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Abstrakt

Disertacni prace se zabyva nékterymi kvalitativnimi vlastnostmi feseni dvou-
dimenzionélnich Stokesovych a Navier-Stokesovych rovnic se smiSenymi okrajovymi
podminkami v omezené oblasti. Tato oblast odpovida kandlu, ktery je naplnén
nestlacitelnou tekutinou. Piedepisujeme homogenni Dirichletovu nebo Navierovu
okrajovou podminku na c¢asti hranice, kterd odpovida pevné sténé kanalu a ”do-
nothing” okrajovou podminku na casti hranice, kterda odpovida vstupu a vystupu
kanalu. V praci je dokazana regularita feseni Stokesovych rovnic. V dalsi ¢asti do-
kazujeme lokalni existenci feseni Navierovych-Stokesovych rovnic v case. V posledni
¢asti se zabyvame systémem Navierovy-Stokesovy soustavy a rovnicemi vedeni tepla
v kapaliné. V této ¢asti opét dokazujeme lokalni existenci feSeni tohoto systému v
case.



Abstract

The PhD-thesis deals with some qualitative properties of the solution of the two-
dimensional Stokes and Navier-Stokes equations with mixed boundary conditions in
a bounded domain. This domain corresponds to a channel filled with an incompres-
sible fluid. We prescribe homogeneous Dirichlet or Navier’s boundary conditions on
boundaries corresponding to the channel walls and do-nothing boundary conditions
on the channel input and output. Regularity of solutions of the Stokes equations
is proved in this thesis. In the next section we prove the local in time existence of
solutions to the Navier-Stokes equations. In the last part we deal with the system of
the Navier-Stokes equations and the heat equation and we prove the local in time
existence of solutions of this system.
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Osnova disertacni prace

Ptedlozend diserta¢ni prace se zabyva matematickymi modely proudéni vazké ne-
stlacitelné tekutiny. Predklada vybrané vysledky o kvalitativnich vlastnostech feseni
téchto modelu. Prace obsahuje ivod a dalsi tii casti.

V tvodu jsou formulovany zakladni pojmy teorie Navierovych-Stokesovych rov-
nic, znamé vysledky a oteviené problémy.

V prvni kapitole se zabyvame dvoudimenzionalni stacionarni soustavou Stoke-
sovych rovnic na omezené oblasti. Tato oblast odpovida kandlu vyplnéném proudici
tekutinou. Na c¢éasti hranice, kterda odpovida pevné sténé, predepisujeme Navierovu
okrajovou podminku, na ¢ésti hranice, kterd odpovidd vstupu a vystupu kandlu,
predepisujeme okrajovou podminku (7). V této kapitole studujeme regularitu Feseni
soustavy Stokesovych rovnic. Hlavni ¢dst druhé kapitoly tvori ¢lanek [4].

V druhé kapitole se zabyvame systémem dvoudimenziondlnich Navierovych-
Stokesovych rovnic se tfemi typy okrajovych podminek. Predepisujeme Navierovu
nebo homogenni Dirichletovu okrajovou podminku na (navzajem disjunktnich) ¢és-
tech pevné hranice, kterd odpovida pevné sténé kanalu. Na vstupu a vystupu z
kanélu predepisujeme okrajovou podminku (7). V této kapitole je dokézana existence
a jednoznacnost feSeni na néjakém dostatecné malém casovém intervalu. Hlavni ¢ast
tieti kapitoly tvori ¢lanek [5].

Ve tteti kapitole se zabyvame systémem dvourozmérnych Navierovych-Stokeso-
vych rovnic se smiSenymi okrajovymi podminkami v kanalu doplnéném o rovnici
vedeni tepla v kapalinach. Zde ptfedepisujeme Navierovu okrajovou podminku pro
rychlost tekutiny a Newtonovu okrajovou podminku pro teplotu na pevné sténé
kanalu. Na vstupu a vystupu z kanédlu predepisujeme okrajovou podminku (7) pro
rychlost a tlak a Neumannovu okrajovou podminku pro teplotu. Podobné jako v
predchozi kapitole, i zde je dokazana existence a jednoznacnost feseni na néjakém
dostatecné malém casovém intervalu. Hlavni ¢dst c¢tvrté kapitoly tvoii ¢lanek [6].



1 Uvod

1.1 Zakladni pojmy teorie Navierovych-Stokesovych rovnic

Existuje mnoho fyzikalnich jevu, jejichz chovani Ize popsat obycejnymi nebo parcial-
nimi diferencidlnimi rovnicemi. Tyto rovnice jsou doplnény okrajovymi podminkami
a pokud jde o nestacionarni jevy, také pocatecnimi podminkami. V této disertacni
praci se zabyvame matematickymi modely proudéni nestlacitelné tekutiny. Tyto
modely jsou odvozeny pomoci zakona zachovani hmoty a zdkona zachovani hybnosti.

Ptredpokladejme, ze €2 C R™, n = 2, 3. Nejpouzivanéjsim modelem proudéni ne-
stlacitelné vazké tekutiny je systém nestacionarnich Navierovych-Stokesovych rov-
nic:

ou
a—yAu—l—(u«V)u—l—VP:gVQx(O,T), (1)
divu=0v Q x (0,7), (2)
u(.,0) = uy v (3)
kde neznamé funkce jsou w a P. u = (uy,...,u,) predstavuje rychlost proudici
tekutiny, komponenty u; = (@, t) jsou funkcemi prostorovych proménnych x =
[1,...,2,] a casu t. P znadi tlak a je rovnéz funkei prostorovych proménnych & =
[x1,...,2,] at. Symboly g a uy znacime po fadé objemovou silu a poc¢atecni rychlost.

Vektorova rovnice (1) se nazyva Navierova-Stokesova rovnice. Je odvozena pomoci
zékona zachovani hybnosti. Rovnice (2) se nazyvé rovnici kontinuity a je odvozena
ze zakona zachovani hmoty. Symbol v oznacuje viskozitu kapaliny a predpoklddame
pro zjednoduseni, ze v = 1.

Pokud modelujeme proudéni nestlacitelné tekutiny v ohranicené oblasti (2,
musime k rovnicim (1)-(3) pridat okrajové podminky. Jednou z nejcastéji pouziva-
nych okrajovych podminek je homogenni Dirichletova okrajova podminka:

u = 0 na Jf. (4)
Dalsi okrajovou podminkou je tzv. Navierova okrajova podminka:
a)u-n=0, b)[Ty(u) -n|+yu=0nadx(0,T). (5)

T4(w) znaci dynamicky tenzor napéti ptifazeny rychlostnimu poli w a dolni
index 7 oznacuje tecnou slozku. Predpoklddame, ze tekutina je newtonovskd, tedy
Ti(u) = 2v(Vu)s, kde (Vu)s je symetrickd ¢dst Vu, v je koeficient tfeni mezi
kapalinou a hranici. Pfedpokladdme v > 0. Pripomenme si, ze ”cely”tenzor napéti
je T = T(u,p) = —pl+T,(uw). Podminka b) vyjadiuje, ze tangencialni slozka napét,
kterou tekutina na hranici pusobi, je imérnd rychlosti.

V nékterych pracech se rovnéz predepisuje tzv. okrajova podminka Navierova
typu:

u-n=0, curluxmn=0nadx(0,T), (6)



kde symbol curl oznacuje operator rotace.

Tyto podminky jsou predepsany na ¢asti hranice, kde predpokladame kontakt
mezi tekutinou a sténou. V mnoha pracich je fesena tloha (1)-(3) a na celé hranici
oblasti je predepséna jedna okrajova podminka. Modelujeme-li proudéni tekutiny v
kanélu, je vhodné predepsat nékterou z okrajovych podminek (4)—(6) pouze na ¢ésti
hranice, kterda odpovida pevné sténé kanalu, dale tuto c¢ast hranice budeme znacit
I'p . Cést hranice, kterd odpovidd vstupu a vystupu z kanglu, budeme nadéle znacit
I'n. Na této ¢asti hranice potom piedepisujeme bud

0
V%—Pn:anaFNx(O,T) (7)
nebo y
5[Vu+(Vu)T} n—Pn=ocnalyx(0,T). (8)

Leva strana (8) odpovida normélové slozce tenzoru napéti.

Ptedchozi modely, jak jiz bylo zminéno, popisuji proudéni vazké nestlacitelné
newtonské tekutiny. Kromé zde popsaného modelu existuje fada dalsich modelu,
které popisuji proudéni tekutin, kupi. fada modelu popisujicich stlacitelné proudéni
nebo proudéni nenewtonskych tekutin.

1.2 Prostory funkci, slaba a silna reSeni.

V této kapitole zavedeme nékteré prostory funkei, které budeme potiebovat v dalsim
textu. Dale uvedeme nékteré definice. Poznamenejme, ze prostory L?*(92), W2(Q)
a W{2(Q) jsou definovény obvyklym zptisobem.

o V={velC®Q)3 suppv C Q, divv =0 na Q}

Vr={veC®(Qx[0,T))3 suppv C Q x [0,T), divv =0na Q x (0,7)}

L2(Q) je uzavér prostoru V v L*(Q),

WH(Q) = WH(Q) N Ly(Q)

Wéi(Q) je uzéver prostoru V v W2 (Q),

(Wéi(Q))* je dualni k prostoru Wéi(Q)

Protoze dale uvedeme prehled nejdulezitéjsich vysledku teorie Navierovych-
Stokesovych rovnic pro feseni ulohy (1)—(4) na ohrani¢enych oblastech, uvadime
pro tyto ulohy definici slabého feseni. Slaba feSeni Navierovych-Stokesovych rovnic
na celém prostoru jsou definovana stejnym zpusobem.



Definice 1 Necht g € L*(0,T; (Wy2(Q))*) a v € L2(Q). Méritelnd funkce u €
L*(0,T; Wéi(Q)) N L>®(0,T; (L2(Q)) je slabym Fesenim vilohy (1)-(4), pokud

/OT/Q (—u-aa—";+yw.vv+(u.v)u.v) d(Q)dt:/pr.v(wo)dmﬁ/:(g?mdt

pro vsechna v € Vr.

Poznamenejme, ze slaba TeSeni na ohranicenych oblastech, ktera splnuji okra-
jové podminky (5) nebo (6), jsou definovdna analogickym zpusobem. Zde u €
L2(0,T; W2(9)) (1 L2(0, T; (L2(2).

Slabé feseni (1) - (4) s pravou stranou g € L*(0, T, L2(Q)) spliiuje energetickou
nerovnost, pokud

t
/ a2 d( +2/ /yvu|2 dt</h/|2 +2/ /g~ud(Q)dt
Qx{t} 0 JQ

plati pro kazdé ¢ € (0, T].
Slabé feseni (1) - (4) s pravou stranou g € L*(0, T, L(f2)) spliiuje silnou ener-
getickou nerovnost, pokud

/ lu|? d( +2/ /|Vu|2 dtg/ lu|? d( +2/ /g ud(Q
Qx{t2} Qx{t1}

plati pro kazdé t, € (0,T] a pro skoro vSechna t; € (0,t3) véetné t; = 0.
Za jakych podminek slabé feseni splnuje energetickou rovnost, je stéle otevienym
problémem. Energetickou rovnosti rozumime:

to
/ 2 d( +2/ /|V'u,|2 Q)dt — /m? +2/ /g-ud(Q)dt
QX{tQ} t1 Q

Na zavér této kapitoly budeme definovat regularni feseni.

Definice 2 Necht g € L*(0,T;(L2(R))), uo € L*(Q) a w je slabym resent tilohy
(1)-(4). Rekneme, Ze w je requldrnim tesenim, jestlize

Vu € L2 ((0,T]; L*(Q)).

1.3 Neékteré vybrané vysledky a oteviené problémy teorie
Navierovych-Stokesovych rovnic

Matematickd teorie Navierovych-Stokesovych rovnic se za poslednich sto let zabyvala
zejména ¢tyfmi hlavnimi otdzkami. Prvni otazkou je, zda pro dana data existuje
néjaké slabé feseni, kde daty 1lohy rozumime pocateéni podminku a pravou stranu
rovnice, tj. objemovou silu. Druha otézka je, zda se slabé slabé feseni chové v souladu
ze zakonem zachovani energie. Tteti otazkou je, zda slabé feseni, pokud existuje, je
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jednoznacéné. Ctvrta a soucasné neznaméjsi otdzka se tyké regularity feseni. Mame-li
vhodnd (hladkd) data Feseni, zda je feSeni reguldrni, problém ”regularita vs. blow-
up”. Tento problém byl zarazen mezi problémy tisicileti Clayova institutu v USA.

Nyni uvedeme nékteré nejznaméjsich vysledky, které na tyto otazky odpovidaji.
Ne vsechny z téchto otazek byly ovsem dosud zodpovézeny.

Existenci slabého fegeni na celém prostoru za predpokladu, ze uy € L2(Q),
dokazal J. Leray v roce 1934. Navic ukéazal, ze toto TeSeni spliuje energetickou
nerovnost.

V roce 1950 publikoval E. Hopf, viz [10] vysledek, ve kterém dokézal existenci
slabého teseni na omezené oblasti. Toto TeSeni navic splinuje silnou energetickou
nerovnost.

Existenci slabého teseni na jakékoliv oblasti s dostatecné hladkou hranici, s
pocatecni rychlosti ug € L2(9) a pravou stranou g € L*(0,T, L(€2)) dokazali J.
Heywood [9], K. Masuda [22] a R. Temam. Toto feseni navic spliiuje silnou energe-
tickou nerovnost.

Otézka, zda existuje slabé feseni, které spliuje energetickou rovnost, zustava
stale otevienou. Uvedeme zde vysledek, ktery publikoval v roce 1960 J.L.Lions.

Véta 3 a) Necht w je slabé Fesent vilohy (1)-(4) a w € L*(0,T; L*(Q)). Potom u
splnuge energetickou rovnost.

b) Necht w je slabé Fesend ilohy (1)-(3) na celém prostoru a w € L*(0,T; R?).
Potom w splnuje energetickou rovnost.

Tento vysledek rozsifil M. Shinbrot v [25]. Dokézal, ze u spliiuje energetickou
rovnost, pokud w € LP(0,7; LY(12)), kde % + % =2ag>4

Nyni uvedeme nékteré diléi vysledky, které se tykaji jednoznacnosti feSeni.
G.Prodi [23] a J.L.Lions [21] dokézali nasledujici vétu.

