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Abstract: This thesis focuses on quantum hydrodynamics as a method of modelling
dynamics of electrons in a golden nanoparticle. In the first part of the thesis, we de-
rive the quantum hydrodynamic equations from the Lagrangian density. We choose
an expected solution (ansatz) for the electron density, parametrized by the spillout
of the electrons at the surface of nanoparticle o(¢) and displacement of center of
mass of the electrons relative to fixed ion background d(t). Subsequently, we inte-
grate the Lagrangian density over space in order to obtain the Lagrangian. Using the
Euler-Lagrange method, we obtain equations of motion with two dynamic variables
o(t) and d(t). We determine the ground state and investigate eigenfrequencies of
oscillations of o(t) and d(t). Furthermore, we investigate oscillations after applying
damping and alternating external electric field, which models external illumination
of the nanoparticle. In the final part of the thesis, we determine and visualize the
distribution of the current density of electrons.
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Introduction

There are numerous different approaches to the many-electron problem. The most
commonly applied approach is the Density-functional theory (DFT). In DFT, charge
density is used to express the energy of non-interacting pseudoelectrons (Kohn-Sham
equations), and calculation of wavefunctions of these pseudoelectrons is required [1].
However, this approach is sustainable only for a periodic system or for a smaller
number of electrons in the system. If we want to model a nanoparticle with a larger
number of electrons, in the order of 10? or higher, DFT becomes computationally
demanding.

In this thesis, we are going to model electron dynamics in a golden nanoparticle
with radius of 1 nm and we are going to apply a different approach, which models
the electron density in a fluid-like fashion. In this approach, we do not investigate
wavefunctions of electrons, rather the electron density. This approach is called Quan-
tum hydrodynamics (QHD) and has found different applications over the past years,
for example in warm dense matter, electrons in metals and electron-hole plasmas in
semiconductors. |2]

The jumping-off point in our theoretical description of a golden nanoparticle are
the QHD equations, which consist of the motion equation, continuity equation and
Poisson equation [3]. The Lagrangian density can be derived from these equations
and contains the same information - the Lagrangian density and QHD equations are
equivalent. We are going to solve the equations using an expected solution (ansatz)
for the charge density of electrons.

This thesis is dedicated to a detailed derivation and subsequent solution of equa-
tions describing electron dynamics in a golden nanoparticle. In the final part of the
thesis, we are going to focus on placing the nanoparticle in an alternating external
electric field and investigating the oscillations of two dynamic variables: spillout of
the electrons at the surface of nanoparticle o(¢) and displacement of center of mass
of the electrons relative to fixed ion background d(t). Lastly, we are going to visualize
the distribution of the electronic current density in the nanoparticle.



Chapter 1

Quantum Hydrodynamic Equations

1.1 Derivation of terms in the Lagrangian density

We are going to study electron dynamics in a spherical golden nanoparticle with
radius R, containing N free electrons. The jellium approximation will be used, where
the positively charged ions form a uniform charge background with a density of n;
inside the particle and zero outside. In this thesis, atomic units are used (namely:
h =1, e =1 (elementary charge), a, = 1 (Bohr radius), m. = 1 (electron mass)).
Thus, the constant ﬁ is also equal to 1. The conversion between nanometers
and atomic units of length is 1 nm ~ 18.897 AU of length, the conversion between

electronvolts and atomic units of energy is 1eV =~ 0.03675 AU of energy.

In order to derive the QHD (quantum hydrodynamic) equations [3, 4], the La-
grangian density must be determined first. The Lagrangian density is a function of
3 scalar fields: electron density n(r,t), the Hartree potential V},(r,¢) and the phase
function S(r,t), related to mean velocity of electrons u(r,t) = V5.

We are going to define the Lagrangian density in the following way [3, 4]:

as  (VS)*) 3
Z =n ——i-(—) +—(37r2)2/3n5/3
ot 2 10
(1.1)
3 2\1/3 _4/3 (Vvh)2
o (37%) "n e (n; —n) Vj,.
The first term in the Lagrangian density represents kinetic energy of the center

of mass of electrons (movement of electrons as a continuum):

0S8  (VS)?
n (E + T) . (1.2)

The physical meaning of this term will become clear in section 1.2 where we derive
the QHD equations, as the corresponding term in the equation of motion derived
from the Lagrangian density will be (atomic units)

aa—ltl+u-Vu,
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a term that describes time derivative of momentum of electrons as a continuum.

The second term in the Lagrangian density accounts for internal kinetic energy
of electrons, commonly referred to as Fermi pressure |3, 4], and can be derived in
the following way:

h2 k?2 h2 ]{2 kr h2 ]{32
T=2 ) :ﬂli/ &:21¥T/ k*dk
[k|<kr 0

2m 83 2m 8 2m
k1|k‘§kF

Kinetic energy is multiplied by a factor of 2, because each k-state allows for two
electron states with opposite spin. This derivation of internal kinetic energy holds
for electron gas in a box. Our assumption is that the equation also holds locally,
for electron density as a function of position and time n(r,t). Kinetic energy T is
then divided by volume V', as the term in the Lagrangian density must correspond
to energy density:

2
Z _ i(37r2)2/3h—n5/3.

V10 m

Thus, the second term in the Lagrangian density is (in atomic units)

T 3 ‘

= = 2 (3x)23pd/8, 1.3

== (3 (1.3

The third term represents exchange energy, using local density approximation
(LDA). The full derivation can be found in [1]:

E .
o= —-52; (37%) /2 3, (1.4)
The fourth term in the Lagrangian density corresponds to the Hartree potential,
the electrostatic potential from electron charge density. In our case, the ion-ion inter-
actions are included in the uniform charge background (jellium approximation). In
an infinite solid matter, the electron-electron interactions and electron-ion interac-
tions cancel each other out, therefore we obtain V}, = 0. However, in a finite particle,
due to the spillout effect of electrons, the Hartree potential is nonzero. The Hartree
potential satisfies the following Poisson equation (n; denotes the ion density) [3]:

AV, =4m(n —ny).

