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Introduction

In this thesis, we concern ourselves with an indefinite Laplacian on a bounded rectangle on con-
stantly curved surfaces containing a material-metamaterial interface. The indefinite Laplacian
frequently occur in mathematical models of metamaterials characterized by negative permitivity
and/or permeability. These metamaterials can lead to negative refractive index and interesting
optical effects such as metamaterial cloaking and superlensing.

It is known from work of other authors (presented later in this thesis) that the operator on a
rectangle in flat underlying space R", n > 2, has non-empty essential spectrum and contains zero
exactly when a parameter called contrast is “critical” — that is an unusual effect on bounded
domain caused by a domain transmission condition on the interface.

We want to explore the effects of curvature on the spectrum of the indefinite Laplacian. Math-
ematically, the operator considered does not possess ellipticity, nor is semi-bounded and so,
standard form-theoretic methods theory do not apply directly.

The thesis is organized as follows. First, we will sketch the problem and provide physical moti-
vation in terms of quasi-static approximation to Maxwell equations and special metamaterials
with negative permitivity and/or permeability. We then proceed to give a brief overview on the
available literature for various cases and generalizations of the problem.

We proceed to give an overview of some main areas of mathematical theory used in the thesis,
such as the notion of exponential maps and curvature of Riemannian manifolds and later also
Hilbert spaces of square-integrable functions defined on Riemannian manifolds.

After introducing the necessary concepts, we define formal geometrical setting of the problem as
a tubular neighbourhood on a constantly-curved Riemannian manifold in terms of exponential
map and normal coordinates and finally provide definition of the operator as an indefinite
Laplacian on the curved bounded tubular neighbourhood, given in terms of Laplace-Beltrami
operator. As was proven in author’s previous work, it can be given as an essentially self-adjoint
Dirichlet realization.

Finally, we present original results and approaches to spectral analysis of the indefinite Lapla-
cian. By constructing singular Weyl sequences, we obtain that zero is in the essential spectrum
whenever a certain parameter called contrast is “critical”. Then, we refine the argument in case
of zero curvature to show that zero is the only point of the essential spectrum and is empty
when the contrast is non-critical. The asymptotic analysis of the characteristic equation for
eigenvalues in the curved case is much more involved due to presence of associated Legendre
functions. We were able to obtain conclusive results only for positive curvature.

The last chapter provides a rather general and elegant approach using forms. We were able to
prove emptiness of essential spectrum in non-critical contrast case regardless of curvature and
also sketch possible generalizations regarding non-constant curvature.
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Chapter 1

Motivation

1.1 Physical motivation

We will entertain the quasi-static approximation to Maxwell equations for a scalar electric po-
tential. In this framework, the electric and magnetic fields are no longer dependent on the
counterpart’s field time derivatives. This way, the problems for electric and magnetic field
separate. In the following, we will work only with the electric field

div D = p, rot E = 0. (1.1)

These equations are the Gauss and Faraday law without presence of magnetic field. From
differential identity rot grad = 0 we can see that the field E=— gradV can be described by
a potential. Combining with relation for homogeneous material D= eE we obtain for the
potential V'

—div(egrad V) = p. (1.2)

In this thesis, we will examine this operator on the left-hand side of (1.2) (as a special case) in
a bounded rectangular domain 2 C R? in the Hilbert space of L%*(Q)

A= —divegrad,
dom A := {1 € L*(Q) | Ay € L*(Q), ¢ |go= 0},

{€+7 LS QJrv
e(x) :=
—€e_, zE€N_,

(1.3)

for Q@ = Q4 UQ_, Q4 rectangular, and constant eL > 0 — the jump signifying the transition
between a metamaterial with negative permitivity in {_ and a classical material with positive
permitivity in Q4. The interface between them will be denoted as I'. The operators will be
properly defined in the next chapter.

The main focus is to explore the operator on a submanifold €2 of a two-dimensional Riemannian
manifold with a constant Gaussian curvature, importantly in the case of critical contrast x :=

E—f = 1. The geometry model used here is due to Krejcitik and Siegl [29], although used for a
different operator setting.

Detailed self-adjoint realisation in [6] is examined in the case of a particular rectangle in R2.

Complementary results for smooth €2 and 24+ € R™ with smooth interface I' is discussed and

solved in [12] and some applicable results from the references below. In two dimensions, 0 is
13



in the essential spectrum whenever x = 1. Note that the problem does not directly lead to an
elliptic or semibounded operator and hence is outside the standard frameworks. It was found
that the functions in domain of a self-adjoint realisation of A do not belong to any local Sobolev
space H*, s > 0 in the case of a symmetric flat rectangle in R2. The case of a rectangle in higher
dimensions was examined in [26].

The main motivation of this work is the metamaterial cloaking phenomenon, for mathematical-
oriented survey of recent progress, see [37] and [20] for general information on metamaterials.

1.2 State of research

One of the first conducted research of mathematical properties of operators appearing in the
material-metamaterial interface problems was published in 1999 [9]. There, the authors consider
analysis of the problem

dom A = {u € H&(Q) div (eVu) € Lz(Q)} )
(1.4)

e
Au = —div (eVu), Vu € dom A, e(x) = {GJ” o +
—e_, xe_,

for ex > 0, e, # e_ such that Q = Q4 U Q_, boundary X of € sufficiently regular, boundary
I'_ of Q_ Lipschitz continuous and ¥ NT'_ = (). For this non-critical contrast, the resulting
operator is self-adjoint, has a compact resolvent and its eigenvalues are accumulating to +oco. It
is also of interest that when interface I' is not smooth, for example when there is a right-angle
corner on I', then the results extend to values of contrast x := :—f which do not belong to some
interval containing the critical contrast of 1. For values of contrast « inside the critical interval,
the operator A is not self-adjoint.

Regarding the mathematical justification of negative permitivity and/or permeability appearing
in Maxwell equations, these parameters are negative only effectively — they are negative in a
sense of homogenisation, i.e. only when electromagnetic waves have wavelength much greater
than typical distance of the metamaterial structure. See references [10, 11, 19, 30, 31] for split-
ring resonators and bulk dielectric inclusions to achieve effectively negative parameters also near
resonant effects in the media in both Q C R? and © C R3.

In [14], the authors explore well-posedness of system
1
div <Vu) +w?pu=f inQ (1.5)
€

with Dirichlet boundary conditions in H!(2) for the case of sign-changing permitivity ¢ on an
interface and source f € L?()). The problem was reformulated in a variational approach and
allowed to tackle non-constant permitivities e+ and Lipschitz-regular interface I'. In a following
paper [8], the authors applied the framework of T-coercivity to achieve better results. In the
following paper [7], the framework was improved to prove results about well-posedness based
only on the localisation of values of € to the neighbourhood of interface I'. A large quantity of
examples was provided for domains in both R? and R3. Finally, similar results were derived for
the full non-scalar Maxwell problem in [15] in a time-harmonic case. Important observations are
that the time-harmonic Maxwell problem can be fully solved in terms of scalar problems which
highlights importance of studying the scalar problems introduced so far.

The situation in 2 C R is covered in [27, 25, 18]. For general domains with smooth interface I'
(this is the case of this thesis for zero Gaussian curvature of the Riemannian manifold), see [12].
14



1.3 Anomalous localized resonance

Regarding the invisibility cloaking phenomena, a framework used for mathematically rigorous
description is that of Anomalous Localized Resonance (ALR). When the cloaking phenomenon
occurs, it is usually spoken of as Cloaking due to Anomalous Localized Resonance (CALR) [35].

Following [34], we say an inhomogeneous body exhibits ALR if as the loss (imaginary part
of permitivity/permeability) goes to zero (or for static problems, as the system of equations
lose ellipticity) the field magnitude diverges to infinity throughout a specific region with sharp
boundaries not defined by any discontinuities in the moduli, but the field converges to a smooth
field outside that region. A region where the field diverges will be called a region of local
resonance. For equivalent conditions for ALR to happen, see [38].

For quasi-static results, consult [33] where they concern themselves with quasi-static approxi-
mation. They prove that CALR can, at least approximately, occur in the case of quasi-static
approximation in R? and even in R3 for some simple setups.

In paper [4], they consider the dielectric problem above with a source term «f, proportional to
f- The domain is the typical annulus and permitivity with loss going to zero. Cloaking of the
source is achieved in a region external to the metamaterial. The cloaking issue is directly linked
to the existence of ALR. For a fixed dipolar source within a critical distance of the metamaterial,
the total electrical power absorbed would become infinite as § — 0, which is unphysical. The
anomalously resonant fields interact with the source which results in the source having to do a
large amount of work to maintain its amplitude; in fact, an infinite amount of work in the limit
0 — 0. Therefore, it makes sense to normalize the source term (by adjusting «, letting it depend
on J) so the source supplies power at a constant rate independent of §. Then outside the region
where ALR occurs the field tends to zero as § — 0: the source becomes cloaked.

The ALR in  C R? is usually achieved in an annulus setting with piece-wise constant e,u. It
was proved, that in R?, the ALR does not occur in the same setup — it does occur, however,
when € and p are carefully chosen tensors.

An important connection between the ALR procedure for loss going to zero, e = (=1 —10)1q_ +
lg,, d = Qe — 0, and properties of the limit operator with e = —1g_ +1q, for smooth interface
I" is presented in [12].

15



Chapter 2

Mathematical prerequisites

2.1 Notation
For a complex number x € C, we denote its real and imaginary parts as

r = Rxr +iSz (2.1)
for imaginary unit i2 = —1.

Definition 2.1. Let C§°(U) denote the space of infinitely differentiable functions ¢ : U — R,
with compact support in U. We will sometimes call a function ¢ belonging to C5°(U) a test
function.

2.2 Asymptotics

For references on asymptotics, see [39)].

Definition 2.2. Let f : X — C be a real or complex function, g : X — R a real function, g > 0,
both defined on an unbounded subset X of positive real numbers. We say that

f(z) =0 (g(x)) asz— +oo (2.2)
if there exists M > 0 and xg € R such that

|f(z)] < Mg(x), V> 0. (2.3)

Definition 2.3. Let f be a real or complex function, g a real function, g > 0, both defined on
an unbounded subset or positive real numbers. We say that

f(@)=o0(g(x)) asz— +oo (2.4)
if for every € > 0 there exists xg € R such that

|f(2)] < eglx), Va> . (2.5)

16



2.3 Geometry

We will assume familiarity with basic geometric concepts. For more details, see for example [32,
41]. We will use the Einstein summation convention unless stated otherwise.

Definition 2.4. Let M be a manifold, and let X' (M) denote the space of smooth vector fields
on M or equivalently, sections of the tangent bundle TM. A linear (or affine) connection on M
is a map

ViXM)xX(M)— X(M), (2.6)
written (X,Y) — VxVY, satisfying the following properties for X1, X, Y7,Ys € X(M):

VfX1JrgX2}/ = va1Y +9Vx,Y for f,g € COO(M)a
Vx(aYy +bYs) =aVxY; +bVxYs fora,b e R, (2.7)
Vx(fY)=fVxY +(Xf)Y for feC®(M).

Note 2.5. For a linear connection V, we can introduce Christoffel symbols Ffj of V given, in a

local coordinate chart E; = %, by

Vi, E; =T},Ey. (2.8)
Then, for X,Y € X (M), given in a local frame by X = X'E;, Y = Y'E;,

VyY = (XY’“ + Xiw‘rfj) Ey. (2.9)

Definition 2.6. Let M be a manifold with linear connection V and let v : I — M be a smooth
curve in M. Curve 7 is called a geodesic with respect to V if

Vi =0 on-r. (2.10)

Theorem 2.7 (Existence and Uniqueness of Geodesics). Let M be a manifold with a linear
connection. For anyp € M, any V € T,M, and any ty € R, there exist an open interval I C R
containing to and a geodesic v : I — M satisfying v(to) = p, ¥(to) = V. Any two such geodesics
agree on their common domain.

Definition 2.8. A Riemannian metric on a smooth manifold M is a 2-tensor field g on M that
is symmetric, g(X,Y) = ¢g(Y, X), and positive definite. The manifold M together with a given
Riemannian metric is called a Riemannian manifold (M, g).

Lemma 2.9. There is a unique connection V on a Riemannian manifold (M, g) that is com-
patible with g:
Vx g(Y.Z) = g (VxY, 2) + 9 (Y, Vx Z) (2.11)

and is symmetric. This connection is called Levi-Civita connection and it is assumed to be the
default connection when mentioning Riemannian manifolds from now on.

Theorem 2.7 implicitly defines a map from the tangent bundle to the set of geodesics in M, or
a map from (a subset of) the tangent bundle to M itself, by sending the vector V' to the point
obtained by following ~y for time 1. In text below, we will assume that ~y is maximal, i.e. it
cannot be non-trivially extended to a larger domain.

17



Definition 2.10. Let (M, g) be a Riemannian manifold. Exponential map is a map
exp: & — M, expV :=y(1), (2.12)

where
E={VeTM: : 3y :1>[0,1] > M}. (2.13)

The restricted exponential map is given by

exp,, 1= exp ‘Sp’ E i =ENT,M. (2.14)

Definition 2.11. If (M, g) is a Riemannian manifold and v : I — M is a unit-speed curve
(parametrized by arc length), we define geodesic curvature of v as the function x : I — R given
by

K(t) =|V43(t)| (2.15)

In further definitions regarding curvature, we will assume that (M, §), (M, g) are Riemannian
manifolds, M C M, ¢+ : M — M is injective immersion and g = ¢*g for pull-back ¢* and M is
called an ambient space. Then, for each p € M, we have orthogonal direct sum

T,M = T,M & (T,M)", (2.16)
where (TpM)L =: N, M is the normal space at point p and NM := HpEM N, M is the normal
bundle. Notation N (M) is used for sections on the normal bundle.

