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Abstrakt

Předkládaná habilitační práce je souborem devíti článků ze spektrální teorie.
Bylo použito několik modelů, konkrétně kvantové grafy, mikrovnné sítě, vlnová
rovnice s tlumením a polyharmonický operátor. Operátory použité v práci pů-
sobí na metrických grafech, a to jak kompaktních, tak otevřených. Získali jsme
spektrální vlastnosti kvantových grafů s vazebnou podmínkou preferované orien-
tace, nalezli jsme Gelfandovu-Levitanovu trace formuli pro kvantový graf s ge-
nerickými vazebnými podmínkami a studovali rezonanční vlastnosti otevřených
kvantových grafů. Výsledky pro kvantové grafy byly ověřeny ve dvou článcích
o experimentech s mikrovlnnými sítěmi. Studovali jsme asymptotické spektrál-
ní vlastnosti vlnové rovnice s tlumením na grafech a spektrální determinant pro
polyharmonický operátor.

Abstract

The present habilitation thesis is a collection of nine papers in spectral theory.
Several models are used, namely, quantum graphs, microwave networks, damped
wave equation, and the polyharmonic operator. The operators used in the thesis
act on metric graphs; both compact and open graphs are used. Spectral prop-
erties of quantum graphs with preferred-orientation coupling are obtained, the
Gelfand-Levitan trace formula is found for quantum graphs with generic cou-
pling conditions, and resonance properties of open quantum graphs are investi-
gated. The results on quantum graphs are verified in two papers on microwave
networks’ experiments. Asymptotic spectral properties of the damped wave equa-
tion on graphs and the spectral determinant for the polyharmonic operator are
investigated.
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Chapter 1

Introduction

Many problems in physics can be described by the properties of various operators.
The tools of the spectral theory allow us to use a precise mathematical description
of the employed models. The properly defined notions appear in the theorems
that exactly describe the properties of the system. The obtained results can be
then measured in an experiment and can have possible applications in the future.

While describing a physical phenomenon, one can choose either a simple one-
dimensional model or try to describe the phenomenon in higher dimensions which
allows covering nontrivial effects with the cost of a more complicated model.
Choosing a metric graph as the “playground” for the model joints the advantages
of both options: the simplicity of a one-dimensional model and the complexity of
a non-trivial topological structure.

The present thesis is a collection of nine papers by the author in spectral
theory and its applications. They cover various models in physics while the “red
thread” tying them together is a metric graph. The first five papers describe
the behaviour of a quantum particle on the graph. The particle may not only
interact with the electric potential which appears in the Gelfand-Levitan trace
formula in Appendix C, but its behaviour can also be influenced by the coupling
conditions at the vertices of the graph. The preferred-orientation coupling used in
Appendices A and B breaks the time invariance of the model and has interesting
asymptotic properties that differ for odd and even vertex degrees. The proper-
ties of the resonances for open quantum graphs are investigated in Appendices D
and E. The quantum graphs, studied in the first five papers, have similar prop-
erties to microwave graphs. This equivalence of the two equations allows us to
experimentally verify the results obtained for quantum graphs using a microwave
network, as shown in publications in Appendices F and G. These two papers illus-
trate that the spectral theory problems are not only neat mathematical exercises
but can be measured in a real physical system. The paper in Appendix H studies
the damped wave equation on a metric graph and its spectral properties. One of
the possible applications of the damped wave equation can be the description of
spider webs. Finally, the last model is the polyharmonic operator, for which the
spectral determinant was studied in Appendix I; in this case, we used the simple
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CHAPTER 1. INTRODUCTION

graph – an interval.
In the next four chapters, the models of quantum graphs, microwave graphs,

the damped wave equation, and the polyharmonic operator are described. Nec-
essary notions needed for stating the main results of the papers are defined and
briefly explained. At the end of each chapter, the main results of the attached
papers are given. The bibliography is followed by the list of the symbols used in
the main part of the thesis.

The contribution of the author of the habilitation thesis was following. In pa-
pers in Appendices A–D, and H–I the author performed the computations, after
consultations with the co-author he obtained the results and wrote the first draft.
The author also performed the numerical calculations in Appendices B and H. In
the works in Appendices F and G the author suggested performing the experi-
ment, collaborated on the proposition of the structure of the microwave networks,
wrote the theoretical part of the paper, and collaborated on the introductions of
the papers, and partly collaborated on the numerics. J.L. is the only author of
the paper in Appendix E.
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Chapter 2

Quantum Graphs

Quantum graphs are a rather simple model which enables the description of the
behaviour of a quantum particle on a network. From the mathematical point of
view, they are a set of ordinary differential equations coupled with the matching
conditions at the vertices of the graph.

The beginnings of this model can be traced back to the 1930s when L. Pauling
used it to describe the diamagnetic properties of benzene and other aromatic
molecules [Pau36]. Later K. Ruedenberg and C.W. Scherr [RS53] applied the
model for treating electrons in the aromatic molecules. They assumed that σ-
electrons form bonds maintaining the molecular frame and described the notion of
the π-electrons in this frame using the first approximation of the one-dimensional
model. Quantum graphs became more popular in the 1980s.

Quantum graphs aim to describe various mesoscopic structures. They are
a simplification for so-called quantum wires ; in quantum graphs, however, the
width of the wires is assumed to be small compared to its length. A more general
model, a quantum waveguide, describes the behaviour of a quantum particle in
a waveguide with non-zero width. For various results in this area, we refer the
reader to the monograph [EK15]. From the mathematical point of view, these
problems are PDEs. The same holds true if we study a network created from these
waveguides, the so-called fattened graphs. There are various results stating that
Laplacians on the fattened graphs converge to Laplacians on quantum graphs
when the width of the waveguides shrinks, see [Pos12] and references therein.
Another example of generalization of quantum graphs are leaky qraphs [Exn07],
which allow the particle to tunnel through the edges. Due to its simplicity,
the model of quantum graphs is also used as a toy model, for instance for the
description of quantum chaos (see, e.g. [KS00, BK13, KS97, BBK01]).

2.1 Description of the Model

Let us assume a metric graph Γ consisting of the set of Ṽ vertices V = {Xj}Ṽj=1,
the set EI = {ej}Nj=1 of N finite edges characterized by their length `j and the
set EE = {ej}N+M

j=N+1 of M external edges of infinite length. The internal edges
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CHAPTER 2. QUANTUM GRAPHS

connect two vertices and therefore can be parametrized by the intervals (0, `j).
The external edges can be represented by half-lines with the starting point being
one of the vertices; they are usually parametrized by the intervals (0,∞). The
degree (the number of edges emanating from the vertex) of the vertex Xj is
denoted by dj. The Hilbert space of the whole system is

H =
N⊕
i=1

L2((0, `i))⊕
M⊕
i=1

L2((0,∞)) .

The states in this Hilbert space can be represented by the vectors

ψ = (ψ1, . . . , ψN , ψN+1, . . . , ψN+M)T .

The structure of the metric graph is equipped with the second order differential
operator H acting as

− d2

dx2
+ q(x) , (2.1)

where the (electric) potential q(x) is a bounded function supported on the internal
edges of the graph. In some works, the magnetic potential is used as well; however,
we will not introduce it in the present thesis. The above-defined operator is the
Hamiltonian of a quantum particle in one dimension considered in a certain set
of units. For simplicity, the factor h̄2

2m
is dropped, which can be explained by

choosing the set of units in which, for instance, h̄ = 1 and m = 1
2
. In most of

the papers in the appendices, the potential is considered to be zero and instead
of the above-defined Schrödinger operator the Laplacian is considered.

The domain of the operator consists of functions in the Sobolev spaceW 2,2(Γ)
(for definitions of the Sobolev spaces in a more general setting we refer the reader
to [Eva98]) satisfying the coupling conditions. We should stress that by W 2,2(Γ)
we mean the orthogonal sum of the Sobolev spaces W 2,2(ej). In other words,
the edge components of the wavefunction are in the appropriate Sobolev space
but the function is allowed to be discontinuous at the vertices of the graph. The
coupling conditions (sometimes called matching or boundary conditions) at the
vertex Xj which define the general self-adjoint operator can be written in the
form

(Uj − I)Ψj + i(Uj + I)Ψ′j = 0 , (2.2)

where Uj is a unitary dj × dj matrix, I denotes the dj × dj identity matrix, the
column vectors Ψj and Ψ′j are the vectors of function values and outward deriva-
tives at the vertex, respectively. We stress that the derivative in the coupling
conditions should be taken outward, i.e., with the positive sign if it corresponds
to x = 0 and the negative sign for x = `j. The general coupling condition for
a self-adjoint quantum graph was independently obtained by V. Kostrykin and
R. Schrader [KS99a] and M. Harmer [Har00].

Hence the triplet {Γ, q(x), {Uj}Ṽj=1} consisting of the metric graph (including
the knowledge of the lengths of the edges and the topology of the graph), the

6



CHAPTER 2. QUANTUM GRAPHS

l1

l2l3

l4

lN
Figure 2.1: A flower-like graph. Reproduced from [EL10].

potential (on the whole graph, i.e. consisting of the edge components) and the
set of unitary coupling matrices describes the quantum graph. However, there is
a way to replace the unitary coupling matrices for particular vertices with a big
(2N+M)× (2N+M) unitary matrix describing the coupling on the whole graph
and also the topology of the graph. The idea of this construction is to introduce
a one-vertex “flower-like” model, which first appeared in [Kuc08] and was later
used in e.g. [EL10], see Figure 2.1.

