess any nontrivial ideal is called simple.

Three different series of ideals can be associated with any given Lie al-
gebra. The dimensions of the ideals in each of these series are important
characteristics of the given Lie algebra.

The derived series g = g® D g D ... D g®) D ... is defined recursively

The second term in the series, namely gt = [g,g], is called the derived

algebra of g and may also be denoted by D(g) or g. If the derived series

terminates, i.e. there exists k& € N such that g*) = 0, then g is called solvable.
The lower central series g = g* O ... D gF D ... is again defined recur-

sively

g, o =g (1.8)

If the lower central series terminates, i.e. there exists k € N such that g% = 0,
then g is called nilpotent. The highest value of k for which we have g* # 0 is
the degree of nilpotency of the nilpotent Lie algebra g.

Obviously, a nilpotent Lie algebra is also solvable. An Abelian Lie algebra
is nilpotent of degree 1.

The upper central series is 31(g) C ... C 3x(g) C ... C g. In this series 3;
is the center of g

51(0) =C(g) ={z €g|[r,y] =0, Vy € g}. (1.9)

Now let us consider the factor algebra f; ~ g/31(g). Its center is C(f;) =
C(g/31(g)). We define the second center 32(g) of g to be the unique ideal in
g such that

32(9)/31(9) = C(9/31(9))- (1.10)
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Recursively we define the k' —center 3;(g) as the unique ideal in g such that
its image under factorization by 3x_1(g) is the center of g/3,_1(g), i.e.

31(9)/3k-1(9) = C(9/31-1(9))- (1.11)

The union of the upper central series is the hypercenter
9) = a0 (1.12)
i=1

Since the higher centers 3;(g) are ordered by inclusion, the hypercenter can
be also viewed as the largest set in the sequence. The upper central series
terminates, i.e. the hypercenter is equal to the whole algebra g, if and only
if g is nilpotent.

We shall call these three series the characteristic series of the algebra g.

Example 1.1 Let us consider the Heisenberg algebra in one dimension H(1),
spanned by three vectors ey, eo, e3 with the only nonvanishing Lie bracket

[eg, €3] = €.

Its characteristic series are

(5(1)®) = span{e}, (1)) =
(5(1)) = (5(1)) ) = span{es}, (b
a(b(1)) = (h(1)?, ol

The algebra b(1) is nilpotent because (h(1))> = 0 or, equivalently, because

32(b(1)) = b(1).

In any given Lie algebra we have two distinguished ideals, the radical and
the nilradical. The radical is the maximal solvable ideal of g denoted by R(g).
It is unique because it is a sum of all solvable ideals. The nilradical NR(g) is
the maximal nilpotent ideal of g, also unique. The existence of these ideals
is a consequence of the fact that a sum of two solvable (nilpotent) ideals of
g is again a solvable (nilpotent) ideal, respectively.

The following relation between the radical and the nilradical holds

(R(g))* € NR(g) € R(g).

When the radical of the algebra g vanishes, i.e. g has no nonvanishing solvable
ideals, the algebra is called semisimple.

3



When the radical of g is nonvanishing, also the nilradical is nonvanishing
— either (R(g))®> = 0, i.e. both NR(g) and R(g) are Abelian and therefore
coincide, or 0 # (R(g))® € NR(g)).

The hypercenter 3..(g) is always a nilpotent ideal of g and therefore is
contained in the nilradical.

Example 1.2 Let us consider the algebra ¢(2) of infinitesimal Euclidean mo-
tions in 2-dimensional Euclidean space R?. It is spanned by three vectors
€1, e, e3 with the nonvanishing Lie brackets

[617 63] = —é€g, [627 63} = €1.
Its characteristic series are
(e(2))") = spanfey, e}, (e(2))® =0,

(¢(2))” = (e(2)) = span{er, e}, (e(2))" = (e(2))*,
31(e(2)) = 0.

The algebra ¢(2) is solvable because (¢(2))® = 0, but it is not nilpotent

because (¢(2))? = (e(2))> = ... = (e(2))F = ... #0.
The radical of ¢(2) by definition coincides with ¢(2). The nilradical of ¢(2)
must contain (e(2))* and therefore it coincides with the derived algebra

NR(e(2)) = (e(2))*
on dimensional grounds.

The centralizer centy(h) of a given subspace h C g in g is the set of all
elements in g commuting with all elements in b, i.e.

centy(h) = {w € g | [2.y] = 0, ¥y € b}. (1.13)

The normalizer normgy(h) of a given subspace ) C g in g is the set of all
elements z in g such that [z, h| is in the subspace h for any h € b, i.e.

normg() = {o € g | [v,4] € b, Vy € b). (1.14)

When b is a subalgebra then necessarily h C normg(h). The normalizer of
an ideal in g is the whole algebra g.

A representation p of a given Lie algebra g on a vector space V' is a linear
map of g into the space gl(V') of linear operators acting on V'

p:g—gl(V):z — p(z)
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such that for any pair x, y of elements of g

p([x,y]) = p(z) o p(y) — p(y) o p(x) (1.15)

holds. The field over which the vector space is defined must contain IF in order
to have the representation well-defined, i.e. we may have representations of
real algebras on complex vector spaces but not vice versa. Dimension of the
representation p is understood to be the same as the dimension of the vector
space V.

A subspace W of V is called invariant if

p(@W = {p(z)w|z € g,we W} CW.

A representation p of g on V' is reducible if a proper nonvanishing invariant
subspace W of V' exists.

A representation p of g on V' is irreducible if no nontrivial invariant sub-
space of V' exists.

A representation p of g on V' is fully reducible when every invariant sub-
space W of V has an invariant complement W, i.c.

V=WaeW, pl@WCW. (1.16)

In particular, any irreducible representation is also fully reducible.
An important criterion for irreducibility of a given representations is

Theorem 1.1 (Schur’s Lemma) Let g be a complex Lie algebra and p its
representation on a finite—dimensional vector space V.

1. Let p be irreducible. Then any operator A on V which commutes with

all p(z),
[A, p(z)] =0, Vx € g,

has the form A = A1 for some complex number \.

2. Let p be fully reducible and such that every operator A on V which
commutes with all p(x) has the form A = A1 for some complex number
A. Then p is irreducible.

The adjoint representation of a given Lie algebra g is a linear map of g
into the space gl(g) of linear operators acting on g

ad: g — gl(g): z — ad(x)
defined for any pair z, y of elements of g via

ad(z)y = [z,y]. (1.17)
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When convenient we may also use an alternative notation ad, = ad(z). The
image of ad is denoted by ad(g).
A linear map ® between two Lie algebras g1, go is a homomorphism if

O([z,ylh) = [2(2), B(y)]2,  Va,y € g

When a homomorphism is a bijection we call it an isomorphism.
An automorphism ® of a given Lie algebra g is a bijective linear map

®: g—9g

such that
P([z,y]) = [@(z), 2(y)] (1.18)

for any pair z,y of elements of g.
A derivation D of a given Lie algebra g is a linear map

D:g—g
such that for any pair z, y of elements of g
D([z,y]) = [D(x),y] + [z, D(y)]. (1.19)
If an element z € g exists, such that
D =ad(z), ie D(x)=]|zz], VxeEg
the derivation is called inner, any other one is outer.

Example 1.3 Let us consider the algebra of Euclidean motions in two di-
mensions ¢(2) of Example 1.2. We have

00 O 0 01 0 -1 0
ad(e;) =10 0 —1], ad(eg)=|(0 0 0], ad(es) =1 0 0
00 O 0 00 0 0 O

The algebra of derivations of ¢(2) is spanned by inner derivations ad(ey),
ad(ey), ad(es) together with one outer derivation

D=

o O =
O = O
o O O



The set of all automorphisms of g with the composition as the group law
forms the Lie group Aut(g) and its Lie algebra coincides with the algebra
Der(g) of all derivations of g. Inner derivations Jnn(g) form an ideal in
Der(g).

Any ideal is invariant with respect to inner derivations. Ideals in the alge-
bra g which are invariant with respect to all derivations and automorphisms
of g are called characteristic. In particular, ideals in characteristic series are
characteristic.

Several important theorems describe properties of representations of var-
ious classes of Lie algebras.

Theorem 1.2 (Theorem of Engel) A real or complex Lie algebra g is
nilpotent if and only if ad(x) is nilpotent operator for all x € g.

The representation space V' of a finite-dimensional representation p of
a nilpotent complex Lie algebra g can be decomposed into a direct sum of
invariant subspaces

V=V ioWhe.. oV

such that in a suitable basis the operators p(x)|y, on the subspaces V; simul-
taneously take an upper triangular form with a multiple of unit matriz on the
diagonal, 1.e.

AMz) 7 ?
0 Az) ... 7

ol = | . | wes A
0 0 A=)

for some linear functional A on g.

Example 1.4 Let us consider the Heisenberg algebra h(1) of Example 1.1.

We have
1.

in agreement with Engel’s theorem. For the adjoint representation we have
the functional A = 0.

ad(e;) =

o O O
o O O
o O O

0 01 0
ad(e2) =10 0 0], ad(es)=1{0
0 00 0

Obviously, all operators ad(e;) are nilpotent,

ad(e;) = ad(ez)? = ad(e3)* =0,



The adjoint representation is reducible because any subspace of h(1) con-
taining ey 1s invariant. There is no invariant complementary subspace to the
invariant subspace span{e; }; therefore, the adjoint representation is not fully
reducible.

An arbitrary derivation of the Heisenberg algebra h(1) is given by the
matric

a+d e f
D= 0 a b (1.22)
0 ¢ d

where a,b,c,d, e, f are arbitrary parameters. We have a 2—dimensional ideal
Jan(h(1)) of inner derivations in Der(h(1)). The ideal IJnn(h(1)) is spanned
by ad(es),ad(es), i.e. consists of the derivations of the form

0 e f
0 0O
0 00

Theorem 1.3 (Theorem of Lie) Any representation p of a solvable Lie
algebra g on a complex finite-dimensional vector space V' contains a common
eigenvector v € V, v # 0, 1.e.

p(z)v = A(x) - v, rTEY (1.23)

for some linear functional A on g.
For any complex solvable Lie algebra g there exists a filtration by codi-
mension 1 ad—invariant subspaces, i.e.

Og%g%ggvdlmg:g, d1ka/d1ka_1:1, [g,Vk]QVk
(1.24)

Lie’s theorem implies that any complex solvable Lie algebra g has only one—
dimensional irreducible representations and that the adjoint representation
of any complex non—Abelian solvable Lie algebra g is not fully reducible.

Example 1.5 Let us consider the algebra of Euclidean motions in two di-
mensions ¢(2) of Examples 1.2 and 1.3. Common eigenvectors of all opera-
tors in the adjoint represention ad(e;) exist only when F = C. In that case
we have two eigenvectors

64 = e kieg, ad(e1o)er =0, ad(es)esr = Fiey.
Denoting Vi = span{ey} we have two ad—invariant filtrations
0CVeC VoV, Ce2)
where V_ @V, = span{ey, ea} = (e(2))?.
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We have just seen that Lie’s theorem indeed does not hold over the field of
real numbers.

Last but not least, for semisimple Lie algebras we have

Theorem 1.4 (Theorem of Weyl) A complex Lie algebra g is semisimple
if and only if all its finite—dimensional representations are fully reducible.

Next, let us consider bilinear forms on Lie algebras. A symmetric bilinear
form B on a given Lie algebra g such that

B(ad(z)y, z) + B(y,ad(z)z) =0 (1.25)

for every triplet z,y, z € g is called ad—invariant or invariant. A symmetric
bilinear form B is tnvariant with respect to automorphisms if

B(®(x), ®(y)) = B(x,y) (1.26)

holds for every automorphism ® of g and any pair z,y € g.

We recall that any form B invariant with respect to automorphisms is
also ad—invariant. This statement follows from the fact that (1.26) implies
upon differentiation

B(D(z),y) + B(z,D(y)) =0 (1.27)

for any derivation D, in particular for all inner derivations. The converse is
not true in general because outer derivations of g may exist or there may be
discrete transformations in Aut(g) which are not obtained by exponentiation
of elements in Der(g).
The Killing form K of a given Lie algebra g is a symmetric bilinear form
on g defined by
K(z,y) = tr(ad(x) - ad(y)). (1.28)

The Killing form is invariant with respect to automorphisms. In the partic-
ular case of complex simple Lie algebras, any invariant symmetric bilinear
form is a multiple of the Killing form.

The Killing form provides important criteria for semisimplicity and solv-
ability known as Cartan criteria.

Theorem 1.5 (1st Cartan criterion) A Lie algebra g is solvable if and
only if the restriction of its Killing form to the derived algebra vanishes.

Theorem 1.6 (2nd Cartan criterion) A Lie algebra g is semisimple if
and only if its Killing form is nondegenerate.

9



All nilpotent Lie algebras have vanishing Killing form but, contrary to
some claims in the literature (see e.g. [8], p. 669 or [9], p. 82), not every
algebra with vanishing Killing form is nilpotent. Consider e.g. a solvable
nonnilpotent algebra

g = span{ey, ez, €3}, le1, e3] = e, 2, €3] = iey
whose Killing form vanishes identically.

Example 1.6 The Killing form of the algebra of Euclidean motions in 2
dimensions ¢(2), Example 1.2, is given by the matriz

00 O
K={00 0
0 0 -2

Recalling that (¢(2))* = span{e;,ex} we see that the 1st Cartan criterion
correctly predicts that e(2) is solvable.

The Killing form also allows us to consider the orthogonal complement
Vi ={reglK(x,y)=0,Vy €V} (1.29)

of a given subspace V' C g with respect to the Killing form (whether or not
is K nondegenerate).

An orthogonal complement I+ of an ideal I C g is again an ideal in g.
This property implies that any semisimple Lie algebra is just a direct sum of
its simple components.

The radical of g can be constructed very efficiently once the Killing form
of g is computed. We have a simple formula

R(g) = (8% (1.30)

A fundamental theorem due to E. E. Levi [10, 1, 11] provides a general
scheme for the structure of Lie algebras.

Theorem 1.7 (Theorem of Levi) Let g be a finite-dimensional Lie alge-
bra over a field F and v = R(g) be its radical. Then there exists a semisimple
subalgebra p of g such that

g=p+r (1.31)

The subalgebra p is isomorphic to the factor algebra g/t and is unique up to
automorphisms of g.

10



Because t is a solvable ideal and p a semisimple subalgebra we have

b,pl =p, [p,t] Cr, [t,1] C .

Levi’s theorem implies that in order to classify Lie algebras up to any
given dimension n, one needs to classify

1. all simple algebras and consequently all semisimple algebras up to di-
mension 7,

2. all solvable algebras up to dimension n,

3. and construct all semidirect sums of the form (1.31) — that task reduces
to consideration of representations of p valued in Der(t).

The first task was accomplished already by W. Killing and E. Cartan over
the fields of both complex [12, 13] and real numbers [14, 15]. Below in Section
1.1.2 we shall review that classification over the field of complex numbers.

The second task presently appears to be unsolvable in its full generality.
It was completed only for very low dimension n < 6. We shall explain why
it is not possible to classify solvable algebras using the same ideas as for
semisimple algebras and we motivate a different approach: construction of
solvable Lie algebras with a given structure of their nilradicals. Several such
classifications are then presented in papers included in Section 2.

The third task was studied using several approaches in [16, 17, 18, 19].
We shall deal with it in more detail in [20] which is included in Section 2.4.

1.1.2 Classification of complex simple Lie algebras

Let g be a complex Lie algebra. Any nilpotent subalgebra gy of g coincid-
ing with its normalizer normgy(go) is called a Cartan subalgebra. It can be
constructed in the following way.
Let x € g. Consider the linear operator ad(z) € gl(g) and find its gener-
alized nullspace
go(x) = lim ker (ad(z))" .

k—oo

When dim go(x) is minimal, i.e.

dim go(2) = min dim go(y),
y<g

we call the element x € g reqular.

Proposition 1.8 Let x € g be a regular element of the complex Lie algebra
g. Then go(z) is a Cartan subalgebra of g. Any other Cartan subalgebra of
g 1s related to go(z) by an automorphism of g.

11



Consequently, the dimension of the Cartan subalgebra go(x) is independent
of the choice of the regular element x and is called the rank of the Lie
algebra g. We point out that the proposition holds whether or not g is
semisimple, i.e. any complex Lie algebra has a Cartan subalgebra unique up
to automorphisms (the uniqueness is lost for real algebras). On the other
hand, Cartan subalgebras of semisimple algebras have special properties.

Cartan subalgebra go of a semisimple Lie algebra is Abelian and ad(h) €
gl(g) is diagonalizable for every h € go. Therefore, there exist common
eigenspaces g, C g of all operators ad(h), h € go and nonvanishing function-
als A € gg such that

ad(h)eA = )\(h) c ey, h e do, €x € G-

These functionals A\ are called roots of the semisimple Lie algebra g. The
collection of all roots is called the root system of the algebra g and denoted
by A. The diagonalizability of ad(h) implies that

g=2go+ (Halre€A}).

It is always possible to introduce an ordering among the roots via a choice
of hy € go such that A(hg) # 0 and A(hg) € R for all roots A\. This ordering is
not unique but different choices give results equivalent up to automorphism
of g. For any pair of roots A, k one writes A > « if and only if A\(ho) > k(ho).
Similarly one defines positive roots A > 0, i.e. A(hg) > 0 and negative roots
A <0, ie Ahg) <0. The set of all positive roots is denoted A, the set of
negative roots A~. We have A = AT U A~. Simple roots are positive roots
which cannot be written as a sum of two positive roots. We denote the set
of all simple roots by A%,

We list the most important properties of the root system A and root
subspaces g, of a semisimple complex Lie algebra g:

1. the Killing form K of g when restricted to gy X go is nondegenerate;
2. if A is a root then so is —A and no other multiple of A is a root;

3. all root subspaces g, are 1-dimensional;

4. [gx, 8x] = grsrx Whenever A, k and X + k are roots;

5. when X + k is neither 0 nor a root we have [gy, g.] = 0;

6. [gx, 9-2] C go;

12



7. there is a basis of g consisting of elements of the Cartan subalgebra gg
and of root subspaces g, such that the structure constants of g in this
basis are integers; such a basis is called the Weyl-Chevalley basis of g
and the real form of the Lie algebra g corresponding to this choice of
basis is called the split real form of g;

8. to any functional A € g; we can associate a unique element hy € g
such that
/\(h) = f((h>\7 h), Vh € do
and we can define a nondegenerate bilinear symmetric form (,) on gj
so that
(A, k) = K(hy, hy), VA K € gy;

9. simple roots are linearly independent;

10. any positive root is a linear combination of simple roots with nonneg-
ative integer coefficients; therefore, the root system A is contained in
the real subspace of gj spanned by the simple roots, we denote this
subspace by b*;

11. the whole Lie algebra g is obtained by multiple Lie brackets of root
vectors e, where a € A% or — a € A,

12. (,) defines a real scalar product on bh*;

13. the root system A is invariant under all reflections S, of the form

(o, A)
(A A)

Sy(a) =a—2 A, A a €A,
all such reflections generate a finite group called the Weyl group of the
root system A;

14. any root is an image of some simple root under the action of some
element of the Weyl group; in particular, it has the same length.

It turns out that the structure of a semisimple complex Lie algebra is fully
determined up to isomorphisms by angles and relative lengths of its simple
roots in the Euclidean space h*. This information is usually encoded either
in the Cartan matriz A = ()

(, A)

A e A
<)\’>\>, K, A €

GKAIZ
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or equivalently in Dynkin diagrams. The Cartan matrix has only integer
entries: 2 on the diagonal, 0,—1,—2,—3 off the diagonal. Its associated
Dynkin diagram is a graph with vertices corresponding to the simple roots
and a,.) edges connecting the vertices labelled by x and A. Further, one
distinguishes graphically between shorter and longer roots either by different
symbols for vertices or different types of arrows connecting vertices. We shall
use a convention that the arrow goes from the longer root to the shorter one,
e.g. a subdiagram of the form

implies the following values of the Cartan matrix elements

{r, A)
(AN

CLK)\IQ

The structure of any root system can be shown to be such that

1. simple components g; of a semisimple Lie algebra g correspond to con-
nected subdiagrams of the Dynkin diagram of g;

2. there are no closed loops in Dynkin diagrams;

3. a connected Dynkin diagram is either simply laced meaning that it
contains only simple edges and consequently all roots are of the same
length, or the corresponding root system contains roots of precisely two
different lengths.

The fundamental classification result is due to W. Killing [12] and E. Cartan
[13] whose computations were later significantly simplified by E. Dynkin [21,
22]. It states that a finite-dimensional complex simple Lie algebra g either
takes one of the following classical forms

e 5[([+1,C), the algebra of traceless (I+1) x (I+1) matrices, also denoted
Ay, of rank [ > 1,

e 50(20+1,C), the algebra of skew—symmetric (2[4 1) x (2[4 1) matrices,
also denoted By, of rank [ > 2,

e 5p(2l,C), the algebra of 2/ x 2] matrices skew—symmetric with respect

to a nondegenerate antisymmetric form on C%, also denoted Cj, of rank
[ >3,

14



Ci

Go

Q09

a3z o1 O
Q9 Q1

Qo 01 O

I a1

Q3 2

. .

Q3 Qg QO

1~
@ *—©

Q3 Qg Q5 Og

1~
® *—0—0

*—o -
Q1 Qg
*—o -
aq %)
*—eo -
a1 Qg
° °
QO
oo
aq D)
oo
a9

Qp Q2

Q1 Qg

Table 1.1: Dynkin diagrams of simple Lie algebras.

Q3 Qg G5 Qg Q7

Q3 Oy
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e 50(2[,C), the algebra of skew—symmetric 2{ x 2] matrices, also denoted
Dy, of rank [ > 4,

or belongs among the five so—called exceptional algebras, denoted by Fg, E-,
Ey, Fy, G5. Out of these algebras, the algebras A;, D;, Eg, E-, Eg are simply
laced. The corresponding Dynkin diagrams are listed in Table 1.1.

1.1.3 Classification of solvable Lie algebras

Let us now turn our attention to solvable and nilpotent Lie algebras.

First of all, let us consider Cartan subalgebras of solvable and nilpotent
Lie algebras. If g is nilpotent then it is equal to its Cartan subalgebra by
definition. Consequently, the notion of Cartan subalgebra is trivial in this
case and of no help in any classification.

If g is solvable and nonnilpotent the Cartan subalgebra is no longer trivial.
Let us consider the example of the algebra e(2). It has regular elements

eal,ag = €3 + ajeq + a9€9, ai, az € IF

and the corresponding Cartan subalgebras are one—dimensional

do (eal,az) = Span{em ,a2 }

It means that in this particular case we have

e(2) = (¢(2))* + 90(Car,00)-

Had such property held generally, the Cartan subalgebra would have been of
great use in the classification of solvable Lie algebras. Unfortunately, that is
not the case.

Example 1.7 Let us consider the 7-dimensional solvable matriz algebra g
consisting of all matrices of the form

a; ag a4 as
0 a; az ag
0 0 a1 ay
0 0 0 0

A(al,...,cw) = y a; € C. (132)

Its nilradical has codimension one in g and is spanned by the matrices of the
form

0 ay a4 as
PURRTEN L B 0]
0 0 0 O
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The derived algebra g° is spanned by

0 0 a4 as
A(0,0,0,CL4,...,CL7) = 8 8 8 Zi s a; € C.
00 0 O

Regular elements of g are matrices A(ay,...,a7) of (1.32) with a; # 0.
Let us for simplicity choose

The (generalized) nullspace go of ada, is 4—dimensional. It consists of ma-
trices which commute with ada,, i.e.

ap ay as 0
0 a; as 0
0 0 a 0] a; € C.
0 0 0 0

The structure of the Cartan subalgebra g is the same as of a direct sum of
an Abelian one—dimensional algebra spanned by Ay and Heisenberg algebra
h(1) spanned by A(0,as,as,ay,0,0,0). We see that in this case the Cartan
subalgebra is no longer Abelian and that it has a nontrivial intersection with
the derived algebra g?.
The root subspace s in this case defined as a common generalized eigenspace,
i.e.
. k
gy = ﬂ kh_{& ker(ad(xz) — A(x)1)".

xego

There is only one root X : A(A(aq, as,as, ay,0,0,0)) = a; with its root sub-
space
g\ = {A(07 07 07 07 as, g, a7)‘a47 as, e € (C}

As we have just seen, a number of crucial properties of root systems that made
the classification of semisimple complex algebra feasible, are lost for solvable
algebras. Among these are the commutativity of the Cartan subalgebra,
one—dimensionality of the root subspaces, the existence of an opposite root
etc.

Therefore, we conclude that the notion of Cartan subalgebra is not of
particular importance for the structure theory of nonsemisimple algebras
and that a different approach is needed in this case.
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In the papers presented in Sections 2.1, 2.2, 2.3 we have followed another
route towards a partial classification of solvable Lie algebras, exploiting the
fact that every solvable Lie algebra s contains a unique maximal nilpotent
ideal, i.e. its nilradical n = NR(s).

For a solvable Lie algebra s the dimension of its nilradical n satisfies
estimates (see Section 2.4)

1
dimn > dims?, ~ dimn > 5 (dims + dim 5). (1.33)
From now on we shall assume that s is indecomposable, i.e. cannot be
decomposed into a direct sum of two or more ideals. We also assume that s

is not nilpotent, s # n.

General procedure for classifying all solvable Lie algebras with a
given nilradical

Let us first introduce some notions which we shall use later in this section.
An element x of s will be called nilpotent if it satisfies

[z,..., [z, [x,y]]...] =0, Yy € s

when the commutator is taken sufficiently many times. A set of elements
{f1,--, fx} of s is called linearly nilindependent if no nontrivial linear com-
bination of them is nilpotent.

We will often use the adjoint representation defined in equation (1.17)
and its restriction to the nilradical n of s denoted by ad|,. This restriction is
realized by matrices A € F™*". If x is a nilpotent element of s, it will be rep-
resented by a nilpotent matrix in the adjoint representation and consequently
also ad|,(x) will be nilpotent. A set of matrices in F"*" will be called linearly
nilindependent if no nontrivial combination of them is a nilpotent matrix.

Let us consider a given nilpotent Lie algebra n of dimension n as a nil-
radical of a solvable Lie algebra s of dimension s. We wish to find all such
indecomposable solvable Lie algebras. Let us choose a basis (ey,...,e,) of n
and extend it to a basis of s

(€1, sens f1, s fp), where n + p = s. (1.34)

The derived algebra s* = [s, 5] of a solvable Lie algebra s is contained in the
nilradical
52 C .
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It follows that the commutation relations of the solvable Lie algebra s in the
basis (1.34) can be written as

lei, e;] = ZN” €k, (1.35)

[fared] =D (Aa)le;, (1.36)

J'=1

[far 5] = Zm 2 (1.37)

where Latin subscripts and superscripts 7,7 = 1,...,n refer to the basis of
the nilradical n, Greek ones o, 3 = 1, ..., p to the basis of the complementary
space f spanned by fi,..., f,. The structure constants Nijk of the nilradical
are assumed to be known (in the chosen basis (eq, ..., e,)).

The Jacobi identities for {e;, e;,e,} are assumed to be satisfied. The
remaining Jacobi identities must be imposed. These identities for triplets

{foneiaej}a {fa7f,37€i}7 {foufﬁvf&} anly

Z Nij" (Aa)k + N (Aa)¥ — N (Aa)k =0, (1.38)

([Aa, Ag))] ZW el (1.39)

st i+ Yas' (As)f + 760’ (Ag)] =0, (1.40)
respectively.

Equation (1.38) is a system of n*(n — 1)/2 linear homogeneous equations
for n? unknowns, i.e. the matrix elements (A,)!, for each value of a €
{1,...,p} separately (since N;;* are known). It follows from (1.38) that
the matrix A, represents a derivation D, of the nilradical. In the adjoint
representation of the Lie algebra s restricted to the nilradical n we have

(D1 = ad|a(f1), ... Dy = ad|u(f,)) = (Ay,..., Ay) (1.41)

where D, (e;) = Z?Zl(Aa)g e;. Finding all sets of matrices satisfying equation
(1.38) is equivalent to finding all sets of nilindependent derivations of the
nilradical. They must be nilindependent since otherwise the nilradical would

be larger (it would contain one or more elements of f). This also means that
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the derivations are outer ones: inner derivations of n are always represented
by nilpotent matrices.

Relations (1.39) exist for p > 2 and determine the properties of the set
of matrices (A;,...,A4,). In particular, if the nilradical is Abelian we have
Nijk = (0 and hence the matrices commute

(A, Ag] = 0. (1.42)

In general relation (1.42) does not hold. However, the space f is not uniquely
defined by the solvable algebra s. Below we will discuss “allowed transfor-
mations” of the basis of s that will be used to classify the Lie algebras s into
equivalence classes. In all cases considered so far it turned out that § can be
chosen so that matrices A, commute.

Relations (1.40) represent a set of linear algebraic equations for the struc-

ture constants 7,3° once the matrices A, are known. They exist for p > 3.

A classification of solvable Lie algebras s with the given nilradical n
amounts to a classification of all matrices A, and constants 7,5" satisfying
equations (1.38), (1.39) and (1.40) under the following “allowed transforma-
tions”:

1. Redefinition of the space f
fo=fatrle; rl €F. (1.43)

The equivalence defined by equation (1.43) implies that D, should be
viewed as equivalence classes, rather than outer derivations themselves.
In other words, we combine inner derivations with the outer derivations
D,, to modify the matrices A,.

2. Change of basis in the nilradical n
& = Sle;j, S € Aut(n) € GL(n,F). (1.44)

Thus the matrices S form the group of automorphisms of the nilradical
n, expressed in the chosen basis (eq,...,e,). By definition, they leave
the set of commutation relations (1.35) invariant and consequently re-
spect all basis independent properties of the nilradical (in particular all
ideals in the derived and lower and upper central series).

3. Change of basis in f

fi=Glf;,  SeGL(pF). (1.45)
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Such classification has been performed for the following classes of nilpo-
tent Lie algebras: Heisenberg algebras h(N) (where dimh(N) =2N+1, N >
1) [23], Abelian Lie algebras a,,, n > 1[24, 25, “triangular” Lie algebras t(N),
(dimt(N) = N(N —1)/2, N > 2) [26, 27], naturally graded and Z-graded
nilradicals of maximal degree of nilpotency [28, 29, 30, 31| and some other
special types of nilradicals [32, 33, 34]. Out of these, the papers [28, 30, 33|
are presented in this thesis.

Moreover, all solvable algebras in dimensions up to 6 have been found in
this way [35, 36, 37].

We shall now review several low—dimensional examples in order to demon-
strate the procedure.

First, let us consider the case of 3—dimensional indecomposable solvable
Lie algebras. In this case the condition (1.33) shows that the dimension of the
nilradical dim NR(s) is 2 or 3. When dim NR(s) is 3, the algebra is equal to its
nilradical, i.e. nilpotent. It can be shown to be the Heisenberg algebra §(1).
When dim NR(s) = 2 we have an Abelian nilradical since no other nilpotent
2—-dimensional Lie algebra exists. The solvable algebra s is determined once
the action of one nonnilpotent element f; on the nilradical n = NR(s) =
span{ey, ex} is specified. Any change of basis in the nilradical is allowed
because any regular linear map is an automorphism of n and consequently
the task is reduced to the classification of 2 x 2 nonnilpotent matrices with
respect to conjugation and overall rescaling by nonzero number. We find the
following canonical forms for the matrix A;:

e Over the field of complex numbers the matrix A; has one of the follow-

ing two forms
10 11
0 a)’ 01

where the parameter a satisfies 0 < |a| < 1, if |a| = 1 then arg(a) < 7.

e Over the field of real numbers the matrix A; has one of the following

three forms
1 0 a 1 11
0 a)’ -1 a)’ 01
where the parameters a, a satisfy —1 <a <1,a# 0, a > 0.

The condition a # 0 arises from the restriction to indecomposable algebras.

The matrix ( @

1Y\ .
1 a) is present only over the field of real numbers because

over the field of complex numbers it is upon rescaling conjugated to <(1) 2)

a+i
a—i”

with the choice a =
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The corresponding solvable algebras are

€1 | €2 f 1

€1 0 0 —€1
3a ea| 0] 0 | —aey |
fl €1 | aesg 0

€1 €2 J1
€1 0 0 —ae; + eo
S
3,R
e €9 0 0 —e; — aey
f1 ae; — eg | er + aen 0

which is isomorphic to s3, over the field of complex numbers, and

€1 €2 fl
5 €1 0 0 —e€1
3,Jordan es 0 0 —e1 — ey .
filel|er+e 0

A similar investigation can be performed in any dimension when the nilradical
is Abelian and has codimension one in s. When the codimension of the
Abelian nilradical is greater than one the situation becomes more involved
— one has to classify all Abelian subalgebras of the matrix algebra gl(n) and
then use this classification in the construction of non—isomorphic solvable
algebras with the Abelian nilradical n.

When the nilradical n is not Abelian its Lie brackets put restrictions on
automorphisms of n, i.e. they are no longer arbitrary regular linear maps.
Consequently, not all changes of basis in the nilradical are allowed. Similarly,
the space of derivations of n is restricted.

As an example let us consider solvable Lie algebras with the Heisenberg
nilradical of Example 1.1, i.e. n = h(1)

€1]€2]¢€3
er| 0100 |
€9 0 €1

Now any derivation D and any automorphism ¢ must preserve the ideal
n? = span{e; } and in addition D(e;) or ¢(e1) is determined by the action of
D, ¢, respectively, on ey, e3. We find that an arbitrary derivation of n has
the matrix form

trX l; 2.2 N 2
D= X el F 1.4
( 0 X)’ € , be (1.46)
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and any automorphism takes the form

¢:(de(t)c g) CeF*>? detC #0, deF (1.47)

Let s be a solvable Lie algebra with the nilradical h(1). Using the criterion
proven in Section 2.4 we find that

dims < dimp(1) +2 = 5.

The inner derivations of (1) have the form (1.21). Therefore, the derivations
D;|, = ad(f;) can be brought to the form

@:C?JQ) X; € F*? (1.48)

J

by the transformation (1.43). If dims = 4 we have to classify all 2 x 2
nonnilpotent matrices X;. This is the same task as accomplished above for
the Abelian two-dimensional nilradical (the matrices A); the only difference
is in the values of parameters which lead to decomposable algebras and are
therefore excluded.

The corresponding algebras are described by the following Lie brackets:

el er | es J1
e1 0 0 [0 |—(1+4a)e
()] 0 0 €1 —€9
es 0 —e;| O —aes
f1 (1 + a)el €9 aes 0

0<|a| <1, if |a] =1 then arg(a) <

€1 €2 €3 J1
€1 0 0 0 —261
ey | 0O 0 el —€3
es| 0 | —e 0 —e9 — €3
fi|2e1| ex |ex+e3 0

over the field of complex numbers, and an additional real form

€1 €2 €3 J1
el 0 0 0 —2ae,
€9 0 0 €1 —eo + €3 |, « 2 0
€3 0 —€1 0 —€9 — (€3
f1|2aey | es —e3 | eg + aes 0
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When dim s = 5 we have two derivations D¢, Dy. Their commutator must be
an inner derivation but that must vanish due to their form (1.48). Therefore
Dy, Dy commute. We have at our disposal the conjugation (1.44) by the
automorphism (1.47) and the change of basis (1.45). The task at hand is
reduced to classification of pairs of commuting nonnilpotent 2 x 2 matrices
X4, X5 up to conjugation and linear combinations. It turns out that we can
bring any pair of commuting derivations (1.48) to a unique canonical form

2 00 00 O
DIZ 010 s DQZ 01 0
001 00 —1

when the field is complex. Over the field of real numbers we have one more
possibility, namely

D, = Dy =

O O N
O = O
_ o O
o O O
(@)

The corresponding Lie brackets defining the solvable codimension 2 exten-
sions of h(1) are

€1 €2 €3 f1 fo
(&) 0 0 0 —261 0
()] 0 0 €1 —E€ —€9
€3 0 —€q 0 —E€3 €3
fil2e1| ex | e3 0 0
fQ 0 €9 —e3 0 0

and
€1 | €2 €3 fi f2
€1 0 0 0 —261 0
es | 0 0 el —ey | —e3
€3 0 —e€1 0 —e€s3 €9 ’
f1 261 €9 €3 0 0
fQ 0 €3 —€2 0 0

respectively.
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1.2 Casimir invariants

1.2.1 Universal enveloping algebras and Casimir oper-
ators

Universal enveloping algebra is an important object in the representation
theory of Lie algebras. It is defined as a certain factoralgebra of the tensor
algebra of a given Lie algebra g.

The tensor algebra (or free algebra) of the vector space V over the field
F is the vector space

T(V)=a2 V¥ =FaVaeVeVe. aV*ae...

equipped with the associative multiplication generated by the multiplication
of decomposable elements

(M. U) (W ®...Ww) =RV .. AU W ® ... w.

When the vector space V' is in addition a Lie algebra V' = g, one may
consider a two-sided ideal J in the associative algebra 7 (g) generated by
the elements of the form z @ y —y ®  — [z, ], i.e.

J=span{A@(ry—-—yz—[z,y))®B|lz,ycg, A, BcT(g)}.

The factoralgebra
Wa) =T(9)/T (1.49)

is called the universal enveloping algebra of the Lie algebra g. It is obvious
that universal enveloping algebras are associative algebras, i.e. the notion of
a universal enveloping algebra allows us to construct an infinite dimensional
associative algebra out of any Lie algebra in a canonical way.

The main reason why universal enveloping algebras are useful is the fol-
lowing observation: any representation p of a Lie algebra g on a (finite—
dimensional, for simplicity) vector space V' gives rise to a representation p of
the tensor algebra 7 (g) defined by

P ®ra®...Qxk) = p(ay) - p(x2) ... p(rK).

The definition of a representation p, equation (1.15), implies that p(J) = 0.
Consequently, p defines also a representation p of the universal enveloping
algebra $4(g) on the vector space V

pla) = p(A), a=Amod J € U(g), AecT(g).
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Casimir operators are elements of the center of the universal enveloping
algebra 4l(g) of the Lie algebra g [38, 39, 40], i.e. such ¢ € {(g) that

c-a=a-cC

holds for all @ € #4(g). A necessary and sufficient condition for ¢ to be a
Casimir operator is

c-T=1-c, Vo eg~g®/Jg.

We shall consider nontrivial Casimir operators only, i.e. those different
from elements of F/J ~ F. In order to avoid writing mod J at all times
we adopt a convention that Casimir operators shall be written as totally
symmetric expressions in the elements of g. This can be always accomplished
using the identity

1 1
x®ymodj:§(x®y+y®x)+§[x,y] mod J

as many times as needed, starting from the highest order terms and proceed-
ing order by order. Such a procedure also implies the uniqueness of such
totally symmetric representative of the equivalence class mod J. We shall
occasionally suppress the tensor product sign, i.e. zy = ® y.

The importance of Casimir operators for the representation theory of
complex Lie algebras comes from the Schur’s lemma, Theorem 1.1. In any
representation p we have

[ﬁ(C),p(ZE)] =0, Vz € g.

Consequently, if the representation p is irreducible, p(c) must be a multiple
of the identity operator, A\1. The number A depends on the choice of the
representation p and the Casimir operator c. If two irreducible representa-
tions p; on Vi and py on V; are equivalent, i.e. if a linear transformation
T :V, — V5 exists such that

pa(a) =Top(a)oT™, Vreg,

then necessarily we have \; = Ay for the given Casimir invariant c¢. That
means that the eigenvalues of j(c) can be used to distinguish inequivalent
irreducible representations.

If p is fully reducible but not irreducible then we may use the knowl-
edge of Casimir operators of g in the decomposition of p into irreducible
components. In particular, we construct common eigenspaces of all known
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Casimir operators and we know that each of them is an invariant subspace
(not necessarily irreducible for general g).

The existence of nontrivial Casimir operators was established for certain
classes of Lie algebras only, e.g. for semisimple ones. Also Lie algebras
with nonvanishing center, including all nilpotent ones, do possess nontriv-
ial Casimir operators; namely, the elements of the center themselves. On
the other hand some Lie algebras are known to have no nontrivial Casimir
invariants.

Let us consider a semisimple complex Lie algebra g and its Killing form K.
Let us take any basis (e1, . . ., €4img) of g and find the dual basis (€', ..., 4m®)
such that

K(ek, é]) = 5%
Let us assume that ¢;;* are the structure constants (1.3) of the Lie algebra g
in the basis (ej,...,ex). By the invariance of the Killing form K we have

dim g

K(eka [eaa éj]) = _K<[ea7 ek]; éj) = _Cakj - _K<ek7 Z Camjém)
m=1

which by nondegeneracy of K implies that

dim g

[eaa é]} = Z Cmajém'

m=1

Let us construct an element of the universal enveloping algebra U(g) of the

form
dimg dim g

C=> dee=> eod (1.50)
k=1 k=1

(its symmetry comes from the fact that the Killing form is symmetric).
Suppressing the tensor product signs and computing mod J, we have
for the commutator between e, € g and C' € i(g)

dim g

leq,C] = Z (ea ke, — b ey, ea) =
k=1
dim g

= Z ((ea eF —é&"ey) en + & (eqer — ex ea)) =
k=1
dim g dimg

= Z ([eaa ék] e + ék [em ek]) = Z (Clakél er + Caklék 61) = 0.

k=1 k=1
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We conclude that C is a Casimir operator of g. It is called the quadratic
Casimir operator [38]. For its application in the proof of Weyl’s theorem, see
[39].

We remark that the quadratic Casimir operator does not exhaust all in-
dependent Casimir operators of the semisimple Lie algebra g when we have
rank g > 1. It is known that any semisimple Lie algebra of rank [ has [ in-
dependent Casimir operators which generate the whole center of the univer-
sal enveloping algebra $4(g) through their products and linear combinations.
Their explicit form depends on the details of the structure of the considered
algebra g.

Casimir invariants are of primordial importance in physics. They often
represent such important quantities as angular momentum, elementary par-
ticle mass and spin, Hamiltonians of various physical systems etc.

Example 1.8 Let us consider the angular momentum algebra
s0(3) = span{ Ly, Lo, L3}

with
3

[Lj, Li] = Zijle- (1.51)

=1

The quadratic Casimir operator (1.50) is

3
_ 1 2
C=-3 l§1 L7, (1.52)

i.e. it coincides up to a numerical factor 1/2 with the square of angular
momentum, familiar from the construction of irreducible representations of
the angular momentum algebra in quantum mechanics.

Notice that the sign of the Casimir operator (1.52) is in fact the same as
used in physics: in quantum mechanics the operators of angular momentum
L; (measured in multiples of k) satisfy the commutation relations

3
[Lj, f/k] = Z iﬁjlel

=1

which differ from the ones in equation (1.51) by an extra imaginary unit.
This extra i factor can be traced to the requirement that observables are
described by Hermitean operators; the generators of unitary representations
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of Lie groups are, on the contrary, anti-Hermitean. An obvious remedy is to
formally introduce a “physical” basis of a given real Lie algebra

é; = ie; (1.53)
in which the original real structure constants
e, ex] = Z fir'er
!
become explicitly purely imaginary
[e5,66] = > ifi'er
!

Example 1.9 Let us consider the Poincaré algebra iso(1,3) (a.k.a. inho-
mogeneous Lorentz algebra) spanned by M*™ P* u,v = 0,...,3 with the
nonvanishing commutation relations
[M*, P?] = n"? P¥ — " P, (154)
[MM MP?] = nt MY + 0P MP7 — g MY — 5" M**,
where 1 is the Minkowski metric n* = n,, = diag(1,—1,—1,—-1). We shall
use the metric 1 to move indices up and down, as is common in the theory

of relativity, and denote by €,,,, the covariant totally antisymmetric tensor.
The Poincaré algebra has a nontrivial Levi decomposition (1.31)

is0(1,3) = s0(1,3) +¢
with its semisimple factor being the Lorentz algebra
50(1, 3) = Span{M”V}%V:O’LQ’g

and an Abelian radical
T = Span{P“}M:071,273.

There are two independent Casimir operators of this Lie algebra, which
are usually expressed as

3 3
P*=> "n,P'P" and W= 1, WW"
n=0

pn=0
where the quadruplet of quadratic elements of U(g)

1
W, = —éeWpC,M””P”
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is called the Pauli—-Lubanski vector. That means that in this case one of the
Casimir operators is of second order in generators whereas the other is of
fourth order.

These two Casimir operators are essential in the construction of irre-
ducible representations of the Poincaré algebra in relativistic quantum field
theory. Notice that in this case one constructs infinite—dimensional unitary
representations.

Energy spectrum of hydrogen atom in quantum mechanics

In order to further demonstrate the relevance of Casimir operators to physics,
let us review another application, namely an algebraic determination of the
hydrogen spectrum in quantum mechanics. This computation is originally
due to Wolfgang Pauli [41].

The Hamiltonian of an electron in hydrogen atom is

1 .0

H=o Ej Pk — (1.55)

where 15]- = —ih% are operators of linear momenta in R? with the coor-
J

dinates x1,z9, 23, r = /2% + 23 + 23, M is the mass of the electron and
Q= 4fr260 in ST units.
The Hamiltonian (1.55) has three obvious integrals of motion, namely the

angular momenta

A 1 n A
L; = 7 Z € Xk,
k.l
(chosen dimensionless for convenience) and three less obvious integrals of
motion, namely the components of the Laplace-Runge—Lenz vector
~ 1 €T;

. 1 T
Ri= g2 ewBlyr Ly =3 0a0)

The expression Z* should be interpreted as the operator of multiplication by
the given function of coordinates. For future reference, let us denote

As it turns out, the knowledge of these integrals of motions and their
algebraic structure is enough to determine the spectrum of bound states in
the hydrogen atom.
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The crucial ingredients are the commutators between various components
L; and K;. By a somewhat lengthy but straightforward calculation we find

3

[Lj L) = i) el (1.57)
=1
3

Ly, K] = 1) euki, (1.58)
=1

K, K A Z LA (1.59)

VR B €jki L 1. .
Me* =

Another important observation is the operator identity

3
> KLy =0. (1.60)
j=1

The commutator (1.59) prevents the operators f}j, Kj from forming a Lie
algebra. Nevertheless, this bothersome property can be circumvented if we
consider a given energy level, i.e. a subspace Hg of the Hilbert space H
consisting of all eigenvectors of H with the given energy . Operators LJ, f(
can be all restricted to Hg because they commute with H. When such
restriction is understood, the H in equation (1.59) can be replaced by a
numerical factor E and the algebra of ﬁj,Kj closes. In particular, when
E < 0 it is isomorphic to the Lie algebra so(4) = s0(3) ®s0(3). When E > 0
the difference in sign leads to a different real form of the same complex Lie
algebra, namely to so(1,3). We shall be interested in bound states here, i.e.
we assume E < 0.

Once the energy is fixed we may introduce the operators

A 1{. MQ? .
Ly = 5 (Lj + S5 )

. 1/. M@
Liyi=~-L;— —* K,
@779 ( 7 2F )

(notice that ——Q2 is by assumption a positive number). The commutators

and
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of ﬁ(l)j and ﬁ(g)j now become

3

(L L] = 1) emLay,
=1
3

(L L] = 1) €emley,
=1

A

(L Ly = 0.

That means that we have an explicit decomposition of our realization of
s0(4) into the direct sum so(3) @ so0(3) and that the two independent Casimir
operators of s0(4) can be expressed as

or equivalently as

3 2 3 2
1 A M@? - 1 A M@? -
Cy = - L; - K, Cy= = Li—+/ -2 .
! 4;<ﬂ+ 2E J)’ ? 4;<J o0E
(1.61)
The sum of these two Casimir operators, i.e. C; + (5, gives the quadratic
Casimir operator (1.50) of so(4).

From the theory of angular momentum, i.e. of representations of the Lie
algebra s0(3), we know that in any irreducible representation of so(4) we
have

C1=pp+1)1, Cy=q(qg+1)1

for some nonnegative integer or half-integer values of p and ¢q. The irreducible
representation of s0(4) = s0(3) @ s0(3) determined by these values of the
Casimir operators has dimension equal to (2p + 1) x (2¢ + 1).

When we expand the expressions for the Casimir operators (1.61) and
subtract them, we find that

[ MQ* S~ .
01—02: _%ZLJKJ
7j=1

which vanishes in our representation, as we already know (cf. (1.60)). There-
fore, only irreducible representations of s0(4) with p = ¢ arise in our problem.
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Let us now consider such a representation of so(4) with the given values
of F and p. The angular momentum L; can be expressed as

L;j = Lay; + Ly,

i.e. we can employ the standard result concerning the composition of two
independent angular momenta and conclude that L? takes all integer values
between |p — p| = 0 and p + p = 2p. In particular, the s—state, i.e. the
state with L2 = 0, exists in our representation and is of interest to us. Let
1) be any s—state, i.e. a vector ¢ € H such that I:jw = 0. Obviously, ¥ is a
function of the radial coordinate r only. We have

L =0
and
Rp= 2 fy+ ¢
- MQ? h2

by inspection of both sides of the equation when expanded in terms of X s }3]
etc.

When 9 in addition belongs to our representation of s0(4) determined by
the values of E' and p, we have the following value for the quadratic Casimir
operator (1.50) of so(4)

(CL+Co)p=2p(p+ 1) = = Z (L% - —QK2¢>

B _My 1
- =0 <M57+?>¢' (1.62)

Thus we have arrived at the condition

MQ?
1)=-2—
8p(p +1) =y
which is just a different formulation of the celebrated Rydberg formula
MQ* 1
po MC (1.63)

2h% (2p+1)?

where the potentially half-integer valued parameter p is traditionally re-
placed by the integer n = 2p + 1 > 0. Once we have established that F is
determined by the value of p by equation (1.63) we also see that H g coincides
with the representation space of the so0(4) irreducible representation labelled
by p and ¢ = p. On Hp we may also write equation (1.62) in the form

MQ@* 1
Oy+65_——<yﬂﬁ;+§> (1.64)
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since both Cf + C5 and H take a constant value on Hg. While it may be
tempting to consider this to be an operator identity valid on the whole Hilbert
space H, we don’t consider such interpretation legitimate. In particular, on
scattering states (£ > 0) we even have a different Lie algebra. Therefore,
equation (1.64) should be considered at most on the bound state sector of
our Hilbert space H.

To sum up, we have seen that the spectrum of hydrogen atom can be
derived using the theory of Lie algebras, without explicit construction of
eigenfunctions. More precisely, we have derived a necessary condition (1.63)
that any energy eigenvalue must satisfy. That this formula is physically
relevant for all values of p > 0 such that 2p € Z is not a consequence of the
computation just shown and shall be established by other means (e.g. by an
explicit construction of s—states introduced above). Once the existence of at
least one state with the energy F, = —]gg n—12 is shown, the degeneracy n?
of the energy level E,, also follows directly from algebraic considerations.

1.2.2 Generalized Casimir invariants

As was shown by Kirillov in [42] and will be explained below, Casimir opera-
tors are in one-to—one correspondence with polynomial invariants character-
izing orbits of the coadjoint representation of g. The search for invariants of
the coadjoint representation is algorithmic and amounts to solving a system
of linear first order partial differential equations [43, 44, 45, 46, 47, 48, 23,
25, 27]. Alternatively, global properties of the coadjoint representation can
be used [47, 49, 50, 51]. In general, solutions are not necessarily polynomials
and we shall call the nonpolynomial solutions generalized Casimir invariants.

For certain classes of Lie algebras, including semisimple Lie algebras,
perfect Lie algebras, nilpotent Lie algebras, and more generally algebraic
Lie algebras, all invariants of the coadjoint representation are functions of
polynomial ones [43, 44].

On the other hand, in the representation theory of solvable Lie algebras
their invariants are not necessarily polynomials, i.e. they can be genuinely
generalized Casimir invariants. In addition to their importance in representa-
tion theory, they may occur in physics. Indeed, Hamiltonians and integrals of
motion of classical integrable Hamiltonian systems are not necessarily poly-
nomials in the momenta [52, 53], though typically they are invariants of some
group action.

In order to calculate the (generalized) Casimir invariants we consider
some basis (ey,...,e,) of g, in which the structure constants are ¢;;*. The
coadjoint representation ad® of g is the representation on g* obtained via
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transposition of the operators in the adjoint representation

(ad*(7)d,y) = —(¢p,ad(z)y),  Vw,y€g,deg"

A basis for the coadjoint representation is given by the first order differential
operators acting on functions on g*, i.e. vector fields,

~ i o
Br=) eyra” 1<k<n. (1.65)

ey’
a,b=1 a

In equation (1.65) the quantities e, are commuting independent variables —
the coordinates in the basis of the space g*, dual to the algebra g. Using the
relation (g*)* ~ g one can identify them with the basis vectors of g.

The invariants of the coadjoint representation, i.e. the generalized Casimir
invariants, are solutions of the following system of partial differential equa-
tions R

Exl(er,...,e,) =0, k=1,....,n. (1.66)

The relation to Casimir operators, i.e. the 1-1 correspondence between
polynomial solutions of equation (1.66) and the elements of the center of the
enveloping algebra comes from the following observations.

Firstly, it is obvious that both the operation on (g) of taking the com-
mutator with a fixed element e, € g and the application of the first order
differential operator E} satisfy Leibniz rule

lex, a1as] = [ex, ai]as + a1lex, as), ar,as € U(g),

Ek(Fng) = E\k(Fl)FQ + Flﬁk(Fg), Fl,FQ - Coo(g*)

Further ingredient of the proof is the fact that [ey, ] and Ej, give the same
answer when applied to e;, namely

e el =Y cwMem,  Ex(e) = cu"em, (1.67)
m=1 m=1

where it is understood that e; € g C U(g) in the first equality and ¢; € (g*)*
in the second.

Now, let us consider a polynomial function F' on g*. We express it as a
completely symmetric expression in the basis functionals e¢; € (g*)* — since
as functions they commute that does not in fact change anything. Next, we
associate to it an element F of the universal enveloping algebra by simply
changing the interpretation of the generators e, € (g*)* — e, € g C U(g).
Recalling that the totally symmetric representative of a given element A €
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$4(g) is unique and observing that [e;, F] is by construction again a totally
symmetric expression in the generators e;, we find that

er, F] = 0 < Ex(F) =0

by Leibniz rule and equation (1.67). Thus, polynomial invariants of the
coadjoint representation can indeed be identified with Casimir operators in
a bijective way.

Let us first determine the number of functionally independent solutions
of the system (1.66). We can rewrite this system as

C-VI=0 (1.68)

where C' is the antisymmetric matrix

b b
0 C12°€p c. Cin €p

b b
—C12 € 0 Ce Con €p
b b

—Cip-1€ ... 0 Cn—1n €b
b b
—C1n €p co. —Cp_im € 0

in which summation over the repeated index b is to be understood in each
term and V is the gradient operator V = (9,,, ..., 0., )" (where t stands for
transposition). The number of independent equations in the system (1.66)
is (C), the generic rank of the matrix C. The number of functionally inde-
pendent solutions of the system (1.66) is hence

ny=n—r(C). (1.70)

Since C' is antisymmetric, its rank is even. Hence n; has the same parity as
n. Equation (1.70) gives the number of functionally independent generalized
Casimir invariants.

The individual equations in the system of partial differential equations
(PDEs) (1.66) can be solved by the method of characteristics, or, equivalently
by integration of the vector fields (1.65).

1.2.3 Method of characteristics

The method of characteristics is applicable to linear homogeneous first order
PDEs

> fer- . en) 0 u(ey, ... en) =0 (1.71)
= de,
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for an unknown function u. (It may be generalized to inhomogeneous PDEs
but we shall not need that here.) Instead of attempting to solve equa-
tion (1.71) directly, we can consider an associated system of ordinary dif-
ferential equations (ODEs)

dedk( ) _ — FR@(),.. . En(t), 1<k<n, (1.72)

and find its solution satisfying a generic initial condition
ér(0) = ey, 1<k<n. (1.73)

In the language of differential geometry this means that we are constructing
the flow, i.e. the collection of all integral curves, of the vector field

~ i )
F=> fe,... ’e”)ae : (1.74)
=0 ¢

Once integral curves, i.e. solutions of (1.72), are known, we construct func-
tionally independent functions which are constant along integral curves in
the following way. We choose a hypersurface in R" such that it is transversal
to all integral curves (this is often done only locally). We associate to every
integral curve its intersection with the chosen hypersurface. The coordinates
of that point of intersection are invariants of the vector field F, i.e. solutions
of equation (1.71), because they are by construction the same for any pair of
points connected by an integral curve of F and consequently are annihilated
by the vector field.

For the sake of the argument let us assume that the hypersurface is ex-
pressed in our coordinates as the hyperplane e; = 1. Let us take (eq, ..., e,)
as the initial condition (1.73). We determine the value of the curve parame-
ter t(eq,...,e,) such that é(t(eq,...,e,)) lies on the hyperplane e; = 1, i.e.
é1(t(eq,...,e,)) = 1. The remaining n — 1 coordinates éx(t(ey,...,e,)), 2 <
k < n of the intersection of the integral curve with the hyperplane e; = 1
are invariants of the vector field (1.74)

I(er, ... en) = éppa(tler, ... en)), 1 <k<n-—1.

They are by construction functionally independent.

We remark that any invariant of the vector field F is obviously also an
invariant of the vector field G = fF for any smooth function f : R"” — R.
On the other hand, the integral curves of G differ from those of F by a
reparametrization, i.e. the differential equations (1.72) are different for G
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and for F. Consequently, the solution of the system of ODEs (1.72) can be
often significantly simplified through a suitable choice of the function f. This
independence of the invariants on the reparametrization of integral curves is
symbolically depicted by rewriting of the system (1.72) in the form

dey dey de,

Flen, . en)  fPen-nen) 7 filen- . en) (1.75)

The method of characteristics relies on our ability to find the integral
curves of the vector field F, i.e. to solve the system of ODEs (1.72). This can
be done explicitly only for certain classes of functions f1, ..., f*: R* — R
(or R* — C). One particular case when we can integrate the system (1.72)
is when all functions f* are linear in the coordinates e;. This is the case for
the vector fields F, encountered in equation (1.65). Therefore we shall now
study this case in some detail.

Let the vector field F' take the form

n

~ "9
F = ZZaieja—ek. (1.76)

k=1 j=1

Let e denote the column vector of the coordinates (e, . .., e,)". To the vector
field (1.76) we associate its flow determined by the equations

dép(t) < .
g :jzla{cej, 1<k<n,

or, in vector notation,

a; of of
dé(t al o2 ... o
‘O _poa, F=| "2 7 2 (1.77)
dt : : :
a, ap oy

subject to the initial conditions é(0) = e.
We can perform a linear change of coordinates (ey, ..., e,) to simplify the
ODE system (1.77). Putting

y==S-e (1.78)
where S = (s]) is a constant invertible matrix, we transform equation (1.77)
to
dy(t ~ ~
-%?:Fg@, F=8 F. 8! (1.79)



with the initial condition §(0) = y.

If F is diagonalizable we can choose S™! to be a matrix of eigenvectors of
F and completely decouple the system (1.77). The solution of system (1.79)
is

U(t) = yre™’, E=1,...,n (1.80)

where «y, are eigenvalues of the matrix F' ordered so that we have a; # 0.
We choose our hypersurface as y; = 1 and compute #(y,...,y,) such that
91(t(y1,...,yn)) = 1. The result is

1

t=——1In .

o (Y1)

where ¢t = t(y1,...,yn). The remaining coordinates 7 (t) of the intersection

of the integral curve and the hyperplane are then the invariants of the vector
field F'. We obtain n — 1 invariants
Yk

[k—1:E7 k::2,...,n. (181)
yr'
In terms of the original coordinates (eq,...,e,) our invariants read
nosles
Ik_lzzf;’”k, k=2,...n (1.82)

(Z?:l s1ej)
The situation becomes more complicated when the matrix F' is not diag-
onalizable. If that is the case we reduce it to its Jordan canonical form F
(over the field of complex numbers) as in equation (1.79). In order to see the
general pattern we have to consider two additional cases.
Consider the vector field Fj specified by the matrix

0
10
Fy = e Ccm .
.0
10
Now ﬁo takes the simple form
Foy= €100+ +en10.,. (1.83)
Equation (1.77) becomes
deé;(t
o
de(;;;t) 5



The integral curves are given by the formula

=+

k—
at)=er,  &lt) = Z— er;. (1.84)

h

In this case we obviously cannot choose our hyperplane as e; = 1 because
e; is constant along the integral curves (1.84). A convenient choice of the
hyperplane is
€y = 0
which implies
€2
t=——. 1.85
: (185

Substituting equation (1.85) into (1.84) we obtain the invariants

k— J
I = ey, I:Z (2) , k=3,...,n.

Multiplying I by the invariant (e1)*"! and shifting the label k we obtain
n—1 invariants of the vector field F{y which are all homogeneous polynomials,
namely

e eriig, 2<k<n-1. (1.86)

Next, consider the vector field r 1 defined by the matrix

«Q
1 «

F = e Ccmm.

o
1 «

The operator F, differs from F of equation (1.83) by a dilation operator

n
D=« E €j O,
Jj=1

which acts on any homogeneous polynomial by multiplication by its degree
together with an overall multiplication by «. Therefore, any ratio of two
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polynomials of the same degree such that both are invariant with respect to
FO is an invariant of the vector field F1 This gives us n — 2 functionally
independent invariants

Ji =

k=2,....n—1, (1.87)

where [, were defined in equation (1.86). The last invariant is obtained from
the first two coordinates of the integral curves of F}

Ck—j+1 t] Lat

Mw

Jj=1 G =1
via the choice of hyperplane e; = 1, i.e. t = —é Iney, and consequently we
have an invariant
€2
K) =a— —In(e), a#0. (1.88)
€1

Notice that proceeding as before, i.e. determining all functionally indepen-
dent invariants as the coordinates of the intersection of the integral curve with
the chosen hyperplane, we can immediately obtain a different but equivalent
complete set of invariants

k

i 1 -
I = E —( .ek s (—=1Ine )’ 1t
=1

j—Dle;’ «

This set is less convenient than the one chosen above due to the presence of
powers of logarithms.

Combining these results, one may construct invariants of any vector field
of the form (1.76) provided one considers holomorphic functions of complex
variables ey, ..., e,. Over the field of real numbers the situation is further
complicated by the existence of matrices which are not diagonalizable over
reals but are diagonalizable over complex numbers. This leads to invariants
involving trigonometric functions. Consideration of such cases is beyond the
scope of the present introduction.

