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Abstract

The thesis summarizes publications that contain the author’s contribution to the field of
multivariate Fourier transforms and their applications within mathematical physics. The
corresponding research was conducted following the award of the doctoral degree (Ph.D.).
The Fourier-Weyl transforms comprise discrete transforms constructed on finite fragments
of the Weyl group invariant lattices. Ten types of Weyl orbit functions, restricted to the
fundamental domain of the affine Weyl groups and their even subgroups, induce the forward
and backward discrete transforms. The related 2D and 3D interpolation problems and
cubature formulas are developed. The transforms are linked to the Kac-Walton formulas
and Kac—Peterson matrices in conformal field theory and applied to vibration models in
solid state physics. The entire author’s published body of work in this field comprises
16 articles in impacted journals and several conference proceedings. The presented nine
articles, published in impacted journals, are chosen to represent the entire collection of
the author’s publications in the field and contain key notions and original concepts of the
author’s contribution.
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Introduction

Continuous and discrete symmetries of physical systems are fundamental for construction
and mathematization of the related physical theories and models. Group theory forms a
central part of mathematical description and analysis of the inherent symmetries. The
classical theory of Lie groups and Lie algebras [29,49] establishes an essential connection
between group theory and modern physics. Multivariate exponential functions associated
to crystallographic root systems of complex simple Lie algebras and their corresponding
affine Weyl groups constitute a standard segment of Lie theory and its application in
mathematical physics [4,5,48,53,88]. Character functions of irreducible representations are
determined for any dominant integral form via the Weyl character formula as ratios of two
antisymmetric multivariate exponential functions [29]. The character functions are directly
related to elements of finite order in the corresponding Lie group [25]. General continuous
harmonic analysis on symmetric spaces of the related generalized hypergeometric functions
of the crystallographic root systems contains Weyl orbit polynomials as special, explicitly
constructed cases [36]. The Weyl orbit functions are embedded in conformal field theory [26]
and appear implicitly in solid state physics [96].

Linked to the crystallographic root systems and their induced finite reflection groups,
the Weyl orbit functions represent multivariate generalizations of the classical trigonomet-
ric functions [5,53,88]. Symmetric sums of exponential functions, directly connected to
multivariate versions of Chebyshev polynomials [5], are named C'—functions in [56] and
serve as generalizations of the cosine function. Antisymmetric S—functions from the Weyl
character formula lead to generalizations of the sine function [57] and E—functions, related
to even subgroups of the Weyl groups [60], produce specific versions of the exponential
function. Symmetry and antisymmetry properties of the C— and S—functions with re-
spect to their inherent Weyl groups together with the translation invariance by shifts from
the dual root lattice permit restrictions of these functions to the fundamental domains of
their affine Weyl groups [48,53]. The fundamental domains in the form of the Weyl alcoves
constitute generalizations of the one-dimensional interval as domain for the classical cosine
and sine functions [48,53]. The fundamental domains of the affine Weyl group necessitate
extension by their reflected images to form domains for the E—functions [A3]. The set of
multivariate generalization of the cosine, sine and exponential functions is further enriched
by the concept of sign homomorphisms [78].

The sign homomorphisms of the crystallographic root systems with two lengths of roots
induce two transitional types of multidimensional generalizations of cosine and sine func-
tions [44,78]. Hybrids of C'—functions and S—functions, named S*— and S'—functions,
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INTRODUCTION

acquire both symmetry and antisymmetry behavior on the boundaries of the fundamen-
tal domain. The sign homomorphisms also produce two additional even subgroups of
the Weyl groups and five novel related types of E—functions, named E**—, E*— and
E¢~—functions [34]. The resulting ten types of the multivariate functions retain similar
properties as their one-dimensional precursors and permit formulation of continuous multi-
variate generalizations of Fourier—Weyl transforms [34,56,57,60]. Formation of the discrete
Fourier-Weyl transforms requires a detailed description of the sets of points of the trans-
forms jointly with the finite sets of labels of the corresponding Weyl orbit functions [40].
The first implicit attempts to develop the discrete Fourier-Weyl transforms are taken in
the review articles [56,57,60,84]. The paper [80] formulates the discrete orthogonality of
the C—, S— and E—functions on the refinement of the dual weight lattice using group
theoretical arguments.

The dual root system and the dual affine Weyl group first appear in the description of
the labels of the C'— and S—functions and the corresponding fully explicit form of the dual
weight-lattice Fourier—Weyl transforms [A1l]. The precise description of the fundamental
domains of F—functions and their dual versions lead to the explicit discrete even Fourier—
Weyl transforms of E—functions [A3]. The boundary behavior of the hybrid orbit functions
with respect to both point and label domains results in the corresponding hybrid Fourier—
Weyl transforms in [44]. Shifting weight and dual weight lattices by admissible shifts
together with the related compact description of the point and label sets further enriched
the collection of Fourier-Weyl transforms on the shifted refinement of the dual weight lattice
in [A2]. Taking into account direct products of the Weyl groups opens novel possibilities for
the types of E—functions and the related discrete transforms [A4]. Challenging description
of the discrete transforms for the remaining five types of E—functions is attempted for
bivariate cases in [34]. Fully general characterization of the point and label sets of all six

types of even Fourier—Weyl transforms is achieved recently in [40].

The multivariate antisymmetric and symmetric cosine, sine and exponential functions
and their alternating versions are introduced in [58,59, 61, 62] as determinants and per-
manents [77] of matrices with entries comprising univariate cosine, sine and exponential
functions, respectively. The symmetric generalizations of cosine and sine functions are re-
lated in [42] to the Weyl orbit functions associated to the root systems of types B,, and C,,.
The lower-dimensional bivariate cases are detailed in [43,A5], the trivariate alternating ex-
ponentials are analyzed in [46]. The discrete orthogonality relations of these functions are
a consequence of ubiquitous univariate discrete cosine and sine transforms and their Carte-
sian direct product multidimensional generalizations. The eight underlying distinct types
of discrete cosine and sine transforms obey miscellaneous boundary conditions [7,103]. The
first four transforms I-IV are generalized to the multidimensional symmetric trigonomet-
ric functions in [59], the four symmetric cosine transforms of types V-VIII are developed
in [A6]. Utilization of the symmetric cosine and sine transforms to 2D and 3D interpo-
lation methods [8,21] is demonstrated in [43, A5, A6]. The antisymmetric and symmetric
cosine functions also permit construction of the multivariate Chebyshev polynomial analy-
sis [2,36,47,73,74,85].
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The classical Chebyshev polynomials are extensively exploited orthogonal polynomials
interlaced with efficient methods of numerical integration and approximation [30,95]. Both
classes of antisymmetric and symmetric cosine functions are based on the one-dimensional
cosine functions and admit a multidimensional generalization of the Chebyshev polynomials
of the first and third kinds [A6]. For the two-dimensional case, the resulting polynomials
become special cases of bivariate analogues of Jacobi polynomials [63-65]. The multivariate
symmetric cosine Chebyshev polynomials inherit crucial properties from the symmetric
cosine functions and this link provides tools to generalize powerful numerical integration
formulas of the classical Chebyshev polynomials. The main objective of cubature formulas is
replacing integration by finite summing over the set of the generalized Chebyshev nodes [15].
The exact equality of the finite sum over the nodes and the approximated integral holds
for polynomials up to a specific degree, which depends on the number of nodes. Gaussian
cubature formulas require the lowest bound of the number of nodes and achieve the maximal
degree of precision [28,69-71,98]. Among sixteen types of the symmetric cosine cubature
formulas in [A6] four types are Gaussian.

Besides the ubiquitous dual weight—lattice discretization, the dual root—lattice dis-
cretization and the corresponding dual root Fourier-Weyl transforms are recently devel-
oped in [41]. Existence of the dual root Fourier-Weyl transforms permits construction
of the transforms for point sets, which are constructed by subtracting the point sets of
the dual root—lattice transform from the point sets of the dual weight—lattice transform.
Among these subtractively constructed point sets stands out a triangular honeycomb lat-
tice fragment with armchair boundaries. The concept of extended Weyl orbit functions and
the induced honeycomb Fourier-Weyl transforms are developed in [A9]. The real-valued
Hartley orbit functions [40,41,A9] and the corresponding discrete Hartley—Weyl transforms
constitute generalizations of the discrete version of the univariate Hartley transform [6,93].
The discrete Hartley—Weyl transforms are developed on the dual weight lattice [40], dual
root lattice [41] and honeycomb lattice [A9]. Modifications of the results in [A1], which pro-
duce the weight-lattice discretization and the corresponding Fourier-Weyl transforms, are
achieved in [A8]. The dual weight and weight-lattice Fourier—Weyl transforms are closely
linked to conformal field theory.

Conformal field theories with the Lie group symmetry regularly utilize the antisymmet-
ric Weyl orbit functions and their discrete Fourier—Weyl transforms [26,111]. A correspon-
dence between the dual weight discretization of Weyl orbit functions and affine modular
data associated with the Wess—Zumino—Novikov—Witten conformal field theories is devel-
oped in [A7]. Products of the discretized orbit functions are analogous with truncations of
tensor products which determine interactions in the conformal field models. A significant
tool for description of the tensor products, which leads to an efficient algorithm for cal-
culation of the fusion coefficients, is the Kac-Walton formula [26]. The generalization of
the Kac—Walton formula for the dual weight lattice Fourier—Weyl transforms from [A1] and
the related Galois symmetries are developed in [A7]. The Wess—Zumino—Novikov—Witten
conformal models depend on the weight-lattice discretization of Weyl orbit functions rather
than the dual weight-lattice discretization from [A1l]. Three additional generalizations of
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the Kac—Peterson unitary and symmetric S—matrices resulting from the symmetric and
hybrid Weyl orbit functions are constructed in [A8]. Apart from conformal field theory,
the Fourier-Weyl and Hartley-Weyl transforms found also direct applications to eigenvi-
brations of mechanical models in solid state physics.

The 2D and 3D mechanical vibration models based on the Fourier-Weyl transforms
retain Weyl group symmetries and determine vibrations of the Weyl group invariant lat-
tices. General cases of the mechanical vibration models in solid state physics constitute
fundamental stepping stones for their quantum field versions [27]. Dispersion relations of
these models are systematically derived in solid state physics assuming solutions in expo-
nential form while imposing periodic Born—von Kérméan boundary conditions [50]. The
Hartley orbit functions represent multidimensional generalizations of the cosine and sine
standing waves solutions of the one-dimensional beaded string subjected to von Neumann
and Dirichlet conditions, respectively. The Hartley orbit functions form Weyl group invari-
ant solutions with significantly expanded selection of boundary conditions. The spectral
analysis of initial conditions provided by the Fourier—Weyl transforms enables calculation
of time evolving exact solutions of the mechanical models. A special case of such mechan-
ical models, the mechanical graphene model [17], is currently intensively investigated [54]
in connection with the relevant graphene material [11,27]. Characteristics of the triangular
graphene dots, which form the point sets of the honeycomb Fourier-Weyl and Hartley—
Weyl transforms, are extensively theoretically and experimentally studied [96]. Transversal
eigenvibrations of the equilateral triangular sheets of the mechanical graphene and the
wave functions of the quantum particle on the same triangular honeycomb point set [96]
are determined by the honeycomb Hartley orbit functions from [A9].

The contribution of the author of the thesis to the original results, contained in the
included articles [A1-A9], ranges from theoretical research to calculation of model exam-
ples [A1-A3, A5, A7, A8|, preparation of figures [A1-A5, A7T-A9] and execution of sym-
bolic [A1-A3, A7-A9] and numerical computations [A5]. The most significant theoretical

results, which were obtained with the essential contribution of the author, encompass
e Theorem 3.3, Propositions 5.3 and 5.4 in [A1],
e Theorems 3.3, 3.4 and 4.1 in [A2],
e Propositions 2.1 and 2.3, Theorem 3.2, Proposition 5.1 in [A3],
e Sections 3.1.2 and 3.2.2 in [A4],
e Propositions 3.1 and 3.2 in [A5],
e Sections 3.2 and 3.4 in [A6],
e Theorems 4.1 and 4.5 in [A8],

e Sections V and VI in [A9].




