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Abstrakt: Urýchľovanie brázdovou vlnou je efektívna metóda zrýchlenia elektrónov v
plazme, ktorá umožňuje generovať vysoké gradienty elektrického poľa. Tradičné schémy
vstrekovania elektrónov do brázdovej vlny však môžu často trpieť nedostatočnou kon-
trolou. Preto rastie záujem o skúmanie externého vstrekovania, pri ktorom sa zväzky elek-
trónov vstrekujú z externého urýchľovača. Prudký prechod z vákua do plazmy avšak môže
zapríčiniť zhoršenie parametrov elektrónového zväzku. Z toho dôvodu sa v rámci tejto
práce uskutočnili 2D a 3D particle-in-cell simulácie pomocou kódu Smilei. Konkrétne boli
analyzované (desiatky mikrónov dlhé) hustotné nábehy plazmy rôznych dĺžok s lineárnym
alebo parabolickým nárastom, aby sa určil ich vplyv na vstrekovanie elektrónového zväzku
a vývoj jeho parametrov v čase. S daným súborom parametrov simulácie bol navrhnutý
400-µm hustotný nábeh plazmy konvexného parabolického profilu ako najefektívnejší pri
zachovaní relatívneho energetického rozptylu a priečnej emitancie elektrónového zväzku.
Klíčová slova: urýchľovanie brázdovou vlnou, bublinový režim, externé vstreko-
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Transition of electrons beams between vacuum and plasma in the external
injection into a laser wakefield accelerator
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Abstract: Laser wakefield acceleration is an efficient method for electron acceleration in
plasmas that ensures high electric field gradients. However, traditional injection schemes of
electrons into the wakefield can often suffer from a lack of control. Consequently, there is a
growing interest in investigating external injection, in which electron bunches are injected
from a separate accelerator. Nevertheless, a sharp vacuum-plasma transition can cause
deterioration of the bunch parameters. Therefore, in this work, 2D and 3D particle-in-cell
simulations using the Smilei code were performed. Short (tens-of-micron scale) plasma
density ramps of different lengths with a linear or parabolic increase were examined to
determine their influence on the injection of the electron bunch and its parameters. With a
given set of simulation parameters, the 400-µm plasma density ramp of a convex parabolic
profile was suggested as the most effective one in preserving the relative energy spread
and transverse emittance of the electron bunch.
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Introduction

Laser wakefield acceleration (LWFA) is a promising technique of the electron accele-
ration in the field of electron accelerator technology dedicated to high-energy particle
physics. It involves the interaction of an intense laser pulse with plasma, which cre-
ates a high-amplitude electric field capable of accelerating electrons to relativistic
speeds. Moreover, it has several advantages compared to traditional acceleration
techniques, such as radio-frequency accelerators. It can accelerate particles to high
energies over a much shorter distance, reducing the cost and complexity of the
particle accelerator. Additionally, electron beams produced by laser wakefield accel-
eration are highly focused and collimated. Such beams can be used in a range of
applications, such as advanced medical imaging [1], the study of ultra-fast dynamics
in solids, molecules, or chemical reactions [2].

However, experiments demonstrating laser wakefield acceleration with the use of
the highly non-linear regime often suffer from shot-to-shot fluctuations or a lack of
control over the electron bunch parameters. This is partly because these experiments
use plasma as a source of electron beams and, at the same time, as an accelerating
medium. Particularly, as an intense laser creates a non-linear wakefield, while the
surrounding plasma electrons are accumulated in the rear part of the first bubble,
some of them are subsequently injected into the accelerating structure. Such an
injection process, however, can cause that injected electrons acquire undesirable
properties (increased emittance, energy spread or divergence) even before they are
subjected to acceleration. Generally, it is desirable to obtain electron beams with
minimal divergence or energy spread so that following beam optics are not burdened
by extreme requirements and the emittance growth is as small as possible [3].

On the other hand, injection of the electron bunch produced by an external source,
i.e., external injection [4], can represent an effective method for producing stable and
high-quality electron beams, as it takes advantage of the fact that these electrons
have well-known and, in this sense, "fixed" initial parameters. Therefore, this tech-
nique has generated much interest in the scientific community. It should be noted
that external injection is experimentally more demanding than traditional LWFA
injection schemes as it requires exquisite alignment and timing between the electron
bunch and the laser. It also requires vacuum isolation between the conventional RF
accelerator and the LWFA stage.
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2 Úvod

In most cases, only sharp vacuum-plasma transitions are studied, and it has been
demonstrated that such options can cause a rapid emittance growth [5]. In order to
solve this issue, it has been demonstrated that by adding smooth, long (mm-scale)
density ramps, it is possible to mitigate the emittance growth [6].

The purpose of this work is to examine and determine if also short (tens-of-micron
scale) plasma density ramps of different lengths and profiles play a significant role in
the injection of the electron bunch and its parameters. Particularly, eight different
lengths (varying from 25 to 700 µm) of plasma ramps, both linear and convex
parabolic (as typical density profiles), were considered. In order to determine their
effect on the electron bunch, 2D and also 3D particle-in-cell simulations using the
Smilei code [7] were performed.

This work is organized in the following way: The first chapter includes a brief intro-
duction to plasma acceleration. Basic aspects of laser and plasma physics are also
mentioned. At the end of the first chapter, the two main regimes of laser wakefield
acceleration are described, along with its limitations. The second chapter deals with
the external injection of the electron bunch into the wakefield. The phenomena that
are accompanied by this process and can affect the quality of the electron bunch
are also outlined. In order for such a description to be complete, several options for
maintaining the quality of the bunch during the injection and subsequent accelera-
tion were mentioned. The third chapter includes a brief history and basic knowledge
about particle-in-cell simulations, along with numerical instabilities that can affect
their results. The last, fourth, chapter is dedicated to the results obtained from 2D
and 3D simulations. Electron bunch parameters that were investigated either in the
given positions or in the entire time range of the simulation were mean energy, en-
ergy spread, relative energy spread, and transverse emittance. Based on this, the
most effective parameters were suggested.



Chapter 1

Laser wakefield acceleration
(LWFA)

1.1 Plasma accelerators

Conventional accelerators use electrostatic, pulsed, or radio-frequency electromag-
netic fields to accelerate charged particles in a vacuum. In such a manner, depending
on the application, various particles with different charges are accelerated to desired
kinetic energy up to TeV range [8]. Unfortunately, the acceleration field of this tech-
nology is constrained by an upper limit of around 100 MV/m [9], [10]. Beyond
this, the acceleration field becomes unfeasible due to the vacuum breakdown of the
accelerator cavity walls, which will destroy the cavity itself. In practical usage, how-
ever, conventional accelerators operate with an acceleration gradient of typically
∼ 10 MV/m [9], [10].

The highest energy in the world is currently reached by the circular collider LHC at
CERN (13.6 TeV collision energy), which has a radius ∼ 27 km. To obtain higher
acceleration energies while using the conventional method without damaging the ac-
celerating structure would mean the construction of even larger circular accelerators,
which is financially and technologically demanding.

Another way to overcome mentioned acceleration field’s upper limit of conventional
accelerators is to use local electric fields that can be generated inside plasma. Plasma
is not limited by electrical breakdowns and, thus, an accelerating gradients up to
200 GV/m can be achieved [10], [11]. Therefore, plasma accelerators could represent
a compact alternative to conventional accelerators, which would also reduce the cost
of their construction. At the same time, plasma accelerators can produce electron
beams with properties suitable for new applications. Moreover, plasma accelerators
can obtain ultra-short electron beams with the duration in the order of femtoseconds
without requiring complicated compression schemes. This feature can be used in the
study of fast dynamics in solids, molecules, or chemical reactions, and, together with
the undulators in a tunable, table-top X-ray laser [12], [13].
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4 Chapter 1. Laser wakefield acceleration (LWFA)

Currently, there are several methods of plasma acceleration. One of the most re-
searched methods based on the use of a high-intensity laser is laser wakefield accel-
eration (LWFA). Lasers that produce an ultra-short, high-intensity pulse are spe-
cially designed so that the acceleration of charged particles by the laser pulse takes
place in a plasma (with a density of 1016 cm−3 < 𝑛𝑒 < 1019 cm−3), which provides
an environment to generate a plasma wave suitable for the acceleration (wakefield).
Typical wavelengths are in the order of 𝜆𝑝 ∼ 10 - 100 µm.

In order to better understand how the plasma wakefield is generated by the laser
pulse, it is useful to point out how light and waves propagate in cold plasma.

1.2 Wave propagation in cold plasmas

The analysis of plasma waves is interesting by itself since it reveals how electrons,
ions, and electromagnetic fields react differently to small perturbations or the same
frequency. In general, the cold plasma equations describe waves which propagate
through plasma much faster than a typical thermal velocity. Moreover, equations
representing the propagation of waves are greatly simplified when the cold plasma
model is applied. Given that the particles are initially at rest in the cold plasma
model, they have no kinetic thermal motion of their own. The cold plasma model
can still be used for laser wakefield acceleration because the phase velocity of the
excited waves (which is approximately the speed of light 𝑐) is much larger than the
thermal velocity of the electrons (|𝑣𝑡ℎ| ∼ 1.3 · 106 m/s).

For this treatment, we will regard the plasma as a cold collisionless fluid. Gener-
ally, plasma can be defined as a "quasi-neutral gas of charged and neutral particles
which exhibits collective behaviour" [14]. In that context, electrons are treated as a
fluid with the ions treated as a fixed neutral background. The dynamics of charged
particles is described by the Maxwell equations.

∇ × E = −𝜕B
𝜕𝑡
, (1.1)

∇ × B = 𝜇0

(︃
J + 𝜀0

𝜕E
𝜕𝑡

)︃
, (1.2)

where E is the electric field, B is a magnetic field, and J is an electric current, 𝜇0
and 𝜀0 are vacuum permeability and permittivity, respectively, and 𝑡 is time. These
equations can be transformed to the wave equation by taking the curl of (1.1) and
substituting it into (1.2)

∇2E − ∇ (∇ · E) = 𝜇0
𝜕J
𝜕𝑡

+ 𝜇0𝜀0
𝜕2E
𝜕𝑡2

. (1.3)

Furthermore, the single-particle model for cold plasmas can be applied. In the linear
case (|𝑣𝑒| /𝑐 ≪ 1) the response of an electron of mass 𝑚𝑒 and charge −𝑒 to an electric
field E(𝑡) is described by the Newton’s second law

𝑚𝑒
𝜕ve

𝜕𝑡
= −𝑒E, (1.4)



1.3. Plasma frequency 5

with the velocity of the electron ve. If the ions are treated indeed as stationary, the
current density comes approximately entirely from the electron motion

J = −𝑒𝑛𝑒ve, (1.5)

where 𝑛𝑒 is electron density. To obtain the source term in (1.3), one can take the
time derivative of this equation and substitute (1.4) to get

𝜕J
𝜕𝑡

= 𝜇0𝜀0
𝑛𝑒𝑒

2

𝜀0𝑚𝑒

. (1.6)

By substituting (1.6) in (1.3), the wave equation for waves in a cold plasma can be
written as

∇2E − ∇ (∇ · E) = 1
𝑐2
𝑛𝑒𝑒

2

𝜀0𝑚𝑒

E + 1
𝑐2
𝜕2E
𝜕𝑡2

, (1.7)

for 𝑐 = 1/√𝜇0𝜀0. This is important result from which the frequency of plasma waves
(which is crucial for laser wakefield acceleration) together with dispersion relation
can be derived.

1.3 Plasma frequency

The term quasi-neutral, which was mentioned in the previous section, implies that
the overall charge of plasma is approximately neutral. This requires the system to
have a large enough spatial extent such that local perturbations of the charge density
do not affect the overall neutrality. These local charge imbalances can be created by
pulling a bunch of electrons away from their equilibrium position, thus resulting in
the generation of the electric field. Consequently, this electric field tries to attract the
electrons back to their initial equilibrium position. Due to their inertia, however, the
electrons will repeatedly overshoot this position, which results in simple harmonic
oscillations. Given that the ions are much heavier than the electrons, ions will remain
almost at the initial position, so they can be considered as stationary. Therefore,
the formed density modulations, referred to as plasma oscillations, are characterized
by a frequency of oscillations called electron plasma frequency. In this section and
the following chapters, the term plasma frequency will be exclusively used for the
plasma electron frequency.

The periodic electric field that pushes electrons back to their neutral positions can
be written as

E = 𝐸0 exp[𝑖(𝑘𝑧 − 𝜔𝑡)]z̃, (1.8)
where 𝐸0 is the amplitude, 𝑘 is the wavenumber, 𝜔 is the angular frequency, and z̃
is the direction of electron movement. Using (1.7), we obtain(︃

𝑛𝑒𝑒
2

𝜀0𝑚𝑒𝑐2 − 𝜔2

𝑐2

)︃
𝐸𝑧 = 0, (1.9)

for the electric field perturbation in the 𝑧 direction 𝐸𝑧, which leads to the dispersion
relation for plasma oscillations (i.e., Langmuir waves)

𝜔 = 𝜔𝑝, (1.10)
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where
𝜔𝑝 =

√︃
𝑛𝑒𝑒2

𝜀0𝑚𝑒

, (1.11)

is the plasma frequency [15].

It should be noted the dispersion relation in (1.10) is only valid in the 1D case of
neutral cold plasma, assuming the electric field E is predominantly parallel to the
motion of the plasma electrons. Although this relation holds in the non-linear limit
and Langmuir with Tonks were able to derive the plasma frequency from it [15], in
any practical system, there will always be variation in the transverse direction. This
correction would lead to the dispersion relation that will be derived in the following
section.

1.4 Propagation of light in plasma

In general, electromagnetic waves are transverse. This characteristic can be conve-
niently used to calculate the propagation of light through a plasma, as the wave
equation derived in Section 1.2 can be recast as

∇2E =
𝜔2

𝑝

𝑐2 E + 1
𝑐2
𝜕2E
𝜕𝑡2

. (1.12)

For the electromagnetic wave propagating in the 𝑧 direction and polarized in the 𝑥
direction, the electric field with amplitude 𝐸0 can be written as

E = 𝐸0 exp 𝑖(𝑘𝐿𝑧 − 𝜔𝐿𝑡)x̃, (1.13)

where 𝜔𝐿 is the wave frequency and 𝑘𝐿 is the wavenumber. Substituting this to
(1.12) leads to the dispersion relation

𝜔2 = 𝜔2
𝑝 + 𝑘2

𝐿𝑐
2, (1.14)

which includes the wavenumber of the electromagnetic wave 𝑘𝐿 and plasma fre-
quency 𝜔𝑝 derived in (1.11).

