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Abstract

A graph H is common if the number of monochromatic copies of H
in a 2-edge-coloring of the complete graph is asymptotically minimized by
the random coloring. The classification of common graphs is one of the
most intriguing problems in extremal graph theory. We study the notion
of weakly locally common graphs considered by Csdka, Hubai and Lovasz
larXiv:1912.02926], where the graph is required to be the minimizer with
respect to perturbations of the random 2-edge-coloring. We give a complete
analysis of the 12 initial terms in the Taylor series determining the number
of monochromatic copies of H in such perturbations and classify graphs H
based on this analysis into three categories:

e graphs of Class I are weakly locally common,
e graphs of Class II are not weakly locally common, and

e graphs of Class III cannot be determined to be weakly locally common
or not based on the initial 12 terms.

As a corollary, we obtain new necessary conditions on a graph to be com-
mon and new sufficient conditions on a graph to be not common.
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1 Introduction

Ramsey’s theorem states that, for any graph H, every 2-edge-coloring of the
complete graph K, contains a monochromatic copy of H, provided that n is
sufficiently large. The natural quantitative question stemming from this classi-
cal theorem is the following: What is the minimum number of monochromatic
copies of H contained in a 2-edge-coloring of K, ¢ In particular, is the minimum
achieved by the random 2-edge-coloring of K,? Our main result is a complete
analysis of the initial 12 terms of the polynomial determining the number of
monochromatic copies of H in a perturbation of the random 2-edge-coloring of
K,.

We next put our results in a broader context. A graph H is common if the
number of monochromatic copies of H is asymptotically minimized by the random
2-edge-coloring of K,,. The notion of common graphs originated in the 1980s but
can be traced to even older results. Indeed, the classical result of Goodman [15]
implies that the graph K3 is common, which led Erdés [§] to conjecture that
every complete graph is common; this conjecture was extended by Burr and
Rosta [I] to all graphs. Sidorenko [28] disproved the Burr-Rosta Conjecture by
showing that a triangle with a pendant edge is not common, and around the same
time, Thomason [32] disproved the original conjecture of Erdds by establishing
that K, is not common for any p > 4. Several additional constructions showing
that K, is not common for p > 4 have since been found [12[13,33], and more
generally, Jagger, Stovicek and Thomason [18] showed that no graph containing
a copy of K, is common. Determining the asymptotics of the minimum number
of monochromatic copies of K, remains an open problem despite many partial
results [141,24130].

A characterization of common graphs is one of the most intriguing problems in
extremal graph theory; there is not even a conjecture for a possible characteriza-
tion of common graphs. On one hand, common graphs include odd cycles [28] and
even wheels [18], and additional examples of common graphs can be obtained by
certain gluing operations [I827]. Only recently, an example of a common graph
with chromatic number larger than 3 was identified: the 5-wheel was shown to
be common in [I7] using Razborov’s flag algebra method introduced in [25]. On
the negative side, Fox [10] proved that every (connected) non-bipartite graph is
a subgraph of a connected graph that is not common. We also refer the reader
to [7,[19] for results on the analogous concept involving more colors.

Common graphs are very closely linked to Sidorenko graphs. A graph H is
Sidorenko if the number of copies of H in any graph G is asymptotically bounded
from below by the number of copies of H in the random graph of the same density
as G. It easily follows that every Sidorenko graph is bipartite and a convexity
argument yields that every Sidorenko graph is common. A well known conjecture
of Sidorenko [26]29], which is equivalent to an earlier conjecture of Erdds and
Simonovits [9], asserts that in fact every bipartite graph is Sidorenko. So, if true,



then every bipartite graph would be common. Many families of bipartite graphs
are known to be Sidorenko [2-5[16,20,31], however, the complete solution of the
conjecture seems to be out of reach.

Sidorenko’s Conjecture is well-understood in the local setting, i.e., when
perturbations of the random graph with a given edge density are considered.
Lovéasz [21] showed that no fixed perturbation decreases the number of copies of
a graph H if and only if H is a tree or its girth is even. In the language of theory
of graph limits, which we introduce in Section [2 this result asserts that for every
such graph H and every kernel U with ¢(K,,U) = 0, there exists 5 > 0 such
that

t(H,1/2) <t(H,1/2+¢cU) for every € € (0,gy).

Fox and Wei [I1] strengthened the result of Lovész and proved the following: for
every such graph H, there exists g > 0 such that t(H,1/2) < t(H,1/2 + U)
for every U with t(K3,U) = 0, ||U|lg < €0 and ||[U|| < 1/2. In other words,
any large graph close to a random graph has at least the same density of H as a
random graph.

1.1 Locally common graphs

We study the local version of the notion of common graphs, which has recently
been introduced by Csdka, Hubai and Lovasz [6]. As in the case of Sidorenko’s
Conjecture, several notions of locally common graphs can be considered. The one
that we study here is the following notion, which is referred to as weakly locally
common in [6] and which we simply refer to as to locally common for brevity
throughout the paper: a graph H is locally common if for every kernel U, there
exists g9 > 0 such that

2t(H,1/2) <t(H,1/2+¢eU)+t(H,1/2 —cU) for every € € (0, ¢y).

Csdka et al. [6] showed that every graph containing K, is locally common in this
sense. In the sense analogous to that considered by Fox and Wei [11], the result
of Franek and Rodl [13] yields that K is not locally common and Cséka et al. [0]
established that in fact any graph containing K is not locally common in this
stronger sense.

We provide a strong partial characterization of locally common graphs, which
also suggests that the characterization of common graphs is likely to be very
complex. To be more precise, for every graph H and kernel U, we analyze the
function t(H,1/2 4+ eU) 4+ t(H,1/2 — €U), which is a polynomial of €, and give
a complete characterization of its possible coefficients up to the term of £'? (in-
clusively). This characterization is presented in Theorems [I8, 23] and B3l In
particular, we split graphs H into three classes:

e graphs of Class I are locally common,



e graphs of Class II are not locally common, and

e graphs of Class IIT admit a kernel U such that the coefficients of the initial
twelve terms in ¢(H,1/2 + eU) + t(H,1/2 — eU) are zero and there is no
kernel U that witnesses that H is not locally common based on one of the
initial twelve terms.

In other words, if H is of Class III, then it is not possible to decide whether
H is locally common or not solely by analyzing the initial twelve terms in the
expression t(H,1/2 + eU) + t(H,1/2 — eU). To establish the classification, in
Section M, we develop techniques for constructing kernels U with strong control
of the change of the number odd cycles passing through given vertices. We believe
that these techniques will be useful to the further study of locally common graphs
and common graphs in general.

While the actual characterization given in Theorems [I8], 23 and [33]is complex,
which is caused by the involved nature of the problem, we state some of the
corollaries here. Let Cy & Cy be the graph obtained by identifying one vertex of
C} and one vertex of Cy. The following sufficient conditions on a graph H to be
locally common are implied by our characterization:

e H contains Cy or Cj.
e [ contains Cg and C5 & (5.
e H contains C and two edge-disjoint C3’s but it does not contain Cs5 @ Cs.

We remark that the first condition was already established by Cséka et al. [0]
Theorem 4.1] who proved the following: if H is a graph with even girth g that
does not contain two cycles of different odd lengths ¢; and /5 sharing at most one
vertex such that ¢; + /5 < ¢g and also does not contain two cycles of the same odd
length ¢ sharing at most one vertex such that 2¢ < g, then H is locally common.
On the negative side, Csdka et al. [6] showed that the graph C3@® Cj is not locally
common. More generally, we show that the following are sufficient conditions on
a graph H to be not locally common:

e [ contains C3 @ C5 but does not contain Cy, Cg or C5 & Cs.

e H contains vertex disjoint C5 and Cj but it does not contain Cy, Cg or two
edge-disjoint Cj’s.

The examples above may suggest that whether the graph H is locally common
or not is determined by the presence or the absence of particular subgraphs. While
this is indeed the case for subgraphs with at most eight edges, the situation
already becomes more involved when 10-edge subgraphs are considered. For
example, suppose that a graph H does not contain Cy, Cg, Cys, C5® C3, C3 8 Cs,
C3®C7, or C3B P,®Cy (the last graph is depicted in Figurel]), H does contain two
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edge-disjoint C3’s and C'g, and let s33, s35 and s55 be the numbers of subgraphs
of H isomorphic to the graphs C3 @ Py @ C3, C3 @ P, & C5 and Cs5 & Cs (see
Figure [6)), respectively. Theorem 23] yields that H is locally common if and only
if 4533855 > (535)°.

This paper is structured as follows. In Section 2 we introduce the notation
and basic terminology from the theory of graph limits, and in Section B we
prove auxiliary number theory results required to develop our tools presented in
Section Ml In Sections [B [@ and [7] we provide classifications of locally common
graphs with respect to subgraphs with 8, 10 and 12 edges, respectively, and
we describe which graphs can be concluded to be locally common (Class I),
which to be not locally common (Class II), and which belong to neither of the
two classes (Class III). We finish with presenting two open questions concerning
locally common graphs suggested by our work in Section [

2 Preliminaries

In this section, we fix notation used throughout the paper. We start with some
basic notation and introduce more specialized notation in subsections. The set
of the first n positive integers is denoted by [n]. All graphs considered here are
finite and simple. If G is a graph, then V(G) and E(G) is the vertex set and
the edge set of G. The order of G, i.e., its number of vertices, is denoted by |G/,
and its size, i.e., its number of edges, by ||G||. The complete graph of order n is
denoted by K,,, the n-vertex cycle by C,, and the n-edge path by P,. If G and
H are two graphs, then G U H is the graph obtained as a disjoint union of G
and H. If G and H are two vertex transitive graphs, then G @& H is the graph
obtained from G U H by identifying one vertex of G with one vertex of H, and
G @ P, ® H is the graph obtained from GU P, U H by identifying one vertex of G
with one end-vertex of the path P, and one vertex of H with the other end-vertex
of P,. We will also use the notation G & H when one or both G and H are not
vertex transitive if the vertex of G and the vertex of H to be identified are clear
from the context. A homomorphism from a graph H to a graph G is a function
f:V(H)— V(G) such that f(u)f(v) € E(G) for every edge uv € E(H), and the
homomorphism density of H in G, which is denoted by t(H, ), is the probability
that a random function from V(H) to V(G) is a homomorphism, i.e., it is the
number of homomorphisms from H to G divided by |G|!*.

2.1 Decks

In this subsection, we introduce notation related to decks of graphs, which play a
crucial role in determining whether a graph is locally common or not. An ¢-deck
is any multiset of f-edge graphs, and the ¢-deck of a graph G, which is denoted
by G[f], is the multiset of all f-edge subgraphs of G. If D is an ¢-deck and H is



an (-edge graph, we write sp(H) for the number of copies of H that D contains.
More generally, we can define sp(H) for a graph H with less than ¢ edges as
the number of ||H||-edge subgraphs of the graphs in D that are isomorphic to
H. We next define an ¢-deck D’ of an f-deck D for ¢ < ¢: it is simply a union
of all ¢-decks of graphs contained in D (with their multiplicities). Note that
sp(H) = sp(H) for every ¢'-edge graph H. Observe that if D’ is the ¢'-deck of
the (-deck G[{] of a graph G on m edges, then

m =1

spr(H) = (6_6,)80[@}(1[1)

for every ¢'-edge graph H, i.e., the multiplicities of graphs in G[¢'] and the ¢'-deck
of G[{] differ by the multiplicative constant independent of H. We will later recall
that the ¢-th coefficient in the polynomial ¢(G,1/2 4 eU) is a linear combination
of sgg(H) for (-edge graphs H, i.e., its sign is the same regardless of whether we
consider it directly with the ¢-deck of G' or with the ¢-deck of another deck of G.

2.2 Graphons and kernels

In this part of Section 2] we introduce basic terminology from the theory of graph
limits. A graphon is a measurable function W : [0, 1]*> — [0, 1] that is symmetric,
i.e., W(x,y) = W(y,z) for all (z,y) € [0,1]%. Intuitively (and quite imprecisely),
a graphon can be thought of as a continuous variant of the adjacency matrix of a
graph. The graphon that is equal to p € [0, 1] everywhere is called the p-constant
graphon; when there will be no confusion, we will just use p to denote such a
graphon. The notion of homomorphism density extends to graphons by setting

t(H,W) ::/ " H Wy, ) deym) (1)
[071}VH

uwveE(H)

for a graph H and graphon W, and we define the density of a graphon W to be
t(Ky, W).