If X,Y € X(M) are vector fields in M, we can extend them to vector fields in M and then

~ ~ T - L

VY = (VXY> + (vXY) , (2.17)
where V is the Levi-Civita connection on M.

Definition 2.12. Second fundamental form of M is defined as the map I : X x X — N (M)
given by

- i
I(X,Y) = (VXY) , (2.18)
with X and Y extended to M arbitrarily.

Consider the special case of M = R""!, dim M = n. Then at each point of M, there are exactly
two unit normal vectors. If M is orientable, the orientation can be used to select the normal
vector, otherwise we restrict ourselves to subset of M so that it is orientable. The resulting
vector field N is smooth section of NM.

Definition 2.13. The scalar second fundamental form h : X(M) x X(M) — C>®(M) is the
symmetric 2-tensor field on M defined by

B(X,Y) = g(I(X,Y), N). (2.19)
Since NM = span N, we have
I(X,Y)=h(X,Y)N. (2.20)
and local coordinates,
h=higdatdad,  hy = h(Fe o) (2.21)

18



Definition 2.14. By lifting one index of h, we get the 1,1-tensor field shape operator s :
X(M)* x X(M) — C*(M) by

s =h’; 8(; ®da’l, R = gFhy. (2.22)
This tensor field can be identified with endomorphism
S:XM) - X(M), s(w,X)=w(sX) (2.23)
for w e X*(M), X € X(M). Then,
g(8X,Y)=h(X,Y) (2.24)

for all X,Y € X(M).

Lemma 2.15. As h is symmetric, § is self-adjoint and we have for the real eigenvalues

o(8) =:{kK1,...,kn}. (2.25)

Definition 2.16. Gaussian curvature K : M — R is defined as

K :=dets=kr1 - Kp. (2.26)

Theorem 2.17 (Gauss’s Theorema Egregium). Let M C R? be a 2-dimensional Riemannian
submanifold. Then Gaussian curvature K is an isometry invariant of (M,g). By suitable
definition of Gaussian curvature of general (M,g), it can be shown that it does not depend
on particular immersion of M into M and is an intrinsic property of (M,g).

2.4 Analysis

For literature on functional-analysis and spectral parts of this thesis, we recommend litera-
ture [17, 16, 2]. For Sobolev spaces on manifolds, see [23], for complex analysis references,
see [40].

Theorem 2.18 (Identity theorem). Suppose Q@ C C is a connected open subset, f analytic in
and

Z(f):={aeQ: f(a)=0}. (2.27)

Then either Z(f) = Q, or Z(f) has no limit point in 2. In the latter case there corresponds to
each a € Z(f) a unique positive integer m = m(a) such that

() = (:—a)"g(z), 2€9 (2.28)
where g is analytic in Q and g(a) # 0. Furthermore, Z(f) is at most countable.

Definition 2.19. Suppose u,v € LllOC are locally integrable functions and « is a multiindex.

We say that v is the o weak derivative of u, written
D% = v, (2.29)
provided
/UuDagZ) dz = (1) /Uv(b dz (2.30)

for all test functions ¢ € C§°(U).
19



Definition 2.20. The Sobolev spaces WP (U) consists of all locally integrable functions wu :
U — R such that for each multiindex a with |a| < k, D*u exists in the weak sense and belongs
to LP(U). We identify functions which agree almost everywhere.

The space WP (U) is equipped with a norm

1/p
Dl» dx) , 1 <p<oo,
oy = | (Sletzi Jo] <p (231)
la|<k €58 supy | D%ul, p =00,

making it into a Banach space. We write W*?2(U) = H*(U) for the Hilbert spaces when p = 2.

Note 2.21. An alternative definition of Sobolev spaces for p > 1 is as a completion of
{ue C®WU) [fullyr < o0} (2.32)

for the norm || - ||k given above.
Definition 2.22. We denote by Wg’p the closure of C§°(U) in W*P(U).

Remark 2.23. On a Riemannian manifold (M, g) with dimension n, Lebesgue integral with
measure dv(g) can be introduced. Informally, in local coordinates,

dv(g) = /| det g|da' A--- A da™ (2.33)

For formally correct introduction of Lebesgue measure, see the reference.

Definition 2.24. Let (M, g) be a smooth Riemannian manifold. For k integer and u : M — R
smooth, we denote by V¥ the k' covariant derivative of u and |V*u/ is the norm of V*u defined
in a local chart by

[Vhu| = gt g (Vhu) - (TRa) (2.34)
i1k J1---Jk

where ¢ = (¢g71)ij, (VFu)iy 5, =V o ...V 5 wand the V is the natural extension of the
oz dx'k
linear connection to general tensor fields given in [23, 32].

Note that (Vu), = d;u, while (Vzu) = Oiju — Ffjaku. Given integer k and p > 1, set

)

k.p =<u > Vi =0.... JulP dv o0 p . .
c (M)._{ € (M) V) =0,k /Mv P dv(g) < + } (2.35)

For u € C(M), set

el = io ([ 1vturans) " (236)

The Sobolev space W*P(M) is then defined as the completion of C*P (M) with respect to ||-||jyr.p-

And finally, we will assume familiarity with theory of linear unbounded operators on Hilbert
spaces, for example notions of closure of an operator, its adjoint, symmetric and self-adjoint
operators and their spectral theory. See [28, 13] for references.
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Definition 2.25. Let H be a self-adjoint operator in a Hilbert space H. Then the set of all
A € C such that A is an eigenvalue of finite multiplicity and it is an isolated point of the spectrum
o(H) is called the discrete spectrum and is usually denoted o4(H). The complement

Oess(H) :=0(H) \ 04(H) (2.37)
is called the essential spectrum of H.

Lemma 2.26 ([24]). Let H be an operator on a Hilbert space H. The essential spectrum of a
self-adjoint operator H is then

Oess(H) = {)\ € C : 3 non-compact {¢p tneny C dom H, ||¢,] = 1, nh_}n(a)<> | Hpp — My || = O} .

Non-compact sequences are those that contain no converging subsequence. The sequences {1n}, cx
with such property are called singular.

Note 2.27. For spectrum o(H ), there is

o(H) = {A € C: 3 {tnknen C dom H, ||l = 1, lim || Hes — Mpn | = o} . (2.38)

Definition 2.28. An operator A is essentially self-adjoint if it is symmetric and its closure A
is self-adjoint.

Theorem 2.29 ([13]). Let H be a symmetric operator on a Hilbert space H with domain L,
and let {frn}°,; be a complete orthonormal set in H. If each fy, lies in L and there exist \,, € R
such that H fp, = A fn for every n, then H is essentially self-adjoint. Moreover, the spectrum of
H is the closure in R of the set of all \,,.

We will not use the following theorem directly, but we leave it here to compare to theorems in
the last chapter. The following version holds for real Hilbert spaces, see [28, §6.2.1] for complex
Hilbert spaces — it is usually called the first representation theorem.

Theorem 2.30 (Lax-Milgram, [17]). Let H be a real Hilbert space. Assume that
a:HxH—-R (2.39)
s a bilinear mapping, for which there exist constants c, B > 0 such that it is bounded
la(u,v)] < allullljvll, u,veH, (2.40)

and coercive
a(u,u) > Bllull?, weH. (2.41)

Finally, let f: H — R be a bounded linear functional on H. Then there exists a unique element
u € ‘H such that
a(u,v) = f(v), YveH (2.42)

and by Riesz theorem, there exists a unique n € H such that

a(u,v) = (n,v), YveH. (2.43)
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Chapter 3

Geometrical and functional problem
setting

3.1 Geometrical setting

We will use the same geometrical setting as in author’s previous work [18] heavily inspired
by [29]. In this section, we will make frequent use of Sobolev spaces on manifolds [23] and Fermi
coordinates [22] in tubular neighbourhoods [21]. See references for details.

Let us define a rectangular domain Qg C R?,
QO = (—b, CL) X (O,C) = J1 X J2 (31)

and denote Qo = (0,a) x Ja, Qo— = (=b,0) x Jo, I'y = {0} x J2 and overall, we have a
disjoint union Qy = Qo— UTo U Qoy. Let the metamaterial interface be C = {0} x (0,¢). The
metamaterial is located in Qp_ = (—b,0) x Jo and material with positive permitivity is located
in Q(p,. = (O,a) X Ja.

Consider a two-dimensional Riemannian manifold M and assume that its Gaussian curvature
K is continuous (which holds if M is C3-smooth or is embedded into R3). Additionally, let
I':Jy = M be a C? parametrized by arc length. This curve I' will serve as a metamaterial
interface. Let us introduce a tubular neighbourhood €2 of curve I'. In case of a = b, {2 can be seen
as a set of points on M with geodesic distance less than a from I'. Define a map £ : Q5 — M
as

L(x1,72) = eXPr(g,) (21N (z2)), (w1,22) € Qo (3.2)

where exp, is the exponential map of M at point ¢ € M and N(z2) € Tp(,,)M is a normal
vector to curve I' in 9 € Js, an element of tangent space to manifold M. The coordinates are
chosen so that £(I'g) = I'. Finally, denote

Q:=L(Q), Q=LQ), QU :=L(D). (3.3)

In the following text, £ : Q¢ — Q will be assumed to be a diffeomorphism. Set 2 can be
parametrized via the geodesic parallel coordinates (x1,x2). It follows that

9= <(1) ;32) (3.4
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Figure 3.1: Curve I' on a Riemannian manifold and its tubular neighbourhood 2. At every point
of I, there exists a geodesic perpendicular to I" which is used to construct a rectangle on the
manifold. The tubular neighbourhood 2 is diffeomorphic to a rectangle 2y in Fermi coordinates
x1, 22 (on the right) with induced metric g = diag(1, f?).

where f is continuous and has continuous partial derivatives 0y f, 07 f satisfying the Jacobi
equation

f(0,)) =1
o1 f(ov) = —h,

where K is Gaussian curvature at a point with local coordinates (z1,x2) and x is the geodesic
curvature of I'.

NF+Kf=0 A { (3.5)

The solutions for constant Gaussian curvatures are

cos(VKxy) — % sin(vKx) if K >0,
floy, @) = ¢ 1= k(x2) - 21 if K =0, (3.6)

cosh( \K!xl)—%sinh( |K|z1) if K <0,

and from now on, we will assume that the geodesic curvature of I' is identically zero, i.e.

‘ curve I' is a geodesic.‘ (3.7)

A manifold (M, g) with arbitrary K € R is diffeomorphic to one with K € {—1,0,1}. Hence, up
to diffeomorphism, we can setup our problem in a L?(£, g) space with measure dv(g) given
by
cos(zy)dzy dzy, if K = +1,
dvg = ¢ dxy das, if K =0, (3.8)
cosh(zq) dxy dag, if K = —1,

and in order for g to be a positive-definite metric, we have to restrict the dimensions of the
rectangle in case K = +1 to

K=+1 = abe (0,2). (3.9)
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(a) A pseudosphere, K = —1. (b) A cylinder, K = 0. (c) A sphere, K = +1.

Figure 3.2: Rectangles as defined by construction (3.2) depicted on various manifolds with
constant curvature. The boundary of the rectangle is red and the inside is blue. In fact, the
blue color represents values of eigenfunction corresponding to mode m = 1.

The assumption of £ being a diffemorphism also means that geodesics on €2 do not intersect as
then £ would not be bijective. This assumption can be weakened by only requiring f, f~! €
L>(Q, 9).

Define piecewise-constant permitivity € : 9 — R using

e(x1,x9) == e+ (wnaz) €9 (3.10)
’ —€_, ($1,$2) €O

for constants e+ > 0. The contrast kK € R, kK > 0 is then defined as

K= i-* (3.11)

In the text of the thesis, we will sometimes omit the index of 2y and write only 2 and we will

often use notation for the coordinates on Qg as 1 =z, 2 = ¥.

3.2 Indefinite Laplacian on manifolds

In local coordinates on a manifold (€2, g) we have the following identities for grad ¢ and div X
(grad¢)" = (dy)" = ¢” 9; 4, (3.12)

1 .
ivX =——0; . .
div X N (V191X (3.13)

Differential expression —div(egrad) can be written as

—div(egradvy) = —% 01 (ef(%/i) 1 02 (6%%) , (3.14)
24



and for piecewise constant e, it can be given as

- (o B WAV
—div | egrad = g 3.15
g (¢ At (3.15)
for 1 € H*(Q4,9) & H*(Q_,g) and A, is a Laplace-Beltrami operator.

Let us summarise definition of the Dirichlet realisation of differential expression —div (e grad)
on constantly-curved manifold from [18] with permitivity € given as a piecewise constant func-
tion (3.10).

For a Riemannian manifold (M, g) with constant Gaussian curvature, define an operator Ag -
dom A — L?(2) as in [18] with dom A considered as a subset dom Ax C L?(f)

Y+ |90,= 0,
R (?) € H2Q,9) ® HAQg) | 4+(0,) = ¥-(0,)
€+ 0194+(0,-) = —e_ 019_(0,)
(3.16a)
, . o/ 02— 01 +VEK tan(VKz1) 01, if K >0,
Ag=| ) {-05-01, if K=0,  (3.16b)
_W\}% 03 — 02 —/—K tanh(v/—Kxz1) 01, if K <0.