1.5 High-intensity, ultra-short Gaussian laser beams

One of the most significant milestones in laser physics and technology over the
last decade has been the development of lasers capable of generating ultra-short
> TW pulses without damaging the gain media. In general, high-intensity lasers
work in different modes. Nowadays, they can reach a maximum power up to 1016 W
and generate pulses with durations of 10−10-10−15 s, intensities up to 1023 W·cm−2

[16] and repetition rates in the range of 103-106 Hz. Such properties enable the
investigation of new phenomena within their interaction with atoms and molecules.
Moreover, these lasers are used in state-of-the-art research and have many potential
applications [2].
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To obtain highly intense laser fields, a concentration of large amounts of radiation
energy within very short time intervals is required while the laser beam is focused
on a small area [17]. These requirements can be fulfilled using mode-locking [18] and
chirped pulse amplification (CPA) [19].

CPA is a very effective method of laser pulse energy amplification, which was in-
vented in 1985 by D. Strickland and G. Mourou [19]. The basis lies in the generation
of short laser pulses in a laser oscillator via mode-locking, which are then spectrally
and temporally stretched, and introduced to a conventional laser amplification chain.
Each laser pulse is subsequently compressed back, ideally to its initial duration and
direction, and later focused if needed. The development of CPA has revolutionized
laser physics by allowing the generation of ultra-short (fs- to ps-scale) high-intensity
laser pulses with the aforementioned properties, which are necessary in order to
drive plasma waves to accelerate particles.

In such high-intensity laser systems and also in laser-plasma acceleration, high-
intensity laser pulses can be described in a simplified way as a monochromatic plane
wave modulated by a Gaussian envelope1 [21]. Assuming polarization in the 𝑥 axis
and propagation in the 𝑧 axis, the electric field is given by

E(𝑟, 𝑧) = 𝐸0x̂
𝑤0

𝑤(𝑧) exp
(︃

−𝑟2

𝑤(𝑧)2

)︃
exp

(︃
−𝑖
(︃
𝑘𝐿𝑧 + 𝑘𝐿

𝑟2

2𝑅(𝑧) − 𝜓𝑔(𝑧)
)︃)︃

, (1.15)

where 𝐸0 is the electric field amplitude, 𝑤(𝑧) is the radius at which the field am-
plitudes fall to 1/𝑒 of their axial values at the plane 𝑧 along the beam, 𝑤0 is the
waist (the value of 𝑤(𝑧) at the focal plane), 𝑟 is the radial distance from the center
axis of the beam, 𝑧 is the axial distance from the beam’s waist, 𝑅(𝑧) is the radius
of curvature of the beam’s wavefronts, 𝜓𝑔(𝑧) is the Gouy phase, and x̂ is the unit
vector in the 𝑥 direction.

It is evident from the equation above that the propagation of the Gaussian laser pulse
is characterized by 𝑤(𝑧), 𝑅(𝑧), 𝜓𝑔(𝑧). As illustrated in Figure 1.1, these parameters
evolve along the z axis as

𝑤(𝑧) = 𝑤0

√︃
1 +

(︂
𝑧

𝑧R

)︂2
, 𝑅(𝑧) = 𝑧

[︃
1 +

(︂
𝑧R

𝑧

)︂2
]︃
, 𝜓(𝑧) = arctan

(︂
𝑧

𝑧R

)︂
, (1.16)

where 𝑧 represents a distance to the focal position, in which 𝑤(𝑧) = 𝑤0, and

𝑧R = 𝜋𝑤2
0

𝜆
(1.17)

is called the Rayleigh length. The Rayleigh length is an important parameter that
represents the distance at which the laser beam transverse area is doubled, compared
with the one in the focal plane, due to diffraction. It is also related to the confocal
parameter 𝑏, which is double the Rayleigh length and is often used as an estimate of
the distance to which the Gaussian beam is approximately collimated [22]. Equation
(1.15) is valid if 𝜔0 ≥ 2𝜋/𝜆𝐿, where 𝜆𝐿 is laser beam wavelength.

1Gaussian-like laser pulse amplitude envelope is generally desirable for high energy concentra-
tion [20].
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Figure 1.1: Gaussian beam width 𝑤(𝑧) as a function of the distance 𝑧 along the beam where 𝑤0
is beam waist, 𝑏 is depth of focus, 𝑧R is Rayleigh length, and 𝜃 is total angular spread.

The corresponding intensity distribution of a Gaussian laser beam is given by

𝐼(𝑟, 𝑧) = 𝜀0𝑐

2 |𝐸(𝑟, 𝑧)|2 = 𝐼0

(︃
𝑤0

𝑤(𝑧)

)︃2

exp
(︃

−2𝑟2

𝑤(𝑧)2

)︃
. (1.18)

The total power of the beam is 𝑃0 = 𝜋𝑤2
0𝐼0/2, where 𝐼0 is the intensity at the center

of the beam at its waist.

1.6 Normalized vector potential

Considering a laser pulse as a monochromatic electromagnetic wave in the vacuum,
the corresponding electromagnetic fields E and B can be expressed in terms of the
scalar potential Φ and the vector potential A as

E = −∇Φ − 𝜕A
𝜕𝑡

;

B = ∇ × A,
(1.19)

with the Coulomb gauge ∇ · A = 0.

For high power laser systems, it is convenient and common to use the normalized
electrostatic and vector potentials to express the importance of relativistic effects
that occur in plasma. The reason is because they have an influence on electron
mass growth, which lowers the plasma frequency. These dimensionless quantities
are defined as

𝜑 = 𝑒Φ
𝑚𝑒𝑐2 , a = 𝑒A

𝑚𝑒𝑐2 , (1.20)

for Φ and A, respectively. However, in vacuum, Φ = 0. In this regard, both fields,
E and B, depend only on the vector potential A. Expression for a can be viewed
as the normalized quiver momentum of the electrons in an electric field [23]. It is
useful to define a laser strength parameter 𝑎0, representing the peak amplitude of
the normalized vector potential, as

𝑎0 = 𝑒𝐴0

𝑚𝑒𝑐2 = 𝑒𝐸0

𝑚𝑒𝜔𝐿𝑐
. (1.21)
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Moreover, assuming a linearly polarized laser beam with a Gaussian radial profile,
peak laser intensity 𝐼0 can be recast in relation to 𝑎0 as

𝐼0 = 𝑐

2𝜀0

(︃
𝑚𝑒𝜋𝑐

2𝑎0

𝑒𝜆𝐿

)︃2

, (1.22)

which leads to

𝑎0 =

⎯⎸⎸⎷ 𝑒2

2𝜋2𝜀0𝑚2
𝑒𝑐

5𝜆
2
𝐿𝐼0 ≃ 8.6 · 10−10𝜆𝐿[µm]

√︁
𝐼0[W/cm2]. (1.23)

Consequently, 𝑎0 can be effectively considered as the maximum field strength of the
laser pulse at focus, given by a specific laser system. Based on 𝑎0, it is also possible
to divide LWFA into two main regimes [24], which will be described further in this
chapter. In particular, if

𝑎0 ≪ 1 ⇒ Linear regime
𝑎0 ≫ 1 ⇒ Bubble regime.

(1.24)

1.7 Debye shielding

Among the fundamental properties of plasma that have not been mentioned yet is
the ability to shield any internal electric potentials [25]. When a charged particle is
inserted into the plasma, plasma particles with the opposite charge are attracted.
Meanwhile, particles with the same charge are repelled. This local charge distribution
change results in the creation of a dense charged layer around each inserted particle
or applied potential. Their influence on neighbouring particles in cold plasmas is thus
effectively isolated within the “Debye sphere”. The particular distance over which
Debye shielding is applied for the plasma electrons is denoted as Debye length 𝜆𝐷,
defined as

𝜆D =
√︃
𝜀0𝑘B𝑇𝑒

𝑛𝑒𝑒2 , (1.25)

where 𝑘𝐵 is the Boltzmann constant, 𝑇𝑒 is the temperature of plasma electrons, and
𝑒 is the elementary charge. Debye length for ions would be derived analogically.

In ideal plasma, two following conditions needs to be fulfilled. The first condition is
that the spatial scale of the plasma 𝐿 should be much larger than its Debye length,
i.e., 𝐿 ≫ 𝜆𝐷. The second condition is related to the average number of electrons
contained in a Debye sphere known as the plasma parameter, defined as

Λ = 4𝜋
3 𝑛𝑒𝜆

3
𝐷, (1.26)

that must satisfy Λ ≫ 1. On this matter, the following simplification can be made.
Since the collective electrostatic interactions dominate over particle-particle colli-
sions, they can be neglected. This effectively means that the plasma particles can
be investigated as if they only interact with an undisturbed background field.

It is important to note that, in plasmas with finite temperatures, Debye shielding
(due to thermal motions) is not perfect and electric fields of inserted particles can be
present outside the shielding layer. However, the plasmas used for plasma wakefield
acceleration can still be treated as ideal [14].



10 Chapter 1. Laser wakefield acceleration (LWFA)

1.8 Principle of laser wakefield acceleration

Laser wakefield acceleration (LWFA) has recently been considered as one of the most
promising methods of acceleration of electron bunch by lasers in plasma. This status
was confirmed in 2004, owing to the publications of experimental results from three
independent scientific groups in the Laboratoire d’Optique Appliquée [26], Lawrence
Berkeley National Laboratory [27], and Imperial College [28]. With a specific choice
of laser and plasma parameters, all groups managed to generate quasi-monoenergetic
electron beams with a mean energy of 100 MeV and a relative energy spread of only
a few %.

The original concept of a plasma accelerator driven by an ultra-short intense laser
pulse was proposed in 1979 by the physicists Tajima and Dawson [11]. At that time,
it was already known that the combination of Maxwell’s equations for a charged
particle and an electromagnetic wave in a vacuum leads to a dispersion relation in a
plasma with a frequency (1.14), where plasma frequency 𝜔𝑝 is given by the relation
(1.11). An electromagnetic wave can propagate to plasma if its density is lower than
the critical density

𝑛𝑐 = 𝜀0𝑚𝑒𝜔
2
𝐿

𝑒2 . (1.27)

From relation (1.11), it can be seen that 𝜔𝑝 is inversely proportional to mass. Thus,
in the case of ions, their value is several times lower in comparison to electrons.
Therefore, indeed, within LWFA and electromagnetic interactions, only the plasma
frequency caused by electron motions is considered. Further in their publication,
Tajima and Dawson calculated that damped harmonic oscillations can only be ob-
served if 𝜔𝑝 ≫ 𝜈𝑒, where 𝜈𝑒 is the collision frequency of electrons with neutral
particles. Otherwise, no periodic character is observed in changes in the electron
concentration. In the case of the plasma electrons with velocities 𝑣𝑒, near the speed
of light, relativistic effects, i.e., Lorentz factor 𝛾 and its impact on 𝜔𝑝 must be
assumed. The Lorentz factor is defined as

𝛾 = 1√︁
1 − 𝑣2

𝑒

𝑐2

. (1.28)

In general, in a plasma-based accelerator, plasma acts as an energy transformer,
where energy is transferred from an exciter (a high-energy charged beam or an
ultra-short laser pulse) to the accelerated particles. As mentioned in Section 1.1,
this acceleration method can achieve an accelerating gradients up to 200 GV/m.
It should be noted that the plasma density ultimately limits the highest achievable
value of the accelerating gradient. Because, as previously mentioned, in overdense
plasma, the acceleration effectivity rapidly decreases.

The basic principle of the LWFA consists of applying an ultra-short and intense
laser pulse to an underdense plasma. This idea utilizes another important property
of laser pulses, which is their ability to exert a net force over charged particles. Due
to the fact that the amplitude of the laser pulse intensity is generally not uniform in
space but gradually changes in time, electrons will also be affected by a non-linear
force proportional to the gradient of the laser intensity, called the ponderomotive
force Fpon, which causes the electrons to oscillate in the direction of E.
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It can be written as [29]

Fpon = −
𝜔2

p

𝜔2 ∇𝜀0 ⟨E2⟩
2 = 𝑚𝑒𝑐

2𝑎0

𝜔0
, (1.29)

where ⟨E2⟩ is averaged laser electric field. The last term in the relation (1.29) is valid
in the relativistic case (𝑎0 > 1). Ponderomotive force can be in principle, associated
with the radiation pressure of light in plasma [30].

Fpon pushes out plasma electrons in both radial and axial directions. Plasma ions
are also affected, but they are too massive to move significantly under the influence
of the ponderomotive force [31]. However, due to the Coulomb force, the repelled
electrons are promptly attracted back to the ions and repelled again by Fpon, creating
another region with a lower electron concentration. These density modulations form
longitudinal electric fields between regions with higher and lower electron densities
[32]. The overall effects of the ponderomotive force and the movements of electrons
in plasma with the frequency 𝜔𝑝 lead to the formation of plasma waves (wakefield).

Tajima and Dawson derived that for the formation of waves in the plasma, the
relation for the electron density 𝑛𝑒 must hold

𝑛𝑒[cm−3] ∼ 1.6 · 1021

𝜏 2
𝑙 [fs] , (1.30)

where 𝜏𝑙 is length of the laser pulse. At the time of now famous publication, obtaining
femtosecond laser beams with high intensity was not achievable. Moreover, even the
method of their production, such as the previously mentioned CPA [19], was not
known. Therefore, the full potential of LWFA could not be utilized during that
period of time. Instead, other methods of plasma acceleration were considered with
more interest. [11]. As technology advanced, this was no longer an obstacle. In
addition, regimes of the LWFA were described, depending on the laser intensity.
Linear and non-linear regimes will be described in the next sections.

1.9 Linear regime of the LWFA

In general, the linear regime of laser wakefield acceleration can be characterized by
the condition for the normalized vector potential, which is 𝑎2

0 ≪ 1. Such a laser pulse
is able to create relatively small plasma density modulations. The mathematical
description of the wakefield is straightforward. The equation for the electric field of
the wave can be derived from the linearized electron fluid equations, i.e., Poisson’s
equation, the continuity equation, and the momentum equation. Particularly for
laser-driven accelerators, this description can be given as [10](︃

𝜕2

𝜕𝑡2
+ 𝜔2

𝑝

)︃
𝛿𝑛

𝑛𝑒

= 𝑐2∇2𝑎
2

2 , (1.31)

where 𝛿𝑛/𝑛𝑒 ≪ 1 is the perturbed density of the plasma wave, 𝑛𝑒 is (electron)
plasma density, and 𝑎2 ≪ 1 is the normalized intensity of the laser pulse.
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The solution to this equation is given by integrating (1.31) over time:
𝛿𝑛

𝑛𝑒

= 𝑐2

𝜔𝑝

∫︁ 𝑡

0
d𝑡′ sin𝜔𝑝 (𝑡− 𝑡′) ∇2𝑎

2

2 . (1.32)

Equation (1.31) can be interpreted as a forced oscillator type of equation with the
ponderomotive force ∇2𝑎2/2 as the driving force and the plasma response to space
charge effects 𝜔2

𝑝𝛿𝑛/𝑛𝑒 as the restoring force. Moreover, (1.31) implies that the elec-
tric field of the wakefield can be described as

E(r, 𝑡) = −𝑚𝑒𝑐
2𝜔𝑝

𝑒

∫︁ 𝑡

0
d𝑡′ sin𝜔𝑝 (𝑡− 𝑡′) ∇𝑎2(r, 𝑡′)

2 , (1.33)

if 𝐸 ≪ 𝐸𝑙,0 [23] where
𝐸𝑙,0 = 𝑚𝑒𝑐𝜔𝑝

𝑒
, (1.34)

is a longitudinal electric field responsible for the acceleration.

