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Abstract

Abstrakt:

Vznik vzorku v biologickych systémech je pfedmétem intenzivniho mezioborového vyzkumu.
Jednim z nejslavnéjSich mechanismu, které mohou vést ke vzniku vzorku v chemickych, biolo-
gickych a dalsich systémech, je Turingova nestabilita. Ta muze vést ke vzniku prostorovch struktur
v systémech se dvéma komponentami. Na druhou stranu je ale nutné predpokladat, ze rychlost
difize jedné chemikdlie je vyrazné rychlejsi nez rychlost diftze té druhé, coz je ¢astym tercem
kritiky tohoto mechanismu. Neumoziuje ani snadno modelovat nepravidelné vzory a vysvétlit
nékteré jevy, jako napf. agregaci melaninu na hibetu kozichu kralovského geparda. Nékteré
z téchto problému fesi pridani urcitych vyrovnavacich mechanismu do rovnic, v nasem piipadé
jednostrannych clenu. Tato prace se proto vénuje analyze systému dvou rovnic reakce-difuze, u
kterych dochazi k Turingové nestabilité a které jsou nésledné doplnény tzv. jednostrannymi ¢leny.
Existence bifurka¢nich bodi, a tedy i existence vzorku, jsou analyticky dokdzény pro systémy, kde
pomér difizi obou chemikdlii je blize jedné. Jsou analyzovany jak systémy s Dirichletovymi nebo
smiSenymi, tak s Neumannovymi okrajovymi podminkami. Stacionarni feSeni téchto systému jsou
pro vybrané systémy numericky aproximovana, coz napovidd, jak by mohly vzorky vypadat. Také
je pouzitim numerickych metod aproximovéna poloha bifurka¢nich bodu vybranych systému s
jednostrannymi zdroji.

Abstract:

The pattern formation in biological systems is being a subject of intensive research in interdis-
ciplinary sciences. One of the most famous mechanism, which could lead to a formation of pattern
in chemical, biological and other systems is Turing instability. It can lead to the formation of
spatial structures in systems with two components. However, it supposes that the diffusivity of
one chemical must be significantly different from the other one, which is often a target of criticism
of such systems. It also cannot in a simple way model irregular patterns and it cannot explain e.g.
an aggregation of melanin on king cheetah coat back. To bypass these problems, addition of some
regulatory mechanisms (unilateral terms) to the equations has been proposed. This dissertation
thesis therefore concerns with systems of two reaction-diffusion equations which exhibit Turing
Instability, and are supplemented with the so-called unilateral terms. The existence of bifurc-
ation points, and hence the existence of patterns, is proved analytically for systems, where the
diffusivenesses are less distinct. The systems with Dirichlet or mixed, as well as with Neumann
boundary conditions are analyzed. The stationary solutions of selected systems are numerically
computed and that gives a hint, which patterns could form in such systems. Moreover, the location
of bifurcation points is approximated for particular systems with unilateral terms numerically as
well.
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CHAPTER ].

Introduction

1.1 Short excursion into history

Formation of patterns plays an essential role not only in biology, but also in other scientific
fields like chemistry, physics and even geology, and it is an important phenomenon studied in
the interdisciplinary research. However, up to the end of 19" century there was not known any
mechanism which could lead to the formation of such patterns. One of the essential question in
this area was how the pattern is created during the development of the embryo. The effort of
many researchers at the beginning of 20" century was aiming to find the explanation for this
process. Although the genes play here the key role, they cannot explain the mechanisms by which
the ingredients mix together and assembly a coherent pattern. Nevertheless, the study of genetic
influence on animal coat patterns was a predominant direction of research and this dominance was
strengthen by the Watson’s and Crick’s discovery of the structure of DNA.

This was the reason why the pioneering paper of A. Turing [53], published in 1952, did not
attach much attention during the first decades after its publication. In his paper Turing concerned
with a system of two reaction-diffusion equations defined on a ring with a diameter p. By making
the stability analysis of a linear problem

1 92
OX X —h)+b(y —k)+ LI

ot 2 062
aYy v %Y
E—C(X—h)-Fd(Y—k)ﬁ*gw,

where 6 is a polar coordinate, X,Y are concentrations, yu’,r’ are diffusibilities, a—d are reaction
rates and h, k are steady state concentrations, Turing was able to show that under additional
assumptions the diffusion can destabilize the steady state and this instability caused by diffusion
can lead to the growth of a structure at a particular wavelength. The resulting non-homogeneous
structure can be interpreted as a pattern. This mechanism could explain the creation of animal
coat pattern. This was an original and unconventional approach — the diffusion was considered as
a stabilizing element of physical systems and the idea of the existence of heterogeneous steady-
states in such system seemed to be counter-intuitive. The pattern formation in chemical systems
has already been known since the mid-19*" century, but nobody before him gave such clear and
simple explanation how a very simple mechanism can explain the formation of patterns during the
embryogenesis. Unfortunately, the described mechanism can work only in systems, where the two
chemicals have significantly different diffusion, which is often criticized as not realistic assumption.
Despite the lukewarm reception his paper became later very famous and up to these days (2018)
it has more than eleven thousand citations.

In 1972, A. Gierer and H. Meinhardt published a paper [20], where they tried to solve the same
question as Turing — how it happens that almost homogeneous tissue develops into a heterogeneous
tissue structure. Similarly to Turing, they considered two reacting and diffusing chemicals —
activator and inhibitor and proposed an idea of short-range activation and long-range inhibition,
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it means that the structures can appear only in a system where the diffusion of inhibitor is much
faster than the diffusion of activator. Their model had a form

da  pa? 0%a
ot~ HatPaga
Ooh 9 ?a
AL B N )
ar P TV P

In addition, the turnover of an inhibitor must be more rapid than the turnover of activator, i.e.
v > p, [39].

The theoretical forecasts were verified against the experimental results of hydra regeneration.
In 1994, Gierer and Meinhardt reviewed the application of this system to biological pattern form-
ation of complex structures.

In 1979, Schnackenberg published his simple model based on a reaction

X2 A, BAL, Y, 2X4Y 953X

A system with this reaction is called Schnackenberg system and due to its simplicity it is extensively
explored and often used as a reference example in many papers. It will of course appear also in
this dissertation thesis in Section (.2

The Thomas model [51] from 1976 is of a so-called type substrate depletion and was designed
to model a real chemical reaction between the substrate oxygen and uric acid reacting in presence
of enzyme urinase. The outcomes were experimentally verified [51].

Legyel and Epstein proposed in their paper [34] from 1990 a model to simulate the behavior
of CIMA reaction (chlorine/iodicide/mallonic acid system). The theoretical forecasts were for
CIMA reaction verified experimentally, the modeled and observed 1D patterns can be seen in [34].
Another example of patterns in CIMA reaction is in Fig.

Figure 1.1: Patterns in CIMA reaction, [25]

The above mentioned papers have had a very strong influence on research concerning pattern
formation in reaction-systems. There are many more interesting and excellent papers related to
this topic. For example — the pattern formation on animal coat [56] has been already mentioned,
other applications are in ecology [24], control of infectious diseases [50], carcinogenesis, angiogenesis
[43], morphogenesis [53] and even social sciences [49]. The pattern formation has been studied for
systems with receptors [37], on a growing domain [6], manifolds, etc. This shows the generality of
this concept and importance for the understanding of fundamental biological processes.
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1.2 Motivation, methods and recent results for reaction-diffusion systems
with unilateral terms

The main interest of this dissertation thesis are reaction-diffusion equations with unilateral source
and sink, further referred to as unilateral terms. As a motivation for this equations, we can use
the king cheetah coat pattern. The chemical substance responsible for a black color on its coat
is called melanin. The irregularity of its pattern is hard to explain using classical models like
e.g. Schnackenberg. One proposal how to describe this pattern was written in [56]. The system
has a certain feedback, which prohibits the decrease of level of chemicals under some level. This
feedback can be modeled by unilateral terms in the equations, i.e. by the terms of a type (u—1u)~,
where u is an actual concentration of given chemical, @ is a steady-state concentration and minus
is here for the negative part. In this dissertation thesis we will consider a more general models,
where the feedback reacts also on deviations of chemical concentration in opposite direction. This
is expressed by the terms of a type (u —%)* in the equations.

It is necessary to emphasize that even though there is a lot of chemical processes involved in
the formation of coat pattern during embryogenesis, it is supposed that there are two significant
reactions which in the end determine the shape of pattern.

The application of unilateral terms are not limited to king cheetah coat patterning. Another
application can be in ecology, where are two dominant species and a farmer. The farmer does not
affect the diffusion or interaction between these two species, but controls a part of the area of the
ecosystem a level of one species. If there is a lack of it, he plants it. If there is an excess of it, he
harvests it. The main question is the concentration distribution of these two species in the whole
ecosystem — the results in the paper [56] suggest that the influence of unilateral terms on the final
pattern is significant, and numerical results in Section [5| of this dissertation thesis this suggestion

supports as well.

Figure 1.2: Pattern in a system with Schnackenberg reaction and without unilateral regulations on

the left, with unilateral regulations on the right. Both systems had the same diffusion paramaters
and Neumann b.c.

I

It will be seen later that the conditions on the so-called diffusion driven instability, for the
first time described by Turing in [53], excludes the systems having the energy functional, and this
means a use of the variational techniques. One of the tricks in a study of a bifurcation in these
systems is to rewrite them as one operator equation now with symmetric linear operator perturbed
by positively homogeneous potential operator and a smooth perturbation. The idea of reduction
to one equation is not new and was already introduced in the paper [31].

In some particular cases this equation has a potential (energy functional), which allows to use
the methods of Calculus of Variations, and Section is devoted to abstract results in this field.
The heuristic considerations can also predict the shape of pattern [38], but it is not the subject
of this dissertation thesis. When the sources have an infinite strength, the whole problem can be
modeled by the systems with obstacles. In particular, this was of an interest of two recent papers
14, ]

Another method is in a use of Implicit Function Theorem, which allows to treat a very gen-
eral class of reaction-diffusion systems. These methods have already been applied to standard
reaction-diffusion systems (e.g. [42]). We will present a generalization of Crandall-Rabinowitz
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Theorem for equations perturbed with lipschitz continuous operator, and this generalization will
be consequently applied to our particular systems.

The existence global bifurcation points will be proved by using a Topological Degree theory.
This is a content of Section [3.3] and Theorem [§]is a main result of this Section. There are recent
papers [30], [33], [27], [14], [13], [16], concerned with the reaction-diffusion systems with obstacles.
There is also a paper [10], which contains the bifurcation results for the problems with the terms
of a type u™,u=, v, v™.

The majority of the papers mentioned above is concerned with the reaction-diffusion systems
with unilateral obstacles. It will be discussed later that these obstacles are not suitable for describ-
ing the regulatory mechanisms in biological systems. Therefore this dissertation thesis is purely
focused on systems containing the terms with a negative and positive parts of concentrations,
which are more reliable.

1.3 Structure of the dissertation thesis

The dissertation thesis is organized into [7] chapters as follows:

1. Introduction: Introduces the reader to the topic and gives a basic overview of reaction-
diffusion systems with unilateral sources. It also explains the main contributions of this
dissertation thesis. The results are less formal here.

2. Abstract Formulation: Introduces the reader to an abstract formulation of stationary reaction-
diffusion equations and explains all necessary steps in the reduction of this system to one
operator equation. The conditions under which the one operator equation has the potential
are stated.

3. General results about positively homogeneous problems: Together with the subsequent chapter
constitutes the core of this dissertation thesis. It mostly contains new results about eigen-
values and bifurcation of equations with positively homogeneous operators on an abstract
Hilbert space.

The largest eigenvalue of equation with positively homogeneous operator is characterized
by a variational formula. The existence of bifurcation points of equations with positively
homogeneous operators is proved by using three basic methods - variational approach, to-
pological degree and implicit function theorem. Each method has different assumptions and
gives different conclusions about the bifurcation points.

4. Application to reaction-diffusion equations: General results from the previous chapter are
applied to reaction-diffusion systems with unilateral sources, giving the existence of bifurc-
ation points for these problems in an area, where bifurcation points of the problem without
unilateral terms are not present. Systems with Dirichlet/mixed boundary conditions and
Neumann boundary conditions are studied.

5. Numerical results for real-world system: The achieved results are demonstrated on selected
specific system from the literature, patterns are found numerically.

6. Conclusions: Contains the summary of the results and contributions of this dissertation
thesis, and concluding remarks.

7. Appendiz: Covers the necessary minimal theoretical background for this dissertation thesis.

1.4 Systems of two reaction-diffusion equations

The pattern formation will be studied in systems with two reacting and diffusing components.
The components can be e.g. chemical compounds, populations or granular materials, depending
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on a specific system. The system is described by two coupled partial differential equations

0
877: - dlAu + f(U,U)
5 in Q x [0, 00), (1.1)
LR
with the boundary and initial conditions
Oou Ov
—=-—=0 r
on  on . TN (1.2)

u=u, v=0v onlp,

u(0) = uo, v(0) = vo, (1.3)

where 2 C R is a bounded domain with Lipschitz boundary, di,ds € R are diffusion coefficients,
f,9 : R xR — R are nonlinear real functions, ug,vy :  — R are real functions and w,v are
constants. The sets I'p and I'y are pairwise disjoint subsets of the boundary, I'y is open, and
T'pUl'y = 9. In chemical systems the variables u, v represent the concentrations of components,
in population models the density of population, etc. The functions f, g represent the reaction
kinetics of the system. The explicit form of these functions can be found e.g. from Law of Mass
Action, by heuristic considerations, or from experiments. The kinetic functions f, g are supposed
to satisfy
fla,v) =0, g(@,v)=0, (1.4)

in order to ensure that (@, ) is a (homogeneous) solution of (L.1]), (L.2).

Doing a formal Taylor series expansion of f, g at the point (7, 7) and neglecting higher-order
terms lead to the so-called linearized system

0
afu = dlAU —+ bll(u — ﬂ) —+ 612(’0 — @),
af; (1.5)
E = dQAU + bzl(u — ﬂ) + ng(’U — @),
where
7] 0 0
b1 = 87{(@ 0), bz = -=(W,0), ba1 = (‘TZ(E’ 0), ba = afg(ﬂv@)' (1.6)

of
ov
tu(x) + @, exp(At)v(x) + T) gives an eigenvalue problem

A = d1 AT + b11U + b2,

1.7
A = dQAij + bglﬂ + b22’l~). ( )

Definition 1. If there exists £ < 0 such that all eigenvalues A of , satisfy Re(\) < &,
the solution (u,v) of , is called linearly stable. If there exists at least one eigenvalue
with the real part being positive, the solution (U, V) is called linearly unstable.

Definition 2. The system , exhibits the diffusion driven instability (DDI) if for dy =
dy = 0 its solution (u,v) is linearly stable as a solution of a system of ODE’s and for diffusion
coefficients from a certain nonempty set Dy C Ri its solution (u,v) is linearly unstable.

The detailed linear stability analysis of (1.1]), (1.2)) can be found in [40], Chap. 2.3. It shows
that DDI is not present for an arbitrary system. The constants b;; defined in (1.6) have to satisfy
the sign conditions

bi1 >0, by <0, bi2ba <0,

(1.8)
bi1baz — biabar >0, byy + b < 0.



1.5. Systems of reaction-diffusion equations with unilateral sources

If b1 < 0, the system is of the so-called substrate-depletion type, and if b5 < 0, the system
is of the type activator-inhibitor.

The conditions (|1.8) explicitly exclude the case dy = d; and in general the diffusion coefficients
must be significantly different. This is used in a criticism of these systems, because some authors
consider the assumption on significantly different diffusion coefficients as not biological. Therefore
the question motivating this dissertation thesis has been whether there are models giving patterns
for diffusion coefficients closer to the line dy = d;, d; € RY.

It is common for simplicity to shift the initial homogeneous steady state to zero, i.e. to relabel
u=u—u,v=v—70. Since the pattern is a stationary solution of a reaction-diffusion system, it
has to satisfy after this shift the equations

diAu + by1u + biov + nl(u, ’U) =0

in Q, (1.9)
dQA’U + b21U + bQQ’U + TLQ(U, ’U) =0
du  Ov
—=—=0 r
on _on o N (1.10)
u=0, v=0 onIp,
where
ni(u,v) := f(u,v) — bi1u — biav,
na(u, v) 1= g(u, v) — bayu — bagv.
The functions ni, ns, if smooth enough, satisfy
n1(0,0) = n2(0,0) =0, n}(0,0) =n5H(0,0) =0, (1.11)

where the prime denotes the derivative. The respective linearized problem is

diAu + byiu + biov =0

dgA’U + b21’u, —+ b221} =0 mn Q’ (112)

with the b.c. (1.10).

1.5 Systems of reaction-diffusion equations with unilateral sources

The system of reaction-diffusion equations with unilateral terms is

ou

a = dlAU + bnu + 6121) —+ nq (U, U)

; in Q, (1.13)
v

i daAv + ba1u + baav + na(u,v) + G (x,v7) — g4 (z,vh)

with the boundary conditions and certain initial conditions. The symbols v* and v~
denote the positive and the negative part of the function v respectively and §_, g+ : @ x R - R
are nonlinear real functions representing the source and the sink respectively. To save some space
we will often use notation g4 for §,,¢_ and to emphasize the spatial dependence of g+ we write
G+ (2, v). Tt will be supposed

g+ (x,0) =0, for all z € Q,

in order to be (0,0) a solution of (1.13), (1.10].

The unilateral sources should work in a following way. If the value of v decreases below zero
at a point in the area where the unilateral source §_ is present, the environment activates the
mechanisms, which, in accordance with the principle of homeostasis, start to increase the value
of v at this point. If the value of v reaches the steady-state level at this point, the mechanism

6



1.6. Main contributions of this dissertation thesis

deactivates. And vice versa for the values of v above zero in the area where the source gy is
present. Therefore it is natural to assume that ¢i(z,v*) is nonnegative at any point  and for
any function v.

These sources are a weaker form of strict obstacles, which in the respective areas does not
allow the value of v to increase above zero or decrease below zero. It is a very strict condition and
in biology unreliable. The environment has often a limited possibility to regulate an unfavorable
concentrations of chemicals, and the unilateral sources can be used to describe it more reliably,
for example by using a saturation function

with s4 : Q - R,
The assumption of positivity of g+ mentioned above will be weaken in this dissertation thesis to

an assumption of positivity of s, see (2.21]).
This dissertation thesis is mainly interested in stationary solutions of the above systems, hence,

we will work with the problem

dlAu -+ buu + blgv + nl(u, U) =0
in Q, (1.14)
do Av + bayu + baov + na(u,v) + G- (z,v7) — g4 (x,vT) =0

having the b.c. (1.10)).

The majority of results in the dissertation thesis is for systems having the boundary conditions
, however, in Sections some minor results for systems with unilateral sources on the
boundary will be placed.

1.6 Main contributions of this dissertation thesis

1.6.1 Preliminary

The main task of this dissertation thesis is to prove the existence of bifurcation points of the
problem , . Stationary states exist for the diffusion parameters close to a bifurcation
point and for this reason the location of bifurcation points is valuable information.

Before summarizing the main results of this dissertation thesisit is necessary to introduce some
definitions. It is useful to remind here that € is the bounded domain in R™ with the Lipschitz
boundary.

The negative part of v € W12(Q) is defined by

~(2) 0 for a.a. x € Q for which v(z) >0
v = —v(z) for a.a. x € Q for which v(z) <0.

and the positive part by
+ 1 -
v (z) = §(|v(x)\ —v (z)) fora.a. xze.

It is |v], v, v € WH2(Q) for any v € WH2(Q), see e.g. [62].

Definition 3. For p,,—1(T'p) > 0, where p,—1 is the m — 1 dimensional Lebesque measure, a
space Wllj’Q(Q) is defined by

W5(Q) = {v e W"3(Q)| v|r, =0} .
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Definition 4. The couple (u,v) € W5(Q) x WL(Q) is called a weak solution of the system
, if it satisfies
/ d1Vu - Vi — bijup — biave — ny(u,v)p de=0
Q

/ do Vv - Vo — barup — bagve — na(u,v)p — §— (2,07 )¢ + ga(x,v7 ) dz =0,
Q

for all p € W32 ().

(1.15)
By a solution of a system , we will always mean a weak solution.
A prominent type of ([1.14) is the so-called homogenized system
dlAu+b11u+b12v =0 in Q, (116)

daAv + baru + bav + s_(x)v™ — sy (x)vt =0

with the b.c. (1.10), where

99+
s(z) = —=(,§)
23
£=0
The weak formulation of (1.16)) , (1.10)) is defined by taking ny,no = 0, g+ (z,vF) := s+ (z)v* in
(1.15). The weak formulation of (1.12)), (1.10)) and (1.9), (1.10) is defined by taking j(z,v*) =0,
n1,m2 =0 and g (z,v*) =0 in (1.15) respectively.
The following definition (cf. Deﬁnitions will appear throughout this dissertation thesis.

Definition 5. Let d; € R be fized. A point dy € R is a critical point of the problem ,
with fized dy if there exists a solution (u,v) € Wllf(Q) X Wllf(Q), (u,v) # 0 of this system.

Let d; € R be fizred. A point dy € R is a bifurcation point of , with fized dy if in
any neighborhood of (ds,0,0) in R x WE(Q) x WE(Q) there exists a triple (dy,u,v) such that

(u,v) # 0 is a solution of , with dy replaced by ds.

Remark 1. Although there are two parameters in the equations , 11.16]), in the applications
di will be always fixed and do a bifurcation parameter. The presence of only one bifurcation
parameter will allow us to reduce the analysis of the system to an analysis of one equation with
one parameter. Since it may not be clear on a first sight how to apply Definitions n our
systems, we decided to write it separately as Definition [

Remark 2. Since every bifurcation point of , is simultaneously a critical point of
, , as will be proved later, the existence and location of critical points is valuable
information.

1.6.2 Outcomes of this dissertation thesis

The main theoretical results concerning reaction-diffusion systems are contained in Theorems
in Chapter 44 We will always assume here that b;; satisfy . However, in order to explain
the main ideas of these results, we will not place here the exact assumptions and mention only
the crucial ones (e.g. we will omit the growth conditions , , smoothness of the domain,
etc.). The following remark contains information which is crucial for understanding of the main
outcomes of this dissertation thesis.

Remark 3. It is well-known that for any di € R all respective do € R for which the problem
, has a nontrivial solution can be expressed in a form

1 biab
d2—(1221+522>,
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where k € N and ki are the eigenvalues of the Laplacian with the b.c. and dy # b11/kk.
Let us introduce a set C' as

C=JC Cv= {d: (di,dy) € R
k=1

1 ( b12b21

dy = — (212021
> ki \dikg — by

+b22>, dy # ll)illfOTallk‘EN}.
k

If we plot this set in Ri, with di on horizontal axis and ds on vertical axis, we would obtain

infinitely many hyperbola segments with asymptotes yr = bi1/kk. If ki # k;, the hyperbolas Cy

and C; intersect in exactly one point [15].

There are no segments to the right from the vertical line dy = b11/k1. At the line dy = 0 the
ends of these segments accumulates at the point do = 0.

The sketch can be found in Fig. [I.3. The domain to the left from the envelope Cg of these
hyperbolas is called domain of instability, and denoted by Dy and to the right from the envelope
of these hyperbolas is called domain of stability, denoted by Dg. By definition there is no critical
point of , with fized d; > 0 in Dg.

More details will be given in Section[2.5.

da Ca|: Cs

Cal

Ds

y4 y3 dq y2 yl

Figure 1.3: The black lines are the sets Cy,--- ,Cy, vertical lines y; - - -y, are asymptotes of the
corresponding hyperbolas. Grey background marks the domain of instability, white background
the domain of stability. Red line marks the envelope of the hyperbolas. The point (dy, dz) is lying
on the hyperbola Cy and therefore ds is a critical point of , with fixed d;.

Systems ((1.16), and (1.14), (1.10) with Dirichlet or mixed b.c. Assume that
measy,—1(I'p) > 0, then the systems (1.16)), and (T.14)), (1.10) have Dirichlet or mixed
boundary conditions. Denote df ., the largest critical point of (1.12), (1.10) with a fixed

dy € (0,y1)\ {yj| j=2,3,---}. The number dj .. is always lying on a hyperbola segment.

The situation from Theorem (11| on pg. is sketched in Fig. For any di € (y2,91)
this theorem gives the existence of the largest critical points d3* of (|1.16)), with fixed dy,
located in the dark gray area in Dg, provided that s+ have nonzero supports. Furthermore, for
any di € (0,y2)\{ys, ...} the largest critical points d5* of (1.16]), with fixed d; are bounded
from above by dJ .. and from below by the r.h.s. of (4.3). These bounds are sketched by the

9



1.6. Main contributions of this dissertation thesis

dashed lines in Fig. All of these critical points are characterized by the variational formula
(4.4). The main assumption is that ||s4 | e are not very large, or for some particular values of dy
they can even have arbitrary size — this is a content of Corollary [4] and Lemma [20} As s+ — 0,
the dashed lines merge with the hyperbolas and dark gray area shrinks to the empty set.

Theorem on pg. gives that the critical points found in Theorem can be bifurcation
points under the assumption on skew-symmetry of the reaction kinetics, see also condition
on pg. 20

Theorem [13| on pg. 65| says that for systems with ||si| L~ sufficiently small there are global
bifurcation points of é , in the dark gray area, which is a subset of Dg. Furthermore,
for any dy € (0,92)\{ys, -}, under some additional assumptions, there is a global bifurcation
point of , with fixed d; in a neighborhood below dy. Theorem [19|is an analogue of
Theorems for systems with unilateral terms on the boundary.
___Finally, Theorem gives for any d; the existence of two distinct critical points dJ ,d, of
@b, with fixed d; such that (dy,dy),(d1,d;) € Ds. The main assumptions are that
s ]z~ are sufficiently small, and the system (L12), with (dy,ds) € Cg must have unique
solution up to multiples. Moreover, d;t — do as ||st||r= — 0. These critical points are also

bifurcation points of (|1.14)), (1.10) with fixed d;.
da

yél yS Y2 dy yl

Figure 1.4: Points generating black lines are positive critical points of system ((1.9)), dotted lines
are lower bounds on critical points of (1.16]), (L.10) and the dark grey area contains the bifurcation

points of ([L.14]), (1.10)) located in Dg, cf. also Fig.

Systems (1.16)) and (1.14)) with Neumann b.c. The situation is more complicated for
the systems (1.14) and (1.16)), both with Neumann boundary conditions. This occurs when
meas,,—1(I'p) = 0.

If the unilateral terms are sufficiently large, which is expressed by the condition on
pg. [4.16] and under some restrictions on the area size of the source and sink Theorem gives
the existence of d > 0 such that for any d; > df there exists a critical point d3* of with
Neumann b.c. with fixed di, provided that ||si||: are sufficiently large. Clearly (di,d3") € Dg.
Theorem says that the branch of critical points with d; > d? is bounded from below and
above by some constants C,,, C)s, independent of d;. And finally, for skew symmetric systems,

10
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see (12.31]), all of these critical points are bifurcation points of (|1.14]) with Neumann boundary
conditions and fixed d;, see Theorem Again, similar conclusions can be done for systems with
unilateral sources on the boundary, which is a content of Theorem [20]. The bifurcation results

are only local, i.e. the existence of branches of bifurcating solutions is known only for a certain
neighborhood of zero. The situation is sketched in the Fig.

da

U3 2 o
dy dy

Figure 1.5: —Sketch of hyperbola segments for the problem with unilateral terms and Neumann
boundary conditions. Besides the solutions in Dy which are above the hyperbolas Cj, there is
a new line of critical points in Dg, bounded from above and below by constants Cy and C,
respectively. For skew-symmetric systems these points are bifurcation points.

Theorem [18[is an analogue of Theorem (14| for systems with Neumann b.c.

is an analogue of Theorems [I5HI3| for systems with unilateral terms on the boundary.

Theorem [21] is significantly distinct in the assumptions in comparison to the previous ones. It
assumes the C1'! smoothness of the domain ) and therefore the solution of (1.14)) with Neumann
b.c. has a higher regularity and it allows on the other hands to relax some other assumptions (e.g.
it is not necessary to assume the so-called growth conditions (2.4), (2.7)). The assertions of this
Theorem are similar to the ones in Theorem [I8]

Numerical results Theorems [TTH21] are giving the existence and location of bifurcation points
of the problem , . However, they are not giving a qualitative answer about the cor-
responding bifurcating solutions. In particular, it is not certain whether the solutions bifurcating
from zero are attracting, whether it is possible to find them numerically and how does they look
like. To partially fill this gap we did several numerical experiments on a problem having a
Schnackenberg kinetics and (homogeneous) Dirichlet b.c. and (homogeneous) Neumann b.c. To
have a comparison, we did at first several numerical experiments on a system , with
Schnackenberg kinetics. The value of d; was fixed to a selected value. The norm of solutions was
decreasing to zero as (di, ds) has been approaching Cg, and the shape of solutions was and more
similar to the solution of linear problem , , which suggests that we were close to a
bifurcation point. The most important conclusion is - the solver, chosen numeric scheme and its
implementation seems to give correct results in this case. Then we did some experiments on the
system with unilateral terms. Again, we fixed the value of d; and varied the value of dy. The

11
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norm of these solutions was decreasing to zero in observed experiments as the parameter d, was
approaching certain value, so we feel confident enough to conclude that we were able to numeric-
ally find these bifurcating solutions. The shape of solutions is influenced by unilateral terms. See
also Fig.

Unfortunately, we have not succeed in finding the solutions with d; > d9 from Theorem

In conclusion, we were able to find solutions in Dg for selected values d; < y; and locate a
bifurcation point — as the value of dy was closer to bifurcation point, the W12(€Q) norm of the
solutions was mostly decreasing, which suggest that it should be bifurcating solutions predicted
by Theorem [14] for a problem with Dirichlet b.c., and by Theorem |18|for a problem with Neumann
b.c. and the resulting shape of solutions, and consequently patterns, are strongly affected by the
presence of unilateral terms.
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CHAPTER 2

Abstract formulation of reaction-diffusion
systems with unilateral terms

It will be necessary to rigorously formulate the problem before doing the analysis of reaction-
diffusion systems with unilateral terms. For this purpose the weak formulation of the problem
, has been introduced in Definition A wusual procedure is to rewrite the weak
formulation of the problem , as a system of two operator equations on W2(Q). This
will be done in Section This formulation significantly simplifies the analysis of this system.
However, variational methods used for an analysis of nonlinear problems require certain symmetry
of the problem. Therefore the next step is a fixing of d; and reducing the system of two coupled
operator equation to a single equation with a symmetric linear compact operator. This will be
done in the Sections

Although it is possible to do an analysis of the system with Dirichlet, mixed and Neu-
mann boundary conditions at once, for clarity the systems with Dirichlet and mixed b.c., and
Neumann b.c. will be handled separately. However, before doing all of the described steps it will
be necessary to place some assumptions and definitions.

2.1 Basic definitions and assumptions

As a first step, we will fix some assumptions and notations. We will be using a universal symbol
C for various constants. The set 2 C R™ is a bounded domain with a Lipschitz boundary,
Iy, T'p C 09 are relatively open and disjoint, and 9Q\(I'y UT'p) is having the m — 1 dimensional
Lebesgue measure zero. The elements b;; € R of the matrix B € R?2 satisfy

b1 > 0, boo < 0, b1aba1 < 0, (21)
b11b92 — biaba; = det B > 0, bi11 +bos = Tr B < 0.

The nonlinear functions ny,ns : R X R — R satisfy
n;(0,0) =0, 9.,n;(0,0) =0 foralls,je {1,2}, (2.3)
and the following growth conditions:

there exists C > 0 such that:

MO + a0 O] < CUHIEP + 1) BralleyeR,
for some p bounded by
p>2form<2 or 2<p<m2T2form>2. (2.5)
The functions §—, g+ : © x R — R satisfy
g+ (2,0) = g_(x,0) =0 for a.a. x € Q, (2.6)

13
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Carathéodory conditions, the growth conditions

there exists C' > 0 such that:

G- (2,6)] + |91 (z,6)] < CA+|€P7Y)  for a.a. x € Q, for all £ € R, for some p from (2.5,
(2.7)

and have the derivative at zero w.r.t. real variable. Let us define the functions sy,s_ : Q@ — R as

o6
se(e) = G| (2.8)
£=0
Moreover, we will assume
sy (z) € L*™(R). (2.9)

All of these assumptions will appear throughout this dissertation thesis.

2.2 System with Dirichlet or mixed boundary conditions

This section concerns with the weak formulation of the reaction-diffusion systems with the uni-
lateral terms and with Dirichlet/mixed or Neumann b.c. Among other things, it contains several
simple lemmas which will be used to prove the main theorems in Section

2.2.1 Weak and operator formulation of the problem

Let
tm—1 (Tp) >0, (2.10)

in the whole Section (2.2). If p;,—1(I'y) = 0, then (1.14), (1.10) is a system with Dirichlet

boundary conditions, otherwise it is a system with mixed boundary conditions. We will extensively
use here the space W5*(€) from Definition [3on pg.
To simplify some calculations, we will consider a different scalar product on Wé’Z(Q).