The corresponding term in the Lagrangian density is

(VV})?
&1

+ (n; —n) V. (1.5)

Finally, by combining all of the aforementioned terms, we obtain the Lagrangian
density:

11



. oS (VS)2 3 2\2/3 5/3
ZL=n <3t+ 5 >+10(37r) n

(1.6)
3

3 (VW)
47

(37?2)1/3 nd/3 _ -

+ (TLZ - TZ) Vh.

1.2 Derivation of QHD equations

We are now able to derive the Euler-Lagrange equations from the Lagrangian
density in the following form

0L

Zaa:v (aqw) T

L =2 (qa) Ga,v, xl’) ;

where 2V is a space-time four-vector, g, are functions which represent scalar fields (in
our case, the fields are n(r,t), S(r,t), Vi(r,t)) and ¢,, denotes a partial derivative

gg‘; [5]. Thus, we yield three equations:

0.8 0 [0\ 0 (0¥
o = Lo (o) 5 (%)
0L i 0 a$)+a(az>
oS Zon \oF ) o\ 0%
0L Lo (ox\ o [o¥
5 - Lo () (5

By substituting .Z with the expression (1.6), we obtain motion equation, conti-
nuity equation and Poisson equation, respectively:

0

8—1;—|—u YVu=VV, —VV, -V (1.7)

on
LT vAN =0 1.8
V- () (1.9
AV), = 4m(n —ny). (1.9)
The factor 47T in the equation (1.9) is due to the fact that we are using atomic
units, where ﬂ = 1. The equation (1.7) resembles Newton’s second law 2 = F, the

expression on the left side corresponds to time derivative of momentum of electrons
as a continuum, and the expression on the right side contains gradients of potentials,
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which are equivalent to forces acting on the electrons. V; and V, signify potentials
of kinetic energy and exchange interaction:

1
V, = 5(371_2)2/3712/37

— —l(3ﬂ'2)1/3n1/3.
s

Va

The potentials V,,V; are related to terms in the Lagrangian density in the fol-
lowing way (these expressions emerge upon applying the Euler-Lagrange method):

o (T 0 (E,
i (v) (V)

The Lagrangian density and QHD equations derived in this chapter are equiv-
alent, as we can convert back and forth between the two. The QHD equations are
nonlinear differential equations with three scalar fields n(r,t), S(r,t), Vi (r,t). In or-
der to solve these equations, one could apply the finite element method [6]. However,
we are going to take the approach of using an expected solution (ansatz) for electron
density, which will allow us to gain a better insight into our system.
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Chapter 2

Calculating the Lagrangian

2.1 Ansatz of the electron density

Our goal is to derive a set of differential equations dependent on two dynamic
variables. To achieve this, we first need to determine an ansatz for the electron
density and then determine the Lagrangian by integrating the Lagrangian density
over space.

The chosen ansatz for the electron density [3, 4] is

A

3 3\’
s(r,t) (R
|4 exp (( =0}’ () )
where o(t) is the radial spillout of the electrons at the surface of the nanoparticle, o
represents the spillout of the ground state and s is the displaced radial coordinate,

n(r,t) = (2.1)

s(r,t) = \/1’2 + 2+ (2 —d(t))*, where r = (2,y,2)" and d(t) is the displacement
of center of mass of the electrons relative to fixed ion background, along the z-axis.
By using this ansatz, we have parametrized the scalar field n(r,t) with two time-
dependent functions o(t) and d(t), which are going to be our dynamic variables.

The normalization constant A is determined from the condition of integrating
electron density over space f ndr = N:

3N 1

A= drodIn (1+ 1) (22

where a is a dimensionless quantity:
RS
a=exp|——=]. 2.3
P ( 003) (23)

The power of 3 was chosen in the ansatz (2.1), so that the normalization condition
[ ndr = N can be calculated analytically. It is reasonable to use an ansatz in this
form, because the density profile of the ansatz corresponds to the expected density
profile - inside the nanoparticle (r < R), the density is equal to a constant, then
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it smoothly decreases near the surface (r = R). The figure 2.1 shows the density
profile given by ansatz at the ground state o = o for three different values of 2.
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Figure 2.1: Electron density profile for three different values of %

2.2 Expressing scalar fields as functions of dynamic
variables

To begin with, we are going to express the two scalar fields Vj,(r,t) and S(r,t) as
functions of dynamic variables o(t) and d(t) [3, 4]. Let’s start with the field S(r,?).
After inserting our ansatz (2.1) into the continuity equation (1.8), we obtain the
velocity vector u(r,t) = V.S (where r = (z,y,2)"):

. . . T
u= (zfv, 2y, %=~ d) +d> :
g g g

(2.4)
where dot signifies differentiation with respect to time, and subsequently
o .
S =_—s"+d(z —d).
5% +d(z —d)

(2.5)
For the evaluation of Hartree potential V}(r, ), we are going to modify the terms
that correspond to the Hartee potential in the Lagrangian density (1.6), as this will
prove to be useful during integration:

15



(VVa)?
s

After the first equal sign, we used the Poisson equation (1.9) and after the second
one, identity V.(V,VV},) = (VV;)? + V,AV}, was used. Next, we express the Hartee
potential as separated contributions from electrons and ions: V,, = V, + V; . The
individual potentials satisfy Poisson equations:

(VVh)2 Vi, AV, (VVh)2 V- (Vi,VW,)
o - _ _ — — . 2.
+ (ni =)V 81 47 8 47 (2:6)

AV, =4mn, AV, = —4mn,.

The ion potential V; has spherical symmetry, therefore only radial part of the
gradient of potential does not vanish. We integrate once over space in the radial
coordinate and obtain

N
——5", T <R
OVi(r) R
o = N (2.7)
7’_2 s r>R

The term %‘f represents a force acting on one electron as a result of all the ions.