It is evident that the plasma wakefield (for 𝑎2
0 ≪ 1) has a sinusoidal shape. This

can also be seen in Figure 1.2. As a result, approximately equal phase amplitudes
for acceleration within each period are provided. Furthermore, considering the axial
symmetry of the laser pulse, solutions to (1.32) indicate that the plasma wakefield
will be generated most efficiently when the laser pulse length 𝐿 is in the order of
the plasma wavelength 𝜆𝑝, i.e., 𝐿 ≃ 𝜆𝑝 [10].

Figure 1.2: Example of the linear regime in LWFA. Plasma (electron) density profile 𝑛𝑒 was
obtained from a 2D particle-in-cell simulation using the Smilei code and 𝑎0 = 1.0 (which is generally
considered as an upper limit for the linear regime). Normalized wakefield values 𝐸𝑧/𝐸0 (blue line)
are depicted for 𝑥 = 30 µm.

For one dimensional case and a Gaussian profile laser pulse with 𝑎2
0 ≪ 1, a solution

for the amplitude of the plasma wakefield can be written as [33]

𝐸max

𝐸𝑙,0
=
(︃

√
𝜋
𝑎2

0
2

)︃
𝑘𝑝𝐿 exp

(︃
−
𝑘2

𝑝𝐿
2

4

)︃
, (1.35)

In this regard, a maximum of the plasma wave amplitude can be observed at
𝑘𝑝𝐿 =

√
2. Substituting this value back to (1.35), one can obtain

𝐸max ≃ 0.76𝑎2
0𝐸𝑙,0. (1.36)
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1.10 Bubble regime of the LWFA

In the case when 𝑎2
0 ≫ 1 and the length of the driver pulse is 𝐿 ∼ 𝜆𝑝/2, almost

all plasma electrons are repelled from the region around the pulse propagation axis
[23]. The laser pulse leaves behind such electron-free bubbles, this particular regime
is often referred to as the bubble regime (or blowout regime). The positive charge
from the ions in the region of charge separation creates a huge gradient between the
back of the first bubble, where a large number of electrons are concentrated, and its
interior, which predominantly consists of plasma ions.

Due to the higher intensity of the laser pulse, the bubble regime operates with
stronger modulations of the electron density and, thus, with higher acceleration
gradients. However, when 𝐸 ≳ 𝐸𝑙,0, the plasma wave becomes highly non-linear
(plasma wakefield has no longer a sinusoidal shape) and must be treated nonpertur-
batively. Examples of the wakefield in the bubble regime in the 2D and 3D geometry
can be seen in Figure 1.3 and Figure 1.4, respectively. Although there is no accu-
rate non-linear description of the 3D wakefield, analytical solutions exist in the 1D
special case, which can help understand their properties and certain aspects [34],
[35]. While the fundamental physics in the 1D case is different, the exact profile
of the electric field can also be obtained in the 3D case on the laser axis [36]. The
associated electric field is given as ∇E = 𝑒𝛿𝑛/𝜀0 or rather as

𝐸 = 𝑒𝑛𝑒𝑟𝑏

𝜀0
. (1.37)

Another key parameter regarding the bubble regime is the radius of the ion bubble
𝑟𝑏. The value of 𝑟𝑏 can be estimated by balancing the ponderomotive force

𝐹pon = −1
2𝑚𝑒𝑐

2∇𝑎2
0
𝛾

=
⃒⃒⃒⃒
⃒⃒𝛾 ≈

√︁
1 + 𝑎2

0 ≈ 𝑎0

⃒⃒⃒⃒
⃒⃒ ≈ 𝑚𝑒𝑐

2𝑎0

𝜔0
, (1.38)

and space charge force of the ionic bubble

𝐹sc = −𝑒2𝑛𝑒𝑟𝑏

𝜀0
, (1.39)

which leads to the condition that
𝑚𝑒𝑐

2𝑎0

𝜔0
− 𝑒2𝑛𝑒𝑟𝑏

𝜀0
= 0, (1.40)

from which one can obtain
𝑟𝑏 ≈ 4𝑎0

𝑘2
𝑝𝜔0

. (1.41)

Based on the phenomenological model that has been developed [36], a stable laser
propagation in the blowout regime is observed when laser spot size is matched to
the bubble, i.e.

𝑘𝑝𝜔0 ≈ 2√
𝑎0. (1.42)

Substituting this to (1.41), the radius of the ion bubble can be described as

𝑟𝑏 ≈ 2
√
𝑎0

𝑘𝑝

. (1.43)
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Moreover, using the equation (1.37) and (1.43), the corresponding field strength can
be estimated as

𝐸max = √
𝑎0
𝑚𝑒𝑐𝜔𝑝

𝑒
. (1.44)

In the 3D nonlinear regime, numerical approach is required, such as commonly used
particle simulations [37], [38].

Figure 1.3: Example of the bubble regime in
LWFA. Plasma (electron) density profile 𝑛𝑒 was
obtained from a 2D particle-in-cell simulation
using the Smilei code and 𝑎0 = 4.0. Normalized
wakefield values 𝐸𝑧/𝐸0 (blue line) are depicted
for 𝑥 = 30 µm.

Figure 1.4: Example of the bubble regime in
LWFA. Plasma (electron) density profile 𝑛𝑒 was
obtained from a 3D particle-in-cell simulation
using the Smilei code and 𝑎0 = 4.0. Normalized
wakefield values 𝐸𝑧/𝐸0 (blue line) are depicted
for 𝑥 = 24 µm.

In contrast to the linear regime, the bubble regime of the LWFA provides accelerating
and also more significant focusing fields that are transversely uniform. Moreover,
these focusing fields can be characterized as linear functions of the radius, pointing
to the center of the bubble. Therefore, the electron beam emittance and energy
spread growth may be prevented more effectively [26]. Furthermore, the overlap
between the focusing and accelerating regions is extended due to the curvature
of the wakefield, consequently allowing electrons to be accelerated over a longer
distance. In the case of the external injection (described in the next chapter), it is
also beneficial for electron trapping [26].

1.11 Limitations of the LWFA on energy gain

1.11.1 Laser diffraction

For any focused Gaussian laser beam in a vacuum, the corresponding spot size
evolves as (1.16). Thus, eventually, the diffraction, i.e., spot size expansion, will
reduce the laser normalized potential as

𝑎 ∝ 1√︂
1 +

(︁
𝑧

𝑧R

)︁2
, (1.45)

after a certain distance characterized by (1.17). Consequently, reduced effective ac-
celeration length to a few 𝑧𝑅 will limit LWFA’s attainable energy gain [23].
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However, the limitations of diffraction can be reduced, e.g., by optical guiding of the
laser beam as a consequence of a lower plasma density on an axis than off the axis
[10]. This can be achieved by preformed plasma channels [39], [40] or a adequately
strong laser pulse [36]. The latter is particularly referred to as self-guiding [41]. For
example, in the 3D bubble regime, the self-guiding conditions can be written as [41]

𝑎0 =
(︂
𝑛𝑐

𝑛𝑒

)︂ 1
5
. (1.46)

It should be pointed out that in a realistic scenario for high intensities, a relativis-
tic mass increase of plasma electrons has to be taken into account. Moreover, the
laser pulse will oscillate in size, while 𝑎0 will change by self-compression and pump
depletion [42]. Correspondingly, the plasma frequency becomes radially dependent
and can be recast as

𝜔𝑝(𝑟) =

⎯⎸⎸⎷ 𝑛𝑒(𝑟)𝑒2

𝛾(𝑟)𝜀0𝑚𝑒

, (1.47)

where relativistic factor is related to the laser strength via 𝛾(𝑟) ≃
√︁

1 + 𝑎2
0(𝑟)/2.

1.11.2 Electron dephasing

In the laser wakefield acceleration, the phase velocity of the plasma wave 𝑣𝑝, which
is approximately equal to the speed of light, coincides with the group velocity of the
laser pulse 𝑣𝑔. As a result, electrons trapped in the wakefield can be accelerated to
relativistic energies very quickly. Since 𝑣𝑝 is usually constant along the acceleration,
the electron bunch can eventually overcome the wave phase velocity, and at the end,
it can enter the decelerating field of the wakefield and slow down. The maximum
achievable energy gain is therefore constrained by this phenomenon. The distance at
which electrons can be effectively accelerated is referred to as the dephasing length
𝐿𝑑 and can be generally defined as the length at which the electron bunch can travel
before it slips by half a period of the wakefield [23]. Depending on the LWFA regime,
𝐿𝑑 can be written as

𝐿𝑑 ∼
𝜆3

𝑝

𝜆2
𝐿

for 𝑎0 ≪ 1,

𝐿𝑑 ∼
𝜆3

𝑝

𝜆2
𝐿

𝑎0 for 𝑎0 ≫ 1,
(1.48)

where 𝜆𝐿 is the laser wavelength.

1.11.3 Laser pump depletion

During the acceleration process, the laser pulse transfers its energy to the wakefield
and subsequently to the accelerated bunch. Ultimately, the wakefield amplitude
decreases as the laser pulse loses its energy, and the acceleration process can be ter-
minated. The length corresponding to the process in which the laser pulse transfers
half of its energy to excite a plasma wakefield is called the depletion length 𝐿𝑝𝑑 [43].
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By analogy with 𝐿𝑑, it can also be written using the ratio of wavelengths and the
normalized vector potential of the laser field 𝑎0

𝐿𝑝𝑑 ∼
𝜆3

𝑝

𝜆2
𝐿

2
𝑎2

0
for 𝑎0 ≪ 1,

𝐿𝑝𝑑 ∼
𝜆3

𝑝

𝜆2
𝐿

√
2
𝜋
𝑎0 for 𝑎0 ≫ 1.

(1.49)

It is noteworthy that for 𝑎0 ≫ 1, the pump depletion will generally occur before
reaching dephasing (oppositely to the linear regime, considering laser guiding) [23].



Chapter 2

External injection of the electron
bunch

2.1 Towards new methods

Since the first proposal of the plasma-based laser-driven acceleration [11], scientists
have developed several methods of the electron injection into the laser wakefield. The
most straightforward and easiest of them is known as self-injection. It is also the
very first method used in experiments and even now for its simplicity. Considering
the bubble regime, the principle of the self-injection lies in the fact that during the
expulsion of plasma electrons by the ponderomotive force, these electrons stream
around the generated bubble, thereby forming a sort of sheath around it. These
electrons meet at the back of the bubble, forming a large spatial charge. When
the electron density in this region increases beyond a critical value, some electrons
are pulled into the bubble in the form of a small bunch. This self-generated and
self-injected bunch may then be accelerated in the longitudinal accelerating field,
naturally present in the bubble [44]. Several significant discoveries were achieved
using this method, such as the acceleration of electron bunch to GeV energies [45].
Moreover, scientists were able to achieve the up-to-date record in accelerating using
self-injection. Particularly, they were able to accelerate electron bunch to 8 GeV at
a distance of only 20 centimetres [46].

Even though self-injection has proven to be an effective tool for the electron injec-
tion in the laser wakefield, overall shot-to-shot instability of the bunches or their
insufficient quality limit its use. Broad application of this method is also limited
due to its non-linear nature, as even small inhomogeneity in plasma can lead to a
premature or delayed injection. This process is also strongly dependent on electron
parameters, such as charge, energy, or divergence, which fluctuate, and also on the
laser pulse profile. An undesirable characteristic of this method is also the fact that
the acceleration process is stopped when the charge of injected electrons becomes
larger than the charge from electrons trapped behind the bubble.

17
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In order to achieve better control of the process, scientists have developed several
methods that consider different plasma density profiles. Given that a specific plasma
density profile can influence the phase velocity of the wakefield, the initiation of
the self-injection process can be better controlled. Several experiments considering
this relation have been carried out, where decreasing [47] or increasing [48] plasma
density, as well as localized plasma density peaks [49], were used. At the same time, it
was demonstrated how electron injection can occur by applying an external magnetic
field [50].

Throughout the following studies, these methods were supplemented by others,
which utilize ionizing and ponderomotive properties of lasers. In some of these meth-
ods, the use of an additional laser pulse was suggested. For example, as the driver
pulse creates a laser wakefield, this secondary laser pulse can expel plasma electrons
into the wakefield by the ponderomotive force. This method is commonly named as
the optical injection and can be realized using one laser pulse orthogonally directed
to the driver pulse [51] or through the collision of two opposing laser pulses [52].

A method known as the ionization injection, which employs the ionizing properties of
the laser pulse, was published at the time when the use of a gas medium with several
ionization energies was discussed [51]. As the plasma formed by the laser pulse acts
as a background, its electrons from inner shells can be locally ionized at the area of
the most intense pulse part and subsequently injected to the bubble. This method
has been improved since then and is commonly used in various experiments [53].
The application of the combined methods mentioned above was also studied [54].

Even though these novel methods have helped make important discoveries and el-
evated plasma acceleration to a higher level, the quality of the accelerating bunch
was still noticeably worse compared to that of radio-frequency (RF) accelerators.
As a consequence, the objective was to achieve similar or even better results as the
Free Electron Laser (FEL) regarding stability and applicability.

2.1.1 Sources of energy spread

For a better understanding of alternative injection methods, it is noteworthy to
mention possible sources of energy spread in plasma-based accelerators. The most
predominant source is the steep slope of the accelerating fields in the focusing region
of the wakefield. Due to the high amplitude and a short period of these fields, this
slope arises and causes a longitudinal energy correlation along the bunch. Other
less dominant contributions to the total energy spread include the emission of beta-
tron radiation [55], transverse dependence of the beam loading effect in the weakly
non-linear and linear regimes [56], and continuous electron trapping in injection
schemes [57].