INTRODUCTION

The thesis is organized as follows. In Chapter 1, the notation is established and relevant
notions from the theory of root systems of Lie algebras, Weyl groups and affine Weyl
groups are summarized. In Chapter 2, the four types of discrete Fourier-Weyl transforms
are detailed and the even transforms and semisimple even transforms are compiled. In
Chapter 3, the symmetric exponential and cosine transforms are outlined, the related 2D
and 3D interpolation problems presented and the developed cosine cubature formulas listed.
In Chapter 4, the modified multiplication of orbit functions and generalized Kac—Walton
formulas are summarized, the weight lattice discretization and the inherent Kac—Peterson
matrices presented. Application of the Fourier—Weyl transforms to the transversal vibration
models of Weyl group invariant lattices is developed. In the Conclusion, the conclusions and
follow up problems are presented. In the section Included Publications, the nine included
articles [A1-A9] are listed.







Chapter 1

Affine Weyl groups

The purpose of the chapter is to establish notation of the thesis and recall pertinent notions
from the theory of Lie groups, Lie algebras and their related Weyl groups and affine Weyl
groups [49,108]. The classical material is extended where necessary by definitions and
properties from [A1,A2 A7]. The starting point is the classification of the compact, simple,
connected and simply connected Lie groups and their corresponding complex simple Lie
algebras [49, 108] which consists of four infinite series A, (n > 1), B, (n > 3), C,, (n > 2),
D,, (n > 4) and five exceptional cases Eg, 7, Es, Fy, Gs.

1.1 Root systems and Weyl groups

To each complex simple Lie algebra from the four infinite series and the five exceptional
cases corresponds the set of vectors

A:{Ozl,...?Oén}CRn,

that are called simple roots [5,49,108]. Each set of simple roots A constitutes a non-
orthogonal basis of the Euclidean space R™ with the standard scalar product denoted as
(,-). There are two types of the sets of simple roots A. The first type of A, referred to
also as simply-laced, consists of the roots of one length only and comprises the series
A, (n>1), D, (n > 4) and three special cases Eg, E7, Es. The second type contains roots
with two different lengths and is represented by the series B, (n > 3), C), (n > 2) and two
exceptional cases Fy, GGo. For the cases of A with two different root-lengths, the set A is
disjointly decomposed into a set Ay of short simple roots and a set A; of long simple

roots,
A=A UA. (1.1)

Every simple root a;; € A induces a reflection r; given by the standard formula for any
a € R™
2 (a, ;)
(i, ;)
The set of reflections r;, ¢ € {1,...,n} generates a finite Weyl group W of orthogonal

ria = a— i

operators. Action of the Weyl group W on the set A generates the root system II,
I1=WA.



1.1. ROOT SYSTEMS AND WEYL GROUPS

The current notion of the root system coincides with a more general notion of root systems
from the theory of Coxeter groups [4], the root systems corresponding to the complex simple
Lie algebras are called irreducible and crystallographic in [48].

The set of simple roots A determines a specific partial ordering <, on R" defined for
any A\, v € R" as v <A A if and only if

AN—v="ka + - +ky, kecZ>  ic{l,. .. n}

There exists a unique root £ € II that is maximal with respect to the ordering <A restricted
to the root system II, this highest root £ € I is expressed as a linear combination of the
simple roots

§:m1a1+"'+mnan7

with non-negative integer coefficents my, ..., m, € N. The numbers my, ..., m, are called
the marks and are listed in Table 1 in [A1]. The numbers ¢, ..., ¢, € N associated to the

marks via relation
m; <Oéz', Oéi>

2 Y
are called the comarks. The comarks are tabulated in Table I in [ASg].

= ie{l,...,n}, (1.2)

A circle inversion of simple roots «; € A,

V 20@

o, = —
! (%‘;%‘)7

leads to a set of the vectors AY = {aY,...,a,} that is also a set of simple roots of some
complex simple Lie algebra. The set AV generates the entire dual root system via action
of the Weyl group,
1Y =WAY,
that contains the highest dual root n € IIV with respect to the ordering <av of the form
n:m}/a}/—i-“-—i-mXocx.

The expansion coefficients of the highest dual root mY,...,m”, named the dual marks

are listed in Table 1 in [A1].
Setting additionally the zero mark and dual mark my = my = 1, the Coxeter number

m is a common value of the sum of the marks and the dual marks,

mzzn:mi :zn:m;/. (1.3)
i=0 i=0

Setting also the zero comark gy = 1, the dual Coxeter number ¢ is the sum of the

g= qu (1.4)

Explicit form of the the sets of simple roots and their relation to their highest root is

comarks,

encoded in extended Coxeter-Dynkin diagrams in Figure 1 in [A1].
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CHAPTER 1. AFFINE WEYL GROUPS

There are four significant Weyl group invariant lattices: the root lattice, the dual weight
lattice, the dual root lattice and the weight lattice. The root lattice () is the integer span
of the set of simple roots A,

Q =201+ -+ Zay,.

The dual weight lattice PV is Z—dual to the root lattice @,

PV:{(JJVGR”| <wv,ai>GZ,VQ’@'GA}:ZWY—{----—I—ZQ;V

n’

where the vectors w,’ are called the dual fundamental weights and are determined by
the duality formula,

(W), o) = b5

The dual root lattice QV is the integer span of the set of dual simple roots AV,
Q' =Zao) + -+ Za,.
The weight lattice P is Z—dual to the dual root lattice QV,
P={weR"| (w,a)) €Z,Va; € A} = Zwy + - - + Zwy,, (1.5)

where the vectors w; are called the fundamental weights and are determined by the
duality formula,

(wi, CY;/> = 61]

The cone of the dominant weights is given as
P, =Z7%0 + -+ + Z7%,, (1.6)
and the cone of the strictly dominant weights is determined by
P, =Nw; + -+ Nuw,. (1.7)

Any vector 9V € R" is an admissible shift if the shifted dual weight lattice ¢V + PV
remains W —invariant,
W(o" + PY) = 9"+ P, (1.8)
Any vector p € R" is a dual admissible shift if the shifted weight lattice ¢ + P remains
W —invariant,

W(o+ P) =0+ P. (1.9)

Any admissible shifts ¥ € PV that preserve the dual weight lattice oV + PV = PV and any
dual admissible shifts o € P that preserve the weight lattice o + P = P are called trivial.
Any two admissible shifts which differ by a corresponding trivial shift are equivalent. The
non-trivial admissible shifts and dual admissible shifts are classified up to the equivalence
in Table 1 in [A2].

The Cartan matrix C' is determined by its entries Cj; via relation

C,i = <o<7;,04;-/>. (1.10)

11



1.2. FUNDAMENTAL DOMAINS AND HOMOMORPHISMS

The determinant ¢ of the Cartan matrix C' determines the index of connection of the
root system IT and the orders of the quotient groups P/Q and PY/QV,

c=detC = |P/Q| =|PY/Q"|. (1.11)

The Gram determinant of the a"-basis d determines the order of the quotient group

P/QY,
2

<a17 a1> o <an7 an>

and coincides with the number ¢ for the simply-laced systems. The numbers d are for the

d =det{a), a)) = |P/QY| =

(] J

det C, (1.12)

systems with two root-lengths summarized in Table I in [AS].
The affine reflection 7 and the reflection 7. with respect to the highest root £ € II
are defined for any a € R™ as

2 2(a,
roazrgajtﬁ, rea = a — <<§ §>>§. (1.13)
The set of generators R, comprising reflections 7y, ...,r, and the affine reflection rg,
R={ro,r1,...,m0}, (1.14)

generates the affine Weyl group W#¥. The group of shifts Q" by the elements of the
dual root lattice forms a normal subgroup of W2 and the affine Weyl group is of the
following semidirect product form,

Wt = QY x W. (1.15)

The dual affine reflection rj and the reflection r, with respect to the dual highest
root n € IIV are defined for any a € R" as

2n) 2(a, n)
roa=Tr,0+ ——, T,a=a— ———"1. (1.16)
T ey T (n, n)
The set of generators RY, comprising reflections vy = ry, ..., r/ = r, and the dual affine
reflection 7,
RY ={r],r/,....;0},

generates the dual affine Weyl group WA, The group of shifts ) by the elements of
the root lattice forms a normal subgroup of W2 and the dual affine Weyl group is of the

following semidirect product form,

W = Q x W. (1.17)

1.2 Fundamental Domains and Homomorphisms
For any w?f € W2l a unique Weyl group element w € W and a unique shift T'(¢") € Waft
by ¢ € QV exist such that it holds

w'a = T(¢")wa = wa + ¢".

12



CHAPTER 1. AFFINE WEYL GROUPS

The retraction homomorphism ) : W2 — W of the semidirect product (1.15) and the
mapping 7 : W2 — QY are given for any w* = T'(¢")w € W by

Y (w™)

w7
affy — V. (1.19)

7(w

For any w*! € /Waff, a unique Weyl group element w € W and a unique shift 7'(¢) € Ty
by ¢ € @) exist such that
wa = T(q)wa = wa + q.

The dual retraction homomorphism @Z : W — W of the semidirect product (1.17)
and the mapping 7 : W — Q are given for any T(q)w € W2 by

aff)

(w

Q) S

w, (1.20)
q.

aff (1.21)

(w

The augmented dual affine Weyl group Wj‘f is defined for any scaling factor M € N
by relation
W — MQ x W. (1.22)
Each admissible shift ¢V generates a shift homomorphism from the dual affine Weyl
group O, : Wt — {41} defined in [A2] for any w*® € W via the mapping (1.21) as

0,0 (W) = 2w, 0" (1.23)

To trivial admissible shifts corresponds the trivial shift homomorphism (/9\9\/ (w*®) = 1. The
dual shift homomorphism 6, : W — {+1} is defined in [A2] for any dual admissible
shift ¢ and for any w*! € W2 via the mapping (1.19) as

0, (w*) = 2mitr@*h.0), (1.24)

Any homomorphism o : W +— {£1} is called a sign homomorphism [44]. There exist
exactly two sign homomorphisms for the simply-laced roots systems and four for the systems
with two root-lengths. The identity 1 and the determinant ¢¢ sign homomorphisms,
which exist for all Weyl groups W, are given on the generating reflections r;, a; € A as

1(r;) =1,
of(r;)=—1.

For the root systems with two lengths of roots, the short and long sign homomorphisms

o and o! are defined via decomposition (1.1) as

O'S(’I“i) — { _17 Q; € Asv

1, o; € Al;
-1, a; € Ay
O-Z(Ti) - { 1 o; € As.




1.2. FUNDAMENTAL DOMAINS AND HOMOMORPHISMS

Defining the composition - of the sign homomorphisms pointwise [40], the resulting two-
element and four-element abelian groups are isomorphic to Zs and the Klein four-group,
respectively.

Composing the retraction homomorphism (1.18), the dual shift homomorphism (1.24)
and up to four sign homomorphisms yields the 7§ —homomorphism as a mapping

Vg wat {£1},
defined for any w*® € Waf as
7 (W) = O, (w™) - [o 0 ¢ (w™)]. (1.25)

The values of the g —homomorphism on the generators from the generator set R are for
trivial and non-trivial admissible shifts summarized in Table IT in [A2]. The dual retraction
homomorphism (1.20), the shift homomorphism (1.23) and up to four sign homomorphisms
lead to the homomorphism 77, : e {£1} given for any w*! € Wall a5

g (W) = O, (w™) - [0 0 P (w™)). (1.26)

The values of the 77 —homomorphism on the generators from the generator set R" are listed
in Table I1T in [A2].
The fundamental domain F of the affine Weyl group W2 consists of exactly one

point of each W —orbit. The fundamental domain F is chosen as the convex hull of the

UJ\/
nodes {O, A REE “’—"},

’ mn

F = {z": yiw,
=1

The order of the isotropy subgroup Stabyyas(a) of any point a € R”,

wfa = a} ,

defines for any M € N a function h); : R® — N and a function ¢ : R” — N by

hat(a) = )Stabwafr (%) ‘ . cla) = }lm) (1.28)

i=0

Stabyyan(a) = {waﬁ c Wl

The dual fundamental domain FV of the dual affine Weyl group W is the convex
hull of nodes {o;;— w—n},

Y V
my,

F\/ = {izzwl

=1 1=0

Zzimivzl, zo,...,znZO}. (1.29)

The order of the isotropy subgroup Stabg.qs(b) of a point b € R"™ defines for any M € N a
function i}, : R® — N by the relation

Ry, (b) = ‘Stab/waﬂ (%) ‘ . (1.30)

14



CHAPTER 1. AFFINE WEYL GROUPS

For any sign homomorphism ¢ and any admissible dual shift o the generalized fun-
damental domain F7(p) C F is given as

F?(0) = {a € F |7 (Stabyaa(a)) = {1}}
and the subset R(9) C R of generators of W2 is given as
R(o) ={reR|y](r)=-1}. (1.31)
Subsets H?(p) of the boundaries of F' are defined as
H?(0) ={a € F[(3r € R*(0))(ra = a)} (1.32)
and Proposition 2.7 in [A2] asserts that
F(0) = F\ H(0)-

Each subset R7(0) of the set of generators R determines the decomposition of the sum of
marks and comarks

m’ = Z m;, (1.33)
= > a (1.34)

For any sign homomorphism o and any admissible shift ¢ the generalized dual
fundamental domain F7Y(p¥) C F" is given as
F7(0") = {a € F¥ |7 (Stabgu(a)) = {1}} (1.35)
and the subset R7V(0") C RY of generators of W= is given as
R (¢")={r e R |75 (r) = —1}. (1.36)
Subsets H?Y(p") of the boundaries of F"¥ are defined as
H(0")={a€ FY|(Fr e R (0"))(ra =a)} (1.37)
and Proposition 2.8 in [A2] asserts that

F7(0") = FY\ H?"(¢").