The coupling condition considered in this model is

(U − I)Ψ + i(U + I)Ψ′ = 0 , (2.3)

where the (2N +M)× (2N +M) unitary matrix U can be by a similarity trans-
formation mapped to a block diagonal matrix with blocks Uj. The vectors

Ψ = (f1(0), f1(`1), f2(0), f2(`2), . . . fN(0), fN(`N), g1(0), g2(0), . . . , gM(0))T ,

Ψ′ = (f ′1(0),−f ′1(`1), f ′2(0),−f ′2(`2), . . . f ′N(0),−f ′N(`N), g′1(0), g′2(0), . . . , g′M(0))T ,

of lengths (2N+M) are the vectors of function values and outward derivatives. In
the above expressions, fj(x) denotes the wavefunction component at the internal
edge ej and gj(x) the wavefunction component at the external edge eN+j.

Note that an alternative form of the coupling condition (2.3) can be used: the
term with U + I can be multiplied by a real parameter ` [FT00].

(U − I)Ψ + i`(U + I)Ψ′ = 0 . (2.4)

However, this coupling condition (2.4) is equivalent to the equation (2.3) since to
each ` and U there exist a unitary matrix U` such that (2.3) with the coupling
matrix U` gives the same condition as (2.4). There are also different descriptions
of the coupling conditions on the graph. One can use square matrices Aj, Bj

instead of U − I and i(U + I) that satisfy the condition that AjB∗j is self-adjoint
and the joint matrix (Aj, Bj) has maximal rank [KS99a]. Another option is to use
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CHAPTER 2. QUANTUM GRAPHS

the projector to the Dirichlet part (the eigenspace of U for the eigenvalue −1),
the projector to the Neumann part (the eigenspace of U for the eigenvalue 1) and,
finally, the projector to the Robin part. Moreover, the matrices Aj and Bj can
be chosen in a particular form with certain blocks equal to zero, as suggested in
[CET10]. All these formulations of the coupling condition are equivalent to each
other and they define a self-adjoint operator (see, e.g. [BK13, Lip16b]).

2.2 Examples of the Coupling Conditions
In this section, we introduce some of the most common coupling conditions.

1. Permutation Symmetric Coupling
This coupling is symmetric with respect to exchanging any two edges em-
anating from the vertex. The coupling matrix can be written in the form
U = aJ + bI, where I is the identity matrix, J is the matrix with all entries
equal to one, and a and b are complex constants. The coupling matrix U is
unitary iff |b|2 = 1 and |dja+ b| = 1.

2. δ-coupling
This coupling is a particular case of the permutation symmetric coupling.
The unitary coupling matrix is U = 2

dj+iα
J − I, where i is the complex unit

and α is the real parameter. α is called the strength of the coupling. In the
case of a vertex of degree 2, it corresponds to the singular potential equal
to the α-multiple of the δ-distribution. The coupling condition (2.3) at a
vertex X can be written as

f(X ) := fi(X ) = fj(X ) for all i, j such that X ∈ ei ∩ ej ,∑
j:X∈ej

f ′j(X ) = αf(X ) .

The function is continuous at the vertex and the sum of the outward deriva-
tives is equal to α-multiple of this function value.

3. δ′s-coupling
Another particular case of the permutation-symmetric coupling is the sym-
metric δ′-condition. It is a counterpart of the δ-condition and, in contrast to
this condition, the role of the function values and derivatives is exchanged.
However, the name δ′ is not very fortunate; the coupling does not corre-
spond to the derivative of the δ-distribution potential. The condition at the
vertex X can be written as

f ′(X ) := f ′i(X ) = f ′j(X ) for all i, j such that X ∈ ei ∩ ej ,∑
j:X∈ej

fj(X ) = βf ′(X ) .

8



CHAPTER 2. QUANTUM GRAPHS

Here, β is a real parameter, it is called, as in the δ-condition case, the
strength of the coupling. Outward derivatives are equal to each other and
the sum of the function values is equal to a β-multiple of this derivative.
The unitary coupling matrix is U = I − 2

dj−iβJ .

4. δ′-coupling
The δ′-condition can be generalized from the vertex of degree 2 to the vertex
of general degree dj also in this, slightly different formulation. The condition
is

fi(X )− fj(X ) =
β

dj
(f ′i(X )− f ′j(X )) for all i, j such that X ∈ ei ∩ ej ,∑

j:X∈ej
f ′j(X ) = 0 .

and corresponds to the coupling matrix U = 2
dj−iβJ −

dj+iβ

dj−iβ I.

5. Standard Coupling (known also as Kirchhoff, free or Neumann-Kirchoff)
This is the particular case of δ-coupling for the coupling strength going to
zero, α = 0. This coupling is the most physical one, it corresponds to the sit-
uation when the particle freely moves through the vertex. Although several
names are used for this condition, in this text, we prefer the name “stan-
dard”. The name “Kirchhoff” is not very fortunate, as all the self-adjoint
conditions satisfy the probability current conservation. The conditions are

f(X ) := fi(X ) = fj(X ) for all i, j such that X ∈ ei ∩ ej ,∑
j:X∈ej

f ′j(X ) = 0 .

The unitary matrix is U = 2
dj
J − I.

6. Dirichlet Coupling Conditions
These conditions fully separate all the edges connected at the vertex X
demanding that the function values vanish at the vertex.

fi(X ) = 0 for all i such that X ∈ ei .

The unitary matrix is U = −I.

7. Neumann Coupling Conditions
For the Neumann coupling conditions, the vertex is fully decoupled as well.
Now we assume that the derivative from each edge vanishes at the vertex X .

f ′i(X ) = 0 for all i such that X ∈ ei .

The unitary matrix is U = I.
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CHAPTER 2. QUANTUM GRAPHS

Figure 2.2: Illustration of waves transmitted through the vertex for the preferred-
orientation coupling and the energy E = 1.

8. Preferred-Orientation Coupling
This particular coupling, suggested in [ET18] to describe the anomalous
quantum Hall effect, is an example of a coupling that does not belong to
the set of permutation symmetric couplings. On the other hand, a par-
ticular orientation is preferred and the coupling violates the time-reversal
invariance. The preferred-orientation coupling is defined by the unitary
coupling matrix

U =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
... . . . ...

0 0 0 . . . 1
1 0 0 . . . 0

 .

For a particular energy E = 1, the wave coming from one of the edges is
fully transmitted to the neighbouring edge, without loss of generality lying
next to it in the clockwise direction. For the other edges, the behaviour
of the wave is similar, as Figure 2.2 illustrates. This allowed modeling the
anomalous quantum Hall effect for particular types of latices in [ET18].

For a particle with a general value of energy, this behaviour does not hold
anymore. However, the coupling has other interesting properties. In par-
ticular, the vertex transparency depends on the parity of the vertex degree.
For vertices of odd degree, the scattering matrix asymptotically for large
energies behaves as the scattering matrix for the vertex with Neumann cou-
pling. Hence the wave can hardly get through the vertex and is for large
energies almost fully reflected. On the other hand, the behaviour of an
even-degree vertex is different – as it was shown in [ET18], the reflection
and transmission to any edge have similar probabilities for high energies.
This difference between the vertex parities follows from the fact that only
an even-degree coupling matrix has eigenvalue −1 and hence the Dirichlet
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part of the coupling is present. The general proof that the scattering matrix
for the vertex without the Dirichlet part of the coupling converges to the
one for Neumann coupling, can be found in [KS18].

2.3 Gelfand-Levitan Trace Formula
The asymptotic behaviour of the eigenvalues of the given operator can be of
interest. There are several types of the so-called trace formulæ in which the
spectrum of the operator plays an important role. The first attempts of stating
the trace formula for a quantum graph can be traced back to J.-P. Roth [Rot83]
and T. Kottos and U. Smilansky [KS99b]. A formula involving integrals of the
potential and the eigenfunctions was obtained by R. Carlson in [Car12].

The paper [FL21] in Appendix C deals with the Gelfand-Levitan trace formu-
la, first stated by I.M. Gel’fand and B. Levitan [GL53] for the Schrödinger opera-
tor on an interval (0, π) with Neumann boundary conditions. For the Schrödinger
operator given by the expression (2.1) under the assumption that the average of
the potential is zero they proved that the following formula for the eigenvalues
λn(q) holds

∞∑
n=1

[λn(q)− λn(0)] =
1

4
[q(π) + q(0)] . (2.5)

The formula can be easily rewritten for the general potential q(x) for which the
condition that its average vanishes is dropped. Let us, for such a potential, define
q̃(x) = q(x) − q̄, where q̄ = 1

π

∫ π
0
q(x) dx is the average. The general potential q

satisfies the Schrödinger equation

−u′′n(x) + q(x)un(x) = λn(q)un(x) ,

where λn are the eigenvalues of the Schrödinger operator with q and un the
corresponding eigenfunctions. Subtracting q̄un(x) from both sides of the equation
we obtain

− u′′n(x) + q̃(x)un(x) = (λn(q)− q̄)un(x) . (2.6)

Hence λn(q)−q̄ are the eigenvalues for the Schrödinger operator with the potential
q̃. Moreover, we have

1

4
[q̃(π) + q̃(0)] =

1

4
[q(π)− q̄ + q(0)− q̄] =

1

4
[q(π) + q(0)]− 1

2
q̄ . (2.7)

Substituting (2.7) and the eigenvalues of (2.6) into (2.5) we obtain

∞∑
n=1

[
λn(q)− λn(0)− 1

π

∫ π

0

q(x) dx

]
=

1

4
[q(π) + q(0)]− 1

2π

∫ π

0

q(x) dx . (2.8)

Later, C.J.A. Halberg and V.A. Kramer [HK60] corrected Gel’fand and Lev-
itan’s result in the case of Robin conditions u′(0) = αu(0), u′(π) = βu(π) and
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they obtained the formula for the Dirichlet boundary condition and for mixed
condition. We can summarize their result for the potential with a vanishing av-
erage. In the case of Neumann or Robin conditions at both ends, the formula
(2.5) holds. For the Dirichlet condition at one end (x = 0) of the interval and
Neumann or Robin at the other (x = π), the formula reads as

∞∑
n=1

[λn(q)− λn(0)] =
1

4
[q(π)− q(0)] .