Definition 6. The space Wé’Q(Q) will be equipped with the scalar product and norm

(v, ) :/w.w, Iv]l1,2 = (/ |Vv|2> for all v, € W5(Q). (2.11)
Q Q

Under the assumption the norm is equivalent to the standard norm on W12(Q), see
also formula in Appendix. Let us remind here Definition [L9|from Appendix of an (algebraic)
multiplicity of an eigenvalue of a compact operator. As usual, if the multiplicity of an eigenvalue
is equal to one, we will call the eigenvalue simple. Since we are going to work with symmetric
linear operators, the algebraic multiplicity of an eigenvalue is equal to its geometric multiplicity,
and therefore it is not necessary to distinguish between them.

Notation 1. The eigenvalues of the Laplacian with Dirichlet/mized b.c. will be denoted by Ky,
and will be ordered as
0< k1 <kg<-oo =00, (2.12)

see also Remark and formula in Appendiz.

An orthonormal base {ey}ren is chosen in a way that for any k € N, ey is an eigenfunction
corresponding to k. The eigenvalue k1 is simple and the eigenfunction e; does not change its
sign in 2, see [22].
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Lemma 1. The operator A : W;,’2(Q) — Wé’Q(Q) defined by

(Av, ) = / vp dr,  for allv,p € WLI)’Q(Q),
Q

is a symmetric linear compact operator. Moreover

o(A) = {mkl

ke N} u {0}, (2.13)

and v is an eigenfunction of the Laplacian corresponding to the eigenvalue ki if and only if v is
an eigenfunction of A corresponding to the eigenvalue /-@,;1. The largest eigenvalue of the operator
A is simple and a corresponding eigenfunction does not change sign in Q. Furthermore, {Ii;l}keN

is a decreasing sequence with limy_, o 11;1 =0 (see ) and zero is the only accumulation point
of o(A).

Proof. First step is to show that A is well-defined. We use Hélder inequality to find
(o0} = [ vp dx < Jollalele < oc,
Q

and according to Riesz Representation Theorem, ¢ — (Av, ) is for any v € Wé’z(ﬂ) well-defined
linear functional and can be represented by a vector w € H, w = Av. Thus A is well-defined. The
linearity follows directly from the definition. Let v, — v. Since Wé’Q(Q) ¢ L2(Q), the sequence
v, converges strongly to v in L?(2). Then

|Av, — Av|| = sup (Av, — Av,¢) = sup /(vn —v)p < ||v, —v|l2 = 0,
PEWLZ(Q) pEWL?(Q) /O
llell<1 llell<1

it means A is compact. Let k be an eigenvalue of Laplacian and v be a corresponding eigenfunction.
Then

(Av, p) = / vpdx =kt [ Vo -Vedx=r" v, p) forall p € W5*(Q), (2.14)
Q Q

which means k! is an eigenvalue of A and v is a corresponding eigenfunction. Conversely, if £~!

is an eigenvalue of A with an eigenvector v, then clearly from a number k is an eigenvalue
of Laplacian and v is a corresponding eigenvector.

The largest eigenvalue of A is n,zl, which is simple and the corresponding eigenvector with
unit norm is e;, which does not change its sign in 2. Since xj is increasing sequence, 11;1 is a
decreasing sequence. Operator A is compact therefore 0 is an accumulation point of the set of all
eigenvalues. O

Now we formally define the operators

(N1 (u,v), ) = / ny(u,v)p dx  for all u, v, € WS*(9Q), (2.15)
Q

(Na(u,v),p) = / ng(u,v)p dx  for all u, v, € W5*(Q). (2.16)
Q

The basic properties of these operators are subject of the following lemma, let us remind that

(2.3), (2.4) are supposed for nq,no.

Lemma 2. The operators Ny, No are well-defined, continuous and compact operators from
WEA(Q) x W5(Q) to WH(Q). FPurthermore,
Ni(u,v) 0

im L Na(u,0) (2.17)
w =0 |lull + v

w0 Tal ol ~
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Proof. The first step is to show that Ny : W52(Q) x W52(Q) — W57(Q) is a well defined operator.
The growth condition , embedding of WE’Q(Q) into LP(Q) for p given by and Continuity
of Nemyckii operator give that n; is a continuous operator from W5*(Q) x W5*(Q) to LP". The
Hoélder inequality and the growth condition give an estimate

(Nl(u,v),go):/ﬂnl(u,v)cp dx < (/Q I (u, ) |P’)pl/ (/Qlwlp); <

1
7

<O+l + [ol7n)? < OO+ [lul + [[of)P,
for all u,v,p € Wé’2(§2),

(2.18)

where p’ = p/(p — 1) and C is used for various constants. Riesz Representation Theorem and
Continuity of Nemyckii operator gives that IV; is a well-defined continuous operator form Wllj’2 (Q)x
W52(Q) to W5(Q).

Let (tn,vn) — (u,v) in W5*(Q). The compact embedding W*(Q) < LP(Q) for p given by
and continuity of Nemyckii operator ny give

1

IN1 (tn, vn) — N1(u,v)|| < max (/ |n1 (u,v) — nl(uomo)”p/)
eewW™2(Q) \Ja
llell<1

(2.19)
< [ (un, vn) — 11 (u,v) || L = 0,

which means that N is compact.
The proof for Ny is analogous. The formula (2.17)) can be obtained by using (2.3)), (2.4), the
proof can be found e.g. in Appendix A.1. in [30]. O

The operators 87, 3~ will be formally defined by

(B7(v),p) = 7/ s_(z)v o dx forallv,p € Wllj’Q(Q),
@ (2.20)

(Bt (v),p) = / si(z)vtpdx forallv,p e WBQ(Q),
Q
and the operators G+, G_ by

(G_(v),p) = —/ g—(z,v7 )p dx forallv,p € WLI)’Z(Q),
Q

(G (v), @) = / G- (z,vF)p dx  for all v, € WS2(Q).
Q

Before writing the following lemma, let us remind here that (2.7) and (2.9) are assumed for g4
and st respectively.

Lemma 3. The operators G, G_ are well-defined operators from W5*(Q) to WS2(Q). If v, — v
n W},’Q(Q), then G+ (vn) = G1(v). In particular, BT, 3~ are well-defined operators from Wllf ()
to W5(Q) and if v, — v in W52(Q), then BE(v,) — BE(v). Ifv, — 0, v, /|vall — w in W5 (Q),
then R
G (vn)
[[on

The operators % are Lipschitz continuous. If

— BE(w).

sy(x) >0 for a.a. € Q and s_(x) >0 for a.a. x € (2.21)
then
(BT (W),v) >0 for allve WH(Q) and (B~ (v),v) >0 for allv € W5*(Q), (2.22)

respectively.
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Proof. Using the conditions (2.7) and Hoélder inequality yield

sup <G'7(U)a90> = sup —/ G- (z,0)0 < C||g—(z,v7 )| 1o loll e <
PEWL?(Q),llell=1 peWL2(Q),ell=1 /0

< C(L+|lvllee)? HellLr < 0o, for all v e Wl%,’Q(Q)7

where p’ = p/(p — 1). The application of Riesz Theorem gives the well definition of G_ as an
operator from WII)’Q(Q) to Wé’Q(Q). Let v, — v. The growth condition 1D the compact
embedding W;)’Q(Q) into LP(Q)), for p given by 1) and continuity of Nemyckii operator give

G -G |- s [ () g e dxs
PEWL(Q) llell=1 /O

(2.23)
S C'||§_(a:,vn_) - g—(xav_)HLP’ — 0.

Hence G~ (v,) — G~ (v). Since 8 is a special case of G_ with §_(z,v™) = s_(z)v™, it also gives
the well-definition of 8~ and 5~ (v,) — B~ (v).
Let us define the operator G : W113’2 Q) — Wé’Q(Q) by

(G(v),p) =— / (g—(z,v) — s_(x)v)p dx for all v,p € WE’Z(Q).
Q
The definition (2.8)) and the assumption (2.6]) implies

(@6 — s (@)
£—0 &

and this together with (2.7) lead to

=0 for a.a. x €,

lim @ =0,
v=0 o]
see Proposition 3.2 from [II]. If v, — 0, then also v,, — 0, and the choice v := v, yields
16 () =Bl _ . IGe) _  IG )

—0. (2.24)

If v,/||vn|| = w, then this together with the positive homogeneity of 8~ and (2.23) with v,
replaced by vy, /||v,| and v replaced by w give

G_(vs)

[[on|

— B (w).
The Lipschitz continuity follows from

187 (u) =B~ (v)[[ = sup <5_(U)—5_(v)790>=/st(ff)(u_—v_)w dx <

p€M,||¢||=1

<ls-llzeellu™ = v7llze < Is-llpeellu = vllz2 < lls—llzeery lu =],

where in the last step we used the relation

ol )
velw0 [u][2  veHw0 (Av,v)
see Lemma [T] on pg. [I5] and Remark [31] on pg. [[12)in Appendix.
Clearly
_ 2
(87 (v),v) = /Qs_(x) (v7)" dx,
and (2.21)) gives (2.22). The proof for B+, G is analogous. O
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Remark 4. Using the definitions of the operators A, N1, No and G_, G+ the system can
be rewritten as

(d1u — by1 Au — bio Av — Ni(u,v), @) =0,
(dyv — boy Au, — by Av — No(u,v) + G_(v) + G4 (v),0) =0 for all p € Wllj’Q(Q),
which is equivalent to a system of operator equations
diu — b1 Au — bio Av — Ny(u,v) =0, (2.25)
dyv — by Au — byy Av — Ny (u,v) + G_(v) + G4 (v) = 0.
For further purposes let us also consider the homogenized problem

dlu — b11Au — blgAU = 0, (2.26)
dQ’U — bglAU - bQQA’U + 67(1}) + ﬂJr(’U) = 0,

which is equivalent to the weak formulation of , .

To sum up, the couple (u,v) € WH*(Q) is a (weak) solution of (|1.14), (i].]d) if and only it is
a solution of . And the couple (u,v) € W5*(Q) is a (weak) solution of 41.12‘), d].]d) if and
only if it is a solution of .

Potentiality of G’i, N1, Ny This paragraph contains auxiliary results about operators having
potential. To prove them, it will be necessary to strengthen the assumptions on the functions
ni1,ns. The following lemma will be essential for the proof of Lemma [5| and Theorem

Lemma 4. Let ny satisfy in addition to basic assumptions given in Section[2.1] also that
ny € CY(R x R,R) and
there exists C > 0: [0en1(x, €)| +[0xn1(x, &) < C(L+ [€[P72 + |x[P™2) for all €, x € R,
(2.27)

with some p from . Then the operator N1 defined in satisfies Ny € Cl(W},’Q(Q) X
W5A(Q), W52(Q)) and its Fréchet derivative is given by

(V] (1 0) (P ), ) = /

nf(u,v)(hy, h2) - dx :/ (Oyni (u,v)hy + Oyny(u,v)ho)p dz
Q Q

for all u,v, @, hi, hs € Wé’Q(Q)-

(2.28)

And analogously, if ny satisfies the basic assumptions and

ny € C*(R x R,R) and

there exists C > 01 |9gna(x, €)] + [Oyn2(x, )] < C(L+ [E[P72 + [x[P7%)  for all & x € R,
(2.29)

with some p from , then Ny from satisfies Ny € CH(W5(Q) x W52(Q), W5(Q)) and

its Fréchet derivative is given by

(N (u,v)(h1,ha), @) :/

nb(u,v)(hi, ha) - da::/ (Ounz(u,v)hy + Oyna(u,v)ha)p d
o

Q
for all u,v, ¢, hi,hy € W};’Q(Q)-

Proof. Under the assumptions (2.4), (2.27), Nemyckii operators (u,v) — 0yni(u,v), (u,v) —

dyn1(u,v) map LP() x LP(Q) into L7-2. Hence, using the embedding W5?(Q) < LP(Q), for
any u,v, by, hy € WE2(Q) we can define N7 (u,v)(h1,ha) € W5*(Q) by (2.28). We will show that
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2.2. System with Dirichlet or mixed boundary conditions

Ni(u,v)(h1,hs) is a directional derivative of Ny at the point (u,v) and in the direction (hq, h2).

Let By C Wllj’z(Q) be the unit ball centered at the origin. Using Holder inequality we get

Nl((u, ’U) + t(hl, hg)) - N (u, U)
t

/ <n1((u, v) +t(h1, ha)) — ni(u,v)
Q

lim
t—0

- N{(uvv)<h17h2>

= lim sup

£ —nﬁ(u,v)(hl,h2)> @ dx <

t—0 peB;
1

P’ o
< C'lim (/ dx) ,
t—0 Q

where p’ = p/(p — 1), p is from (2.4). We want to apply Dominated Convergence Theorem to
exchange limit and integral, hence, we have to find an integrable majorant. We use Mean Value
Theorem to get

n1((u,v) + t(hy, ha)) —ni(u,v)
t

n1 ((u, v) + t(h1, ha)) — n1(u,v)
t

- n/l (u’ ’U)(h'lv h'Q)

=y (u,0)(ha, ho)| = (04 (v, v) + t0(ha, ha)) — 'y (u,0))(ha, b))

for a.a. = € Q,

where 0(z) € [0,1] for a.a. z € Q. From now we will use one universal symbol C' for various
constants. We use the triangle inequality and condition (2.27) to get the existence of C' > 0 such
that

0
0, ((w, v) + Ot (h1,h2)) (h, ho)| < %(u + Othy, v + Oths)

|h1] + ‘a(;:}l(u + Othy, v+ Oths)| |he| <
< C(1+[u+0th [P~ + v + 0thy [P2) (|ha] + |hal).
(2.30)
The Young inequality with (p — 1)/(p — 2) and (p — 1) implies
[+ Othy [P=2|ha | < C(Jul=2|ha] + (06772 [ [P~ < C|lufP~ + (1 + (0P [ha [P71).

Analogous estimates can be done for the other terms in (2.30). Using all these estimates together
with the embedding WE’Q(Q) — LP(2) we get for sufficiently small ¢ that

(0 ((u,v) 4+ t0(h1, h2)) — 1} (u,v))(h1, ho)| <
<C (JulP~t + [P~ 4 [P~ 4 [ho|P7Y) € LP for any u, v, hy, he € WS(Q).

Summarizing, we obtain

n1((u,v) + t(h1, ha)) — n1(u,v)
t

/

p

- n/l(uav)(hlahZ) <

<C(JuP~t + [Pt 4 |ha|PTE + RePTH)T € LY,
and Dominated Convergence Theorem gives

N1 ((u,v) + t(hy, ha)) — N1 (u,v)

=0.
t

lim
t—0

- N{(uvv)(hlv h2)

Hence, Nj(u,v)(h1, ha) is a directional derivative of Nj(u,v) in an arbitrary direction (hy, ha).

Let (u,v) € W5*(Q) x WS?(Q) be arbitrary fixed. It is clear that the operator Nj(u,v) :
(h1,ha) — N{(u,v)(hy, ho) from is linear. Using the generalized Hoélder inequality and
we get

IV (a1, ) (ha, o) | = sup / ! (u, 0) (i, ha)p dx <
peEB1 JQ

<O+ lufle + [lvllze)(halle + [1h2llze) < C([[Pall + [[R2]])-
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2.2. System with Dirichlet or mixed boundary conditions

Hence, the linear operator Nj(u,v) is bounded and therefore it is a Gateaux derivative.
Let (ug,v0) € W5 (Q) x W5%(Q) be arbitrary. Then

(u,u)li?io,M”N 1(u,0) = Ny (w0, v0)l 2 (w22 () x w2 (@), w2 (@) x wh() =

= lim sup sup / (n} (u,v) — n) (ug,v0)) (h1,h2) - ¢ dx.
(u,0)=(v0,v0) EBy (hy,hy)€EB1X By JQ

The growth conditions (2.27) and the generalized Holder inequality lead to

[ ) = i 0)) ) - <
Ham on,

(u ’U) 8n1 8n1
W 0, Y0

Ty (W)~ 5

(an UO)

L allzellellce +‘ . 2llzellellze-
p—2 p—2

L

Nemyckii operators (u,v) — dyni(u,v), (u,v) = 9yni(u,v) are under the conditions (2.27) con-
tinuous from LP(€) x LP(L) into L7°2 (). Hence,

ony on, ony onq
—(u,v) — —(ug, v =0, , V) — —=—(uo, v =0,
(u,v)—(uo,v0) ou ( ) ou ( 0 0) LPE2 (u,v)—(uo,v0) 81} ( ) ov ( 0 0) Lpfg
and
lim ||N{(U,U) - N{(uo’UO)”.,(Z(WE)’Q(Q)><Wé’z(Q),Wé’Q(Q)XW}D’Q(Q)) = 0,

(u,v)—=(uo,v0)

i.e. the map (u,v) — N'(u,v) from W52 (Q) x Wh2(Q) into Z(W52(2) x W5*()) is continuous
and therefore it is a Fréchet derivative, see e.g. Proposition 3.2.15 in [9]. The proof for Ny is
analogous. O

Remark 5. The proof of the Lemma has been inspired by [J], FExercise 3.2.41.

Remark 6. We note that for m = 2 there is p < oo and for m = 3 there is p < 6 in ,
12.29).

In Chapter we will prove one bifurcation theorem for skew-symmetric problems with
potentials. For this reason will be useful to have some result about potentiality of the operators

G, Ni, N

Lemma 5. The operators G have potentials e, WE’Q(Q) — R in a form

e
- /Q /0 (e da

In particular, the operators B~ have potentials. If in addition to the basic assumptions from Section

o 22, B3 and
ax”l(&vX) = _a§n2(£7X)7 fO?” all f?X € Rv (231)

are true, the operator N := (—Ny, Ny) has a potential ®x : W5 (Q) x W5(Q) — R in a form

B (1, v) = /O 1 ( /Q oy (tu(e), to(@)u(z) + na(tu(@), to(@))o(@) d:z:) i (232)
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2.2. System with Dirichlet or mixed boundary conditions

Proof. Since € is a bounded domain and g1 satisfy the growth condition ([2.7)), the first assertion
follows directly from [61] Proposition 41 10

The assumptions (2.4]) and - 2.29) guarantee that
Ny, N, € CI(W}J’Q(Q) x W5 (Q), Wp™(92)),

see Lemma[dl According to Corollary 3.2.20 from [9] the operator N = (—Nj, N3) has the Fréchet
derivative. The assumption (2.31]) gives

<N’(u,1})W,Z> 1 Z(Q)XW$2(Q) <W N ( ) > JID’Q(Q)XWBZ(Q)

for all u,v € W52(Q), w,z € W5(Q) x W5(9Q),

where prime denotes as usual Fréchet derivative and therefore N has the potential
1
By (W) = /0 (N(tw), W)y iz dt for all w € WH2(Q) x WE(Q),

see Proposition 41.5 in [61]. O

Remark 7. A potential to (—Ny, N2) can be written in more practical form

(u,v) //U(I) —nq (&, v(x))dE dx—!—// 2(0,&)d¢ dx, (2.33)

cf. with P, - We will not prove it here rigorously, but a formal differentiation of gives

[ () v@)i@) do= [ [ o vt hola) de
+/Qn2(0,v(x))h2(x) iz —
u(x)
:/Q—nl(u(x)m(x))hl(m) dx—i—/ﬂ/o Ouna(&,v(x))ha(z)dE dx
—&—/Qng(O,v(x))hg(x) dx =
:/Q—nl(u(x),u(x))hl(x) dx—i—/ﬂnz(u(x),v(m))hg(at) de da:—/ﬂng((),v(x))hg(ac) i
+/Qn2(o,v(x))h2(x) iz —

O (1, v) (b, ha) = /

= [ (), o). ), o(@) - (). ata)) e = (NG 0). oy

for all u,v, hy, ho € W;,’Q(Q), which suggest that is indeed the potential to (—N1, N2). The
rigorous proof is quite long, as well as finding a transformation between and and
therefore we will not do it here.

Nice examples are unilateral terms with a saturation

ot v

gy (z,0) = 5+($)m7 g—(z,07) = 5—($)m7

where the respective Gy are having the potentials

D (v) = %/ﬂs+(x) (In(1 + (@*)?)) dx.

s (v) = —% /Q s—(z) (In(1+ (v7)?)) dx.
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2.2. System with Dirichlet or mixed boundary conditions

The potentials for 31,3~ are
1 1
Qg+ (v) = f/ sy (vh)? dx, Ps-(v) = 7/ s_(v7)* dx.
2 Ja 2 Ja

In general, let f : 2 x R — R be a function satisfying Carathéodory conditions and the growth
conditions ([2.4) with g4+ replaced by f. The potential

2
&)= ol? [ 1 (x ”) dx

generates a positively homogeneous operator. For the operators 3% the generating function is

f(@,8) = s(2)(€7).

2.2.2 Reduction of the Dirichlet/mixed problem to one equation

From now we will always consider that d; > 0 is arbitrary fixed. The aim of this section
is to reduce the system to one operator equation and then show its basic properties.

Let us remind here that xj denotes the eigenvalue of the Laplacian with the Dirichlet or mixed
b.c., and e the corresponding eigenvector. For further purposes let us define yi := b11/ky, for
any k € N.

2.2.2.1 Linear reaction-diffusion system
Let g+,9—,n1,n =0, then o
G_,G4+,Ni, Ny =0,
and has the form
diu — b1 Au — b Av = 0,

2.34
dQ’U — bglAU - bQQA’U =0. ( )

This is equivalent to the weak formulation of the problem ([1.12)), (1.10). The first equation of

(2.34) can be rewritten as
(d1] — bllA)u = b12A’U.

Under the assumption dy # y; for all j € N, the operator (di] — b11A) is invertible, as follows
from Fredholm Alternative. Therefore it is possible to multiply this equation by (di1 — by;A)~*
and insert v into the second equation of (2.34]) to obtain the system

u = b12(d1[ — b11A)71A’U,

» (2.35)
dQ’U — b12b21A(d1[ — bllA) Av — szA’U =0.

An operator S : Wé’Q(Q) — WBQ(Q) will be defined for any fixed d; > 0, dy # y; for all j € N by

S = blgbglA(dlf - bllA)ilA + b22A, (236)
and the second equation in (2.35)) has the form
dav = Sv. (2.37)

Since (2.35)) is equivalent to the weak formulation of ([1.12]), (1.10)) it is possible to make conclusions
summarized in the following remark.

Remark 8. Let d; € (0,y1)\ {yj‘ j=2,3,---} be fized. A point dy € R is a critical point of

(1.19), with fized dy (and simultaneously of with fized dy ) if it is an eigenvalue of
the operator S.

A pair (bia(di I —b11 A) Yoy, vo) is a solution of , with fized dy (and simultaneously
of with fixed dy ) if da is an eigenvalue of the operator S with the corresponding eigenvector
Vo -
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2.2. System with Dirichlet or mixed boundary conditions

Lemma 6. The operator S is linear, compact and symmteric.

Proof. The operator S is linear because it is a composition of linear operators. The operators A
and (d1I —b11 A) commute and are symmetric which means that S is symmetric. The operator A
is compact and (diI — by1 A) is continuous, therefore the operator S is compact. O

Due to the compactness, the spectrum of S is discrete, countable and with the only accumulation
point at zero. Let e, be an eigenvector of A. Then
o (g —b 1 Kk
p by —
A " (2.38)

it means ey, is an eigenvector of S with the corresponding eigenvalue )\f . Since ey, is an orthonormal
base in Wé,’g(Q), all eigenvalues Ay of S can be expressed in a form

Sep, = blgbglA(dl.[ — buA)_lAek + bog Aey, =

ki \dikr — b1

1 bi2b
_ 1 < 12021 +b22) e = )\g.g,€7

1 b12ba1
A= — [ —— 1 k=1,2,3,---, 2.39
[, (dllik—anr 22>, ) 4 (2.39)

and if e is an eigenfunction of the Laplacian respective to the eigenvalue xj then ey is an eigen-
function of S respective to )\f . The largest eigenvalue of S will be denoted by )\;?lax. Since every

eigenvalue of the operator S is simultaneously a critical point of the problem ((1.12)), (1.10) with
fixed d;, see Remark [8] we will introduce a notation

0 . 1( b12bay

2,k T
dikr — b1

— +@0,kLZ&~W (2.40)
k=

for these critical points. The largest critical point of this problem will be denoted by dg}max and
is equal to A3 . Let us note that in systems with Neumann b.c., dg,k and \; are different in

general, see (2.60) and (2.61]) on pg.

The operator S is in general not positive and can be even negative for some values of d;, as
will be proved in following two lemmas.

Lemma 7. The operator S is negative for any dy > y;.

Proof. Since diki > diky > b1y for any k € Nk > 2, see (2.12]), the expression dykg — b1 1S
positive, and because biaba; < 0 and by < 0, see (2.1)), (2.2), it is true that

b12b —det B bood
( 12021 +b22> _ e + Kib22d1

<0 forall keN,
dikr — b1 diky, — b1y

i.e. all eigenvalues of the operator S are negative and therefore S is negative operator. O
The situation for dy € (0,y;) is more complicated.

Lemma 8. Let y; # y;4+1 and let di € (yj41,y;) for given j € N. Then )\f > 0 for any k < j and
)\f<0f0rcmyk>j.

Proof. First we rewrite

b12b21 boodi ki, — det B
MNokip=—o—F by | =" — 241
Ik (dllik — b11 * 22) dllik — b11 ( )

Due to (2.2) there is boadikr —det B < 0 for all d; > 0. Since di € (y;+1,y;) we get by using
(2.12) that dikg — b11 < 0 for any k < j and dikg — b1 > 0 for any k > j. The assertion now

follows from ([2.41). O
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2.2. System with Dirichlet or mixed boundary conditions

Remark 9. Especially for di € (y1,y2) the operator S has only one positive eigenvalue \i.
The eigenvalue is simple, because k1 is simple, and the corresponding eigenfunction is e;. The
eigenfunction has the constant sign in 2.

Let us also note that the eigenvalues )\f are not monotone w.r.t. index j.

We will be interested in diffusion constants which are positive therefore the case d; > y; will
not be of our interest in the Dirichlet case. However, the case d; > y; will be relevant for systems
with Neumann boundary conditions.

If dy € (0,91)\{y; | j > 2}, then A is positive, see Lemma and it is possible to express it
through Rayleigh quotient by

{Sv, v) = max (Sv,v) > 0. (2.42)

A ax = 1ax .
vews2@wzo [Vl VWL (Q),[lv]|=1

max

The other positive eigenvalues can be obtained recursively using Rayleigh quotient over comple-
ments of eigenspaces, see (7.19)) in Appendix.

2.2.2.2 System with nonlinear operators Ny (u,v), Na(u,v), G4 (v)

This section concerns with the reduction of the system with nontrivial nonlinear operators.
We will prove that there is a neighborhood of the point 0 € W5(Q) x W5(Q) in which it is
possible to express the variable u as a function of the variable v. In contrast to linear system,
the reduction is in general not true in the whole WE’Q(Q) X WEQ(Q). The main tools here will
be Implicit Function Theorem and Mean Value Theorem. Also the existence of potential for the
reduced problem will be discussed.

Theorem 1. Let d; > 0 be fized such that dy # y; for all j € N, let ny € C*(R xR) and be
true. Then there exists a neighborhood UxV C W5 (Q)x W52(Q) of zero such that (u,v) € UxV
satisfy if and only if

vEV :idov— Sv—N(@)+ T (v)+ 8 (v) =0,

w = F(0), (2.43)

where F 1 V. — U is a C'—continuous map, S := b1oba1 A(diI — b1 A)" A + boo A is a linear,
compact and symmetric operator and N : V — H is a compact and continuous nonlinear operator
satisfying

tim ) _ g, (2.44)

v=0 Jlof|

Proof. We will show that assumption of Implicit Function Theorem, see pg. in Appendix, are
fulfilled for a map
Ty (u,v) := dyu — by Au — bys Av — Ni(u,v). (2.45)

As N1(0,0) = 0 it apparently holds 77(0,0) = 0. The operator N7 is continuously differentiable due
to (2.27) and Lemma and the operator A is linear, hence, Ty € CT(W52(Q)x W52 (Q), W52 (Q)).
Because N1(0,0) = 0 and because of the assumption dy # b11/k; for all j € N, the partial derivative

auTl(O, 0) - dl.[ - b11A - (8uN1)(0, 0) - dl_[ - b11A

is an isomorphism of the space Wé’Q(Q). According to Implicit Function Theorem neighborhoods
U,V of 0in Wllj’Q(Q) and a map F': V — U exist, so that

T1(F(v),v)=0forallveV
T1(u,v) = 0 if and only if u = F(v) for all (u,v) € U x V.
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2.2. System with Dirichlet or mixed boundary conditions

Moreover, F(0) = 0 and F € C(V). In particular, F(v) < C|lv| for all v € V and for some
constant C. We calculate the partial derivative

0,T1(0,0) = —b12A — (0,N1)(0,0) = —b12A,
and the derivative of F' at zero can be found as
F'(0) = b1oA (di] — by A"

see again Implicit Function Theorem an in particular (7.8]). By using the relation « = F(v) the
second equation in ([2.25)) can be rewritten as

dav — Sv — N(v) + B~ (v) + B+ (v) =0,
with
S = boy AF'(0) 4 bag A = brabot A (di ] — b11 A) ™" A 4 bag A,
N@%=®MHWO—FWW%H%GW%M—G4w+ﬁﬂw—éiw+ﬁ7w,ﬁwwva)
2.46

The assertions concermng S were proven in Lemma [6] and therefore it remains to prove that N
is compact and satisfies The operators A N1,N2,Gi, S* are continuous and compact,
therefore N is compact. It remains to prove .

Mean Value Theorem, see pg. in Appendix, gives

17 (v) = F'(0)v] < Sup IF((1 = t)v)(v) = F'(0)(v)]-

The r.h.s satisfies

suPse(o,1y [ £ (tv) (v) — F'(0) ()]
v—0 [lvll

ro (5i7) -7 ()|
P (1)~ 0 ()| 20

Then there exist ¢ > 0 and sequences t, € [0, 1] and v, € WBQ(Q) such that v, — 0 and

v
F’(tv)( - )—F’(O)( )H>€
[[on | [[on |
However, using the continuity of F’ gives

P (i) - PO ()| =0

which is a contradiction and therefore
SUPyefo1 17 (tv) (v) — F7(0) ()|

= lim sup
v=04¢(0,1]

Suppose that

lim sup
v—=04¢¢c0,1]

forallme N: sup
telo,1]

lim
t—0

lim =0. (2.47)
v=0 [[ll
The formula (2.17) implies
Ny (F Ny (F F
o N(E@)) L N [Pl 018
v=0 ol v=0 [[F(0)[| 4 ]| [[vll

By using (2 which holds for any v, — 0, its analogue for G+, /3’"’, and - we get
(12.44).
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2.2. System with Dirichlet or mixed boundary conditions

It is clear from the previous theorem that we will be mostly concerned with the single equation
veEV: dyw—Sv—N@)+ B (v)+ BT (v)=0. (2.49)
A necessary part of this problem will be also an analysis of the equation
dov — Sv + B~ (v) + BT (v) =0, (2.50)

as will be suggested by the following remark. Let us point out here Definition [L5]| of critical point
and Definition [16] of bifurcation point in Appendix.

Remark 10. Let di > 0,dy # y; for all 5 € N. In Chapter 3 we will prove one Lemma which
applied to the problems and will give the following conclusion:
Any bifurcation point of is simultaneously a critical point of the problem .

Since the equation is a generalization of eigenvalue problem, it is usual to call the critical
points of problems of a type as eigenvalues. In Section@ we will be using this concept, see
Definition[3.¢ and Remark[3.

Corollary 1 (Corollary of Theorem [I] and Remarks [4] [10). Let dy € (0,y1) be fized.

A number dy > 0 is a critical point of , with fixed dy if do is a critical point of the
problem . A number dy > 0 is a bifurcation point of the system , with fived dy
if and only if ds is a bifurcation point of the equation .

In particular, dy > 0 is a critical point of , with fized dy if dy is an eigenvalue of
the operator S. And de > 0 is a bifurcation point of the system (@, with fived dy, if and
only if dy is a bifurcation point of with B =0 and N = by A(F(v) — F'(0)) + No(F(v), )
(see ), respectively.

And finally, any bifurcation point of , with fized dy is simultaneously a critical
point of , with fized d.

A special class of the reaction-diffusion systems are the so-called skew symmetric systems.
These systems have a potential, and we will prove now that consequently also the operator IV in
(2.49) has the potential. It will be crucial for the proof of Theorems in Section

Lemma 9. Let V be the set from Theorem[d] let bis = —boy. If (2.27), (2.29), (2-31) are true,
the operator N from Theorem[]] has on the set V a potential.