In order to avoid consequences of energy spread, emittance growth, and to compete
with FELs, various concepts have been proposed. Concepts that aim to reduce the
correlated energy spread take advantage of the beam-induced wakefields [58] or in-
clude the use of beam loading, modulated [59] or tailored plasma density profiles [60].
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Even though some of these improving concepts have been experimentally studied,
the energy spread still remains in the few-percentage range. Thus, the motivation
for the improvement of plasma-based accelerators persists.

2.2 The proposal of the external injection

One of the promising alternative methods of the electron injection that can poten-
tially resolve issues with bunch quality is a method known as the external injection.
The main principle lies in utilizing a pre-accelerated electron bunch from an exter-
nal source, such as a conventional RF linear accelerator, and injecting it into an
already-created laser wakefield. Since the RF linac provides better control over the
accelerating bunch, and its properties can be tailored to a particular plasma accel-
eration phase, the external injection can deliver better stability over acceleration
process.

However, the use of the external injection was doubted at the time of its proposal, as
the conditions for its effective use were extremely hard to fulfill. Especially conditions
such as size, the momentum of the electron bunch and its synchronization with the
wakefield are essential to achieve the successful injection. This method was first
experimentally demonstrated in 1993 [61] and subsequently in 1994 [62]. Since then,
numerous improvements have been made [63]. Nevertheless, the complete injection
of all the electrons into the wakefield was not observed due to the fact that this
method is significantly more demanding than all the previously mentioned methods.
Considering that the wakefield period is typically only a few tens of femtoseconds
short, the size of the electron bunch, together with its synchronization, is required
to be below this limit, within a few units of femtoseconds. Such a requirement
could not be met from a technical point of view at that time. Nonetheless, several
proposals [64], [65], which indicated the possibility of accelerating a short electron
bunch with a small energy dispersion originating from a longer external bunch were
made. Moreover, these schemes can tolerate larger deviations in synchronization and
simultaneously produce electron bunches with a small energy spread [66]. In 2019,
almost 100% capture efficiency of the electron bunch was demonstrated [67], and
since then, several international projects, such as EuPRAXIA [68], INFN in Italy
[69] and others [70], [71], have primarily focused on the external injection method
while using RF linac.

In general, there are three techniques to externally inject electron bunches into the
wakefield:

• Behind the wakefield: In this case, the electron bunch should be delayed by
the wavelength of the plasma wakefield [72]. Also, there is an option to inject
an electron bunch that is longer than the plasma wavelength. Under these
circumstances, the wakefield acts as a bunch slicer since only those parts of
the original bunch that are in phase with the plasma wave will be accelerated,
while the other parts will be radially dispersed. As a result, a train of short
bunches is created and can be accelerated in almost the same phase of the
plasma wave. Consequently, they will have approximately the same energy on
the exit.
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• In front of the wakefield: If the electron beam is injected before the laser
pulse, the bunch is captured and shortened in the wakefield that has overtaken
it together with the pulse [73]. Both methods can produce electron bunches
with high energy and small spread compared to the initial pre-accelerated
bunch, whose length can be longer than the plasma wavelength.

• At the angle: In this case, the electron bunch can be first positioned behind
the laser pulse or in front of it before it enters the plasma.

The choice of a specific technique depends on the experimental parameters. Injection
in front of the driver pulse generally requires a more powerful laser as well as a
relatively short initial external bunch. On the other hand, injection behind the driver
pulse requires a less powerful laser, and longer acceleration bunches can be used but
their initial energy must be higher. The reason is a lower magnitude of the field,
created by the weaker laser pulse, that causes trapping inside the wakefield. For the
purposes of this thesis, only the external injection behind the plasma wave will be
considered.

2.2.1 Requirements on the electron bunch energy

Assuming a constant plasma density, the total energy gain of plasma acceleration is
given as

Δ𝐸 = 𝑒𝐸𝑧𝐿ac, (2.1)

where 𝐿ac is the acceleration length and 𝐸𝑧 is the longitudinal acceleration voltage.

Considering the aspects of dephasing, it is necessary to understand that the external
bunch and the wakefield move at different speeds. The velocity of the electron bunch
𝑣𝑒 depends on the energy of these electrons and during acceleration approaches the
speed of light 𝑐. However, the wakefield velocity is constant and is similar to the
group velocity of the driver pulse, which can be expressed as

𝑣𝑔 = 𝑐

⎯⎸⎸⎷1 −
𝜔2

𝑝

𝜔2
𝐿

< 𝑐, (2.2)

where 𝜔𝐿 is laser frequency.

To achieve an effective injection of the electron bunch into the wakefield, it is required
that the velocities mentioned above are the same at the entrance to the plasma
channel [74]. However, during acceleration, the electron bunch velocity increases,
approaching 𝑐, and thus the condition will be violated, i.e., dephasing will occur.
Assuming highly relativistic electrons and 𝜔𝐿/𝜔𝑝 ≫ 1, the dephasing length 𝐿𝑑 can
be approximated as

𝐿𝑑 ≃ 𝜔2
0

𝜆𝑝𝜔2
𝑝

, (2.3)

i.e., the distance by which the electrons are shifted by half a period relative to the
wakefield.
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Nevertheless, there are several methods, such as the laser optical guiding [75], which
reduce dephasing in the plasma channel. These methods are based on the longitu-
dinal modulation of the plasma density, which can increase the acceleration length.
It has been also shown that an external bunch with an initial energy of several
hundreds of MeV has better control over the space charge force than a less ener-
getic bunch. This force affects the maximum current that can be injected into the
wakefield since it is reduced at higher energies.

2.2.2 Requirements on the electron bunch length

One of the main advantages of plasma-based accelerators is the fact that the wake-
field acceleration field is located in the plasma. Thus, accelerators of this type can
withstand extremely high field gradients. The relation for the cold non-relativistic
wave-breaking field provides an estimation of the lower boundary of the field in the
plasma wakefield

𝐸0[V/m] ≃ 96
√︁
𝑛𝑝[cm−3]. (2.4)

In other words, this relation gives an approximate value of the maximum possible
wakefield amplitude in the plasma as a function of the plasma density 𝑛𝑝. The
wavelength of the wakefield is approximately considered as the plasma wavelength
by the relation

𝜆𝑝[µm] ≃ 3.3 · 1010√︁
𝑛𝑝[cm−3]

. (2.5)

If 𝑛𝑝 ≈ 1016 cm−3, then the field gradient can reach 𝐸0 ≈ 9.4 GV/m. On the other
hand, if 𝑛𝑝 ≈ 1018 cm−3, then 𝐸0 ≈ 94 GV/m. Thus, by increasing the plasma
density, the acceleration gradient increases, but the acceleration period shortens.
In terms of maintaining an acceptable energy spread of the external bunch and its
quality, working with a shorter period of the accelerating field is more challenging.
This spread is present because the front and rear of the bunch are subjected to
different acceleration fields as a result of slightly different injection phasing. For a
fixed field amplitude, the difference in the accelerating field increases with decreasing
𝜆𝑝. However, such an energy spread can be minimized if the length of the external
bunch is much smaller than the period of the accelerating field.

Results of several simulations [76], [77] show that the total energy spread of the
electron bunch in the final acceleration stage is proportional to the length of the ex-
ternal bunch during the injection stage. This also implies that the electron bunch size
should be smaller than the plasma wavelength. This assumption is also supported by
several other concepts [78], [79] focusing on minimalizing the energy spread growth
during acceleration. In such a case, an approximately equal acceleration field acts on
the external electrons, while transverse forces keep them close to the plasma wake-
field axis. As a result, the relative energy spread decreases monotonously during
acceleration and can reach a value of around 1% [63].

To obtain a small energy spread, it is also suggested that the initial length of the elec-
tron bunch should be much smaller than the dephasing length 𝐿𝑑 ≈ 𝛾2

𝑔𝜆𝑝. However,
such ultra-short electron bunches require state-of-art accelerators with optimized
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compression. Nevertheless, with proper timing, an ultra-short electron bunch of a
few femtoseconds can be obtained from a bunch that was several hundreds of fem-
toseconds at the beginning of the injection. Thereby, these concepts are considered
as the most promising.

It may seem that acceleration at low plasma densities would represent a stable
solution. On the other hand, the acceleration gradient at such densities is smaller,
requiring longer section to obtain the same amount of energy as with higher densities
and shorter acceleration sections. The formation of a plasma wave with a large
amplitude at low densities also requires a longer laser pulse.

2.2.3 Requirements on the electron bunch charge

When external electrons with a density greater than the density of the surrounding
plasma enter the plasma, they start generating their own plasma waves. In a low-
density plasma (relative to the electron bunch density), this "additional" wakefield
can even be of the same order as the local gradient of the wakefield generated by the
driver pulse [70]. This process can be result of the beam loading. Unfortunately, the
effect of beam loading can limit the maximum external bunch current that can be
accelerated, as well as its resulting quality [36], [80]. To take the advantage of the
beam loading effect to minimize the bunch energy spread at the end of the plasma
channel, control over the longitudinal beam charge profile is required [81].

In the next sections, two specific phenomena that can generally affect the accelera-
tion of external bunches will be described. Both are related to the region where the
vacuum ends, and the plasma begins. The first is ponderomotive scattering, and the
second one is vacuum-plasma transition.

2.3 Ponderomotive scattering

Within the theoretical framework, the initial external electron bunch can be approx-
imated as unperturbed. In practice, however, the interaction between the laser pulse
and external bunch starts in the vacuum and not in the plasma. Given that the
laser pulse travels faster in the vacuum than the electron bunch while taking into
account the external injection behind the wakefield, it is necessary for the electron
bunch to be localized in front of the laser pulse at a certain distance before entering
the plasma (i.e., in a vacuum). Subsequently, the electron bunch will be exposed to
a passing pulse at a certain moment in the vacuum. This interaction must be taken
into account, since the relativistic ponderomotive force of the laser pulse can disturb
the electron trajectories.

The distance from the plasma, when the laser pulse starts to overtake the bunch, is
given by

𝐿𝑐 = 𝑙

1 − 𝑣𝑧/𝑐
, (2.6)
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where 𝑣𝑧 is bunch velocity, 𝑙 is the distance between the start of the laser pulse and
the end of the electron bunch at the entrance to the plasma channel, and 𝑐 is the
speed of light in the vacuum. Since for the relativistic factor of the electron bunch
applies

𝛾2
0 =

(︁
1 − 𝛽2

𝑧

)︁−1
≫ 1, (2.7)

where 𝛽𝑧 = 𝑣𝑧/𝑐 is normalized bunch velocity, the equation (2.6) can be recast as

𝐿𝑐 ≈ 2𝛾2
0 𝑙. (2.8)

For example, if the initial pre-accelerated electron bunch has a kinetic energy of
3 MeV (𝛾0 ≈ 5.87) and 𝑙 ≈ 30 µm, then 𝐿𝑐 = 2.07 mm. For comparison, if the
Gaussian laser pulse with a waist of 𝑤0 = 30 µm and a wavelength 𝜆 = 0.8 µm is
assumed. The corresponding Rayleigh length has a value of 𝑧𝑅 = 𝜋𝜔2

0/𝜆 ≈ 3.5 mm.
This effectively means that the laser pulse intensity amplitude when the pulse over-
takes the electron bunch is almost the same as in its focus. In particular, it has been
shown that the ponderomotive force of a relativistically strong pulse 𝑎0 > 1 scatters
a few-MeV electrons in the direction of the intensity gradient [82]. As a result, the
ponderomotive scattering can prevent the injection of the majority of bunch elec-
trons into the wakefield, thus reducing trapping efficiency and worsening the overall
quality of the accelerated bunch.

Nevertheless, from equation (2.6), it is evident that as the initial energy of the bunch
increases, the laser pulse interacts with the bunch at a relatively greater distance
from the focal point. As a result, the effect of ponderomotive scattering can be
neglected. Injecting an external bunch into the wakefield at greater distances from
the laser pulse can also reduce the ponderomotive scattering since the interaction
in the vacuum occurs at a greater distance from the focus, where the effect of
the ponderomotive force is smaller. More possible enhancing methods for effective
trapping will be discussed later in this chapter.

2.4 The vacuum-plasma transition

As an approximation, it is possible to think of a sharp transition boundary between
vacuum and plasma. However, in practice, there is a finite transition region. Within
this region (or density ramp), a continuous change in the wavelength or in the
density of the plasma is present. As a result, the injected electron beam is affected
by the continuously changing plasma wakefield. Consequently, a substantial spread
of the external bunch can occur. This phenomenon is significant for high-amplitude
wakefields, small initial bunch energies and long transition regions. In this region,
especially in the direction of the longitudinal axis, the plasma density 𝑛𝑝 increases
monotonously. At the same time, the plasma wakefield wavelength gains a spatial
dependence while decreasing with the longitudinal direction of the transition region
𝑧, since

𝜆𝑝(𝑧) ∝ [𝑛𝑝(𝑧)]−1/2 . (2.9)

Therefore, at a fixed distance from the laser pulse in the transition region, the
plasma wakefield varies as a function of time while the laser pulse travels through
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the medium. As a consequence, the injected relativistic electrons in the transition
region are affected by the wakefield, which shifts from an accelerating state to a
decelerating state and vice versa. Such electrons can therefore be scattered even
before they are trapped in the wakefield.

The electrons that are captured are then compressed in both longitudinal and trans-
verse directions. This implies that the plasma wakefield captures external electrons
that originate from a relatively long external electron bunch compared to the re-
sulting compressed shape. The length of the trapped bunch 𝑙𝑧 is approximately
(𝛾0/𝛾𝑔)2 𝑙0, where 𝑙0 is the length of the external bunch before capture and

𝛾𝑔 =
[︁
1 − (𝑣𝑔/𝑐)2

]︁−1/2
, (2.10)

is the relativistic factor associated with the laser pulse via the group velocity 𝑣𝑔.
With the appropriate choice of the initial electron bunch length, the size of the
captured bunch can become smaller than the plasma wavelength 𝜆𝑝. In particular,
if 𝛾0 ≪ 𝛾𝑔 (𝜆𝑝/𝑙0)1/2, then 𝑙𝑧 ≪ 𝜆𝑝.

In order to study the effects of the finite transition from vacuum to plasma on
the trapping process of external electrons and their acceleration in detail, several
measurements of the longitudinal profile of the electron density were made. In the
case of a gas jet with a typical plasma density of ≈ 1019 cm−3, the size of the
transition region was determined to be 200 µm [83] or 400 µm [84]. The results of
these measurements, as well as other published studies [85], point to the fact that
the effect of the finite vacuum-plasma transition is stronger for smaller initial bunch
energies, stronger wakefields, as well as longer transition regions. In such a case, the
spread of external electrons occurs, which reduces the overall trapping efficiency.
At the same time, the mentioned studies indicate that for laser pulses with a high
intensity, there can be a significant decrease in the efficiency of capture even for
short transition distances.