1.3 Even Weyl Groups and Fundamental Domains

The sign homomorphism o€ is explicitly determined as the determinant of the Weyl group
element w € W,
o¢(w) = det w.

15
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The kernel of the determinant homomorphism ¢¢ forms a normal subgroup W¢ C W,
Weé={weW]|detw=1}.

The even Weyl group W€ exists for all root systems and comprises exactly a half of the
elements of W,
(W= 2w

The infinite even affine Weyl group W2 c W is the semidirect product of the
dual root lattice translation group @V and of the even Weyl group W€,

Wt = QY x We. (1.38)

The infinite dual even affine Weyl group /Weaﬁ C WA is the semidirect product of the
root lattice translation group ) and of the even Weyl group W€,

Wt = Q x We. (1.39)

The even fundamental domain F*¢ of the even affine Weyl group W2 consists of
exactly one point of each W2 —orbit. The fundamental domain F* is chosen in [A3] as the
fundamental domain F' extended by a reflected open interior of the form r;int(F'), with
some fixed j € {1,...,n},

F¢=FUr;int(F). (1.40)

The order of the even isotropy subgroup Staby.s(a) of any point a € R", defines for any
M € N an even function 5§, : R® — N and an even function ¢°: R" — N by

e
hi(a)

The dual even fundamental domain F¢" of the dual affine Weyl group /Weaﬁ is the

h$(a) = ‘Stabweaff <%> ), e(a) (1.41)

dual fundamental domain extended by its reflected open interior [A3],
F® = FYUr;int(FY). (1.42)

The order of the isotropy subgroup Stabyp.q(b) of a point b € R" defines for any M € N an
even function i) : R” — N by the relation

heY(b) = ‘Stab/m;aﬁ (%) ‘ . (1.43)
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Chapter 2

Fourier—Weyl Transforms

The chapter collects the results concerning the development of the discrete orbit function
transforms. The first major contribution of the author to this field is presented in pa-
per [Al], where the two standard cases of discrete Fourier-Weyl transforms of the orbit
C—functions and S—functions are developed. The two basic transforms are generalized
and exemplified in papers [35,44]. The paper [A2] further generalizes the four types of
transforms for the shifted lattices. Another direction in generalizing the transforms lies in
taking even subgroups of the Weyl groups as the symmetrizing tool. The essential discrete
E—transform is achieved in the author’s publication [A3]. The E—transform is additionally
generalized and exemplified in papers [34,40]. Two fundamental possibilites of extending
the E—transforms to reducible root systems are achieved in [A4]. In the following sections,
the crucial notions from the representative papers [A1-A4] are concisely summarized.

2.1 (Anti)symmetric and Hybrid Transforms

Two families of complex orbit functions ¢ : R" — C for any root system together with
two additional families for the systems with two root-lengths are labeled by the labels b € R”
and determined by the sign homomorphisms ¢ via signed symmetrization of exponential
functions over the Weyl group W,

=Y o(w)em g e R (2.1)

weWw

Using the Hartley kernel functions
casa = cosa + sina,
the real-valued Hartley orbit functions, introduced in [40,41, A9], are given by

Z o(w) cas2m(wb, a), a € R". (2.2)

weW

In [A1], the two families ¢} and ¢f" are called the C'—functions and S—functions,
respectively, and the following notation is used,

Dy =), r = . (2.3)
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2.1. (ANTI)SYMMETRIC AND HYBRID TRANSFORMS

For ¢ an admissible dual shift and b € o + P, for any w* € W*! and a € R” the
argument symmetry, containing the 7 —homomorphism (1.25), is of the form

wh (w™a) = 75 (™) - ¢ (a). (2.4)
The orbit functions ¢y have common zero points on the boundary H(p),
or(a) =0, d € H o). (2.5)

For ¢¥ an admissible shift and a point a € (0¥ + PY), M € N together with any
w € W and b € R, the label symmetry of orbit functions is determined by the
dual 77 —homomorphism (1.26),

P )(0) = T (0 (0) (26

b
M
The orbit functions ¢f are zero on the magnified boundary M H?Y(g"),
wi(a) =0, be MH(o"). (2.7)

Discrete values of both points a € %(QV%—PV) and labels b € o+ P of the orbit functions
7 (a) are due to the argument symmetries restricted to the set of points Fg (0, 0"),

Fille.0") = |70+ P9 n F(o) (2.5)

and due to the label symmetries restricted to the set of labels A%, (o, 0Y),
Af(0,0") = (0 + P) N MF7(o"). (2.9)

Different notations are used for special cases of the sets F(p,0"); for Fi;(0,0) and
Fg/(0,0), the symbols Fy; and Fys are used in [A1,A7],

FM:FZ\lJ(an)a

5 ] (2.10)
Far = F(0,0).

Different notations are also used for special cases of the sets A%, (o, 0"); for A},(0,0) and
A3;(0,0), the symbols Ay and Ay, are used in [Al] and the symbols PM and P in [AT7],

Ay = PM = A3,(0,0),

_ . 2.11
Ay = P = A%,(0,0). (2.11)

Theorem 3.4 in [A2] states that the cardinalities of the sets of labels and the sets of points
coincide for each case,
A% (0, 0")| = |FF; (0. 0")]-
The explicit form of the point and label sets, crucial for theoretical implications as well
applications, is for each case of admissible shifts ¢¥ = pofw + -+ + 0w, and admissible
dual shifts o = 1wy + - - - + opw,, determined via the symbols

N7 i € R° )
00 { r (o)

2.12
Z=°, r;e R\ R(p), ( )
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CHAPTER 2. FOURIER-WEYL TRANSFORMS

and the symbols
pre’ N, r € R (oY),
‘ Z=°, r;e R\ R7V(p").

The set of points F, (o, 0") is calculated explicitly as

o = UQ + Qz g,
Fy(o,0") = {E § ul*m; =M 3, (2.13)
and the set of labels A9, (o, 0") as

=1
A‘A%(Q,QV):{thng@z 70 my = }
=1

Explicit counting formulas for cardinalities of the sets F3;(0,0) and Fg (0,0), denoted as

Fy and Fyy, are derived in Theorem 3.3 and Proposition 3.5 in [A1]. Explicit counting
formulas for cardinalities of the sets F (0,0) and Fg(0,0), denoted as F%, and Fl,, are
contained in Theorem 5.2 in [44]. The remaining cases related to non-trivial shifts are
derived in Theorem 3.3 in [A2].

The vector space F§;(0,0") of complex functions f : F{ (o, 0") — C is equipped with
a scalar product containing the weight function (1.28). This weighted scalar product is
of the following form for any f,g € F¢(0,0"),

(f, > 1(0.0¥) = Z 6(@)]”(@)@- (2.14)

a€Fg (0,0v)

The orthogonality relations of orbit functions in the Hilbert space F§,(0,0") are summa-
rized in Theorem 4.1 in [A2]. Using the numbers (1.11) and functions (1.30), the orthogo-
nality relations are for any labels b0’ € Ag,(o, 0") of the form

(08, O) e (0.0r) = W[ M hy(b) Gy . (2.15)

The forward Fourier—Weyl transform calculates for any f € F§,(o, 0") its spectral
transform f : A9, (0, 0") — C by prescribing for any b € A, (0, 0¥) the value

e "hy, - e(a)f(a)ed(a
or o rr ey VM i (0)) MZ() (@f(@efla).  (216)

HOE

Due to the orthogonality relations, the backward Fourier—Weyl transform returns
the original function f € F§,(0,0Y),

flay=" > FO)eia), aecFile.c). (217)
beAF, (0:0V)
The corresponding Plancherel formula is of the form

Yo ela)lfa)f =c WM > Ry 0)If )

a€ryg (e,0v) beA, (0,0Y)
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2.2. EVEN TRANSFORMS

2.2 Even Transforms

A family of complex even orbit functions =, : R — C for any root system, labeled by
the labels b € R", is determined via symmetrization of exponential functions over the even
Weyl group W€,

Spla) = Y emilehe, (2.18)

weWe
The argument symmetry of the even orbit function with respect to the even affine Weyl
group W2 for w*® € W2 € P and a € R" is of the form

=Zp(wa) = Zy(a). (2.19)

For a point a € %PV, M € N together with any w*® € Wjﬂ and b € R”, the label symmetry
of even orbit functions is of the form

Zprunt (2 (@) = Ey(a). (2.20)

1

Discrete values of both points a € %PV and labels b € P of the even orbit functions
=p(a) are due to the argument symmetries restricted to the even set of points FY,,

1
Fiy= 3PN F, (2.21)

and due to the label symmetries restricted to the even set of labels A§,,

A, =PNMF®. 2.22
M

The cardinalities of the even sets of labels and the even sets of points coincide for each
case [A3],
[Af| = [F3y]-

The explicit form of the even point and label sets, determined by relation (31) in [A3],

is reformulated in current notation as
Fip = [F(0,0)] U [r; F3; (0,0)],
with F},(0,0) given explicitly by (2.13) and

/ S/
i F7 (0,0) Z—Zwv—l— L (w] — )

M w; Spy -y 5 €N Zsmz— . (2.23)

Z#J

Explicit counting formulas for cardinalities of the sets I}, are derived in Theorem 3.2
in [A3].

The vector space Fj,

of complex functions f : F§; — C is equipped with a scalar
product containing the even weight function (1.41). This even weighted scalar product
is of the following form for any f, g € Fy,,

(f, 9)rg, = Z e“(a) f(a)g(a)

acly,

~—

(2.24)
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CHAPTER 2. FOURIER-WEYL TRANSFORMS

The orthogonality relations of even orbit functions in the Hilbert space Fj, are summa-
rized in Proposition 5.1 in [A3]. Using the numbers (1.11) and even functions (1.43), the

orthogonality relations are for any labels b, 0’ € A§, of the form
<Eb7 Eb,>FIeVI =C |We’ Mnh?\}/(b) 6b,b" (225)

The forward even Fourier—Weyl transform calculates for any f € Fj, its even
spectral transform f: A5, — C by prescribing for any b € A§, the value

<f7 Eb>FX‘4

(S, Zp)ry,

f(b) = = (c[W M h5{(0) ™" Y e(a)f(a)Zs(a). (2.26)

acFy,

Due to the orthogonality relations (2.25), the backward even Fourier—Weyl trans-
form returns the original function f € Fj,,

fla)=">" F(b)Zy(a), a € Fy,. (2.27)

bEAS,

The corresponding even Plancherel formula is of the form

> (@) f (@) =c[We[ MY hgy )] F ().

a€ly, beAS,

2.3 Semisimple Even Transforms

For two compact simply connected, connected simple Lie groups Gy, Gy of rank n; and
ng with irreducible root systems A; and A, their corresponding Weyl groups are denoted
by Wi and W5, their Cartan matrices by C7 and Cy, their weight lattices by P, and P,
their dual weight lattices by P’ and Py, their root lattices by @1 and @2, their dual root
lattices by QY and Q5. The corresponding affine Weyl groups and their dual versions are
for i = 1,2 denoted by

W = QY x Wi,
Wt = Q; x W,

and their fundamental domains by Fy, Fy and F)’, F, respectively.

For the semisimple Lie group G = G x G of rank ny + no, the corresponding Weyl
group and root system are W = W; x Wy and A = A; x Ay, the Cartan matrix is
C = (001 002 ), the weight lattice P = P; X P, the dual weight lattice P¥ = P} x Py, the
root lattice @ = Q1 X Q, the dual root lattice Q¥ = QY x Q3. The affine Weyl group
Wall = pafl s Wall — QV x W has the fundamental domain of the form F = F} x Fy. Two
possibilities to define even Weyl subgroup of W = W; x W, exist [A4]. The first defines the
direct product even Weyl group W C W as a direct product of the corresponding
even Weyl groups Wy C Wy and Wy C Wy,

Wee = We x WE. (2.28)
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2.3. SEMISIMPLE EVEN TRANSFORMS

The direct product even Weyl group comprises one-fourth of elements of the entire Weyl
group W,
[Wee = 1w |[Wal.