Proof. The proof has been inspired by [26] and is based on Lyapunov-Schmidt reduction.
According to Theorem |[I| the system (2.25) can on V' reduced to the problem (2.43). The
operator N := (—Ni, N3) has the potential @, according to Lemma |5l Let us define a map

1
D (u,v) ::§(d1||u\|2 — b1 (Au,u) — bia(Av,u)) + @ g (u,v)+

1
+§(b21<Au,U> + b22(Av,0)) = @ (v) — D¢, (v), forallu,ve wi(Q),

where ‘I)G‘i are from Lemma E} To simplify calculations, let us define two operators 77,75 :
Wp2(Q) x W5*(Q2) = Wp*(Q) by

Ty (u,v) := dyu — by Au — big Av — Ny (u,v),

To(u,v) := boy Au + bas Av + Na(u,v) — G_ (v) — G+(v).

It is possible to verify by direct calculation with using bo; = —bys that 9,® = Ty, 9, = Ts.
Moreover, Theorem |1| gives Ty (F(v),v) =0 for all v € V.

Let S, N be from Theorem The goal will be to show that a functional ¢y y_g+_g- : V = R
defined by

Psin_pgr_p-(v) = ®(F(v),v) forall u,veV,
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2.3. Systems with Neumann boundary conditions

is a potential of the operator S + N — 8t — 3~. The potential to N then will be equal to
by n_pr_pg-—Ps— P+ — Py, where g, g+, P are the potentials to S, B, B~, respectively.
Lemmagives NS Cl(Wé’Q(Q) X W$’2(Q),R). The derivative of ®gyn_pg+_pg- is

£€+N—,6+—B—(v) = (ap?(v)fl)(F(v),v)) F'(v) + %@(F(v)ﬂ;) —

= T1(F(v),v)F'(v) + To(F(v),v) = (Sv+ N(v) = BF(v) = B~ (v))
for all v € V,

where we used the definitions of S, N from (2.46). Hence, ®g,n_g+_pg- is the potential to
S+ N — 8T — 3~ and consequently N has the potential. O

Remark 11. The violation of the assumption does not necessarily mean that the system
and consequently the operator N does not have potential. Let us demonstrate it on a
particular example. Let us consider a system

diAu+u—2v+4vu? =0

1 5 1 in £ x [0, 00),
doAv + —u — —v — —ud + §_(z,v7) — g4 (x,vT) = 0.

2 8 3
This system is neither skew-symmetric, nor satisfying the assumptions . However, if we

multiply the first equation by bay = 1/2 and the second equation by —bia = 2, we get the formulation

dy 1 )
?Au+§u—v+2vu =0
in £ x [0, 00),

3 2
2daAv + u — i gu?’ +2G_(z,v7) = 2g4(z,0T) =0

which is skew-symmetric and satisfy , .

Remark 12. As examples of skew-symmetric systems can serve the Fitz-Hugh Nagumo model,
having the form

ur = diAu+ f(u) — v )
ve = dyAv + e(u — 70) + g (2, 07) — go (o) X000, (2:51)

where € > 0, f/(0) > 0 and v > 0, and regularized Gierer-Meinhardt model

uP
=diAutu+ ——+
Uy 1AU u+q(5+v)q o
in © x [0, 00), (2.52)
e

’ut:dQAv—v—i—(p+1)(5+v)q+1—g,

(1'7@7) - §+(£L',’U+)

where p > 1,6 > 0,q > 0,0 > 0 and u,v denote the absolute values of concentrations, cf. also
[59].

2.3 Systems with Neumann boundary conditions

2.3.1 Weak and operator formulation of the problem

The rewriting of the reaction diffusion system (|1.14) with Neumann boundary conditions as op-
erator equations is similar to the Dirichlet/mixed case. However, boundary conditions have a
significant impact on the behavior of the problem, as will be seen later.
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2.3. Systems with Neumann boundary conditions

Suppose now
M'm—l(FD) =0.

The space V[/'llj’2 (Q) = W12(Q) is equipped with the scalar product and norm

(v, ) = / Vv -V +vp dx,
Q
, (2.53)
lvll1,2 = (/ |Vl + 02 dX) for all v, € WH2(Q).
o

See also the definitions (7.3), (7.1). We will not use the symbol W5?(Q) for W2(Q) here, in
order to better distinguish Neumann and Dirichlet/mixed case.

Notation 2. The eigenvalues of the Laplacian with Neumann b.c. will be denoted by ki, and will
be ordered as
O0=kKg <k <Ky < - — 00,

see also Remark and formula (@ in Appendiz.

An orthonormal base {er}ren, is chosen in a way that for any k € Ny, ey, is an eigenfunction
corresponding to k. The eigenvalue kg = 0 is simple and an eigenfunction eq is constant in ).
We will fiz it to be positive with |leg| = 1. Since ey is orthogonal to all ey, k € N, there is no
other eigenfunction having constant sign in 2.

Lemma 10. The operator A : W;,’Q(Q) — Wé’Q(Q) defined by

(Av, ) = / vp dz, for allv,p € Wé’Q(Q),
Q

is a symmetric linear compact operator. Moreover

1
o(A) = {1-1-/%’ k GNO} U {0}, (2.54)
and v is an eigenfunction of the Laplacian corresponding to the eigenvalue ki if and only if v is
an eigenfunction of A corresponding to the eigenvalue (1 + k)%, The largest eigenvalue of the
operator A is equal to one, it is simple and a corresponding eigenfunction does not change sign in
Q. Furthermore, {(1+ k1) }ren, is a decreasing sequence with limy_,o k" = 0 (see ) and
zero is the only accumulation point of o(A).

Proof. The assertions are either analogous to the ones in Lemma 1| or follows directly from (2.54])
and Notation [2| and therefore the proof will be skipped. O

It is necessary to emphasize that zero is an eigenvalue of Laplacian with Neumann boundary
condition, which means 1 € o(A). The respective eigenfunction for the eigenvalue one is any
nonzero function constant on 2.

Observation 1. From and Notation[d follows immediately that o(A) C [0,1] and since A
is symmetric and compact, it satisfies

(I — Ay, v) €[0,1) for allv € WH2(Q), |jv]| = 1.

Because (I — A) is symmetric and positive definite, (I — A)v,v) =0 if and only if v € Span{eg}.
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2.3. Systems with Neumann boundary conditions

Using the conditions (2.4)), the operators Ny, Ny : (Wh2(Q))2 — Wh2(Q) and G, G_,
B~, BT : WH2(Q) — WH2(Q) can be defined by the relations

Wiw0)p) = [ mluo)p de forall wop € W),
Q

Vaw.0),9) = [ mafuso)p de for all o, € W),
Q

(G_(v), ) = —/ G_(z,v7)p dx for all v, € WH2(Q),
@ (2.55)

(G (v),p) = / g1 (z,0M)p dx for all v, € WH3(9Q),
Q
(B~ (v), ) = —/ s_(z)w e dx for all v, € WH2(Q),
Q

(BT (v), ) = /Qer(x)ercp dx for all v, € WH%(Q).

The formulas defining the operators have the same form as for the system with Dirichlet/mixed
b.c., however, the operators are defined here on the whole W12(Q). It is possible to prove an
analogue of Lemmas

Remark 13. The weak formulation of with Neumann b.c. is equivalent to operator
equations

di(I — A)u — by Au — bio Av — Ny(u,v) =0, (2.56)
do(I — A)v — by Au — bag Av — No(u,v) + G_(v) + G4 (v) = 0.
The weak formulation of with Neumann b.c. is equivalent to
di(I — A)yu — b1 Au — b1oAv =0, (2.57)
do(I — A)v — ba1 Au — bas Av + B~ (v) + BT (v) = 0.

The main difference against Dirichlet/mixed problem is the presence of the non-invertible
operator I — A next to dy,ds. This will cause complications in the application of variational
methods.

2.3.2 Reduction of the Neumann problem to one equation

The main ideas of the reduction of the system to one equation is similar to the problem
with Dirichlet boundary conditions discussed in Section and for this reason the reduction will
be not discussed in detail. Let us remind that k; will denote an eigenvalue of the Laplacian with
(homogeneous) Neumann b.c., e will be the corresponding eigenfunction. For further purposes
we will again introduce a notation yy := b11 /Ky for all k € N.

2.3.2.1 Linear reaction-diffusion system with Neumann b.c.

Let dy > 0 be fixed. The first studied problem will be a simple linear equation

d1 (I — A)u - bllAU - blgA’U = 0, (2 58)
dg([ — A)U — bglAu — bQQAU =0. '

This is equivalent the problem ((1.12) with (homogeneous) Neumann b.c. Under the assumption
di # yr = bi1/kg for all k € N, the operator di(I — A) — b11 A is invertible due to Fredholm
Alternative, and it is possible to rewrite (2.58]) as

u = blg(dll — (d1 + bll)A)ilA’U,
do(I — A)v — ba1b1aA(dr ] — (di + b11)A) " Av + byg Av = 0.
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2.3. Systems with Neumann boundary conditions

We define an operator S : WH2(Q) — WH2(Q) by
S = blgbglA(dlf - (d1 + bll)A)_lA + bao A,

and the second equation then has a form

da(I —A)v—Sv=0. (2.59)
The eigenvalues of the operator S can be calculated as
1 bi2b21 )
A = + by | for k € Np. 2.60
P kg (dlf% —byy 2 0 (2:60)

The zeroth eigenvalue is A\ = —biaboy /b1y + bog = det B/by1; > 0. However, do(I — A)eg = 0 and
therefore the function eq is not a solution of (2.59). On the other hand, for any & € N the function
ex 1s a solution of ([2.59) respective to the critical point

1 b12b21
dy i =— | ——"—+bxn|. 2.61
2Rk, (dmk —bn 022 (2.61)
This is formally the same formula as (2.39)). The largest critical point will be again denoted as
dg max*

It is possible to characterize dg} 1 by using a variational formula. However, mindless modification
of the Dirichlet case will fail here, because (Seg, eg) = A5 > 0, (I —A)eg, o) = 0 and consequently

(Sv,v)
sup
vet Jol|=1 {({ = A)v,0)
see also Remark [3T] at the end of Appendix. It is necessary to get rid of the constant function. For

dr € (0,y1)\ {yj| 7=2,3,-- } the largest eigenvalue of 1D is characterized by the following
formula:

= 00,

9 max (5v,v)

d = LA hA—
Zmax T oot (I — A)v,v)

the orthogonal complement is w.r.t. W12(Q2). The value dgymax is now finite and positive. The

other positive critical points can be again found through iterative formula, see (7.20]) in Appendix.
It is easy to modify Lemmas[7} [§] to this particular situation.

Lemma 11. Let dy > y1. Then all critical points of are negative.

Lemma 12. Let y; := bi1/k; and let di € (yj41,v;), 5 € N. Then dg,k > 0 for any k < j and
dg,k <0 forany k> j.

2.3.2.2 Nonlinear reaction-diffusion system with Neumann b.c.
An analogue of Theorem (1| for the case of Neumann boundary conditions can be proved.

Theorem 2. Let di be fized such that di # y; for all j € N. Then it exists a neighborhood

UxV CWEQ) x W5(Q) of zero such that the system is on U x V equivalent to the
problem

veEV :do(I — Aw—Sv— N(v)+ BT (v)+ B8 (v) =0,

wm F() (2.62)

where F : V — U is C'—continuous map, S = byaba1 A(dy (I — A) — b11 A) "L A + byo A is a linear,
compact and symmetric operator and N : W5*(Q) — W5*(Q) is a compact and continuous

nonlinear operator satisfying

lim Y0 (2.63)

00 flofl
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2.4. Systems with unilateral terms on the boundary

Proof. Define the operator Ty : W2(Q) x Wh2(Q) — W12(Q) by
Ty (u,v) :==d1(I — A)u — b1 Au — by Av — Ny (u,v).
The assumption d; # y; for all j € N excludes that d; is an eigenvalue of the operator
0uT1(0,0) = di (I — A) — b1 A,

and according to Fredholm Alternative the operator 9,,71(0,0) is invertible. The rest of the proof
is an analogue of the proof of Theorem O

Similarly to Dirichlet case, our main interest will be the equation
do(I — A)v — Sv — N(v) + 1 (v) + B~ (v) = 0. (2.64)
It will be necessary to also analyze the homogenized problem
do(I — A)v — Sv+ BT (v) + B~ (v) = 0. (2.65)
as the following remark explains.

Remark 14. Let diy > 0,d1 # y; for all j € N. In Chapter 8 we will prove one lemma which
applied to the problems and will give a following conclusion:
Any bifurcation point of is simultaneously a critical point of the problem .

The analogous version of Corollary [I] applies here as well.

Corollary 2 (Corollary of Theorem [2| and Remark . Let di > 0 be fized and dv # y; for all
jeN.

A number do > 0 is a critical point of I,IQ) with Neumann b.c. and with fized dy if and only
if do is a critical point of the problem (|2 65). A number do > 0 is a bifurcation point of the system
1.14) with Neumann b.c. and with fized dy if and only if ds is a bifurcation point of the equation
2.64).

In particular, de > 0 is a critical point of with Neumann b.c. and with fized dy if and
only if do is a critical point of the equation . And dy > 0 is a bifurcation point of the system
1.9), with Neumann b.c. and with fixed dy, if and only if do is a bifurcation point of the equation
2.64) with B =0 and N = by A(F(v) — F'(0)) + No(F(v),v) (cf. (2.46)), respectively.

And also it is possible to find an analogue of Lemma [J]

Lemma 13. Let V be the set form Theorem[3 If (2.27), (2.29), (2.51) are true, the operator
S+ N — BT — B~ from the problem has on the set V a potential.

Proof. The proof is analogous to the proof of Lemma [J] and therefore will be skipped. O

2.4 Systems with unilateral terms on the boundary

At the end of this section the problem with unilateral sources on the boundary will be discussed.
The abstract formulation is analogous to previous cases and therefore will be only briefly com-
mented.

Since the problem will change, we will assume here only (2.1)—(2.5)) and drop the assumption

28 @9
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2.4. Systems with unilateral terms on the boundary

Mixed problem with unilateral sources on the boundary Suppose (2.10). Consider the
system

dlAU + b11u + b12’l) + nl(u, U) =0

in Q, (2.66)
dgAU + b21u + bQQU + ’I?Q(U, U) =0
with boundary conditions
u=v=0onTIp, a_,—OonFN,
" (2.67)
9 =s_(z)v” —si(z)vT onT
aﬁ - + N>
where
s+ € L*®(Ty), (2.68)
and
ess supp(s—) Ness supp(s+) = 0. (2.69)

The boundary conditions are considered in a sense of traces. Since s_ x)v_ - s+( wt e L*(Ty),
the boundary conditions are well-defined, see e.g. [2]. The system ([2.66| , ) has for v three
types of boundary conditions: Dirichlet b.c. on the set I'p, the umlateral COHdlthnb on the set
ess supp(s—_(x))Uess supp(s+(x)) and Neumann b.c. on the set I'y'\ (ess supp(s_)Uess supp(s4)).
The space of solutions will be W}, 2(Q).

We define the operators BU W 2(Q) — WBQ () for unilateral terms by

By (v), ) = —/ s_(z)v~" @ dS for all v, € W5(Q),
I'n
(B (v), ) = / sy (z)vtp dS for all v, € W5H(Q).
I'n

The derivation of the operator equations from (2.66), (2.67) is similar to Section [2.2.1] giving

d1U — bllAu - b12A’0 - N1 (U, U) = O,

i ) (2.70)
dov — ba1 Au — bag Av — No(u,v) + By (v) + B (v) =0,

The weak form of the linear problem

diAu+ by1u + bipv =0

in O (2.71)

)

dQAU + b21u + bQQ’U =0
with the b.c. (2.67) leads to a system of operator equations

dlu — b11Au — blgAU = 0,

. . (2.72)
dQ’U — leA’LL — bQQA’U =+ BU ('U) + ﬁU (’U) = 0

An analogue of Theorem [I] can be proved to get that a system in a form

dov — Sv — N(v) + By (v) + B (v) =0,

" = F(o) (2.73)

is equivalent on a neighborhood of the origin with (2.70). Since the upper equation in (2.70) is
the same as (2.25]), the operators F, .S in (2.73)) are also the same as F,S in Theorem [l|and N is
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2.4. Systems with unilateral terms on the boundary

a nonlinear compact perturbation satisfying (2.44)). This leads us to the following conclusions (cf.

Corollary .
Any critical point of

dyv — Sv + By (v) + @”Ur(v) =0,

is simultaneously a critical point of (2.71), (2.67) with fixed d; and vice versa. Any bifurcation
point of (2.70)) is a bifurcation point of (2.66)), (2.67)) with fixed d; and vice versa.

To avoid some technical complications arising from the presence of the set I'p, we have not
included general nonlinear terms g+ in the boundary conditions like in Neumann case below.
However, it is technically feasible to extend the results also for this systems with these functions
in boundary condition.

Neumann problem with unilateral sources on the boundary Now consider a system

[2:66) with b.c.
— =g (z,v7) = g4 (z,0%) on 9Q, (2.74)

where g1 : 9Q x R — R satisfy Carathéodory conditions and v* in the boundary conditions are
considered in the sense of traces. Moreover, suppose that g4 (z,0) = 0 for a.a € 9Q and §*
satisfy the growth conditions

there exists C' > 0 such that: (2.75)
19— (2,8 + |9+ (2, )| < C(A+ [¢PY), foraa. z €0, forallé €R,  (2.76)

for some p satisfying

2(m—1)
2

p>2form<2 or 2<p< for m > 2, (2.77)

cf. (2.5). Denote

o
s2(0) = 5 @0l

and assume that s+ € L>(99Q), s+(x) > 0 for a.a. z € 99, and

ess supp(s—) Ness supp(s4+) = 0.

The abstract formulation of Neumann problem is similar to the mixed case. We define the
operators G : W5(€Q) — W5*(Q) and B WEA(Q) — W5(Q) by

<G5(v),gp) =— /(m g_(z,v7 ) dS for all v, € W5(Q),
(GE0)ph = [ aulavt)p dS forall v, € WE(®),
o0

(By (v), ) = — /aQ s_(x)v" ¢ dS forall v,p € WE’Q(Q),

(B (v), ) = / si(z)vtp dS for all v,p € Wé’z(Q).
a0

The well-definition of G’li] is maybe not clear at the first sight. However, one has to employ the
assumption (2.76) and embedding W=22(9Q) — LP°(9Q) with py € [1,(2m — 2)/(m — 2)), see

Theorem Furthermore, the operators Bg are homogenizations of (;'U, in the sense of Lemma
The proofs are analogous to the proof of Lemma [3] The homogenized boundary conditions are
then

0 0

a—:_;, =0 on 09, a—;i =s_(x)v” — sy (x)vT on ON. (2.78)
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2.5. Sets of critical points of reaction diffusion systems

Procedure analogous to the one from Section gives the weak formulation of (2.66)), (2.74))

as
dl(I — A)'LL — bllAu — b12A’U — N1 (’LL, 'U) = 0, (2 79)
dy(I — A)v — byy Au — by Av — Na(u, v) + Gy (v) + G (v) =0, .
and the weak formulation of (2.71), (2.78) as
d1 (I — A)u — b11Au — blgAU = 0, (2 80)
dy(I — A)v — by Au — bas Av + S5 (v) + B (v) = 0. .
An analogue of Theorem [I] can be proved to get that a system in the form
do(I — A)v — Sv — N(v) + By (v) + B (v) = 0, (2.81)

uw=F(v),

is equivalent in a neighborhood of the origin with . For both problems the operators F, .S
are again the same as in Theorem [1} and N is a nonlinear compact perturbation satisfying .
The conclusions analogue to Corollary [I] can be found here.
Any critical point the equation

do(I — A)v — Sv + By (v) + B (v) = 0,
is simultaneously a critical point of (2.71)), (2.78]) with fixed d; and vice versa. Any bifurcation
point of (2.79)) is a bifurcation point of (2.66), (2.74) with fixed d; and vice versa.
2.5 Sets of critical points of reaction diffusion systems

This section is intended as an extension of Remark [B] from Section [I.6] The explicit formulae
@ and 1) for the eigenvalues )\f of and the critical points d% i of (]?(@ , respectively,
are the same. Therefore the discussion about their interpretation can be done for both problems
at once. Assume dq,ds € R, and besides the assumptions from Section suppose also ,
(12.27).

Since all eigenvalues of and critical points of are simultaneously the critical points
of with Dirichlet /mixed and Neumann boundary conditions respectively and with fixed dy,
the set of all couples (dy,ds) for which these equations have solutions can be written as

Cr

s

é:
k

1 b12b21
dz = Kk (dlﬁk — b + b22> } '

Because the diffusion coefficients are supposed to be positive, it is useful to introduce a sets Cj
which are the parts of Cj, lying in the positive quadrant of R? i.e.

1 b12b21
dy = — (=222 )L
7k <d1f€k — b1y * 22)}

The envelope of the sets C; will be denoted by

1

where the sets C), are

Cp = {d = (dy,ds) € R?

Cr = {d = (d1,d2) € RY,

Cp = {(df,dQE) eRY | (df,dy) = mkin{(dhdz(fik)) € Ck}}

34



2.5. Sets of critical points of reaction diffusion systems

The sets C, Cj and Cg have a nice geometrical interpretation. If one plots Cy, in the space R2,
he finds that each of them consists of of two hyperbolas with an asymptote

b

. (2.82)
Kk

Yk -
First hyperbola is in the quadrant (0, c0) x (—oo, 0), the second one lies in the remaining quadrants.
The part of the second hyperbola being in the quadrant Ri is the set Ci. The envelope of all
hyperbolas C}, is the set C. The whole situation is sketched at the Fig. 2.]

da

Ds

Ya Y3 Y2 hn d
1
Figure 2.1: Space of parameters, dotted lines are asymptotes y;

It is common to define two sets of parameters Dy and Dg
Dy = {(dl,dg) € Ri | d lies to the left from at least one Cj, j € N} ,

Dg = {(di,d2) € R | d lies to the right from all Cj, j € N}.

The sets Dg resp. Dy are called the domain of stability resp. domain of instability, the origin of
this name is explained by the following remark.

Remark 15. Let us consider an eigenvalue problem

di1Au + biiu + brav = A,
dQA’U + bglu + bQQ’U = \v.

If d € Dg then there exists € > 0 such that Re A < —e < 0 for all eigenvalues of the system, or if
d € Dy there exists at least one positive eigenvalue X\ > 0 of the system.
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CHAPTER 3

Abstract results about positively
homogeneous problems

This part of dissertation thesis contains results about equations with positively homogeneous
operators. It is designed as a stand-alone section therefore it is possible to read it independently
on other sections. For this reason the notation introduced here is valid only for this chapter and
has no relation to objects stated before. The studied equations are however formulated in a way
which allows a straightforward application of achieved results to reaction-diffusion systems with
unilateral terms.

This chapter will be divided into four main sections. The notation is introduced in the first
one, and also some introductory remarks and general assumptions are given there. The second
one contains the results concerning eigenvalues of positively homogeneous operators, and also a
bifurcation result. All results therein are achieved by a use of the variational methods. The
third section contains the results obtained by the topological degree methods and the last one is
containing two bifurcation theorems proved by application of the Implicit Function Theorem. The
second theorem, very general, stated without proof, is a result of Lutz Recke and Martin Véth
[47].

All of these results will be used in the forthcoming sections in order to study the existence of
critical and bifurcation points of reaction-diffusion systems with unilateral terms.

3.1 Basic notation and assumptions

The following basic notation and assumptions will be used throughout this chapter.

(i) H will denote a real Hilbert space with a scalar product (-,-) and a norm || - || induced by it,
Z will be the identity operator on H.

(ii) B : H — H will be a positively homogeneous operator of the degree one, i.e.
B(tv) = tB(v) for all t > 0,

and will satisfy

vy, v = B(vy) = Bv), (3.1)
and
(B(v),v) >0 forall veH. (3.2)
(iii) Let us denote
Bl := max [B(v)]|. (3.3)
veH,||v||=1

The assumption (3.1) guarantees the existence of the maximum in (3.3]).
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3.1. Basic notation and assumptions

(iv) A € R will be a parameter.

(v) A:H — H will be a linear positive compact operator with o(.A) C [0, 1], and having the
largest eigenvalue simple. If 1 € o(A), then ey € H, ||eg|| = 1 will denote the corresponding
eigenvector.

(vi) §:H — H will be a linear symmetric compact operator. Its maximal eigenvalue, if it exists,
will be denoted by A3

max*

(vii) If 1 € o(A), we will assume
<S€0 - B(eo),€0> 7é 07 <S(—60) - B(—e()), —€0> 7’5 0. (34)

(viii) N : H x R — H will be a small compact nonlinear perturbation, i.e. A is a continuous
compact nonlinear operator satisfying

lim N, v)

v=0 o]

=0, uniformly on A - compact intervals. (3.5)

Definition 7. If there exists v € H, v # 0 such that
AMZ — Ao —Sv+ B(v) =0, (3.6)
for some A € R, then v is called an eigenvector and X\ the eigenvalue of (@

Observation 2. If v is an eigenvector of (@ corresponding to an eigenvalue X\, then for any
a > 0 the vector aw is also an eigenvector of this equation corresponding to \. This is a consequence
of the positive homogeneity of B.

Besides eigenvalues of (3.6)) we are going to study bifurcation points of a related nonlinear
problem.

Definition 8. A number Ay € R is a (local) bifurcation point of
AMZ — A)v — Sv— N (A, v) + B(v) = 0. (3.7)
if in any neighborhood of (A, 0) in R x X a nontrivial solution (A\;v) € R x X of exists.

In the forthcoming chapters we will work with the equation (3.6)) and also with a special case
of this equation with A = 0. In such a case the equation (3.6 becomes an eigenvalue problem for
positively homogeneous operator § — B:

v — Sv+ B(v) = 0. (3.8)
The nonlinear problem (3.7) with A = 0 has the form
v —Sv—NAv)+ Bv) =0. (3.9)

Remark 16. The equations (@) and @) are generalizations of the abstract formulations

and respectively, to a general Hilbert space. The problems and (@ are generalizations
of and , respectively.

Observation 3. It follows immediately from the symmetry of A and o(A) C [0,1] that

(T — Ayv,v) €[0,1] for allv € H, |v]| = 1. (3.10)
If 1 ¢ o(A), then
UEH{I‘?E‘I:l((I — A)v,v) > 0. (3.11)
If1 € o(A), then Ker(Z — A) = Span{eo} and
(Av,v) = |[v||* if and only if v € Ker(T — A). (3.12)
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3.2. Variational methods

3.2 Variational methods

This section will be divided into two parts. The first one contains abstract results concerning

the eigenvalues of a positively homogeneous equations. The second one is devoted to existence of

bifurcation from the largest eigenvalue of a positively homogeneous equation.

3.2.1 Eigenvalues of equations with positively homogeneous operators

Notation 3. The basic notation from Section [3.1) will be supplemented with the following one:
(1) ¢ C H will denote a closed convez cone defined by

H ={veH| B(v) =0}

(II) The second largest eigenvalue of A will be denoted as Ny
In addition, we will often use in this section the following assumptions:
(B(v),v)) >0 for all v ¢ 2, (3.13)
and

if 1 € o(A), the vector eq satisfies: eq ¢ & U (—). (3.14)

The assumptions (3.13]), (3.14) imply (B(eo),e0) > 0, (B(—ep), —eo) > 0. The assumption
(3.4) excludes eq and —eq as eigenvectors of (3.6). According to Observation [3| any eigenvector v

of (3.6) satisfies (I — A)v,v) > 0.
Since this subsection is about eigenvalues, the operator N will not appear here.

Theorem 3. Let vy € H satisfy

tli%% (;(B(vo +th), o+ th) — ;(B(vo),w)) — (B(wo).h), for all h € H, (3.15)

and let the maximum

o (Sv = B(v),v)
Amaz 1= P (Z — A)v,v) (3.16)
v¢ Ker(Z—A)

exist with v being its mazximizer. Then Apax s the largest eigenvalue of the problem (@ and vy
is a corresponding eigenvector.

Let be fulfilled for any v € H and let the largest eigenvalue of @ exist with vg € H
being an eigenvector respective to it. Then the largest eigenvalue is equal to Amax and vg 1S a

mazximizer of .

It is easy to see that the maximum does not always exist — for example if B is the zero
operator and S is a negative operator with an infinite-dimensional range, the assumption is
fulfilled trivially and the supremum over the argument in is equal to zero. If the maximum
existed, the number zero would be the largest eigenvalue of the compact operator S with the
infinite dimensional range, which is not possible and therefore the maximum does not exists. We
are going to give some criteria for the existence of maximum in Theorem [4 on pg. [40] below.

Notation 4. We will be using the notation Amax for the largest eigenvalue of (@, whenever the

mazrimum exists and s true.

Proof of Theorem[3 Let (3.15) be fulfilled. We have to prove that Ayax is the largest eigenvalue of
the equation (3.6]). Since vy ¢ Ker(Z—.A), there exists o > 0 such that ((Z—.A)(vo+th), (vo+th)) >

38
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0 for all ¢ € (0,tp) and for all h € H, ||h|| = 1. The vector vg is a maximizer of (3.16]), hence, any
such vy + th satisfies

<S(U0 +th) — B(vg + th),vo + th>
((Z — A)(vg + th),vo + th)

We will write the expression (3.17)) as

((Svo, vo) + 2t(Svy, k) + t*(Sh, k) — (B(vg + th),vo + th)) (T — A)vo, vo) <
< (S — B(vg), vo) ({((T — A)vo, vo) + 2t((Z — A)vg, h) +t*((Z — A)h, h)) .

<SUO — B(Uo), ’U()>

=@ Do) |

(3.17)

Dividing by ((Z — A)vg, vo) and using the notation

A _ (Svg — B(vo), vo)
max <(I_A)U0,UO> )

yields
<2t<SUO, h> + t2<8h, h> - <B(UQ + th), Vo + th> + B(Uo), ’Uo>) S
S <>‘max (<2t<(z - A)Uo, h> + t2<(I - A)h’ h>) .

After dividing by 2t and evaluating the limits ¢ — 0+,¢t — 0— we obtain by using (3.15) two
inequalities:

This implies
(Svg, h) — (B(vo), h) = Amax{((Z — A)vg, h) for all h € H, ||h]| =1,

and finally
SU() — B(’Uo) = Amax(I — .A)Uo,
which means that Apnax is an eigenvalue of the equation with the corresponding nontrivial
solution vg. Let A1 > 0 be another eigenvalue of this equation and v; be a corresponding nontrivial
solution. Then
/\1(I — .A)’U1 = S’Ul — B(Ul). (318)

Because ¢ cannot be the eigenvector, see (3.4]), multiplication of this equation by v; and dividing
by (T — A)ur, vy) gives

<81}1 — B(Ul), ’Ul> <8U0 — B(UQ), ’U0>
(Z—A)vi,v1) ((Z = A)vo, vo)
Hence, Amax is the largest eigenvalue of the equation ([3.6)).

Let vg € H be an eigenvector to the largest eigenvalue of (3.6) and assume that vy is not
maximizing (3.16]). Let us denote here the largest eigenvalue as \,,. Multiplying the equation

)\1 = < = )\max- (319)

)\m(I — A)’UO — S’U() + B(Uo) =0
by vg and dividing it by ((I — A)vg, vo) give

(Svg — B(vo), vo)
(@ = Ao,ug) ~

Since is assumed for all v € H, any maximizer of satisfies this condition and according
to the first statement of this theorem it is an eigenvector to corresponding to Amax- S0 Amax
is an eigenvalue larger than the largest eigenvalues A, which is a contradiction. Hence, vy must
the maximizer of and A\, = Amax-

Am =

O
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Remark 17. If is fulfilled for any vy € H, the operator B has a potential (see Definition
in Appendiz) defied by ®5(v) := 27 HB(v),v) for all v € H.

Observation 4. Let A= 0. It is easy to see from , that if Amax exists, then

A2 = max (Sv,v)> max (Sv,v) — (B(v),v)) = Amax >

oo S0 2 g, (50 0) — (Blo),v)
> max (Sv,v)— max (B(v),v) >\ —|B|
_UEH,HUH:1< > v€H7|‘v\|:1< ( ) > I |

These inequalities will play an essential role in estimating the critical points of the reaction-
diffusion systems.

The following example is inspired by the Example 1 in [32]. It demonstrates that violation of
(3.15) can lead to the non-existence of the largest eigenvalue of (3.8)).

Remark 18. Let H:=R3, A =0 and let B, S be defined by matrices

0o 0 O 1 0 O
B:=10 & af, S=10 3 0],
0 —a % 0 0 3¢
with a > 0 being a parameter. Then
1 0 0
S—B:=|0 a —a
0 a a

Since a
(B(v),v) = 5 ([[v2* + Ilvs[|*) 2 0 for all v:= (v1,v2,v5) € R?,

condition is fulfilled. Due to the finite dimension of the problem the operators S and B are
compact, S is clearly symmetric. The eigenvalues of (@ are Amax = 1, Ao = a(l +14), A3 =
a(l —i). If a =1, then

(Sv — Bv,v) = |[v||?, for allv € R,

and the mazimum in is 1. However, only the mazimizer v := (1,0,0) and its multiples
satisfy the condition and v, —v are the only eigenvectors with unit norm corresponding to
the eigenvalue Amax. If a = 2, then the mazimum in s 2, mo maximizer satisfies
and the largest eigenvalue of the equation is not characterized by the formula .