The formula for Dirichlet conditions at both ends of the interval is
∞∑
n=1

[λn(q)− λn(0)] = −1

4
[q(π) + q(0)] .

The Gelfand-Levitan trace formula for quantum graphs was studied in [Yan13,
YY07], where the equilateral graphs (all the edges are of the same length) with
various coupling conditions were studied, and in [Yan14], where a segment with
discontinuous boundary conditions was considered.

2.4 Resolvent and Scattering Resonances
This section is devoted to defining resonances in quantum graphs and stating
their main properties. For simplicity, we will assume the potential to be zero. The
resonance is a generalization of the notion of the eigenvalue; the resonance can be
a complex number. There is a small difference between resolvent and scattering
resonances. Resolvent resonances are defined using the poles of the meromorphic
continuation of the resolvent, while scattering resonances, the subset of resolvent
resonances, are defined using the scattering matrix.

Definition 2.1. The resolvent resonance k2 is a pole of the meromorphic contin-
uation of the resolvent, the operator acting as (H − k2id)−1. Here k is the wave
vector, the square root of energy, and id is the identity operator.

The resolvent resonances can be obtained using the method of external com-
plex scaling. The method was introduced by J. Augilar, E. Baslev, and J.-
M. Combes in [AC71, BC71]. For the overview of the general theory see, e.g.,
[RS78]; for its application to quantum graphs see [EL07, Lip16b]. The main
idea of this method is to perform the scaling transformation on the wavefunction
components on the external edges Uθgj(x) = eθ/2gj(e

θx), while the wavefunction
components on the internal edges are not scaled. For θ real, the above trans-
formation is unitary. The trick, however, is to use θ complex, with a non-trivial
imaginary part, thus transforming functions that were not square integrable into
square integrable ones. If we apply the transformation to the Hamiltonian, we
obtain the scaled operator, which is no longer self-adjoint and its spectrum is
given by the following theorem (see [Lip16b, Thms. 5.3 and 5.4]).

12



CHAPTER 2. QUANTUM GRAPHS

Theorem 2.2. Let Hθ = UθHU−θ and fj, j = 1, . . . , N be the wavefunction
components on the internal edges, gj, j = 1, . . . ,M the wavefunction components
on the external edges. Then it acts as

Hθ

(
fj(x)
gj(x)

)
= UθHU−θ

(
fj(x)
gj(x)

)
=

(
−f ′′j (x) + qj(x)fj(x)
−e−2θxg′′j (x)

)
.

The essential spectrum of Hθ is e−2θ[0,∞). The resolvent resonances of H can
be obtained as eigenvalues of Hθ for Im θ large enough.

The above-mentioned theorem results in an equivalent definition of resolvent
resonances, which can be used for quantum graphs. For Im θ > 0 out of the two
linearly independent solutions of the eigenvalue equation, only eikx is transformed
into a square-integrable function. Hence the problem of finding the resolvent
resonances of H, which is equivalent to finding eigenvalues of the scaled operator
Hθ, can be reformulated as the problem of finding such k2, for which there exists
a solution behaving as eikx on the external edges.

Theorem 2.3. There is a resolvent resonance k2 of the operator H if and only
if there exists a solution of the Schrödinger equation which satisfies the coupling
conditions and has the asymptotics bjeikx for all the external edges.

The following theorem states that resolvent resonances can be found either in
the lower complex half-plane or on the imaginary axis.

Theorem 2.4. There are resonances only for Im k ≤ 0 or Re k = 0.

Another way to define the resonances is to use the scattering matrix. Clearly,
for a graph without potential, the solution of the Schrödinger equation on the
external edges is a linear combination of the incoming wave e−ikx and the outgoing
wave eikx. The names “incoming” and “outgoing” are assigned to these solutions in
an analogy with the corresponding solutions of the time-dependent problem (see
[Lip16b]). The scattering matrix maps the vector of amplitudes of the incoming
waves into the vector of amplitudes of the outgoing waves. I.e., if the solutions on
the edges ej+N is gj(x) = aje

−ikx + bje
ikx, then the scattering matrix S is defined

by
S(k)(a1, . . . , aM)T = (b1, . . . , bM)T .

The scattering resonances are defined as the poles of its determinant.

Definition 2.5. The scattering resonances for a quantum graph with the scatter-
ing matrix S(k) are such k2 for which there is a pole of detS(k).

The notions of resolvent and scattering resonances differ only slightly, as the
following theorem ([Lip16b, Thm. 8.1]) states.

Theorem 2.6. There is a resolvent resonance at k2 of H if and only if there is a
scattering resonance at k2 or there is an eigenvalue at k2 with the corresponding
eigenfunction supported on the internal part of the graph.

13
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In other words, the eigenvalue coming from the topology of the graph, which
has the corresponding eigenfunction supported only on the internal edges, is a
resolvent resonance, but “cannot be seen” by the scattering matrix. For more
details, see [EL07, Lip16b].

2.5 Weyl Asymptotics
An interesting problem is to find the density of eigenvalues of a given operator.
For the Dirichlet Laplacian in a bounded domain in Rd, the problem was solved
by H. Weyl in the series of papers from 1911 to 1915 (see, e.g. [Wey11]). He
proved a formula today known as the Weyl law that the number of eigenvalues
that are smaller than λ behaves as

N(λ) =
1

(2π)d
ωd|Ω|λd/2(1 + o(1)) as λ→∞ , (2.9)

where ωd is the volume of the unit ball in Rd and |Ω| is the volume of the bounded
domain. The law was previously conjectured by A. Sommerfeld [Som10] and
H. Lorentz [Lor10]. Weyl also conjectured the second term of the asymptotics

N(λ) =
1

(2π)d
ωd|Ω|λd/2 ∓

1

4

1

(2π)d−1
ωd−1|∂Ω|λ(d−1)/2 as λ→∞ ,

where |∂Ω| denotes the volume of the boundary of Ω, the upper sign corresponds
to Dirichlet and the lower sign to Neumann boundary condition. The result was
proven by V. Ivrii in 1980 [Ivr80]. A more detailed introduction to the history of
this problem can be found in [Ivr16].

We will apply the formula (2.9) to the one-dimensional system of a quantum
graph without external edges. We will work in the k-plane, i.e. study the number
of eigenvalues N(R) with square roots k smaller in modulus than R. Using (2.9)
one obtains

N(R) =
2V

π
R +O(1) , (2.10)

where V is the sum of all edge lengths. Note that in the k-plane there are twice
as many square roots of eigenvalues present than in the energy plane since there
are always two square roots k for each eigenvalue.

For the graph with external edges, one can study the number of resolvent
resonances present in the circle of radius R in the k-plane. Since one can construct
a continuous transformation of the coupling conditions between the present case
and the case when all the external edges are fully decoupled, one would expect
that the eigenvalues (the resolvent resonances for the fully decoupled case) will
move continuously to the complex plane and hence the formula (2.10) would
hold also for the number of resonances. However, E.B. Davies and A. Pushnitski
[DP11] found that this is not the case for all the graphs. In general, the formula

N(R) =
2W

π
R +O(1) , W ≤ V (2.11)

14
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holds. The graphs with W = V are called Weyl, while graphs with W < V are
called non-Weyl, since they violate the usual Weyl formula (2.10). The reason why
W < V for some of the graphs is that the resonances can, during the continuous
transformation from the fully decoupled graph to the studied graph, escape to
complex infinity. The value W is called the effective size of a graph.

A simple example of a non-Weyl graph is the graph with a vertex connecting
one internal edge and one external edge with the standard condition. As follows
from Section 2.2, such a vertex does not impose any interactions, since continuity
of both the function values and derivatives is prescribed. Hence one can effectively
replace these two edges (internal and external) with one external edge, effectively
reducing the internal part of the graph. Davies and Pushnitski [DP11] found that
the graph with standard coupling is non-Weyl if and only if there is a balanced
vertex, the vertex connecting the same number of internal and external edges.
The problem was later studied for graphs with the general coupling condition
in [DEL10] and for the magnetic graphs in [EL11]. The problem of finding the
effective size of a non-Weyl graph was investigated in [Lip16a] (in this thesis
in Appendix E). Recently, the resonances in Weyl and non-Weyl graphs were
investigated by M. Ingremeau in [Ing22a, Ing22b].