The quantity t(H, W) has a natural interpretation in terms of sampling a
random graph according to W: a W-random graph of order n € N, which is
denoted by G, w, is obtained by sampling n independent uniform random points
x1,..., 2, from the interval [0, 1] and joining the i-th and j-th vertices of G by
an edge with probability W (z;, ;). It can be shown that the following holds for
every graph H with probability one:

lim ¢(H, Gy = t(H, W).

n—oo

A sequence (G;)ien of graphs is convergent if the sequence (t(H,G;))ien con-
verges for every graph H. A simple diagonalization argument implies that every



sequence of graphs has a convergent subsequence. We say that a graphon W is a
limit of a convergent sequence (G;);en of graphs if

Z15%1015(H G;) =t(H,W)

for every graph H. One of the crucial results in graph limits, due to Lovasz and
Szegedy [23], is that every convergent sequence of graphs has a limit. Hence, a
graph H is Sidorenko if and only if t(H, W) > t(Ky, W)IHIl for every graphon
W, and H is common if and only if ¢t(H, W) + t(H,1 — W) > 241 for every
graphon W.

A perturbation of a graphon can be described by a kernel. Formally, a kernel
is a bounded measurable symmetric function U : [0,1]> — R, and we define the
homomorphism density of H in U as in (), i.e.,

mun:/ 1 U@z dev. (2)
[0,1]V(H)

H
weE(H)

If W is a graphon and U is a kernel, then it holds that

t(H,p+elU) = ||H||+ Z pIIHII k ok Z (3)

ke(||H||] H'eHk

for every p € (0,1), see [21,28] and also [22 proof of Proposition 16.27]. In
particular, the k-term in (B)) depends on the k-deck of H and the kernel U only,
which we discuss in more detail in Subsection 2.3l

The next proposition is implied by [22, Equation (7.22)]. In particular, if U
is a kernel, then t(Cy, U) = 0 if and only if U is zero.

Proposition 1. [t holds that t(Cy,U) > 0 for any even cycle Cy and any non-
zero kernel U.

We will need an extension of homomorphic densities to rooted graphs. If H is
a graph with a distinguished vertex w (the root), then the homomorphic density
of H in U is the function ¢ : [0,1] — R defined as

ﬁzz/ U, 2) U 20) Ay iy o
(2) [0,1]V(F\w} H H ( ) V(H)\{w}

weE(H) uwveE(H)
uVFW

we will omit displaying the choice of w in the notation as it will always be clear
from the context. In particular, if H is vertex transitive, the choice of the vertex
w is irrelevant, and we can write ¢tf] without any danger of confusion. If H is
vertex transitive, then H @ P, is the rooted graph obtained by identifying a vertex
of H with one end vertex of the path P, and choosing the other end of the path



to be the root. A kernel U can be viewed as an operator, i.e., if f:[0,1] — R is
a measurable function, then U f is the function defined as

Uh)(z) = /[ UGS b

Observe that ¢/ = U™t in particular, t791 = UtH.
The following clearly holds for every graph H:

t(H,U) = / ti (x) da;
[0,1]

the choice of the root for the definition of ¢/ (z) is irrelevant for the above identity
to hold. In addition, if H; and H, are two rooted graphs and H; & H, is obtained
by identifying their roots, it holds that

H(H, & Ha, U) = /[0 @ . (@)

In particular, if H is a vertex-transitive graph, then t(H @ H,U) > 0 and the
equality holds if and only if tf(z) = 0 for almost every x € [0,1]. We say that a
kernel U is balanced if tgl (z) = 0 for almost every z € [0, 1], i.e., the perturbation
determined by U does not change the degrees of the vertices of a graphon. The
identity (4) implies the following.

Proposition 2. If a kernel U is balanced and a graph H has a vertex of degree
one, then t(H,U) = 0.

We conclude this subsection with the following proposition on balanced ker-
nels.

Proposition 3. Let U be a balanced kernel. It holds that
| wnww=o
[0,1]

for every f € Lo[0,1].

Proof. Since U viewed as an operator on L0, 1] is self-adjoint and compact (as
all Hilbert-Schmidt integral operators are), there exists a finite or countable set
I, non-zero reals \; and orthonormal functions f; € Ls[0, 1] such that

U(z,y) = Z Aifi(@) fi(y)-
icl
Let h € L»[0,1] be the function equal to one everywhere on [0,1]. Since U

is balanced, it holds that Uh is equal to zero almost everywhere. Hence, the
following holds for every i € I:

0= fi(x)(Uh)(z)dx = N fi(z)h(z)dz,
[0,1] [0,1]
i.e., f; and h are orthogonal. It follows that Uf is orthogonal to h for every
f € Ls[0, 1] and the proposition follows. a
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2.3 Perturbations

We next analyze the dependence of the density of G in 1/2 4+ €U on a kernel U
and e. First observe that if U is a kernel, then it holds by (3]) that

t(G,1/2+eU) 4+ t(G,1/2 —¢eU)

=271 N oI N (] U) + H(H, -U) | €. (5)

efllG]] HeG]

If the number of edges of a graph H is odd, then t(H,U) = —t(H,—-U). In
particular, the coefficients at odd powers of ¢ in () are equal to zero. Hence, we

set
o= tHTU)

HEG)

for a kernel U, a graph G and an (even) integer ¢, and observe that

tHG,1/24eU) + (G, 1/2—eU) = 2719 f1 4 3" oG el [ (6)
Le[l|lGI]
even

We emphasize that the coefficient cgg depends on a kernel U and the ¢-deck D
of G only. Hence, we define

Be=D, D,

HED H'eH|[l']

for an /-deck D and an even positive integer ¢/ < ¢. Observe that if D is the
(-deck of a graph G, then the coefficients cg,z, and 055, have the same sign for all
¢ =2,4,... (. Also observe that the value of 0’575 is determined by sp(H) for all
(-edge graphs H, i.e., it holds that

o= Y sp(H)H(HU) (7)

H || H|=¢

for every (-deck D and every even positive integer ¢/ < /.
The above leads to the following classification of /-decks, which we have al-
ready mentioned in Section [Il Let ¢ be an even integer. An ¢-deck D is of

Class I if for every non-zero kernel U, not all of the coefficients ¢/, .. ., ¢§, are
zero and the first non-zero coefficient among c5,, ..., ¢}, is positive;

Class II if there exists a (non-zero) kernel U such that not all of the coefficients
[ g:- -+ €y are zero and the first non-zero coefficient among ¢f,, ..., ¢f,
is negative;



Class III if there exists a non-zero kernel U such that all the coefficients 032, ey
¢ are zero, and for every (non-zero) kernel U, it holds that either all the

coefficients c5,,..., c¢5, are zero or the first non-zero coefficient among
D Do o ’
C2s - - - Crp 1S POSItive.

In particular, the following holds for every graph G with m edges and every
¢ < m: every graph G such that its ¢-deck is of Class I is locally common, every
graph G such that its /-deck is of Class II is not locally common, and every graph
G such that its ¢-deck is of Class III and ¢ € {m — 1, m} is locally common; in
particular our results give a full characterization of graphs with up to 13 edges
into Class I or Class II. If the f-deck is of Class III and ¢ < m — 1, then it
cannot be decided based on the ¢-deck whether G is locally common or not; in
particular if a 12-deck is of Class III and m > 13, then G is of Class III in the
sense defined in Section [Il. We remark that in our analysis above we have used
that the multiplicities of ¢-edge graphs H in the ¢’-deck of G and in the ¢'-deck
of G[{] differ by the same multiplicative constant independent of H. Also observe
that if the ¢-deck of an ¢-deck D, ¢’ < ¢, is of Class I, then D is also of Class I,
and if the ¢'-deck of D is of Class II, then D is also of Class II.

Proposition 4. It holds that 0’5,2 > 0 for every (-deck D and every kernel U.
Moreover, if sp(Py) > 0, then cf, = 0 if and only if the kernel U is balanced.

Proof. The definition of the coefficient, ¢, yields that

2
)y =sp(PLUP) (/ th (z) dx) + SD(PQ)/ i (x)? d.
[0,1] [0,1]

It follows that the coefficient 032 is always non-negative.

It remains to prove the second part of the proposition. So, suppose that
sp(Py) > 0. If the kernel U is balanced, then both integrals above are zero. On
the other hand, if 052 = 0, then the second integral above must be zero, which is
possible only if #;' (x) = 0 for almost every 2 € [0, 1]. We conclude that Gy =0
if and only if the kernel U is balanced. O

Proposition [2] and the characterization results obtained in Theorems [18] 23]
and [33] lead us to the definition of a principal graph:

Definition 5. A graph H is principal if either H is an even cycle or H has
minimum degree two and every block of H is an odd cycle or an edge.

Principal graphs with four, six, eight, ten and twelve edges are listed in Fig-
ures 2 Bl @ [6 and B, respectively. For a deck D with sp(P,) > 0, let g be the
length of the shortest even cycle that a graph in D contains, and let D’ be the
g'-deck D, where ¢’ < g is even. Then the frequencies of principal graphs of D’
determine its class. Indeed, consider a non-zero kernel U. Since sp(P,) > 0, it
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holds that 0%72 > 0 by Proposition 4 unless U is balanced. If U is balanced, then
t(H,U) = 0 for every graph H with vertex of degree one by Proposition 2 i.e.,
the non-zero contribution to the sum () defining ¢ 4, ..., cp , comes only from
subgraphs with minimum degree two. Since all graphs of D’ that have minimum
degree two are principal, the class of D’ is determined by its principal graphs.

3 Sums of powers

In order to present our main tool (Lemma []) in Section [, we need to state some
number-theoretic results. The main result of this section is Lemma [§], the proof
of which follows from Lemmas [0] and [7.

Lemma 6. For every pair of odd integers kg and k such that 3 < ko < k, there
exists an integer m and reals wy, . ..,w,, such that

for every odd integer { # ko, 3 < ¢ <k, and
Z wh > 0.
i1€[m]

Proof. Consider the square matrix A of order (k —1)/2 such that A;; = j%*! for
i,J € [(k—1)/2] and the square matrix B of the same order such that B;; = j*~2
for i,7 € [(k —1)/2]. The matrix B is a Vandermonde matrix and so it is full
rank. Since the matrix A can be obtained from the matrix B by multiplying its
j-th column by j3, the matrix A is also full rank. It follows that there exists
a rational vector z € R*~1/2 such that the vector Az is the (ko — 1)/2-th unit
vector, i.e., (A2)@,—1y/2 = 1 and (Az); = 0 for i # (ko —1)/2. Hence, there exists
an integer vector z' € Z*~Y/2 guch that (A2')p,—1)2 > 0 and (A2); = 0 for
i # (ko —1)/2. We set m = [2{[ + -+ + [2(;_,) | and consider the multiset of m
reals that contains j with multiplicity 2} if z; > 0 and —j with multiplicity —2}
if 25 < 0 for each j € [(k —1)/2]. Setting wi,...,wn to be the elements of this
multiset yields the statement of the lemma. O

Lemma 7. For every pair of odd integers ko and k such that 3 < kg < k and

every positive real 6 > 0, there exists an integer m and reals wy, . . ., w,, such that
Sl -
i€[m]

for every odd integer { # ko, 3 < ¢ <k, and

Z wh =1 and Z whrt <4,

i€[m] i€[m]
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Proof. Apply Lemma [0l with kg and &k to obtain wy, ..., w,, such that
> uf =0
i€[m’]

for every odd integer ¢ # ko, 3 < ¢ < k, and

Z Wi =0 > 0.
i€[m’]

For an integer n € N, consider a multiset A of m = 2"’ numbers that contains
each of the numbers w; Q%277 i € [m/], with multiplicity 2"%. Clearly, the
sum of the kg-th powers of the numbers in A is equal to one and the sum of the
(-th powers for odd ¢ # kg, 3 < ¢ < k, is equal to zero. The sum of the (k+1)-th
powers can be bounded as follows:

gnho 1
Rl _ k1 k1
Zw = QU1 ko gn(kr1) Z S QU1 koon Z Wi

weA 1e[m’] 1€[m/]

Hence, there exists n € N such that the sum is at most § and the lemma holds

for the multiset A for such a choice of n. O
Lemma 8. For every odd integer k > 3, all reals s3, Ss, . . ., sp and every positive
real & > 0, there exists an integer m and reals w, . . .,w,, such that

S =

i€[m]

for every odd integer £, 3 < ¢ <k, and

Z Wit < 6.
1€[m]

Proof. For ¢ = 3,5,...,k, if s, # 0, we apply Lemma [ with W to get my
Se

Z sz =0

i€[my]

for every odd integer j # ¢, 3 < j < k, and

)
0 _ k+1
Z we; =1 and Z We; = LRI/

i€[my) i€[my] ¢

and wy 1, ..., wem, such that

If s, =0, we set my = 0.

12



We set m = mg + --- + m;, and consider the multiset of m reals wq,...,wp,
that consists of w“s;/z for ¢ = 3,...,k and i € [my]. Observe that for every
¢=3,...,k, it holds that

l
1/¢
E Wf = E <wg7is/> = Sy E wfvi = Sy.
1€[m)|

i€[my] 1€[my]

In addition, it holds that

DIELES SIFGLLD SITEIED SR

i€[m] (=35,...k i€[me] 0=35,...k

The lemma follows. O

4 Constructing balanced perturbations

In this section we construct a special family of perturbations and determine the
corresponding densities of key principal graphs. The construction is presented in
the following lemma.