The operator can be written in a unified fashion using expression valid for K € R as

Ay = (6: ) (-2(\1@) ag—a%+\/Etan(\/Ex1)al> . (3.17)
— CcOs T

The operator Ag is essentially self-adjoint for any K € R using construction of eigenvectors of
A which form an orthonormal basis of L?(€2). Denote its self-adjoint closure as A := A.

3.3 Known basic properties of the operator

The following observations have been proved in author’s previous work [18] along with explicit
formulas for eigenvalues and eigenfunctions. The eigenfunctions are in C*°(21). See sections 4.2
and 4.3 for more details or the original work.

Theorem 3.1. The operator A is symmetric and essentially self-adjoint. The spectrum of

A:= A is a closure of the set of all eigenvalues of A.

Proof. The proof relies on separation of variables and unitary transform of the separated self-

adjoint operator acting on L2 ((—b7 a),g\(_b a)> into a Laplacian in one dimensional space

L? ((—b, a), id(,b,a)) without any effect of curvature plus a potential describing the effects of

curvature. The potential is attractive in case of positive curvature, repulsive for negative curva-
ture. Then it concludes by finding an orthonormal base of eigenfunctions so that Theorem 2.29
gives the essential self-adjointness. O
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Remark 3.2. The construction in the proof can be generalized to those Riemannian manifolds
such that, in normal coordinates, g(x,y) = diag(1, f?(x)). The unitary transformation

U: L*(J;,dz) — L*(Jy,dvgk)
(U)(x) = 72 (x)(x)

and then the potential in [18] is given as

') fl@)? m?
Vidt(x) = - + . 3.19
RO)= 55w " a2t rap 319
It should be noted that the Jacobi equation connecting the metric and curvature is now more
complicated.

(3.18)

Theorem 3.3. Let (0, g) be a Riemannian manifold with constant Gaussian curvature K # 0
and A the operator (3.16). Then, there exists a homothetic transformation 7 : Qo — Qo of

domain Qy = (=b,a) x (0,¢) onto Qo = |K]%Qo so that
AKw‘(gjl,xQ) = (’K|A(sgnK)1;> ° T|(m1,12)' (320)

with tildes denoting object on Q. The spectrum of the operator on the original, respectively
transformed domain, satisfies

o (A, a,b,¢) = |K|o (AsgnK, VEKa, VKb, \/Ec) . (3.21)
Proposition 3.4. In case of K =0, we have

& #1 = 0ess(A) = 0. (3.22)

€_

In a non-critical case, we have for K € R and special case of a = b that 0 is an eigenvalue of
infinite multiplicity and hence
0 € Tess(A). (3.23)

Aim of this work is to give a more complete characterization of the essential spectrum.
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Chapter 4

Spectral analysis

4.1 Construction of singular sequences

In this section, we will show that for the critical contrast E—f =: k = 1, the operator A defined
on a manifold with arbitrary constant curvature always contains zero in the essential spectrum.
Proposition 4.1. €, = e = 0 € 0e(A)

Proof. We can easily see, that the function (z1,z3) — sin (”7”1:2) satisfies Dirichlet boundary
conditions on boundaries perpendicular to the x5 axis. For this reason, we will now try to find
suitable singular sequences in the form (z1,x2) = (z,y) — g(x)sin (%y), basically making a
separation of variables.

To construct our singular sequences, we will utilize equation
Ayp(z,y) = 0. (4.1)

Consider ansatz ¢ (z,y) = f(z)sin (“Fy). Then the solution for f of

_ " / (%)2 : nm _
AY(x,y) = (—f (z) + VK tan(VKz) f'(z) + COSQ(\/EZ‘)f(x)> sin <Cy> =0 (4.2)

is in a general form of

f(z) = Cj cosh (CZ% arctanh sin (@x)) + C3sinh <c7\1/% arctanh sin (ﬁl‘)) , (4.3)

for all K € R\{0} where C1, Cy € C are constants. We are not going to construct eigenvectors of
A corresponding to eigenvalue A = 0 as it is not an eigenvalue in general (only for a = b). Instead,
we will construct approximations. From these solutions, by a choice C1 = 1 and Cy = —1, we
define functions f,SK) :(0,a) — R using

nm

K

FUO () = exp (_ arctanh sin(\/Ea;)> (4.4)

for each n € N and fixed K € R\ {0}. For case K = 0 it is defined via f,go) (z) == exp (—2Zz).

C
But this case is already present in a limit sense limg_,o féK) (z) = fr(bo)(a:), as can be seen from
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9 (x)

— A V(x)
f%(x)

0.6 — fY(x)

0.00 1.00 n/2 2.00 3.00 4.00 5.00

Figure 4.1: Functions féK) for n =1 given in (4.4). We have f7(ZK) (x) = (fl(K) (z))"¢ For positive
curvature, we have a,b € (0, 5) so we plot only those valid values. For negative curvature, the
function does have a non-zero limit as  — oc.

Taylor expansion in K. When the curvature K is obvious from context, we will denote the
function only by f,. These functions with slight modifications will be our candidates for a
singular sequence for zero. Mainly, we need to modify them to satisfy the interface and Dirichlet
boundary conditions.

To that end, we will assume a < b (for a = b, A\ = 0 is an infinitely degenerate eigenvalue, as
proven in bachelor’s thesis [18, Section 4.8]) and fix two parameters a1, az € R, 0 < a1 < as < a,
az < b and define a smooth cut-off function x : (0,a) — R with properties

L 1, JZE(O,CU),
x() == {0, (a2.0) (4.5)

and with values elsewhere given such that x € C°°((0,a)). Define sequence {¢pneny C dom A
for operator A as

Fallex(lo])y/2sin (n2y) @ € (~a,a), (4.6)

on(z,y) =
07 T € (—b, —a).

Indeed, it clearly satisfies Dirichlet boundary conditions and also the interface conditions. The
“continuity” at zero is obvious and relation ¢/, (0+,y) = —¢},(0—,y) for all n € N and y € (0,¢)
follows from the fact that ¢, is even on a neighbourhood of C.

Before we consider the three basic cases K € {—1,0,1} and prove that {¢,}nen is in fact a
singular sequence for A and A = 0, let us reason about our choice for an

For next step, the following observation is crucial. Consider a second-order differential operator
To = 212:0 ¢, ¢; sufficiently smooth functions. Then for ¢ = fn, f satisfying Tf = 0 and n
sufficiently smooth, we get

To=T(fn)=(Tfin+c22fn + ") +ecrfn =2 + f") + enfrf (4.7)

and the expression does not depend on 7, only on its derivatives. In our setting, this means that
we will need to integrate Ay, only over interval (ai,as) instead of (0, az) which will be crucial.
We note that A = 0 is not an eigenvalue for a # b, ie. it does not belong to discrete spectrum
0\ Oess, and sequences (@, )nen for all three cases are therefore singular.
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Case K =0: The functions f, reduce to fn(z) = exp (—"Z|z|). We will estimate

leal? =2 [ =2 [ 22 [ e (—2%) do= < (1-e2%0) @)

and evaluate the following expression using (4.7) and x € C*°((0,a)):

a _2n7rx 27171' 2
4gnll? = [ e (<2 o () + (1) ) o < 2C,

C C 2nm 2nm C C 2nm 2nm
= (e*Tal _6*7“2) = e o wm (1 _ o~ (a2—a1)=¢ ) ,

nm nm

(4.9)

where we estimated the first bracket using a degree two polynomial C,, in n. Hence, ngn is a

singular sequence as the expression lim,, WHAQ%H = 0 is zero.

Case K = +1: The functions f, reduce to f,(z) = (Hsinm‘)_Z using a known relation for

1—sin |z|
arctanh(y) = 35 ln(1+y) Additionally, we have f;(z) = —"F2%2%2 f (z). The following estimates
are valid because of convexity of Gf:ﬁg) , as the second derivative is non-negative on [0, 5
1+sina\ 2 2
2
w2230 2 20 se(0.T). (4.10)
1—sinzx T 2

The lower bound is a tangent at 0 to the convex function and the upper bound is a secant to
the function crossing points x = 0 and x = 7. Choose a1 < ag < 1. Then we estimate

a @ 2nm cos(a 2nw
leall =2 [ (0 > 2cos(a) [ (1= 0)*F do = 52 (1 (1)),

+1
(4.11)
where dv;1 = cos(z) dz is measure on the rectangle with curvature K = +1. Continue to give
an upper bound for our expression of interest:

2
l4eal? = [ 2@ ( 2nm sgnz ’<rx|>+x<\x|>—tan<x>x’<|x\>) v

Cc COST

2nm 2nm 2nm
a 2 c C 2 T"rl 2 T-‘rl
< 2C’n/ (1 - ac> dz = 2;; ° <1 — a1> — <1 — a2>
a i ELCs | m s

2nm
wC, 2 =t 1-— %ag ¢
= 2nm l=—a 1= 1_2 ’
= +1 ™ I—Za

where we employed boundedness of

(4.12)

COS(Z) atan(z) on (0,a) C (0, 5) and Cy, is agam a polynomlal

in n. Same as before, 1= Mooy 18 a singular sequence because the expression limy, ;oo ”go i ||Ag0n||
n
is zero.

Case K = —1: Now we have f,(|z|) = exp(—"F arctansinh |z|) and f, (|z|) = —2F Cigﬁé fn(lz))-
The following estimates are, again, valid because of convexity and the fact that lim,_,, e~

™
_z 1.
e 2 <§

1 — z < exp(—arctansinhz) < f(z), z € (0,00), (4.13)
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where function f : (0,00) — R is given by

x

fz) = {1 —3 e, (4.14)
3 ze(1 )

There would be three cases, based on a value of a, to discuss: a1 < as <1, a1 < 1 < as and
1 < a; < as. But we can choose values a1, ag to satisfy the first case for any given a € R so
there is no need to discuss the other cases. Let us ‘Ellgrerefore choose 0 < a1 < ag < 1 and as a
consequence Vn € N,Vz € (a1,az) : fo(z) < (1 — %) ¢ . Even with measure dv_; = cosh(z) dz,
the expression || By, || will behave very similarly as before because we have already examined a
similar upper bound on f,, and also functions —— and tanhz are bounded on (0,a) C (0, 00).

osh x
Concluding, we have found a singular sequence for K = —1. O

Remark 4.2. It is possible that a similar construction can be given also for non-constant
curvatures with metric g(z,y) = diag(1, f(z)). The ordinary differential equation

Ax

(z)sin <”z”y>] =0 (4.15)

has solutions given as

W(@) = C exp (Jrj / f(lx) dx) + Cyexp (mc” / f(lx)dx) . (4.16)

for arbitrary constants C'1, Cy as can be found by reducing the problem to a system of first order
ODEs. For a choice of C; =1, Cy = 0, we have

¥(x) = exp <—"Zr/f(1$)dx> . (4.17)

We have not explored if these functions (for arbitrary f(z)) lead to singular sequences due to
time concerns. Also, due to usage of cut-off functions, the geometry of the domain could be
much richer and the results of this section would still apply.

4.2 Accumulation points of the spectrum in zero curvature case

In this section, we will give a full proof of characterization of essential spectrum oegs(Ag) de-
pending on values e; and e_ for zero Gaussian curvature K = 0. The proof presented in [18,
Proposition 3.2] was incomplete.

Spectrum of the operator Ay can be described as a closure of the point spectrum of Ag
0(Ag) = 000 Uop,

where we define
400 +oo

O = U U {)\n,m}v

n=1m=—00

and (Anm)m ez 18 for every fixed n € N an increasing sequence of roots of equation

— = - (4.18)
ery/ o — (FF)? e/ &+ (7F)?



for A € R\ {—e_ ("—:)2, €4 ("”) } We adopt convention with possibly negative terms under

the square roots. Put A, o if A = 0 is a solution, otherwise leave index 0 undefined. In that case,
we define A, 41 as the smallest positive, respectively the biggest negative, solution. For each of
these eigenvalues A\, ,,,, there exists a corresponding eigenvector fr, m (2, y) = Npm Xn (Y)Vn,m ()

with xn(y) = /2 sin("%y),

sinh(y / )‘e;m + (%£)2 b) sin ,/ — (%) ), x>0,
Yrim(@) = sin(\/m sinh \/W <0 (4.19)
[ c € c ’

and N, ,, is a normalisation constant.

l\D

l\’)

In the interval A € (—e_("F)?, e, (“F)?), the equation becomes

tanh(ay /(22— 2)  tanb(b, /2 + (22)2)
= : (4.20)

The second spectral subset g C {—e_ (%)2, €+ (””)2} contains at most two eigenvalues for

the single n € N (if it exists) such that a certain equation is satisfied [18] — in dependence on
the setting of parameters a, b, ¢ it contains 0, 1 or both points. If these values exist, then there
is exactly one unique eigenvector for each one. From the perspective of essential spectrum, this
set is not interesting.

Lemma 4.3. Let e- = €4 =: € > 0 and choose a fired n € N. Then the equation (4.18)
has exactly one solution A in interval (—e (%)2,6(%)2) If a =0b, b < a, b > a, then
A=0, A <0, XA>0, respectively.