1.2.4 Computation of generalized Casimir invariants

At least two conceptually different options exist for solving the system of
linear first order PDEs (1.66).
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One is to solve one of the equations using the method of characteristics
and thus find n — 1 invariants [, of the first vector field. Next, we transform
all remaining vector fields to a new set of coordinates

(61,...7€n) — (Il,...,Infl,S), (189)
where s is an arbitrarily chosen function of eq,...,e, functionally indepen-
dent of the invariants I, ..., ,,_;. We obtain

0
E,=—
1 887
) n—1 a a
E, = ;¢k(h, . ,In,l,s)a—[c + O Ity 8) (1.90)
. = oI, s & Os
O = Z ebckabﬁ_ea’ S Z ebckabaea, 2<k<n.
a,b=1 a,b=1
Any function J of Iy, ..., I,_1 is an invariant of the vector field E;. For J to

be an invariant of the entire Lie algebra it must be a solution of the system
of equations

— a.J
Z¢;(Il,...,fn,1,s)a—[=o, 2<k<n (1.91)
c=1 ¢

for all values of the noninvariant parameter s. Since the vector fields Ey, 1 <
k < n span a Lie algebra, that is an integrable distribution in the sense of the
Frobenius theorem, the system (1.91) is compatible. It will have precisely
n; functionally independent solutions, as stated in (1.70). We can continue
by solving another chosen equation of the system (1.91) using the method of
characteristics. In this way we may be able to fully solve the system (1.66)
equation by equation. However after the first step, the substitution of invari-
ants of the first vector field E; into the system, the vector fields no longer
have linear coefficients. Consequently, it may be difficult or indeed impossible
to find the solution in closed form.

Another method of computation of the generalized Casimir invariants is
called the method of moving frames. It goes back to Cartan [54, 55, 56], its
modern formulation is due to M. Fels and P. Olver [49, 50, 51] (and a related
method was developed and applied in [47]). Boyko et al. adapted the method
of moving frames to the case of coadjoint representations. They presented
an algebraic procedure for calculating (generalized) Casimir operators and
applied it to a large number of solvable Lie algebras [57, 58, 59, 60, 61].
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Here we outline the method of moving frames from the practical view-
point, i.e. an algorithm. For a more detailed description of the method with
all the necessary proofs and technical assumptions see [49, 50, 51].

The method of moving frames can be roughly divided into the following
steps.

1. Integration of the coadjoint action of the Lie algebra g on its dual g*
as given by the vector fields (1.65) to the (local) action of the group G.

This is usually realized by choosing a convenient (local) parametrization
of G in terms of one—parameter subgroups, e.g.

g(d) = exp(ayen) - ... exp(ages) - exp(age;) € G, d = (ag,...,ay)
(1.92)
and correspondingly composing the flows \Ilzz of the vector fields Fj

defined in equation (1.65)

dv (p)

= Fp (0% cg' 1.93
dOék k( Ek(p))’ p g, ( )
i.e. we have
U(g(d)) = \PEI; 0...0 ‘11222 o \I’E (1.94)
For a given point p € g* with coordinates ey = ex(p), € = (e1,...,en)

we denote the coordinates of the transformed point W(g(a))p by é
b = Wi(@)e = ex (U(g(@)p) (1.95)

We consider €5 to be a function of both the group parameters @ and
the coordinates e of the original point p.

2. Choice of a section cutting through the orbits of the action W.

We need to choose in a smooth way a single point on each of the
(generic) orbits of the action of the group G. Typically this is done
as follows: we find a subset of r coordinates, say (er(;))i_;, on which
the group G acts transitively, at least locally in an open neighborhood
of chosen values (eg(i));":l. Here 7 denotes a suitable injection 7 :
{1,...,r} = {1,..., N} and r is the rank of the matrix C' in equation
(1.69). Points whose coordinates satisfy

En(i) = Enyy L<i<T (1.96)
form our section ¥, intersecting each generic orbit once.
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3. Construction of invariants.

For a given point p € g* we find group elements transforming p into
p € X by the action W. We express as many of their parameters as
possible (i.e. r of them) in terms of the original coordinates e and
substitute them back into equation (1.95). This gives us é; as functions
of e only. Out of them, é.;, 7 = 1,...,r have the prescribed fixed
values e?r(i). The remaining N — r functions €, are by construction
invariant under the coadjoint action of G, i.e. define the invariants of
the coadjoint representation.

Technically, it may not be necessary to evaluate all the functions é; so that
a suitable choice of the basis in g can substantially simplify the whole proce-
dure. This happens when only a smaller subset of say ry group parameters ay,
enters into the computation of N —r+ry functions é,, k=1,..., N —r+r
(possibly after a rearrangement of the coordinates e;). In this case the re-
maining parameters can be ignored throughout the computation. They are
specified by the remaining equations

Ei=e), N—r+rg+1<i<N (1.97)

but do not enter into the expressions for ¢, 1 < k < N —r+ry which define
the invariants.

The method of moving frames exploits the fact that the flows (1.93) can
be computed as in Section 1.2.3, provided one is able to find the respective
eigenvalues and Jordan canonical form. That is due to the linear dependence
on the coordinates in the coeflicients of the vector fields (1.65). Consequently,
the problem is reduced to a suitable choice of the section and the elimination
of group parameters, i.e. to a system of algebraic equations. Unfortunately,
the resulting equations may be difficult or impossible to solve explicitly. In
addition, the complexity of the computation strongly depends on arbitrary
choices involved in the selection of the section.

To sum up, both methods of solving the system (1.66) have their own ad-
vantages and disadvantages and it is hard to predict which of the two methods
will lead to more efficient computation in any individual case. Obviously the
two methods give equivalent results.

We mention that invariants found using either of the methods may not be
in the most convenient form. That can be remedied once we find them. For
example, as we already mentioned, generalized Casimir invariants of a nilpo-
tent Lie algebra can be always chosen as polynomials, i.e. proper Casimir
invariants. The method of moving frames may naturally give us nonpolyno-
mial ones. Nevertheless, it is usually quite easy to construct polynomials out
of them.
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Example 1.10 Let us consider the Lie algebra with the nonvanishing Lie
brackets

[627 63] = €1, [627 64] = €3, [637 64] = —€. (198)

This algebra has its nilradical spanned by eq, es, e3, isomorphic to the Heisen-
berg algebra H(1) of Example 1.1.
The vector fields (1.65) are

El IO, EQ = 61863 + 63864, (199)
E\g = — 61(962 — 62684, E\4 = —63832 + 62863.

Consequently, the matriz C' takes the form

0 0 O
0 e e3
—€1 0 —E€9
—€3 €9 0

C = (1.100)

o O O O

The generic rank of C is 2 and the number (1.70) of functionally independent
Casimir invariants is

ng=4-2=2.

Since the first column of C consists of zeros, ey is a solution. We take Eg
as the first vector field to which we apply the method of characteristics. We

have

deg _ des

€1 €3

and the invariants of Eg are e1, es and & = e2—2ejeq. Therefore, any Casimir
invariant of the algebra (1.98) must be of the from J = J(eq,es,&). When
we apply E3 to such J we get

0J a‘]) (1.101)

EsJ = e (2e9—r — ==
3J 61(€2a£ 862

and we obtain a solution of EgJ = 0 in the form n = €5 + e3 — 2e1e4. Both

e1 and n are also annihilated by FE,. Altogether, we have found that our
algebra (1.98) has two Casimir invariants

Il = €1, _[2 = 63 + €§ — 26164. (1102)
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Let us redo the same calculation using the method of moving frames. The
flows of the vector fields E, ..., Ey are

\I/%i(é) = (€1, €9, €3,€4),
02
\IIO‘EZ(f?) = (ey, €9, aze1 + €3, ?261 + ages + eyq),
02
U () = (e, —ager + eg, €3, - €1 — 3z + €4),

Es 2
\If%‘i(é') = (e1, €2 COS (g — €3 8in (g, €9 SiN vy + €3 COS vy, €4)

where € = (e1, €2, e3,6e4). We compose the flows as in equation (1.94) and
obtain
U(g(d)) = \I/O‘Ei o \D%z o \I’E o \11211,
U(g(a))(€) = (e1,cosay(—aze; + ez) — sinay(aze; + e3),
sin ay(—age; + e2) + cos ay(age; + e3),
i+ a2

B €1 — (3€9 + Qp€3 + 64) (1103)

where d = (aq, ag, az, ay). We choose a section & given by the equations
€y = O, €3 = 1. (1104)

The intersection of our section 3 with the orbit U(g(d))(€) starting from the
point € = (e, eq, €3, €4) has the following values of as, as

cosay — € ey — sin«
ap=-—t 2 = (1.105)
€1 €1
(generically, i.e. when ey # 0). The coordinates of the intersection

Qereq — 2 — €2+ 1
(61,0,1, Clea =t > (1.106)
261

are independent of the remaining two parameters aq,ay. That means that

we have found using the method of moving frames that two functionally in-
2 2

dependent functions e; and 2616+62163+1 are generalized Casimir invariants.

Equivalently, e; and e3 + e — 2e1e4 are Casimir invariants of our algebra.

In Sections 2.1, 2.2 and 2.3 we compute Casimir operators of nilpotent al-
gebras considered there and generalized Casimir invariants of all solvable
Lie algebras constructed there. In most cases these are nonpolynomial, i.e.
genuine generalized Casimir invariants.
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1.3 Lie Groups

In this section we shall review several basic notions in the theory of Lie
groups and their actions. Next, we discuss symmetry groups of algebraic
and differential equations. For more details we refer the reader to [2, 3, 62]
and [5, 6], respectively.

1.3.1 Definition of Lie group and its Lie algebra

Let us consider a real smooth manifold G (of finite dimension). If the man-
ifold GG is also a group, i.e. equipped with an associative product such that
a multiplicative unit e and an inverse ¢! exist, we may contemplate the
compatibility of these two structures on G. When both the product!

- G@x G =G

and the inverse

(O)t:Gd—a

are smooth (i.e. differentiable) maps, we call G a Lie group. One may also
consider complex Lie groups which are complex manifolds such that the group
operations are holomorphic but we shall not use them here.

Lie groups form a class of manifolds with rather special properties. Let
us define two particular sets of diffeomorphisms of G, the left and right
translations

L, :G— G, Lyh)=gh

and
R, :G— G, Ryh)=hyg

defined for any chosen g € GG. Since these maps are diffeomorphisms their
tangent maps (L), (Ry). define isomorphisms of the infinite-dimensional
Lie algebra X(G) of vector fields on G. A vector field X € X(G) is called
left—invariant if

(Ly).X = X

for all ¢ € G. (Similarly for right-invariant fields.) The definition of a
left—invariant vector field can be phrased also in a different way. Let us view
both X € X(G) and the pullback (L,)* as endomorphisms of the vector space
F(G) of all smooth functions on G. Then X is left-invariant if and only if

Xo(L) = (L) oX, Vgeg. (1.107)

Loften written without an explicit product sign -
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The formulation (1.107) makes evident a crucial property of left-invariant
vector fields: they form not only a subspace but a subalgebra of X(G) because

[X,Y]o(Ly)"=XoYo(L,) =Y oXo(L,)"
= (Ly)"oXoY —(L,)" oY oX = (L,)" o[X,Y]

for any left—invariant vector fields X, Y. The algebra of left—invariant vector
fields is called the Lie algebra of the Lie group G and denoted by g.
Elements of g are uniquely specified by their value at any chosen point
g € G. Conventionally, this identification is performed at the group unit, i.e.
we identify
g~T.G.

Therefore, the dimension of g is the same as dimension of the Lie group G.
One of the properties of left—invariant vector fields is that they are com-
plete, i.e. any integral curve ()

Y(t) = X(7(1))

of X € g can be extended to all real values of the curve parameter ¢t € R.
This property allows us to define the ezponential map from the Lie algebra
to the Lie group

exp:g—G: X —x(l)  where yx(t) = X(yx(1)), x(0)=e.
(1.108)
The exponential map is a local diffeomorphism of g into G, i.e. is smooth
and is a diffeomorphism of some open neighborhood U of 0 € g onto the open
neighborhood exp(U) of e € G.

Using the exponential map one may relate properties of Lie groups and
their Lie algebras. In essence any local property of Lie groups has its coun-
terpart in the properties of Lie algebras. Therefore, one may say that locally,
i.e. up to topological issues, a Lie group and its Lie algebra encode the same
information. Because Lie algebras are vector spaces, most computations in
the theory of Lie algebras reduce to problems of linear algebra and conse-
quently are much easier to handle than the corresponding computation in
Lie groups. Therefore, using the local diffeomorphism exp (1.108) one may
solve many problems on Lie groups which would be intractable on a general
smooth manifold (or on a general, e.g. discrete, group).

1.3.2 Left—invariant forms on Lie groups

Let us now turn our attention to the space of 1-forms dual to the Lie algebra
of left—invariant fields g and review its essential properties.
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We may define a canonical map VgL between the tangent space T,G of the
Lie group G at an arbitrary point ¢ € G and the corresponding Lie algebra
g. The map l/gL is for any u € T,G defined by the prescription

vy (u) = X, (1.109)

where X, is the unique left—invariant field on G such that X,(g) = u. Intro-
ducing such maps at all points of the group GG we obtain a differential 1-form
vE on G valued in the Lie algebra g, i.e. v € QY(G) ® g. The 1-form v is
called the (left) Maurer—Cartan 1-form on G.

When we choose a basis (X;) of the Lie algebra g, i.e. linearly independent
left—invariant vector fields X1, ..., Xqim g, we can express the Maurer—Cartan

1-form in components
dim G

VL = Z O-Z®XZ
=1

where ¢! are some differential 1-forms on G. They have a particular property,
namely they are left—invariant in the sense that ¢*(X) is a constant function
on G for every left-invariant vector field X. The 1-forms ¢! form a basis of
the vector space Qf (G) of all left-invariant 1-forms on G, dual to the basis
(X;) of the Lie algebra g.

Similarly, one defines a left-invariant p—form on G as any differential p—
form on G such that it gives a constant when evaluated on any p-tuple of
left-invariant vector fields. As it turns out, the vector space 23 (G) of all left—
invariant forms (i.e. of any degree p) on G is closed under exterior product
and exterior derivative, i.e. Q}(G) is a differential subalgebra of the exterior
differential algebra Q°(G) of all differential forms on G. In particular, the
identity

dw(X,Y) = X(w(Y)) = Y(w(X)) - o([X,Y])

valid for any differential 1-form w and any pair of vector fields X, Y implies
the formula
do(X,Y) = —0([X,Y]) (1.110)

for any left-invariant 1-form o. Equation (1.110) in turn implies the Maurer—
Cartan structure equations

dim G 1 dim G
JR= JR=

for the basis (0%) of left-invariant 1-forms dual to the basis (X;) of the
Lie algebra g. The Jacobi identity now becomes formally identical to the
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condition that the 2-forms do? are closed, i.e.
d?s’ = 0.

We mention that this observation is often used while checking whether a
prescribed set of structure constants ¢;;*, antisymmetric in indices i, j, defines
a Lie algebra. One simply defines formal 2-forms

and computes their exterior derivatives using the rule for the derivative of
an exterior product of 1-forms

d(w1 /\WQ) = dw1 Nwy —wi A d(,dg

and equation (1.111). If the resulting expression for dr vanishes for every
index i, the constants c;;* define a bracket satisfying the Jacobi identity, i.e.
a Lie algebra.

While we used the left—invariant formalism in the definition of the Maurer—
Cartan 1-form and its component left-invariant 1-forms, as is the usual
convention in the literature, we may similarly introduce also right Maurer—
Cartan 1-form and right—invariant forms. E.g. the right Maurer—Cartan 1—
form assigns to a vector field X evaluated at the point g the right—invariant
vector field Xg such that Xz(g) = X(g). The only difference arises in signs
in several formulae. This is due to the following fact: let (XF) and (X[) be
bases of spaces of left— and right-invariant vector fields, respectively, such
that they coincide in the group unit, X/ (e) = Xf(e). Let ¢;;* be the struc-
ture constants of the Lie algebra g in the basis (XF), i.e.

dim G
(XP X[ =) et X

k=1
Then the right—invariant fields X ? satisfy the following commutation relation

dim G
(XE X[ == ) e X
k=1

We shall use the notion of right-invariant 1-forms on the Lie group G in
Section 1.4.3 and in Chapter 4.
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1.3.3 Actions of Lie groups

For applications in both mathematics and physics we need a formalism allow-
ing us to view Lie groups as sets of certain transformations of some objects.
This leads us to the notion of an action of the group.

A (left) action of the Lie group G on a manifold M is a smooth map

p: GXM—M: (gm)—g>m

such that g; > (ga>m) = (g1g2) >m and ex>m = m for all g, 92 € G, m € M.

Similarly one may consider also right actions < : M x G — G which
satisfy (m<g1) <g2 = m<(g192) and m <e = m. Any left action > defines a
right action < through m < g = ¢g~!>m and vice versa.

An action > of G on M is called effective if for every g € G different
from the group unit e an element m € M exists such that g >m # m.
Consequently, we can reconstruct the group multiplication on the group G
from the knowledge of its effective action.

Examples of left actions of the group G on itself are

g>h = gh, goh="h-g!
and the adjoint action
Ad: GxG— G: Ady(h) = Ad(g,h)=g-h-g "

When the manifold M is a vector space and the action of G on M is
linear

g> (av+w) =a(grv) + g>w, Vg e G,v,we M,aeR

it is equivalent to a representation of the group G on the vector space M. A
representation of the Lie group G on a vector space V' is any (smooth) map

p:G— End(V)
which satisfies
ple) =1, plg1g2) = p(91)p(g2), Vo1,92 € G.
A representation can be associated to any linear action by the prescription
p:G— End(M): p(g)v=gru.

Whether we speak about a linear action or a representation is just a
matter of convenience in the problem at hand.
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A particular representation of the Lie group G on its algebra g is defined
by the derivation of the adjoint action

Ad: G —gl(g): Ad(g) = (Ady)..

This representation is called the adjoint representation of G.
Further differentiating we get the already known adjoint representation
of the Lie algebra g on itself (1.17)

ad: g — gl(g) : ad = Ad..

Sometimes we may encounter actions which are not well-defined for all
pairs (g,m). Formally, one defines a local (left) action of a Lie group G
on a manifold M to be a smooth map > : U — M where U is some open
neighborhood in G x M which contains the whole subset {e} x M and satisfies
the properties

e>m=m, Ym e M

and
91> (g2>m) = (g192) >m

whenever (g, m) and (g1, g2 >m) € U.

When we consider an abstract Lie group G together with its prescribed
(local) effective action on some manifold M we often speak about a (local)
group of transformations or group of motions of M. In fact, this notion was
what Sophus Lie had in mind in his pioneering works [63, 64, 65, 66] on what
we now call Lie groups and Lie algebras.

An infinitesimal action of the Lie algebra g on M is a homomorphism
w: g — X(M). We often write the image of x € g in capital letters,
u(x) = X. A Lie algebra equipped with an injective infinitesimal action on
some manifold M is called an algebra of infinitesimal transformations.

Any local action of G on M gives rise to an infinitesimal action of the Lie
algebra g on M through the prescription

d

W) m =gl

f (exp(tz) >m), Ve F(M),me M. (1.112)

1.3.4 Symmetries of algebraic equations

Now we shall introduce the notion of a symmetry of a given equation. Next,
we apply it in particular to differential equations. Again we present only the
essential notions and ideas. For proofs see [5, 6].
Let )
f(z)=0, f:Dom(f) c FN — FN (1.113)
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be a system of algebraic equations (or just one equation when N = 1) and
Sy be its solution set

Sy = {x € Dom(f) | (x) = 0}.
A symmetry of the equation (1.113) is any transformation
T : Dom(f) — Dom(f)
such that it preserves the solution set
T(Sy) =Sy (1.114)

Usually, we restrict our attention to transformations 7" which are diffeomor-
phisms, 7' € Diff(Dom(f)).

It follows from the definition of a symmetry that symmetries of a given
equation form a group, i.e. a subgroup of Diff(Dom(f)). Let us denote this
group of symmetries of the equation (1.113) by Sym(f = 0).

The group of all diffeomorphisms Diff(Dom(f)) is infinite-dimensional.
While the use of the theory of Lie algebras as introduced above is not com-
pletely rigorous in this case, we may in a certain sense view the algebra
X(Dom(f)) of vector fields on Dom(f) as a Lie algebra of Diff(Dom(f)).
When Sym(f = 0) happens to be a a Lie group (more precisely, a Lie group
of transformations), the corresponding algebra sym(f = 0) of infinitesimal
transformations defines a subalgebra of X(Dom(f)). Its relation to the func-
tion f is derived using the notion of a 1-parameter subgroup.

A 1-parameter subgroup o of a group G is a homomorphism of the ad-
ditive group (R, +) into the group G. While G may not necessarily be a
Lie group (cf. Diff(Dom(f))), the image o(R) has a natural structure of a
1-dimensional Lie group (or O—dimensional if o(t) = e for all ¢ € R). Conse-
quently, one may consider its Lie algebra. When G is a group of transforma-
tions of M and o its 1-parameter subgroup we have a 1-dimensional algebra
of infinitesimal transformations spanned by its generator X, € X(M):

d

Xaj(m) = &
t=0

j(o(t)>m), Vj e F(M).

Let Sym(f = 0) be the group of symmetries of the equation (1.113). We
shall call the vector subspace of X(Dom(f)) spanned by all generators X, of
1-parametric subgroups of the group Sym(f = 0) the algebra of infinitesimal

symmetries of the equation f = 0 and denote it by sym(f = 0). It turns
out that sym(f = 0) is a subalgebra of X(Dom(f)). The algebra sym(f = 0)

53



coincides with the algebra of infinitesimal transformations arising from the
group of transformation Sym(f = 0) when Sym(f = 0) is a Lie group.

Let us take m € Sy and X, € sym(f = 0). Because o(t) lies in the
symmetry group Sym(f = 0) for all ¢ € R we have f(o(t)>m) = 0 and
consequently
_d
Cdt,_,

That means that the vector fields X in the algebra of infinitesimal symmetries
sym(f = 0) of the equation f = 0 satisfy

X, f(m) f(o(t)>m) =0.

Xf|f:0 =0, ie Xf(m)=0, VmeS;. (1.115)

Let us consider the converse problem. We recall that the flow of the vector
field X is the map

Ox:U—M: &x(0,m) =m, %@X(t,m) = X (Px(t,m)), V(t,m)eU,
(1.116)
where U is some open neighborhood U C R x M such that (0, M) C U.

Let X € X(Dom(f)) satisfy the condition (1.115). Is it true that the flow
®  defines a 1-parameter group of symmetries of the equation (1.113)?

In general, the answer is negative for two reasons.

Firstly, the flow may not be defined on the whole R x Dom(f), i.e. the
vector field may not be complete. That is why we introduced the notion of
a local action of a group: the flow of a vector field defines in general a local
action of a 1-parameter group.

Secondly, even locally the flow may not define symmetries of the given
equation (1.113).

Example 1.11 Let us consider a system of equations
x) — 15 =0, z; = 0. (1.117)

Its set of solutions is S = {(0,0)}. On the other hand, the condition (1.115)
15 satisfied by the vector field
X = 0

whose flow is
Oy Rx (RxR)—= (RxR): ®x(t,x1,22) = (21,22 + t).

Now the action of the group element t # 0, ®x(t,-), takes the solution (0,0)
to a point (0,t) which is not a solution of the equation (1.117).
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It turns out that the condition on the function f which prevents such patho-

logical behaviour is the maximality of the rank of the Jacobian, rank 37]2 ‘ s =

N. These results are the content of

Theorem 1.9 (On infinitesimal generators of symmetries) Let
f:Dom(f) C RN — RY define a system of equations

flz)=0 (1.118)

such that

of;
8xk
Then a vector field X € X(Dom(f)) generates a local 1-parameter group of
symmetries of the equation (1.118) if and only if

rank

(r)=N, Vzes;. (1.119)

(Xf)(m) =0, VYmeS;. (1.120)

We see that under the assumption of regularity of the function f (1.119)
we can determine the algebra of infinitesimal symmetries shm(f = 0) of the
given equation f = 0 through solution of a linear system of equations (1.115)
for the coefficient functions X* € F(Dom(f)) of the vector field

0

-1
oz’ |,

X: X(z)= in(:c)

Infinitesimal symmetries can be converted into actual symmetries through
computation of the corresponding flows; composing the flows one may con-
struct a local group of symmetries of the given equation f = 0. In this way,
the description of infinitesimal symmetries in terms of the condition (1.115)
significantly simplifies the search for symmetries of the given equation.

Detection of symmetries which cannot be connected to identity trans-
formation by flows of infinitesimal symmetries, e.g. belonging to different
connected components of the symmetry group, is a much harder problem
and we shall not discuss it here.

1.3.5 Symmetries of differential equations

Let us now shift our attention to differential equations.
Let us for simplicity start with one ordinary differential equation

F(z,u(z),d (z),...,uP () =0 (1.121)
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on some domain M C R.

The concept of symmetry remains the same: symmetries are transfor-
mations leaving the set of solutions invariant. The question is what kind of
transformations do we admit?

In principle, we may allow any transformation on the infinite-dimensional
space of all functions on M differentiable up to order p. Such a broad defini-
tion would, however, entail numerous computational difficulties. Therefore,
one a priori restricts the class of allowed transformations.

The most restrictive and most often used class of allowed transformations
is the following one: we allow any invertible transformation of the space of
dependent and independent variables, i.e. u and =,

T = gi(x,u), U= go(x,u). (1.122)

Such transformations are called point transformation. The effect of such a
transformation on any function f : M — R is defined using the transforma-
tion of the graph of the function f(z).

Let f be a function on the domain M C R. Its graph is the following
subset of M x R

I'y={(z, f(z)) |z € M}. (1.123)

I' C M x R defines a function f on some subset of M such that I' = I'; if
and only if for every pair of points (z1,uy), (x2,us) € I the relation x; = x9
implies u; = uo.

When f is at least k-times differentiable we define also the k" —prolonged
graph of the function f

TV = {(z, f(@), f(x),.... f[P(2)) |[o € M} C M xRFF (1.124)

We denote the coordinates on M x R by x,u, 4/, ..., u® for obvious rea-
sons.

Let us assume that a (local) group G of transformations of the form (1.122)
is given. We define the action of g € G on the graph I'; in a natural way

goTr={g>(z, f(x)) |z € M}

In this way we obtain a new subset g>1"y of M x R. When g>T'; is a graph
of some function f
g Ff = F]@

we call f = g > f the transformation of the function f under the point
transformation g of M x R.
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Such construction of the transformation f — f introduces another source
of locality into our transformation groups. In particular, even if the action of
G on the space of dependent and independent coordinates M x R is globally
defined, its induced action on functions is not: ¢ > I'y may fail to define a
graph of a new function; there may be two different points (z, u;) and (z, us)
in g>T'y. Therefore, the induced action of G on the space of functions F (M)
is only a local action.

A local 1-parameter group of point transformations

(z,0) =t> (z,u) : T =g (x,ust), Y= galz,u;t) (1.125)

of M xR is a 1-parameter symmetry group of the differential equation (1.121)
if for every solution u : M — R of equation (1.121) and every ¢t € R such
that 4 =t > wu is defined we have

F(z,a(x),d (z),..., 4" (x)) = 0.

In order to establish a symmetry criterion in terms of a vector field gen-
erating the 1-parameter group of transformations we have to analyze how
do the derivatives transform. Let us assume that a function u = f(z) is
given. We have its graph I'; and its prolonged graph I' 501)' We transform I'y
by a 1-parameter group of point transformations ¢ : R — Diff(M x R) and
consequently we also obtain ft = t > f whenever it is defined. What is the
relation between the derivatives of the function f and of the functions ft? In
other words, how are the prolonged graphs of these functions related?

The points of the graph I'y transform under the action (1.125) into the
points of the graph I" jas

E= g, f(2)it),  J(@) = galz, fx):t).

We obtain by differentiation and use of the chain rule an expression for the
derivative of f,

Lgo(x, f(x);t) 92+ f/(x)52

Py (57) ] ~ a1 1( ) 991

We see that the transformation (1.125) induces a unique point transformation
of U x R?

992 (3 s t) + w92 (v, u; t)

i =g(r,ut), G=g(z,ut), o =2% Ju 1.126
9l ) 2 ) %(m,u;t)—i—u’%(x,u;t) ( )



such that the prolonged graph I‘;l) of any function f : M — R is trans-
formed by the transformation (1.126) into the prolonged graph F?) of the
t

transformed function ft = t> f whenever ft exists. By induction, this concept
can be readily generalized to k**—prolonged graphs.
Let us now convert these ideas to the infinitesimal language. Let us

assume that the 1-parameter group of transformations (1.125) is generated
by the vector field X on M x R,

0

X € X(M x R), Xzf(x,u)i—i-n(x,u)%.

1.12
o (1.127)

What is the corresponding vector field X € X(M x R x R) generating the
action on the prolonged graphs?

We differentiate equation (1.126) with respect to ¢ and set ¢ = 0. We
notice that by definition of the generator X of the 1-parameter group (1.125)
we have

0 0:0) = 2, ool 0) =, L a050) = £ ), 2, u:0) = (e ).

Altogether, we find that

X = §(x,u)§—x +n(x, u)% + (Den(z,u,u’) — u'Do&(x, u,u')) % (1.128)
where D, = % —1—1/88—“ is called the operator of total derivative on F(M x R).
We call the vector field (1.128) the first prolongation of the vector field X
and denote it by pr¥ X. Repeating the same procedure for higher derivatives
we find that the action of the 1-parameter group (1.125) on k'"—prolonged
graphs is generated by the vector field pr®) X € X(M x R'*F)

k

0 0 , )
(k) x — Z el () ! @)
prvX = S(m,u)am +n(:p,u)au + ;773 (x,u,u'y... uY )0u(j) (1.129)
where the components 1Y) (x,u, o, ... ,u(j)) are constructed recursively
N (x,u, 0, ... uW) =Dyt — D¢ (1.130)

using the operator of total derivative

0 o = 9
D, = — +u/— Gy _Z
ax+“au+;“ oul)
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That means that the vector field (1.129) encodes in itself the fact that the
derivatives u/(z), ..., u™ (x) in the differential equation (1.121) transform in
a unique way once the point transformation (1.122) is chosen. Provided that
we work only with generators of the form (1.129), we may now for our pur-
poses view the differential equation (1.121) as an algebraic equation for a set

of unknowns z, u, v, ...,u®. This determines certain solution hypersurface
¥ in M x R*P,

S={(ud, . u?) € MxRWIF(@,u, ... u) =0},

Any p-times differentiable function f : M — R whose p'"prolonged graph
r Sfp lies in the hypersurface ¥ is a solution of the differential equation (1.121).

Combining the results on symmetries of algebraic equations and the pro-
longation of vector fields, we can formulate a criterion on generators of point
symmetries of differential equations.

Theorem 1.10 (On generators of symmetries of ODEs) Let M C R
and let F - M x R1*? — R define a differential equation

Fla,ule), o (2), ...,u?(z)) = 0. (1131)
Let
ZF - {(x’ U7U/’ e ’U(p)) E M X Rl+p‘F($7 U/”LL/, PPN 7u(p)) = 0}

and
dF(v) # 0, Yv € Yp. (1.132)

Then a vector field X € X(M x R) generates a local 1-parameter group of
point symmetries of the differential equation (1.131) if and only if

prP F(v) =0, Yo € Sp. (1.133)

We notice that the regularity condition (1.132) is satisfied e.g. for any dif-
ferential equation solved with respect to the highest derivative.

Let us mention that point transformations are not the only class of trans-
formations one may consider in the context of symmetry analysis of differen-
tial equations. Another, less restrictive choice is defined by transformations
on R3 (with coordinates x,u, u’) of the form

~/

&= g1(z,u,u), U= go(x,u,u'), ' = g3(x,u,u) (1.134)
subject to a consistency condition

g2 (x, u,u’)

0g1(x,u,u’)
o’ ’

ou’

= g3(v,u,u) (1.135)
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This condition comes from the requirement that first derivatives of the func-
tion u = f(x) should transform independently of second and higher deriva-
tives of f(x).

Transformations (1.134) are called contact transformations. While for
certain differential equations the group of contact symmetries is larger than
the group of point symmetries, in most cases both groups are isomorphic.

We shall restrict ourselves to point transformations in the following.

Theorem 1.10 can be readily generalized to systems of ordinary differential
equations and also to partial differential equations.

Let us consider a system of ¢ partial differential equations of order at
most p

F,(z,u®,...,u3) =0, v=1,...,q, |J| <p. (1.136)

where (2°)™, are independent variables, (u®)”_; are dependent variables.

(Collectively, we denote them z and u, respectively.) We define the multi-
index J = (J1,...,jm), where j; € NU{0}, |J| =j1 + ...+ jm and

Oy
0N 1072z, ... 0Imx,,

@ __
Uy =

We suppose that solutions u(z) of PDE (1.136) are defined on a domain
M C R™ and take values in N C R"™ where M and N are some open subsets.

As before, the coordinates z°,u® on M x N are formally extended to the
so—called k' jet bundle

T = {(&',u®,ug)| || < k} (1.137)
which includes both coordinates on M x N and all derivatives of the depen-

dent variables u® of order less or equal to k (we identify Jy = M x N). On
the jet bundle, we define the total derivatives

) 9
Di—@‘i‘;uha—u{a], (1138)

where
J’i - (j17 s aji—l?ji + 17ji+1a s 7.]m)

More generally, for J = (1,2, - - -, jm), we define

Dy=DD,---D,-- D,D,--D,. (1.139)
Ji J‘r,n
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The prolongation of a 1-parameter group action to the jet bundle 7 as
before induces a prolongation of the generating vector field. For the vector
field X given by

, 0 0
X =@ u) g+, u) 52 (1.140)
the k" order prolongation of X is
, 0 0 0
M(X)=¢ —— 47 — a 1.141
() = o) T g S ) g (1141
a,|J|#0
where n5(x,u, ..., u(y)) are functions on the |J|-th jet bundle and are given
by the recursive formula
5, =Dy — Y _(Di€")uj, (1.142)
or, equivalently, by the formula
ou® )
W =D, (na ¢ a;a) e (1.143)

An analogue of the symmetry criterion 1.10 can now be stated as follows

Theorem 1.11 (On generators of symmetries of PDEs) Let
F,(z',u®,...,u3) =0, v=1,...,q, |J| <p.

be a non—degenerate system of partial differential equations (meaning that
the system is locally solvable with respect to highest derivatives and is of
mazximal rank at every point p € Jy such that F,(p) =0, v =1,...,q) and
G be a connected Lie group (locally) acting on Joy = M X N through the
transformations

T; = Ai(x, u,qg), u* = B%(z,u,g).

Let the Lie algebra g of the Lie group G together with its induced infinitesimal
action (1.112) be the corresponding algebra of infinitesimal transformations.
Then G is a group of point symmetries of the PDE system F' = 0 if and only
if

[pr®(X)] (F,) =0, v=1,...,q, whenever F' =0 (1.144)

for every infinitesimal generator X representing the infinitesimal action of
T Eg.
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Theorem 1.11 applies also to ODEs and systems of ODEs (when m = 1).

A practical determination of the symmetry algebra of a given p'* order
system (1.136) of differential equations

i, Q «
F, (', u”, ... ,u5) =0, v=1,...,q
involves several steps:

1. we have to compute p prolongation of an arbitrary vector field X (1.140)

on j()v
2. evaluate pr (X)F,,

3. substitute into it all equations F, = 0 and their differential conse-
quences (if necessary); preferably, we eliminate the highest order deriva-
tives using F;, = 0.

These three steps can be rather lengthy and tedious, but are algorithmic
and can be efficiently and reliably performed using computer algebra
systems.

4. Now that F' = 0 was imposed, the resulting equations
pr®(X)F,|p—o = 0

are to be viewed as equations for the unknown components &%, n of the
vector field X which must hold for any values of the remaining jet space
coordinates u§,|J| > 1. After we separate independent terms in u9,
we obtain a highly overdetermined? system of linear partial differential
equations for the functions &'(z,u),n*(z,u). Its solution provides us
with all generators X which satisfy equation (1.144) of Theorem 1.11.

Although this step is often also entrusted to computers, it does some-
times happen that computer programs miss some of the solutions and
the resulting symmetry algebra is incomplete.

After the symmetry generators are found, it is sensible to check their
consistency by verifying that the symmetry algebra is closed under commu-
tators. Next, one may integrate the generators to 1-parameter subgroups and
compose them to obtain the connected component of the symmetry group.

Other possible components of the symmetry group cannot be deduced
directly from the infinitesimal approach. Although some methods for their
determination exist (see e.g. [5, 6]) we shall not consider them here.

2in almost all cases
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Let us now iluminate the presented abstract concepts by a concrete ex-
ample. Because its full derivation and intermediate calculations are rather
long, we shall only review and interpret the results. We use an abbreviated
notation, 0, = %.

Example 1.12 The heat equation
Ot — Opet = 0 (1.145)

has an infinite dimensional algebra of infinitesimal point symmetries. It con-
sists of the siz vector fields

X, = 410, + 4120, — (2t + 2°)ud,,

Xy = 220, + 410, + u0d,,
X3 = 0,

Xy = —2t0, + xuld,,

X5 = u0,,

Xe = O,

together with an infinite set of generators
XV = V(iL‘, t)@u

where V(x,t) is an arbitrary solution of the heat equation (1.145).

It is instructive to interpret these vector fields in terms of the correspond-
ing finite transformations. The vector fields X3, X¢ generate translations in
t and x. These symmetries are obvious from the onset — they just represent
the fact that the heat equation (1.145) is autonomous, i.e. does not involve t
and x explicitly.

The vector fields Xo, X5 represent invariance of the heat equation under
two independent scalings u — \u and x — A\x,t — N\°t.

The vector field X4 indicates invariance under the Galilei transformation
x — x — At accompanied by a suitable redefinition of u(x,t).

Finally, Xy generates the invariance under the transformation u — u +
AV where V' is another arbitrary solution of the heat equation (1.145), i.e.
represents its linearity.

Altogether, all the symmetry generators Xs, ..., Xg, Xy can be guessed
without any calculations. They close into a subalgebra of the full symmetry
algebra sym(Oyu — Opeu = 0) = span{ Xy, ..., X¢, Xv }o,v_o,,v=0. Without
explicit computation of the symmetry algebra one would probably miss the
generator X1 which does not possess any obvious physical interpretation.
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As far as the algebraic structure of the Lie algebra shm(Oyu — Oppu = 0)
18 considered, we notice that it splits into a direct sum,

sym(Ou — Oy = 0) = span{ Xy }g,v_a,,v—0 @ span{ X1, ..., Xs}

where span{ Xy }o,v_a,,v=0 i an infinite-dimensional Abelian Lie algebra
and span{ X1, ..., X¢} is a finite dimensional Levi decomposable algebra. It
has a simple factor span{ X, Xo, X3} isomorphic to sl(2) and a nilpotent rad-
ical span{ Xy, X5, Xg¢} isomorphic to the Heisenberg algebra (1) of Example
1.1.

We observe that the infinite dimensional algebra span{ Xy }s,v_a,,v=0 is
often truncated to a finite dimensional subalgebra when the symmetries are
computed using algorithms implemented in computer algebra systems (e.g.
procedure Infinitesimals in Maple 13).

We have noticed in this example that often most, if not all, infinitesimal
symmetries of the given differential equation can be found by inspection,
without any computation. Unfortunately, there is no easy way of establishing
the completeness of the symmetry algebra guessed in this way, e.g. there is no
method of independent determination of dimension of the symmetry algebra.
The only reliable method is to perform the full computation of symmetries
and check whether anything unexpected arises.

In Chapter 3 we determine the Lie superalgebra of infinitesimal sym-
metries of several supersymmetric field equations, i.e. partial differential
equations involving not only ordinary commuting variables but also anti-
commuting (sometimes called fermionic) variables. The method used there
(67, 68] is a rather straightforward generalization of the procedure outlined
here — one only has to pay close attention to ordering of anticommuting terms
and possible sign changes. As was hinted in the previous paragraph, in most
cases nothing unexpected happens and only the symmetries build into our
models from the beginning (i.e. Lorentz invariance and supersymmetry) are
recovered. Only in one case an additional scaling is found, also rather easy
to guess.

Once the symmetry algebra of the given equation(s) is determined, one
can use it in several different ways such as:

1. Exponentiate infinitesimal symmetries to 1-parameter subgroups and
use the resulting transformations to generate new solutions from the
known ones.

2. Use the symmetry algebra as a necessary criterion for equivalence of two
differential equations. If any pair of differential equations can be trans-
formed one into the other by a point transformation then necessarily
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their symmetry algebras must be isomorphic. Thus we have a neces-
sary (though far from sufficient) condition for equivalence. In addition,
when an explicit transformation between two equations is sought, it is
often convenient to construct point transformations taking one sym-
metry algebra into the other and only then look for transformations
taking one equation into the other inside this class.

In particular, when a given PDE has an infinite dimensional Abelian
subalgebra of infinitesimal symmetries involving an arbitrary solution
of some linear PDE we may interpret it as a strong indication that our
prescribed equation may be linearizable by some point transformation.

. Reduce the order of an ODE. This method is based on a simple obser-
vation that an ODE
F(z,y,...,y?) =0

which possesses an infinitesimal symmetry 0, must be independent of
the dependent variable y, i.e. in the form

Flz,y,...,y?) =0. (1.146)

Obviously, we may lower its order by one through the substitution
z =/, then attempt to solve the new ODE

Fz,z,..., 2Py =0

and once its solution z(x) is known, we may write the solution of the
original equation (1.146) in quadrature

y(x) = /z(a:)dx.

Hence, the substance of the method is the following: starting from an
arbitrary nonvanishing infinitesimal symmetry X = £0, + 10, we look
for a point transformation, i.e. a change of coordinates on M x N,
such that in the new coordinates z, y our vector field X takes the form
X = 0y. According to the rules for transformation of the components
of a vector field these new coordinates must satisfy equations

X((E) =0, X(§ =1

These equations are solved using the method of characteristics, see
Section 1.2.3. Their solution is in general not unique, but any particular
solution with nonconstant & can be used.
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Once 7,y are found, we lower the order of our equation in the new
coordinates, solve it (if possible), and at the end transform the solution
to the original coordinates.

This approach generalizes many particular methods used in solution of
ODEs.

Example 1.13 Let
F(y,....y") =0

be an autonomous ODE, i.e. not depending explicitly on x. It is in-
variant under translations in the independent variable x, generated by
X = 0,. Therefore, if we interchange the roles of independent and de-
pendent variable & =y, § = x, the vector field becomes X = 0y and we
may lower the order of the differential equation for the inverse function
x(y) by one.

Example 1.14 Let
F(z,y,...,y?) =0 (1.147)

be invariant under the scaling v — Ax,y — A%y. Such scaling is
obtained as the 1-parameter group of transformations generated by the
vector field

X = 20, + ayo,.

The new coordinates T,1y can be chosen as
T = y=Inzx.

Once we rewrite the original ODE (1.147) in these coordinates we may
again lower its order by one.

We remark that the reduced equation may have a group of symmetries
rather distinct from the original one. In particular, other symmetries
of the original equation may not survive the reduction. Only the sym-
metries generated by such vector fields Y € X(M x N) that a constant
a € F exists satisfying

Y, X] = aX

are guaranteed to survive the reduction.

By induction, a k—dimensional algebra of infinitesimal symmetries of a
given ODE with a complete flag of ideals as in Lie’s theorem (Theorem
1.3) allows us to reduce the order by k provided we can find suitable
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coordinates in each step, of course. That was the original motivation
for the definition of a solvable algebra — although, as we have seen in
Lie’s theorem, it is in the current terminology well justified only if we
consider complex Lie algebras and complex (holomorphic) ODEs.

This reduction can be immediately generalized to systems of ODEs but
not to PDEs. For PDEs, another method is available.

. Construction of group—invariant solutions of PDEs. As already men-
tioned, the method described above does not work for PDEs since the
fact that a PDE does not involve the dependent variable explicitly does
not in general provide any help in its solution. Nevertheless, we may

employ the symmetries in construction of particular solutions of a given
PDE.

The essential observation is as simple as above. Let us suppose that a
given PDE
F(z' u®...,u5) =0

has a symmetry generator
X =0,1. (1.148)

That means that F is invariant with respect to translations in !, i.e.
does not depend on it explicitly. Consequently, we may suppose that
our solution u® depends only on the remaining independent variables
2, i =2,...,m and in this way we obtain a well-defined PDE with one
less independent variables. Any solution of this PDE is also a solution
of the original equation which in addition is invariant with respect to
the 1-parameter group of symmetries generated by the vector field X;
hence its name group—invariant solution.

Similarly as before, the method boils down to the construction of suit-
able coordinates %, 4* on M x N in which a given symmetry generator
X takes the form (1.148). Again, the method of characteristics is used.
In fact, it turns out that we need to compute only the invariant coor-
dinates

in the process, as the following example will demonstrate.

Example 1.15 Let us consider the heat equation of Example 1.12 and
the vector field
Xy = —2t0, + xud,.
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This vector field has the following invariants

2
L
T=1, I =ue#.

22
Therefore, we substitute u(x,t) = I(t)e” 4 into the heat equation (1.145)
and obtain a reduced equation for I(t)

2t1'(t) + I(t) = 0.

Its general solution is I(t) = Altogether, we have recovered the

4

fundamental solution (when C' = \/%) of the heat equation

u(z,t) = %e_ﬂ

as the solution invariant with respect to Galilei transformations gener-
ated by the vector field Xy.

As before, the reduced equation may have symmetries which are of no
direct relation to the original ones. If we want to be able to further re-
duce the number of independent variables we again need a solvable sym-
metry algebra and an appropriate choice of generators of 1-parameter
subgroups (i.e. a basis respecting the flag of codimension 1 ideals,
starting from the smallest one).

We notice that solutions invariant with respect to vector fields X and
X = Ad,X are related: we may obtain a solution (z) invariant with
respect to X from wu(z) simply by setting @(z) = g > u(z). Therefore,
one shall first classify 1-dimensional subalgebras of the symmetry alge-
bra under conjugation by g € G (or higher—dimensional subalgebras if
reduction with respect to more independent variables is intended) and
only then perform the reduction with respect to nonequivalent genera-
tors.

In Chapter 3 we shall encounter a generalization of this procedure to

PDEs involving anticommuting variables. There, 1-dimensional subalgebras
of the Lie superalgebras of infinitesimal symmetries are divided into conju-
gacy classes and the symmetry reduction to ODE is performed for nonequiv-
alent symmetry generators. As we will see, the procedure sometimes fails
because of nilpotency of some of the generators.
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1.4 Poisson—Lie T—dual sigma models

One of the many application of Lie groups and algebras in modern physics
are the so—called Poisson—-Lie T—dual sigma models which we have spend
considerable time investigating during the last decade [69, 70, 71, 72, 73, 74,
75, 76]. In Chapter 4 we present three recent papers dealing with particular
properties of such models.

1.4.1 Sigma models

A sigma model of the simplest variant is a field theoretical model whose dy-
namical fields are components of a map ® between two (pseudo)Riemannian
manifolds (3, ) and (M, g). Dynamics of the map ® is determined from the
action

S = /(’y,@*g)dvolv. (1.149)
s

We call the D—dimensional manifold M the target manifold and its metric
g the background metric. The terminology for ¥ depends on its dimension.
When dim > = 2 which shall be the case of interest to us here we call it the
worldsheet and v the worldsheet metric.

In local coordinates x* on ¥ and y® on M the action (1.149) reads

a b
5= [ (o) 2D RGN @t s (150

oxH

where p,v =1,...,dim%, a,b = 1,...,D = dim M, y""~,,, = é* and sum-
mation over repeated indices is assumed here and in the rest of this Section.
The sign of the determinant || = det~,, under the square root is chosen so
that the square root is real-valued, i.e. the sign depends on the signature of
the metric 7.

The equations of motion are

1

= 0u(VERI0 ") + 180,600 =0 (1.151)
8

where I}, are components of the Levi-Civita connection on the target man-
ifold M, 8“ =2 and 9" = 4"0,.

We mention that solutions of a sigma model are called harmonic maps in
mathematics.

Sigma model action (1.149) can be viewed as the simplest action we can
postulate for a map between two Riemannian manifolds; in particular, it
is quadratic in derivatives of our field and does not involve any potential
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or mass terms. That is why it is of interest in field theory as the simplest
action defined on nonlinear targets M, i.e. such that they don’t possess the
structure of a vector space.

Sigma models are of particular interest in string theory because they
are cousins of the Polyakov action for bosonic string. (Also supersymmetric
sigma models which are analogues of superstring actions exist). Let us recall
that the Polyakov action looks formally very much like the two—dimensional
sigma model action (1.150) expressed in coordinates

Sp =5 [ 1" (@ha (o) 2O TR @t (1152)

where p, v = 0,1 and we have assumed that ¥ is pseudo—Riemannian, i.e. the
metric v is indefinite. The difference is that in Polyakov action (1.152) not
only the field ® but also the worldsheet metric v are dynamic. Consequently,
in addition to equations (1.151) we have also equations coming from the
variation of the metric 4. They are neatly expressed in the statement that
the worldsheet stress tensor 7, must vanish

 5Sp
pr = 5,}/uu

=0. (1.153)

However, the worldsheet metric v is in a sense a gauge degree of freedom.
Any metric on a two—dimensional manifold is conformally flat. Therefore,
by a change of coordinates on the worldsheet > we can always locally bring

. 01 : :
the metric v to our preferred form v = e* 10 where w is some function

on Y. Another interesting observation is that w drops out completely from
the action (1.152). Consequently, up to possible topological obstructions we
may bring the metric v in the Polyakov action (1.152) to any fixed metric.
In this way we recover the sigma model (1.150) from the Polyakov action.
One shall not miss one important point — although the worldsheet metric
dynamics was “gauged away”, its equations of motion (1.153) remain and
have to be imposed on the solutions ¢ of the sigma model (1.150). Therefore,
the Polyakov action (1.152) is equivalent to the corresponding sigma model
complemented by the vanishing stress tensor constraint (1.153).

For further considerations we shall need a slightly more general definition
of the sigma model than we have introduced in equation (1.149). Firstly,
we consider an antisymmetric 2—form B on the target manifold and add a
term [, ¢*(B) to the action of our 2-dimensional sigma model. The two-
form B is referred to as the torsion potential or simply the B—field. Its effect
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on the equations of motion (1.151) can be viewed as a modification of the
Levi-Civita connection by a torsion term H = dB.

The second modification makes sense only when the worldsheet has a
topology of an open strip infinitely extended in timelike direction, e.g. > ~
[0,7][c] x R[7]. Then we may couple a one-form A defined on the target
manifold M to the field ¢ at the two string endpoints o = 0, 7

5=/Z<%<I>*9>dv0l7+/z¢*(3)+q1/¢*A|U:o+q2/¢*(A)yg:,r (1.154)

where ¢1, g2 are two charges associated with the respective endpoints of the
open string.

1.4.2 T—-duality of sigma models

Dualities play an important role in string theory. They can relate strongly
and weakly coupled string theories or provide a connection between models
on geometrically different targets. In the context of superstrings they even
relate different types of string theories (i.e. different periodicity/boundary
conditions in the fermionic sector).

One class of such transformations is T—duality, or the target space duality.
In its simplest, Abelian, version it applies to sigma models (1.154) (with
A = 0 for simplicity) possessing an isometry, i.e. a Killing vector field X
on M such that the Lie derivatives with respect to X = X* gya of both the
background metric g and the B—field B vanish

Then the action is invariant under an infinitesimal transformation of the form

o = eX“.
We may choose our coordinates (y*)2=} on M so that X = g_zﬂ' Then our

original sigma model and the one written in terms of transformed background
fields

~ 1 ~ 1 ~ 1

G = A Gl:_BlaBz:_Gla
00 Goy’ 0 Gon 0 0 Gon 0

~ 1

Gy = Gij— G_OO<GOiG0j + BiOBOj), (1.155)
~ 1

Bij = B+ G—OO(Gch)j + BioGo;)
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(t=1,...,D—1) are equivalent in the sense that both can be obtained by two
different reductions from a single action involving more fields [77, 78]. Also
the solutions of the two models are directly related. The formulae (1.155)
are called Buscher’s formulae in the literature.

When one applies Buscher’s formulae (1.155) twice one obtains back the
original model — that is why the transformation is called duality. If we have
several independent commuting isometries X; such that

‘ing:O, gxiBZO,
i.e. there is an Abelian algebra of isometries, then there are more mutually
dual models. The dualization may proceed in several steps, using one vector
field at each step for the dualization as prescribed by Buscher’s formulae.

A question naturally arised what can be done for models with non—
Abelian algebra g of isometries. The first attempt at such generalization was
performed in [79] but suffered from a substantial deficiency: the transforma-
tion worked only one way, the “dual” sigma model might have no isometries
at all.

Attempting to resolve this problem, C. Kliméfk and P. Severa in [80]
constructed a transformation which they called Poisson-Lie T-duality of
sigma models.

1.4.3 Poisson—Lie T—dual sigma models

Let us assume that the target manifold M has two additional structures
— namely, that it is both a Lie group M = G and a Poisson manifold, i.e.
equipped by Poisson bracket {, } : C*°(M)x C*®(M) — C°°(M) such that it
is bilinear, antisymmetric and satisfies both Leibniz rule and Jacobi identity
(see e.g. [7, 81]). Furthermore, we require compatibility between the two
structures, i.e. the group multiplication should be a Poisson map. Such
structure (G,-,{,}) is called a Poisson-Lie group. Locally it is encoded in
its Lie bialgebra.

A Lie coalgebra is an algebraic structure which is naturally obtained on
the dual of a Lie algebra. In particular, let g* be the dual space of the Lie
algebra g. Then we can define a linear map 0 : g* — g* ® g* such that

o) (z @y) = o[z, y])

for all o € g*,x,y € g. If we denote by 715 : g* ® g* — g* ® g* the flip map
Ti2(0n ® ag) = e ® oy (and similarly when more factors are present in the
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tensor product) we find that § has the following properties

Tipod = =90, (1.156)
(id®d)od = (0®id)od — T30 (d®id)od. (1.157)

The properties (1.156),(1.157) are taken as the defining properties of a Lie
cobracket § : V. — V ® V on any vector space V' (implicitly assuming that ¢
is linear).

A Lie bialgebra (g,[,],0) is an algebraic structure which combines both a
Lie algebra and a Lie coalgebra in a compatible way. That means that [,] is
a Lie bracket on g, J is a Lie cobracket on g and

d([x,y)) = (ad, @ id + id ® ad,)0(y) — (ad, ® id +id ® ad,)d(x) (1.158)
Equation (1.158) is the so—called 1-cocycle condition because it means that
0 can be viewed as 1-cocycle in Chevalley cohomology with values in gA g C
g ® g. In a basis (X;) of the Lie bialgebra g such that

(X, X;] = fi" X, 8(X;) = fi*,X; ® Xy
the axioms (1.156),(1.157) of the Lie coalgebra are expressed as
fNij k= _fNjik
and o o o
fklmfijl + filmfjkl + fjlmfkil =0
whereas the bialgebra axiom (1.158) becomes
F it o i S S S fil M find = 0.

It is interesting to notice that the dual space g* of a Lie bialgebra g is
also a Lie bialgebra with the canonical definition

0 (@) ®y) =z y]), o fl(z) =a®B5(x)),

i.e. the roles of the Lie bracket and cobracket get interchanged.

The Drinfeld double D is defined as a connected Lie group such that its
Lie algebra 0 equipped with a symmetric ad—invariant nondegenerate bilin-
ear form (.,.) can be decomposed into a pair of subalgebras g, g maximally
isotropic with respect to (.,.). The dimensions of the subalgebras g, g are
necessarily equal — otherwise (., .) would be degenerate. Any such decompo-
sition is called a Manin triple and denoted (g|g). For a given Drinfeld double
several Manin triples may exist, i.e.

(9l9) = (glg) = (¢'lg') = ...

73



In particular, a given Lie bialgebra g gives rise to a unique Drinfeld double
such that
o=g+g"
Any Drinfeld double is by itself a Poisson—Lie group. Its Lie cobracket is
obtained by the natural identification of 9 and ?* using the bilinear symmetric
form (.,.).
The bases (X;), (X?) in the subalgebras can be chosen so that

(X5, X;) =0, (X;, X7) = (X7, X;) = 8/, (X', X7) =0. (1.159)

We shall assume that any considered basis of any Manin triple satisfies (1.159).

Due to the ad-invariance of (.,.) the structure constants of ? are fully
determined by the structure of its maximally isotropic subalgebras g, g, i.e.
if in bases (X;), (X?) the Lie brackets are given by

(X, X;] = i, X, [X',X7] = fii, X*
then ) N )
(X, X7] = fu? X* + 7, X, (1.160)

Let G (G) be the subgroup of D whose Lie algebra is g (g). We men-
tion that all constructions below are in general permissible only locally, in a
vicinity of the group unit.

The Lagrangian of the dualizable sigma models introduced by C. Kliméik
and P. Severa has the generic sigma model structure

L= F;(y)0_y'o.y , i,j=1,...,n=dimg (1.161)

where the background field F' on the Lie group G has a particular, very
restricted form. It is more easily expressed in terms of right—invariant fields,
i.e. components of right—invariant 1-forms of Section 1.3.2. We have

L= Eu(9)(0-997")*(0:997")", g€ G (1.162)

where (01gg')® in physicist’s notation denote the components of the pull-
back of the right Maurer-Cartan 1-form v on G by the map g : ¥ — G,

> (Ogg ") e X = g* (")
e=+

and



where ¢ denotes transposition and a(g),b(g),d(g) are n x n submatrices of
the adjoint representation of the group G on 0 in the basis (X;, X7).

t_ a(g) 0
Ad(g)" = (b(g) d(g)), (1.164)

alg)"t =d(g)",  blg)'alg) = —a(g)'b(g). (1.165)
The tensor field IT defined on the Poisson—Lie group G by equation (1.163)

in fact describes the Poisson structure. It can be shown that the Poisson
bracket becomes

Fexp(tXa)g) S

Sl flexp(tXi)g).

t=0

(e 2} o) =T(0)

t=0

Altogether, it means that the background field F' in equation (1.161) is

Fij(y) = € (9(y)) Ea(9(y))eb (g(y)) (1.166)

where e are components of right—invariant basis 1-forms (also called viel-
beins) v% = efdy’.

The covariant tensor field F' on G is thus determined by the decomposition
0 = (g|g) and by the matrix Ey. It can be understood as a sum of the metric
and the torsion potential defining the geometric properties of the manifold
G. Necessary condition for invertibility of the metric of sigma models is

det(Ey + E5) # 0. (1.167)

It turns out that usually this condition is sufficient only in the vicinity of the
group unit.

The possibility to decompose some Drinfeld doubles into more than two
Manin triples® enables us to construct more than two equivalent sigma models
and this property was called Poisson-Lie T-plurality [82]. Let X}, X* where
Jj,k = 1,...,n be basis vectors of the subalgebras g, g of the Manin triple
associated with the Lagrangian (1.162) and Uj, U* be basis vectors of some
other Manin triple (g,, g,) in the same Drinfeld double related by a 2n x 2n

transformation matrix:
X P Q\ (U
(:) = (R S) . <(j) , (1.168)

-
—

X =(Xy,..,X)..., U= (U,...,U".

>

where

3Two decompositions always exist, namely (g|g) and (g|g).
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The transformed model is then given by the Lagrangian of the same form as
in equation (1.162) but with E(g) replaced by

Eu(gy) = M(N +1I, M)~ = (Eg, +11,)7" (1.169)
where
M=S'E,-Q", N =P' - R'E,, Eopy = MN™! (1.170)

and I, is calculated as in equation (1.163) from the adjoint representation of
the group G, on d expressed in the dual bases (U;), (U*). The transformation
of Ey corresponds to the invariance of the vector subspace £ = span{X; +
(Eo);xX*} = span{U; + (Eo,);#U"}. Notice that for P=S5=0,Q=R=1
we get the dual model with Ey, = FE,*, corresponding to the interchange
g < g so that the duality transformation is a special case of the plurality
transformation (1.168)—(1.170).

1.4.4 Further developments

Various properties of Poisson—Lie T—dual sigma models were gradually stud-
ied by several authors. C. Kliméik and P. Severa have extended their analysis
to open strings in [83, 84, 85]. The global properties of closed strings, i.e.
the problem of zero modes, were studied in [86] and in [87] where it was
shown that a Poisson-Lie T—dual to a closed string is a particular, so—called
monodromic, open string.

An interpretation of Poisson—Lie T—duality as a canonical transformation
was presented by K. Sfetsos in [88].

The question of (one-loop) renormalizability of Poisson—Lie T-dual sigma
models was originally investigated by K. Sfetsos in [89] and C. Kliméik and
G. Valent in [90] and finally affirmatively answered by G. Valent, C. Kliméik
and R. Squellari in [91]. The equivalence of the renormalization group flow
for the original and dual model, i.e. true one—loop quantum equivalence of
the two models, was established by K. Sfetsos and K. Siampos in [92].

Our own contributions to this field were often related to exploitation of
different Drinfeld double decompositions. Such a possibility was known from
the beginning [80] but no explicit examples were known at the time and
most papers dealt with Poisson—Lie T—duality as a transformation between
the dual algebras g ad g* only. We first presented an example of models
which correspond to different Manin triples in [69] in two dimensions. In [70]
we presented a classification of all six—dimensional Drinfeld doubles together
with their decompositions into Manin triples. These two papers were included
in my doctoral thesis defended in 2002.
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The paper [70] then served as a source of examples for several follow—up
papers. It first found an application in R. von Unge’s paper [82] where he
constructed several conformally invariant backgrounds related by what he
called T-plurality, i.e. corresponding to different Manin triples, and studied
transformation of dilaton field under such transformations. We have further
extended his analysis in [72, 73].

Other direction of research using [70] was explicit solution of sigma models
using T-plurality transformations by L. Hlavaty and his students in [93, 94,
95]. In [96] they discussed the formalism when spectator fields are present.