In figure 2.2, this term is plotted as a function of r, for R = 1 nm:

0.2

[atomic units]
o
[N}

1
~
T

oV./or
o
(2]

-0.8

r [nm]

Figure 2.2: Plot of % as a function of r, for R = 1 nm.

For the electron potential, we make use of an identity A = T%% (7“25%), as we

have spherical symmetry. By combining this identity with the Poisson equation for
electrons and integrating in the radial coordinate, we obtain the following expression:

pelst) N (S—z ~In (1 +aexp {SSD +n(l + a)) . (2.8)

ds In(1+ %) \o o3

a
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We can also rewrite this as a simpler expression (which, later on, we also found
to be more numerically stable):

pVilst) N 1( 1+a )
= )n .

Js 111(1 -+ % a + exp [—Z—i}

The term 88‘26 represents the force acting on one electron as a result of all the

other electrons. In figure 2.3, this term is plotted as a function of s, for R = 1nm,
for different values of ¢ = oy:

0.7
0=0.2 nm
—+—¢=0.6 nm

06 o=1.0nm | |
) 0.5
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=1
(9]
€ 04
i)
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o~ 03[ 3
=~ X
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< 02f i)

0.1

H-
0 Il Il
0 1 2 3 4 5

s [nm]

Figure 2.3: Plot of %‘f as a function of s, for R = 1 nm, for different values of o = 0y.

Note that the ion potential is a function of the radial coordinate r, while the elec-
tron potential is a function of the displaced radial coordinate s(t). This corresponds
to the notion that the ions are fixed, while the center of mass of the electrons is free
to move in such a way, that some electrons may get past the particle borders.

As we can see from the graphs, when the value of ¢ approaches zero, the plot of

% smoothly turns to %. This corresponds to the spillout effect getting smaller.
For ¢ = 0 and d = 0, both the ions and electrons form a homogenous sphere of

charge with its centre placed in the origin.

We have derived equations (2.1), (2.5), (2.7) and (2.8) for n, S, VV}, and thus
expressed them as functions of our chosen dynamic variables. What’s left to do
is to determine 22, (VS)?, (Vn)? as functions of the dynamic variables, as these
expressions appear in the Lagrangian density, too. This task is straightforward and

results directly from (2.1) and (2.5):
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oS Go — &2

5 = a5 s* — gd(z —d)+d(z—d)—d? (2.9)
2 o\’ 2 4 ; )
(vS)? = (2) s*+22(z—dyd+d, (2.10)
o o
9a2s* 253

2.3 Integrating the Lagrangian density over space

Now we are able to integrate the Lagrangian density over space and thereby
obtain the Lagrangian L = L(d, 0,d, &) [3, 4]:

L = /cfdr

1 .
= n—dr+ /n(VS) dr + — 5 (37?2)2/5/n5/3dr

ot 10 j
A B <
, 1
_3 (37r2)1/3/n4/3dr—|— —/(VVH)er
Nl L, 3r )
D E
1
- — 2.12
in V- (VuVVy)dr (2.12)
P

The term F is equal to zero, because it can be rewritten as a surface term using
Gauss’ divergence theorem, and we assume that the Hartree potential vanishes at
infinity:

/VadV:/ a-dS, a:VhVVh.
1% %
We are going to determine each remaining term individually:

o Term A:

s 5o ) Y .,
nadr = (%—@)/nsdrﬁ-(d—;d)/n(z—d)dr—d/ndr

The second integral is equal to zero, because the function in the integral is
odd. The third integral is easy to evalute too, as the integral corresponds to
normalization condition and is equal to N. The first integral is more tricky:

18



2 00 4
/nstr = A/ S—3ds = 47TA/ S—3ds = No*M/(a),
1+ aexp (%) o l+4+aexp (j—3)

where

_ T(3)Lisys(—2)
M(a) = - In(141%)

and Li is a polylogarithm function [3] (substitution X = 2 was used)

1 1 [ xr!
Lij(-2) =~ | 0x.
a ['(p) Jo 1+aexp(X)

where Re(p) > 0, Im(a) =0, and £ > —1.

Therefore:

/n%dr = M(a) (60 — &°) — Nd?

N
2
gM(a) (% (06) — 25;2) — Nd?

— —NM(a)s® — Nd*, (2.13)

where we used the fact that the total time derivative %(ad) doesn’t modify

equations of motion and therefore can be crossed off.

Term B:

1 1 2 . 9
—/n(VS)2 dr = - (g) /nstr+ gcl/(z—d) ndr + — [ ndr
2 2 \o o
N N .
= EM(a)dQ + Edz (2.14)

Integrals in term B can be computed analogically to integrals in term A.

Term C:

N5/3
%(3W2)2/3/n5/3dr: — fr(a), (2.15)

where fr(a) is (substitution X = 2 was used)
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W= Smpe(— 3\ X
fela) =5 (37) (41n(1+§)) /0 (1+aexp(X3))5/3dX'

The integral appearing in the expression of fr cannot be solved analytically
and therefore cannot be further simplified. However, it can be computed nu-
merically once we choose a specific value of a, which will be dealt with in the
next chapter.

Term D:

El (37r2)”3/n4/3dr _ fx(a), (2.16)

47

where fx is (substitution X = 2 was used)

fxle) = (4\/?1+<1+£))4/3 /O°° (1+ ae}j}iz(X?’))MS =

Term E:

The last term corresponding to the Hartree potential is the most complicated
to evaluate. Firstly, we separate V}, into its constituent parts as we did before,

Vi, =V.+ Vg

817r (VVi)?dr 817r (/(VV) dr + /(V\/E)er—i— 2/VVi : V%dr).