Two assumptions will play a crucial role in the following theorem. The first one is that

(Sv,v) = (B(v),v)
(Z — A)v,v)

there exists v € H such that € (0,00). (3.20)

This assumption can be difficult to verify (because it contains a nonlinear operator) therefore in
practice we will be sometimes checking the following stronger assumption:

(Sp, )
<(I - A)‘Pv 90>

Theorem 4. Let 1 ¢ o(A) and (3.20) be true. Then the mazimum in exists and is positive.
Let 1 € 0(A) and (5.15), (3.14), (3-20) be true. Under the condition

max (Seo, eo) (Seo, €0)
{<B(eo),eo>’ (B(—ep), eo)’o} <1 (3.22)

the mazximum in exists and is positive.

there exists ¢ € . satisfying € (0, 00). (3.21)
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Proof. The proof of first statement follows directly from (3.20)), (3.11)), (3.1) and compactness of
S and A.

Let 1 € 0(A). Due to the assumptions (3.1, (3.2)), (3.22)) and because S is continuous, there
exists a neighborhood V' of eg such that

(Sv,v) — (B(v),v) <0, forallveVU(-V). (3.23)
There also exists a sequence vy, ||v,|| = 1 such that
. (Svn,vn) — (B(vn), vn) (Sv,v) — (B(v),v)
lim = su .
oo (T Aom,vn)  verapo (L - AJo,0)

Due to the assumption ([3.20) this supremum is positive. Because H is a Hilbert space, we can
assume without loss of generality that v, — vy. Let us suppose that

lim <Svn>vn> — <B(Un)avn>
=00 (Z = A)vp, vn)

Because of (3.2]) we have (B(v,,),v,) > 0 for all n € N and consequently
(Svp, vn) = (B(vn), vp) < (Svn,vn) <[S],

thus the 1.h.s of this inequality is uniformly bounded from above and it means that (3.24)) can be
satisfied only if

<(I_ A),vn,vn) =1- <-Avnavn> — 0.

Because the operator A is linear and compact we have

lim (Avy,v,) = (Avg, vo),

n—oo
which implies
<A’Uo, 1}0> =1.

We will prove that ||vg]| = 1 which will due to the (3.12)) imply that v = +ey. The norm is weakly
lower semicontinous, i.e. ||vg]| < 1 and obviously ||vg|| > 0. If it were 0 < |Jvg]| < 1, then we would

have )
(¥ (¥
[lvo | llvo | [|lvol|

which contradicts o(A) C (0,1]. Hence, ||Jvg|]| = 1 and we conclude that vg = +eg. As S and B
are compact and continuous the formula (3.23) gives the existence of ny such that

(SUn,vn) — (B(vp),vpn) <0, for all n > ng.

This together with (3.10) gives

lim (Svp, vn) — (B(vy),vn)
n— o0 <(I— A)’l}n7’()n>

which is a contradiction with the assumption (3.24]). Hence,
(Sv,v) — (B(v),v)
sup < o0
veEH,v£0 (Z - A)v,v)
Use of v, — vg, (3.1) and the compactness of S, A give
Sv, = Svy, Av, — Avg, B(v,) = B(vg),
and this together with (3.20) lead to

(Sv,v) — (B(v),v)  (Swo,vo) — (B(vo), vo) o
veﬁ}&o (T - Aw,v) (T - Ao, o) € (0,00).

= —00,
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Corollary 3. Assume (3.15), (3.20). If either 1 ¢ o(A) or alternatively 1 € o(A), , 314,
, then the number Apax from Theorem@ is the largest eigenvalue of the problem (3.6)).

Remark 19. The assumption is fulfilled if either (Seg, ep) < 0 or
maX{<B(€0), 60>7 <B(_60)7 _60>}

is sufficiently large.
In terms of applications, the latter case will mean that the sources and sinks in reaction-
diffusion system, represented by the operators B defined in Section are sufficiently strong.

See also Theorem [15] on pg. [70

It is crucial to mention that the number A,.x can diverge to infinity as the Lh.s of
approaches one. The violation of gives the non-existence of maximum on the r.h.s. of
(3.16)), and the supremum of its argument is then equal to plus infinity.

The next lemma gives a behavior of the largest eigenvalue of the equation with positively
homogeneous operator 78 as 7 — oo, where 7 is a real parameter.

Lemma 14. Under the assumptions (3.13), (3.14)), (3.21) the mazima satisfy
(Sv,v) — T7(B(v),v) (Sv,v)

lim max = max ———pr— > 0.
00 u¢KZ'§(EIH7.A) (Z — A)v,v) ved w0 ((Z — A)v,v)

Proof. We will prove this Lemma by a contradiction. Let us suppose that there exist ¢ > 0 and
sequences 7, — 00, v, C H\Ker(Z — A), |v,|| = 1 satisfying

<Svn - TnB(Un)a vn> > max <8907 90>
(T = Avn,vn) T~ pet 020 (T — A)p, )

+e forallneN. (3.25)

Let us note that the maximum over the cone is due to the assumption (3.21)) positive. The space
H is reflexive, hence, without loss of generality v, — wvg, vg € H. Let us suppose that vg = 0.

Then using (3.2 gives

. ASUn, ) — T (B(vn), V) . M
nli)Holo <(I — .A)’Un, Un> - nh—>nol<> 1-— <Avn7 Un>

207

which contradicts (3.25]), thus vg # 0.
Suppose that vy ¢ #". Then the assumption (3.13)) gives (B(vp),vo) > 0 and (3.1)) gives the
existence of ng € N such that

(B(vn), vn) >

for all n > nyg.

(B(vo),vo)
2

Moreover, the operator S is bounded and 7,, — oo therefore

(S0 0) = Tu{Bl) v) < (S ) — 7 DD < g BEO00)

By using the property (3.10) we obtain

lim <S'Un7 Un> - Tn<B(’Un)’ vn>
n—00 ((I— A)Umvn>

= —o00,

which is in a contradiction with (3.25). Hence, v € . As vy € #\{0} and because of (3.11) if
1¢ o(A) and (3.10), (3.13)), (3.14) if 1 € 0(.A), we have that

<(I - .A)’U(),U0> > 0.

42
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Use of (3.2)), (3.10) leads to

o (SUn ) = TalBa) v _ L (Svniva)
[ VT R (| R
<SU07 U0> < <890, SD>

= max
<<I - A)v()? ’U()> T PER pF#0 <(I - A)Lpa 90>
which contradicts (3.25)) and

in my SRR < e, OB
T—00 v — —
ugzKere(I—A) vy i de LR
But also
max m < max <i?}1_ ﬁ(w)M;O for all 7> 7o, (3.26)
iide L g ugzKZre(I—A) W
which gives that
lim max <‘?EUI_ %(w)ﬂ;}> = Juax 0<(I<&ii)(p> ) < 0.
T—00 v — —
UgKerE(I_A) w, w pENX pF (282

The following theorem gives an estimate of the largest eigenvalue of (3.6)).

Theorem 5. Let 1 € o(A), let (3.15), (3-14), (3-20), (3-29) be true, let vy be a maximizer from
Theorem@ let vg satisfy (13 Iﬂ) Finally, let there exist a constant C > 0 such that

1 1 ~

‘2<B(eo +h),eq+ h) — i(B(eo),e(ﬁ - <B(eo),h>' < C||h||*  for all h € H. (3.27)
e (Sv,v) — (B(v), 0) s

V,0) — v),v 1 A
— ? ’ < . max )
Ammax el (Z - Aw,v)  — (1 * 63) 1— A (3.28)
vg Ker(Z—.A)

where

[N

(814 1BD) + ((1S] + 1BI) + C(C +1S)))

v (€ +15) |
where C' is defined as
C = —max {(Seq, eg) — (B(eo), €0}, (Seo, eo) — (B(—ep), —eon)}, (3.29)

and |S| is the norm of the operator S.

Let us give some comments to the theorem before we prove it. If C' — 0, then ¢ — 0. The
assumption implies .

The theorem will be used to estimate A,y in situation when S is depending on some parameter
and A, B are fixed. It changes the task to find an estimate independent of parameter for a maximum
depending on parameter to find an estimate independent of the parameter for the largest eigenvalue
of S.

To be more specific, the application of it will be in Chapter |44 The constants C' and C will be
explicitly found for the reaction-diffusion systems ([1.16)) with the Neumann boundary conditions.
The theorem will be afterwards applied to the proof of Theorem giving an upper bound for a
certain set of critical points.
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This theorem is concerned only with the case 1 € o(A). The case 1 ¢ o(A) is much easier, and
if A9 exists and is positive, it is possible to find an estimate analogous to (3.28):

)\S
Arnax S $7

max

A
where A/ .

€ [0,1) is the largest eigenvalue of the operator A.
Proof of Theorem[5 Suppose that B, S and ey are satisfying
<S€0,60> — <B(—€0)7 —60> < <S€0,60> — <B(€0),€0> = —C, (330)

and a maximzer vg of L.h.s. of satisfies v & {eo}*. The situation of the opposite inequality
can be treated by interchanging ey with —eg. The case vy € {eg}* will be discussed at the end of
the proof.

The key step is to find gg > 0 such that for any vy € {eo}* satisfying ||v]| < &g the inequality

(S(eg +v1) —Bleg+v1),e0+v1) <0 (3.31)

is fulfilled. Such eg can be always found, see (3.23]). Because of (3.20)), (3.10)), the vector eg + v1
5.10)

with ||v1|| < €9 cannot be a maximizer of (
The Lh.s. of can be estimated as
(S(eg +v1) — Bleg +v1),e0 +v1) =
= (Seg, eg) + 2(Sv1, €g) + (Sv1,v1) — (Bleg +v1), €0 + v1) =
= (Seo, e9) — (B(eo),e0) + (B(eo), e0) + 2{Sv1, eg) + (Svy,v1) — (Bleg + v1),e0 + v1) <
< —C +(Bleo), eo) — (Bleo + v1), eo +v1) + 2[S][leoll[fvs ]| + [S]]ve ] (3.32)

The assumption (3.27) with h := v; inserted in (3.32)) gives

<S(€0 + 7}1) — B(e() + 7]1),6() + 7}1> <
—C + Clloal* +2[B(eo)lllvr ]| + 2IS o1 || + IS]llv1[|* =
—C + (28| +2[|B(eo) l[v1 ]| + (IS] + C) [ ||

AN

Use of (3.3) gives
1B(eo)ll < |Bllleoll < |B.

Now we assume |[v1|| < €g, which leads to an inequality
(S(eg 4 v1) — Bleo +v1),e0 + v1) < —C + (2|S| + 2|B|)eo + (|S| + C)e2

The r.h.s of this inequality has two roots

N

~(1S| +21B)) £ ((215] + 2IBI) +4C(C + |S)))
2(C +1S))

€1,2 =

but only the positive one is relevant. Thus the inequality (3.31)) is true when

(S| +1B)) + (5] + 1BI? + C(C +Is)))*
(C+18) |

[o1]] < €0 :=

The conclusion after all these calculation is that the maximizer of (3.16]) is of a form vy = eg+4v1,
where |[v1]|| > g or of a form vy = —ey + vy, with |lv1]] > &o.
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Now we will prove the estimate (3.28)). Assume from now that ||vi|| > €o. First, let us focus
on the denominator in (3.16)). Since (Z — A)eg = 0 we have

(T — A)(eo +v1),e0 +v1) = (T — Ay, v1) = ||Jur]|* = (Avy,v1).

The formula

A
max < U’§> = ‘24,
veleo}t [Vl
gives
(Avy,v1) < A3 o]
Hence,
[o1]* = (Avy, 1) = (1= A8)[lo |7,
and
(T Aol = (Avroy) _ ol = o) | GM) 1
leo +v1|? lleo + v1]? L+ wl>  — I 1
1+ —— 14—
[[va ] €5

Using the last inequality we obtain

(= () 7
(Sv,v) = (Bv).v) _ [oll ] vl .

velngo  ((Z— A)o,v)  — velivgo  ((Z — A)vr,v1)

lleo + v |?
1Y (Sv,v) 1 S
< max I+ 5| ——==(1+= VY
- veH,nv|—1< 83) (1=23) ( 3) 1=x
and it is the estimate (3.28]).
The last case to discuss is vy L eg. Here we have even a better inequality

<S’U, U> _ <B(’U),’U> _ <SUO,’U()> — <B(U0)’ ’U()> Afr;ax 1 )‘glax
N T@ - Aew) . (T-Aww) 1M (” ) =)

0<

O

Equ1valence of (3.6) and - In some cases it is possible to find a simple transformation
between and ([3.8)), which conserves the properties of A, B and S, as we will show now.
The operator (Z — A) is symmetric, positive operator and isomorphism on Ker(Z — A)*,
therefore )
(Z—A)"7:Ker(Z - A)" — Ker(ZT — A)*
is an isomorphism which is symmetric and positive. Assume that S(Ker(Z—A)*) C Ker(Z —A)*,
i.e. Ker(Z — .A) is an invariant subspace of S and (Sv,v) > 0 for some v € Ker(Z — A)*. Then
(Sv,v) (Sv,v)

veker(@-a): (T — AJv,v)  vekerT-) (T — A)dv, (T — A)bo)
(SE—A) 4o, (T - A)~bo)

= = 3.33
veKer(T- A)4 {v,0) (335
x| I A)TESE A)"2v,0)
veKer(Z—A)+ <1),U>
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Therefore the number (S, 0)
- v,V

A= —

max T Gt (2 — A, o)

is the largest eigenvalue of a symmetric compact operator

(3.34)

(T—A) 28— A)?:Ker(Z — A+ — Ker(T — A)*,
and that means it is the largest eigenvalue of the equation
veKer(T—A)b: M- (T—A)"28T—A) 2v=0,

as follows from (3.33) and Remark [31] on pg.
If 1 ¢ o(A), then Ker(Z — A)+ = {0} = H and the equation (3.6)) can be reduced by defining

1

Ni=A\ S=T—-A) 28T —-A) "2 B:=(T—-A)2BIT—-A "2, 0:=(T—A?v,
to a simple form
Ao — St + B(v) = 0. (3.35)

This equation is the same as . It is possible to show that all of the properties of the operators
S, B from Sectionare valid even for S, B. If S, B, A fulfill (3.20)), then (Sﬁ,f}) - (B(f)),f}) > 0,
where 0 := (Z — A)2v, with v from . If vy is a maximizer of 1’ then ¥y := (Z — A)%vo is
a maximizer of

< . (Sv — B(0),0)
Amax = Smax, BE , (3.36)
and vice versa. Finally, it is possible to verify that B and @y satisfy , provided that B and
vg satisfy this condition. Therefore Theorem [3| with S , B and with A = 0 can be applied to
to get that its largest eigenvalue Amax 18 characterized by the formula .

Let us note that if 1 ¢ o(A), then Ker(Z — A) = {0} and the assumption S(Ker(Z — .A)*) C
Ker(Z — A)* is fulfilled.

3.2.2 Bifurcation Theorem

The aim of this Section is to prove a bifurcation theorem for the problem of a type
MZ — A)v — Sv+ B(v) — N(v) =0. (3.37)

Theorem 6. Let B have a potential on H and N have a potential on a neighborhood of zero and
let the largest eigenvalue Amax of the problem (3.6) exists and be positive. Then the number Apmax
is the largest bifurcation point of the problem

Remark 20. Theorem [ uses variational methods to get the bifurcation, like Krasnoselskii Poten-
tial Bifurcation Theorem, see Appendiz. The main difference between the equation in Theorem [0
and the equation in Krasnoselskii Theorem is in the presence of positively homogeneous perturba-
tion B, which is not differentiable. In contrast to Krasnoselskii Theorem, Theorem[f is not solving
the question if eigenvalues of @ which are not the largest one, are bifurcation points.

Proof of Theorem[f Let ®p,®s, Py : H — R be potentials to B,S, N respectively and let us
define a functional ® : H — R by

O(v) == Dp(v) + Ps + Py (v). (3.38)
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Outline: The goal is to construct a suitable set of sets { B },~0 and show that solutions of the
problem

1 1
for any sufficiently small 7 > 0 find v, such that: A(r) = — max Q(v) = 5 ®(vy),
r2 v€B, T

}i*I}I(l) A(’rl) - )\Hlaxa
satisfy
Ar)(Z — A)v, — Svp + B(vy) = N(v,) =0
(T — Ay, v,.) =12

The sets {B;}r~o will be constructed in a way that v, — 0 as r — 0 and consequently A will
be the largest bifurcation point of , with v, being bifurcating solutions.

The first step will be a construction of the sets B,.. Since vy ¢ Ker(Z — A), as follows from
7 well define a class of sets

o = {v € H|||]v — awg|| < an} for any o > 0,
where 0 < n < dist(Ker(Z — A), vp) is fixed and we also define a set

H = U .
a>0
In particular, 0 € 5. The sketch of the set J# is in the Fig. Ifve #ZNKer(Z—-A) and
v # 0, then v € J#, for some a > 0, v/a € Ker(Z — A) and

< n < dist(Ker(Z — A),vp),

I
- —
a
which is contradiction. Therefore 2 N Ker(Z — A) = {0}.

Ker(Z — A)/ ~..Span(v,)

Figure 3.1: Sketch of the set .7, delimited by dashed lines and of the sets 7] /5, 7 (dotted lines).

Proposition 1. The set 57 is closed, convex and there exists ¢,C > 0 such that
cl[v]|* < (T — A)v,v) < Clv||* for all v € H. (3.39)

Proof. We will show that the set S is closed in H. Let v,, C 5 be a sequence, v, — v € H. The
goal is to show that v € 7. If v = 0 then it is true. Let v # 0. Then for any v,, with n sufficiently
large it can be found «,, for which v, € 47, . Let a,, — oo. Then

Un

— — 1
n

< <n,

n
n

v
[lvoll —
«
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and it is possible only if ||v,|| — oo, which contradicts the convergence of v,, in H. Therefore the
sequence «, is bounded and it is possible to find a subsequence a;,, — «. Then |[v,, — @, Vo] <
ay,n — da and v € J, which means that v € . Therefore S is closed.

Now the convexity. Let u,w € 5. The situation when at least one of the vectors u,w is zero
is easy to handle. Therefore let u,w # 0. There exists «,, a, > 0 for which v € J4,,,w € .
Let & :=tay + (1 — t)ay, t € [0,1]. Then

[t 4 (1 = t)w — Guol| = [[t(u — o) + (1 — ) (w — aywo)|| <

< tl[(u — ayvo)|| + (1 = £)[[(w — awro) | < n(taw + (1 = t)ow) = 1&,

therefore tu + (1 — t)w € He(yy for any t € [0,1] and # is convex. In particular, 7 is weakly
closed.

Since A is bounded, the choice C' := sup,ep |y =1 [[(Z — A)v||, gives the upper inequality. The
lower inequality will be proved by a contradiction. Let there exist v, € 5, v, — w with [jv,| =1

for which
((Z — A)vp,v,) — 0.

Since 7 is weakly closed, w € . The operator A is compact therefore
0= lim ((Z — A)vy,v,) =1— lim (Av,,v,) =1 — (Aw, w).
n—oo n— oo

This means (Aw,w) = 1. Clearly w # 0 and if it were 0 < ||w|| < 1, then we would have

<A (waH> |ww||> = W > 1, (3.40)

which contradicts o(A) C (0,1] therefore ||w|| = 1 and in particular, w = t+eq ¢ S, see (3.12).
This contradicts w € J2. O

Let » > 0. The sets B, will be defined as
B, :={v e H#|{(T - Awv,v) <r?}.
The Proposition [1] gives that any set B, is closed, convex and bounded.

Proposition 2. The functional ® defined by is on a neighborhood of zero weakly sequentially
continuous.

Proof. The assumptions gives that ®p is weakly sequentially continuous on H. The operator
@ has the compact Fréchet derivative on a neighborhood of zero and according to [61][Theorem
41.9] it is weakly sequentially continuous. The functional ®g(v) = 271(Sv,v) is weakly continuous
because S is compact. Therefore the functional @ is weakly continuous on B, for any sufficiently
small r. 0

Proposition 3. For any sufficiently small r > 0 the functional ® attains on B, its mazimum.

Proof. The statement follows directly from Theorem 38.A in [61] with the map F' := —®. However,
we will write it for the sake of completeness in a detail. Let » > 0 be so small that A" have the
potential on B, and
Ar = sup ®(v).
vEB,.
There exists a sequence v,, such that ®(v,) = A.. According to Propositionthe set B, is convex,
closed and bounded and this means that B, is weakly compact. Therefore there exists v, € B,
and a subsequence v,, — v,. The functional ® is according to Proposition |2| weakly continuous,
which leads to
Ar = lim @ (vy,,) = P(v,) < A

k—o0

Hence, A\, = ®(v,) for sufficiently small > 0 and the maximum exists. O

48



3.2. Variational methods

Now let rg > 0 be sufficiently small and define a map A : (0,79) = R by A(r) := A,..

Proposition 4. There exists 1o > 0 such that for any r € (0,7¢) any maximizer from Proposition

[ satisfies v, € S, where S, := {v € H|(T — AJv,v) = r}.
Proof. Let us define & := &g + ®g and put

1
A(0) := -3 nax Dy(v) = max Do (v).

Therefore A(0) > Amax = ®o(vo) > 0. Since
[ @ (v)]

lim sup =0,
r—0 veEB, r

as follows from (3.5, (3.39)), 5 (0) = 0 and Mean Value Theorem, there must be
lim A(r) = A(0) > 0. (3.41)

r—0

In particular, this means r~2®(v,) > 0 for any sufficiently small r > 0. Let v, ¢ S, for infinitely
many 7, — 0. Then for any r = r,, there exist ¢ > 0 such that ®(v,.(1 +t)) < ®(v,.). Dividing by
t gives

Do, (14+0) —0(w) _
t — )

which after the limit ¢ — 0 and using Riesz Theorem yields (®'(v,.),v,) < 0. Since

N
lim sup W(v),v) (vz),v> =0,
r—0 veEB,. r
as follows from ({3.5)) and (3.39)), we get
.1, o1
}g% ﬁ<® (vr),vp) = }E}% ﬁ(s(vr) — B(vr) = N(vp),vr) =
1 (N (vr),vr)
= }13(1) ﬁ<S(vr) — B(vy),vp) — 151(1) —a =
. 1
= }13(1) ﬁ<‘g(vr) — B(v,),v,) <0,
which contradicts (3.41)). Hence, v, € S, for any sufficiently small r. O

Proposition 5. For any r € (0,79) the number A(r) and any mazimizer v, satisfy
A(r)(Z — A, — Sv,. — B(v,) — N(v,) = 0.
Proof. The proof is based on Lagrange Multiplier method. For any r € (0,r¢) set U(vg) := 52,
G(v) := (T — A)v,v) — 72,

and F'(v) := ®(v). Since F, G have continuous derivatives and G’ (vg) = (Z—.A)vg # 0, Proposition
43.6 in [61] gives the claim, see also text below the proof. O

The last step is show that lim, o A(r) = Amnax. It was mentioned above that A(0) > Amax-
Applying the Proposition [5| on the problem with A" = 0 gives that A(0) is a critical point of the
problem . However, Apnax is supposed to be the largest critical point of the equation ,
which implies

?é%f (I)O (U) = )\max-

The formula (3.41)) now gives the claim.
It remains to prove the non-existence of a bifurcation point larger than Ay ax.
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Lemma 15. Let {\,} be a sequence of real numbers such that A, = X\ # 0, let {v,} be a sequence
in H satisfying v, — 0, v,/||vn|] = w and

An(I — Ay, — Svp + Bloy) — N(An,vp) = 0. (3.42)
Then v
ﬁ —w, |lw|=1 and Iw—Sw+ B(w) = 0.
Un
Proof. Dividing (3.42)) by ||v,]| gives
Un, Un Un, N (A, vn)
)\n(IA)S<) B( > + e, (3.43)
[[on]| [[on]| [[on]| [[on]

The operators S, A are compact and linear, the operator B satisfies and the nonlinear
operator N satisfies , therefore the r.h.s. of the equation converges strongly. Since
An — A # 0, it implies that v, /||v,|| converges strongly and the only possible limit is the vector
w, ||w|| = 1. Providing the limit in the equation and using yields

A —A)w=8w—-B(w).
O

Applied to our problem, every bifurcation point of (3.37) is also the critical point of (3.6) and
therefore Apax is the largest bifurcation point. O

The crucial step of the proof of this theorem was a use of the Lagrange Multiplier Method.
We used the formulation from Proposition 43.6 in [61] which could be for our purposes rewritten
as follows. Let ug € H and let U(ug) be its neighborhood. If F, G : U(ug) — R are C* functionals
then there exists a real number \g such that the equation

F'(ug) — MG’ (ug) =0 (3.44)
holds, when the two following conditions are satisfied:
1. F has at ug a local maximum w.r.t. the side condition M := {u € U(ug)| G(u) = 0},
2. G'(ug) #0.
The non-emptiness of the set M is guaranteed in the proof by Proposition [4

Remark 21. By changing the signs and respective inequalities it is straightforward to modify the
previous results to getting the smallest eigenvalue of the problem (@) It is possible to see from
the proof that the assumption on the simplicity of 1 € A is here superfluous.
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3.3 Topological Methods

3.3.1 Abstract Global Bifurcation Theorem
Exceptionally, we will be concerned with a problem different from (3.9)), (3.7).

Notation 5. The space X will be a real Banach space with a norm ||-||, A € R will be a bifurcation
parameter, B : X — X will be a positively homogeneous operator satisfying , L:X = X will be
a linear compact operator, and N : RxX — X will be a compact and continuous nonlinear operator
satisfying , where the limit is considered in X. The symbol deg will denote Leray-Schauder
degree, see Appendiz.

The following global bifurcation theorem is a special case of abstract Theorem 7 in [55].

Theorem 7. Consider the problem
Av — Lo+ B(v) = N(\v) =0, (3.45)
on X. For any B, let % be defined by
Z(B) = {(\v) € (0,00) x X | v#0, (\v) satisfies (3.4}

Let us assume that positive Ay < Ay are not eigenvalues of the operator L — B and

deg (I— )\il(ﬁ - B),BT,O) # deg (I - %Q(E - B),BT,O) for allr > 0. (3.46)
Then there exists Ny € [A1, A2] such that the connected component #», of the set .#(B) containing
the point (A, 0) satisfies at least one of the following conditions:
1. A\, is unbounded,
2. there exists v € X,v # 0 such that (0,v) € A,,
3. there exists an eigenvalue A. € (0,4+00)\[A1, A2] of the operator L—B such that (A.,0) € A, -
Proof. To obtain the assertion we use the abstract Theorem 7 in [55], where we set
A=(0,00), @ =X, Qg = B,, 7> 0 small enough,
F=1T, ¢(\v) =" (Lv—Bw)+N\)), z0=0

and & = %, can be the system of all bounded subsets of A x ), see also remarks below Lemma
8 in [55]. The assumptions (7), (8) in that theorem and (a),(b) on the top of the p. 217 can be
written in our particular situation as the following conditions:

zero is an isolated solution of (3.45|) for any A in a neighbourhood of A; and As, (3.47)

1 1
deg (I— )\—(,C - B+/\/),Br,0) # deg (I— )\—(E - B —H\/’),BT.,O) for r > 0 small enough,
1 2

(3.48)
the set of all (A, v) satisfying (3.45)) is closed in (0, 00) x X, (3.49)
any closed and bounded set of (A, v) satisfying (3.45)) is compact. (3.50)

Let us verify these conditions. If were not true then \,,v, satisfying would exist
such that A\, = A;, j=1or j =2, v, — 0. Dividing by ||vn|| and using the compactness
of £ and B and the condition we get a subsequence of v, satisfying vy, /||vn, || — w with
some w € X and A\jw = Lw — B(w). Therefore \; is an eigenvalue of the operator £ — B, and it
is a contradiction with the assumptions. The condition for sufficiently small r > 0 follows
easily from by the homotopy invariance of the degree (see also remark above Proposition
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D by using the homotopy H(t,v) = v — )\%_(ACU — Bv +tN(Aj,v)), t € [0,1] and the assumption
(3.5). The condition is clearly fulfilled due to continuity of our maps. The condition
follows from the compactness of the operator £ — B + N.

Now, the assertion of Theorem 7 in [55] translated to our particular situation gives the assertion
of our Theorem[7} Let us only recall that we have chosen % as the system of all bounded subsets
of (0,00) x X and therefore our case (3)) coincides with the condition (i) in Theorem from [55]
stating that .#}, is not contained in a set from Z.

O

3.3.2 Global bifurcation theorem for the problem (3.9

Now we return back to the notation from Section [3.1} We are going to prove a global
bifurcation result for the problem (3.9, which has a form

Av —8v+ B(v) = N(\v) =0, (3.51)
using the theorem proved in the previous section.

Theorem 8. Let A5,  be positive, let its multiplicity be odd, let \5 denote the second largest
eigenvalue of S. Then for any € € (0,min{(A\5,. — \5)/2, A3 }) there ewists 79 > 0 such that
the following assertion is true. If B satisfies |B| < 10 and S — B fulfills with vy being a
maximaizer of with A = 0, then A3 — & < Amax and there is a global bifurcation point
Ao € [N — &, Amax] of the problem M in the following sense. The connected component .y,
of #(B) containing the point (Ap,0) € R x H satisfies at least one of the following conditions:

(i) A, s unbounded,
(i) there exists v € H,v # 0 such that (0,v) € A,
(i4i) there exists an eigenvalue Ao & (N3 — &, Amax) of the operator S — B such that (\.,0) € Ay, .

Remark 22. Consider now B = 0 and assume that all assumptions of Theorem [§ are fulfilled.
Then it is well-known that \y = 5., as follows from Rabinowitz Theorem. However, Rabinowitz
Theorem cannot be applied to the problem , because of the presence of the positively homo-
geneous operator B. For this reason Theorem[§ can be considered as a modification of Rabinowitz
Theorem for the problems , but in contrast to it, our theorem does mot give any assertion
for any other eigenvalues than the largest one.

For the proof of this Theorem we will need an auxiliary lemma.

Lemma 16. For any € > 0 there exists 19 > 0 such that
1 1
deg <I X(S — B),BT,O) = deg (I — )\S,BT,())

for any A € R\{0} satisfying dist(\,0(S)) > €, any B with |B| < 19, and all r > 0.

Proof. Due to a homotopy invariance of the degree it suffices to prove that for any € > 0 there is
79 > 0 such that

1
v — X(Sv —tB(v)) #0 for all A\, B from the assumptions, ¢ € [0,1], [jv] = 1.

Let us suppose that it is not true. Then there exist ¢ > 0, t,, € [0, 1], A,, with dist(\,,, o(S)) > e,
B, and v,, with |lv,|| =1 for all n € N, satisfying

An = A, vy =, ||Bp(vn)] — 0, (3.52)
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and
)\nvn - Svn + tan (Un) = 0. (353)

Since dist(A, o (S)) > € we have |A,| > € for all n € N. The compactness of S together with

(13-52)), (3.53) gives v, — v, ||v]| = 1. Providing the limit in the equation (3.53)) leads to
v —Sv =0,
but simultaneously dist(), o(S)) > e which is a contradiction. O

Proof of Theorem[8 Due to Leray-Schauder Index Formula, see pg. [109] in Appendix, and the
assumed odd multiplicity of A3 we have

max

1
deg (IS,BT,O) =1 forallA> M\, r>0

)\ max?

1
deg (I—S,BNO) = 1 forall A€ (A, X5, 7> 0,

)\ max

where A5 is the second largest eigenvalue of S. Lemma gives that for any € from the assumptions
there exists 79 > 0 such that for B satisfying |B| < g

+e,r>0

max

1 1
deg (I — X(S — B),BT,O) = deg (1 - )\S,BT,O> =1 forall A >\

1 1
deg (1 — X(S - B),BT,O) = deg (I— S,BT,O> =1 forall A€ (\S +&,X5.  —¢), r>0.

A max

We take 1y smaller, if necessary, to ensure that Apnax exists and is positive, see the estimate in
Observation [4} It follows from Theorem [7|that there exists Ay € [A5, — €, AJ . + €] such that the

max max
closure of a connected component ., of . (B) containing the point (Ap,0) satisfies at least one
of the alternatives (i)—(iii) of Theorem
According to Theorem [4| with A = 0 the largest eigenvalue A, of S — B exists. Observation
gives that ,\fnax — € < Amax, if 79 is small enough.
According to Lemma there is no bifurcation point larger than the largest critical point
Amax and the number )\, must be in the interval [AS . — &, Amax] and at least one of the conditions

(i)~(iii) of Theorem [7| must be fulfilled. O
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3.4 Results based on Implicit Function Theorem

Notation 6. The notation from Section|3. 1| will be supplemented with the following three assump-
tions.

