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Abstrakt

Tato prace se zaméruje na studium a implementaci simulace hydraulické eroze
v pocitacové grafice. Vysledkem této prace je plné 3D aplikace, kterd simuluje
a vizualizuje dopady zpusobené kapalinou na terén. Pro simulaci tekutiny je
pouzit Lagrangeuv pfistup nazvany Smoothed Particle Hydrodynamics(SPH).
Implementace vyuziva vicevlaknové moznosti procesoru, aby se zvysil vykon
pti vypoctech simulace tekutin.

Klicova slova eroze, simulace tekutin, SPH, ¢astice, ridky objem, Navier-
Stokesovy rovnice, graficka aplikace, procedurdlni generovani

Abstract

The current thesis focuses on the study and implementation of simulation of
hydraulic erosion in computer graphics. The result of this work is a fully 3D
application that simulates and visualizes the impact caused by fluid over ter-
rain. For fluid simulation a Lagrangian approach named Smoothed Particle
Hydrodynamics(SPH) is used. The implementation leverages the CPU’s mul-
tithreading capabilities in order to boost the performance in fluid simulation
calculations.
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Introduction

Simulation of hydraulic erosion along with fluid simulation has been one of the
hottest and actively researched topics in computer graphics over the course of
the past decade. Hydraulic erosion is one of the phenomena that can be seen
very often in nature. This phenomenon produces the most influential results
when it comes to changes and deformations applied over terrain, which makes
it a topic of particular interest in procedural generation.

The demand for such simulation may exist in the domains like engineering,
scientific visualization, video game development, visual effects in film and
television. While the first two i.e. engineering and scientific fields usually
require a considerable degree of fidelity in order to produce practical results
video games and films, on the other hand, are primarily focused on visually
plausible outputs and thus tolerate the simulation to be approximated to look
sufficiently realistic.

My motivation for choosing this topic is to develop and deepen my knowl-
edge in the field of procedural generation as well as particle systems with their
further application and integration in such sophisticated software systems as
game engines and systems alike.

The theoretical part of this work describes the theory behind the La-
grangian approach of fluid simulation named Smoothed Particle Hydrody-
namics(SPH) and the theory behind erosion and deposition of material.

As the assignment of this work states that the material is supposed to be
represented as a grid of voxels. However, subsequently, in agreement with the
supervisor, it was decided to give preference to constructing the terrain from
a heightmap and represent the material as boundary particles on its surface.
The major reason for that is coupling SPH fluid with the voxel grid ended
up being inefficient. SPH is a solver for the Lagrangian approach in fluid
simulation. The Lagrangian approach represents a fluid as a set of particles
freely moving around in space, whereas a voxel grid is space-fixed. The result
of coupling these techniques together is a significant decrease in the simulation
efficiency. When a fluid particle is close to the surface it has to detect all of
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the material voxels around it to wash them out. When one voxel is washed out
it exposes 5 voxels underneath it. These have to be tested by the fluid particle
as well in the same iteration. When this is done for a lot of fluid particles
in each iteration it quickly becomes a performance bottleneck. Rather than
washing the material out voxel by voxel, it would be nice to have fluid particles
interact with the boundary particles only and then based on the amount of
the material washed out from them adjust the depth of the terrain.

The practical part is dedicated to the description of the implementation
of fluid and erosion models from the theoretical part as well as the generation

of terrain from a heightmap and how this is all visualized in a 3D scene using
OpenGL.



Goals

The primary goal of the current thesis is to study, how hydraulic erosion can
be simulated in computer graphics field, and implement a fully 3D working
prototype that will run this simulation and visualize its results.

In order to simulate the erosion itself, the simulation of fluid must be done
in the first place. The fluid is then poured onto the 3D terrain, where its
particles interact with the boundary particles of the terrain located on its
triangles. Pouring a small number of fluid particles will not give the most
tangible results, therefore the preference is given to big volumes of water. To
increase the efficiency of fluid simulation, its calculation will be parallelized.

It is important to note that the goal of this thesis is not to produce a fideli-
tous simulation suitable for engineering or scientific employment, but rather
to achieve visually satisfactory results by using the given approximated mod-
els.

Overall the goals of this work can be broken down as follows:
1. Study SPH fluid simulation model and erosion simulation model
2. Implement simulation of the fluid in parallel fashion
3. Make collisions between fluid and a terrain generated from a heightmap
4. Implement the erosion model

5. Visualize the results by using OpenGL






CHAPTER ].