The first integral doesn’t depend on dynamic variables, therefore won’t modify
equations of motions and can be crossed off. Let us evaluate the second integral,
using the expression (2.8) and substitution X = £

/(V\/;)er = /(%‘E)er
- /—(1n(1]\f§))23_14(j_2_1n (1+aexp F‘;D +In (1+a)) ds
_ %/j;(a?’ 1n<1+anp[ D+1n1+a) ds

= o fee(a)7 (217)

where f..(a) is
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L o 3 —In aexp(X? :
fee(a):m/o F(X +In(l4+a)—1 [1—1— p(X )}) dX.

Now, let us evaluate the third integral:

or 0s sr
21N % r?sin @
In(1 + %) or 83

s s
X (—3 —In (1 + aexp [—3]) +1In(1 + a)) drdf.
o o

Here we used a substitution z = rcosfl. This integral, however, does not have
spherical symmetry, which is why we need to use a different approach. To
proceed, we develop the displaced radial coordinate s = /22 + 32 + (z — d)?
as a power series of d [4]:

; 1
IE/VVE-VV; = /a%a%—(TQ—zd)dr

(r —dcos@)

s=1r—dcos + d? sin 0 +d3 cost) — cos’0 _ d41 — 600829,+ 5cos*0
2r 22 &3

+ O(d").
After we substitute s in the integral, we obtain the following expression:

4 N? 9 2 4
I= —Tfe,-(a) + 27 NQ;(0)d* —4nNK(o)d" + - - . (2.18)
As we can see, the odd power doesn’t appear in the final expression, because
of the symmetry in the (x,y) plane, as d and —d are equivalent. f.;(c), Q3(o)

and K (o) are defined as

1 2 R/o
fulo) = m(%/o X[X3+1n(1+a)

_1n(1+aexp(x3))}dx+§/m [

ittt s ).

N R3 1
2 _ o -
Qlo) = R3In(1 + %) (03 +1n (1 + a)

o ()

e e(®)
(U) - 40111(1—'—%)0’6 (1+anp (f—;))Q
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2.4 Evaluating the Lagrangian

In order to obtain the final form of the Lagrangian, we are going to combine
expressions (2.13), (2.14), (2.15), (2.16), (2.17) and (2.18):

1 1. .. NQ2(0)d?
. i dz(U)

N? N?
fe(a) + 7](66(@) - ﬁfei(‘j)-

— NK(o)d*

For convenience purposes, we are going to multiply the obtained Lagrangian with
a factor of —= and introduce a pseudopotential U(c) [4]:

L= —-M(a)s* + %dQ - w + K(o)d* — U(o), (2.19)
2/3 1/3
V(o) = *g fr(@) = o fula) +  fuola) = Sofulo) (220

Note that the first two terms in the Lagrangian correspond to kinetic energy,
where M(a) is an effective mass of the breathing mode. The third and fourth term in
the Lagrangian represent second and fourth order of electron-ion interacting energy.
The last term pseudopotential U (o) determines the ground state, as will be discussed
in the next chapter.

2.5 Deriving equations of motion

Now that we have obtained the Lagrangian, we can use the Euler-Lagrange
method [5] and derive equations of motion dependent on two dynamic variables
o and d:

d=—Q4*(0)d + 4K (0)d®, (2.21)

The second equation can be expressed analytically in the following way:

_dU(0) | 3N 1
do 204 ln(l + %) 1+ aexp(f—;)

~ M(a)

_27NRanp(f—§)d4 <1 — aexp(f—3)> R+ 2 (1 + aexp(f_s)) 03] (2.23)
- (2.

40In(1 + L)oo (1+ aexp(f—:))
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This is a crucial result, as we have transformed the complicated problem of elec-
tron dynamics into a set of two coupled differential equations. In the next chapter,
we are going to determine the ground state and analyze the terms in the obtained
Lagrangian.
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Chapter 3

The ground state

3.1 Determining the ground state

In this chapter, we will determine the ground state, for which ¢ = 0y and d = 0.
We can obtain the condition for ground state by setting time derivatives of ¢ and d
in (2.21) and (2.22) equal to zero. The first equation will be satisfied automatically
and the second equation gives us the condition for the ground state:

dU (o)

o =0.

Thus, we want to find the value o = gy, for which the pseudopotential U (o = o)
is minimal. The pseudopotential was derived in the previous chapter:

N2/3 N1/3
= fr(a) —

o2 o

U(o)

fx(a> + gfee(a) - %fei(a)' (31)

We will find the ground state by substituting N, R and o in the pseudopo-
tential with specific values. Firstly, we need to determine the number of electrons
N depending on the radius R of the particle. We are going to investigate values
R = 1,1.5,2nm. Below 1nm, quantum effects become very significant, and above
2nm, the ansatz may no longer hold [3]. The number of electrons N is given by

N— %WR3
B Vatom

Ne— /atom-

The nanoparticle is golden with FCC structure, therefore, the lattice constant is
a = 4.08 A= 0.408nm [7], and so the volume of one atom can be expressed as

0 ~0.408?
number of atoms in basis 4

‘/atom =

We will investigate two possible alternatives:

1) Ne-jatom = 1, thus, we get N = 246, 832, 1971 for R = 1, 1.5, 2nm, respec-
tively.
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Ulatomic units of energy]

U[atomic units of energy]

2) Ne- /atom = 11, in which case we will get NV = 246 x 11, 832 % 11, 1971 x 11 for

R=1, 1.5, 2nm.

Both of these options are reasonable to use. The number 1 corresponds to 6s!
electron, which is the only electron forming the Fermi level. Number 11 consists of
additional 5d'° valence electrons. It is unclear which option is better, therefore, we
will use both and compare the obtained results.

The ground state o = o0 can be determined in the following way: we graph
the dependance of pseudopotential U on o0 = 0y and the minimum of the function
determines the spillout oy of the ground state.