2.5 Possible enhancing methods for effective trap-
ping

In order to avoid ponderomotive scattering, Kalmykov et al. [73] proposed the in-
jection at the angle which was previously mentioned. However, in this particular
case, the electron bunch is first positioned behind the laser pulse before entering the
plasma. Therefore, the bunch still have to propagate through the transition from vac-
uum to plasma and experience scattering. The following year, Luttikhof et al. [85]
proposed an improvement in which the bunch is injected into the wakefield in such
a way that it enters the plasma wave from the side. The bunch will start from a zero
field and then interact with the wakefield of constant wavelength but increasing in
strength, where the plasma density is already at its maximum value. Thus, the elec-
tron bunch will not experience any interaction with the wakefield in the transition
region.
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Other results from 2007 [86] show the following. If the electron beam is injected into
the plasma at larger distances from the laser pulse, then the effect of ponderomotive
scattering is small, and at the same time, the trapping efficiency is greater due to
changes in the structure of the wakefield. However, the energy spread is considerably
greater than at smaller distances. This is also related to the size of the electron bunch
in the longitudinal direction, which increases the overall distance 𝑙. At the same time,
the energy gain is typically in the order of several hundred MeV [87].

In an attempt to increase the trapping efficiency while keeping the energy spread as
small as possible, it is possible to use a laser pulse with a spot size much larger than
the size of the injected bunch. As a result, the injected electrons will be located
near the axis of the laser pulse, where the transverse component of the pondero-
motive force is small. Thus, the effect of the ponderomotive scattering will also be
small. Nevertheless, this method requires a very intense (petawatt level) laser pulse.
Nowadays, however, with the development of high-power lasers, it is already possible
to generate electron bunches that meet this requirement. Even their length can be
smaller than the plasma wavelength, thus contributing to a smaller energy spread.
At the same time, it reduces the strict requirements for the distance between the
electron bunch and the laser pulse before entering the plasma. Moreover, it is possi-
ble to consider a wider range of the energies of the initial bunch without significant
effects of ponderomotive scattering.

Another possible way to increase the trapping efficiency is to increase the charge
of the external bunch. However, the results show [86] that at higher initial charge
values, the "resulting" transverse size of the electron bunch is also larger. This is
caused by the increasingly dominant effect of the Coulomb repulsion, especially at
lower initial energies of the electron bunch, leading to a worse trapping efficiency
and greater energy spread.

It is evident that the effective wakefield acceleration is directly related to the in-
jection energy, the amplitude of the laser pulse as well as the wakefield, and to the
parameters of the accelerated bunch, while all these quantities are interconnected.
There are a few other methods that can provide better and more consistent results.
In the following subsections, two of them will be described.

2.5.1 Beam matching

Matching of electron beams into the focusing fields of plasma wakefield is essential
for conserving their emittance and overall quality. These effects are generally caused
by a non-zero bunch length or a non-zero energy spread. It has been observed that
rapid increase in energy spread can occur during acceleration [5], [88] as well as
after it, during bunch transport [3], [89]. Results of several studies show that beam
matching reduces emittance growth from finite energy spread [88] and mitigates
energy loss and correlated growth of energy spread due to the emission of synchrotron
radiation [90].
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In order to understand the origin of the emittance increase and the fundamental
bunch dynamics behind it, one can consider a simplified beam envelope equation
with a uniform focusing field with gradient 𝐾 and no acceleration [3]. Particularly,

𝜎′′
𝑥 +

(︃
𝑘2

𝛽 − 1
𝛽2

)︃
𝜎𝑥 = 0, 𝑘𝛽 =

√︂
𝑒𝛾

𝑚𝑐2𝐾
, 𝛽 = 𝜎2

𝑥𝛾

𝜖𝑛

, (2.11)

where 𝜎𝑥 is the transverse bunch size, 𝑘𝛽 is the betatron wavenumber, 𝛽 is the beta
function of the beam, 𝛾 is its relativistic factor, and 𝜀𝑛 is the normalized emittance.
The beta function is a measure for the bunch size and for the betatron length, 𝛾
is a measure for the spread in the particle slopes. Considering transverse particle
position 𝑥 and slope of a particle trajectory 𝑥′ = d𝑥/d𝑧 = 𝑝𝑥/𝑝𝑧, then alpha function

𝛼 = −⟨𝑥𝑥′⟩
𝜀𝑛

, (2.12)

can represent the correlation between 𝑥 and 𝑥′ e.g., at beam waist 𝛼 = 0. The
general solution of equation (2.11) expresses the beam envelope’s oscillating nature
when the beam’s elliptic shape rotates in the phase space. In other words, while
the electron bunch is being accelerated, the individual particles perform transverse
betatron oscillations with a frequency of

𝜔2
𝛽 =

𝐾2𝜔2
𝑝

𝛾L
sin(𝑘𝑝𝜉), (2.13)

where 𝛾L is the Lorentz factor, and 𝜉 = 𝑧 − 𝑣𝑔𝑡 is the comoving variable. Given
that the betatron frequency is 𝜉-dependent and the electron bunch may have an
energy chirp, the individual longitudinal slices of a finite length bunch will oscillate
at different frequencies, leading to a 𝜉-dependence of the betatron oscillation phase.
Subsequently, this leads to complete decoherence during the acceleration process.
This effect is illustrated in Figure 2.1, where the phase-space ellipses of longitudinal
bunch slices are shown for different 𝑧 positions.

Figure 2.1: Difference between an unmatched (left) and matched (right) externally injected beam
with a large correlated energy spread during phase-space evolution inside a plasma stage. Effects
of energy gain are neglected.

Nevertheless, the relation (2.11) implies that the oscillations of the bunch envelope
can be suppressed if 𝛽 = 𝑘−1

𝛽 , which for constant 𝐾 suggests that 𝛼 = −𝛽′/2 = 0.
In such a case, the beam is considered to be matched to the focusing fields in the
plasma. This implies that the increase in emittance is thus effectively suppressed.
This also applies to a situation where the energy spread is substantial.
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Further study shows [5] that even adiabatic changes to 𝐾 and 𝛾 will not disturb
the matching conditions and thus not lead to emittance growth. The transverse
normalized emittance, which is a figure of merit for the beam quality, is defined as

𝜀𝑥 = 1
𝑚𝑒𝑐

√︁
⟨𝑥2⟩ ⟨𝑝2

𝑥⟩ − ⟨𝑥𝑝𝑥⟩2, (2.14)

where ⟨⟩ represents an ensemble average over the bunch distribution, 𝑥 is the trans-
verse position, and 𝑝𝑥 is the transverse momentum.

In the case of the unmatched or mismatched beam, slice ellipses in the phase space
develop a tilt with respect to each other, increasing the projected area [91]. Con-
sequently, the projected emittance increases. Emittance growth due to the beam’s
elliptic shape rotation in the phase space is theoretically reversible [92]. However,
recovering the emittance by further rotation in a subsequent plasma stage is not
realizable by any combination of beam optics.

Several methods have been proposed to effectively reduce bunch divergence and
thereby suppress the increase in emittance. One of the possibilities is to place the fo-
cusing element as close as possible to the plasma exit. It can be realized with plasma
lenses that take advantage of the driver laser pulse used for acceleration [93] or that
are driven by a discharge [94]. As a result, the emittance growth in both planes
can be effectively reduced. Another method that proved to be effective in reducing
bunch divergence includes appropriately tailored plasma-to-vacuum transitions so
that the focusing fields affecting electron bunch will gradually decrease [95], [96].

2.5.2 Tailored plasma density profiles

As indicated above, demanding conditions are put on the beta function during in-
jection due to the strong focusing fields. For instance, if the initial bunch energy is
∼ 100 MeV and plasma density is 𝑛𝑒 = 1017cm−3, then is required that 𝛽 ≃ 0.3.
Such sub-mm values of the beta function are very difficult to achieve with conven-
tional methods and normal focusing elements used in linacs [71]. For this reason,
beam matching is particularly important in the case of external injection. This can
be achieved by properly tailored density transition. Density ramps at the beginning
of the acceleration as well as down-ramps at the exit are able to meet the conditions
for the correct beam matching even for a larger beta function, which will gradually
decrease with increasing focusing fields.

On the other hand, a general cause of the large energy spread is the short wakefield
wavelength (∼ 10 µm) and high amplitude (∼ 10 GV/m) of the accelerating field
in the plasma. The combination of these two factors leads to a longitudinal energy
correlation, i.e., energy chirp in the direction of the accelerated bunch. Therefore,
an adiabatic reduction of the focusing forces at the plasma-vacuum transition is
thus desired. It has been demonstrated [97] that the linear energy chirp can be
compensated if the acceleration length is tuned closely to the dephasing length.
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Such an adjustment can be achieved by changing the plasma density [98]. However, it
should be noted that this will also affect laser propagation, plasma wake formation,
and the electron injection.

In recent theoretical work, different methods of longitudinal plasma density tailor-
ing and their influence on the electron bunch properties were discussed [99]. These
techniques were then applied in experiments. Based on the results, it was suggested
to use a transition to higher plasma density to increase the acceleration of the rear
part of the bunch. At the same time, the front is less accelerated and later deceler-
ated. Consequently, the electron bunch will rotate in the (𝑧; 𝑝𝑧) phase space. Since
the bunch energy is predominantly given by the longitudinal momentum 𝑝𝑧, this
reduces the energy chirp as well as the energy spread [100]. Further studies based
on simulations support the conclusion that the energy spread reduction observed in
the experiment is due to a significant decrease in the energy chirp [60].

A different study [96] discussing the relevancy between the external injection and
properly tailored plasma density ramps, including staged accelerator schemes, indi-
cates that for larger initial electron bunch energies as well as larger energy spread,
the plasma ramp is required to be longer. This is in order to maintain adiabaticity at
higher energies and also to maximize the beta function, as mentioned above. More-
over, such modification minimizes divergence in the drift before the plasma section,
thus preventing chromatic emittance growth. It is noteworthy that this study also
suggests shorter plasma entrance ramps than the exit down-ramps. This is because
the injected electron energy is longitudinally much smaller before acceleration. And
eventually, the ramp profile should follow the design of the down-ramp.

Another study [95] focused on the evolution of both 𝛽 and 𝛼 functions between two
plasma stages that require exact beam as well as adiabatic matching. Results show
that perfect matching can be obtained even for short longitudinally tailored plasma
sections (nonadiabatic profiles). Consequently, the theoretical formalism applies for
short or long sections where the adiabatic approximation is reasonable.



Chapter 3

Particle-In-Cell simulations of
laser wakefield acceleration

3.1 General history and purpose

Generally, complete analytical solutions for most complex physical problems are
sometimes impossible to obtain. For this reason, using numerical analysis in solving
complex equations with the help of powerful computers is today’s standard in every
branch of physics, as well as in plasma physics. Additionally, these simulations rep-
resent a convenient way to test both theories and large construction experimental
projects before they are realized.

Simulations of laser-plasma interaction together with the particle-in-cell (PIC)
method were developed simultaneously with the concept of plasma-based laser-
driven acceleration. The numerical methods for laser-plasma physics were developed
already at the end of the 1950s. One of the first scientists who noticed the potential
of computer simulations in this field was J. Dawson. In order to calculate the tra-
jectories of the charged particles for electrostatic problems in 1D, he developed the
concept of the "charge-sheet," a substance for real particles that normally interact
with one another via Coulomb forces [101]. However, in the following years, scientists
realized that Dawson’s concept required a significant amount of computing power.
As a result, a computational grid and the concept of particles interacting with this
grid rather than one another were proposed [102]. This approach was employed in
place of electromagnetic fields, the Maxwell equations, and the Coulomb equation.

Later in the 1970s, the theory of numerical plasma modelling was developed based on
finite-size particles and the grid that these particles interact with. A few years later,
K. Birdsall and B. Langdon co-wrote "Plasma Physics via Computer Simulation", a
book that summarized all the advancements made up to that point in the area and
established the PIC method in plasma simulations [103].
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During the last two decades, laser-wakefield accelerators have substantially evolved
to the extent of producing quasi-monoenergetic electron beams with the energy at
a GeV level [45]. With technological progress and an increase in computing power,
this progress was also made possible thanks to particle-in-cell simulations and their
ability to reproduce or predict the properties of the captured charged particles in
the plasma wakefield, such as their total charge, emittance, mean energy, and energy
spread. Moreover, upgraded algorithms for better and faster performance made im-
proving their accuracy and implementing features such as collisions through Monte-
Carlo method possible [104].

3.2 Basic principle of PIC

There are various approaches to model plasma, and it might depend on a number
of different parameters [105]. Despite today’s powerful computing capabilities, it is
not possible to effectively simulate a plasma system that would typically contain
∼ 1020 electrons and ions. Fortunately, in the field of plasma physics, the main
subject of investigation is usually not the interaction between particles but rather
the collective effects of plasma. Therefore, multiple real particles can be represented
as a computational particle with a finite size. This alternative was proposed as
soon as plasma simulations were considered. With this substitution, it is possible to
filter out the effect of the shorter-range force, thereby allowing the use of a much
smaller number of particles with results corresponding to observable macroscopic
plasma phenomena [106]. Computational particles are more often referred to as
either macro-, pseudo-, or quasi-particles.

In the case of the particle-in-cell method, it is considered that charged macro-
particles do not interact directly with each other but with the computational mesh.
The magnetic and electric fields are calculated at the points of this mesh, and then
an electromagnetic force is applied to each particle depending on their individual
positions. The computational mesh in most PIC codes is Euler orthogonal and is
typically referred to as a grid [102]. As aforementioned, plasma usually contains a
lot of particles; thus, a statistical approach can be applied. This approach is typ-
ically referred to as kinetic theory in which the distribution function 𝑓(x,p, 𝑡) is
introduced. Since the grid contains a finite number of macro-particles, this function
is discrete. Including complete information about the state of the system, 𝑓(x,p, 𝑡)
also describes its evolution in time through 7 unbounded degrees of freedom. Gener-
ally, three spatial, three for velocity and one temporal are included. Therefore, the
particle-in-cell method principally combines the kinetic and electromagnetic theory
of the plasma.