Véta 4 a) Eristuje maximdlné jedno reqularni resent ilohy (1)—(4).
b) Ezistuje mazimdlné jedno regquldrni reseni ilohy (1)- (3) na celém prostoru.

J.Serrin dokézal nasledujici vysledek v [24].

Véta 5 Necht w a w jsou slabd reseni ulohy (1) - (4) nebo (1) - (3) , Tesime-li
tlohu na celém prostoru, se stejnymi danymi daty g a wg. Necht ddle w spliuje
energetickou nerovnost a w je reqularni reseni. Potom u = w.

Tento vysledek rozsitili H.Kozono a H.Sohr v [12] Dokézali, ze plati i tehdy,
kdyz w € L*(0,T; L*(Q)).

Jak jsme jiz zminili, otdzka regularity feSeni je stale oteviend. Existuje sice
mnoho diléich vysledku, které ale poskytuji pouze diléi odpovédi. Jednim z dil¢ich
vysledki je existence silného feseni na néjakém, libovolné malém, casovém intervalu.
Tento vysledek dokazali A.A.Kiselev a O.A.Ladyzenskaya (viz [11]).

Véta 6 Necht 0Q € C* ug € Wéi(Q) ag € L>(0,T; H). Pak existuje T* > 0 a
pouze jedno silné reseni (1) - (4) na (0,7%).
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Vysledek Kiseleva a Ladyzenské rozsitil Y.Giga, ktery dokézal existenci re-
gularniho feseni na néjakém, libovolné malém, ¢asovém predpokladu za predpokladu,
7e ug € L2(Q) N L*(9).

V [9] a [18], J. Heywood a O.A. Ladyzenskaya dokazali existenci reguldrniho
feseni na pevné daném casovém intervalu s poc¢atecni podminkou, kterd je dostatecné
mald v normeé Wéi(ﬂ)

Velmi dulezity vysledek je formulovan v nasledujici véte.

Véta 7 Necht u je slabé reseni s pocdtecni rychlosti uy € L*(Q) na casovém in-

tervalu (0,T) tak, Ze
T p
| ([l <o,
o Vo

kde ¢ € [3;00] a 2/p+ 3/q = 1. Pak w je reguldrni reSeni na casovém intervalu
(0,7).

Toto kritérium nazyvame ”Prodi-Serrinovymi podminkami”. Bylo dokdzéno v [23]
a [24] pro r € (3;00] a v [7] pro = 3. Na to navazala fada matematickych praci.
Existuje trada vysledku, kde je regularita feSeni dokazana, pokud jedna nebo dvé
slozky rychlosti spliuji toto kritérium nebo kritéria tohoto typu.

1.4 Reseni Navierovych-Stokesovych rovmic se smiSenovymi
okrajovymi podminkami

V hlavni ¢asti predkladané disertacni prace se zabyvame systémem Navierovych-
Stokesovych rovnic se smiSenymi okrajovymi podminkami. V matematické literature
se nejcastéji potkavame s tlohami, kde je predepsana pouze jedna okrajova podminka
na celé hranici, nejcastéji jde o homogenni Dirichletovu podminku. Tyto tulohy jsou
pomérné hluboce rozpracovany. Pro takové tlohy je dokdzana tada vysledki. Je
dokazana globalni existence slabych feseni. Jednoznac¢nost slabého feseni zustava
otevienym problémem, ale je dokazana jednoznacnost regularniho feseni. Globalni
existence reguldrniho feseni zustava stale otevienym problémem, zde je dokazana
globélni existence silnych feSeni pro dostatecné mala pocatecni data a existence
regularnich teseni lokalné v case..

Tyto ulohy neodpovidaji vzdy presné fyzikalni realité. V posledni dobé autofi v
mnoha ¢lancich zabyvajicich se Navier-Stokesovou rovnici fesi problém, kdy predepi-
suji vice typu okrajovych podminek na ruznych ¢astech hranice. Tyto problémy
1épe popisuji fyzikalni realitu. Modelujeme-li proudéni vazké nestlacitelné tekutiny
v kandle, je vhodné predepsat homogenni Dirichletovu okrajovou podminku nebo
Navierovu okrajovou podminku na ¢asti hranice, ktera odpovida pevné sténé. Na
vstupu a vystupu z kandlu je pfirozené predepsat okrajové podminky (7) nebo (8).

Okrajové podminky (7) a (8) vsak nemohou vyloucit existenci zpétnych toku,
které mohou pfivést zpét do kanalu nekontrolované mnozstvi kinetické energie. Z to-
hoto duvodu neumime pro feseni téchto tloh odvodit energetickou nerovnost nebo
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podobny odhad. Proto globalni existence slabého feseni pro tyto tlohy a pro libo-
volna data zustava otevienym problémem.

Tato disertacni prace byla motivovana clanky, které tyto problémy fesily. Nyni
nékteré z nich zminime.

Kra¢mar a Neustupa fesili tuto ilohu v [13] a v [14] pomoci vhodnych varia¢nich
nerovnosti, kdy na hranici predepsali dalsi okrajovou podminku, ktera omezovala
energii zpétného toku.

Kucera a Skaldk v [17] Fesili tuto tlohu pro tiirozmérné proudéni. Na pevné
sténé predepsali homogenni Dirichletovu okrajovou podminku, na vstupu nehomo-
genni Dirichletovu okrajovou podminku a na vystupu okrajovou podminku (7).
Dokazali existenci a jednoznac¢nost feSeni na néjakém malém ¢asovém intervalu pro
libovolna (velkd) data problému. Na druhou stranu autofi pozadovali velmi silné
pozadavky pro pocatecni rychlost.

Podobny vysledek pro feseni Boussinesqovych rovnic byl publikovan v [26].

Kucera se v [15] zabyval fesenim Navierovy-Stokesovy tlohy, kde je na pevné
sténé kanalu predepsana okrajova podminka (4) a na vstupu a vystupu je predepsana
okrajova podminka (7). Autor tuto lohu preformuloval do tvaru operatoru, které
operuji mezi Banachovym prostorem X (prostor feseni) a Banachovym prostorem
Y (prostor dat). Pro dany operator NV, ktery odpovidal Navierové-Stokesové rovnici,
ukazal, ze N(X) je neprazdnd oteviend mnozina v prostoru Y.

Benes a Kucera dale rozsitili nékteré z téchto vysledku na feseni Navierovych-
Stokesovych rovnic, které jsou "regularnéjsi”v prostoru. Pro trojrozmérné problémy
byl tento vysledek publikovan v [2].

Kucera déle rozsitil vysledek publikovany v [15] na feseni ¢asové periodickych
Navier-Stokesovych rovnic se stejnymi okrajovymi podminkami. Tento vysledek byl
publikovan v [16].

Benes a Kucera se zabyvali v [3] dvourozmérnym Navier-Stokesovym problémem
se smiSenymi okrajovymi podminkami kanalu. Na pevné sténé kandlu je predepsana
okrajovd podminka (4) a na vstupu a vystupu kandlu je predepséna okrajova pod-
minka (7) . Zde je také dokdzan velmi dulezity vysledek pro feseni ustaleného Stoke-
sova problému se smiSenymi okrajovymi podminkami a dostatecné hladkymi daty.

V prvni a druhé kapitole této disertacni prace navazujeme na vysledky uve-
dené v tomto odstavci. Ve druhé kapitole se zabyvame systémem dvourozmérného
Stokesova problému se smiSenymi okrajovymi podminkami. Predepisujeme Navie-
rovu hranici na pevné sténé a okrajovou podminku (7) na vstupu a vystupu kanalu.
Dokazujeme hladkost feseni této tlohy v okoli bodu, ve kterém okrajové podminky
meéni svuj typ. Ve druhé kapitole dokazujeme lokalni existenci v ¢ase feSeni tohoto
problému pro Sirokou t¥idu pocatecnich rychlosti.
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1.5 Matematické modely proudéni vazkych nestlacitelnych
tepelné vodivych tekutin se smisenovymi okrajovymi
podminkami

Necht Q C R? je omezena oblast kterd piedstavuje kandl vyplnény tepelné vo-
divou, nestlacitelnou, vazkou tekutinou. Pfipomenme si, ze 020 = I'p U Iy, kde
I'p NIy = (. I'p predstavuje pevnou sténu kandlu, kde predepisujeme Navierovu
okrajovou podminku pro rychlost a Newtonovu okrajovou podminku pro teplotu. I'y
predstavuje vstup a vystup kandlu, kde predepisujeme okrajovou podminku (7) pro
rychlost a tlak a Neumannovu okrajovou podminku pro teplotu. I'p a 'y se skladaji
z usecek a sviraji pravy thel ve vSech bodech, ve kterych okrajové podminky méni
svuj typ. Uvazujeme nésledujici soustavu rovnic

%—’;+<u-V)u—Au+v7>:(1—9)f v x (0,1, (9)
divu =0 vQx(0,7), (10)
%ﬂLu-VG—A@:e(U)3€<U)+9f'u+h VQX(O7T)> (11)
u-n=0, [2e(u)n]-T+yu-7=0 na I's x (0,7), (12)
oL
—a—n =0 — 0 na ['g x (07T)7 (13>
ou

—Pn + 8_’[1, =0 na I'g x (07T)7 (14>
oL,

= 0 na 'y x (0,7), (15)
u(0) = ug v Q, (16)

Symboly u, P a uy maji stejny vyznam jako v predchozi ¢asti. Symboly 6, 6y,
O, h a f oznacuji po fadé teplotu, poc¢atecni teplotu, vnéjsi teplotu, danou funkci a
dvourozmérny vektor. Teplota 9 je dalsi neznamé funkce, e(u) = (Vu + (V'u,)T) /2.
Odpovidajici stacionarni systém byl studovan v [1]. Autoti zde predepsali ho-
mogenni Dirichletovu okrajovou podminku pro rychlost a nehomogenni Dirichletovu
okrajovou podminku pro teplotu na pevné sténé. Na vstupu a vystupu predepsali
okrajovou podminku (8) pro rychlost a tlak a nehomogenni Neumannovu podminku
pro teplotu. Autori dokazali, ze pro dostupna data existuje feseni tohoto problému.
V této disertacni praci dokazujeme lokalni existenci slabého feseni problému

(9)-(17).
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2 Chapter 1

2.1 Regularita reSeni Stokesych rovnic se smiSenymi okra-
jovymi podminkami.

Prevéznd ¢ést této kapitoly je tvorena konferenénim piispévkem [4]:

Michal Benes, Petr Kucera, Petra Vackova: Existence and regularity of the
Stokes system with the do-nothing and Navier’s boundary conditions. Proceedings
of the 19th Conference on Applied Mathematics APLIMAT 2020 (2020), pp. 47-56.

Autorsky podil M. Benese a P. Kucery je 20% and P. Vackové 60%. Text m4
vlastni znaceni, definice, véty a literaturu. Na strankach je uvedeno dvoji ¢islovani,
¢islo stranky ve sborniku konference a ¢islo stranky v disertacni praci.

V tomto ¢lanku se zabyvame dvoudimenzionalni Stokesovou tilohou na omezené
oblasti se smiSenymi okrajovymi podminkami. Na ¢asti hranice predepisujeme Na-
vierovu okrajovou podminku a na ¢asti hranice okrajovou podminku (7). V élanku
je studovana lokalni regularita feseni této lohy na okoli hrani¢niho bodu, kde se
meéni okrajové podminky. Ziskané poznatky nam umozni dokazat regularitu feseni
na celé oblasti.
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EXISTENCE AND REGULARITY OF THE STOKES SYSTEM WITH
THE DO-NOTHING AND NAVIER’S BOUNDARY CONDITIONS

BENES Michal (CZ), KUCERA Petr (CZ), VACKOVA Petra (CZ)

Abstract. In this paper we study qualitative properties of weak solutions of the Stokes
equations with the mixed boundary conditions in bounded domains. We prescribe "do—
nothing" boundary conditions and Navier’s boundary conditions in two different parts of
the boundary. Our aim is to study regularity of solutions in the neighbourhood of points
in which boundary conditions change their type.

Keywords: Stokes equations, do—nothing boundary conditions, Navier’s boundary con-
ditions

Mathematics subject classification: Primary 35Q30, 35B35; Secondary 76D05, 76E09

1 Introduction

Mathematical models of viscous incompressible flow have been studied by many mathemati-
cians in recent decades. Usually the flow is modeled as a solution of the system of the Navier-
Stokes equations. If we solve this system in a bounded domain, we usually prescribe the Dirich-
let boundary condition on the boundary. The theory of the Navier-Stokes equations with these
boundary conditions is deeply elaborated. Unfortunately, these conditions are not natural in
some situations. When we model fluid flow in a channel, we can prescribe either a boundary
condition
ou

ve——Pn =0

on

or the condition
S[Vu+vu']-n—Pn = o

on the input and on the output of the channel (see e.g. [3], [16]), where u = (u, up) denotes the
velocity field, P is the appropriate pressure, v is the kinematic viscosity, o is a prescribed vector
function on the input and on the output of the channel and n is the outer unit normal vector. Un-
fortunately, these boundary conditions cannot exclude eventual backflows that can bring back
to the channel an uncontrolled amount of kinetic energy to the channel. Consequently, these
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boundary conditions do not enable us to derive a priori estimate of a weak solution. Therefore,
the question of the existence of the weak solution for arbitrary data remains open. Some quali-
tative properties of the solution of the Navier—Stokes equations with the boundary condition (1)
on the input and on the output are studied in [8], [9], [10], [11] and [12].

Dirichlet boundary conditions are usually prescribed on the part of the boundary that corre-
sponds to the fixed wall of the channel. These boundary conditions model fluid adherence to
a solid wall. The behavior of a fluid in contact with a solid wall can also be modeled by the
boundary conditions

u-n=0, (Ty-n), +yu=0.
These boundary conditions are called Navier’s boundary conditions. They have been formulated
in 1824 by H. Navier. The dynamic stress tensor associated with the velocity field w is denoted
by Ty(w). (T4(u) - n), means the tangential component of the vector Ty(u) - m. We suppose
that the considered fluid is Newtonian, consequently Ty(u) = v (Vu + VuT). Recall that
the whole stress tensor is T = T(wu,P) = —P 1+ Ty(u). Coefficient of friction between the
fluid and the boundary is denoted by v and we suppose v > 0. Regularity of solutions of the
Navier-Stokes equations with various types of boundary conditions for sufficiently smooth data

is one of their important properties. It can be easily shown that the regularity of the solution of
Navier-Stokes equations corresponds to the regularity of the solution of the Stokes equations.