The following figures 3.1, 3.2, 3.3 show U(c = 0p):
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Figure 3.3: U(o = 0p) for R = 2nm

From these graphs, we can deduce the value of ground state oy for each case. The
results are summarized in the following table (note that the actual values used later
on in this thesis are more precise, the results in the table are rounded to 2 decimal
places):

R [nm] o¢ [nm| (1 e7) op [nm] (11 e7)

1 0.43 0.44
1.5 0.56 0.57
2 0.68 0.70

Table 3.1: The values of spillout oy at ground state depending on particle radius

As we can see, the choice of number of electrons per atom didn’t impact the value
of og much. We will use N.- /atom = 1 from now, which is also in agreement with
publications [3, 4].

Now that we have obtained the value of the ground state oy, we are able to plot
the pseudopotential U(o,0q) (note that o and o are no longer identical, now we
have inserted the obtained value of o( into the pseudopotential - o, appears in the
pseudopotential in the constant a = exp(—R?/0y®) - and we are plotting U as a
function of o):
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Figure 3.4: Pseudopotential U as a function of o, with inserted obtained value of o
(red) vs U(o = 0p) which was used to determine the value of oy (blue), for R = 1 nm,
N = 246

3.2 Analyzing terms in the pseudopotential U(oc =
O'())

In the figure 3.6 and 3.5, we can see individual terms in the pseudopotential
U(o = 0¢) and how they change depending on ¢ = 0y. The Fermi pressure and
exchange interaction don’t change much relative to electron-electron interactions
and electron-ion interactions. After summing up electron-electron interaction and
electron-ion interaction into one collective Coulombic interaction term, we can see,
that the contributions of individual terms in pseudopotential U(c = o) become
more intricate.
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Figure 3.5: Dependance of terms in the pseudopotential U(o = o) for R = 1 nm, in
the second graph, values were moved along y-axis for better clarity
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Figure 3.6: Dependance of terms in the pseudopotential U(o = ), for R = 1 nm, in
the first graph, values were moved along y-axis for better clarity, the second graph
depicts all the terms of U(o = o) summed up

3.3 Analyzing electron-ion interacting energy

Next, we are going to investigate the second and fourth order terms of electron-
ion interacting energy in the Lagrangian (2.19) (note that we have already inserted
the determined value o into these expressions and are studying dependance on o):

= — K(o)d* (3.2)

o
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o
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Figure 3.7: Q4(0) and K (o) for R = 1nm, the value of Q;(c) was moved along the
y-axis for better clarity
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Figure 3.8: Q4(0) and K (o) for R = 1nm

As we can see from figures 3.7 and 3.8, K (o) changes only slightly relative to
Q4(0) as a function of 0. Q4(c) remains constant up until the value oy = 0.43 nm,
then it gradually decreases. K (o) reaches its maximum at oy = 0.43 nm.
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Chapter 4

Determining eigenfrequencies of
oscillations of d(t) and o(t)

4.1 Solving the equations of motion using the Runge-
Kutta method

So far, we have been dealing with determining the ground state of our system.
Now, we are going to determine the eigenfrequencies of oscillations of d(t) and o(t)
(no external electric field yet, zero damping) by solving the derived equations of
motion:

d=—Q4(0)d+ 4K (o)d*, (4.1)
5= Ml(a) = d(;f) — Qu(0) dﬂjﬁa)f + d[;(f)d“ . (4.2)

In our system, we can observe two modes: oscillations of o(t) and oscillations
of d(t). These can also be referred to as the breathing mode and the dipole mode,
respectively |3]. The oscillation of d(t) represents electron density oscillations with
respect to the fixed ion background along the z-axis. The oscillation of o(t) represents
the radial flow of charge density of electrons outward from the center of nanoparticle
(when the change of o is positive) and inward (when the change of o is negative).

Because d(t) and o(t) appear in both equations, the two equations of motion are
coupled. We will solve them numerically using Runge-Kutta method of order 4 [8].
In order to use this method, we are going to rewrite the equations (4.1), (4.2) as a
system of first-order differential equations in the following way:

Y =Y2 (4.3)

U2 = — Q% (y3)yr + 4K (y3)y:® (4.4)
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Ys = ta (4.5)

— Qa(ys3) (4.6)

1 (_dZ(y3)
Y3

ds? dK
d(y3) y12 i (y3)y14>
dys dys

In the equations, y;(t), y2(t), y3(t), y4(t) represent d(t), d(t), o(t), a(t), respectively.
Additionally, we have to determine the initial conditions for our system of differential
equations:

<
an

<
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~~ I/~ /—~
oo o O
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The initial condition d(0) = 0 represents the initial displacement of the center of
mass of electrons with respect to the center of the nanoparticle. The initial condi-
tion o(0) = o represents the fact that our system is initially in the ground state.
Our system will be excited by either d(0) or ¢(0). These values will be varied and
investigated later on.

Now, we can implement the Runge Kutta method for our system of first-order
differential equations:

i = [fi(t,y)
v:(0) Yois

where ¢ = 1,2,3,4 and y = (y1,¥2,Y3,¥s). In the method of Runge Kutta, we
start with our initial condition yo; and consecutively calculate y;(t*) = y¥, where
t* =ty + kh = kh and h is the step size:

yitt = yF 4 h/6 (K 42K} + 2K + K}

K} = fi(t"y")

K} = [fi(t"+h/2,y* +hK"'/2)

K} = fi(t" +h/2,y" + hK?/2)

K!' = fi(t" 4+ h,y* + hK?).

We can implement this method by using a loop cycle and calculate y* for any

time t*, for i = 1,2, 3, 4.
We implemented this method in Matlab with the following parameters:
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R = 1nm~ 18.897 AU

N = 246
o9 = 0.4290 nm ~ 8.107 AU
h = 0.1AU
tmaz = 48.38 fs = 2000 AU

The value of oy was calculated in the previous chapter. The maximum time was
chosen in such a way as to depict sufficient number of oscillations (in the order of
10Y) .