2.6 Pseudo-Orbit Expansion for the Graphs with
External Edges

The secular equation which gives the eigenvalues of a quantum graph can be
obtained by the method of pseudo-orbit expansion. The method uses the fact that
the secular equation can be written using a determinant. Since the permutations
in the definition of the determinant can be decomposed into particular cycles, a
link to the collection of closed paths on an oriented graph can be found.

The periodic orbit expansion for quantum graphs was developed in [KS99b].
In [ACD+00], C. Akkeremans et al obtained a formula for the so-called spectral
determinant (see Section 5.1 below) of the graph using periodic orbits noticing
that some of the contributions cancel. The method of pseudo-orbit expansion for
finding the secular equation for a finite quantum graph was described in [BHJ12]
by R. Band, J.M. Harrison, and C.H. Joyner.

Similarly to the secular equation for finite graphs, the resonance condition for
the graphs with external edges can be written. The construction of the resonance
condition was done in [KS00], where also the trace formula was found. The
problem was also dealt with in [GS01, Section 3]. The paper [Lip16a] presented a
detailed construction of the resonance condition using the modified pseudo-orbit
expansion of the paper [BHJ12]. In the rest of the section, we will briefly present
the main ideas of this construction. Throughout this section, we will assume that
the potential is zero.

First, we describe the effective coupling on a flower-like graph for which the
external edges are cut (see e.g. [Lip16b, Thm. 9.1]).
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Theorem 2.7. Let the coupling on the graph Γ be described by a (2N + M) ×
(2N +M) matrix U with the structure

U =

(
U1 U2

U3 U4

)
,

where the 2N × 2N block U1 corresponds to the coupling between internal edges,
the M ×M block U4 corresponds to the coupling between external edges, and the
rectangular blocks U2 and U3 correspond to the mixed coupling. Let λi, i = 1, . . .M
be the eigenvalues of U4. Then all resolvent resonances of Γ with the momenta
k on C\{λ1−1

λ1+1
, . . . , λM−1

λM+1
} are given as eigenvalues of the operator with the same

action on the internal edges but satisfying energy-dependent coupling conditions

(Ũ(k)− I2N)f + i(Ũ(k) + I2N)f ′ = 0

with
Ũ(k) = U1 − (1− k)U2[(1− k)U4 − (k + 1)IM ]−1U3 , (2.12)

where f and f ′ are the vectors of limits of function values and derivatives to the
central vertex from the internal edges, respectively.

Similarly, we can define the effective coupling matrices for particular vertices
of a multi-vertex graph.

Let us assume a vertex v of the graph Γ which connects n internal and m
external edges. Let the internal edges be parametrized by (0, `j) with x = 0
corresponding to v and let the external edges be parametrized so that x = 0
corresponds to v. Let the solutions of the Schrödinger equation be fj(x) =
αin
j e−ikx + αout

j eikx, j = 1, . . . , n on the internal edges and gs(x) = βse
ikx, s =

1, . . . ,m on the external edges (we assume only the outgoing wave since we want
to describe the resolvent resonances). We assume that at each vertex the coupling
conditions (2.2) are satisfied.

Definition 2.8. The effective vertex-scattering matrix σ̃(v) is n×n matrix which
on the internal edges maps the vectors of incoming waves into the vector of out-
going waves ~αout

v = σ̃(v)~αin
v , where ~αin

v and ~αout
v are vectors with entries αin

j and
αout
j , respectively.

We state a theorem ([Lip16a, Thm. 4.2] and [Lip16b, Lemma 12.2]) about the
relation between the effective coupling matrix and the effective vertex-scattering
matrix. For simplicity, we drop the sub- (super-) script v.

Theorem 2.9. Let us consider a graph Γ with the vertex v, the unitary matrix U
describing the coupling (2.2) in v and the effective vertex-scattering matrix σ̃(k)
at v. Let Ũ(k) be the effective coupling matrix at v defined by (2.12). Then the
effective vertex-scattering matrix is given by

σ̃(k) = −[(1− k)Ũ(k)− (1 + k)In]−1[(1 + k)Ũ(k)− (1− k)In] .

The inverse relation is

Ũ(k) = [(1 + k)σ̃(k) + (1− k)In][(1− k)σ̃(k) + (1 + k)In]−1 .
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For the purposes of the pseudo-orbit expansion, we define an oriented graph Γ2.
It can be obtained from the graph Γ when each finite edge ej is replaced by two
oriented edges (which we will call bonds) bj and b̂j which have the opposite orienta-
tion and both of them have the same length as ej. If the edge ej is parametrized
so that x = 0 corresponds to the vertex vj1 and x = `j to the vertex vj2, we
parametrize the bonds so that bj starts at vj1 and ends at vj2 and b̂j starts at vj2
and ends at vj1.

Now we construct the resonance condition similarly to [BHJ12, Lip16a, Lip16b,
Lip15]. We define matrices Σ̃(k) and S̃(k) similarly to [Lip16b].

Definition 2.10. The matrix Σ̃(k) is an energy-dependent block-diagonalizable
2N × 2N matrix with blocks σ̃v(k). The similarity transformation, under which
the matrix is block-diagonal, is given as a transformation between the basis

~α = (αin
b1
, . . . , αin

bN
, αin

b̂1
, . . . , αin

b̂N
)T

and the basis
(αin

bv11
, . . . , αin

bv1d1
, αin

bv21
, . . . , αin

bv2d2
, . . . )T ,

where bv1j is the j-th edge ending in the vertex v1.

The scattering matrix is S̃(k) = QΣ̃(k), where Q =

(
0 IN
IN 0

)
. The matrix

IN denotes the identity N ×N matrix. Moreover, we define

L = diag (`1, . . . , `N , `1, . . . , `N) .

Further, we use on the oriented graph the ansatz

fbj(x) = αin
bj

e−ikxbj + αout
bj

eikxbj ,

fb̂j(x) = αin
b̂j

e
−ikxb̂j + αout

b̂j
e
ikxb̂j ,

where xbj and xb̂j are the coordinates on the bonds bj and b̂j, respectively. Since
the oriented graph corresponds to the non-oriented graph Γ, we have xbj+xb̂j = `bj
with `bj ≡ `j. Moreover, the function values on the corresponding bonds must
correspond to each other, fbj(xbj) = fb̂j(`j − xb̂j). Hence for the coefficients in
the above ansatz we obtain

αin
bj

= eik`jαout
b̂j
, αin

b̂j
= eik`jαout

bj
. (2.13)

We define ~αin
b = (αin

b1
, . . . αin

bN
)T and similarly for the outgoing amplitudes and

bonds in the opposite direction b̂j. Using the relations (2.13) and the definitions
of matrices Q and Σ̃ we obtain the following(

~αin
b

~αin
b̂

)
= eikL

(
~αout
b̂

~αout
b

)
= eikLQ

(
~αout
b

~αout
b̂

)
= eikLQΣ̃(k)

(
~αin
b

~αin
b̂

)
.

This yields the following theorem ([Lip16a, Thm. 4.5], [Lip16b, Thm. 13.5]).
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Theorem 2.11. The resonance condition is given by

det (eikLQΣ̃(k)− I2N) = 0 .

The construction in [Lip16a] at this stage follows the machinery developed in
[BHJ12] and rewrites the determinant using the pseudo-orbits defined below. We
copy the definition from [Lip16b].

Definition 2.12. Let us describe the bond b by end vertices b = (u, v); let the
origin be o(b) = u and terminus t(b) = v. A periodic orbit γ on the graph
Γ2 is a closed path that begins and ends in the same vertex. We can denote it
by the bonds that it subsequently contains, e.g. γ = (b1, b2, . . . , bn); this means
t(bi) = o(bi+1), i = 1, . . . n−1 and t(bn) = o(b1). The cyclic permutation of bonds
does not change the periodic orbit. A pseudo-orbit is a collection of periodic
orbits (γ̃ = {γ1, γ2, . . . , γm}). An irreducible pseudo-orbit γ̄ is a pseudo-orbit
that does not contain any bond more than once. The metric length of a periodic
orbit is defined as `γ =

∑
bj∈γ `bj ; the length of a pseudo-orbit is the sum of

the lengths of all periodic orbits the pseudo-orbit is composed of. We denote the
product of scattering amplitudes along the periodic orbit γ = (b1, b2, . . . bn) as
Aγ = Sb2b1Sb3b2 . . . Sb1bn, where Sbibj denotes the entry of the matrix S(k) in the
row corresponding to the bond bi and column corresponding to the bond bj. For a
pseudo-orbit we define Aγ̃ =

∏
γj∈γ̃ Aγj . By mγ̃ we denote the number of periodic

orbits in the pseudo-orbit γ̃. The set of irreducible pseudo-orbits also contains
the null orbit, an irreducible pseudo-orbit on zero edges, with mγ̄ = 0, `γ̄ = 0 and
Aγ̄ = 1.

With these definitions at hand, we can rewrite Theorem 2.11 as below, see
[Lip16b, Thm. 12.6], [Lip16a, 4.7].

Theorem 2.13. The condition for the resolvent resonances of the graph is given
by ∑

γ̄

(−1)mγ̄Aγ̄(k) eik`γ̄ = 0 ,

where the sum goes over all irreducible pseudo-orbits γ̄.