In this thesis we present three recent papers [74, 75, 76] in Section 4.
In these papers we deal with questions of canonical equivalence of models
connected by Poisson-Lie T-plurality transformations in [74] and of trans-
formation of boundary conditions in [75, 76].
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Chapter 2

Structure of certain solvable
and Levi decomposable
algebras

In this chapter we present four papers

[a] L. Snobl and P. Winternitz, A class of solvable Lie algebras and their
Casimir Invariants, J. Phys. A: Math. Gen. 38 (2005) 2687-2700,

[b] L. Snobl and P. Winternitz, All solvable extensions of a class of nilpotent
Lie algebras of dimension n and degree of nilpotency n — 1, J. Phys.
A: Math. Theor. 42 (2009) 105201,

[c] L. Snobl and D. Karasek, Classification of solvable Lie algebras with
a given nilradical by means of solvable extensions of its subalgebras,
Linear Algebra and its Applications 432 (2010) 1836-1850,

[d] L. Snobl, On the structure of maximal solvable extensions and of Levi
extensions of nilpotent Lie algebras, J. Phys. A: Math. Theor. 43
(2010) 505202,

in which we study several aspects of Lie algebras.

In the first three papers we construct and classify all solvable Lie algebras
with the three given series of nilradicals of high nilindex (maximal in [a,b] and
almost maximal in [c]). The method employed in these papers is the one of
Section 1.1.3 with certain modifications, in particular taking into account the
results of [a] in [c]. Also their generalized Casimir invariants are computed,
using the methods reviewed in Section 1.2.

In the last paper [d] we provide an improvement of the estimate on dimen-
sion of any solvable Lie algebra s with its nilradical isomorphic to the given
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nilpotent Lie algebra n due to G. M. Mubarakzyanov [97]. Next, we study
the structure of algebras with nontrivial Levi decomposition, in particular
the compatibility between the structure of the radical and Levi factor. From
this perspective, we revisit the classification results of P. Turkowski [16, 17|
and results of other authors [98, 99].

The papers [a,b] have already inspired several similar classifications by
other authors, namely [29, 32, 31].

N.B. The convention for labelling of ideals in the lower central series used in
a] differs by a shift from the one in the rest of the papers and in Section 1.1.1.
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Abstract

A nilpotent Lie algebra n, ; with an (n — 1)-dimensional Abelian ideal is
studied. All indecomposable solvable Lie algebras with n,, | as their nilradical
are obtained. Their dimension is at most n + 2. The generalized Casimir
invariants of n, | and of its solvable extensions are calculated. For n = 4 these
algebras figure in the Petrov classification of Einstein spaces. For larger values
of n they can be used in a more general classification of Riemannian manifolds.

PACS numbers: 02.20.Qs, 03.65.Fd, 04.50.+h

1. Introduction

The purpose of this paper is to classify a certain type of finite-dimensional solvable Lie
algebras, existing for any dimension n with n > 4. These Lie algebras will be described
below. Here we shall first present our motivation for performing this investigation.

Lie groups and Lie algebras appear in physics in many different guises. They may be
a priori parts of the physical theory, like Lorentz or Galilei invariance of most theories, or the
(semi-) simple Lie groups of the standard model in particle theory.

Alternatively, specific Lie groups may appear as consequences of specific dynamics.
Consider any physical system with dynamics described by a system of ordinary or partial
differential equations. This system of equations will be invariant under some local Lie group
of local point transformations, taking solutions into solutions. This symmetry group G and its
Lie algebra g can be determined in an algorithmic manner [1]. The Lie algebra g is obtained
as an algebra of vector fields, usually in some nonstandard basis, depending on the way in
which the algorithm is applied.

0305-4470/05/122687+14$30.00  © 2005 IOP Publishing Ltd  Printed in the UK 2687
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2688 L Snobl and P Winternitz

An immediate task is to identify the algebra found as being isomorphic to some known
abstract Lie algebra. To do this we must transform it to a canonical basis in which all basis-
independent properties are manifest. Thus, if g is decomposable into a direct sum, it should
be explicitly decomposed into components that are further indecomposable

0=0190P Dok (1

Each indecomposable component must be further identified. Let g now denote such an
indecomposable Lie algebra. A fundamental theorem due to Levi [2, 3] tells us that any
finite-dimensional Lie algebra can be represented as the semidirect sum

g=I[Dr, [LO=1 [t,t] Cr, [Lt] S, )

where [ is semisimple and v is the radical of g, i.e. its maximal solvable ideal. If g is simple,
we have v = 0. If g is solvable, we have [ = 0.

Semisimple Lie algebras over the field of complex numbers C have been completely
classified by Cartan [4], over the field of real numbers R by Gantmacher [5] (see, e.g., [6]).

Algorithms realizing decompositions (1), (2) exist [7]. The ‘weak’ link in the classification
of Lie algebras is that not all solvable Lie algebras are known.

There are two ways of proceeding in the classification of Lie algebras, in particular
solvable ones: by dimension, or by structure.

The dimensional approach for real Lie algebras was started by Bianchi [8] who
classified all real Lie algebras of dimension 2 and 3. Those of dimension 4 were classified
by Kruchkovich [9]. Further work in this direction is due to Morozov (nilpotent Lie
algebras up to dimension 6) [10], Mubarakzyanov [11-14], Patera et al [15] and Turkowski
[16, 17]. The classification of low-dimensional Lie algebras over C was started earlier by Lie
himself [18].

The most interesting physical application of the classification of low-dimensional Lie
algebras is in general relativity. Indeed, the classification of Einstein spaces according to their
isometry groups [19] is based on the work of Bianchi and his successors [8, 9]. The Petrov
classification concerns Einstein spaces of dimension 4 and hence involves isometry groups of
relatively low dimensions [19, 20].

String theory [21, 22], brane cosmology [23] and some other elementary particle theories
going beyond the standard model require the use of higher-dimensional spaces. Any attempt
at a Lie group classification of such spaces will require knowledge of higher-dimensional Lie
groups, including solvable ones.

It seems to be neither feasible nor fruitful to proceed by dimension in the classification of
Lie algebras g beyond dim g = 6. It is however possible to proceed by structure.

Any solvable Lie algebra g has a uniquely defined nilradical NR(g), i.e. maximal nilpotent
ideal, satisfying

dim NR(g) > 3dim g. 3

Hence we can consider a given nilpotent algebra of dimension 7 as a nilradical and then
find all of its extensions to solvable Lie algebras. In previous articles this has been
performed for the following nilpotent Lie algebras: Heisenberg algebras h(N) (where
dimh(N) = 2N + 1, N > 1) [24], Abelian Lie algebras a,,n > 1 [25, 26], ‘triangular’
Lie algebras t(N), (dim t(N) = X2=D N > 2) [27, 28].

Here we shall consider a class of nilpotent algebras that, for want of a better notation, we
shall call n,, |, where the subscript denotes the dimension of n,, |, n = 3,4, .... This algebra
has an (n — 1)-dimensional Abelian ideal with the basis (eq, ..., e,_1). The Lie brackets are
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A class of solvable Lie algebras and their Casimir invariants 2689

given by
[ej,ex] =0, 1<j,k<n—1, @)
le1, ex] =0,
lex, en] = ex—1, 2<k<n—1

Thus the action of the element ¢, on the Abelian ideal is given by an indecomposable nilpotent
Jordan matrix

00 ... 00
1 0 ... 00

M = 0 1 0 0 e Fr=Dx(=1) ®)
00 ... 10

We shall consider this algebra over the field F, where we have F = R, or F = C.

We mention that for n = 3 we have n3 | >~ §(1) ~ t(3). The algebra ny ; is the only four-
dimensional indecomposable nilpotent Lie algebra. The algebra n,, | exists for any integer n
satisfying n > 3 and for n > 4 it is no longer isomorphic to h(N) nor t(N).

2. Mathematical preliminaries

2.1. Basic concepts

Three different series of subalgebras can be associated with any given Lie algebra. The
dimensions of the subalgebras in each of these series are important characteristics of the given
Lie algebra.

The derived series g = g(o) ) g(l) D2...D2 g(k) D ... is defined recursively

g® =[g* ", g% 1], ¥ =g

If the derived series terminates, i.e. there exists k € N such that g(k) = 0, then g is called a
solvable Lie algebra.
The lower central series g = go D g1 D...2 gk D ... is again defined recursively

g =119l =0
If the lower central series terminates, i.e. there exists k € N such that g¥ = 0, then g is called
a nilpotent Lie algebra. The lowest value of k for which we have g¢ = 0 is the degree of
nilpotency of a nilpotent Lie algebra.
Obviously, a nilpotent Lie algebra is also solvable. An Abelian Lie algebra is nilpotent
of degree 1.
The upper central seriesis 31 C ... C 3 € ... C g. In this series 3; is the centre of g

531=C(g) ={x €gllx,y] =0,Vy € g}.

Now let us consider the factor algebra §; ~ g/3;. Its centre is C(f;) = C(g/31). We define
the second centre of g to be

32 =3 ®C(g/31). (6)
Recursively we define higher centres as
3k+1 = 3k © C(9/31)- (7N

For nilpotent Lie algebras the upper central series terminates, i.e. there exists / such that 3; = g.
We shall call these three series the characteristic series of the algebra g. We shall use the
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2690 L Snobl and P Winternitz

notations DS, CS and U S for sets of integers denoting the dimensions of subalgebras in the
derived, lower central and upper central series, respectively.

The centralizer gy of a given subalgebra f) C g in g is the set of all elements in g
commuting with all elements in b, i.e.

gy = {x € gllx, y] =0,Vy € b}. ®)
A derivation D of a given Lie algebra g is a linear map
D:g—g
such that for any pair x, y of elements of g
D([x, y) = [D(x), y] + [x, D(y)]. ©))
If an element z € g exists, such that
D =ad,, ie. Dkx)=][z,x], Vxeq,

the derivation is called an inner derivation, any other one is an outer derivation.

2.2. Solvable Lie algebras with a given nilradical

Any solvable Lie algebra s contains a unique maximal nilpotentideal n = N R(s), the nilradical
n. The dimension of the nilradical satisfies (3) [3]. We will assume that n is known. That is,

in some basis (eq, ..., ¢,) we know the Lie brackets

lea, es] = Nypec. (10)
We wish to extend the nilpotent algebra n to all possible indecomposable solvable Lie algebras
s having n as their nilradical. Thus, we add further elements f, ..., f, tothe basis (ey, ..., e,)

which together form a basis of s. The derived algebra of a solvable Lie algebra is contained
in the nilradical [3], i.e.

[s,8] S n. (1n
It follows that the Lie brackets on s satisfy

[fi, eal = (AD)gen, 1<i<p, 1<a<n, (12)

[ﬁv fj]z%-(;é’a, 1 <11]<p (13)

The matrix elements of the matrices A; must satisfy certain linear relations following
from the Jacobi relations between the elements ( f;, e,, ;). The Jacobi identities between the
triples (f;, f;, ea) will provide linear expressions for the structure constants y;; in terms of the
matrix elements of the commutators of the matrices A; and A ;.

Since n is the maximal nilpotent ideal of s, the matrices A; must satisfy another condition;
no nontrivial linear combination of them is a nilpotent matrix, i.e. they are linearly nil-
independent.

Let us now consider the adjoint representation of s, restrict it to the nilradical n and find
ad|,(fi). It follows from the Jacobi identities that ad|,(f;) is a derivation of n. In other
words, finding all sets of matrices A; in (12) satisfying the Jacobi identities is equivalent to
finding all sets of outer nil-independent derivations of n

D' =ad[o(f1), ..., D" = ad|o(f)). (14)

Furthermore, in view of (11), the commutators [ D/, D*] must be inner derivations of n. This
requirement determines the structure constants 7, i.e. the Lie brackets (13), up to elements
in the centre C (n) of n.
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A class of solvable Lie algebras and their Casimir invariants 2691

Different sets of derivations may correspond to isomorphic Lie algebras, so redundancies
must be eliminated. In terms of the Lie brackets (12) and (13) it means that the matrices A;
and constants y;; must be classified into equivalence classes and a representative of each class
must be chosen. Equivalence is considered under the following transformations:

fi g JNCI = pijfj + 0ig€q, g — €y = Rabeb (15)

where p is an invertible p x p matrix, o is a p x n matrix and the invertible n x n matrix R
must be chosen so that the Lie brackets (10) are preserved.

2.3. A type of indecomposable nilpotent Lie algebras

Any nilpotent Lie algebra n will contain a maximal Abelian subalgebra a, not necessarily
unique. We have [10]

%(\/8n+1—1)<dima<dimn=n. (16)
If dim a = dim n, then n = a is Abelian. The case that we are interested in is the next closest
to Abelian, namely dimn = n,dima = n — 1. Let us choose a basis (ej, ..., e,—1, ¢,) of n,
where (eq, ..., e,_1) is a basis of a. The Lie brackets for n are
n—1
lej.ec] =0, 1<jk<n—1, [e.ed=) Nue, 1<k<n-—1. (17)

=1

The matrix N € F®~D>*@=D myst be a nilpotent matrix, otherwise the algebra n will not be
nilpotent. Elements of the centre C(n) will correspond to the kernel KerN of the matrix N.
Elements of the derived algebra n/" will correspond to the image Im N of the matrix N. In
order for the algebra n to be indecomposable, we must have

KerN CImN. (18)

Performing a change of basis within the Abelian algebra a, we can transform the matrix N to
its Jordan canonical form. This can be one indecomposable nilpotent block, or several blocks.
Condition (18) forbids the presence of one-dimensional blocks. There are as many mutually
nonisomorphic algebras as there are nonequivalent partitions of n — 1 into sums of positive
integers satisfying

n—1l=ni+ny+---+ny, ni = nj_y, n,;él (19)

We shall denote the corresponding Lie algebras n, , where n = dimn,, ; and k enumerates the
different isomorphy classes for given n, i.e. the number of allowed partitions of n — 1.

The rest of this paper will be devoted to the algebras n, ; with the matrix N, | given by
one indecomposable Jordan block. We shall find all extensions of these algebras to solvable
Lie algebras with nilradical n, ;. The Lie brackets for n, ; were already given in equation (4).

3. Classification of solvable Lie algebras with the nilradical n,,

3.1. Nilpotent algebra n,, |

The Lie algebra n, ; is defined by the Lie brackets (4) of the introduction. We shall consider
n > 4. The dimensions of the subalgebras in the characteristic series are

DS =[n,n—-2,0], CS=[nn-2,n-3,...,1,0], UusS=I[12,...,n—=2,n].
(20)
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2692 L Snobl and P Winternitz

Its maximal Abelian ideal a can be identified with the centralizer of the highest centre
3n—2 = span{ey, ..., e,_»2},1.e. a = span{ey, ..., e,_1}. Hence a is unique.
In order to find all non-nilpotent derivations of n we assign to D its matrix

D(e,) = Dgpep

and evaluate condition (9) for basis elements x = ¢;, y = ¢;. We find

ei=1<j<n:Dye_1 =0,
ol <i< ] <n: Di,,ej_l — Djnei_l :0,
. . —1
ei=1,j=n:>,_ Dijer =0,
el <i<j=n:(Di_1;-1— Dij — Dyp)ej_1 + ZZ;;,k;&iq(Di—l,k — Djj)er = 0.

From the first and second equations we immediately get
D, =0,1<1i<n,

from the third
Dy =0, 1<k

In the last one the coefficients of linearly independent elements in the sum must be zero,
therefore considering

(Di-1x — Dig+1) =0, k#i—1
we obtain by induction
D;; =0, Dji=Dj; 11 =Dj 1.1, i< (21)
The remaining recursion relations
Di 11— Dji— Dy =0
can be most easily solved from the ‘lower right corner’, denoting
Dy, = «, Dy 14p1=8
we find
Di=m—i—Da+p, I<i<n—-1. (22)

Thus we have solved the derivation property (9) for all basis elements of n. Finding the inner
derivations is elementary and we may write

Lemma 1. The algebra of derivations of the nilpotent algebra w,  is expressible in the
standard basis (ey, ...,e,) of n, | as the algebra of lower triangular matrices D whose
elements satisfy

Dij = (n —i+1)Dyy + Dy—yp-1, 1
Dji=Dj i1, 1
Its subalgebra of inner derivations is
span{ad,,, ..., ad,,},
where

(ade,-)ab = 8an8b,j717 V.] < n— 17 (ade,,)ab = _8u,b+l-
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3.2. Construction of solvable Lie algebras with nilradical w,

As was explained in section 2.2, to find all solvable Lie algebras with nilradical n,, ; we must
find all nonequivalent nil-independent sets (D!, ..., DP} of derivations n,.1. The equivalence

is generated by the following transformations:

(i) We may add any inner derivation to DX,

(i) We may perform a change of basis in n such that the Lie brackets are not changed. Since
any such change must inter alia preserve the lower central series and the subalgebra a, the
matrix of such transformations must be lower triagonal. The preservation of Lie brackets

then imposes certain further relations. We may decompose any such transformation
a composition of scaling
k=1

e, —> &, = we,, e —> e =t " ey, 1<k<n—-1
and the transformation
k—1
ek—>ék=ek+2uk,jej, I1<k<n—1, ui,...,up_2 €F,
Jj=1
n
en—>én:en+Zvjej, Vi,...,V,_1 €F

J=1

into

(23)

(24)

(To prove that (24) gives a general form of such a transformation it is sufficient to consider

(e, en] = [, &,] = & and to use induction on k.) The scaling (23) acts on D* as

D — §D*s~!
where S = diag(ta)"‘z, T" 3, T, w), transformation (24) as
D' - UD*U!
where
1 0 0 0 0
7 1 0 0 0
un ui 1 0 0
U =
Up_2 U Ui 1
(U] Up—3 Up—2 Up—1 1
(iii) We can change the basis in the space span{D', ..., D”}.

By adding inner derivations we can transform all D* into the form

do 0 0 0 0

0 d& 0 o 0

. aa 0 d& 0 ... 0
Df = :

ak . ...oad o g0

0 0 0 a of

where

df = (n—2)a*+p5, ..., di =(n—1-jea+p ..., d* , =do* + B~

We shall assume that D¥ are always brought to this form.
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We see that the number of nil-independent elements p can be at most two since a set of
three or more derivations of the form (25) cannot be linearly nil-independent.

Case 1. p = 1 The entire structure of the associated solvable Lie algebra is encoded in
the matrix D. The Lie brackets of the non-nilpotent element f with nilpotent elements are
given by
[f, ex] = D(ex) = Dyey.
We shall divide our investigation into subcases determined by values of the parameters «, S,
at least one of which must be nonzero.
(1) o # 0. We rescale D to put « = 1. Then by a change of basis (24) in n
1
-1

e = e, — aer_i+1, [<k<n-—1,

ékzek, lgkgl—l

we put to zero first az, then a4 etc up to a,—;. From now on we assume that a; = 0,
k <n—1.1f B # 1 (=) then a further change of basis

; a” (26)
ey =e, — en—
p—1""
turns a, into zero and the matrix D is diagonal
D =diagln —2+B,n—3+p,...,B8,1). 27)

If B = 1 then a, cannot be removed. The only remaining transformation is scaling (23)
which allows us to scale any nonzero a, to 1. Therefore we find in addition to (27) with
B = 1 another possibility, namely

n—1 0 0 0
0 n-2 0 0

D= , (28)
0 0 ... 10
0 0 ... 11

(i) o = 0 We rescale D to put 8 = 1. We use (24) to change e,

€y = €, —apéy—1

and transform a, into @, = 0. If D is diagonal, it cannot be further simplified. Let
us assume that D is not diagonal. For o = 0 the matrix D is invariant with respect to
transformations (24) preserving a, = 0, i.e. the parameters a; cannot be removed. The
only transformation we still have at our disposal is scaling (23) which allows us to scale
one chosen nonzero qa; to 1 over the field C. Over R one value a; can be scaled to 1 if &
is even, or to %1 if k is odd.

Case 2. p = 2. By taking linear combinations of D', D> we obtain ! = 1, 8! = 0,a? =
0, B = 1. Further by a change of basis in n (24) we take D' to its canonical form
D' =diag(n —2,n —3,...,2,1,0, 1)

found for p = 1. In order to define a solvable Lie algebra g with nilradical n, the two
derivations D', D? must commute to an inner derivation

[Dl, Dz] € span{ad,,, ..., ad,,}.
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Computing the commutator for the above given forms of D', D? (note that D' is diagonal)
we immediately find that

ajz- =0, 3<j<n
must hold.
Therefore there is a single canonical form of D!, D?
D' =diagln —2,n —3,...,2,1,0, 1), D? =diag(1,1,...,1,1,0). (29)

The corresponding solvable Lie algebra is now almost specified, the Lie brackets of
non-nilpotent elements f;, f> being

[flsek]:(n_l_k)ek, 1<k<n, [flsen]Zeny
[f2. ex] = ex, l<k<n, [f2. el = 0.
It remains to fix the Lie bracket between fi, f>. Because D' and D? are commuting matrices

representing fi, f» in the adjoint representation of g restricted to the ideal n, the Lie bracket
of fi, f>» must be in the kernel of the representation map, i.e. in the centre of n

Lfi, 2l = ver. (30)
The transformation
fi— fi=fitye

takes y in equation (30) into y = 0 while leaving all other Lie brackets invariant. We conclude
that in the case p = 2 the solvable Lie algebra with nilradical n, ; is unique.

3.3. Standard forms of solvable Lie algebras with nilradical w,

The results obtained above can be summed up as theorems. We give them for algebras over
the field F = R or C. We specify F = R, or C only when the two cases differ. In all cases we
give the dimensions of the subalgebras in the characteristic series. These dimensions are basis
independent and are very useful for identifying the Lie algebras. The nilradical in all cases is
n, 1 with the Lie brackets (4). We shall specify the action of the non-nilpotent elements f or
f1 and f> on the nilradical (see equation (12)).

In the theorems, ‘solvable’ will always mean solvable, indecomposable, non-nilpotent.

Theorem 1. Any solvable Lie algebra s with nilradical w,  will have dimension dims =
n+1,ordims =n+2.

Theorem 2. Three types of solvable Lie algebras of dimension dims = n + 1 exist for any
n = 4. They are represented by the following:

(i) A = Ay in equation (12) diagonal

Lf,ex] = ((n —k — Da + Pe, I1<k<n—1, [f, en] = cen. (31
The mutually nonisomorphic algebras of this type are

Sue,1(B) 1 =1, B € F\{0,n — 2}, (32)
DS=[n+1,n,n-2,0], CS=[n+1,n,n,...1], USs =[0],

Spr12: o =1, B =0, (33)
DS=[n+1,n—1,n—-3,0], CS=[n+1l,n—1,n—1,...], US =[0],
Sp13: a=1, B=2-—n, (34)
DS=[n+1,n,n-—2,0], CS=[n+1,n,n,...1], us=I[1,1,...],
Sp14: a=0, B=1, (35)
DS=[n+1,n—-1,0], CS=n+1l,n—1,n—1,...], UsS =[0].
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(ii) A = Ay in equation (12) nondiagonal, its diagonal determined by « = 8 = 1. We have

Spe15 0 el = (n — ke, I1<k<n—1, [fien] =en+e, 1, 36)
DS=[n+1,n,n—2,0], CS=[n+1,n,n,...], US =[0].
(iii) A = A\ in equation (12) nondiagonal, its diagonal determined by « = 0, § = 1.
k—2
Spe1,6(az, .. an—1) [ f el = ex + Zak—mez, I<k<n—1,
= G7)
[fa en] = Oa

a;j € F, at least one a; satisfies aj # 0.

Over C: the first nonzero a; satisfies a; = 1.

Over R: the first nonzero a; for even j satisfiesa; = 1. If alla; = 0 for j even, then the
first nonzero aj (j odd) satisfies a; = £1. We have

DS=[n+1,n—-1,0], CS=n+1l,n—1,n—-1,...], US =[0].
Theorem 3. Precisely one class of solvable Lie algebras s,., of dims = n + 2 with nilradical
n,.1 exists. It is represented by a basis (ey, ..., e,, f1, f2) and the Lie brackets involving f;
and f, are
[f1,ex] = (n — 1 = k)ey, I<k<n—1, [fi,en] = e, (38)
[f2, ex] = ex, 1<k<n—1, [f2,e.] =0, [f1, f21=0.

For this algebra

DS=[n+2,nn-2,0], CS=[n+2,n,n,...], UsS =10]. 39)

4. Generalized Casimir invariants

4.1. General method

The term Casimir operator, or Casimir invariant, is usually reserved for elements of the
centre of the enveloping algebra of a Lie algebra g [29, 30]. These operators are in
one-to-one correspondence with polynomial invariants characterizing orbits of the coadjoint
representation of g [31]. The search for invariants of the coadjoint representation is algorithmic
and amounts to solving a system of linear first-order partial differential equations [32-36, 15,
24, 26, 28]. Alternatively, global properties of the coadjoint representation can be used [36].
In general, solutions are not necessarily polynomials and we shall call the nonpolynomial
solutions generalized Casimir invariants. For certain classes of Lie algebras, including
semisimple Lie algebras, perfect Lie algebras, nilpotent Lie algebras and more generally
algebraic Lie algebras, all invariants of the coadjoint representation are functions of polynomial
ones [32, 33].

Casimir invariants are of primordial importance in physics. They represent such important
quantities as angular momentum, elementary particle’s mass and spin, Hamiltonians of various
physical systems etc.

In the representation theory of solvable Lie algebras the invariants are not necessarily
polynomials, i.e. they can be genuinely generalized Casimir invariants. In addition to their
importance in representation theory, they may occur in physics. Indeed, Hamiltonians
and integrals of motion for classical integrable Hamiltonian systems are not necessarily
polynomials in the momenta [37, 38], though typically they are invariants of some group
action.
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In order to calculate the (generalized) Casimir invariants we consider some basis

(g1,..., &) of g, in which the structure constants are cf] A basis for the coadjoint
representation is given by the first-order differential operators

. 9
G = ge?, B (40)

In equation (40) the quantities g, are commuting independent variables which can be identified
with coordinates in the dual basis of the space g*, dual to the algebra g.

The invariants of the coadjoint representation, i.e. the generalized Casimir invariants, are
solutions of the following system of partial differential equations:

Gl (g, ..., 8) =0, k=1,....n. 1)
The number of functionally independent solutions of system (41) is
ny=n—r(C) 42)
where C is the antisymmetric matrix
0 c'fz b e c'l’n b
—c’l’ng 0 ... an g
C= : : (43)
—c?n_lgb 0 Cz—l,ngb
—Cll’ng;, _C,[Ll,ngb 0

and r(C) is the generic rank of C. Since C is antisymmetric, its rank is even. Hence n; has
the same parity as n.

Since the method of computation is generally known, we shall not present details and just
give the results in the form of theorems. In all cases proofs consist of a direct calculation, i.e.
solving equations (41).

4.2. The generalized Casimir invariants

The differential operators corresponding to the basis elements of n,, | are

n—1

. . 0 A 0
E, =0, Ep=er1—, 1 <k <n, E,,:-Zek_l—. (44)
de, dey
k=2
The form of Ey, (1 < k < n) implies that the invariants do not depend on e,. Solving the
equation fE,lI (e1, ez, ..., e,—1) = 0 by the method of characteristics, we obtain the following
result

Theorem 4. The nilpotent Lie algebra n, 1 has n — 2 functionally independent invariants.
They can be chosen to be the following polynomials:

§o = e,
i k1 e ki
! : J!
=0

Let us now consider the (n + 1)-dimensional solvable Lie algebras of theorem 2. The
operators E ; representing n,, | will each contain an additional term involving a derivative with
respect to f. However, from the form of these operators we see that the invariants cannot
depend on f. Moreover, they can only depend on the invariants (45) of n, ;. To find the
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invariants of the algebras s,,; » we must represent the element f € s,.1 ; by the appropriate
‘truncated’ differential operator F (by ‘truncated’ we mean that we keep only the part acting

onep,...,e,—1). We must then solve the equation
FrI(&, ... ,&-3) =0. (46)
For the algebras 5,41 1, ..., §,+1,5 of theorem 2, we have
n—1 9
Fr=>"(n—1-ka+ Bews (47)
k
k=1
with « and B as in theorem 2. For s, ¢(a3, ..., a,—1) we have
9 n—3 1 9
Fr=e— +ep— + e + as_ie; | —. 48
T=eg teg, 2 142 ; 3765 | Gor (48)
Solving equation (46) in each case we obtain the following result.
Theorem S. The algebras s,.11(B), - .., Sp+1.5 have n — 3 invariants each. Their form is
(1) Sp+1,1(B), Sns1,2 and S,41 5
o= —k . 1<k<n-3 (49)
S(kﬂ)n;zﬂe
0

For s,112 and 5,41 5 we have f = 0 and B = 1, respectively, in equation (49).
(1i) Spt13

&
x1 = o, Xk = o0 2<k<n-3. (50)
1
(iii) Sp41,4
&k
6= 1<k<n-3. 51
0
(IV) 5n+1,6(a3» e an—l)
& gy
0
=) (=D"—— Y i3 (52)
m=0 m: i1+... 4 =k—2m+1
$'+1
+ ﬁai.ﬁaizﬁ e i,43 1<k<n-3.
JHii+ iy =k—2m—1 50
The summation indices take the values 0 < j, i1, ..., 0, <k+1.

Finally, let us consider the (n + 2)-dimensional algebra s,,,. The invariants can again depend

only on &, ..., &,_3. We have two additional truncated differential operators, namely
n—1 9 n—1 9
Fir = —1—k)ep—, For = —. 53
1T ;(ﬂ Jey ber 2T ;f?k der (53)

Imposing two equations of form (46) we obtain the following result.
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Table 1. Number of linearly nil-independent elements that can be added to the nilradical.

Nilradical n ~ dimn Pmax

Ny 1 n 24 2

a, n>3 n—1

ay n=1 1

W n=2 1(C),2(R)
H(N) n=2N+1, N>1 N+1
tN) n="0N 0 N>2 N-1

Theorem 6. The Lie algebra s, of theorem 3 has n — 4 functionally independent invariants
that can be chosen to be

=2 i<k<n-a (54)
&’
We see that for the algebra s, ¢(as, ..., a,—1) the invariants involve powers of the

logarithm In €. In all other cases we obtain sets of ratios of powers of &;.

A specific class of solvable Lie algebras, namely rigid ones, was considered
by Campoamor-Stursberg [35], who calculated their generalized Casimir invariants for
dimensions up to N = 8 inclusively. Our algebras 5,4, fall into this category (with N = n+2).
Our results for n < 6 agree with those of [35].

5. Conclusions

The main results of this paper are summed up in theorems 1, 2 and 3 of section 3 and theorems
4,5 and 6 of section 4.

The results on the structure of indecomposable solvable Lie algebras with the nilradical
n,,1 are quite simple and it is interesting to compare them with results for other nilradicals.
This comparison is performed in table 1. There a, denotes an n-dimensional Abelian Lie
algebra, h(N) a Heisenberg algebra in an N-dimensional space and t(N) is the subalgebra
of strictly upper triangular matrices of s/(N, F). In the third column py.x is the maximal
number of non-nilpotent elements we can add in order to obtain an indecomposable solvable
Lie algebra. Note that py,,x is independent of the dimension of the nilradical only for n,, ;.

The results on generalized Casimir invariants are also quite simple. For the nilradical n,,
the number of invariants is n; = n — 2 — p, where p is the number of non-nilpotent elements
(i.e. p = 1 or p = 2). In comparison, for the Abelian nilradical a,, the number of invariants
is n; = n — p. In both cases the invariants depend only on elements of the nilradical and can
be polynomials, ratios of powers of polynomials, or may involve logarithms.

Finally, a few words about applications of the Lie algebras obtained above. The algebras
Spe1,; of theorem 2, for n = 4, appear in Petrov’s classification [19] of gravitational fields
admitting groups of motion (isometry groups) of dimension 5. The fact that we have a complete
list of all such Lie algebras for arbitrary n would enable us to construct the corresponding
invariant Riemann, or pseudo-Riemann metrics in spaces of arbitrary dimension. An invariant
metric then makes it possible to write invariant classical, or quantum integrable systems in
such spaces and to investigate the separation of variables in Hamilton—Jacobi and Schrodinger
equations.
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Abstract

We construct all solvable Lie algebras with a specific n-dimensional nilradical
n, 2 (of degree of nilpotency n — 1 and with an (n — 2)-dimensional maximal
Abelian ideal). We find that for given n such a solvable algebra is unique up
to isomorphisms. Using the method of moving frames we construct a basis for
the Casimir invariants of the nilradical n, . We also construct a basis for the
generalized Casimir invariants of its solvable extension s, consisting entirely
of rational functions of the chosen invariants of the nilradical.

PACS numbers: 02.20.—a, 02.20.Qs, 02.40.Vh, 03.65.Fd

1. Introduction

The purpose of this paper is to construct all solvable Lie algebras with a specific nilradical
that in an appropriate basis (e, .. ., e,) has the Lie brackets

lej. ex] =0, 1<j,k<n-=2,

ler, en1] = [e2, €411 =0,

[ex, en—1] = ex—a, 3<k<n-2, (€8]
le1, e,] =0,
lex, en] = ex—1, 2<k<n—1.

The nilpotent Lie algebra (1) of dimension n exists for all n > 5, has degree of nilpotency
n — 1 and has a uniquely defined maximal Abelian ideal a of dimension n — 2, equal to its
derived algebra.

1751-8113/09/105201+16$30.00  © 2009 IOP Publishing Ltd  Printed in the UK 1
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This paper is part of a research program devoted to the classification of Lie algebras
over the fields of complex and real numbers. Levi’s theorem [27, 30] tells us that any finite-
dimensional Lie algebra is isomorphic to a semidirect sum of a semisimple Lie algebra and
a solvable one. The semisimple Lie algebras have been classified [17, 23] (for a more recent
reference, see [25]) and Levi’s theorem reduces the classification of all Lie algebras to the
classification of solvable ones and some representation theory of the semisimple ones.

Solvable Lie algebras cannot be completely classified. Mubarakzyanov has provided a
classification of real and complex Lie algebras of dimension n < 5 [33, 34] (equivalent in
dimension 3 to previous classifications by Bianchi [6] and Lie [31]) and a partial classification
for n = 6 [35]. The classification for n = 6 was continued by Turkowski [53] who also
considered the classification of semidirect sums of semisimple and solvable Lie algebras
[52, 54].

The method of classifying and constructing solvable Lie algebras used by Mubarakzyanov
and Turkowski was based on the fact that every solvable Lie algebra has a uniquely defined
nilradical n = NR(s) [27]. Its dimension satisfies [33]

dimn > 5 dims. 2)

1
2
Hence we can consider a given nilpotent Lie algebra n of dimension # and classify all of its
extensions to solvable Lie algebras. This is an open-ended task since infinitely many different
series of nilpotent Lie algebras exist and they themselves have not been classified.

Nilpotent Lie algebras of dimension n = 6 over complex numbers were classified by
Umlauf [55], over an arbitrary field of characteristic zero by Morozov [32] who also gives a
list of all lower dimensional ones. Those of dimensions n = 7 and n = 8 were classified
by Safiulina [46] and Tsagas [50], respectively, and some results for n = 9 are known [51].
We mention that the number of nonequivalent nilpotent algebras increases very rapidly with
their dimension n and for n > 7 becomes infinite, i.e. classes of nonisomorphic nilpotent
algebras depending on parameters arise. For reviews of this field of research with extensive
bibliographies, see e.g. [24, 28]. For classifications of specific type of nilpotent Lie algebras
with n < 9 see e.g. [3, 4, 24, 28].

A more manageable task is to start from series of nilpotent Lie algebras that already
exist in low dimensions. Thus, for n = 1, 2 a nilpotent Lie algebra must be Abelian. For
n = 2k + 1,k > 1 another series exists, namely the Heisenberg algebras. A further series
exists for all n > 4. For lack of better name it was called n, ; in our earlier article [47]. Six
inequivalent indecomposable nilpotent Lie algebras exist for n = 5, among them a Heisenberg
algebra, the algebra ns ; and also the algebra which we shall denote ns , (and more generally
n,2, n > 5) with the commutation relations as in equation (1) above.

Earlier articles were devoted to solvable extensions of Heisenberg algebras [45], Abelian
Lie algebras [36, 37], ‘triangular’ Lie algebras [48, 49] and the algebras n,, | [47].

The motivation for providing a classification of Lie algebras was discussed in our previous
article [47]. Let us mention that string theory and other elementary particle theories require
the use of higher dimensional spaces. A classification of such spaces, analogous to the Petrov
classification of Einstein spaces [42] is based on the classification of higher dimensional Lie
groups, in particular the solvable ones.

A more general reason why a classification of Lie algebras (and by extension Lie groups)
is needed in physics is that Lie groups typically occur as groups of transformations of the
solution space of some equations. These equations may be of differential, difference, integral
or some other type. Different systems may have isomorphic symmetry groups and in this case
the results obtained for one theory can be transferred to another one.

2
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In the representation theory of Lie algebras and Lie groups an important role is played
by Casimir operators or generalized Casimir operators, i.e. polynomial and nonpolynomial
invariants of the coadjoint representation. Casimir invariants, corresponding to elements of the
center of the enveloping algebra of a Lie algebra, are of primordial importance in physics. They
represent such important quantities as angular momentum, elementary particle mass and spin,
Hamiltonians of various physical systems, etc. Also the generalized Casimir invariants occur
in physics. Indeed, Hamiltonians and integrals of motion for classical integrable Hamiltonian
systems are not necessarily polynomials in the momenta [26, 44], though typically they are
invariants of some group action.

Part of our classification program [36, 37, 45, 47—49] is to construct a basis, i.e. a maximal
set of functionally independent generalized Casimir operators of each algebra obtained in the
classification. We do this for the algebras n, , below in section 4.

The present paper is organized as follows. Section 2 is devoted to some mathematical
preliminaries. In section 3 we present the complete classification of solvable Lie algebras
with the nilradical n,, and show that precisely one non-nilpotent element can be added.
This element has a diagonal action on the nilradical. In section 4 we first calculate
the Casimir invariants of the nilpotent algebras n, », i.e. the polynomial invariants of the
coadjoint representation of n, ». There exist n —4 functionally independent Casimir invariants

& = e1,&,...,&—s. We then show that the solvable Lie algebra s,,; has exactly n — 5
functionally independent generalized Casimir operators which can be chosen in the form
5

X,/'ZW, 1<j<n-5. 3
0

2. Mathematical preliminaries

2.1. Basic concepts

Three different series of subalgebras can be associated with any given Lie algebra. The
dimensions of the subalgebras in each of these series are important characteristics of the given
Lie algebra.

The derived series g = g(o) ) g(l) 2...D g(") D ... is defined recursively

g«)) =g, g(k) _ [g(k—n’ g("_”], k>1. @)

If the derived series terminates, i.e. there exists k € N such that g(k) = 0, then g is called a
solvable Lie algebra.
The lower central series g = g' 2 g* D --- D g* D - - - is again defined recursively

g =g g =1g""gl, k>2. 5)

If the lower central series terminates, i.e. there exists k € N such that g¢ = 0, then g is called
a nilpotent Lie algebra. The highest value of k for which we have g* # 0 is the degree of
nilpotency of a nilpotent Lie algebra.

Obviously, a nilpotent Lie algebra is also solvable. An Abelian Lie algebra is nilpotent
of degree 1.

The upper central seriesis 31 C --- C 3 € --- C g. In this series 3 is the center of g

s1=C@={xegllx,y]=0,Vyeg} (6)

Further we define recursively 3; as the unique ideal in g such that 3;/3,—; is the center of
9/3x—1. The upper central series terminates, i.e. a number k& exists such that 3; = g, if and only
if g is nilpotent [27].
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We shall call these three series the characteristic series of the algebra g. We shall
use the notations DS, CS and US for (ordered) lists of integers denoting the dimensions
of subalgebras in the derived, lower central and upper central series, respectively. We
list the last (then repeated) entry only once (e.g., we write CS = [n,n — 1] rather than
CS=nn—-1,n—-1,n-1,..].

The centralizer gy, of a given subalgebra fj C g in g is the set of all elements in g
commuting with all elements in b, i.e.

gy ={x €gllx,y]=0,Vy € b} )
An automorphism ® of a given Lie algebra g is a bijective linear map
d:g—>g
such that for any pair x, y of elements of g

@ ([x, y]) = [P(x), P(¥)]. ®)

We recall that all automorphisms of g form a Lie group Aut(g). Its Lie algebra is then the
algebra of derivations of g, i.e. of linear maps

D:g—g
such that for any pair x, y of elements of g

D([x, y) = [D(x), yI + [x, D(y)]. ©))
If an element z € g exists, such that

D = ad(z), iie. D(x)=|[z,x], Vxegq,

the derivation is called an inner derivation, any other one is an outer derivation.

2.2. Solvable Lie algebras with a given nilradical

Any solvable Lie algebra s contains a unique maximal nilpotent ideal n = NR(s), the nilradical
n. We will assume that n is known. That is, in some basis (eq, ..., e,) of n we know the Lie
brackets

le). ex] = Nies (10)

(summation over repeated indices applies). We wish to extend the nilpotent algebra n to all
possible indecomposable solvable Lie algebras s having n as their nilradical. Thus, we add

further elements f1, ..., fy to the basis (ey, ..., e,) which together form a basis of 5. The
derived algebra of a solvable Lie algebra is contained in the nilradical (see [27]), i.e.

[s,5] Cn. (11)
It follows that the Lie brackets on s take the form

[fu ;1= (Ad)ex. I<a<f, 1<j<n, (12)

[far fo] = Vope;s 1<a, b<f. (13)

The matrix elements of the matrices A, must satisfy certain linear relations following
from the Jacobi relations between the elements (f,, €;, ex). The Jacobi identities between the
triples (f, f», €;) will provide linear expressions for the structure constants y_, in terms of
the matrix elements of the commutators of the matrices A, and A,,.

Since n is the maximal nilpotent ideal of s no nontrivial linear combination of the matrices
A; is a nilpotent matrix, i.e. they are linearly nil independent.

4
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Let us now consider the adjoint representation of s, restrict it to the nilradical n and find
ad|,(f;). It follows from the Jacobi identities that ad|,(f,) is a derivation of n. In other
words, finding all sets of matrices A, in (12) satisfying the Jacobi identities is equivalent to
finding all sets of outer nil-independent derivations of n

D' =adls(f1), ..., D/ =adla(fp). (14)
Furthermore, in view of (11), the commutators [ D?, D?] must be inner derivations of n. This
requirement determines the Lie brackets (13), i.e. the structure constants ya’b, up to elements
in the center C (n) of n.
Different sets of derivations may correspond to isomorphic Lie algebras, so redundancies
must be eliminated. The equivalence is generated by the following transformations:

(i) We may add any inner derivation to D“.
(il) We may perform a change of basis in n such that the Lie brackets (10) are not changed.
(iiil) We can change the basis in the space span{D', ..., D'},

3. Classification of solvable Lie algebras with the nilradical n,, »

3.1. Nilpotent algebra n, » and its structure

The Lie algebra n = n,, is defined by the Lie brackets (1) of the introduction. We shall
mostly consider n > 6 (the final result is the same for n = 5 but there is a small peculiarity in
the computation). The dimensions of the subalgebras in the characteristic series are

DS =[n,n—-20] CS=[nn—-2,n—-3,...,1,0], US=[1,2,...,n—2,n].

(15)
Its maximal Abelian ideal a coincides with the derived algebra n¥ = n?, ie. a =
span{ey, ..., e,—2}.

In order to find all non-nilpotent derivations of n we first consider the structure of
automorphisms of n,, ». There exists a flag of ideals which is invariant under any automorphism

nonp2on®on Do (16)

where each element in the flag has codimension one in the previous one. (We recall that n,.—
is the centralizer of n"~2 in n.) In any basis respecting the flag, e.g. the one used in the Lie
brackets (1), any automorphism will be represented by a triangular matrix.

Furthermore, the whole algebra n is generated via multiple commutators of the elements
e,—1 and e, e.g. e,—3 = [[le,—1,e,],e,]. That means that due to the definition of an
automorphism (8) the knowledge of

n—1 n
D(en 1) = ) drex, Dle,) =Y Ve a7
k=1 k=1
in principle amounts to full knowledge of ®. It remains to establish which choices of
dr, 1 <k <n—1andyy, | <k < nareconsistent with the definition (8) of an automorphism.
Because of the triangular structure respecting (16) we immediately have

[@ej), Ple)] =0, 1< j, k<n-—-2,
[@(e)), Plen—1)] = [P(e2), P(en—1)] =0,
[@(er), P(ex)] =0
and relation
[P (er), Plen)] = P(er—1), 2<k<n—1 (18)
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can be viewed as a definition of ® (e;_1), 2 < k < n—1 in accordance with (17). Consequently
it remains to check

[P (ex), Plen—1)] = P(ex-2), 3<ksn-2
or, equivalently,

[P (en—1), Plex)] = —[Plen), [Plen), Plep)]], I<sk<n-=2 (19
(the change in the index range is just for convenience, the added two relations are satisfied
trivially). Since any automorphism @ restricted to n> = span{e;, ..., e,_,} is a regular
(invertible) map, we can write (19) as a relation between restrictions to n’ of adjoint operators

ad| 2 (P (e, 1)) = —(ad| 2 (P(en)))’. (20)

Writing down the matrices of the operators we find

0 0 _¢n—l 0 0 ce 0
0 0 _¢n—l 0 0

0 0 —¢py ... O
ad| 2 (P (e,1)) = N .
0 0 _¢n71

0 0
0
and
0 —I/fn _wn—l 0 0 . 0
0  —v, —v.. 0 0
0 _wn _Wn—l e 0
ad|2(P(en)) = B
0 _wn _wn—l
0 _I/In
0

Consequently, the condition (20) gives us two constraints on ¢y, ¥, namely

Gnr = V2, Y1 = 0. 1)

Note that here the case n = 5 differs—the matrices above become 3 x 3 and only the first
condition remains. Accordingly, the dimension of the group of automorphisms and the algebra
of derivations is by one higher than in the generic case. Even so, the final conclusion about
the number and structure of the solvable Lie algebras with the nilradical ns , also fits into the
general pattern shown below.

To sum up, we have found that automorphisms ® of n are uniquely determined by a set
of 2n — 3 parameters

¢ka Wk, Wna 1 gkgn_Q’a (22)
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where ¥, # 0 and ¢y, Yy are arbitrary. Such an automorphism acts on the basis elements ey
in the following way:

k-1
Dler) = Y (- ey + (Yn)" ey, 1<k<n-2,
j=1
n—2
Dles 1) =Y pie;+Vnent, (23)
j=1
n—2
Dle) =Y Vjej+Ynen,
Jj=1
where the coefficient of the ¢, term in ®(e;) was found from (8) and - - - denote some rather
complicated functions of the parameters ¢y, ¥, ¥, which can be deduced from equation (8)
but we shall not need them in the following.

The derivations of n are now easily found by considering automorphisms infinitesimally
close to identity, i.e. differentiating one-parameter subgroups in Aut(n). We find that the
algebra of derivations is 2n — 3 dimensional. An arbitrary derivation D depends on 2n — 3
parameters c, di, d,, 1 < k < n — 2 and has the form

k—1
D(ek)=Z(---)ej+(n—k+1)d,,ek, 1<k<n-2,
j=1
n—2
D(e,—1) = chej +2dyen-1, (24)
j=1
n—2
D(e,) = dee/ +d,e,,
j=1
where --- denote some linear functions of the parameters cy, di, d, (again their explicit
knowledge is not needed in the remainder of the paper).

3.2. Construction of solvable Lie algebras with nilradical n, »

As was explained in subsection 2.2, to find all solvable Lie algebras with nilradical n, » we
must find all nonequivalent nil-independent sets {D', ..., DT} of derivations Ny.2.

Looking at (24) we immediately recognize that we can have at most one nil-independent
derivation—such that d,, # 0. If there would be more of them, say D and D then obviously by
taking a linear combination d,, D —d,, D we obtain a nilpotent operator (namely one represented
by a strictly upper triangular matrix). Therefore any solvable but not nilpotent Lie algebra
with the nilradical n,, » must be n + 1 dimensional. The question which remains is how many
such algebras are nonisomorphic.

By proper choice of the multiple of D and adding suitable inner derivations we can
transform D into the form

k—1
D(e) =Y (--)ej+(n—k+1e 1<k<n-2,
j=1
n—3
D(en-1) =) _cjej+2e,1. (25)
j=1
D(e,) = e,.
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There are n — 1 nontrivial inner derivations ad(ey), 2 < k < n and one choice of scaling, so
we are able to remove n parameters in a non-nilpotent outer derivation (24). There are still
n — 3 parameters left in equation (25).
Next we perform a change of basis in n such that the Lie brackets (1) are preserved, i.e.
conjugate the derivation D by a suitable automorphism &
D—>D=d"'oDod. (26)
Our aim is to diagonalize the action of D, if possible. We find it convenient to perform this in
n — 3 steps, setting one parameter c; equal to 0 in each step. Thus our ® will be expressed as
=0, 30D, 50---0dy, 27)
where the automorphisms ®; are constructed as follows.
Let us assume that for a given k < n — 3 we have already setc; = Oforallk < j <n—2
(assuming of course the form (25) for D). We construct an automorphism &, defined by

q)k(en—l) = oper +ey—1, qu(en) = €y,
where o, 1s to be determined. We have
k—1
D(®s(en—1) = Dl(en—1) + e D(ex) = 2e, 1 +crex + (n — k+ Dager + Y (- )e;
j=1

k—1
1
=2 <e,1_1 +5 (k1= k+ Day) ek) + X;(- ej.
iz
We find that
k—1
D(®p(en—1)) = 2Pp(en 1) + »_(-+")e;
j=1
precisely when
Ck
O = ———.
Tk —n+1

By this choice of o we set ¢, to 0 and proceed to the next step, namely elimination of ¢;_;.

To conclude, we are able to eliminate all ¢;’s using suitably chosen automorphisms @y
in equation (27), i.e. we have found that up to addition of inner derivations, conjugation by
automorphisms, and rescaling there exists just one nil-independent set of outer derivations,
consisting of a unique element D

D(e) = (n —k + 1)ey, 1<k <n. (28)
Consequently, we have
Theorem 1. For the given nilradical n,,,n > 5 there exists precisely one solvable non-

nilpotent Lie algebra s, with the nilradical w, 5. It has dimension dims,.; = n + 1 and its
Lie brackets are as follows:

Sy+1 = span{ey, ..., e, fi},

[ej,ex] =0, 1<j, k<n-2,

ler, en—1] = [e2, €411 = 0,

lex, en—1] = ex—2, 3<k<n-2, (29)
le1, e,] =0,

lex, en] = ex—1, 2<k<n—1,

lex, fil = (n —k+ ey, 1 <k<n.
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The dimensions of the characteristic series are
DS=[n+1,n,n—2,0], CS=[n+1,n], US=]0]

Above we have proved theorem 1 forn > 6. For n = 5 the proof requires a slight modification
(see a comment below equation (21)) but proceeds in a very similar way. One just has to
construct one more automorphism eliminating an additional parameter in the non-nilpotent
derivation D.

4. Generalized Casimir invariants

4.1. Definitions and methods of computation

The term Casimir operator, or Casimir invariant, is usually reserved for elements of the
center of the enveloping algebra of a Lie algebra g [20, 43]. These operators are in one-
to-one correspondence with polynomial invariants characterizing orbits of the coadjoint
representation of g [29] (or of the corresponding Lie group G). On the other hand, in the
representation theory of solvable Lie algebras the invariants of the coadjoint representation
are not necessarily polynomials. They can be rational functions, or even transcendental ones.
In that case we call them generalized Casimir invariants. For algebraic Lie algebras, which
include semisimple, perfect and also nilpotent Lie algebras it is possible to choose a basis for
all invariants of the coadjoint representation consisting entirely of polynomials [1, 2].

Two different systematic methods of constructing invariants of group actions exist, in
particular of the coadjoint representation of a Lie group G. The first method is an infinitesimal
one. A basis for the coadjoint representation of the Lie algebra g of the Lie group G is given
by the first-order differential operators

N ad
Xk = .xacsz—Xh, (30)

where cfj are the structure constants of Lie algebra g in the basis (xy, ..., xy). Inequation (30),
the quantities x, are commuting independent variables which can be identified with coordinates
in the basis of the space g* dual to the basis (x, ..., xy) of the algebra g.

The invariants of the coadjoint representation, i.e. the generalized Casimir invariants, are
solutions of the following system of partial differential equations:

Xl (x1,...,x5) =0, k=1,...,N. 31)

Traditionally, the system (31) is solved using the method of characteristics.
The number of functionally independent solutions of the system (31) is

ng=N —r, (32)

where r is the generic rank of the antisymmetric matrix

0 by xp .. chyxp
—cll’sz 0 - clz’Nxb
C= : : . (33)
—c?Nflxb .. 0 cfvfquxb
—cbyxp cee =B X 0

Since C is antisymmetric, its rank is even. Hence n; has the same parity as N.
This method of calculating the invariants of Lie group actions is a standard one and goes
back to the 19th century. For a brief history with references to the original literature we refer

9
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to Olver’s book [39]. To our knowledge this method was first adapted to the construction of
(generalized) Casimir operators in [1, 2, 5]. It has been extensively applied to low-dimensional
Lie algebras (for n < 5 and nilpotent n = 6 in [40], solvable n = 6 in [7, 38] with four-
dimensional nilradicals and in [14] with five-dimensional nilradicals), certain solvable rigid
Lie algebras [12, 13], solvable Lie algebras with Heisenberg nilradical [45], the nilradicals n, ;
[47], triangular nilradicals [49], certain inhomogeneous classical Lie algebras [15], certain
affine Lie algebras [16] and other specific solvable Lie algebras [3, 4].

The second method of calculating invariants of group actions is called the method of
moving frames. It goes back to Cartan [18, 19] and its recent formulation is due to Fels and
Olver [21,22]. Arelated method was also applied to the inhomogeneous classical groups [41]).
Boyko et al adapted the method of moving frames to the case of coadjoint representations.
They presented an algebraic algorithm for calculating (generalized) Casimir operators and
applied it to a large number of solvable Lie algebras [7—11].

We shall apply the method of moving frames to calculate the invariants of the coadjoint
action of the groups corresponding to the nilpotent Lie algebras n,» and the solvable Lie
algebra s,,,; of theorem 1.

The method of moving frames as we apply it can be roughly divided into the following
steps.

(1) Integration of the coadjoint action of the Lie algebra g on its dual g* as given by the vector
fields (30) to the (local) action of the group G.
This is usually realized by choosing a convenient (local) parameterization of G in terms
of one-parametric subgroups, e.g.
g(a@) = exp(anxy) - ... - exp(azx2) - exp(a1x1) € G, a=(a,...,ay) (34

and correspondingly composing the flows \L’;i of the vector fields X defined in (30)

dwe (p)
Xi % ay *
—— = X (V¥ , egr, 35
dar (Y () PEY (35)
i.e. we have
Y(g(a)) = \I/X’:, o--- X22 o \IIX‘I. (36)
For a given point p € g* with coordinates x; = x;(p), X = (x1, ..., xy) we denote the
coordinates of the transformed point W (g(a)) p by %
T = (@) (X) = 2 (W (g(@)p). (37)

We consider ¥; to be a function of both the group parameters & and the coordinates x of
the original point p.
(i1) Choice of a section cutting through the orbits of the action W.

We need to choose in a smooth way a single point on each of the (generic) orbits of
the action of the group G. Typically this is done as follows: we find a subset of r
coordinates, say (x;());_;, on which the group G acts transitively, at least locally in
an open neighborhood of chosen values (xg(l.));zl. Here 7 denotes a suitable injection
mw:{l,...,r} = {1,..., N} and r is the rank of the matrix C in equation (33). Points
whose coordinates satisfy

Xa(i) = Xo(i)s 1<i<r (38)
form our desired section X, intersecting each generic orbit once.

10
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(iii) Construction of invariants.
For a given point p € g* we find group elements transforming p into p € X by the action
W, We express as many of their parameters as possible (i.e., r of them) in terms of the
original coordinates X and substitute them back into equation (37). This gives us ¥ as
functions of X only. Out of them, Xz, i = 1,...,r have the prescribed fixed values
xg(i). The remaining N — r functions X are by construction invariant under the coadjoint
action of G, i.e. define the sought after invariants of the coadjoint representation.

Technically, as we shall see in our particular case below (cf equation (43)), it may not
be necessary to evaluate all the functions %; so that a suitable choice of the basis in g can
substantially simplify the whole procedure. This happens when only a smaller subset of say ry
group parameters o enters into the computation of N —r+rg functions ¥, k = 1, ..., N—r+rg
(possibly after a re-arrangement of x;’s). In this case the other parameters can be ignored
throughout the computation. They are specified by the remaining equations

)?izx?, N—r+r0+1<i§N (39)

but do not enter into the expressions for ¥, 1 < k < N — r +ry which define our invariants.

We shall remark that the invariants found using either of the methods above may not be
in the most convenient form. That can be remedied once we find them. For example, as we
already mentioned, the generalized Casimir invariants of a nilpotent Lie algebra can be always
chosen as polynomials, i.e. proper Casimir invariants. As we shall see below the method of
moving frames may naturally give us nonpolynomial ones. Nevertheless, it is usually quite
easy to construct polynomials out of them.

4.2. Casimir invariants of the Lie algebra n,, »

The differential operators corresponding to the basis elements of n,, , are

A X d A d
E; =0, Ey=e—, Ey=e;» +ep_1—, 3<k<n-2,
aen 36,1,1 8€n
_ _ 40
1 =- €pn— +ep_2—, = — €p_1—.
n—1 — k Zaek n 236,, n o k laek

The form of Ek, 1 < k < n implies that the invariants do not depend on e,_j, e,. Using
equation (32) we find that the nilpotent Lie algebra n, ; has n — 4 functionally independent
invariants but it is rather complicated to directly solve the remaining two partial differential
equations defining the invariants, namely

E,1l(e1,ez,...,ep2) =0, E,l(e1, e, ...,€,-2) =0
(in particular, it is not too difficult to solve it for givenn = 5, 6,7, 8, . . . but it is more involved
to deduce a general formula valid for arbitrary n out of the solutions thus obtained).

Let us employ the method of moving frames. First, we construct the flows of the vector

fields En_l, fEn acting on the space spanned by e, ..., e,_, only. We find
&
Ap— )
a(Vp p) =D —ea ). 1<k<n-=2 1)
Jj=0

(where [] denotes the integer part) and
k-1

«, (_1)j i
ek(\IJE’;p) =§ i a)e—j(p), 1<k<n=-2. (42)
Jj=0 )

11
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Combining these two expressions together we find (in the notation of the previous subsection)

k l ]

-1 )l +m

ZZ e, 1<k<n—2. 3)
I'm!
=0 m=0
We see that these n — 2 functions involve only the group parameters «,,_;, ;. We can easily
determine them out of two equations defining our section . We choose them to be
o?
0=28; =¢e, —auey, 0=E3=€3—(¥n€2+7n€1 — op—1€]. 44)

We find

Uyt = L ere; — le% , P (45)
e% 2 el

Substituting these back into remaining equations (43) and multiplying all of them by e’f_z (in
order to get polynomial expressions) we find the invariants

& = ey,
j+2 1 ;’+1] ( l)l+m (46)
i1~ i+1 .
g =e j3=e¢] Z Z T o e i—om, 1<j<n-5,
=0 m=0

where the substitution (45) is assumed. Performing it explicitly we arrive at the following
theorem.

Theorem 2. The nilpotent Lie algebra n,, has n — 4 functionally independent Casimir
invariants. They can be chosen to be the following polynomials:
§o = ey,

j+2 [+

( 1)l+m 4 jHl=l—-m—q 14+2q m—q
e e e €iy3_1—2m»
=3 X N g e,

=0 m=0 ¢=0

(47)

where 1 < j < n — 5. All other Casimir invariants are functions of &, . .., &,—_s.

We note that &; is for j > 1 a homogeneous polynomial of degree j + 2. For reader’s
convenience we list a few lowest order invariants explicitly (note that the dimension n of n,, »
does not enter directly into the formulae, it just specifies where the list terminates)

2 1,3
& =ejes —ejerez + 365,

3 2 1,22 2 1,4
5y = ejes — ejereq — 5ejes +ejese; — €5,
& = e?eﬁ — ezefe5 — ei’e3e4 + e%e%e;; + e%ezeg — elege3 + %eg, (48)
& = 6?67 — 64116266 + 6?8365 — 6?6365 + 6?626364 — %6%6364

+ €1€2€3+ 6362 ezegeg leg

4.3. The generalized Casimir invariants of the Lie algebra s,

Let us now consider the (n + 1)-dimensional solvable Lie algebra s,.; of theorem 1. The
operators E; representing elements in the nilradical n, , will each contain an additional term
involving a derivative with respect to f; and there is one additional operator, namely

=Y n—k+ l)eki. (49)
aek
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However, from the form of these operators, namely E 1, we see that the invariants cannot
depend on f;. Moreover, they can only depend on the invariants (47) of n,,. To find
the invariants of the algebra s,.; we represent the non-nilpotent element f; € s,.; by the

appropriate ‘truncated’ differential operator acting only on (e, ..., €,-2)
n—2 3
Fir=- —k+ ey —. 50
1T ;(n )ey ™ (50)

We must then solve the equation

Firl, ..., &_5) =0. (51

We can proceed directly, using an easily established formula

n—>5
A ay . ay
Firy (o, ... &) =nko——+> (j+2)(n — D& — (52)
0 I 9§
(in order to deduce equation (52) it is sufficient to determine how F |7 acts on each monomial
in equation (47)).
Let us instead employ the method of moving frames, finding the flow of the vector field
Fir

er (W7 p) = exp(—(n — k + Dewrer(p), I<k<n-2 (53)
The full action of the group S,+; on the space with coordinates ey, ..., e,_» gives
k=1 [ _1)I+m
e = exp(—(n — k + 1)a41) e Ck——2m > I1<ks<n—=2. (54
I=0 m=0
We choose our section X in the truncated space to be {(1,0, 0, eq4, ..., e,_2)}, i.e. we have

one more equation in addition to equation (44)
I =é; = exp(—nap1)e;. (55)
Solving it we find

1\ "
exp(—au+1) = (—) (56)

3]

and substituting it together with equation (45) back into (54) we find invariants which can be
succinctly expressed in the form

- &3

ey = 4<k<n—2. 57

T2
e "

By taking suitable powers (in order to express invariants as ratios of polynomials) we arrive
at a theorem.