It is noteworthy that particular techniques are more preferred based on the different
spatial and temporal scales. For example, at the smallest scales, e.g., in femtosecond
scales, one can use the particle-in-cell method, while at large scales, the magnetohy-
dronamics (MHD) approach can be applied, where plasma is treated as a fluid [107].
At intermediate scales, the hybrid methods are often used to explore slower phenom-
ena and accelerate the evolution of the system by making specific assumptions [108].
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3.2.1 Kinetic theory

The kinetic description of the collisionless plasma is based on the solution of the hy-
perbolic partial differential equation known as the Vlasov equation, which describes
the time evolution of the distribution function 𝑓(x,p, 𝑡) [7]. It can be defined as(︃

𝜕

𝜕𝑡
+ p
𝑚𝑠𝛾

· ∇ + F𝐿 · ∇p

)︃
𝑓(x,p, 𝑡) = 0, (3.1)

where
F𝐿 = 𝑞𝑠 (E + v × B) , (3.2)

is the Lorentz force acting on charged particles inside collective electric E(𝑡,x) and
magnetic B(𝑡,x) fields. x and p denote the position and momentum of a phase-space
element, respectively. Relativistic Lorentz factor 𝛾 and particle velocity v have the
following form

𝛾 =
√︃

1 +
(︂ p
𝑚𝑠𝑐

)︂2
and v = p

𝑚𝑠𝛾
, (3.3)

and index 𝑠 represents given species consisting of particles with charge 𝑞𝑠 and
mass 𝑚𝑠.

3.2.2 Electromagnetic theory

Since in the particle-in-cell method, the plasma is treated as a statistical sample of
charged particles, the dynamic evolution of the system can be described with the
use of Maxwell’s equations:

∇ · B = 0, (3.4)

∇ · E = 𝜌

𝜀0
, (3.5)

∇ × B = 𝜇0

(︃
J + 𝜀0

𝜕E
𝜕𝑡

)︃
, (3.6)

∇ × E = −𝜕B
𝜕𝑡
, (3.7)

where 𝜀0 is the vacuum permittivity, 𝜇0 is the vacuum permeability. Charge density
𝜌 and current density J can be derived from the particle distribution function

𝜌(x, 𝑡) =
𝑁𝑠∑︁
𝑠

𝑞𝑠

∫︁
d3p𝑓𝑠(x,p, 𝑡), (3.8)

J(x, 𝑡) =
𝑁𝑠∑︁
𝑠

𝑞𝑠

∫︁
d3pv𝑓𝑠(x,p, 𝑡), (3.9)

where 𝑁𝑠 is total number of macro-particles.
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3.2.3 PIC algorithm

As indicated above, each macro-particle represents a particular amount of real phys-
ical particles. Therefore, the PIC method requires a weighting scheme to build the
charge and current densities on the grid and to project forces found on the grid
back to the particles. The main computational cycle of the PIC method, as depicted
in Figure 3.1, consists of four fundamental steps. Namely, the weighting of particle
quantities to the grid, solving the field equations on the grid, projecting forces back
to the particles, and advancing particle trajectories [109].

Figure 3.1: Computing algorithm for particle-in-cell method. Indices i and j represent i-th and
j-th point of the grid.

The charge of macro-particles is essentially the charge that has been smoothed over
the grid cell since they are weighted to the grid points. By using shape-functions
𝑆(xj −Rg), where xj is the position of 𝑗-th particle and Rg is the position of the grid
point defined by the weighting method, the macro-particles can therefore overlap
with one another.

Shape functions of macro-particles, particularly the spatial shape function and the
velocity shape function, have a finite size and, therefore, can be described math-
ematically. In the case of the velocity shape function, the choice is almost always
the Dirac’s delta function [110]. Such an option also applies to spatial shape func-
tion. Nevertheless, modern PIC codes such as Smilei prefer b-spline functions; see
Figure 3.2 [7].
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Figure 3.2: B-spline functions of the first three orders.

The standard option of the Smilei code is linear weighting using 𝑏1(𝑥) as a spatial
shape function. The corresponding b-spline function has a triangular shape and is
defined as

𝑏1(𝑥) =
⎧⎨⎩1 − |𝑥|

Δ𝑥
if |𝑥| ≤ Δ𝑥

0 otherwise.
(3.10)

However, Smilei also allows changing the interpolation order, i.e., the b-spline func-
tion through a python script [7].

3.2.4 Field solvers

Generally, the choice of a particular field solver depends on the boundary conditions
of the simulation box. The very first PIC codes developed in the 1960s [106] used
Fast Fourier Transform (FFT) to solve field equations [103]. However, these are
global methods since information about fields from all over the simulation box is
required, as well as data interchange between different domains. As a result, global
methods often struggle with inefficient parallelization.

Nowadays, field equations are usually solved by Finite-Difference Time-Domain
(FDTD) method, where the field equations are discretized on a spatial so-called
Yee grid [111]. Due to data path minimization requirements, local techniques can
be implemented. In order to achieve the second order accuracy in current density
calculations, Yee proposed to distribute field components in space with a distance
between them representing half of a grid cell. Furthermore, computing is distributed
partly in the middle of cells and partly on the edges.
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Massive parallel PIC codes can alternatively use the density decomposition technique
[112]. A significant advantage of the density decomposition is the implementation
of the continuity equation for calculating the current onto the grid. As a result,
the divergence equations (3.4), (3.5) can be used only as initial conditions in the
beginning and then skipped. Therefore, the preliminary updating of fields is greatly
simplified.

3.3 Numerical instabilities of PIC simulations

PIC simulations are subject to various numerical instabilities, which can introduce
artificial bias and consequently alter their results. In this section, the basic principles
of the two most common numerical instabilities in PIC simulation will be described.
Particularly, numerical heating and numerical Cherenkov instability.

3.3.1 Numerical heating

The effect of numerical heating is a well-known complication of standard PIC codes.
There are two distinct sources of numerical heating. The first comes from the appli-
cation of macro-particles. Particularly, each cell generally contains a small number
of macro-particles. However, the movement of even one macro-particle between cells
can result in substantial fluctuation within the electric fields. This can lead to the
artificial production of electromagnetic radiation that stochastically heats the neigh-
bouring plasma particles [113].

The second source of numerical heating originates from the use of the grid, especially
from the effects of the aliasing of plasma waves [103]. If it’s unable to represent waves
of higher frequencies on a discrete grid, they are merged with the waves of lower
frequencies, which leads to grid aliasing. In practice, if the condition

Δ𝑥 ≤ 𝜋𝜆D, (3.11)

is not satisfied, where Δ𝑥 is spatial step, modes that are not affected by Landau
damping are aliased with modes that so. Given that the energy of plasma wave loses
is not the same as the energy which macro-particles receive, this consequently leads
to numerical heating [103]. On the other hand, if condition (3.11) is not satisfied,
non-physical numerical heating will grow exponentially until the effective Debye
length becomes comparable with the grid size. Subsequently, the exponential growth
transitions to more tolerable linear heating.

The electrostatic part of the code is generally considered as most prone to cause nu-
merical heating, considering the fact that electrostatic plasma waves are responsible
for the Debye shielding (i.e., a possible source of the inconsistent interpolation of
the fields defined on the grid to the particle position).
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In order to increase the Debye length and resolve the problem with grid spacing,
thus overcoming numerical heating, a warm plasma model can be applied [114].
Moreover, it has been shown that higher order shape functions [115] and current
smoothing [116] can substantially reduce the effect of grid aliasing.

3.3.2 Numerical Cherenkov instability

A recent study conducted in 2013 [117] pointed out that while PIC simulations of
LWFA are able to reliably predict very low emittances of electron bunches with
small charge (∼ 1 pC) [5], [118], they tend to overestimate transverse emittance
to a great extent in the case of a bunch with a charge of tens of picocoulombs or
more. It is known that numerical heating can cause similar growth. However, in this
study, it was demonstrated that the dominating effect causing the emittance growth
of bunches with larger charges is numerical Cherenkov radiation.

The effect of numerical Cherenkov radiation (or instability) was first described in
1974 by B. Godfrey [119] as a result of the FDTD Yee scheme with the combination
of its feature that the numerical velocity of electromagnetic waves in a vacuum is
lower than the speed of light. Because of this, macro-particles can travel faster than
these waves and thus can emit artificial Cherenkov radiation with a high frequency
(similar to the real case, hence the name).

One of the most straightforward techniques to mitigate numerical Cherenkov in-
stability is to choose extremely small grid cell sizes [119]. Nevertheless, as indi-
cated above, this approach can adversely affect the growth of numerical heating.
Other methods include low-pass filters [120], [121] or modified computational scheme
[122], [123]. It has been also suggested to moderately increase the speed of light in
Maxwell’s equations [124]. None of these approaches, however, is particularly well
adapted to the characteristic of the laser wakefield acceleration in the laboratory
frame. For example, regarding low-pass filters, the physics at lower frequencies are
unavoidably impacted by any filtering procedure in real space (as opposed to Fourier
space) that significantly reduces high-frequency radiation. However, this is in direct
conflict with lasers used in laser wakefield acceleration, which generally have a high
frequency, making it impossible to filter Cherenkov radiation. As a solution, a study
mentioned at the beginning of this subsection proposed a new computational scheme
of a higher order than Yee [117]. The method is also known as the Lehe scheme. It
was already implemented in the Smilei, and it results in an efficient suppression of
Cherenkov radiation and a noticeable reduction of emittance growth.

3.4 Grid computing

A distributed architecture with numerous computers linked by networks and working
together to complete a single task is referred to as a "grid". The term grid computing
became relevant when I. Foster and C. Kesselman published their seminal work [125]
in 1999. Particle-in-cell simulations are significantly computationally demanding and



36 Chapter 3. Particle-In-Cell simulations of laser wakefield acceleration

almost impossible for a single machine to handle. However, with the help of several
machines on a network cooperating under a standard protocol, working as a single
virtual supercomputer, this complex task can be executed in a relatively short period
of time.

Every computer connected to the grid network runs specialized software to make
grid computing work. All of the grid’s tasks are coordinated and managed by this
software. In principle, it divides the primary task into smaller tasks and assigns a
smaller job to each computer. Furthermore, computers can communicate and ex-
change data on the part of the subtasks being completed in parallel. As a result, the
computers can combine their efforts and provide a combined output for the given
primary task. After the subtasks are finished, the results from every machine are
combined in order to complete the primary task.

A typical grid computing network contains of three machine types:

• Control node/server: Also known as the scheduling system or Batch Jobs
System (PBS). Its purpose is to administer the entire network and keep a track
of the grid’s resources, such as memory usage, CPU time or disc space. If there
are not enough resources, the scheduling system will keep the computational
jobs waiting in queues and will gradually release them to run.

• Provider/grid node: Also known as a computational node. It represents a
computer that contributes its resources to the resource network, i.e., does the
computation itself. The network can consist of many grid nodes.

• User: It refers to the computer that utilizes the resources on the network to
complete the task. It prepares and submits jobs on so-called frontends, which
are, in principle, machines reserved for the user activity.

The advantage of the Smilei PIC code, regarding grid computing, is that it uses
OpenMP [126] and MPI [127] for parallelization. Thus, the computations are effec-
tively speeded up. Furthermore, Smilei uses dynamic load balancing, which signif-
icantly improves performance. This approach periodically exchanges the segments
of the simulation box between MPI processes. As a result, each MPI process owns
a fair amount of the simulation load. Smilei computational performance has been
recently enhanced with vectorized operations, particularly the projection of currents
and the interpolation of fields [7].

One of the largest providers of grid computing in the Czech Republic is a virtual
organization called MetaCentrum. Its primary purpose is managing distributed com-
puting infrastructure consisting of computing and storage resources owned by CES-
NET and co-operative academic centres within the Czech Republic. Grid graphics
of MetaCentrum CESNET can be seen in Figure 3.3.
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Figure 3.3: Grid graphics of MetaCentrum CESNET.

CESNET is an association of universities of the Czech Republic and the Czech
Academy of Sciences. It operates and develops the national e-infrastructure for sci-
ence, research, and education, which encompasses a computer network, computa-
tional grids, data storage and a collaborative environment.

All 2D simulations carried out in this work were accomplished using computing in-
frastructure operated by MetaCentrum. Nevertheless, based on performed test runs,
a typical 3D simulation of LWFA with external injection is significantly more com-
putationally demanding. For instance, such a simulation with the LWFA duration
of only ∼ 0.5 ps requires ∼ 9900 core hours. However, in order to fully capture
the electron beam evolution after the plasma entrance, each of these simulations
should correspond to at least 3 ps of beam acceleration; thus, each requires ∼ 60000
core hours. Therefore, the use of 1 080 000 CPU core hours in the frame of the
project was expected. These requirements are too demanding to fulfil within the
MetaCetrum infrastructure. Due to this, all 3D simulations in this work were ex-
ecuted via IT4Innovations National Supercomputing Center [128] at the Technical
University of Ostrava. IT4Innovations operates the most powerful supercomputing
systems in the Czech Republic and is made available to Czech and foreign research
teams from academia and industry. Together with the CESNET and CERIT-SC
institutions, IT4Innovations constitutes e-INFRA CZ.





Chapter 4

Simulation results: External
injection and the effect of different
plasma density profiles

4.1 Simulation setup

In order to understand the possible effects of different plasma density profiles used in
combination with the external injection, 2D and 3D particle-in-cell simulations us-
ing the Smilei code [7] were performed. The simulation setup is shown in Figure 4.1.
An external electron bunch trailing behind a laser pulse was directed into the
plasma with a density ramp at the plasma front followed by uniform electron den-
sity 𝑛𝑒 = 3.5·1018 cm−3. The spatial and temporal envelope of the driver pulse as
well as the electron beam were chosen to have Gaussian profiles. The duration and
transverse size of the electron bunch in Table 4.1 correspond to the standard devia-
tion of the normal distribution. The bunch is monoenergetic. The group velocity of
the driver pulse was ∼ 0.99899𝑐, and the velocity of the simulation window 𝑣𝑤 was
adjusted accordingly (see Table 4.1). Two specific plasma density profiles were used,
namely: linear and convex parabolic. For each profile, 8 different ramp lengths 𝐿𝑟

were used 25 µm, 50 µm, 75 µm, 100 µm, 200 µm, 300 µm, 400 µm, 500 µm, and
700 µm. The total number of particles in the electron bunch in 2D and 3D simula-
tions was 50 000 and 5 000 (approximately 10 and 7 particles per cell), respectively.
The rest of the most important simulation parameters is shown in Table 4.1.

x,y

6

Figure 4.1: Schematic representation of the initial phase of the simulations with the linear (blue
solid line) and parabolic (blue dashed line) plasma density ramp.
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Laser pulse

Wavelength 𝜆𝐿 800 nm
Duration (FWHM) 30 fs
Waist 9 µm
Normalized field 𝑎0 4.0
Focal area position 𝑧0 0 µm

Electron bunch

Duration 𝜎𝑧 1.0 fs
Transverse size 𝜎𝑥,𝑦 0.6 µm
Energy 100 MeV
Relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛 1.0 %
Charge 5.0 pC
Transverse emittance 𝜀𝑥,𝑦 0.1 mm·mrad

Simulation parameters

Time 𝑇𝑠𝑖𝑚 3.0 ps
Longitudinal window size 115.2 µm (2D), 102.4 µm (3D)
Transverse window size 60.0 µm (2D), 48.0 µm (3D)
Window velocity 𝑣𝑤 0.99899c
Plasma particles per cell 4 (2D), 2 (3D)
Critical density 𝑛𝑐 1.7·1021 cm−3

Table 4.1: Initial parameters used in both 2D and 3D simulations.