2.7 Fermi Golden Rule
Fermi golden rule is in physics usually understood as a formula giving the tran-
sition rate from the initial to the final state. However, an alternative approach is
possible. It can be connected with the second derivative of the imaginary part of
the resonance position with respect to a given parameter (see, e.g. [RS78, Theo-
rem XII.24], [Lip16b, Sec. 18]). This approach was studied in the paper [LZ16],
where a formula was found for the second derivative of the imaginary part of
the resonance with respect to the parameter t connected with the lengths of the
graph’s edges. Their study uses graphs with standard coupling conditions and
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without potential and the mentioned notion is obtained in the terms of eigen-
function u corresponding to one of the eigenvalues λ for t = 0 and the generalized
eigenfunctions.

We emphasize that by indices j = 1, . . . , N we denote the internal edges and
by indices j = N + 1, . . . , N +M the external ones.

Definition 2.14. The generalized eigenfunctions es(k), N + 1 ≤ s ≤ N +M are
for k2 6∈ σpp(H) defined as

es(k) ∈ Dloc(H) , (H − k2)es(k) = 0 ,

esj(k, x) = δjse
−ikx + sjs(k)eikx , N + 1 ≤ j ≤ N +M ,

where esj are the components of es on the external edges and Dloc(H) is the space
of functions that are locally in the domain of H. This family of generalized
eigenfunctions can be holomorphically extended to the points of the spectrum of
H and therefore it is defined for all k.

The edge lengths of the graph depend on the parameter t as

`j(t) = e−aj(t)`j , aj(0) = 0 ,

where aj are real functions of t.
Then the result of [LZ16, Thm. 1] is the following (we copy the formulation

from [Lip16b]).

Theorem 2.15. Consider a simple eigenvalue k2
0 > 0 of the Hamiltonian H ≡

H(0) and let u be the corresponding eigenfunction. Then for |k| ≤ kmax there
exists a smooth function t 7→ k(t) such that k2(t) is the resolvent resonance of
H(t). Moreover, we have

Im k̈(0) = −
N+M∑
s=N+1

|Fs|2 ,

Fs = k0 〈ȧu, es(k0)〉+
1

k0

∑
v∈Γ

∑
ej3v

1

4
ȧj(3∂νuj(v)esj(k, v)− u(v)∂νesj(k, v)) ,

where the double dot denotes the second derivative with respect to t, ȧ is the first
derivative of the function a with components aj(t), 〈•, •〉 is the inner product in
⊕Nj=1L

2([0, `j]))⊕⊕N+M
s=N+1L

2([0,∞)), the sum
∑

v∈Γ goes through all the vertices
of the graph Γ, ∂νuj(0) = −u′j(0) and ∂νuj(`j) = u′j(`j).

2.8 Results on Quantum Graphs
In this section, we introduce the main results of papers in appendices A–E.
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2.8.1 Spectral Asymptotics of the Laplacian on Platonic
Solids Graphs

The first paper [EL19] (see Appendix A) illustrates the different properties of
the preferred-orientation coupling for finite graphs having the vertices and edges
of Platonic solids. Five equilateral graphs having the edges and vertices of the
tetrahedron, cube, octahedron, dodecahedron, and icosahedron were considered.
The paper can be motivated by the shapes of various molecules, such as methane
for the tetrahedron, cubane for the cube, SF6 for the octahedron, dodecahedrane
for the dodecahedron, or boron for the icosahedron.

Two types of coupling conditions are considered at the vertices of the Platonic
solid graphs – the δ-coupling with the same coupling constant at all the vertices
and the preferred-orientation coupling with the same orientation of the vertices
if seen from the outside. The asymptotic positions of the eigenvalues of the
Laplacian on the graphs were investigated. For the δ-coupling, the square roots
of eigenvalues approach those for the standard coupling condition. The square
root of the n-th eigenvalue for the δ-condition differs from the square root of the
n-th eigenvalue for standard coupling by the term of order O(1/n). Since the
differential of the energy is dE = 2k dk and k scales as n, the O(1/n) difference
between the square roots means that the distance of the eigenvalues for δ and
standard coupling is at most asymptotically constant.

For the preferred-orientation coupling, the dependence of the spectral proper-
ties on parity was observed. The only Platonic solid graph with an even degree of
the vertices is the octahedron graph (degree 4), while all the other four Platonic
solid graphs have vertices of odd degree (tetrahedron, cube, and dodecahedron
have vertices of degree 3; the icosahedron has degree 5). We found that, as was
expected, the square roots of eigenvalues for odd-degree graphs converge to those
of the Neumann Laplacian on the interval of length one. This follows from the
fact that the vertex scattering matrices approach for large energies the identity
matrix and the graph is thus effectively decoupled to single edges. As in the case
of δ-condition, the error term for the square roots is of order O(1/n), hence the
distance of the eigenvalues for the preferred-orientation coupling from the eigen-
values of the interval with Neumann conditions is at most a given constant. As
an example of an odd-degree graph, we give the corresponding theorem for the
tetrahedron.

Theorem 2.16. For the tetrahedron with the preferred-orientation coupling, the
(square roots of) eigenvalues k are for large k contained in the intervals

kn ∈
(
nπ − 2

√
3

nπ
+O

(
1

n2

)
, nπ +

2
√

3

nπ
+O

(
1

n2

))
, n ∈ Z .

The octahedron has different behaviour. Since the degree of its vertices is even,
there is approximately the same probability of reflection and transmission through
the vertices for large energies. The square roots of eigenvalues can asymptotically
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appear at different positions than for the other Platonic solid graphs, as the
following theorem states.

Theorem 2.17. The (square roots of) eigenvalues for the octahedron with the
preferred-orientation coupling are at k = 2πn (with multiplicity eight) and k =
±2

3
π + 2πn (with multiplicity two) with n ∈ Z; the other (square roots of) eigen-

values are situated in the intervals

k(1)
n ∈

[
π + 2πn−

√
10

π + 2πn
+O

(
1

n2

)
, π + 2πn+

√
10

π + 2πn
+O

(
1

n2

)]
,

k(2)
n ∈

[
π

2
+ πn− 5

(π
2

+ πn)2
+O

(
1

n4

)
,
π

2
+ πn+

5

(π
2

+ πn)2
+O

(
1

n4

)]
.

2.8.2 Topological Bulk-Edge Effects in Quantum Graph Trans-
port

The second publication [EL20] (see Appendix B) also deals with quantum graphs
with preferred-orientation coupling. However, in this paper, the graphs have
infinitely many internal edges. Two types of lattices are defined and from each
of them, a straight strip is cut. The lattices are designed such that the parity of
the vertices differs for vertices at the edge of the strip and in the bulk, i.e. in the
middle of the strip. This results in different high-energy behaviour of the spectra
of these graphs and hence different transport properties of the strips.

The rectangular lattice (see Fig. 2.3a) has vertices of degree 3 at the edge of
the strip and vertices of degree 4 in the middle. Let the lengths of its vertical edges
be `2. For the momentum k (square root of the energy) not close to multiples of
π/`2 the transport near the edge is not possible. The generalized eigenfunctions
components at the leftmost and rightmost edge are of order O(1/k), as the fol-
lowing theorem states. Its proof uses the fact that the vertex-scattering matrix
for the vertices of the edge of the strip is the identity matrix.

Theorem 2.18. Let us consider the rectangular lattice. For a fixed K ∈
(
0, 1

2
π
)
,

consider momenta k > 0 such that k 6∈ ⋃
n∈N0

(
nπ−K
`2

, nπ+K
`2

)
. Suppose that

the restriction of the generalized eigenfunction corresponding to energy k2 to the
elementary cell is normalized, then its components at the leftmost and rightmost
vertical edges are at most of order O(k−1).

On the other hand, the situation for the “brick” lattice (see Fig. 2.3b) is the
opposite. The lattice is constructed so that the only vertices having an even
degree (in particular 4) are the vertices of the leftmost vertical edges. The other
vertices have degree 3 or 5, including the vertices of the rightmost edges. Let us
denote by q(m)

j the coefficients of the components of the generalized eigenfunctions
in the j-th cell. The index j denotes the distance of the cell from the left, i.e. the
left-most cell has j = 1, the neighbouring has j = 2, etc. The index m denotes
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(a) Rectangular lattice
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(b) “Brick” lattice

Figure 2.3: Rectangular (left) and “brick” (right) lattice strips. Reproduced from
[EL20].

the edge in the cell. The following theorem states that the coefficients q(m)
j for

momenta k far from multiples π/`i, where `i, i = 1, 2, 3 are the edge lengths, are
of order O(k1−j). The generalized eigenfunction exponentially decays with the
distance from the leftmost edge.

Theorem 2.19. Let us consider the “brick” lattice. For a fixed K ∈
(
0, 1

2
π
)
,

consider momenta k > 0 such that

k 6∈
⋃
n∈N0

(
nπ −K
`1

,
nπ +K

`1

)
∪
⋃
n∈N0

(
nπ −K
`2

,
nπ +K

`2

)
∪
⋃
n∈N0

(
nπ −K
`3

,
nπ +K

`3

)
.

(2.14)
Suppose again that the restriction of the generalized eigenfunction corresponding
to energy k2 to the elementary cell is normalized, then q

(m)
j is at most of order

O(k1−j) as k →∞.