Lemma 9. Let k > 3 be an odd integer, let 6 € (0,1) be a positive real, let m be
a non-negative integer, and let o;, vy, and 7,0, i € [m] and ¢ = 3,5,...,k, be any
reals such that ot + -+ o"+1 < §/2. There exists a non-zero balanced kernel
U, orthonormal functions fi,..., fm € L3[0,1] and gs,...,gx € L2[0,1] and a

real v > 0 such that f;, i € [m], is an eigenfunction of U associated with o;, i.e.,
Ufi=oifi, and

filz)dz =0
[0,1]

for every i € [m], the functions g;, £ = 3,5,..., k, belong to the kernel of U, and

/ ge(x) dv =~
(0,1]
for every £ =3,5,...,k, and

15 () = %gm) + 3 Tefile)

1€[m]

for every odd integer €, 3 < ¢ < k, and t(Cyy1,U) < 6.

Proof. We can assume that at least one of the values o;, v, and 7, is non-zero;
if this is not the case, we will prove the lemma for k£ 4+ 2 and the additional

values set as g0 = 0/2 and 7,542 = 0, @ € [m]. Let o = 7 for 1 =

)
m~+(k—1

13



bil + -
93 +
95 4
ff,_l + | -
e B e B B
fia + 1 -
fi2 +=+|—
f2Jf1 + | -
faq + | -
f:;ﬁ + 1 -
[ + | -

Figure 1: The signs of the functions from the proof of Lemma [Ol when k£ = 5 and
m = 1.

0,...,m + (k — 1)/2; note that the intervals [o;_1,;), ¢ € [m + (k — 1)/2],
partition the interval [0,1). For £ = 3,5,... k, we define

gelz) = (m+ (k—1)/2)Y2 if apr—gye < & < Qmepe—1)/2,
0 otherwise.

Fori=1,...,m, we define

(m+(k—1)/2)Y* i qpy <z < B2

filz) =< —=(m+ (k—1)/2)V? if =222 < < o,
0 otherwise.
Note that the functions g3, ..., gx and fi,..., f,, form an orthonormal system of

functions such that

/ ge(r)dz = v and filz)dz =0
[0,1] [0,1]

for every £ = 3,5,...,k and for every i € [m], where v = (m + (k — 1)/2)~ /2.

We next construct the kernel U. We start with defining functions h; : [0, 1] —
R, 5 €N, as

() +(©2m + k —1)Y2 if |27z is even, and
’ —(2m + k —1)"/2  otherwise.

14



Fori=1,...,m+ (k—1)/2 and j € N, we define a function f;7;: [0,1] = R as

Z‘?j

N hi(2m+k—1)(x — ;1)) fa << %, and
() = .
0 otherwise,

and a function f; : [0,1] — R as

3 hj((Qm—l—k:—l)(:c—o“%M)) ifo”%mgx<ai,and
fzy(x) = .
0 otherwise.

See Figure [I] for an illustration. _
Tij J

At th-1/2)2 2
to get w;y,...,w’ . such that the sum of their j-th

For ¢ = 1,...,m, we apply Lemma [§ with &, s; = for

j:?), kandm

powers is equal to s; = m - % and the sum of their (k+ 1)-th powers

- o
2(m+(k—13)/2)1/2 T2
to get w;y,...,w. _ such that the sum of their

2

is at most . We next apply Lemma [§ with k, s; =

[
2(2m+k—1)
fOI' ] = 3, k’ and m

j-th powers is equal to s; = m — % and the sum of their (k 4 1)-

th powers is at most m. Fori=1,...,(k—1)/2, we apply Lemma [§

with ]{?, S2i41 = WW and S = 0 for j §£ 21 —|—1 and m to get
Wil - - - s Winti;mmy; Such that the sum of their j-th powers is equal to 0 unless

7 =2+ 1 and it is equal to 2ﬁ/(m+'(yzi_+11)/2)1/2 if 7 = 2i+ 1, and the sum of their
We define the kernel U as

(k 4+ 1)-th powers is at most W

U(z,y) = Z o fi(z) fily)+

1€[m]

2 D W@ W+ Y D wilii@)fiWw)
i€lm] je[m]] i€[m] jelm;]
+ Z Z wm+i7j(f7:+i,j(x) ;LH](?J) — fonri (T fonri s (W)
i€[(k=1)/2] j€[mm ]
Since the integral of each of the functions f; for i € [m], f; for i € [m] and
jemf], fi;foriem]and j € [m;], and f,,,;  and f, ;. “for i €(k-1)/2]
and j € [My,+;] over [0, 1] is zero, it follows that the kernel U is balanced. Next
observe that

Cont= T+ T T ) T 2 )

i€[m] m] j€[m;] i€lm] jem; ]

k
+2 ) Z Wi
i€[(k—1)/2] j€[mm]
< ) N 0 n k—1 ) 5
_ m - . = 0.
-2 2m+k —1 2 2m +k —1

15



For ¢ =3,...,k, we obtain that

tot(x) = Y ol filz)* + Z > (w ,j($)2+ > > (Wifj)éfi,_j(x)2

i€[m] m] j€[mi] i€[m] jem; ]

+ Z Z wm+u m+w( z)’ +f”_"b+ivj(x)2)

i€[(k=1)/2] JE[mmM

= Z TzZ.fZ ‘I' gﬁ( )

This concludes the proof of the lemma. O

The next lemma summarizes key properties of kernels obtained by applying
Lemma [0

Lemma 10. Let U be the kernel obtained by applying Lemma 9 with k, §, m, =,
gi, Ye and Ti g, with i € [m] and € = 3,5,...,k. It holds that

2
HChU) =~  and  t(Co® CpU) = % +3 72

for every £ = 3,5,..., k. Moreover, if £ and ¢’ are odd integers between 3 and k
and n is a non-negative integer such that ¢ # ¢ orn > 0, then it holds that

t(Cr® P, ®Cp,U) = Z O Ti 0 Tier'

1€[m]
we interpret 00 in the sum above as 1.
An immediate corollary of Lemmas [ and [0 is the following.

Lemma 11. For every odd integer k > 3, there exists a non-zero balanced kernel
U such that tg‘ (x) = 0 for every odd integer £, 3 < { < k, and every x € [0, 1].
In particular, t(Cy,U) = 0 for every odd integer £, 3 < ¢ < k.

A less straightforward corollary of Lemma [d]is the following.

Lemma 12. Let D be a deck and k an even integer such that no graph in D
contains an even cycle of length at most k. There exists a non-zero kernel U

such that ¢3, = --- =, = 0.
Proof. Apply Lemma @ with £k — 1, § = 1, m = 0and y3 = -+ = .1 = 0

to get a non-zero balanced kernel U with the properties given in the statements
of Lemmas @ and [0l Since U is balanced, it follows that ¢, = 0. Since
t9(x) = 0 for every £ = 3,...,k — 1 and almost every z € [0,1] and every
principal graph H with at most k edges contains an end-block that is an odd
cycle, it holds that ¢(H, U) = 0 for every principal graph H. Hence, it also holds
that ¢p, =---=c}, =0. O

16



[ ]

Cy

Figure 2: The only principal 4-edge graph.

> ) KX

C3UC5 Cs @ Cs

Figure 3: Principal 6-edge graphs.

5 Decks with at most eight edges

In this section we prove Theorem [I8] which determines which class a deck of size
up to 8 belongs to; the characterization is visualized in Figure 5] and Table[Il We
start with Lemmas [[3] and [I4] which deal with decks of size 4 and 6, respectively.

Lemma 13. A 4-deck D with sp(Ps) > 0 is of Class I if and only if sp(Cy) > 0;
otherwise, D is of Class I1I.

Proof. Fix a 4-deck D with sp(P,) > 0. Assume that sp(Cy) > 0 and consider
a non-zero kernel U. If U is not balanced, then ¢%, > 0 by Proposition @l If U
is balanced, then ¢f}, = 0 by Proposition A and ch = sp(Cy)t(Cy, U) > 0 by
Proposition [II It follows that the deck D is of Class I.

Assume that sp(Cy) = 0 and consider any non-zero kernel U. It follows that
c%g > 0 by Proposition @l and the equality holds only if the kernel U is balanced.
If the kernel U is balanced, then t(H,U) = 0 for any 4-edge graph that is not
principal and thus ¢, , = sp(Cy)t (04, U ) = 0. Lemma [I2] implies the existence
of a non-zero kernel U such that &y = &4 =0, which implies that the deck D
is of Class III. O

Lemma 14. A 6-deck D with sp(P2) > 0 is of Class I if and only if sp(Cy) > 0
or sp(Cs) > 0; otherwise, D is of Class III.

Proof. Fix a 6-deck D with sp(FP) > 0. If the 4-deck of D is of Class I, then the
6-deck D is also of Class I. Hence, we can assume that sp(Cy) = 0 by Lemma I3

We first consider the case that sp(Cg) > 0. Consider a non-zero kernel U. If
U is not balanced, then ¢}, > 0 by Proposition @l If U is balanced, then ¢%, = 0
by Proposition @ and ¢(H,U) = 0 for any non-principal 4-edge or 6-edge graph

17



(3 > XI Ded

C3 U C3 & Cs Csp P, (g

Figure 4: Principal 8-edge graphs.

H; the three principal 6-edge graphs are listed in Figure Bl Hence, it holds that
4 = sp(Cy)t(Cy,U) = 0 and

C%,G = SD(Cﬁ)t(Cﬁ, U) + SD(Cg ¥ Cg)t(og ©® Cg, U) + SD(Cg U Cg)t(Cg U Cg, U)

Since t(C3 U Cs,U) = t(Cs,U)? > 0 and

HCs @ Cs, U) = / (5 (2)2 dz > 0,

[0,1]

it follows that s > sp(Cs)t(Cs,U), which is positive by Proposition I We
conclude that the deck D is of Class L.

It remains to consider the case that sp(Cg) = 0. We first show that there is
no kernel U such that the first non-zero coefficient among ¢, ,, ¢, and ¢f ¢ (if
such a coefficient exists) is negative. Let U be a kernel. If U is not balanced, then
%5 > 0 by Proposition @, and otherwise, ¢}, = 0 and t(H,U) = 0 for any non-
principal 4-edge or 6-edge graph H. Hence, it holds that ¢3, , = sp(Cy)t(Cy, U) =
0 and

Cgﬁ = SD(C;J, © Cg)t(Cg S¥) Cg, U) + SD(Cg U Cg)t(Cg U Cg, U) Z 0.

The existence of a non-zero kernel U such that ¢}, = ¢, = ¢5¢ = 0 follows
from Lemma [12] applied with & = 6. We conclude that the deck D is of Class
I11. O

Lemmas [I5 16l and [I7] describe when a given 8-deck is of Class III, Class I,
or Class II, respectively.

Lemma 15. An 8-deck D with sp(P2) > 0 is of Class III if the 6-deck of D is of
Class 111, sp(Cs) = 0 and at least one of the following holds:

° SD(Cg © Cg) >0
SD(C;J, S¥) 05) = 0, SD(Cg U Cg) > 0, or
® SD(C;J, S¥) 05) = SD(Cg U 05) =0

18



Proof. Fix an 8-deck D with sp(FP2) > 0 such that its 6-deck is of Class III and
that satisfies the assumption of the lemma, i.e., sp(Cs) = 0 and (at least) one
of the three choices in the statement of the lemma holds. Note that sp(Cy) =
sp(Cs) = 0 by Lemmas [[3] and {4l Lemma [I2] applied with £ = 8 yields that
there exists a non-zero balanced kernel U such that ¢} , = ¢, = ¢} s = ¢§ s = 0.
This implies that the 8-deck D is not of Class I.

To establish the statement of the lemma, we fix a kernel U and show that the
first non-zero coefficient among ¢ ,, ¢4, 5 and cp 4 is positive or does not
exist. If U is not balanced, then 0%72 > 0 by Proposition 4l So, we will assume
that U is balanced, which implies that ¢(H,U) = 0 for any graph H with at most

eight edges that is not principal. In particular, it holds that c%,2 = 0%74 =0 and

& o = 50(Cs @ Cs) / 95 (2)2 Az + sp(Cs U Ca)#(Cs, U2

[0,1]

Note that the coefficient ¢ 4 is always non-negative.

If sp(C3® C3) > 0, then ¢ff 4 > 0 unless t53(x) = 0 for almost every z € [0, 1].
However, if tg3(x) = 0 for almost every z € [0, 1], we obtain that ¢(C3UCs,U) =
t(C3® C5,U) = t(C3 @ P, @ C3) = 0, i.e., the densities of all principal 8-edge
graphs in U are zero with the exception of Cg. It follows that C%,s = 0.