In order to solve the equations, the derivative of pseudopotential fl—g is needed.
To remind ourselves, we expressed the pseudopotential in the following way:

2/3 1/3
U(o) = Y fo(a) — Y

o2 o

£ul0) + = fur@) = o).

Because the values R and oy are fixed for our case, the terms M(a), fr(a),
fz(a), fee(a) in pseudopotential U(o) are all constants, as a only depends on R and
09, and therefore is a constant, too. Thus, the first three terms of the pseudopotential
are very easy to derivate and express analytically.

The fourth term is less straightforward, as the dependance on o is quite com-
plicated and the derivative cannot be expressed analytically. The first approach we
tried was to derivate the expression fe;(o) numerically, then fit the derivative with a
polynomial and insert the polynomial expression into our equations of motion in the
Runge Kutta method implementation. However, a method we found worked better
and was numerically more stable, was to define the derivative of pseudopotential as
a function of ¢ directly in the Runge Kutta implementation in the following way:

g( - U(c+ Ac) —U(oc — Ao)
o)~ 200 !

where we chose Ao = 0.01. We took the same approach with % and %:

@ _Qd(O'—i‘AO')—Qd(O'—AO')

do (o) = YAN?; ’
%(0) _ K(o+Ao) — K(o — Ao)
do* ' 2A0 ‘

After executing the Matlab code with various different values of initial derivatives
d(0) and d(0), we observed the following results:

e If both the initial derivatives are chosen to be ¢(0) = 0 and d(0) = 0 (trivial
case), then there are no oscillations of o(t) and d(t) and their values are given
by initial conditions d(t) = 0, o(t) = 0y

e If 5(0) = 0 and d(0) is chosen to be nonzero, both o(t) and d(t) oscillate
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e If d(0) = 0 and ¢(0) is chosen to be nonzero, o(t) oscillates, however, d(t)
does not start to oscillate, even if we choose a large value ¢(0). The coupling
between the dynamical variables d(t) and o(t) is such that oscillations of d(t)
are able to excite oscillations of o(t), but not the other way around.

e If we choose the initial derivatives to be too large, o(t) diverges (not shown).
This could be interpreted as removing the electrons from the atom completely,
which goes beyond applicability of our model.

4.2 Oscillations of d(t) and o(t) for different initial
conditions

1. Let us first have a look at the case of (0) = 0 and d(0) # 0:

In the figures 4.1 and 4.2, we can see the oscillations of d(t), for different
values d(0) = 0.001, 0.005, 0.01, 0.05, 0.1, 0.5. For increasing value of d(0),
the amplitude of oscillations increases, while the frequency remains the same.
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Figure 4.1: Amplitude of oscillations of d(t) in atomic units for different values of

d(0)
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Figure 4.2: Amplitude of oscillations of d(t) in atomic units for different values of
d(0), zoomed in for better clarity

In the figures 4.3 and 4.4, we can see the oscillations of o(t), for different values
d(0) = 0.001, 0.005, 0.01, 0.05, 0.1, 0.5.

We can observe, that for smaller values d(0), the oscillations of o(t) are nearly
identical. We can also notice, that the equilibrium value, around which o ()
oscillates, isn’t o, rather a slightly higher value. We will observe this exact
same phenomenon in the next chapter as well. It is most likely due to the shape
of the pseudopotential U(o, 0y), visualized in figure 3.4 in red. The curvature of
U(o,0p) is steeper on the left, causing the equilibrium value of the oscillations
to steer towards higher values.

Furthermore, for values d(0) above 0.1, the behaviour of oscillations starts to
become nonlinear. As it has already been mentioned, for values that are too
large, (values in the order of 10°) o(¢) will diverge.

34



82

—0.001
—0.005
001
—0.05
8.18 (- 01
——05

8.16

8.14

[atomic units of length]

8.1

I | I I | I | I I
200 400 600 800 1000 1200 1400 1600 1800 2000
t [atomic units of time]

Figure 4.3: Amplitude of oscillations of o(t) in atomic units for different values of

d(0)

o
®

©
3

[atomic units of length]
*® *® *® *® *® *®
2 8 3 2 & 8

©

ol
=}
©

%o

o

®
I

10 20 30 40 50 60 70 80 90
t [atomic units of time]

Figure 4.4: Amplitude of oscillations of o(t) in atomic units for different values of
d(0), zoomed in for better clarity

Using the fast Fourier transform, we were able to visualize frequencies of os-
cillations of d(t) and o(t) for different initial values of d(0), in figure 4.5. Color
denotes amplitude of oscillations of d(t) or o(t). It is worth noting that the
only relevant output is the specific oscillation frequency, which is distinctly
visible, the background and discontinuities in color for some specific initial
values have no physical meaning. They are purely numerical artifacts, as they
depend strongly on the size of the time step and/or the maximum time.
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Figure 4.5: Frequency of oscillations of d(t) (dipole mode) and o () (breathing mode)

depending on different values of d(0)

In the graph depicting frequency of dipole mode, there is a very strong resonant
frequency, which corresponds to our model: Q4(0g) = 0.2663 AU (corresponds
to 7.246eV). There are other frequencies appearing at larger values of initial
conditions, but these are very faint compared to the resonant frequency and
could just be numerical artifacts.

In the graph depicting frequency of the breathing mode, there is one main
frequency at 8.3 eV and another one appearing for larger values of initial con-
ditions, which corresponds to 204(00), as we are using d(0) to excite our sys-
tem. Numerous other frequencies appear for largest values of initial conditions

d(0). These could be atributed to the coupling between d(t) and o(t) and
nonlinearity of the system.

. Now we are going to investigate the case when the initial conditions are:

&(0) # 0 and d(0) = 0.