The main idea of the proofs of both theorems is Floquet-Bloch decomposition.
Then the ansatzes on the edges were sewed by the coupling conditions and the
fact that the scattering matrix for an odd-degree vertex is an identity matrix was
used. The theoretical results were supported numerically. First, we obtained the
dispersion diagrams for both lattices for k slightly larger than 100. Then for three
cells in the rectangular lattice case and for two cells in the “brick” lattice case,
we obtained the graphs of probability current through the edges and of the sum
of squares of wavefunction components coefficients. Both notions differ between
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neighbouring cells by several orders of magnitude. We obtained the “edge states”
for the “brick” lattice (the states supported mainly near the edge of the strip);
however, the system is not an example of a topological insulator, because the
probability current can move in both directions for various values of the Floquet
parameter.

2.8.3 A Gelfand-Levitan Trace Formula for Generic Quan-
tum Graphs

In the paper [FL21] in Appendix C, a generalization of the Gelfand-Levitan trace
formula for graphs was made. The graphs considered in this paper are generic in
the following sense: all coupling matrices U (see equation (2.3)) which do not have
the eigenvalue −1 are considered. The excluded set of the Dirichlet part of the
coupling is a set of measure zero in the family of all coupling conditions; however,
it includes some important cases, such as, for instance, Dirichlet, standard or
δ-condition. We should stress that in view of the results of C.J.A. Halberg and
V.A. Kramer [HK60] (see Section 2.3) for the excluded set of coupling conditions
the formula presented below does not hold.

The paper generalizes previous results by C.-F. Yang and J.-X. Yang [YY07,
Yan13, Yan14] in several directions. Firstly, the set of considered coupling con-
ditions is significantly larger; the generic case is studied in [FL21] in contrast to
particular coupling conditions in the works of Yang and Yang. Our generic case
also includes various topologies of the graph (see the remark on the “flower-like”
graph in Section 2.1). Moreover, there are general edge lengths considered in
[FL21], the only restriction is that the edge lengths are positive. We should also
mention that our result is closer to the formulation of the original Gelfand-Levitan
formula; in the sum, we subtract the eigenvalue of the operator without the po-
tential. The results of Yang and Yang are different, they subtract a particular
n-dependent expression.

Before formulating the main result of this paper, we define the sequences of
eigenvalues that will be used in the Gelfand-Levitan formula. Let us consider a
quantum graph with N internal edges of lengths `i, i = 1, . . . , N and no external
edge. Let there be the potential q with edge components qi ∈ W 1,1((0, `i)) on
the graph. Under the assumption that the coupling matrix U does not have
an eigenvalue −1, one can find that the leading term of the secular equation
(the equation giving the eigenvalues of the problem) is

∏N
i=1(−k sin k`i). We

define N sequences of eigenvalues λin in the following way. Let the sequence
of all eigenvalues of the problem in increasing order be {λn(q)}∞n=1 ≡ {λn}∞n=1

and let the sequence {µn}∞n=1 correspond to non-negative zeros of the product∏N
i=1(−k sin k`i) in increasing order, where the first N entries µ1, . . . , µN are

zeros. We pair the corresponding entries of both sequences. Then we define the
sequences {λin}∞n=1 as the subsequences of {λn}∞n=1 which are paired with such
entries of the sequence {µn}∞n=1 that are non-negative zeros of sin k`i for a given
i. The first entry is paired with a zero.
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Theorem 2.20. We assume a quantum graph with N edges with arbitrary lengths
`i, i = 1, . . . , N , and associated coupling matrix U not having −1 in its spectrum.
Then, denoting the eigenvalues of the Hamiltonian with a potential q and with the
zero potential by λin(q) and λin(0), respectively, in the way described above, and
the component of the potential on the i-th edge by qi ∈ W 1,1((0, `i)), the following
trace formula holds

N∑
i=1

∞∑
n=0

[
λin(q)− λin(0)− 1

`i

∫ `i

0

qi(x) dx

]
=

N∑
i=1

{
1

4
[qi(`i) + qi(0)]− 1

2`i

∫ `i

0

qi(x) dx

}
.

The result is closely related to the original Gelfand-Levitan trace formula
formulated for the potential with non-zero average (2.8). The assumption −1 6∈
σ(U) is essential, otherwise the formula is different.

2.8.4 Pseudo-Orbit Approach to Trajectories of Resonances
in Quantum Graphs with General Vertex Coupling:
Fermi Rule and High-Energy Asymptotics

The paper [EL17] in Appendix D uses the pseudo-orbit expansion to obtain the re-
sults on the positions and trajectories of resolvent resonances in quantum graphs.
First, a formula for the Fermi golden rule for graphs with general coupling condi-
tions is obtained. The formula is a bit technical and is not as elegant as the one in
[LZ16]. On the other hand, it can be applied to the general coupling conditions.

Below, we give one of the paper’s main theorems. Its corollary gives the
values of the real and imaginary parts of the first and second derivatives with
respect to the parameter t. We will not present it here and we refer the reader
to Appendix D.

Theorem 2.21. Let the internal edge lengths of the graph `j = `j(t) depend
on the parameter t as C2 functions. Suppose that at least some of them are
non-constant in the vicinity of t = 0 and that at that point the system has an
eigenvalue k2

0 > 0 embedded in the continuous spectrum. Then for small enough t
the resonance condition has the unique solution k2, either an embedded eigenvalue
or a resonance, and the following holds:

(i) k̇ ∈ R, where the dot signifies the derivative with respect to t.

(ii) Furthermore, we have

k̇
∑
γ̄

(
`γ̄Aγ̄(k)− i∂Aγ̄(k)

∂k

)
(−1)mγ̄ eik`γ̄ + k

∑
γ̄

˙̀
γ̄(−1)mγ̄Aγ̄(k) eik`γ̄ = 0 ,
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and

k̈
∑
γ̄

(
`γ̄Aγ̄(k)− i∂Aγ̄(k)

∂k

)
(−1)mγ̄ eik`γ̄

+ 2k̇
∑
γ̄

(
ik`γ̄ ˙̀

γ̄Aγ̄(k) + ˙̀
γ̄Aγ̄(k) + k ˙̀

γ̄
∂Aγ̄(k)

∂k

)
(−1)mγ̄ eik`γ̄

+ (k̇)2
∑
γ̄

(
2`γ̄

∂Aγ̄(k)

∂k
− i∂

2Aγ̄(k)

∂k2
+ i`2

γ̄Aγ̄(k)

)
(−1)mγ̄ eik`γ̄

+ k
∑
γ̄

(῭̄
γ + ik( ˙̀

γ̄)
2)Aγ̄(k)(−1)mγ̄ eik`γ̄ = 0 ,

where the sum goes through the irreducible pseudo-orbits.

The second set of the main results is connected with the asymptotic positions
of the resonances for large energies. First, we give the theorem on the δ-condition.

Theorem 2.22. Consider a graph Γ with the δ-coupling at all the vertices. Its
resonances converge to the resonances of the same graph with the standard con-
ditions as their real parts tend to infinity.

The next two theorems deal with the δ′s-condition at the vertices, where ex-
ternal edges are attached.

Theorem 2.23. The resonances of the graph with the δ′s-coupling conditions at
the vertices converge to the eigenvalues of the graph with Neumann (decoupled)
conditions as their real parts tend to infinity.

Theorem 2.24. The resonances of the graph with δ′s coupling conditions at the
vertices, where the external edges are attached, and arbitrary self-adjoint coupling
at the other vertices satisfy

Im k → 0 as |k| → ∞ .

Examples for both types of results are given in the paper: the trajectories of
resonances near the eigenvalue for particular quantum graphs and positions of
resonances for large momenta.

2.8.5 On the Effective Size of a Non-Weyl Graph

The paper in Appendix E deals with the resolvent resonances for a graph with
external edges and gives results for the effective size of a graph with non-Weyl
asymptotics (see Section 2.5). First, the pseudo-orbit expansion for non-compact
quantum graphs was developed in this paper. It is the first use of the pseudo-orbit
method for quantum graphs with external edges, though the resonance condition
from Thm. 2.11 was obtained e.g. in [KS00, GS01]. The theory was introduced
in Section 2.6.
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Moreover, the effective size of a non-Weyl graph was studied and the following
results [Lip16a, Thms. 5.2, 5.3 and Cor. 5.4] on its value were obtained (for the
notation, see Section 2.6).

Theorem 2.25. A graph is non-Weyl iff det Σ̃(k) = 0 for all k ∈ C. In other
words, a graph is non-Weyl iff there exists a vertex for which det σ̃v(k) = 0 for
all k ∈ C.

For an equilateral graph (a graph that has all the internal edges of the same
length) we obtained the following theorem and corollary.

Theorem 2.26. Let us assume an equilateral graph (all internal edges have
lengths `). Then the effective size of this graph is `

2
nnonzero, where nnonzero is

the number of nonzero eigenvalues of the matrix QΣ̃(k).

Corollary 2.27. Let Γ be an equilateral graph with standard coupling and with
nbal balanced vertices. Then the effective sizeW < vol Γ− `

2
nbal iff rank (QΣ̃QΣ̃) <

rank(QΣ̃) = 2N − nbal.

In the next part of the paper, we developed a method of deleting some edges
of the oriented graph for a non-Weyl graph Γ and thus simplifying the pseudo-
orbit expansion for this graph. As the main results, we obtained bounds on the
effective size of an equilateral graph [Lip16a, Thms. 7.1 and 7.2] below and stated
a theorem on the positions of the resonances.