Theorem 3. The (n + 1)-dimensional solvable Lie algebra s,.1 of theorem I has n — 5
functionally independent invariants. They can be chosen in the form

5

X./'ZW, 1<j<n-5, (58)
0

i.e. they are rational in & and consequently in ey.
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5. Conclusions

Let us sum up the main results of this paper and compare them with those obtained for
indecomposable solvable Lie algebras s with other nilradicals of dimension dim NR(s) = n.

(1) The nilradical n, , (this paper). The series exists for all n > 5. It is possible to add
precisely one non-nilpotent element to form a solvable Lie algebra. Its action on the
nilradical is a diagonal one. The algebra n, » has n — 4 functionally independent Casimir
operators. Its solvable extension has n — 5 functionally independent generalized Casimir
invariants, all of them can be chosen as rational functions of the elements of the nilradical.

(i1) The nilradical n, | ([47]). The series exists for all » > 4. It is possible to add at
most fmax = 2 nil-independent element to n, ;. The algebra n, | has n — 2 functionally
independent Casimir invariants. For solvable Lie algebras we have n —2 — f independent
generalized Casimir invariants. For f = 2 they can be chosen to be rational functions,
for f = 1 they either can be chosen rational or they might involve logarithms. In both
cases they depend only on the elements of the nilradical.

(iii) Abelian algebras a, as nilradicals ([36—38]). They exist for all n > 1. The Abelian
algebra a, has n functionally independent Casimir operators (i.e., the basis elements of
a,). Forn = 1 we can add just one non-nilpotent element. The obtained solvable Lie
algebra has no generalized Casimir invariants. Forn = 2 over the field F = C we can add
only one non-nilpotent element f; and we obtain a solvable algebra with one generalized
Casimir invariant. Depending on the action of f; on the nilradical the invariant can
be chosen rational or involves logarithms. For n = 2 and F = R we can add one or
two nil-independent elements. The obtained solvable algebras have just one independent
invariant or none at all. For n > 3 we can add f elements where 1 < f < n — 1.
The number of independent generalized Casimir invariants of the solvable Lie algebras is
n — f and in general they may involve logarithms (i.e., cannot be expressed as rational).
In all cases the generalized Casimir invariants depend on the elements of the nilradical
alone. For F = R the generalized Casimir operators may involve other functions than
logarithms, for instance inverse trigonometric ones. Implicit examples are in [40] and
explicit ones in [7, 8].

(iv) Heisenberg algebras h(N) as nilradicals ([45]). The dimension of the Heisenberg algebra
h(N) in Ndimensionsisn = 2N +1 with N > 1. We can add up to N + 1 nil-independent
elements. The nilpotent algebra h(N) has only one Casimir invariant, corresponding to
the one-dimensional center of h(N) spanned by e; (for any N). Two types of solvable
extensions exist. If one of the non-nilpotent elements, say f;, of the solvable Lie algebra
does not commute with the center of h(N), i.e. with ey, then all f,’s must commute among
each other [ f,, f»] = 0 and the solvable Lie algebra has f — 1 independent generalized
Casimir invariants. They can be chosen to be rational functions and depend both on
elements of the nilradical e¢; and on the elements f,. If we have

[fa, €11 =0, I<a<f
then the number of generalized Casimir invariants is f + 1 — y where y is the rank of the
matrix )}, in

[fas fo] = vaper- (59)

They can be chosen to be rational functions of elements e; and f,.

(v) Triangular nilradicals t(N) ([48]). These can be represented by the set of all strictly upper
triangular matrices. The dimension is dimt(N) = n = w For N = 3 we have
t(3) = h(1), so the series really starts with N = 4 and hence n = 6. It is possible to add
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f linearly independent elements to t(N) with 1 < f < N — 1. The nilpotent algebra
t(N) has [ 4] independent Casimir invariants. Let us denote by S(N, f) the solvable Lie
algebras that have t(N) as their nilradical and f added non-nilpotent elements f,. The
Casimir invariants of t(N) and S(4, f) with f = 1,2, 3 were calculated in [49] using
the infinitesimal method. Formulae for the case of S(N, N — 1) and S(N, 1) were also
presented [49] for all N but the result was not proven and left as a conjecture. This result
was later proven by Boyko et al [9, 10] using the method of moving frames. The algebras
S(N, N —1) have [%] independent generalized Casimir invariants. They can be chosen
rational and involve both e; and f,. The algebras S(N, 1) have either [5]+ 1 or [§] -1
generalized Casimir invariants; they can all be chosen rational and depend on e¢; and f;.
Boyko et al also calculated [11] the Casimir invariants for S(N, f),2 < f < N—2forthe
case when the non-nilpotent elements act diagonally. The invariants for a non-diagonal
action of the nil-independent elements and even their number are known only for S(4, 2)
where there are either two invariants, or none [49].

This list of known series of solvable Lie algebras with given nilradicals covers with the
notable exception of Abelian nilradicals only nilpotent algebras with one-dimensional center.
This is not totally unexpected since larger center means that for given choice of derivations
D', ..., D/ there is more freedom in the choice of structure constants ya’b in equation (13)
and consequently the classification becomes more intricate to perform and the results may be
more complicated. It would be of interest to fully classify at least one such series.

As was mentioned in the introduction such a list can never exhaust all possible solvable
Lie algebras but it is possible to further extend it by considering other possible series of
nilradicals. Such lists may be useful in testing some general hypotheses concerning solvable
Lie algebras, e.g. the structure of their generalized Casimir invariants.
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1. Introduction

The current article belongs to a series of papers initiated by Rubin and Winternitz in [1] and
continued throughout the years with his various collaborators in [2-7]. All these papers dealt with
the problem of classification of all solvable Lie algebras with the given n-dimensional nilradical, e.g.
Abelian, Heisenberg algebra, the algebra of strictly upper triangular matrices etc., for arbitrary finite
dimension n. Other similar series have been recently investigated by different groups in [8] (naturally
graded nilradicals with maximal nilindex and a Heisenberg subalgebra of codimension one) and [9] (a
certain series of quasi-filiform nilradicals).
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As is well known, the problem of classification of all solvable (including nilpotent) Lie algebras in
an arbitrarily large finite dimension is presently unsolved and is generally believed to be unsolvable.
All known full classifications terminate at relatively low dimensions, e.g. the classification of nilpotent
algebras is available at most in dimension 8 [10,11], for the solvable ones in dimension 6 [12,13]. The
unifying idea behind the series [1-7] is a belief that the knowledge of full classification of all solvable
extensions of certain series of nilradicals can be very useful for both theoretical considerations - e.g.
testing various hypotheses about general structure of solvable Lie algebras - and practical purposes
- e.g. when a generalization of a given algebra or its nilradical to higher dimensions appears in some
physical theory.

In this paper we shall consider the nilradical

Mp3 = span{xy, ..., Xy}, n=5,

with the following nonvanishing Lie brackets

[X2, xn] = x1,
[x3, xp—1] = X1,
[xk, xn—1] = xk—1, 4<k<n-—2, (1)

[xn—1, %] = x2.
When n = 5, the only remaining nonvanishing Lie brackets are
[x2,x5] = [¥3,X4] = X1, [X4,X5] = x. (2)

The n-dimensional nilpotent Lie algebra 11,3 is nilpotent of degree of nilpotency! equal to n — 3 and
with (n — 2)-dimensional maximal Abelian ideal. It has one-dimensional center C(1t,3) = span{x; }.

Later it will become important for our investigation that it contains as a subalgebra the nilpotent
algebra 31

Wi yn—2] = yk—1, 2<k<n-—3, 3)

whose solvable extensions were investigated in [6]. Namely, we have 11, ; spanned by xq, X3, . . ., Xp—1.
Similarly, 1,3 also contains fig3 spanned by X1, X3, X3, X4, Xn—1, Xn. Here, tildes were used to denote
these particular embeddings of algebras of the type (3) and (1), respectively, into the n-dimensional
nilradical 1y 3. We stress that neither fi,_5 1 nor fig 3 are ideals.

In general, the knowledge of solvable extensions of a subalgebra of the given nilradical does not
provide much help in the classification of all solvable extensions of the nilradical. That is because the
outer derivations of the nilradical need not to leave the subalgebra invariant - indeed, it is not invariant
even with respect to inner derivations. However, in the particular case of the nilradical ;3 considered
here all the classification can be reduced to the cases of 11,5 1 already investigated in [6] and 116 3.

In the following we shall firstly find out the general form of an automorphism and a derivation of
11,,3. Next, we use this knowledge in the construction of all solvable extensions of the nilradical 11, 3.
Finally, we deduce generalized Casimir invariants of both 11, 3 and its solvable extensions.

Throughout the paper we shall use the same notation as in [7]. We have attempted to make
the present paper self-contained but if any doubts arise about chosen conventions, etc. the reader
may consult [7] as a suitable reference. Also, if the reader desires to get a more general background
information about the classification of solvable Lie algebras, the construction of Casimir invariants and
so on, we refer him to the review parts of [7] and the literature cited there.

2. Automorphisms and derivations of the nilradical 11,3

In the computations below we shall assume that n > 7. The results for n = 5,6 are derived in
Sections 3.1 and 3.2.

1 Also called the nilindex. It is the largest value of k for which the kth power g" =[g,[g ....[g g]...]] of g is nonvanishing.
Equivalently, it can be defined as the number of nonvanishing ideals in the lower central series (5) including gl =g.
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The nilpotent algebra n = 1,3 has the following complete flag of ideals
ocn et cpcpnNic CisNP el c G M, (4)

where

e 1t¥ are elements of the lower central series, defined recursively by:

W=n nf=m"n k=2 (5)

e 3, are elements of the upper central series - that means that 3 is the unique ideal in nt such that
31/3k_1 is the center of 11/3,_4; the recursion starts from the center of 1, i.e. 3; = C(n),
e and (W"*), is the centralizer of n"*inn, i.e.

M), = {xen|[xy] =0, Vy e n"4}.

By construction, the flag (4) is invariant with respect to any automorphism of the Lie algebra 1, i.e.
in the basis respecting the flag any automorphism will be represented by an upper triangular matrix.
Because derivations of 1t can be viewed as infinitesimal automorphisms (i.e. elements of the Lie algebra
of the matrix Lie group of automorphisms of 1), the same triangular form holds also for them.

Therefore, we find it convenient to change the basis (xi) of n defined in Eq. (1) to a seemingly less
natural (i.e. Lie brackets appear more cumbersome) basis (ex) whose essential advantage over the
original one is that it respects the flag (4), i.e. the kth subspace in the flag is span{ey, . . ., e} for all k.
Namely, we take

€1 = X1, €2 = X3, €3 = X2, €4 = X4, ... ,€q—2 = Xn—2, €n—1 = Xp, €n = Xn—1. (6)

The nonvanishing Lie brackets now become
[e2, en] = e,
[es, en—1] = e1,
[es, en] = €2, (7)
[ex.en] = ex—1, 5<k<n—2,
[en—1,en] = —es.
The important subalgebras isomorphic to 11,21, 16,3 are now expressed as
Mp—1 = spanf{ey, ez, €s,...,en—2, €}, T3 = span{ey, ey, €3, €4, €n—1, €n},

respectively. The ideals in the derived,? lower central and upper central series are

n=n = span{ey,...,en—3}, n® =o,

n* = span{eq, ez, €4, ..., en_k_1), 3<k<n-—>5,

"4 = span{e;, e;}, "3 =span{e;}, "2 =0,

31 = n"3, 3, = spanfey, ez, e3},

3k = span{eq,...,ex+1,ep—1}, 3<k<n—4, 3,_3=1m

In order to find the structure of an arbitrary automorphism of 1,3 we consider its matrix in the
basis (6)

@ (ex) = €D (8)

2 The elements 1) of the derived series are defined recursively by:

n® =n n® =mkD kD) k=1,
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(summation over repeated indices applies throughout the paper unless otherwise stated). As men-
tioned above, such a matrix must be necessarily upper triangular because the flag (4) is preserved.
It is also obvious that the knowledge of its last three columns, i.e. of @ (e;—2), @ (e,—1) and @ (ey), is
sufficient for the knowledge of the whole matrix @ due to the definition of an automorphism

2([xyD) =[2(X), ()], Vxyen

and the Lie brackets (7) - we canrecoverall @ (ex), 1 <k <n — 3 through multiple brackets of @ (e,—3),
@ (e;—1) and @ (e,). A natural question is the following: Under which conditions do the relations

n—3
@ (en—2) = aep—a + Z Prex,
k=1
n—3
®(en—1) = Ben—1 + ven—2 + Z Yrex,
k=1
n—3
@ (en) = Kcen + Aen_1 + [en—z + Y prek
k=1

give rise to an automorphism of 11,37
Obviously, we must have ok # 0 to have an invertible map. The preservation of 35 implies y =
0, Yy =0,k =5,...,n — 3. The remaining conditions are found as follows

o 0= &([en—2 en—1]) implies ¢3 = 0,
e 0= ®([[en1,enl en]) leads to s = 2,
o 0=®([[eq_1,enl en_1]) + P((—ade,)" ey_) leads to @ = B2ic>~".

All other Lie brackets are either used to define @ (ex), 1<k <n — 3 orare preserved trivially. Therefore,
we conclude that any automorphism @ of 1,3 is defined in terms of 2n parameters which have been
denoted by B, k, A, ¥r1, V2, V3, d1, d2, P4, - - ., Pn—3, P1, - - ., Pn—3. It acts on the generators of the Lie
algebra 1, 3 in the following way:

n—3
D (en—2) = B2k "ena + Y drer + does + rer,
k=4
A 3
P(en-1) = Ben1 + —Bea+ > der 9)
k=1
n—3
®(en) = xen + Aep_1 + pena + Y pier.
k=1

Taking automorphisms infinitesimally close to the unity, i.e. constructing the Lie algebra of the group
of automorphisms, we find the algebra of derivations Der (11, 3). It consists of all linear maps D which
act on the generators e,_3, e,—1, ep as follows:

n—3
D(en—2) = (2cn—1 + (5 — m)dp)en—z + Y _ brex + baes + bey,
k=4
3
D(en—1) = cn—1en—1 +dp_1e4 + Z Ckek, (10)

k=1

n
D(en) = Y _ dier;

k=1
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the action of D on the remaining basis elements ey, . . ., e,—3 is uniquely determined using multiple
brackets and the Leibniz’s law

D([x,yD) = [D(x),y] + [x, D()].
The 2n-dimensional algebra of derivations Der(i,3) contains a (n — 1)-dimensional ideal of inner
derivations 3nn(ny, 3) having the form

D(en—2) = —c3en—3,

D(ep—1) = c3e3 +cieq, (11)
n—3

D(en) = Z dyex.

k=1

Indeed, such a derivation D can be expressed as

n—3
D =ad (d]EZ +cies +daes + Y dierr — dsen_1 + C3en) . (12)
k=4

Because ey spans the kernel of ad, i.e. the center of 11, 3, derivations of the form (11) exhaust all inner
derivations.

3. Construction of solvable Lie algebras with the nilradical 11,3

Firstly, we recall how the knowledge of automorphisms and derivations of a given nilpotent Lie
algebra n can be employed in the construction of all solvable Lie algebras s with the nilradical n.

Let us consider a basis of ¢ in the form (ey, ..., e, f1, . . ., fp) where (ey, . . ., e) is a basis of n with
prescribed Lie brackets. Since 1t is an ideal in s and the derived algebra of s falls into 11 we necessarily
have Lie brackets of the form

el = A¥er. Uals] = viypei. (13)

Furthermore, 1 must be the maximal nilpotent ideal of s, i.e. any nonvanishing linear combination of
the matrices A; must be non-nilpotent.

The algebra s does not change if we transform its basis. Since the structure of 1 is fixed we allow
only such transformations that the Lie brackets in 1t are not altered, i.e.

ex — e = ejPj, fo = fo = fo8ba + k¥ (14)
where @ is a matrix of an automorphism of 1 in the original basis (e, . . ., ey), & is a regular matrix
and ¥ is arbitrary.

We represent all non-nilpotent elements f, in the basis of s by the corresponding operators in
Der(n) C gl(n),

fa € 8 — Dq = ady,|y € Der(n). (15)

We note that under this mapping of f;’s to outer derivations we lose some information - from the
knowledge of Dy, Dy we can reconstruct the Lie bracket [fg, fp] only modulo the kernel of this map,
i.e. modulo elements in the center of 1. Nevertheless, the construction of all non-equivalent sets of
(Dy, ..., Dp) is crucial in the construction of all solvable Lie algebras s with the nilradical n.

Because Eq. (15) defines a homomorphism of s into Der(11) we can translate properties of f;’s to
Dg’s. In particular, a commutator of any Dg, Dy must be an inner derivation and no nontrivial linear
combination of Dy’s can be nilpotent. That means that (Dy, . . ., Dp) must span an Abelian subalgebra a
in the factor algebra Der (1) /3Inn(1n) such that no nonvanishing element of a is nilpotent. The subal-
gebras conjugated under any automorphism of 1t are equivalent. Therefore, in an abstract formulation
we can say that the Lie brackets of solvable extensions of 1t are determined modulo elements in the
center of 11 by conjugacy classes of Abelian subalgebras a of the factor algebra Der(11)/3nn (1) such
that no element of a is represented by a nilpotent operator on 1. Now the practical issue is how one
can conveniently construct these classes for particular 1 = 1,3?
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Let us start by considering one additional basis element f; = f, i.e. one derivation D. The elements
of Der(1y3)/Inn(1ny,3) can be uniquely represented by outer derivations of the form

n—4
D(en—2) = (2cn—1 + (5 — n)dp)en—z + Y _ brex + baes + bey,
k=4
D(en—1) = cp—1ep—1 + dn_1e4 + c3€3 + C2€2, (16)
D(en) = dnen + dp—1€p—1 + dn—2€n—2
(the actiononey, . . ., e,—3 follows from the Leibniz’s law). Above, a suitable inner derivation (11) was

added to an arbitrary derivation, eliminating n — 1 parameters. We mention that the form (16) of the
representative of the coset [D] is not invariant under conjugation by an automorphism

D—Dy=0"'oDoo,

so that we may be forced to use a representative @ (D)’ of the coset [®(D)] different from & (D).
Such a change of representative amounts to an addition of an inner derivation and is understood in all
simplifications below whenever we employ an automorphism. Due to the triangular shape of D we see
that the sought-after Abelian subalgebras are at most two-dimensional since any higher dimensional
subalgebra in Der(11,3)/Inn(ny,3) will necessarily involve nonvanishing nilpotent elements.

Next, we find all possible canonical forms of the coset (16) up to conjugation by automorphisms
and rescaling. In order to reduce the problem to the one already investigated in [6] we realize that the
derivation of the form (16) leaves

Tfty—2,1 = span{ey, ez, €4, . ..,€n_2, €n}
invariant if and only if d,—; = 0. We conjugate a given derivation D by the automorphism defined by

dnfl dnfl
D(ep—2) =en—z, Plen—1) =ep—1+ ———e4, Pleg) =en+ ——en1,
dn — Cn—1 dn — Ch—1

whenever possible, i.e. when d, # c,—1. Now we have d,_; = 0,i.e.Dgp = D leaves fip—2,1 invariant.
The case when none of the conjugate derivations Dy leaves it,_ 1 invariant, which necessarily means
thatd, = c,—1, dy—1 # 0, will be dealt with later on.

Provided we setd,_1 = 0, the outer derivation (16) restricted to fi,_5 1 has the same structure as in
[6, Eq. (25)]. Consequently, we may consider all solvable extensions of 11,3 1 and then extend these to
solvable extensions of 11, 3, i.e. determine the parameters c,_1, c3, c2. In this way we obtain all solvable
extensions of 11,3 except the case d, = cp—1, dp—1 # 0.

The value of the parameter ¢, is fixed by the structure of the solvable extension of 1, 1. Namely,
in relation to parameters «, 8 introduced below in Theorem 1 we have

G =5 (BH0-50, b=

When ¢;—1 # 0 any derivation D can be brought to Dy with c; = 0 using an automorphism @
specified by

C
P(en—2) = en—2, Plen—1) =en_1 — ﬁez. P (en) = en.
e

When c,—1 = 0 we cannot eliminate nonvanishing c; by any automorphism but we can bring it to 1
by rescaling of ey’s provided such scaling remains available by the structure of the solvable extension
of the subalgebra ft,_5 ;. It turns out that for c,_; = 0 two non-conjugate extensions of a derivation
of fi,—2,1 exist, namely those determined by c; = 0, 1.

A similar consideration can be applied also to the parameter c3. When d;, # 0 any derivation D can
be brought to Dy with c3 = 0 using the automorphism @ specified by

C3
P(en—2) =eq—2, P(en—1) =en—1 — PR @ (en) = ep.
n
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When d, = 0 we cannot eliminate nonvanishing c3 by any automorphism. Whether or not c3 can be
rescaled depends on the residual automorphisms still available - if the diagonal part of automorphisms
is completely fixed by the structure of the solvable extension of the subalgebra 11,31 nothing can be
done, otherwise we can scale c3 to 1 using an automorphism

1
D(en—2) =ep—2 Plen—1) =ex—1, P(en) = ;en~
3
To sum up, the extension to a derivation of the nilradical 11,3 is unique up to a conjugation when

dp # 0and ¢,—1 # 0; otherwise, several non-equivalent extensions do exist.
We recall the main classification theorem of [6]:

Theorem 1. Let [F be the field of real or complex numbers. Any solvable Lie algebra & over the field [F with
the nilradical vy, has dimension dims = m + 1, ordim & = m + 2. Three types of solvable Lie algebras
of dimension dim & = m + 1 exist for any m > 4. They are represented by the following:

1 [f ex]=((m—k—1a+ B)éey, ksm—1, [f em] = aen,. The classes of mutually nonisomor-
phic algebras of this type are

Smi11(B) 1 a=1, BeF\{o,m—2}
DS=[m+1mm—2,0], CS=[m+1,m], US=]0],
Smy12: a=1 B=0,

DS=[m+1m—-—1m—-—30], ¢S=[m+1,m—1], US=]0],
§m+1,3: a=1, ﬁ:zfm,

DS=[m+1,mm—20], S=[m+1m], US=I[1],
§m+1,4: a=0 B=1,

DS=[m+1m-—1,0], ¢S=[m+1,m—1], US=][0].

2. 5my15: 8] = m—Kew k<m—1,[f,8m] = &m + Em—1.
DS=[m+1,mm—20], CS=[m+1,m], US=[0].
3. Smr16(a3, ..., am_1) : [fy el = e+ 25:12 ag—i+18, k<m —1,[f,é,] = 0,q; € [, atleastone
a; satisfies aj # 0.
Over C : the first nonzero a; satisfies a; = 1.

Over R : the first nonzero a; for even j satisfies a; = 1. If all aj = 0 for j even, then the first nonzero
a;(j odd) satisfies aj = £1. We have

DS=[m+1m—-10], ¢S=[m+1m—1] US=][0].

For each m > 4 precisely one solvable Lie algebra $y,1 > of dim§ = m + 2 with the nilradical ny 1 exists.
It is represented by a basis (€1, . . ., €m, f1, f>) and the Lie brackets involving f, and f, are

Frned=m—1—ke, 1<k<m—1, [f,ém]=ém
ad=8. 1<k<m—1, [hén]l=0 [f.L]=0.
For this algebra we have

DS=[m+2,mm-—2,0], CS=[m+2m], US=][0].

Above, we used the abbreviations DS, CS and US for (ordered) lists of integers denoting the dimensions
of subalgebras in the derived, lower central and upper central series, respectively. We listed the last
(then repeated) entry only once (e.g. we write CS = [m, m — 1] rather than CS =[m,m —1,m —
1,m—1,...].
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We must point out, however, that there is a caveat in the presented theorem. If we work over the
field R the group of automorphisms of 11,51 used in the derivation of Theorem 1 in [6] is slightly
larger than the one we have available for the subalgebra fi,_3 1, i.e. inherited from automorphisms of
1y,,3. In other words, the available automorphisms form a group only locally isomorphic to the group
of automorphisms of 1,5 1. Namely, the sign of o« = B2k> ™ in Eq. (9) is restricted - for given n we
have sgnar = (sgnk)">. As a consequence, for our purposes we must for n even consider [f, &,] =
em £ em—1 in $p41,5(m = n — 2). All other results in Theorem 1 hold irrespective of this constraint
on allowed automorphisms.

The corresponding solvable extensions of the nilradical 1, 3 are summarized in Theorem 2 below.

Coming back to the case d, = c,—1, dn—1 # 0, wefirstrescale Dtogetd, = c,—; = 1andby scaling
of ex’s we set d,—1 = 1. Using the automorphism

dp—
P(en—2) =en—2, Plen—1) =en—1, P(en) =en+ nn_ 6

we get rid of d,_»; it is possible since n # 6. We get D which preserves the subalgebra fig 3. Therefore,
itis enough to consider its solvable extensions (with d, = c,—1 = 1) and then extend these to solvable
algebras with the nilradical ny 3. It turns out that such an enlargement is unique up to conjugation, i.e.
fully determined by d, = ¢,—1 = 1,dp—1 = 1,dy—3 = 0, the remaining parameters in Eq. (16) vanish.

Finally, the two-dimensional Abelian subalgebras a in Der(1t,3)/3nn(i,3) are easily obtained
using the results of the previous analysis. Such subalgebras must contain two linearly independent
elements D}, D, whose diagonal parameters can be chosen to have the values c,—1 = 1,d, =-1
and ¢,—1 = 1,d, = 0, respectively. Due to the chosen values for D; we can always go over to D; =
D)o, D, = (D)o where @1 was diagonalized by a suitable automorphism @. The restriction [Dy, D]
€ Jnn(ny,3) now restricts D, to be also diagonal. Therefore, all elements of a act diagonally on 1, 3 in
the chosen basis and can be expressed e.g. in the basis defined by D1 (c,—1 = 0,d,, = 1)andD; (cp—1 =
1,d, = 0). The corresponding non-nilpotent elements f1, f> in s in general satisfy

[, 2] = aer € C()

but a simple redefinition fi — fi + e gives an isomorphic solvable algebra s with [f1, ] = 0.
To sum up, we have the following theorem.

€n—2,

Theorem 2. Let [ be the field of real or complex numbers and n be an integer number greater or equal
to 7. Any solvable Lie algebra s over the field F with the nilradical n, 3 has dimension dims =n+ 1 or
dims =n+ 2.

Five types of solvable Lie algebras of dimension dim s = n + 1 with the nilradical n, 3 exist. They are
represented by the following:

L [f,e1] = (@ +2B)e1, [f, ea]l = 2Bey, [f, e3] = (@ + B)es,
[fex] = (3 — kK)o +2B)e, 4<k<n—2,
[f.enc1] = Ben—1, If. en] = aen.

The classes of mutually nonisomorphic algebras of this type are

1 n-5

s () =1, pen o222

DS=[n+1nmn—3,0], CS=[n+1,n], US=][0],

n—>5

Spp12: a=1 fp= >

DS=[n+1,n—1n—40], CS=[n+1n—1], US=][0],
spp13: a=1 p=0

DS=[n+1n—1,n—40], CS=[n+1n—-1], US=]I0],

1

Spp14: =1 B= -
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DS=[n+1nn—-30], CS=[n+1n] US=][1]
Spe15: =0 B=1,
DS=[n+1n—-1,10], ¢S=[n+1n—-—1], US=]0].

2. spy16(€) :
[fie1]l = (n—3)er, [f,e2]l = (n — D)ey, [f, e3] = (% - 1) es,
[freel =(m—=1—k)ey, 4<k<n-—2,
[f en—1] = "S2en_1, [f.en] = en + €€na,
where € = 1 over C, whereas over R e = 1 for n odd, ¢ = +1 for n even.
DS=[n+1nn—-3,0, CS=[n+1,n], US=]0].
3. Snt1,7 ¢
[fleil=e1, [f,e2]1 =0, [f,e3] =e3 — ey,
[fex] = (3 —klex, 4<k<n-—2,
[fien—1l =e2, [fen]l = en.
DS=[n+1n—-1n—-40], (S=[n+1,n—1], US=][0].
4. spr18(az, a3, ..., ap-3) :
[f.ei] =ei, [fe2] = e, [f €3] = 5e3,
[f.ex] =ex + ZL}Z ag—1+1€ + ag—zex + ag—1e1, 4<k<n-—2,

1
[f.en—1] = sen—1 + azes, [f en] =0,
a; € [, at least one a; satisfies a; # 0 and:

o when [ = C the first nonzero a; satisfies a; = 1.
o when [F = R the first nonzero aj for even j satisfies aj = 1. If all a; = 0 for j even, then the first
nonzero a;(j odd) satisfies aj = £1.

DS=[n+1n—-110], S=[n+1n—-1], US=]I0]

5 Spt19 ¢
[f.e1] = 3e1, [f, e2] = 2e, [f, 3] = 2e3 — ey,
[fex] = (5 —k)ex, 4<k<n-—2,
[f,en—1] =en—1 +e4, [fen] = en +en_1.

DS=[n+1nn—-30], CS=[n+1n], US=][0]

Exactly one solvable Lie algebra s,4, of dim s = n + 2 with the nilradical n, 3 exists. It is presented in a
basis (eq, . . ., en, f1, f2) where the Lie brackets involving f and f, are

[fier]l =e1, [, e1] = 2ey,

[fi,e2]1 =0, [f2, €2] = 2e3,

[fi,es] =e3, [fre3] =e3,

el = G —kew, [z ex] =2e,, 4<k<n-—2,
[fi.en1]1 =10, [f2,en—1] =en—1,

[fi.en]l = en [fenl =0, [f1,2l=0.

For this algebra we have
DS=[n+2nn—3,0], CS=[n+2n] US=]0]

We note that the class sp4+1,5(a, a3, . . ., ap—3) encompasses both extensions of §,417(as, . . ., Am—1)
and an extension of ;11,4 with c3 # 0 in Eq. (16). The parameter brought to =1 was selected in the
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most convenient form for presentation and consequently is equivalent but slightly different from a
direct extension of §y41,7(as, . .., am—1) to the nilradical n,3 - for that choice the non-equivalent
values of parameters would be more cumbersome to write down.

Next, we investigate the classification of solvable extensions of 1,3 in low dimensions n = 6, 5.
Results in these dimensions somewhat differ from the general ones presented in Theorem 2.

3.1. Dimensionn = 6

When n = 6 the results are as follows: all the algebras presented in Theorem 2 exist (with e,—y =
e4) but they do not exhaust all the possibilities. The reason for this is that in this particular dimension
we have [f, e;—2] = (2¢c5 — dg)ep—2 + . . . Therefore, if dg = c¢5 then also [f, e;—2] = dgep—2 + - - -
That implies that if we have dg = ¢5 — 1, d5 # 0, d4 # 0 in the derivation (16) then we can set to
zero neither ds nor d4 by any choice of automorphism @ and we are left with only one scaling available
- preferably used to set d5s — 1.

That means that for the 6-dimensional nilradical 116 3 we have solvable extensions s7.1(8), $72, $7.3,
574,975, 576(€), 577, 578(1,a3), 578(0, €), 579, 55 where € = 1 over C and € = +1 over R, whose
structure is as described in Theorem 2 above and one additional class of algebras, differing from s79
by one additional nonvanishing parameter «

[ ) 57'10(6(), o :/: 0:
[f.e1] = 3eq, [f.e2] = 26y, [f, 3] = 2e3 — e,
[f,eal = es, [f,es] = es + e4, [f, €6] = €6 + €5 + ey,

DS = [7,6,3,0], CS=[7,6], US=I[0].

3.2. Dimensionn = 5

When n = 5, the investigation must be performed in a different way. Namely, there is no i3
subalgebra - it has collapsed to the Heisenberg algebra which has different properties. Nevertheless,
by arather straightforward, if repetitive, computation (essentially linear algebra of 5 x 5 matrices) one
can construct all solvable extensions of 115 3. Since this was done already in [12] for one non-nilpotent
element and for two elements the result can be derived from the previous one, we shall only list the
results and compare them to their higher dimensional analogues. In order to make our comparison as
simple as possible we work in a basis analogous to Eq. (6), namely

e =Xi, € =X3, €3 =Xy, €4 =X5 €5 =X4. (17)
The nonvanishing Lie brackets are
[ea,es] = e1, [es eq] =e1, [eq, e5] = —es. (18)

Although the structure of the nilradical is quite different from the other elements of the series, the set
of solvable extensions is rather similar. We get analogues of all solvable algebras in Theorem 2 with
some changes in the structure of $,41,6, Sn+1,8, Sn+1,9; in addition, the two algebras s,412 and sp413
become identical when n = 5. The fact that the algebras $,41,6, Sn+1,8, Sp+1,0 must be modified when
n =5 can be inferred already from Theorem 2 since the Lie brackets as presented there cannot be
made sense of if n = 5. These structurally different analogues are distinguished by primes below.

Explicitly, assuming the structure of 1153 in the form (18), we have the following Lie brackets with
non-nilpotent element(s) and dimensions of the characteristic series

o s1(B).BeF\fo—3}:
[fer] = (1 +2B)ey, [f, e2] = 2Bea, [f,e3] = (B + Des, [f, ea] = Bes, [f, e5] = es,
DS =[6,5,2,0], CS=1[6,5], US=][0].

o sgo:[f,er]l =eq, [f,e2] =0, [fe3] =e3, [f,e4] =0, [f,es] =5,
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DS =[6,3,0], CS=16,3], US=][0].

o sg4:[fe1] =0, [f,ea] = —ey, [fie3] = %63, [f.es4] = —%64. [f.es] =es,
DS =[6,5,2,0], CS=1[6,5], US=T[1].

o sg5:[f,e1] = 2eq, [f,e2] =26y, [f.es] =e3, [f,e4] =e4, [f,e5] =0,
DS =[6,4,1,0], CS=1[6,4], US=[0].

o sge:lfie] =2er, [fieal = ex[f es] = Jes, [f eal = Jea, [fres] = es + e,
DS =[6,5,2,0], CS=1[65], US=]I0].

o sg7:[f,er]l=eq, [fe2]l =0, [fe3] =e3 —ey, [f,e4] = e, [f,e5] =e5,
DS =[6,4,1,0], CS=1[6,4,3], US=][0].

o sgg:lfie] =2e, [fea]l =26y [fies] =e3, [fea] = —e3 +ey [fes] =0,
DS =[6,4,1,0], CS=1[6,4], US=[0].

o sgo:[f el =3e1,[f. el = 2ep —e3, [f e3] = 2e3,[f,e4] = eq +e5,[f, 5] = es,
DS =[6,5,2,0], CS=1[65], US=]I0].

o s7:fi,er] =ey, [fi,e2]l =0, [f1,e3] = e3, [f1,ea] =0, [f1,e5] = es,

[f2,e1] = 2e1, [f2,e2] = 2e2, [f2, 3] = €3, [f2,ea] = €4, [f2,65] =0,
[fi.2]1=0,

DS =[7,5,2,0], CS=[7,5], US=][O0].

We note that in several cases the characteristic series are different from the ones in Theorem 2. This
difference in behavior is due to the structural difference between 1,_, 1 and the Heisenberg algebra.

4. Generalized Casimir invariants

We proceed to construct generalized Casimir invariants, i.e. invariants of the coadjoint representa-
tion, of the nilpotent algebra 1,3 and its solvable extensions. We recall that a basis for the coadjoint
representation of the Lie algebra g is given by the first order differential operators

- . 0
Xk = xaCpp — (19)
dxp
acting on functions on the vector space g*. Here, cf} are the structure constants of the Lie algebra g in
the given basis (xq, . . ., xy) and the quantities x, are coordinates in the basis of the space g* dual to
the basis (x1, . . ., xy) of the algebra g. That means that x, are linear functionals on g*, i.e. x, € (¢%)*,
and through the canonical isomorphism of vector spaces (§*)* >~ g one can identify x, >~ x,. In what
follows we shall not typographically distinguish between x, and x4, the meaning - vector in algebra
vs. linear functional on the dual space - shall be clear from the context.
Invariants of the coadjoint representation, i.e. generalized Casimir invariants, are functions I on g*

which satisfy the following system of partial differential equations

Xel(x1,...,xy) =0, k=1,...,N. (20)

Several methods exist for construction of invariants of the coadjoint representation, most widely used
ones are direct solution of Eq. (20) by the method of characteristics (see e.g. [14-17]) and the method
of moving frames (see [18-23]).

However, we shall use a different approach. We reduce Eq. (20) to the ones encountered and solved
in [6] for the subalgebra fi,—5 1 and its solvable extensions.
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Considering first the nilpotent algebra 1, 3 we have the operators (19) in the form

- ~ - -

E1=0 Ey=e1—, E3=ce , Eg=ey—,

1 2 1en 3 18en,1 4 zan

E 9 5<k<n—2, E 9 9 (21)

=ek-17—, S<k<n-—2, 1 =—e— —e3—,

k K ]86,, n—1 1863 38en

- d g 2 3

En=—e1— —ey— — ex—1— +e .

" ! 382 2 364 ,gs k= Bek 3 86,,,1

It is evident that any solution I of Eq. (20) cannot depend? on e3, e, because of E,_11 = E3l = E,] =
0. Consequently, all considered operators E; can be truncated to act on functions of é; = ey,é; =
€3,83 = €4, ...,8n—3 = n_2, 8q_y = ey only. Then Esr, Ey,—17 vanish and the remaining operators are
exactly those present in the investigation of invariants of n,_p1 in [6]. Therefore, the generalized
Casimir invariants of 11, 3 are the same as the ones for 1,5, once written in an appropriate basis.

Slmllarly, when we consider the solvable extensions of 11, 3, the operators EJ in (21) get additional

} a5, terms and one (F) or two (F;, F,) additional operators are present in Eq. (20).

Let us first consider the case with F only. When the derivation D defining f is such that 2c,_1 + dj, *
0, we have E; = (2c,—1 + dy)e; % which excludes the dependence of I on f. When 2¢,—1 +d, =

9
ar ©

0 the situation is only slightly more complicated — the operators E,, E4 together again exclude the
dependence of I on both f and ey, In both cases, we can restrict all operators (21) and F to 1,3 and then
to 1,31, reducing the computation to the corresponding solvable extension of 1,5 1.

In the second case we have two additional operators Fi, B and 3%, % terms infj. Now the operators

E,Ez, Eg, f4 are used in the same way to show that any invariant I cannot depend on fi, f>.
Altogether, the construction of generalized Casimir invariants was fully reduced to the one for the
nilradical 1,—31.
As proved in [6], invariants of the Lie algebra 1,1 and its solvable extensions are as follows:

Theorem 3. The nilpotent Lie algebra w1 has m — 2 functionally independent invariants. They can be
chosen to be the following polynomials:

& = e,
sk—j
g ( 1) k ~k+1 9’ €k++2—j€1
+ 1 7, 1<k<m-—3. 22
§k= k+ ])' € Z( )J (22)
The algebras Sm41,1(B), - - -, Sm+1,5 have m — 3 invariants each. Their form is
1 Sm41,1(B), Smr1,2 and S5
N &
= > ___ 1<k<m-—3. 23
Xk ~(k+1)$:3ig ( )
&
For $m41,2 and $my1,5 we have 8 = 0 and B = 1, respectively in Eq. (23).
2. 5my13 ¢
N
x1 = o, Xk—ngrl, 2<k<m—3. (24)
1

3 Neither can depend on e;,.
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3 Spy14
0
4. Spy17(as, ... am—1) ¢
[kT]] £\q
. (In&o)
Xk = Z (—1)(17, Z iy 430iy43 - - - Gig43 (26)
q=0 q: iy ig—k—2q+1
&1
+ > Zipz G303 - Gigts |, 1<k<m—3.
Ji+etHg=k—2q—1 50
The summation indices take the values 0 <j, iy, ...,ig <k + 1.

The Lie algebra ;45 has m — 4 functionally independent invariants that can be chosen to be
- §k+1

A= "tg

&

The results for 1,3 and its solvable extensions are now as follows:

1<k<m—4. (27)

Theorem 4. Let n > 6. The nilpotent Lie algebra n, 3 has n — 4 functionally independent invariants. They
can be chosen to be the following polynomials

& =e,
k—j
(="K okt el Ck+3—j €1
+ 1 7. 1<k<n-—>5. 28
5= i Z( Y2 (28)
The algebras sp+11(B), . . ., Snt+1,9 have n — 5 invariants each. Their form is

L $p11,1(B), Sn+1.20 Sn41,3, Snt1,6) Snt1,7 And Spyq9 ©

&k
————, 1<k<n-—5. 29
Xk = (k+1) 1i§ﬁ ( )
For spi12is B = for Sp+1,3 and spy1,7 we have B = 0, for s,41,6(€) we have g = 5= 4 and
forspp19is B =1, respectlvely in Eq. (29).
2. Spt14 "
_ _ &
X1 =%, Xe= g7 2<k<n-—5. (30)
&
3. Snt15 ¢
&k
Xe= g 1<k<n—5. (31)
&
4. spt18(a2,03,...,ap-3) :
(]
(In &)
xe= ) (=D i +30iy+43 - - - Gig+3 (32)
q=0 q: i1+ Hig=k—2q+1
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&j+1
+ > 27 O 430i43 - - Gigy3 | 1<k<n—5.
iy tig=k—2q—1 §0
The summation indices take the values 0 <j, iy, ..., ig <k + 1.
. . . . . 2eqe1—e€3 .
When n = 6 the Lie algebra s710(c) has one invariant which can be chosen in the form % ie.
€

coincides with the one for $79.
The Lie algebra sp4, has n — 6 functionally independent invariants that can be chosen to be

_ &
Xk = Tr

&7

We point out that the algebras sp41,3 and $,41,7 are examples of solvable non-nilpotent Lie algebras
with a polynomial basis of invariants, i.e. their bases of invariants can be chosen in the form of Casimir
operators in the enveloping algebra of $,41,3 and sp17 (the same holds also for $y41,1(3 — m) of
[6]). If ever a hypothesis concerning a criterion for the existence of polynomial basis of invariants of
solvable algebras is presented, these examples can be easily used as simple tests of its plausibility.

For 5-dimensional nilradical 1153 we have solvable algebras 6,1 (8), 56,2, 56,5, 56 6 56,7 56,8+ 56,0 With
no invariants and sg 4 which has two invariants. They can be chosen in the polynomial form

1<k<n-—6. (33)

2 2
ey, 2eif — 2ejezes + ejezes + exe;.
The algebra s has one invariant

(o — 2f1)e? + (2ee5 — eseq)er — eze3

2
1

We observe that invariants of the solvable Lie algebras with the nilradical ns 3 (if nonconstant) depend
on elements outside of 115 3, i.e. f or f1, fo. This is related to the fact that there is no i3 subalgebra - it
degenerates to the Heisenberg algebra, the properties of which are markedly different.

5. Conclusions

We have fully classified all solvable Lie algebras with the nilradical 1,3 in arbitrary dimension n
and constructed their generalized Casimir invariants.

There are two general lessons to be learned from this computation. Firstly, it turned out that the
knowledge of all solvable extensions of a suitable subalgebra 1 of the given nilpotent algebra 11 may
lead to a significant simplification of the whole computation and is definitively worth investigating if
such subalgebras are identified in 1. This can hold notwithstanding the fact that not all automorphisms
of 1t preserve the subalgebra 1. Of course, it was important in our investigation that the structure of the
subalgebra was restrictive enough, i.e. we expect that a similar simplification can be achieved probably
for subalgebras with high enough degree of nilpotency, e.g. filiform or quasi-filiform.

Secondly, it was of profound importance that (almost) all automorphisms of 1t could be obtained as
a restriction of automorphisms of 1. In our case we had a local isomorphism of Aut (i) and Aut(1)|5;
the two differ topologically by the absence of some connected components of Aut (1t) in Aut (1) |;. This
minor difference could be easily taken into account and the classification of all solvable extensions
of 1t with respect to this restricted group of automorphisms acting on it was obtained by inspection
from previously known results [6]. On the other hand, had the Aut(it) and Aut(1t)|; been locally non-
isomorphic, the knowledge of solvable extensions of 1t would not be of much use in the study of
solvable extensions of 11. A simple example of this is the maximal Abelian ideal a of 1. Its group of
automorphisms per se is typically much larger than the automorphisms inherited from 1, i.e. many
transformations used in a are not allowed in n and, at the same time, most of solvable extensions
of a cannot be enlarged to solvable extensions of 1t - the Lie brackets in 1t simply do not allow that.
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Therefore, the particular properties of the subalgebra and its immersion into the whole nilradical are
of crucial importance for the whole setup to work.

Finally, we have seen that although the considered series of nilpotent algebras can be rather nat-
urally constructed starting from dimension n = 5, the 5-dimensional one has substantially different
properties. They reflect themselves also in possible solvable extensions and their invariants.
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Abstract

We establish an improved upper estimate on the dimension of any solvable
Lie algebra s with its nilradical isomorphic to a given nilpotent Lie algebra n.
Next we consider Levi decomposable algebras with a given nilradical n and
investigate restrictions on possible Levi factors originating from the structure
of characteristic ideals of n. We present a new perspective on Turkowski’s
classification of Levi decomposable algebras up to dimension 9.
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1. Introduction

The aim of this paper is to establish some general properties of solvable and Levi extensions
of nilpotent Lie algebras.

As is well known, the problem of classification of all solvable (including nilpotent) Lie
algebras in an arbitrarily large finite dimension is presently unsolved and is generally believed
to be unsolvable, at least unless some completely new ideas emerge and a new understanding
of the notion ‘classification’ itself develops. The problem stems from an obvious fact that
the number of solvable Lie algebras in higher dimensions increases drastically, and infinite
parametrized families of such nonisomorphic algebras arise already in very low dimensions.
This behavior is in stark contrast with the theory of semisimple algebras where only finitely
many algebras exist in any given dimension and their full classification was completed already
long time ago [1, 2]. Because any Lie algebra is a semidirect sum of its maximal solvable ideal
and a semisimple subalgebra by the theorem of Levi [3], the difficulty in the classification of
solvable algebras also shows up in the classification of all types of non-semisimple algebras.

All known full classifications of non-semisimple algebras terminate at relatively low
dimensions. First low-dimensional classifications were established already by Lie and his

1751-8113/10/505202+17$30.00 © 2010 IOP Publishing Ltd  Printed in the UK & the USA 1
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contemporaries in [4—6], their results are reviewed e.g. in [7]. Newer results since the mid-
20th century are the classifications of nilpotent algebras in dimension 6 [8], dimension 7
[9-12], dimension 8 [13] and partially in dimension 9 [14], and of solvable algebras in
dimension 5 [15], dimension 6 [16, 17] and some partial results in dimension 7 [18]. Algebras
of semidirect sum type, i.e. Levi decomposable algebras, were classified up to dimension 8 in
[19] and in dimension 9 in [20].

As apossible stopgap solution, the idea of a classification of solvable extensions of certain
particular classes of nilpotent Lie algebras, i.e. of all solvable, non-nilpotent algebras with
the given nilradical, of arbitrarily large dimension emerged. It is based on a belief that the
knowledge of full classification of all solvable extensions of certain series of nilradicals can be
very useful for both theoretical considerations—e.g. testing various hypotheses concerning the
general structure of solvable Lie algebras—and practical purposes—e.g. when a generalization
of a given algebra or its nilradical to higher dimensions is needed in some physical situation.
Such need arises for example in the construction of superintegrable systems from a given
solvable Lie algebra and its Casimir invariants which was introduced in [21]. Another
application comes from the construction of cosmological models in higher dimensions, now
fashionable e.g. in string cosmology, using algebraic methods [22, 23]. Lie algebras of Killing
vectors are in many cases solvable' as was realized already in [24] using the classification
of homogeneous spaces [25]. Higher dimensional solvable Lie algebras and their semidirect
sums with semisimple algebras therefore appear naturally in such constructions in higher
spacetime dimensions, see e.g. [26]. If some of the properties of the resulting spacetimes
ought to resemble the behavior of their low-dimensional counterparts then it is natural to
expect that also their algebras of Killing vectors should have some properties in common, e.g.
to belong to one common series of algebras.

Gradually a series of classifications of solvable extensions was performed. The first one
was done by Winternitz together with Rubin in [27]. The series then continued throughout the
years in [28-32]. All these papers dealt with the problem of classification of all solvable Lie
algebras with the given n-dimensional nilradical, e.g. Abelian algebra, Heisenberg algebra,
the algebra of strictly upper triangular matrices, etc, for arbitrary finite dimension n. Similar
sequences have also recently been investigated by other research groups in [33] (naturally
graded nilradicals with maximal nilindex and a Heisenberg subalgebra of codimension 1) and
[34] (a certain sequence of quasi-filiform nilradicals). A recent paper [35] generalized results
of [30, 31] in the sense that all solvable extensions of N-graded filiform nilradicals were
classified.

Levi decomposable algebras with a fixed structure of their nilradical were considered in
[36] for Heisenberg nilradicals.

This paper builds on our experience gained in [30-32]. In those papers we analyzed in
detail the structure of solvable extensions of particular chosen sequences of nilradicals. Here,
we use methods and ideas developed in [30, 31] in a different direction, namely, to give at least
some general estimate on the dimension of any solvable Lie algebra with a given nilradical.

Next we investigate Levi decomposable algebras with a given nilradical. Our main
concern is the formulation of some necessary conditions for the existence of nontrivial Levi
extension(s). We formulate these conditions in terms of characteristic ideals of the nilradical,
in particular in terms of lower central series.

The structure of our paper is as follows. After an introduction of notation and a brief review
of known facts in sections 2 and 3 we present an improved upper bound on the dimension

! It was probably the first appearance of solvable groups and algebras in physics other than their use in the solution
of ODEs using the reduction method of Lie.
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of any solvable Lie algebra with the given nilradical in section 4. In section 5, we study
the structure of Levi decomposable algebras with the given nilradicals and provide a novel
perspective on the classification of Turkowski. Finally, we introduce some open questions.

Throughout the paper the analysis is done over the fields of complex and real numbers
unless indicated otherwise.

2. Notation

We shall often need to refer to the Jacobi identity
[x, [y, 2T+ [y, [z, x]] + [z, [x, y]] = O (1)

for a particular triple x, y, z of vectors in g. For brevity, we speak about the Jacobi identity
(x, y, z) in such a case. A Lie bracket of two vector subspaces is defined to be the whole span

[h, b1 = span{[x, ¥]|x € h, ¥ € h}.

For a given Lie algebra g we consider the following three series of ideals.
The derived series g = g© > gV 5 ... > g® > ... is defined recursively as

g® =g, g® =[g* b, gk, k> 1. 2)

If the derived series terminates, i.e. there exists k € N such that g&) = 0, then g is a solvable
Lie algebra.

The lower central series, which is of particular importance for our considerations in this
paper,g =g' D g?> D --- D g" D ---is again defined recursively as

g =g, g =1g"" gl k>2. 3)

If the lower central series terminates, i.e. there exists £k € N such that gk = 0, then g is called
a nilpotent Lie algebra. The largest value of K for which we have gX =£ 0 is the degree of
nilpotency of the nilpotent Lie algebra g.

By definition, a nilpotent Lie algebra is also solvable. An Abelian Lie algebra is nilpotent
of degree 1.

Because we have [g/, g¢] C g/** due to the Jacobi identity, the lower central series defines
a natural filtration on the Lie algebra g.

The upper central series is 31 C --- C 3¢ C .-+ C g where 3; is the center of g and 3
are defined recursively: 3; is the unique ideal in g such that 3 /3¢ is the center of g/3;_;.
The upper central series terminates, i.e. a number L exists such that 3; = g, if and only if g is
nilpotent [37].

We denote by cent(h) the centralizer of a given subalgebra h C g in g:

cent(h) = {x € gl[x,y] =0, Vy € b}.

We recall that an automorphism ® of a given Lie algebra g is a bijective linear map
® : g — g such that for any pair x, y of vectors in g

@ ([x, y]) = [P(x), P(¥)]. “

All automorphisms of g form a Lie group Aut(g). Its Lie algebra is the algebra of derivations
of g, i.e. of linear maps D : g — g such that for any pair x, y of vectors in g

D([x, y]) = [D(x), y] + [x, D(y)]. &)

If a vector z € g exists such that D = ad(z), i.e. D(x) = [z, x], Vx € g, the derivation D is
called an inner derivation, any other one is an outer derivation. The space of inner derivations
is denoted by Jnn(g), of all derivations Det(g).
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The ideals in the derived, lower and upper central series as well as their centralizers are
invariant with respect to any automorphism and any derivation, i.e. they belong among the
characteristic ideals.

We denote by + the direct sum of vector spaces.

3. Solvable Lie algebras with a given nilradical

Any solvable Lie algebra s contains a unique maximal nilpotent ideal n = NR(s), the nilradical
of 5. We assume that n is known. That is, in some basis (e, ..., e,) of n we are given the Lie
brackets

lej, ex] = Nji'es (6)
(summation over repeated indices applies throughout the paper).

Let us consider an extension of the nilpotent algebra n to a solvable Lie algebra s, n C s
having n as its nilradical. We call any such s a solvable extension of the nilpotent Lie algebra
n. By definition, any such solvable extensions s is non-nilpotent.

We can assume without loss of generality that the structure of s is expressed in terms of
linearly independent vectors fi, ..., fy € s added to the basis (ey, ..., e,) so that together
they form a basis of s. The derived algebra of a solvable Lie algebra is contained in the
nilradical (see [37]), i.e.

[5,5] C n. )
It follows that the Lie brackets in s take the form

[far €] = (Ad)er, 1<a< f, 1<j<n, (8)

[far fol = ve), I1<a<b<f )

The matrix elements of the matrices A, must satisfy certain linear relations following from
the Jacobi identities (f5, e;, ex). The Jacobi identities ( f,, f», ;) provide linear expressions
for the structure constants y,/, in terms of matrix elements of the commutators of matrices A,
and Ap. Finally, the Jacobi identities ( f;, fp, f.) imply some bilinear compatibility conditions
on y,, and A, (which may become trivial for a particular choice of n).

By inspection of equation (8) we realize that the matrices A, are matrices representing f,
in the adjoint representation of s restricted to the nilradical n:

Aa = ad(fa)|n'

For any choice of a, the operator ad(f,)|, is a derivation of n. It must be an
outer derivation—if the contrary held, then n + span{f,} would be a nilpotent ideal in
s contradicting the maximality of the nilradical n. In fact, the maximality of n implies
that no nontrivial linear combination of the operators ad(f,)|, can be a nilpotent matrix,
i.e. ad(f)ln, ..., ad(fr)|n must be linearly nilindependent. A nilpotent algebra n which
possesses only nilpotent derivations and consequently is not a nilradical of any solvable Lie
algebra is called characteristically nilpotent.

In other words, finding all sets of matrices A, in equation (8) satisfying the Jacobi identity
is equivalent to finding all sets of outer nilindependent derivations of n:

Dy =ad(f\)ln, ..., Dy = ad(f)ln. (10)
Furthermore, in view of equation (7), the commutators [D,, D;] must be inner derivations of
n. The structure constants y,, in the Lie brackets (9) are determined through the consequence
of equation (9):

[Da, Dyl = y},ad(e;)]n (11)
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up to elements in the center 3; of n. The consistency of yajb and D; is then subject to the
constraint

VayDe(e)) +v5eDale)) + ¥4, Dy(e;) = 0 (12)
coming from the Jacobi identity ( f,, fp, f.). We remark that the lhs of equation (12) is valued
in the center of n because the derivations D, themselves satisfy the Jacobi identity.

Different sets of derivations D, (and their accompanying constants y_,) may correspond

to isomorphic Lie algebras. The equivalence between sets of derivations D, is generated by
the following transformations.

(1) We may add any inner derivation to any D,
(ii) We may simultaneously conjugate all D, by an automorphism ® ofn, D, — ®~'oD,0®.
(iii) We can change the basis in the space span{D;, ..., D}.

The corresponding changes in yajh are of no interest to us in this paper so we do not explicitly
write them out here.

4. Upper bound on the dimension of a solvable extension of the given nilradical

In this section we derive the following upper bound on the maximal number f of non-nilpotent
elements f, that we can add to a given nilradical n.

Theorem 1. Let n be a nilpotent Lie algebra and s a solvable Lie algebra with the nilradical
n. Letdimn =n, dims = n + f. Then f satisfies

f < dimn — dimn®. (13)

In order to derive the estimate (13) we start by choosing a convenient basis £ of the
nilpotent Lie algebra n. We choose first some complement m; of n’ in n,

n=n24my,
and denote m; = dimm;. We construct a basis Em, = (€1—m,+1, - - -, €n) Of m;. In the next

step, we recall that

n? = [n,n] = [m; + 0, my +n?] = [m, my]+0n°

(the last sum is not necessarily direct). Consequently, we can choose a complement m;
of 0’ in n? such that my, C [m;, m;] and its basis Em, 1n the form of some subset of Lie
brackets of vectors in &y, i.6. Em, = (€n—m,—my+1s - - - » €n—m,) Where my = dimm; and for
any k € {n —my; —my+1,n —m;} apair y;, zx € En, (not necessarily unique) exists such
that e = [y, 2]

Proceeding by induction we have

nf = [y 4 0k, my 4 n?] = [mey, my] +nft!

k+1 k

and we can construct a complement m; of n**" in n*,

Ilk — nk+l + Mg,
mg C [my_1, my], my = dimmy and a basis &,, = (en+1*Zf:1 mpr e Epy ] mi) of my such
that

Vejeé'mk Elyjeé'mkf],zjeé'ml : ejz[yj,zj]. (14)
Together the elements of the bases &, form a basis £ = (ey, ..., e,) of the whole nilpotent

algebra n. The main advantage of working in the basis £ lies in the fact that any automorphism

5
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¢, or any derivation D, is fully specified once its action on the elements of the basis £y, of my
is known due to the definition of an automorphism, equation (4), or a derivation, equation (5),
together with equation (14), respectively.

In particular, this implies that the matrix of any automorphism & of n is upper block
triangular in the basis &:

CDmeK cee q)mkmz quKml
® = N : , (15)
(szmz q)mzml
q>m1m1
and its diagonal blocks @, m,, kK = 2, ..., K, can be expressed as functions of the elements

of the lowest diagonal block @, 1, only by the repeated use of ®([ey, e;]) = [P (ex), P(e;)].
The same applies to any derivation D of n:

Duymg --- Dmgm, Dmgm,
D= R S (16)

szmz szml

Dm1m1

Due to the relation D([ex, e;]) = [D(ex), e;] + [ex, D(e;)] we conclude that elements of
the diagonal blocks Dy, m,, kK = 2, ..., K, are linear functions of elements of Dy, ,. For
example, for e; € my, e; = [ey, ¢;] where ¢, ¢, € m; we have
n
D(ej) = Z (D”ilep, €]+ DP)lex, e,]) modn?
p=n—m;+1
n n—mi
= Y > (D"Ny?+DP|Ny?) eg modn’,
p=n—m+1 g=n—m;—my+1
ie.
n
Di;= > (D"tNy+ D" Ny
p=n—m+1

showing that any Dp,,m,-block element D?; can be expressed in terms of Dy, m,-block
elements together with the structure constants N,; of n and that its dependence on Dy m, is
a linear one.

Extending the same argument, we see that in general Dy, k < j = 2,..., K, isa
linear function of elements in the last column blocks D m,; - - -, D jom;-

We note that inner derivations have a strictly upper triangular block structure because
inner derivations by definition map n* — n**!. Consequently, any set of outer derivations

{D1, ..., Dy} such that [D;, Di] € Jnn(n) for all j,k = 1,..., f must necessarily have
commuting m;m;-submatrices:
[(Dj)mlml’ (Dk)mlml] =0. (17)

A derivation D is nilpotent if and only if its submatrix Dy, m, is nilpotent. One of these
implications is obvious; the other is derived as follows. From a consequence of equation (5)

n

D'lx.yl =) (’;)[Dfx, D"y]

j=0
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together with the assumed existence of N € N such that (Dmlml)N = 0 we deduce the
existence of M € N such that (Dy,m,)” = 0 forall k = 1,..., K, i.e. the block upper
triangular matrix of D™ has vanishing diagonal blocks and is consequently nilpotent, implying
also the nilpotency of D itself.

This equivalence implies that derivations Dy, ..., Dy are linearly nilindependent if and
only if their submatrices (D1)m;m,, - -.> (Di)m,m, are linearly independent. Together with
equation (17) this means that the number f of linearly nilindependent outer derivations of
the given nilpotent algebra n commuting to inner derivations is bounded from above by the
maximal number of linearly independent commuting matrices of dimension m; x m;. This
number is m; = dimn — dim n?, finishing the derivation of the estimate (13).

The estimate (13) allows us to construct also a lower bound on the dimension of the
nilradical of a given solvable Lie algebra s. We have

dims + dimn® < 2dimn

and s» = (s%)> C n? because 5> C n. Altogether, we find

dimn > 1(dims + dims®). (18)

In our experience, this estimate is often less accurate than the trivial estimate dimn > dim 52
Nevertheless, the bound (18) can be useful in some particular cases.

5. Levi decomposable algebras with the given nilradical

Let us now shift our attention to nonsolvable algebras with the given nilradical n. As was
demonstrated by Levi [3], any such algebra g can be written in the form

g=rt+p, tDn, [t.g] Cn, [p.pl=0p (19)

where v is the radical, i.e. the maximal solvable ideal of g, and p is a semisimple Lie algebra,
called the Levi factor, unique up to automorphisms of g. We recall that ad(p)|, provides a
representation of p on v and this fact is a cornerstone in the construction and classification of
algebras of this type. We shall consider only the case when g is indecomposable in the sense
that it cannot be decomposed into a direct sum of ideals. This assumption in particular implies
that the representation ad(p)|. of p on t is faithful, i.e. a monomorphism into Der(r).

The classification of algebras of the type (19) withp # 0, v # 0, i.e. of Levi decomposable
algebras, was considered in [19] and [20]. The approach used in [19] was to consider a given
semisimple algebra p and all its possible representations p on a vector space V of the chosen
dimension. For each p, all solvable algebras v compatible with the representation p were
found by an explicit evaluation of the Jacobi identity with unknown structure constants c;;* of
the radical v, and classified into equivalence classes.