We next consider the case when sp(C3®C5) = 0 and sp(C3UC3) > 0. Observe
that ¢, > 0 unless ¢(Cs, U) = 0, in which case t(C5UC5, U) = t(Cs, U)t(C5,U) =
0. It follows that

0%78 = 5p(C3 @ P, ® C3) / 9P ()2 da > 0.
[0,1]

We conclude that if the coefficient ¢ ¢ is zero, then ¢ 4 is non-negative.
The final case given in the statement is that sp(C5 @ C5) = sp(C3 U C5) = 0.
We obtain that

C%,S = SD(Cs ® P 03)/ t[C']3€BP1 (x)2 dz > 0
[0,1]

without any assumptions on the coefficient ¢ ¢. In particular, the coefficient 3 4
is always non-negative. Hence, the first non-zero coefficient, if it exists, is either
% or ¢ s and is positive. This concludes the proof of the lemma. O

Lemma 16. An 8-deck D with sp(Ps) > 0 is of Class I if either the 6-deck of D
is of Class I, or the 6-deck of D is of Class 111, sp(Cs) > 0 and at least one of
the following holds:

° SD(Cg D Cg) > 0,
° SD(C3 ) C5) =0, 81)(03 U Cg) >0, or
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L] SD(C3 ©® C5) = SD(Cg U 05) = 0.

Proof. If the 6-deck of D is of Class I, then the 8-deck D is also of Class I. We
next assume that the 6-deck of D is of Class III. Let D’ be the 8-deck obtained
from D by removing all cycles of length eight. Since the 8-deck D’ satisfies the
assumptions of Lemma [I5], the 8-deck D’ is of Class III. It follows that for any
non-zero kernel U, all the coefficients ¢, ,,...,c} 4 are zero or the first non-
zero among these coefficients is positive. Since ¢}, = %, , for £ = 2,4,6 and
Bg = g + sp(Cs)t(Cs,U), we obtain using Proposition [ that at least one
of the coefficients ¢ ,,...,c% s is non-zero and the first non-zero among these
coefficients is positive. We conclude that the 8-deck D is of Class 1. O

Lemma 17. An 8-deck D with sp(Py) > 0 is of Class 11 if the 6-deck of D is of
Class III and at least one of the following holds:

e sp(C3® C3) =0 and sp(C3 ® C5) > 0, or
° SD(Cg D Cg) = SD(Cg U Cg) =0 and SD(Cg U 05) > 0.

Proof. For each of the two cases described in the statement of the lemma, we will
find a non-zero kernel U such that not all of the coefficients ¢ ,, ..., ¢ s are zero
and the first non-zero coefficient among them is negative. Since the 6-deck of D
is of Class I1I, we obtain that sp(Cy) = sp(Cg) = 0 by Lemma [I4

If sp(C3 @ C3) =0 and sp(C3 ® C5) > 0, apply Lemma @ with k=7, m = 1,
any d € (0,1) such that sp(Cs)d < 1/2, v3 = 75 = 77 =0, 01 = 717 = 0,
713 = 1 and 715 = —1 to get a balanced kernel U with the properties given in the
statement of Lemma [0 Lemma [I0 yields that ¢(C5,U) = t(C3® P,® C3,U) =0,
t(Cs@® C5,U) = —1 and t(Cs,U) < é. Hence, we obtain that ¢f} ; = 0, ¢4 = 0
and

D = sp(Cs)t(Cs, U) + sp(Cy ® Cs5)t(Cy @ Cs,U) < —1/2.

We conclude that D is of Class II.

We next consider the case when sp(Cs @ Cs) = sp(C5UC3) = 0 and sp(Cs U
C5) > 0. We apply Lemma [0 with £ = 7, m = 0, any § € (0,1) such that
sp(Cs)d < 1/2, v3 =1, 75 = —1, and 77 = 0. Observe that t(C3 U C5,U) =
t(Cs,U)t(C5,U) = —1 and t(C5 & C5,U) = t(C5 & P, & C5,U) = 0. Hence, the
coefficients C%A =0 and 0%76 =0, and

C%,8 = SD(Cg)t(Cg, U) + 81)(03 U C5)t(C3 U C5, U) S —1/2
We conclude that D is of Class II in this case, too. O

Lemmas [3HIT imply the following theorem. In addition to the diagram in
Figure B, we also provide the classification in Table [Il

Theorem 18. Let D be an 8-deck with sp(Py) > 0. The deck D is of Class I,
Class II or Class III as determined in the diagram in Figure[3
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sp(-) Cy | Cg C3UC3 C30C3| Oy C3UC; C30C; (O30 PdC
ClassI | >0 % * * * * * *
Class I 0 | >0 * * * * * *
Class I 0 0 * >0 >0 * * *
Class II 0 0 * 0 >0 * >0 *
Class 1 0 0 >0 0 >0 * 0 *
ClassII | 0 | 0 0 0 >0 >0 0 (0)
Class 1 0 0 0 0 >0 0 0 (0)
Class III | 0 0 * >0 0 * * *
Class II 0 0 * 0 0 * >0 *
Class III | 0 0 >0 0 0 * 0 *
ClassII | 0 | 0 0 0 0 >0 0 (0)
ClassIII| 0 | 0 0 0 0 0 0 (0)

Table 1: The classification of 8-decks D with sp(P) > 0. An entry * means
arbitrary multiplicity, and an entry (0) represents that other columns of the
same row imply that sp(-) is 0.

Proof. The proof follows by inspecting the diagram in Figure [§ and verifying
that every path leading to the label Class I corresponds to the assumptions of
Lemmal[l6], every path leading to the label Class IT corresponds to the assumptions
of Lemma [I7] and every path leading to the label Class III corresponds to the
assumptions of Lemma T8 O

Theorem [1§] yields the following corollary.

Corollary 19. Every 8-deck D with sp(Py) > 0 that is of Class III satisfies that
sp(Cy) = sp(Cg) = sp(Cs) = 0 and exactly one of the following:

° 89(03@03) > 0,
° SD(Cg ) Cg) = SD(Cg ©® C5) =0, 81)(03 U Cg) >0, or
L] SD(Cg ) Cg) = SD(Cg ©® C5) = SD(Cg U Cg) = 81)(03 U 05) =0.

6 Decks with ten edges

In this section we prove Theorem 23 which determines classes of 10-decks; the
statement is illustrated in Figure [[l Lemmas 20, 21l and describe when a
given 10-deck is of Class III, Class I, or Class II, respectively.

Lemma 20. A 10-deck D is of Class III if the 8-deck of D is of Class III,
sp(Clo) = 0 and at least one of the following holds:

o sp(Cs@® C3) >0,
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s(Cy) >0, Class 1

s(Cs) ib Class I

8(03 (5] 03) >0

s(Cs @ Cs) >0 , Class 11

s(C3 U Cy) Y

s(C3 UCs) >0 Class II

s(Cs) P Class T

Class II1

Figure 5: The classification of 8-decks D with sp(FP2) > 0; we omit the subscript
D in the diagram.

L D X

Cio C3UCr Cs U Cs
Cs® Py ®Cs C3® Py, ® Cs Cs @ Cr Cs @& Cs

X4

Figure 6: Principal 10-edge graphs.
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C3 U Cg) >0, SD(C3 D 07) =0 and 81)(03 ® P 03) >0,

® Sp

Cg U 03) > 0, SD(Cg D C7) =0 and 48@(03 @ PP Cg)SD(C5 D Cg,) >
C3@P2 @05)2, or

[ SD
Sp

o T i

Cg D Cg) = SD(Cg U 03) = SD(Cg ) 07) = SD(Cg U 07) = 0

® Sp

Proof. Fix a 10-deck D such that the 8-deck of D is of Class III, sp(Clp) = 0 and
that satisfies at least one of the four cases given in the statement of the lemma.
By Corollary 19 it holds that sp(Cy) = 0 for £ = 2,4,6,8. Hence, Lemma
yields that there exists a non-zero kernel U such that 0%72 =...= 0%710 = 0.

We next fix a non-zero kernel U and show that either all the coefficients
c%g, cee C%,w are zero or at least one of them is non-zero and the first non-zero
among them is positive. If U is not balanced, then 0%72 > 0 by Proposition @l
Otherwise, t(H,U) = 0 for every graph H with at most ten edges that is not
principal. This yields that ¢, = 0 and ¢} , = 0.

We first assume that sp(Cs3 @ C3) > 0. As in the proof of Lemma [I5] we
observe that the coefficient c%ﬁ is positive unless th (x) = 0 for almost every
x € [0,1]. In the latter case, t(H,U) = 0 for every principal graph H with at
most ten edges unless H is an even cycle, H = C5; U Cs or H = C5 ® C5. Since
t(C5UCs,U) > 0and t(C5dCs,U) > 0, we conclude that the 10-deck D is indeed
of Class III.

We assume in the rest of the proof that sp(C3 @ C3) = 0 (otherwise, the first
case of the lemma applies); Corollary [[9 implies that sp(C5 @ Cs) = 0. Since all
the three remaining cases also include the assumption that sp(C5 @ C7) = 0, we
will also assume that sp(C3®C7) = 0. In addition, it holds that sp(C3®Py®C3) >
0 in the second case that we consider. The same arguments as presented in the
proof of Lemma [[8 yields that the coefficient ¢ ¢ = sp(Cs U C3)t(Cs, U)? is non-
negative and it is equal to zero if and only if ¢(C5,U) = 0. If ¢(C5,U) = 0, then
C%,g = sp(C3d Py,®C3)t(C3® P, @ Cs, U), which implies that C%,s is non-negative
and it is equal to zero if and only if t5*®" (x) = 0 for almost every x € [0, 1].
Hence, ¢ ; = 0 and ¢ 4 = 0 if and only if t(C3,U) = 0 and t;**"(2) = 0 for
almost every x € [0, 1]; otherwise, the first non-zero of these two coefficients is
positive. If t(Cs,U) = 0 and t5*®" (z) = 0 for almost every = € [0, 1], then the
coefficient ¢f} ;, is equal to

0%710 = 81)(05 U C5)t(05 U 05, U) + 81)(05 D C5)t(05 D 05, U),

ie., 0%710 is non-negative. This concludes the analysis of the case when sp(C5 @
P& 03) > 0.

We assume in the rest of the proof that sp(C3 @ P, @ C3) = 0 in addition
to sp(C3 @ C3) = sp(C5 ® C5) = sp(C3 @ C7) = 0. In the third case, it holds
that 81)(03 U Cg) > 0 and 481)(03 @D P4 D 03)81)(05 @D 05) Z SD(C3 © P2 @D 05)2.

23



Since ¢4 = sp(C5 U C3)t(Cs,U)?, we conclude that either ¢f 4 is positive or
t(C5,U) = 0. In the latter case, it holds that

&g = 5p(Cs B Py @ C3)t(Cy @ Py @ Cs,U) > 0
and

P10 =sp(C3 ® P, ® C3)t(C3 ® Py @ C3,U)+
SD(Cg P P2 b Cg,)t(Cg b P2 b 05, U)+
SD(C5 S>) C5)t(C5 S¥) 05, U) + 89(05 U 05)t(C5 U C5, U)

Since it holds that ¢(C5 U Cs, U) = t(Cs, U)? > 0, it follows that

10 >/ (thsz(x))T SD(Ogc@ 5460903) e (tgsjpg(z)) dz.
7 oy \ (@) plGOROC) (O @ Cy) ty’ ()

The assumption that 4sp(C3@® Py ® C3)sp(Cs @ Cs) > sp(Cs® Py @ C5)? implies

that the matrix
SD(Cg OP@ CS) 59(03@2&6905)
sD(CséB2PzéBC5) S’D(CS D 05)

is positive semidefinite, which yields that the product in the integral above is
non-negative for every = € [0,1]. It follows that ¢, ;, > 0. This concludes the
analysis of the third case of the lemma.