In this paper we solve the steady Stokes problem with the mixed boundary condition. We
prescribe two types of boundary conditions, Navier’s boundary conditions and "do-nothing"
boundary condition. We prove existence and uniqueness of the solution of this system and
its regularity. We study the properties of the solution in the neighbourhood of points, where
Navier’s boundary conditions and "do-nothing" boundary condition are changed.
1.1 Description of the domain
In this subsection we describe the domain €) which represents the channel filled up by a moving
fluid.

e () C R%is a bounded domain.

e I'),I'y C 0 such that 99 = T'; UT,.

e One-dimensional measure of I'; is positive.

e All parts of I'; are in parts smooth curves.

o All adjacent smooth parts of I'; takes right angle.

e Quadratic form corresponding with symmetric matrix Vnn4-Vn? is seminegative in every
point of T';.

o All parts of I'; are abscissas.
e 'y and I's take right angle in all points A4, ... A,.

e We prescribe the Navier boundary condition on I'; and "do nothing" boundary condition
on I's.
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1.2 Clasical formulation of the problem

The classical formulation of our problem is as follows.

—vAu+VP = f inQ, (1)
divu = 0 in(, (2)
u-n=0, [(Ty-n),+yu 0 onTy, (3)
—Pn + Va—u = 0 onl%y, 4)
on

where f € L?(2)? is a body force. For simplicity we suppoose v = 1.

Remark 1 The system (1)—(2) is called the steady Stokes system. Let g € W'2(Q). The system
with equation

divu =g inf)

instead of equation (2) is called the generalised Stokes system.

1.3 Notation definition of some function spaces

e We denote two-dimensional vector functions and spaces of these functions by bold letters.
e B, (P) denotes the ball of radius 7 centered at the point P
o Let&(Q) :={uecC®)? divu=0, u-n=0o0nT}.

eleth € N,1 < p < co. We define WH?(Q) as the closure of £(Q) in the norm of
WHhP(Q).

e The dual space of W*?(Q) we denote by W*?(Q)*,
e For simplicity we use L?(Q) instead of W2%(().

e The scalar product of the space W 1?(2) we denote by ((.,.))1.2.«. The norm of this space
we denote by || |12,

2 Weak formulation of the problem

Definition 1 Let f € WL2(Q)". We say that u € WL2(Q) is a weak solution of the problem
(1)—(4) iff

/Vu-Vv—l—/*yunz—/u-Vn-vT:(f;v> 5)
Q Iy 1B

for every v € W 12(Q).

Let A: W1(Q) x W2(Q) — WL?(Q)" be a bilinear form such that

A(u;v):/Vu-Vv—i-/ yu-v—/ w-Vn - v’
Q I I

49
18



It is easy to see that the bilinear form A is continuous. For u = v we get

A(u;u):/Vu~Vu+/ fyu-u—l/ uT~(Vn—|—VnT)-u.
Q Iy 2 Ty

By assumption one—dimensional measure of I'; is positive and (Vn + VnT) is seminegative
on I';. These facts combined with the Friedrichs inequality give the following inequalities

C”””%’V};Z(Q) < /QV’LL -Vu + /n yu-u < Alu;u).
Applying the Lax-Milgram theorem we obtain the following result.
Theorem 1 Let f € W}QQ(Q)* There exists a unique weak solution of the problem (1)—(4).
We introduce one example of the solution of the problem (1)-(4) now.

Example 1 Suppose that a, b, c, € are positive numbers, such that c/V* > ¢. Let
Q= (—a; a) x (=b; b)
with the boundary
o =T1UTy,

where

Iy =A{[z; =b); = € [~a; a]} U{[z; b]; = € [~a; af}
and

Ty =A{[—a; yl; y € [=0; 0]} U{[a; yl; y € [-b; B]}-
It can be easily verified that the pair {w; P} where the velocity field u = u(z,y) = (c—e y?; 0)
and the pressure P = 0 is the solution of the problem (1)—(4) with the right hand side f = —2 ¢

and the coefficient v = b e/(c — €b?).

3 Regularity of weak solutions of the Stokes system

In this section we prove the theorem about regularity of the weak solution of the problem (1)—
(4), which is the main result of the paper.

Theorem 2 Let f € LP(Q) and u € WL2(Q), 1 < p < o0, be a weak solution of the problem
(1)~(4). Then uw € W*P(Q) and the corresponding pressure P € W'?(Q).

In the following three remarks we suppose that all assumptions and notation of Theorem 2 hold.

Remark 2 Let G C G C ). It is proved in [2] that u € WP (G) and P € WP(G).
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Remark 3 We suppose that B, € 1"y and By € T'5 are abitrary points. Then there exists open
sets Uy, and Uy such that By € Uy, By € Uy, u € W*P(Q)) and u € W?*P(,), where
Q= QNU; and Qs = QN Us. The corresponding property is proved in [ 1, Appendix A]. This
result we can prove in a similar way with small technical difficulties.

Remark 4 Suppose that two smooth parts of 'y form right angle at some point Bs. Then there
exist open set Us that Bs € Us and u € WQ’p(Qg) and, where Q3 = QN Us ( see e.g.[14]).

Let A € 9Q— (I'; UT'y). This means A € 99 is the point in which boundary conditions change
their type. By assuption I'; and I's form right angle at the point A. To prove Theorem 2 we
have to prove that u is smooth in some open neighbourhood of A.

We use the so called Kondrat’ev method. This method is developed in [4], [5], [6], [7], [13] and
[15]. In [1, Appendix A] the authors used this method to prove regularity of the weak solution
of the Stokes system with the homogeneous Dirichlet boundary conditions on the fixed wall of
the channel and with the "do-nothing" boundary condition on the input and on the output of the
channel.

We gradually define the so-called pencil operator L =L (M) and investigate the structure of its
eigenvalues. Using these results and applying [7, Theorems 1.4.3. and 1.4.4] and [1, Theorem
A.4] we prove our result.

For simplicity we suppose that the origin of the coordinate system O is identical with the point
A and that I'; and I'y, respectively, coincide with positive parts of the axis z and y in Q N B.(A)
for sufficiently small e.

Letn(|z|) € C*(R?),0 < n(lz|) <1,

n(le)) = {1 for |m|<e/2,}

0 for |x|>e.

(1 is a called cut-off function). Denote it = 1 u, P = n P and K an infinite angle with the
vertex O and size 7. Then (1)—(3) yield

~A(i)+VP = f ink (6)

divii = h ink (7)

where f = f —2Vu Vi —u An+P Vn € LK), h=u- Vi € WH(K).

Note that the behavior of w and P near O characterizes the regularity of w and P in a neigh-
bourhood of A.

In the polar coordinates (7, w), r € (0; 00), w € (0; 7), the system (6)—(7) becomes

N ) L ~ _
%cosw—%%sinw—i—%sinw—k%%cow = h. (10)
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We use the substitution r = €7, 7 € R, and put () = Pe”. The system (8)—(10) yields

821~L1 02’[~Ll 8@ . aQ r
52 " o2 + cosw (87’ — Q> - Slnwafw = fi, 1D

82712 827:L2 . 0@ aQ 7
52 a2 + sinw (87’ — Q) —|—COSM% = fo, (12)

. aal . aﬂl 6722 ) aﬁQ _ 7
COSWE—SIHWGT—FESIHW‘F@TCOSW = h (13)

This system holds in S = {(7, w); 7 € R, 0 < w, o1

We apply the Fourier transform with respect to 7 for any A € C on the previous system
((1,w) = (\,w)). We get following system:

g D% . 0Q .
—(i\)*0y — 2 + (iX — 1) cosw@ — sinw- " = f1, (14)
. Oy o Q .
—(iX)? 1y — 92 + (1A — 1) sinw@ + coswo— = fa, (15)
IAcoswilly — sinw% + iAsin wig + COSWﬂ = h (16)
Ow Ow

Note that for arbitrary A € C we have f € L*((0; Z)) and h € W'2((0; T)).
Let A(\) : W22((0;7/2))2 x WH2((0;7/2)) — L2((0;7/2))? x WH2((0; /2)) be the matrix
operator which corresponds to system (14)—(16) , i.e.

— 0 — (i))? 0 (iA — 1) cosw — sinw
“ 9 \\2 . . &
AN = 0 — a0z — (iA) (iA —1)sinw+coswz= | . (17)
i\ cosw —sinw-2 (i) sinw + cos w2 0
( Ow ow

We consider this operator for each parameter A € C.

Now we did the same adjustment for the "do-nothing" boundary condition and Navier’s condi-
tion. For the "do nothing" condition we suppose n = (0, —1) and w = 0. We get:

0l

Y (18)
A Oly

— 5 =0 (19)

For the Navier’s condition we suppose n = (—1,0),¢ = (0, 1) and w = 7 and then we get:

@ =0 (20)
Aty
L =0 1)

We define corresponding matrix operators B; = B1(\) and By = Ba(A) such that

Bi: W>2((0;7/2))* x WH2((0;7/2)) — C?
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for: = 1, 2, respectively, which correspond to the boundary conditions (18)—(19) and (20)—(21).

2, 0 0
_ owlo
&(A)( 0 2, 1|0> (22)
and
i, 0 0
By(N) = 0 2. 0/ (23)

The pencil operator £(\) = L(A)()),

Z()\) SWE2((0;7/2))% x WE((0;7/2)) — L2((0;7/2))* x WH2((0;7/2)) x C? x C?
(24)
is the parameter dependent operator defined by

L) = [AN); Bi(\); Bo(N)] . (25)

~

L(\) is considered for all A € C and it corresponds to the problem (14)—(16) with the boundary
conditions (18)—(21).

Definition 2 Suppose that Ao € C, F(., o) € D(L())), F(., Ao) # 0 and F(., \o) is holomor-
phic at \. We say that )\, is an eigenvalue of L(\) and F (., \) the corresponding eigenfunction

if
L)F(, ) =0.

Definition 3 Let A\ be an eigenvalue of E()\) We say that it is a simple eigenvalue if
L'(M)F (., h) =0

only for F(., \g) = 0.
The following theorem is the simplified version of Theorems 1.4.3 and 1.4.4 in [7].

Theorem 3 Let (9,q) € W'2(Q)? x L?(Q) be the weak solution of a generalized steady Stokes
systems with a right hand side & = (G1,05,03) € LP(Q)? x W'P(Q), p > 1, A € 9. Denote
by B = B(]\) its corresponding pencil operator. Then the following propositions hold:

o Assume that )\ is the only eigenvalue of B()) in the strip Im A € (2/p — 2,0). Sup-
pose additionally that this eigenvalue is simple. Assume that the lines Im A = 0 and
ImM\ = 2/p — 2 are free of eigenvalues of the pencil operator B(\). Then there exists
a cut-off function ) = n(r) and § > 0 such that (9,q) = (9(r,w),q(r,w)) admits in a
neighborhood O of the corner point A the asymptotic representation

5 _ 5sing 5reg ) 26
n(r) ( a ) C( QSing ) v ( areg ’ ( )
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€ W22(Qs)? x WHP(Qs) and Q5 = Us(A) N Q. Constant c is called

generalized intensity factor and the corresponding singular function is given by

( 5sing > i\ < 19 )
_ =T _1- s
qsing roq

where (9, 4) = (9(w), ¢(w)) is the corresponding eigenfunction of B(\q).

where (5”:97 Greg

e Suppose that the line Im \ = 2/p — 2 does not contain eigenvalues of the pencil operator
L(A) and (9,q) € WP(Q5)% x WEP(Q;5). Then

19 lwzrz + @llwir@a) < o] @z, (27)

where Q4 = U, (A) NQ for some 7 < §/2 and ¢ = ¢(Qs, 7).

3.1 Calculation of the characteristic determinant

To be able to apply the previous theorem we have to find eigenvalues and corresponding eigen-
functions of our pencil operator. The general solution of the equation A(\) (1, Ug, Q) =0
for A\ # 0 is in the form [diy, tig, Q)T = B4 ,C;®;(\, w). The following is the corresponding
fundamental system:

cos(iAw) sin(iAw)
O = | —sin(ilw) |, Oy = | cos(iw) |,
0 0
-« cos[(z)\ — 2)w] © sm[(z)\ — 2)w]
O3 = sin(z)\w) Dgin[(id — 2)w] |, ©4 = Cos(z)\w) 2 cos|(iA — 2)w]
—2iA cos[(i\ — 1)w] 2iAsin[(iA — 1)w]

The general solution and the boundary conditions (18) — (21) goes to a homogeneous system
of linear algebraic equations (which depends on \). This system admits a nontrivial solution if
and only if the corresponding determinant vanishes, i.e.

0 i 0 2(ix—2)
_ S\ (A ‘
D(\) = ZZAM Om Zﬁ( Jﬁ) i 0 e | =3iXsinidr = 0.
COS 5 Sln T D) COS 5 -3 Sln D)

—idcos BT —iAsin BT 2(4—iX)cos BT 2(iX — 4)sin &F

Consequently, D(A\) = 0 for A = ik, k € Z, k # 0. For A\ = —i the corresponding eigenfunc-
tion is (cosw; —sinw; —1)T. Consequently, corresponding singular function (see Theorem
3)is (rcosw; —rsinw; —1)T =~ (z; —y; 1)7 which belongs to W?2(Q). For A = 0 we
have the general solution in the form [y, g, Q]T =YL ,C¥,(0,w), where the following is the
fundamental system:

cos(2w) —sin(2w) — 2w 1 0
U = | —sin(2w) — 2w |, ¥y = cos(2w) VU= 10|, 0y= |1
4 cosw 4sinw 0 0
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The corresponding determinant has the form

0 —4 00

8 0 0 0
D= -1 7 1 0|

0 2 00

It follows that D = 0, the corresponding eigenfunction is (0, 1,0)7 and the corresponding
singular function (see Theorem 3) is (0; 1; 0)” which also belongs to W?2(Q). This result
combined with Theorem 3 gives Theorem 2.
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3 Chapter 2

3.1 Existence reseni Navierovych-Stokesovych rovnic se smi-
Senymi okrajovymi podminkami lokalné v case.

Prevazna ¢ést této kapitoly je tvofena ¢lankem [5]:

Michal Benes, Petr Kucera, Petra Vackova: Local in time existence of solution
of the Navier-Stokes equations with various type of boundary conditions. Journal of
Elliptic and Parabolic Equations (2021).