The direct product even affine group W2 and the direct product dual even
affine group W2 are given by

Waff o QV N Wee
Waf'f Q “ Wee

and their fundamental domains are the products of the corresponding even fundamental

domains,

F* = Ff x Fy,
Feev FeV F2e\/.

The direct product even orbit functions =;° corresponding to W are for any

b= (b1,bs) € R"*™ and a = (a1,as) € R™™2 with a;,b; € R™ and ag, by € R™2, of the

form

= (a) = Z ety — E, (a1)Ep, (a2),
weWee
where the functions =, and =y, are even orbit functions defined by Wy and Wy, respectively.
The contour plots of several lowest Z°°—functions of A; x A; are depicted in Figure 1 in [A4].
For two arbitrary My, M, € N, discrete values of both points a € M%Plv X MLQPZv and labels
—ee

b € P of the even orbit functions =;¢(a) are due to the argument symmetries restricted to
the direct product even set of points Fy; ,, ,

ee 1 1 ee
FM1M2:(M1PVXEP2V>QF s
and due to the label symmetries restricted to the direct product even set of labels
A?\Z1M27

?&1M2 =PnN (MlFl\/e X MQFQ\/E).

For any b = (by,b2) € R™*™2 and a = (ay,ay) € R™™2 with ay,b; € R™ and ag, by €
R"2, the direct product even functions £, A5/, (b) : R™*"2 — C are defined via

relations

e%“(a) = e%(a1)e(az),
h?\ZYMz(b) hr, (b1) R, (b2)-

The vector space F37 5., of complex functions f : Fy7 5, — C is equipped with the direct
product even weighted scalar product of the following form for any f,g € F37 1,

e = S e (@)f(a)g(a). (2.29)

a€Fge
€ My Mgy
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CHAPTER 2. FOURIER-WEYL TRANSFORMS

The discrete orthogonality relations of direct product even orbit functions hold for any
b,b" € ASq e

<Eze7 E§F>Fﬁ;1M2 =det C |Wee| Mi“ MQTLQ h?\flz/Mz (b) 5b,b" (230)

The forward direct product even Fourier—Weyl transform calculates for any f €
Moo, its spectral transform f : A§7 ,,, — C by prescribing for any b € A57 ,,, the value

F(b) =(det C [We| M{" M52 hsiar,(0) " >~ e(a) f(a)Z5(a). (2.31)
aeFlf/flM2

Due to the orthogonality relations (2.30), the backward direct product even Fourier—
Weyl transform returns the original function f € F37 .,

flay="3" F)E(a), ae Fifa, (2.32)
beAg;lMQ

The second possibility uses the full even Weyl group W¢ C W as
We={we W, x Wy |detw = 1}. (2.33)
The full even Weyl group comprises one-half of elements of the entire Weyl group W,
(W] = 3[Wa[[7].
The full even affine group W2" and the full dual even affine group Wjﬁ are given by

W = QY W,
Wat = Q x Wwe,

and their fundamental domains are given by taking any fixed generating reflection r; of the
group Wi,

F¢=F x FyUint(r Fy x F),
F® = FY x FY Uint(ri F)Y x E)).

The full even orbit functions = corresponding to W are for any b = (by, by) € R™*"2
and a = (a1, az) € R™*"2 with a;,b; € R™ and ag, by € R™2, of the form

=i(a) = Z e iwad) — =, (a1)Zp, (az) + Zpio, (01) Zrgp, (a2),
wewe
where ry is some generating reflection of the group W5 and the functions =, and =, are
even orbit functions defined by Wy and Wy, respectively. The contour plots of several
lowest =¢—functions of A; x A; are depicted in Figure 2 in [A4]. For arbitrary M € N,
discrete values of both points a € ﬁPV and labels b € P of the full even orbit functions
E¢(a) are due to the argument symmetries restricted to the full even set of points Fj,,

1
Fiy= 3PN,
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2.3. SEMISIMPLE EVEN TRANSFORMS

and due to the label symmetries restricted to the full even set of labels A§,,
AN, =PNMF"e,

The full even functions ¢ h5/(b) : R™*"2 — C and the full even weighted scalar
product are defined allowing W* to be of the form (2.28) in defining relations (1.41), (1.43)
and (2.24).

The vector space Fj, of complex functions f : F}j; — C is equipped with the full even
weighted scalar product and the orthogonality relations of full even orbit functions in the
Hilbert space F§, are for b,/ € A§, of the form

<Ele), EZ’>Fﬁ1 =detC |We’ A]\fmﬂ12 hi);(b) 51,7(,/. (2.34)

The forward full even Fourier—Weyl transform calculates for any f € Fj; its even
spectral transform f : A§, — C by prescribing for any b € A§, the value

FB) =(det O W[ M™¥2hgi ()™ Y e(a) f(a)Ej(a). (2.35)

a€Fy,

Due to the orthogonality relations (2.34), the backward full even Fourier—Weyl trans-
form returns the original function f € Fj,,

@)=Y F)Ei), ac F, (2.36)

beAS,

24



Chapter 3

(Anti)symmetric Trigonometric
Transforms

The chapter collects the results concerning the development of the multivariate symmetric
and antisymmetric trigonometric transforms. The first contribution of the author to this
field is achieved in paper [A5], where the two-dimensional exponential and cosine transforms
and related interpolation problems are presented. The two-dimensional sine transforms
are further generalized and exemplified in paper [43]. The paper [46] investigated three-
dimensional multivariate exponential analogues of the E—functions. Four novel types of
multivariate symmetric and antisymmetric discrete cosine transforms and the correspond-
ing interpolation and cubature formulas are developed in [A6]. The cubature formulas in
context of the Weyl orbit functions and their corresponding discrete transforms are de-
veloped in [33,45]. In the following sections, the crucial notions from the representative
papers [A5, A6] are concisely summarized.

3.1 (Anti)symmetric Exponential Transforms

For any point a € R" with coordinates (a1, ..., a,) in a basis ey, .. ., e,, that is orthonormal
with respect to the scalar product (, ), the action of the permutation group S, on R”
is given for s € S, as
s(ar,...,a,) = (as1), - - -, Gs(1))-
The cardinality of the stabilizer Stabg, (a) of the permutation action is denoted by
H, = |Stabg, (a)|. (3.1)
The cubic lattice 7, is the integer span of the set of the basis ey, ..., e,,

T ="Zey + -+ Ze,.

The affine symmetric group S*" is defined as a semidirect product of group of
translations 7, by cubic lattice vectors and the permutation group .S,

Sy
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3.1. (ANTI)SYMMETRIC EXPONENTIAL TRANSFORMS

Defining the affine domain F(S2T) by

F(S*™) ={a € R"|1>ay > - >a, >0},
its closure F/(Saf),

F(S™y={acR"|1>a; > >a, >0},

contains exactly one point from each ST —orbit.

The antisymmetric exponential function, introduced in [58], is defined for any
label b € R™ with coordinates (by,...,b,) and a point a € R" via signed symmetrization of
exponential functions over the permutation group 5,

By (a) = 3 san(s) 0,
SESn

and the symmetric exponential function is defined via symmetrization of exponential

E;_(CL) _ Z 627Ti<sb, a>.

SGSn

functions,

For discretized labels b € T, the periodicity and symmetries of the antisymmetric and
symmetric exponential functions are for s € S,, and r € 7, of the form

Ef(sa+7r)=FE(a), E, (sa+r)=sgn(s)E, (a).

The periodicity and symmetries of the (anti)symmetric exponential and trigonometric func-
tions allow to restrict these functions to the closure of the fundamental domain F(S2).
The set of points F}, for the antisymmetric exponential functions is of the form

a

ﬁ;\)}:{NER”|CL1>"'>CLTL,a17...,an6{1727~'7N}}

and the set of labels 13]’{, is of the form
Dy ={beR"|[by > >by by,....b, € {1,2,...,N}}.

The vector space .7?}\1, of complex functions f : }/7’\]\} — C is equipped with a scalar product
of the following form for any f, g € Fy,

(f: pe = Y fla)g(a). (3-2)

aefl’\}
The orthogonality relations of the antisymmetric exponential functions in the Hilbert space
FR are summarized in Proposition 1 in [58]. The orthogonality relations are for any labels

bV € 13]’{, of the form
(Ey Eb_/>ﬁ;VL = N"dpp.

The forward antisymmetric exponential Fourier transform calculates for any
f € F} its spectral transform f : DY, — C by prescribing for any b € DY}, the value

fO) =N f(@)E; (a). (3-3)

aeﬁf(,
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CHAPTER 3. (ANTI)SYMMETRIC TRIGONOMETRIC TRANSFORMS

Due to the orthogonality relations, the backward antisymmetric exponential Fourier

transform returns the original function f € ﬁ}(’,,

fla)= > Fb)E, (a), a€Fy. (3.4)

be Dy,

The corresponding Plancherel formula is of the form

Yo @P =N O

a€Fy be Dy,
The set of points I3 Vv for the symmetric exponential functions is of the form
o a
Fy = {N ER"‘al > >y, A1, ..., Gy € {1,2,...,]\]}}

and the set of labels f)% is of the form
E%:{beR”\blz--zbn, bi,....b, €{1,2,...,N}}.

The vector space f}{, of complex functions f : F W — Cis equipped with a scalar product
of the following form for any f,g € .7%}\“,,

(fs )y = > Hi'F(a)g(a). (3.5)

The orthogonality relations of the symmetric exponential functions in the Hilbert space
v}@ are summarized in Proposition 2 in [58]. The orthogonality relations are for any labels
b, € DY of the form

<Elj_7 E;>F‘]7\‘, - Nng 5b,b"

The forward symmetric exponential Fourier transform calculates for any f € .}v"]’{‘]
its spectral transform f : lu?}”{, — C by prescribing for any b € lv)]’(, the value

Fo) =N"TH, ' Y H f(a)Ef (a). (3.6)

aeﬁ’]\}

Due to the orthogonality relations, the backward symmetric exponential Fourier

transform returns the original function f € .7?}\1,,

fla)=">Y" F)E(a), a€Fy. (3.7)

beDy,
The corresponding Plancherel formula is of the form

Y Hf(a) =N"H, Y | F0))

a€lyp beDy,
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3.2. (ANTI)SYMMETRIC COSINE TRANSFORMS

3.2 (Anti)symmetric Cosine Transforms

The antisymmetric cosine function and antisymmetric sine function, introduced
in [59], are defined for any label b € R™ and a point @ € R" via signed symmetrization of
products of cosine and sine functions over the permutation group .5, respectively,

cos, (a) = Z sgn(s) Hcos(wbs(i)ai), sin, (a) = Z sgn(s) Hsin(ﬂbs(i)ai),
i=1 i=1

SESn SESn

and the symmetric cosine function and symmetric sine function is defined via sym-

metrization,

cosy (a) = Z HCOS(ﬂ-bs(i)ai), sin (a) = Z HSin(ﬂ'bs(i)ai)-

s€ES, i=1 s€S, i=1

For discretized labels b € 7T, the periodicity and symmetries of the antisymmetric and

symmetric trigonometric functions are for s € S, and r € 7, of the form

cos; (sa + 1) = cos/ (a), cos, (sa+r)=sgn(s)cos, (a),

sing (sa + 1) = sin; (a), sin; (sa + r) = sgn(s)sin; (a).
The periodicity and symmetries of the (anti)symmetric trigonometric functions allow to
restrict these functions to the closure of the fundamental domain F(S2%) and the discrete
calculus is thus performed on set of points inside the closure of the fundamental domain
F(S31).

The symmetric and antisymmetric discrete cosine transforms of types [-IV are deduced
in [59]. The four novel types V-VIII of (anti)symmetric discrete cosine transforms and
the corresponding interpolation problem are developed in [A6]. The set of labels Dj,
corresponding to the symmetric cosine functions, is defined as

Dy ={beR"|by > >by b,....0, €{0,1,...,N—1}}.