(A) B is Lipschitz continuous with a Lipschitz constant L.

(B) N has the continuous Fréchet derivative N' and the derivative of N w.r.t. v satisfy
N (A, 0) =0 for all X € R.

(C) If 1 € o(A), the operator S satisfy Seg # 0.

The aim of this section is to study Crandall-Rabinowitz type bifurcation, see Theorem [25] in
Appendix, for nonlinear equations of a type

MZ — Ay — Sv+ B(v) — N(\v) =0, (3.54)
from eigenvalues of positively homogeneous equations
AMZ — A)yv — Sv+ B(v) =0. (3.55)
A special role will play here also a linear equation
AMZ - Ay —-Sv=0. (3.56)

Observation 5. Let 1 € o(A). Since 0 is not an eigenvalue of S by the assumption (@, ep cannot
be an eigenvector of . For this reason the scalar product ((Z — A)v,v) is positive for any
eigenvector of . And even more, since A is compact, zero is an isolated eigenvalue of (Z—.A),
and therefore there does not exist a sequence of eigenvectors of satisfying ((Z — A)vp, vp) —
0. If dim Im(S) = 400, the assumption (@ follows directly from the compactness of S.

Theorem 9. Let \° be a simple eigenvalue of the problem , not necessarily the largest one,
and vg be the respective eigenvector. There exist R > 0, Ly > 0,6 > 0 such that for any B with the
Lipschitz constant L < Lg there exist four Lipschitz continuous maps vy, v_ : [0, R] — H, Ay, A_:
[0, R] = R for which the following is true:

(a) a pair (\,v) € R x H with ||v]| + A — A¥| < § is a solution of if and only if there
exists v € (0, R] such that either (\,v) = (A4 (r),rvp(r)) or (A\,v) = (A_(r),rv_(r)). A pair
(A, v) is a solution of with |\ — \| < & if and only if either (\,v) = (A4 (0),v4(0) or
(A, v) = (A=(0),v_(0)), up to positive multiples of v4(0).

(b) if B(os) # —B(—v,), then (74(0),0,(0)) £ (A_(0),v_(0)),

(c) for any € > 0 a constant Ly € (0, Lg) exists such that for any B with the Lipschitz constant
L < Ly it is true that

A(0) =A% <e, Ao(0) =A% <&, [or(0) —us <& Juo(0) +usf <,

(d) if (B(vs),vs) >0, then A (0) < X%, if (B(—vs), —vs) >0, then A_(0) < A,

Proof. The pair (\°,v,) satisfies
M(T — A)vs = Sw,. (3.57)
We let ||vs]| = 1 without loss of generality. Since A* is a simple eigenvalue of (3.56)), its eigenspace
is Span{vs}. We write A and v in (3.54)) as
A=24 ), (3.58)
v =r(vs + D), (3.59)
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with 7 > 0, o € {v,}*, A € R. Then the equation has a form
A5+ X)(Z — A)(r(vs + 1)) — S(r(vs + D)) + B(r(vs + 0))—
— N + X r(vs + ) =0.
Use of gives
MN(Z — A) (D) + MZT — A)(rvg) — S(rv) = =M — A) (1) — B(r(vs + 0)) + N(A + X, (v, + 0)).
We define a map J : R x {vs}* — H by
T (p, ) := XN(T — Ay + (T — A)ws — S, for all p € R, € {v,}t,

and rewrite the last equation as

T (A, r9) = =XNZ — A)ro — B(r(vs +0)) + NN + X, r(vg 4 0)). (3.60)
Lemma 17. The map J is an isomorphism.

Proof. Any w € H can be uniquely written as w = u(Z — A)vs + 0, where p € R, w € {v,}*; if
1 ¢ o(A) this is clear from the invertibility of (Z — A), if 1 € o(A), this follows from the fact that
vs # *eg, see also Observation According to Fredholm Alternative, the operator A%(Z —A) — S
is injective on {vs}*. As the inverse operator J ' (w) := (pu, (A5(Z — A) — S)~!4b) is defined on
R x {vs}*, the operator J is a bijection. The linearity of J follows directly from the definition. [

For given r > 0 we define a nonlinear map Q; : R x {v,}+ — R x {v,}* by

QFr(\,0) = %j‘l (-i(z — A)(r0) — Br(vs +8)) + NS + X, r(vs + @))) (3.61)
and rewrite as
(A, D) = QF (A, ). (3.62)

The equation ([3.54) is now rewritten as a fixed-point problem. As N satisfies (3.5)), it is suitable
to define the map Qf by

of (A, o) =g (4(1 — A)o — Blvs + f;)) .
The space R x {v,}+ will be equipped with the norm

(s 0)ll2 := (|ul® + 1[0]?)*  for all (u,v) € R x {vg}*.
The norm of 7! will be defined as

T = sup [T

veH, [lv]|=1
For further purposes we also define a norm of operator Z — A by

IZ-Al= sup [[(T—Av].
veH, vl =1

Lemma 18. There exists Ly > 0, Ry > 0, Cp > 0 such that for any operator B with L < Ly and
any r € [0, Ry] the map QF maps the ball Bc,(0) C R x {v,}+ into itself.
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Proof. Let A € R, % € {vs}+. Then

2

2

\ \ S+ N\ r(vs + 0
IIQ;*(M)H%:HJ* (—A(Z—A)ﬁ—B(vs+@)+N()‘ A (s + )))

r

) <

<77 (IAIII Allloll + 11B((vs + 0)) = B(O)[| +

NS + A, r(vs +9)) |

r

<19 e (| I~ Aol + L1 + ol + )+ fol)) <
(AT = Al + (C(Ry) + L) (1+ ),

where C(r) — 0 as r — 0, see also 1 , and ny, Ap, Ry are yet unknown bounds on ||9]|, A\, 7. We
also used that ||vs|| = 1. Now we use the Young inequality to get

|72 (C(Ry) + L) (14 1) + Ayl T — Almp)? <
T PAYT — AP + 51T (L + C(R)) (1 4+ )

| o

<
-2

It remains to find Ay, ny, Ly, Ry for which
3 3,
5\.7 PARIT — AP + 1T TP (Lo + C(Re))* (14 m)? < nff + A (3.63)

Dividing (3.63) by AZ,n? gives

31T (C(Ry) + Ly)* (1 + mp)?
2 AZn?

1

1
TR -AR < 5+

The r.h.s. can be done larger than |7 ~1|?|Z — A|? by a choice of Ay, np, and then Ly, R, must be

found accordingly small in order to fulfill this inequality.
In sum, it is possible to find Ay, np, Ry and Ly, so small that if L < Ly, r € (0, Rp] then

19 (A, 0)|l2 < \/nZ+ A2, for any A, 0 with [\ < Ag, [|0]] < ne.
Define Cy := /ni + Aj. Then for any A0, |\, 9)]]2 < Cp we have
19 (A 9) ]2 < Cb.

and therefore Q;F maps the ball ¢, into itself. O

Lemma 19. There exists L. > 0, R. > 0, C. > 0 so that for any B with L < L. and any
r € [0, R.], the map Q) is a contraction on Bc,.

Proof. Let 5\1, A2 € R and 01,09 € {vs}t. Use Lemmato get Ly, Ry, Cp. Since N € CH(R x H),
the Mean Value Theorem gives

2

HN(/\S AL (s +01)) NS + Ag, (v + 02))
T T

2 N N ~ ~
< sup V()P (1o = Ml + 19— aa?)
(n,w)€Br,
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Then

19 (A1, 91) — QF (A2, 02) 113 =
NS + Ay, r(vs +@1))+
T
NS + Ao, r(vg + @2))) H2 <
r 2

_ ijl(_ A (Z — Aoy — B(vg + 1) +

+ Xa(Z — A)og + Bl + ) —
1T (e = AT = )iy — Rl — A) 5 — )~

S N N S 3 7 2
 Blos 4 81) + Blow 1 i) + VO +Al;r<vs+m)) NG +)\2;r(vs+v2))H <

< IJ_1I2(II = APPe = M Plloal® + P2 PIIZ — AP — o2]® + L2llo1 — 02>+

+ sup [N ()P (Ao = M+ [lér — 172H2)) <
(}L,w)GBRC

< K (Ia = A2) 2 + o1 = 0)12) = Kl (A,01) = (o, 02)3, - for all [lor ]| < me, Az < Ao

where %r, is a the smallest ball with the center at (A5 4+ Ay, (v, + 01)) containing the point
(A5 + Ag,7(vs + 02)) and L, ne, A, are bounds to be determined and

K= |7 Pmax{ [T - APn2 +  sup N (u,w)]f?,
(n,w)€EBR,

(3.64)
NIT - AP+ L2+ sup [N (uw)|? ;.

(u,w)EBR,
It is possible to choose L. < L;,C. < min{A.,n.,Cy}, R. < R} so small that for any B with

L < L, for any r < R, and any A1, Ag, 01,02 € HBe, the constant K satisfy K € (0,1), and
Lemma [I8] gives the assertion. O

Alternatively, we can choose in (3.58)) vector —vs and do the whole procedure again to get a
problem

(A 9) = Q7 (A, 9), (3.65)

where

0-(3,0) = Lg1 (FAE = A)0) = Blr(—vs +0) + NOS + A r(—0, +9)) . (3.66)

r

Analogously, the map Q, will be defined by
Q5 (A8) =T (-MT = Ao — B((—v, +9))).

Application of Lemma [19|on @, yield a set of constants Le, R, C, for .
Let the Lipschitz constant L of B satisfy L < Ly := min{L,, f/c} and put R := min{R,, RC}
Define the closed balls
By :=%c., B_:=%:(0).
Since (By, | - ||) is a complete metric space, the equation has for any r € (0.R,) a solution
according to the Fixed Point Theorem and thus also has a solution. Moreover, this solution
is unique in the closed ball B,. Define the maps

Ar(r) =N+ Ay vy (r) =0y,
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where for any r € [0, R], (5\T, ¥y) is a fixed point of 1' Similar procedure will be done for the
negative case — there is the unique fixed point of (3.65) in the set B_, and therefore the maps
A_(r),v_(r) and consequently the maps (A_(r),v_(r) can be defined.

The continuity and linearity of J together with give

S\ r(vg + 0
lim Q; (A, v) = lim 7~ ( AT = A)(0) = B(vs +9)) + MO AT+ ))||vs+ﬁ||>:

o s + 9
= Qf (\w), forall (\v)€Rx {v,},
and therefore the fixed point problem
(A d) = Qf (A, ), (3.67)
is equivalent to (3.55)). There is a unique fixed point (5\0, D) of in By. Define
A4 (0) == X% + Ao, vy (0) = bo.

Similarly for the case with the negative sign. The values A1 (0) are eigenvalues of with
the respective eigenvectors vy (0). Since these points are unique, there are no other eigenvalues
and eigenvectors in the sets Bi. As the problem is positively homogeneous, any positive
multiple of vy (0) is also a solution of this equation with A = A, (0)

The map Q, is Lipschitz continuous w.r.t. (A, v), see (A) and C*-continuous w.r.t parameter
r, see in Notation [6] and (3.5), and therefore the fixed points determining maps v (r), \x(r)
are Lipschitz continuous in [0, R] w.r.t r as well, see [60][§ 1.2].

Now it remains to choose § < min{n., 7., AC, A <} sufficiently small such that @) is true.

Assume B(vs) # —B(—v;), then the mappings Qf and Qy satlsfy Q5 (0,0) # Q5 (0,0). As

QO are continuous w.r.t. )\ 0, it is possible to take L, R, n., 7., A, c smaller 1f necessary such

that Qd (B4+) N Qg (B-) = (Z) Then the fixed points of the problems (3.62 , ) with QF and
Q, are different, which leads to (A4 (0),v4(0)) # (A—(0),v—(0)). This gives (b)) See also Fig -
QB
@y (0,0)
Qg (B+)
(0,0) A
Qg (0,0)

Figure 3.2: The sketch of the sets Qf (B), Qy (B_). Since QF(0,0) # Qg (0,0), and Q7 are
continuous, the sketched sets are disjoint for small B..
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3.4. Results based on Implicit Function Theorem

for all (A, %) € R x {v,}*. The maps Q7 , Q; are
FO.0) =T (AT - A)9),
05 (\9) =77 (-AT - ),
and since A% is, as an eigenvalue of compact operator, isolated and the fixed point problem is
equivalent to (3.56)), the only fixed points of both of them in sufficiently small ball are zeros, i.e.
A+ (0) = A_(0) = A%, © = 0, therefore v, (0) = v,, v_(0) = —v,. Since L — 0 implies |B| — 0,

is proven.
It remains to prove (d). A couple (A4 (0),v4(0)) satisfy

A+ (0)(Z — A)v4 (0) — Sv4(0) + B(v (0)) = 0.

Multiplying it by vs, multiplying (3.57) by v4(0) , subtracting the results and using the symmetry
of S give

(A+(0) = A% (0)((Z — A)v(0), vs) + (B(v+(0), v5) = 0.

Since ((Z — A)v4(0),vs) > 0 for B with sufficiently small Lipschitz constant L, see (c|) and Obser-
vations this can be rewritten as

M0 =20 = = S

The r.h.s. is negative due to the assumption (B(vs),vs) > 0, and continuity of B. Hence,
A+ (0)=X%(0) < 0 for B with sufficiently small Lipschitz constant L. The proof for (B(—v,), —v,) >
0 is similar. O

Remark 23. Let us give a few comments to the previous theorem.

The assertion @) can be roughly formulated that A4 (0), A\_(0) — A%, v, (0) — vs, v_(0) — —v,
as the Lipschitz constant of B converges to zero.

If one considers the operator B := 7B, where T € R and B is an operator satisfying assumptions
on B independent of T, then for any sufficiently small T the assertion of Theorem[q is true. In
this case, the maps A+, v+ are depending on T, and it is possible to prove that there exists 19 such
that for any T < 19 the maps vy, Ay are Lipschitz continuous w.r.t. 7. To prove this it suffices
to realize that the mappings QF defined in , are then Lipschitz continuous w.r.t. T.
Similar argument as in the proof of Lipschitz continuity of Ao, v4+ gives the Lipschitz continuity
of fixed points w.r.t. T.

However, the dependence B := 7B is in general not true for the problems , , cf.
also Remark[26 on pg. [63

The next paragraph contains a bifurcation result which is similar to conclusions of Theorem [9]
This one, developed by Lutz Recke and Martin Vath, in [47] is applicable for much more general
problems, as can be immediately seen from the equation . On the other hand, the operator
G is depending on a real parameter 7, which is not present in the problem , , i.e. this
result is in general not applicable to our problems, see also Remark [23]

General result concerning homogenizable equations For further purposes we will place
here the general result from the paper [47], which has been developed by Lutz Recke and Martin
Vith.

The studied problem will be now more general:

F(\u) = 1G(1, A, u), (3.68)
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3.4. Results based on Implicit Function Theorem

where F: R x X — Y and G : R? x X — Y are maps, X, Y are Banach spaces, and
F(A\0)=G(1,2,0) =0 forall 7\ eR. (3.69)

Hence, for all 7 and A there exists the so-called trivial solution u = 0 to (3.68]), and we are going to
describe local bifurcation of nontrivial solutions to (3.68) from the trivial solution. Let us suppose
that the map F is C?-smooth and that

0, F(0,0) is a Fredholm operator of index zero from X into Y,

3.70
Ker 0, F(0,0) = Span{up}, 9x0,F(0,0)ug ¢ Im 9, F(0,0). (8:70)

The assumption gives that 9, F(0,0) is a subspace of codimension one in Y and hence,
there exists a functional vg € Yx, such that
Im 9, F(0,0) = {u € H|{vj, u) = 0}.
Then clearly
= (v5, O,OrF(0,0)ug) # 0. (3.71)
Unlike to F there will be not assumed that G in is differentiable. Instead, we assume that

there exists a map Go : R? x X — Y such that

1 (3.72)
11{1(1) =G(1,\,ru) = Go(m, A,u) forall 7,A € R and u € X.
r T
Moreover, we suppose that the map G : [0,00) x R? x X — Y, defined by
1 A f 0
Gi(ro7 A u) = 4 I ATU) for >0, (3.73)
Go(7, A\, u) for r =0,

is Lipschitz continuous on sufficiently small bounded sets, i.e. there exist ¢ > 0 and L > 0 such
that
1G1(r1, 71, Ar,un) — Gu(rz, T2, Ao, u) || < L(|ry — 72| + |11 — 72| + [\ — Ao + [Jug — uzl|)

‘ (3.74)
for all r; € [0,¢], 75, \j € [-¢,c], uj € X, |Juyj]| < ¢, j=1,2.

Theorem 10. Suppose (3.69), (3.70), (3-73) and . Under above given assumptions there
exist € > 0, § > 0 and Lipschitz continuous maps Ay, A_ : [0,e] X [—¢,¢] = R and Gy, 60— :
[0,¢] x [—e,¢] = X such that the followz'ng is true:

(i) (1, A\, u) is a solution to with 7|+ [A[ + [[ull <6 and u # 0 if and only if for certain
r e (0, 5] it holds A = Ay (r,7), ufru_,_(r T) 07’)\ A_(r,7), u=ri_(r,7).

(ii) A(0,0) = A_(0,0) = 0, 44(0,0) = ug, i_(0,0) = —uy and

5\+(0,T) _ <'U8,g0(0707u0)>

= (05, 000w F (0, 0)ug)” (379
_A_(0,7) _ {v3,G0(0,0, —up))
71'% T o <'Ua<,a)\8uf(070)u0>. (376)
(i) Suppose
* 2
<’U0,6 ( )(u 7u0)> #0. (3.77)

2(v5, 0r0uF (0, 0)uo)

Then for all v € [0,¢] and T € [—¢, €| we have
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3.4. Results based on Implicit Function Theorem

and

Proof. For the proof see [47]. O
Observation 6. Putting F := \N(Z — A) — S, G := —7B leads to an equation
MZ—-A)-S+71B=0,

which is a special case of . with the operator B := 7B. However, as mentioned in Remark
this abstract equation is in general not applicable on the systems , .

Remark 24. IfG=0 in , it can be seen that the assumptions and conclusions of Theorem
are even stronger that the one of Crandall-Rabinowitz Theorem. Therefore Theorem s a
generalization of Crandall-Rabinowitz Theorem for more general problems .
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CHAPTER 4

Application to reaction-diffusion systems

4.1 Introductory remarks

The following chapter is the essential part of the dissertation thesis, because it contains the
results about the existence of stationary solutions of reaction-diffusion systems with unilateral
terms. The goal of this chapter will be to apply theorems from Chapter [3| to the first equations

in (2.49) and (2.64), and consequently get the critical and bifurcation points of the problems
(1.14) with (homogeneous) Dirichlet/mixed b.c. and (1.14]) with the (homogeneous) Neumann

b.c., respectively. We will also present some results for the problems (2.66), (2.67) and (2.66)),
(2.74) with the unilateral sources on the boundary and one result for a problem with nonlinear

functions nq, ne satisfying (2.31]).

4.2 Systems with Dirichlet or mixed boundary conditions

Before going to theorems about critical and bifurcation points of reaction-diffusion systems with
unilateral sources, it will be suitable to summarize the content of the previous chapters. In
Section the reaction-diffusion system having the unilateral terms and Dirichlet/mixed
boundary conditions was rewritten as a system of two operator equations on the Hilbert
space Wé,’g(Q) X Wé’2(Q). Afterwards, in Section this system was rewritten to the form
, where the first equation with the symmetric compact operator S is depending only on one
variable and two parameters, with the first one, denoted as di, being fixed and the second one,
denoted as dg, being a bifurcation parameter. The eigenvalues of S are simultaneously critical
points of the linear problem with fixed dy, Dirichlet/mixed b.c.
In Section the problem with unilateral terms on the boundary was formulated.

Notation 7. We will use in this section the notation and the assumptions from Section|2.1. The
assumptions - (@) are supposed to be true in the whole chapter. Under the term solution
we will always mean the weak solution. The numbers ki are eigenvalues of the Laplacian with
(homogeneous) Dirichlet/mized boundary conditions ordered in a growing sequence, see .
The eigenvalues of the operator S are denoted by )\f and were found explicitly in the formula
2.89). The critical points of with fixed dy and Dirichlet/mized b.c. are denoted by d%k, see
2.40), the largest critical point is denoted by dgymax, For the definitions of critical and bifurcation
points see Definition[5 on page[§

Finally, let us emphasize that st denote the derivatives of g+ w.r.t. £ at zero, see (@

For further purposes we define here a set

K={veH| B () +5 (v) =0},

¢f. also Notation[3 on pg[38
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4.2. Systems with Dirichlet or mixed boundary conditions

In some of the theorems in this section we will use the following assumption:
ess supp(s4) Ness supp(s—) = 0. (4.1)

The empty intersection of the essential supports of s4 will guarantee that K is a closed convex
cone.

Theorem 11. Assume , , and fized dy € (0,y1)\ {y]‘ j=2,3,--- } The number

dy' defined by

[e'e] - [e's) +
YAE+ Y fj/ (Z §k6k> s_(x) — (Z £kek> si(z) | e dx
j=1 J=1J\ \4=1 k=1

d3' ==  sup = (4.2)
. 2
{&ree2\{o} Z 6]2
Jj=1
can be estimated by
: s ls-llo + sl PRkl
d2,max > dgL > max SUP (A] - ) > y sup ~x o (- (43)
jeN Kj (&;1e\[0} 2oic1 &
Y €ie; €K
If d3* is positive, then the supremum in is mazximum, i.e.
) - 00 +
DOANTE A+ fj/ kaek s_(x) — Z&kek si(z) | ej da
j=1 j=1 Q =1 1
dy' = max , (4.4)

{&;yeez\{0} o 2
ng gj

and it is the largest critical point of the system , with fized dy. If di € (ya2,v1),
[Is—|lzes >0, ||s4]/L= >0 and d5* > 0, then (d1,d3") € Dg.

The proof is postponed to the next section. Let us note that if the first supremum in (4.3) is
positive, then it is the maximum. Similarly, if the supremum over K in (4.3) is positive, then it is
the maximum, see Theorem 3.2 in [5].

Corollary 4. If ||st||L~ are sufficiently small, then d3* from is positive. If, di € (ya2,y1)

and ||s+| /L~ are both positive and sufficiently small, then d3* is a critical point of (1.16)),
with fized dv and (d1,d5") € Dg.

This first assertion of the corollary follows directly from the fact that A3 > 0 for d; €
(0,91)\ {yj| ji=2,3,-- } and from 1) The second statement is a consequence of two last
assertions of Theorem [I1]

The following lemma is about the maximum over the cone K in (4.3).

Lemma 20. Let ess sup(sy), ess sup(s_) have nonempty interiors. There exists € > 0 such that

for any dy € [y1 —e,y1) the supremum over K in 1s positive. Hence, d3* in 18 positive
and dy € [y1 —€,11) then (d1,dy") € Dg.

Proof. The assumptions , , guarantee that K is a closed convex cone. The only
assumption for application of Remark 3.4 in [] is an existence of v € K with (v,e;) # 0. Since
essential supports of s1 have nonempty interiors, any v positive on 24 or on Q2_ and zero elsewhere
satisfies this condition because

(v,e1) = / VoVep dx = /{fl / vey dx # 0,
Q Q

and because of (2.21]). Remark 3.4 in [5] gives the claim of the first assertion. The second statement
follows from the last assertion of Theorem [l O
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4.2. Systems with Dirichlet or mixed boundary conditions

Analogous lemma can be proved for dy € (yg+1, %), k > 2. In such a case however (d1,d5") € Dy,
which is not of our interest.

Although for the Dirichlet or mixed problem it is only considered d; € (0,y;), Theorem
can be easily modified for the cases d; < 0 and dy > y;. However, in these cases it is not fulfilled
(d1,d3") € R? and therefore are not interesting for us.

It should be emphasized that the bounds in can be found explicitly for particular systems.

Remark 25. In the proof of the last assertion of Theorem [I1] we will use the fact that the first
eigenvalue k1 of Laplacian is simple and the eigenfunction ey does not change its sign in Q). Under
a more general assumption

e ¢ K for all eigenfunctions e corresponding to the eigenvalues kjq,, (4.5)

where jo is such an index that dg,max = )‘sz the proof of Theorem can be modified to get the
statement dy* < dg’max. However, in the case k > 1 it does not imply (d1,ds*) € Dg because the
point (dy,d3 ,.,) can lie above the hyperbolas C; with j < jo, see Lemma@ on pyg. Therefore

the case jo > 1 is not included in the last statements of Theorems[11), [13

The situation for small ||s1||p~ is sketched in Fig. Full black lines are the curves C;.

yi U V2 g W

Figure 4.1: Sketch of hyperbolas for Dirichlet/mixed problem with unilateral terms.

Dashed black lines are lower bounds to the largest critical points of the system 7 given
by the expressions in 7 which depend continuous on d; except the points dy = y;, for all j € N.
Grey filling marks an area in Dg containing critical and bifurcation points of the problem ,
(1.10) and (1.14)), (1.10), respectively, see Corollary [ Lemma [20] and Theorem [13] below.

Theorem 12. Let dy € (0,y1)\ {y;| j =2,3,---} and let (2.10), (2.21), (2.27), (2-29), (2.51),
be fulfilled. If the point d3* from Theorem is positive, then it is the largest bifurcation

point of the problem , .
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4.2. Systems with Dirichlet or mixed boundary conditions

Let use denote

S = {(da,u,v) € R x WE(2) x WH2(Q) | (u,v) # 0 is solution of (T.14), (L.10) with fixed d; }.

Theorem 13. Let dy € (0,y1)\{y;| 7 =2,3,---}, let (2.10), (2.21), (2.27), (4.1] l be true and
let the multiplicity of the critical point d9 max b€ odd. Then for any sufficiently small ¢ > 0 there
exists Ts > 0 such that if ||sx||L= € [0, TS) then dg max — € < dy' and there is a global bifurcation
point db € [d) ‘max —¢&,dY] of the system (u), with fized dy in the following sense. The

connected component ydg of & containing the point (d5,0) satisfies at least one of the following
conditions:

1. Sg is unbounded,
2. there exists (u,v) € W5(Q) x WH(Q), (u,v) # (0,0) such that (0,u,v) € Sy

3. there exists a critical point d§ ¢ [dS .. — e, d5'] of , with fized dy such that
( 5?070) € ydg

If, moreover, dy € (y2,y1), |||z > 0,[s_||z > 0 then (di,d5) € Ds.

Proof is postponed to next section. It will be seen from it that “sufficiently small €” means
e € (0, min(d3 yaxs (@9 nax — d94,)/2)), Where kg is such an index, that dj , is the second largest

critical point of the system (1.12), with fixed d;. Especially if dy € (y2,y1), then dg,ko <0
and therefore (d .. — dg,ko)/Q > d3 ok /2. Thus e can be taken from the interval (0, dg,k0/2).
See also Fig. and the comment below the formula .

If s =0, then it is known that the global bifurcation is exactly at the point dy* = d2 max
can be proved by using Rabinowitz Theorem (see Appendix).

To summarize, Theorem @ gives a local bifurcation from the point dj* for skew-symmetric
systems. Theorem (13| gives for systems with general nonlinearities with small ||st|/L~ a global
bifurcation from a bifurcation point located in the interval [df .. — ¢, d3'], where ¢ is sufficiently
small and it is neither excluded nor guaranteed that the bifurcation is in the point d3*. Let us
note that there is no explicit assumption of the size of ||s4 ||~ in Theorem [12}

The following Theorem is an application of Theorem |§| to the system (]ﬁ , .

Theorem 14. Let d; € (0,y1), let (2.27), (2-29) be fulfilled. Assume that g+ (z,vF) = sy (z)vF(z)
with some s € L*>(Q). Let d§ > 0 be a simple critical point of (1.12 (-) with fized dy. There
exist 9 > 0, R > 0,9 > 0, neighborhoods U,V C 7= 2( ) of zero and amap F:V — U such that
for any sy with ||sx|lLe < 70, |[St|lzee + ||s=||Lee > O the following assertions are true:

(a) There exist four Lipschitz continuous maps dg ,dy : [0,R] — Ry,vy,v_ : [0,R] — V, for
which the following holds:
A pair (u,v) € U x V is a solution of (-) 11.10 wzth dy € (d§ — 0,d5] and with fized dy
if and only if u = ()andv—rv+ ), 2—d2 orv =rv_(r), do = d5(r) for some
€ (0,R]. The numbers dj (0),d5 (0) are the only crztzcal points of (-) 1.10) with fized
dy in (d5 — 6,d35], the respective eigenvectors are v4(0),v_(0). Moreover, (ds (0),v4(0)) #
(d5 (0),v-(0)).

(b) di (0),d5 (0) converge to d§ as ||sy|ze~ + ||s_||n= — 0.

(c) Let (dv,d3) € Cg and let be true. If ||sy||n= > 0, then (di,d3) € Ds, if ||s_|/z~ > 0
then (di,d5 ) € Dg.

Remark 26. This theorem gives an existence of bifurcation points for the system ,
with unilateral terms sy having sufficiently small L>°(Q) norm and with the parameters dy,ds
close to a simple critical point (d1,d3) of a system , 11.10). For given nontrivial s, the
branches of parameters and bifurcating solutions are Lipschitz continuous, isolated and separated
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4.2. Systems with Dirichlet or mixed boundary conditions

(the separation follows from the assertion (a) of this theorem). If one assumes the unilateral
terms s+ (7)(x) := 75+ (x), with sufficiently small positive parameter T and with 5+ given functions
independent of T, then it would be possible to prove even the Lipschitz continuity of the points d;t
w.r.t. parameter T, see Remark[23

The main distinction against previous two theorems is in the assumption of simplicity of
(d1,d3), and on the other hand there is no requirement on the mazimality of d5. Therefore
the theorem can be applied also on the simple critical points of , with fized dy €
(0,92)\{ys," -+ } lying on CE, giving the critical points of ({1.16)), in Dg. The existence of
stationary solutions in Dg will be verified by numerical computation in Section [3

Note also that the assumption di € (0,y1)\ {y]‘ j=2,3,--- } is here weaken to di € (0,y1).

4.2.1 Proofs of Theorems [11] - 14
Let us begin the proofs with the essential lemma about the operators 3% defined in (2.20).

Lemma 21. The operator B := 87 + 5~ is positively homogeneous Lipschitz continuous and

satisfies . If (2.21] (-) is true, the operator BT + B~ satifies . The operator ST + B~
satisfies (3.19) for any vy € W), |Jvo]| = 1.

Proof. The positive homogeneity follows from the deﬁnltlon and the condition (3.2) for B* follows
directly from the definition and - The condition and Lipschitz contmulty of B% were
proven in Lemma [3] The first assertion of this Lemma now follows from it.

We will show for the operator 8~ and for any v € H. The proof for the operator 3% can
be done similarly.

Let t € R and v,h € Wll-)’Q(Q) be arbitrary. We introduce the sets ch,ch,ch, such that
Qu, UQ, UQ, = Q and

lv(x)] < |th(z)| for a.a. x € Qup,
th(z)| <wv(x) for a.a. z € Q. (4.6)
v(z) < —[th(z)| for a.a. x € Q).