One of the useful features of the Smilei code is the ability to track electron bunch
particles separately. Diagnostics of generated fields and injected electrons was eval-
uated every 0.03 ps. In order to save computational time, a moving window was
used. 𝜉 = 𝑧 − 𝑣𝑤𝑡 is a coordinate moving with the simulation window.

As shown in Figure 4.1, in the 2D simulations, the distance between the pulse and
electron bunch is 𝑠2𝐷 = 17.85 µm, which corresponds to the plasma wavelength
𝜆𝑝. This value was computed using equation (1.27) in subsection 1.8 together with
equation (2.2) in subsubsection 2.2.1. However, due to different and more precise
focusation of the driver pulse in 3D simulations [129], the distance has to be set to
𝑠3𝐷 ∼ 16.85 µm. Such an adjustment was concluded based on previous test simu-
lations that were performed. Otherwise, the electron bunch would escape from the
bubble. One of the explanations for the different distances between the laser pulse
and the electron beam is the shape of the bubble itself. Figures 1.3 and Figure 1.4
show that a bubble in 2D geometry has an elliptical shape, or rather an elongated
shape in the longitudinal direction. On the other hand, a bubble created in 3D simu-
lation has an almost spherical shape since the equations for the wakefield themselves
are different [130]. This means the length range for effective injection inside the bub-
ble is different for 2D and 3D geometry.
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4.2 Results of 2D simulations

As mentioned above, due to differences between 2D and 3D simulations, which also
result in different wakefield amplitudes [130], 2D simulations were performed only
to make initial assumptions as they are much less computationally demanding.

In order to investigate the effects of different profiles and lengths of the plasma
ramp, data about the mean energy 𝐸𝑚𝑒𝑎𝑛, energy spread Δ𝐸 (computed as weighted
standard deviation), relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛, and transverse emittance 𝜀𝑥

that were influenced by the uniform plasma density were primarily studied. These
properties were therefore firstly examined until the end of each ramp. As Figure 4.2
shows, for an electron bunch travelling in a 700 µm long density ramp, there are
eight measurements at each position that correspond to the ends of the remaining
shorter ramps. At the same time, for a bunch travelling in a 25 µm long density
ramp, the measurement was made only at 𝑧 ∼ 25 µm, because beyond that, the
bunch is already in a uniform density.
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Figure 4.2: Evolution of the electron bunch energy 𝐸𝑚𝑒𝑎𝑛, energy spread Δ𝐸, relative energy
spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛, and transverse emittance 𝜀𝑥 for different ramp types is shown until each of the
ramps respectively ends.

Based on Figure 4.2, the first conclusions can be made. It can be assumed that
the examined properties of the electron bunch do not significantly depend on the
length and profile of the ramps during the first 100 µm of the propagation. A closer
observation of this area was made (see Figure 4.3), supporting this assumption,
although Δ𝐸/𝐸𝑚𝑒𝑎𝑛 is arguably lower in some cases for linear and parabolic profiles
of specific shorter lengths (50, 75, and 100 µm) from 𝑧 ∼ 50 µm to 100 µm, compared
to the longer ramps.
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Figure 4.3: Evolution of the electron bunch relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛 and transverse
emittance 𝜀𝑥 for different ramp types during the first 100 µm of propagation is shown until each
of the ramps respectively ends.

Even within these 50, 75, and 100 µm long ramps, those with the linear profile
provide a smaller Δ𝐸/𝐸𝑚𝑒𝑎𝑛 of the electron bunch by ∼ 0.07 % compared to those
with the parabolic profile. The transverse emittance 𝜀𝑥 is overall very similar between
linear and parabolic profiles, except that it is slightly elevated at 𝑧 ∼ 100 µm if
parabolic profiles are used.

Looking further from the first 100 µm of the electron bunch propagation, the differ-
ence in parameters between linear and parabolic profiles is noticeable in the case of
longer ramps. The same observation applies, with the exception of Δ𝐸, to different
lengths within the same (linear or parabolic) density profile. For instance, consider-
ing parabolic profiles, the individual values of the transverse emittance 𝜀𝑥 are more
dispersed and elevated from 𝑧 ∼ 200 µm to 500 µm.

It is also useful to know how the bunch parameters develop after the transition to
a uniform plasma density. It may happen that their value will be different after the
transition. It is desirable for the electron bunch parameters not to change suddenly
and, at best, to remain constant. Two short (50 µm, 100 µm) and two long (400 µm,
700 µm) plasma density ramps for each profile (linear and parabolic) were chosen,
for which the evolution of the bunch parameters was monitored during the entire
duration of the simulation. The results are shown in Figure 4.4.
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Figure 4.4: Evolution of the electron bunch properties within the span of 𝑇𝑠𝑖𝑚 ∼ 3 ps for linear
and parabolic ramps of different lengths. The circle indicates the ramp end.

Figure 4.4 clearly shows that in the case of 2D simulations, short density ramps have
the opposite effect on relative energy spread as longer ramps. Notably, a stabilization
of Δ𝐸/𝐸𝑚𝑒𝑎𝑛 can be seen after the end of each short ramp, i.e., 50 µm and 100 µm. In
contrast, for longer ramps, Δ𝐸/𝐸𝑚𝑒𝑎𝑛 increases after the end of the ramp. Emittance
growth is similar for linear and parabolic ramps of the same length, being highest
for the shortest ramps.

In Figure 4.5 the density profiles of the simulations with a 50 µm and 400 µm linear
ramp were compared at simulation time 𝑇𝑠𝑖𝑚 ∼ 3 ps. At this time, the wakefield is
formed in both cases.

Figure 4.5: Plasma density profiles with the initial linear ramp of the length a) 𝐿𝑟 = 50 µm and
b) 𝐿𝑟 = 400 µm at 𝑇𝑠𝑖𝑚 ∼ 3 ps.
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However, it should be noted that the longer the ramp, the slower the wakefield
formation process. In other words, bunch capture in the bubble takes place at a
greater distance from the beginning of the plasma. For example, Figure 4.6a) shows
that in the case of a 50 µm ramp, the corresponding wakefield (i.e., its normalized
longitudinal electric field 𝐸𝑧/𝐸0) is already formed at 50 µm, so it is already affecting
the electron bunch. It is also clear that the longitudinal field of the wakefield related
to the 400 µm ramp has a lower value at the same position. Furthermore, the claim of
a slower formation of the wakefield in longer ramps is also supported by Figure 4.7a),
in which the evolution of the electron bunch energy is depicted. Particularly as the
electron bunch propagates in a 400 µm linear ramp, its energy until 𝑧 ∼ 200 µm
remains constant or even slightly decreases. Only after the wakefield is formed does
the bunch start to gain energy.

Figure 4.6: The structure of the wakefield normalized electric field 𝐸𝑧/𝐸0 in the longitudinal
direction for 𝑥 = 30 µm acting on the electron bunch positioned at a) 𝑧 ∼ 50 µm and b) 𝑧 ∼ 340 µm
for both 𝐿𝑟 = 50 µm (blue solid line) and 𝐿𝑟 = 400 µm (blue dotted line) linear ramps. The
corresponding electron bunches (black area) from each simulation overlap.

Not only is the formation of the wakefield slower in the case of longer ramps, but
its shape is also different. Figure 4.5b) shows that in the case of a longer ramp,
the density profile formed by the wakefield is slightly different compared to the one
formed in the shorter ramp. Moreover, Figure 4.6b) shows that the electron bunch
associated with 50 µm linear ramp is positioned closer to the left boundary (rear
part) of the first bubble and the acting 𝐸𝑧/𝐸0 is larger. In general, the wakefield
amplitudes are larger at these boundaries. Therefore, their influence is more signifi-
cant. The further the electron bunch is from the bubble boundary (as in the case of
a 400 µm ramp), the less it is influenced by the longitudinal forces of the wakefield.
Note that the electron bunch in the simulation with the 50 µm ramp is located at
the same position as in the simulation with the 400 µm ramp. For this reason, the
color representation of the corresponding electron bunch was chosen by one color
for both simulations.

Figure 4.6b) also indicates that in both cases, the corresponding 𝐸𝑧/𝐸0 acts almost
uniformly on the whole electron bunch in the displayed position. It shows how the
electron bunch itself affects this field, which is a characteristic feature of beam
loading [131]. A closer look at this region in (Figure 4.7b)) shows that 𝐸𝑧/𝐸0 in the
simulation with the 400 µm ramp slightly oscillates. This means that electrons within
the bunch experience at this position of acceleration different longitudinal fields. It
seems that at this position of observation (at 𝑧 ∼ 340 µm), these oscillations do not
influence the energy of the electrons.
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Figure 4.7: a) Evolution of the electron bunch energy 𝐸𝑚𝑒𝑎𝑛 within the span of 𝑇𝑠𝑖𝑚 ∼ 3 ps in a
2D simulation in which a 50 µm (olive line) and 400 µm (red line) linear ramp was used. b) Zoomed
area of the normalized longitudinal electric field 𝐸𝑧/𝐸0 structure (right axis) in the wakefield at
𝑧 ∼ 340 µm, in the case of 50 µm (olive line) and 400 µm (red line) linear ramps. The energy of
the electron bunch (left axis) that propagates in the linear ramp with a specific length is marked
with the corresponding color. Each dot represents one electron macro-particle of the bunch.

If the same observation is made at the end of the simulation (at 𝑧 ∼ 900 µm), then
Figure 4.8a) shows that 𝐸𝑧/𝐸0 are basically the same. A closer look in Figure 4.8b) at
the region of 𝐸𝑧/𝐸0 acting on both electron bunches at 𝑧 ∼ 900 µm shows that those
distinct oscillations shown in Figure 4.7b) disappeared. Nevertheless, Figure 4.8b)
depicts that their influence was strong enough to cause a disturbance in the mean
energy 𝐸𝑚𝑒𝑎𝑛 of individual electrons within the bunch propagating in the 400 µm
linear ramp.

Figure 4.8: a) The structure of the wakefield normalized electric field 𝐸𝑧/𝐸0 in the longitudinal
direction for 𝑥 = 30 µm acting on the electron bunch at 𝑧 ∼ 900 µm propagating in 50 µm (olive
line) and 400 µm (red line) linear ramps. The electron bunch (left axis) that propagates in the
linear ramp with a specific length is marked with the corresponding color. b) Zoomed area of 𝐸𝑧/𝐸0
structure (right axis) in the wakefield at 𝑧 ∼ 900 µm in the case if 50 µm (olive line) and 400 µm
(red line) linear ramps are used. The electron bunch (left axis) that propagates in the linear ramp
with a specific length is marked with the corresponding color.

These observations all together can explain the slight but steady increase in electron
bunch parameters in the longer ramps before and after their end. For example, even
though Figure 4.4 shows that Δ𝐸 increases during the entire simulation for both
shorter and longer ramps, the energy gain is smaller when longer ramps are used.
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This essentially means that the denominator in Δ𝐸/𝐸𝑚𝑒𝑎𝑛 is smaller and thus its
final value is significantly larger for longer ramps.

The same argument applies when linear and parabolic ramps are compared. However,
due to the smaller absolute values of the density in the parabolic profile (compared
to the linear profile), the electron density is distributed differently. Particularly, the
electron bunch travels in less dense plasma at the beginning compared to the linear
ramp with the same length. Formation of the wakefield thus takes a longer time and
the electron bunch will essentially gain less energy, as can be seen on Figure 4.9.
This reflects on the rest of the bunch parameters, as mentioned above.
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Figure 4.9: Final values of the electron bunch parameters at the end of the 2D simulation at
𝑇𝑠𝑖𝑚 ∼ 3 ps; from the top to the bottom: mean energy of the electron bunch 𝐸𝑚𝑒𝑎𝑛, energy spread
Δ𝐸, relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛, and transverse emittance 𝜀𝑥. The values are shown for
simulations with different ramp lengths 𝐿𝑟.

4.3 Results of 3D simulations

Due to the differences between the wakefield properties in 2D and 3D particle-in-cell
simulations (as mentioned above), this work also includes the results from the latter.
In this regard, 2D simulations serve only to provide initial assumptions, which will
be verified based on the results of 3D simulations. Based on the 3D simulations, a
more accurate conclusion can be established.

Similar to the previous case in Figure 4.2, it can be assumed from Figure 4.10 that
the examined properties of the bunch do not significantly depend on the length and
profile of the ramps during the first 100 µm of the propagation.
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Figure 4.10: Evolution of the beam energy 𝐸𝑚𝑒𝑎𝑛, energy spread Δ𝐸, relative energy spread
Δ𝐸/𝐸𝑚𝑒𝑎𝑛, and transverse emittance 𝜀𝑥 for different ramp lengths and profiles is shown until each
of the ramps respectively ends.

A closer observation of this acceleration stage was also made in the case of 3D
simulations, and the results in Figure 4.11 show that the transverse emittance 𝜀𝑥

increases equally, not only for the two ramp profiles but also for different lengths.
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Figure 4.11: Evolution of the electron bunch relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛 and transverse
emittance 𝜀𝑥 for different ramp types during the first 100 µm of propagation is shown until each
of the ramps respectively ends.
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It seems that shorter ramps are able to provide the decrease of Δ𝐸/𝐸𝑚𝑒𝑎𝑛 of the
bunch during the 100 µm of the propagation. This can be due to the fact that in
shorter ramps, the wakefield forms earlier. Owing to this, the wakefield is able to
focus the bunch sooner into a smaller size, which affects Δ𝐸/𝐸𝑚𝑒𝑎𝑛. On the other
hand, longer parabolic ramps are better at preserving the initial value of Δ𝐸/𝐸𝑚𝑒𝑎𝑛,
but the differences between them and their linear equivalents are essentially negligi-
ble. The most interesting observation in Figure 4.11 is that the energy spread of the
bunch propagating in the 400 µm parabolic ramp almost did not change compared
to its initial value.