. \% VII .
The sets of points FN’Jr and Fy " are given as

2r 2r
FUt = pyit LI n ...,rn) € Dt
N N oN 1 an 1) ) € D g

and the sets of points Fy'" and Fy' """ are defined as

2 td) 20t d)
VI+ 2 2 +
FN _{(ZN—l ey 2N—1 |<7’1,...,7’n)EDN s

2 (1 +3) 2 (rn + 3)
FYIL 2) 2 r)eDt b
N N+l ang1 ) ) €Dy

To any point (by,...,b,) € Dy, the following two values are assigned

db = Cpy .- Cp,, (38)

db = Cpy+1---Cp,+1,
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CHAPTER 3. (ANTI)SYMMETRIC TRIGONOMETRIC TRANSFORMS

with the symbols ¢, determined by
L ifb=0orb=N
e (3.10)

1 otherwise.

) € Dy, is assigned the

To any point a € FJX’JF, which is labeled by the point (ry,...,r,
value
€a=Cpy - Cr,, (3.11)
and to any point a € FXI’JF is assigned the value
(3.12)

€a = Cri+1 -+ Crp+1-

F]\\/,II’+ of real-valued functions f : FR,/’JF SR, f: YT SR

The vector spaces Fn'" =
are endowed with the scalar product of any two functions f,g : F ]\\; * 5 R, defined by

<f7 g)p]‘\f’* = <fa g>1.7’]‘\7’nﬂL = Z EaHa_lf(a)g(a') )
aEF]\\f’+

and the vector spaces fVI ol .FVHI " of real-valued functions f : FJ\\;I’+ — R and functions

[ FVMY SR are endowed with the scalar products

Cf@gla), (f g pme = Y Hy'f(a)g(a).

(f, g>FJ\V/L+ = Z eH, fla)g
acFybT acFYILF
The four types of orthogonality relations are for any b,0' € D}, and o = (%, ceey %) of
the form H, /2N
-1
(cosyf, cosy ) pvor = T ( 1 > Obp
H, (2N —1\"
(cosy , cosy) pyis = d_bb ( 1 > Obb
n (3.13)
(cosi , cosfhr ) v = ﬂ 2N =1 Obp/ s
bto b+ol Fy a A :

2N +1
(cosy,,» COSb,+Q> vim+ = Hy ( I ) ot -

The four types of forward symmetric cosine Fourier transform calculate for any fy €
D} — R by prescribing

fvm € ./T]\\;HI’Jr their spectral transforms fv, ..., fym :

Vot
N
for any b € D}, the values

) =1 (55 ) 3 )i @)

Hy, \2N —1 ~
F +
Fa) = 2 (2 S aH (@ eost @)
Vi Hy, \2N —1 — e b
acly o+
b A . (3.14)
~ _ —1 +
Jfvu(b) = —b (2]\7 — 1) ;1 et f(a) Cosb+g(a)7
acly o+
~ 1 4 "
Sy (b) = —b ON 11 zv;l H, f( )COSb+g( a.
eFytht
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Due to the orthogonality relations, the backward symmetric cosine Fourier trans-

forms return the original functions fy € .7:V’+ oo fymn € fx111,+7

Z fv cos; (a
beD};

fuila) = Y Fb) cosy (a),
beD};

fvi(a Z fvn COSb+g( a),
beD};

fVIH Z fVIH COSHQ( )
beD};

The set of labels Dy, corresponding to the antisymmetric cosine functions, is defined as

Dy={beR"|by > >by, b,....b, €{0,1,...,N—1}}.

The sets of points Fy'~ and Fy' "~ are given as

2r 2r
Py~ =yl = L. n ...,1m) € Dy
NoT N oN—1 v an—1) ) € Dy g

and the sets of points Fy"~ and Fy"~ are defined as

_ 2(ry + 1 2 (r, + 1 _
FY" :{( 2(]\}_5) 2(N—12)> |(r1,...,rn)eDN},

VIIL,— 2(r1 4 3) 2 (r, + 1) .
Fy —{( INT1 T AN+ | (r1,...,rn) € Dy ¢ .

The vector spaces Fr~ = Fn' " of real-valued functions f : Fy'~ = R, f: Fy''™ =R
are endowed with the scalar product of any two functions f, g : Fy'~ — R, defined by

(s 9y = Q- = Y eufla)gla),

V,—
a€lFy

and the vector spaces Fy"~, Fyx " of real-valued functions f : Fy"~ — R and functions

f: F ]\\;111,7 — R are endowed with the scalar products

o gpn-= Y Efl@gla), (f ghpm-= > fla)g(a)

VI, — VIII, —
aclFy aclFy

The four types of orthogonality relations are for any b, € Dy, and o = (

_ _ 1 /2N —-1\"
(cosy , cosy) py.- = 4 1 Ob

1 /2N —-1\"
(cosy , cos;)F]\Vn,f = — ( ) Obp

form

dy, 4
) ) 1 /2N —1\"
(COSb+Q, COSb/+g>F}V’Hv* = drb ( 1 ) Obp/ s
~ 2N +1\"
(cosy cosb,+9> i, = ( : ) b by

1
PIRERE

%) of the

(3.15)
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CHAPTER 3. (ANTI)SYMMETRIC TRIGONOMETRIC TRANSFORMS

The four types of forward antisymmetric cosine Fourier transform calculate for
any fy € FX,’_, oy € ]:]\\/[IH’_ their spectral transforms fv,..., fymr : Dy — R by
prescribing for any b € D, the values

F0=d(55) X el @,

aGFl\\,/
Fu(b) = dy (2]\[4_ 1) ; .f(a) cos; (a),
~ L (3.16)
fvn(b) = dy (2]\]4— 1) Z eof(a) cosy, (a),
FVH,f
~ 4
Sy (b) = (2N+ 1) zv;n f(a)cosy, ,(a).
i

Due to the orthogonality relations, the backward antisymmetric cosine Fourier trans-

forms return the original functions fy € .7:]\\;’7, .., fym € f']\\gHL*,
Z fV ) cos, (a
beDy
fvi(a Z fVI cos, (a
beDy
fyn(a Z Fon(b ) cosy,(a),
beDy
fym(a) = > Fem () cosy, ().
beDy

3.3 2D and 3D Interpolation

A two-dimensional interpolation problem for the antisymmetric exponential functions is

formulated in [A5] on a symmetrically placed triangle K aat1) D R2,

K-

oty = 1@ y) € [a,a+ 1] x [a,a + 1] |z >y}, (3.17)

with a € R. For any parameter b € [0, 1], a symmetrically placed point set L, v,
L;b,N = {(xmayn) ‘m >n,mnc {O, C.. ,N — 1}},

has its points determined by

m+b n+b
= ) 1
For a given function f : K[a ar1] C and the set of points L_;, v C K[a at1]’ with

N =2M + 1 or N = 2M, the antisymmetric trigonometric interpolating function
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3.3. 2D AND 3D INTERPOLATION

Uy K, ,q) = Cis defined via relation

M

vy(z,y) = Z wbon(@y), zyeR, (3.19)
ko l=—M
k>l

and is required to coincide with f on the point set L, v,
Yy (@myYn) = f(@m, Yn), m>n, mn=0...N—1 (3.20)
For N = 2M, further 2M conditions are assumed,

= —ezm(Nﬁb)CX/Lla l=—M+1,...,M—1, (3.21)

CJ&,—M - O.
As shown in Proposition 3.1 in [A5], there exists a unique antisymmetric interpolating
function (3.19) satisfying (3.20). The coefficients ¢;; are given for N = 2M + 1 by

N-1

_ 1 Y
Ck:l:m Z f(mmayn)E(k,l)(xmvyn) (3:22)

{ m,n=0
m>n

and for N = 2M assuming (3.21) by

N-1

—  9e,MYILM Y

= Z F(@ms yn) By (Tms ), (3.23)
{m,n=0
m>n

where the symbols g i are given by

L ofk=—-MM
=2 T 3.24
Ik, M { 1 otherwise. ( )

The relation between the forward antisymmetric exponential Fourier transform (3.3) and
the interpolation coefficients (3.22) and (3.23) is detailed in equations (45) and (46) in [A5].
The antisymmetric interpolating functions (3.19) are for a specific model function together
with the interpolating grids depicted in Figure 4 in [A5]. The convergences of interpolation
errors are demonstrated in Table I in [A5].

A two-dimensional interpolation problem for the symmetric exponential functions is

formulated on a symmetrically placed triangle K ?a' at1] in R?,
Kty = 1 y) €foa+ 1] xa,a+1]|z >y}, (3.25)

with a € R. For any parameter b € [0, 1], a symmetrically placed point set L,  is defined
using the points (3.18) as

Ly = {@m,yn) Im >n, mne{0,...,N—1}}.
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For a given function f : K[a atl] C and the set of points L apN C K[a at1]> with either

N = 2M 4+ 1 or N = 2M, the symmetric trigonometric interpolating function

vyt K [a o+1) — C is defined via relation
M
vi(x,y) = Z CLE&’Z)(x,y), x,y € R, (3.26)
ke l=—M
k>l }

and is required to coincide with f on the point set L;b, N
Vi (T, Yn) = f(@myyn), m>n,mn=0,...,N—1. (3.27)
For N = 2M, further 2M + 1 conditions are assumed,

¢ _m= eZm(N‘”b)cLl, l=—-M,...,M. (3.28)

As shown in Proposition 3.2 in [A5], there exists a unique symmetric interpolating
function (3.26) satisfying (3.27). The coefficients ¢}, are given for N = 2M + 1 by

cz_l Z H(m n)f Lm, yn)E(—i]_@l)(xm7yn) (329)

mZn

and for N = 2M assuming (3.28) by

Gk, M Yi,M -

C]jl N2 Z H (m n)f(xma ?Jn)E(—;l) (Timy Yn), (3.30)
(k, l) m,n=0
m>n

where the size of the stabilizer H ), defined by (3.1), is explicitly given by

2 ifk=I1
H = ’
(k:d) { 1 otherwise.

The relation between the forward symmetric exponential Fourier transform (3.6) and the
interpolation coefficients (3.29) and (3.30) is detailed in equations (60) and (61) in [A5].
The symmetric interpolating functions (3.26) are for a specific model function together
with the interpolating grids depicted in Figure 5 in [A5]. The convergences of interpolation
errors are demonstrated in Table I in [A5].

A general interpolation problem for the antisymmetric cosine functions is formulated for
a given real-valued function f : F(53T) — R and the four point sets Fy'~ = Fyx™"", Fx'™
and FJXHIW The four types of antisymmetric cosine interpolating polynomials of f
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3.3. 2D AND 3D INTERPOLATION

are expressed as finite sums of antisymmetric multivariate cosine functions for z € F(S2T),

Z fv ) cos, (x

keDy

N (@) =) Flb) cosp (@),
keDy

- 6 (3.31)
= > Fvu(b) cosy (@),
keDy

N Z Fom(b ) cosy, ().
keDy

Due to the orthogonality relations (3.15), the forward Fourier transforms fv, . ﬁ/m

of the form (3.16) uniquely determine the interpolation polynomials (3.31) which coincide

with the interpolating function on the corresponding point sets,

Uy (a) = fla), a€Fy,

YV (a) = fla), a€ Fy",

Un(a) = fla), a€ Fy"T,

V() = fla), ae Y
The graph cuts of 3D antisymmetric cosine interpolating functions (3.31) of types V and
VII are for a specific model function depicted in Figures 4 and 5 in [A6], respectively. The
convergences of interpolation errors are demonstrated in Table I in [A6].

A general interpolation problem for the symmetric cosine functions is formulated for a

given real-valued function f : F(gfff) — R and the four point sets Fy'" = Fy©F Fybt

and FJXIH’JF. The four types of symmetric cosine interpolating polynomials of f are

expressed as finite sums of symmetric multivariate cosine functions for z € F/(S*),

Z fv cos; (x

keD};

VI+ Z fVI C03k+g )
keD};

VH ( (3.32)
Z fVH COSk )
keD};

VIH + Z fVIII COSk+g( )
keD};

Due to the orthogonality relations (3.13), the forward Fourier transforms ﬁ/, oy fom

of the form (3.14) uniquely determine the interpolation polynomials (3.32) that coincide
with the interpolating function on the corresponding point sets,

i@ =fla), aeFy",

v (@) =fla), ae Ry, (3.33)
v @)= fla), a€Fy"T, '
o) = fa) ae Y
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The graph cuts of 3D symmetric cosine interpolating functions (3.32) of types V and VII
are for a specific model function depicted in Figures 6 and 7 in [A6], respectively. The

convergences of interpolation errors are demonstrated in Table I in [A6].