Analysis and Design

In this chapter, we will study first, how fluids can be simulated using La-
grangian approach and then we will study, how the erosion is simulated lever-
aging this approach. In Section 1.1 we will familiarize with the famous Navier-
Stokes equations. In Section 1.2 we describe the Smoothed particle hydrody-
namics solver and in Section 1.4 we introduce how these concepts can be used
to simulate sparse volumes. In section 1.5 we will examine the erosion compu-
tational model and how this model is coupled with SPH particles to achieve
the material advection and deposition.

1.1 Navier-Stokes Equations

The state of a fluid in a given time can be determined by its physical quantities.
The Navier-Stokes equations (NSE) are the equations that describe viscous
fluids by taking into account those quantities. Mathematically they express
conservation of momentum and conservation of mass for Newtonian fluids.
The classical formulation for incompressible fluids is as follows:

0

V-u=0, (1.2)

where p is the pressure field, p is the viscosity field, p is the density field,
u is the velocity field and f is the sum of external forces acting on the fluid
e.g. gravity.

Basically, this equation is the application of the Newton’s second law for
fluid motion. The right hand side describes all the forces that are applied on
the fluid. The left part represents the product of mass and acceleration.

Equation (1.2) describes the conservation of mass for incompressible fluids.

5
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1.2 Smoothed Particle Hydrodynamics

Smoothed particle hydrodynamics (SPH) is a computational method that orig-
inates from astrophysics. It is used in multiple research fields for simulating
the mechanics of continuous systems. SPH is widely popular in simulation
of meshfree Lagrangian fluid flows. We will be going through the Lagrangian
approach in greater details in section 1.4. At its core SPH is an interpolation
method to approximate values and derivatives of continuous field quantities
by using discrete sample points. The sample points are identified as smoothed
particles that carry concrete entities, e.g. mass, position, velocity, etc., but
particles can also carry estimated physical field quantities dependent of the
problem, e.g. mass-density, temperature, pressure, etc [1]. The SPH quan-
tities are macroscopic and obtained as weighted averages from the adjacent
particles [3].

Since it is an interpolation method any continuous field that we want to
calculate can be represented as a quantity function A(r) and interpolated using
integral. The integral interpolant is then defined over the space 2 by

= /QA(I-’)W(I' —r' h)dr'. (1.3)

In the above formula r is a point from {2 for which the quantity function
A is being interpolated, W is smoothing kernel and h is the smoothing length,
which controls the smoothness or roughness of the kernel. The numerical
equivalent of the above integral is done by approximating it with summation:

r):ZAj%W(r—rj,h), (1.4)

where j iterates over all of the neighbouring particles, m; is mass of par-
ticle j, p; is its density and A; is any quantity field of A at r; that is being
approximated. Equation (1.4) is the basis of the SPH method for interpolati
any continuous quantities.

In NSE some fields contain first and second derivatives. In order to obtain
a differentiable interpolant of (1.4) we only need to differentiate its kernel
function. Thus, the first and second derivatives of (1.4) will be:

Gradient:
VAg(r ZA JVW (r — 1, h), (1.5)
Laplacian:
ViAs(r) = 4 ’;ﬂ VW (r — 1;, h), (1.6)
J

J
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1.3 Smoothing Kernels

The kernels of SPH interpolants have pivotal impact on how different quan-

tities in NSE are calculated, which will influence the overall behavior of the

fluid. Therefore, for each individual quantity field a suitable kernel function

must be chosen. Because the interpolation occurs by iterating over the values

of adjacent particles our kernel functions must meet a bunch of limitations.
As suggested in [4] suitable kernels require to have two properties:

/ W(r,h)dr =1 (1.7)
Q
and

}llii% W(r,h) =d(r), (1.8)

where 0 is Derac’s delta function

0, otherwise

5(r) = {OO’ Il =0 (1.9)

The above conditions will not be enough for the SPH method additional
requirements should also be fulfilled to ensure stable behavior:

the kernel must be positive

W(r,h) >0, (1.10)

the kernel must be symmetric

W (r,h) = W(—r,h), (1.11)

the kernel must ensure that any interactions outside of the smoothing ra-
dius h are omitted and not calculated

W(r,h) =0,]|r] > h. (1.12)
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Figure 1.1: the isotropic Gaussian kernel. Taken from [1].

When there’s a new interpolation of an SPH equation to be found then it
is always best to assume the kernel as Gaussian [1]. The isotropic Gaussian
kernel Figure 1.1 in n is given by

- ) R G I w1
aussian\T, =——"_3€ , >0, .
! (2rh2)?