It remains to analyze the final case. In this case, it holds that sp(C5UC3) =0
and sp(Cs @ C3) = 0, which yields that sp(C5 U C5) = 0 by Corollary It
follows that ¢, , = ¢§ , = B s = B s = 0 and sp(H) can be non-zero only for the
following 10-edge principal graphs H: C5 U Cs, C5 @ C5 and C3 @ Py & C3. Since
t(H,U) > 0 for each of these graphs H, we obtain that ¢}, is non-negative.
Hence, the 10-deck D is of Class III. O

Lemma 21. A 10-deck D s of Class I if either the 8-deck of D is of Class I
or the 8-deck of D is of Class 111, sp(Chg) > 0 and at least one of the following
holds:

® Sp 03@03) >0,
® Sp C3 U Cg) >0, SD(C3 @D 07) =0 and 81)(03 ® P 03) >0,

(
(
e sp(C3UC3) >0, sp(C3®C7) =0 and 4sp(C3 ® Py & C3)sp(Cs @ C5) >
sp(Cs ® Py ® Cs)?, or

(

® Sp Cg D Cg) = SD(Cg U 03) = SD(Cg ) 07) = SD(Cg U 07) = 0
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Proof. If the 8-deck of D is of Class I, then the 10-deck D is also of Class I. We
next assume that the 8-deck of D is of Class III. Let D’ be the 10-deck obtained
from D by removing all cycles of length ten. Since the 10-deck D’ satisfies the
assumptions of Lemma 20, the 10-deck D’ is of Class III. It follows that for any
non-zero kernel U, all the coefficients c%,z, ey c%,710 are zero or the first non-
zero among these coefficients is positive. Since ¢}, = ¢, , for £ = 2,4,6,8 and
10 = 10 + 50(C10)t(Cho, U), we obtain using Proposition [ that at least one
of the coefficients ¢, ,, ..., is non-zero and the first non-zero among these
coefficients is positive. This implies that the 10-deck D is of Class I. O

Lemma 22. A 10-deck D is of Class II if either the 8-deck of D is of Class I1
or the 8-deck of D is of Class III and at least one of the following holds:

® Sp C3 D Cg) =0 and 81)(03 @D 07) >0,

® Sp Cg @Cg) = SD(Cg G Py @Cg) =0 and 4SD(C3 @ P, @03)89(05 @Cg,) <

(

° SD(C3 ©® Cg) = SD(Cg U Cg) =0 and SD(Cg U 07) > O, or

(
SD(Cg ) P2 ) 05)2.

Proof. Fix a 10-deck D. If the 8-deck of D is of Class I or II, then there is nothing
to prove. Hence, we assume that the 8-deck of D is of Class III and analyze each
of the three cases listed in the statement of the lemma separately. Note that
SD(CE) =0 for ¢ = 2,4, 6, 8.

In the first case, we apply Lemma [0 with £k = 9, m = 1, any ¢ € (0, 1) such
that SD(Cl())(S S 1/2, Y3 =" = VY7 = V9 = 0, o1 = O, T1,3 = 1, T1s = T1,9 = 0 and
717 = —1 to get a balanced kernel U with the properties given in the statement
of Lemma[d Note that t(H,U) = 0 for all principal graphs with at most 10 edges
with the exception of H being an even cycle, C3 ® C3 or C5 @ C;. It follows that
%, =0for £ =24,6,8 and

0%710 = SD(Clo)t(Clo, U) + 8@(03 s> C7)t(03 ©® C7, U) < —1/2.

Hence, the 10-deck D is of Class II.

In the second case, we apply Lemma [ with £k =9, m = 0, any 6 € (0, 1) such
that sp(Ch0)d < 1/2,v3 =1, 75 = 79 = 0 and 77, = —1 to get a balanced kernel
U. Note that t(H,U) = 0 for all principal graphs with at most 10 edges with the
exception of H being an even cycle, C3 U (3, C3 @ C3 or C3U C7. It follows that
c%’z =0 for £ =2,4,6,8 and

C%,IO = SD(Clo)t(Clo, U) + SD(Cg U C7)t(03 U 07, U) S —1/2

Hence, the 10-deck D is of Class II in this case, too.
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It remains to consider the final case given in the statement of the lemma.
Since 4sp(Cs @ Py @ C3)sp(Cs @ Cs) — sp(C3 & P, & Cs)? is negative, the matrix

sp(Cs ® Py & Cs) w
2(BERIC) 5 (Cs @ C5)

has a negative eigenvalue, i.e., there exists a vector (z3, z5) € R? such that

<2’3)T sp(Cs @ Py & Cs) w <Z3’) =-1
- DGEREG)  sp(Cs@ Cs) ) \#

We next apply Lemma [ with £ =9, m =1, any § € (0, 1) such that sp(Cg)d <
1/2, Y3 = V5 = Yr = Yo = 0, g1 = 5/2, 3 = 423/52, T15 = %5 and Ty =
7190 = 0 to get a balanced kernel U with the properties given in the statement
of Lemma [@ let f; be the eigenfunction from the statement of Lemma [0 Note
that t(Cs,U) = t(C5,U) = t(C7,U) = 0. Since sp(C3 & C5) = 0, it holds that
sp(C5 @ C5) = 0 by Corollary It follows that C%,é =0 for £ = 2,4,6,8. For
every 10-edge principal graph H, it holds that sp(H) = 0 or t(H,U) = 0 unless
His C3® P, ®Csy, C3® Py, ® C5 or Cs & C5 (here, we use that sp(H) = 0 for
every h containing C3 @ C3 as sp(C3 @ C3) = 0). It follows that
0%710 :SD(CH))T,(CH), U) + 81)(03 @ P4 @ Cg)t(C3 @ P4 @ Cg, U)+
SD(Cg ©® P2 S¥) Cg,)t(Cg ©® P2 SY) Cg,, U) + SD(C5 S¥) 05)15(05 S¥) Cg,, U)

which can be rewritten as
0%710 :SD(Clo)t(Clo, U)+
/ (tﬁf”z <a:>)T 50(Cy @ Py @ Cy) (Ao (t53jf°2<x>) .
o1 \ 0 (x) W sp(Cs © Cs) ty* (z)
Since t23®P2(I) = O'%Tl,gfl(x) = ngl(l') and tgs(l’) = T175f1(.§(7> = Z5f1(.flf), we
obtain that

C%,IO :SD(CIO)t(Cloa U)"—
T sp(CsPPo®Ch)
23 SD(C3 ) P4 ) Cg) Df (23) 2
r)“dax.
/[0’1] (25) < 873(6'3692132@05) SD(C5 ® 05) 2 .fl( )

Since the integral is equal to —1 as the Ls-norm of f; is one, it follows that
%19 < —1/2. We conclude that the 10-deck D is of Class II. O

We are now ready to state the main theorem of this section.
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8(03 D Cg) >0

s(Cs @ Cr) >0 , Class II

=0
=0 =0
S(Cg U 03) 5(03 @] C7)
>0 1> 0

Class 11

S(Cg@PQEBCg) >O

=0
> 120
48(03 b Py P 03)8(05 ©® 05) — 3(03 b® P d 05)
1< 0
> (
Class 11 s(C1p) pF—>ClassI
Fr
Class II1

Figure 7: The classification of 10-decks D with sp(P,) > 0 whose 8-decks is of
Class III; we omit the subscript D in the diagram.
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Theorem 23. Let D be a 10-deck with sp(Py) > 0. If the 8-deck of D is of
Class I or of Class I, then D is of Class I or of Class 11, respectively. Otherwise,
the deck D s of Class I, Class II or Class III as determined in the diagram in
Figure[7

Proof. The proof follows by inspecting the diagram in Figure [ and verifying
that every path leading to the label Class I corresponds to the assumptions of
Lemma 2] every path leading to the label Class II corresponds to the assumptions
of Lemma 22 and every path leading to the label Class III corresponds to the
assumptions of Lemma 20 O

Theorem [23] yields the following corollary.

Corollary 24. Every 10-deck D of Class I1I satisfies that sp(Ps) > 0, sp(Cy) =
sp(Cs) = sp(Cs) = sp(Cho) = 0 and exactly one of the following:

® Sp C3@C3)>0,

o sp(C3®C3) =sp(C30C5) = sp(C3dCr) = sp(C3UCs) = sp(C5UCH) =
Sp C3 U 07) = O,

Sp Cg@P2@03)>0, or

® Sp Cg D Cg) = SD(C;J, D Cg,) = SD(C;J, D 07) = SD(C;J, D P2 D 03) = O,

(
(
(
o sp(C3d C3) = sp(C3 C5) = sp(C3 B Cr7) =0, sp(C3UC3) >0 and
(
(
SD(C3 U C3) >0 and 481)(03 @D P4 D 03)89(05 D 05) > SD(C3 D Pg D 05)2.

7 Decks with twelve edges

In this section, we analyze 12-decks such that their 10-decks are of Class III
(Lemmas 25H32) and prove our main result, Theorem B3} the statement of the
theorem is illustrated in Figure [[Tl The first three lemmas cover the first three
cases described in Corollary 24] respectively.

Lemma 25. Let D be a 12-deck such that its 10-deck is of Class I1I, sp(Ps) > 0
and 81)(03 ) Cg) > 0. If

o SD(C5 @D C5) =0 and 81)(05 D 07) > O, or
o sp(Cs®Cs) =sp(C5UCs) =0 and sp(Cs UCr) > 0,

then D is of Class II. Otherwise, D is of Class I if sp(Ci2) > 0 and of Class 111
Zf SD(Clg) = O
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Proof. Let D be a 12-deck D such that its 10-deck is of Class III, sp(P) > 0
and sp(C3 @ C3) > 0. Note that sp(Cy) = 0 for £ = 4,6, 8,10 by Corollary 24
We first show that if D satisfies one of the two conditions in the statement of the
lemma, then D is of Class II. The first case to consider is when sp(Cs @ C5) =0
and sp(Cs®C7) > 0. We apply Lemma @ with £ = 11, m = 1, any § € (0, 1) such
that sp(C12)0 <1/2, 3= =7=7%=71=0,00 =0, 3 =719 =711 =0,
Ti5 = 1 and 717 = —1 to get a non-zero kernel U with the properties given in
Lemmas 0 and [0 It holds that ¢(H,U) = 0 for all principal subgraphs with
at most twelve edges with the exception of H being an even cycle, C5 @ C5 or
Cs & Cr. It follows that ¢}, = --- =%, = 0 and

C%,l2 = 5p(C12)t(Ci2,U) + sp(Cs & C7)t(Cs & C7,U) < —1/2.

Hence, the deck D is of Class II.

The second case is when sp(C5 @ C5) = sp(C5UC5) = 0 and sp(C5UC7) > 0.
We apply Lemma @ with £ = 11, m = 0, any § € (0, 1) such that sp(C12)0 < 1/2,
Y3 =Y = Y11 = 0, 75 = 1 and 7, = —1 to get a non-zero kernel U with the
properties given in Lemmas [0 and 0. It holds that ¢(H,U) = 0 for all principal
subgraphs with at most twelve edges with the exception of H being an even cycle,
Cs @ C5, C5 U Cs or C5 U Cr. Hence, it holds that ¢f, =+ = ¢% ;o = 0 and

P12 = 5p(C12)t(Cha, U) + sp(Cs U C)t(C5 U C7, U) < —1/2,

which yields that the deck D is of Class II.

We now prove that if the deck D does not satisfy any of the two conditions in
the statement of the lemma, then it is of Class I or Class III. Following the line of
arguments presented in the proofs of Lemmas [I6 and 21], it is enough to establish
that the deck D is of Class III when sp(C12) = 0; note that if sp(Chz) = 0, then
the deck D is not of Class I by Lemma

Let U be an arbitrary non-zero kernel. The coefficient, ¢ , is positive unless
U is balanced. Hence, we can assume that U is balanced. Since sp(Cy) = 0,
we obtain that ¢, , = 0. Since all ¢(Cs,U), t(C5 @ Cs,U) and t(C5 U C5,U) are
non-negative, we obtain that ¢, 3 > sp(Cs®C3)t(Cs®Cs, U). It follows that ¢
is positive unless t5°(2) = 0 for almost every = € [0,1]. Hence, we can further
assume that t5° () = 0 for almost every € [0, 1]. This implies that t(H,U) = 0
for all principal graphs with eight or ten edges with the exception of H being Cs,
Cho, C5 U C5 or C5 & (5. Hence, the coefficient C%,g is zero and the coefficient
0%710 1s non-negative.

If sp(C5 @ C5) > 0, then ¢, is positive unless t5%(x) = 0 for almost every
x € [0,1]; in the latter case, t(H,U) = 0 for every principal 12-edge graph H
with the exception of C}o, which yields that 0%712 =0. If sp(C5® C5) =0 and
sp(C5 U C5) > 0, then ¢, |, is positive unless ¢(Cs,U) = 0; if ¢(C5,U) = 0, then
sp(H) =0ort(H,U) = 0 for every principal 12-edge graph H with the exception
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of Ca, C5® P, (5 and C5 @ C;. In particular, unless the first case described in
the statement of the lemma applies, the coefficient 0%712 is non-negative. Finally,
if sp(Cs5 @ C5) = sp(C5 UC5) = 0, then sp(H) = 0 or t(H,U) = 0 for every
principal 12-edge graph H with the exception of Cy, C5® P, @ C5, C5 @d C7 and
C5U Cr, and ¢ ;, is non-negative unless the second case in the statement of the
lemma applies. We conclude that D is of Class III in either of the three cases
distinguished in this paragraph. O

Lemma 26. Let D be a 12-deck such that its 10-deck is of Class III, sp(P,) > 0,
SD(C;J, D 03) = SD(Cg U 03) = 0. ]f

e sp(C3® Cy) >0,

e sp(C3UCy) >0,

e sp(C5®C5) =0 and sp(Cs & C7) >0, or

e sp(C5®C5) = sp(C5 UC5) =0 and sp(C5 U Cy) >0,

then D is of Class II. Otherwise, D is of Class I if sp(C12) > 0 and of Class III
Zf SD(Clg) = O

Proof. Let D be a 12-deck D such that its 10-deck is of Class III, sp(P) > 0
and sp(C3 @ C3) = sp(C3 U C3) = 0. Note that sp(Cy) = 0 for £ =4,6,8,10 and
sp(C3® Cy) = sp(C3UCy) = 0 for £ = 5,7 by Corollary 24l Note that sp(H) can
be positive only for the following principal graphs H with at most twelve edges:
05 U 05, C5 ) 05, Clg, C3 U Cg, C3 D Cg, C5 D P2 D 05, C5 U C7 and C5 @D 07.
We first show that if D satisfies one of the four conditions in the statement
of the lemma, then D is of Class II. In the first two cases, we apply Lemma
with k = 11, m = 1, any 0 € (0, 1) such that sp(C12)d < 1/2, y3 =1, 79 = —1,
V5= =7m1=0,0=013=119=-1land 75 =77 =7, =0, and
we get a non-zero kernel U that satisfies the properties listed in Lemma [0l Since

t(C5 UC5,U), t(C5 @05, U), t(C5 EBPQ @05, U), t(C5 UC7, U) and t(C5 @C7,U)

are equal to zero, it follows that ¢p, =--- =}, = 0 and

0%712 = SD(Clg)t(Clg, U) + SD(C3 © Cg)t(Cg © Cg, U)
+ S’D(Cg U Cg)t(Cg U Cg, U)
S 81)(012)t(012, U) —1 S —1/2
Hence, the deck D is of Class II.