Based on Figure 4.10, energy spread Δ𝐸 and relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛 are
mostly constant when the parabolic profiles are used, regardless of their length.
Moreover, in the case of the 400 µm and 500 µm parabolic ramp, the relative energy
spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛 even decreases compared to the initial value of 1 %. The biggest
difference between linear and parabolic ramps in observed transverse emittance 𝜀𝑥

can be seen at 𝑧 ∼ 200 µm and 300 µm. At these positions, the transverse emittance
relative to the linear ramps is on average lower by approximately 0.01 mm·mrad and
0.02 mm·mrad, respectively.

However, a rapid increase in Δ𝐸 and Δ𝐸/𝐸𝑚𝑒𝑎𝑛 is observed when a 700 µm parabolic
ramp is used. In order to explain this phenomenon, the time evolution of the pa-
rameters of the corresponding electron bunch as well as of the other 3 bunches
propagating in 50 µm, 100 µm, and 400 µm ramps were compared. The results are
shown in Figure 4.12. It can be seen that the increase in Δ𝐸 and Δ𝐸/𝐸𝑚𝑒𝑎𝑛 of the
electron bunch propagating in the 700 µm parabolic ramp started before its end.
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Figure 4.12: Evolution of the electron bunch properties within the span of 𝑇𝑠𝑖𝑚 ∼ 3 ps for linear
and parabolic ramps of different lengths in 3D PIC simulations. The circle indicates the ramp end.
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Figure 4.13: a) Evolution of the electron bunch mean energy 𝐸𝑚𝑒𝑎𝑛 within the span of 𝑇𝑠𝑖𝑚 ∼ 3 ps
in a 3D simulation in which a 400 µm (red line) and 700 µm (green line) parabolic ramp was used.
b) Structure of the normalized longitudinal electric field 𝐸𝑧/𝐸0 (right axis) in the wakefield at
𝑧 ∼ 900 µm in the case if 400 µm (red line) and 700 µm (green line) parabolic ramps are used.
The energy of the electron bunch (left axis) that propagates in the linear ramp with a specific
length is marked with the corresponding color. Each dot represents one electron macro-particle of
the bunch.

Nevertheless, by comparing the energy evolution between the electron bunches in the
400 µm and 700 µm parabolic ramps (Figure 4.13a)) as well as the structure of the
corresponding 𝐸𝑧/𝐸0 at the end of the simulation (Figure 4.13b)), the explanation
can be found. The rapid change in the parameters was caused by electron bunch
slippage from the back of the bubble.

As Figure 4.13a) shows, the electron bunch propagating in a 700 µm parabolic ramp
began to accelerate only at 𝑧 ∼ 400 µm, and even before that, it lost some of its
initial energy. Furthermore, as mentioned in the previous subsection, the formation
of the wakefield (strong enough to accelerate the electron bunch) in longer density
ramps takes place later in the plasma compared to the shorter ramps. As a result,
the position of the electron bunch changed relatively to the bubble position due
to the different position of the bubble rear part, as the wakefield was formed in
a different manner. Consequently, as Figure 4.13b) indicates, the electron bunch
(green stretched mark) has passed behind the boundary of the first bubble where
its properties rapidly deteriorated.

Analogous to the results from 2D simulations, also in the case of 3D simulations, the
values of the electron bunch parameters were examined at the end of the simulation,
i.e., at 𝑇𝑠𝑖𝑚 ∼ 3 ps (Figure 4.14).
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Figure 4.14: Final values of the electron bunch parameters at the end of the 3D simulation at
𝑇𝑠𝑖𝑚 ∼ 3 ps; from the top to the bottom: mean energy of the electron bunch 𝐸𝑚𝑒𝑎𝑛, energy spread
Δ𝐸, relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛, and transverse emittance 𝜀𝑥. The values are shown for
simulations with different ramp lengths 𝐿𝑟.

As mentioned earlier, the relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛 of the electron bunch
propagating in a 500 µm parabolic ramp (based on Figure 4.10) was smaller than
its initial value at the end of the ramp, thus indicating a very promising further
development of its parameters. However, with regard to this case, Figure 4.14 shows
sudden increase in energy spread Δ𝐸 and also Δ𝐸/𝐸𝑚𝑒𝑎𝑛 at the end of the sim-
ulation. For this reason, the time evolution of its parameters was compared with
the evolution of the parameters of the bunch propagating in the 400 µm parabolic
ramp, which showed similar and quantitatively equal values of Δ𝐸/𝐸𝑚𝑒𝑎𝑛, Δ𝐸, and
transverse emittance 𝜀𝑥 at 𝑧 ∼ 400 and 500 µm. Figure 4.15 thus shows the exact
position where the undesirable increase occurred.

Particularly, from Figure 4.15 it is clear that relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛

began to increase at 𝑧 ∼ 560 µm, until the end of the simulation. As in the previous
case with 700 µm parabolic ramp, it is possible to assume that at 𝑧 ∼ 560 µm the
electron bunch was positioned too close to the boundary of the first bubble, where
𝐸𝑧/𝐸0 is strongly non-linear, which caused the degradation of its parameters. Figure
4.16b) confirms this assumption. Figure 4.16c) indicates that this electron bunch was
placed at the rear boundary of the bubble, in contrast to 400 µm ramp, where the
accelerating structure was well-formed in the bunch position. Ultimately, this event
led to the deterioration of the bunch’s parameters at the end of the simulation.
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Figure 4.15: Evolution of the electron bunch properties within the span of 𝑇𝑠𝑖𝑚 ∼ 3 ps propagating
in a 400 µm (red solid line) and 500 µm (magenta dotted line) parabolic ramps.

Figure 4.16: The structure of the wakefield normalized electric field 𝐸𝑧/𝐸0 in the longitudinal
direction for 𝑥 = 30 µm (the laser propagation axis) acting on the electron bunch at a) 𝑧 ∼ 300 µm,
b) 𝑧 ∼ 560 µm, and c) 𝑧 ∼ 900 µm for two 𝐿𝑟 = 50 µm (olive dashed line), 𝐿𝑟 = 400 µm (cyan
dotted line) linear and two 𝐿𝑟 = 400 µm (red solid line), 𝐿𝑟 = 500 µm (magenta solid line)
parabolic ramps. The corresponding electron bunches (black area) overlap. For this reason, they
are marked with the same color.
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In contrast to the 2D simulations, in the 3D simulations, Δ𝐸 and Δ𝐸/𝐸𝑚𝑒𝑎𝑛 sig-
nificantly increases after the ramp for short ramps (50 µm and 100 µm). Gener-
ally, longer ramps show better results. Not only are they able to maintain Δ𝐸 and
Δ𝐸/𝐸𝑚𝑒𝑎𝑛 of the electron bunch throughout the entire simulation, but 𝜀𝑥 is also no-
ticeably lower. The problem with the 500 µm parabolic ramp was already discussed,
however, Figure 4.16b) also shows why Δ𝐸 and Δ𝐸/𝐸𝑚𝑒𝑎𝑛 of the electron bunch
propagating in 400 µm linear ramp increases at 𝑧 ∼ 560 µm. From the position
of the bunch in the bubble, it can be seen how its rear part is affected by a more
non-linear field 𝐸𝑧/𝐸0 than the front part. Figure 4.16a) shows the direct reason
why bunch propagation in longer ramps leads to better results. In both cases, the
bunch travelling in the 400 µm and 500 µm parabolic ramps is affected by an almost
uniform 𝐸𝑧/𝐸0 throughout its length.

As discussed earlier, due to the different formation of the wakefield in longer ramps,
the electron bunch can travel behind the bubble. Because of this, two additional 3D
simulations were performed in which 400 and 500 µm parabolic ramps were used
with a different initial distance between the bunch and the laser than 𝑠3𝐷 = 16.85 µm.
Figure 4.17 shows that even finer tuning of 𝑠3𝐷 would be needed, but in the case
of the 500 µm parabolic ramp with 𝑠3𝐷 = 14.85 µm, it was possible to significantly
reduce Δ𝐸/𝐸𝑚𝑒𝑎𝑛.

Figure 4.17: Evolution of the electron bunch properties within the span of 𝑇𝑠𝑖𝑚 ∼ 3 ps in 3D
PIC simulations for parabolic ramps of different lengths and different distances 𝑠3𝐷 between the
electron bunch and laser pulse.

Based on the obtained results, it has been shown that the use of a 400 µm parabolic
ramp (in relation to the rest of the parameters in Table 4.1 and Figure 4.1) provides
the best conditions for the preservation of the electron bunch parameters.



Discussion and conclusion

Laser wakefield acceleration (LWFA) represents an innovative method of acceler-
ating electron beams in plasma, using electric fields several orders of magnitude
higher than those available in conventional accelerators. As a result, it is possible
to significantly reduce the length of the acceleration. However, experiments demon-
strating laser wakefield acceleration often suffer from a fundamental lack of control
or large shot-to-shot fluctuations. This is because, in most of the current injection
schemes, the injection of electrons and their subsequent acceleration are intrinsically
dependent on each other. These schemes are based on non-linear dynamics, in which
electrons are injected from the plasma background itself. This can lead to a situation
in which the properties of injected electrons acquire undesirable values even before
they are subjected to acceleration. This is also why the idea of injecting from a sep-
arate, external accelerator is currently growing in popularity, so that the injection
can be controlled better [4]. At the same time, it is possible to take advantage of
the fact that electrons produced from an external source have well-known and, in
this sense, "fixed" parameters.

However, external injection requires exquisite alignment and timing between the
electron bunch and the laser pulse. It also requires vacuum isolation between the
conventional RF accelerator and the LWFA stage. In this finite transition region (or
rather, density ramp), the plasma wavelength changes gradually, which means that
the injected electrons can be affected by the altering wakefield. Nevertheless, it has
been demonstrated that the emittance growth or energy spread can be mitigated
using long (mm-scale) density ramps [70]. The aim of this work was to examine if
short (tens-of-micron scale) plasma density ramps of different lengths and different
profiles (linear or convex parabolic) play a significant role in the injection of the
electron bunch and, also, how much it affects its final parameters.

Based on 2D simulations, which were carried out first because they are computa-
tionally less demanding, it was found that for short ramps (25 - 100 µm), there is no
significant difference in the final bunch parameters. Also, the profile type (linear or
parabolic) did not influence the result. Additionally, based on Figure 4.6b) and Fig-
ure 4.7b), it was shown that a different normalized longitudinal electric field 𝐸𝑧/𝐸0
acts on the electron bunch during the transition through the ramp and even shortly
after the transition to the uniform density if short (< 100 µm) or longer (> 100 µm)
ramps are used. In the case of shorter ramps, the resulting field preserves the ini-
tial properties of the bunch with better efficiency. Nevertheless, as can be seen in
Figure 4.8 (the continuation of Figure 4.6), 𝐸𝑧/𝐸0 have the same shape and size at
the end of the simulation. However, the bunch (red colored area), which was exposed
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to a field of higher non-linearity of the 400 µm ramp during acceleration, acquired
a larger energy spread Δ𝐸 and relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛.

Due to the different equations for the wakefield and the bubble’s boundary used in
the 2D and 3D geometry [130] as well as the different focusing of the laser pulse
[129], the generated wakefield has a 2D elongated shape in the longitudinal direc-
tion and a round shape in the 3D geometry. For this reason, 3D simulations with
the same parameters (except for the distance between the laser and the electron
beam, which had to be shortened by 1 µm based on the test simulations) were also
performed. It was confirmed that the length and profile of plasma density ramps
do not play a significant role on electron bunch parameters during the first 100 µm
of the propagation. However, in contrast to the 2D simulations, energy spread Δ𝐸
and relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛 significantly increase after the transition to
uniform density if short ramps (50 and 100 µm) are used.

On the other hand, long parabolic ramps, especially the 400 µm ramp, show promis-
ing and stable results. Figure 4.16a) and Figure 4.16c) show that 𝐸𝑧/𝐸0 of the
wakefield created in longer ramps has a different shape. This field also depends on
the type of the profile. The explanation of why these fields have different shapes
is rather simple. The use of longer ramps, i.e., a smaller initial plasma density, as
well as the use of parabolic profile, causes the bubble formation to take place at
a greater distance from the start of the simulation. In other words, the laser pulse
must travel a longer distance in a less dense plasma to "pick up" enough plasma
electrons to form a bubble wakefield. From the beginning, a less non-linear accelera-
tion field is created in the wakefield, which acts uniformly on the electron bunch and
thus does not worsen its parameters. However, as the laser and the wakefield travel
further into the plasma, more and more plasma electrons flow around the bubble
and concentrate in the rear part, which creates a non-linear, sawtooth-like negative
gradient. In this sense, longer density ramps as well as the use of a parabolic density
profile offer a more adiabatic process of wakefield formation than plasma in shorter
ramps, where the sharp negative gradient is already present at the very beginning of
the simulation. It has been already discussed how these highly non-linear gradients
cannot be compensated using positive chirp by Lu et al. [36]. Therefore, it is nec-
essary to ensure that these gradients are avoided at the very beginning of injecting
the beam into the wakefield.

At the end of the fourth chapter, it was pointed out that, due to a different formation
of the wakefield that can occur while the wakefield is forming in longer ramps, the
initial distance between the bunch and the bubble rear part can change. Because
of this, two additional 3D simulations were performed, in which 400 and 500 µm
parabolic ramps were used with a different distance between the bunch and the
laser pulse than the one originally assumed in this work (𝑠3𝐷 = 16.85 µm). However,
Figure 4.17 shows that even finer tuning of 𝑠3𝐷 is needed, and the 400 µm parabolic
ramp with 𝑠3𝐷 = 16.85 µm still provides the best results among the examined cases.

It is important to note that, in order to be able to correctly decide whether longer
ramps, especially those with a parabolic profile, are the most effective in preserving
the initial values of the bunch parameters, it is necessary to carry out longer sim-
ulations up to the dephasing phase. It is possible that in later acceleration stages,
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the bunch parameters evolve in a different manner than anticipated here based on
the earlier stages. This work focused mainly on the effect of such ramps during the
injection and the first ∼ 1 mm of acceleration, since the deterioration of the bunch’s
parameters already at this initial stage could be more difficult to compensate later.

In conclusion, using longer parabolic plasma density ramps for effective capture of
the electron bunch and its acceleration, even at the cost of less achievable energy (in
comparison with short linear ramps) is recommended. For the parameters that were
used in this work, the 400 µm convex parabolic ramp is especially beneficial since it
provided the lowest values of energy spread Δ𝐸, relative energy spread Δ𝐸/𝐸𝑚𝑒𝑎𝑛,
and transverse emittance 𝜀𝑥.
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