Proof. For each n € N define a function G, : (—e_ (%X

)2 €4 ("T)?) — R as a difference of
reciprocals of left and right-hand sides of equatlon (4.18):

irE ofEr
Gn()\) — _ . (4.21)
tanh(by/2 + (25)2)  tanh(ay/(25)2 — 2)

o>

After rearranging derivative G, into (similar rearrangements as in article [6]):
sinh <2a () = ?) —2ay/("F)2 — 2 sinh <25 (%)% + A) — 20y /()2 +

Asinh (MTV—?)QWT)Q—? " (b\/(T)2—§>2\/(’?)2+?
(4.22)

we readily obtain, using an identity sinh z > x valid for all > 0, statement G/,(\) > 0 valid on
the whole domain of G,,.

o>

G\ =

Limit limy_,,, (nz)2_ Gp(A) is positive and a similar limit on the other end of domain limy_, _,_(nz)2; Gpn(A)
is negative. From this fact, and from continuity of G, it follows that there exists exactly one
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Figure 4.2: Left-hand L7 ()\) and right-hand R;, ()\) sides of the characteristic equation (4.18)
for progressing n = 1,2, 3 for critical contrast. The red dots are the roots of the equation.
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root of characteristic equation (4.18) in the domain of G,,. It is also easy to determine the sign
of the root — using the value

nm 1 1
Gn(0) = e— — 4.23
n(0) c (tanh (b%) tanh (a%) ) ( )
and a sign of the root is determined by a sign of G, (0). This is because intersection of graph
G, with axis A = 0 is exactly one, see above. O

Proposition 4.4. When e, # e_, the essential spectrum oess(Ag) = @ is empty.

Proof. We prove that if the essential spectrum is nonempty, i.e. there is A € 0es5(Ap), then
necessarily e, = e_. Let A € 0ess(Ag) be a finite accumulation point of spectrum o(Ap).
Then there exists some sequence of eigenvalues {\,}>°; C o(Ap) which converges to A, i.e.
limy,,— 400 A, = A. The case for A being an infinitely degenerate eigenvalue is present by a choice
of a constant sequence )\, = A. Without loss of generality, assume b > a. As the limit value is
finite, there exists ng € N such that for all n > ng, the value A, lies in an interval (0, e, ("T)?).
Hence, the notation A\, = A, ;=1 is founded for all such n. We will rearrange characteristic
equation (4.20) to form

(4.24)

and take limit n — 400 (A, = A < +00) on both sides of the equation. This reduces to the
necessary condition

1=, (4.25)

€_

O

Proposition 4.5. 0ess(Ap) = {0} <= €4 =€_.

Proof. The other implication €, = e~ = A = 0 is harder to prove. We start by putting
€ := €4 = €_, fixing arbitrary n € N and denoting A, the root of the characteristic equation

tanh(ay/("5)2 — 2)  tanh(by/2 + (2)2)
= . (4.26)
(F)? = ()

lying in (0, € ("7”)2) According to Lemma 4.3, such a root exists and is unique. Let us define
a sequence

— <C>2 € (0,1) (4.27)

€ nm

for all n € N. Using this sequence, we will prove A\, — 0.

Step 1 Rewrite equation (4.26) as

tanh(a"7 /1 —ay) btanh(b%\/l + ap)
“ a1 —ay N b1+ ’

(4.28)



Since the function = tanmﬂ converges to 0 as * — +oo and the sequence {1+ ap}n €

(1,4/2), the right hand side converges to 0 as n — +o00. In other words,

tanh(a2 /T =y,
lim o A% o) _ g, (4.29)

n—00 a%, /1 — ay,
being is strictly positive for all positive z, the following holds:

lim ny1— a,, = +o0. (4.30)

n—oo

Then, as a result of x +— %

Step 2 Let us again rearrange (4.26) as

tanh (™1 —0a,) VI—an

= ) 4.31
tanh (b%\/l —|—an) V1+ap, ( )
From previous step (4.30), the left-hand side converges to 1 as n — +oco. Thus,
1—
lim In _ 1. (4.32)

nostoo \| 1+ a,

As function z % is strictly less than 1 for all € (0,1) and lim,_,o % =1, it follows that

lim a, =0. (4.33)

n—oo

Step 3 For the last time, let us rearrange and expand hyperbolic functions from (4.26) into

ean%\/lfan ef2b%\/1+an m
1-2 =(1-2

1+ e 20" VI-an 14 e 2" VIitan | /T4 ay,

(4.34)
e*2b%\/ 1+Oln 9
= 1—21+e?2b%\/m (1—an+(’)(an)>.
Expanding the right-hand side and rearranging terms,
e—2a% 1—an e—2b%\/1+an

-2 =—a, —2 + o(an). (4.35)

1 +e—2a"—cﬂ'\/1—an 1 +e—2b"—:\/1+an

Now, multiplying the equation by a factor i, bringing the exponentials to the right-hand side

and applying lim,_,~ to both sides, we obtain

1 1 e—QQ%M e—QbL:\/m
— = lim — —
2 n—00 iy \ 1 +e—2aL: 1—an 1 +e—2b"—:\/1+an
—2a T/ T—any, —2b T /TFan
e c e ¢
1. e—QCLL: 1—anp _e—anTﬂ\/ 1+an 1+e_2anT7r T—an - 1+e_2bLCTr Tton
= am
n—o00 (a77% e—2a"7”\/1—an (1 _ efQ%(b\/lJranfa\/lfan))
) 020" VT Gy _ (~2b7 /T (4.36)
= m
n—00 Qp,
e—2a"—:x/l—o¢n
= lim ———
n—00 o,
G s
= lim 3 = lim 5
n—o00 neay, n—00 n<omy
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where third and fourth equations hold because b > a. As the limit is finite and the numerator
in the last term goes to zero, necessarily

n—o0 i n—o0

2
0= lim na, = <C> lim A,. (4.37)
Thus, we have proven that A = 0 is the only accumulation point and that {0} = ess(Ap). O

Corollary 4.6. Fore; = e_, the rate of convergence of eigenvalues of Ag to 0 is ming,ez [ Apm| =

nm H
0 (e_T mm{a,b}) ]

Proof. In addition to previous proposition, we can establish a rate of convergence. By using a
similar trick as in proof of the proposition in the last equation, expand

1 T 2 e_n(zaTﬁ\/m_anTn) eanTﬂ e_n(zaTﬂ'\/m_%_anTn)
—= (- lim - = lim o (4.38)
c n—o0 An e e n—o0 Ape®c

and by the same argument as before, we obtain

An =0 (e_a%) . (4.39)
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a=1,b=3,c=1,e,=1,e_=1

1.0
— L (A)
0.8 Ry ()
0.6
0.4
0.2
0.0
-0.2 1
—-0.4 1
-20 -10 0 10 20
0.15930
— L)
0.15925 - R7 (A)
0.15920
0.15915 P
0.15910
0.15905
0.15900 i i i i i
—0.002 —-0.001 0.000 0.001 0.002
le—6+1.061e—1
4.5
— L)
Rs (A)
4.0
3.5 -
@
3.0 -
2.5 -
-2 -1 0 1 2
A le-5

Figure 4.3: Left-hand L ()\) and right-hand R;, ()\) sides of the characteristic equation (4.18)
for progressing n = 1,2, 3 for critical contrast. The red dots are the roots of the equation. We
can notice the exponential convergence to zero in n as in Corollary 4.6.
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4.3 Accumulation points of the spectrum in curved cases

Fix m € N. According to previous work [18, Section 4.7], the spectrum of operator Ax (de-
noted as By in previous work) contains eigenvalues being the solutions A, to the characteristic
equation

Ui(a) ¥y (a) 0 0

0 0 Y1 (=b) Py (—D)

i (0) ¥y (0)  —¢r(0)  —vy(0)

e+t "(0) extpy’(0) e '(0) vy (0)

where the ¥ : [0,a] — R and ¢, : [-b,0] — R are defined as in Table 4.1 and are implicitly

dependent on m via p and v. In case there are multiple solutions of (4.40) for a fixed m € N,

we denote the solutions as A, 1, k € Z. This is well-defined notation as self-adjoint operators in
separable Hilbert spaces have at most countable point spectrum.

=0, (4.40)

+ +
| ¥i (=) ¥y () | Vi
K=+1| P/ (sinz) Q) (sinx) | =X T(/1£ 4’\61%’@ —1)
. Pﬁi (tanh ) 5i (tanh ) 1 - m 1 Ak
K=-1 Vcoshz Vcosh _§+IT 2 1F €t

Table 4.1: Choice of eigenfunctions on €24 and €2_ for fixed m € N. Eigenvalue )\, ;. is a solution
to (4.40). P} and QU are associated linearly independent Legendre function of first and second
kind, respectively.

Finally, the spectrum of By is
oo
o(B) = | U Do} (4.41)
m=1k€eZ

with Ay, 1 being solutions of (4.40), for fixed m € N sorted in an increasing manner as Ay, j <
Am k41 for all k € Z. The resulting eigenfunctions are of form 1y, (2, y) = ¢m k() sin (%) for

Cropy (2) +Cyey (x), <0,

Cfof (2) + Cf oy (x), x>0, (4.42)

¢m,k(x) = {

for constants Cfc, C’;E determined up to the same multiplicative factor using procedure in the
reference.

There are multiple conventions of defining associated Legendre functions P}'(x), Q4 (z). Primar-
ily, they are defined as two independent solutions y = y(x) to the second-order linear differential
equation called associated Legendre equation with singularities in x = +1:

2
(1 - 1:2) Y’ —2zy + (V(V +1) — ] ﬁ x2> y = 0. (4.43)

For both cases of curvature, we will employ the functions with parameter range —1 < x < 1.
In this case, the functions are often referred to as Ferrer’s functions. We will use the following
conventions [5, 36]. For u, v € C (for integer parameters, the functions are defined via limiting
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procedure),

n
1 1 2 1-
Pli(z) = < +Z> 2F1<—%V%-L1—M; Z)

F'l—p) \1—=2 2
060~ 5y [0 (12) ok (115 "

N

Fl+v+4+p) [(1—2\2 1 1—=z

— B —v,v+ 114 p;
Tltv—pm\1+z) TA+p>" H

with 9F} (a,b;c; z) being hypergeometric function, I' the gamma function, I'(n + 1) = n! for
n € N. The function ﬁ is considered as an entire function with zeros in negative integers z.
The regularized hypergeometric function

- 1
By (a,bi e 20) = —— o Fy (a, bic: 4.4
217 (aa ba C Z()) F(C) 241 (av b7 &) ZO) ( 5)

for fixed |zp| < 1 is an entire analytic function [5] in the complex space C* > (a,b,c) even for
negative-integer ¢. We will utilize these functions for z € R, u,v € C as seen from Table 4.1.
For positive curvature, the parameters a, b, ¢ are real, argument z is |z| < 1 and the Legendre
functions are real-valued.

Hypergeometric function oFy (a, b;c; 2), a,b, c € C with —c & N is defined for z € C, |z| < 1! in
terms of a power series [5]. The series converges absolutely for |z| < 1 and diverges for |z| > 1,

oF1 (a,b;¢;2) = Z ol (4.46)

n=0

with (z), being a Pochhammer symbol for rising factorial defined for complex z in general as
(2)n = F(FZ(:;I) For positive integer n, (2), = 2(2 + 1)(2 +2)--- (2 + n — 1). From elementary
ratio test, the hypergeometric function is continuous in each argument on any compact set in

CxCx (C \ Z) > (a, b, ¢) such that neighbourhood of Z is not present. To include the integers, a

regularization multiplier is needed, most commonly ﬁ oFy (a,b;c;2) =: o Fy (a,b;c; z). See [1]
for limit as ¢ — —n, n € N. Notice that oF) (a,b;c;2) = oF) (b,a;c;z) for all values of
arguments.

A natural question to arise is whether these two solutions (4.44) are always linearly independent.

Remark 4.7 (On linearly independent solutions to Legendre equation). In order to have a
two-dimensional solution space of Legendre equation, the two solutions P}’ and Q% have to be
linearly independent. As can be seen from the Wronskian

e 22D (1 +
W iPl(2),Qb(2)} =
(B} = o

(4.47)

the functions are linearly dependent when u—v =1,2,3,.... As an example of this behaviour,
in the case of p, v € N, the Legendre function P}'(z) formally given in (4.44) is [5]

e a polynomial in z for u < v

LFor other values of z, hypergeometric function is defined using analytic continuation.
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e identically zero for p > v.

The case ¢ > v is of interest due to limit m — oo of characteristic equation (4.40) with v
bounded corresponding to occurrence of essential spectrum. Another expression for solutions of
Legendre equation (4.43) are thus needed. We summarize results for all values of parameters y,
v below as they do not appear frequently in mathematical physics literature and are important
for this section.

This behaviour is described in [5, 2.2] via phenomenon called degeneration. The technical

description does not concern this thesis but the implications are useful. First, let us reduce the
11—z

B
problem to the hypergeometric equation. By substitution y(z) = (1 —z?)2 v((), ((z) = 5%,
Legendre equation (4.43) is converted to hypergeometric equation

d%v dv
C(l—()d—@—i-[c—(a—i—b%—l)(]d—g—abvzo (4.48)

witha=p—v,b=pu+v+1and ¢ = p+ 1. According to a general theory of hypergeometric
function, a degenerate case occurs when at least one of the numbers a, b, c—a, c—b is an integer.
This translates to u + v, or v being integer. For all these cases, linearly independent solutions
to the hypergeometric equation are given in reference. The case number corresponds to case in
aforementioned reference:

o veEL
* WEZL <= pEv e Z: casel9,
* | & Z: case 4
o v
* 1+ v & Z: non-degenerate case (4.44)
* ptveZ, uFrv & Z, respectively: case 2,
* Etv€eZ < u,v are half-integers: case 9.