We next consider the case that sp(Cs5 @ C5) = 0 and sp(Cs & C7) > 0. In
this case, we apply Lemma [ with £ = 11, m = 1, any § € (0,1) such that
sp(Cr2)0 < 1/2, 3= =7=7%=7m=0,00=0, 75 =1, 77 =—1and
Ti3 = Ti9 = 71,11 = 0 to get a non-zero kernel U. Similarly to the previous case,
it holds that ¢, = --- =, = 0 and

C%,l2 = 5p(C12)t(Ci2,U) + sp(Cs & C7)t(Cs @ C7,U) < —1/2.
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In the final case when sp(Cs @ C5) = sp(C5 U Cs) = 0 and sp(C5 U C7) > 0, we
apply Lemma [0 with £ = 11, m = 0, any ¢ € (0,1) such that sp(Ci2)d < 1/2,
vs =1, v7 = —1 and 3 = 79 = 711 = 0. We obtain a non-zero kernel U such that

Uu _ _ U —

0%712 = S’D(Clg)t(clg, U) + S’D(C5 U C7)t(05 U 07, U) < —1/2

In both cases, we conclude that the deck D is of Class II.

We now prove that if the deck D does not satisfy any of the four conditions in
the statement of the lemma, then it is of Class I or Class III. Following the line of
arguments presented in the proofs of Lemmas [I6 and 1], it is enough to establish
that the deck D is of Class III when sp(Cis) = 0; note that if sp(Ci2) = 0, then
the deck D is not of Class I by Lemma

Let U be an arbitrary non-zero kernel. The coefficient c%,2 is positive unless
U is balanced. Hence, we can assume that U is balanced, which implies that
By = - = g = 0, since we already deduced that sp(H) = 0 for every
principal graph H with at most eight edges. In addition, 0%710 > 0 and the
equality holds only in the following three cases: both sp(C5UC5) and sp(Cs®Cs)
are zero, or sp(Cs @ Cs) is zero and t(Cs, U) = 0, or t5°(2) = 0 for almost every
z € [0,1]. It is now straightforward to verify that if ¢, = 0 and none of the
cases given in the statement of the lemma applies, then

C%,m =5p(Cs ® P ® C5)t(Cs @ Py ® C)

= / 5O (2)? da > 0.
[0,1]

We can now conclude that the deck D is of Class III. O

Lemma 27. Let D be a 12-deck such that its 10-deck is of Class III, sp(Py) > 0,
SD(C3 ) Cg) = 0, 81)(03 U Cg) > 0 and 81)(03 D Pg @D 03) > 0. If

° 89(03@09) > 0,
e sp(Cs® C5) =0 and sp(Cs & C7) > 0, or
° SD(C5 ® C5) = SD(C5 U 05) =0 and SD(C5 U 07) >0,

then D is of Class II. Otherwise, D is of Class I if sp(Ci2) > 0 and of Class 111
Zf 81)(012) =0.

Proof. Let D be a 12-deck D such that its 10-deck is of Class III, sp(P) > 0,
SD(C3EBC3) = 0, SD(C3UC3) > 0 and SD(Cg@PQEBC;;) > 0. Note that SD(CE) =0
for £ =4,6,8,10 and sp(C3 @ Cy) = 0 for £ = 5,7 by Corollary 241

We first show that if D satisfies one of the three conditions in the statement of
the lemma, then D is of Class II. In the first case, we apply Lemma@Q with £ = 11,
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m =1, any § € (0,1) such that sp(Ci2)d < 1/2, 93 =7 = 77 = 7% = 71 = 0,
010 =0,n3=1 mn9=—-1land 15 = 17 = 7,11 = 0 to get a non-zero kernel
U that satisfies the properties listed in Lemma [0 Observe that sp(H) = 0 or
t(H,U) = 0 for a principal graph H with at most twelve edges unless H is an
even cycle or H = C3 @& Cy. In the second case, we apply Lemma [l with k = 11,
m =1, any § € (0,1) such that sp(Ci2)d < 1/2, 93 =7 = 77 = 7% = 71 = 0,
01=0,15=1717=—-1land 113 =719 =711 = 0 and get a non-zero kernel U
such that that sp(H) = 0 or ¢(H,U) = 0 for a principal graph H with at most
twelve edges unless H is an even cycle or H = C5 & ;. Finally, in the third case,
we apply Lemma [0 with £ = 11, m = 0, any § € (0, 1) such that sp(C12)0 < 1/2,
vs =1, 77 = —1 and v3 = 79 = 711 = 0 and obtain a non-zero kernel U such that
that sp(H) = 0 or t(H,U) = 0 for a principal graph H with at most twelve edges
unless H is an even cycle or H = C5 U C7. In each of the three cases, it holds
that ¢f, =--- = c},p = 0and ¢, < —1/2, ie., the deck D is of Class II.

We now prove that if the deck D does not satisfy any of the three conditions in
the statement of the lemma, then it is of Class I or Class III. Following the line of
arguments presented in the proofs of Lemmas [I6 and 21], it is enough to establish
that the deck D is of Class III when sp(C12) = 0; note that if sp(Cha) = 0, then
the deck D is not of Class I by Lemma

Let U be an arbitrary non-zero kernel. The coefficient, ¢ , is positive unless
U is balanced. Hence, we can assume that U is balanced. This implies that
B4 =0, s > 0 and the inequality is strict unless ¢(Cs, U) = 0. If t(C5,U) = 0,
then ¢f s > 0 and the inequality is strict unless 53971 () = 0 for almost every
z € [0,1]. We next assume that ¢ s = 0 and ¢} s = 0 and observe that sp(H) = 0
or t(H,U) = 0 for every principal graph H possibly with the following exceptions:
05 U C5, C5 D C5, 05 D P2 D C5, 05 U C7 and 05 D 07 (note that 81)(03 D Cg) = 0;
otherwise, the first case in the statement of the lemma applies). It follows that
0%710 > 0 and the equality holds only in the following three cases: both sp(C5UC5)
and sp(Cs @ C5) are zero, or sp(Cs @ C) is zero and t(Cs,U) = 0, or t5°(2) =0
for almost every = € [0,1]. It is now straightforward to verify that if ¢ 5 = 0
and none of the last two cases given in the statement of the lemma applies, then
&1y = sp(C5 ® P ® C5)t(C5 & P, & C5) > 0. We conclude that the deck D is
indeed of Class III. 0

The final five lemmas concern the last case described in Corollary 24t each
deals with one of the four cases based on which of the two quantities sp(C3 @
P, ® C3) and sp(Cs @ Cs) are zero or positive; the final two lemmas deal with
the case when both quantities are positive.

Lemma 28. Let D be a 12-deck such that its 10-deck is of Class III, sp(Py) > 0,
sp(C3E C3) = sp(C3® P, & C3) =0 and sp(C3UC3) > 0. Further suppose that
sp(Cs® Py ® Cs) = sp(C5 ® Cs5) = sp(Cs @ P, ® C5) = 0. If

° SD(C3 © Cg) >0,
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Figure 9: The exceptional graphs in the proof of Lemma

SD(Cg ) P2 ) 07) > 0,
4sp(Cs @ Ps @ C3)sp(Cs @ Py @ C5) < sp(Cs & Py @ C5)?,

89(05 D 07) > 0,

SD(C5 U 05) =0 and SD(C5 U Cg o PP Cg) >0, or
e sp(C5UCs) =0 and sp(C5 UCy) >0,

then D is of Class II. Otherwise, D is of Class I if sp(C12) > 0 and of Class III
Zf SD(Clg) =0.

Proof. Fix a 12-deck D with the properties as supposed in the statement of the
lemma. Note that sp(Cy) =0 for £ =4,6,8,10 and sp(C5 ® Cy) =0 for £ =5,7
by Corollary 24l This together with the assumptions of the lemma implies that
sp(H) = 0 for all principal graphs H with at most twelve edges with the following
exceptions: CgUCg, CgUC5, CgUC7, C5UC5, CgUCgEBPl@Cg, C12, CgUCgUCgUCg,
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CgUCg@P:;EBCg, CgUCg@Pl@CE), CgUCg, C5U03@P1€B03, C5UC7,
CgEBPG@Cg, C3@P4EBC5, CgEBPQEBC7, 03@09, C5EBP2@C5 and 05@07.
The graphs are depicted in Figure

We first show that if the deck D satisfies one of the six conditions in the
statement of the lemma, then D is of Class II. We will construct four different
kernels using Lemma [l First, we apply Lemma [Q with £ = 11, m = 1, any
0 € (0,1/2) such that 81)(012)5 < 1/2, Y3 = V5 = Y7 = Y9 = Y11 = 0, g1 = \/g
(note that 0'%2 < 5/2), T1,3 = 1, Ty =T19 = —(1+SD(012)+SD(03€BP6@C3))5_1
and 75 = 7111 = 0 to obtain a non-zero kernel U with the properties given in
Lemmal[0 Observe that ¢(H,U) = 0 for the graphs depicted in Figure [@unless H

is Clg, C3® Ps®C3, C3® P, Cr or C35d Cy. It follows that 0%72 =...= 0%710 =0
and,
Cg,12 = Z sp(H)t(H,U)
H,||H||=12

< 0?7'12,381)(03 ® Py ® C3) + 0771,371,75p(C3 & Py ® Cr)

+ 7'1737'1,989(03 D Cg) + 58@(012)

S SD(Cg D Pﬁ D 03) — (1 —+ 8@(012) + SD(C3 D P6 ) Cg)) + 81)(012)
< -1.

Hence, the deck D is of Class II if the first or second condition in the statement
applies.

We next analyze the case when the third condition applies. If 4sp(Cs5 @ Ps @
C3)sp(Cs® P, @ Cs5) < sp(Cs® Py Cs)?, then there exists a vector (z3, 25) € R?
such that

23 ’ sp(Cs ® Ps © C3) 7873(03@2]34@05) ) -
<Z5) w SD(C5 D P2 D 05) <Z5) -
We apply Lemma@ with £ = 11, m = 1, any 6 € (0, 1) such that sp(C12)d < 1/2,
Y3 = V5 = Yr = Y9 = Y11 = O, g1 = 5/2, 71,3 = 823/(53, 15 = 225/(5 and
Ti7 = Ti9 = 71,11 = 0 to get a non-zero kernel U with the properties given in
Lemmal[dl Let f; be the eigenfunction associated with the eigenvalue o and note
that t5*%% (1) = odrsfi(x) = zfi(z) and t5%7(2) = oymisfi(z) = 25f1 ().
Observe that t(H,U) = 0 for the graphs depicted in Figure [@ unless H is Cis,
Cs®Ps®Cs, C3® P, ®Cs or C5® P, ® Cs. Tt follows that ¢, = -+ = ¢} 10 =0
and

cp 1o =5p(Cr2)t(Cha, U)+

T s g
[0,1] <5 w SD(C5@P2@C5) <5 7

which is at most —1/2. Hence, the deck D is of Class II.
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If the fourth condition in the statement holds, we apply Lemma @ with & = 11,
m =1, any 0 € (0,1) such that sp(C2)d < 1/2, V3 =V5 =7 =9 = Y1 = 0,
op. =0, 13 =79 =711 =0, 15 =1and 7,7 = —1 to obtain a non-zero
kernel U with the properties given in Lemma [0 Observe that ¢t(H,U) = 0 for
the graphs depicted in Fi 1gure O unless H is Cio or Cs; @ C57. It follows that

o= =c10=0,and f,, < —1/2, so we again conclude that the 12-deck

D is of Class IT.