Autorsky podil M. Benese a P. Kucery je 20% and P. Vackové 60%. Text ma
vlastni znaceni, definice, véty a literaturu. Na strankach je uvedeno dvoji ¢islovani,
¢islo stranky v casopise a cislo stranky v disertaéni praci.

V tomto clanku je studovan systém dvoudimenzionalnich Navierovych-Stokeso-
vych rovnic se smiSenymi okrajovymi podminkami na omezené oblasti €2. Tento
systém modeluje dvoudimenzionalni proudéni tekutiny v kandlu, kdy na hranici,
kterd odpovida pevné sténé, je piedepsana bud homogenni Dirichletova nebo Navie-
rova okrajova podminka a na hranici, ktera odpovida vstupu a vystupu z kanalu, je
predepsana ”do-nothing” okrajova podminka. Protoze u této tilohy neumime dokazat
globélni existenci slabého feSeni, dokazujeme zde existenci feseni na néjakém, libo-
volné malém, casovém intervalu. Existence feSeni je dokdzana i za predpokladu, ze
pocatecni rychlost nélezi do prostoru, ktery je jen nepatrné silnéjsi nez L*(€2).
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Abstract

In this paper we deal with the two-dimensional Navier-Stokes system with three
types of boundary conditions, including the so called “do-nothing” boundary condi-
tion. We prove the local in time existence and uniqueness of a solution for the initial
velocity, which can belong to a class of functions that can be at least a little stronger
than L*(Q).
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conditions
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1 Introduction

The Navier-Stokes equations are commonly solved on the whole space or on
domains where we prescribe one type of boundary conditions. Mostly, no-slip
boundary conditions or Navier’s boundary conditions are prescribed on the bound-
ary. Problems where we prescribe Dirichlet boundary conditions on the whole
boundary are not always natural. When fluid flow in a finite channel is modelled, it
is natural to prescribe either

ou
v% —Pn =g (1)

or

< Petr Kuera
petr.kucera@cvut.cz

Department of Mathematics, Faculty of Civil Engineering, Czech Technical University
in Prague, Prague, Czech Republic
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298 M. Benes et al.

%((Vu) + (Vu)T>n —-Pn=¢g ()

on the input and on the output of the channel. A Dirichlet boundary condition can
be used on the fixed walls of the channel, but it cannot be prescribed on an assumed
input and output because the velocity on the output depends on the flow in the whole
channel and it is not known in advance. Unfortunately, boundary conditions (1)
and (2) do not enable us to exclude backward flows that can bring an uncontrolla-
ble amount of kinetic energy into the channel. Therefore, we do not derive energy
inequality when we solve this problem and the global existence of a weak solution
to this problem remains an open problem. Consequently, we usually get two types of
results. The first type is the existence of a solution on a sufficiently small time inter-
val for arbitrary data. The second type of result concerns the existence of a solution
on a fixed time interval. Specifically, suppose that a known solution of our problem
is given. We can prove the existence of a solution for initial conditions with suffi-
ciently small perturbations when the solution for the unperturbed initial conditions
is known.

Some qualitative properties of the Navier-Stokes equations with the boundary
condition (1) are studied for example in [2, 7, 8, 10]. In [7, 8], Kra¢mar and Neu-
stupa prescribed an additional condition on the output (which bounds the kinetic
energy of an eventual backward flow) and formulated steady and evolutionary
Navier-Stokes problems by means of appropriate variational inequalities. In [10],
Kucera and Skaldk proved the local intime existence of a solution of the three-
dimensional unsteady Navier-Stokes problem with boundary condition (1) on the
part of the boundary. In [2], Bene§ proved the local in time existence of the strong
solution (in the sense that the solution possess second spatial derivatives) to the
system (3)—(8). In [9], Kucera proved the global in time existence and uniqueness
of a strong solution in a small neighbourhood of another known solution. Exist-
ence of solutions of problems with related boundary conditions for Navier-Stokes
or Boussinesq equations are also studied for example in [1, 5, 12—-14].

In this paper we deal with a two-dimensional problem, where we prescribe
three types of boundary conditions on the boundary: homogeneous Dirichlet
boundary conditions, Navier’s boundary conditions and (1). We apply the results
of the regularity of the solution to the neighbourhood of points where the bound-
ary conditions change their type. We assume the parts of the boundary to be per-
pendicular at the points where the boundary conditions change their type. We use
the known results of the regularity of a solution in the neighbourhood of points
in which boundary conditions change their type. Then we obtain W?2-regularity
of solutions for suitable data in the neighbourhood of these points. We prove the
local in time existence of a solution for the initial velocity, which can belong to a
class of functions that can be at least a little stronger than “L*(Q)".

Througout the paper, we denote by ¢ a generic constant, i.e. a constant whose
value may change from line to line. We admit that ¢ may depend on €, but it
never depends on a concrete function. On the other hand, numbered constant c|,
has fixed values throughout the whole paper.
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Let u = (u,,u,) be a velocity field and n = (n,n,) be a normal vector at some
point of Q. If we want to emphasize the matrix character of Vu and Vn, we use
symbols (Vu) and (Vn). Then (Vu)iJ- = (%) and (Vn)l.J. = (%). The transposed

J J

vectors to u and n and the transposed matrices to (Vu) and (Vn), respectively, are
denoted by u', n', (Vu)" and (Vn)T. Multiplication of the matrix (Vu) and the
transposed vector n' is denoted by (Vu) n'. Scalar product of two vectors, u and
(Vu) n' is denoted by u - (Vu) n'.

We denote vector-valued functions and spaces of such functions by boldface let-
ters with one exception. Bold marking is not used in subscripts of norms or sca-
lar products. For example, the norm of the space L*(0, T; WI’Z(Q)) is denoted by

” . ||L2(0,T; Wl,Z(Q)).
1.1 Description of the domain

Let Q C R? be a bounded domain which represents a channel filled up by a moving
incompressible fluid. Suppose that

.0, CoQ,0Q=T,ul, ul;.

All parts of I'; are smooth curves which belong to %

I'} is nonempty.

All parts of I', and I'; are line segments.
0Q—-Tyulluly)={A,A,,...,A,}, where A, ..., A
boundary conditions change their type.

e [;and Ly i,j= 1,2, 3, are perpendicular in all points A, A4,, ... ,A

are points in which

1.2 Classical formulation of the problem

LetT € (0, c0). We deal with the Navier-Stokes system

aa—l;—vAu+(u-V)u+V73=f in Qx(0,7), 3)

divu =0 in QX% (0,7), 4)

u=0 onI,x(0,7), (®))

u-n =0, [T,u)-n]l,+yu=0 onI,x(0,7), (6)
ou

-Pn+v—=0 on I3%x(0,7), @)
on

u(0) =u, in Q. ®)

929 @ Springer
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Functions u, P, f and u, are smooth enough, P represents pressure, f is body force
and v denotes the viscosity of the fluid. Recall that u = (u,, u,) is velocity field and
n = (ny,n,) i1s a normal vector at some point of d€2. For simplicity we suppose that
v = 1 throughout the paper.

Conditions (6) are the so called Navier’s boundary conditions. The second condi-
tion claims that the tangential component of the stress is proportional to the velocity.
The dynamic stress tensor associated with the velocity field u is denoted by T ,(u).
The subscript 7 denotes the tangential component. We suppose that the considered
fluid is Newtonian, consequently T, (u) = 2v (Vu),, where (Vu), is the symmetric
part of Vu. Recall that the “whole” stress tensor is T = T(u, P) = =PI+ T (u).
Factor y is the coefficient of friction between the fluid and the boundary. y is sup-
posed to be constant, y > 0.

Note that the simplified system is the so-called non-stationary Stokes system,
where Eq. (1) is replaced by

ou

=, ~VAu+VP=f in Qx(,T), €)

Egs. (4)—(8) are the same as in the Navier-Stokes system.
1.3 Weak formulation of the problem

Letﬁ(ﬁ) = {v € Cm(ﬁ)z;divv =0, suppvnF_1= @, v-n=0onT,

The closure of 5(5) in the norm of W*”(Q) ( wkr (Q)z) for k > 0 (k need not
be an integer) and 1 < p < oo is denoted by W’”7 Then W*? is the Banach space.
For simplicity, the space W0 is denoted by L2 Note that L5 is the closed subspace

of L*(Q). The scalar product on L*(Q) is denoted by (-, ))Lz(g) The symbol (-, )
denotes duality between W' and (W'?)".

Definition 1 Let 7 > 0, f € L2(0 T; (W1 2) ) and u, € L*(Q). We call a function
u e L*0,T;L*(Q)) nL*O0, T; W1 ) a weak solution of the problem (3)—(8) if

//[—u-0,¢+VuV¢+(u-V)u~qb]+y/ /u~¢
0 Ja 0o Jr,

T
b = [ w40 = [ 4.9)

for all ¢ € C=([0, T]; W-?) such that ¢(7) =

I

1.4 Auxiliary results

Letu € L*(0,T; W>?), P € L*(0, T;W'2(Q)) be solution of (3)~(7) and v € W If
we multiply the term (—Au + VP) by v, we obtain the following identity for almost
every t € (0, T). For simplicity we use u and P, respectively, instead of u(¢) and P(z).

@ Springer 30



Local in time existence of solution of the Navier-Stokes. ..

301

/(—Au+V77>'v=/Vqu—/ v-(Vun' + [ Pv-n
Q Q Q I,
_ _ /. T _ou\,
—/QVqu /rzv (Vu)n +/r3<73n an> y
=/Vqu—/ v-((Vu)+(Vu)T>nT+/ v (Va)TnT
Q I, I
:/Vuvv+y/u-v+/v-(Vu)TnT
Q r, r,

Since u-n=0 on I, and all parts of I', are line segments we obtain

fF2 v-(Vu)"'n" = 0. Consequently

/Q<—Au+V73)-v:/QVqu+y/r2u-v.

This identity motivates us to define the bilinear form (., .),. on W’If X W’If,
(@»), i= / vovw+y [ -v.
Q r,

It is easy to see that this bilinear form is symmetric and Wl’z—elliptic. Let

(10)

D := {¢; there existsf € Li such that (¢,v), = (f,v)2q) for everyv € W}(’Q}.

QY

It can be shown as in [17, Chapter 1., 2.6] that there exist functions

b.¢Py. ... € W’I(’2 - Li and real positive numbers 4, 4,, ... /' oo such that

(V) = 4Py V))LZ(Q)

for every v € W}(’z. Functions ¢, ¢,, ... form a system which is complete in both Li
and W}(’z, orthonormal in Li and orthogonal in W}(’z. It is easy to see that this system

is orthogonal and complete in D. Moreover

Li = {¢;¢ = Zakqbk,ak € Rand Zai < oo},
k=1 k=1
w2 = {¢;¢ = Zakd)k,ak € Rand Z hai < oo}
k=1 k=1
and
p={pb=Y apa,cRand Y i2a < o).
k=1 k=1

Let a € R. Define

31 @ Springer



302 M. Benes et al.

e = {¢;¢= Y ¢, .a, € Rand Y ia? < oo}.
k=1

k=1

Note that V}( = W}(’z, Vg = Li and Vi =D.Letp,yeVigpec Vf, d=2, ad:
V=) b=, c;d;. Vi are Hilbert spaces with the scalar product

(@ W)ve = ), Aab.
k=1
By the symbol (-, ), , wedenote the bilinear form on V{ X Vﬁ ,
a 2
<¢7 ¢>a,ﬂ = Z /1;( N Qi Cy-
k=1

It is obvious that

Vo= (VO

1.5 The main result
The main result of this paper is formulated in the following theorem.

Theorem 2 Let a € (0,1], uy € VY and f € L*0,T; Vz_l). Then there exist
T*,0 < T* < T and a unique weak solution of the problem (3)—(8) with the initial
velocity u and the right hand side f on the time interval (0, T*).

2 Non-steady Stokes problem

Let X be an arbitrary Banach space, v € L'(0,1; X). We say that there exists a time
derivative of the function y, which is denoted by the symbol v/, if y' € L'(0,¢; X)
and the identity (1.15) in [17, Chapter III, Lemma 1.1] is satisfied.

Further we define function spaces

X,, = {w;w € L*0,1; V'), w' € L*(0,1; V* 1)}
and
Y, :={lg.v]; g€ L%(0, 1 Vz_l), veVY}
for t € (0, T] respectively, with the norms
Iwllx,, = Wl 20 verry + W' 11220, Vel

and
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lg. vllly,, = llgllz2@.; ve-1y + I0llye-
Leta,fER,a>p,pe Vi yeE Vf(‘”ﬂ)/z S Vf. Then

(D.W)o, p = (. y)ynre.

Using this fact and [17, Chapter III., Lemma 1.2] we obtain the following lemma.
Lemma3 X, , < C([0,1]; V) C L®(0,1 VY).

Letp € VI, p =" a,¢,and ¥ be an operator defined by
k=1

It is easy to see that W is the linear continuous operator from V¥ to Vz_z for every
a € R
Letu € L*(0, 1 V?). It is obvious that

u(s) = ) &)
k=1

where g, are measurable functions on (0, #) and

0 t
Zzg/ g (s)]? ds < oo.
k=1 0

Let the operator .4 be defined by
A@) 1= ) hg($)dy
k=1

It is easy to see that A is the linear continuous operator from L?(0, V?) to
L0, 1; VZ'z) for every « € R.

LetS,, : X,, — Y, be the operator defined by the following way: Letu € X, ,.
Then

Sas@) = [u' + A@), u(0)].

It is easy to see that S, is the linear continuous operator from X, to Y, , for every
a € R

Letu € X, ,,[g.nl € Y,,and a € (0, 1]. One can verify that S, (u) = [g, n] if and
only if u is a weak solution of non-steady Stokes system (4)—(9) with the right hand
side g and the initial velocity 5. Note also that the weak solution of the Stokes prob-
lem is defined analogously as the weak solution of the Navier-Stokes problem.
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Lemma4 Leta € (0,1]and[g,n] € Y, ,. Then there exists unique u € X, such that
S, w)=1[g.neY,,

Proof Since [g,n] € Y, , we have

8= Z/’lkd)kv n= Zak¢k
k=1 k=1
with y, and a, satisfying
(o) t (o)
Z /l]‘f_l /0 yi(s)ds + Z /IZaz < 0. (12)
k=1 k=1

Let 9, be a solution of the ordinary differential equation
9,(8) + A9,(5) = p (5) (13)
(which holds for almost every s € (0, ¢)) with the initial condition
9,0)=q,k=12,... (14)
Then

9,(s) = / eIy (E)dE + are™
0

for every s € (0,1). Hence 9, € W"*((0,1). Let s € (0,7). Multiplying (13) by
2 12‘181’{ and integrating over (0, s) we get

247! /0 8,2(©)de + A 93(5) = A[9,(0) + 22! /0 MO E)de.