In this case, there are no oscillations of d(t). Let us have a look at the oscilla-
tions of o (t), for the different values of &(0) = 0.001, 0.005, 0.01, 0.05, 0.1, 0.5,
in figures 4.6 and 4.7.
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Figure 4.7: Amplitude of oscillations of o(¢) in atomic units for different values of
7(0), zoomed in for better clarity

As we can see, not only does the amplitude of oscillations increase for larger val-
ues of initial conditions, there is also a change in frequency of oscillations. For
increasing values of initial conditions, the frequency of oscillations decreases,
as can be seen using the fast Fourier transform in figure 4.8.
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Figure 4.8: Frequency of oscillations of o(t) (breathing mode) depending on different
values of 7(0)

This shows that the oscillator is indeed anharmonic, which is caused by the
non-parabolic shape of the pseudopotential U(c). Therefore, the frequency is
a function of amplitude. In the figure 4.8, we can also see higher harmonics
appearing for larger values of initial conditions.
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Chapter 5

Applying alternating external
electric field

So far, we have been investigating cases, when we are able to excite a specific
initial value of either d(0) or (0). Now, we are going to excite our system using an
alternating external electric field along the z-axis, with amplitude Ej and frequency
w. The initial values will be d(0) = &(0) = 0. We are also going to introduce a phe-
nomenological damping and investigate how this affects our system. The equations
of motion will therefore be modified:

d = —Q4*(0)d + 4K (0)d® + Egsin(wt) — ~ad, (5.1)
5= Ml(a) — dig") — Qd(o)dQ;J(U)dQ + df;ig)d‘* 5. (5.2)

The value of phenomenological damping was chosen to be 74 = v, = v = 0.01375
[3, 9-11]. We are going to investigate two different instances: w = 0.03675 AU (cor-
responds to 1éV in the electromagnetic spectrum), which was chosen as an arbitrary
frequency in the visible region of the electromagnetic spectrum, and w = Qg4(0¢) =
0.2663 AU (corresponds to 7.246 eV in the electromagnetic spectrum), which is the
resonant frequency of the oscillation of d(t). We are going to vary the value of Ej.

5.1 Frequency of external electric field in the visible
region of the electromagnetic spectrum

Firstly, we are going to investigate the case when the frequency of the external
electric field corresponds to 1eV.

e oscillations of d(t)

1. no damping
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If the damping v = 0, there are two oscillation frequencies present for the
oscillation of d(t) - the oscillation frequency of the external electric field
and the resonant frequency of d(t), as can be seen in figures 5.1 and 5.2.
The oscillation frequency of the external electric field is dominant, as we
are using the initial condition d(0) = 0.
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Figure 5.1: Amplitude of oscillations of d(t) in atomic units depending on different
values of Ej, no damping
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Figure 5.2: Frequency of oscillations of d(t) depending on different values of Ey, no
damping

2. damping applied
When damping is applied, the effect of the resonant frequency of d(t)

is only present at the very beginning and is then extinguished by the
damping (figure 5.3). In figure 5.4, we can see a very faint line at the
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resonant frequency of d(t), which would not even be present if we only
investigated the oscillations after the initial transient phase.
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Figure 5.3: Amplitude of oscillations of d(t) in atomic units depending on different
values of Ejy, damping applied
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Figure 5.4: Frequency of oscillations of d(¢) depending on different values of Ey,
damping applied

e oscillation of o(?):

1. no damping

Unlike for the oscillation of d(t), there is mainly the resonant frequency
of o(t) present for the oscillation of o(t). The frequency of the external
electric field starts to have a very faint effect only for the largest values of
Ey (figure 5.7). Therefore, we can conclude, that for smaller values of Ey,
the external electric field doesn’t affect the oscillation of the breathing
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mode. For large values of Ej, we can notice a faint line at frequency 2w,
which is due to the nonlinearity of our equations.

Furthermore, we can notice the same effect as in chapter 4 when in-
vestigating eigenoscillations of o(t): the amplitude of the oscillations is
constant for different values of Ey and there is an overall shift of the
equilibrium value of oscillations towards a value which is slightly larger

that gyp-
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Figure 5.5: Amplitude of oscillations of ¢(t) in atomic units depending on different
values of Ey, no damping
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Figure 5.6: Amplitude of oscillations of o(¢) in atomic units depending on different
values of Ej, no damping, zoomed in for better clarity
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Figure 5.7: Frequency of oscillations of o(t) depending on different values of Ej, no
damping

2. damping applied
After applying damping, we can observe a continuous decrease in ampli-
tude of oscillations of o(t) (figures 5.8, 5.9). Similarly to the case of no
damping, the dominant oscillation frequency is the resonant frequency of
o(t). For larger values of Ej, we can see the effect of the external elec-

tric field, at frequency 2w (figure 5.10). Note that no oscillations can be
observed at the excitation frequency w.
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Figure 5.8: Amplitude of oscillations of ¢(t) in atomic units depending on different
values of Ey, damping applied

43



8.1205 —

812 —
8.1195
8.119 \H / AN - \ e . -

8.1185

[atomic units of length]

8118 —

81175 —

—0.0001
—— 0.0005

0.001 |7
—0.005
—0.01
1 1 1 1 |
500 600 700 800 900 1000

t [atomic units of time]

8117 —

8.1165 — | |
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Figure 5.10: Frequency of oscillations of o(t) depending on different values of Ey,
damping applied

From now on, we will investigate only the cases when the damping is applied.

5.2 Frequency of external electric field = resonant
frequency of d(t)

e oscillation of d(t)

When we excite the system at the resonant frequency of d(t), the only fre-
quency present for oscillations of d(t) is said frequency (figure 5.12). In terms
of the amplitude of oscillations, we observe two regimes (figure 5.11), which
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are often referred to as the transient regime, in which the amplitude con-
tinuously grows and the stationary regime, in which the amplitude remains
constant [3].