It remains to analyze the last two conditions given in the statement of the
lemma. We apply Lemma [ with £ = 11, m = 1, any § € (0,1/2) such that
sp(C12)0 <1/2, v3 =79 =711 =0, 75 = —(1 + sp(Cha) + sp(C35 & Ps & C3))d 1,
Yr = 1, g1 = 5, 71,3 = 1 and s = T1r = T1,9 = T1,11 = 0 to get a Nnon-zero
kernel U with the properties given in Lemma[. Observe that ¢(H,U) = 0 for the
graphs depicted in Figure [@ unless H is C5, C5UCs, C5UC3 ® P & Cs, C5 U Cr

or C33 Py @ 4. It follows that 0%72 =... = 0%710 = 0 (note that sp(C5UC5) = 0)
and,
Cg,m = Z sp(H)t(H,U)
H,||H|=12

S 0’?7‘12’3(9@(03 D P@ D 03) + 0’1’757'12738D(C5 U 03 D Pl ) Cg)

+ v5775p(C5 U C7) 4 05p(Ch2)

< sp(Cs @ Ps @ C3) — (14 sp(Ch2) + sp(Cs & Ps & C3)) + sp(Cha)
< -1.

We conclude that the deck D is of Class II.

We now prove that if the deck D does not satisfy any of the six conditions in
the statement of the lemma, then it is of Class I or Class III. Following the line of
arguments presented in the proofs of Lemmas [I6 and 21], it is enough to establish
that the deck D is of Class III when sp(C12) = 0; note that if sp(Cha) = 0, then
the deck D is not of Class I by Lemma

Let U be an arbitrary non-zero kernel. The coefficient, ¢3 , is positive unless
U is balanced. Hence, we can assume that U is balanced. Inspecting the graphs
in Figure @ we obtain that % 4+=0and 3 6 = 0, and the equality holds only if

t(C3UC3,U) = t(Cs,U)?% = 0 since sp(C3U C’3) > 0. Hence, we can assume that
t(C3,U) = 0 in the rest. We next obtain, again inspecting the graphs in Figure [,
that ¢ ¢ = 0 and 3, ;o > 0, and the equality can hold only if sp(C5 U C5) = 0 or
t(C5,U) = 0; if sp(C5UC5) =0 or t(C5,U) =0, it holds that sp(H)t(H,U) =0
if His C5UC3@® P; & C3 or C5 U Cy (here, we use that D does not satisfy the
last two conditions in the statement of the lemma). In particular, if C%,w = 0,
then sp(H)t(H,U) can be non-zero only for the following three principal 12-edge
graphs: C3® Ps ® C3, C3® Py ® C5 and Cs @ P, ® C5. It follows that

o / <tg3®P3($)>T sp(Cs @ Py & Cy) SD(CSEB2P4@CS) <tg3@P3(x)> s
D,12 0.1] th@Pl (x) SD(03@2P469C5) SD(C5 O PD CS) tgsﬂaﬂ (IE) )
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which is non-negative since the matrix is positive semidefinite (here, we use that
45p(C3® Ps® C3)sp(Cs D Py ® C5) > sp(C3® Py C5)?). We conclude that the
deck D is of Class III. O

Lemma 29. Let D be a 12-deck such that its 10-deck is of Class III, sp(P2) > 0,
sp(C3 @ C3) = sp(C3® P ®C3) =0 and sp(C3UC3) > 0. Further suppose that
SD(Cg@P4@Cg) = SD(Og@PQ@C5) =0 and SD(C5@C5) > 0. ]fSD(Cg@Cg) >0
or sp(Cs @ Py ® C7) > 0, then D is of Class II. Otherwise, D is of Class I if
sp(Cha) > 0 and of Class III if sp(Cis) = 0.

Proof. Fix a 12-deck D with the properties as supposed in the statement of the
lemma. Note that sp(Cy) =0 for £ =4,6,8,10 and sp(C5 ® Cy) =0 for £ =5,7
by Corollary 24l We first show that if sp(C3 @ Cy) > 0 or sp(Cs5® P, ® Cr) > 0,
then D is of Class II. We use the same application of Lemma [0 as we did in
the proof of Lemma with one of the first two conditions, that is we apply
Lemma [ with £ = 11, m = 1, any § € (0,1/2) such that sp(Ci2)d < 1/2,
Y3 =79 =9 =7 = yu = 0, oy = V0 (note that {2 < §/2), m3 = 1,
T = T19 = —(1 + SD(012) + 81)(03 D PG @D Cg))5_1 and 15 = T1,11 = 0. The
same calculations prove that the 12-deck D is of Class II if sp(Cs @& Cy) > 0 or
SD(Cg D Py @07) > 0.

We now prove that if sp(C5 @ Cy) = 0 and sp(Cs3 & P, & C;) = 0, then
the deck D satisfying the assumptions of the lemma is of Class I or Class III.
Following the line of arguments presented in the proofs of Lemmas and [2]]
it is enough to establish that the deck D is of Class III when sp(Cis) = 0; note
that if sp(Ci2) = 0, then the deck D is not of Class I by Lemma [T2

Let U be an arbitrary non-zero kernel. The coefficient ¢, , is positive unless U
is balanced. Hence, we can assume that U is balanced. It follows that ¢} ; = 0 and
&6 = sp(C3UCs)t(Cs, U)?. In particular, either ¢ 4 is positive or ¢(Cs, U) = 0;
we focus on the latter case in the rest of the proof. Observe that every principal
graph H with at most ten edges satisfies that sp(H) = 0 or t(H,U) = 0 unless H
is C5sUC5 or C5@C5. It follows that C%,s = 0 and 0%710 > sp(C5BCs)t(CsdC5, U).
In particular, the coefficient C%,w is positive unless tgs (x) = 0 for almost every
x € [0,1]. f 57 () = 0 for almost every a € [0, 1], then sp(H) = 0 or t(H,U) =0
for every 12-edge principal graph H different from C3 @ Py @ Cs. It follows that
if 10 =0, then ¢f,, = sp(C5 ® Ps ® C3)t(Cs ® Ps ® C3,U) > 0. We conclude
that the 12-deck D is of Class III. O

Lemma 30. Let D be a 12-deck such that its 10-deck is of Class III, sp(P2) > 0,
sp(C3 @ C3) = sp(C3® Py ® C3) =0 and sp(C3 UC3) > 0. Further suppose that
SD(C5 D 05) == SD(C3 D P2 D 05) =0 and 81)(03 ) P4 ) 03) > 0. [f

o sp(C3® Cy) >0,

e sp(Cs®C7) >0, or
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° SD(C5 U 05) =0 and SD(C5 U 07) >0,
then D is of Class II. Otherwise, D is of Class I if sp(C12) > 0 and of Class III
Zf SD(Clg) = O
Proof. Fix a 12-deck D with the properties as supposed in the statement of the
lemma. Note that sp(Cy) =0 for £ =4,6,8,10 and sp(C5 & Cy) =0 for £ =5,7
by Corollary We first show that if sp(C3 @ Cy) > 0 or sp(Cs & C7) > 0,
then D is of Class II. Apply Lemma [9 with £ = 11, m = 1, any § € (0,1) such
that sp(C12)d < 1/2, s =3 =1 =% =9m=0,00 =0, i3 =15 = 1,
Tiy = Ti9 = —1 and 73; = 0, to get a non-zero kernel U with the properties
listed in Lemma [ Every principal graph H with at most twelve edges satisfies
that sp(H) = 0 or t(H,U) = 0 unless H is C2, C3 & Cy or C5 @ C7. Hence, it
holds that ¢, = - -+ = ¢5 o = 0 and ¢}, < —1/2, which yields that the 12-deck
D is of Class II.

We next show that if sp(Cs U C5) = 0 and sp(C5 U C7) > 0, then D is also
of Class II. Apply Lemma [0 with £ = 11, m = 0, any § € (0,1) such that
sp(Ch2)0 < 1/2, v5 =1, 77 = =1, 73 = 79 = 711 = 0, to get a non-zero kernel
U with the properties listed in Lemma [ Every principal graph H with at most
twelve edges satisfies that sp(H) =0 or t(H,U) = 0 unless H is C5 or C5 U C4.
It follows that ¢, = -+ = ¢}, = 0 and % ;, < —1/2 and we again conclude
that the 12-deck D is of Class II.

We now prove that if the deck D does not satisfy any of the three conditions in
the statement of the lemma, then it is of Class I or Class III. Following the line of
arguments presented in the proofs of Lemmas [16] and 21}, it is enough to establish
that the deck D is of Class III when sp(C12) = 0; note that if sp(Cha) = 0, then
the deck D is not of Class I by Lemma

Let U be an arbitrary non-zero kernel. The coefficient ¢ , is positive unless
U is balanced. So, we can assume that U is balanced. It follows that ¢ , = 0 and
s = sp(C3 UCs)t(C3 UCs,U) > 0 and the equality holds only if ¢(Cs,U) = 0.
Hence, we assume that ¢(C3,U) = 0 in the rest of the proof. It follows that
s =0and

B0 =5p(C5 UCs)H(C5 U C5,U) 4 sp(Cs & Py & Cs)t(Cs & Py & Cs, U).

In particular, 0%710 is non-negative and if 0%710 = 0, then tg3@P ?(z) = 0 for almost
every € [0,1] and either sp(C5 U C5) = 0 or ¢(C5,U) = 0 or both. Since
o392 — U248 and 527 = UtS? it follows that t5*®™ (x) = 0 for almost every
z € [0,1]. Hence, if ¢f o = 0 and none of the three conditions in the statement
of the lemma applies, we get that sp(H) = 0 or t(H,U) = 0 for every 12-edge
principal graph H unless H is C5 @ P, @ Cs. It follows that ¢ ;, > 0 and so the
12-deck D is of Class III. O

The final two lemmas analyze the case when the quantity 4sp(Cs @& Py ®
C3)sp(C5 @ Cs) — sp(Cs @ Py & C5)? is non-negative and both sp(Cs @ Py @ C3)
and sp(C5 @ Cs) are positive.
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Lemma 31. Let D be a 12-deck such that its 10-deck is of Class III, sp(Py) > 0,
sp(C3 @ C3) = sp(C3® P ® C3) =0 and sp(C3UC3) > 0. Further suppose that
SD(Cg @ PP Cg) > 0, SD(C5 D 05) > 0 and 48@(03 o P, d Cg)SD(C5 D 05) =
SD(Cg D Pg D 05)2. ]f

° SD(C3 ) Cg) > 0,

5p(Cy ® Py @ Cs) GBOPECG) 5 (Cs @ P ® Cs) ) \50(Cs ® P2 ® C5)

.14:(—%AQ@Q»TGM%@&@@) 2= (0eG ) )(4%@@0”)<0,W

[ ] —289(03 ) P2 ) C7)SD(C5 P Cg,) —+ 89(05 ) C7)SD(03 &P P2 b 05) 7& O,

then D is of Class II. Otherwise, D is of Class I if sp(C12) > 0 and of Class 111
Zf SD(Clg) = O

Proof. Fix a 12-deck D with the properties as supposed in the statement of the
lemma. Note that sp(Cy) =0 for £ =4,6,8,10 and sp(C5 & Cy) =0 for £ =5,7
by Corollary This together with the assumptions of the lemma implies that
sp(H) = 0 for all principal graphs H with at most twelve edges with the following
exceptions: 03 U Cg, Cg U 05, 03 U C7, 05 U 05, Cg U Cg D Pl D 03, Cg D P4 D 03,
Cg@Pg @05, 05@05, 012, CgUCgUCgUCg, CgUCg@Pg@Cg, CgUCg@Pl@Cg,,
C3UCy, CsUCsd Py, CsUC;, Csd P Cs, C3d Py Cs, C3® Py @ Cr,
C3P Cy, Cs P P, ® Cs and C5 @ C;. The graphs are depicted in Figure IO Also
note that the matrix

(S’D(C3 & P, P CS) 781)(03@2132@05))

SD(CSEB2P2@C5) SD(CE) ® 05)

has rank one and so there exists a non-zero vector (z3, 25) € R? such that

sp(Cs @ Py @ C3) SD(03®2P2®05) <Z3) _ <0>
DGEREG)  sp(Cs @ C5) )\ 0)"

Note that the vectors (z3,z5) and (—SD(C5 @ Cs), w are NonN-zero

multiples of each other, in particular, both z3 # 0 and z5 # 0. By multiplying
(23, z5) by a suitable constant, we may assume without loss of generality that

%) [sp(Cs® Py Cy)  RlG0lioCs) .,
25 w sp(Cs @ Py @ Cs) ) \ =

is equal to —1, 0 or +1.