Then

v (z) =0 foraa. x€Q), v (z)=—v(x) foraa ze€Q,,
(v+th) (z) =0 foraa. z€Qf, (v+th) (z) =—(v(z) +th(z)) for a.a. x€Qy,
2

[(v(@) + th(z)"]” < (v(z) + th(z))? < 4t?h(z)?  for a.a. z € Q.
(4.7)

Hence,

and
(B~ (v+th),v + th) :/s_(x) [(erth)’]2 dx =
Q
:/_ s_@@+th)? dx+ [ s_(2) [(w+th)"]? dx=

Qin

:/_ s_(z)v? dx+2t/_ s_(x)vh dx+t2/_ _(x)R? dx—l—/Q s—(x) [(v—i—th)*]2 dx.

th th th
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4.2. Systems with Dirichlet or mixed boundary conditions

This means

(B~ (v+th),v+th) — (87 (v),v) =

= 2t/ s—(x)vh dx + t2/ s_(x)h? dx —I—/
Q. Q Qep
= —Qt/ s_(z)v~h dx—/ s_(z)(v7)? dx+t2/ s_(x)h? dx+
Q Qin

Qi

s—(z) [(v —l—th)‘]Q dx —/ s_(z)(v7)? dx =

th Qep

+ /Slm s_(z) [(v+th)~]" dx+ Qt/ s_(z)v"h dx = 2t(8(v), h) + Pg(h, 1),

QHL
where
Do (h,t) := t2/ s_(x)h? dX—|—/ s—(x) ([(v —|—th)7]2 — () + 2tv*h) dx. (4.8)
Q. Qin
To finish the proof we will show that
—3C%||s_||L=||h|]*t? < ®o(h,t) < TCH||s_||L=|h||*t?, forallte R, (4.9)

where C is a constant from embedding W5 () < L2(£2), from this follows lim; o ®o(h, 1)/t = 0.
Using (4.6 and (4.7)), the individual terms in ®( can be estimated

0< t2/ s_(2)h? dx < CLE2s_ || |12,
2
0< / s_(z) [(v+th)™]? dx < 482[}s_| g~ / h? dx < 4C%82||s_|| o || h||%,
Qin Qip
—ECH s o~ P < - [ s @) dx <0,
Qen

—nﬂ%wmeWS%/ s_(@)vh dx < 220 |ls | = |12

th

Addition of these inequalities gives (4.9)). Hence, 8~ fulfill (3.15).
O

Proof of Theorem[11] Since {ej}xen is an orthonormal base in WBQ(Q), see Notation (1} for any
v e WS2() there exists {&} € ¢2 such that

oo
v = Z 51'61'.
i=1

As Sey, = MY er by (2.38) we get
sup (Sv—B7(v) = BT (v),v) =

vEW L (Q),]lv]=1

<S <§1 fkek) ’32 §j€j> - <ﬂ <1§1 Skek) + B+ <§1 £k6k> ,]2 €j€j>

= sup 5 —
{&;}ee\{0} o
> i€
Jj=1
o) =) > B x +
Z /\39532 + Z 5]/ (Z §k€k> S_ — (Z fk@g) St | €5 dx
=1 g=tJe\ \p=1 k=1
= sup = o d;n
iyee2\{o
{¢;yee2\{0} j;l §j2

(4.10)
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4.2. Systems with Dirichlet or mixed boundary conditions

Now we will prove the estimate (4.3). Due to (2.21)) we have
—(B"(v),0) = / s—(z)v7v > —|[s_ ||l / v? = —|ls- |z (Av,0),
Q Q

(4.11)
(B (0)0) = — /Q s (@)@H)? > — syl /Q 0 = — |54 ]|z~ {Av, 0)

for all v € W}*(Q). The eigenvalues of the operator S — ||s_||p~A — ||s4 ||z~ A are

_ lsllze + sz~
KR ’

cf. (2.38) and Lemmall] By use of (7.18) with S := 5 — [|s_|[L=A — ||s4 || A we get

S_|lpe +||s oo
p (- Lol tloalin)
N Ry

If the last supremum is positive, then it is the maximum. If it is equal to zero, then no maximizer
exists, cf. Remark The first statement of Lemma [21| and the formulae (4.10)— (4.12) give

A

sup (Sv —||s—||lpeAv — ||54+] L= Av,v) = su
vEWS2(Q),]Jv]|=1 J€

dg’max =max )\JS = )\iax = max (Sv,v) > sup (Sv— B~ (v) — BT (v),v) =
JEN veWE?(Q),w|=1 vEWE2(Q),|lv]=1
—apz s (Su— (s llze + Isslle) Av,v) =
vEWS2(Q),]Jv]|=1
— sup (Af sl + ||8+||L°°) ' (4.13)
JjeN Kj

Hence, the upper estimate of dj* and a part of the lower estimate in (4.3) is proved. Due to the
definition of K and (4.10) we see that

dyt = sup (Sv—B"(v) =BT (v),v) > sup (Sv—pB (v)— BT (v),v)=
veWS (@), lv]=1 vek,lwl=1
> A€
7j=1

sup  (Sv,v) = sup =
vEK, ||w||=1 & €2\{0} 2
XJ:EJ‘GJ‘GK z; &

Y

which finishes the proof of .

We will verify that the assumptions of Theorems are fulfilled the positively homogeneous
operator B := 3~ + 81 and the operators S := S, A =0, N/ = 0. The assumptions f from
Section were already verified, see Lemmas @ The assumption is fulfilled trivially.
The equality together with assumed positiveness of d* yield

sup (Sv— B~ (v) — BT (v),v) >0,
vEWE2(Q), o]l =1

ie. is fulfilled and according to Theorem |4 the maximum in (3.16]) exists and is positive.
Lemma [21| guarantees that 1} is fulfilled for any vy € W;)’Q(Q). Theorem |3| gives the existence
of v, ||vo|l = 1 such that

AS—B7-BF _ max (Sv =B~ (v) = T (v),v) = (Svo — B (v0) — 7 (v0),v0) >0 (4.14)

max 12
veW L2 (@), [lv]=1

is the largest eigenvalue of the operator S — 3% — 38~. Now it follows from (4.10)) and (4.14) that
the supremum in (4.2)) is maximum, i.e. (4.4]) is proved. Due to Corollary from pg. the point
o= AS—B7=B" i5 the largest critical point of the system | , 1D with fixed d;.

max
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4.2. Systems with Dirichlet or mixed boundary conditions

If di € (y2,y1) then A3 =AY, A9 is simple and the corresponding eigenfunction of S is

e1. Since e; has a constant sign in 2, see Lemma [I] on pg. we get under the assumption
[s|e >0 and ||s_| L= > 0 that

(B (ex) + B (1), ex) = / s4(@)(e) + s_(@)(e)? dx > 0.
Q

Let vg be from . If vy # e; then (Swp,ve) < A3 by Remark and
(Svo, vo) — (B (vo) + B (v0), v0) < Ajax-

If vg = ey then (Svg,v0) = A5, (B~ (vo) + B (vo),v0) > 0 and therefore
(Svo, vo) — (B (vo) + B (v0), v0) < Ajax-

Summarizing, we get

dp = max  (Sv— 5 (0) = BH(0),0) < AS = dd,
veH, [lvf=1
which together with the assumption d5* > 0 implies (dy, d5*) € Ds. O

Proof of Theorem[13 The assumptions 7 from Section were already verified, see Lem-

mas 2] [3] [6] 2I] Theorem [T}

We have
_ _ _ 1
(B™(v),¢) = —/QS—(x)v o dx < [[s—|[ze=llv7 [|z2lellz2 < EIIS—IILOOIIUHII@II-

This implies
_ _ 1
18~ ()l = sup (B (v),90>§;1||8—||Lwllv||~

PeW L (Q),llell=1

Similarly for 37 and therefore
_ 1
(8= +8%) ()] < ror Us=llzee + llsllze) 1o

We assume that dg’max has an odd multiplicity. Let us remind here the definition of A58 A

from . The eigenvalue \J = dgﬁmax has an odd multiplicity, see Remark |8 and therefore
it follows from Theorem [§8] and Observation |4 with B := = 4+ 8T, := N, S := S that for any
£ € (0,min{A\>_ (A3 —\5)/2) there exists 7p > 0 such that if ||s_|| 1, [|s+ | 1= < Ts := 70/(2K1),
then A5, — e < A58 =" and there is a global bifurcation point A, € [AS,, — &, A58 =A7] of

max max max

the equation

A —Sv—N@)+BT(v)+B8 (v)=0

in the sense of Theorem E The formulae || and 1) imply that )\i;fffﬁ = d3'. Due to
Theorem and Corollary db =Ny € [dY e — &, dD] = [N, — 2, AS287 A" is simultancously a

max max

global bifurcation point of the system (1.16)), (1.10]) with fixed d; in the sense of Theorem O

Proof of Theorem[14 The proof of this Theorem is an analogue of the proof of Theorem [17] with
A =0 on pg. and therefore it will be skipped. O

Proof of Theorem[I]} The proof of this Theorem is based on application of Theorem [J to the
equation

dov — Sv + 81 (v) + B~ (v) — N(v) = 0. (4.15)
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4.3. Systems with Neumann boundary conditions

Then, according to Theorem [I} the conclusions for this equation will be true also for the problem
T3, ([0,

Let di € (0,91)\ {y]| j=2,3,---} be fixed. To apply Theorem |§| it is necessary to verify its
assumptions. The assumptions ({i)—(viii) from Section were already verified, see Lemmas
@ According to Lemma [21| and Theorem [1| the operator 8 := 3~ + 37 is Lipschitz continuous
with a Lipschitz constant L < k7 *(||s1|lz~ + ||s_|z=), which gives (A]) from Notation |§| and
according to Lemma N is O operator with N’(0) = 0, which gives (B|) from Notation @ Since
1 ¢ o(A), the assumption from Notation [f] is not applicable here.

The point dj is simultaneously a simple eigenvalue of S, see Remark |8} The assertion @ of
Theorem [9| now gives the maps dzi, v+, which are Lipschitz continuous.

The C*'—continuous map F' and sets U,V can be obtained from Theorem |1f and if necessary,
we will take the sets U, V smaller. According to Theorem[I] pairs (F(rv+(r)),7v+(r)) are the only
solutions of , with do = d (1) and with fixed d; in U x V.

If |ls_ |z Z 0, then clearly B~ (v,) # B~ (—va) and if ||sy = # 0, then 6% (v,) # B+ (~vy).
In conclusion, because at least one of s1 has a positive L> norm, we get S(vs) # B(—wvs), and in
particular, (dg (0),v4(0) # (d5 (0),v_(0)). This finishes the proof of (a).

Since |B| = 0 as ||s4 ||z +[|s— || — 0 and norm of 3 is smaller than its Lipschitz constant L,
the point () from Theorem [9| now gives (b). The assertion (c) is a consequence of (d)) of Theorem

O

4.3 Systems with Neumann boundary conditions

Analogously to Dirichlet case the problem with Neumann b.c. was rewritten as a system
of two operator equations (2.56) on W12(Q) x W12(€), see Section and in Section m this
system was reduced to (2.62)), where the first equation with the symmetric linear compact operator
S has again only on one variable, one fixed parameter d; and one bifurcation parameter d,. The
eigenvalues of the linear equation (2.59)) were found explicitly in , and these eigenvalues are
simultaneously critical points of with fixed d; and Neumann b.c. The situation is more
complicated here, because the operator (I — A) at the bifurcation parameter ds in is not
isomorphism.

Notation 8. In this section we will use the notation and assumption from Section[2.1 In addition,
Kk are the eigenvalues of the Laplacian with Neumann boundary conditions. The eigenvalues of the
operator S are denoted by )\f, and were found explicitly in the formula . The critical points

of with fixed di and Neumann b.c., are denoted by d(z),/w see , the largest critical point
is denoted by dJ For the definitions of critical and bifurcation points see again Definition @

2,max"
on page @ We will assume in the whole section that U'p = 0, i.e. the system has Neumann
b.c. Under the term solution we will always mean the weak solution.

By analogy with Dirichlet case, we define here a set
K:={veH| g*(v)+B (v)=0}.

Theorem 15. Let di € (0,y1)\ {yj‘ j=2,3,---} and assume , and

m(Q)det B 1, () det B
1>max{“ () det B i (€2) de } (4.16)
butlls—llzs ™ bualls4llre
Then the maximum
0o 00 - o] +
S [ (z 5) . (z 5) | e di
dy = max — — € (0,00), (4.17)
{&ree2\{0} ioj kj £2
j=0 14K
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4.3. Systems with Neumann boundary conditions

exists and is positive, and it is the largest critical point of with Neumann b.c. and with
fized d; .
If dy > y1, holds true and

b11b22
det B

min( g, (ess supp(sy.)), fim(ess supp(s_)))
fon() 1+

then there exists d > y1 such that is true also for di > dY and d3' is the largest critical
point of with Neumann b.c. and with fixred di. Moreover, (d1,d5*) € Dg and d5* depends
continuously on dj.

)_1, (4.18)

Let us shortly comment this theorem. The operator S has for all d; € R the eigenvalue

b12b b11baa — b12b det B
_1221+b2_1122 12021  de >

A = (Seq, eq) = 0, (4.19)

11 b11 b11

as can be seen from , , . This is in a contrast to Dirichlet/mixed problem, where
for d; > y; the operator S has no positive eigenvalue. The respective eigenfunction to \§ is €.

If the largest critical point d3* of with Neumann b.c. exists and is positive, any corres-
ponding eigenvector v, satisfies

(Svo — B~ (vo) — BT (v0), vo)
((I — A)vg, vo) -

dy' = (4.20)
Let

Ug ‘= blgA(dll — (dl —+ bll)A)il’Uo.
Then it is easy to see that (ug,vg) is a solution of (1.16)) with Neumann b.c. and parameters
(dl ) dgn)

It should be emphasized that for the linear problem ((1.12)) with Neumann b.c., without unilat-
eral sources and with d; > y; there is always d3* = 400 and all other critical points are negative
and therefore there is no critical point in a set (y1,00) X (0,00), see [ on pg. [7] which is true also
for Neumann problem. However, as the theorem demonstrated, it is no more true for a problem
with unilateral sources and there are systems ([1.16) with Neumann b.c. having positive critical
points even for d; > y;.

The proofs of some assertions of this and the next theorem are based on results of paper [14].
This paper concerns with the variational inequalities. The authors work with the convex cone

K:={veW"?(Q)|v=0ae inQ, CQ v=0ae in Q_ CQ}.

Under the assumption eg ¢ K U (—K) and dy € (0,y1)\ {yj| j=2,3,---} the number

= maXxX

dm,K <S’U, ’U>
2 veEK,v#£0 <(I — A)’U, ’U> ’

where the operators S, A are the same as in our text, is the largest bifurcation point of the following
variational inequality with fixed d;:

findueHve K:
dl/Vu-V¢—b11uq§—b12v¢:0,
Q
dg/ Vo V(p—v)—=bau(p —v) —bav(p—v) —n(v)(p —v) >0 forall p € K,¢ € H,
Q
(4.21)

with n(v) satisfying the growth condition (2.4]). The assumption (4.16)) is there formally fulfilled,
since ||s4| 1 are formally equal to plus infinity.
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4.3. Systems with Neumann boundary conditions

The assumption is a requirement on sufficiently large unilateral terms, more precisely it
is expressed by the ||s ||z in the denominator. This goes against the assumptions of Theorems
from Dirichlet /mixed problem, which require unilateral terms with small ||s4||~ norm and for
this reason some of the results for Dirichlet/mixed problems are significantly different compared
to Neumann problem.

The assumption is taken also from the paper [I4], it is a requirement on sy, which
should have sufficiently small essential supports. A theorem about the existence of a branch of
bifurcation points for d; > y; is proved there and the statement in following Theorem @ is an
analogy of it for our systems. However, in the discussed paper [I4] a monotonicity of the branch
w.r.t. di is proved, but the attempts to modify it to our problems have been not successful, due
to the nonlinear terms represented by S%.

Theorem 16. Let (-) (.) l be true. There exist d) > y1 and constants
Chm, Cpr > 0 independent of dy such that for any d1 > dY the point d3* from Theorem. satisfies

Cp < dy' < Cyy. (4.22)

Theorem 17. If (2.27), (2.29), (2.51) are true and d3* from Theorem exists, then it is the
largest bifurcation point of with Neumann boundary conditions and with fized d .

The situation from Theorem [17]is visualized in the Fig. There exists a continuous curve
of bifurcation points to the right from all hyperbolas deep in the set Dg.

ds C,
O
C’m / :
y:4 93 Y2 y:1

dy dy

Figure 4.2: A sketch of first four hyperbola segments in R for Neumann problem and sketch
of the branch of bifurcation points from Theorem [I7] and bounds C,,, Cps from Theorem [I6] The
critical and bifurcation points in Dg from Theorems are painted by the blue line.

The following theorem is an analogue of Theorem

Theorem 18. Let d; € (0,y1), let (-) and I Assume that gi(m vE) = sy (x)vE(z) for
some sy € L*°(Q). Let d§ > 0 be a simple cmtzcal pomt of (1.12 with fived di. There
exist 7o > 0, R > 0,0 > 0, neighborhoods U,V C WD 2(Q) of zero and a map F:V — U such that
for any s+ with ||si||Loo <70, ||s+llpee + [|s=|lLee > 0 the following assertions are true:

(a) There exist four Lipschitz continuous maps d ,dy : [0,R] — Ry,vy,v_ : [0,R] — V, for
which the following holds:

A pair (u,v) € U x V is a solution of (-) wzth dy € (d§ — 0,d5] and with fized dy
if and only if u = F(v) and v = rvy(r = or v =rv_(r), do = d;(r) for some
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4.4. Proof of Theorems

r € (0,R]. The numbers dg (0),d, (0) are the only critical points of , with fizved
(d3 (0),v4(0)) #

dy in (d§ — 6,d35], the respective eigenvectors are v4(0),v_(0). Moreover,
(d5 (0),v-(0)).
(b) di(0),d5 (0) converge to d§ as ||s||ze~ + ||s—||ne — 0.

(c) Let (dy,d5) € Cg and let be true. If ||sy||n~ > 0, then (di,d) € Dsg, if ||s_||r~ >0
then (di,d5 ) € Dg.

4.4 Proof of Theorems 15HI§

This section will begin with the analogue of Lemma [21] for the operators 8% defined in ([2.55).

Lemma 22. The operator B := 8% + 5~ is positively homogeneous, Lipschitz continuous and

satisfies (5.1]). If is true, the operator ST + 8~ satifies . The operator B satisfies
satisfies for any vy € Wé’Q(Q), llvoll = 1. The operator S satisfy .

Proof. The proof is the same as the proof of Lemma [21] therefore will be skipped. O

Proof of Theorem[15 To apply Theorems [3] [ it is necessary to check their assumptions. The
assumptions 7 from Section were already verified, see Lemmas |§| (which can be
easily modified for the operators on W?(Q)) and Lemma [22] Theorem

The operator A is a linear symmetric compact operator with o(A) C [0,1] and 1 € o(A) is a
simple eigenvalue with the eigenfunction ey, which is constant. Since we have fixed eg > 0, ||eg|| =
1, value of eg is (4m(2))~1/2 in the whole Q. Therefore A is compliant with from Section
Set B= 3 := T + B~. Use of the definition of ey leads to

L e Bl v L [y e = =l
(Bleahvca = e [ s2l) dx= L (5(e)—eo) = [ 5-(0) =l

which implies eg ¢ K U (—K), otherwise (4.23) would not be true. The assumption (3.4]) will be
verified later in the proof.
Now we will check the assumptions of Theorem (] Since

det B
bir

<S€O, 60> =

see (4.19)), the assumption (3.22) is fulfilled when

det B det B }
bi1(B(eo), e0)” br1(B(—eo), —eo)
By using the (4.23) the assumption (4.24) can be rewritten as

1m () det B ,um(Q)detB}
burlls—[li 7 bullsellr S’

1> max{ (4.24)

1>max{

which is (4.16)). As (4.16]) is equivalent to (3.22), the assumption (3.4) is true. Similarly to the
proof of Theorem

. (Sv— B(v),0)
B= S T Ay

o0 - [e'e) +
Z )\Jsfj +/ (Z §k€k> S_ — (Z fkek> S+ | €5 dx
j=0 Q =0 =0
= sup .

 {erer\(0) 0
J;O

Iij 2
14+ Iijgj
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4.4. Proof of Theorems

When d; € (0,41)\ {yj‘ j=2,3,---}, Lemma 4.1 [I4] gives the existence of ¢ € K for which the
assumption is fulfilled, and therefore (3.20]) is fulfilled as well. Let di > ;. It follows from
[14], Section 4.2, that under the assumption (4.18)) there exists df such that for any d; > d{ the
assumption is fulfilled and therefore ((3.20) is fulfilled.

The operator 3 satisfies ; see Lemma Theorems now give the claim.

The proof of continuous dependence of dy* on d; is analogous to the proof of Proposition 5.3
in [I4]. O

Proof of Theorem[16 The assumptions (4.16)), (4.18)) guarantee the existence and positivity of d3
for any d; > d?. The proof of the existence of Cj; is based on the Theorem |5l As a first step it is

necessary to find the constant C, C for the operator B = 3 := Bt + B~. Since the proof of Lemma
is the same as the proof of Lemma the constant C' can be chosen

~

C:=14Cx(||s_ ||z + |54l 2=,

where O is a constant of the embedding W12(Q) — L2(Q), as follows from (4.9) applied to
B = BT + 7. The constant C can be computed from its definition (3.29)) as

det B ||s_|l1 detB s+ }
C = —max — , — .
{ bir  pm()7 b pm(Q)

The constants C, C are independent of d;. It should be reminded that 1D is supposed to be
fulfilled and therefore d5* is finite. Let us use a symbol S(d;) to emphasize the dependence of the
operator S on the parameter d; and make a limit d; — oo. Then

. . . 1 b12b21
] =1 o =1 =
150 =, i )= | ()
A 1 —det B bggdlﬁk
= ] 4.25
dll)m+00 géaN}é 14+ kg |dikk — b1 dikg — b1 | — ( )
det B
< o +‘b22|:)\g+|b22‘22 Co > 0.
Now we have to find a constant C' > 0 such that for the function
)
~ 2
—(1S(d)| + 18) + ((S(d)] +181)> + C(€ +|5(@)]))
fldy) =1+ , (4.26)

(C+1S(dy)])

where ||, CA', C' are independent of dq, holds

lim f(d) < C.
d1~>oo
Since f is continuous, it will be possible to find suitable Cy and d{ such that f(d;) < Cy for all

dy > d. The function 1 + 272 is decreasing on the set [0, 00). Hence, it suffices to find a suitable
lower bound for ¢qg. Using (4.25)) it can be estimated

Nl=

=S|+ 18) + (@) + |8 + C(C +IS(@))) "
o C+I5(d)] )

NECEEN C(C +18(d]) 8 (_ 06 \*\ _
= Gt 5] 1+<1+(|S(d1)|+|5|)2> 2 e 6 1+(1+Co+|ﬂ|> B

Nl=

=: él > 0.
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4.5. Problems with unilateral terms on the boundary

This estimate does not depend on dy, hence, (4.26) is fulfilled for C := 1+ C~’f2. Since the second
largest eigenvalue of A is 1 — (1 + k2) ™! = kao/(1 + k2), the final form of the estimate is
(S(d1)v,v) — (B(v),v)

. = k2 S
1 <C A baal).
dll—I)noo vEH\%»l;)a;x)rcl{eo} <(I — A)’U, ’U> T 14 ke ( ot ‘ 22|)

Since the r.h.s. of the last expression is independent of dy, it is possible to find d? > y; and
constant Cs such that for any d; > df the number d3* satisfy dj* < Cps. This is the upper bound
for d5’. Lower bound can be obtained under the assumption (4.18]) by choosing a suitable v € K,
see formula (4.7) in Section 4.2 in [I4].

O

Proof of Theorem[I7 In order to use Theorem [§ it is necessary to verify all of its assumptions.
The points 7 from Section were verified already in the proof of Theorem the point

follows from ([2.3)), (2.4)), cf. Lemma
The reaction-diffusion system ([2.56)) can be reduced to an equation

do(I — A)v — Sv+ B(v) — N(v) =0,

and since (2.27), (2.29) and (2.31) are supposed, the operator N has the potential ®p, see
Lemma The operator B has potential due to Lemma The operator S has the po-

tential because it is symmetric. Since N, S are compact and [ satisfy , the functional
®(v) = 3 ((Sv,v) + (B(v),v)) + ®n(v) is weakly continuous. Since ((I — A)vg,vo) > 0, where vy
is an eigenvector to dy’, see ([£.20), clearly vy ¢ Ker(I — A). The statement that d3" is the largest
bifurcation point of with Neumann b.c. and with fixed d; follows now from Theorem O

Proof of Theorem[18 First step is to rewrite the weak formulation of the system (1.14)), (1.10) as
one operator equation

do(I — A)v — Sv+ BT (v) + B~ (v) — N(v) =0, (4.27)

using Theorem
Since Seq = Ajeo, where \§ > 0, see (4.19)), the assumption from Section |§| is fulfilled.
Now the rest of the proof is the same as the proof of Theorem O

4.5 Problems with unilateral terms on the boundary

In this section, we will always assume (2.1))—(2.4), (2.68]), (2.69). We will also use the operators

Bﬁ, éf, from Section and because the essential supports of si are disjoint, we can define the
following cone.

Definition 9. A closed convex cone Ky will be defined by

Ky ={p e H| B (p) + By (v) = 0}.
The following theorem is an analogue of Theorems

Theorem 19. Let di € (0,31)\ {yj| j=2,3,---} and , be true. The estimate

with d3*, K and ||st| e replaced by

[e'e] - oo +
[ee] [ee]
> )\jssz' + fj/ (Z §k€k> S — <Z£k6k> sy |e; dS
- J=1 j=t JIy k=1 k=1
d3' == sup = . (4.28)
N2
{¢; ee2\{0} ]glgjz
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4.5. Problems with unilateral terms on the boundary

and Ky and Cr||s+||p~(r,), respectively, is valid, where Cr is a constant from the embedding
W5(Q) <= L2(9Q).

If d3* is positive, then the supremum in s mazximum and (25“ is the largest critical point

of the system , with fized dy.

If (2.27), (2.29), (2.31) is true, then czgl is the largest bifurcation point of , .

Let 422]) be true and let the multiplicity of d3 be odd. Then for any sufficiently small € > 0
there exists T, > 0 such that if s_,s4 € L™(C'n), ||s+| o (ry) € [0,75) then dJ —e < d5* and there
is a global bifurcation point db € [d9 — e,dy"] of the system . in the sense of Theorem
[13 If di € (y2,31), lIs—Il=(rn)» 55 ]L=(ry) € (0,70) then (d1,d3) € Ds.

Theorem 20. Let dy € (0,y1)\ {y;| 7 =2,3,--- } U (y1,0), let pn—1(Tp) = 0 and let

1 > max { fom—1(092) detB’ fm—1(09) detB} . (4.20)
bulls—llzraa) = buills+ L an)
The point
0o ) e N 0 +
> )\Jssz'f‘ fj/ (ka%) S — (Z&cek) sy | e; dS
=1 i=1 " Jea \ \iZ pt
dy = " }m%}i{o} = . (4.30)
ir€
nggjz

is positive and it is the largest critical point of the problem (2.71), (2.78). Assume (2.76), (2.77).

If is true, then it is the largest bifurcation point of the problem (2.66}), (2.74).
Moreover, there exist Cy,,Cpr,d) > 0 such that for any dy > d° the point d5* defined formally

by satisfy

Cn, < dy < Cyur,

and if (2.27), (2.29) are (2.31)) is true, it is the largest bifurcation point of (2.66)), .

An analogue of Remark [ applies here as well. Let us remind the Section which contains
a guide to abstract formulation of these type of problems.

4.5.1 Proofs of Theorems [1920]

Proof of Theorem[Ig An analogue of Lemma can be proved. The operator B := 8% + By
fulfills 1) due to the compact embedding W;~(Q) << L?(9%). For the proof of |D with
B := B, we introduce sets I');, , T';,,I'f", [y such that Iy =T, UT';, =T§ UTy,

(vo +th)(z) <0 for a.a. z €Ty, (vo+th)(z) >0 foraa. zel},

vo(x) <0 fora.a. xely, vo(x) >0 for a.a. x € Ty,

and 'yp1, Ding, Dins such that Ty, = Ty ULhe, T'g = Dt U Dips,

vo(x) < —th(x) and vo(z) < 0 for a.a. © € Ty,
vo(x) < —th(x) and vo(z) > 0 for a.a. © € Typa,
vo(x) > —th(z) and vo(z) < 0 for a.a. x € Iys.
Similarly for the operator ﬁ;. Then we can follow the proof of Lemma The proof of the first

part of Theorem [I9]is now almost the same as the proof of Theorem To prove the second part
of Theorem [I9] we will use Theorem [§]in the same way as in the proof of Theorem [I3] O

Proof of Theorem[20, The proof is an analogue to the proof of Theorem It can be verified
that the condition is equivalent to . According to [I4], Lemma 4.1, the assumption
is true for any dy € (0,y1)\ {yJ’ j=2,3,---} U (y1,00). The remaining assertions can be
checked in a way similar to the proof of Theorem

O
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4.6. Systems with Neumann boundary conditions on C*! domain

4.6 Systems with Neumann boundary conditions on C! domain

At the end of this chapter we are going to give a practical application of the Theorem Since
the assumptions and notation are significantly different from the standard ones, this application
is considered as a stand-alone Section.

Let Q C R” be a bounded domain with a C'! boundary 92. We will study stationary states
of a system

diAuy + biiuy + bious +ni(ug,ug) =0 in (4.31)

doAuy + bauy + baous + na(ur,ug) =7 ([g+($a up)ua)t — [g_(a:,uQ)uQ}*) in Q,
8u1 o 8u2 -

where 7 > 0 is a parameter. We assume that
(i) n1,m2: R? — R are C? functions and n;(0,0) = ns(0,0) = 0, 9;n;(0,0) = 0 for all i,j €
{1,2},

(ii) g+(-,u) are measurable for all u € R, g4 (-,0) € L>®(2), and for any ¢ > 0 there exists L > 0
such that |g+(z,u) — g (z,v)| < Lju —v| for all z € Q and u,v € [—¢, ] and g4 (x,u) > 0
for all z € Q and for all © € R.

Let us fix some p > n. Recalling that W2?(Q) < C(Q), see Theorem [22| in Appendix, we can

define Banach spaces
U = {(u1,u2) € WP (Q)]? | ([£:32) holds}

and
V= [LP(Q)}Q.

We say that U = (uq,us) is a solution of the problem (4.31]) with the boundary conditions
(4.32) if and only if U € U satisfies the equations (4.31)) almost everywhere in Q. We will suppose
that

(iii) (d9,d3) € R? are such parameters that the linear problem

diAuq + biiug + bigug =0,

4.33
daAug + bajug + bagus =0 (4.33)

with the boundary conditions (4.32) and (dy,ds) = (dY,d3) has up to scalar multiples unique
nontrivial solution Uy = (u1o, uzo) eU.

Remark 27. For a good physical interpretation, let us assume again , . Then hypo-
thesis (iii) holds if and only if there is a unique j such that (dY,d3) belong to the hyperbola

Cj = {(dl,dg) S R2 | (Iijdl - bll)(lide — b22) = blgbzl}.

This means that (dY,d3) does not lie on an intersection point of two different hyperbolas Cj,
and the eigenvalue k; of —A is simple. In this case, uso is a corresponding eigenfunction and
Uy = (p;ﬁu% In fact, the last assertion hold also if we relax the assumption 2 (.) to

b12b21 75 O, det B = b11b22 — b12b21 7é 0. 4 34)

The proof is almost the same. Consequently, also in Theorem it is possible to replace ,
by (3D

Theorem 21. Let di € (0,41 \{y]’ j=2,3,- } be ﬁxed Under the assumptions (i)—(iii) there

exist e > 0, § > 0 and Lipschitz continous maps di ,d; : [0,e] = R and Uy, U_: [0,¢] = U such
that the following is true.
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4.6. Systems with Neumann boundary conditions on C*! domain

1. (7,d2, (u1,u2)) is a solution to with ||+ |dg — d3| + || (w1, u2)|[w2r ()2 < 0 and u # 0
if and only if dy = dY+dF (r,7), w = riiy (r,7) ordy = dY+d5 (r,7), u = ri_(r,7) for some
r € (0,¢].

2. d$(0,0) = d (0,0) =0, Uy (0,0) = Uy, U_(0,0) = —Up.

3. Assume , , If

pm{z € Q| ugo(x) >0, g4(2,0) >0} >0 or pp{z € Q[ ugo(z) <0, g—(x,0) >0} >0
(4.35)
then .\
lim d2 (Oﬂ T)

T—0 T

<0
and if

tm{x € Q| ugo(z) >0, g_(2,0) >0} >0 or pup{x € Q| uxp(z) <0, g+(z,0) >0} >0
(4.36)
then )
tim 207 g

T—0 T

4. Assuming , let us introduce the numbers aq = bia(d¥k; —b11)™t, as =1, B =
bo1(dVk; —b11) ™Y, and B = 1 with k; from Remark. If at least one of or (4.36) is
true, then p from satisfies

2
sgn(p) = sgn(/ uso(z)? da Z 5kaiaj8ui8ujnk(0,0)>,
Q L~
i,7,k=1
Proof of Theorem[21] Let us introduce the operators F: U =V and G: U — V as
[F(dy, U)](z) = doyJAU(z) + DAU(z) + BU(z) + N(U(z)),
[G(U))(2) = [9+ (2, u2)ua] " — [g- (2, u2)ua] ™,

_(0 0 _ (b b2 _(dY 0
J(o 1)’ B(b21 b22)’ D<o S

and N: U — V defined by N(U)(z) = (n1(U(x)),n2(U(z))), the problem can be written as

with

F(dy,U) = 7G(U)

which corresponds to . Clearly, we have F' € C%(U, V). The operator G is Lipschitz continu-
ous on bounded sets. We recall that linear compact perturbations of isomorphisms are Fredholm
operators of index zero. If we choose u ¢ {ko,%1,...} then the map U — DAU + pDU is
an isomorphism of U onto V due to [23] Theorem 2.4.2.7]. We write 9, F(0,0) = DA+ B =
(DA + puD) 4+ (—uD + B). The operator in the second parenthesis is compact, and therefore
0, F(0,0) is a Fredholm operator of index zero. It is easy to see that V{ = (viy, va) is a solution
of the formally adjoint problem

d(l)A’Uik —+ bllvf + bgl?); = 0,
dgAU; + blg’Uf + bQQU; =0

if and only if V§ = (viy, v30) = (b]5 ba1u1o, u20), Where uyg, ugg is a solution of (4.33)), (4.32)). We
have 9; du F(0,0) = J and if we interpret V7§ as the linear functional (v, u) = [, (vipui+viguz) dx
for all w € U, then has the form

k= (Vy, JAUy) = — /Q Vuso(x)Vugo(x) dx = — /Q (Vugo(z))? dx <0,
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4.6. Systems with Neumann boundary conditions on C*! domain

which implies that (3.70) holds. We have

tim - ([g- (, rus)rus] ™~ lg+ (2, ru)ru]*) = lim 7(fg- Gz, rus)ua] ™ ~ [y (, run)us] )

= [g-(,0)uz]” — [g4(x,0)us] ™ = Go(7,U)

and therefore the assumption (3.72) is satisfied. The assumption ((3.74) is fulfilled due tofiil Hence,
all of the assumptions of Theorem (10| are verified. The relations (3.75) and (3.76) take the form

—
tig )~ =2 [ (g 0.0 (a)oiolie) = g o )y (o)) )
=+ | (5 0) (o) )? + 91 0. 0) (o @)])°)
tig 20— (g (0,0)(-usa(0)) o) ~ g 0) o) vin(o)) s
1

=+ | (5@ 0) ([l )? + 91.020) ()] )°) .