Despite the fact that this kernel has good mathematical properties it is
not constrained by (1.13), i.e. it calculates contribution of all particles rather
than only the ones within the smooth radius, which makes it not the best
option in practical implementation, this is why different kernels will be used.
The examples of those kernels are listed below.

Standard Kernel

The standard kernel (Figure 1.2) is used for all the calculations by default
unless specified differently. It has similar bell curve as the Gaussian kernel and
it fulfills the constrain of (1.12). Its computation is faster, because it doesn’t
compute neither exponential function nor square root. The formulation of the
standard kernel is

315 [(h2—|Ir|?)® o< |r] <h
We au I',h = n N 1.14
defautt (T, 1) = 75 {0 e > b, (1.14)
gradient
945 9 2\ 2
vI/Vdefault(ra h) = _327Th9r(h - HrH ) ) (115)
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Figure 1.2: the standard kernel with gradient and Laplacian. Taken from [1].

Laplacian

945
- 321hd

Figure 1.2 depicts the standard kernel, its gradient and Laplacian for
smoothing radius h = 1.

VWae faute (v, h) = (h? — |lx|*)(3h* = Tx|?). (1.16)
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Pressure Kernel

The pressure term in NSE requires the computation of derivation. We can see
in Figure 1.2 that derivation for » — 0 is 0. Due to that fact particles will
build clusters. This makes the standard kernel unsuitable in the evaluation of
the pressure force. According to [5] a good option for the pressure term will
the spiky kernel

10

15 [(h—|r])® 0<r<h
Wressure ’h = 7
pressurel®: 1) = T {o e > h,

gradient
45 r
Wressure 7h =————(h— 27
\% p (I‘ ) 7Th6 ||I'H( HrH)

45 45

lim VWpressure(ﬁ h) = lim varessure(ra h) = -

r—0- 7h8’ rSo+ Th6’
Laplacian
90 1
2
ressure 7h =———=——(h— h —2 )
VW, (r,h) = ——5 ||FH( [[r]1)( )
}1_1% V2Wpressure(r7 h) = —0

Figure 1.3 depicts the pressure kernel for smoothing radius h = 1.

(1.17)

(1.18)

(1.19)
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Figure 1.3: the pressure kernel with gradient and Laplacian. Taken from [1].
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Viscosity Kernel

To calculate the viscosity term we need to evaluate its Laplacian, which implies
that we will have to evaluate the Laplacian of its kernel. In order to maintain
stability of the system the kernel has to be positive at any given time. As
can be seen from the diagrams of two previous kernels they do not secure
the Laplacian to be positive and thus cannot be used for the viscosity term.
This is why we will need a different kernel. As proposed by [5] the kernel for
viscosity will be

2
15 Ao R N | 0< e <h
inscosity(r7 h) = —F { 2h3 2 2||x|] ” ||

0 [xl| > A, (1.20)

lim Wyiscosity (7, h) = 00
50 vzscoszty( ) ) )

gradient
15 3t 2k
VWorioo s B) = _ “c
mscoszty(ru ) 27’[‘h3r( 253 h2 2Hr||3)7 (121)
lim VinSCOSity(r, h) = 400, lim Vinscasity(ry h) = =00,
r—0~ r—0T
Laplacian
) 45
\Y inscosity(ra h) = m(h - HI‘”), (1'22)

Figure 1.4 depicts the viscosity kernel for smoothing radius h = 1.

12
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Figure 1.4: the viscosity kernel with gradient and Laplacian. Taken from [1].
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Figure 1.5: Lagrangian fluid particles. 2D projection. Taken from [2].

1.4 Lagrangian Fluid Dynamics

Compared to the classical (Eulerian) method of simulating fluids that uses 3D
grid in its simulation the Lagrangian method doesn’t use any grid, but uses
particles instead (Figure 1.5). These particles carry physical values that are
needed to represent the fluid. Each individual particle carry velocity, position,
mass and smoothed quantities obtained from SPH approximation.

The NSE in the Lagrangian specification are significantly simplified. Equa-
tion (1.2) describes the mass preservation. If we assume that the number of
particles is fixed and the mass of each particle is constant we can omit equation
(1.2). In the Lagrangian method all particles freely move around the scene
and thus it implies that any field quantity now depends on time only (¢) rather
than time and position (¢ and r) as it is in the Eulerian specification. The
acceleration of a particle is then obtained by the ordinary time derivative % of
its velocity u(t), which means that the equation (1.1) describing preservation
of momentum will be simplified.