Consequently, the inequality

so! / 92©)dE + 2L 9%(s) < AL90) + Ar! / Hi(©)de (5)
o 0
holds for k = 1,2, ... and for every s € (0, 7). Thus (15) yields
o s o had — !
Y et /0 AGUEDWHACESWIAUED W S /0 #(©)E 16)
k=1 k=1 k=1 =l

for every s € (0,¢]. Let

ui=) 9
k=1

The estimate (16) yields that
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u€L®0,5VY, u el*0,5V
and u satisfies the inequality
01 v+ 18 oty S 2 181 vy + 2 I (17)
Further, (13) yields also inequalities
A292(s) < 243(s) + 28" (), k = 1,2, ...,

for every s € (0, 7). Hence we get

oo

t 0 t o t
> g / Rs)ds <2 / A i ()ds +2) i / 93(s)ds.
=1 0 k=170 k=1 0

k

The last inequality and (16) yield

i /1:+1 /Z&i(s)ds <4 i ,1;:-1 /tﬂi(s)ds +2 i A,‘j&i(O) (18)
k=1 0 k=1 0 k=1
foreveryt € (0,T). By (12), (14) and (18) we have u € L*0,1 VZ) such that
Neell 20, verty < 41820 vety + 2 11l ye-
Using the last inequality and (17) we obtain

lleell 120.r: verty T el 1o o vey T ”u,”LZ(O,t; ya-1) < 6 118120, ety T 4 ||'l||vg-
19)
Itis easy to see thatu € X, and S, ,(u) = [g, 7).
Suppose that u,,up € X, , are solutions of this problem for given data g and 7.
We prove that u, = up.
Denote w = u, — uy. It is easy to see that

<Sa,t(w)’ h>a—1,a+1 =0

for every h € L*(0, t; V?) and almost everywhere on (0, ) and

w(0) = 0.
Put h = w. One can verify that
WO, + 20w, yery = WO, = 0.

Therefore we get that u, = up. We have proved that u € X, is unique solution of
the equation S, ,(u) = [g, nl. O
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Remark 5 Using Lemma 4 we obtain that S, is the one-to-one operator from X, ,
to Y, , and onto Y, ;. Consequently, Sa’t_l is the linear continuous operator from Y,
onto X, ,. Using (19) we get

lull,, = 1S, (g:nDllx,, < 6 lllg. nllly, . (20)

S

3 Properties of some function spaces

First we show some properties of function spaces. Let¢p € Dand A| C F_l N F_2 This
means A, is the point at which the boundary conditions change their type. Recall
that I'; and I, are perpendicular at the point A . Orlt and Séndig [15] and (11) yield
that there exist open sets U, and Q, A, € U}, Q, = U, n Q such that ¢ € W**(Q,).

Similarly, let Ay,A; C dQ, A, C T, NT;and A; C T, N T. Then there exist open
sets U,, Us, , and Q5, Q, :=U, NQ, Q; 1= U; N, such that A, € U,, A; € Uy,
¢ < Wz’z(Qz)ﬁee [3, Apendix A]) and ¢p € W2’2(93) (see [4, Theorem 2]).

Let Q, CQ, C Q. By [3, Apendix A], ¢ € W>*(Q,). Using these facts we
deduce

Vi WH(Q).
Further, recall that VS = Li. Applying [16, Chapter II., Lemma 3.2.3] we obtain that
Vo wh(Q) (21)
holds for every f € [0;2]. Let §; > p, > pzand ¢ € Vfl. Then ¢p € Vﬁz C Vf3 and

(By=P3)/(B1=P3) B,—5)/ (B, —B3)
”¢”V£2S||¢” 2=3)/ By 3”4)” 1=B2)/ (B, 3)

Vfl V,f3 (22)
One can see that
Vi oo vh (23)

for B,, B, € R, p; > p,. Let @ be given by Theorem 2. We have
VZ“ S Voo VZ‘I

for every r, 0 < r < 1. Applying [17, Chapter III, Theorem 2.1.] and Lemma 3 we
get that

Xa,t S LQ(O’ 1 Vﬁ), g<a-+ 1, (24)
and
X(x,t S LOO(O, t; VZ) (25)

Consequently
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Xy ©© L0, V) (26)

for every p, 2 < p < o0. Using (21), (22) (for §, = % p, = ”T" B, = a), (24) (for

= 8+87a) and (25) one obtains the embedding

X,, & L(S—a)/(4—2a)(0 £ V(2+a)/2) N L(S—a)/(4—2a)(0 P W154/<2—a>(g)) (27)
a, L) K s by .

Using (26) and [11, Part 8.3.3.(1)] we obtain the embedding
Xa,; SN L(l6—2(x)/a(0’ t, VZ) < L(l6—2a)/a(0’ t, L16/(8_7a)(9)). (28)

Let Z,, 1= L&0/G=20(Q, fo“’)/ 2y L6200/ g V%) be the reflexive Banach
space with the norm

” . ”Za’, = “ . ||L(8_")/(4_2“)(0,t; V£?+H)/2) + “ . ||L(]6—2a)/a(0’t; V’f(')

Equations (27) and (28) yield that
Xoy O Zoy 29)

4 Proof of Theorem 2

First, we will define the operator B,, : Z,, X Z,, — L*(0,1, Vz_l), which corre-
sponds to the convective term in (3). Next we define the operator 7, : Z,, = Z,,.
We show that there exist 7,0 < 7% < T, and a closed ball K C Zys such that
7,,(K) C K provided ¢ € (0, T*]. Next we show that the operator 7, is compact.
Consequently, there exists u € Z,, such that 7, ,(#) = u. Here, u corresponds to the
weak solution of problem (3)—(8) on the time interval (0, T*).

LetweZ,,, ve Vl_“ = (VZ_])*- Then (B, ,(w,w),v)
function such that

:(0,D—>Ris a

a—1,1-a

(Bys (W, W), ¥) o1 1_o(8) = / (w(s) - V)w(s)-v

Q

for almost every on s € (0, t). Note that
Vs L(Q) forl<g< 2, (30)
o

Using (26) and (28) and (30) we obtain

|(Ba’t(w, W), v>a—l,l—a| <c ||W||L16/(8—7a) ||W||W1,4/(2—a) ”V”Lm/na

31
< c 1w llyelwllyvor 9]l ©1)

almost everywhere on (0, 7). Estimate (31) yields

1B, 00 )lyas < € [Wllye Wl
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Using (26) and (28) and (30) again we get

t
2 2
”Ba,[(wv w)”Lz(O,l‘; Vg—l) S c / ”Ba,t(w’ w)”vg—l
0

2a/(8—a) 2 2
S c t ”w ||L(16—2(1)/a(0’t; V’(:z) ||w ||L(87a)/(472a)(0,f; V’((2+a)/2)‘

Consequently,

8—
”Ba,t(wa W)”L2(0J; Va1 <c ta/( a)”wllulﬁ—h)/a(o,t; V":)||w||L(87a)/(472a)(0’t; V)((2+a)/2)

<ct /SO w|| G2

We have verified that definition of B, , is correct. It is obvious that B, , is continuous
operator.

Let f and u, be given by Theorem 2. Then [f,ugl € Y,,.7,, : Z,, — Z,, be the
operator defined by the identity

T W) = (S, )7 ([-Bosw.w) + fLug)).
Applying (20) we get
17, Wiz, < ¢ | T, 00|y, = ¢ 1Se,~ (=B, w. w) +£. 1D,
<c ||[=By,w.w) +f,u| - (33)
<c (”Ba,;(W,W)”U(o,z; ya-1) W1l 220, ya-1y ||u0||V:).
Note that the constants ¢ do not depend on ¢. Using (32) we obtain

8— 2
172, 00llz,, < e (/S 2UwI5, + Wl 2 very + lgllyve)

8— 2
< (7ENWIL A+ Wil v + lollve)-

It is easy to see that there exist 7,0 < T} < T and K > 0 such that
C ((Tl ) /B0 4 Il 2207 ya-1) + ||uo||vg) <K.

Denote By = {w € Z, ;|lwll; < K} . Last inequality yields that 7, (Bg) C B for
t < T,. Next, (29) and (33) yai'eld that operator 7, is compact. Using well known
Schauder’s principle (see e.g. [6, Chapter V., §2.]) we prove that there exists
u€X,, CZ,,suchthat 7, (u) = u. Put T* = min(7}, 7). One can verify that u is a
weak solution of (3)—(8) on the time interval (0, T*).

The proof of the uniqueness of the solution would be more or less straightfor-
ward copy of the procedures used in [17, Chapter III, Lemma 3.4] with some tech-
nical differences. In the cited work, the uniqueness of the two-dimensional solu-
tion of Navier-Sokes equations with no-slip boundary conditions is proved. Author
uses the estimate proved in Lemma 3.4 in the same book. This estimate would
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be replaced by the estimate (28) and by the inequality given by the embedding
X, © L*0,1; L®(Q)).
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4 Kapitola 3

4.1 Existence reseni systému Navierovych-Stokesovych rov-
nic a rovnice vedeni tepla v tekutinach s riaznymi typy
okrajovych podminek lokalné v case.

Prevéznd ¢ést této kapitoly je tvorena zaslanym ¢lankem [6]:

Michal Benes, Petr Kucera, Petra Vackova: On buoyancy-driven viscous incom-
pressible flows with various types of boundary conditions. Submitted to the Journal
of Mathematical Analysis and Applications.

Autorsky podil M.Benese je 34%, P.Kucery a P.Vackové 33%. Text ma vlastni
znaceni, definice, véty a literaturu.

V tomto ¢lanku se zabyvame systémem dvoudimenzionalnich Navierovych-Sto-
kesovych rovnic a rovnici vedeni tepla v tekutinach na omezené oblasti. Tento systém
modeluje proudéni nestlacitelné, tepelné vodivé tekutiny v kanalu. Na hranici kanalu
predepisujeme smisené okrajové podminky. Na pevné sténé predepisuje Navierovu
okrajovou podminku pro rychlost a Newtonovu okrajovou podminku pro teplotu, na
vstupu a vystupu kandlu predepisujeme okrajovou podminku (7) pro rychlost a tlak
a Neumannovu okrajovou podminku pro teplotu. Podobné jako v piredchozi kapitole,
tyto podminky nam znemoznuji dokazat globélni existenci slabého feseni na pevné
daném casovém intervalu. Dokazujeme proto existenci slabého teseni na néjakém,
libovolné malém, ¢asovém intervalu. Podobné jako v ptredchozi kapitole, existence
feseni je dokazana i za predpokladu, ze pocatecni rychlost nalezi do prostoru, ktery
je jen nepatrné silnéjsi nez L*(Q).
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Abstract

In this paper we study the existence and uniqueness of solutions to the initial-
boundary-value problem for time-dependent flows of heat-conducting viscous
incompressible fluids through the two-dimensional channel. The boundary
conditions are of two types: the so-called “do nothing” boundary condition
on the outflow and the so called Navier boundary conditions on the solid walls
of the channel. The considered mixed boundary conditions do not enable us
to derive an energy-type estimate of the solution. We prove the existence and
uniqueness of a solution on a (sufficiently short) time interval for arbitrarily
large data.
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1. Introduction

1.1. The model

The full system of the Navier-Stokes equations represents the most com-
monly used mathematical model in thermodynamics of incompressible flu-
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ids. Due to many applications in engineering and industry, the Navier-Stokes
equations have been studied during the last decades from both theoretical as
well as numerical point of view. We assume that the flow of a viscous incom-
pressible heat-conducting fluid is governed by balance equations for linear
momentum, mass and internal energy in the form

o(u+ (u-Viu) —vAu+ VP = o(1 — agl) f,
divu = 0, )
cpo (0 +u - VO) — KAO = ve(u) : e(u) + papff - u + h. (1.3)

Here u represents the unknown velocity, P is the unknown pressure and 6
stands for the unknown temperature of the fluid. f represents the given ex-
ternal force (such as gravity) and h is a heat source term. Tensor e(u) denotes
the symmetric part of the velocity gradient. Thermodynamic and transport
properties represent the kinematic viscosity v, density o, heat conductivity x,
specific heat at constant pressure ¢, and thermal expansion coefficient of the
fluid . The energy balance equation (1.3) takes into account the phenom-
ena of the viscous energy dissipation and adiabatic heat effects. For rigorous
derivation of the model like (1.1)—(1.3) we refer the readers to [11]. Brief
discussion and overview of theoretical problems to this system and related
references can be found in [7].

To complete the mathematical model, the evolution equations (1.1)—(1.3)
have to be completed by the given initial conditions. Moreover, if the fluid
does not occupy the whole space but e.g. a two-dimensional channel as shown
in Figure 1, it is also necessary to apply suitable boundary conditions. The
boundary conditions specify required behavior of the fluid on the boundary
of the domain and depend on the particular problem at hand. The no-slip
boundary condition (commonly used for laminar flows with small or medium
velocity) or the Navier slip boundary condition for the velocity (reflecting
rugosity effects of solid surfaces), respectively, are the most widely accepted
on fixed walls

u = 0, (1.4)
u-n =0, A2ve(u)n] - 74+u-7 = 0, (1.5

respectively. Here, m and 7 are the unit exterior normal and the unit tangent
vector to the boundary, respectively. The parameter A is the so-called slip
length. The limit case A — oo leads to the perfect slip condition (the fluid may
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slip along the fixed wall without being stressed in the tangential direction).
On the other hand, setting A = 0, (1.5) reduces to the the no-slip boundary
condition (1.4).