According to the analysis in all the degenerate cases above, two linearly independent solutions
to (4.48) are given using the following Kummer solutions

() =01=-Q " "o (c—ac—b(), vs(Q)=¢" 2P (a+1l-cb+1-¢2-c().
(4.49)

One of these solutions will always be a polynomial in ¢ for the degenerate case — see the reference
for details. For example, for p,v € Z positive integers, we have n =l =v, m =y —v — 1 in
notation of case 19.

Overall, we obtain (up to a factor of 2#) two linearly independent solutions to (4.43) as
1—a)° 1
P#(x)3—< w> 2F1<—V,V+1;1+M; 2$>,

14z
11—z 1—=x
Qy(x) = (1_1_33) 2F1 <—V,V+1;1—M; 5 )

We are interested in finding a set of linearly independent solutions to Legendre and so we concern
ourselves only with the case of 4 — v being a positive integer — as in other cases, P/, QY are
already linearly independent.

(4.50)

_K
2
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To demonstrate the need to distinguish this degenerate case, have a look at coefficients 4, of
Lemma 4.12. For p — v € Z, 7, = 0 and hence we would think that A,, corresponding to those
Vm = v would be a root of the characteristic equation (4.53). But we have to remember the
requirement p — v € Z on validity of (4.44) as in that case, the Legendre functions P}’ and Q)
as given by (4.53) are not independent solutions.

Note 4.8 (Singularities of oF} (a,b;1 — p;2) in g > 0). In case of our setup with positive
curvature, we encounter problems in associated Legendre functions due to the fact that the
sequence [, = “ can be found infinitely often near an integer”? as m — oo for any value of
7. The problem stems from presence of Pochhamer symbol (1 — i), in denominator as in that
case, one of the factors will be arbitrarily near zero. It is apriori difficult to obtain boundedness
in parameter ¢ = 1 — u,, to the hypergeometric function. This is firstly due to the negative ¢
asymptotics being sparse in literature and secondly because of the special care needed to handle
negative-integer singularities in the hypergeometric series. The expansion m — +oo (|u| — +00)

will be of use in further analysis to determine the essential spectrum.

Note 4.9 (Concerning literature on asymptotics for K = +1). Most asymptotic results [1, 5, 43]
for oF (a, b; c; z) for large |c| are valid only for |arg(c)| < m—¢, € > 0 or for restraining conditions
on z which make it inapplicable in our case which is z € (0,1). The situation is similar in case
of the Legendre functions for large —u near integers. Asymptotics of [36] are rather complicated
and the error bounds are not explicitly calculated for our case. In fact, asymptotic formula for
Legendre functions in [1] for |u| — oo is the same as the one we will later derive, although is
not clear under which conditions do the asymptotics hold, and we could not find the original
result in literature. Nevertheless, we obtain the same formula for the asymptotics under clear
conditions in proof of Lemma 4.12. Apart from this case, the weakest conditions on validity
of certain asymptotic expansions (with rigorously stated conditions under which they hold) we
were able to find are the following [43]. For the case that ¢ is not near a negative integer, either

a=—-m, orb=—-n, n,méeN,

1
§Rz<§ananEN|c+n|25>Oa (4.51)

1
%z:§and|argc|§w—e,e>0

and more complicated asymptotics for the case when c is near a negative integer

1
Rz<-andec=-n+e 0<e=0(1),
2 (4.52)
Rz = B and arg(—c) =¢, 0 <e=o0(1).

Overall, these asymptotics cannot be used due to equidistribution theorem sketched above.

Lemma 4.10. Equation for eigenvalues (4.40) for fited m and p — v ¢ N is equivalent to

6+am(_b)/8m(a) + e—am(a)ﬁm(_b) =0, (453)

2This is known as equidistribution theorem [42, Theorem 2.1], stating that the sequence {an mod 1},en is
equidistributed (hence dense) in R/Z for irrational .. For rational values of «, the sequence is trivially 0 infinitely
often.
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with o, B, 0, ¢ [—b,a] — C defined below for K € {+1,—1}:
(14 p+v)

7m:2sin(7ru)F(1*H+V)7
~ 1 n
O[:/L(:L‘) _ 2F1 (—V,1+V;1_M72> 2F]_ (_V,].+V7].+IU’7C(£U)) eﬂ(x)_
m
~ n 1 -
— oy (—v, 1+ 131 = p;((2)) oFY <_”’1+”;1+”;2) Oud)”
N ) _
67;() = o[ (—V,1+V;1—MSC(Z)) Ou(x) g
m
V(v +1) - 1 2 b
R (1—v, 2424 s - ) —peFy (—v 14l o )| —
5 2 1< v,2+v; +“’2> f2 1( SR +M’2> (4.54)
— oy (—v, 1+ w31+ 15 4(2)) Ou(2)-

1) - 1 i 1
V(V;)QFl<1—v,2+u;2—u;2>+M2F1<_V’1+V;1_M2> ’
l—sinx
l-sinz K=1

_ 2 ’
C(f’f)—{lta;m, K=—_1,

©

l-sinz \ 2 _
— <1+sinx) ’ K_l’

NS

exp (—pzx), K= -1,

with convention vV = Vsgn g, i.€. V4 for x >0 and v_ for x <0 and v, i dependent on A, as in

Table 4.1.

Proof. By introducing contrast k = z—f and using simple algebraic relation

a b 0 0
0=—det| " ? ° _dh — w(bi — aj)(dg — ch) + (be — af)(dk — cl) (4.55)

ki kj k1
= Kot (—b) Bm(a) + cum(a) B (—b)

we achieve more compact notation by introducing, for positive curvature, o, By, @ (=3,
[—b,a] — R,

) D

rolx

am(z) := PJ (sinz) Qy(0) — P(0)Qy (sinz),

Bnla) = OEEED) | Qi (sin) — P (sin ) 224me)

=0 :1::0.

(4.56)

For negative curvature, the modification is obvious. After substitution from (4.44) and factoring,
terms of @V containing cos(wu) cancel out. In order to handle both cases of curvature in the
same manner in further analysis, multiply the equation (4.55) by vcoshz and appropriately
redefine o, and 3,. This leads to the quantities given in the statement of this lemma. O

Lemma 4.11. Fiz m € N. Then the only accumulation points of roots (A, k)kez of the charac-
teristic equation (4.53) for m are too, or wx and the latter is only possible if (4.40) holds for
>\m = W4,

:Ffa K = 17
= {ifi K (4.57)



Proof. The regularized hypergeometric function oF (a,b;c; z) for fixed |z| < 1 is an entire
analytic functions in parameters a,b,c € C. Denote the left-hand side of (4.53) as f(\) with p
constant and v dependent on A. Choose a suitable complex square root such that the branch cut
does not intersect the real line. This can be done by a choice defining /0 = 0 and /z = elos(2)/2,
log z := Log |z| +16, for z = |z|€?, || > 0, 0 € [-Z, 37) and Log = the real logarithm. In th1s
notation, the square-root of posmve real numbers stays the same, for negative real numbers

V—r =iz, x>0, (4.58)

and thus it is holomorphic on C \ [0, —ico) and continuous as a function R — C.

Remember that self-adjoint operators have only real eigenvalues. From Theorem 2.18 applied on
function f on domain C \ [0, —ico), either limit points of (A, x)x lie in ({oo} U [0, —ic0)) NR*,
or f(A\)=0o0n C\ [0,—ic0). So either

e there are infinite limit point(s) of (A, x)x or
e there are limit point(s) w+ := 5 for K =1 (or wy := FF for K = —1),
or f(A)=0forall A e R\ {+5}.

The second point corresponds to /z, z = 0 appearing in v4(\). At the same time, the set of
all eigenvalues — the point spectrum — of a self-adjoint operators in separable Hilbert spaces
is at most countable. As the characteristic equation (4.40) is an equation whose solutions
are eigenvalues of a certain self-adjoint operator in L? ((—b, a), dI/K) (created by separation of
variables from Ag) [18], we arrive at a contradiction with f(A) =0 on C\ [0, —ico). Hence, the
limit points belong to {£o0, w4 }.

Assume that the second option holds. As A +— f(A) is continuous on R, necessarily f(wi) =
0. O

Lemma 4.12. For such m that u,, — v & N, the following hold in notation of Lemma /.10.
Additionally, asymptotics for |u| — oo hold if |v4 | are bounded in m:

_ (=) P =)D (v 1) sin(n(p—v)) <1+@< 1 )) (4.59)

m = 2 I (p12) B 27 |
2y (—V, v+ 1;p; %) oFy (—v, v+ L+ 1;¢(2)) O, ()
am(z) = Jm _ e C(— _ . AN
[ 2F1( v,v+ 15 u;¢( x)) oF1 (—v, v+ 1+ 155
0, ()
1
= 22 (Bu(e) = u(@) 1) (1 +0(1)) (4.60)
('/(U“) F1 1,,, 2+ v+ 1 1) — oF (7u,u+1m;%)) 2F (—v, v+ L+ 1;¢(x)) 0u(x)
Bm(l') = Tm oFy (—v )VJFLMC(,I))(% 2F1(1—1/,1/+2;u+2:%>f2F1<7V7u+1;u+1;%))
9#(1)

!

= (~Ou(@) = 6u()™") (14 0(1)

Proof. First, we ought to solve the singularity problems for positive curvature described in
Note 4.8. In case of negative curvature, the asymptotic analysis can be done directly, but we
would like to maintain unified notation for both curvatures. The transformation described below
can be done regardless of sign of curvature.

42



We will make use of the procedure in proof of [43] and derive improved conditions under which
the asymptotics in the near-integer case hold, primarily for |z| < 1. We will employ an alter-
native form of the hypergeometric function given by relations between Kummer’s solution to
hypergeometric equation. This relation is useful due to transformation of parameter ¢ — —c+x,
k € N. In particular, we will use [5, section 2.9, equation (35)] and [43, equation (25)], valid
when the I' factors in nominator are finite and for all z for which the involved series converge,

oFy (a,b;¢;2) = k1(a,b,¢) oFy (a,bja+b—c+1;1 —2) +
—|—k2(a,b,c,z)2F1(1—a,l—b;2—c;z),
IMNa—c+1)I'(b—c+1)

k b,c):= 4.61
@b e) = e e T = o)’ (#.61)
Fa—c+1)I'(b—c+1) ,_ b
k b =—-I'(c—1 C(1—2z)""7%.
2(0’7 7C7 Z) (C ) F(a)r(b)r(l _ C) z ( Z)
For regularized hypergeometric functions appearing in Legendre functions,
o (a,b;c; z) _ l%l(a,b,c) oF ) (a,b;a+b—c+1;1—2)
I(c) Fa+b—c+1)
(4.62)
ny (a,b, ¢, 2) o1 (1 —a,1—-0b;2—¢;z)
2\4, 0,6, T (2 — C) )

the coefficients k;, kg are obtained by employing definition of I'(z) and Euler reflection identity,
I'(z+1)=2I(z), zeC, (4.63)
M1 —-2)I(2)sinrz=m, 2z€C (4.64)

(the left-hand side of reflection identity is considered as an entire function valid even for negative
integers),

Fi(a,b,) = O _lf(j;lr)(rl(:)” Y o Pla—et )T (b—ct1) Smffc)
__F(CL—C+1)F(b—C—|—1) 1—c 1— c—b—a
Fwre  ° G-

1

) oFy (a,b; ¢; z), we obtain sought relation

Overall, denoting oF} (a,b;¢; 2) =

o F1 (a,b;c; 2) sin (we¢)  ~
= F b; b— 1;1 -
IF'a—c+1)T(b—c+1) r 2 1(@biatb—ctlil—2)

(1 aybo e (4.66)

I'(a) I (b)
valid for all a, b € C\ Z<p and ¢ € C such that a —c+ 1,0 —c+ 1 ¢ Z<o, |2] < 1.

gﬁ’l(l—a,l—b;Z—c;z)

Substituting parameters appearing in eigenvalue equation given in Lemma 4.10, in cases where
parameter c is negative for large enough u, we obtain for ¢ € {0,1}:

2F1(_7/+t,u—|—1—|—t;1+t_”;z) (_1)tSin(7T,u,) ~
T(p—v)T(p+v+1) - oFi (~v 4+t v+t + Lut+tl—2)+

(%)ﬂt sin (7v)
* (1—2)* 7 [—v(v+1)]

tgﬁ'l(—y—t,l/—t—i—l;,u—i-l—t;z).

(4.67)
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Turning our attention back to functions a,,, B, and substituting relations (4.67), we obtain

o Fy (—l/, v+ 1 %) oFy (v, v+ L+ 1;{(2)) O,(2)

7"'04771(1')/’}’771 . - 5 )
D(p—v)T (14 p+v)sin(ry) B 2By (—v, v+ 15 5¢(—x)) o F1 (-Vﬂ/ +Lp+1 5)
Ou ()
(4.68)
7 Bm (@) /Vm

U(p—v)T (p+v+1)sin(rp)
(@ 2By (1= v, 24 w0+ 15 3) — paFy (—v, v + 154 %)) 2By (v, v+ L+ 15¢(2) ()

- o F) (—v,v+ 15 5((—x)) (@ o F (1-vov+25u+2;1) — puoFy (—v,v+ L+ 1; %))
+
O ()

(4.69)

The terms in «,, containing sin (7v) have canceled out. The terms in 3, containing sin (7v)
can be canceled out using identity for contiguous functions:

- 1 +1) =~ 1 . 1
2 F <—v—1,I/;u;2>+V(V4)2F1 (1—V7V+2;u+2;2>—u2F1 (—I/,V+1;u+1;2> =0.