Theorem 2.28. Let us assume an equilateral graph with N internal edges of
lengths `, with standard coupling, nbal balanced vertices, and nnonneig balanced
vertices that do not neighbor any other balanced vertex. Then the effective size is
bounded by W ≤ N`− `

2
nbal − `

2
nnonneig.

Theorem 2.29. Let us assume an equilateral graph (N internal edges of the
lengths `) with standard coupling. Let there be a square of balanced vertices v1,
v2, v3 and v4 without diagonals, i.e. v1 neighbors v2, v2 neighbors v3, v3 neighbors
v4, v4 neighbors v1, v1 does not neighbor v3 and v2 does not neighbor v4. Then
the effective size is bounded by W ≤ (N − 3)`.

Furthermore, examples explaining the procedures are given in the paper.
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Chapter 3

Microwave Graphs

Although quantum graphs are a good model for describing the behaviour of a
quantum particle, performing quantum experiments can be difficult and expen-
sive. A good opportunity to model a quantum graph is to study microwaves
in coaxial cables. Since the Schrödinger equation without potential is up to
constants equivalent to the telegraph equation valid for the propagation of mi-
crowaves, the so-called microwave graphs can serve as a good test for quantum
graph theory.

The microwave graphs are studied mainly by the group of L. Sirko from the
Polish Academy of Sciences, which has published dozens of papers on the topic,
starting from the seminal paper [HBP+04]; from the other papers we mention
e.g. [HŁB+12, ŁSB+14, ŁLS19, ŁKB+21]. Another group that investigates mi-
crowave graphs is the group of H.-J. Stöckmann from Philipps-Universität Mar-
burg [AGB+14, RAJ+16].

3.1 Description of the Model and Setup
We briefly describe the microwave graphs that are used by the group of L. Sirko.
The microwave networks are built from coaxial cables and T-junctions. The
cables consist of two conductors, the inner conductor has the radius 0.05 cm, the
outer conductor has the inner radius 0.15 cm. Between the conductors, there is
teflon with the dielectric constant ε ≈ 2.06. The lengths of the quantum graphs
which correspond to the microwave network are given by the so-called optical
length `j = `g

j

√
ε, where `g

j is the geometric length of the cables.
The potential difference between the conductors Uij(x, t) has the form Uij(x, t) =

e−iωtUij(x), where ω is the angular frequency. In an ideal lossless cable with zero
resistance its space component Uij(x) satisfies the equation

d2

dx2
Uij(x) +

ω2ε

c2
Uij(x) = 0 , (3.1)

where c is the velocity of light. For more details, see e.g. [HBP+04]. This
telegraph equation is equivalent to the time-independent Schrödinger equation
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with zero potential (taken in the set of units h̄ = 2m = 1)

d2

dx2
ψij(x) + k2ψij(x) = 0 . (3.2)

In both equations the indices i, j in Uij(x) and ψij(x) correspond to the edge
connecting i-th and j-th vertex of the graph. The equivalence of equations (3.1)
and (3.2) can be obtained under the correspondence Uij(x)↔ ψij(x) and ω

√
ε

c
↔

k.
In the experiment, one can, of course, perform the measurement only with

real momenta. Since the scattering matrix for quantum graphs is unitary, the
absolute value of its determinant is equal to one for all k. Hence the resonances
cannot be seen by the scattering matrix in the ideal lossless case. Luckily, there
are always losses present and the resonances appear as peaks (to be more precise,
abrupt lowering of the absolute value of the scattering matrix determinant). The
closer the resonance to the real axis, the thinner the peak. In an experiment,
we aim to avoid two resonances with approximately the same real parts. These
resonances can be hardly distinguished from each other by the scattering data.

3.2 Results on Microwave Graphs
This section will be devoted to two results on microwave graphs presented in
Appendices F and G.

3.2.1 Non-Weyl Microwave Graphs

In the paper [ŁLS19] in Appendix F, the problem of non-Weyl resonance asymp-
totics is studied numerically and experimentally. Two graphs with the same
internal part were investigated. The graphs differ in the position of the vertices,
where the external edges were attached. The standard coupling conditions were
assumed. One of the graphs had Weyl asymptotics, while the second graph had
a balanced vertex (in our case, it connected two internal and two external edges),
and hence it was non-Weyl. Two experimental realizations of both graphs were
studied. The obtained number of resonances nicely corresponded to theoretical
predictions. In the first pair of networks, the Weyl network had 13 resonances
in the given frequency range and the non-Weyl network had 11 resonances in
this range. Both numbers were predicted theoretically. The second pair of net-
works was designed such that the edges emanating from the balanced vertex were
longer than in the first pair of graphs, hence the difference between the Weyl and
non-Weyl networks was more profound. The Weyl network had 15 resonances
and the non-Weyl network had 12 resonances, as expected theoretically. The
experiment shows that even if the Weyl formula is asymptotical, the theoretical
formulæ for the number of resonances are reasonably satisfied even for ten to
fifteen resonances.
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Moreover, the paper theoretically explains why the constant by the leading
term of the asymptotics is smaller for the non-Weyl graph. The main idea is that
for the symmetric part of the wavefunction on both external edges the balanced
vertex is transparent; in the given subspace the coupling condition is standard.
Hence this part of the graph is equivalent to an internal edge connected by the
standard condition to an external edge – hence there is no interaction between
these two edges and the wave can move freely, effectively reducing the size of the
graph.

To make the arguments more explicit, let us consider a vertex connecting
two internal edges (with wavefunction components u1 and u2) and two external
edges (with wavefunction components f1 and f2). Taking such parametrization
that x = 0 corresponds to this vertex for all the four edges, we get the coupling
condition

u1(0) = u2(0) = f1(0) = f2(0) , u′1(0) + u′2(0) + f ′1(0) + f ′2(0) = 0 . (3.3)

Now we define symmetrization and antisymmetrization of these wavefunction
components.

v+ =
1√
2

(u1 +u2), v− =
1√
2

(u1−u2), g+ =
1√
2

(f1 +f2), g− =
1√
2

(f1−f2).

From (3.3) we have u1(0) = u2(0) and f1(0) = f2(0) and hence

v+(0) = 1√
2
(u1(0) + u2(0)) =

√
2u1(0),

g+(0) = 1√
2
(f1(0) + f2(0)) =

√
2 f1(0) ,

v−(0) = 1√
2
(u1(0)− u2(0)) = 1√

2
(u1(0)− u1(0)) = 0 ,

g−(0) = 1√
2
(f1(0)− f2(0)) = 1√

2
(f1(0)− f1(0)) = 0 .

The coupling condition can be in the new functions written (using u1(0) = f1(0))
as

v+(0) = g+(0) , v′+(0) + g′+(0) = 0 , v−(0) = g−(0) = 0 . (3.4)

Notice that the condition between the symmetric functions v+ and g+ is the
standard condition connecting an internal and an external edge, while in the
antisymmetric subspace we have the Dirichlet condition.

Let h be the wavefunction component on the rest of the graph. Then the map

U : (u1, u2, f1, f2, h)T 7→ (v+, v−, g+, g−, h)T (3.5)

is unitary. It transforms the Hamiltonian H to the unitarily equivalent operator
HU = UHU−1. The “new” operator satisfies the coupling conditions (3.4). There-
fore, one can replace the internal and external edge (formerly connected by the
standard condition) by one external edge, reducing the internal part of the graph
and making the graph non-Weyl.
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3.2.2 Application of Topological Resonances in Experimen-
tal Investigation of a Fermi Golden Rule in Microwave
Networks

In the paper [ŁLBS21] in the Appendix G, the results of M. Lee and M. Zworski
[LZ16] were experimentally verified. The so-called topological resonances, i.e. the
resonances arising as perturbations of former eigenvalues, were investigated. The
Fermi golden rule (see Section 2.7) was verified in two particular examples of
microwave networks.

There were phase shifters installed in the microwave network. These phase
shifters allow to effectively change the lengths of the graph’s edges. From the
dependence of the absolute value of the scattering matrix determinant on the fre-
quency, the position of the topological resonance was determined for each value
of the optical length of the edges. Therefore, points on the resonance trajecto-
ry depending on the parameter t connected to the edge lengths were obtained.
Using these points, the trajectory of the resonance in the complex plane was
approximated by a parabola near the eigenvalue. As the final step, the second
derivative of the imaginary part of the resonance with respect to the parameter
t was found. The imaginary part of the momentum was fitted by the formula
Im k = at2 + b. The experimental values of the parameter a for both networks,
aexp = (−2.11 ± 0.40) m−1 and aexp = (−0.46 ± 0.03) m−1, are in good corre-
spondence with the theoretical values ath = −2.45 m−1 and ath = −0.46 m−1,
respectively.
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Damped Wave Equation

One can equip the graph (in this chapter we will assume a finite graph with N
internal edges) also with other operators than the Schrödinger operator. One of
the simplest models how to describe a graph composed of vibrating strings is the
system of equations

∂ttwj(t, x) + 2aj(x)∂twj(t, x) = ∂xxwj(t, x) + b(x)wj(t, x) , (4.1)

where x denotes the space variable and t denotes the time. The functions aj(x)
are called the damping and the functions bj(x) are denoted as potentials. The
index j distinguishes the edge of the graph. The system of equations (4.1) is
the system of partial differential equations which must be equipped with suitable
initial and boundary conditions.