K

From these relations [3} follows. To prove 4l we use the C2-smoothness of V. Let us denote

7= [ i) violansgnio.o (400 (o) a

U20 (1‘) U220 (.’E)

with % N(0,0) denoting the bilinear map corresponding to the second derivative. Using the
relation between ug and v§ find that

7= [ (Bruo) 52u20(x))i (aiajauiauj (Z;ES%)) wso(w)? dx

2
= Z 5kaiaj(8ui8ujnk(0,0))uQ0(x)3 dx.
o Gak=1

Now we note that p = —0/(2k) and k < 0. O
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CHAPTER 5

Analysis of Schnackenberg system

The last step in the study of reaction-diffusion systems with unilateral terms is an analysis of one
specific system with two types of boundary conditions - either Dirichlet or Neumann boundary
conditions. The aim of this section is to show how to apply the theorems from Section [ to a
specific problem, namely to Schnackenberg system with homogeneous Dirichlet/Neumann b.c.,
and how to qualitatively study the patterns which result from the problem. The information of
pattern shape and size is significant for deciding whether the patterns have a biological meaning.
In particular, the knowledge of how the patterns are affected by the presence of the unilateral
terms could be helpful for investigation which systems in nature could potentially contain feedback
mechanisms that can be described by these unilateral terms. Since there are not rigorous assertions
about evolution and shape of patterns, the only possibility to study them is to approximate the
solutions of a specific problem by a suitable numerical method. This chapter is organized as
follows. The first section concerns with the critical points for linearized /homogenized Schackenberg
problem without/with unilateral terms and in the first subsection with homogeneous Dirichlet
boundary conditions, in the second subsection with homogeneous Neumann boundary conditions.
The conditions on Turing instability, plot of hyperbolas and explicit solutions for the problem
without unilateral terms are presented. The next section contains numerical solutions of the
nonlinear problem with (dy,ds) close to Cg. Since the set Cg is depending on the choice of
the boundary conditions, some of the critical points are chosen to capture this distinction. More
precisely, the point (dq,ds) € Cg with given d; has a different value of dy regarding to whether
we have chosen Dirichlet or Neumann b.c., see Tabs. Also the influence of unilateral
sources on the shape of patterns is studied. All results are discussed at the end of the chapter and
conclusions are made.

5.1 Setting the problem

In this section a problem which to be studied in the forthcoming sections will be introduced. We
have chosen the set © := (0, L1) x (0, Lg) with L; = 15, Ly = 10 for our experiments. The set 2 is
a bounded domain with the Lipschitz boundary. Schnackenberg model with unilateral sources is

%:dlAu+a7u+u2v,
85 (5.1)
5 doAv+b—v*v+s_(z)(v—7)" —sy(z)(v—7)T,

with a, b being positive parameters and

(u,v) = <a+b,(a+bb)2> (5.2)

being the steady state of this system. The parameters have been set to a = 0.1,b = 0.85. For
this particular choice the constant steady state (5.2)) is approx. (@,v) =~ (0.95,0.94). The source
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5.1. Setting the problem

functions s4 are chosen as

s_(x1,22) = T(exp (—0.25[(x1 — 12)% + (z2 — 7)?]) — exp(—0.25 x 2.25))x s, ; (12,7) (@1, 22)
s4(x1,@2) = T(exp (—0.25[(x1 — 3)* + (z2 — 3)?]) — exp(—0.25 x 2.25))x B, ;(3,3) (@1, T2)
(5.3)

where 7 € RT is a parameter. The symbol x denotes the characteristic function of the set in
the subscript and 7 measures the strength of the source. The reason for such choice is practical
- the supports of s+ are not active the entire domain and the source and sink have a symmetry
w.r.t. point reflections. Moreover, this function is continuous in 2. The interpolated plot of the
functions s+ can be found in Fig. n The source functions are continuous in R2.

Figure 5.1: Plot of function s + s_ with 7 = 1.

We shift the constant steady state to zero. Then the stationary solutions of (5.1) have to
satisfy

dyAu + —1—|—2—b u+ (a+b)%v+ 2(a+ b)uv + L—i—v u? =0,
a+b (a+b)? (5.4)

2b b
de Av — Y CEE + v> u? +s_(x)v” —sy(z)wt =0,

supplemented with the zero Dirichlet/Neumann b.c. and random initial condition (ug,vg) satis-
fying || (uo — @, vo — )| Lo () x L= () < 0.2. The homogenization of (5.4) results in the problem

u(a+b)2v2(a+b)uv<

d1Au + <1 + 2bb> u+ (a+b)?v =0,
at (5.5)

dyAv — anb“ (@t b0+ s (2)(0)" — sy (2)(0)F =0,

again with the homogeneous Dirichlet/Neumann b.c. Everything is prepared to verify that the
assumptions form Section are fulfilled for our particular system.

Proposition 6. Under the assumption b —a < (b+ a)® the system satisfies , .
Proof. The conditions

bh—
b1 = (a —|—Z> >0, b= —(a—l—b)2 <0, bizbay = —2b(a +b) <0,

b—a—(a+b)?

Tr B =b11 + b2 = @+

<0, det B=(a+b)*>0,
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5.2. Critical points and asymptotes of hyperbolas

are fulfilled if and only if b — a < (b + a)3. O

For the particular choice a = 0.1,b = 0.85 the assumption b — a < (b + a)® means 0.75 < 0.857,
which is true. The nonlinear part of the kinetics is

0.85
=19 2
n(u, v) uv + (0952 +v>

0.85
na(u,v) = —1.9uv — (O 952 +v> 2

(5.6)

Proposition 7. The functions ny,no defined by (@ satisfy the conditions (m and (2.4 (-)

Proof. The condition ({2.3)) follows directly form the definition. The conditions (2.4) are satisfied
by choosing p = 4. O

Proposition 8. The functions s+ from satisfy assumptions and .

Proof. The first statement follows from the fact that supports of s are open circles which do not
intersect. The second statement follows from ||s1| € L>(£2) and the positivity of the exponential
function. O

5.2 Critical points and asymptotes of hyperbolas

5.2.1 Dirichlet boundary conditions
We are going to study a problem (5.4) with homogeneous Dirichlet b.c., altogether it is

dlAu+(—1 a+b>u+(a—|—b)U+2(a+b)uv—|—((a+b)2+v)u =0,
doAv — 2 buf(aer) v—2(a+ b)uv — ((a+b)2+v>u +s_(z)v™ — s (z)vt =0,
u=v =0 on . (5.7)

in Q,

For this problem the assumption (2.10)) is fulfilled. The eigenvalues of the Laplacian in our set
Q= (0,15) x (0,10) with homogeneous Dirichlet b.c. are

(ﬂ'm)2+<7m)2 eN
K =\|\7= - m,n
. 15 10/ ’
and the corresponding eigenfunctions are

¢7n,n =sin (WT?) sin (mli?).f) , m,n €N,

We rearrange the eigenvalues k,, , of the Laplacian to a growing sequence with k1 < Ko <
K3+ — 00, see ([7.6)). The critical points of the system ([5.5)) with the homogeneous Dirichlet b.c.
and with 7 = 0 have the form

-2
-1 b)?, k=1,2,3,---
dllik(a‘i-b)"—a—b )(CL+ )7 < 9

do(di) = A (dr) = L (

where k counts the eigenvalues from the smallest w.r.t. their size, see and Remark 8] and
dy # by1 /Ky, for all k € N. Let us remind that a = 0.1,b = 0.85. The function dg,k is for any k € N
a hyperbola with the domain of definition (—oo, yx) U (yk, +00).

The asymptotes of the hyperbolas are

1 b—a (5.8)
yk?_Hk (l+b 5 .

82




5.2. Critical points and asymptotes of hyperbolas

indexing k; | indexing Ky, | value Yi multiplicity
K1 K1,1 0.1426 | 5.62 1
K9 R1,2 0.2742 2.92 1
K3 K21 0.4386 | 1.82 1
K4 R1,3 0.4935 1.62 1
K5 K22 0.5702 | 1.40 1
Kg R3,1 0.9321 0.86 1

Table 5.1: First six eigenvalues of the Laplacian with zero Dirichlet b.c. and first six asymptotes
Yi

see (252).

If di # yi for all k € N, all assumptions of Theorem [11] are fulfilled. First six eigenvalues k;,
the corresponding counterparts ky, n and the corresponding asymptotes are in Tab.

The following proposition has been proved by numerical computation, therefore we are not
giving the proof here.

Proposition 9. For any d; € {0.02,0.12,0.5,1.1,1.6,4.0} there exists unique dy > 0 for which
(d1,d2) € Cg. Moreover, the point da of with homogeneous Dirichlet b.c. and fixed dy is
simple.

According to Theorem [11| the largest critical point of the system (|5.5)) with fixed d;, homogen-
eous Dirichlet b.c. and with the sources (5.3) can be estimated by

1 —1.8 1 —-1.8
— =1 >d7 > — | ——-(1+2 . 5.9
rl?glil( Kk (dllik —0.8 ) =72 = rlglgl\}li Kk (dll-ik —0.8 ( + T)> ( )

The first six hyperbola segments in R%r are plotted in Fig. Full lines represent upper
bounds from , i.e. the couples (di,ds) for which our system with sy = 0 has nontrivial
solution, dotted lines are lower bounds from with 7 = 1. It can be computed that for
di € (y2,91) and 7 < 0.625 the lower bound in is positive and as a consequence d5* is
positive, and (dy,d3") € Dg.

Since each kj, is associated with a given k., ,, we can also introduce a notation C,, , for the
hyperbola C. We will use this notation later in Tabs. because it is not so simple to find
for a couple (m,n) the respective k.

5.2.2 Neumann boundary conditions

Now let the system ([5.4]) in Q := (0, 15) x (0, 10) be supplemented with (homogeneous) Neumann
b.c. The eigenvalues of the Laplacian on 2 with homogeneous Neumann b.c. are

Tm\ 2 ™\ 2
iman = (T5) + (T5) » mon €N,
and the eigenfunctions are

_ mmx mmnx
Om,n = COS ( 5 ) cos (T) , m,n € Ny.
Let us emphasize that the indexes m,n attain a value zero, which is a difference against Dirichlet
problem. Again, the eigenvalues will be rearranged to a growing sequence with 0 = kg < K1 <
kp < k3 --- — 00. The eigenvalues x; ; for 7, 7 € N are the same as for the Dirichlet case. However,
there are additional eigenvalues - Ko, k0,5, kj,0, 7 € N. The critical points of the system with
s+ = 0 and fixed d; have the form

1 —2b
ds 1 (dy) = — -1 b2, k=1,2,3,---.
2i(c) Kk (dlmk(a+b)+a—b >(a—|— ) T
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5.2. Critical points and asymptotes of hyperbolas

First six hyperbaolas of Schn. model with Dirichlet b.c.

40

34

30

258

14

10

Hyperbolas close to 0.02 of Schn. model with Meumann b.c.

0.1583

0.15582

0.1552

- 01582

0.1552

0.1582

0.1581

I ! |.'I ! ! ! !
0.0199 0.02 0.02 0.02 0.02 0.02 0.0201
d

1

Figure 5.2: The upper figure contains plot of first six hyperbola segments (full lines) and lower
(dashed lines) bounds from , with 7 := 1 for Schnackenberg system with homogeneous Di-
richlet b.c. The lower figure contains plots of hyperbolas segments around 0.02. The hyperbola
segments are very dense in the selection, which explains why we were not successful in finding
solutions bifurcating from (di,ds) € Cg of system with fixed d; = 0.02, see Fig.
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5.2. Critical points and asymptotes of hyperbolas

Let us emphasize that da o is not defined. The function dsj is a hyperbola with the asymptote
(5.8). The following assertion is analogous to problem with zero Dirichlet b.c. and has been again
proved by using numerical computation.

Proposition 10. For any d; € {0.02,0.12,0.5,1.1,1.6,4.0} there exists unique do > 0 for which
(d1,d2) € Cg. Moreover, the point dy of with homogeneous Neumann b.c. and fized dy is
simple.

The hyperbolas C1,Csy, Cy, Cg are specific for Neumann problem, the hyperbolas Cs, C5, Cr
coincide with hyperbolas C7, Cy, C3 from the Dirichlet case, respectively. The plot of hyperbolas
can be found in Fig. A hyperbola Cj is not defined. The first seven eigenvalues of the
Laplacian and first six asymptotes of Cj are summarized in Tab. [5.2] Similarly to Dirichlet case,
we will introduce a notation C,, ,, for the hyperbola Cj. We will use this notation later in Tabs.
In systems with 7 = 0 there is no positive critical point dg of with fixed d; > y;.
On the other hand, in a system with unilateral terms with sufficiently large norm it is possible to
apply Theorem [15|to get the positive critical points do even for systems with dy > y;.

Proposition 11. If dy € (0,y1)\ {y;| j=2,3,---} and

(5.10)

{ 300 300 } {306.8 306.8}
1 > max = ,

0.8 |ls_|lz1’ 0.8 ||s4 |z T T

then the largest critical point of with homogeneous Neumann b.c. is finite. Let be
fulfilled and dy > y1 be fized. For the system with a = 0.1,b = 0.85 and Neumann b.c.
the assumption is fulfilled as well and the point dy' from exists and it is the largest
critical point of with Neumann b.c. and fized d; .

Proof. The condition is clearly equivalent to (4.16). It can be computed that this condition
is true for 7 > 306.9. The L.h.s. of is equal to 1.256, the r.h.s is equal to 1.8 and the
inequality is true. The assumptions of Theorem [15| are fulfilled, and from this Theorem directly
follows the assertions of this Proposition. O

The bound C}j; can be found for 7 = 1000 explicitly as 2970.5. Since the area of the sources
is relatively small, they have to be very strong in order to fulfill (4.18]). It appears that although
the inequality had a crucial role in the proof of Theore on pg. the practical
computations shows that the inequality is not optimal.

The hyperbolas are plot in Fig. [5.3

index k; | index K, | Dum. value Yi multiplicity
Ko 0,0 0 — 1
K1 R0,1 0.04386 18.24 1
Ko K1,0 0.09870 8.11 1
K3 K11 0.1426 1.62 1
R4 R1,3 0.2742 5.61 1
K5 K22 0.4386 2.81 1
Re R3,1 0.4935 1.82 1

Table 5.2: First seven eigenvalues of the Laplacian with Neumann b.c. and first six asymptotes
yi = bi1/ki
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5.2. Critical points and asymptotes of hyperbolas

Graph of hyperbolas for Schnackenbery model with Neurmann b.c.
EI:I T T T T T

ﬁi.'\l -
d2,1
dz,z
dz,a
d2,4
dE,S
dz,s
| 1 I
B g 10 12
I211
Hyperbaolas close to 0.02 of Schn. model with Meumann b.c.
0.1583 ' ' ' ' b
0.1582 .
0.1582 .
~ 01582 .
=]

0.1582

0. 1582

0.1581

| | | |
0.0z 0.0z 0.0z 0.0201
d

| 1
00199 0.02

1

Figure 5.3: The upper figure contains plot of first six hyperbola segments ds 5, (full lines) and
lower (dashed lines) bounds from 7 with 7 := 1 for Schnackenberg system with homogeneous
Neumann b.c. The lower figure contains plots of hyperbolas segments around 0.02. The hyperbola
segments are very dense in the selection, which explalns why we were not successful in ﬁndln%

solutions bifurcating from (dy, ds) € C of system (5.4)) with fixed dy = 0.02, see Fig. [5.14]



5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

5.3 Numerical solutions of Schnackenberg system with Dirichlet and Neu-
mann b.c.

The nonlinear problem (5.4)) is

0.85 9
dlAu+08u+w+19uv+<0952+v>u =0,

0.85
doAv —1.8u —v — 1. —
2 Av 8u—wv Yuv <0 52

and we supplement it with the homogeneous Dirichlet b.c. and homogeneous Neumann b.c.

Proposition 12. Let 7 be sufficiently small. For any dy, € {0.02,0.12,0.5,1.1,1.6,4.0} there exists
a bifurcation point d5 of with Dirichlet b.c. and fized dy such that (dy,d5) € Dg.

+ v) u? +s_(2)v” — sy (x)vT =0,

Proof. Since sy from (5.3]) have ||si||z = 7, the assertion follows for sufficiently small 7 from
Theorem [14] and Proposition [0} O

Analogous statement can be proved also for Neumann problem.

Proposition 13. Let 7 be sufficiently small. For any dy € {0.02,0.12,0.5,1.1,1.6,4.0} there exists
a bifurcation point d of (5.4 (m with Neumann b.c. and fixed dy such that (dl,db) € Dg.

Previous propositions prove the existence of stationary solutions of (5 . with either Dirichlet
or Neumann boundary conditions in the domain of stability.
The aim of the numerical experiments was to answer the three questions:

o Are the solutions of the system (5.4]) with Dirichlet/Neumann b.c. and with (dy,ds) close
to some bifurcation points numerically stable?

o How is the shape of the solutions influenced by the presence of the unilateral terms?
o How the solution of the homogenized system approximately look like?

To find numerical steady states (patterns) of the chosen problem, the problem has been dis-
cretized in time by using the Crank-Nicolson scheme with the time-step adaptation and in space
using the first-order Lagrange elements. The mesh adaptation has been not used in order to make
the computation faster.

The starting point is a weak formulation

ou
q Ot

/ —doVu - V1 + byyuth + baovt) + na(u, v)Y + s_(z,v )Y — sy (z, 07 ) dx, (5.11)
Q

for all ¢, € W5(Q),

cpdx—|—/ 5 —) dX—/ —d1Vu - Vo + bijup + biave + ny(u, v)e dx+

of the system (|1.14)), (1.10). This can be written as

%750 + @ad} :Fl(dl,x,u,v,go)+F2(d2,;1:,u,v,1/)), for a]l¢€W1’2(Q)
ot 2 ot 120

with the functionals F}, Fy derived from 1' and (-, )y ) being the duality pairing between
D

Wé’Q(Q) and (Wll)’z(Q))*. Denote uy,(-,t) := u(-,nAt), At € RTn € N. Now the Crank-Nicolson
scheme [52] for a semi-discretized problem is

Unp41 — Up Un+1
J s e |
1
= §[F1n+1(d1,$,u,1],30) —|—F2"+1(d2,a:,u,v,1/)) —|—F1"(d1,x,u,v,90) +F2n+1(d1,$7u7’[),’lp):|.

The essential part is a suitable choice of At. This has been done by the following algorithm [52]:
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

1. in the first step set integer m and floats TOL, TOL,, TOL,
having approximation u,(+,t,) and time step At,, and step m find u,11(-, t, + mAL,),
do the m small time steps and find w4 (-, t, + mAL,),

compute the error e = ||umn (-, tn + MAL,) — Upt1 (-, tn + MmAL,)||,

AN

compute the value

2 _
At - AL TOL(m? — 1) |
[ttmtn (5t + mAL,) — tpi1 (-, t + mAL,)||

6. if At, < 1072At,, take m — 1 and repeat the previous step,

~

if n > 21 and ||up—20(, tn—20) — un (-, tn)|| < TOL, and At,, > TOL, break and save results.

This scheme was implemented in FENICS using the Python APIE The solver had started up with
a random initial condition and with prescribed values m, TOL, TOL,, TOL,.. For some diffusion
coefficients, the computation has been run again on finer mesh, in order to realize whether the
result is not significantly changed by to choice of the mesh.

It has happened that the system with given diffusion parameters has produced various patterns
for different initial conditions, see [58]. Although we have observed this phenomenon as well, we
have been not concerned with it.

We have run several test with several parameters. The first set of tests was aiming on verify
numerically the existence of solutions of with parameter (dy,ds) € Dg, which is predicted by
Theorems [T} [I4] I8 and discuss how the presence of unilateral terms influences a shape of the
solutions.

The results are summarized in Tabs. The values of d; have been at first chosen in the
intervals, where the envelope Cg is different for problems with Neumann and Dirichlet b.c. More
precisely, it has been the values dy = 4.0,1.6,0.5,0.12. These values of d; were supplemented with
the values d; = 1.1,0.5,0.02. For these values of d;, the critical points of , with fixed
dy, for which (dy,ds) € Cg, are simple.

For the problem without unilateral terms, i.e. with s = 0, and with given fixed d; the values
of dy has been chosen in a following way. The couple (di,ds) is in Dy, the second one is very
close to Cg. For the problem with sources with 7 = 1.0 the values of dy has been chosen in a
slightly different way. The largest one is the same as for the system without unilateral terms,
then the second one is in the bifurcation point of the problem without sources, and the last one
is the lowest one for which we have been able to find nontrivial solutions of our problem. All of
this together with L>°(£2) and W]13’2(Q) norm of the v component of the solution is summarized in
Tabs. B.3H5. 14l

The numerical computations are in accordance with the conclusions of Theorem [14] for the
Dirichlet problem and similar conclusions for Neumann problem that there are critical and bi-
furcation points of (1.12), (1.10) and (1.16]), (1.10]) respectively, in Dg. The shape of patterns is
influenced by unilateral sources and the influence grows with d; being smaller. The L*>°(2) and
WE’Q (©) norms of the solutions are usually getting smaller as the diffusion coefficients approach
CE, which is again in accordance with theoretical predictions. And finally, it is possible to see
that the shapes of solutions are quite similar to solutions of systems with (d;, ds) very close to Cg.
The only exception is the value dy = 0.02. It is probably caused by presence of many hyperbolas
around d; = 0.02, see Fig. and therefore the solution is probably attracted to critical
point which is not on Cg.

There is one interesting point - for the problem with Dirichlet boundary conditions and d; =
4.0 there are patterns in the system without sources even below Cg. According to Crandall-
Rabinowitz Theorem there are two bifurcation branches originating from one bifurcation point.

IThe source code of the implementation for the particular system used here is freely available on page
http://github.com/Josef-Navratil/RD-system
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

However, since the v-component of solution has constant negative sign for values (4.0, 48) which are
above C'g and values (4.0, 38) which are below Cg, it (probably) cannot be solutions on different
bifurcation branches. The reason for this behavior is therefore not known but since the value of
bifurcation point is changing with mesh refinement, there is probably some issue connected with
the discretization.

The influence of unilateral terms on the shape of patterns was tested on one particular choice
of diffusion coefficients d; = 0.02, do = 0.2. The value of 7 has been increased from 0.0 up to 4.0.
The computed solutions are found in Tab. [5.15]

5.3.1 Results of numerical experiments with system having Dirichlet and Neumann
boundary conditions

Experiment Nr. 1 Experiment Nr. 2 Experiment Nr. 3*

d; =4.0 di1 =4.0 di1 =4.0

de = 48.0 de = 38.61 do = 45.34
VL= ) = 0.525 ||U||L00(Q) =0.335 ||'U||LOO(Q) =1.0
v|| = 16.619 lv]| = 8.104 [lv]] = 2.312

7=0.0 7=0.0 7=0.0

Experiment Nr. 4 Experiment Nr. 5 Experiment Nr. 6
d; =4.0 dy =4.0 dy =4.0
do = 48.0 dy = 45.34 ds = 37.69

VL= () = 0.538 ||U L>(Q) = 0.502 ||U||Loo(Q) =0.336

v|| = 17.487 v|| = 15.198 lv]| = 8.144
T7=1.0 T=1.0 T=1.0
.5.334'&4 |, 0, I-Iom&rm -5.024wa§| 025 I—Iom&rm &.aoammlsl o ﬁ&}m

Table 5.3: Solution of the Schnackenberg system with homogeneous Dirichlet b.c., having fixed
d; = 4.0 and selected values of dy. The upper images are for systems with 7 = 0, the lower
ones are for systems with 7 = 1.0. The figure 3% shows a plot of the explicit solution (dy,ds) =
(4.0,45.34) € Cg of the system with 7 = 0.0. This point is a bifurcation point of the
Schnackenberg system and lies on the hyperbola C ;. System had zero Dirichlet b.c.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 7

Experiment Nr. 8

Experiment Nr. 9*

dy=1.6 di=1.6 di=1.6

de =13.90 de =13.50 do = 13.499
VL= @) = 0.0680 ||’U||Loo(Q) = 6.26e — 4 ||'U||Loo(g) =1.0
v] =0.936 [o]l = 0.0118 [[v]] = 3.206

7=0.0 T=0.0 T=0.0

Experiment Nr. 10

Experiment Nr. 11

Experiment Nr. 12

di =16 di =16 di =16
dy = 13.90 do = 13.499 dy =12.13
V||L>=(Q) = 0.203 ||'U||Lco(Q) =0.173 ||11||Loo(g) = 0.00534
|| = 2.843 [v]| = 2.367 [[v]| = 0.069
T=1.0 T=10 T=10
-20325-01-0.15 -0098 -0.04664912-03 -1.728s-01 0001 -0.045 8317203
H L I I B B B HI Ll IH

Table 5.4: Solution of the Schnackenberg system with homogeneous Dirichlet b.c., having fixed
d; = 1.6 and selected values of dy. The upper images are for systems with 7 = 0, the lower
ones are for systems with 7 = 1.0. The figure 9% shows a plot of the explicit solution (dy,ds) =
(1.6,13.499) € Cg of the system with 7 = 0.0. This point is a bifurcation point of the
Schnackenberg system and lies on the hyperbola C5 ;. System had zero Dirichlet b.c.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 13

Experiment Nr. 14

Experiment Nr. 15*

dp=1.1 dy =1.1 dy =1.1
ds = 9.50 do = 8.78 dy = 8.78
VL= @) = 0.262 ||U||L00(Q) =0.375 ||'U||Loo(g) =10
v|| = 3.260 lv]| = 0.511 lv]| = 3.206
7=20.0 7=0.0 7=0.0
-2621=01 092 O wm 321002 | 00024 Pﬂmm JDD%u . IEIJI y Iﬂlemo

Experiment Nr. 16

Experiment Nr. 17

Experiment Nr. 18

di=1.1 di=1.1 di=1.1
ds = 9.50 dy = 8.78 dy = 7.52
v Loo(Q)O.262 ||'U||LOO(Q) = 0.226 ||’U||Loo(Q) =5.67e —4
o] = 4.439 [o]] = 3.685 [v]l = 0.00785
7=1.0 7=1.0 7=1.0
-2621e01 -012 O 0.122,3232-01 -2136=-010.11 .?. ., O 225801 -5.6732-04 -4e-5 4.7842-04
ﬂllll|lllu H Iﬂlll|llll“

Table 5.5: Solution of the Schnackenberg system with homogeneous Dirichlet b.c., having fixed
d; = 1.1 and selected values of dy. The upper images are for systems with 7 = 0, the lower
ones are for systems with 7 = 1.0. The figure 15% shows a plot of the explicit solution (di,ds) =
(1.1,8.782) € Cg of the system with 7 = 0.0. This point is a bifurcation point of the
Schnackenberg system and lies on the hyperbola C5 ;. System had zero Dirichlet b.c.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 19 Experiment Nr. 20 Experiment Nr. 21*
d;1 = 0.5 dy =0.5 dy =0.5
ds = 4.50 do = 4.03 do = 4.03
Vllze(e) =0.253 [0l L (@) = 0.174 vl L) = 1.0
v|| = 3.916 lv]] = 2.195 lv]] = 4.624
7=0.0 T7=0.0 7=0.0
-2.05%e-01 -o.ool?l . .?. . Imﬂe—m _8.651e-02 . Iol.tlmlal I?mdoe—m -1.000e+00 g I[IJI y Iﬂ)emo

Experiment Nr. 22 Experiment Nr. 23 Experiment Nr. 24

d1 =0.5 dy =0.5 dy =05

ds = 4.50 dy =4.03 do = 3.53
V||L>=(Q) = 0.238 ||'U||LOO(Q) =0.169 ||’U||Lco(g) =2.T7e —5
v|| = 3.991 [lv]] = 1.168 |lv]| = 0.000239

7=1.0 7=1.0 T=1.0
28me01 oal 0 ﬁ%m -legse01 0060 O 1066201

Table 5.6: Solution of the Schnackenberg system with homogeneous Dirichlet b.c., having fixed
d; = 0.5 and selected values of dy. The upper images are for systems with 7 = 0, the lower ones are
for systems with 7 = 1.0. The figure 21 shows a plot of the explicit solution (d;, ds) = (0.5,4.03) €
CE of the system with 7 = 0.0. This point is a bifurcation point of the Schnackenberg system
and lies on the hyperbola C3 5. System had zero Dirichlet b.c.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 25

Experiment Nr. 26

Experiment Nr. 27*

d; =0.12 d; =0.12 d; =0.12
de =1.1 de =0.95 de = 0.95
VL= @) = 0.232 ||’U||Loo(9) =0.164 ||U||Loo(ﬂ) =10
o] = 7.302 o]l = 0.00445 [o]] = 10.360
7=0.0 T=20.0 T=20.0
2112501 0 011 222301 AAATe0n 0 000234611603 o .
e [y gt 1L ]DD%"'?""EJQMD

Experiment Nr. 28 Experiment Nr. 29 Experiment Nr. 30
d; =0.12 d; =0.12 d; =0.12
dy=1.1 de =0.95 dy = 0.67
V||L>=(Q) = 0.340 ||'U||LDO(Q) =0.215 ||’U||Lco(g) =0.374
ol = 8.144 ol = 4.614 ol = 2.178
T=1.0 T=1.0 T=1.0
-2986=-01 G0 ?-Wm 216401 O 016 40%e0] -6,232e-00047 016 0.27 3.749e-01

“IIIIIIIIH

Table 5.7: Solution of the Schnackenberg system with homogeneous Dirichlet b.c., having fixed
d; = 0.12 and selected values of do. The upper images are for systems with 7 = 0, the lower
ones are for systems with 7 = 1.0. The figure 30 shows a plot of the explicit solution (di,ds) =
(0.12,0.95) € Cg of the system with 7 = 0.0. This point is a bifurcation point of the
Schnackenberg system and lies on the hyperbola C3 5. System had zero Dirichlet b.c.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 31

Experiment Nr. 32

Experiment Nr. 33*

d; = 0.02 d; = 0.02 d; = 0.02
ds = 0.20 dy =0.16 do = 0.16
V||pee () = 0.315 ||'U||Loo(g) = 0.0470 ||'U||L°°(Q) =1.0
v] = 20.019 o] = 2.949 ] = 35.410
7=0.0 7=0.0 7=0.0
-3,150e-01 -0.14 2.30%22-01 -4.698e-02-002 001 0.04 7.498=-02 Ny
NEEEEEE RN RN RN 9-9‘;%"'?”"&%901

Experiment Nr. 34

Experiment Nr. 35

Experiment Nr. 36

d; =0.02 d; =0.02 d; =0.02

de = 0.20 de =0.16 de = 0.08
V||L>=(Q) = 0.315 ||'U||Loo(Q) = 0.0470 ||’U||Lco(9) =0.374
v|| = 0.327 [v]] = 0.222 [v]] = 0.812

7=1.0 T=1.0 T=1.0

-3.270e-01-0.16 -000078 016 3.255e-01

-2.2232-01 a 0.7 4.520e-01

-5.368e-020.16 035

06 8165201

Table 5.8: Solution of the Schnackenberg system with homogeneous Dirichlet b.c., having fixed
d; = 0.02 and selected values of dy. The upper images are for systems with 7 = 0, the lower
ones are for systems with 7 = 1.0. The figure 33* shows a plot of the explicit solution (di,ds) =
(0.02,0.16) € Cg of the system with 7 = 0.0. This point is a bifurcation point of the
Schnackenberg system and lies on the hyperbola Ci¢,15. System had zero Dirichlet b.c.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 1

Experiment Nr. 2

Experiment Nr. 3*

dy =4.0 dy =4.0 dy =4.0
dy = 33.5 dy = 32.32 do = 32.31
VL= ) = 0.0843 ||’U||L<x>(Q) = 0.00157 ||v||Loo(Q) =10
o[ = 1.941 [o]] = 0.0355 [o]] = 6.387
7=0.0 7=0.0 7=0.0
-8.4282-02 -0.04 0.04 8.190s-02 -1.560e-03 -1.5e-7 1.5602-03 -1.000e+00 4] 1.000e+00
“Illllllllﬂ “IIIIIIIIIH L