(4.70)

The factors from both a,,(z) and 5,,(x) can be simplified in relation to 7, from Lemma 4.10
as

D= )Tt v+ Dsin(mp) T u=0)’T (ut v+ DPsin (xlu = v)

4.71
T 2T ( )

Tm

From I' (z) = ﬁ( ) ( —I—O( )) as z — oo and |arg z| < 7, we obtain

T(u—)T(utv+1) (" (B (n+v) 1\ _ 1
Leeren @GR (o (1)) < (1+0(L)). wn

All hypergeometric functions are approaching unity, oFj (a,b;¢;2) = 1+ “bz + O (‘0‘2) for

‘arg(c)‘ < m, |e] = oo and |z| < 1 [5]. To secure the asymptotic relatlons, notice that for
A=A, B=B,, limy,_ 00 A =1limy, oo B =1,

Af,(2) + B, (z)" = A (9M(x) + eu(;z)*l) (MW 1+ 1)

_ -1 (4.73)
— A (%(w) +0,(x) ) ETRERE
= (0u(@) £ 0u(2)7") (14 0(1))

as % is bounded in m for x # 0 regardless of sign of curvature. O
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Lemma 4.13. Let (Ap)men be solutions to characteristic equation (4.40) for given m € N. In
notation of Table j.1, define an indication of degeneracy using s+ as

1, if —v eN,
o)t Hm = Vtm (4.74)
sin (7r (,um — Vi,m)) , else.
Assume that both sequences (V4 m)men are bounded. Then,
lim s} s, &(um) =0, (4.75)

m—00

where § : Ry — R for 0,,(x) defined in Lemma 4.10:

£ = e (8u(@) + 8u(@) ") (846) = (1)) — e (0u(0) = B(0) ") (640) + 6, (1))
(4.76)

Proof.
Non-degenerate case: For those m € N such that (,um, Z/i,m) is non-degenerate, we have the
following for the characteristic equation (4.53):

sin <7r (ttm — 1/+(m))) sin <7T (fom — v (m))) &(pm) (14 0(1)) =0 (4.77)

due to Lemma 4.12 by using the asymptotics together with identity 6,(—z) = 60,(z)~! and
dividing by pu.

Degenerate case: Concerning those m € N such that both p,, — v+, € N (in notation of
Table 4.1), i.e. m-th eigenvector is given using (4.50) in both Q4. By analogous process to
Lemma 4.12, we arrive at formulas that are the same as in Lemma 4.10, except now ~,, = 1 and
o F (a,b; ¢; ) is replaced by oF (a,b; ¢; z) and hence,

&(um) (1 +0(1)) =0. (4.78)

Semi-degenerate case: For those m € N that (pm,,v4(m)) is degenerate and (fim,v—(m))
is non-degenerate, eigenvectors are then given using (4.50) on Q4 and as non-degenerate (4.44)
on Q_. In resulting characteristic equation, functions ay,(z), fm(z) for z < 0 are given by
Lemma 4.12 and for > 0 by previous “degenerate” paragraph. Conclusion of this lemma then
follows. O

Lemma 4.14. Let (f1n)neN, (V4 n)neN, (V= n)nen be real sequences such that pu, := xn for x € R,

x> 0 and that both (V4 n)nen converge to finite limits. Define sequences (sf)neN using
1, if p —ven €N,
sE=14 oo (4.79)
sin (71 (,um — Vim)) , else.
Then the sequence (Sp)nen given by
Sp =SS (4.80)

does not have a limit or the limit is not 0.
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Proof. We will prove the result by constructing a subsequence (sm) leN of (5),cn that does not
converge to zero. Define sets

/\%E = {neN:un—yimEN},

4.81
Np = N ONp, N =N\ (M UNG). (4.81)

Based on the cardinality of the defined sets, we will proceed to prove the lemma on a case-by-case
basis as seen in Table 4.2.

case NG| INp| |ND] V]

1 disc. disc. disc. s}

2 00 00 oo oo/disc.
3a 00 disc. disc. s}
3b o0 o0 disc. o0
4a 00 disc. disc. disc.
4b 00 00 disc. disc.

Table 4.2: All possible combinations of cardinality of sets defined in (4.81) up to an exchange
of roles of NV, g and Np,. Label “disc.” signifies that the set is discrete, oo infinite.

Let (Ap)nen, (Bn)nen be two sequences for which there exists an infinite set N C N such that
JK >0, ¥n € N, |A,| > K A|By| > K. Then |A,B,| > K? for all infinitely many n € N and
so sequence (A, Bp)nen does not converge to 0. To prove the lemma, we will take A4, = s,
B, =s,.

Before attempting to solve the cases for all values of x, entertain possibility of x = k or x = %
for integer k € N. In those cases,
sin (7rkn — m/i,n) = (—1)’“"“L sin (7Tl/:l:,n) ,
) ( kn ) (=1 sin (Tvan), kn=2l1is even, (4.82)
sin (m— — vy, | = I :
2 (1) cos (mven),  kn=2+1is odd.

(Sn)nen does not converge to 0 for any value of v4 ,, (as for the first case z = k € N would imply
v € Z and so u — v € N) and we can exclude it from further analysis.

We will proceed by contradiction. Let s converge to 0. Then there exist sequences (ky)nen C 7Z
and (€,)nen such that e, 27%% 0 and

UnT — Vg o = kT + €. (4.83)

By rearranging,
€
i — kn = Vi + ?" (4.84)

it is clear that the left hand side of (4.84) has a finite limit as the right hand side has. Introduce
(Kn)nen C Z such that k, = |pn] — kn where |, ] is the largest integer less than p,. After
substituting we obtain

€n
(Nn - LNHJ) thn =Vin + P (4.85)
and as {ftn} = pn — [ptn] € [0, 1) is the fractional part of u,, and k, € Z, then k, = |v4 ] and
lim {pn} = lim {ren}. (4.86)
n—0o0
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Now, assume that z € R\ Q. Then it can be seen that a limit of (4.86) cannot exist — set
of limit points of sequence (zn — |xn|)yen is exactly [0,1] from the equidistribution theorem.
Similarly, for the case z € Q, let # = ¢ be an irreducible fraction. Then there are at least two
limit points of (zn — |2n]), and that gives us a contradiction. Here, we used that N =N\ D
where D = N} UNp is discrete for contradiction and thus proving case 1.

Proof for case 2 is trivial as [Np| = oo implies existence of subsequence of s,, which is identically
equal to 1 and thus 1 is a limit point of (s,),, again arriving at a contradiction.

Proof of 3 is similar to 1, except now the final step leading to contradiction requires more
information about behaviour of s% for N’ fjc as these sets are no longer discrete. For p,, —v4, € N,
we obtain

{un} = {van}, nenNZ, (4.87)
and so

S, {pn} =l {ven} - (4.88)

n—oo

Overall with (4.86), we obtain that ({un})nen has at most two limit points. This is a contradic-
tion as the same argument from case 1 now applies except for the case (4.82) which was already
solved. Last case is proven in a very similar way. O

Lemma 4.15. Let (ap)nen and (bp)nen be real sequences such that limg, oo (anby,) = 0 and
(bn)nen does not have a limit or the limit is non-zero. Then liminf, o |ay| = 0.

Proof. Sequence (by,)nen does not converge to 0, so there exists K > 0 such that for infinitely
many n € Nis |b,| > K. From lim,_,o(apby,) = 0 follows that for all € > 0 is € > |a,b,| > K|ay|
for infinitely many n € N. Hence, (ay,)nen has a limit point 0. O

Proposition 4.16. Let K = +1 and let {\pn}men be a sequence such that the characteris-
tic equation (4.40) is satisfied for a given pair (m,A,). Let A € R, A # w4 in notation of
Lemma 4.11. Then Ap —=5 A, |A| <00 = e =€_.

Proof. We will start by deriving identities valid for both positive and negative curvatures and
conclude only for positive curvature. When A, . — A, necessarily m — oo due to Lemma 4.11.

Given the assumptions, Lemma 4.13 holds. We would like to first show that lim inf,,_,~ [€(un)| =
0 regardless of sign of curvature. Considering formula

sin(A +1B) = sin(A) cosh(B) + i cos(A) sinh(B), (4.89)

we can see that in order for sin(w (,un — V:tm)) to converge to zero, we need to have

sin <7T€FE (un — I/i,n)) EREN 0,

(4.90)
& (un — I/i,n) KmaaNy) )

In Table 4.3, we will assume the same branch of complex square root as in Lemma 4.11 — for

negative curvature, the sine does not approach zero as that would contradict the assumptions

of this lemma. For the positive curvature, both vy (A) have to be real. That means that

A e (—%, %) and arguments of both sine functions above are eventually real for all n > ng for

some ng € N and from Lemmas 4.15 and 4.14 follows that liminf,,_, |£(in)| = 0.
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Now, we will show that e; = e_. Define functions éu :[=b,a] = R for p € R:

(i;s?némi)“_l

7 T K =1,

9“(:1:) = 9 0 (x)fl = (1+sin§z§) +1 (491)
a —tanh(pz), K= -1.

The limit expression liminf, o |£(tn)| = 0 can be rewritten as

0 = lim inf
U—>00

(00) + 0,00) (e (8u06) = 0,00)7) = -l (00) + 0,0 ) ‘ - 492)

Consider only the case K = 1 for the moment. Observe, that }_T_:Eg; <1lforzxe (0, %) With

that knowledge, limy, o0 (6,(a) + 6,(a) ™) = 0o for a € (0,%) as
—sin(a)\ "2 —sin(a) \*
6,.(a) + 0,(a) "} = (W) ((hsm&;) + 1) . (4.93)

Hence,

lim inf
J1—00

=0 (4.94)

e (6:0) = 0,0)7) = 0@ (0,0) + 6,0))

by using liminf,, . |4nBn| = 0 Alimy, 00 A,y = +00 = liminf,,,« |By| = 0. By a similar
argument we readily obtain

liminf |e, 0, (b) — e,éu(a)‘ = 0. (4.95)

H—00

- ~

From (4.91) and previous estimate follows that for z € (0,%) is 0u(z) — —1 as p — +oo.
Ultimately, using previous equation (4.95), we obtain

€L =€_. (4.96)
O
Remark 4.17. Regarding the case of K = —1, we could not obtain such strong results. We

have even obtained some contradicting results for a special choice of dimensions of the rectangle
a, b, c. As 0,(z) = e IMTH2/2 for N[ = ™ we obtain

0, () £ 0,(x) " = (er/2 + e—f/2) cos (Mz) — i (ez/2 ¥ e—m/2) sin (M) (4.97)
and so
2 2 2
0,(x) £ Qu(x)*ll = (e‘%/2 ie*x/2) cos (Mz)* + (e:’“"/2 ¥ e*x/2> sin (Mz)? (4.98)
~ m—00
‘ H V4 ‘ \g(ﬂm_l/ﬂ:,m) — 0
K=+1|mr F(J1E2m — 1) | Sy 7550
K=-1|—-3+i20 1, /1F%n S (ptm — vim) =250

Table 4.3: Values of parameters for positive and negative curvature. In the rightmost column is
shown an implication of & (,un — Vj;n) 272 0 for the particular curvature.
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which is strictly positive for x > 0. From (4.92) and (4.91), we have

€+ éu(a)

<80

G:H(a)
6,.(b)

lim inf
m—0o0

=0, (4.99)

meaning that there exists a subsequence of converging to % From the estimates

5 0u(a) = 0,(a)
0 — H ©
| =5,y 7 -
ming, |0,(a) — 6u(—a) (4.100)
% WM, 0,(a) + 0,(—a)|
a/2 _ _—a/2
e e
= m = tanh(a/Q),
and
7] maxp, [0, (a) — 6u(—a)|
uta)] < miny, 0,,(a) + O (—a)] o1
_ ea/2+e—a/2 B 1 ( N )
"~ ea/2 —¢=a/2 " tanh(a/2)’
we obtain
éu(a) 1
— tanh(a/2) tanh(b/2 . 4.102
5.0 | [ anh(a/2) tanh(b/2), tanh(a/2)tanh(b/2)} (4.102)
which is an interval always containing 1. Although, when we rewrite
0= lm&f €+0,(b) — e,HM(a)‘
sinh(b) B isin(2Mb)
lim inf *\ cos(2Mb) + cosh(b)  cos(2Mb) + cosh(b) (4.103)
= limin
m—00 B sinh(a) B isin(2Ma)
cos(2Ma) + cosh(a)  cos(2Ma) + cosh(a)

and in particular, for a choice of a = kic, b = koc, we obtain Ma = kymnm, Mb = komm and

hence
. sinh(b) sinh(a)
0=1 f — | - | ———
meon | <1 + Cosh(b)> ‘ <1 + cosh(a)
(4.104)
. b a
= liminf |e4 tanh [ = | —e_tanh | =
m— 00 2 2
and as the expression is independent of m, we get the necessary conditions
€+ _ tanh(a/2) (4.105)

e tanh(b/2)

which is not 1 for @ # b. It is in direct contradiction with the result of singular sequences for
a # b as from Proposition 4.1 we have &= =1 = 0e(A) # 0 for K = —1. We conjecture
that the limit equation in the case of K = —1 in this section is not correct, although we were
not able to locate the erroneous step. This reasoning is based on the simplicity of proof of
Proposition 4.1 and its numerical simulation confirming the correctness of the construction.
Also, in the following chapter, we will see that the essential spectrum in a case of Z—f # 1 does
not depend on values of a, b, c.
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Chapter 5

Form approach for non-critical
contrast

In previous section, we proved that for constant (positive) curvature and contrast x # 1, the
essential spectrum oess(A) = @) is empty, although the proof using the characteristic equation
was rather tedious. Further, we could not obtain conclusive results for negative curvature.