Mathematical modeling of flows in physically large domains (e.g. piping
systems, exterior unbounded domains) is not practical from the computa-
tional point of view. Therefore, the unbounded physical regions are usually
truncated to smaller bounded domains by assuming an artificial boundary.
The Neumann type boundary conditions of the form

—Pn+ve(u)n =0 or the outflow condition —Pn+vdu/on =0 (1.6)

(used in many numerical simulations of classical fluids) are commonly applied
on the artificial part of the boundary. As first observed by Heywood et al.
in [10], boundary conditions (1.6) do not exclude the possibility of backward
flows that could eventually bring an uncontrollable amount of kinetic energy
back to the simulation domain. Consequently, we are not able to derive
a priori estimate of a weak solution (the energy inequality), which is well
known for the problem with energy preserving boundary conditions. In order
to derive an a priori energy estimate, [12, 13, 14] prescribed an additional
constraint on the output (which bounds the kinetic energy of the backward
flow) and formulated steady and evolutionary Navier-Stokes problems by
means of appropriate variational inequalities. However, this still leaves the
question open whether one can prove global existence of solutions for the
original problem.

The existence of a solution for the Boussinesq equations (neglecting dissi-
pative and adiabatic heating) with the boundary conditions (1.4) and (1.6)s
on a sufficiently short time interval has been proven in [15]. Moreover, tak-
ing in to account the dissipative and adiabatic heating, the quadratic source
term on the right-hand side of the energy equation (1.3) causes major addi-
tional mathematical difficulties. Global existence result has been proven only
in case of non-Newtonian fluids, see [6, 19]. Local existence and uniqueness
of the strong solutions are shown in [2, 3].

In the present paper, we extend our previous result in [5] to the case
of heat conducting fluids. Combining the Navier boundary conditions and
the do-nothing boundary conditions for the velocity and the Neumann type
boundary conditions for the temperature of the fluid, we prove the local
existence and global uniqueness of the solution to the more general non-
isothermal model taking into account dissipative and adiabatic heating.
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1.2. Classical formulation of the problem

Let Q C R? be a bounded rectangular domain, which represents a channel
filled up by a moving fluid, see Figure 1. I'; is a fixed wall and I'y represents
the outflow (or inflow) boundary of the channel.

Iy
in/outflow | QO |
Iy in/outflow
Iy

Figure 1: The domain €2 represents a straight channel filled up by a moving heat-
conducting fluid.

Further, let T' € (0,00), Qp = Q x (0,7), I'iy =Ty x (0,T) and I'yr =
[y x (0, 7). We consider the following system of equations

dive =0 in Qp,  (L8)

O +u-VO—A)=e(u):e(u)+0f -u+h inQr, (1.9)

u-n=0, [2re(un]-v+~yu-7=0 onlyr, (1.10)
06

~on =0 — 0 on Iy, (1.11)
ou

—Pn + I 0 on Iep, (1.12)
06

% =0 on FQT, (113)

u(0) = ug in Q, (1.14)

0(0) = 6, in Q. (1.15)

For notational simplicity, we normalized material constants o, v, k, ay and
¢, to one. In (1.10), the factor ~ is the coefficient of friction between the
fluid and the boundary. v is supposed to be constant, v > 0.

1.3. Preliminaries

Throughout the paper, we denote by ¢, c¢1, co, c3 ... generic constants, i.e.
constants whose values may change from line to line. We admit that these
constants may depend on 2, but they never depend on a concrete function.

4
45



Let u = (u1,us2) be a velocity field and n = (n1,n2) be a normal vector
at some point of 9. If we want to emphasize the matrix character of Vu
and Vn, we use symbols (Vu) and (Vn). Then (Vu),;; = g“z and (Vn);; =

on;
Ox; "

(Vu) and (Vn), respectively, are denoted by w', n', (Vu)" and (Vn)'.
Multiplication of the matrix (Vu) and the transposed vector n' is denoted
by (Vu) n'. Scalar product of two vectors, w and (Vu) n' is denoted by
u-(Vu)n'

We denote vector-valued functions and spaces of such functions by bold-
face letters with one exception. Bold marking is not used in subscripts of
norms or scalar products. For example, the norm of the space L?(0,T; W2(Q))
1S denoted by || . HLZ(O,T;WLQ(Q))'

Let w € L*(0,T;W?2?) and P € L?(0,T; W2(Q)) satisfy the boundary
conditions (1.10) and (1.12) and v € W12 If we multiply the term (—Awu +

VP) by v, we obtain the following identity for almost every t € (0,7"). For

The transposed vectors to w and m and the transposed matrices to

simplicity of notation, suppressing temporal variables, we write u and P,
respectively, instead of w(t) and P(t). We can write

/Q(—AlH—VP)-v:/VuV'v—/mv-(Vu)nT+ [ Pon
/vwv—/rl (Vu)nT +A2(Pn—g—2)-v
/Vqu—/Fl ~((VU)+(VU)T)’I’LT
/F1 (V)T
:/QVquwLW/Fluan/Flv'(Vu)TnT

Since u - = 0 on I'; and all parts of I'; are line segments we obtain

/Flv-(V'u,)TnT = —/Flv-(Vn)TuT = 0.

Consequently, we have

/(—Au+v73> -v:/Vqu+’7/ Uu-v. (1.16)
Q Q I

5
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1.4. Weak formulation of the problem

Let
EQ) ={velC>Q)? divv=0,v-n=0o0nT;}.

The closure of £(Q) in the norm of W*?(Q) (= W*?(Q)?) for k > 0 (k need
not be an integer) and 1 < p < oo is denoted by W% P, Then WP is the
Banach space. For simplicity, the space W22 is denoted by L?. Note that
L? is the closed subspace of L*(€2). The scalar product on L*(Q) is denoted
by (-, ) z2@)- By (-, -) we denote the scalar product on L?(€).

Definition 1.1. Let T >0, f € R*, h € L*(Q7), 05 € L*(T17), 6y € L*(Q)
and wy € L*(Q). A weak solution of (1.7)-(1.15) on the time interval (0,T)
is a pair [u, 0] such that

w e L=(0,T; L*(Q)) N L*(0,T; W),
0 € L>=(0,T; L*(Q)) N L*(0, T; WH(Q))

and

/ [—u-8t¢+VuV¢+(u~V)u-¢} +7/ u- ¢
Qr

T

:/Quo.d)(on/ (1-0)f-¢

Qr

for all ¢ € C=([0,T]; £(Q)) such that ¢(T) = 0 and

/[—0@90+V0-Vg0]+/ 9g0+/ u-Voyp
Qr BT Qr

= [0+ [ oap [ etw et [ ofues [ ne

for all ¢ € C*>([0,T); C>(Q)) such that p(T) = 0.

1.5. Auziliary results

The weak formulation of the problem, namely the identity (1.16), moti-
vates us to define the bilinear form ((-,-)), on Wr? x WL?

(@, 0) = /Q Vovu+y [ 6w

6
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It is easy to see that this bilinear form is symmetric and W -*-elliptic. Let
D, = {¢; there exists & € L? such that (¢p,v)), = (&,v) 2y Vv € W7}

By the same arguments as in [25, Chapter 1., 2.6], there exists a sequence of
eigenfunctions @,, ¢,, ... € Dy, which form an orthonormal basis of L?,

(p, V) = Ae(Pg, U))B(Q)

for every v € W};Q, 0< A <X < Ag---,such that \y, — +o0 for k& — +o0.
It is easy to see that the system of functions ¢, ¢,,... is orthogonal and
complete in both W% and D,. Further, let o € R. Define the space

= {Cb; ¢ = Zak¢k’ ar € R and Z)\%ai < oo}
k=1 k=1

Note that V0 = L2, VL = Wl? and V2 = D,.. Let ¢, 9 € V2, p € V5,
b= axdy, Y = Zk:l by, p = Zkzl cx@y. Vo are Hilbert spaces

with the scalar product
(&, )y = Z Al ;b

By the symbol (-, )45 we denote the bilinear form on V¢ x V7,

(@, P)ap = Z )\;(fawwakck
k=1

It is clear that V¢ = (V9)*, where (V$)* represents the dual space corre-
sponding to V1.

Remark 1.2. [t was shown in [4] that
V2 W2(Q).

Further, recall that V° = L2. Applying [24, Chapter II., Lemma 3.2.3] we
obtain that

Ve W23(Q) (1.17)

holds for every a € [0;2].
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Analogously, we shall introduce the function spaces for solving the energy
equation. Define the bilinear form ((-,-)) on Wh(Q2) x W2(Q) as

((u,v) /Vu VU—{—/ uv, u,v € WH(Q).
Iy

It is easy to see that this bilinear form is continuous, coercive and sym-
metric on WH2(Q) x WH2(Q). Thus, there exist eigenfunctions &;,&, ... €
W12(Q) c L*(Q) and real positive numbers 0 < py < pro < fiz ..., fp — 00
for k — o0, such that

(k> v)) = s (&g, v)

for every v € W12(Q). Functions &;, &, ... form a system which is complete
in both L?(Q) and W'?(Q), orthonormal in L?(Q) and orthogonal in W2(Q).
Let

D = {¢; there exists y € L*(Q) such that ((¢,v)) = (x,v) Yv € W'(Q)}.

It is easy to see that the system &, &, ... € WH3(Q) C L*(Q) is orthogonal
and complete in D. Further, let s € R and define the space

= {¢; ¢ = Zakfk, ar € R and Zuiai < oo}.
k=1 k=1

In particular, H° = L*(Q), H! = WH3(Q) and H?> = D. Let ¢,¢ € H?,

p € H, ¢ =300 e, ¥ =302 by o = D00 e H, s € R, are
Hilbert spaces with the scalar product

(6,93 = Zukakbk

By the symbol (-, -)s, we denote the bilinear form on H* x H",

Z M(r+s)/2 ancr.

Finally, it is easily seen that H™% = (H*)*.

Remark 1.3. Using the reqularity of solutions to a Neumann boundary value
problem for the Laplace operator in polygonal domains, see [17], we obtain

HZ — W2(Q).

8
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Analogously to (1.17), we have
HE — W(Q) (1.18)
for every s € [0;2].

Remark 1.4. In the rest of the paper, we will denote by € arbitrarily small
positive real number. Throughout the paper, to shorten notation, we set

s1=2a; — 1 —, (1.19)

where
a; = min{«, 3/4} (1.20)

for some given «.

2. The main result
The main result of this paper is formulated in the following theorem.

Theorem 2.1. Let f € R*, h € L*(Qr) and 0 € L*(T'y7). Further, let
a € (1/2,1] and suppose that

Uy € Vg and 6y € H*. (21)

Then there exist T*,0 < T* < T, and a weak solution of the problem (1.7)-
(1.15) on the time interval (0,7).
If a =1 and [u, 0] is a solution on (0,T), then the solution is unique.

3. Decoupled problems

Before we proceed to prove the main result of this paper, we show the
existence, uniqueness and regularity for appropriate linear problems. In par-
ticular, we establish the well-posedness of the Stokes problem with the mixed
boundary conditions (1.10) and (1.12) and the linear heat equation with the
boundary conditions (1.11) and (1.13).
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3.1. The heat equation
Let s € R and ¢ € (0,7]. We now define function spaces

X2, ={0; 0 L*(0,; )Y N C([0,8]; H®), 0 € L*(0,4; H )}
and
Y0 = A{lf,wl; f e L0, H), we MY
endowed with the norms

1]

x?, = 10ll203¢+1) + [10llcqoagme) + 10l 2401

and

1S, ]

Yo, — Hf”LQ(o,t;Hsfl) + HWI Hs -

Remark 3.1. By similar arqguments as in [25, Chapter III] we may conclude
that if a function 0 belongs to L?(0,t;H*™) and its derivative 6" belongs
to L*(0,t;H5™Y), then 0 is almost everywhere equal to a function which is
continuous from [0,t] into H®. For technical reasons, the space C([0,t]; H®)
1s directly included in the definition of the space Xﬁt.

Let o € H®, ¢ = 1o, aréy and ¥ be an operator defined by

‘1’(9?5) = Z Hr kS
k=1

It is easy to see that W is the linear continuous operator from H* to H* 2 for
every s € R.
The functions § € L?(0,t; H?) are characterized by their series expansion

0(r) = ng(T)fk,
k=1
where g, are measurable functions on (0,¢) and
0 t
101 220,625y := Z,ui/ |gk(7')|2d7' < 0.
k=1 0

10
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Now, let the operator Ky, be defined as
Kaa(0) == i
k=1

It is easy to see that Ky is the linear continuous operator from L?(0, ¢; H*) to
L2(0,t; H*2) for every s € R. Finally, let L, : X!, — V¥, be the operator
defined by the following way: Let 6 € X,. Then

Ls1(0) = 10"+ Ks(6), 6(0)].

Lemma 3.2. Let s € (0,1] and [f,w] € Y?,. Then there exists unique 6 €
XY, such that Ls4(0) = [f,w] and

18]xe, = 1£0x (1, Dlxe, < ellLf o]l (3.1)
with ¢ independent of t.

Proof. Since [f,w] € Y, we have

F=) n& and  w=>Y a
k=1 k=1

with v, and a; satisfying

i pi /t v (r)dr + iuia% < 0. (3.2)
k=1 0 k=1
Let 9, be the solution of the ordinary differential equation
V(1) + 10 () = vie(7) (3.3)
(which holds for almost every 7 € (0,¢)) with the initial condition
95(0) = ap, k=1,2,... (3.4)

Then -
19]{(7') = / euk(ciT)Vk(C)dC + ake*““
0

11
52



for every 7 € (0,t). Hence 9, € WH2((0,t)). Let 7 € (0,¢). Multiplying
(3.3) by 2u~ 19, and integrating over (0,7) we get

20 [ OAOUC + k) = o)+ 2 [ QO
0 0
Consequently, the inequality
s—1 T 12 s q2 s 2 s—1 T 2
i[O+ o) < a4t [oOde (39
0 0

holds for k =1,2,... and for every 7 € (0,¢). Thus (3.5) yields

St | 2O+ S w3 ) < 3 iad + Z i / $)d¢ (3.6)
k=1 0 k=1 k=1

for every 7 € (0,t]. Let

k=1

The estimate (3.6), together with (3.2), yields
0 L®0,t;H) and 6 € L*(0,¢;H*)
and 6 satisfies the inequality

s (3.7)

10N Zoe 0.0y + 101220251y < 20 720,901 + 2l
Further, (3.3) yields also inequalities
p M OR(T) < 207 20 0 ()
for every k = 1,2, ... and for almost every 7 € (0,¢). Hence we get

Zwl/ﬁ? ¢<2Z/ =12 d7+22u /19/2 )dr.