The formulation of the NSE for the Lagrangian specification has then the
following formulation:

du
pgr=-Vp+ uV2u + f. (1.23)
The right hand side describes the sum of forces acting on a particle. Where
—Vp term represents pressure, uV2u the viscosity and f is the sum of all the

14
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external forces. The sum of these three fields F = —Vp + puV?u + f defines
the acceleration of a Lagrangian particle
. dui Fi

L 1.24
N T (1.24)

where a; is acceleration, u; is velocity, p; is density and F; is the sum all
forces of particle 1.

1.4.1 Internal Forces
Density

In order to apply SPH to compute quantity fields of a particle we must know its
mass and density. While mass is a user input constant density is a continuous
field and has to be calculated. To compute its value for particle ¢ we need to
plug it into (1.4).

pi = p(ri)

mj
=> pj—W(;—rj,h
2 " pj (i = x3,h) (1.25)

J
= ijW(I‘i — I‘j, h),
J
where W is Wefquie from (1.14).

Pressure

The first term on the right hand side of (1.23) is the negative gradient of
pressure. It describes the tendency of particles to move to the areas with
minimum pressure

7655 = _Vp. (1.26)
By applying SPH approximation (1.5) we get
£ = -3 p, LYW (r, h), (1.27)
iz P

Equation (1.27) requires that the pressure of each particle participating in
calculation is to be known. We can derive its value from the ideal gas formula

pV =nRT, (1.28)

1

where p is pressure, V = = is volume, n is number of particles per one

mole, R is ideal gas constant, T' is temperature. For the constant mass and

15
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constant temperature we can substitute the right hand side with gas stiffness
constant k

=k (1.29)
1

= —k 1.30
P (1.30)

p=kp (1.31)

The above equation works well for ideal gas, however, for fluid it won’t
work as well. The particles will always have repulsive forces. That’s the
tendency of ideal gas to expand and occupy the space. In contrast, fluid must
exercise cohesion and have constant density at rest. According to [6] we can
use modified version of the ideal gas state equation, the final formula then will
be

p=k(p— po), (1.32)

where pg is the rest density constant.

The final thing is that the pressure force (1.27) is not symmetrical. This
means that, when two particles with different pressure interact with each other
the action-reaction law will not be conserved, because the pressure force will
be asymmetric. We can symmetrize the pressure forces by modifying (1.27)
as follows [1]

Pi | Py
770 = —pi > (55 + L )m; VW (ri, 1), ). (1.33)

iz Pi P
Because we want to avoid clustering of particles we cannot afford using
the gradient of standard kernel here, since its value goes to zero with r — 0.

Therefore in the above equation the special kernel for pressure Wyyessure (1.18)
must be used.

Viscosity

When fluid flows its particles undergo friction. When friction happens kinetic
energy transforms into heat. This friction between particles in terminology
of fluid dynamics is called viscosity and is scaled by p constant. By applying
(1.6) to the second term in (1.23) we get the following SPH formulation

f;}isc — MV2U(I'Z‘)

:uZujﬂvzl/V(ri—rj,h). (134)
iz P

16
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As in case with pressure the viscosity force is also asymmetric. As sug-
gested by [5] we can symmetrize it as follows

fé}isc — NZ(uj _ uz)ﬁVQW(I‘Z — Ty, h) (135)
i#i Pi

Here the Laplacian is being calculated. The Laplacian of standard and
pressure kernel produce negative outputs, which is not going to be suitable
for viscosity term, because it will cause instabilities. Considering that fact a
special kernel for viscosity Wi;sc(1.22) must be used.

1.4.2 External Forces

The third term on the right hand side of (1.23) represents the sum of all the
external forces acting of a fluid particle

ot =3

where n represents each individual force. Some forces may be used directly
on each particle, while others will require application of SPH on adjacent
particles. Below are described two examples: the gravity, that acts directly
on each particle and surface tension, which value is calculated from adjacent
particles.

Gravity

The gravity force is applied for each particle regardless of their location or
surroundings. It does not require SPH approximation to be used. For every
particle gravity force will be

£ = pig, (1.36)

where g is the gravitational acceleration constant.