In [20] also some general properties of Levi decomposable algebras were found and used
in the construction of all nine-dimensional Levi decomposable algebras?. These properties
are a direct consequence of the complete reducibility of representations of semisimple Lie
algebras, namely

(i) if the representation ad(p)|. of p is irreducible then t is Abelian;
(ii) if ¢ is solvable non-nilpotent, then there exists a complement q of nin ¢, i.e.

t=n+gq

such that ad(p)|q = O for all p € p, i.e. ad(p)|. must necessarily contain a copy of the
trivial representation.

2 With one additional algebra missing, as was shown in [43].
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In view of this property, it is of interest to study and classify Levi decomposable algebras
with nilpotent radicals first;
(iii) the set of all elements belonging to the trivial representation

{x e nJad(p)x =0,Vp € p}
is a subalgebra of n.

In this section we intend to provide several more stringent, yet easy to verify, restrictions
on the structure of n obtained from the compatibility of the nilradical structure with the given
representation of p. We shall call any Levi decomposable algebra g with the nilradical n
(radical v) a Levi extension of n (of v, respectively). In most of this section we suppose that
the nilradical coincides with the radical and that the Levi factor acts faithfully on n, i.e. g is
indecomposable.

Because all ideals in the characteristic series and their centralizers are invariant with
respect to any derivation, in particular with respect to ad(p)|,, we can use Lie’s theorem to
easily deduce the following proposition.

Proposition 1. If a complete flag
OgV]gV2g"-gVn=n

of codimension 1 subspaces can be built out of ideals in the characteristic series and their
centralizers, then no Levi decomposable algebra

g=n+p
such that [p, n] # 0 exists.
Using this criterion one can immediately establish, without further considerations of the

structure of the representations of p, that out of low-dimensional nilpotent algebras (dimension
at most 5), the following can never appear as a nilradical of a Levi decomposable algebra®:

e dimn=4:
Ay q: [e2, eq] = ey, [e3, e4] = ey; the characteristic flag is

0cn’cn?®Cceentin®) Cny

e dimn=>5:
Asy: [en, es] = ey, [e3, es] = ez, [es, es] = e3; the characteristic flag is

0cn*cndcn®cent® cn;

Ass: [e3, eq] = ey, [ea, es] = e, [e3, es5] = ey; the characteristic flag is
0cn®cn®C3 Ccent(n?) Cn;

Asg: [er, es] = eq, [e3, ea] = ey, [e3, es5] = ez, [es, es] = e3, with the same flag as As 5.

It is rather interesting that all other indecomposable nilpotent algebras As, As i, As 3,
As 4 of dimension 2 < n < 5 do show up as nilradicals in Turkowski’s list of Levi
decomposable algebras of dimension <8, i.e. they do admit Levi extension(s). In the
case of six-dimensional nilpotent algebras, the same argument allows us to immediately
exclude from the list of Levi extendable nilradicals the algebras A¢ 1, A62, Ac.6. A6.7, A6.11,
Aéq 165 A6’ 17 A6, 19, A6,20, A6’2| s A(,qzz. In this case, hOWGVCI‘, not all of the remaining algebras
allow a Levi extension, as a brief look into [20] tells us. According to Turkowski, only four
algebras Ag 3, As 4, Ac.s, As 12 out of 22 indecomposable six-dimensional nilpotent algebras

3 Our notation follows [7] for nilpotent algebras and [19, 20] for their Levi extensions.

8
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contained in the list in [7] allow a Levi extension. The structural reasons for that will be given
below.

We can improve on proposition 1 by considering the following type of ideals: let i, j be
characteristic ideals in a Lie algebra g and let £ = {x € g|[x, y] € j, Vy € i} be a subspace in
g. Then ¢ is a characteristic ideal because

[D-xv )’] = D[.X, )’] - [-xs D)’] ej

by the virtue of the definition of £ and the characteristic property of i, j,i.e. Dy € i, D[x, y] € j;
consequently, £ is closed under every derivation, i.e. is itself characteristic. Such ideals, if
identified, can be used to refine the sequence of characteristic subspaces in proposition 1.
Unfortunately, it appears to be of no help in the case of six-dimensional nilradicals—we were
not able to identify any such additional subspace.

Concerning the decomposable nilpotent algebras, we note that e.g. A;; @ As, ie.
centrally extended Heisenberg algebra, appears in [19] only as a nilradical of a Levi extendable
five-dimensional solvable radical, but not a nilpotent radical of a seven-dimensional Levi
decomposable algebra. The reason is that the Levi extension s[(2) + (A1 @ As;) is
decomposable. Similarly also for some other decomposable nilpotent algebras.

Now we employ an analysis similar to the one in section 4 in order to present a more
refined necessary criteria on the interplay between the representation ad(p)|,, of the semisimple
algebra p on the nilpotent radical n and the structure of n.

The complete reducibility of representations of semisimple Lie algebras allows us to
deduce the existence of complementary ad(p)-invariant subspaces @, of n/*! in n/:

n =1 +n/tl ad(p)f; C @, i=1...,K. (20)
Let us now explore whether these subspaces can be taken in the same form as the one used in
section 4 (or as close to it as possible). We can take

m; = my.
Now the commutator of two ad(p)-invariant subspaces is again an ad(p)-invariant subspace

(see the definition of a derivation, equation (5)). In particular, [m;, m;] is an ad(p)-invariant
subspace of n? and we have

n? = [my, my] +1n3.

Since both [m;, m;] and n® are ad(p)-invariant, so is their intersection [m;, m;] N n3. By the
complete reducibility of ad(p), there is an ad(p)-invariant complement of [m;, m;] N n3 in
[m;, m;] which we denote by m,. Altogether, we have

n? =m, 4 n, my C [my, my], ad(p)m, C my.
Continuing in the same way, we can construct a sequence of subspaces m; such that

n=mg +mg_; +---+my, e2y)
where

n =m; +n/t m; C [m;_y, my], ad(p)m; C m;. (22)

The only minor difference between the decompositions constructed here and in section 4
is that now we cannot in general find a basis of m; such that bases of m; are obtained by
simple commutations (cf equation (14))—in the present case taking linear combinations of
the commutators may be necessary. Nevertheless, all the essential arguments presented in
section 4 can be taken over here.

We have established that in any basis of the nilradical n which respects the decomposition
(21) the matrices of ad(p)|, have a block diagonal form. If any of the blocks is one dimensional

9
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then it necessarily corresponds to the trivial representation p(p) = 0, Vp € p. Similarly as
in section 4, the m;m;-submatrices of the representation ad(p)|., j > 1, i.e. the matrices of
ad(p)|m,, are fully determined by ad(p) |m, through linear relations coming from the definition
of a derivation (equation (5)).

For the same reason, the kernel of ad(p) |, is also the kernel of ad(p)|,,. Therefore, the
representation ad(p)|,, of the Levi factor p is faithful if and only if ad(p)|n, is faithful.

In the particular case when m; is one dimensional we can easily find a simple relation
between the representations ad(p)|w, and ad(p)|wm,,. Let m; = span{x}. We have

ad(p)[x, y] = [x, ad(p)y], Vy emy, Vp ep. (23)

Now let us assume that y belongs to a nontrivial irreducible representation p contained in
ad(p)|m, and that [x, y] # 0. Let V be the space generated by repeated applications of
ad(p), p € p on y, i.e. V is the representation space of the representation p. Consider
ad(x)V C [m;, m{]. Due to equation (23) the subspace ad(x)V is by construction invariant
with respect to ad(p). The kernel of ad(x) : V — ad(x)V is an invariant subspace of V. By
assumption the representation p is irreducible and ad(x) V' # 0. Therefore, ad(x)V is a vector
space isomorphic to V and an irreducible representation p’ equivalent to p is contained in the
decomposition of the representation ad(p)|(m; m,] into irreducible representations.

To sum up, let p; & p2 & --- & p be the decomposition of ad(p)|y, into irreducible
representations. Then the induced representation on [m;, m;] is a direct sum of irreducible
representations equivalent to the ones contained in some subset* {p,,a € J C{1,...,L}}.
The same necessarily holds also for m;,; C [m;, my].

If dimm; > 1 then the relation between the representations on m;, m; and m;,; takes
a more complicated form. Because the commutators of e, € m;, ¢, € m; transform under
action of any block-diagonal derivation D by

”—Z‘,Cllmf n
Dle.ey]= Y Dleces]+ Y. DY%leq eql. (24)
C:”"'I_Z,-/:l m; d=n+1—m,

where D¢, are components of the matrix of Dy, : mj - m; and D4, are components of
D|y, : my — my, the commutator subspace [m;, m;] transforms under a certain subset of
irreducible factors in the tensor representation ad(p)|m; ® ad(p)|n, and the same is true also
form;,; C [mj, my].

We sum up these conclusions in the following theorem.

Theorem 2. Let g be an indecomposable Lie algebra with a nilpotent radical n and a
nontrivial Levi decomposition

g=n-+p.

There exists a decomposition of n into a direct sum of ad(p)-invariant subspaces
n=mg +mg_ +---+my,

where
n/ =m; fn/*, m; C [m;_y, m], ad(p)ym; C m;,

such that ad(p) |, is a faithful representation of p on my. For j =2, ..., K the representation
ad(p)|m, of p on the subspace m; can be decomposed into some subset of irreducible
components of the tensor representation ad(p)|m;_, ® ad(p)|m,.

4 It may only be a subset because some of the commutators in equation (23) may vanish.
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If any of the subspaces m; is one dimensional, then ad(p)|, must contain a copy of the
trivial representation corresponding to the subspace m;. When j < K, the representation
of p on mj,; can be decomposed into a sum of irreducible representations, each of which is
equivalent to an irreducible representation contained in the decomposition of my.

In particular, when ad(p)|wm, is irreducible and dimm; = 1,1 < j < K, then the
representation ad(p)|m,,, on m;4 is equivalent to ad(p) |m, -

We remark that it was shown in [44] that when the radical v of a Levi decomposable
algebra g has a one-dimensional center, then the representation ad(p)|. contains a copy of
the trivial representation. This result is contained in our theorem as a particular subcase when
dimmg = 1.

Theorem 2 gives us a simple dimensional necessary criterion on possible Levi extensions
of n. Namely, a faithful representation of dimension m; = dimn — dimn? must exist. For
example, there cannot be any Levi extension of the Heisenberg algebra Az | ([e2, e3] = e;) with
aLevi factor other than 5[(2) and similarly for any other nilradical such that dim n—dim n? = 2.

In particular, if n is filiform, i.e. a nilpotent Lie algebra of maximal degree of nilpotency,
K =n—1[11,38-40], we have m; = dimn —dimn? = 2and m; = dimn/ — dimn/*! =1
for j =2,...,n— 1. When dimn = 3 we have the Heisenberg algebra which possesses a
Levi extension. When dimn > 4 the existence of a Levi extension would imply that the one-
dimensional subspace m3 must carry an equivalent copy of the two-dimensional irreducible
representation of s[(2) on my, i.e. a clear contradiction. Therefore, no Levi decomposable
algebra with a filiform nilradical n (dimn > 4) exists as was already derived by other means
in [40], lemma 25, and independently in [45], corollary 1.

In the same way we can also explain the prevalence of Levi factors isomorphic to s[(2) in
Turkowski’s lists of real Levi decomposable algebras. Whenever we can identify a nontrivial
two-dimensional representation in the subspace m; the Levi factor so(3) is immediately
ruled out, e.g. for the nilpotent algebra As 3 with the dimensions of the invariant subspaces
m; = 2, mp = 1, my = 2. Even when m; can carry a three-dimensional irreducible
representation there may be further restrictions. They come from the fact that for so(3)
we have the following decomposition of the three-dimensional irreducible representation 3
tensored with itself

33=5+3+1

where 5 4 1 is the symmetric part and 3 the antisymmetric part. Because [e;, ¢;] is
antisymmetric, only 3 remains in [V, V] where V = 3. Consequently, the algebra

Asq:les, es] =ey, [es, es] = e

with n?> = 31 = span{e;, e»} cannot have a Levi extension by the Levi factor so(3). If the
contrary held, we would have m; = 3, my = 14 1 but 1 + 1 is not contained in [3, 3] 2~ 3 of
[my, my].

Let us now apply these ideas to six-dimensional nilpotent radicals. Let us consider the
nilpotent algebra

Ag 15 :[er, e2] = e3 +es, [e1, e3] = eq, [e1, e4] = e, [e2, es] = e

which does not appear in Turkowski’s list of Levi decomposable algebras as a radical. It has
an incomplete flag of characteristic ideals

oOcn*cn’cn’cipcn

in which only a five-dimensional ideal is missing. Therefore, if any Levi decomposable algebra
with the radical Ag 15 exists then the action of the Levi factor p on the four-dimensional ideal 33

11
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is trivial as is seen by the dimensional analysis and we have a decomposition of the subspaces
m; into irreducible representations as follows:

m; =2, +1,, m; = 1o, m3 = 13, my = 1y,

where the boldface numbers stand for representation spaces of irreducible representations of
p of that dimension and indices specify into which m; space they belong. The representation
space 1; coincides with the one-dimensional subspace m; N 33. By theorem 2 we have

m3 = [11, mp] = [m; N 33, my], my = [1, m3] =[m; N33, m3].  (25)

At the same time, 33 of the algebra Ag 15 is Abelian and contains both m; and m3 which leads
to a contradiction with equation (25). Therefore, no Levi extension of Ag 15 exists. The same
argument can also be applied to the algebra Ag 17.

The case of algebras Ag g, Ag 9 is more involved. They can be both viewed as an extension
of the five-dimensional algebra As 3:

[e3, e4] = e, [es, e5s] = ey, [es, es] = e3

by one element eg which has only non-vanishing commutators with eq4, es, spanning a one-
dimensional subspace in the center 3; = span{ej, e,}. In a suitable basis we have [eg, e4] = e,
in Ag g and [eg, e4] = e) in Ag 9, respectively. Whereas the five-dimensional algebra As 3 does
possess a Levi extension by s[(2), neither Ag s nor Ag 9 do. The reason is that the additional
element eg presents an obstruction which can be identified in the following way. We have
n?> = spanfe;, e2, e3},n’ = 3; = span{ey, e;}, 30 = span{ey, e, €3, ¢s}. By dimensional
analysis we find that the only hypothetically permissible Levi extension is by the Levi factor
p = 5[(2) and the structure of the representations must be as follows:

m =21 @1y, my =1y, m3 = 23,

where 1; C 3,. The basis respecting the characteristic subspaces can be chosen without loss
of generality in the form

51 = e, 52 = ey, I’l3 =m3 = 23 = span{el, 62},
&y = e3modn’, m, = 1, = span{és},

%6 = eg mod n’, 1; = span{é¢},

ey = eqmod 37, és = es mod 3,, 2y = span{éy, &s},

where e.g. mod n? stands for some (unknown) element of n>. Because both &g and &; belong
to the trivial representation of s[(2), we can add a suitable multiple of &3 to &g to set

¢¢ = e mod n’

without altering the block diagonal structure of ad(p) acting on m; + m, + m3. Now we have
1; = span{és} and [14, 21] C [11, n] = V where V is a certain one-dimensional subspace of
the center m3 (V = span{e,} for Ags, V = span{e;} for Agg). That means we have arrived
at a contradictory conclusion that a one-dimensional subspace must carry a two-dimensional
representation and consequently no Levi extension of algebras Ag g and Ag ¢ exists. The same
also holds for Ag 19 which is just another real form of the complex version of Ag g.

A similar but somewhat simpler argument shows that Ag 13:

le1, e2] = es, le1, e3] = es, [e1, ea] = e, [e2, e5] = e, (26)
does not possess a nontrivial Levi decomposition. Namely, we have
n® = 3, = spanfey, es, e}, n’ = 3, = spanfeg}, cent(n®) = span{es, ey, es, ec}.
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By dimensional analysis alone we have the following structure of irreducible representations
of hypothetical p:

m =21 41, m3 =13

and two options for my: either my = 23 or my = 1 4 1. Out of the two, m; = 1 + 1 cannot
be found in the antisymmetrized tensor product of 2; + 1; with itself; therefore, it must be
my = 23 = [21, 11]. On the other hand, from the Lie brackets (26) we have

[21,14] C [cent(nz), n] = span{ey, e}

which splits into m3 and a one-dimensional subspace of m,. Therefore, [21, 1;] must be
simultaneously a trivial representation and a two-dimensional irreducible representation, a
contradiction showing that no Levi extension of Ag 33 exists.

That leaves only the nilpotent algebras Ag 14:

2
[e1, e3] = ey, [e1, e4] = eg, [es, e3] = es, [e2, es] = e, e =1,
and A6,18:
[e1, e2] = e3, [er, e3] = ea, [e1, es] = es, [e2, e3] = es, [e2, e4] = es,

unexplained. Ag 14 has the characteristic ideals
n? = 32 = span{ey, es, eg}, n’ = 31 = span{es}, cent(n?) = span{es, ey, es, €6}
which seem to allow the representation structure of the Levi factor s[(2) in the form

my =2y + 1y, my =25, my =13

with cent(n?) = 1; + m, 4+ m3. We did not find any obvious obstruction to this representation
structure considering dimension only. Therefore, in order to exclude the possible existence
of a Levi extension in this case we have to consider the representation ad(p)|,, in more detail.
We can assume that

2; = span{é; = e; mod cent(nz), &, = ep mod cent(nz)},
1; = span{é; = e3 mod nz},

2, = span{é, = e4 mod n’, s = es modn3},

1, = span{&s = es)
and consider p = ( (1] _01) € sl(2) represented in this representation space. We have by
assumption

ad(p)e, = ey, ad(p)é; = —é, ad(p)e; =0

together with the consequences of equation (5):
ad(p)es = ad(p)le,, &3] = é4, ad(p)es = ad(p)[ez, &3] = —és
and finally
ad(p)és = ad(p)[e,, 4] = 2&6
in a clear violation of
m3 = span{ég} = 13.
Similarly for Ag 18 where the characteristic ideals are
n’ = 33 = span{es, es, s, €}, n’ = 3, = span{ey, es, e},
and n* = 3; = span{eg}, i.e. a similar representation structure

mp =2y, my =15, m3 = 23, my =14
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naively seems possible. Now we have
m; = span{é; = e; mod n2, %) = e, modnz},
m, = span{é; = e3 mod n’},
m3 = span{é; = e, mod n, &5 = es modn4},
my = span{és = eg}.

If the representation of s[(2) on n exists we can again consider p = ( (1) 91) € sl[(2) acting on
n. We have again

ad(p)e, = éi, ad(p)é; = —&;
together with the consequences
ad(p)es = ad(p)[eé;, &2] =0, ad(p)es = ad(p)ley, &3] = é4,
ad(p)es = ad(p)[e,, &3] = —és
and
ad(p)és = ad(p)[e1, &4] = 2&
demonstrating the incompatibility of s[(2) with Ag 13.

To sum up, we have shown in detail that for all but two six-dimensional nilpotent algebras
n in the list [7] which do not have any nontrivial Levi extension, obstructions precluding its
existence can be identified by dimensional arguments, without the knowledge of derivations
of n.

Concerning the so(3) Levi factor acting on six-dimensional indecomposable nilpotent
radicals, we may consider only the four algebras which have not been excluded by the
previous analysis (and appear as nilpotent radicals in Turkowski’s list [20]). We can establish
on dimensional grounds that Ag 12 with the flag 0 C n® C n? C cent(n?) C n of dimensions
(0,1,2,4,6) cannot have a Levi extension by s0(3). Ag3 with dimensions m; = my = 3
is the only one to allow a three-dimensional representation of so(3) (in fact two copies of it)
in its Levi extension, identified as Lo j;. Out of the remaining two Levi extendable algebras
Ag.4, A5 With m; = 4, my = 2 only the second one has a Levi extension Lg 4 with the Levi
factor so0(3) (with the four-dimensional bispinor representation of s0(3) acting on m; and the
trivial representation on my). The fact that Ag 4 does not have a nontrivial Levi extension
by s0(3) cannot be found by the dimensional analysis alone and the detailed structure of the
representation acting on it must again be considered (similarly as in the case of algebras Ag 14,
Ag 18 above).

Let us now turn our attention to non-nilpotent radicals. Let us assume that v is a solvable
Lie algebra with the nilradical n. The existence of a Levi extension g of the non-nilpotent
radical v with a Levi factor p imposes restrictions that go beyond the ones originating
from the existence of g’ = n + p. (On the other hand, we have already observed that g’
may be decomposable and consequently not included in the lists in [19, 20] even if g is
indecomposable.)

Let us assume that t = n+ ¢, ad(p)|q = 0 as is always possible to achieve by the theorem
of Turkowski. Then we have

ad(p)[x, y] = [ad(p)x, y] + [x, ad(p)y] =0

forany x, y € gand p € p, i.e. the subspace [q, q] C n must be a representation space of the
trivial representation (if [q, q] is nonvanishing). Furthermore, forany z e n,y € q, p € p we
have

ad(p)ly, z] = [y, ad(p)z],
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i.e. similarly as in the proof of theorem 2 we see that ad(y), y € q maps any representation
subspace V C n of an irreducible representation of p either to a representation space of an
equivalent representation (including V itself) or to zero.

Another restriction comes from the fact that [p, vr] C n which for the corresponding
derivations acting on n means that

[ad(P)|n, ad(x)]a] € Tnn(n), Vp ep, xer.

This in turn implies that the m;m;-blocks of ad(p)|, and ad(x)|, commute.
We collect some of these results into the following theorem.

Theorem 3. Let g be a Levi decomposable Lie algebra which cannot be decomposed into
a direct sum of ideals, p its Levi factor, ¢ its radical, n its nilradical. Let n = Z,le my. be
the decomposition (21) of the nilradical n. Then for any p € p and x € ¢ the submatrices
(ad(p))m,m, and (ad(x))m,m, of ad(p)|n and ad(x)|y, respectively, commute:

[(ad(p))m1m1 ’ (ad(x))m]ml] = 0'

In particular, if the restriction of ad(p) to my is irreducible and g is an algebra over C
then dimt — dimn < 1. When equality holds then the mym;-block of the derivation ad( f})
(f1 € t\ n) is a nonvanishing multiple of the unit operator.

The proof of the statements in the particular case when ad(p)|,, is irreducible is a direct
consequence of Schur’s lemma.

Theorem 3 can be used in explaining the particular values of parameters of solvable
radicals v allowing Levi extension. For example, in the algebra gg 54 in Mubarakzyanov’s
classification of solvable algebras [16] there are two parameters whereas its Levi extension
Lg’ 49 1n [20] has only one. The reason is that in order to have (ad(f;))m,m, commuting
with (ad(p))m,m, one of the parameters must be equal to 1. For the same reason the four
parameters in the algebra Ng ‘;}V‘S of [17] are reduced to the values y = o = p,8 =8 = ¢

in the Levi extension L{ 5 of [20], and similarly for other parametric families in Turkowski’s
classifications [19, 20].

6. Conclusions

We have established an improved upper bound on the dimension of any solvable extension of
a given nilpotent Lie algebra. The new estimate (13)

f < dimn —dim nz, where f =dims —dimn
is different from the one derived by Mubarakzyanov in [41]

f <dimn 27
and improved in [42] to

f < dimn —dim C(s). (28)
There are at least two advantages to the estimate (13) over (28):

e the bound (13) is in most cases more restrictive than (28)
e and it does not depend on the knowledge of the structure of the whole solvable Lie algebra
5, contrary to the bound (28).
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The bound (13) is saturated for many classes of nilpotent Lie algebras whose solvable
extensions were previously investigated—e.g. Abelian [28], naturally graded filiform n, ;, Q,
[30, 33], a decomposable central extension of n, ; in [34] and triangular in [29].

On the other hand, it is obvious that even the improved bound (13) cannot give a precise
estimate on the maximal dimension of a solvable extension in all cases. In particular, we
have always dimn — dimn?> > 2, i.e. characteristically nilpotent Lie algebras cannot be
easily detected using equation (13). Similarly, the bound (13) is not saturated in the case of
Heisenberg nilradicals b [27] where the maximal number of non-nilpotent elements is in fact
equal to % < dim b — 1. It remains an open problem to further improve the estimate (13)
if it is possible.

An interesting observation arises from the investigation of numerous nilradicals in
[27-35]. In all these cases the maximal solvable extension of the given nilradical over the
field of complex numbers turns out to be unique up to isomorphism. Therefore, we formulate
it as a conjecture.

Conjecture 1. Let n be a complex nilpotent Lie algebra, not characteristically nilpotent. Let
5,8 be solvable Lie algebras with the nilradical n of maximal dimension in the sense that no
such solvable algebra of larger dimension exists. Then, s and § are isomorphic.

It would be of interest to establish whether this conjecture holds in general or requires some
supplementary assumptions on the structure of n.

Next we have investigated the structure of Levi decomposable algebras. We have
formulated several general properties that the nilradical of any Levi decomposable algebra
must necessarily satisfy and applied these to the lists of Levi decomposable algebras in the
papers [19, 20] by Turkowski. It turns out that dimensional analysis of the three characteristic
series and their centralizers is enough to determine whether a given five-dimensional nilpotent
algebra has a nontrivial Levi extension. In the case of six-dimensional nilpotent algebras this is
no longer a sufficient criterion and more involved considerations were necessary. Nevertheless,
we were able to explain the absence of a Levi extension for all but two six-dimensional
indecomposable nilpotent algebras by abstract, mostly dimensional, considerations, without
an explicit construction of derivations. This indicates that techniques developed here can be
of significant help in this kind of analysis also in higher dimensions. Especially, if a particular
choice of the Levi factor and the nilradical is desired by some application, our results can be
easily used to estimate whether such a Levi extension may exist.

The results and methods used in this section can be applied to Levi extensions of
arbitrary dimension. One particular immediate consequence of them is that no filiform
algebra can be a nilradical of a Levi decomposable algebra. More generally, the same also
holds for any nilpotent algebra n such that dimn — dimn?> = 2 and j € N exists such that
dimn/ — dimn/*! = dimn/*! — dimn/*? = 1.

It remains an open problem to find some structurally interesting series of nilradicals in
arbitrary dimension allowing the classification of its nontrivial Levi extensions other than n
being Abelian or Heisenberg.
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Chapter 3

Symmetries of differential
equations with anticommuting
variables

In this chapter we present two papers

[e] A.M. Grundland, A.J. Hariton and L. Snobl, Invariant solutions of the
supersymmetric sine-Gordon equation, J. Phys. A: Math. Theor. 42
(2009) 335203,

[f] A.M. Grundland, A.J. Hariton and L. Snobl, Invariant solutions of su-
persymmetric nonlinear wave equations, J. Phys. A: Math. Theor. 44
(2011) 085204,

in which we study a generalization of the symmetry analysis reviewed in
Section 1.3.5 to supersymmetric differential equations.

In particular, we determine the Lie superalgebra of infinitesimal symme-
tries of the considered equations, identify conjugation classes of 1-parameter
subgroups and perform corresponding inequivalent symmetry reductions to
ODEs. When possible, we find explicit solutions.

The main conceptual observation in these two papers is that the sym-
metry reduction may not always work when anticommuting variables are
involved. The reason is that in this case not all vector fields can be rectified
to the form X = % where z is an ordinary, commuting variable.

The paper [f] was included in the IOPselect collection by decision of the
editors of Journal of Physics A: Mathematical and Theoretical.
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Abstract

A comprehensive symmetry analysis of the ' = 1 supersymmetric sine-
Gordon equation is performed. Two different forms of the supersymmetric
system are considered. We begin by studying a system of partial differential
equations corresponding to the coefficients of the various powers of the
anticommuting independent variables. Next, we consider the super-sine-
Gordon equation expressed in terms of a bosonic superfield involving
anticommuting independent variables. In each case, a Lie (super)algebra of
symmetries is determined and a classification of all subgroups having generic
orbits of codimension 1 in the space of independent variables is performed.
The method of symmetry reduction is systematically applied in order to derive
invariant solutions of the supersymmetric model. Several types of algebraic,
hyperbolic and doubly periodic solutions are obtained in explicit form.

PACS numbers: 02.20.Sv, 12.60.Jv, 02.30.Jr

1. Introduction

The purpose of this paper is to obtain Lie point symmetries and group-invariant solutions
of the minimal (A = 1) supersymmetric extension of the (1 + 1)-dimensional sine-Gordon

equation:

@x = sing. 1

The symmetry reduction method (SRM) is systematically applied in order to derive invariant
solutions of the A = 1 supersymmetric extension of the model (1).

1751-8113/09/335203+23$30.00 © 2009 IOP Publishing Ltd  Printed in the UK 1
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The classical sine-Gordon equation (1) has applications in various areas of physics
including, among others, nonlinear field theory, solid-state physics (evolution of magnetic flux
in Josephson junctions, Bloch wall motion of magnetic crystals, etc), nonlinear optics (self—
induced transparency, fiber optics), elementary particle theory and fluid dynamics; see [1-6]
and references therein. A broad review of recent developments in the theory involved as well
as their applications can be found for example in [2, 6-8] and bibliographies therein. The sine-
Gordon equation (1) also has great significance in mathematics, especially in the soliton theory
of surfaces. Analytic nonpertubative techniques for solving equation (1) exist, including,
among others, the inverse scattering method and the Darboux—Bécklund transformations.
Multiple soliton solutions of (1) have found a wide variety of applications. The Bicklund
transformation for the sine-Gordon equation (1) linking different analytic descriptions of
constant negative curvature surfaces in R was established a century ago by Bianchi [9] and
then by Steuerwald [10]. They were the first to find solutions of the structural equations
(i.e. the Gauss—Weingarten and the Gauss—Codazzi—Mainardi equations). In particular, they
constructed pseudospherical surfaces for the sine-Gordon equation (1) by means of the auto-
Bicklund transformation. It was demonstrated [11] that these surfaces can be described either
by the Monge—Ampere equation

Uyaltyy — Uy, + (14 (u2)* + (uy))> =0 )

(where z = u(x, y) is the graph of a surface in R®) or by the sine-Gordon equation (1) for
the angle ¢(x, ) between asymptotic directions. The surfaces associated with equations (1)
and (2) are characterized by the Gaussian curvature K = —1. The explicit form of the
correspondence between these two integrable models is known [11].

In recent publications (see e.g. [12—-17]), a superspace extension of the Lagrangian
formulation has been established for the supersymmetric sine-Gordon (SSG) equation. The
associated linear spectral problem was thoroughly discussed by many authors (see e.g.
[13, 17] and references therein). It was shown [15] that the equation of motion appears as
the compatibility condition of a set of Riccati equations. The supersymmetric sine-Gordon
equation admits an infinite number of conservation laws, and a connection was established
[15, 16] between its super-Biacklund and super-Darboux transformations. Consequently, it was
shown in [16] that the Darboux transformation is related to the super-Bicklund transformation,
and the latter was used to construct multi-super soliton solutions. The SSG equation was shown
to be equivalent to the super CP' sigma model [18, 19]. The prolongation method of Wahlquist
and Estabrook was used to find an infinite-dimensional superalgebra and the associated super
Lax pairs [20].

In physics, the supersymmetric sine-Gordon equation is a useful example of a nonlinear
integrable supersymmetric theory, on which conjectures concerning the properties of such
theories can be tested. These involve, among others, the computations of the S-matrix
[21, 22]. In addition, N = 2 supersymmetric sine-Gordon models arise in certain reductions
of superstring worldsheet theories on particular backgrounds, e.g. the Pohlmeyer reduction on
AdS, x §? [23].

The purpose of this paper is to study the symmetry properties of the supersymmetric
sine-Gordon system (more precisely, of the equations of motion of the ' = 1 supersymmetric
sine-Gordon model) and to construct various classes of invariant solutions of this model. In
order to accomplish this, we use a generalized version of the prolongation method which
encompasses commuting and anticommuting variables. The total derivatives with respect to
these variables are adapted in such a way that they are consistent with the standard definitions.
We then use a generalized version of the SRM in order to obtain group-invariant solutions of

2
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the supersymmetric sine-Gordon model. These solutions complement the multi-super soliton
solutions found recently.

This paper is organized as follows. In section 2, we recall the supersymmetric sine-Gordon
equation, constructed in such a way that it is invariant under two independent supersymmetry
transformations. In section 3, we decompose the supersymmetric sine-Gordon equation into
three partial differential equations involving the component fields of the superfield and proceed
to determine a Lie symmetry algebra of this system. Next, we focus on the SSG equation
expressed explicitly in terms of the odd superspace variables 6; and 6, and the bosonic
superfield ®. In section 4, we compute in detail the Lie superalgebra of symmetries of this
equation using a generalized version of the prolongation method. The subalgebra classification
of this superalgebra is performed in section 5, and a discussion of the invariant solutions of
the SSG equation is the subject of section 6. Finally, in section 7, we provide a summary of
the results and list some possible future developments.

2. Supersymmetric extension

We are interested in the supersymmetric sine-Gordon equation [ 14—16] constructed on the four-
dimensional superspace {(x, ¢, 61, 6»)}. Here, x and ¢ represent the even (bosonic) coordinates
on the two-dimensional super-Minkowski space R!? while the quantities 6, and 6, are
anticommuting odd coordinates.

We replace the real-valued function ¢(x, ¢) in equation (1) by the real scalar bosonic
superfield ® (x, ¢, 61, 6>). Such a superfield can be decomposed into its component fields as

D(x,1,01,6,) = %u(x, 1) +01p(x, 1)+ (x, 1) +010,F(x,1), 3)

where ¢ and ¥ are the odd-valued functions (fields) and « and F are the even-valued functions
(fields). The supersymmetric extension of equation (1) is constructed in such a way that it is
invariant under the two independent supersymmetry transformations:

x = x—1n,6, 0 — 01 +1, and 1 —>1—1,6, by > Or+n,, 4

where 1, and 7 are the odd parameters (in general, we use the convention that underlined
letters represent odd parameters). These transformations are generated by the infinitesimal
supersymmetry generators:

Qx = 09, — 010« and Q: = 09, — 020, &)
which satisfy the anticommutation relations

{Qx, Ox} = —20,, {Q:, Or} = —29,, {Q«. 0:} =0. (6)

In order to make our superfield theory invariant under the actions Q, and Q,, we write the
equation in terms of the covariant derivatives

D, = 0p, + 610, and D, = dp, + 029, 7

which possess the property that they square to the generators of spacetime translations and
anticommute with the supersymmetry generators:

D} = b, D} =3, {Ds, Di} = {Dx, Q:} = {Dx, Q1)
={Dy, Ox} ={Dy, 0s} = 0. ®)
The superspace Lagrangian density of the supersymmetric model is
L(®) = 1D, ®D,® — cos P, )
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and the corresponding Euler-Lagrange superfield equation is given by
DD, ® = sin ®. (10)

Equation (10) is invariant under the supersymmetry transformations (4), and we therefore refer
to it as the supersymmetric sine-Gordon (SSG) equation. Once it is expanded out in terms
of the component fields %u(x, t),o(x,t), ¥(x,t), F(x,t), one finds that the scalar part of
equation (10) is in fact algebraic and restricts F to be the following function of u [14]:

F = —sin (g) an

Up to this point, the presentation has been formulated in the language usually used in
physics, not yet mathematically well defined. The mathematically sound formulation is based
on the notion of supermanifolds in the sense of [24, 25] and can be described as follows.

One starts by considering a real Grassmann algebra A generated by a finite or infinite
number of generators (£, &, ...). The number of Grassmann generators of A is not directly
relevant for applications; essentially the only assumption is that ‘there are at least as many
independent ones as are needed in any formula encountered’. The Grassmann algebra A has
a naturally defined parity 1 = 0, &; = 1, (ab) = @b and can be split into even and odd parts:

A= Aeven + Aodd~ (12)

The spaces A and Ay, replace the field of real numbers in the context of supersymmetry.
Elements of A are called supernumbers, while elements of its even/odd part are even/odd
supernumbers. For instance, in equation (4) we have parameters 1, 72 € Agqq. Sometimes
we may also employ a different split: o

A= Abody + Asoul (13)

where Apody = AEL,E, .. ]~ Rand Agu = Zk>1 AK[E1, &, ...]. The bodiless elements
in Aoy are obviously non-invertible because of the Z-grading of the Grassmann algebra. If
the number of Grassmann generators K is finite, bodiless elements are nilpotent of degree at
most K. In what follows, we shall assume that K is arbitrarily large but finite—this assumption
will allow us to use rigorous theorems of [26].

Next, one considers a Z,-graded real vector space V, with even basis elements
u;,i =1,..., N, and odd basis elements v,, u = 1,..., M, and constructs W = A Qg V.
The space of interest to us is its even part:

Weven - {Zaiui + Zgﬂvumi S Aevenv Qﬂ [S Aodd} .
i Iz

Obviously, Weyen is @ Aceyen module and can be identified with A :V{cvn x A (fdlg . To the original

basis consisting of u; and v, (although v, & W !), we associate the corresponding
functionals

Ej: Weyen = Acven : Ej (Za,-v[ +Zguuﬂ> =aj,
i "
Tyt Weven = Aodd : Ty (Z a;v; + ZQ,J#L) =qQ,

i w

and view them as the coordinates (even and odd, respectively) on Weyen. Any topological space
locally diffeomorphic to a suitable Wy, is called a supermanifold. The transition functions
to even and odd coordinates between different charts on supermanifold are assumed to be

4
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even- and odd-valued superanalytic or at least G*™ functions on Wee,. For comprehensive
definitions of the classes of ‘supersmooth’ functions G* and superanalytic functions G*,
we refer the reader to consult e.g. [24], definition 2.5—here we only note that superanalytic
functions are those that can be expanded into convergent power series in even and odd
coordinates, whereas the definition of the G*° function is a more involved analog on
supermanifold of C* functions on manifolds. Any G* function can be expanded into
products of odd coordinates (i.e. Taylor-like expansion) but the coefficients, being functions
of even coordinates, may not necessarily be analytic.

In our context, the super-Minkowski space R‘*!” should be understood as such a
supermanifold, globally diffeomorphic to AX2 x A (fdzd with even coordinates x, t and odd
coordinates 0y, 6,. The supersymmetry transformation (4) can be viewed as a particular change
of coordinates on R"!1? which transforms solutions of equation (10) into solutions of the
same equation in new coordinates.

A bosonic, also called even, superfield is a G* function O : RO Acven. It can be
expanded in powers of odd coordinates 6, 6, giving decomposition (3), with

. x2
u, F: Al = Aeven,

¢V ALG = Ao

The partial derivatives with respect to the odd coordinate (for a detailed description see
[24], definitions 2.5 and 5.6) satisfy the usual operational rules, namely 95,0, = 8;, together
with the graded product rule:

¥, (f8) = (39, £)g + (—1)Y (3y,8). (14)
The operations 9dy,, O« ;, Dy in equations (5) and (7) switch the parity of the function acted
on. For instance, dg, & becomes an odd superfield dg, P : RO Aodq Whose component
decomposition is

0o, @ (x,1,01,62) = ¢ (x, 1) + 6, F(x,1).

3. Lie symmetry properties of the supersymmetric sine-Gordon system
in component form

When decomposed in terms of the various powers of 6 and 6, the SSG equation (10) is seen
to be equivalent to a system of three partial differential equations for the fields u, ¢ and .
That is, the coefficients of the powers 6, 6, and 6,6, combine to form the following system
of coupled equations for the component fields [14]:

() wy = —sinu +2¢y sin (g)

(i) ¢ =—weos(3). (15)

(i) ¥, = ¢ cos (%)
In order to determine the Lie point symmetry algebra g of the system (15), we restrict our
consideration to Lie groups and use an infinitesimal approach. We adapt the method of
prolongation of vector fields described in the book by Olver [27] to the case where the

equations of the system contain both even- and odd-valued functions [28, 29]. We begin by
writing the set of partial differential equations (15) in the form

Ak(-x7tau’¢’ W’uxt?(l)tv Wx)zov k=152’33 (16)

5
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where

A1 1§, Yt G ) = i+ sinu = 2 sin (5 ).

Do, 1,0, Vs, s ) = G+ cos (), a7
B 1,0, Vs b ) = Wi — doos (5).

A symmetry group G of the system (16) is a (local) group of transformations acting on
the cartesian product of supermanifolds:

X xU

with even coordinates (x, ¢, ) and odd coordinates (¢, ¥), whose associated action on the
functions u(x, t), ®(x, 1), ¥ (x, t) maps solutions of (16) to solutions of (16). Assuming that
G is a super Lie group in the sense of [26], one can associate with it its Lie algebra of even
left-invariant vector fields G, whose elements are the infinitesimal symmetries of the system
(16). In particular, a local one-parameter subgroup of G consists of a family of transformations

g1 X =X'(x,u,e), i =U%x,u,¢), (18)
where x = (x!, x?) = (x, t) are the independent variables and u = (u', u?, u?) = (u, ¢, ¥)
are the dependent ones. & € Ay, 1S a group parameter whose range may be restricted

depending on the values of x, ¢, u, ¢, ¥. Such a local subgroup is generated by a vector field
of the form

- d d
v=¢&"(x,u)— +d(x,u)*—, (19)
ax! u®
where
i d i o 0 o
§(x,u)=—X , DY(x,u) = —U ) (20)
de e=0 o€ o0

The advantage of working with the Lie algebra g instead of directly with the super Lie group
G is that the equations defining the infinitesimal symmetries are linear.

In order to determine the infinitesimal symmetries of a system of partial differential
equations, it is useful to make use of the concept of the prolongation of a group action. The
idea is that a transformation of coordinates x! — %, u® — i induces a transformation of
the derivatives:

ou® on®
. s 2D
ox! 0x!
In order to make use of this concept, we define the multi-index J = (ji, ..., j,), where

Ji=0,1,...and |J| = ji +---+ j,. The space of coordinates on X x U is extended to the
jet bundle

Je={(x', u®, u)1J| < kY, (22)
which includes the coordinates and all derivatives of the dependent variables of order less than

or equal to k. In our setting the jet bundle (22) is a supermanifold on which we define total
derivatives

a a
D= —+ o 23
axt 28 @

where J; = (ji, ..., Ji—1, Ji + 1, Jis1, - - -, jn). More generally, for J = (ji, j2, ..., ju), We
define
D;=DD,---Dy---D,D,,---D,. 24)

Ji Jn
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The prolongation of a group action to the jet bundle J; in turn induces a prolongation of
the generating infinitesimal vector field in the Lie algebra. For the vector field v given by (19),
the kth-order prolongation of v is

0
prom=ve Y ¢ u®)—, (25)
a,|J |0 uy
where ¢%(x, u®) are given by the formula
. ou® .

¢S =D, <¢°‘ — ¢ 8xi> +&'uf (26)
or, equivalently, by the recursive formula

95 =D;d5 — > (D& us,. 27)

1

The symmetry criterion (theorem 2.31 in [27]) assumes that G is a connected Lie group
of transformations acting locally on X x U through the transformations

)?iZXi(X,M»g)a ﬁ(X:Ua(x’uvg)’

where ¢ € G and A, (x,u™) is a non-degenerate system of partial differential equations
(meaning that the system is locally solvable with respect to highest derivatives and is of
maximal rank at every point (xo, u(()")) € X x U™). Then G is a symmetry group of A = 0 if
and only if

(prP™1(A) =0 whenever A =0 (28)

for each infinitesimal generator v of G.

Using the results of [26], one finds that the same criterion can be used also in the case of
the super Lie group G and its Lie algebra of even left-invariant vector fields.

For the purpose of determining the Lie algebra of symmetries of the system (16), let us
write a vector field of the form

v=E&EX,t,u,d, U)o, +T(x,t,u, ¢, ¥)o, +Ux, t,u, ¢, ¥)o,
+X(, tu, ¢, )0 + W (x, t,u, ¢, Y)oy, (29)

where &, T and U are the Aeyen-valued functions while X and W are the Ao4q-valued so that v
is an even vector field. We consider a second prolongation of the vector field (29) which is of
the form

prP (V) = v+ U, + T3y, + WDy, + Uy, +U' D, + ), (30)

where the terms in the parentheses do not contribute in what follows, namely in equation (33).
The coefficients U*', ' and W* are the known functions of the components &, ..., ¥ of the
vector field v and their derivatives with respect to the independent and dependent variables
X, ..., ¥ (as given by the general prolongation formula (26) or (27)). We use upper indices in
coefficients U**, X7, etc in order to distinguish them from partial derivatives, e.g. Uy, = 9,0, U.
The first-order coefficients are given by

T = X+ Xu; + Eqﬁ‘pt + Ex//wl - §t¢x - guut(px - E¢¢x¢z

- Swd’xl/ft — T®r — TultPr — Tlﬁ(bll/jl’ 3D
and
U =W, + Wu, + lIl(j)‘ﬁx + ‘I’w% — &V — Eu Yy + g¢¢x¢x
— T — Tuux Yy + T¢¢x Yy + Ty Y. (32)
7
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The second-order coefficient, "', is much involved and will not be presented here.
According to the symmetry criterion, the vector field (29) is an infinitesimal generator of
the symmetry group of the system of differential equations (16) if and only if

prP WAL, t,u, ¢, Y, Usr, 1, Yu)] =0, k=1,2,3, (33)

Whenever Al(-xa ta u, ¢’ 110.7 Uyt ¢t7 I//X) = 07 l = 15 29 3~
The condition pr® (v)[A;] = 0, when applied to the system (15), leads to the following
conditions on the coefficients:

o U'=Uu (—Cosu + cos (%)qu) + 2 (2 sin (%)w) + W (—2 sin (g)qb) ,

(i) == %u sin (g)w — Wcos (%) (34)

(i) W = —éu sin (%)¢ + 3 cos (%)

whenever u, ¢, ¥ satisfy the system (15).

Substituting the prolongation formulas for ¢/, ' and W* into (34) and imposing the
condition that Ay = 0,k = 1,2, 3, i.e. substituting for u,,, ¢,, ¥, and their derivatives, we
equate the coefficients of the various monomials in the various remaining derivatives of u, ¢
and i with respect to x and ¢ (i.e. those unconstrained by equation (15)). We obtain a series of
determining equations which impose restrictions on the coefficients &, 7, U/, ¥ and W of the
vector field (29). Solving the determining equations, we see that the coefficients must be

E(x) = Cix + Cy, t(t) = —Cit + Cs, U=0,
() = —1Ci9, V() = 1Cy,

where C, C, and C5 are arbitrary even parameters. Thus, we have determined that the Lie
algebra g is spanned by the following three vector fields:

P, =a,, P =, D =2x0, — 219, — ¢y + Yy, (36)

(35)

where 0, = d/dx, etc. We have two translations, P, and P, in the x and ¢ directions
respectively, and the dilation D acting on the independent and dependent variables. We note
that although the method may in general yield a super Lie algebra (for explicit examples see
e.g. [30-32]), in our particular case of the supersymmetric sine-Gordon system (15) the result
is just a Lie algebra acting on the supermanifold X x U. In fact, the Lie algebra in question
whose nonzero commutation relations are

[Py, D] =2P;, [P, D] = -2P, 37

is ISO(1, 1), which is also the symmetry Lie algebra of the ordinary sine-Gordon equation
(in (1 + 1)-dimensional Minkowski space described in the light-cone coordinates, the Lorentz
boost takes the form of a dilation). This represents the Poincaré invariance of the sine-Gordon
equation, supersymmetric or otherwise. This algebra is also identified as A3 4 (E(1, 1)) in
[33] where its non-conjugate one-dimensional subalgebras are found to be

L]:{D}, L2={Px}5 L3={Pt}a L4:{PX+Pf}a LSZ{PX_PI}
(38)

One can now proceed to apply the SRM in order to obtain invariant solutions of the
supersymmetric system (15). First, we find for each of the subalgebras listed in (38)
the associated four invariants along with the appropriate change of variable that has to be

substituted into thesystem (15) in order to obtain the set of reduced ordinary differential
equations. In each case, the invariant involving only the independent variables, the so-called

8
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Table 1. Invariants and change of variables for subalgebras of the Lie algebra g spanned by the
vector fields (36).

Subalgebra Invariants Relations and change of variable

L, ={D} o=xt,u,t"2¢,t'"?¢ u=u(),¢=1"700),v%=1t"">Q@)
Ly ={P:} o=tu¢. ¥ u=u(),¢=0¢0), ¥ =y

Ly ={P} o=xu¢, Y u=ux),¢=0¢w),y =1yx)
Ly={Pc+P} o=x—-1tu¢y u=u(0),¢=9¢0). ¥ =vy(©)
Ls={Pk—Ph} o=x+tu,¢.¥ u=u),¢=¢0), ¥ =y)

Table 2. Reduced equations obtained for subalgebras of the Lie algebra g spanned by the vector

fields (36).
Subalgebra Reduced equations
L, = {D} Oligs + 1y = —sinu +2sin (4)OQ, 160 +06, = —cos (4)Q,

Q, = cos (4)O

L, ={P.} —sinu + 2 sin (%)(f)l// =0, ¢ = —cos (%)1//, cos (%)(f) =0
Ly = (P} —sinu +2sin (§)¢y =0, cos(§)y =0, ¥, =cos(§)o
Ly={Pc+ P} —uge =—sinu+2sin(%)py, ¢, =cos(%)¥, v, =cos(%)¢p
Ls={P, — P} u,, = —sinu+2sin (%)(ﬁx//, ¢y = —COs (%)lﬁ, WYy = COs (%)d’

symmetry variable, is labeled by the symbol o. The invariants and the change of variables
are listed in table 1, while the systems of reduced ordinary differential equations are listed in
table 2. Because the reduced ODE systems in table 2 form a subset of cases investigated in
section 6, we postpone their discussion there.

4. Symmetries of the SSG equation

When we performed the group-theoretical analysis of the supersymmetric sine-Gordon system
in the component form (15), we noted that the resulting symmetry algebra did not essentially
differ from the purely bosonic case, i.e. equation (1). That is, the supersymmetry algebra was
not recovered in this way. In order to overcome this shortcoming of the method, we now turn
our attention to the superfield version of the model represented by the SSG equation (10). This
equation can be rewritten in the form

9102<I>x, — qu)tg] + qu)xez — CD9192 = sin CD, (39)

where each successive subscript (from left to right) indicates a successive partial derivative (for

example, @y, 4, represents dy, (dp, P)). In order to determine the Lie superalgebra of symmetries

of equation (39), we employ the generalized method of prolongations so as to include also the

two independent odd variables 6; and 6,. Such procedure was proposed and used in [34, 35].
We consider transformations on the supermanifold

1,112
RETD 5 Agven.

We write a generator of symmetry transformation in the form of an even vector field on this
manifold:

v=£§(x,1,01,0,, D)0y +T(x,1,01,0,, D)0, + p(x, 1,01, 6, P)Iy,
+0(x,t,01,0,, ®)oy, +I1(x, 1,61, 6, D)oo, (40)
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where £, T and II are supposed to be even, i.e. Agyep-valued functions, while p and o are
odd, i.e. Aqqq valued. Here, we adopt the ordering convention that the odd coefficients in the
expression (in this case p and o) precede the odd derivatives (dg, and 9y, respectively). We
generalize the total derivatives Dy, D;, Dy, and Dy, as
Dx = ax + q)x ad> + q>xx BCDX + q)xta<1>/ + (Dxé)l a<I>g1 + q)x92 8CD92 + q)xxx 8<I>XX + q)xxza‘bx,

+ Dy, 00, + Prxs, 00, + Prido, + Puig 0o, + Prig,00,,, + Proy0,00,,, 5

(41)

and
DGI = 891 + (DGI a(b + q)x91 8@; + (Df91 a‘Dz + q)9291 8‘:1)92 + (DXXQI a‘I’n + qDXf@l aq)xz

+ Dy0,0, 00,4, + Prig, 00, + Pig0,00,, . (42)
while D, and Dy, are defined in analogy with D, and Dy, respectively. Here, we note that the
chain rule for an odd-valued function f(g(x)) is [36, 37]

of _0g df

ax  9x dg’
The graded interchangeability of mixed derivatives (i.e. with proper respect to the ordering of
odd variables) of course holds. The second prolongation of the vector field (40) is given by

pr®v = £0, + 70, + pdy, + 0 0p, + Mg + [1* 0, + I dg, + 11" g, + 1% 0oy,

+ T, + %8, + [T do,, + kel do,,, + "0, + it da,

+ 1%, + "% 0, , . (44)
Applying the second prolongation (44) to equation (39), we obtain the following condition:
P02 Dy + D)) — 0 (01D + Dyp,) — T(cos ) + 1 (9,6,)

+I1(6,) — T (6)) — "% = 0. (45)

Note that proper respect to the ordering of odd terms is essential, e.g. IT'! is odd. We see
that we only need to calculate the coefficients IT*, IT’, I1%, [1%, IT*, T1'%, [1*%> and 1% in
equation (44). They are found from the superspace version of the formulas for the first and
second prolongations of vector fields (see equation (27)):

X0y

(43)

(g

M4 =Dall =) Dag’®p, M =Dyl — ) Dyt @ac,  (46)
B C
where
A,B,C € {x,1,01,6,}, ¢t =&, 1, p,0). 47

The derivation of these formulas is performed in the same way as in the bosonic case, working
with infinitesimal transformations and keeping track of ordering properties. Explicitly, the
coefficients are given as follows:

° =10, + Me®, — &P, — &0 (D)) — 7, D, — TP, D, — p, Dy,
_pﬁbq)xq)O] - O-xq:)(%z - O'Qq)xq)sz

= I+ Ho®, — &P, — 6P, P, — 7, D, — T<I>((Dt)2 - Pt‘bel
— PP Py, — 0, Py, — 06 D; Dy,

N7 = T, + Mo D, — &, O — oD Py, — 19, P, — To D, Dy,
— pg, Py, — 09, Py, + 00Dy, o,
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% = My, + Mo Dy, — &6, D, — £6 P, Py, — 75, D, — To D, Py, — g, Dy,
— po Dy, Py, — 09, Dy,

MY =Ty + Mo @ + Moy + Moo @ D) + Mo Py — £ Py — Ex0 PPy — £ Dy
—50(P0)’ — £00 ()’ D, — 260D, Dy — &Py — 5o P Doy — T D
— TP P — 1Py — T (D) — o0 (D)’ P, — 216 P, Dy — T, Dy
— TP Py — 01 P, — Pxo P Py, — 010 DPx Do, — PxDPrg, — 0: Do,
= Poo P P Qg — Po D Py, — P& Pro, @ — P& Pup, Pr — 01 Py,
- chbq)zq)ez - Uzcbq)xq)é)z - chbtez - th>x92 - G¢¢CDXCI),CD92 - U(Dq)xzq)ez
— 00 P19,Ox — 00 Drg, P4,

no = Mg, + M0 Py, + Iy, 0 P; + Moo P, Py, + Mo Py, — &6, Px — E10 P Dy, — &Py,
— 60,0 D: D — Epo D D, Do, — £ D Drp, — S0 D DPrg, — g, Pt — E0 Dt Dy,
— 76, P — T1o @ Pp, — T, Pro, — T0,0 (D) — Toa (D)2 Py, — 276D, Py,
— 79, Pt — To P Py, — 019, Po, — 8,0 P: Po, — o, Pro, — 010, P,
+0:0Dg, Do, — 0:Dg6, — 06,0 P Po, + 000 D Py, Py, + 50 D1, Do,

— 09D, Dy, — 09, Dy, + 09Dy, Dyg,,

' = Mg, + o ®p, + g0 Py + Moo Py Do, + Mo Py, — Evp, P — Er0 D, Do,
— 5D, — £0,0 (D)’ — E0a (D) Py, — 250D, D, — 56, Prx — S0P D,
— T2, Pr — To P Py, — Tu D1, — 10,0 P2 D1 — To0 P P Py, — To Py Pyg,
— 79D Dyp, — 79, Pxr — 7o Par Po, — P16, Po, + Px0 Do, Po, + 02 Doy0,
— 08,0 D Po, + P Oy Py, Py, + o Do, P, + P& D DPoy6, — 05, gy

+ 0o Do, P g, — 0x6, Py, — 06,0 P, Py, — 09, Pyg,,

N%% = 4, — Mg,0Ds, + [p0Ps, — Moo Pe, Do, + Mo Days, — &6, P + &g, 0D, Do,
+&0, P, — 86,0 P2 Dy, + Epo D Do, Dy, + 5o Py, Prg, — 0D Poys, — &6, g,
—Eo Do, Do, — 19,0, D1 + 7,0 D P, + 19, P, — T0,0 D1 Dy, + Too P, Dy, o,
+ 7o Dy, Pro, — To D DPyi0, — T6,Pr6, — To Po, Pro, — 06,6, Do, + g0 Do, Po,
— Pg, Po,6, — 06,6, Do, + 9,0 Do, P, — 79, Doy, (48)

Substituting the above formulas into equation (45) and replacing each term ®g,4, in the
resulting expression by the terms 6,6, ®,; — 6, P, + 01 Pyp, — sin P, we obtain a series
of determining equations for the functions &, t, p, o and I1. The general solution of these
determining equations is given by

§(x,0)) = —2C1x + C; — D10, T(1,02) = 2C1t + C3 — Dy, 49)
p61) = —C161 + Dy, 0(62) = C16, + Dy, =0,
where the parameters Ci, Co, C3 € Aeyen, While D1, Dy € Aggq. Thus, the algebra of
infinitesimal transformations is the even part of the Lie superalgebra G over A spanned by the
following generators:

L = —2x0, +2t8,—9]8g,+92892, P, =a0,, P, =0,
Ox = —0610, + g, O = —0,0; + 0g,.

(50)
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Table 3. Supercommutation table for the Lie superalgebra & spanned by the vector fields (50).

L Py P O« O
L 0 2P, 2P Q, -0
P, —2P, O 0 0 0
P, 2P, 0 0 0 0
0, -0« 0 0 —2P; 0
0, 0 0 0 0 2P,

The even generators L, P, and P, represent a dilation and translations in space and time
respectively, while the odd generators O, and Q, are simply the generators of supersymmetric
transformations identified in section 2. This means that we have recovered the full super-
Poincaré algebra in (1 + 1) dimensions which was expected. The commutation (and
anticommutation in the case of two odd generators) relations of the Lie super algebra &
generated by the vector fields (50) are given in table 3.

5. One-dimensional subalgebras of the symmetry algebra of the SSG equation

In this section, we classify the one-dimensional subalgebras of the Lie algebra of infinitesimal
transformations Gy, into conjugacy classes under the action of the super Lie group exp(Seyen)
generated by Geyen. Such a classification is of importance for us because conjugate subgroups
necessarily lead to invariant solutions equivalent in the sense that they can be transformed by
a suitable symmetry from one to the other; therefore, there is no need to compute reductions
with respect to algebras which are conjugate to each other. On the other hand, for our purposes
it is not of particular importance to establish exactly one representative of each class, as long
as the procedure of reduction has the same form for all the representatives, differing by a
choice of parameters only.

We recall why Geye, is the algebra we are interested in. It would be inconsistent to
consider the R span of the generators (50) because we multiply the odd generators Q, and
Q; by the odd parameters n; and 7, respectively in equation (4). Therefore, one is naturally
led to consideration of Geye, Which is a supermanifold in the sense presented in section 2.
It means that G, contains sums of any even combination of P, P;, L (i.e. multiplied by
even parameters in Aeyep, including real numbers), and odd combination of O, and Q, (i.e.
multiplied by odd parameters in Aoqgq). At the same time, Geyey 1S @ Agyen Lie module.

This leads to the following complication.

e For a given X € &, the subalgebras X, X' spanned by X and by X’ = aX,a € Aeven\R
are in general not isomorphic, X' C X.

It seems that the subalgebras obtained from other ones through multiplication by nilpotent
elements of Acyen do not give us anything new for the purpose of symmetry reduction—they
may allow a bit more freedom in the choice of invariants, but we then encounter the problem
of non-standard invariants which we will discuss at the end of section 6.

Similarly, it does not appear to be particularly useful to consider a subalgebra of the
forme.g. {Py +1n ) P,} (although the reduction for this case can easily be reconstructed by
substituting & = n 0, in the subalgebra G, and the corresponding formulas below).

Therefore, we will assume throughout the computation of the non-isomorphic one-
dimensional subalgebras that the nonzero even parameters are invertible, i.e. behave essentially
like ordinary real numbers.
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The Lie algebra Gy, can be decomposed into the semi-direct sum:
GZ{L}B{anPfﬂ Qx’ Ql‘} (51)

In order to classify this Lie superalgebra, we make use of the techniques for semi-direct sums
of algebras described in [38] (section 4.4) and generalize them to superalgebras involving both
even and odd generators. Here, we identify the components F and N of the semi-direct sum as

FZ{L}, N={Px7PIa QX7 Qt}

The trivial subalgebras of F are simply F| = {0} and F, = {L}. We begin by considering the
splitting one-dimensional subalgebras.
For F; = {0}, all one-dimensional subspaces of the form

{aPX+ﬂPI+&QX +2Qt}a a?ﬂ S Aevena Eake Andd (52)

are invariant subalgebras, i.e. subalgebras of N invariant under the action of Fj.
Under the action of the one-parameter group generated by the generator

Y =kL+mP, +nP, + 10, +10,, (53

where k, m,n € Aeyen and 1, A € Nodd, the one-dimensional subalgebra (52) transforms under
the Baker—Campbell-Hausdorff formula

X — Adeyin X = X +[Y, X]+ %[Y, [y, X11+ % [y, [y, 1y, Xnj+--- 54)

to

(CZkO[ + 2@ ek

k_ k—
. k D) P+ (62"/‘5 + 2)»_vez"(ek—1)) P+epQ.+eu0i (55

k-1

T as its well-defined limit

If k£ is bodiless (see equation (13)), then we interpret
ekk—l — Zjozo mkj

We note that the action (54) with Y = kL on the even generators « P, + 8 P; together with
an overall rescaling of the subalgebra generator can always be used to bring one of the
coefficients «, B to 1 under the assumption that at least one of them was invertible supernumber.
The other can be scaled to either =1 or bodiless even supernumber. Note that here the
assumption of the finite number of Grassmann generators of A is essential—it guarantees a
cutoff in the sum In(1 +y) = Y-, (’I;H
have to worry about its convergence; i.e. k € Acyen such that ek = 1 + y exists for every even
bodiless y .

Once the coefficients Py, P, are brought to the simple form, one uses any remaining
freedom to simplify the coefficients of Q,, Q;. As is seen from equation (55) not much
can be accomplished—only rescaling by exp(k), k € Aeven (and an overall rescaling if both
a = B = 0), may still be available.