2
1
c
£
(=]
=4
o
=
o i b
[2] H HHAHH
20 LA
= H M ! i
3
©
£
o
S,
g
———0.0001
-2~ |——0.0005
0.001
——0.005
——001
3 | | | | | | | | |
0 200 400 600 800 1000 1200 1400 1600 1800 2000

t [atomic units of time]

Figure 5.11: Amplitude of oscillations of d(¢) in atomic units depending on different
values of Ey, damping applied
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Figure 5.12: Frequency of oscillations of d(t) depending on different values of Ey,
damping applied

e oscillation of o(t)

For the oscillation of o(t), there are also two regimes present - the transient
regime, when the amplitude of oscillations varies, and the stationary regime,
when the amplitude remains constant (figure 5.13).

We can notice the same effect which has already been mentioned a few times -
the equilibrium value of oscillations is larger than oy. Furthermore, this value
increases for larger values of Fj.
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In figure 5.14, we can see two distinct frequencies of oscillations - the resonant
frequency of o(t) and 2w.
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Figure 5.13: Amplitude of oscillations of o(t) in atomic units depending on different
values of Ey, damping applied
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Figure 5.14: Frequency of oscillations of o(t) depending on different values of Ey,
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Chapter 6

Electronic current density

Now that we have solved the equations describing our system and determined the
oscillations of d(t) and o(t), we are able to calculate and plot the spatial distribution
of the electronic current density j = nu [3]:

§(r,4) = n(r, H)u(r, ) = n(r, ) (gzvx + gyy 4 E(z _d)+ d} z) )

where we used the already derived expression for mean electron velocity u (2.4).
The parameters used in this chapter are:

R = 1nm
Ey = 0.001 AU
= 1leV
v = 0.01375.

We are investigating the case when the frequency of the exciting electric field
is in the visible region of the electromagnetic spectrum and damping is applied to
both dipole and breathing mode. First, let us have a look at the oscillations of these
modes and their time derivatives in figure 6.1:
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Figure 6.1: Oscillations of d(t), o(t), d(t) and &(t) for nonzero damping v, E, =
0.001 AU, w =1eV

We investigate four distinct points in time, denoted by black crosses. At t =
641.3 AU and ¢t = 726.7 AU (first and third black cross), d(t) is maximal, therefore
d(t) = 0. We can visualize the breathing mode at these two points in time. At
t =683.9AU and t = 769.4 AU (second and fourth black cross), d(t) = 0, therefore
d(t) is maximal and the dipole mode can be visualized at these two points in time
(breathing mode is also present).

The four following graphs in figures 6.2 and 6.3 show a cross-section of the vector
field j(r,t) in the plane (x,z), where y=0, for the four chosen points in time:
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Figure 6.2: Cross-section of j(r,t) in the (x,z) plane [atomic units of length| for
t =641.3 AU and ¢t = 683.9 AU, respectively
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Note that the scale of current density represented by arrows is different in each

Now, corresponding to each of the four graphs for the four chosen points in time,
we can graph the z-component of the current density j depending on the z-component
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Figure 6.5: j, depending on z-component in space [atomic units|, for t = 726.7 AU
and t = 769.4 AU, respectively

The graphs on the left in figures 6.4 and 6.5 correspond to the radial current of
the breathing mode, the graphs on the right correspond to the dipole mode. The
linear slant of the slope of the current density j. inside the nanoparticle is due to
the nonzero radial current. From these graphs, we can determine the width of the
interface region close to the surface of the nanoparticle, in which the current density
gradually transitions to zero. For the dipole mode, this layer was determined to
occupy the interval (R — 0.1nm, R + 0.1nm) (figure 6.6):
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Figure 6.6: j, depending on z-component in space [atomic units|, for ¢ = 769.4 AU
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Conclusion

In this thesis, we investigate dynamics of electrons inside a golden nanoparticle.
We start with the Lagrangian density, from which we derive the QHD (Quantum
hydrodynamic) equations. Furthermore, we choose an expected solution (ansatz) for
the electron density, which we insert into the Lagrangian density. The Lagrangian
density is then integrated over space in order to obtain the Lagrangian.

Using the Euler-Lagrange method, we derive equations with two dynamic vari-
ables d(t) (displacement of center of mass of the electrons relative to fixed ion back-
ground) and o(t) (spillout of the electrons at the surface of nanoparticle). Moreover,
we determine the value of the spillout of the ground state oy and find out that the
choice of number of electrons per atom has minimal impact on the value of the
ground state oy.

We numerically solve the equations with dynamic variables d(t) and o(t) using
the Runge-Kutta method. We investigate different cases of the initial conditions of
the equations. Furthermore, we use an alternating external electric field to excite
our system, while also including damping. We investigate two different values of fre-
quency of the external field, one in the visible region of the electromagnetic spectrum
and one corresponding to the resonant frequency of the dipole mode.

We visualize the oscillations of d(t) and o(¢) and using the fast Fourier transform,
we determine the frequencies of their oscillations. The resonant frequency of the
dipole mode is determined to correspond to 4(0g) = 7.2€V, for breathing mode,
it is 8.3eV. When investigating the breathing mode, we noticed another frequency
present apart from the resonant frequency of o(t). If we use the initial condition
d(0), frequency 2Q4(00) appears. If we use external electric field with oscillation
frequency w to excite our system, frequency 2w appears.

Additionally, we notice an interesting phenomenon for the oscillation of o(t).
The equilibrium value around which o () oscillates, is not equal to the ground state
09, rather slightly larger. We also find that this equilibrium value depends on the
excitation conditions of our system. For increasing values of the amplitude of the
external field Ej, the equilibrium value also increases.

Finally, we use the numerical solutions of d(t) and o(t) to calculate and plot
the electronic current density. We visualize the dipole and the breathing mode and
determine the width of the interface region at the surface of the nanoparticle, in
which the current density gradually transitions to zero.
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