Now, we would like to provide a more elegant and general self-adjoint operator definition via
forms which will allow us to tackle also non-constant curvatures for non-critical contrast « # 1.
In the end, we will show that the two resulting operators from each approach coincide for
constant curvature.

In this chapter, we will be using notation for Hilbert space V defined on Q with f € V as
fr = floy and if V = L2(Q), ||f+]| == [ fellr2(qy) for f € L%(9). Scalar product (-,-)y will be
linear in second argument and that of L?(£2), unless specified otherwise.

The approach used here is similar to the T-coercivity approach used in [8, 7] to provide a
well-posedness for a similar problem and much more general domains in R? and R3 for x not
belonging to a certain neighbourhood of 1. Choice of plausible contrasts depends only on the
smoothness of the boundary between 2, and €2_. For example, it was shown that when the
curve ' contain a segment with right angle, then xk ¢ [%, 3] provide self-adjointness and compact
resolvent. Combining T-coercivity and arguments involving smooth partitions of unity, they
derive criteria in terms of quantities (¢) in the neighbourhood of the boundary.

Here, we apply a similar approach using cut-off function and a generalized Lax-Milgram theorem.
Note that T-coercivity is a weaker case of this generalized Lax-Milgram theorem of [3].

Now, we will state the representation theorems on which this chapter is based on. Recall that
continuity of a sequilinear form a means that for some C' > 0

la(u, v)| < Cllullvllvlly,  Vu,veV. (5.1)

Theorem 5.1 ([3, Thm. 2.1]). Let V denote a Hilbert space. Let a be a continuous sesquilinear
form on V x V. If a satisfies, for some ®1, P9 € L(V),

la(u, u)| + la(u, @1u)| > al[ull}, VueV,

5.2
la(u, )| + |a(Pou, u)| > oz||u|]%;, Yu €V, (5:2)
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then A € L(V) defined via
a(uv U) = (U, AU)V (53)

is a continuous isomorphism from V onto V. Moreover, A~ is continuous.

Now, consider two Hilbert spaces V and H such that

VYV CH, Visdensein H,

5.4
VueV: ullxy < Cllully. (5.4)

for some C' > 0.

Theorem 5.2 ([3, Thm. 2.2]). Let a be a continuous sesquilinear form satisfying (5.2). Let
H DV be a Hilbert space and suppose that (5.4) holds for the Hilbert spaces V, H. Further
assume that ®1, ®9 extend to a continuous linear map also in H. Define operator S : dom S — H
usIng

dom S := {v € V: u > a(u,v) is continuous on V in the norm of H}, (5.5)
a(u,v) =: (u,Sv),,, Vv &€ doms, Yue V.
Then,

1. dom S is dense in both V and H,

2. S is closed,

3. S is bijective from dom S onto H and S~ € L(H).

4. Let b denote the conjugate sesquilinear form of a given by
(u,v) = b(u,v) := a(v,u).
and denote S the operator associated to b by the same construction — then

S* = (S)* and (S)* = S.
Start by defining Sobolev spaces of functions zero on the boundary of ) restricted to Q2+ as

Hyp(9) = { fla, : f € HI(O)}. (5.6)

Further define an even cut-off function £ : Q@ — R, £ € C§°(Q) for zg,z1 € R, 29 < 21 < a,
xo < x1 < b such that {(—z,y) = &£(x,y) for all (z,y) € Q and, in addition, satisfying

1 (—.730,1‘0),

, x€
Slavy) = {(), x € (=b,a)\ (—x1,1). (5:7)

In interval (—z1, —z0) U (20, 21) it is defined such that £ € C§°(Q) and [|¢[[z2(q,) = 1. Define
mirroring operator

Py H&,F(Qﬂ:) - H(%,F(QJF)a

(5.8)
(Pru)(z,y) = u(—z,y) for x € (—x1,21), y € (0,¢).
In further analysis, we use it in conjunction with cut-off £ identically zero outside of (—x1,x1).
So formally, we rather use the operator £Py = £Py : H}(Q4) — HY(Qs) which is properly
defined on functions over the whole of €.
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Define transforms T, : H} () — HL(Q) for u € H} () using

in - 2R_u_ in Q_
Ty =" e Tyu:={ W+ TN (5.9)
—u_+2Ryuy in Q_ U_ in Q_

with Ry : H&F(Qi) — H&F(Qﬂ, Ry = £P4. Operators T, are bounded as operators acting in
HE(Q) as

(Tu)slr = (Tu)_lp, for u = (us,u_) € Hip() & Hip(Q) (5.10)

(in sense of traces) due to (Rius)|r = us|p for the same w.

For application of generalized Lax-Milgram lemma [3, Theorem 2.2], let us introduce the sesquilin-
ear form associated to operator A defined in (3.16) given as

a: L*(Q) x dom A — L*(9),

. 5.11
a(u,v) == (u, Av). (5:11)

By invoking standard density arguments of test functions C$°(Q) in L?*(©2) and dom A and
definition of weak derivatives, its domain can be augmented and it is given, for u, v € H}(€),
by

a: H}(Q) x HY(Q) — L*(Q),
(5.12)

a(u,v) == (Vu,eVv) = eq VuVv — e VuVv
Q. Q.

and the derivatives are understood in the weak sense.

Proposition 5.3. Let (M, g) be a Riemannian manifold with constant Gaussian curvature and
Q, I' as introduced in Section 3.1. Then, for contrast k = E—f # 1, there is a unique self-

adjoint operator Ap : dom Ap C L*(Q, g) — L%*(Q, g) associated to the sesquilinear form a given
in (5.12) by
a(u,v) =t (u, Apv)y, u € Hy(Q,9), v € domAr C H}(Q,g) (5.13)

with domain
dom Ap = {v € HY(Q,9) : Avg € L3(Qu,9), (e40p04 + € 0pv_)|p = o} (5.14)

and Ap has a compact resolvent and 0 & o (Ap).

Proof. In order to obtain a self-adjoint operator associated to a(u,v), estimate

la(u, Tyu)| = |es VuiVuy —e_ Vu_V (—u_ +2{Puy)

Q4 Q.

|| Vur|* + e ||Vu_|]? — 26_/ Vu_ (§VPuy + Pu+Vf)‘ (5.15)
Q_

> €e_
- e 0

€ 1 N
uw@w(*>-)+quWu—6—m—w@P77<”
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where we used Young inequality for 4, n > 0 and reversed triangle inequality |x — y| > |z| —
ly|. Second equation was estimated using Cauchy-Schwarz inequality, integral substitution and
properties of £

Vu_ (EVPuy)
Q_

< [[Vu_[[[[(€VPur) || <[|Vu_]|[[Vuil],

(5.16)

; < [V [[[(PusVE) - < IVu- || [[ut || IVE|IZwq, )

In order to compensate for the last negative term without derivatives of w in (5.15), define a
complexified form b; : H} (Q) x H}(Q) — L*(Q) for t e R, ¢ > 0 as

be(u,v) := a(u,v) + it(u,v). (5.17)
for u,v € HE (). This sesquilinear form satisfies

b (u, w)| > ] %,

(5.18)
[be(u, v)| > |a(u, v)| — t]u]] [[v]]
and is bounded in H{ () norm with constant C; > 0 due to Poincaré inequality according to

[b:(u, v)| < la(u, v)] +¢[ul|[|v]]
< max{er, e H|Vull [[Vol] + ¢[[u]|[[v]] (5.19)
< Gillull g o0l a3 (@)

Combining estimates on |a(u, Thu)| with boundedness of T}

[l || Thul] = HUH\/HMHQ |—u_ +2¢Puy |’ (5.20)
< lul| V/u+[2 +2(HU—H2 + dffur|?) < [ul| 3]full = 3|full?,
we obtain for S € R, 8> 0
101 (u, w)| 4 [bi(u, BTvu)| = [bi(u, w)| + Blbi(u, Tru)]
> ||u]|? (61 = 38) = CyB) + tl[u—|* (1 - 38)
#BecliVurl? (- 1)+ peVa P -5-n) O

> allull gy )

where (), = e,||V£||%OO(Q+)n_1. For a choice of 0 < B < 3,0 < 4§ < Zf < 1, there exists n > 0
and t > tg sufficiently large such that each term on the right-hand side is strictly positive. From
here, it is trivial to provide lower bound in terms of H}(2) norm such that o > 0 is strictly
positive for E—J_r > 1. By the same computation with b(u, Thu), we obtain similar strictly positive

bounds for & < 1.

For & > 1, set V = Hj(Q), H = L*(Q) and ®; = BT} in Theorem 5.2. Form a is symmetric

and thus the second inequality in (5.2) is also satisfied for ®9 = 7. This implies that operator

B; associated to form b; defined on S C L?(2) is a closed isomorphism from a dense subset of
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H(Q) to L*(Q). At the same time, B; has a bounded inverse and due to compact embedding’
of H}(2) to L?(Q), its resolvent R(\, B) is compact for A = 0 and by the first resolvent identity
also for all A in the resolvent set. Hence, the essential spectrum is empty [28, Theorem 6.29].
By setting ®12 = $75, we obtain the same results also for Z—* < 1.

To determine domain of the operator — by Riesz theorem, stating that every continuous linear
functional u +— o(u) on L?(Q) is represented by some n € L?(Q2) such that p(u) = (n,u), we
have

dom B; = {v € H}(Q) : 3n € L*(Q)Vu € HY(Q), bs(u,v) = (u,n)} . (5.22)
Based on definition of weak derivatives, it follows that for u € C§°(£2) and v from

dom B; = {v € HY(Q): V- (V) € LQ(Q)}
(5.23)
= {v € HY(Q): Avy € L2(Q4), (€4 0,04 + e,&vv,)‘r = O} ,

we have

be(u,v) = a(u,v) + it(u,v) = / VueVo + it(u,v)
Q

= - /uV - (eVv) + it(u, v) (5.24)

= (u, —eAv +itv) = (u,n)

where we have used the definition of weak derivative of eVv and piece-wise constant e. Now, Av is
understood in the weak sense of distributions. From density of C§°(€2) in HE (), bt (u,v) = (u,n)
holds also for u € H} ().

To extract information about operator without a complex shift, define for ¢t € R, ¢ > 0,

Ap =B, —itl. (5.25)
From (5.25) we have

Ap = Bp +it] (5.26)
and also dom A}y, = domB; = domB; = domAr due to operator B; being associated to

by (u,v) = by(v,u) = a(u,v) — it(u,v) from symmetricity of form a. At the same time, for
u € H}(Q), v € dom A%,

(u, Ajv) - (u, (B} +it) v) = bj (u,v) +it(u,v) = a(v, u) — it(u, v) +it(u,v) (5.27)

(u,v) = (u, Apv)
and hence, A% = Ap is self-adjoint and independent of .

Considering non-zero curvature, introduce respective L?(€2, g) spaces on Riemannian manifolds
with constant Gaussian curvature as before. Then all the estimates hold in the same form as
above. This is due to metric f(x)dz dy being mirror-symmetric with respect to I' regardless of
the position of I' in €2. See Remark 5.4. ]

Remark 5.4 (Generalization to non-constant curvatures). We can notice that in the proof of
Proposition 5.3, the estimates (5.16) are the only place in the whole proof where non-constant

!This result is known as Rellich-Kondrakov theorem [23].
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curvature could potentially be problematic. Note that Poincaré inequality also holds in L?
spaces on Riemannian manifolds (see reference).

Denote dvy, = fdx dy where f = /| det g| and assume that g is diagonal. Remember
IV¢l3 = g/VigV 0. (5.28)

In the previous estimates, we have used, for u = (uy,u_) € L*(Q4,9) ® L*(_, 9)

|(xVPus)£l[} = /Q XV Pu|* dvy = /Q Ix|” (g“vipuivjpui)fdxdy
T T

Q4 Q

+
= | (xVu)<l? < [|[Vul[2.

Thus, Proposition 5.3 can be generalized to Riemannian manifolds (A, §) such that ¢¥(x,y) =
g (—x,y) in some neighbourhood of T

Finally, we would like to show that the operator Ap coincides with A and its self-adjoint exten-
sion A on an intersection of its domains for a non-critical contrast x # 1.

Proposition 5.5. The operator Ap defined in Proposition 5.3 via forms coincides, for k # 1,
with the self-adjoint operator A O A defined in Section 3.2.

Proof. First, we will prove that A ¢ Ap. As
1/& |8Q(): 07

) €H2(Q+7g)@H2(Q—7g) ¢+(07) :17/)—(07 ) ;
e+ 0114(0,-) = —e- 01 ¥(0, )

(o

(5.30)
we have that dom A C dom Ap. Based on the action of the operators, we have
(u, Av) = a(u,v) = (u, Apv), Yu € CP(Q), v e domA (5.31)
and by density of test functions then _
AC Ap. (5.32)

Whenever there are two densely-defined symmetric operators L1, Lo on a Hilbert space, then
the following holds for their adjoints L7, L3,

LyCcLy = LjcCLj. (5.33)
Hence, A C Ap as A}, C A* and
A=A=A" c Ay = Ap. (5.34)
And finally, we obtain also the second extension

Ap = A% C A" = A, (5.35)
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Note 5.6 (Cut-off motivation). We can see that if we would have used no cut-off in (5.9), i.e.
¢ = 1 constant, the last term in (5.15) with ||uy|| would be zero and T-coercivity of form a
would be achieved rather quickly. Although first, we have to properly define mirroring operator
P globally. It turns out that in simpler framework, we cannot recover proper definition of Ap
via forms for the whole range of contrasts k € R, k # 1.