Considering first the subalgebras containing only the generators P,, P,, we obtain
essentially the same subalgebras as for the system in the component form described in
section 3.

yj for bodiless y € Acyen SO that one does not

@@ If B =0, u =0, v =0, we have the subalgebra { P, } which is not conjugate to any other
subalgebra.
(i) If ¢ =0, u = 0, v = 0, we have the subalgebra {P;}.
(iii) The subalgebra {« P, + B P,}, where a, b € Agyen such that a~! exists, can be brought to
the form

{P, +eP}, (56)

13

159



J. Phys. A: Math. Theor. 42 (2009) 335203 A M Grundland et al

where ¢ = %1 or ¢ is bodiless. If a is bodiless, then we get similarly
{Pt + a)PX}»

where w is bodiless. As mentioned at the beginning of this section, we shall consider only
subalgebra (56) with € = £1 in what follows.
Next we complement the generators P,, P; by Q,, Q,. This leads to the following
types of non-conjugate subalgebra:
(iv) {£0.),
) {v0i}
(vi) {Py + 1 Q,} where algebras with p and ek W, k € Agyen, are isomorphic,
(vii) {P, + 1 0.} where algebras with ® and ef s k € Acyen, are isomorphic,
(viii) {Py + vQ,} where algebras with v and e*v, k Acyen, are isomorphic,
(ix) {P; +vQ,} where algebras with v and e*v, k € Acyen, are isomorphic,
(%) (P +eP+p0.),
(xi) (P, +eP + 0.},
(xii) {4 Qx +v0Q;} where both u and v can be simultaneously rescaled by a € Aeyen and then
one of them by e, k € Acven,
(xiii) {P; + uQ, + vQ,} where algebras defined by (u,v) and (e*u, e*v), k € Acyen, are
isomorphic, N B
(xiv) {P; + uQ, + vQ,} where algebras defined by (11, v) and (e**u, ekv), k € Aeyen, are
isomorphic, B B
(xv) {Py+eP +pnQ+v0}
For F, = {L}, the only splitting one-dimensional subalgebra is {L} itself.

Next, we then look for non-splitting subalgebras of & of the form
V=A{L+aPc+pP+pQ.+v0i, (57)

but an easy calculation using the Baker—Campbell-Hausdorff formula (54) shows that all such
algebras are conjugate to {L}. Thus, there are no separate conjugacy classes of non-splitting
one-dimensional subalgebras of &.

Therefore, the one-dimensional subalgebra classification (under the restrictions mentioned
at the beginning of this section) is

S ={L}, Sy = (P}, &3 = (P}, Gy ={P +eP}, Ss = {n0x},
G = {Pr + 10y}, S7 ={P +p0:}h Gs ={Pr+eP + 10},

Sy = {v0}, Gio={P:+210/}, Sy ={P+v0:}, (58)
Spp={Pc+eP +v0:}, Si3={pn0:+v0:} Sy ={Pr+p 0y +v0:},
Sis={P+p0:+v0} Sie={Pc+eP +pn0x+v0;}

Any parameter, if present, is assumed to be nonvanishing. The underlined parameters belong
to Aodad, € = £1 (although also & € A.yen bodiless can in principle be considered).

This classification will allow us to use the SRM in order to determine invariant solutions
of the SSG equation (39).

6. Invariant solutions of the supersymmetric sine-Gordon equation

We now proceed to apply a modified version of the SRM to the SSG equation (39) in order
to obtain invariant solutions of the model. Considering in turn each of the one-dimensional
subalgebras described in section 5, we begin by constructing, where possible, a set of four
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independent invariants of the specific subalgebra. In each case, the even invariant is labeled
by o and the odd invariant(s) by 7 (or 7y, 7). For the subalgebras Gs, Gy, G3, G4, G5 and
S, the structure of the invariants is non-standard and will be discussed at the end of this
section.

The bosonic superfield @ is expanded in terms of its various odd invariants. The
dependence of ® on each odd variable 7; must be at most linear (as (7;)> = 0). Substituting this
decomposition into the SSG equation (39), we obtain a reduced partial differential equation
for the superfield @ which in turn leads to a system of differential constraints between its
component even and odd functions. For instance, if the invariants are given by o, 71, 7o, P,
the superfield @ can be decomposed into the form

D =A(o, 11, 0) =a(o) +11n(0) + A(o) + 1112 8(0), (59)

where « and 8 are the even-valued functions of o while 1 and A are the odd-valued functions of
o. Substitution into the SSG equation (39) allows us to determine the differential constraints
between the functions «, 8, n and A. In general, the reduced supersymmetric equation will
contain the term sin.4 which can be expanded in the form

sin A =sina + 11ncosa + pAcosa + T T2 (B cosa + nA sina), (60)

as identified from the series

1
51
The results are summarized in tables 4 and 5. In table 4, we list the one-dimensional
subalgebras and their respective invariants and superfields. In table 5, we present the systems
of differential constraints resulting from each symmetry reduction and assumed form of the
superfield. In what follows, we deal separately with each case described above by performing
an analysis of the various solutions of the obtained differential constraints. The resulting
expressions are then substituted into the superfield formula for ®, from which we obtain
group-invariant solutions.

The subalgebra G = {L} leads to the reduction

d(x,1,61,6)) = (o) +1"20 (o) + 1 ?6,0(0) +6,6,8(0), (62)

1
sinA:A—§A3+ A — (61)

where o = xt and the functions «, 8, i, v satisfy

1
g + o + sin 2a) — Coo "2 sina = 0,

2

Voo +tan oo, vy, + — vy + —cos” av = 0,
20 o

1 B (63)

B +sina =0,

172

(0 “uv), =0,

where Cy denotes the nilpotent even constant equal to o /2 yv. These equations are equivalent
to the ones listed in table 5 but written in the form more convenient for further simplification.
This reduction is also equivalent to that found for the SSG equation in the component form in
table 2.

We find it convenient to consider the first equation in (63), namely

O0ge +0 + 1 sin2a) — Coo ™'/ sina =0
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Table 4. Invariants and change of variables for subalgebras of the Lie superalgebra S spanned by

the vector fields (50).
Subalgebra Invariants Superfield
G, = (L} o =xt, 1 =t'%0, ® = Ao, 11, 1) = a(o) + T u(o)
T, =t"126,, ® +00(0) + 111 B(0)
G, ={P} t, 01,6, ® O = A(t,0,,0,) = a(t) + 0, u(t)
+6,v(t) +6,6,8(1)
G; ={P} x, 0, 6,, ® O = A(x, 0y, 6,) = a(x) + 6, u(x)
+0,v(x) +60,0,B(x)
Gy ={P.+¢eP} o=x—¢t,01,0,,® D= A(0,0,6) =a(c)+6,u(o)
+0,v(0) +6,60,8(0)
S = {P. + 10} LT=0—ux,0,® &= At 1,0)=a@)+1n()
+ 0,1 (1) + 10, 8(¢)
Sy ={P+1n0,} o =x+poit, O = Ao, 1,0, =a(o)
T=60,—ut,b,,® +6A(0) +t0,8(0)
Gy ={P.+eP+uQ,} o =¢ex—1t+uto, O = Ao, 1,0, =a(o)
T =0, —¢eut,0,, ® +6A(0) +t0,8(0)
S ={P +v0;} o =1+vox, ® = Ao, 7,0,) = a(o)
T=0, —vx,0,,® +601A(0) +10,B(0)
Su={P+v0} X, 0, T=0,—v,® &=Ax,1,0) =alx)+Tnk)
+01A(x) + 10, B(x)
Sp={P.+eP, +v0Q0;} o =1t—¢ex+vxb,, ® = A(o,1,0)) =a(o) +tn(o)
T=60,—vx,0,,® +011(0) +10,B(0)

as a complex ordinary differential equation. Then under the transformation
a=ilny, (64)

it becomes

C
51—y, (65)

— 1( )2 1 + 1 ( -1 3)
Yoo = 3 Yo Uyo 4o y y 20

In the case where Cy = 0, we can rescale the independent variable o to z = 42io and we
obtain the following form of equation (65):

1o, 1 i, 1
Yoo =—() ==y x|y ——]). (66)
y Z 8z y

The solution of the reduced system (63) can be expressed in terms of y through the
transformation (64). Under the assumption that Cy = 0, the odd-valued functions u and
v have to satisfy the following differential equations:

1 1—y? 1 1 2
Voo = — _+_y Yo | Vo —— | Y+ — v, M= > Vo (67)
20 y(1+y?) 4o y 1+y2
together with the constraint uv = 0.
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Table 5. Reduced equations obtained for subalgebras of the Lie superalgebra S spanned by the

vector fields (50).

Subalgebra Reduced equations
&, ={L} B+sine=0, v, —pcosa =0,

Ol +spu+veosa =0, o +00, — fcosa — pvsina =0
G, ={P,} B+sine =0, pcosa =0,

ur+vecosa =0, PBcosa+pvsine =0
G; ={P} B+sine =0, v, —pucosa =0,

vecosae =0, Bcosa+puvsina =0
Sy ={P, +cP} B+sina=0, v, —pcosa =0,

ey —vecosa =0, ey +pPcosa+puvsinaeg =0
S = {P. + 10} B+sina =0, up—ncosa=0,

m+icosa =0, un +pcosa+nisina=0
67:{P,+ﬁQx} B+sinae =0, A, —ncosa =0,

poe —rcosa =0, un, +pcosa+nisina =0
Sy ={P.+ePi+puQ,} P+sina=0, ek, —ncosa =0,
No + Uas —Acosa =0, eage+un, + fcosa+nisina =0

G ={P:+1v0,} B —sina =0, A,+ncosa=0,
Vo, +Acosa =0, vn, —pBcosa —nAisina =0
Su={P+v0} B —sina =0, pB+ncosa =0,

Ny —Acosa =0, vn,—pBcosa—nisina =0
Spn={P,+¢P,+vQ,} B—sina=0, i, +ncosa =0,
VU, + &Ny +Acosa =0, €0y, +Vn, —Pcosa —nisine =0

On the other hand, taking « = 0 in equation (63), we obtain the following particular
solution of the SSG equation:
D

D
®(x,1,6,,0,) = [7% cos (2v/x7) — J; sin (2\/)?)} 6,

D, . D,
+ [ﬁ sin (2v/x1) + 7 cos (2&)] 6, (68)

representing a nonsingular periodic solution with the damping factor ¢ ~!/? (where ¢ # 0).

For the subalgebra G, = {P,}, the reduced equations in table 5 are equivalent to the
corresponding ones obtained in component form, i.e. listed in table 2. The only nonvanishing
solutions which we obtain are

O(x,t,01,6,) = km, (69)
where k € Z and
D(x,1,01,60,) = (k+3) 7 + 0110 + O puop(t) + (—=1)**16,6,, (70)

where k € Z, g is an odd supernumber and ¢ is an arbitrary even-valued function of 7.

Similarly, in the case of the subalgebra &3 = {P;} the reduced equations in table 5 are
equivalent to the corresponding ones obtained in the component form in table 2. The only
nonzero solutions are

®d(x, 1,01, 6,) =k, (71)
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where k € Z and
D(x,1,01,0)) = (k+ 1) 7 +0vp(x) + 000 + (—1)"'6,6,, (72)

where k € Z, vy is an odd supernumber and ¢ is an arbitrary even-valued function of x.
The subalgebra G4 = {P, + ¢ P,} leads to the last reduction which was obtained also in
the component form in table 2. The reduced equations for the superfield

P (x,1,01,02) = a(o) +01u(0) +6,v(0) +6,6,8(0), (73)
where 0 = x — &t, are equivalent to the following set of equations for functions «, v, u, 8:

Elyy — % sin Qa) + Ky sina = 0,

2

Voo +tanov,a, — ecos“av = 0,

1

cos o
B +sina =0,

vy =0, (74)

(/’Lv)a =0,

where we denoted the nilpotent constant pv by K. The resulting solutions are traveling wave
solutions in both the even and odd fields. We recall that the equation for o, namely

oo — 3 8in (2) + Ko sina = 0, (75)

appears in the reduction of the double sine-Gordon equation in (2 + 1) dimensions [5] but with
real K.

Considering the different values of € separately, in the case € = 1, we make the substitution
a = —ilnv into equation (75) followed by an integration which leads to the equation

(v5)* — 1 (v* — 4Kov® + 8K 1v* — 4Kov +1) =0, (76)

solved by an elliptic integral in terms of a P-Weierstrass function. When Ky = 0, equation (75)
reduces to the reduced sine-Gordon equation and its traveling wave solutions are well known
and represent classical periodic, nonperiodic and kink solutions [39, 40]. For example, in the
special case where Ko = 0 and K| = 0, we obtain the following particular wave solution
which is expressed in terms of Jacobi elliptic functions

(o) = arccos (cn(o, i)), o=x—t,
( _ _S’(0,i) ) ( SN(o,i) )2
— —r
(o) = D, (l;tlin@,z))z 1+dr21(a,f> ’
— (1 + #) (1 _ _S%.0) ) -
1+dn(o.i) (1+dn(o,))? (77)
( __Sn%(o.i) ) (1+ SN(o.i) )2
e —r—
(o) =D | — (1+dne.i) 1+dn.i) ’

SN(o,i) \2 ) G CA))
(1 + 1+dn(a,i)) (1 (1+dl’1(a,i))2)
where D; is an arbitrary odd supernumber. Physically, this represents an elliptic traveling
wave.
Another type of traveling wave solution is obtained for ¢ = —1. A particular explicit
solution of the reduced equations (74) takes the form

D
O (x,t,6;,06,) = arcsin (tanh o) + 6, _hl +6,D; tanho — 0,6, tanh o, (78)
cosho —

where o = x + ¢ and D; is an arbitrary odd supernumber. This represents a bump function in
the 6; direction and a kink in the 6, direction (i.e. in the corresponding odd components).
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For the cases of the subalgebras Gg = {P, + EQx} and &y, = {P, + vQ,}, the only
nonzero solution which we obtain is

O(x,t,01,60,) =km, where k € Z. (79)
For the subalgebra &7 = {P; + 1 Q,}, we obtain the solutions
d(x,1,01,62) = km, (80)
where k € Z and
D(x,1,01,60,) = (k+ 1) 7 + 01 uho¥r (o) + bohg + (=D (01 — ut)6s, (81)

where k € Z, Ly is an odd supernumber and ¥ is an arbitrary even-valued function of
o =X+ ubt. o

For the subalgebra Gg = {P, + ¢ P, + £ Q,}, we were able to obtain an explicit solution
only if we assume that A and 7 are multiples of . Then the equation for a does not involve
odd unknowns and can be solved in terms of elliptic functions. (We note that in this case the
reduced equations become very similar to those for G4, see table 5, but not identical—they
differ by the pa, term in 5, + poy, — Acoso = 0.) We find

D (x,1,01,60) = alo) + (0 —ept)n(o) +624(0) + (61 — eut)62B(0), (82)

where 0 = ex —t + ut6, and the even-valued function « is given in terms of the Jacobi elliptic
function N

o = arcsin[k sn(~/—¢0, k)], (83)

where the modulus & is restricted by the relation |k| < 1. The latter condition ensures that the
elliptic solutions possess one real and one purely imaginary period when restricted to real o.
The even-valued function 8 is given by

B = —ksn(v/—¢0, k). (84)

The odd-valued function 2 is given by A = ug(o), where g is an even-valued function of &
which obeys the linear ordinary differential equation

Soo + (tana) gy — e(cos® a)g + e(cos @)y = 0, (85)

and the odd-valued function 7 is given by n = u f (o), where the even-valued function f is
given by

&
f= 8o- (86)
cos o
The subalgebra S g = { P, + v Q,} leads to the solutions
®(x,t,01,0,) = km, (87)
where k € Z and
D(x,1,601,6y) = (k+5) 7 +6whov (0) + ik + (—1F (62 — v)61, (88)

where k € Z, A¢ is an odd supernumber and v is an arbitrary even-valued function of o
For the subalgebra &1, = {P, + ¢ P, + vQ;}, we find a solution similarly as in the case of
Sg. We have

@ (x,1,01,00) = a(0) + (0 — vx)n(o) +01A(0) + (62 — vx)01 f(0), (89)
where 0 =t — ex + vx6, and the even-valued function « is given by

o = arcsin[k sn(~/—¢a, k)], 90)
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where the modulus £ is restricted by the relation |k| < 1. The even-valued function g is given
by

B = ksn(v/—¢o, k). 91)

The odd-valued function A is given by A = vg(o) where g is an even-valued function of o
which obeys the linear differential equation for g:

8oo + (tana)o, gy — 8(0052 a)g —e(cosa)a, =0, 92)

and the odd-valued function 7 is given by n = v f(0') where the even-valued function f is
given by

f=- 8o- (93)
cos

Let us now turn our attention to those subalgebras whose invariants possess a non-standard
structure. Such subalgebras are distinguished by the fact that each of them admits an invariant
expressed in terms of an arbitrary function of the superspace variables, multiplied by an odd
supernumber. Such invariants are nilpotent and this causes complications in the computation.
This aspect can be illustrated by means of the following example. The subalgebra G5 = {1 Q. }
generates the first of the two one-parameter group transformations described in equation (4).
Its invariants are ¢, 6,, ® and any quantity of the form

T = uf(x.1,60,6:, D), (94)

where f is an arbitrary function which can be either even or odd valued. It is an open question
as to whether or not for a particular choice of function f a substitution of these invariants into
the SSG equation (39) can lead to a reduced system of equations expressible in terms of the
invariants. It is clearly not possible for an arbitrary function f. For example, in the case when
T = ux6), the system (39) transforms into the equation

uxth Arr + uxAgg, +sin A = 0, 95)
for the field
® = A(t, 1, 6). (96)

The presence of the variable x in equation (95) clearly demonstrates that we do not obtain a
reduced equation expressible in terms of the invariants.

On the other hand, if we attempt the reduction with respect to all the vector fields
wQy, i € Aoga, we immediately find that such vector fields do not form a subalgebra and we
have to reduce with respect to the subalgebra generated by {Q., P,}. That leads to ®(¢, 6,)
and substituting into equation (39) we find the reduction

sin® =0,
which allows again only the trivial solution
® = km, keZ. o7

The other five subalgebras having non-standard invariants display similar features, and we
list below the invariants expressed in terms of an arbitrary function of the superspace variables
for each case.

Subalgebra Non-standard invariant
69 = {EQT} Ef(xvts 917929 (D)
613={EQx+BQf} Ekf(-x’taGNOZa q))
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S ={Pr+pnQ0:+v0:} Hu f(t, 61,6, ®)
Sis={P+pQ:+v0:} nuf(x, 01,6, )
Sie={Pr+eP + 0, +v0;} u f(61,6,, P)

where, in each case, f is an arbitrary function of its arguments.

From a more general perspective, the problem of non-standard invariants can be expressed
as follows. We recall that the construction of invariant solutions is based on a proper (local)
choice of canonical coordinates on the space of independent and dependent coordinates such
that it ‘straightens the flow’ of the generator of the one-parametric subgroup, i.e. we get one
coordinate corresponding to the group parameter and the remaining ones are invariant with
respect to the flow. In order to perform the reduction, we have to assume that the group
parameter can be expressed as a function of original independent coordinates (i.e. the orbits of
the subgroup action are of codimension 1 in the space of independent variables). We choose
the proper number of invariant coordinates as our new dependent coordinates and interpret
them as functions of the remaining ones and the group parameter.

Once the differential equation(s) possessing the symmetry is expressed in these canonical
coordinates, due to its symmetry, we are guaranteed that the group parameter coordinate
drops out of the equation(s) and we have an equation(s) with one less independent variable.
If this(these) equation(s) is(are) still a partial differential equation(s) too difficult to tackle
directly, we can repeat the procedure and further reduce (provided of course that the reduced
equation has some symmetries).

Now the source of the problem becomes clear: in the commutative case we can always
locally straighten the flow of any nonvanishing vector field, as is well known from the
differential geometry. On the other hand, once we allow anticommuting variables, we are
not always able to find such a coordinate transformation, as we have just seen—although we
have found the proper number of invariants, the transformation is obviously non-invertible.
Therefore, we are led to the conclusion that in the case of anticommuting independent variables
not all symmetry generators allow a symmetry reduction; we have to restrict our attention only
to those which can be written as a partial derivative with respect to even coordinate in some
suitable coordinate system on the supermanifold X x U (of course, a possibility is not excluded
that in some particular case a solution constructed out of non-standard invariants may exist—
but its existence and the consistency of the reduction is not guaranteed).

7. Conclusions

In this paper, we have performed a group-theoretical analysis of the (1 + 1)-dimensional
supersymmetric sine-Gordon model. This was accomplished using two different approaches.

In the first one, the decomposition (3) of the bosonic superfield was substituted into
the SSG equation and decomposed into a system of partial differential equations for the
component fields. Next, we focused directly on the SSG equation expressed in terms of a
bosonic superfield involving odd, anticommuting independent variables. In each case, we have
determined a Lie (super)algebra of symmetries of the supersymmetric system and classified
all of its one-dimensional subalgebras. In the case of the SSG equation (10), the superalgebra
of symmetries was computed through the use of a generalized version of the prolongation
method.

For the decomposed system (15), no odd symmetry generators were obtained and the Lie
algebra of symmetries was just a realization of the Poincaré algebra in (1 + 1) dimensions
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on the superspace. On the other hand, the Lie superalgebra of symmetries of the SSG
equation (10) is the full super-Poincaré algebra in (1 + 1) dimensions.

Through the use of the SRM, we have constructed exact analytic solutions of the SSG
equation. The reductions in the component decomposition were found to be a special subset
of reductions in superspace. Solutions included constant, algebraic, trigonometric, hyperbolic
and doubly periodic solutions in terms of Jacobi elliptic functions. In some cases, the
reductions lead to systems of coupled ordinary differential equations whose full solution is
unknown and we had to content ourselves with some particular explicit solutions or solutions
expressed in terms of an arbitrary solution of given inhomogeneous linear ordinary differential
equation (e.g. equation (92)).

In the superspace formulation, we have encountered one complication not present in the
ordinary bosonic case; namely not all generators allow the corresponding reduction. The
reason for this is that there may be no canonical coordinates on the superspace straightening
the flow of such a vector field. Presently, we do not know about any simple criteria that would
allow us to immediately identify such problematic vector fields, i.e. without computation of
invariants.

We note that the groups of symmetries found were those one could guess at the beginning
from the structure of the SSG equation. Unfortunately, that is very often the case with such
an investigation—an involved and lengthy computation is needed in order to exclude the
possibility of hidden, unexpected, symmetries but otherwise brings nothing new.

An interesting open question is whether the supersymmetries can be somehow directly
detected in the component form using the methods of symmetry analysis of differential
equations (if one does not know that the equation was constructed to be supersymmetric, of
course). That is, does supersymmetry demonstrate itself in some way e.g. as a contact or
conditional symmetry? If such a detection was possible, it might be systematically applied to
find enhanced hidden supersymmetry in some models, which would be of significant practical
importance.

Also, it would be of interest to apply the method in section 4 to other physically relevant
nonlinear supersymmetric models. For example, it should be possible to perform a similar
analysis on a model with more supersymmetries, e.g. the N = 2 supersymmetric sine-Gordon
model. Given the computational complexities involved, namely the form of the prolongations
defined by formulas (46), it seems rather necessary to use computer algebra systems to deal
with the expressions in these cases and we defer such investigation to future work.
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Abstract

Systematic group-theoretical analyses of two supersymmetric nonlinear wave
equations, namely the supersymmetric sinh-Gordon and polynomial Klein—
Gordon equations, are performed. In each case, a generalization of the method
of prolongations is used to determine the Lie superalgebra of symmetries,
and the method of symmetry reduction is applied in order to obtain invariant
solutions of the supersymmetric equations under consideration. In the case of
the supersymmetric sinh-Gordon equation, the results are compared with those
previously found for the supersymmetric sine-Gordon equation. The presence
of non-standard invariants is discussed for the supersymmetric sinh-Gordon
and polynomial Klein—Gordon equations.

PACS numbers: 02.20.Sv, 12.60.Jv, 02.30.Jr

1. Introduction

Recently, there has been much interest in the study of supersymmetric extensions of both
classical and quantum mechanical models [1-4]. Various techniques have been used in
order to obtain supersolitonic solutions, including the inverse scattering method, Bécklund
transformations and their Riccati forms, Darboux transformations for the odd and even
superfields, Lax formalism in superspace, and generalized versions of the symmetry reduction
method [5-11]. Integrable models which were studied using these methods include (among
others) the Korteweg—de Vries equation [12-14], the sine-Gordon equation [1], Liouville
theory [4], the Schrodinger equation [15] and sigma models [16]. A number of solitonic and
super multi-solitonic solutions were determined by a Crum-type transformation [17] and it
was found [2, 3] that there exist infinitely many local conserved quantities. A connection was
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established between the super-Darboux transformations and super-Bécklund transformations,
which allows one to construct N supersoliton solutions.

In our previous article [18], the Lie symmetry superalgebra of the supersymmetric sine-
Gordon equation was determined by means of a generalization of the prolongation method,
and its subalgebras were classified. A number of invariant solutions of the model were found,
including constant, algebraic, hyperbolic and doubly periodic solutions expressed in terms of
elliptic functions. It was also found that some of the subalgebras had invariants which possess
anon-standard structure in the sense that they do not admit symmetry reduction in the classical
sense. In this context, it would be worthwhile to extend this analysis to other nonlinear wave
equations.

The purpose of this paper is to perform a systematic group-theoretical study of the
supersymmetric versions of two particular nonlinear equations. First, we consider the sinh-
Gordon equation

Uy, = sinhu. (D
A supersymmetric version of this equation has already been studied (see e.g. [19-21]), but
to our knowledge a systematic group-theoretical analysis of the supersymmetric sinh-Gordon
equation has never been performed. In this paper, we determine the Lie symmetry superalgebra,
subalgebra classification and invariant solutions of this supersymmetric equation. Next, we
use the superspace and superfield formalism to construct a supersymmetric extension of the
following polynomial generalization of the Klein—Gordon equation:

Uy +au+bud +cud = 0, 2)
for certain choices of constant parameters a, b and c¢. Through the use of the transformation

2
¥ = T sin"!u, (3)

it has been demonstrated [22, 23] that the double sine-Gordon equation

(87 — VHW + Mk~ sinkW + p(2k) ™" sin2k¥ = 0 4)
can be reduced to equation (2). As far as we are aware, equation (2) has never been
supersymmetrized before (although supersymmetric versions of certain Klein—Gordon-type
equations do exist, see e.g. [24]). We perform a systematic group-theoretical analysis of our
constructed supersymmetric model.

This paper is organized as follows. In section 2 we discuss the supersymmetric version of
the sinh-Gordon equation. We use a generalized form of the prolongation method to calculate
the Lie superalgebra of symmetries, and then proceed to classify the subalgebras and determine
invariant solutions of the supersymmetric sinh-Gordon equation through the symmetry
reduction method. In section 3, we repeat the same procedure for the supersymmetric version
of the polynomial Klein—Gordon equation. For both equations we consider the fact that some
subalgebras possess non-standard invariant structures. Finally, in section 4 we present our
conclusions, final remarks and possibilities for future research.

2. Supersymmetric extension of the sinh-Gordon equation

Let us first consider the sinh-Gordon equation
Uy; = sinhu. (®)]
In order to supersymmetrize equation (5), we extend the space of independent variables {x, 7}

to the superspace {x, 7, 81, 6>}, where 6; and 6, are independent Grassmann-odd variables. We
also replace the classical real field u(x,f) by the Grassmann-even superfield:

D(x,1,01,6,) = %u(x, 1) +01p(x, 1)+ (x,1) + 010, F(x,1), ©6)
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where ¢ and Y are two new odd fields and F is a new even field. We intend to construct the
supersymmetric extension of (5) in such a way that it is invariant under the following two
supersymmetry transformations:

x —>x—nb, 60— 0+ and t—=>t+0,00, 60— 6+, @)

where 7n; and 1, are arbitrary constant odd parameters (where we use the convention
that underlined constants represent Grassmann-odd parameters). The choice of signs in
equation (7) is not arbitrary; it is caused by the requirement that the supersymmetric version
of the sinh-Gordon equation be written as an equation for real superfield, i.e. that the functions
u(x,t),¢(x,t), ¥(x,t), F(x,t) take values in a real Grassmann ring and can therefore be
physically interpreted as real bosonic and fermionic fields.

The two transformations (7) are generated by the infinitesimal supersymmetry operators

Qx = 09, — 010« and Q; = g, + 029y, ®)

respectively. In order to make the generalized model invariant under the supersymmetry
generators O, and Q,, we introduce the covariant derivatives

D, = 891 + 918X and D, = 892 — 923,, (9)

which possess the property that each derivative D; anticommutes with both supersymmetry
operators Q;. Also,

{Qx, Qi) = =20, {Qr, 01} =20, {Q«, Oi} = {Dx, D/} = 0. (10)

Thus, if we write our supersymmetric equation in terms of the superfield ® and its covariant
derivatives of various orders, it will indeed be invariant under the transformations generated
by O, and Q,. The superspace Lagrangian density of the supersymmetric model is

L(®) = 1D PD,P +cosh P, (11)

and the corresponding Euler—Lagrange superfield equation (the supersymmetric sinh-Gordon
equation) takes the form

D, D,® = sinh ®. (12)

In terms of the partial derivatives with respect to the independent variables, this equation can
be re-written as

—610, D, + 0P, + 0Py, — Py, — sinh @ = 0. (13)
In this paper, we use the convention that for partial derivatives involving odd variables,
3, (f8) = (3, /)8 + (=D)L f (3,2, (14)
where
w1 e
and the notation
Jo.0, = 96,30, f). (16)

The even (super)numbers, variables, fields etc. are assumed to be elements of the
even part Acyen Of the underlying abstract real Grassmann ring A = A[&, &, ...]; the odd
(super)numbers, variables fields, etc. lie in its odd part A,qg. We shall assume throughout
the paper that the function u(x,f) in equation (6) (and «(o) closely related to u(x,f), used in
section 2.2) has values in the invertible subset of Aeyen plus {0}, i.e. nonvanishing nilpotent
values of u(x,r) are ruled out. This technical assumption allows us to perform necessary
simplifications in our calculations without splitting off of singular subcases.
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Table 1. Supercommutation table for the Lie superalgebra & spanned by the vector fields (19).

L Px Pt Qx Qt
L 0 2P, 2P, O, -0,
P, 2P, 0 0 0 0
P, 2P, 0 0 0 0
QA -0 0 0 —2P 0
Q: (or 0 0 0 2P,

2.1. Symmetries of the supersymmetric sinh-Gordon equation

We apply the generalized version of the method of prolongation of vector fields, as considered
for systems of partial differential equations involving Grassmann-odd variables (see [18]).
That is, we postulate an even vector field of the form

v=2£8(x,1,01,0,, ®)0 +1(x,1,601,0,, ), +p(x, 1,01, 6, D)y,
+0(x,t,01,0,, ®)og, + A(x, 1,01, 6, P)0o, a7

where &, 7 and A are the even functions, while p and o are odd. We use the generalized total
derivatives defined in [18] in order to calculate the coefficients of the second prolongation of
the vector field (17). In our case, the prolongation coefficients are exactly the same as those
found for the supersymmetric sine-Gordon equation [18]. We apply the second prolongation
to the supersymmetric sinh-Gordon equation (13) in order to obtain conditions relating various
prolongation coefficients to each other.

Substituting the formulae for the prolongation coefficients into this condition and replacing
each term @y, 4, in the resulting expression by the terms —6,6, P, + 0, P, + 6 P9, — sinh P,
we obtain a set of determining equations for the functions &, 7, p, o and A. The general
solution of these determining equations is found to be

E(X,Q])=—2C1X+C2—&91, T(I,92)=2C1I+C3+&02,
p(01) = —C10; + Dy, 0(62) = C160, + D», A =0,

where Cy, G, C3 are bosonic constants, while D and D, are fermionic constants. Thus, we
find that the superalgebra G of symmetries of the supersymmetric sinh-Gordon equation (13)
is the Poincaré superalgebra P (1]|1) generated by the following five infinitesimal vector fields:

L = —2x0y +2t0; — 010y, + 620y, P, = 0y, P =09,
0, = —010, + 0y, Q; = 0,0, + 0p,.

The generators P, and P, represent translations in space and time respectively, while L
generates a dilation in both even and odd independent variables. In addition, we recover
the supersymmetry transformations Q, and Q, which we identified previously in (8). As
we could expect by analogy with the non-supersymmetric case, no additional symmetries
are obtained and this superalgebra is almost identical to the one which was found for the
supersymmetric sine-Gordon equation; it differs only by the sign of {Q,, Q,}. This sign
difference arises from the choice of supersymmetry generators and supercovariant derivatives
in equations (8) and (9). The commutation (anticommutation in the case of two odd operators)
relations of the superalgebra & of the supersymmetric sinh-Gordon equation are given in
table 1.
The Lie superalgebra G can be decomposed into the semi-direct sum

GZ{L}EB{P)C!PZ’ st Qt} (20)

(18)

19)
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The classification of the one-dimensional subalgebras into conjugacy classes is similar to that
found for the sine-Gordon equation (see [18] for details) and is given as follows:

6 ={L},
G, = (P},
G; = {P},

Ss = (P +eh},

Ss = {1 Oy}, where u and ji = ky represent the same conjugacy class

for any invertible even supernumber k

S = {Py + 1 Q.}, where pand it = kv represent the same conjugacy class
for any even supernumber k

S7={P +p0,}, where pandp = e~

v represent the same conjugacy class
for any even supernumber k (21)
Gy ={Pr+eP + 0.}

Sy = {vQ,}, where u and i = kv represent the same conjugacy class

for any invertible even supernumber k

G119 = {P, +v0Q,}, where v and ¥ = e*v represent the same conjugacy class
for any even supernumber k

&y, = {P, +vQ,}, where v and I = ev represent the same conjugacy class
for any even supernumber k

Gy ={P+eP +v0:},

Si3 = {rQx +v0;}, where (i, v) and (i, D) = (ek&, ekv) represent the

same the conjugacy class for any even supernumber k

S14 = {Pc +pnQx +v0;}, where (1, v) and (fi, D) = (¢* i, e**v) represent the
same conjugacy class for any even supernumber k

G5 =1{P +EQX +vQ,}, where (ﬁ, v) and (2, D) = (e3kﬁ, ek v) represent the
same conjugacy class for any even supernumber k
Gie={Pr+eP+pnQ0,+v0:}.

These subalgebras allow us to determine invariant solutions of the supersymmetric sinh-
Gordon equation (13).

2.2. Invariant solutions of the supersymmetric sinh-Gordon equation

We now proceed to apply a modified version of the symmetry reduction method to the
supersymmetric sinh-Gordon equation (13) in order to obtain its invariant solutions. Passing
systematically through each subalgebra in the classification, we construct (whenever possible)
a set of four functionally independent invariants. For the subalgebras Gs, &g, &3, G4,
G5 and Gy, the invariants possess a non-standard structure, which will be discussed at
the end of this section. They are the same as those found for the supersymmetric sine-Gordon
equation [18]. For the remaining subalgebras, the bosonic superfield @ is expressed in terms
of the invariants. That is, if the independent invariants are given by o, 71, 72, where o is an

5
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Table 2. Invariants and change of variable for subalgebras of the Lie superalgebra & spanned by
the vector fields (19).

Subalgebra Invariants Superfield

G, ={L} o=xt,1 =170, &=A0,1,n0)
=a(o) +1n(0) + A(0) + 112 B(0)
T, = 571/292, [}

G, = {P,} t,0,,6,, ® b = .A(l, 6,6, = (X(Z)+917’}(1/‘)+92)n(l‘)+9192ﬂ(l)
63={P,} x,91,92,d> <I>=A(x,91,92)

= a(x) +01n(x) + O2A(x) + 01628 (x)
Gy ={P,+cP} o=x—¢t,0,0,, & D= A(0,606,)

=a(o) +0in(0) +6:A(0) +6:6,8(0)
S = {Pr + 10} LT =0 —px,0,d ®=A(, 1, 0) =al)+Tn)+6A({)+1,10,8(1)
67:{P,+EQX} 0 =X+ uot, b = A(o, 11,0,)

=a(o) + (o) + A (o) + 116, 8(0)
T = 91 — ,ut,@z, [}
Gy ={P.+eP+uQ,} o =¢ex—1t+putb, O =A(o, 11, 6,)
N n a(o) + Tn(o) + (o) + 1162 8(0)

T =6, —8&1‘,92,('1)
Sio={P. +v0/} o =1t—yox, @ =A(0,01, 1)

a(o) +0in(o) + (o) + 012 (0)

91, Ty = 02 — VX, (o)
G ={P+v0/} X0, =60—vt,® ®=A(x,0,1)
a(x) +0in(x) + A (x) + 0112 8(x)
Gp={P.+eP, +vQ;,} o =1t—¢ex—vx6,, b = A(o, 0, 12)
=a(0) +6in(0) + i(0) +61128(0)

01,7 =0, —vx, ®

even invariant while 7; and 1, are odd invariants, then the superfield ® can be written in the
form

O =A(o, 11, 10) =a(o) +11n(0) + A(0) + 1112 8(0), 22)

where o« and B are even-valued functions, while n and A are odd-valued functions to be
determined. When this decomposition is substituted into the supersymmetric sinh-Gordon
equation, we obtain a reduced system of ordinary differential equations for the functions «, 7,
A and B. In general, the term sinh A can be expanded into the form

sinh A = (sinh«) + tyn(cosh &) + oA (cosha) + 7175 (B(cosha) — ni(sinhw)), (23)

as identified by the series
1 1
sinhA=A+§A3+§A5+---. 24)

We summarize our results as follows. In table 2, we list the invariants of the respective
one-dimensional subalgebras together with the form of their superfield solutions. In table 3,
we present the respective reduced systems of ordinary differential equations for «, , A and 8.

For the sake of simplicity we unify the notation as follows: « and B are even functions of
their arguments, while 7 and A are odd functions of their argument.

Subalgebras G5 = {1 0.}, So = {vO;}, 613 = (L QO +v 0}, G1a = {Pe + QO +v 04},
Gis ={P+uQ, +v0,}, Sig = {Pr +eP, + nQ, +vQ,} have invariants which possess
non-standard structures and will be discussed at the end of this section.

6
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Table 3. Reduced equations obtained for subalgebras of the Lie superalgebra G spanned by the
vector fields (19).

Subalgebra Reduced equations
&, ={L} B +sinha =0, A, —ncosha =0,

oM +in—Acosha =0, @y + 0y, + Bcosha — nisinha =0
G, ={P} B +sinha =0, ncosha =0,

n; — Acosha =0, Bcosha — pAsinha =0
&3 ={P} B +sinha =0, A, —ncosha =0,

Acosha =0, Bcosha — nAsinha =0
Gy ={P, +¢cP;} B +sinha =0, A, —ncosha =0,

&Ny +Acosha =0, eayy — Bcosha + nAsinha =0
S = {Pr + n 0.} B +sinha =0, uB — ncosha =0,

N — Acosha =0, un, — Bcosha +nAsinha =0
&7 ={P+un0,} B +sinha =0, A, —ncosha =0,

po, +Acosha =0, un, — Bcosha +nisinha =0
Sy ={P +eP+p0,} B+sinha=0,ei, —ncosha =0,
No + U0y +Acosha =0, cayy + Uy — Bcosha +nisinha =0

S ={P. +v0:} B +sinha =0, va, — ncosha =0,
e — Acosha =0, vA, — Bcosha + nA sinha =0
Su={P+v0/} B +sinha =0, ., — ncosha =0,

vB+Aicosha =0, vA, — Bcosha + nisinha =0
Sp={P.+eP,+vQ;} PB+sinha=0,va, —er, —ncosha =0,
Ny — Acosha =0, eayy + VA, — Bcosha + nA sinha =0

For the subalgebras &, = {P,}, &3 = {P}, G¢ = {P, + n0,}, &7 = {P, + nQ.},
G0 = {Py +vQ;} and &1 = {P, + v(Q,}, the only solution of the reduced equations_is the
null solution ® = 0.

Subalgebra G| = {L} leads to the solution

& =a(o)+120n(0) +t7?0,1(0) +6,6,8(0), (25)

where the symmetry variable is ¢ = xt, the functions « and A satisfy the following ordinary
differential equations:

Cpo +0 oy — 207 sinh 2a) — Cyo ™% sinha = 0,

2
hoo + (207! — (tanh@)ay )Ag — 07" cosh® ad = 0,
and n, B are expressed as

1

cosh o
B = —sinha,

(26)

Ao

" @7
subject to the condition that

An = Coo /2, (28)
where Cy is a nilpotent even constant. This represents a nontrivial scaling-invariant solution,
where the ordinary differential equation for @ does not have the Painlevé property and its

solution in a closed form is unknown.
The reduction with respect to the subalgebra G4 = {P, + ¢ P;} implies that

(n2)e =0,
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ie. nh = Cy is an even nilpotent constant. The bosonic part of the equations of motion
becomes

£0yy + sinha cosha + Cp sinha = 0. (29)

Firstly, we restrict ourselves to Cy = 0. This choice allows us to find a solution of the
equation for (o) in the implicit form (31). Consequently, we find the following solution of
the supersymmetric sinh-Gordon equation (13):

D =u(o)+0in(0) +6A(0) +0,0:8(0), (30)

where the symmetry variable is 0 = x — ef. The function « is expressed in terms of the
elliptic function F:

2¢ cosh® a—e—4C, 2¢
i\/ 4Cr+e F (COSh %\ 3C+¢ )

\/2C1 — ecosh?a + %8

=0 +0C,. 31)

The function A has the form A = K f (o), where K is an odd constant and f is an even function
which satisfies the equation

Kl fss — (tanh @), fr + s(cosh2 a)f1=0. 32)

The functions A and § are defined as follows:

cosha fo (33)

B = —sinha.

This represents a travelling wave expressed in terms of elliptic functions. We observe
that, by choosing K = 0, we can make ® in equation (30) into a purely bosonic nontrivial
solution, i.e. n = A = 0.

When we set nA = Cy # 0 in equation (29) we find a more complicated implicit solution
a(o):

a=a(o) 424
/ da — o =0, (34)
a V—e* —4Cye3a + (4C) — 2)e2 — 4Cpe — 1

where C1, ag are the integration constants. The integral in equation (34) can be converted via
the substitution y = e to the elliptic integral, giving an equation

@) +2dy
v =yt —4Coy? + (4C, —2)y? —4Cyy — 1

The general solution of equation (35) is well known when Cy, C; are ordinary real numbers
(seee.g. [25] p453). The solution y can be expressed as a rational Weierstrass elliptic function:

Y =30 =4/ 0P, g2, 83) — 5 £ Go)} (36)
where the invariants of the elliptic Weierstrass function are
g2=§—4C§+%C1(C1—1), 83:gcl_%+%cgcl_%cg_%cl3+gclz’ G7

and the function f is defined by f(y) = —y* —4Coy* + (4C; —2)y* —4Cyy — 1. Depending
on the values of Cy and Cj, this can lead to doubly periodic solutions expressed in terms of the
Jacobi elliptic functions sn(§, k), cn(&€, k) and dn(&, k). Due to the presence of the nilpotent
even constant Cy, the constants g, g3 and consequently also the modulus k£ must be considered
in the whole ring of even supernumbers A.ye, and cannot be restricted to be real or complex
numbers only. The properties of such a generalization of elliptic functions are, as far as we

— o =0. (35)

8
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know, not yet fully understood and an understanding going much further than the standard
references, e.g. [26], would be required for a full analysis and explicit construction of the
solution of the reduced equations. Nevertheless, under the assumption that these functions can
be consistently generalized to Grassmann ring-valued parameters, i.e. in Acyen, W€ coOnjecture
that the solution of equation (35) retains the form (36) even for Cy nilpotent.

The odd fields A, n are then solutions of the following homogeneous coupled linear
ordinary differential equations:

As —ncosha =0, &Ny + Acosha =0

constrained by the condition niA = Cy.
When reducing with respect to the subalgebra &g = {P, + ¢ P, + Q. }, i.e. considering
the equations

EQgo + UTo + sinh @ cosha + nA sinha = 0, 38)
gy —ncosha =0, na+ﬁag+kcosha=0
we arrive at the constraint

(1) = — (@) i (39)
A general solution of the coupled set of reduced equations (38) is not known. If we assume
that both n and A are multiples of p then equation (39) holds trivially and the differential
equation for « again becomes

E0yy +sinha cosha = 0.

Its general solution is therefore the same as in equation (31). Consequently, we arrive at the
solution of the supersymmetric sinh-Gordon equation (13)

Q= a(o) + (0 —eut)n(o) +rr(0) + (61 —ept)0:8(0), (40)
where the symmetry variable is 0 = ex — ¢ + 6, the function « is defined by equation (31),

A = pf(o), where f is an even function which satisfies the inhomogeneous linear ordinary
differential equation:

I [fm, — (tanh &)y f,, + €(cosh® @) f + &(cosh a)ot(,] =0, “41)
ol

1= osha ™ 42)

B = —sinha.

This represents a travelling simple wave involving x,  modified by the odd variable ;. In this
case, a solution with n = A = 0 is not present.

The reduction with respect to the subalgebra S, = { P, + ¢ P + vQ,} proceeds similarly
to the case Gy = {P, + ¢ P, + uQ,}. Under similar assumptions on X, 7, i.e. both of them
being a multiple of v we find the solution

® =a(0) +0in(0) + (62 — LX)A(0) + 61 (62 — vX)B(0), (43)
where the symmetry variable is 0 = t — ex — vx6,, the function « is defined by equation (31),

n = vf(o), where f is an even function which satisfies the inhomogeneous linear ordinary
differential equation (ODE):

V[ foo — (tanh o)y, fy + s(cosh2 a)f —e(cosha)a,] =0, (44)
P v
" cosha fo (45)
B = —sinha.
9
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The solution represents a travelling simple wave involving x, t modified by the odd variable
6,. We note that the solutions for Gg and S, are very similar; one can be obtained from the
other upon simultaneous interchange of x and ¢, 6; and 6,, n and A, n and v and changes of
signs which can be deduced from the difference in Q, and Q. o

The elliptic function F in equation (31) possesses one real and one purely imaginary
period provided that the modulus

_ 2¢e
- 4C  +¢

(46)

is such that 0 < k> < 1. This implies that either C > % orC < —% when & = 1 and similarly
C < —}1 or C < —% when ¢ = —1.

To sum up our results so far, for subalgebras G, &4, Sg, G, we have obtained consistent
reduced systems of equations which we were able to solve case by case under some
additional assumptions about the form of the solution (where the solution may be implicit
or involve a solution of a known linear ODE whose coefficients depend on previously found,
i.e. in principle known, functions). The subalgebras &,, &3, G4, &7, &9 and &;; allow
consistent systems of reduced equations but their solution in each case is the null solution
P =0.

Those subalgebras whose invariants possess a non-standard structure, i.e. G5 = {1 Q.},
So = {00}, G153 = {L0Ox + 10}, Gy = {Pr + pnO0x + 10}, 615 = (P + 10y + 104}
and G = {P, +eP; + nQ, +vQ;} are the same as those found for the supersymmetric
sine-Gordon equation [18]. Such subalgebras are distinguished by the fact that each of them
admits an invariant expressed in terms of an arbitrary function of the superspace variables,
multiplied by an odd constant. Such invariants are nilpotent and this causes complications
in the computation. This aspect can be illustrated by means of the following example. The
subalgebra G5 = {Q,} generates the first of the two one-parameter group transformations
described in equatial (7). Its invariants are t, 8,, ® and any quantity of the form

T=puf(x,1,01,0,, D), 47

where f is an arbitrary function which can be either bosonic or fermionic. It is an open
question as to whether or not a substitution of these invariants into the supersymmetric sinh-
Gordon equation (13) can lead to a reduced system of equations expressible in terms of the
invariants. This is clearly not possible for every function f. For example, in the case where
T = px6, the system (13) transforms into the equation

ExezA,, + &XAer +sinh A =0, 48)
for the field
d=A,1,6). (49)

The presence of the variable x in equation (48) demonstrates that we do not obtain a reduced
equation expressible in terms of the invariants. On the other hand, if we would like to perform
the reduction with respect to the vector field Q, (i.e. without n) we immediately find that it
is not a subalgebra and we have to reduce with respect to the two-dimensional subalgebra
{Ox, P.}. That leads to ®(¢, 6;) and substituting into equation (13), we find the reduction

sinh ® = 0,
which again allows for only the null solution

o =0. (50)
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These non-standard invariants arise from the fact that, in the case where we allow both
even and odd variables, it is not always possible to find a coordinate transformation which
rectifies the vector fields.

It should be noted that non-standard invariants exist also in the case of the N = 2
supersymmetric Korteweg—de Vries equation [14]:

At + Axxx - 3a9192AXAXX - (a + 2)91AAxx92 - (a + 2)(9192AAxxx - QZAAXXQI)
+ (Za + 1)92AXAx9] + ((l + 2) (AXA<9192 + AAxglgz) — (2(1 + 1)01AxAx92
—(@—1) (01An A — 6240 Ay + Ag Ao, — Ay Asy) —3aA%A, =0, (51)

where A(x,1,601,6,) = u(x,t)+6;p'(x, 1) +6,0%(x, 1) +6,6,v(x, t) is a bosonic superfield.
Here, the Lie symmetry superalgebra g of equation (51) is spanned by the generators [14]:

Ci =0y, Cr =0, C3 = X0y + 310, + 30109, + 56205, — Ady,
(52)
Ay = 6,0, — 0p,, Ay = 6,0, — 0p,.

There exist subalgebras of g for which the invariants possess a non-standard structure. For
example, if we take the subalgebra EAl = {&01 0x — g, }, the invariants are #, 6,, ® and any
quantity of the form

T=pnf (x,1,01,60,, @), (53)

where f is an arbitrary function which can be either bosonic or fermionic. Other examples
include the subalgebra uA; + vA, = {(ub; + v6:)d, — udyp, — vdy,}, for which the
non-standard invariant is_,ugf (x,t,91,92,5) and the subﬁgebra Ci — nA —vA, =
{(1 — 6 — v62)0, + 0y, :yagz}, for which the non-standard invariant is ,ug_f (t, 61, 6,, D).

3. Supersymmetric extension of the polynomial Klein—-Gordon equation

Let us now focus on the polynomial form of the Klein—-Gordon equation
Uy +au+bu’ +cu’ =0, (54)

where a, b and c are parameters. It is natural to attempt to the supersymmetrize equation (54) in
a way similar to what we did for the sinh-Gordon equation (and previously for the sine-Gordon
equation), but this turns out to be quite difficult in general. However, the supersymmetrization
is straightforward in the case where a = 3b/16¢, where equation (54) becomes

C

3b?
U+ | =— | u+bu’+cu’ =0. (55)
16
Proceeding in analogy with the case of the sine/sinh-Gordon equation, we replace the bosonic
field u(x,r) with the bosonic superfield:
Q(x,1,01,00) =ulx, 1) +01¢(x, 1) + ¥ (x, 1) + 0,0, F (x, 1), (56)

where 6, and 6, are independent fermionic variables, ¢ and Y are fermionic-valued fields
and F' is a bosonic-valued function. We construct the supersymmetric generalization of
equation (55) in such a way that it is invariant under the transformations

x—>x—nb, 6 -0 +n and t—>t—n,6b, 60— b+, (57)
which are generated by the supersymmetry operators
QO = g, — 010x and Q; = 09, — 6:9;. (58)

11
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Here, the operator Q, differs from its counterpart in equation (8) for the case of the sinh-Gordon
equation by a sign in the 9, term. Again, we define covariant derivatives

D, = g, + 6,0, and D; = 9y, + 0,0, (59)
which possess the property that they anticommute with the supersymetry operators (58):
{Qx, Ox} = —20,, {Q:, Oi} = -2, {Qx, O} ={Dx, D/} = 0. (60)

The supersymmetric polynomial Klein—-Gordon model is given by the following superequation
expressed in terms of the superfield (56) and the covariant derivatives (59):

3h2 ¢ 5
D.D;®+,/—d+ . /-P° =0. 61)
16¢ 3

This superequation is equivalent to the following system of partial differential equations for
the fields u, ¢, ¥ and F:

3b2 c ,
F = EM'F gu , (62)

3b?
Vst oo+ V3ew’s =0, ©3)
C
3b? 2
b = = = V3euPy =0, 4
16¢
3b? 2
s+ T F 43l F =2V 3eugy =0, (63)
C

where the first equation fixes the function F, so that the fourth equation becomes

3b?
Uy + Fu +bu’ + cu® — 2/ 3cugy = 0. (66)
c

The supersymmetric polynomial Klein—Gordon equation (61) can be rewritten in the
convenient form:

[3b? /
016,90, — 92@;9] + Qlcbxgz — (D9192 + F@ + %@3 =0. 67)
c

3.1. Symmetries of the supersymmetric polynomial Klein—Gordon equation

We now proceed to determine the Lie superalgebra of symmetries of the supersymmetric
polynomial Klein—Gordon equation (67). In the case when b # 0, we obtain the same
symmetry superalgebra as for the sine-Gordon case

P = o, Pi=08, L =—2xd +2t3 — 03, + 0o,
Oy = —010, + 0g,, O = —0,0; + 0g,.

Since the classification of this superalgebra has already been determined in [18], we will
not repeat the details here. However, in the specific case when b = 0, the Lie symmetry
superalgebra is enlarged and it is generated by

(68)

P, =9,, P =d, Ly = 2x0; + 6,05, — 1 P, )
Ly =219, + 6,05, — 1Poy, Q. = —018, + dy,, Q; = —60:3, + dy,
12
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Table 4. Supercommutation table for the Lie superalgebra g spanned by the vector fields (69).

L] Lz P X Pt Qx Qt

Ly 0 0 -—2P, 0 -0, O
L, 0 0 0 -2, 0 -0
P, 2P, 0 0 0 0 0
PR 0O 2P, O 0 0 0
Q. 0. O 0 0 2P, 0
Q 0 0 0 0 0  —2P,

whose commutation (anticommutation in the case of two odd operators) relations are given in
table 4.

The superalgebra generated by (69) differs from the one generated by (68) in the sense that
it contains two dilations, L; and L,, rather than a single one. The generator L in superalgebra
(68) can be recovered by taking the difference L, — L;. In addition, we note that the
supersymmetric equation (67) is invariant under the discrete transformation

x —t, t— x, 61 — 0,, 6, — —0,. (70)
The Lie superalgebra g can be decomposed into the direct sum
gz{LhPx’ QX}@{L27P15 Qf}a (71)

and the classification of the one-dimensional subalgebras into conjugacy classes is given as
follows

g1 = {L.}, g2 = {La},

g3 ={Li+aLy,a # 0}, ga = {P:},

g5 = {P}, g6 = {Py +eP, e = £1},

g7 = {EQJC}’ gs = {Ps +EQX}’

g9 ={P +p 0} g0 ={Pr+eP +pQy, e = =£1},
g = {20}, g2 = {Pr+ 104},

g3 ={P +v0}, gia ={Pr+eP +v0;, ¢ = £1},
gis ={p0x+v0:}, gi6 = {Pr+nQ, +v0;},

17 ={P+pnQ0x+v0}, gis ={Pc+eP+pnQ;+v0;, ¢ =%£l},
gio ={L1+eP+v0;, e =£1}, goo={Lo+eP +pQs, e ==£l},
g = {Li+eP, e ==£1}, g2 = {L1+2v0:},

g3 = {Lo+¢ePy, e =1}, 924 = {L2+ n 0Oy}

For some values of parameters the algebras in a given class may become isomorphic, in the
same fashion as in list (21).

Many members of the subalgebra list can be transformed into another element of the list
by applying the discrete transformation (70). Specifically, we obtain the pairs g; and g, g4
and gs, g7 and g1, gg and g3, go and g2, gio and gi4, gis and g7, gio and gro, g21 and go3,
@20 and gp4. The reduced solutions for these pairs are also related by transformation (70), as
will become obvious below.

3.2. Invariant solutions of the supersymmetric polynomial Klein-Gordon equation

We now make use of the symmetry reduction method in order to obtain invariant solutions of
the supersymmetric polynomial Klein—Gordon equation for the case » = 0. The invariants

13
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Table 5. Invariants and change of variable for subalgebras of the Lie superalgebra g spanned by

the vector fields (69).

Subalgebra Invariants Superfield
g1 ={L} o=t1 =x"1%, & =x""*A, 11,6,), where

=6, A=x"® A =a(t)+1n) +0,A(t) + 116, B(¢)
g = {L,} o=x,7 =60, & =14 A(x,6,, 1), where

T, =1t"26,, A=t"® A=a(x)+0n(x) + A(x) +6,18(x)
g3={L1+aL2} a:t’éx, T =l‘_i91, ‘b:l_%A(O', 71, 7o) , Where

=120, A=t A=a(0)+1n0) + nA0) + 11p0)
94 = (P} 1,0, 6, © D =a(t) +01n() + A1) +0,0,8(1)
g5 = {F} x, 01,60, ® D = a(x) +0in(x) + A(x) + 6,6, 8(x)
gs=1{P.+eP} o=x—¢t0,0,,® O =a(o)+60in(c) +A(0) +60,6,8(c)
gs = {Pc+p 0.} 1 =601 — px, 0, @ @ = a(t) + Tn(t) + A1) + 116, 8(1)
go = {P+p0,} o =x+uoit, ® =a(o)+Tn(o) +6r(0) + 116:8(0)

T, =6; —&1,92, (o}
g0 = 0 =¢ex — 1+ ptoy, O =u(o)+1n(0)+6,1(0) +116,8(0)

{Pe+eP+p 0y}

g2 = {P+v0;}

g3 ={P+v0,}
g4 =
{P,+eP,+v0;}
g9 =

{Li+ePi+v0;}

g0 =

{L2+5PX+EQX}
g1 = {L1+eP}
g ={L+v0,}

g3 = {Ly+e Py}

Oo4 =
{L, + ﬁQx}

71 =6, — eput, 6,, ®
o =1t+vbux,

01, 7p=6, —vx,d
X, 01,10 =60, —vt,
o =1t—¢ex+vx0,,

01, T =0, —vx, ®

o =1+1vhInx — lelnx,

T = x*1/291,

=60, — %glnx, A=x"*p

o :x+%ﬁ91 Int — %slnt,

T =0 — %/Lll’ll,

T, =1t"126,, A=t/

o=1—j3elnx, 7 =x"0,

T =92,A=x1/4<l>

o =t+3v0Inx, 1 =x"10,

=60, — %glnx,Az x/4P

o=x— %slnt, T, =0,
T, = 1_1/292, A=1t"74d

o =x+3ubInt, 7y =6; — ulnt,

T, =t7120,, A=t

O =a(0)+6in(c) + A (0) +0,1,8(0)

O =oa(x)+6n(x)+ nAXx)+6,1,8(x)
O =u(o)+6in(0) + ) (o) +618(0)

® =x""*A(o, 11, 1), where

A=oa(o)+1n(0) + A(0) + 112 8(0)
® =1 A(o, 11, Tn), where

A=a(0)+1n(0) +1A(0) + 11128(0)
® =x""*A(0, 11, 6,), where
A =a(o)+1n(0) +6,A(0) + 116,8(0)
® =x"""A(o, 11, 1), Where
A=a(0)+tn(0)+0A0)+1116(0)
® =1""*A(0,6;, 1), where
A=a(0)+6in(0) + A(o)+6,1,6(0)
® =14 A(0, 11, o), where

A=oa(o)+1n(0) + A(0) + T1128(0)

and change of variable corresponding to each of the one-dimensional subalgebras, as well as

the corresponding reduced systems, are given in tables 5 and 6.
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Table 6. Reduced equations obtained for subalgebras of the Lie superalgebra g spanned by the

vector fields (69).

Subalgebra Reduced equations
g1 ={L} B— /5o =0,1—4y3ca’n =0,

N — ~/3ca®r =0, a, — 4/3ca® B + 8/ Bcanr =0
g2 = {L»} B — /5% =0,A, ++/3ca’n =0,

n+4v3ca?h = 0, oy — 4v/3ca?B + 83/ 3canr = 0
g3 = {L1 +aL,} B— 5 =0, ++/3ca’n =0,

%n + ﬁanq +/3ca?r =0, %azxm + %a{, — V/3ca?B +24/3cani =0
g4 ={P,} ﬂ—\/goﬁzo, 3ca’n =0,

n — /3ca’h =0, — 20 =0
g5 = (P} B— 5 =0,x ++/3ca’n =0,

V3ca?rh =0, a2 —2anr =0
g6 = (P + &P} ﬂ—\/ga3=0,)uo+«/30a2n:0,

gs = {Pc+pn0.}
go = {P +pn0}
gio ={Px+eP +pn0,}
g ={Pc+v0/}
gi3 ={P, +v0:}
gu={P+eP +v0/}

go={Li+eP, +v0;}

G20 = {Lo+ &P+ Oy}

g21 = {L1 +¢P}
gn ={L +v0;}
g3 ={Ly+eP}

G4 = {La+p 0y}

No + V/3cea?r = 0, agy — ~/3cea?B + 24/ 3ceanr = 0

B— \/g'oﬁ =0, uB+ V3ca’n =0,

n; — /3ca’) =0, K — 3ca?B +2+/3cank =0

B — \/goz3 =0, A, +3ca’n =0,

oty + V3ca’r =0, Ml — 3ca?B +2+/3cani =0

B — \/goz3 =0, ko ++/3cea’n =0,

N + Uty + N/ 3ca’h =0, 8o + i)y — ~/3ca®B +24/3cani =0
B — \/goﬁ =0, va, — v/3ca’n =0,

Mo — /3ca?h =0, viy — ~/3co?f +2+/3cank =0

B— \/goz3 =0, A, ++3ca’n =0,

vB ++/3ca’r =0, vA, — +/3ca’B +2+/3canr =0

B — \/goﬁ =0, va, +er, — @azn =0,

No — V3ca?h = 0, 80py + VAy — v/3ca?B +2+/3cant =0

B — /5 =0, 1 +2eh, +2v0, —4y/3ca’n =0,

Ny — v/ 3ca’A =0, oy + %soe(, +8VA, — 24/3cea® B + 4/ 3ceani =0
B — \/goz3 =0, Ay ++/3ca’n =0,

1+ 20, + 261, +4+/3ca’s =0,

Uoo + 360 +EUN, — 24/3cea’ B +4+/3ceani = 0

B— /50 =0,1+2eh, —4y/3ca’n =0,

No — V3ca*r =0, Qg + 26055 — 44/3ca’B + 8/ 3cank =0

B— \/g'oz3 =0, A+ 2va, — 4v/3ca’n =0,

Ny — A/3ca’r =0, oy + 20, — 44/3ca’B + 8+4/3cani =0

B— \/§a3 =0, A, +3ca’n =0,

n+2en, +4/3ca’r =0, ay + 265 — 44/3ca’B + 8+/3cank =0
B — \/goﬁ =0, ko +/3ca’n =0,

N+ 2u0y +4+/3ca’h = 0, g + 211, — 4+/3ca’B +8+/3cani =0
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In addition to the invariants listed below, we obtain the following non-standard invariants
for the following one-dimensional subalgebras:

97 ={pQx}t: uf(x,1,01, 0, @),

g ={v0:} 1 vf(x, 1,01, 6, P),

gis = {1 Ox +v0i}  pf(x, 1,61, 6, ),

Gi6 = (P + 1O + 0.} 1 pu f (1,61, 63, D), (72)

917 ={P +pnQx+v0:} : pvf(x, 61,6, ),

gig ={Pe+eP+pnQ:+v0:}: pvf(01, 0, P).
These subalgebras do not lead to standard reductions or invariant solutions. However, for each
of the other one-dimensional subalgebras (i.e. the ones listed in tables 5 and 6), we discuss the

reduction and the corresponding solutions (whenever possible).