We first show that if sp(C3 @ Cy) > 0, then D is of Class II. Apply Lemma
with £k = 11, m = 1, any § € (0,1) such that sp(C12)0 < 1/2, 73 = 75 = 77 =
Yo = Y11 = 0, o1 — 0, 1,3 = 1, 15 = T1,7 = T1,11 = 0 and T1,9 = —1 to get a
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() 40> 4L <D

C5UCs CsUCs Cs U Cy Cs UCs
M P P IX
C3UC30PL®Cs C30P,®Cs  C3®Pa®dCs Cs © Cs
{3 DhPp Do
012
P DLy DM DL
Cs5 U Cy Cs UCr
peeeed D] P XL
Cs® Ps @ Cs CsdP,dCs C30P®dCr C3 & Cy
<1 X
Cs P P, ®Cs Cs @ Cy

Figure 10: The exceptional graphs in the proof of Lemma 311
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non-zero kernel U with the properties listed in Lemma [Ql Every principal graph
H with at most twelve edges satisfies that sp(H) = 0 or ¢(H,U) = 0 unless H is
Chz or O35 @ Cy. Hence, it holds that ¢f, = --- = ¢ 9 = 0 and ¢}, < —1/2,
which yields that the 12-deck D is of Class II.

In the second and third cases described in the statement of the lemma, we
apply Lemma [@ with & = 11, m = 1, any § € (0,1/2) such that sp(Ci2)d <
12, 3 =9 =9 ="7%="mm =00 = 51/4, T3 = 23/51/2, T1,5 = 25,
719 = T1,11 = 0, and 1,7 = —251/2(23$D(C3 ) Pg ©® 07) + 2581)(05 D 07))_1 if
235p(C5 @& Py @ C7) 4 255p(C5 @ C7) is non-zero, and 717 = 0, otherwise, to
get a non-zero kernel U with the properties listed in Lemma Let f; be the
eigenfunction of U associated with oy. Every principal graph H with at most
twelve edges satisfies that sp(H) = 0 or ¢(H,U) = 0 unless H is C3 & Py & Cs,
C3 P ®Cs, C5@Cs, Cra, O3 P ®Cs, Cs®Py®Cs, Cs P ®Cs, C3@ P ®Cy
and C5 @ C7. It follows that ¢, = --- = ¢ s = 0 and

Y _/ (th@PQ(SC))T sp(Cs ® Py ® Cs) —SD(03®2P2®05) <t83®P2($)) dx
P10 [0,1] tg5 (z) w sp(Cs @ Cs) t%(@

T sp(C3®Po®Cs)
zZ3 SD(CgéBP4EBC3) L 2 <3 2
[,G) ("aame® 2ote) () sere

We next analyze the coefficient ¢} ,,. First note that the sum of the terms
sp(H)t(H,U) for H being one of the graphs C3 @ Py & C3, C3 & P, & C5 and
Cs @ P, ® (5 is equal to

T sp(C3®P1dCs)
zZ3 SD(Cg S Pﬁ > 03) L A <3 2 2
B; = 2 dz.
1 /[;)71} <Z5) < 8D(C3€92P4€9Cs) 81)(05 D P2 @ 05> 25 O-lfl(x) x

Observe that By = 6/2if A >0, By =0if A=0and B; = —§/? if A < 0. The
sum of the terms sp(H)t(H,U) for H being C3 & P, @& C; and C5 @ C7 is equal to

B2 = / (81)(03 @ Pg @ C7)Z3 + 81)(05 @ 07)25)7'1’7.]01 (LL’)2 dLL’
[0,1]

If 235p(C5 @ Py ® C7) + 255p(Cs @ Cy) is non-zero, then By = —2§'/2; otherwise,
By, = 0. Since sp(C12)t(Ca,U) < 6, it follows that ¢, < By + By + 8 <
—62 4§ < 0 and so the 12-deck D is of Class I1I.

We now prove that if the deck D does not satisfy any of the three conditions in
the statement of the lemma, then it is of Class I or Class III. Following the line of
arguments presented in the proofs of Lemmas [I6 and 21], it is enough to establish
that the deck D is of Class III when sp(Cis) = 0; note that if sp(C2) = 0, then
the deck D is not of Class I by Lemma

Let U be an arbitrary non-zero kernel. The coefficient, ¢, is positive unless
U is balanced. So, we can assume that U is balanced. It follows that 0%74 =0 and
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D6 = 5p(C3UCs)t(C3UCs,U) > 0 and the equality holds only if ¢(Cs, U) = 0.

Hence, we assume that ¢(C3,U) = 0 in the rest of the proof. This implies that

% s = 0. Observe next that

C%,IO = SD(C5 U C5)t(C5 U C5, U)
t[C]':aéBPz (x) T SD(Cg O PO 03) SD(03692P2®C5) th@PQ (SL’)
+ . s : ) dz.
/[0,1] ( ty (x) ) OO p(Cs @ Cs) ( te* (z) )

It follows that ¢%, , > 0 and the equality holds only if sp(C5UC5)t(CsUCs, U) = 0
and t&3% (1) = ?tg(x) for almost every = € [0,1]. In the rest, we assume that
cp,10 = 0.

Since ¢, 1, = 0, it holds that 13O (1) = i—ftgs (x) for almost every z € [0, 1].
As th@P 1=U 2th, Proposition [Blimplies that the integral of tg5 over [0, 1] is zero,
ie., t(Cs,U) = 0. It follows that t(H,U) = 0 for every 12-edge graph depicted in

Figureexcept for Clg, C3@P6@C3, C3EBP4@C5, C5EBP2€BC5, Cg@PQEBC7 and
Cs @ (5. Since it holds that A > 0, i.e., the second condition of the lemma does

not apply, and the vectors (z3, z5) and (—sD(C5 @ Cs), w) are non-

zero multiples of each other, we obtain that the sum of the terms sp(H)t(H,U)
for H being one of the graphs C3® Py @ C3, C3® Py ® C5 and C5 & P, & C5 is
equal to

/ <Ut53§3P2 ($)>T sp(Cs @ Ps & C3) SD(C3632P4GBC5) (Utg3jPz ($)> de
[0,1] UtU5 (a:) SMCB@QM SD(CS ®P® 05) UtU5 (l’)

:/ (j—gUtS%x))T (SD(C3 @ P @ Cs) 7817(03@;4@%) ) (2—?[]755"(@) dz
[0,1]

Ut (x) p(@OREG) s (Cs@ B @ Cs) ) \ Uty (z)
_ 5\ (sp(Cso Py mCsmet N\ LN UtP(a)®
- 2 sp(Cs@P1®Cs) )T 2 dr =z 0.
[0,1] \*5 2 sp(Cs & Py & Cj) 5 2

sp(C3®Pa®Cs)
2

Since the vectors (z3, z5) and <—sD(C5 @ Cs), ) are multiples of each

other and the third condition of the lemma does not apply, the sum of terms
sp(H)t(H,U) for H being C3 & P, ® C7 and C5 @ C7 is equal to

| (o€ P Cop™™ @) + 50(Cs © Cotd ) 1 () d
[0,1]

1
:Z_ (SD(Cg ©® P2 s> 07)2’3 + SD(C5 D 07)2’5) t85 (l’)tg7(l') dz = 0.
5 J0,1]
We conclude that ¢ ,, > 0 and so the deck D is of Class III. O

Lemma 32. Let D be a 12-deck such that its 10-deck is of Class III, sp(P,) > 0,
sp(C3® C3) = sp(C3® P ®C3) =0 and sp(C3 UC3) > 0. Further suppose that
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4sp(C3 @ Py & C3)sp(Cs ® C5) > sp(Cs @ Py @ Cs)%. If sp(C3 @ Co) > 0, then
D is of Class II. Otherwise, D is of Class I if and only if sp(C12) > 0, i.e., if
sp(Cha) = sp(Cs & Cy) =0, then D is of Class I11.

Proof. Fix a 12-deck D with the properties as supposed in the statement of the
lemma. Note that sp(Cy) =0 for £ =4,6,8,10 and sp(C5 ® Cy) =0 for £ =5,7
by Corollary 241 We first show that if sp(C5 & Cy) > 0, then D is of Class II.
Apply Lemma [@ with k£ = 11, m = 1, any 6 € (0, 1) such that sp(C2)d < 1/2,
B=r=m=7%=7%m=00=0n3=1n5=mn7=7nnu =0 and
Ti9 = —1, to get a non-zero kernel U with the properties listed in Lemma [O
Every principal graph H with at most twelve edges satisfies that sp(H) = 0
or t(H,U) = 0 unless H is Ci2 or C3 & Cy. Since ¢f, = --- = fb;; = 0 and
19 < —1/2, the 12-deck D is of Class II.

We now prove that if sp(Cs @ Cy) = 0, then D is of Class I or Class III
Following the line of arguments presented in the proofs of Lemmas and 2]
it is enough to establish that the deck D is of Class III when sp(Ci2) = 0; note
that if sp(C2) = 0, then the deck D is not of Class I by Lemma [I2

Let U be an arbitrary non-zero kernel. The coefficient c%,2 is positive unless
U is balanced. So, we can assume that U is balanced. It follows that 0%74 =0 and
s = sp(C3 UCs)t(C3 UCs,U) > 0 and the equality holds only if ¢(Cs, U) = 0.
Hence, we assume that ¢(C3,U) = 0 in the rest of the proof. It follows that
s =0and

0%710 = SD(C5 U C5)t(C5, U)2
N / <t§3j”2 <x>)T 5p(Cy & Py @ Cy) 22000 (t%j& <x>) b
[0,1] ty’ (x) w sp(Cs @ Cs) ty(z)

Since the matrix in the integral above has both eigenvalues positive (as 4sp(Cs@®
Py ® C3)sp(C5 ® C5) > sp(Cs @ Py ® C5)?), we conclude that ¢, > 0 and the
equality holds only if t53%2(2) = 57 (2) = 0 for almost every a € [0,1]. Hence,
if 1o =0, then sp(H,U) = 0 or t(H,U) = 0 for every 12-edge principal graph
H. It follows that if if ¢ ,, = 0, then ¢ ;, = 0. We conclude that the 12-deck D
is of Class III. O

We are now ready to state the main theorem of this section.

Theorem 33. Let D be a 12-deck with sp(Py) > 0. If the 10-deck of D is of
Class I or of Class I, then D is of Class I or of Class I, respectively. Otherwise,
the deck D 1is of Class I, Class II or Class III as determined in the diagram in
Figure [11

Proof. The proof follows by inspecting the diagram in Figure [IT] and verifying
that every path leading to the label Class I, Class II and Class III is in line with
the description given in Lemmas 25H32] O
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Class II Class IT

>0
J sy u o) |22

T

>0

Class II

LO| S(Cs & C5) Ii-| 15(Cs & Py @ Ca)s(Cs & Py ® Cs) — s(Cs & Py @ Ci)?
lz 0 l< 0

: . 20

s(C5 U C5) lj-l s(C5UCs & P& Cs) l—’ Class II

>0 =0

—25(C5 ®Cs) \" (s(Cs @ Py & C:
<5(03FBP28C'5)> A i )

l< 0 12 0
Class I | —25(C5 ® Py & C7)s(Cs & Cs) + 5(Cs & C7)s(C3 & Po @ Cs)
=0 1¢ 0

5(Cs®PA®Cs) ( —25(C5 & Cs) ) =0
s(Cs & P, & C5) 3(Cs @ P, © C5)

$(C5 U Cy) l& Class 1T
=0

‘l s(Ch2) >0 Class T
=0

Class 111

Class II

Figure 11: The classification of 12-decks with sp(P,) > 0 whose 10-deck is of
Class III; we omit the subscript D in the diagram.
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8 Conclusion

Our characterization of the possible behavior of the initial twelve terms of the
polynomial t(H,1/2+eU) +t(H,1/2—eU) indicates that a complete characteri-
zation of locally common graphs would be complex. Still, our results suggest the
following two problems that could shed more light on a possible characterization
of locally common graphs.

Problem 1. Is it true that if two graphs H and H' have the same length g of
the shortest even cycle and the same counts of principal graphs in their g-decks,
then both H and H' are either locally common or not locally common? In other
words, can it be determined whether H is locally common based on the frequencies
of principal graphs in the g-deck of H, where g is the length of the shortest even
cycle in H?

Problem [I] would follow from establishing that every deck containing an even
cycle is of Class I or II; we believe this to be the case but we were not able to
find a short argument. However, we do not have a suspected answer to offer to
the next problem, although Theorems [I§], and [33] suggests that the answer
could also be positive. In order to state the problem, we need to introduce a
definition: a graph G is basic if every component of GG is a cycle or isomorphic to
Cy ® P, @ Cp for a non-negative integer n and some odd numbers ¢ and ¢’ (the
value of £, ¢ and n can be different for different components of G).

Problem 2. Is it true that if two graphs H and H' have the same length g of the
shortest even cycle and the same counts of basic graphs in their g-decks, then both
H and H' are either locally common or not locally common? In other words, can
it be determined whether H s locally common based on the frequencies of basic
graphs in the g-deck of H, where g is the length of the shortest even cycle in H?
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