The last inequality and (3.6) yield

Z pstt / 7)dr < 4 Z - / T)dr 4 2 Z piad (3.8)

12
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for every t € (0,T). By (3.2), (3.4) and (3.8) we have § € L?*(0,t; H*™!) such
that

101 z20.e720+1) < 4l F 1l 220,700-1) + 2wl (3.9)

In view of Remark 3.1 and using (3.7) and (3.9) we have 6 € C([0,t]; H?)
such that

101l 220 45+1) + 110l cqo,mme) + 10l L2 0,625-1) < 6] Nl 2(0,6705-1) + 4wl 34
It is easy to see that 0 € X?,, L,,(0) = [f,w] and

16

xg, S¢ (11 20,31y + llwllaes)

(with ¢ independent of ¢).

Finally, suppose that 6,60, € Xf’t are solutions of this problem for given
data f and w. We prove that 6; = 6s.

Denote 615 = 0, — 6,. 1t is easy to see that

<£s,t<912>a U>s—1,s+1 =0
for every v € L?(0,t; H*™!) and almost everywhere on (0,¢) and
012(0) = 0.
Put v = 615. One can verify that

[612(¢)]

3{5 + 2"912(7)”%2(0,t;w+1) = "912(0)| 72Lts = 0.

Therefore we get that 6; = 6;. We have proved that 0 € Xf’t is the unique
solution of the equation L;.(6) = [f, w].

Remark 3.3. Note that L, is the one-to-one operator from Xf’t to Yf’t and

onto Ys?t. Consequently, Esﬂfl 1s the linear continuous operator from Ysojt
onto XY,. Further, L;(0) = [f,w] with 0 € X!, and [f,w] € Y7, with some

s,t7
€ (0,1], iff 0 is the solution of the linear heat equation with the right hand
side f and the initial data w in the sense that

('(7), v)s-11-5 + ((0(7),0)) = (f(7), V)11

for all v € W2(Q) and for almost every 7 € (0,t) and 6(0) = w.
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3.2. The Stokes problem

We can here proceed analogously to the preceding section. However, let
us mention that the results in this section have previously been proved in
our work [5].

First, define the spaces

Xoys = {w; we L*0,; VeTHnC([0,t; V), w' € L*(0,t; Ve 1)}
and
Yor={lg.v]; g€ L?0,t; Vi), ve Vi3
for t € (0,T] respectively, with the norms

1wl xee = lwll 204 verry + lwlleave) + w20 ver

and

g, vlllves = 1911220, vie-t) + [[0llvie-

Let p € VI, ¢ = > 7, ar¢;, and ¥ be an operator defined by
U(e) = Z N Py
k=1

It is easy to see that W is the linear continuous operator from V¢ to V22
for every a € R.

Let uw € L*(0,t; V). Tt is obvious that
u(s) =D gk(s) Py
k=1
where g are measurable functions on (0,¢) and

00 t
Z)\g/ lgx(T) 2 dT < o0.
k=1 0

Let the operator A be defined by
k=1

14
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It is easy to see that A is the linear continuous operator from L?(0,¢; V%)
to L2(0,t; V2 ?) for every a € R.

Let Sor 0 Xot — Yo be the operator defined by the following way: Let
u € X, Then

Soi(u) = [u + A(u), u(0)].

It is easy to see that S, is the linear continuous operator from X, ; to Y,
for every a € R.

Lemma 3.4. Let a € (0,1] and [g,n] € Ya:. Then there ezists unique
u € Xy such that Sy (uw) = [g,m] € Ya,.

Proof. See [5].

Remark 3.5. Using Lemma 3.4 we obtain that S, is the one-to-one op-
erator from X, to Y, and onto Y,;. Consequently, Sa,t_l 18 the linear
continuous operator from Y, onto X, . Using [5] we have

lullx., = [Sas " (19, 1) | x0 < clllg. My, (3.10)

where ¢ is independent of t.

Remark 3.6. Letu € X, 4, [9,1] € Yo and o € (0,1]. Note that S, (u) =
lg.m] if and only if

(W'(7), V)a-11-0 + (u(7),0)s = (9(7), V)a-11-0a

for all v € W:* and for almost every 7 € (0,t) and w(0) = n. Note that
u s a solution of the so-called non-steady Stokes system with the right hand
side g and the initial velocity m.

4. Properties of some function spaces

First, let us present some embedding theorems which will be used through-
out the paper. In particular, using (1.17), (1.18) and Theorem 8.3.3.(i) and
Theorem 5.7.5 in [16], we have

Ve LYQ), 1<q<2/a, ac(1/2,1],
Vio L), 1<q< -+, (4.1
VY L*(Q)
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and
H' — L1(Q), 1< q< +oo,

HE— LI(Q), 1<q¢<2/(1-3s), 0<s<1, (4.2)
HY— L1(Q), 1<q<+o0, s> 1.
For the convenience of the reader we also recall the well-known embeddings
Lq<Q)7 1 < g < +o0, p=2,
WhP(Q) = LUQ), 1<q¢<2p/2-p), 1<p<2 (4.3)
L>(Q), p>2
and
WHP(Q) — W™4(Q) (4.4)
provided
1 1
l<p<qg<oo, k>0, r=k—-2(-—-]>0.
p q

Further, let 8; > B, > B3 and ¢ € V', Then ¢ € V72 € V5 and

B2—PB3)/(B1—PB - -
e ) e[ B (4.5)

One can see that
VI ey VI
for By, 82 € R, B1 > [2. Let a be given by Theorem 2.1. We have
Votl ey VI ey Vool

for every r, 0 < r < 1. Applying [25, Chapter III, Theorem 2.1.] we get

Xoy == L0, V), g<a+l1, (4.6)
and

Xot —— LP(0,t; V) (4.7)

for every p, 2 < p < co. Using (1.17), (4.5) (for B, = %, Bo = “Ta, Ps = «)

and (4.6) (for ¢ = ) one obtains the embedding

Xoct Cyey L(870¢)/(472a) (O, t, V22+a)/2) SN L(8fa)/(472a)(0’ t, W1,4/(2—a) (Q))
(4.8)
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Using (4.7) and [16, Part 8.3.3.(i)] we obtain the embedding

Xa,t QI L(16—2a)/a(07t; Vﬁ) SN L(16—2a)/a(07t; L16/(877a)(Q))'

(4.9)
Let
Loy 1= LE/U7200 (0 1, v 2He)/2y o L6200/ ¢, v
be the reflexive Banach space with the norm
||-||Za,t = ||‘||L(87o¢)/(472o¢)(07t;VN(2+04)/2) + ||-||L(16—2a)/a(0,t;v,3)'
(4.8) and (4.9) yield that
Xap == Zoy and ||u||z,, < cl|ulx,, (4.10)

for all u € X, (with ¢ independent of ¢).

Remark 4.1. To handle the dissipative term e(u) : e(u) in the energy equa-
tion (1.9) we need the following estimates and embeddings. First, letu € X,
with some « € (1/2,1]. Raising and integrating the interpolation inequality
(see [18, Theorem 9.6])

1/2 1
()l yoare < cllas(r) 2 () 13

from 0 to t, we obtain

t 1/4 ¢ 1/4
([ 1utrlgs) <o ([ ol o) s

1/2 1/2
< cf|ul¥ /

L2(0,5; V2t ||u||L°°(0,t;V€‘)

< cfullx

at?
where ¢ is independent of t. Hence, we have

Xop — LN0, 1, VT2
and, using the embedding

Vg+1/2 N Wi,4/(3—2a)’
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we also have

KXo = LN0, 8 WLHE20), [l g oy /=200y < Clluflx,,  (4.11)
for allu € X, ; (with ¢ independent of t). Thus we have

KXo = LOEWED), lall g e, < cllullx,,

for allw € X, with 6 = (4da —2)/(3 — 2a) > 0.

Define the space

70, o= LMOZer9 (0 ¢, 1/,

Using the interpolation inequality analogous to that in (4.5) we deduce

2—2a+2€

HQHLU(LME)(Oyt;Hpre) < CH&HLE(o,t;Hm—e) 9H2a—1—26

Lo (O,t;H2O‘_1_€)

for all 0 € Xga_1_€7t. Hence we have

(0%

XQO —1—e,t — Ll/(l_a+€)(05 t: HH_G)‘
Finally, by the compact embedding
H1+e yey /H1+E/2

we also have

6 0
X2a—1—e,t == Z

a,t?

and || 20, < cl|0]xg (4.12)

2a—1—e€,t

for all 0 € X4, ,_., (and with ¢ independent of ¢).

5. Proof of Theorem 2.1

5.1. Emstence of the solution

The existence of the variational solution is based on a fixed point argu-
ment. First we briefly outline the structure of the proof in the following four
steps.

18
29



Step 1. For a given couple w € Z,; and 9 € Z%

o1.t» Where oy = min {a, 3/4},
we consider the problem

Sat(uw) = [Far(0) — Bor(w, w), uo), (5.1)

where F, ; is the operator corresponding to the right hand side of (1.7) and
B, corresponds to the convective term in (1.7). Applying Lemma 3.4 we
show the existence and uniqueness of u € X, ; for this problem.

Step 2. Now, with u € X, ; in hand, consider the problem

Es,t<9) - [,uoé,t - Ca,t(“” 19)7 ‘90]7 (52)

where the operator C,,; corresponds to the convective, dissipative and adia-
batic terms in the energy equation (1.9) and p,+ represents the data of the
problem, namely 6., and h, see (5.20) below. The existence and uniqueness
of 0 € Z{ , is proven using Lemma 3.2.

Step 3. Recall that for given w € Z,; and ¥ € Zf , we have uniquely

determined ©v € X,; — Z,; and 0 € me. Now, consider the mapping
Ma,t . Za,t X Z(9 — Za,t X qu,t such that

[, 0] = Mo, (w,9). (5.3)

Using some a priori estimates we show that M, is completely continuous
and there exists a closed ball B C Z; x Z% , such that M, (B) C B for
all 0 <t < Ty, with some (sufficiently small) 7T7.

Step 4. Finally, we apply Schauder fixed point theorem to conclude that
there exists a couple [u,0] € Z; x Z% , such that [u,0] = Mg, (u,0). Here,
[u, ] corresponds to the weak solution of the problem (1.7)—(1.15) on the
time interval (0,7}).

According to the particular steps introduced above, we now proceed with
the detailed proof of the existence result.

First, we deal with the operator equation (5.1) and define the operators
Faor and B, and prove their continuity. To do this, take ¥ € Zzht, w,z €

Zorand v € V7% = (VA1) Then (Foi(9),v)a-11-a : (0,¢) = R and
(Bat(w, 2),v)a-11-0a : (0,t) = R are functions such that

(Fai(9),v)a-11-0a(T) = /(1 — (7)) f v

Q
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and

for almost all 7 € (0,¢).
Let 191,192 - Zel,t and w1, Wy € Za,t- Then

«

[(Fat(U1) = Far(V2), V)a-11-a(T)| = /9(192(7) — Ui (7))f v

< c1]|02(7) — D1 ()| 2@Vl 220
< e[ 0a(7) — Vi (7)|[wrserzz2 o llv]lve

< eg]|92(7) = Da(7) [lgrvera || 0]y

for all v € V1™ and for almost every 7 € (0,¢) and hence
i (91) = Fae@o) oy <t 1220 01l g . (5.4)
Using (4.1), (4.7) and (4.9) we have

|(Ba,i(wy, w1) — Bt (w2, w2), V)a—1,1-a(T)|
= |(Bai(w1 — wa, wy) + By (wa, w1 — Ws), V)a—11-a(T)]
< allwi(T) = wa(7) || pross—ra o |1 (7) lwrare-w @)l[v]] L6110 (@)
+ ca[wa(7)| 166570 () [ w1 (T) — Wa(T) [[y1.4/2-0 () V| L16/110 ()
< arf|lwi(7) = wa(7) lvel[lwi(7)]] |, a2 [[v]]y-o

+ of|wa(7)[[ve [wi(T) — walT) || erarz][v] 1o
for all v € V1™ and for almost every 7 € (0,t). Thus, we can write
| Bat(w1, w1) — Bt (w2, w2)||L2(o,t;v:—1)
S c1 ta/(8_a) ||w1 — W9 HL(16_20‘)/0‘(0,1§; V'g) le ||L(870‘)/(472‘1)(0,t; V’£2+a)/2)
+ o ta/(s_a) ||w2 ||L(16_2a)/a(0,t; V) ||w1 — W2 ||L(87a)/(472a) (0,t; V’€(2+a)/2)
< 3t Nwy —ws 7., (Jwilz., + [lwalz..,) - (5.5)

We have verified that the operators
For: Zo = L0, Ve (5.6)
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and
Boit i Zay X Zoy — L0, VO (5.7)

are well defined and continuous operators with respect to norm topologies
indicated in (5.6) and (5.7). Let ¥ € Zf ,, w € Z,; and let f and wu, be
given by Theorem 2.1. Then [F, (V) — Bo(w, w), ug] € Y, Lemma 3.4
now gives the uniquely determined w € X,, the solution of the operator
equation (5.1). Finally, let T, : Zo+ X Zgl’t — X, be the operator defined
by the identity

Toi(w,9) = (Sayt)_l([favt(ﬁ) — Ba,t(w,w),uo}).