For the subalgebra g; = {L;} the solution to the reduced equations is
e

n(t) = W, (73)

4\/§Z 7
MO = Cierv e 7
Bty = — (73)

3(—16¢t + co)3/*’
where £2 = 1, cp is a bosonic constant and y is a fermionic constant. This leads to the
following solution of the supersymmetric polynomial Klein—-Gordon equation:

Bix. 1,60, 6,) P 01y 4+/3ctry
i 1,01,00) = + = + =
* br2 x4 (=16¢t + co)V/*  x3/4(=16¢ct +cp)3/*  xV/4(=16¢t + co)/*
A/ 3ceb,6
+ cen (74)
3x3/4(—=16¢t + cp)3/4
This solution decreases monotonically as x increases, and it has poles at x = 0 and
t = co/(16¢).
For the subalgebra g, = {L,} the solution to the reduced equations is
&
x(x) = (—16¢cx + o) V4’
44/3cy
n(x) = T 6t 1 ) +;O)5/4,
(75)
A =
&) = Tl6er 4 e
/3ce
Bx) =

3(—16¢cx +co)3/4’
where €2 = 1, ¢y is a bosonic constant and y is a fermionic constant. This leads to the
following solution of the supersymmetric polynomial Klein—-Gordon equation:

(I)( ; 9 9 ) & 4\/ 3C@1)/ 92)/

s by ) = - — + —

LU = T eex + c) 1A (—16ex +c) A (—16cx + o)/
A/ 3089192

+ . 76
3¢3/4(—16cx + cg)3/* (76)
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This solution decreases with time, and has poles at x = ¢y/(16c¢) and ¢t = 0.
For the subalgebra g3 = {L +aL,}, the value of o () nA is a nilpotent bosonic constant
which we call C;. The equation for « then decouples

+5
4T oy — ca® +24/3caCio %) = 0. an
a

—0Qyg +
a
The remaining equations reduce to
40hso0 + (a +3)ak, — 80 hs0ty — 12aca’s =0 (78)
together with the constraint
V30 hoh = —3/ca’C). (79)

The function 7 is then expressed as
1

n=——r—7—
V3ca?

Solutions of the reduced system of equations (77)—(79) are not known.
For the subalgebra g4 = { P, } the solution to the reduced equations is either

Ao

o =0, n=1o is a constant, A(t) is arbitrary, B =0, (80)
or
« is a nilpotent bosonic, n=no is a constant, B =0, 81)

and o and A are subject to the constraint anA = 0. This leads to the following solution of the
supersymmetric polynomial Klein—-Gordon equation:

Q(x, 2,61, 60,) = 0Oino + A1), (82)
or
@ (x, 1,01, 02) = a(t) +61n9 + O:A(1), (83)

where «(¢) and A(r) are subject to the constraint ant = 0. The arbitrary functions within
the solution allow us to consider waves of various shapes, including bumps, kinks and elliptic
solutions, depending on the initial conditions.

For the subalgebra gs = { P, } the solution to the reduced equations is either

a =0, n(t) is arbitrary, A= is a constant, B=0, (84)
or
« is a nilpotent bosonic, A=A is a constant, B =0, (85)

and o and 7 are subject to the constraint ani = 0. This leads to the following solution of the
supersymmetric polynomial Klein—Gordon equation:

P (x,1,01,0,) = 01n(1) + 0210, (86)
or
D(x,1,01,0) = a(t) +0n(t) + 6240, &7

where «(¢) and n(¢) are subject to the constraint ani = 0. Again, the arbitrary functions
allow for a certain freedom in the shape of the solution.

For the subalgebra g = { P, +¢ P;}, the reduced equations imply the condition nA = —C
and « is determined from the quadrature

— 0).

do
/ : 77 =0 (88)
(%Lot6 + 4\/§C1(¥2 + Ot())
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Next, A is, at least formally, determined through the equation

( 205 >,\ ( ! )A +6v3ch =0 (89)
Y 5 o Y oo 3 C - ’

A/ 3ca? A/ 3ca?

and 1 and B are then easily found in terms of o and A. The integration constant for
equations (88) and (89) must be chosen so that the constraint nA = —Cj is satisfied.

Subalgebra gg = {P, + 1 Q,} produces the same results as for subalgebra ga.
For the subalgebra go = {P, + £ Q.}, we get either

a =0, “n is a constant, A= )»_0 is a constant, B =0, (90)
or

« is a nilpotent bosonic, A=A is a constant, B =0, o1
and 7 is determined from the equation

Uno +2+/3cani = 0. 92)

For the subalgebra gig = {P, +¢P; + POx }, the functions « and A must satisfy the coupled
system of nonlinear second-order ordinary differential equations

0y — ca® + 2600y — \/3ca3g)» =0, 93)
and
EAAgy — 3°ch — 2805 A — \/360!30!(,& =0. 94)

The functions n and g are then expressed in terms of «, A and their derivatives.
For the subalgebra g, = { P, + vQ;}, we get either

a =0, n=no is a constant, VA is a constant, B=0, (95
or

« is a nilpotent bosonic, n=no is a constant, B=0, 96)
and A is determined from the equation

Ay, + Z@ank =0. ©O7)

Subalgebra g;3 = {P, + v Q,} produces the same results as for subalgebra gs.
For the subalgebra g4 = {P, +¢ P, +v Q,}, the functions « and n must satisfy the coupled
system of nonlinear second-order ordinary differential equations

extlyy — cal +2nn, +~/3cea’vny =0, (98)
and
eange — 30°cn — 26051y + N 3ca v = 0. (99)

The functions A and 8 are then expressed in terms of «,  and their derivatives.
For the subalgebra gj9 = {L| +¢ P, +v Q,}, the functions « and  must satisfy the coupled
system of nonlinear second-order ordinary differential equations:

6/ ca’ oy g + 12«/§ca4gn +3/cea’a, — 1263 %ea’ + 24 /ceann, — \/52770 =0, (100)
and

280N, — 4N, + 2\/%2013010 — 12ca5n +an, =0. (101)
The functions A and B are then expressed in terms of «, 1 and their derivatives.
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For the subalgebra goo = {L2+¢ Py +u Oy}, the functions « and A must satisfy the coupled
system of nonlinear second-order ordinary differential equations (similar to gj9):

6/co’dyy — 12«/500{4&)» +3cea’a, — 1263 %ea’ + 24 /cearr, + x/gg)\a =0, (102

and

2e0hgy — deashy — 24/ 3c&a3aa — 12ca®r +ar, = 0. (103)
The functions n and g are then expressed in terms of «, A and their derivatives.
For the subalgebra g,; = {L; + ¢P;}, the functions « and 5 are determined from the
coupled system of nonlinear second-order ordinary differential equations
8
oy + 26055 — e’ + —nne =0, (104)
o
and
ANy + 26000 — deasn, — 12ca’n = 0. (105)

For the specific case where n = K f (o), where K is a fermionic constant and f a bosonic-
valued function of o, equation (104) becomes

Qoo + S0, — 26ca® = 0. (106)
In general, this equation does not possess the Painlevé property. If we consider the specific
case of the supersymmetric equation (67) where ¢ = —%s (and b = 0), and we make the

change of variable p = %80, equation (106) becomes

app+a, +a’ =0. (107)
If we define o = y(£), where & = ¢7, then equation (107) becomes

Evee +2ye +&7 'y =0, (108)
which is the Emden—Fowler-type equation. In the literature, one can find existence theorems
for solutions of such equations [27].

For the subalgebra g, = {L; + vQ;}, the functions o and n are determined from the
equations

+ 2 Voo 4 vasn. dea + 8 0 (109)
[0 —_ — ac —NNe =Y,
V3¢ o? /3¢ o’ o
and
No + 24/ 3cva’a, — 12ca*n = 0. (110)

In fact, using (110) and its differential consequence, we may equivalently write a simpler
equation

Uy +32v3caaggn+96«/§c3/2aégn —4ca’® =0 (111)
instead of equation (109). Substituting equation (111) back into equation (110) we also
simplify it to

e — 12ca*n + 8+/3¢*%va’ = 0. (112)
For the specific case where n = v f (o), where f a bosonic-valued function of o, equation
(109) becomes

oy — 4ca® =0, (113)
from where we obtain the solution
1/4
(0) =+ : (114)
a)=-|——--— .
2 c(o — op)
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Equation (110) then becomes an inhomogeneous linear first-order ordinary differential
equation for f(o):

7/4
P +i\/303/2<_;> v =0. (115)
40 — oy

16 c (o — 0p)

For the subalgebra gr3 = {L, + ¢P,}, the functions o and A are determined from the
equations

8
oy + 2605, — dca® + —Ahy = 0, (116)
(07
and
—ahy — 260hyy +4EAghy + 12¢a° L = 0. (117)

For the specific case where . = K f (o), where K is a fermionic constant and f a bosonic-
valued function of o, equation (116) becomes

Yoo + 3E0y — 2eca® =0, (118)

which is the same as equation (106) for subalgebra g,; above. Thus, we obtain the same result
for the same particular cases.

For the subalgebra g4 = {L, + 1 Q.}, the functions « and A are determined from the
equations B

oy — 32av3cag puh — 96«/§c3/2aﬁﬁ)» —4ca® =0 (119)
and
Ao — 8V3c a1 — 12ca* = 0. (120)

For the specific case where A = w f (o), and f is a bosonic-valued function of o, equation
(119) becomes (cf equation (113))

oy — 4ca® =0, (121)

from which we obtain a (o) in the form (114). Similarly as above, equation (120) becomes a
linear inhomogeneous first-order ODE

7/4
(fa +§ fo iﬁca/z <_;> )E —0. (122)

40 —0p 16 c (o — 0p)

4. Conclusions

We have determined the Lie superalgebra of symmetries of the supersymmetric sinh-Gordon
model and found that it is similar to that of the supersymmetric sine-Gordon equation which
we had previously determined. Through the use of the symmetry reduction method we have
constructed several new analytic solutions, including doubly periodic solutions in terms of
Jacobi elliptic functions. These implicitly defined solutions represent traveling waves defined
in terms of x and #, modified for certain cases by the fermionic independent variables 6,
and 6,. There were fewer classes of nonvanishing invariant solutions for the supersymmetric
sinh-Gordon equation than for its supersymmetric sine-Gordon counterpart. This is due to the
fact that, in contrast to trigonometric functions (such as sin and cos) hyperbolic functions have
very few roots. The solutions of the supersymmetric sinh-Gordon equation can also be of
use in determining solutions of the super-Korteweg—de Vries equations due to the link which
exists between the two supersymmetric models [28].
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A supersymmetric extension of the polynomial Klein—Gordon equation was constructed
for specific cases of the constant parameters a, b and c. When a = b = 0, the symmetries are
enhanced; namely the Lie symmetry superalgebra was found to contain two (rather than one)
dilation operators. The model was also found to be invariant under a parity transformation*
linking the independent variables x with ¢ and 6, with 6,. A number of interesting solutions
were found for this supersymmetric model as well, including rational solutions with poles and
solutions expressed in terms of arbitrary functions. In particular, we obtained a solution which
decreases over time and another which decreases monotonically with x, in both their bosonic
and fermionic components. The arbitrary function solutions allow us to consider waves of
various shapes, including bumps, kinks, elliptic functions. In addition, we obtain radical
solutions with movable poles. Some reductions were found to lead to solutions where the
bosonic variables are defined implicitly by Emden—Fowler-type equations, and the fermionic
variables are determined in terms of the bosonic ones.

This study was well worth performing since it complements the analysis which had
already been done for the supersymmetric sine-Gordon equation. We have obtained interesting
new solutions which are distinct from the ones obtained through other methods, such as
multi-solitons. We have also found that both the supersymmetric sinh-Gordon equation and
the supersymmetric version of the polynomial Klein-Gordon equation admit non-standard
invariants.

One open problem is to determine whether all integrable supersymmetric systems possess
non-standard invariants in this way. Also, could we apply the group-theoretical methods used in
this paper to other integrable equation of mathematical physics? Such equations may include,
among others, the supersymmetric Schrodinger equation (motivated by supersymmetric
quantum mechanics [15, 29]) and the supersymmetric Sawada—Kotera equation [30]. These
will be the subject of future investigations.
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Chapter 4

Aspects of Poisson—Lie T-dual
models

In this chapter we present three papers

[g] L. Hlavaty and L. Snobl, Poisson-Lie T-plurality as canonical transfor-
mation, Nucl. Phys. B 768 (2007) 209-218,

[h] C. Albertsson, L. Hlavaty and L. Snobl, On the Poisson-Lie T-plurality
of boundary conditions, J. Math. Phys. 49 (2008) 032301,

[i] L. Hlavaty and L. Snobl, Description of D-branes invariant under the
Poisson-Lie T-plurality, J. High Energy Phys. 07 (2008) 122.

In the first paper [g] we generalize to Poisson—Lie T—plurality the Sfetsos’
proof [88] that Poisson-Lie T—duality can be interpreted as canonical trans-
formation.

In the other two papers we investigate how the boundary conditions for
open strings transform under T—plurality. The boundary conditions are ex-
pressed using the so—called gluing matrices of [100, 101, 102]. In the paper [h]
we derive a formula for transformation of gluing matrices and contemplate
consistency requirements that should be imposed on the gluing matrices. In
paper [i| we further advance our analysis and provide a definitive answer
what should be the constraints imposed on the gluing matrices so that the
T—plurality transformations preserve these constraints. Finally, we show that
our local, gluing matrix formulation is equivalent to a D—brane picture of C.
Kliméfk and P. Severa [83].

A crucial computational tool used in all three papers [g,h,i] is the trans-
formation of on-shell right—invariant fields under Poisson—Lie T—plurality.

The paper [g] was honored by the CTU Rector’s Prize for outstanding
research accomplishments in 2006.

193



194



4.1

Available online at www.sciencedirect.com

ScienceDirect B

ELSEVIR Nuclear Physics B 768 [PM] (2007) 209-218

Poisson—Lie T-plurality as canonical transformation

Ladislav Hlavaty *, Libor Snobl

Department of Physics, Faculty of Nuclear Sciences and Physical Engineering, Czech Technical University,
Brehovd 7, 115 19 Prague 1, Czech Republic

Received 4 September 2006; received in revised form 21 December 2006; accepted 17 January 2007
Available online 23 January 2007

Abstract

We generalize the prescription realizing classical Poisson-Lie T-duality as canonical transformation to
Poisson-Lie T-plurality. The key ingredient is the transformation of left-invariant fields under Poisson—
Lie T-plurality. Explicit formulae realizing canonical transformation are presented and the preservation of
canonical Poisson brackets and Hamiltonian density is shown.
© 2007 Elsevier B.V. All rights reserved.

PACS: 02.30.1k; 04.20.Fy; 11.10.Lm

Keywords: Poisson-Lie T-plurality; Sigma models; Canonical transformation

1. Introduction

Poisson-Lie T-duality and T-plurality is already quite an old subject. It was introduced in
1995 when Klimé&ik and Severa in [1-3] proposed Poisson-Lie T-duality as an approach solv-
ing certain problems in T-duality with respect to non-Abelian groups of isometries (especially
that the original T-duality worked only in one direction). Already in [1,3] they considered the
possibility of what is now called Poisson—Lie T-plurality. This is related to the fact that the Lie
algebra of Drinfel’d double may be decomposable into more than one pair of subalgebras whose
transposition corresponds to duality. On the other hand, further development (like the explicit
formulation of canonical transformation in [4,5]) focused only on Poisson—Lie T-duality and al-
most no explicit formulae and no examples of genuine Poisson—Lie T-plurality were known until
2002 when von Unge considered T-plurality of conformal quantum sigma models (on one-loop

* Corresponding author. Tel.: +420 224 358 294; fax: +420 222 320 861.
E-mail addresses: ladislav.hlavaty @fjfi.cvut.cz (L. Hlavaty), libor.snobl @fjfi.cvut.cz (L. Snobl),

0550-3213/$ — see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.nuclphysb.2007.01.017
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level) in [6] and coined the current phrase “Poisson-Lie T-plurality”. By that time classifications
of Drinfel’d doubles in low dimension, e.g. [7], became available, facilitating construction of
more examples and study of their properties (see [8] and references therein).

Gradually, the need arose for generalization of formulae previously derived in the Poisson—
Lie T-duality context to the general plurality case. One of these is the formulation of Poisson-Lie
T-plurality as canonical transformation (derived for the duality case by Sfetsos in [4,5]).

In this paper we shall derive the explicit canonical formulation of Poisson—Lie T-plurality. As
we shall show, the key point is the transformation of the extremal left and right-invariant fields,
which can be derived in a direct way, and which will enable us to find the transformation of the
canonical variables of the dualizable o -models and prove that they really constitute a canonical
transformation.

One of possible applications of our results is in the study of the worldsheet boundary con-
ditions. Recently, Poisson-Lie T-duality transformation of worldsheet boundary conditions of
the dualizable o -models was derived in [9]. The key formulae there were the transformations of
left-invariant fields by the Poisson-Lie T-duality obtained from canonical formulation of T-dual
o-models [4,5]. Using the formulae derived in this paper one can easily generalize the results
of [9] to the T-plurality case. Detailed discussion of them shall be the subject of future work.

A note concerning the conventions: We are using in the current paper the conventions intro-
duced in [4,5] in order to be able to compare with results therein. Unfortunately, this notation is
not the same as the one used in [1,2] and all our previous papers. The two notations are equivalent
upon substitutions g, 1, ... <> g~ !, 17!, ... accompanied by the worldsheet parity transformation
Xgp <> X_.

2. Elements of Poisson-Lie T-plurality

For simplicity we shall consider the o-models without spectator fields, i.e. with target mani-
fold isomorphic to the group of generalized isometries. The inclusion of spectators is straightfor-
ward, see [4,6]. The classical action of o-model without spectators reads

1
Selgl= 5 / d?x 949" Ey (9)D_¢p" (1)

where £ is a tensor on a Lie group G and the functions ¢*: V C R? > R, nw=12,...,dimG
are obtained by the composition ¢* = y* o g of amap g:V C R? - G and a coordinate map y
of a neighborhood U, of an element g(x,,x_) € G. Further on we shall use formulation of the
o-models in terms of left-invariant fields g~ '8+ g. The tensor £ can be written as

b
Ew =L (9)Ean(g)el” () ©)
where
° e{;a are components of left-invariant forms (vielbeins) g ldg =dy* eﬁa(g)Ta,

e T, are basis elements of g, i.e. Lie algebra of G,
e E,;(g) are matrix elements of a G-dependent bilinear non-degenerate form on g in the
basis {T,}.
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The action of the o-model then reads!

1
Slgl= 5 / d’*xLy(g)-E(g)-L" (g) 3)
where

Li(9)" = (g7 "0x8)" =0’ (g), g '0:g=Li(g) T (4)

The o-models that can be transformed by the Poisson—Lie T-plurality are formulated (see [1,
2]) on a Drinfel’d double D = (G|G)—a Lie group whose Lie algebra 9 admits a decomposition
0 = g § into a pair of subalgebras maximally isotropic with respect to a symmetric ad-invariant
non-degenerate bilinear form (., .). The matrices E(g) for such o-models are of the form

E@@)=(E;' +M(g)", M) =b'(g)-alg)=—M(g), 5)

where E is a constant matrix and a(g), b(g) are submatrices of the adjoint representation of the
subgroup G on the Lie algebra 0 satisfying

gTg ' =Ad@)eT=a"'(g)-T.  gTg™'=Ad®)>T=b'(g)-T+a'(g)- T, (6)
and T are elements of dual basis in the dual algebra g, i.e. (T, Tb) = 82. The matrix a(g) also
relates the left- and right-invariant fields on G

drgg ' =Re(®) T,  Li(®)=Ru(®)-alg). (7)

The equations of motion of the dualizable o-models can be written as Bianchi identities for
the left-invariant fields L (k) on the dual algebra g
Lyh)y-T=h""o,h=Ly(g)-E(g)-a'(g) T,
L_(h)-T=h""9_h=—L_(g)-E'(g)-d'(g)-T. (8)

This is a consequence of the fact that the equations of motion of the dualizable o-model can be
formulated as the equations on the Drinfel’d double [1]

(17'ox1, %) =0, ©)
where /| =hge D,he G, g € G and
EY =span(T + Ey - T), & =span(T — E{- T)

are two orthogonal subspaces in 9. (The unique decomposition [ = h g on D exists for a general
Drinfel’d double only in the vicinity of the group unit. For the so-called perfect Drinfel’d doubles
it is defined globally and we shall consider only these. Otherwise all the constructions considered
would hold only locally.)

In general there are several decompositions (Manin triples) of a Drinfel’d double. Let g + g
be another decomposition of the Lie algebra 0 into maximal isotropic subalgebras. Then another
o-model can be defined. The dual bases of g, g and g, § are related by the linear transformation

(7)-(k 9)(7) @

1 Central dot means matrix multiplication and we consider L+ as a row vector whereas T is a column vector with
components T,. L' denotes transposition. Later on we shall also use the notation M~ = (M 1)’ for matrices.
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where the matrices K, Q, R, S are chosen in such a way that the structure of the Lie algebra d
[Ty, Tp]l = fabcTc,
[Ta’ Tb] — fabcfc’
[T, Tp] = fo' T = f*Te (1)

transforms to the similar one where 7 — f",_f — T and the structure constants f, f of g and
g are replaced by the structure constants f, f of g and g. The duality of both bases requires

-1
K St t
(R g) :<R’ 1%)' (12)

The other o-model is defined analogously to (3)—(5) where

E@=(E'+0@)", N@=b®-a@=-1@), (13)

Eo=(K+Ey-R " (Q+Eo-$)=(S"-Eo— Q) (K' = R'- Ep) ", (14)
and classical solutions of the two o -models are related by two possible decompositions of [ € D,

l=hg=h3. (15)
The explicit examples of solutions of the o-models related by the Poisson-Lie T-plurality are
given in [10].

3. Poisson-Lie transformation of extremal left-invariant fields

As mentioned in the introduction, the formulae for transformation of left-invariant fields eval-
uated on solutions of equations of motion (hence extremal) by the Poisson-Lie T-duality were
found in [9]. We are going to derive the extension of these formulae in an alternative way.

_ Let us write the left-invariant field 1=19.,1 on the Drinfel’d double in terms of L, (g) and
L (h)
171940 = (hg) ™ (04 (h9)) = L4 (8) T+ Ly(h) - g™ Tg
=Li(8)-T+Li(h)-[b(e)-T+a""(9)-T], (16)

where a(g) and b(g) are the matrices introduced in (6).
Using the equations of motion (8) and the expression (5) for E(g) we get

7'l =L(g) T+ Ly(g) E(g)-[a'(g) b(g) - T+T]
=L(g) EQ) [Ey'-T+T]. a7
On the other hand, from the decomposition / = 4§ we find by a similar procedure
7ol =L@ -E@-[Eg'-T+T]. (18)

Inserting (10) and (14) into (17) and comparing coefficients of 7 and T with those in (18) we
obtain the formula for transformation of the left-invariant fields under the Poisson—Lie T-plurality

L@ =L@ E@- [S+E;"- 0] E7'(®. (19)
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In the same way we can derive

L_(@)=L_(g)-E'(g)-[S—Ey"- Q] E7'(®. (20)

This agrees with thAe formulae obtained in [9] for Poisson-Lie T-duality, i.e. for Q = R =1,
K=8=0,L+(g)=L+(g), which in our notation (i.e. L+ rows) read

L'(®=E"@ E;'-E'(9)-L' (),
I"@=—(E®@) " - E;' E(®)- L' (2. 1)

The transformations of right-invariant extremal fields can be easily obtained from the relation (7).
4. Transformation of canonical variables

In the present section we are going to generalize the formulae for canonical transformation
obtained in [4,5] for the Poisson-Lie T-duality to the general T-plurality case.

Recall that the time and space coordinates on the worldsheet are Tt = x4 +x_, 0 =x4 —x_,
ie. 0y = %(84r 4+0_), 0y = %(BJr — 0_). The canonical momentum is defined by

dL 1 ) )
e E(S,wa_q) + Evpd+9"). (22)

It turns out, similarly as above, to be advantageous to use a momentum in local frame, defined as

Pa=ve"(8) Py, (23)

where vl = (eL)~!. We shall denote by P the column vector with the components P, so that

1
P=5(E@ LL@) +E'(2) L} (9). (24)
We also define
1
Lo = §(L+(g) —L_(g). 25)

For the future reference let us quote the inverse relations

Li(e)=2(P' +L,-E'(9)- (E(®) +E'() ",
L (9)=2(P' =L, -E(2) (E(®)+ E'(g) " (26)

Defining the similar quantities P, Ly for the model after the Poisson—Lie T-plurality transforma-
tion and using (19), (20) we find

|

P=((Q" Eg' +5) E'®) - L) — (0" By = §) - E®) - LL(9). 27)
i—l(L( E E;! S)-E@)!

o=5(L+(@)-E@)-(Ey - Q+S5)-E@)

+L () E'(9)-(E;"-Q—8)-E@7), (28)
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which, as we shall show, becomes the transformation of the canonical variables?

P=(0" - M(g+S) P+Q L, (29)

Lo=P -[(S-M(g)-0)- M@ +R—-1(g) K] +Lo-(Q 1) +K). (30)

This agrees with the formulae obtained in [4] for Poisson-Lie T—duality,3 ie. for Q=R =1,
K = § =0, but generalizes the results from [4,5] to any T-plurality transformation.

In order to deduce (29), (30) we shall first list a few useful formulae. Because of their com-

plexity we shall suppress the g, g-dependence in the proof (i.e. till the end of this section) and

also the explicit dot - for matrix multiplication. This does not lead to any difficulty because the

derivation of (29), (30) from (27), (28) is purely algebraic.
We have matrix identities valid for any matrix A (whenever the expressions make sense)

"= (a+A) A

AN AT AT

AT (AT AT T = (A + A0 4,

AT AT A AT = (ArA) T = A (AT AT A 31)
Directly from the definition (5) of E we have

E'4vE"=E; '+ E;' (32)
and its consequences due to (31)

EE+E) 'E=(E"+E7) " = (B, + E;")

E(E+E) 'E=(E"'+E) " = (" +E;") " (33)
Finally, combining (33) and (31) (using first A = E and then A = E; 1) together with (5) (in the
second equality) we get
—t({p—1 =1 -1 —1(p—1 —y—1 -

"(Eq' +Ey') Ey —E(Ey +Ey') Ey'
— —1 —n\—1 =1 —1 -1 =1 —
=E, (E, +E,') Ey —E; (Ey +E;') E
— (B + ") By + )
=-II (34)
and similarly its transpose

(E;'E'—Ej'E)(E+E') ' =1I. (35)

Now, when we substitute the relations (26) into the formula (27), we get

2 We slightly abuse the terminology here: Strictly speaking the canonical variables are P;,, ¢** and 75,“ $”, respec-
tively. Because the plurality transformation of ¢# defined via (15) (where A, h are constructed via (8)) is non-local, we
write instead the transformation of its space derivative d,¢* and also we use for convenience the local frame versions
instead of coordinate versions of these. Nevertheless, as we show later on, this does not lead to any non-localities in the
Hamiltonian or the Poisson brackets.

3 And, as another consistency check, reduces to identity transformation when K =S=1, R= 0 =0.
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P=[(Q'E;" +S)E(E+E") " —(Q'E;' - S)E(E+E")']P

+Q'[E;'ENE+E) 'E+E;'E(E+EYE'|LY,

(the terms involving S’ (---) LY cancel each other). Using (33) we simplify the coefficient of L.,
getting the desired Q' LY term in (29). The terms of the form S’(- - )P give S'P. The remaining
Q' (---)P terms are simplified using (35)

0'(Ey'E'~ E; ' E)(E+ E) P = 0'rTP.

Therefore, the formula (29) is proven. .
Similarly, we substitute the relations (26) together with the definition of E (13), (14), i.e.

—t

E=((Q+EoS) " (K+EoR) + 1) = ((E)S — 0) "' (K — E\R) — 1)
into the formula (28). We get
Lo =P (E+E") ' [E(ES'Q+8)((Q+ EoS)™ (K + EoR) + 1)
+E'(Ey' 0~ S)((EyS — Q)™ (K — EgR) — 17)]
+L,[E(E+E)"E(E;' @+ S)((Q + EoS)™" (K + EoR) + 1)
~E(E+E")'E'(Ey'0 - S)((EyS — 0) ' (K — EyR) — 1))
We note that
(Eg'Q+S)(Q+ES) " =Ey'.  (Ey'Q—5)(E;S - Q) =—E;"
and using relations (31)—(34) we simplify the expression for i(, to the desired form (30) which
finishes the proof of the formulae (29), (30).

5. Poisson-Lie T-plurality as canonical transformation

In order to show that (29), (30) is really a canonical transformation we shall use the expres-
sions for Poisson brackets of P, and

T4 =L + ()P, ie T=L.+M(g) P (36)
introduced in [5], namely

(T T} = f*eT (0 — o),

{Pa, Pp} = fabcpca(g - 0/)3

(TP} = (fo" T = f*bPe)S(0 —0) + 858" (0 — o). (37)
These Poisson brackets are equivalent to the canonical ones

{Pu.Po}={0,¢". 059"} =0,

{00", Py} =6886"(0 — o). (38)

Further, using the definition (36) we note that the transformation of the canonical momen-
tum (29) can be written as

P=s"-P+0"-J (39)
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which reminds of the inverse of the transformation (10) of the basis elements of the Drinfel’d
double. From this one can conjecture that

J=R -P+K'.J (40)

and a simple calculation using the definition (36) of J proves that (40) is indeed equivalent
to (30).

To prove the invariance of the Poisson brackets (37) (and thus of (38)) under the Poisson—Lie
T-plurality transformations (29), (30) or (39), (40) it is useful to note that their structure strongly
reminds of the Lie structure (11) of the Drinfel’d double, namely that the Poisson brackets (37)
can be written in the compact form

(Vo V) = Fup” Vy8(0 — ") + Bupd'(c — o) (41)
where o, B,y =1,...,dimD,
(P
Y= (j) , (42)

Fop? are structure coefficients of the Drinfel’d double and B,g are matrix elements of the bi-

linear form (., .) in the basis 7, T of 9. From this compact form it is clear that the Poisson
brackets (41) are form-invariant under the transformation (39), (40) that is an analog of the trans-
formation (10) of bases of the Drinfel’d double which transforms f, f to f , f and preserves the
duality of bases, i.e. Byg. Consequently, the canonical Poisson brackets are invariant, i.e. (38) is
transformed by Poisson-Lie T-plurality to

{75;,“ 751)} = {80_(1;,11«’ 8O'¢?v} = 07
80", Py} =818 (0 — o). (43)
Finally, we compute the Hamiltonian density

H =8 0"Py — L (44)

where the Lagrangian density is deduced from the action (3)

L= %L+(g) "E(g)- L' (g)= %(L+(g) "E(g)- L () +L_(g)-E"(g) L' (9)
and we have used an obvious identity valid for any column vector x and matrix A

x'Ax =x"Alx = %xt(A + A")x. (45)
We recall that due to the definition (22), (24) of the canonical momentum we have

APy, = %(am“ +0_¢" )Py

1
= Z(L+(g) +L_(9) (E(®-LL(®) +E'(9) - L ().

Substituting into the definition of Hamiltonian density (44) we find

1
H = Z(L—(g)-E(g)-L’_(g)+L+(g)-E(g)-Lt+(g)) (46)
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where the substitution for the left-invariant fields L_(g), L4 (g) in terms of the canonical vari-
ables (26) is understood. Performing explicitly the substitution (26) we get for the Hamiltonian
density the formula

,}(:%(7)’—L(,~B)~G_l-(P+B-Lf,)+%La-G'LZ (47)

used in [4,5] where G, B are symmetric and antisymmetric part of E(g), respectively, i.e.

1 . 1 ,
G=5(E@+E @), B=3(E@-E'®)
The Hamiltonian density of the o-model obtained by T-plurality transformation can be written
analogously as
A L n A A A A A
H = Z(L—(g) CE@) - LL(@) +L+(8) - E@) - L),

where we assume, as above, that the left-invariant fields i,(g), I:+(§) are expressed in terms
of the new canonical variables. Using the transformation of the left-invariant fields (19), (20) we
find

| )
H = Z(L—(g) E'9)- (S—Ey'Q)-E@) " (S"— Q"E;") - E(g)- L' (g)
+Li(9)-E(® (S+E;'Q)-E@ - (S"+Q'Ey') - E'(g) - L'.(9)).

Due to the identity (45) we can replace £~/ (8) by E~'(8) + E~1(8) = Ea’ + Eal. From the
definition of Eo (14) and the duality of bases (12), i.e.

OR'=1-KS', RS'=-SR', KQ'=-0QK', RQ =1-SK'

we get

? _1 t —1 —t t
H=2(L-() E'&)-(Ey +Eg')-E(®)-LL(g)

+L(9) E(®- (Ey' +Ey") - E'(9)- L (2).
Using the relation (32) we replace E; Ty Ey "by E~'(g) + E~'(g) and employ once again the
identity (45), getting the final result

.1
H = Z(L-(g) E(®)-L" () +Ly(g)-E(g)- L' ().

Consequently, we find that the Hamiltonian density is preserved under Poisson—Lie T-plurality
transformation,

H=H. (48)

We could have equivalently used the form of the Hamiltonian density (47) together with the
transformation of canonical variables (29), (30). In the approach we used the computation of H
in terms of original canonical variables P, L, or equivalently the left-invariant fields L_(g),
L (g), is significantly algebraically simpler.
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6. Conclusions

We have derived a transformation of the canonical structure of dualizable o-models, more
precisely their (pseudo)canonical variables, Poisson brackets and Hamiltonian densities under
the Poisson—Lie T-plurality. It turned out that by a suitable choice of the variables the Poisson
brackets acquire a rather symmetric form that can be turned into the compact form (41). This
expression is explicitly form-invariant with respect to the choice of basis in the Drinfel’d double
on which the o-models are defined. This proves the invariance of the canonical structure under
the Poisson—Lie T-plurality because its transformations follow from various decompositions of
the Drinfel’d double, i.e. special transformations of its bases that turn one decomposition into
another.

The explicit formulae for transformations of extremal left and right-invariant fields (19), (20)
and canonical variables (29), (30), (39), (40) can be used for further investigation of particular
properties of o-models related by the Poisson—Lie T-plurality transformations, for example their
boundary conditions.
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Conditions for the gluing matrix defining consistent boundary conditions of two-
dimensional nonlinear o-models are analyzed and reformulated. Transformation
properties of the right-invariant fields under the Poisson-Lie 7T-plurality are used to
derive a formula for the transformation of the boundary conditions. Examples of
transformation of D-branes in two and three dimensions are presented. We inves-
tigate obstacles arising in this procedure and propose possible solutions. © 2008
American Institute of Physics. [DOI: 10.1063/1.2832622]

I. INTRODUCTION

T-duality of strings may be realized as a canonical transformation acting on the fields in a
two-dimensional nonlinear o-model. This model describes the worldsheet theory of a string propa-
gating on some target manifold equipped with a background tensor field F,,, which is a convenient
rearrangement of the metric and the Kalb-Ramond B-field. For open strings, the worldsheet has
boundaries, by definition confined to D-branes; hence, the action is subject to boundary condi-
tions. Imposing extra symmetries, e.g., conformal invariance, restricts these conditions. They
determine the dynamics of the ends of the string and hence the embedding of D-branes in the
target space. Applying duality transformations yields the dual boundary conditions and hence the
geometry of D-branes in the dual target.

Traditional 7-duality requires the presence of an isometry group leaving the o-model invari-
ant, a rather severe restriction. In the Poisson-Lie T—duality,l isometries are not necessary, pro-
vided that the two dual target spaces are both Poisson-Lie group manifolds (or at least Poisson-Lie
groups act freely on them) whose Lie algebras constitute a Drinfel’d double. That is, they are
maximally isotropic Lie subalgebras in the decomposition of a Lie bialgebra 0=g+§, where §
= g*. The background F,, is related to the Poisson structure on the target manifold and satisfies
the Poisson-Lie condition, a restriction that replaces the traditional isometry condition.

Recently, the transformation of worldsheet boundary conditions under the Poisson-Lie
T-duality was derived in Ref. 2. The key formulas were transformations of left-invariant fields'

L' (@) =E"2) Ey - E'(g) - Li(g). (1)

"The dot denotes matrix multiplication, ¢ denotes transposition, E~'= (E')~', where E is a general background field in the
Lie algebra frame, and E; is a constant matrix.
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[L@) =-(E@) ™" E' - E(g)-LL(g), @)

obtained from the canonical transformations derived in Refs. 3 and 4. Here, g and g are elements
of the groups corresponding to g and §, respectively, and the subscripts + and = refer to the
worldsheet lightcone coordinates.

Poisson-Lie T-plurality” is a further generalization of T-duality, where the mutually dual target
spaces do not necessarily belong to the same Lie algebra decomposition of the Drinfel’d double
(i.e., they belong to different Manin triples).

In Refs. 6 and 7 we found classical solutions of o-models in curved backgrounds by applying
Poisson-Lie T-plurality transformations to flat o-models. Unfortunately, we were not able to
control the boundary conditions necessary for string solutions in the curved background or, more
precisely, to identify the conditions for the flat solution that transform to suitable conditions in the
curved background.

Our goal here is to derive a transformation of boundary conditions under the Poisson-Lie
T-plurality that could enable us to control the boundary conditions in the transformed o-model.
Analogs of the formulas (1) and (2) for the Poisson-Lie T-plurality were derived in Ref. 8 so that
we can easily write down the transformation of the boundary conditions. As the o-models inves-
tigated in Refs. 6 and 7 and other papers of ours are formulated in terms of right-invariant fields
d-gg~', we shall use this formulation here.?

In Sec. II, we review the Poisson-Lie 7-plurality and introduce the framework necessary for
the subsequent analysis. In Sec. III, we list and discuss the set of boundary conditions required to
define consistent o-models, describing them in terms of a gluing matrix. In Sec. IV, we derive the
T-plurality transformation of the gluing matrix and show that it does not automatically yield
well-defined boundary conditions on the 7-plural side. In Secs. V and VI, we analyze two explicit
examples, one three dimensional and one two dimensional, demonstrating how different D-branes
transform under the Poisson-Lie 7-plurality. In the process, we discuss the conditions necessary to
eliminate any interdependence of the gluing matrices on coordinates of the different target spaces
involved. Finally, Sec. VII contains our conclusions.

Il. ELEMENTS OF POISSON-LIE T-PLURALITY

The classical action of the o-model under consideration is

SAl= L d*x0_¢F ()3, 9", ®3)

where F is a tensor on a Lie group G and the functions ¢“:2CR2—>R, wn=1,2,...,dim G are

obtained by the composition ¢#=y*og of a map g:3 — G and components of a coordinate map y

of a neighborhood U, of an element g(x,,x_) € G. For the purpose of this paper, we shall assume

that the worldsheet X has the topology of a strip infinite in timelike direction, %=(0,m) X R.
On a Lie group G, the tensor F can be written as

Fuv=e, (@F (e, (), ©)

where e,“(g) are components of the right-invariant Maurer-Cartan forms dgg™" and F,(g) are
matrix elements of bilinear nondegenerate form F(g) on g, the Lie algebra of G. The action of the
o-model then reads

?Left-invariant fields were used in Ref. 8.
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SHel= f d’xp_(g) - F(g) - p.(g)', (5)
3
where the right-invariant vector fields p.(g) are given by’

p=(g)* = (9-g87") = dr e, (g), (d-g8™")=p=(g)- T, (6)
and 7, are basis elements of g. [Note that p.(g) is written in a condensed notation; in full detail,
it would read p.(g(x,,x_),d-g(x,,x_)) since it is a map % — g.]

The o-models that are transformable under the Poisson-Lie 7-duality can be formulated (see

Refs. 1 and 9) on a Drinfel’d double D=(G|G), a Lie group whose Lie algebra 0 admits a
decomposition 0=g+g into a pair of subalgebras maximally isotropic with respect to a symmetric
ad-invariant nondegenerate bilinear form (.,.). The matrices F,;,(g) for the dualizable o-models are
of the form'

F(g)=(Eg' +TI(g)™", TI(g)=b(g)-alg) =-TI(g)', (7)
where E| is a constant matrix, I1 defines the Poisson structure on the group G, and a(g),b(g) are
submatrices of the adjoint representation of G on 9. They satisfy

s = Ad(Q)>T=a"(g) - T. ¢Tg™' =Ad(ge)>T=b'(g)-T+d'(g)- T, ®)
where 7 are elements of dual basis in the dual algebra g, i.e., (Ta,Tb)=5{;. The matrix a(g) relates
the left- and right-invariant fields on G via

(67'0:8)=La(9)- T, L(g)=p=(g)-alg). ©)

The equations of motion of the dualizable o-models can be written as Bianchi identities for
the right-invariant fields Ei(ﬁ) on the dual algebra g satisfying9

~

pu(h) - T=(a,hh™") == p,(g) - F(g)'- a™'(g) - (10)

p(h)-T=(0_hh™") = +p_(g)- F(g)-a™(g)- T. (11)

This is a consequence of the fact that the equations of motion of the dualizable o-model can be
written as the following equations on the Drinfel’d double:'

(0-1I"",6%) =0, (12)

where /= gﬂ and £ are two orthogonal subspaces in 9. On the other hand, the solution g(x,,x_)
of the equations of motion of the action (5) gives us a flat connection (10) and (11), which is
therefore locally pure gauge, and the gauge potential ﬁ(x+,x_) is determined up to right multipli-
cation by a constant element /2. Therefore, we find [(x,,x_)=g(x,,x_)-h(x,,x_), the so-called lift
of the solution g(x,,x_) to the Drinfel’d double, determined up to the constant shift

| — lﬁo, ﬁo eG. (13)

In general, as was realized already in Ref. 1 and then further developed in Ref. 5, there are
several decompositions (Manin triples) of a Drinfel’d double. Let §+g be another decomposition
of the Lie algebra 9. The pairs of dual bases of g, and g, g are related by the linear transforma-
tion

Note that while matrix multiplication is denoted by dot, for group multiplication we use concatenation.
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(;):(i 21)(;) (14)

where the duality of both bases requires
-1 SI 1
b
rs rop

p-s'+q-r=1,

ie.,

p-q+q-p'=0, (16)

res'+s-r'=0.

The o-model obtained by the plurality transformation is then defined analogously to the original
one, namely, by substituting

F@)= (B +T1@)7, 1) =b(@)-a@)" =-T1()", (17

Eo: (p+Eo-1"(q+Ey-5)=(s"-Eg—q) - (p' =1 - Ep)”" (18)

into (4) and (5). Solutions of the two o-models are related by two possible decompositions of /
€ D, namely,

I=gh=gh. (19)

The transformed solution ¢ is determined by the original solution g(x,,x_) up to a choice of
constant shift (13).

lll. BOUNDARY CONDITIONS AND D-BRANES

The properties of D-branes in the groups G and G can be derived from the so-called gluing

operators R and R, respectively; the number of their —1 eigenvalues determines the number of
Dirichlet directions and hence the dimension of the D-branes. Moreover, the explicit form of the
operator in principle yields the embedding of a brane in the target space.

We impose the boundary conditions for open strings in the form of the gluing operator R
relating the left and right derivatives of field g:X — G on the boundary of 3,

a—g|v=0.17= /R’a+g‘u=0‘m T=x,—X_. (20)

As we have to work with several choices of coordinates, we denote the matrices corresponding to
the operator R in the bases of coordinate derivatives as Ry, R), etc., e.g.,

077¢|0=0,7r = ‘9+¢ : R(/)‘(ho,ﬂ (21)
or
d’—)\|0ﬁ0.ﬂ: &+)\ : R)\‘U:O,ﬂ" (22)

where d_¢,d_\ are row vectors of the derivatives of the respective coordinates (therefore, matrices
of operators in our notation may differ by a transposition from expressions in other papers).
Nevertheless, we suppress the indices ¢,\ in expressions valid in any choice of coordinates, R
having the obvious meaning of the matrix of the gluing operator, the tensor F is assumed to be
expressed in the same coordinates, etc.
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We define the Dirichlet projector Q that projects vectors onto the space normal to the D-brane,
which is identified with the eigenspace of R with the eigenvalue —1, and the Neumann projector
N, which projects onto the tangent space of the brane. The corresponding matrices Q, N are given
by the axioms

Q*’=Q, Q-R=-0, N=1-0. (23)
In so-called adapted coordinates N* (where a=1,...,dim G), the gluing matrix can be written
10
as
R, 0 .
R, = 0 s ) mmn=1,....,p+1, ij=p+2,..,dimG. (24)

If the B-field of the model vanishes, one can choose R,,"=48,". In such coordinates, the terminol-
ogy becomes clearer as \' become coordinates in the Dirichlet directions,

N =19, + )N =0,
whereas N are Neumann directions. This is a traditional misnomer; it is actually a generalization
of the Neumann boundary conditions

AN =3(3, = IIN"=0

to the cases with nonvanishing B-field (a better notation might be free boundary conditions, but
we shall stick to the traditional “Neumann”).

To obtain the corresponding boundary conditions written in terms of right-invariant fields
p-(g), we must first express the gluing operator in the group coordinates y as

Ry=T(y)-R\,-T()™,
where
N
-

and then transform it into the basis of the Lie algebra of right-invariant fields,

T(y), =),

R,=e7'(g) - Ry-e(g)=¢"(g)- T(y) - Ry - T(y) ™" - e(g), (25)

where e(g) are the right-invariant vielbeins on G introduced in Eq. (6). The boundary conditions
may then be expressed in terms of the right-invariant fields as

P- (g)|o=0,7r: p+(g) : Rp|u=0,ﬂ' (26)

Of course, not every operator-valued function on the target space, in our case the group G, can
be interpreted as a gluing operator, giving consistent boundary conditions for the o-model in
question. There are several restrictions on R derived, e.g., in Ref. 10. We shall briefly recall how
these conditions arise and rewrite them in a slightly more compact but equivalent form.

First, in order that the adapted coordinates exist in a particular point, we must impose

R-0=0-R. (27)

This is essentially a part of the definition of Q; otherwise, Q is not fully determined because to
define a projector we need to specify its image and its kernel. Equation (23) defines the image of
O to be an eigenspace of R, while Eq. (27) implies that the kernel is the sum of all the remaining
(generalized) eigenspaces of R. On the other hand, condition (27) is a restriction on R since it tells
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us that the geometrical4 and algebraic5 multiplicities of the eigenvalue —1 are equal. If this
condition does not hold, one cannot find adapted coordinates (24), and the boundary conditions
cannot be split into Dirichlet and (generalized) Neumann directions.

The distribution defined by the image of the Neumann projector must be integrable in order to
be a tangent space to a submanifold, i.e., the brane. We find using the Frobenius theorem on
integrability of distributions that the distribution must be in involution. When expressed in terms
of the matrix N of the Neumann projector, this condition reads in any coordinates,

NN, 9, NP =0. (28)

In an arbitrary, noncoordinate frame, e.g., when expressed in terms of the right-invariant fields, the
condition (28) appears more complicated. It may in general be expressed using covariant deriva-
tives but for simplicity we shall use only the coordinate expression (28).

Since our o-models are studied with applications to string theory in mind, they are often
viewed as gauge fixed Polyakov actions. This imposes a further constraint on the solutions, in the
form of a vanishing stress tensor

T,=7_=0

(the trace 7, _ vanishes automatically). Enforcing this condition not only in the bulk but also on the
boundary leads to the consistency condition that the gluing operator preserves the metric on the
target space; in other words, it is orthogonal with respect to the metric. If this condition were not
satisfied, the o-model would not allow generic string solutions. Explicitly, we have

R-G-R'=G, (29)

where the metric is written as G=(F+7F")/2. Equivalently, in the Lie algebra frame {7,}, we
express the metric as (F+F")/2 and consequently we have

R, (F+F)-R,=(F+F). (30)

We moreover require that what we identified as Dirichlet and Neumann directions are indeed
orthogonal with respect to the metric on the target space,

N-G-0'=0. (31)

When the metric on the target space is positive (or negative) definite, this is an automatic conse-
quence of (29). In the pseudo-Riemannian signature, it is an additional constraint weeding out
pathological configurations.

Finally, a crucial condition follows from the field variation of the action. Since the boundary
conditions should be such that the variation of the action vanishes not only in the bulk but also on
the boundary (that is why we impose the boundary conditions in the first place), we find by
inspection of the boundary term arising in the variation that under the assumption of locality6 we
must impose

8¢ Ny (F- 0, = F - 0_)| gm0 =0,
which after the use of Eq. (21) becomes
8¢ Ny (F=F Ry 0,8]y02=0. (32)

Because 8¢p=36¢-N,, (i.e., 5¢b is tangent to the brane) and since d,¢" are not further restricted, we
find

%i.e., the dimension of the eigenspace
Sie., the multiplicity of the root of the characteristic polynomial

“That is, the integrand itself, not only the integral [,s(:+*), vanishes.
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N-(F-F-R)=0, (33)

which, using Eqgs. (27) and (31) as well as the following consequences of the definition of the
projectors (23):

N-(1+R)=1+R, N-(1-R)=1-R-20, (34)
can be rewritten in an equivalent form originally deduced and used in Ref. 10,
N-F-N-N-F-N-R'=0. (35)

In fact, once we impose condition (27), the pair of conditions (31) and (35) is equivalent to
condition (33). For example, assuming (33), we can establish (31) as follows:

IN-G-Q'=N-(F+F)-Q'=N-(F-Q'=F -R'-Q)=N-(F-F-R)-0'=0,

where we have used first Eq. (23) and then Eq. (33). Moreover, once we have established that the
condition (31) holds, we know that Egs. (33) and (35) are equivalent.
To summarize, we are lead to the following conditions on a consistent gluing operator R:

Q’=Q. N=1-0. R-Q=Q-R=-0.

N N\"d1, Ny’ =0,
36
R-G-R'=G, o

N-(F-F-R)=0.

Next, we investigate whether or not these conditions are preserved under the Poisson-Lie
T-plurality. As we shall see by investigation of explicit examples, they are not preserved in
general.

IV. POISSON-LIE T-PLURALITY TRANSFORMATIONS OF RIGHT-INVARIANT FIELDS
AND BOUNDARY CONDITIONS

The derivation of Poisson-Lie T-plurality transformations of left-invariant fields was presented
in Ref. 8 but we find it instructive to repeat it here for the right-invariant fields. In particular, we
derive the formulas generalizing Egs. (1) and (2).

Let us write the right-invariant field (9,//™') on the Drinfel’d double in terms of p,(g) and

p(h),

(0,07 = (0,(gh)(gh) ™) = p(g) - T+ B (h) - gTg ™" = p.(g) - T+ p.(h) - [b'(g) - T+d'(g) - T].
(37)

Using the equations of motion (10) and the formula (7) for F(g), we get

(07 = p(g) - T-p,(g) - F(g)' - [a™(g) - b'(g) - T+ T1=p,(g)- Flg)' - [Ey' - T-T]. (38)

Similarly, from the decomposition /=gh, we get

(0,07 = p(8) - F(@) - [Ey' - T-T1. 39)

Substituting the relation (14) into Eq. (38) and comparing coefficients of 7 and T with those in
(39), we find the transformation of right-invariant fields under the Poisson-Lie T-plurality,
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p(@) == pu(g) - Fi(g) - [(E)~" - g —s]- F(2). (40)

In the same way, we can derive

p()=p(9) - F(g) - [Eg" - g +s]- F(2). 1)

Formulas (1) and (2) for 7-duality are obtained if g=1, s=0, F(g)=E(g™"), p,(g)=—L_(g™"),
and p_(g)=-L,(g™"), in agreement with the alternative version for the o-model action used in
Ref. 2,

Selgl= L d*xL,(g) - E(g) - LL(g). (42)

Substituting Egs. (40) and (41) into the gluing condition (26), we find the 7-plural boundary
condition

e (D)l om0.7= $1(8) Ryl ms (43)

where the 7-plural gluing matrix is given by

R,=F'(8)-M'-F'(g)-R,(g)- Flg) - M, - F'(9) (44)

and

M,=s+Ey'-q, M_=s—E;q. (45)
Equation (44) defines the transformation of the gluing matrix R, under the Poisson-Lie

T-plurality. For the Poisson-Lie 7-duality, i.e., for g=r=1, p=s=0, the map (44) reduces (up to
transpositions due to the different notations for matrices) to the duality map found in Ref. 2,

R=-E'-E,'E-R-E"-E}-E' (46)

An obvious problem is that the transformed gluing matrix Ii’/) may depend not only on ¢ but
also on g, i.e., after performing the lift into the double gh=gh, it may depend on the new dual

group elements & € G, which contradicts any reasonable geometric interpretation of the dual
boundary conditions. Nevertheless, as we shall see in Sec. V, if g and ¢ represent the maps 3

—G and 3 — G related by the plurality transformation, the boundary conditions (26) and (43) are
equivalent in the sense that they result in the same conditions on arbitrary functions [see e.g., (85)]
occurring in solutions of the Euler-Lagrange equation of the action (5).

The T-plural counterparts of the Dirichlet and Neumann projectors may be consistently intro-

duced in the same manner as for the T-dual case,’ letting the relations IA€~Q=Q-R=—Q and N
:I—Q define Q and N on G. When the conditions (36) are satisfied also for Ié,Q,N, then given a
nonlinear o-model on G with well-defined boundary conditions, we find a o-model on G with
well-defined boundary conditions.
The conformal condition (29) is preserved under the Poisson-Lie T-plurality, i.e., Eq. (30)
implies
Ry G-R4=G. R, Glg) R, =Glg). (47)

This is seen by using Egs. (30) and (44), as well as the identities

F(g)"- G(g) - Flg) ' =By + Ey' =M. - (Ey' + Eg") - M., (48)
which follow from Egs. (16)—(18).
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Imposing the condition (33) on the T-plural model and working in the basis of right-invariant
fields, we may substitute Eq. (44) in the left-hand side of Eq. (33) to obtain

N-(F=F-RN=N-(F-F - F"-(s+E'-q)-C'- (s~ E - 9)”'F), (49)
where we have defined C=F~(g)-R,(g)-F(g). This simplifies to

N-(s-Ej-q)—(s+E'-q)-C)-(s—Ej - q)" - F.

The last two terms are by construction regular matrices and can be omitted while investigating
when expression (49) vanishes. Consequently, the 7-plural version of condition (33) has the form

N-(s-Ej'-q)' = (s+E;'-g)'- C') =0. (50)

To gain a better understanding of Eq. (50), consider the particular case of originally purely

Neumann boundary conditions, i.e., free endpoints. In this case Rp(g)=F’(g)-F'1(g), ie., C=1,

and the transformation (44) is well defined (i.e., Iép is a function of ¢ only) on any of the groups

in any decomposition of the Drinfel’d double. This means that any 7-plural R depends on the
coordinates on the respective group G only. In this case, condition (50) further simplifies to

N-¢'=0, (51)

where again regular matrices have been omitted in the product. We conclude that in the case of
Poisson-Lie T-duality, where ¢g=1, the dual gluing operator satisfies condition (33) only if it is
completely Dirichlet, in which case the dual version of (33) is trivially satisfied.

A possible solution to this problem, considered already in Ref. 11, comes from the fact that
condition (33) is modified if the endpoints of the string are electrically charged. Let us modify the
action by boundary terms

S}{ ¢] - S}{Qﬂ + Sboundary[(ﬂ’ (52)
where
dPt P
Sboundary[d’] = qOJ:,:o AM;dT*' qwfn:ﬂAp,;dT (53)

corresponds to electrical charges ¢, ¢, associated with the two endpoints of the string interacting
with electric field(s) present on the respective D-branes. In order to make the following derivation
easily comprehensible, let us assume that the potential A, can be in an arbitrary but smooth way
extended to the neighborhood of the respective brane’ and denote the field strength of the potential

8
A, by
1{0A, OA
W=5<19y7:_5§)’ ie., A=dA. (54)

Consequently, the equations of motion in the bulk obtained by the variation of the action are left
unchanged but we find on the boundary

8 Ny (F=F - Ry goA - (1+RY) - 6, #,=0 (55)

together with

"Generalization to the case when this is not possible will be explained below.

SRecall that y# are coordinates on G and ¢H=ytog.
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8¢ Ny (F=F -Ry=q,A-(14+R)) - 9, ¢l o =0, (56)
instead of (32). Therefore, by similar arguments as before, we find the following conditions

instead of (33):

N- (F-F R+ qyA- (1+R"))|4=0,

N- (F=FR'=qzA- (14 R))| 7 =0.

Because these conditions should hold irrespective of which of the two endpoints lies on the
considered brane (i.e., on any given brane a string may begin, end, or both,) we see that the
endpoints are oppositely charged (and by proper choice of convention for A,,, we set the charge to
unity),

qGo=—qr=1. (57)

This means that condition (33) modified by the presence of electric charge at the endpoints reads

N-((F+A)-(F+A)"-R)=0. (58)
In fact, recalling Eq. (34) and writing

N-(A-A"R)=N-A-(1+R)=N-A-N"-(1+R"), (59)

we see that only derivatives of A, along the brane are relevant in the variation of the action
S A 1+ Sooundary[#], i.e., the resulting condition (58) does not depend on the way we extend A,
outside the brane. If such an extension is impossible, the definition (54) of A is obviously mean-
ingless and must be corrected in the following way. We introduce the embedding ¢ of the brane B,

uB—G, B=uB)CG

and construct the electric field on the brane as

Ag=dgA € QX(B). (60)

Then, we may pointwise extend Ag|, to a two-form A, with values in Qf(p)(G) [ie., a
two-form on G in the point ¢(p)],

A (VW)= A5 NV)NW))|,, peBV.WeT,,G (61)

[where the natural identification T,B= ¢+(T,B)= Im(/\/)\m is assumed]. With this understanding
in mind, condition (58) remains the same as before but supplemented by a consequence of (61)

A=N-A-N. (62)

Consequently, even if the target group G is foliated by D-branes and A constructed as a
collection of A’s on different branes may be well defined and smooth on G (or its open subset), A
may nonetheless not be closed—only its restrictions Az to the respective branes need to be
closed in order to allow the potential A, along the brane.

In the following, we shall use condition (58) to look for a suitable background electric field
strength A such that the boundary equations of motion are satisfied in the transformed models.
Taking into account (59), we see that (58) determines A=N-A-N' uniquely and generically
smoothly (except when N changes rank). The self-consistency of such a procedure of course
requires that A found in this way is closed along the branes, i.e.,
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NSNENG, A =0 (63)

and hence’ gives rise to the potential A ,.

We should note that the case of free endpoints, i.e., purely Neumann boundary condition
R,(g)=F'(g) -F~'(g), was investigated in Ref. 11. The approach used there was based on symplec-
tic geometry and it was shown that the Poisson-Lie 7T-dual configuration corresponds to D-branes
as symplectic leaves of the Poisson structure on the dual group G [once one fixes one end of the
dual string at the origin of G using the freedom of a constant shift (13)] and that the correction A
in this case exists and is obtained from the Semenov-Tian-Shansky symplectic form on the
Drinfel’d double as a symplectic form on the symplectic leaves and is therefore closed along the
branes. These results are in accord with the analysis here. Also, it is clear from the conclusions of
Ref. 11 that in this particular case, the integrability condition (28) is automatically satisfied on the
dual since the symplectic leaves are submanifolds.

V. THREE-DIMENSIONAL EXAMPLE

As mentioned in Sec. I, there are several explicitly solvable o-models whose solutions are
related by the Poisson-Lie 7-plurality. We can construct their gluing matrices corresponding to
D-branes and check the equivalence of Egs. (26) and (43). Here, we present a three-dimensional
example, where one of the solutions is flat with vanishing B-field, while the T-plural one is curved
and torsionless. They are given by a six-dimensional Drinfel’d double with decompositions into,
on the one hand, the Bianchi 5 and Bianchi 1 algebras and, on the other hand, the Bianchi 6, and
Bianchi 1 algebras. On Bianchi 5, the background is given by

0 0 «
Ey=F(g)=|0 « 0], keR. (64)
k 00

The right-invariant vielbein in a convenient parametrization g=g(y*) of the solvable group cor-
responding to Bianchi 5 is

0 0
eg)=|0 & 0 |, (65)
0 0

Fu=| 0 ke® 0 | (66)

The metric of this model is indefinite and flat. The general solution of the equations of motion is’

gup to possible topological obstructions which we shall neglect here
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¢ (xpx) ==In(= W, - 1)),

Wr+Y,
W+Y,’

P (x,x) = (67)

(W, + 1))

3
(X, x_) =W+ Y3+ s
& (xp.x) 3 3 2W, +Y)

where W;=W(x,) and Y;=Y;(x_) are arbitrary functions.
The o-model related to that on Bianchi 5 by the Poisson-Lie 7T-plurality lives on the solvable
group corresponding to Bianchi 6, and its tensor field obtained from

L
K K 2
A AL 1 1 K
Ey=F@=| - ~ -3 (68)
K K
- -= 0
2 2
and
coshy® —sinhy® 0
é(g)=|-sinh$ coshy® 0 (69)
0 0 1
reads
7e_2~{3 78_2}? 73}33
K K
. I 3 1 K
] -V | (70)
Ee»c3 —Eev‘A'3 0
2 2

The Ricci tensor of this metric is nontrivial so that the background is curved but has a zero Gauss
curvature.
The transformation (14) between the bases of decompositions of the Lie algebra of the

Drinfel’d double into Bianchi S-LBianchi 1 and Bianchi 60+Bianchi 1 is given by the matrix

0 -1 00 0
000 1 10

pag) |-11 0 000 o

Frs) oo o o o0-1f
120 0 00
00 0 -1 0

and the coordinate transformation on the Drinfel’d double that follows from this reads (see Ref. 7)
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)31 = —y3 + %Ez,
=y 5h, (72)
P==y
El =- %53 +y2,
hy=3hy+y?, (73)
hy=—h, +hy?,

where y, i;, v, h are coordinates on the respective subgroups G, 5, é, G that correspond to the
different decompositions of the Drinfel’d double. Inserting Eq. (67) and the solution of Egs. (10)
and (11), into Eq. (72), we obtain the solution’ of the equations of motion for the o-model in the

curved background given by F,

l[WZ()ﬁ-) + Yz(x+)]2

N 1
' (x,.x) = S EOWa(x) = Vol )Wy (e )] = [Ws(x,) + Ya(e )] = Wi6e) £ V10)]

1
+ E"(“(m +B(x),

R 1 1 (Wy(x,) + Y,(x))?
Bl ) = S0 Wil = T W] [t + i)+ 2

3 wlat) + Be), (74)

P (rpx) =In(= Wy (x,) = ¥y (x),
where a, B satisfy (primes denote differentiation)
o' =W, W - W,Wi,

(75)
B =YY -YY;.