The system of equations (4.1) can be rewritten more elegantly as

∂t

(
~w0(t, x)
~w1(t, x)

)
=

(
0 I

I d2

dx2 +B −2A

)(
~w0(t, x)
~w1(t, x)

)
. (4.2)

Here, I is the N × N identity matrix, A and B are diagonal N × N matrices
with entries aj and bj, respectively, ~w0 is the vector of functions wj and ~w1 the
vector of their time derivatives. The form (4.2) allows to easily solve the time
dependence of the solution; it can be written as wj(t, x) = eλtuj(x), where uj(x)
satisfies

∂xxuj(x)− (λ2 + 2λaj(x)− bj(x))uj(x) = 0 .

The problem (4.1) can thus be reformulated as the eigenvalue problem for the
operator

R =

(
0 I

I d2

dx2 +B −2A

)
,

with the domain consisting of two-component functions (ψ1(x), ψ2(x))T with
ψ1, ψ2 ∈ W 2,2(ej) for the corresponding edge and satisfying the coupling con-
ditions (2.2) at the vertices, where Ψj and Ψ′j are the vectors of limits of the
function values and derivatives at the vertices for the function ψ1(x) and Uj the
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coupling matrices. This coupling condition assures that the operator iR is self-
adjoint for the case without damping A = 0.

The above-defined operator is, of course, non-selfadjoint. Its eigenvalues are
typically approaching vertical lines in the complex plane as λ approaches complex
infinity. The damped wave equation was intensively studied in the case of an
interval, see, e.g. [CFNS91, CZ94, BF09, GH11]. For the studies of the wave
equation on the graph we refer to the review [Zua13] and the references therein,
where mostly controllability and observability of the problem are studied. Wave
equation with the indefinite sign damping on a star graph was researched in
[AMN13].

4.1 Results on the Damped Wave Equation

4.1.1 Eigenvalue Asymptotics for the Damped Wave Equa-
tion on Metric Graphs

The paper [FL17] in Appendix H is the first study of the equation (4.1) on a
metric graph in its full generality. The 4N2-parameter space of the coupling
conditions given by the coupling matrix U in (2.3) was considered in this pa-
per. Spectral properties of the model are analysed, with the emphasis on the
asymptotic properties for a large imaginary part of λ.

First, the asymptotic expansion of the eigenvalues of the operator R for an
equilateral graph (graph with the same lengths of the edges) was found. The fol-
lowing result [FL17, Thm. 3.1] generalizes the result of P. Freitas and D. Borisov
in the case of an interval [BF09]. It shows that the eigenvalues approach the ver-
tical lines in the complex plane of λ, as the imaginary part of λ goes to infinity.

Theorem 4.1. Consider an equilateral graph with N edges of unit length with the
coupling between vertices given by a matrix U as above. Denote the damping and
potential on each edge by aj and bj, respectively, and assume aj ∈ C1([0, 1]) and
bj ∈ C0([0, 1]). Then there exists a positive real number K0 such that for K > K0

if λ = r + iK is an eigenvalue, then λ + 2πi + O(1/K) is also an eigenvalue.
Similarly, if λ = r − iK is an eigenvalue, then λ − 2πi + O(1/K) is also an
eigenvalue. This means that there exist sequences of eigenvalues λns satisfying

λns = 2πin+ c
(s)
0 +O

(
1

n

)
(4.3)

as n goes to infinity.

To describe the above-mentioned behaviour, we defined the notion of a high-
frequency abscissa [FL17, Def. 3.4].

Definition 4.2. We say that ω0 is a high-frequency abscissa of the operator R
if there exists a sequence of eigenvalues of R, say {λn}∞n=1, such that

lim
n→∞

Imλn = ±∞ and lim
n→∞

Reλn = ω0.
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The number of distinct high-frequency abscissas of H will be called its abscissa
count αc.

The results on the positions of the real parts of the eigenvalues are given
in [FL17, Thm. 4.1, Cor. 4.2], see the Appendix H. Using the pseudo-orbit
expansion, the results on the number of distinct high-frequency abscissas are
obtained [FL17, Thm. 6.4], both for general equilateral graphs and for so-called
bipartite graphs. A graph is bipartite if it admits partition into two classes such
that every edge ends in different classes. To state the main result, we define the
measure µ∞ [FL17, Def. 6.1].

Definition 4.3. Let I be an open interval in R and T > 0. Then we define the
probability distribution µT (I) by

µT (I) =
#{λ : Reλ ∈ I, |Imλ| < T}

#{λ : |Imλ| < T} .

We define µ∞(I) by limT→∞ µT (I).

Theorem 4.4. Let Γ be an equilateral graph with N edges of length one, with
coupling given by (2.3) and with damping and potential functions aj(x) ∈ C1[0, 1],
bj(x) ∈ C0[0, 1], possibly discontinuous at the vertices.

i) The measure µ∞ is atomic with atoms with measures given by mi
2N

with mi

being a positive integer. The number of atoms is at most 2N and
∑αc

i=1mi =
2N .

ii) If the graph is bipartite with Robin coupling on the boundary and standard
coupling otherwise, then all mi’s are even.

iii) For a tree graph with Robin coupling on the boundary and standard coupling
otherwise, having all vertices of odd degree, there always exists a damping
for which the maximum possible number of N atoms allowed by i) and ii)
is achieved.

Numerical examples for particular graphs are given, including an example
where the case of different edge lengths was studied.
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Chapter 5

Polyharmonic Operator

The final chapter is devoted to the operator that uses derivatives of higher order.
One of the considered operators is a n-th multiple of the Laplacian and acts as

Pn = (−1)n
d2n

dx2n
.

The second operator is its generalization which acts as

Hn = (−1)n
d2n

dx2n
+

m∑
j=0

qj(x)
dj

dxj
.

with m either fixed or dependent on n such that m(n) ≤ n.
We will consider the simplest metric graph – the interval (0, T ). Since both

operators are of the 2n-th order, we prescribe n boundary conditions at each
endpoint. We will use here the most common, Dirichlet boundary conditions

f (j)(0) = f (j)(T ) = 0 , j = 0, . . . , n− 1 .

Polyharmonic operators have applications in the problems in linear elasticity
theory (see, e.g. [BL13]). The polyharmonic operators have been recently studied,
e.g. in [Kar21, KN22, BLPS21, RS21].

5.1 Spectral Determinant
One of the spectral quantities that could be studied for an operator is the spectral
determinant. In [FL20], we investigated it for the polyharmonic operator. The
spectral determinant is a generalization of the notion of the determinant of a
matrix and tries to find the product of the eigenvalues for an operator which has
(in general infinitely many) eigenvalues and no absolutely continuous spectrum.
To define it, we first introduce the spectral zeta function for the operator T

ζT (s) =
∞∑
j=1

λ−sj ,
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where λj are the (non-zero) eigenvalues of T and s is the complex parameter.
If the operator has eigenvalues equal to zero, we remove them. The sum in the
zeta function is typically convergent only for Re s larger than some positive value.
However, one can meromorphically continue it to the whole complex plane. This
allows to define the spectral determinant as

det T = exp (−ζ ′T (0)) .

This definition is in good correspondence with the usual definition of the
determinant of a matrix, i.e. the product of the eigenvalues. If the operator T
has finitely many eigenvalues (for instance, O), one can write

ζ ′T (0) =
O∑
j=1

∂

∂s
exp (−s ln(λj))|s=0 = −

O∑
j=1

ln(λj)

and hence

det T = exp

(
O∑
j=1

ln(λj)

)
=

O∏
n=1

λj .

Spectral determinants have several applications in physics, for instance, string
theory or quantum field theory [Dun08]. There are results on spectral determi-
nants for Sturm-Liouville operators [LS77, GK19, ACF20], and Dirichlet Lapla-
cians on balls or polygons [BGKE96, AS94]. A general result for elliptic operators
[BFK95] was applied in [FL19, FL20].

5.2 Results on the Polyharmonic Operator

5.2.1 The Determinant of One-Dimensional Polyharmonic
Operators of Arbitrary Order

The paper [FL20] in Appendix I studies the spectral determinant for the polyhar-
monic operator. Using the result on general elliptic operators [BFK95], it finds a
closed expression for the spectral determinant of the polyharmonic operator Pn.
Moreover, asymptotic expressions for large n are found for both operators. We
copy here the results in [FL20, Thm. A, Thm. B].

Theorem 5.1. The determinant of the polyharmonic operator Pn defined on the
interval (0, T ) with Dirichlet boundary conditions is given by

detPn =

(
T

2

)n2

(4n)n∏n−1
k=1

[
sin2(n−k)

(
kπ
2n

)] n−1∏
k=0

k!

(n+ k)!
.

Furthermore, for large values of n it satisfies

log (detPn) = −n2 log n+

[
7ζ(3)

2π2
+

3

2
+ log

T

4

]
n2 +O(n) , (5.1)

where ζ denotes the Riemann zeta function.
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Theorem 5.2. Let Hn be the polyharmonic operator defined on the interval (0, T )
together with Dirichlet boundary conditions defined above, where qj ∈ C∞([0, T ])
are complex functions defined on the interval [0, T ], and m is either fixed or
dependent on n such that m(n) ≤ n. Then, the determinant of the operator Hn

satisfies
log (detHn) = log (detPn) +O (1/n) .

as n goes to ∞. In particular, it has the same asymptotic behaviour as that of
log(detPn) given in (5.1).
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µn sequence of zeros of

∏N
i=1(−k sin k`i)

µT , µ∞ measures used for the damped wave equation
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