3.4 Cosine Cubature Formulas

Defining the vectors o; and o, by

o1=(n—1,n—-2,...,0), (3.34)
1 3 31
Qg—(n—i,n—é,...,§,§), (335)
and denoting the following n symmetric cosine functions by X, Xo, ..., X},

. .. . . I I— III II1,— :
the four kinds of multivariate cosine polynomials Pk’+, PPy a P, of n vari-

ables X1,..., X, are determined,
o o5y (0)
P (Xi(2),..., Xu(x)) = cos; (x), P (Xi(2),..., X, (2)) = cos, (@)
P (). X)) = ) iy, () = el
k 1 PRI 0} — COSZ_(J/’) ’ k 1 PRI IR ) - COSE2(£U)

The recurrence formulas and lower-dimensional examples of these polynomials are found in
Section 4 in [A6].

The transform ¢ : R” — R", defined for z € F(S*) by
o) = (Xi(x),. .., Xau(z)), (3.36)

maps the fundamental domain F(S2%) onto the domain F(52),
55 = {p(@) |z € P&}

The 3D integration domain F(S2%) is plotted in Figure 8 in [A6].

The square of the Jacobian J of the p—transform is expressed as a polynomial p/'* in
variables in X1,..., X, ,

J(x)* = p" T (X1 (2),..., Xa(2)),

and the function J is given as

j(le s 7Xn) = \/pl7+(X17 s 7Xn)7 (X17 cee 7Xn) € S(Ezﬁ) (337)
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3.4. COSINE CUBATURE FORMULAS

The following products of (anti)symmetric cosine functions are expressed as polynomials
Jh=, g+ and JHE~ in variables X, ..., X,

T (Xa(x), ..., X, (2)) = cos,, () cos,, (), (3.38)
T (X (2), ..., Xp(2)) = cos] (z) cos) (z), (3.39)
jIH”(Xl(x), X)) = cos,, (x) COSEQ(:IZ‘), (3.40)

and the four weight functions w’*, w!/’* are determined by
W (X) =
J(X)’
_ J(X)
I, X) =
w-x) =28,
jIII,—f—(X)
T4y —
(X) 7
3 jlll,f(X)
- xy — ‘

The 3D examples of the polynomials J/~, J//* and the function J are calculated in
Example 4.2 in [A6]. The symbols Hy,Ey, and &y are for ¢(a) = Y defined by the

relations,

HY = Ha, gy = &g, gNy = ga. (341)
The cubature point sets Sv’i, e ,SVIH’i are p—transforms of the point sets for the
N N ¥
(anti)symmetric cosine functions, Fy™, ..., Fx' 'F,
V,+ VII+ V,E
V= = {p@)ae Fy*

St =1pla)|ae Fy"E L, 3.42

N v N

&Yfmi _ {gp(a) la € F]\\;HI,:I:} ‘

The four resulting antisymmetric cosine cubature formulas, corresponding to the

. . . . I— I~
antisymmetric cosine polynomials P, , P, ", are of the form

/;g(g%ﬂ) f)W"(Y)dy = (2]\/2_ 1)"%% EyfYV) T (Y),
/;g(gﬁﬂ) J)wh (V) dY = <2N2_ 1)" YE%‘I 7 ST (Y),

) 4
/ o Ty = (i 1)” wz b, (3.43)
[ - () 3 g
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and the four symmetric cosine cubature formulas, corresponding to the symmetric

I+ I11,+
77Dk

cosine polynomials P, , are of the form

Yegy T
I _ 2 " ~
/g(ggff) f(YV)w +(Y) dY = (QN — 1) YSZVI ) gYHylf(Y) ,
2 " = (3.44)

IIT+ _ S IIT+
/g(ggfr) f(Y)w (Y) dY (2N — 1) YG§I X YHY f(Y)j ( ) ,

II1, _ 2 " - .
/5(55;“) fE Y)Y = (QN + 1> > HS )T
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Chapter 4

Modified Multiplication and
Honeycomb Transforms

The chapter collects the results concerning the development of the connection between the
Fourier-Weyl transforms and conformal field theory along with the application to solid state
physics. The first contribution of the author to this field is demonstrated in paper [AT7],
where the multiplication formulas and their modification, together with their Galois sym-
metry, are presented. Direct link between the Kac—Peterson matrices from conformal field
theory and the weight lattice Fourier-Weyl transforms is found in [A8]. The generalization
of the discrete Fourier—Weyl and Hartley—Weyl transforms to honeycomb lattice is pre-
sented in [A9]. In order to demonstrate further application of the multiplication formulas
and Fourier-Weyl transforms in solid state physics, the transversal vibration models of 2D
lattices with von Neumann and Dirichlet boundary conditions are exemplified. In the fol-
lowing sections, the crucial notions from the papers [A7T-A9] are outlined and the Ay weight
lattice vibration model detailed. Explicit solutions of the models, including propagation of
transversal waves in the mechanical graphene model, are deduced.

4.1 Modified Multiplication and Kac—Walton formula

Products of two types of orbit functions ¢ and goif are decomposed into the sums of orbit
functions,

D55 =D o' (W) T (4.1)
weWw

and products of orbit functions ¢$(a) and ¢ (a’) are decomposed as

P(@) @3 () = Y o' (w) 37 (a+wd). (4.2)

Besides the modified multiplication, these general product-to-sum decomposition for-
mulas (4.1) and (4.2) are crucial for vibrations models with von Neumann and Dirichlet
boundary conditions.
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Using the notation (2.3) and (2.10), which is consistent with [A7], the product decom-
position formulas (4.1) of the C— and S—functions are further expressed in the form,

Or(a) @u(a) = > (C|CC)K, D, (a),

Oa(a) pa(a) = D (SICS); vola), (4.3)
pala) pa(a) = Y (CISS)K, ula),

for all dominant weights X, u € P, and all strictly dominant weights X, ji € P,

For the weights from the finite set of labels A\, u € P, and A, i € P} and the points
from the refined dual weight point sets a € F; and a € F W, the modified multiplication
product decomposition formulas are of the form

®a(a) u(a) = Y (CICC), u(a),

M
VEP+

OA(@) (@) = Y 4 (SIC, eola), (4.4)

= M
vebyy

Pa@) wa(@) = D 4 (ClSS)5 , (@)

VEPM

Due to the label affine Weyl symmetries (2.6), the relations between the decomposition
coefficients form the dual weight Kac—Walton formulas,

w(Cleey, = Y (cleayyy,
wEWﬁf

(81O =S detab(w) (S|CS)Y, (4.5)
weWﬁ?

LC18S)E = 3 (Clss)y

A7 aff
weWy

=

Examples demonstrating the decomposition formulas are contained in Section 3 in [A7] and
illustrated in Figure 2.

For a given M € N, there exists a minimal number N € N such that for all A € A, and
a € Fyy it holds that (N a) € Z. For any number [ € N, such that ged(l, N) = 1, and any
A € PM there exist an element w;[\] € W and [\ € PM, such that w;[A|(IN) € PM.
Also for any A € PM there exist an element @[\ € Wff and #;[\] € PM, such that
@i[N(I\) € PM . The resulting elements ¢;[\] € PM and ;[\] € P} determine the Galois
transformation ¢, : P} — P} and its restriction ¢, : P} — P of the label sets P}

and Pfr\{r, respectively,

A (4.6)




4.2. GENERALIZED KAC-PETERSON MATRICES

Linearly extending the Galois transform of the C'—functions and S—functions,

tl(CI)A) = (I)l)\, A E P_ﬁ/[, (4 7)
t(ps) = ois A€ P,

yields the Galois transform of the Hilbert spaces F3,(0,0) and Fg; (0,0). The Galois trans-
forms of the finite weights sets are illustrated in Figure 3 in [A7].

Denoting the sign change by
&[N = det (i [A)),

the discrete orthogonality relations (2.15) of the C—functions and S—functions produce
the Galois symmetries of the modified multiplication coefficients (4.4),

te[v] - v
M<C|Cc>tﬁ[§\]’te[ﬁ] - M<C|CO>5\’ﬂ )
el &) s {SICSY s vy = alSICS) s (4.8)
EN Eelii) 3 (CISS) i i = m{CISS) ;-

4.2 Generalized Kac—Peterson Matrices

Besides the argument symmetry (2.4) of the four types of orbit functions ¢y, valid for any
labels b € P, a different type of label symmetry is induced by restricting the points to the
refined weight lattice. For a point a € ﬁP, M € N together with any w* ¢ W and
b € R™, the label symmetry of orbit functions is of the form

Prunie(2)(@) =5 (w*™) g7 (a) (4.9)

M

and the orbit functions ¢y are zero on the boundary M H?(0),
op(a) =0, be MH?(0). (4.10)

Discrete values of both points a € ;P and labels b € P of the orbit functions ¢ (a)
are due to the argument symmetries restricted to the set of points Fg,/,

1
Fa = 2PN F(0), (4.11)

and due to the label symmetries restricted to the set of labels A{,,
Ap = PN ME?(0). (4.12)

Relation (38) in [A8] states that the cardinalities of the sets of labels and the sets of points
coincide for each case,

‘A(ITD,M’ = |FIg,M|'
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The explicit form of the point and label sets, crucial for theoretical implications as well
applications, is determined via the symbols (2.12) and the set of points F7 ,, is calculated
explicitly as

n 0'70 n
Fgy = {Z 1;\4 Wi ul'm; = M} , (4.13)
i=1 i=0
and the set of labels A%, as
Ap oy = { udw; ul'm; = M} .
i=1 =0

Explicit counting formulas for cardinalities of the sets F7 5, and A%, which do not coincide
with previously calculated cardinalities of F§; (o, 0"), are covered in Theorem 4.1 in [AS8].

The vector space F7,, of complex functions f : Fp,  — C is equipped with a scalar
product containing the weight function (1.28). This weight lattice weighted scalar
product is of the following form for any f,g € F3,,,

(f, 9rgy = Y ea)f(a)g(a). (4.14)
a€Fp
The orthogonality relations of weight lattice discretized orbit functions in the Hilbert
space Fp,, are summarized in Theorem 4.5 in [A8]. Using the numbers (1.12) and func-
tions (1.28), the orthogonality relations are for any labels b,b" € A%, of the form
(b, Pp)rg,, = d[W|M"ha(b) G- (4.15)

The forward weight lattice Fourier—Weyl transform calculates for any function
J € Fp,y its spectral transform f : A%, — C by prescribing for any b € A%, the value

FO) =(@[W| M " (0)) ™ Y~ e(a) f(a)g (a). (4.16)

Due to the orthogonality relations (4.15), the backward weight lattice Fourier—Weyl
transform returns the original function f € F7,,,

fla)=Y_ fO)gf(a), aeFpy. (4.17)
beEAD
The corresponding Plancherel formula is of the form
Y. @@ =dWiM™ Y ha(0)|F )
a€lp beAR o

The symmetric generalized Kac—Peterson matrices S§

S A i E Apyy o, determined

by their entries
o
()
" V Ak + %) iy gr (N geige (1) 7
are unitary due to the orthogonality relations (4.15). Note that the relations M = k + ¢“,

(e

A (4.18)

depending on the comarks (1.2), are substituted for the number M into (4.15). The matrices
5%, coincide with the standard Kac-Peterson matrices [51].
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4.3 Honeycomb Transforms

A specific subtractive contruction of the honeycomb lattice in terms of the invariant root
and weight lattices of the root system A, is considered in [A9]. The key notion is that the

weight lattice P of A, is disjointly decomposed into three congruence classes [68] as

P=QU{w +Q}U{w +Q}. (4.19)

The extended affine Weyl group of A, extends the Weyl group W by shifts by vectors
from the weight lattice P,
Wit = P W.

The fundamental domain (1.27) of A, is denoted for the purposes of this section as in [A9]
by Fg. The fundamental domain Fp of the action of W2 on R? is a subset of Fy in the
form of a kite,

Fp :{xlwl—l—xgwg EFQ’(QiL’l—l—Z'Q < 1,I1+2$2 < 1) V (2£C1+£C2:1,l'1 Zl’g)}

The point set Fpy, from [A9] corresponds to the set I3, in (4.11) and the point set
Fo ar is the intersection of the fundamental domain Fy with the root lattice,

Fpy = PN Fy, (4.20)
Fou = QN Fy. (4.21)

Interiors of the point sets Fp s and Fg p contain the grid points from the interior of F,

Fpar = 4P Nint(Fp), (4.22)
Fou = £QNint(Fy). (4.23)

The honeycomb point set H), is obtained from the point set Fp s by subtraction of

FQ,MJ
HM :FP,M\FQ,M- (424)

The interior honeycomb point set Hyy C Hyy contains only the points of H,; belonging
to the interior of Fy,
Hy = Fpu \ Fou- (4.25)

The counting formulas for the numbers of points in the honeycomb point sets Hj; and Hy
are contained in Propositions 3.1 and 3.2 in [A9], respectively. The honeycomb point set
Hg is depicted in Figure 2 in [A9].