A. D-branes

In the following, we analyze examples of D-branes for which the adapted coordinates N* of
the flat model are equal to those that bring the metric of the flat model to the diagonal form

-k 00
FuM)=| 0 « 0],
0 0 «

namely,
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11 1 ! —y!
M) =M= 5[ 102re 4 '],
1
N(y)=Ag+y%e™, (76)

nl !
M) = )\8 + %[)ﬁ + %(yz)ze"‘ —e” ]
In these coordinates, the gluing matrices R, by assumption become diagona].10

* D2-branes. The Dirichlet projector is zero (and the Neumann projector is the identity) in this
case and as the tensor F is symmetric, it follows from Eq. (33) that the gluing matrices are

(77)

(= =]
- o O

1
R\=R4=R,=0
0

The conditions (36) are trivially satisfied. The condition (26), or equivalently (22), then gives
the boundary conditions for the solution (67),

er(x+)|u=0,fr: Y;(x—)‘ozo,ﬂ’ j= 1,2,3. (78)
From Eq. (44), we get
0 -10
R,=R,=|-1 0 0] (79)
0 0 1

This matrix has eigenvalues (=1,1,1) and the eigenvector corresponding to the eigenvalue
—1 is spacelike in the (curved) metric (70) so that the D2-brane is transformed to a D1-brane.
The Dirichlet projector obtained from Egs. (23) and (27) is

11
22 0

o=(1 1 0/, (80)
000

and the conditions (36) are satisfied for the matrix (79). Using Eqs. (74) and (78), one can
verify that

‘97(&'0:0.77': ‘9+($ ° RA(ﬁ‘(hO,W’ (81)

which is equivalent to Eq. (43). Note that unlike the D1-branes and DO-branes discussed

below, in this case neither the matrix R, nor Iép depends on elements of the groups G and G.
D1-branes. We have chosen the branes as coordinate planes of the flat coordinates, i.e.,

0
0 |, (82)

S = O

1
Ry=|0
00 -1

which in y coordinates gives the y-dependent gluing matrix
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2?1 1
OL V6-2] e -op
Ry=| - 1m0 Jehier-) | )
2)2
e —e'y? %

The Dirichlet projector obtained from Egs. (23) and (27) is

2-0M7 R269-0771  Le'[od2-2p
0=\ 3677 16MF —le A0 -21 | (84)

1¢'0?) i2-077]

and the conditions (36) are satisfied. The condition (26) then gives

W{(xaf)‘o:o,w: Yf;(x—)|o=(),ﬂ'7
W) o=0.7= Y280, (85)

Wé(x+)‘o:0,rr = Y{(x—)|u=0,w‘

From Eq. (44), we obtain Iép and 1%, which, however, are too complicated to be displayed
here. The matrix Iéd, depends on the coordinates on both G and G and consequently on G;
nevertheless, we have checked that the boundary condition (43) for the solution (74) implies
again the relations (85). In this sense, the conditions (26) and (43) are equivalent.

The eigenvalues of R4 are 1, —1+(y2)2* y(y?)*=2(y?)? so that for y2# 0, the projectors are

Q:O,IQ:I, and the condition (33) is not satisfied.

On the other hand, the hypersurface y>=0 does not coincide with a D1-brane in the original
model since the tangent vector 8}.2\}.2=0 is Neumann. Consequently, if at a given time the
endpoint of a string is located at y?=0, it might not stay there at later times. We conclude that
in this case, the transformed D-brane configuration is not well defined due to the dependence

of lép on the coordinates on G.

DO-branes. We choose

1 0 0
R=|0 -1 0 |, (86)
0 0 -1

so that

1
e R TR Rk

2 2
1
Ry=| -»* -(H*-1 2¢” YA +2] |. (87)
: ! (?)?
_et - e-‘lyz yT

The Dirichlet projector is
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20 {020 el 2P

2

0= %) %W)%z] —ie"“'<yz>[<y2>2+2] : (88)
I 1 1
2 50 22-077

and the conditions (36) are satisfied. The condition (26) yields

W; (x+)‘u=0,71 = - Yg(x—)|a:0.7r’
Wit )| gmo,m= = Y5(x) | gmp s (89)
W.;(x+)‘a=0,7r= - Y{(x—)|a:0.7r'

The matrix Ii’d) is again rather complicated and depends on the coordinates of both G and G,
but once again using Eqgs. (74) and (89), one can verify that conditions (26) and (43) are
equivalent in the sense explained above. The eigenvalues of léd, are —1,1
+(32)2+\(3)*+2(y?)? and the Dirichlet projector O obtained from Egs. (23) and (27)

reads
1 ~ 1 PO
4 4 207 +4
A 1 1 2149
0= - n - 22 ' (00)
4 4 2(y°)"+4
i e R Py (R B
4 4 2

Due to (72) and (73), namely, yzzé(ﬁl +11), the projector Q depends both on G and G. The
conditions (36) are again satisfied only for y>=0 but now the tangent vector d,2|,2—o is
Dirichlet. We can therefore consistently restrict ourselves in the original model to DO-branes
inside the hypersurface y?=0. Their plural counterparts are given by a gluing matrix of the
form

_1
€

1 1
2 2

b 1 1 _3

Ry=| 5 5 3¢ | o1
_ S0

where we have used the coordinate (72). Its eigenvalues are (—1,1,1) and the eigenvector
corresponding to the eigenvalue —1 is spacelike so that the matrix (91) defines a D1-brane in
the dual model.

e D(—1)-branes. We have

-1 0 0
Ry=R4=R,=[ 0 -1 0 | (92)
0 0 -1

The Dirichlet projector is the identity in this case so that the conditions (36) are trivially
satisfied. The condition (26) then gives the boundary conditions for the solution (67),
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W;(x+)|0=0,ﬂ= - Y;(x—)‘FO,Tr’ j= 1,2,3. (93)
From Eq. (44), we find
01 0
R,=R,=|1 0 0 |, (94)
00 -1

and the 7T-plural Dirichlet projector is

D=

2
0=|-1

0

The conditions (36) are satisfied and the condition (93) implies both Egs. (26) and (43). The

matrix (94) has eigenvalues (—1,-1,1), where +1 corresponds to a spacelike direction.
Hence, we get a Euclidean DO-brane. Similarly to the D2-brane case, also here neither Rp nor

0
0| (95)
1

O =

R, depends on elements of the groups G and G.

B. Gluing matrices that produce R dependent only on G

The lesson we have learned from the previous subsection is that in some cases the transfor-
mation of coordinates (72) may cure the problem of dependence of the gluing matrix R on

elements of the group G. In particular, in our three-dimensional example, it turned out that if
DO-branes in Bianchi 5 are contained in the hypersurface of constant y? located at y>=0, then due
to Eq. (72) the plural gluing matrices are well defined.

In the present section, we address the problem of coordinate cross dependence from another

point of view. We shall assume that the plural gluing matrix depends on elements of G only, i.e.,

it is independent of the dual coordinates on G, and we derive the gluing matrices on both sides of
the plurality that make this assumption possible. Inspecting the transformation formula (44) for the

gluing operator, we find that the 7-plural gluing matrix IA?p is a function on G if and only if the
matrix-valued function

Clg)=F"'(g)-R,(g)- F(g)
extended to a function on the whole Drinfel’d double as Cj(1)=C(g), where [= gﬁ, satisfies

Cp(8h) =Cp(3). (96)

In our particular setting, where the relations between original and new coordinates on the
Drinfel’d double D are given by Egs. (72) and (73), we find that (only) the following combinations
of y’s can be written in terms of the original y’s:

Pogl=2d, Pyl
Consequently, if the original gluing matrix has the form

R,(g)=F'(g)-C-F\(g). (97)

where C=C(y',y%), then the gluing matrices Ié’, given by Eq. (44) and Ry, R, given by Eq. (25)
can be expressed as functions on G only, i.e., they are well defined. The condition (30) that R, of
the form (97) preserve the metric yields
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C- (B +E)) - C'= (B, + Ey). (98)

In other words, the matrices C belong to the representation of the group O(n,dim G-n) given by
the constant symmetric matrix (Ey' +E;") with signature 7.
For E, of the form (64), we get the following possibilities:

o
c= —e% e 0| (99)
1
- 00
B
(a+€? 1-a* (a—-¢°B
4B 2y 29
_ (a+ ey (e-€)p
C= _72,8 a 7}/ , (100)
7
Y Y B
1 a*B
R
€= 0 € —eaB |’ (101)
00 B

where e= + 1 and a, 3, y are arbitrary functions of y! and y3. In addition, the matrices R, and Iéd,
calculated from Egs. (25), (44), and (97) must satisfy the conditions (36) so that further restrictions
on the matrices C are imposed.

 Case (99): The conditions (36) for R are satisfied only if @=0. The gluing matrices then read

|
00 —
R,= ) R B=BG"y) (102)
P7lo e o) - yoy
B0 0
-€ —€ fB
s A|-e e -p| ﬂyﬁ—ﬁ‘)
Rp—2 2 2 , e=*1, ﬂ—,B(—y, 5 ) (103)
B B

The conditions (36) are satisfied for R as well. This corresponds to the transformation of
D1-branes to DO-branes for e=+1 and DO-branes to D1-branes for e=—1.

* Case (100): The conditions (36) are satisfied for R only if a=—€—2p. The gluing matrices
then read
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yz
B Y Y
2(B+e)B
Rp=| -=—— —e=28 vy |. B=BGLY). y=v0")). (104)
_2AB+9B  20B+eB
¥ ¥
(B+eB+y3B+k+2y  (B+dB+YB+Ik-2Y  (2y+k(B+)(B+eB
2Ky 2Ky Ky
4| ZB+OBL A AB+OIk+2y —(B+ OB+ Y3B+Ik=27  (K(B+O)=27)(B+B
P 2Ky 2Ky Ky
_ Ay+kB) Wy=«B) B
2B 28

(105)

where 8= (-9, ($?-$")/2), y=9(-$*,(3?>~$')/2). For e=—1, the dependence of 8 and y
on y', y¥ is constrained by the condition (28) that yields

W aB ady B dy dy

e yz(vﬁ—ﬁﬁ)=2ﬁz<7ﬁ+ﬁ—ﬁﬁ : (106)
dy dy dy dy dy

For e=1, we do not get any constraint on the functions f3, .

The condition (33) is not satisfied for the matrix R unless we replace F by j‘+&, where

N-A-N'=A.
For e=1,
A
y 2428
o3
a Y
i-| & P . (107)
Y +
23 3
e ye” 0
2+2B8 2+2pB

and it is closed along the branes for arbitrary 3, . This case corresponds to the transforma-
tion of DO-branes to D1-branes.
For e=-1,

o Bl "
y 28
. -1 i
A= —ﬁy 0 7;;; , (108)
ye oy
R 0
2B 2B

and it is closed along the branes due to (106). This case corresponds to the transformation of
D1-branes to D2-branes.

« Case (101): The conditions (36) for both R and R are satisfied if B==*1 and a=0. This
corresponds to the transformation of D2-branes to Dl-branes and D(—1)-branes to
DO-branes,
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100 0 -10
Ry=+|0 10| R,=x|-1 0 0], (109)
001 0 0 1
as presented in Sec. V A and
1 0 0 100
R,=*|0 -1 0], R,=%|0 10/, (110)
0 0 1 001

which correspond to transformations of DI-branes to D2-branes and of DO-branes to
D(-1)-branes.
Besides that, the conditions (36) for R are also satisfied for

B 2 _ (111)
=—€, =0.

ay'
However, to satisfy the condition (27) for IA? ie., ﬁ-Q:Qﬁ:—Q with B=-e=—-1, we must
set @=0. Thus, for B=—e=—1, we see that in general (i.e., for a#0) the Poisson-Lie

T-plurality does not preserve the condition (27).
If «#0 and B=-€e=1, then we have 0=0 and the condition (27) holds trivially. We can
satisfy the condition (33) by replacing F by F+A, where

0 fa 0
A={-1a 0 0 (112)
0o 0 0
This form is closed due to (111). The gluing matrices in this case,
ak ak a o
1 0 0 l-— -—  —=—
4 4 k 4
a -10 A
R,= ) . R,= ak  ak alak+4) |, (113)
@ - —41 —
_? a 1 4 4 4k
0 0 1

correspond to the transformation of D1-branes to D2-branes.

We remark that in three dimensions, the integrability condition (28) is nontrivial only if the
rank of the Neumann projector N is equal to 2; otherwise, the distribution A=Im(N) is integrable
on dimensional grounds. In two dimensions, investigated below, the condition (28) is always
trivially satisfied.

VI. TWO-DIMENSIONAL EXAMPLE

The only o-models with two-dimensional targets that can be transformed under T-plurality
with nonisomorphic decompositions of a Drinfel’d double are generated by the semi-Abelian
four-dimensional Drinfel’d double of Ref. 12. It has decompositions into two different pairs of
maximally isotropic Lie subalgebras, namely, the semi-Abelian Manin triple with basis

T,,T,, 7! R 72 and Lie brackets (only nontrivial brackets are displayed)

[T,.Ty]=T,, [T2T1=T7% [TAT,)=-T', (114)

and the so-called type B non-Abelian Manin triple with basis fl,fz,Y_’l,Y_’z and Lie brackets
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[fl,fz] = fz, [Tl,Tz] = Tl,

(115)
[T.T =T, [T.T=-T,-T% [T, T=T"
A simple transformation between the bases of these two decompositions is given by
Ty ==T+T,, T,=T +T2,
(116)
=P =T,
which corresponds to the transformation matrix
00 0 1
10 0 1
(” ") = (117)
ros 01 -10
00 1 0
The coordinate transformation on the Drinfel’d double that follows from this reads
=1
ol 2 2
=—In(-x"+1), =- s
b (=x ), % 2.1
(118)
=l 1 222 _ 2
X exp(x') +x° X - X
¥l= %, P=—In(=x*+1)+x".
x =1
We shall consider examples of two-dimensional o-models given by the matrices
E <1 0) E (K 1) (119)
°“\o «/7 TOT\-1 1)
where « is a real constant. The corresponding tensors F, F are calculated from Egs. (7) and (17),
where
g=exp(Ty)exp(x'T)),  &=exp(ET)exp(#'T)). (120)
They read
k()2 +1 —kx?
Fla#) = , : (121)
— KX K
AL 1 (@)% + —K+e’el(l<+l)—)?2
F(x) = 5 Y ( 0 - . (122)
2" k+k+e (k+1)\k—¢" (k+1)-% 1

Unfortunately, the metrics of both models are curved and we are not able to solve the equations of
motion. Nevertheless, we can at least find the gluing matrices that satisfy the conditions (36).
Moreover, we require that the gluing matrices depend only on the coordinates where the o-models
live so that we have to take R, of the form (97), with C depending only on x? in order to satisfy
Eq. (96).

The condition (98) restricts C to the form
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C:(El\““l—yzk €YK ) (123)

Y —5162\““1—’}/2K

where 1y is an arbitrary function of x*> and €, €;=* 1. The conditions (27) and (31) are then
satisfied for all corresponding matrices R. The condition (33) is satisfied only if e;=1 or e;=—1,
y=0.

If e,=—1, y=0, then the conditions (36) are satisfied for the transformed o-model as well. The

gluing matrices are
R (E‘ 0) R (e' 0 ) (124)
PTN0 ) TPTNO —¢)]

so that the boundary conditions for the o-model on G are purely Dirichlet or purely Neumann.

Interpretation of the boundary condition for the o-model on G as ecither usual DO-branes or
Euclidean (spacelike) D1-branes depends on the signature of the metric, i.e., on the sign of «.
If e,=1, then

R,=

(125)

(— 66\l - Yk b4 )
€YK elv“‘ 1- ¥« '
The transformed gluing matrix Iép is easily obtained from (44) but it is too complicated to display

here. The conditions (27) and (31) are satisfied for all these matrices Ii’p. The condition (33) can be
always satisfied by replacing F by F+A, where

(0 A
A={ R (126)
—&, O
. l+7K—s]\51—y2K+e'el(y(l—K)+2s]\fl—y2K)

Ap= o — o - (127)
v+ ™ (Y= 1+ K) =26 V1 = ¥k) + 26" (= (yx) + €V1 = Y’k)

In the case when the denominator of Alz vanishes, i.e., for !

function of £!)

satisfying (recall that y is a

€ — € yk+\1 - Yk o

‘ =e, (128)
ey(1 - k) +2\1 = Yk
where e3=* 1, we get
R, (1 0) (129)
p=—aaly )

The eigenvalues of R, are +1, —1 corresponding to either usual DO-branes or Euclidean
D1-branes, while the boundary conditions for the o-model on G are purely Neumann except for £!
satisfying (128) with e3=¢, in which case they are purely Dirichlet and A 1» becomes singular.10

VIl. CONCLUSIONS

We have derived a formula (44) for the transformation of boundary conditions under the
Poisson-Lie 7-plurality. The examples in Sec. V A confirm that the formula works for solutions of

"%hereas when (128) holds with e;=—¢,, we have I%pzl and the singularity of Alz is only apparent—it becomes an
expression of the form % with a finite and well-defined limit.
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the equations of motion of the o-models. This is not surprising since it was derived using these
equations. The problem is that the transformed gluing matrix may depend on elements of the
original group (and hence on elements of the dual group G), so that only special forms of gluing
matrices are transformable under the Poisson-Lie 7-plurality.

To ensure that the gluing matrices transformed by the Poisson-Lie 7-plurality depend only on
the coordinates of the groups where the o-models live, we can restrict them to the form (97)

R,=F'(g)-C-F'(g).

The matrix C must be constant or depend only on a particular subset of coordinates on G that

transform into coordinates on G.

Another problem is that not all conditions (36) for consistent D-branes are preserved under the
Poisson-Lie T-plurality. We have proven that the condition (29), i.e., R-G-R'=G, is always pre-
served. In Euclidean signature, this implies the preservation of conditions (27) and (31), i..,
R-Q=0Q-R and N-G-Q'=0. As we have seen in the investigation of the matrix C of the form (101)
in Sec. V B, it is not necessarily so in the case of indefinite signature. In that case, the transformed
¢luing matrix may become nondiagonalizable (in the sense of nondiagonal Jordan canonical form)
and consequently the projector on (—1)-eigenspace cannot satisfy R-Q=0-R. Nevertheless, when
such an obstruction did not arise, the conditions (27) and (31) were satisfied in all cases investi-
gated here also in the indefinite signature. Similarly, the integrability condition (28) was preserved
in all examples.

On the other hand, we have seen explicitly that the condition (33), i.e., N-(F—F"-R")=0, is
not preserved in general under the Poisson-Lie T-plurality and that in the transformed background
it must be modified by the presence of an electric field constrained to the branes and interacting
with oppositely charged endpoints of the string. We have moreover seen in several cases with
nonconstant matrix C in (97) that the closedness (63) of this additional electric field is intimately
related to the integrability of the Neumann distribution (28) in the original model. It is an open
question whether and how this behavior can be proven in general or whether it happens just in the
low dimensions investigated here.

ACKNOWLEDGMENTS

This work was supported by the project of the Grant Agency of the Czech Republic No.
202/06/1480 and by the research plans LC527 15397/2005-31 and MSM6840770039 of the Min-
istry of Education of the Czech Republic (L.H. and L.S.). C.A. acknowledges support by the
Japanese Society for the Promotion of Science (JSPS).

'C. Klim¢ik and P. Severa, Phys. Lett. B 351, 455 (1995), e-print arXiv:hep-th/9502122.

2C. Albertsson and R. A. Reid-Edwards, J. High Energy Phys. 03, 004 (2007), e-print arXiv:hep-th/0606024.
*K. Sfetsos, Nucl. Phys. B, Proc. Suppl. 56 302 (1997), e-print arXiv:hep-th/9611199.

‘K. Sfetsos, Nucl. Phys. B 517, 549 (1998), e-print arXiv:hep-th/9710163.

°R. von Unge, J. High Energy Phys. 07, 014 (2002), e-print arXiv:hep-th/0205245.

°L. Hlavaty, Phys. Lett. B 625, 285 (2005), e-print arXiv:hep-th/0506188.

L. Hlavaty, J. Hybl, and M. Turek, Int. J. Mod. Phys. A 22, 1039 (2007), e-print arXiv:hep-th/0608069.

L. Hlavaty and L. Snobl, Nucl. Phys. B 768, 209 (2007), e-print arXiv:hep-th/0608133.

°C. Kliméik, Nucl. Phys. B, Proc. Suppl. 46, 116 (1996), e-print arXiv:hep-th/9509095.

19C. Albertsson, U. Lindstrom, and M. Zabzine, Nucl. Phys. B 678, 295 (2004), e-print arXiv:hep-th/0202069.
''C. Klimé&ik and P. Severa, Phys. Lett. B 376, 82 (1996), e-print arXiv:hep-th/9512124.

"2L. Hlavaty and L. Snobl, Mod. Phys. Lett. A 17, 429 (2002), e-print arXiv:hep-th/0110139.

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp

227



228



4.3

PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA
RECEIVED: June 9, 2008

AcCCEPTED: July 16, 2008

PUBLISHED: July 29, 2008

Description of D-branes invariant under the
Poisson-Lie T-plurality

Ladislav Hlavaty and Libor Snobl*

Faculty of Nuclear Sciences and Physical Engineering,

Czech Technical University in Prague,

Brehovad 7, 115 19 Prague 1, Czech Republic

E-mail: Ladislav.Hlavaty@f jfi.cvut.cz, Libor.Snobl@fjfi.cvut.cz

ABSTRACT: We write the conditions for open strings with charged endpoints in the language
of gluing matrices. We identify constraints imposed on the gluing matrices that are essential
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1. Introduction

In our previous paper [1], the transformation of worldsheet boundary conditions for non-
linear sigma models under the Poisson-Lie T-plurality [2, 3] was investigated and a formula
for the transformation of gluing matrices was presented there. Boundary conditions were
formulated in terms of a so-called gluing matrix that was subjected to a set of constraints
originally formulated for supersymmetric models in [4, 5]. Abelian T-duality of such mod-
els (and also of their purely bosonic analogues) was studied in [6] and later also partially
extended to Poisson-Lie T-duality context in [7]. Unfortunately, we have shown in [1] that
some of the constraints are not preserved under the Poisson-Lie transformation (even in
the simplest non-Abelian T-duality context).

In this paper we present a restricted set of constraints for the gluing matrix that does
not disqualify the interpretation of corresponding boundary condition in terms of D-branes
and simultaneously preserves its validity under the Poisson-Lie transformations. It means
that well defined D-branes formulated in this way transform into well defined D-branes
again under the Poisson-Lie T-plurality.

The existence of such description was to be expected because there exists a different,
geometric formulation of the same problem based on the geometry of D-branes lifted into
the Drinfel’d double by C. Kliméfk and P. Severa in [8, 9]. The open problem was how
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to express their formulation in the language of gluing matrices, i.e., how their boundary
conditions manifest themselves on the level of original o-models.

The paper is structured as follows. Firstly, we review and modify the formulation
of boundary conditions in terms of gluing matrices (or operators) R. Secondly, we recall
some of the basic properties of Poisson-Lie T-duality and plurality and how the gluing
matrices transform. Thirdly, we demonstrate a few examples we have used in the search
for consistency constraints on R preserved under Poisson-Lie transformations. Next, we
rewrite the constraints on R in an equivalent form suitable for further computations (i.e.
without projectors). Finally, we lift the D-branes into the Drinfel’d double, study how
the boundary conditions manifest themselves there, demonstrate the connection with the
description in [8] and show the invariance of our constraints.

2. Boundary conditions and D-branes

We investigate the boundary conditions for equations of motion of nonlinear sigma models
given by the action!

Srld) = [ #o0- 0 Fu(00:" = [ Baoo-F(0)- 06 (2.1)

where F is a tensor field on a Lie group G and the functions ¢* : ¥ C R? - R, u =
1,2,...,dim G are obtained by the composition ¢* = y* o g of a map g : ¥ — G and
components of a coordinate map y of a neighborhood Uy of an element g(xz4,z_) € G. For
the purpose of this paper we shall assume that the worldsheet ¥ has a topology of a strip
infinite in 7 = z +2_ direction, ¥ = R x (0, 7) and =, z_ are light-cone coordinates on X.

We impose the boundary conditions for open strings in the form of the gluing operator
R relating left and right derivatives of the field g : ¥ — G on the boundary of X,

0-glo=0x = R 0+ glo=0,x, c=xy —T_. (2.2)

We denote the matrices corresponding to the operator R on TyG in the bases of coordinate
derivatives 9y as R, e.g.,?

af¢|0':0,71' = 8+¢ . R|0':0,7T- (23)

The explicit form of the operator R in principle yields the embedding of a brane in the
target space which is in this case the Lie group G.
When varying the action (2.1) we shall impose vanishing of boundary terms

6¢ : (g . 80'¢t +H- a7'¢t)|t7=0,71' = 07 (24)

We use a bit unusual notation that d+¢" form row vectors of the derivatives of ¢, therefore matrices of
operators in our notation may differ by a transposition from expressions in other papers. The dot denotes
matrix multiplication, ¢ denotes transposition, X % = (X*)~'.

2Similarly we shall distinguish operators from their matrices by the calligraphic script used. This does
not apply to tensorial expressions F,G, H.
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where G and H are symmetric and antisymmetric part of the tensor field 7. We shall
assume that the ends of an open string move along a D-brane — submanifold D C G — so
that both d¢|s=0.~ € TyD and 0;¢|s=0.» € TyD. Let N be a projector TyG — T,D so that

5¢‘a:0,7‘r = N(5¢‘J=O,w)a a7'¢|0':0,7r = N(aT(b‘J:O,TF)' (25)

From eqgs. (2.3) and (2.5) we may express the defining properties of N as

N o (R4+id) = (R +id), N> =N, RanN = Ran (R + id),

(R+1)-N=R+1, N>=N, rank N = rank (R + 1). (2.6)

We should stress that these properties do not specify the projector A/ uniquely since its
kernel is not determined. As it will become clear later on, we may consider all such
projectors equivalent for any sensible use in physics.

We can rewrite the equation (2.4) as

66 N - (F- 04 — F' - 0_¢")lomom = O, (2.7)
which after the use of eq. (2.3) becomes
8¢ N - (F=F" - R')-04¢'|s—or = 0. (2.8)
Because d¢ - N and 0, ¢' are not further restricted, we find
N-(F-F'-RY)=o. (2.9)
Besides that there are conditions for N and R
NR“NA”O[HNV]’] =0,
R-G-R' =g (2.10)

that follow from the condition that the projectors A in all points of G define integrable
distribution and that the stress tensor of the action vanishes on the boundary (see e.g. [1,
6, 10]).

In our previous paper [1], we have used the formulation first presented in [5], i.e. we
have defined D-branes by virtue of Dirichlet projector Q that projects tangent vectors in a
point of G onto the space normal to the D-brane going through this point and the normal
space was identified with the eigenspace of R with the eigenvalue —1, i.e.,

Q=Q, Q-R=-Q. (2.11)

The Neumann projector N, which projects onto the tangent space of the brane was then
defined as complementary to O, i.e.

N:=1-Q.
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The eq. (2.11) is then equivalent to
N’ =N, N-(R+1)=R+1.

In order to get an agreement with eq. (2.6) we had to assume that the geometrical and
algebraic multiplicities of the eigenvalue —1 are equal. This gave another condition that
relates R and Q

Q-R=R-Q (2.12)

so that we got the following set of conditions (equivalent to those in [5])

Q*=Q, Q-R=—Q, rankQ = dimker (R +1) (2.13)
Q-R=R-Q, (2.14)

NN\ ON,{ =0, (2.15)

R-G-R' =g, (2.16)
N-(F-F'.RH=o. (2.17)

We found in our previous work that the constraints for a consistent gluing operator R
derived above are not in general preserved under the Poisson-Lie transformations (see
section 5.2, case (100) in [1]).

The situation improved a bit when we admitted that the endpoints of the string are
electrically charged so that the action must be modified by boundary terms. Such an
extension in the context of Poisson-Lie T-duality of open strings was already introduced
in [8], in the gluing matrix language was firstly mentioned in [5]. We have

Sf[¢] - Sf[¢] + Sboundary [¢} (218)

where o ok
Sboundary [Qﬂ =qo /o':O AquT —qo L:W A;La—TdT (2'19)

corresponds to electrical charges qg, —qg associated with the two endpoints of the string
interacting with electric field(s) present on the respective D-branes. The condition (2.9) is
then modified to the form [1]

N-(F+A) = (F+A)-R) =0, (2.20)

where in local coordinates adapted to the brane® we have

A= % (aA” M“) ; (2.21)

oyt Ay

i, v < dim(brane) (the remaining components of A do not contribute to the eq. (2.20)). For
computational simplicity we assume that A can be smoothly extended into a neighborhood
of the brane. Because the values of A are physically relevant only along the D-brane we

3ie., %, w = 1,...,dim(brane) are tangential to the brane and the remaining vectors 8%, K >
dim(brane) are transversal.
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may impose a supplementary restriction on A that fixes its extension into the transversal
directions
A=N-A-N'. (2.22)

The exactness of A along the brane (2.21) is locally equivalent to its closeness written in
arbitrary coordinates as
Ny"NAP N0, A gy = 0. (2.23)

Unfortunately, neither this generalized formulation of D-branes defined by the gluing op-
erator and interaction with the charges is preserved under the Poisson-Lie T-plurality or
Poisson-Lie T-duality in the sense that there are cases when the set of conditions (2.13)—
(2.16), (2.20) and (2.23) holds for a o-model with boundary conditions given by R but
not for a model and boundary conditions obtained by the Poisson-Lie transformation (See
section 5.2, case (101) in [1]).

This problem forces us to reconsider the necessity of conditions (2.13)—(2.16). Namely,
motivated by explicit examples in [1] we revisit the condition (2.14). If this condition holds
(as is always the case when G is positive/negative definite but not in general) then there
is a canonical choice of the projector A/, namely, such that A is an orthogonal projector
with respect to the metric G. On the other hand, if the condition (2.14) does not hold,
one cannot choose the projector N uniquely and also it is not possible to find the so-
called adapted coordinates [5], i.e. the boundary conditions cannot be split into Dirichlet
and (generalized) Neumann directions. Although such boundary conditions may appear
strange, we don’t see any reason why they should be a priori excluded from consideration.

Moreover, we shall prove that if we relax the condition (2.14) and reformulate the
other ones in such a way that the o-model with boundary conditions is given by (F, R, A)

satisfying
R-G-R' =g, (2.24)
(R+1)-N=(R+1), N>=N, rankN =rank(R+1) (2.25)
NN\ O,N,{ =0, (2.26)
N-((F+A) = (F+A)-R") =0, (2.27)
N-A-Nt = A, (2.28)
N NAPNLT O A oy = 0. (2.29)

then these conditions are preserved by the Poisson-Lie transformation.

3. Elements of Poisson-Lie T-plurality and transformation of boundary
conditions

The Poisson-Lie T-plurality was described in many papers (e.g. [2, 3, 11]) and we sketch
here only its main features, mainly to set the notation. The tensor field F on the Lie group
G can be written as

JT;W = eua(g)Fab(g)eub(g) (31)
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where the vielbeins e,%(g) are components of the right-invariant Maurer-Cartan forms
dgg™' and F,(g) are matrix elements of bilinear nondegenerate form F(g) on g, the Lie
algebra of G. The action of the o-model then reads

Sr.alg) = /Zd% p—(9) - F(g) - p+(9)' +/ A-— / A, (3.2)
o=0 o=m
where the right-invariant vector fields p4(g) are given by
p(9)" = (02997 ")" = 00" €,"(9), (0x99™ ") = pi(9)- T =0s6-e(g)- T,  (3.3)

T, are basis elements of the Lie algebra g and A is the 1-form introduced in (2.19).
Similarly, the boundary conditions (2.2) may be expressed in terms of the right-
invariant fields, as

P— (g)‘O'ZO,TF = P+ (g) . Rp‘0'=0,71'> (34)
where

R, = eil(g) “R-e(g). (3.5)

The o-models that are transformable under Poisson-Lie T-duality can be formulated
on a Drinfel’d double D = (G|G), a Lie group whose Lie algebra 0 admits a decomposition
9 = g + g into a pair of subalgebras maximally isotropic with respect to a symmetric
ad-invariant nondegenerate bilinear form (.,.). The matrices Fy(g) for the dualizable
o-models are of the form

F(g) = (Ey' +1(g))"", T(g) = b(g) - alg)~" = ~II(g)", (3.6)

where Ej is a constant matrix, I defines the Poisson structure on the group G, and
a(g),b(g) are submatrices of the adjoint representation of G on ?

gTg = Ad(g)>T=0a"Yg) - T, gTg'=Adg)>T="0bl(g)-T+ad'(g)-T, (3.7)

where T are elements of dual basis in the dual algebra g, i.e., (T, Tb) = 63.
The bulk equations of motion of the dualizable o-models can be written as Bianchi
identities for the g-valued fields

(p+)a = =p+(9) F(@lale) e (p-)a = p-(9)"Flg)se(alg) )5

These fields can be consequently integrated in terms of suitable h:¥ -G,

P (R)a = @4h BNy = —pi(9)°F(9)mp(alg)™H)E,
p—(9)"F(9)be(alg) )5 (3.8)

This procedure defines the lift [ : ¥ — D of the solution g : ¥ — G into the Drinfel’d
double. As a consequence, the lift satisfies [2],

=
I~}
Il
—
>
>
>
AN
I~}
Il

(0Ll7t EF) =0, (3.9)
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where [ = gfL and £F are two orthogonal subspaces in 9, spanned by T+ E; -T, T— Eé -f,
respectively. On the other hand, starting from a solution / in the Drinfel’d double we find
a corresponding solution g by constructing the decomposition [ = gfz.

In general, there are several decompositions (Manin triples) of a Drinfel’d double that
enable to transform one o-model and its solutions into others. Let § + § be another
decomposition of the Lie algebra 9. The pairs of dual bases of g, g and g, g are related by

(-9 (F). s

where the duality of both bases requires
-1 t t
p q s q
= 3.11
< ro.s ) <7”t » ) ’ (3.11

prsttqort =1,
pq+q-p=
r-st4+s-rt = 0.

the linear transformation

|
o

(3.12)

The o-model obtained by the plurality transformation is then defined analogously to the
original one, namely by substituting

F(g) = (By' +1i(g)) ™", T(g) =b(9) -a(9)~" = ~1L(9)", (3.13)
EO =(p+Ep- 7“)*1 (g+ Ep-s) = (st - Ey — qt) . (pt —rt. Eo)f1 (3.14)

into (3.1), (3.2). Solutions of the two o-models are related by two possible decompositions
of [ € D, namely
1 = gh = jh. (3.15)

For p=s=0, g =r =1 we get the so-called Poisson-Lie T-duality where G = é, G =
G, Eo =Ly L If G is non-Abelian and G is Abelian we call it non-Abelian T-duality.

The corresponding transformation of the gluing matrix R, under the Poisson-Lie T-
plurality was found in [1] in the form

—

R,=F'g)- M~'-F~'(g) - Ry(g) - F(g) - My - F~(g), (3.16)

where
My=s+Ey'yq M_=s—Eytq (3.17)

An obvious drawback of the formula (3.16) is that the transformed gluing matrix é\p
may depend not only on § but also on g, i.e., after performing the lift into the double
giz = §h it may depend on the new dual group elements h € G, which contradicts any
reasonable geometric interpretation of the transformed boundary conditions. A solution of
this problem is that we admit gluing matrices only in the form

Ry(9) = F'(9)-C- F~!(g), (3.18)
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where C is a constant matrix.* Then ]/%\p depends only on g.
The condition (2.24) requiring that R, of the form (3.18) preserves the metric then
restricts the form of the matrix C' by

C-(Ey' + EyY)- Ot = (Ey' + EyY). (3.19)

It is an easy exercise [1] to show that eq. (3.19) is preserved under the Poisson-Lie trans-
formation (3.16).

4. Examples of three-dimensional o-models

The conditions (2.24)-(2.29) can be used in the following way. Let us assume that the tensor
F is given. For the given metric G, i.e. symmetric part of F, we find admissible gluing
operators R from eq. (2.24), i.e. operators orthogonal with respect to G. Then the projector
N is determined from egs. (2.25) and the condition of integrability (2.26) is checked. Finally,
the 2-form A is obtained from (2.27), (2.28) and we check the condition (2.29), namely,
that it is closed on the brane. The same procedure is then repeated for the dual or plural
model with F' and R, given by (3.13) and (3.16).

As an example we shall investigate the Poisson-Lie transformations of the o-models
formulated on the Drinfel’d doubles D = (G|G), where G is the Lie group corresponding
to one of the nine three-dimensional Lie algebras Bianchi 1 - Bianchi 9 (for notation see
e.g. [12]) and G is the Abelian Lie group corresponding to Bianchi 1. We shall denote
these Drinfel’d doubles (X|1) where X is the number of the Bianchi algebra.

The matrix IT vanishes for Abelian G so that F(g) = Ey and

Fuv = e (9)(Eo)av €"(9)- (4.1)

We choose the constant matrix Ey as
0 0 1
Eo=(0 1 0 (4.2)
1 00

so that we work with an indefinite metric on G.

Our task is to choose gluing operators R producing A and N that satisfy the con-
ditions (2.24)-(2.29) and check whether the transformed gluing operators R which are
expressed in the non-coordinate frame of the right-invariant fields by (3.16), produce A
and N satisfying the conditions (2.24)—(2.29) if and only if the original ones do.

The generic solution of eq. (2.24) for Ey given by (4.2) is

2

8 7~
Ry=|l=28 o _leph | (4.3)
_ (a—e)zﬁ 1—a2 (a+€)2
72 2y 48

“In general, one can admit C' dependent on some combinations of coordinates of G that transform by
Poisson-Lie T-plurality to coordinates on G (see [1]).
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where € = +1, and «, 3,7 are real constants such that 3,7 #0 .

Note that the conditions (2.25), (2.27), (2.28) can be calculated even in the non-
coordinate frame where F = Ey, therefore N, and A, are independent of G. Moreover,
the condition (2.26) holds for all ranks of N but two and the condition (2.29) holds for all
ranks of A/ but three on dimensional grounds.

Solving eq. (2.25) for the above given matrix R, and € = 1 we get the identity projector
N =id, and for e = —1 we get N =e(g) - N, - e(g)~" where®

ny 32 +1 no 32 . /@2("2ﬂ(a*27*1)+2(n1/32+04’Y+’Y))
ay+y ay+y 2(a+1)242
N, = n1B(a—2y—1) nafB(a—2v-1) +1 75(0&—27—1)(nzﬂ(a—Q'y—1)+2(711[32+a’y+"/)) (44)
P 2(at1)y 2(at1)y I(at1)22
n n B(—ana+2yn2+n2—2n13)
1 2 2(a+1)y

and ni,n9 are arbitrary constants. The rank of the latter projector is 2.

For e = 1, the condition (2.26) is satisfied trivially as the distribution of tangent vector
spaces of the space filling D-branes is identical with the tangent spaces of the manifold.
The conditions (2.27), (2.28) yield

0 o 2y a—206+1
) a+26+1 a2JE2ﬂ—J[)16
Ap= a+2?3+1 0 T H(a+28+1) | A=e(g)-Ap- €(Q)t~ (4.5)
a—28+1  2(a—1)8 0

TaTAHT F(ar2rD)

The form of e(g) and therefore also the condition (2.29) depend on G.
The results for e = 1 are:

e For Bianchi 1,2,6p,7¢ the condition (2.29) is satisfied for any gluing matrix of the
form (4.3).

e For Bianchi 3,4,5,64, 7, the condition (2.29) is satisfied if and only if o = 1.
If e = —1, the results are:
e For Bianchi 1,5 the condition (2.26) is satisfied for any gluing matrix of the form (4.3).

e For Bianchi 3,6, the condition (2.26) is satisfied if and only if 5 = —1, v = +2 or
y+298£283

&= TEs

e For Bianchi 6 the condition (2.26) is satisfied if and only if « =1 4 20 + 2.
e For Bianchi 2,4,7y,7, the condition (2.26) is never satisfied.

It is too complicated to check the conditions (2.26) and (2.29) for the simple groups
that correspond to Bianchi 8,9 and the generic solution of eq. (3.19). Nevertheless, we

5This holds for generic values of a, 3,7. Casese =1, a = —1—-2F and e = —1, a = 1—-28+4/—F, a =
—1 when forms of N are different were analyzed separately and the invariance under T-duality was also
confirmed.
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can calculate them at least for a particular gluing matrix

1
00 3
R,=(0 1 -3 (4.6)
2
B a —35
that is a special solution of eq. (3.19). Solving eq. (2.25) for the above given matrix R, we

get the projector
n nts
5+10 7

N, =| - 1704(;;[}) , (4.7)
-n 0-%

where n is an arbitrary constant. Rank of this projector is 2 so that the condition (2.29)
is satisfied trivially and

e For Bianchi 8 the condition (2.26) is satisfied if and only if a = +2,/32 — 1.

e For Bianchi 9 the condition (2.26) is never satisfied.

4.1 Non-Abelian T-duality

As a next step, we shall investigate the constraints for the dual gluing matrices obtained
by the Poisson-Lie T-duality that interchanges G and G. We have proven in [1] that the
so-called conformal condition (2.24) is preserved by the transformation (3.16) so it is not
necessary to check it. For the models on the Drinfel’d doubles (X|1), the Poisson-Lie T-
duality reduces to the non-Abelian T-duality and the gluing matrices of the dual models are

—

R,=-F'(9) - Ey-C- By F () = (1-E;"- ﬁ(g))_l (14 B T(g)) - (48)

They depend on the choice of G which determines the matrices II. The projectors N are
obtained from (2.25) and it turns out that the rank of the projector N is independent of
G. For e =1 it is equal to 2 while for e = —1 it is equal to 3. It means that for e = 1 the
nontrivial condition is (2.26) while for e = —1 it is the condition (2.29).

For the matrix (4.3) and € = 1 we get:

e Bianchi 1,2,6¢,7¢: The condition (2.26) for R is satisfied for any gluing matrix of
the form (4.3).

e Bianchi 3,4,5,64,7,: The condition (2.26) for R is satisfied if and only if a = 1.
For the matrix (4.3) and e = —1 we get:

e Bianchi 1,5: The condition (2.29) for R is satisfied for any gluing matrix of the
form (4.3).

e Bianchi 3,6,: The condition (2.29) for R is satisfied if and only if 3 =—1, 7= 42
1+2y8£28

or &= T8

e Bianchi 6p: The condition (2.29) for R is satisfied if and only if & = 1+ 23 + 2.

— 10 —
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e Bianchi 2,4,Ty,74: The condition (2.29) for R is never satisfied.

For the matrix (4.6) the projectors A" obtained from (2.25) have the rank equal to 3
so that the condition (2.26) is satisfied trivially and for:

e Bianchi 8 the condition (2.29) is satisfied if and only if o = +2,/32 — 1.
e Bianchi 9 the condition (2.29) is never satisfied.

Comparing the above given results with those in the previous subsection we see that
the conditions (2.24)-(2.29) are preserved under the non-Abelian T-duality. We have also
checked in examples that the conditions are preserved under the Poisson-Lie T-plurality as
well.

5. Invariance of the constraints for the boundary conditions under the
Poisson-Lie T-plurality

As we have noted in section 2, it is not a priori clear what kind of constraints should be
imposed on the gluing operator R so that on one hand it properly defines the boundary
conditions as D-branes and on the other hand these constraints are preserved under the
Poisson-Lie T-plurality. The examples in the previous section indicate that we may have
managed to establish the right set of constraints, namely (2.24)-(2.29). We have shown
in [1] that (2.24) is preserved under Poisson-Lie T-plurality. It remains to be shown that
the others are invariant under the Poisson-Lie transformations as well.

5.1 An alternative formulation of the consistency conditions on the gluing op-
erator

As it is difficult to find the Poisson-Lie transformation of the projector N it is convenient

to reformulate the conditions (2.25)—(2.29) without its explicit use, i.e., using the gluing

operator R only. This will also prove that the conditions (2.25)—(2.29) do not depend on the

non-unique choice of the projector N and that we don’t have to impose the condition (2.28).
For this purpose we recall eq. (2.6)

Ran A = Ran (R + id)
which means that any condition of the form
AoN =0, ie, N-A=0
can be equivalently written as
Ao (R+1id) =0, ie, (R+1)-A=0.
Consequently, the condition (2.27) can be equivalently written as

(R+1) (F+A)—(F+A)-R)=0. (5.1)

— 11 -
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Similarly, the condition (2.29), which when expressed in the basis-free form reads
dAWN(X),N(Y),N(Z)) =0, VX,Y,Z € T,D,
can be equivalently written as
(R+1),"(R+1)\"(R+1), 0,20 = 0. (5.2)

Besides that, we recall that the condition (2.26) is just a statement that the distribution
(of non-constant dimension)

A:ge G — Ran(R+id)|y € T,G

is in involution,
[A,A] C A (5.3)

and consequently by Frobenius Theorem completely integrable. Such a statement is obvi-
ously independent of the particular choice of the projector N (although it doesn’t have the
nice form 0 = ... of eq. (2.26)).

Finally, we look for the the 2-form A. We notice that by virtue of eq. (2.24) the matrix

(R+1)- (F—F" R
is skew-symmetric and consequently has the form
(R+1)-M-(R+1)

for some antisymmetric matrix M related to F, R (and, in general, non-unique). Therefore,
the condition (5.1) takes the form

(R+1)-(A+M)- (R+1)'=0 (5.4)

and, when considered as an equation for A, has a solution, e.g. A = —M.
Moreover, we can show that the condition (5.2) doesn’t depend on the particular choice
of a solution of the equation (5.4). It suffices to consider

T=(R+1)-A-(R+1)=(R+1)- (F'-R' - F)

and compute the expression
9
(%T[W(R + 1))\]

using the two ways of expressing Y. Due to the integrability condition (5.3) written in
terms of generators (R + 1),79, of the distribution A there exist functions v, " such that

819(R + 1)[VU(R + l)u]ﬂ = ’Y/U/H(R + l)na-
Using this fact one finds by comparison of different expressions for BﬂT[W(R +1) A]ﬁ that

(R+ 1), (R+1),7(R+ 1)y 0925 =
B

gy TR+ 1y

g (F'- R = F) 1, (R+ 1), (R+ 1)y’ = (F- R = F),
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(note that index ¥ in % = Oy is not antisymmetrized, the antisymmetrization on the right
hand side involves u, v, A only).

To sum up, we have found that an equivalent formulation of the condition (5.2) which
doesn’t depend on the particular choice of A exists and has the form
0

BB+ = (F R = F) 55 (R+ DR+ Dy =0
(5.5)

We mention that although the functions 7,,” do not appear in the final expression their

9y (F'-R' = F),,

existence was important in intermediate steps, i.e. the conditions (5.2) and (5.5) are equiv-
alent only if the integrability condition (5.3) holds.

Watchful reader may notice that we have not imposed the condition (2.28) yet. This
condition restricts the field strength A only to the physically relevant degrees of freedom
and it is reasonable to apply it from this viewpoint. On the other hand, it requires the
knowledge of the explicit form of the projector N/ which we want to avoid. Under the
assumption that the conditions (5.3), (5.5) hold we take any projector N' and any A
satisfying (5.1) and construct

A=N-A-N

which also satisfies the conditions (5.1), (5.2) and in addition it satisfies the condition (2.28).
The influence of A and A on the motion of strings, i.e. extrema of the action (2.18), is
exactly the same. Therefore we may consider A and A physically equivalent and forget
the condition (2.28) altogether.

In summary we may write all conditions defining a consistent gluing operator R as

R-G-R' =g,
[A7 A] C A, A(g) = Ran(R + id)|97 (57)
9 (F'-R' = F) , (R+1), (R+1)y"~
d
~(F-R-F),, W(R +1),/(R+1)y" =0. (5.8)

Given such an operator R we can find the field strength A (using eq. (5.1)) and the projector
N such that conditions (2.24)—(2.29) hold. Both A and A are in general non-unique but
lead to the same dynamics of the strings on the classical level, i.e., the extrema of the
action (2.18).

5.2 Lift of D-branes to the Drinfel’d double

We can define the lift of a D-brane D C G given by (2.3) to the Drinfel’d double as an
integral manifold of the distribution generated by

a‘r”a:O,w = 87”0:0,# + aJrl‘O':Oﬂl" (59)

From [ = gh, (3.8) and (3.7) we get

0117 = (p-(9) + p1(9)) - T+ (5—(h) + pr()) - Ad(g)(T)
= (p=(9) + p+(9) - T+ (p-(g9) - F(g) — p+(9) - F'(9))(a "(g) - b'(9) - T + T)

— 13 -
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On the boundary we get from (3.4), (3.6) and (3.18)

8'rl l_1|0'=0,7r = p+(g)|0=07ﬂ' : Ft(g) :
[(F(g)+C-F ' (g)) T+ (C—1)-(a"(g)-b'(9) - T+T)]
= p1()lo=0x - F9) - [(Ey' +C- By ") - T+ (C —1) - T} (5.10)

As p1(g)|e=0, is arbitrary and F'(g) is invertible we see that the vectors tangent to the
lifted D-branes pulled to the unit of the Drinfel’d double form the vector subspace Vp of ®

Vp = span(A%®T, + B4 T?), (5.11)
where the matrices A and B are
A=E'+C-E;', B=C-1. (5.12)
This subspace is isotropic because
(A-T+B-T),A-T+B-T)=C-E;'-C'—E;'+C-E;'-C' -~ E;' =0 (5.13)
due to (3.19). Moreover one can see that the subspace is maximally isotropic as the block
A Eyt+C-Eyt
= .14
(5)=("&5 @14
has the same rank as the block matrix

Eat+Eal
1
("), (5.15)

whose rank is dim g, because Ey ' + Eyt = Eyt - (Bo + Eb) - Eyt = Ey' - G(e) - Ey ' is an
invertible matrix.

matrix

The space Vp is invariant under the Poisson-Lie transformation by construction, nev-
ertheless, one may check it directly from the transformation properties of T, T,Ey and C.
We shall show that the condition (5.8) for admissible gluing matrix R is equivalent to a
statement that the isotropic subspace Vp is also a subalgebra.

First of all we shall rewrite the matrices occurring in (5.8) in terms of the matri-
ces (5.12) defining the space Vp.

R+1=F" (A.+B,-1,), F'-R' —F =B} F, (5.16)
where
Ac=e'(g)-A-e(g), Be=e""(g)-B-€l(g), . =e"(g) T(g)-e'(g9). (5.17)
The condition (5.8) then acquires the form

[F'(Ae+ Be - 10,)] \/ [F - (A - 8,Be" — 9,Ac - B — Be- 9,1 - BY) - F| . = 0.

P
A )
(5.18)

— 14 —
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(Many terms occurring during derivation of this expression cancel by total antisymmetriza-
tion in A, u,v.) Using (3.1) and the fact that both e(g) and F(g) are invertible we can
simplify the above equation to

[(A+B-T(g)) - e ()" ([2(A+ B 11(g)) - e~ (9)  Dpe(g) — B 9,11(g)] - B)"! = 0.
(5.19)
(The antisymmetrization involves only the indices a,b,c.) For the derivatives of e we can
use Maurer-Cartan equations, and derivatives of II(g) are

i —1\ i Fjm Lon, — k
apl—[k: _(a 1)] fJ nep (a l)m R (520)

L L
where e, are components of the left-invariant form e (g) = e(g) - a(g). All that gives

(At B-1(@)" [f5(A+ B 110) B + a7 () fi*(B-a~(0),(B - a™(9))",] = 0.
(5.21)
(where we again antisymmetrize in a, b, ¢ only). We define a mixed product on the Drinfel’d
double
(XY, Z)) = ([X,Y],Z). (5.22)

It is totally antisymmetric and Ad-invariant. In terms of this mixed product we can write
the above condition as

(((A-T+B-T(g)-T)*, (A-T—B-ll(g) - T+B-T)",(B-T))) =0.  (5.23)
The antisymmetry of the mixed product and antisymmetrization in indices a, b, ¢ imply
(X0 z9)) = (x4 20 ) = (21, X" Y)) (5.24)
that allows to rewrite the left-hand side of (5.23) as

(((A-D) (A1), (B-T)))+((A-D), (B-T)", (B-T)7))
~{((B-T(g) - T)*, (B-TU(g) - T)*, (B-T)%)) + (((B-TU(g) - ), (B-T)", (B-T)9)).

The last two terms drop out by isotropy of the subalgebra g because they are equal to

2 ({(B M) - T~ B-T)*, (B Ti(g) - T~ B-T)', (B-Tl(g) - T~ B-T)))
= (B0 o) D) (B-a(9) TV, (B-a(g) T)T)) = 0.

The first two terms give

%(( (A-T+B-T)* (A-T+B-T)", (A-T+B-T)Y))=0 (5.25)

and we can drop the antisymmetrization because of antisymmetry of (5.22). Then eq. (5.25)
becomes exactly the statement that the maximal isotropic subspace Vp is a subalgebra of
the Drinfel’d double, i.e., that for any v, ve,v3 € Vp we have

<< v1,0U2,U3 >> = 0

— 15 —
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To sum up, we conclude that the condition (5.8) is in the case of Poisson-Lie dual-
izable models equivalent to the statement that the maximally isotropic subspace Vp is a
subalgebra. Therefore, the condition (5.8) is Poisson-Lie invariant.

We also see that the lifts of D-branes into the Drinfel’d double D acquire the form
of cosets DI where ® is the Lie subgroup of D with Lie algebra Vp and I € D. This
demonstrates that the gluing matrix formalism naturally leads to D-branes in Drinfel’d
double as devised by C. Kliméik and P. Severa in [8]. Obviously, the D-brane in Drinfel’d
double @I is an embedded submanifold of D whenever the condition (5.8) is satisfied,
irrespective of the condition (5.7). That leads us to a natural hypothesis that in our case
of dualizable gluing operators the distribution A : g € G — Ran (R + id)|, is integrable by
virtue of the condition (5.8) alone.

In order to show that the distribution A is integrable we define a coset projection map

7. D—G: l=gh—g.

The D-brane in G passing through gy is then obtained as 71'(’)390/30) for some hy € G
provided that it is well-defined. That it is indeed so can be seen from the fact that for any
1,I" € D such that w(I) = w(I') we obviously have

mo R =mo Ry (5.26)

and consequently for any DIy, Dly such that m(Dl; )N (Dl2) # 0 we find that intersecting D-
branes in G coincide, i.e. m(Dl;) = 7(Dly), and are submanifolds. Consequently, {m(DI)|l €
D} form a foliation (of non-constant dimension) of the group G and the distribution A
consisting of tangent spaces to this foliation is by definition integrable.

For a more explicit derivation it is sufficient to consider a basis of right-invariant vector
fields on D extended from a basis (eg(e)) of Vp by

er(l) = (R))wex(e)

and project them by .
Ey(g) = meer(gh).

Such Ej are well-defined vector fields on G, i.e. don’t depend on the choice of h, due
to eq. (5.26), and define the distribution Al; = span{F}j(g)} by construction of the lift.
Because ey, close under the commutator, also Ej do so due to m.([ej, ex]) = [m«(e;), T« (€x)]
and consequently the distribution A is integrable.

A further question arises concerning the generality of our description, i.e. whether any
D-brane configuration described in the language of [8] can be expressed in terms of gluing
matrices. Let us suppose that we are given an arbitrary maximally isotropic subalgebra
Vp of the Drinfel’d double algebra 0, i.e.

Vp = span{ KT, + L%T"}
where K, L are arbitrary matrices such that

K-I'+L-K'=0

— 16 —
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and rank (K, L) = dim G. Does a matrix C exist such that there is an equivalent description
Vp = span{A®T} + B4, T"}

where
A=E'+C-Ey', B=C-17?

The answer is positive provided L — K - E; " is regular (invertible) matrix. Indeed, we are
looking for an invertible matrix S such that S-L = A4, §- K = B. We find

S=(E'+E") L-K E"),

and
C=(E;'+EY) - (L-K-ByY) ' K+1.

Such matrix C satisfies the condition (3.19). The singular case when C doesn’t exist
and we cannot use the description based on gluing matrices occurs if and only if there is
v € Vp, v # 0 such that (v,E7) =0, ie.,

veVpnET £0. (5.27)

This is rather exceptional since both Vp and €' are (dim G)-dimensional subspaces in
(2 dim G)-dimensional vector space .

6. Conclusions

We have revisited the bosonic version of conditions (2.13)-(2.17) formulated in [5] for the
gluing matrices defining boundary conditions for open strings. We have investigated them
from the point of view of their invariance under the Poisson-Lie transformations defined
by the formulas (3.13), (3.14) and (3.16).

We have seen that in order to keep the conditions invariant under the Poisson-Lie
transformations, it is necessary to introduce the electromagnetic field A on the D-branes
where the boundary conditions are imposed as in [8]. Besides that we have relaxed the
condition (2.14) for the so-called Dirichlet projector Q that projects onto the space normal
to the D-brane as it is not invariant under the Poisson-Lie transformations. We suggest that
the proper set of constraints for the gluing matrices is (2.24)—(2.29). The invariance of these
constraints under the Poisson-Lie transformations was firstly checked in many examples;
some of them were presented in section 4. The invariance was proved in section 5.

Of course, one may imagine also other possible generalizations of the conditions (2.13)—
(2.17). One possible approach (in supersymmetric setting) appeared in [14] where the con-
dition (2.16) was not strictly enforced whereas the splitting into Dirichlet and Neumann
directions due to (2.13)—(2.14) was retained (together with a stringent restriction R? = 1).
However, that paper dealt with Abelian T-duality only. In the context of Poisson-Lie
T-duality it seems that the condition (2.16), i.e. (2.24), has a natural geometric interpre-
tation, namely the isotropy of lifted D-branes (5.13), and it was essential in most of our
derivations. That’s why we consider it indispensable in our setting. The condition (2.26)
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is an integrability statement, needed for interpretation of D-branes as submanifolds. The
conditions (2.27), (2.29) are equivalent to the vanishing of the boundary term in the vari-
ation of action (3.2) and as such are also necessary (as long as one keeps the action in the
form (3.2)). The condition (2.28) restricts the field strength A to a specific choice from
a physically equivalent set — the physics is not at all influenced by it but it is useful for
the uniqueness of A. To sum up we believe that all the conditions (2.24)—(2.29) should be
imposed in Poisson-Lie T-duality context.

To prove the Poisson-Lie invariance of the constraints (2.24)—(2.29) it was necessary to
reformulate them to the form (5.6)—(5.8) that does not contain the (non-unique) projector
N. In the end it turned out that the constraints for the gluing matrices

Ry(9) = F'(g9)-C- F~}(g), (6.1)
where C' is a constant matrix which satisfies
C-(Ey'+EyY)-C' = (B  + EyY, (6.2)
are equivalent to the condition that the subspace
VD:span((EO_tJrC-Eo_l) ~T+(Cfl)‘T~) (6.3)

is a maximally isotropic subalgebra. This statement is clearly invariant under the Poisson-

Lie transformations because the choice of Vp is independent of the decomposition of the

Lie algebra of the Drinfel’d double into the sum of the isotropic subalgebras (Manin triple).
On the other hand, if Vp is a maximally isotropic subalgebra and

Vpﬂng:O

then there is a unique matrix C such that Vp can be written in the form (6.3) and the
condition (6.2) is satisfied. The gluing matrix (6.1) then satisfies the consistency condi-
tions (5.6)—(5.8) or equivalently (2.24)—(2.29) where the suitable field strength A is found
as a solution of

(R+1)-A-(R+1)'=(R+1) - (F'-R' - F)

and the projector AV is defined by eq. (2.5).

This means that we have shown that the current version of the formulation of trans-
formable boundary conditions in terms of gluing matrices is equivalent to the description
originally discovered by C. Kliméik and P. Severa in [8]. Both approaches can be considered
complementary. In their original formulation the invariance of the description is clear from
its geometric formulation in the Drinfel’d double and also some of the geometric properties
of the lifted D-branes are immediately obvious. However, it may be quite tedious to work
out the explicit form of the boundary conditions in the o-models on the groups G, G. (e.g.
in the original paper [8] only the Poisson-Lie T-duals of free boundary conditions were
worked out in any detail. More complicated D-branes in WZW models found in this way
were given in [13].) On the other hand, in our approach these are easy to write down
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but it required some calculation to show that both the original and transformed boundary

conditions satisfy the same consistency requirements (5.6)—(5.8).

Finally, we would like to recall that we have expressed the conditions on gluing matrix

in a form independent of the projector N, i.e. (5.6)—(5.8), and that this derivation does

not depend at all on the particular structure of Poisson-Lie transformable models or on

the fact that we consider group targets. We believe that this formulation may be of use

also in other investigations of the properties of gluing matrices.
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