Experiment Nr. 4

Experiment Nr. 5

Experiment Nr. 6

di1 =4.0 dy =4.0 dy =4.0
ds = 33.50 dy = 32.31 ds = 30.93

VL= @) = 0.338 ||’U||L<x>(g) =0.102 ||’U||Loo(Q) = 0.0118

ol = 2.652 ol = —— [l = 0.204
7=1.0 T=1.0 T7=1.0
'3'%0]'0'].8. .'r‘.]'?:.”. .?‘122'?%}0] -1.0242-01-0046 00097 0066 1.2188-01 -1.178s-02 0.00083 1.344e-02

“IIIIIIIIH

Table 5.9: Solution of the Schnackenberg system with homogeneous Neumann b.c., having fixed
d; = 4.0 and selected values of ds. The upper images are for systems with 7 = 0, the lower
ones are for systems with 7 = 1.0. The figure 3% shows a plot of the explicit solution (d;,ds) =
(4.0,32.31) € Cg of the system with 7 = 0.0. This point is a bifurcation point of the
Schnackenberg system and lies on the hyperbola Cj ;. System had zero Neumann b.c. Note that
the bifurcation point has a different value compared to the Dirichlet case
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 7

Experiment Nr. 8

Experiment Nr. 9*

di=1.6 di =16 di=16
dy = 13.50 dy = 12.95 dy = 12.95
V||L>= () = 0.144 ||1}||Loo(g) = 0.00433 ||'U||LOO(Q) =10
|| = 3.059 [v]] = 0.0830 o[ = 7.118
7=0.0 7=0.0 7=0.0
-1.444-01 0 0077 1.6458-01 -4.3345-03 1e-5 4.354e-03 -1.000e+00 o] 1.000e+00
Illllllllﬂ iIIIIIIIIIH |||||||IIH

Experiment Nr. 10

Experiment Nr. 11

Experiment Nr. 12

di =16 di =16 di =16
dy = 13.50 de =12.95 de = 12.32
VL= @) = 0.203 ||’U||Lco(g) =0.173 ||U||Loo(Q) = 0.00534
o] = 3.923 [v]] = 3.434 [v]] = 2.581
T=10 T=1.0 T=1.0
'1'642&?. ., 014 Iﬁ&}m JMW' ., 018 Pﬂz}m Aooe0 o on Pwm

Table 5.10: Solution of the Schnackenberg system with homogeneous Neumann b.c., having fixed
d; = 1.6 and selected values of dy. The upper images are for systems with 7 = 0, the lower
ones are for systems with 7 = 1.0. The figure 9% shows a plot of the explicit solution (dj,ds) =
(1.6,12.95) € Cg of the system with 7 = 0.0. This point is a bifurcation point of the
Schnackenberg system and lies on the hyperbola C5 . System had zero Neumann b.c.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 13

Experiment Nr. 14

Experiment Nr. 15*

di =11 di =11 dy =11
dy = 9.50 dy = 8.78 dy = 8.78
VL= @) = 0.202 ||’U||Loo(Q) = 2.8%5¢ —14 ||'U||Loo(g) =10
|| = 3.260 [v][ = 0.511 [[v]] = 3.206
7=20.0 7=0.0 7=0.0
-lpaze01 0 0082 2018501 2.825e-04 A Immm _1.00% N .[.]. . Iwemg

Experiment Nr. 16

Experiment Nr. 17

Experiment Nr. 18

di=1.1 di =11 di=1.1
dy = 9.50 dy = 8.78 dy = 8.66
V||L>=(Q) = 0.304 ||’U||Loo(Q) = 0.0568 ||’U||Loo(Q) =0.0124
v]| = 3.125 [v] =1.124 [v]| = 0.149
=10 T=10 r=10
-5.678s-02 0 003 825302
LS I B | Iﬂ

Table 5.11: Solution of the Schnackenberg system with homogeneous Neumann b.c., having fixed
d; = 1.1 and selected values of dy. The upper images are for systems with 7 = 0, the lower
ones are for systems with 7 = 1.0. The figure 15% shows a plot of the explicit solution (di,ds) =
(1.1,8.782) € Cg of the system with 7 = 0.0. This point is a bifurcation point of the
Schnackenberg system and lies on the hyperbola C5 ;. System had zero Neumann b.c. Here the
bifurcation point is the same as in the Dirichlet case.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 19

Experiment Nr. 20

Experiment Nr. 21*

d1 =0.5 dy =0.5 dy =0.5
ds = 4.50 do = 3.96 ds = 3.96

VL= @) = 0.169 ||’U||Loo(Q) = 0.00212 ||'U||Loo(g) =10

v|| = 4.757 |lv|| = 0.0548 [lv]] = 9.494
7=0.0 7=0.0 7=0.0
R TT R i 2Ne=03 | O | 212105 | 0008400 O Iwemo

Experiment Nr. 22

Experiment Nr. 23

Experiment Nr. 24

di = 0.5 d =05 d =05
do = 4.50 do = 3.96 do = 3.52
V|| (@) = 0.385 |[v]| oo (@) = 0.222 [v]| (o) = 8.877e — 5
v|[ = 4.801 [[o]] = 2.960 [[o]| = 0.000856
T=10 T=1.0 T=1.0
Q.omm | I0|.L|)t5|2I I?.ﬂ%—m _].%I Iclzl | Ic:,?cfsﬂoe_m _8'% | I-|2ﬁ|3—|5| I?e_m:oe.m

Table 5.12: Solution of the Schnackenberg system with homogeneous Neumann b.c., having fixed
d; = 0.5 and selected values of dy. The upper images are for systems with 7 = 0, the lower ones are
for systems with 7 = 1.0. The figure 21 shows a plot of the explicit solution (dy, ds) = (0.5, 3.96) €
CEg of the system with 7 = 0.0. This point is a bifurcation point of the Schnackenberg system

and lies on the hyperbola Cy . System had zero Neumann b.c.

98



5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 25

Experiment Nr. 26

Experiment Nr. 27*

d; =0.12 d; =0.12 d; =0.12
do =1.1 dy =0.95 ds =0.95
VL= @) = 0.186 ||’U||L<x>(Q) = 0.00192 ||U||Loo(g) =1.0
vl = 7.783 [v]| = 0.0720 [o]] = 15.750
7=0.0 7=0.0 7=0.0
-1860e-010091 0 00911.784e-01 -26%e-020013 0 00132650s-02
oy L 1.oocﬂmglmﬂe~m

Experiment Nr. 28

Experiment Nr. 29

Experiment Nr. 30

dy =0.12 di =0.12 dy = 0.12
dy = 1.1 ds = 0.95 dy = 0.63
V|l Lo () = 0.442 [v]] oo () = 0.480 [0]] Lo () = 0.458
ol = 7.799 [o]] = 4.926 [o]] = 2.635
T=10 T=1.0 T=1.0
_2.681e-01 | |?| | P]]? 4.418=-01 -2.192e-01 llll | Itll.llr: | 'ﬁd&m

-1.061e-010035 018 032 4.580=-01

Table 5.13: Solution of the Schnackenberg system with homogeneous Neumann b.c., having fixed
d; = 0.12 and selected values of do. The upper images are for systems with 7 = 0, the lower
ones are for systems with 7 = 1.0. The figure 27+ shows a plot of the explicit solution (di,ds) =
(0.12,0.95) € Cg of the system with 7 = 0.0. This point is a bifurcation point of the
Schnackenberg system and lies on the hyperbola Cg . System had zero Neumann b.c.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 31

Experiment Nr. 32

Experiment Nr. 33*

d; =0.02 dy =0.02 d; =0.02
da =0.20 de =0.16 de =0.16
VL= @) = 0.308 ||U||Loo(g) = 0.0918 ||U||Loo(g) =1.0
| = 19.886 [o]| = 3.021 [v]] = 35.935
7=0.0 T=0.0 T=0.0
-4.625e-02-001 002 005 9183202

-3082%e-01-016 -0014 013 2810=-01

-1.000e+00 0 1.000e+00

Experiment Nr. 34

Experiment Nr. 35

Experiment Nr. 36

d; =0.02 d; = 0.02 d; = 0.02
ds =0.20 dy =0.16 ds = 0.08
V||L>=(Q) = 0.533 ||'U||LOO(Q) = 0.422 ||'U||LOO(Q) =0.817
v|[ = 20.616 o]l = 9.094 o]l = 3.677
7=1.0 T=1.0 T=1.0
_3,33% . ?. . IP,F?ﬁ&_m 2.412e-01 Illll L E)Ili: 4.220=-01 'E'W. .?‘F’?. | Iomcp&m

Table 5.14: Solution of the Schnackenberg system with homogeneous Neumann b.c., having fixed
d; = 0.02 and selected values of do. The upper images are for systems with 7 = 0, the lower
ones are for systems with 7 = 1.0. The figure 33 shows a plot of the explicit solution (di,ds) =
(0.10,0.16) € Cg of the system with 7 = 0.0. This point is a bifurcation point of the
Schnackenberg system and lies on the hyperbola Cj¢ 15. System had zero Neumann b.c.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.

Experiment Nr. 1 Experiment Nr. 2 Experiment Nr. 3
d; = 0.02 d; = 0.02 d; = 0.02
ds =0.20 de =0.20 ds =0.20
V||L>= () = 0.308 ||’U L>e(Q) — 0.821 ||’U L>e(Q) — 0.355
v|| = 8.124 v|| = 19.864 v|| =20.124
7 =0.00 7=0.25 7 =0.50
ome01016 004 tm%m 5862601 0.1 'we_m -3.3092-01-016 0012 018 3547601

Experiment Nr. 4 Experiment Nr. 5
d; = 0.02 d; = 0.02
de = 0.20 de = 0.20
[lv Loo(0) = 0.381 llv o) = 0.533
v|| = 20.578 v|| = 19.754
7=0.75 7 =1.00
«'3.3096—01-0.1(3' IOI.OI'IIZI | 0,18 2.547=-01 _3,38%.01 I?I . Plzlzﬁse_m

Experiment Nr. 6 Experiment Nr. 7 Experiment Nr. 8
d; =0.02 d; = 0.02 d; = 0.02
ds = 0.20 dy =0.16 ds = 0.08

v L>(Q) = 0.401 ||’U L>(Q) = 0.925 ”v”L‘X’(Q) =0.595

v|| = 8.078 v|| = 20.259 lv]| = 7.546
T =1.50 T =2.00 7 =4.00

-5046e-01 -03 007 0.2 4.531=01

-3.385=-01 | I(I)I . 9,19 A.0952-01 -9.24Q=-01 -0.5 | I-IOiOIBI | 0.4 B.é&sée-01 L

Table 5.15: Solution of the Schnackenberg system with homogeneous Neumann b. c., having fixed
dy = 0.02 do = 0.2 and selected values of 7, which increases from 0.0 for 4.0.
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5.3. Numerical solutions of Schnackenberg system with Dirichlet and Neumann b.c.
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CHAPTER 6

Conclusions

The main purpose of this dissertation thesis, to study the systems of reaction-diffusion equations
with unilateral terms, was fulfilled. The analysis was divided into two categories — systems with
Dirichlet/mixed b.c. and with Neumann boundary conditions, because the boundary conditions
affect the existence and location of critical and bifurcation points of the problem. The main tools
were Variational methods, Topological Degree methods and methods based on Implicit Function
Theorem.

A short introduction to history and motivation to the research of pattern formation, together
with summary of contributions to it achieved in this dissertation thesis was given in the first
section.

The technique how to rewrite the reaction diffusion systems with unilateral terms to an operator
equation with positively homogeneous operator on the space W12(Q) is described in Section
All necessary details are given there, including some supplementary results about skew-symmetric
systems which lead to the problem that has a potential. The conservation of potential under the
Lyapunov-Schmidt reduction is proved as well. The abstract formulation of the problem with the
unilateral terms on the boundary is also introduced.

The general results concerning eigenvalues of positively homogeneous operators and bifurcation
in equations with positively homogeneous operators perturbed by a small nonlinear perturbation
are contained in Theorems BHIO| in Section [B] These results are discussed and compared with
well-known theorems for equations with differentiable operators — Krasnoselskii, Rabinowitz and
Crandall-Rabinowitz. Of course all theorems are supplemented with explanatory remarks and
useful hints. Also some examples are given there. One very general theorem about the bifurcation
in the equations with positively homogeneous operators, which was developed by Lutz Recke and
Martin Vath, is stated there without the proof.

Afterwards these general theorems are applied to reaction-diffusion systems with unilateral
terms, which is a content of Theorems Reaction-diffusion systems with Dirichlet/mixed
conditions and unilateral terms behave differently than the systems with Neumann b.c. and
therefore the results for them are in general different. However, one theorem has same conclusions
for both problems. The main contribution is the proof of the existence of bifurcation points of
our systems with unilateral terms having diffusion parameters, for which no bifurcation point of
reaction diffusion systems without unilateral terms exists. Also it contains two theorems about
systems with skew-symmetric reaction kinetics, which is a class of reactions that has not been
studied before for systems with unilateral terms. Two theorems for systems with unilateral terms
on the boundary are also formulated, giving again bifurcation points for parameters, for which no
bifurcation point of the systems without unilateral terms exists. Finally, one theorem for systems
defined on the domain with C'+!-continuous boundary is proved. The domain with the smoother
boundary leads to a better regularity of the solution.

In Section [5] these conclusions are verified on a particular problem — Schnackenberg system
with homogeneous Dirichlet boundary conditions and Schnackenberg system with homogeneous
Neumann boundary conditions. The patterns in the systems with unilateral terms are found for
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diffusion rates, for which in the systems without unilateral terms no patterns formed. Moreover,
the location of bifurcation points is approximated as well, which gives a hint how the solutions of
the so-called homogenized system should look like. The source code of the implementation of the
numerical scheme is freely available on GitHub, the address can be found in Section

Finally, the necessary theoretical background is summarized in Appendix. It is of course not
complete, but contains all important theorems and concepts that from the point of view of the
author of this dissertation thesis could help the reader to understand the content of the thesis.

To sum up, the presence of unilateral sources has a significant impact on the location of critical
and bifurcation points of reaction-diffusion systems, which can be found even for diffusion rates,
for which no critical or bifurcation point in systems without unilateral terms exists. The presence
of the unilateral terms has also an impact on the shape of patterns.
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CHAPTER 7

Appendix

7.1 Sobolev spaces

Sobolev spaces The first part of the appendix is devoted to a summary of basic properties of
Sobolev spaces. Proofs of two theorems mentioned here can be found in classical books like [17]
or [4g].

For k € N and p € [1, 0] the Sobolev space WP (Q) is defined by

Whr(Q) = {v e LP(Q)| D € LP(Q) for all |a| < k},

where the derivatives are considered in the weak sense and LP((Q) is, as usual, the Lebesgue space.
For p € [1,00] the Lebesgue norm on LP(Q) will be denoted by ||-||z». The Sobolev space W*»(Q)
equipped with the norm

=

[ollep = | Y ID*0|Y, for all v e WRP(Q) if p < oo, (7.1)
|| <k
0]lk.00 = max | DY || for all v € WH>(Q), (7.2)

is a Banach space. For p € (1,00) these spaces are separable and reflexive. The space W#2(Q)
with a scalar product

k
(u, V)2 = Z/ V- V™ dx  for all u,v € W2(Q), (7.3)
n=1"%

is a Hilbert space for any k > 1 The space W2(Q) will be the most often used space in this
dissertation thesis. However, in Section the space WP with p > 2 is used.

The significant properties of W#?(Q) are continuous and compact embeddings into L4(£2) and
C1(Q) spaces.

Theorem 22. Let Q € C%', ie. a bounded domain in R™ with a Lipschitz boundary. Let
k,leNg, k>1andlet1 <p < q < oo be two real numbers such that

Ry B (7.4)
p q

Then
WEP(Q) — Whe(Q).

If the inequality is strict, the embedding is completely continuous (compact).

105
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Let m < p, let a € (0,1] and k,r be integers satisfying
(k—r—a) 1

m p

Then
WHP(Q) — C™(Q).

For m = 2 it is W12(Q) <€ LI(Q) for any 1 < ¢ < co. When m > 2, then W]%,’z(ﬂ) — LP(Q)

with
_2m
p= m—2

For 1 < p < 2m/(m—2) the embedding is compact. Another important special case ism =2, k =
2, p > 2, for which W2?(Q) —¢ C1*(Q2), with a = 1 —m/p. All of these embeddings will be used
in this dissertation thesis.

Theorem 23 (Trace Theorem). Let Q € C%! and p € [1,00). Let pg = (mp — p)/(m — p). Then
there exists a unique bounded linear operator T : W1P(Q) — L1(02), where q € [1,po], satisfying
Tv =vlgq, forallve C®(Q).

The operator T is compact for ¢ € [1,pg). Moreover, if p = m then T compact from WP (£2)
to LY(0NQ) for any q € [1,00). If p > m, then T is compact from W1P(Q) to L1(0Q) for any
q € [1,00].

It is common to drop the symbol for trace operator and write simply v|sg. A prominent
subspace of W1P(Q) is a space of functions with the zero trace.

Definition 10. Let Q € C%'. The space WyP(Q) € WHP() is defined by
WyP(Q) = {v e W' | v|gq = 0}.

For our purposes we define a space of functions having the zero trace only on a part of the
boundary.

Definition 11. Let ) € Co’l and FD C 0. The space W 1,2 M cw 1,2 Q) is deﬁned b
D! D )
[32(&2) {'U eNn 172(£2)| U|ID 0}

Since 2 is a set with a Lipschitz boundary, the space WE’Q(Q) is a Hilbert space, as can be
proved using Trace Theorem. If ji,,,_1(T'p) = 0, then W5(Q) = W'2(Q) and if Tp = N, then
WE(Q) = Wi ().

Remark 28. Let us consider an eigenvalue problem for the Laplacian

Av+rkv =01
ov

0, -5 =0.
T

”|FD =
The weak formulation of this equation is
/ Vv -V —kvp de=0, forallve Wé’2(Q).
Q

If the problem has a Dirichlet or mized boundary conditions, then smallest eigenvalue is positive.
The problem with Neumann boundary conditions has the smallest eigenvalue equal to zero.
For the Dirichlet/mized case it is common to order the eigenvalues of the Laplacian in a
monotonous sequence
0 <Ky <kg <o — 00, (7.5)
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counted according to their multiplicity.
The eigenvalues of the Laplacian with Neumann b.c. can be ordered in a sequence

0=rko < k1 < kg <-++— 0. (7.6)

It will be always assumed in this dissertation thesis that the eigenvalues of the Laplacian are
ordered either as , or @), depending on the prescribed b.c.

7.2 Nonlinear analysis

The second part of this section contains a necessary minimum from the nonlinear analysis. The
symbols X and H will denote here a real Banach and a real Hilbert space respectively. The proofs
of the theorems can be found in books [9] and [IJ.

Definition 12. Let (M, p) be a complete metric space. A map Q : M — M is called contraction
if there exists a constant K € (0,1) such that

p(Q(z), Qy)) < Kp(z,y) for all z,y € M.

Fixed Point Theorem. Let (M, p) be a nonempty complete metric space and Q : M — M be a
contraction. Then there exists the unique w € M satisfying Q(w) = w.

Definition 13. Let N : X — X be a nonlinear operator. The operator N is called compact if the
image of every bounded set in X is a relatively compact set in X.

Definition 14. Let Q C R™ be a domain and let f : @ x R™ — R be a real function. We say that
f satisfies Carathéodory conditions if

1. f(-,€) is measurable for all § € R™,
2. f(z,-) is continuous for a.a. x € Q.

Continuity of Nemyckii operator. Let 0 C R™ be a bounded domain, let p,q < oo and
f:QxR™ — R satisfy Caratheodory conditions and

[f(z,v)] < g1(x) + c(x) Z lvi|a for all v € R™, for a.a. x € Q, (7.7
i=1
where v; are components of v, gi1(x) € L1(Q) and ¢ € L>(Q). Then the Nemyckii operator
[F)](x) :== f(z,v(z)) for a.a. x € Q for all v e LP(Q),
is a well defined and continuous from LP(Q) to LI(Q2).

Implicit Function Theorem. Let X,Y,Z be Banach spaces, ® : X x Y — Z. Let (a,b) € X xY
be such a point that
®(a,b) = 0.

Let ¥ be an open set in X x Y containing the point (a,b). Let ® € CY(¥) and let the partial
derivative 0, ®(z,y)|z=a,y=b» be an isomorphism of X onto Z. Then there are neighbourhoods U of
a and V of b such that for any v € V there exists a unique uw € U for which

O (u,v) =0.
Denote this u by F(v). Then F € CY(V,U). Moreover,

-1
‘7:1(1}) = - [awq)(xa y)|x:]—'(v),y:v] 8yq)(1'7 y)z:]—'(v),y:m fOT allveV. (78)

Let us note that the uniqueness of v in U implies ®(u,v) = 0 if and only if u = F(v).
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Mean Value Theorem. Let XY be Banach spaces and let F : X — Y. If the Gdteaux derivative
DF(uy + t(ug —u1)) — DF(uq1)(uz — uq) exists for given uy,us and for all t € [0,1], then

[ F (u2) = F(u1) = DF (u1)(uz —ur)lly < sup [[DF(ur +t(ug—u1))(uz —ur) — DF (ur)(ug —u1)|y.

te(0,1]
Let us consider an abstract problem
Fhv) =0, (7.9)

where X is a real Banach space and F : A x X — X, with A C R being an open set. The
homogenization of (7.9)) is

Fo(A,v) =0, (7.10)
where
. F(A\ o)
J—_.O()\? U) - 7h_>n% r )

assuming that the limit exists. It is clear from the definition that F is positively homogeneous
of the degree one in the vriable v, i.e. F(A tv) = tF(A\v) for all ¢ > 0,0 € X;A € A If
F € CY(A x X,X), then Fy is a linear operator.

Definition 15. A critical point of the problem is a number \g € A for which there exists
v € H, v #0 satisfying

]:0()\0,’[)) =0. (711)

Let use define a set

S ={(A\v) e AxX | v#0, (\v) solves (7.9)}. (7.12)

Definition 16. A number A\, € A is a (local) bifurcation point of (@) if it exists in any neigh-
borhood of (A, 0) in A x X a solution (A\,v) € A x X of (7.9) with v # 0.

A parameter Ay € A is called a global bifurcation point of the problem (@ if at least one of
the following cases occurs:

o a connected component %y of . containing (Ap,0,0) is unbounded

o there exists a critical point A\, of so that (A, 0,0) € S and Ny # A¢
o there exists an element A € OA and v € X; v # 0 such that (\,v) € H.

In our applications the set A will be mostly the interval (0, co).

Definition 17 (Brouwer degree). Let @ C R™ be open and bounded, let F € C(,R™) N
CL(Q,R™). Assume that yo € R™\F(99Q) and yo is a reqular value of F. Then the Brouwer
degree of F' w.r.t. Q0 and yo is defined as

deg(F. Qo) = 3. sgn Jp(a),
z€F_1(yo)NQ

where Jg denotes the Jacobi matriz of F at the point x.

One of the significant properties of the degree is the homotopy invariance: if F' : [0, 1] xQ — R™
is continuous and yo ¢ Useo,11F'(¢, 952), then deg(F, 2, o) does not depend on t.

It is well-known that any compact operator on an infinite-dimensional Banach space can be
approximated by a sequence of operators with the finite-dimensional range. The symbol C (V,X)
will denote a set of compact operators from V to X with a finite dimensional range.
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Definition 18 (Leray-Schauder degree). Let X be a real Banach space, V' be an open bounded set
in X, F: X — X be a compact operator, 0 € X\(I — F)(0V) and F,, € C;(V,X) be a sequence
which converges uniformly to F in V. Denote

X,, = span F,(V), Vi, =VNX,,
Gn(z) =2 — Fy(x) for all x € V.
Then the Leray-Schauder degree of T — F with respect to V' and 0 is defined by

deg(Z — F,V,0) := 1i_{n deg(Gr, Vp, 0).

The justification of this definition (e.g. independence of the choice of sequence, existence of
deg(Gy, Vi, 0), etc.) can be found in [9], Chapter 5.2. Similarly to Brouwer degree, Leray-Schauder
degree is invariant w.r.t. the homotopy. By the term “degree” we will be always meaning the
Leray-Schauder degree.

Proposition 14. Let X be a real Banach space, let A be an interval in R and let F : R x X — X
be a compact operator in the neighborhood V' of 0 for all A € A. Let zero be an isolated solution of

v—F\v)=0 inV, for all X € A\{\o}. (7.13)
Let

liI;l deg(Z — F(A,),V,0) # /\lim deg(Z — F(A,-),V,0).

A= Ao— — Ao+

Then (Mo, 0) is a bifurcation point of .

Remark 29. Let F : X — X be a linear compact operator and let X € o(F), A # 0. There exists
k € N such that

X = Ker(I = \"'F)F @ Im(I — A1 F)*.
Moreover, dim Ker(I — A\"1F)* < oo.

Definition 19. Let F be from the previous remark. The number dim Ker(I — A\"1F)* < oo will
be called the (algebraic) multiplicity of A.

When talking about multiplicity of an eigenvalue, we will be always meaning its algebraic
multiplicity. It is also possible to define so-called geometric multiplicity, which is equal to
dim Ker(I — A™1F). In the Chapters we worked with symmetric linear operators, where the
algebraic and geometric multiplicity are the same therefore we will not distinguish between them.

Leray-Schauder Index Formula. Let V' be an open bounded set in a real Banach space X and
let F € CH(V,X) be compact. Let vg € V be a unique solution in 'V of the equation

v =F(v).
Assume that I — F'(vg) is continously invertible. Then

deg(ZT — F,V,u) = (-1)%, a= Z m(), (7.14)
A€o (F'(vo))NR,A>1

where m(A) is the multiplicity of the eigenvalue A of the operator F'(uvg).
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Remark 30. Let F : X — X be a continuously differentiable and compact operator on a real
Banach space X, assume that Ay > 0 is the largest eigenvalue of F'(0) with odd multiplicity. The
Leray-Schauder index formula gives

deg (I — %]—', BT(O),O> = (=1)%, for all X\ #0, for a from ,

and for any sufficiently small r > 0. There are no eigenvalues of the operator F'(0) larger than
A1. Hence, for all A > A1 we have a = 0 and consequently

deg (I — %]—', BT(O),0> =1, (7.15)

for any sufficiently small r > 0. Assume that Ao > 0 is the second largest eigenvalue of the
operator F'(0). Because the eigenvalue A1 has an odd multiplicity, then for all X € (Aa, A1), A #0
the number « from is odd and (—1)* = —1, which implies

deg <I - %]-‘, B,(0), o> =1 (7.16)

for any sufficiently small r > 0. In sum, there is

1 1
deg (I_ )\7]-: BT(O)7O) # d@g (I - )\7]:7 BT<O)70> )
a b

for any A > A1 and Ay € (A1, A2) and sufficiently small r > 0. According to Proposition the
point A1 is a bifurcation point of the equation \v = F(v). This procedure can be simply modified
for other eigenvalues. We will use it in the proof of Theorem[§ on pyg. [53

Definition 20. Let H be a real Hilbert space. We say that an operator F : H — H has a potential
on the set V. C H if there exists a functional @ : V — R such that

(P (v),u) = (F(v),u) forallve V,ueH,

where prime denotes the Fréchet derivative. If an operator has a potential on the whole H, we will
call it potential operator.
It will be assumed without loss of generality that ®p(0) = 0.

Observation 7. Any symmetric linear operator S : H — H has the potential defined by

1
Ds(v) := 5(81},1}) for all v € H.

7.3 Three famous bifurcation theorems

Theorem 24 (Rabinowitz Global Bifurcation Theorem). Let .# C R be an open set in R x X, let
(Mo,0) € A and Mg # 0, let L : X — X be a linear compact operator having 1/X\g as an eigenvalue
of an odd multiplicity and let N : .# — X be a small nonlinear compact perturbation, i.e. N is
compact and

for any bounded set A C {A e R | (A\,0) € A} :
N\ v)

=0, uniformly for any A € A.
v=0 o]l

Then the set

S ={(\v) e |v#0, (\v) and v—ALv—N(\v) =0}

contains the point (Ag,0). Let Fy be a component of . which contains (Ao, 0). Then at least one
of the following holds:
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(i) S is not a compact set in M .

(ii) o contains an even number of points (X, 0), where 1/X is an eigenvalue of L of odd multi-
plicity.

Then Ag is a global bifurcation point of the equation
A —Lv—N(\v)=0,
in the sense of Definition [16]

Later we will use a modification of this theorem developed by Martin Vath, see Theorem [7] on
pg. to prove a bifurcation theorem suitable for our systems.

Theorem 25 (Crandall-Rabinowitz Theorem). Let X,Y be real Banach spaces and let F : RxX —
Y be C? in a neighborhood of (0,0). Let F satisfy the assumptions

(i) F(X,0) =0 for all A € (=6,9) for some & > 0,
(i) dim Ker 0,F(0,0) = codim Im 0,F(0,0) =1,
(iii) if 3, F(0,0)vo = 0, vo £ 0, then IndyF(0,0) & Im 8, F(0,0).

Denote by X1 a topological complement of Ker 8,F(0,0) in X. Then there is a C*-curve (X, ) :
(—g,e) = R x Xy (for some ¢ > 0) such that

A(0) =0, 9(0) =0, F(A(t),t(vo +9(t))) = 0.
Moreover, there is a neighborhood V' of (0,0) in R x X such that
F(A\v)=0, for (\v)eV

if and only if either v =0 or A\ = A(t), v = t(vo + 0(t)) for a certain t.
An analogue of this Theorem will be proved in the Section [3.4

Theorem 26 (Krasnoselskii Potential Bifurcation Theorem). Denote .Z(H) the set of all bounded
linear operators on H. Let O be a (nonlinear) functional on H. Assume that ®p is twice differenti-
able in a certain neighborhood V of 0, F = ® : V — H is compact on V and S = 4 : V — Z(H)
is continuous at 0. Then (\°,0), where \¥ # 0, is a bifurcation point of

Av—F(v) =0, (7.17)

if and only if \° is an eigenvalue of the operator S.

One theorem giving a bifurcation in systems containing positively homogeneous perturbation
and having potential is proved in Section [3.2.2]

The common assumption of the previous theorems is the Fréchet differentiability of the oper-
ators F and A. The aim of the Section [3]is to relax this assumption so that it will be possible to
find their analogues for the equations of a type , where the positively homogeneous operator
B is in general not differentiable.
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7.4. Eigenvalues of symmetric linear operators

7.4 Eigenvalues of symmetric linear operators

Remark 31. Let S : H — H be a linear symmetric compact operator. Assume that S has infinitely
many eigenvalues. The largest eigenvalue of S can be found, under the assumption that S is not
negative, by mazximizing the so-called Rayleigh quotient:

Sv,v)

A= max (Sv,v) = ma <7’ 7.18
max UEH7Hv)ﬁ:1< , V) veH,u};éO [0]]2 ( )
A vector emax With ||emax|| = 1 is a maximizer of (Sv,v) if and only if it is an eigenvector of S

respective to A5, .

Denote by A5 the i-th largest eigenvalue of S. Assume that S has n > 2 positive eigen-

max,%
values, and denote H; the space generated by the eigenvectors corresponding to the eigenvalues
)\iax, e )\rsnax,i. Forie{l,--- ,n— 1} the eigenvalue )\Zﬂl can be found by iterations
Sv,
)\Z»SJrl ‘=  max M (7.19)

velt w0 [|v]|?

Howewver, it is not always possible to get all eigenvalues by using this iterative formula. Let S have
infinite dimensional range and n positive eigenvalues. If i = n, then

S
sup % =0.
veHL ,v#0 ”U”

It is well known that 0 is in the continuous spectrum of S and therefore the iterative formula
is not true for i > n.
Similar approach can be used to find the eigenvalues of a generalized eigenvalue problem

AMZ - Ay —-8Sv=0,

where A : H — H is a linear, symmetric, compact operator with o(A) C [0,1]. If 1 ¢ o(A), this
problem is equivalent to an eigenvalue problem for a symmetric operator (I — A)"28(Z — A)~z,

and its positive eigenvalues can be characterized by , , which are equivalent to

A - max (Z-A)"28(Z—-A) zv,v) — ax M’
T el Io]l” vervz0 (Z — A, ) (7.20)
T—A)"3S(Z - A)"iv,v) (Sv,0) '
)\S ) _ <( _ __wvy
maL T el o Tl X T = AJu, o)

Let 1 € 0(A) and eg be a corresponding eigenvector. If (Seg,eq) > 0, then

sup __Svy) +oo
vEEH,v#£0 <(I - A)U7 U> .

Denote Hy the complement to the eigenspace of 1 € o(A). On this space, 1 ¢ o(A), and positive

eigenvalues can be found through the iterative formula . More information can be found in
e.g. [28], paragraph 14.8.8.
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