)

Clearly, the mapping

Toi: (w9 —w: ZoyxZ0 ,— Xo, (5.8)

5 ai,t

is a continuous operator, which follows from Remark 3.5 and continuity of
For and B,

Now, let us examine the equation (5.2). To do this, define the operator
Ca, corresponding to the convective, dissipative and adiabatic terms in the
energy equation (1.9). Let z € Xop, ¥ € Z2 , and ¢ € W2l 2(Q) =
Wi=12(Q)) (according to mnotation (1.19)). Then (Cos(2,9),¥)s-11-5 :
(0,t) — R is a function such that

(Cot(2:9), 0110, (7) = / e(2()) : e(2(7))p
" / 0nF =)o - [ 2(0) Vi)

Q
for almost all 7 € (0, 1).
Let 94,795 € Zgl,t and z1, z2 € X, Note that in view of (1.20) we have

Xa,t — qu,t and
[Vl xa, . < cllvllxa, (5.9)
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for all v € X, ., where c is independent of ¢. Then
|<Ca,t<z1; 191) - Ca,t(z% 192)7 §0>81—1,1—81 (T)l
[ tetza()) = elaalr)) - elatri] (5.10)

<

+ /QB(ZQ<7')) : (e(z1(7)) — e(z2(7))) 90‘

+ /9(191(7)—192<T))f.z1(r)go'+ /9192(7)1‘-(%(7)—@(7))@‘

" / (21(7) — 2a(r)) - V(7

[ 5009 0r(r) - 0260 90‘ |
(5.11)

Now, we estimate successively all terms on the right hand side of (5.11).
Using the Holder inequality and the embeddings (4.1) and (4.2) we have

[ (etar)) — elaar)): e(Z1(T))@O‘

< a1 [e(z1(7)) = e(22(7)l| /6200 (@) €021 ()| L1760-200 (@) |1l 272011

<c ||Z1(7') — ZZ(T)HW;,4/(372QI) |‘21(T)HW’1,4/(372a1) Hg0| Het+2(1—aq) (512)

and in the same manner we can see, using (4.3), that

/Qe(zQ(T)) : (e(z1(7)) — e(z2(7))) 90'

< 1 [lez2(7) | o200 le(z1 (7)) = e(z(7) | o200y 16l 2rc2mn 1)

< e [|Za(7) ||y ar-20) |22(7) = 2a2(7) ]|y 14/ [l

He+2(1—a1) .

(5.13)

For the adiabatic terms, we can write (using the Holder inequality and (4.2))

/Q (02(7) — 0a(r)) F - 21(7)¢

< cr[lz20(T) | prra-arrern @) 191(7) = D27 pasa-er oy 1]l 212ar -1

< 2 ||21(7) | p1/a-arsern o 101(T) = D2 (T) g2 [0l 3er20-00)  (5.14)
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and, similarly,

/9192(7)]? - (21(7) — 22(7)) w‘

< lzi(r) - Z2(7)||L1/(1—a1+e/4>(9) ||192(T)||L4/<27e>(9) ||%0||L2/<2a1—1)(g)

< o2 ||z1(7) = 22(7) || Loy e o 102(T)[lgsere 1@l 3ger20-00y - (5.15)

Finally, for the convective terms we have

2(T) |l pva-arrern o) V2Tl Lo o) 191l L2rzar -1 0
- 2(7—)||L1/(1*a1+6/4)(§2) ||192(7_)HW1»4/(2—6)(Q) H90||W€+2(1*0z1)72(§2)

< 3 [|z1(7) = 22(7) | prra—agveray ) [102(T) [ 304e2 [0l 320001y, (5.16)

where we have used (4.4) in the form
H1+e/2 SN W1+e/2,2<Q) SN W174/(276) (Q)

and similarly

/va () = Dx(r))

(v
< [|z1(7) | prra-arvern oy IV (91(7) = D2(7) || pase-0 ) 10l L2701 -1y g
< ez ||z1(7) | 1/a- o1 +e/4) (Q) [01(7) — 2<T)Hw1,4/<27e>(9) H@Hwewu—al)z(g)
(

< e[|z (Tl pra-arsern ) 191(7) = Do(T)llgp0er2 0 llpgerza-an - (5:17)

Hence, combining (5.12)—(5.17) together with (5.11) we deduce

||Ca,t(z1a 191) - Ca,t(z27 192) ||L2(0,t;7-t2(°‘1_1)—6)

<cllz - ZzHLLL(O,t;W;A/(sﬂal)) |21 LA(0,6 W4 B=2e))
+ Co ||z1 - z2||L4(0,t;W,i’4/(3_2a1)) ||z2||L4(O,t;W,i’4/(3_2a1))
+ 3|21l poo o 4,01/ 0=arerar ) 191 — Dall 2o pagrrerey

+ ez — Z2||Loo(o,t;Ll/(l—a1+e/4)(Q)) ||192||L2(0,t;7{1+e/2) . (5.18)
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Note that using the Holder inequality we can write

191 = Dol o giggrverzy < O T2V 01 — Dol 7o

1921l 2 0 ipsverny < EE1202 ol g

Further, in view of (4.1) we have

”zl||L°°(O,t;Ll/(1*a1+E/4)(Q)) <c ||z1||Loo(0,t;v,§‘1) )

|21 — 22||Loo(o,t;Ll/(l—a1+e/4>(Q)) <cllz = Z2||Loo(o,t;v£1)

and also taking into account (4.11) and (5.9) we finally arrive at

[Cat (21, V1) — Cat(22, V2)|| 12 (0 4342001 -1
<oz - zlly, | (||z1||X%t + |22l |, +tE0 172972 H%H%M)

+ ¢y t(2a1—1—26)/2 ||z1||Xa1,t ||191 — 192||ZZ1¢

<elz - zly,, (121, + 120, + 27722 0 4 )

et 0y — B (5.19)
) (Xl

,t

We have verified that the definition of C,; is correct and that

Cort+ X % 20, = LH(0, 5707

[e%

is a continuous operator.

We now define the functional p,; € L2(0,t; HX*1=D=¢) corresponding to
the data of the problem, namely 6, and h. Let ¢ € H2(1mev)+e = l-s1,
Define the function (ta+, 9)s;—11-s, : (0,2) = R such that

(Honts PYr 113 (T) = /

Iy

HOO(T)QO—F/Qh(T)gp (5.20)

for almost all 7 € (0,¢). Recall that a; = min {«, 3/4} and hence we have
(see Theorem 1.5.1.2 in [9])

H2(17(x1)+e SN W272a1+e,2<9) SN W1/2+e,2<Q> SN LZ(FI)

and thus
L2(0,t; HXmo0tey <y 12(0,t; L2(T)).
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It is easy to see that p,+ is well defined and continuous.
Let u € X4, U € Zzl’t and let 6y be given by Theorem 2.1. Then
(ot — Car(u, V), 6] € tht with s; = 2a; — 1 — €. Lemma 3.2 now gives the
uniquely determined 6 € X? ,, the solution of the operator equation (5.2).

Define the operator
Rap: [wI] —=0: Zoyx 2, — X!

s1,t

(5.21)
by
Ror(w, ) = (ﬁa,t)_l([,ua,t — Cot(Top(w, 9),9), 90]); where 7o (w, V) € Xop.

From Lemma 3.3 and the continuity of 7, ad C,; it may be concluded that
Rt is a continuous operator with respect to norm topologies indicated in
(5.21).

In the next step, we construct the operator M, , see (5.3). We first recall
that Xo; = Zog and X! , = X5, | ., —=— Z) |, see (4.10) and (4.12).

s1,t ai,t)
We are now in a position to introduce the mapping
(0%

Mg (w0 = [w, 0] Zoy X Z5 , — Zay x 23,

by
Ma,t<w7 7-9) - [n,t(wa 79)7 Ra,t<w7 ﬁ)] .

From what has already been proved, it follows that M, is completely con-
tinuous (or compact since Z,, and Z , are both reflexive Banach spaces)

)

and using (3.1), (3.10), (4.10) and (4.12) we can write
| Maiw, D)z, oz, , = 1Taiw, D)z, + [Reas(w,9) | 25,
< &1 (I1Tasw, D)lx,., + [ Raa(w, )1 xs, )
< 3 (|1 Faal®) = Bus(w,0), o]y, + 110 = Cot(Tas(w,9),9), o s )
< & (Il oz + 1 Boa(0,0) g ety + v
HCos(Taa(w, ). 9)] e )
(5.22)

+ (160l

+ [ltael

L2(0,t;H51 1) L2(0,t;H51 1)
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where the constants ¢; and ¢y are independent of ¢. On account of the
estimates (5.4), (5.5) and (5.19) we arrive at

1Fae Dl 20 ve—ry < cat® 2200 20+ a2, (5.23)
1Bai(w, w)| 20 a1y < et/ w|7, (5.24)
and
Hca,t(%,t (wv 19)’ 19) ||L2(0,t;7-151*1)
<1 [ Tar(w, D)l , +cat® 122N T s (w, D), 19119
<y ||7;7t(w’19)“§(a,t Fegt2oa—1-29) HﬁHQZil,t
< 5 (I1Fas@)2a g oy + 1Bas(w, ) g s, + luol3 )
+ egt G ), (5.25)
(117
Now, set

Bic = {[w, 9] € Zao % 28,5 Nw Wz, 0, < K-

ap,t T

Substituting (5.25) into (5.22) and using (5.23) and (5.24) we arrive at

Ma tlw, /l9 9 S c1 t(2a1_1_25)/2 k + Co tl/z s ta/(S—a) 2
) Za’tXZal + + k
4 t2a1—1—26K2 4 Cs t 4 o t2a/(8_a) P(4 C,

where cq, co, ..., cg and C' are independent of t, 0 <t < T. It is easy to see
that there exist 77, 0 <17 < 7T, and K > 0 such that

(Moa(w, )|, 70 < K for arbitrary ¢ € (0,7;] and [w,?] € Bg
> aq,t

and hence M, (Bk) C By for t <Tj.

It has already been shown that M, ; is compact so by the Schauder fixed
point theorem (see [8, p. 279, Theorem 11.1 and p. 280, Corollary 11.2])
it has a fixed point [u, ] in Bg. By the construction of the operator M,
we see that the couple [u, 0] is a weak solution of (1.7)—(1.15) on the time
interval (0,77).
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5.2. Uniqueness

Here we prove the uniqueness of the solution provided @ = 1. Regular-
ity of the solution and interpolation-like inequalities reduce the proof to an
application of Gronwall’s inequality.

Remark 5.1. If we neglect the dissipative term in the energy equation (1.9)
then the uniqueness holds for arbitrary o € (1/2,1].

Suppose that there are two solutions [uy, 61], [us, 62] € X xlevt, a=1,

a; = 3/4, of the problem (1.7)-(1.15) on (0,T). Set @ = u; — uy and
0 = 0, — 05. Then we have

ou - ¢+ Vﬂqu—l—v/

Qr Qr T

7 . i V) -
1Tu ¢+/QT(u Yus - @
+/QT(u1-V)ﬁ-¢+/QT0f.¢:0 (5.26)

and

T
/(8t0,gp>+/ V9~V<,0—|—/ 9<p+/ a-v01<p+/ uy - VO
0 Qp I'r Qp Qr

= [ et@:euie s | etw)et@pr [ ifmes | ofoa
(5.27)

for every [¢, o] € Xo, x X2 ,. Further, @(0) = 0 and 6(0) = 0.
Let 7 € [0,T] be arbitrary. For ¢(t) in (5.26) choose the function

_Jat) foro<t<rT,
(b(t)'_{O forT <t <T.

Thus, we obtain

1, . o N .
slal + o [ a0 < | [ @ v -a
_|._

/QT(ul-V)'EL-ﬁ‘—I— /QTéf-a‘. (5.28)
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To estimate all terms on the right-hand side of (5.28) we use the Young
inequality with a parameter § and the interpolation inequalities (see [1, The-
orem 5.8])
- N L)2 N 1)/2
la(®)ll @) < el @bl g
and
5 5o 1/2 5o 1L)/2
1800)llzsie < 1634200 190150

which hold for a.e. t € (0,7). Accordingly, we have

/Q(ul-V)&-&‘ < /|IU1 N ieallw@®)[lwrz@) la(t) || 2@

< /||u1 ()1 @80 [ 80 [y
<5 / [a(t)]2r2 0y + C(6) / s (8) 42 1 E) 2
(5.29)
further,
/Q <a-v>u2-a\ < [ @l 56 o
. 0
< ¢ / eta (6) e 1 6CE) e [ @) 22
0
< 5 / la(t)]21.0y + C(0) / s () s o 18 25
(5.30)
and
|ora|<e [ (000 +1a0lw). 631
Substituting (5.29)—(5.31) into (5.28) we arrive at

1 R T _ T - _
NGO +er [ Na®lFze <5 [ (18O1ne + 1O e)
0 0

+000) [ (14 IOl + Ol 15O gte [ 1O,
(5.32)

28
69



Similarly, choosing

[ Bt) for0<t<mT,
(’D(t>'_{0 forT <t <T,

as a test function in (5.27), we get
1 - T i _ _
100 + 1 [ Wy < | [ @ 9008] 4| [ w0
/ e(u) : e(u1)§‘+ / e(us) : e('&)9~|+ / 0f - u0|+ / Oof - | .
Q, Q, Q, Q,

(5.33)
We can further estimate the right-hand side of (5.33) by Young’s inequality
and interpolation-like inequalities as

_|_

| o \ / &(8) 12210 1901 (1)l 2200 160 140
<c / 161(8) w2y 16 | 0y 16 11472 B L 1) Iz
<3 [ (IO + 130 )
0
+ () / 10101322y (18320 + 1801220y (5.34)

and

/ s VO

< /OHu2(t)HL4(Q>||V9(t)\!L2(Q)Hé(f)|lL4(Q>
< ¢ / 2l (e 1B 1B

< / 10(0) 210y + C(8) / e (8) 42 18C0) 220
(5.35)
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For the dissipative terms in (5.33) we have
/Q e(d) e(ul)é‘ <o / 1) 26 ot () s s 1) o e
. 0
i ~ ~ 1/2 ~ 1/2
< / @) 2l () Lt 1B B
0

§5/0 (||f&(t)||%v1,z(m+||5(t)||%m,z<m)+C(5>/O e () 1.5 102 12
(5.36)

and in the same way we arrive at the inequality

/Q e(us) : e<a>é\ < / o (8) s [E) w2 1) L2 e

<3 [ (1O + 10000 +CO) | Taa Ol 10Oz
(5.37)

The last two terms in (5.33) can be handled as

/Q 6F il < c / e ()| oo B0 22 (5.38)

/ 921""&5‘ S O P T CT e L P
<o / 1028 oo 160 sz 180 ey

Sd/o Hﬁ(z‘)||w1,z<m+C(5)/0 162 ()17 10(E) 1 2(-
(5.39)

and

Substituting (5.34)—(5.39) into (5.33) gives

10 gy + e [ IOy <5 [ (1o + 16Oy
+000) [ 10010 o
+C(0 )/0 (H@l( M) + luz(®)lza) + lua@llivaq) + w50
Hllwa ()] o) + ||‘92(t)||%4(m) 16172 0)- (5.40)
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Choosing ¢ sufficiently small and summing (5.32) and (5.40) we conclude

that

(s + 10 < [ o) (I + 1O )

for all 7 € [0,T], where o € L'(0,T). Now, the uniqueness follows from
the fact that w(0) = 0 and 0(0) = 0 using the Gronwall inequality, see [23,
Section 1.6].
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