The weight set Ag s from [A9] corresponds to the set Ap,, in (4.12) and the weight
set Ap s is intersection of the lattice P with the magnified fundamental domain M Fp,

Ay = PN MFy, (4.26)
Apa = PN MFp. (4.27)
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The weight set Ag ar is of the following explicit form,
Agar = {hiwr + Aaws | Ao, A, Ao € Z7% Mg+ A+ Aa = M},
and the points from Ag js are described by their Kac coordinates [52] as
A= (Ao, A1, A2] € Ag - (4.28)

Interiors KQ7 u and A p.v of the weight sets Ag as and Ap s contain points from the interior

of the magnified fundamental domain M Fy,,

Ao = PNint(MFyp), (4.29)
Apar = PO MFp Nint(MFy). (4.30)

The action of the group I'y; on a weight [Xg, A1, Aa] € Ag s is the cyclic permutation
group action on the coordinates [Ag, A1, Aol

Yol[Aos Ars Aol = [Ao, Ar, Ao], iAo, Ar, Ao = A2, Ao, Adls 72[Ao, Avs Ao] = A, Ao, Ao
The honeycomb weight set L), is given explicitly as,
Ly ={[Mos A1, A2) € Agar | (Mo > A, Ao > A2) V(Ao = A1 > o)},
and the interior honeycomb weight set L is given as
Lo = {[)\0,)\1,)\2] € Roar| (o > Ao > da) V (Mo = Ay > AQ)}.

Propositions 3.3 and 3.4 in [A9] relate the numbers of points and weights in the honeycomb
sets as

The honeycomb weight sets Lg and L7 are depicted in Figure 3 in [A9].
The extended C'—functions are for a fixed M € N labeled by A\ € Lj; and introduced
by
OF () = p " Pa(x) + iy ' Pya (@) + pl P Poua (),
O (2) = 113 "D () + 137 By (@) + 41y o (),
where /Lf\[’o, ,uf\[’l, ,uf\[g € C denote for each A € L), six extension coefficients. For a fixed
M > 3, the extended S—functions gpf labeled by \ € Ly are introduced by

(4.31)

+,0

et () = poa(@) + pl s (@) + 1l P o (@), (4.3
o3 (@) = 113 Poa (@) + 13 oa (@) + py o ).

Two discrete normalization functions pt, = : Ly, — R are for any A € Ly, given
by

+,02 112 +,212 0 E, +, ) +1 *
PO = )+ [+ e —Re(ﬂf%“rm N Tra 2>, (4.33)
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and an intertwining function §: L,; — C is introduced as
0 =0 g 2 =2 0 (7= —2
BO=2 (12 + T i) = i (i )
_ uj\r’l (Iu;,o i /L;,2> _ M:z (M;,O 4 M;,l) .

The &3 —functions (4.31), for which both normalization functions are positive and the

(4.34)

intertwining functions vanishes,

pr(A) >0, BN =0, X\E Ly, (4.35)
form the honeycomb C'—functions Chf\[. The gof—functions, which satisfy

p=(\) >0, BN =0, e Ly, (4.36)

constitute the honeycomb S—functions Shj.

The vector space Hj; of complex functions f : Hy; — C is equipped with a scalar
product containing the weight function (1.28). This honeycomb scalar product is of
the following form for any f,g € Hy,

(fs 9yme = Y e@)f(a)g(a). (4.37)

a€H
The orthogonality relations of honeycomb C'—functions in the Hilbert space H,; are sum-
marized in Theorem 5.1 in [A9]. Using the functions (1.28), the orthogonality relations are
for any labels A\, \" € Ly, of the form

(Chi, Chi) gy, = 12M2har (N (X))o, (4.38)
(Chy, Chy ), = 0. (4.39)

The forward honeycomb Fourier—Weyl C'—transform calculates for any f € H,,
its spectral transforms f* : Ly; — C by prescribing for any A\ € Ly, the value

) = ((gfgg;gﬂ; (2 ha V) Y @) f(@ChE@).  (440)

The backward honeycomb Fourier—Weyl C'—transform returns the original function

fe€Hu,
f@) =3 (FrCh (@) + F-(NCh3 (@), a € Hy. (4.41)

AELy
2)

The orthogonality relations of the honeycomb S—functions over H , labeled by weights

The corresponding Plancherel formula is of the form

> <@ = 1202 3 ) (1) |77

aEHZ\/I )\GL}V[

~

]

from Ly, are summarized in Theorem 5.3 in [A9]. The honeycomb Hartley C— and
S—functions, Cahy and Sahi are specific modifications functions of the honeycomb func-
tions (4.31) and (4.32) containing the Hartley orbit functions (2.2). The orthogonality
relations of honeycomb Hartley C'— and S—functions are summarized in Theorems 5.2
and 5.3 in [A9], respectively. The forward and backward honeycomb Fourier—Weyl and
Hartley-Weyl transforms are of similar form.
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(a) (b)

GWQ

6w1

0

Figure 4.1: (a) The fundamental domain F' of Aj is depicted as the green triangle with vertices
w1 and wy containing 28 points of the point set Fpg. Omitting the dotted points on the boundary
of the triangle F', the 10 points of ﬁpﬁ are obtained. The blue zig-zag lines linking the dots
represent the springs of the vibration model. (b) The magnified fundamental domain 6F of A
is depicted as the cyan triangle with vertices 6w; and 6ws containing 28 points of the weight set
Ag 6. Omitting the dotted weights on the boundary of the triangle 6F', the 10 points of K@G are
obtained. Each weight labels a mode of the transversal vibration model.

4.4 Transversal Vibration Models

The transversal A, weight lattice vibration model is for M = 6 depicted in Figure 4.1.
The dots of the point set Fp s depict the points of masses m and the equilibrium distance
between the two nearest points is denoted by Ry. The zig-zag blue lines linking the dots
represent the springs of spring constants x and natural lengths ly. The parameter n = ly/ Ry,
7 < 1 measures the level of stretching of the system. Transverse displacement scalar
function is denoted as ¢(a) = ¥ (a,t), a € Fp, where t represents time.

The linearized equation of motion for transversal displacement of any general point

a = aQiWi + oWy = (CLl,CLQ) S FP,M

is of the form

maa):m(l—n){w(a+<1](f>>+w(a L0 +¢<a L1 )P
(

+n(1—n)[1/}<a+ M)>+w< L &L ) < (1}\4 >—61/J(a)].

Assuming a solution of the mode form

Y(a,t) = X(a)cos(wt + ¢),

the equation of motion simplifies as

(g e B2 “)>*




4.4. TRANSVERSAL VIBRATION MODELS

For the case of the root system As and its Weyl group W, the C'— and S—functions,
labeled by a weight A = byjw; +bows and evaluated at a point a = (z1, z3), are of the explicit

form [A9],
B, (a) o 5mil(@hitb)+(bi+2ha)ea) | Fmi(—bi+ba)ar(bi+2ba)za) | Fmil(~bi—2ba)ar+(bi—bo)az)
+ e%ﬂ'i((—bl—2b2)$1+(—2b1—b2)12) + 6§7ri((—b1+b2)$1+(—2b1—52)1‘2) _|_ 6%Wi((2b1+b2)$1—|—(b1—52)1‘2)

2 . 2 . 2 .
SOA(CL) :egm((2b1+b2)x1+(b1+2b2)x2) _ e§7rz(—b1+b2)z1+(b1+2b2):v2) + 6§7rz((—b1—2b2)x1+(b1—b2)x2)

2 . 2 . 2 .
_ egﬂl((—bl—2b2)x1+(—2b1—b2)1‘2) +e57rl((—b1+b2)561+(—2b1—b2)1‘2) _ egﬂl((2b1+b2)x1+(b1—bz)xz)

For the orbit functions &, ((1—]\f)> and D) <%> multiplied by ®,(a) and ¢, (a) special-

izes the product-to-sum formula (4.2) as
(1,0

D) (“MO)> D) (a) = 20y (a+ M)) + 20, <a—|— (0]\;1)> + 2, (a+ (_;4’1)> :

o <((;(41)> Pala) =20, (a + (O’Ml)> +20), (a + UMO)> +20), <a + (1Ml)> , o
and

o (%) o) 20 (04 @) 4200 (a1 CE0Y 2 (0 021

Summing the relations in (4.43) and in (4.44) and comparing them to (4.42) yields the
dispersion relation

o n (5) - (8)

and the corresponding solutions satisfying von Neumann boundary conditions

XA((I) :(13)\((1), aEvaM, )\GAQ,M,
as well as Dirichlet boundary conditions,
/%X(&) =ps(a), ac ﬁP,My A€ KQ,M-

In order to obtain real-valued solutions, the corresponding Hartley orbit functions (2.2)
are taken as the mechanical modes,

Ci(a)

Xi(a) :
C;e(a), a € FP,M) )\ c AQ,M'

X, (a)

CLGFRM, )\GAQJ\/[,

Several lower transversal Hartley modes of the A, weight lattice vibration model are for
von Neumann and Dirichet boundary conditions depicted in Figures 4.2 and 4.3.
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Figure 4.2: Lower transversal Hartley modes of the A, vibration model Xy, A € Ag 30 satisfying
von Neumann boundary conditions. The full set of transversal modes of Fp3p contains |[Ag 30| =
496 elements.

Spectral analysis of any fixed initial positions

¥(a,0) = o(a), (4.45)

and any initial velocities
¥(a,0) = Vo(a), (4.46)

produces via the Hartley version of the forward Fourier-Weyl C'—transform (2.16) from [40]
the spectral functions 4§, V€,

U5 (A =(18M2ha(A) ™ D ela)yo(a) Xa(a),

V() =(18M*hy (A) ™ D e(a)Vo(a)Xa(a)

and via the S—transform the spectral functions {Z)\g, ‘A/OS ,

Ug(N) =BM*)T Y (@)X

QEFPM
VEA) =BMH™ > Vila
aEFRM

The unique explicit form of the solution, determined by the initial conditions (4.45)
and (4.46), is given for the Dirichlet boundary conditions as

~ ~

Jan= 3 (%( ) cos(wst) + LN sin(wm) %5(a).

Wx
e A
)\EAQ,M
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1T
. .‘.'? tw.': 'ﬁ!““ﬂ“'
\"'.‘.':'" alt
Jry

T,
L

5([23,4,3]

Figure 4.3: Lower transversal Hartley modes of the Ay vibration model X % ) e KQ730 satisfying
Dirichlet boundary conditions. The full set of transversal modes of Fp3p contains |[Ag 30| = 406
elements.

For the von Neumann boundary conditions, the additional requirements gZOC ([M,0,0]) =0
and VC([M,0,0]) = 0 eliminate the translation mode and the resulting solution is of the

form

Plat = Y (ﬁé”M)cos(thVOC<A

Wx

) Sin(w,\t)) Xy(a).

The transversal A; armchair mechanical graphene vibration model is for the
case and M = 6 depicted in Figure 2 from [A9]. The dots of the point set Hy; depict the
points of masses m and the equilibrium distance between the two nearest points is denoted
by Ry. The green lines linking the honeycomb dots represent the springs of spring constants
r and natural lengths lo. The parameter n = /Ry, n < 1 measures the level of stretching of
the system. Transverse displacement scalar function is denoted as ¢(a) = ¢(a,t), a € Fpu,
where t represents time.

The extension coefficients ,uf’k given by
i =Re{(3+ V3i)0, (%)},
it =0, (4.47)
p? = Re{(3 = VBi)0y (5) | £3]0x (%)

)

lead to the normalization functions (4.33) of the following form [A9],

) =910 ()] (2]@ (5)| £ Re {(1 = VBi)os (51)}). (4.48)

The extension coefficients (4.47) determine honeycomb Hartley C'— and S—functions
of type II in [A9], which are denoted by Cahf’n, A € Ly and Sahf’n, A € Ly Type Il
honeycomb orbit functios represent transversal eigenvibrations of the model subjected to
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Figure 4.4: Lower transversal Hartley modes of the As armchair mechanical graphene vibration
model Xf\c, A € Lag satisfying von Neumann boundary conditions. The full set of transversal
modes of Hsg contains 2|L3p| = 330 elements.

discretized von Neumann boundary conditions

Xi(a) = Cahi"(a), a€ Hy, M€ Ly,
as well as Dirichlet boundary conditions,

Xi(a)=Sah;"(a), a€Hy, M€ Ly

Several lower transversal Hartley modes of the transversal A, armchair mechanical graphene
vibration model are for von Neumann and Dirichet boundary conditions depicted in Fig-
ures 4.4 and 4.5.