Surface Tension

The surface tension force is not included in the NSE, therefore we need to
consider it as an external force. All the attractive forces inside the fluid
between adjacent particles are in perfect balance with each other, however, on
the surface this balance is not preserved which causes surface tensions. The
traction force of surface particles, oriented inside the fluid, is called the inward
surface normal. For inner particles this normal is zero it only applies for the
particles that are on or near the surface. The surface tension strength depends
on the curvature of the surface, the greater the curvature is the greater the
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1. ANALYSIS AND DESIGN

tension will be. As proposed by [5] we will use the following formulation for
surface tension force

n;

£l — oV (1.37)

[l |
where o is the tension coefficient that depends on the material of the fluid
(e.g. water, air), ¢; is the smoothed value of color field for particle i, n; is the
inward surface normal of particle 3.
The color field term c is used to determine the surface of the fluid. Its
value is ¢ = 1 at particle location and ¢ = 0 everywhere else [5]. In SPH
formulation this term is calculated as follows

C; = C(I’i)
= ch@W(ri - I‘j, h)
j Pj (138)
= Z &W(I‘l —ry, h)
= P
The gradient of this color field is the inward surface normal
n; = V(r;)
= Z%VW(I‘Z —rj,h). (1.39)

5 Pi
This normal is not zero only near the surface. The curvature of the surface
is described by

—V2ec

K= —. (1.40)

[l

The final formula for surface tension is
) = okn, (1.41)

which, applied to each particle, will give us (1.37). When ||n|| — 0 numer-
ical instabilities may arise, thus we have to compute f:urf only when

il > 1,

where [ > 0 is some threshold relating to the particle concentration.

1.4.3 Collision

Now that we’ve described the physics behind fluid’s behaviour we need to
describe how it is supposed to behave when it interacts with a solid. The
collision algorithm is basically composed from two parts: collision detection
and collision response. Let’s describe them individually.
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1.4. Lagrangian Fluid Dynamics

Collision Detection

In order for a particle to interact with surrounding objects (in our case that
will be a heightmap) we need to know particle’s position p and its velocity
v. The particle’s position prior to collision can be obtained by subtracting
from the current position its velocity vector multiplied by At time step. The
collision model with a heightmap can be observed on Figure 1.6.

n

cp

d
r

Figure 1.6: Collision with heightmap. Taken from [2].

To calculate collision response we will need to know the following data:
1. cp - contact point

2. d - penetration depth

3. n - normal vector at the contact point

As [1] put it the contact point cp does not necessarily have to be the
intersection point on the line segment between the current position p(t) and
the previous position p(t - At) we can use the closest point in the normal
direction if it doesn’t influence the result of collision too much. Before we talk
about how we can use these data for calculating collision response we need to
mention, how we detect collision with a heightmap fist.

A heightmap is represented as a matrix of heights. For each point its
height z can be obtained from this matrix by providing its [z, y] coordinates.
The implementation of terrain via heightmap will be discussed in more details
in subsection 2.2. For any point r we can thus easily find height z and normal
n of the surface. The penetration depth d and contact point cp are then easy
to calculate

d=z(r)—rs,
cp=r+[0,0,d].
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Collision Response

To simulate collision response we need to project a particle onto the surface
i.e. we must assign the contact point cp to particle’s position r

r, =cp

and adjust particle’s velocity along the normal n direction [1]

u; =u; —2(u; -n)n (1.42)

Equation (1.42), describes a perfect elastic collision, which means that the
kinetic energy will be conserved. That implies that a fluid particle will bounce
off the surface, which fluids don’t usually do. For that we need to control how
much the kinetic energy will be conserved to achieve more realistic results.
We will do this by introduction of the restitution constant [1]

u;, =u; — (1 +cgr)(u; - n)n, (1.43)

where 0 < cg < 1 is the coefficient of restitution.

However, this will not be enough, because the magnitude of cg may be
1 and equation (1.43) will increase the kinetic energy of the particle, it will
virtually behave no different from the equation (1.42). For that we need to
constrain the outgoing energy to never exceed the incoming energy. We’ll do
this by introducing the ration of penetration depth to the distance between
the last particle position and the penetrating position [1]

d

where we implicitly assume that ||u;|] > 0.

1.4.4 Time Integration

In order to actually move a fluid particle we need to advance its position
through the time constant At that is set globally. Equation (1.24) is evaluated
to obtain the particle’s acceleration and then this acceleration is employed to
advance the position.