Denote a, := min{a,b}. For Ty and T, use Ry = Py, P, : H&F(QjL) — H&F(Q_) and
P_: H&F(Q_) — H&Jﬂ(QJ,.), respectively, defined by

(Pt = {0 e o) 530

In order for Py to be also an operator H&F(Qi) — H&F(Qy), we require that b > a, or a > b,
respectively (plus and minus). This leads to
b>a = form a(u,Tiu) is coercive for k > 1, (5.37)
a>b = form a(u,Tyu) is coercive for k < 1. '
For simplicity, assume b > a. By using T} as above, this gives us coercivity for k > 1. By
defining 75 using different choice of operator R_ = P as

(Pu_)(z,y) = u_ <—ny> , (5.38)

we arrive at |a(u, u)| + |a(u, Tou)| > allullgiq) for a > 0, all u € Hg(Q) and for x < §.

Overall, combining reflections in 75 and reflections with rescaling in 77, we obtain self-adjoint
representations with compact resolvent via form a(u,v) for x € (0, %) U (1,00). The approach

with cut-off functions ensures the same properties also for x € (7, 1).

Note 5.7. Let us demonstrate, for curiosity, approach without the cut-off function £&. Now, T,
are given using Ry = Py as in (5.36). In order for image of R1 to be zero at the boundary of
Q, we must have a < b, or b < a, respectively. Estimate |h(1), T11))| using

2

|h (v, Ty)|? =

e IVUIE + e VU2 —2e [ Toovu

= (eIl + e V0l2) — 2 (e IVOIZ + e T2 ) 2% ( /| wvw+>

+ 462 Vi_V7

Q_

2 _
> (e VeI + e [Vel2 ) (1-8) +4¢ | | Voovuy

Q_

2 (1 - ;) (5.392)

2 1
> (V0 + e I90l2)” (- 8 - 42 | 9ul2 19wl (5 - 1) (5.390)

2
= (EIvelL +EIvelt) (1-9)
+IVelZIvel: [2e+e_ (1—0) + 42 ((15 _ 1)]

> [V (& (1=8) —n) + V0] (& (1 -5) ~ ) (5.390)
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where we used Young inequality with parameter § > 0 in equation (5.39a), Cauchy-Schwarz
inequality in (5.39b) and chose 6 € (0,1) so that 5 —1 > 0. At the same time, we used

2
a simple integral substitution ‘fQ_ V¢_V¢+‘ < HV¢||2_ Jo_ ‘Vl/&;‘ < ||V Ja, IV, |? =

V|2 ||V ||2 as when a > b, integral of non-negative function over a superset is larger than
the original integral and when a < b, ¥ () = 0 for x € (a,b). In (5.39c), we used a simple
Young inequality to get the expression with notation

n =2 <<15 - 1) —ere_(1-19). (5.40)

We proceed to show that parameter § € (0,1) can be chosen in such a way that both coefficients
in (5.39¢) in front of ||V4)||4 are positive. The coefficients will be denoted as K, respectively.

Indeed, denote contrast x := e—j and

/C+:e%r(1—5)—n:26+e_(1—5) H+1_i 7
2 KO
(5.41)

/c:&(1_5)—77:262_(1—5)(”1—§>,

then Ky > 0 for ¢ fixed if § > max {ﬁ, %H} Such suitable § € (0,1) can be chosen if

k> 1 (or e4 > €_). Hence, for such § and K1 > 0:

10, T0)| 2 KTl + Kl Tult > = (VREIV9IE + VEIvwl?)

N min { /K4, vK_}
- V2

Together with Poincaré inequality for ¢ € H}(€2), this gives us the desired result.

%\

(5.42)
IVl
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Conclusion

In this thesis, we have explored essential spectrum of a variation of an indefinite Laplacian [6]
on a non-smooth domain on constantly-curved surfaces. Note that non-smooth domains are not
extensively covered in literature in general. We have not found any effect of the curvature on
the essential spectrum.

Corollary 5.8. Let K be a constant Gauss curvature and Ag be operator defined in Section 3.2.
Then the following holds for contrast k = E—f :

1. k# 1 <= 0es(AK) =9,
2. k=1 <= 0 € 0es(AK).

Proof. Corollary is a direct consequence of Proposition 5.3, Proposition 5.5 and Proposition 4.1.
O

In the section on singular sequences, we construct Weyl sequences to show presence of zero in
the essential spectrum for critical contrast and propose possible generalization to non-constant
curvatures. We also refine the argument in case of zero curvature to show that zero is the only
point of the essential spectrum and is empty when the contrast is non-critical. We also provide
rate of convergence for A\, — 0.

The asymptotic analysis of the characteristic equation for eigenvalues in the curved case is
much more involved due to presence of associated Legendre functions. We were able to obtain
conclusive results only for positive curvature.

For positive curvature, finite limit points of the spectrum can exist only when x = 1, with
possible exception of wy # 0, in notation of Lemma 4.11. Although, in the last section we rule
out the possibility for k # 1 with Proposition 5.3, thus w4 is not a limit point when x # 1.

Remark 4.17 presents a contradiction with independent construction of singular sequences for
negative curvature — we are lead to assume that the results Section 4.3 contains an error in the
case of negative curvature, although we were not able to locate the source of the error, despite
much effort.

The last chapter provides a rather general and elegant approach to the essential spectrum and
operator definition using forms. We were able to prove emptiness of essential spectrum in non-
critical contrast case regardless of curvature and also sketch possible generalizations regarding
non-constant curvature.

Overall, we presented many new results for non-smooth rectangular domain concerning non-zero
curvature and sketched possible generalizations of the used methods to describe also the case of
non-constant curvatures and/or different geometries of the domain.

o8



Bibliography

1]

[11]

[12]

[13]

M. Abramowitz and I. A. Stegun. Handbook of mathematical functions with formulas,
graphs, and mathematical tables, volume 55. US Government printing office, 1964.

R. A. Adams and J. J. F. Fournier. Sobolev spaces. Elsevier, 2003.

Y. Almog and B. Helffer. On the spectrum of non-selfadjoint Schréodinger operators with
compact resolvent. Communications in Partial Differential Equations, 40(8):1441-1466,
2015.

H. Ammari, G. Ciraolo, H. Kang, H. Lee, and G. W. Milton. Spectral theory of a Neumann—
Poincaré-type operator and analysis of cloaking due to anomalous localized resonance.
Archive for Rational Mechanics and Analysis, 208:667-692, 2013.

H. Bateman. Higher transcendental functions, volume 1. McGraw-Hill Book Company,
1953.

.....

Mathématique, 134(2):501-522, 2018.

A. S. Bonnet-Ben Dhia, L. Chesnel, and P. Ciarlet. T-coercivity for scalar interface problems
between dielectrics and metamaterials. ESAIM: Mathematical Modelling and Numerical
Analysis, 46(6):1363-1387, 2012.

A. S. Bonnet-Ben Dhia, P. Ciarlet, and C. Zwolf. Time harmonic wave diffraction prob-
lems in materials with sign-shifting coefficients. Journal of Computational and Applied
Mathematics, 234(6):1912-1919, 2010.

A.-S. Bonnet-Bendhia, M. Dauge, and K. Ramdani. Analyse spectrale et singularités d’un
probléeme de transmission non coercif. Comptes Rendus de I’Académie des Sciences-Series
I-Mathematics, 328(8):717-720, 1999.

G. Bouchitté, C. Bourel, and D. Felbacq. Homogenization of the 3D Maxwell system near
resonances and artificial magnetism. Comptes rendus. Mathématique, 347(9-10):571-576,
20009.

G. Bouchitté and B. Schweizer. Homogenization of Maxwell’s equations in a split ring
geometry. Multiscale Modeling € Simulation, 8(3):717-750, 2010.

C. Cacciapuoti, K. Pankrashkin, and A. Posilicano. Self-adjoint indefinite Laplacians. Jour-
nal d’Analyse Mathématique, 139(1):155-177, 2019.

E. B. Davies. Spectral theory and differential operators. Cambridge University Press, 1996.

99



[14]

A. B.-B. Dhia, P. Ciarlet Jr, and C. M. Zwolf. Two-and three-field formulations for wave
transmission between media with opposite sign dielectric constants. Journal of Computa-
tional and Applied Mathematics, 204(2):408-417, 2007.

A.-S. B.-B. Dhia, L. Chesnel, and P. Ciarlet Jr. T-coercivity for the Maxwell problem with
sign-changing coefficients. Communications in Partial Differential Equations, 39(6):1007—
1031, 2014.

D. E. Edmunds and W. D. Evans. Spectral theory and differential operators. Oxford Uni-
versity Press, 2018.

L. C. Evans. Partial differential equations, volume 19. American Mathematical Society,
2022.

T. Faikl. Spektrdlni analyjza zakrivenych metamateridlu. Bachelor’s thesis, FNSPE, CTU
in Prague, defended in 2021.

D. Felbacq and G. Bouchitté. Theory of mesoscopic magnetism in photonic crystals. Phys-
ical review letters, 94(18):183902, 2005.

D. Felbacq and G. Bouchitté. Metamaterials: Modelling and Design. CRC Press, 2017.
A. Gray. Tubes, volume 221. Springer Science & Business Media, 2003.

P. Hartman. Geodesic parallel coordinates in the large. American Journal of Mathematics,
86(4):705-727, 1964.

E. Hebey. Nonlinear analysis on manifolds: Sobolev spaces and inequalities: Sobolev spaces
and inequalities, volume 5. American Mathematical Soc., 2000.

P. D. Hislop and I. M. Sigal. Introduction to spectral theory: With applications to
Schrédinger operators. Springer Science & Business Media, 2012.

F. Hlozek. Operator theoretic approach to the theory of metamaterials. Bachelor thesis,
FNSPE, CTU in Prague, 2014.

F. Hlozek. Metamaterials: Spectral-theoretic approach. Diplomovd prdce, FJFI, CVUT
v Praze, 2017.

A. Hussein. Sign-indefinite second-order differential operators on finite metric graphs. Re-
views in Mathematical Physics, 26(04):1430003, 2014.

T. Kato. Perturbation theory for linear operators, volume 132. Springer Science & Business
Media, 2013.

D. Krejcitik and P. Siegl. PT-symmetric models in curved manifolds. Journal of Physics
A: Mathematical and Theoretical, 43(48):485204, 2010.

A. Lamacz and B. Schweizer. Effective Maxwell equations in a geometry with flat rings of
arbitrary shape. SIAM Journal on Mathematical Analysis, 45(3):1460-1494, 2013.

A. Lamacz and B. Schweizer. A negative index meta-material for Maxwell’s equations.
SIAM Journal on Mathematical Analysis, 48(6):4155-4174, 2016.

J. M. Lee. Riemannian manifolds: an introduction to curvature, volume 176. Springer
Science & Business Media, 1997.

H. Li, J. Li, and H. Liu. On quasi-static cloaking due to anomalous localized resonance in
R3. SIAM Journal on Applied Mathematics, 75(3):1245-1260, 2015.

60



[34]

[35]

[36]

G. W. Milton. The Theory of Composites. Cambridge Monographs on Applied and Com-
putational Mathematics. Cambridge University Press, 2002.

G. W. Milton and N.-A. P. Nicorovici. On the cloaking effects associated with anoma-
lous localized resonance. Proceedings of the Royal Society A: Mathematical, Physical and
Engineering Sciences, 462(2074):3027-3059, 2006.

G. Nemes and A. B. Olde Daalhuis. Large-parameter asymptotic expansions for the Leg-
endre and allied functions. STAM Journal on Mathematical Analysis, 52(1):437-470, 2020.

H.-M. Nguyen. Negative index materials and their applications: recent mathematics
progress. Chinese Annals of Mathematics, Series B, 38(2):601-628, 2017.

H.-M. Nguyen. Cloaking via anomalous localized resonance for doubly complementary
media in the finite frequency regime. Journal d’Analyse Mathématique, 138:157—-184, 2019.

F. Olver. Asymptotics and special functions. CRC Press, 1997.
W. Rudin. Real and Complex Analysis. McGraw-Hill Boston, 1987.

M. D. Spivak. A comprehensive introduction to differential geometry. Publish or Perish,
1999.

E. M. Stein and R. Shakarchi. Fourier analysis: an introduction, volume 1. Princeton
University Press, 2011.

E. Wagner. Asymptotische Entwicklungen der hypergeometrischen Funktion F'(a,b,c;z)
fir |¢|] — oo und konstante Werte a, b und z. Demonstratio Mathematica, 21(2):441-458,
1988.

61



	Introduction
	Motivation
	Physical motivation
	State of research
	Anomalous localized resonance

	Mathematical prerequisites
	Notation
	Asymptotics
	Geometry
	Analysis

	Geometrical and functional problem setting
	Geometrical setting
	Indefinite Laplacian on manifolds
	Known basic properties of the operator

	Spectral analysis
	Construction of singular sequences
	Accumulation points of the spectrum in zero curvature case
	Accumulation points of the spectrum in curved cases

	Form approach for non-critical contrast
	Conclusion