The eigenfrequencies w/\i corresponding to the modes X )jf, A € Ly and )?f, NeL M are

= 2 (o (57)])

Spectral analysis of any fixed initial positions

(a,0) = tho(a), (4.49)

given as

and any initial velocities

¥(a,0) = Vo(a), (4.50)

yields via the Hartley version of the forward honeycomb Fourier—-Weyl C'—transform (4.40)

of type II from [A9] the spectral functions wo Ci,

5N =(12M2hM(A)ui(A))‘1 3" ela)do(a) X5 (a),

Ve () =(12M2hay (N (W)™ Y e(a)Vo(a) X3 (a)
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Figure é.5: Lower transversal Hartley modes of the Ay armchair mechanical graphene vibration
model X ;E, A € Lgg satisfying Dirichlet boundary conditions. The full set of transversal modes

of ffgg contains 2\530\ = 270 elements.

and via the S—transform the spectral functions 7:0\(*)9 = \A/Os’i,

D= (A) =@M ()Y we(@)XE(a),

V) =@MPE0) ! 3 V(@)X (@),

The unique explicit form of the solution, determined by the initial conditions (4.49)
and (4.50), is given for the Dirichlet boundary conditions as

~ o~ ~ AS’+ \ ~
W(a,t) :~Z~ ( o " (N) cos(wit) + Vow—;()\)sin(w;t)> X (a)
AEL
-
+ ~Z (1%9_(5\) cos(wi t) + Voo (Y Sin(wgt)> X5 (a).

For the von Neumann boundary conditions, the additional requirements zzoc " ([M,0,0])) =0
and V7 ([M,0,0]) = 0 eliminate the translation mode and the resulting solution is of the

form
Ot ‘700,+(/\) :
vlat) = 3 (GO costett) + -2 sin@it) | X ()
MNeLas A
~o
+ Z (1;3’_(/\) cos(wyt) + VO—_()\) sin(w;t)) X5 (a).
AEL\[M,0,0] “x
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Conclusion

The results of the selected articles included in the thesis [A1-A9] contribute to the theory
and applications of the multidimensional discrete Fourier—Weyl transforms of special func-
tions related to Weyl groups. The developed discrete Fourier-Weyl transforms and related
Fourier methods are relevant in their own right in the field of mathematical physics. The
theory of the Fourier—Weyl transforms is linked to notions from conformal field theory and
generates solutions of vibrations models with boundary conditions in solid state physics.
Other potential applications comprise various methods which already benefit from multi-
dimensional concatenation of Cartesian products of univariate trigonometric transforms.
These methods include numerical solutions of differential equations, solutions of difference
equations, numerical integration, spectral and interpolation methods. Moreover, together
with the segments pertinent to numerical methods, the presented results contribute to the
theory of Chebyshev-like orthogonal polynomials and associated Chebyshev methods.

The discrete Fourier-Weyl transforms on finite fragments of the Weyl group invariant
lattices are explicitly described in general forms [A1-A6, A8, A9]. Boundary layouts of the
point sets are for each root system dictated by the admissible shifts of the weight and dual
weight lattices and by the action of the sign homomorphisms on the generating reflections
of the affine Weyl group. Besides the honeycomb lattice case, the point sets underlying in
the discrete Fourier-Weyl transforms considered in the thesis are taken as finite subsets
of the weight lattices, dual weight lattice and their shifted versions. A mathematical ex-
position of the root lattice transforms requires several additional notions from the theory
of Weyl groups and specifications of the fundamental domains of the extended affine Weyl
groups [41]. The root lattice discrete transforms induce jointly with the weight lattice
transforms fundamentally novel options for transforms on composed grids. The presented
honeycomb lattice case, generated as subtraction of weight and root lattices of the root sys-
tem Ay [A9], represents this approach for 2D lattices. The form of the shifted versions of
the root lattice transforms and their compositions with the shifted weight lattice transforms
deserves further study.

The completeness of the discretely orthogonal sets of the Weyl orbit functions in the
finite-dimensional Hilbert spaces is guaranteed by coinciding cardinalities of the point and
label sets [A1-A3,A8,A9]. A general algorithm for deriving the specific counting formulas
for cardinalities of the point and label sets, which correspond to the dimensions of the
functional Hilbert spaces, is developed in [Al]. Special cases of the presented counting
formulas [23-25] are related to numbers of elements of finite order in the underlying Lie
group [81,82] as well as to the description of the Voronoi and Delaunay cells of the root
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lattices [83]. The algorithm is altered for evaluation of explicit counting formulas for the
shifted point sets [A2], the even point sets [A3], the weight lattice point sets [A8] and the
honeycomb point sets [A9]. Further generalization of the algorithm for deriving counting
formulas from [A1l] is applied for calculation of affine fusion tadpoles in conformal field
theory [107]. The orthogonality relations and the discrete Fourier—Weyl and Hartley—Weyl
transforms crucially depend on orders of the stabilizers in the affine and dual affine Weyl
groups. The calculation procedures for orders of the stabilizers, specified for the stan-
dard stabilizers in [A1] and the even stabilizers in [A3], permit evaluation and subsequent
implementation of the stabilizer functions € and hY, for any case.

The six cases of the even Weyl orbit functions exhibit non-standard behavior on the
boundaries of the even Weyl group fundamental domains [31,34,40]. The even Fourier—
Weyl transforms are developed for the standard even Weyl group on the fundamental
simplices extended by the reflections of their interiors [A3]. The boundary behavior of
the general even orbit functions translates into their intricate boundary points layout [40].
Application of the even Fourier—Weyl transforms in image processing is achieved in [12]
via establishing the corresponding convolution theorems [76]. Applicability of the even
transforms to conformal field theory is yet to be investigated. A physical realization of
the transversal vibration models satisfying the even boundary conditions also deserves
further study. Shifted even weight and dual weight lattice transforms, even root lattice
transforms, even honeycomb transforms together with their Hartley—Weyl versions have not
yet been described. The presented approach of constructing the semisimple even and full
even transforms [A4] permit straightforward generalization to all six types of F—functions.
Special rich outcome of the even Fourier—-Weyl and Hartley—Weyl transforms is expected
for direct products of different types of even functions.

The multivariate real-valued discrete Hartley—Weyl transforms have potential applica-
tions in fields which utilize the standard versions of the Hartley transform such as signal
processing [87,94], geophysics [66], measurement [104], pattern recognition [3] and op-
tics [72,112]. Each standard and even Fourier-Weyl and Hartley-Weyl transform is con-
nected to an interpolation problem of multivariate functions sampled over the underlying
set of points. The successful interpolation tests are performed for the 2D and 3D symmetric
and antisymmetric trigonometric functions in [43, A5, A6] and for the Hartley honeycomb
transforms in [A9]. Other fruitful tests are accomplished for the 2D even transforms in [31],
2D transforms of algebras Ay, Cy and Gy in [1,90-92], 3D alternating transforms in [46],
3D transforms of algebras Bs and Cj3 in [32,35]. Common feature of the interpolation tests
is excellent interpolation and convergence behavior. The Gibbs phenomenon for univariate
Fourier expansions conveys specific ringing of Fourier expansions at the points of discon-
tinuities of the model function [39]. The Gibbs phenomenon for bivariate cases is also
noted in [37,38,106]. The antisymmetric and periodic extensions of a given model func-
tion, continuous on the fundamental domain, generate in general border discontinuities and
Gibbs ringing of the interpolations. The Gibbs phenomeon is avoided for the cases with
continuous periodic and symmetric extension [A3].

Ratios of the antisymmetric and symmetric cosine functions as well as ratios of the Weyl
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orbit functions are expressed in the form of multivariate Chebyshev polynomials [45, A6].
The antisymmetric and symmetric cosine polynomials form via their link to polynomials
associated to root systems [33] special cases of Heckman—Opdam [86] and Macdonald poly-
nomials [73]. Relations among the special functions associated to the Weyl orbit functions
and the Jacobi polynomials are detailed in [33]. These multivariate polynomials inherit the
discrete orthogonality properties of trigonometric and orbit functions [18,22]. Structural
characteristics of the ratios related to the antisymmetric and symmetric sine polynomials
deserve further study. The Lebesgue constant estimates of the polynomial cubature and
interpolation formulas together with the convergence of the polynomials series pose open
problems. The cubature rules from [78,79,A6] indicate that the shifted lattices transforms
possess high potential to generate cubature formulas of Gaussian type. Versions of the
Clenshaw—Curtis methods of numerical integration [14,102], developed for the Cy and A,
root systems in [33,97], also need to be further investigated to cover more cases. Hyperin-
terpolation methods [9,75,101,102] which directly apply the standard polynomial cubature
rules, pose for the presented cubature rules open problems.

The existence and explicit forms of generating functions for the related Weyl orbit
functions polynomials, developed in [18-20,100], further enhance the applicability of the
presented polynomial Chebyshev methods. The polynomial generating functions are closely
related to the character generating functions from Lie theory [55,89]. The generating func-
tions form an efficient tool for investigating symmetries and parity relations of the gen-
erated orthogonal polynomials. The recurrence relations algorithms for the calculation of
the bivariate polynomials [69] are superseded by explicit evaluation formulas derived from
the generating functions [18]. The explicit evaluation formulas [18] for the polynomials
represent practical tool for efficient computer implementation and handling of the gener-
ated polynomials. The potential applications of the presented cubature rules [A6] include
calculations in laser optics [10], stochastic dynamics [109], fluid flows [16], magnetostatic
modeling [110], electromagnetic wave propagation [99], micromagnetic simulations [13],
liquid crystal colloids [105] and quantum dynamics [67].

The discretized versions of product-to-sum decomposition formulas, which are summa-
rized for any type of orbit function in [40] and for semisimple even functions in [A4], lead
to the dual weight lattice generalization of the Kac-Walton formula [A7]. The properties of
the unitary and symmetric Kac—Peterson matrices together with the affine fusion rules and
Kac—Walton formulas [26] from conformal field theory motivated the development of the
weight lattice discretization of Weyl orbit functions in [A8]. The common argument and
label symmetries of the weight lattice transforms, dictated by the affine Weyl groups, yield
four types of unitary and symmetric generalizations of the Kac—Peterson matrices. The
forms and physical significance of the generalized Kac-Walton formulas and Kac—Peterson
matrices for all ten types of weight lattice discretized Weyl orbit functions need to be fur-
ther investigated. On the other hand, the Fourier-Weyl transforms on the root, shifted and
subtracted lattices potentially positively influence advance of conformal field theory. Impli-
cations of the weight-lattice discretization for the interpolation methods, the corresponding
orthogonal polynomials, cubature rules and polynomials series expansions deserve further
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study. Another crucial application of the product-to-sum decomposition formulas is found
in description of mechanical vibration models.

The Weyl orbit functions represent solutions of the mechanical vibration models con-
strained by Dirichlet, von Neumann or mixed boundary conditions on the fundamental
domain of the affine Weyl group. The discrete Fourier—Weyl and Hartley—Weyl transforms
provide spectral analysis of given initial conditions and determine the explicit solutions.
A significant advantage of the current symmetry approach for the honeycomb lattice [A9]
lies in the form of the resulting functions. Each solution is determined by a single Hartley
honeycomb orbit function, whereas the standard approach yields two different functional
descriptions, one for each congruence class of the honeycomb lattice [17,54,96]. Permit-
ting an efficient interpolation [A9], the honeycomb Fourier-Weyl and Hartley—Weyl C'—
and S—transforms thus represent suitable generalizations of the standard discrete cosine
and sine transforms to the honeycomb lattice. Contrary to the present armchair boundary
triangular honeycomb dot, the zig-zag boundary triangular dot is not a union of two Weyl
group invariant lattices and the standard procedures for calculation of solutions [17,96]
cannot be used for this case. On the other hand, a modified approach from [A9] potentially
also leads to unique novel solutions and a dispersion relation for the zig-zag honeycomb
triangular dot.

With continued research, the significance of the Fourier—Weyl transforms together with
the related Fourier and Chebyshev methods in mathematical physics steadily increases.
Besides the developed specific transforms, achieved links connecting the transforms to con-
formal field theory and solid state physics constitute a consequential segment of the field.
Since Weyl orbit functions represent generalizations of the trigonometric functions related
to fundamental symmetries of nature, their further applications, appreciation and augmen-
tation of value are expected.
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