In this work the Leap-Frog integrator will be used. The major peculiarity
of the Leap-Frog integrator is that the position and velocity of a particle are
not updated in parallel. It uses a half time step to compute the new value of
particle’s velocity and then uses that value to obtain the updated position of
the particle. Figure 1.7 illustrates the concept. The integration scheme yields

Ui1pAL = Ue—1pA¢ + Atay, (145)

rt+At =Tt -+ Atut+1/2At. (146)
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Figure 1.7: Leap-Frog scheme. Taken from [1].

with the initial velocity offset

1
u,1/2At =ug — iAtao. (1.47)
The velocity in time ¢ can be obtained by following approximation

vy 2 t2 et (1.48)
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1.5 Hydraulic Erosion Model

In this section we will describe the hydraulic erosion model proposed by [3]
that couples the SPH fluid simulation model, discussed in section 1.4 and the
Eulerian physically based erosion model.

Simulation of hydraulic erosion has been a tough challenge in Computer
Graphics. Any hydraulic erosion simulation is based on the simulation of
fluid flows. The classical way is to use the Fulerian method, but its major
disadvantage is the usage of 3D grid that is not easy to scale dynamically,
that makes it unsuitable to simulate sparse volume. It will rapidly become
memory costly, when applied for large domains. This is why in their work
[3] proposed to employ SPH fluid model to simulate erosion phenomenon. Its
memory efficiency enables to simulate large scale terrains, since it focuses its
computations only in regions, where fluid particles physically present.

SPH particles will be used to carry material sediment and thus no addi-
tional particles are needed to represent it. The sediment will be contained
directly within a SPH particle and represented as percentage of the volume it
occupies. The movement of sediment is driven by both implicit and explicit
advection. The implicit advection follows the flow of SPH particles, whereas
the explicit is the donor-acceptor advection scheme, where sediment only ad-
vects from donor to acceptor. The donor-acceptor scheme will be discussed
more in details in subsection 1.5.4.

1.5.1 Boundary Particles and External Forces

() SPH particles
o o © b

boundary ®

l

|

Figure 1.8: Boundary particles is the means for interacting SPH particles with
the terrain. Taken from [3].

The fluid-terrain interaction will take place via boundary particles that
will be seeded, with the in-between distance As, over the triangles of the
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1.5. Hydraulic Erosion Model

terrain that is represented as a heightmap Figure 1.8. This interaction will
involve three things: friction, erosion and deposition.

In subsection 1.4.2 we’ve broken down and described the external forces
used in the equation (1.23) that act upon fluid. We concluded that we would
be taking into account only gravity "% and surface tension £*". Now, when
boundary particles come into play, we will extend the external forces term £
by appending the force due to solid boundary f°“"¢. The resulting external
force is going to be the sum of the following three components [3]

fext = fgrav 4 fsurf + fbound' (149)

In [3] the boundary force f°“"? is represented as the sum of no-slip f** and
no-penetration conditions f* i.e.

fround _ ns 4 pnp. (1.50)

The no-slip condition states that the fluid cannot penetrate the surface and
the no-slip condition sets the fluid’s relative speed on the boundary to zero,
which represents friction. However, we already described, how fluid particles
will collide with the terrain in subsection 1.4.3. That collision method will
substitute the no-penetration condition. Therefore, we will drop the £ term
and the equation (1.50) will take the following form

foound — gns (1.51)
where we only calculate friction in a fluid-boundary interaction. The no-

slip f*° is given as [3]

f%(r) = ZL%TMSCOI' —13|), (1.52)
b

where b is the boundary particles, L, = As is the distance between the
boundary particles and 79*%¢ is traction. The traction is expressed as [3]

TV () = —,ubfVVZWUisc(r, h), (1.53)
where pp; is the boundary friction constant and W, is the viscosity
kernel (1.22).
1.5.2 Erosion

One important thing here is that fluid flows produce shear stress on boundary
particles. This is a force caused by parallel fluid forces. To apply it on bound-
ary particles [7] proposed to give them non-Newtonian fluid characteristics via
a power-law model

=Ko, (1.54)
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where 7 is the shear stress, K is the shear stress constant, 6 is the shear
rate (a measure of shear deformation). The shear rate can be approximated
as follows [3]

0= U’éel, (1.55)

where v, is the velocity of the fluid relative to solid surface and [ is the
distance over which the shear rate is applied.

Next we need to the erosion rate. The erosion rate is related with shear
stress. It was formulated by [8] as follows

e =K. (1 —1.), (1.56)

where K. is the erosion strength and 7, is the critical shear stress (material
erosion resistance). The change of mass of particle b by the SPH particle j
within the distance of smooth radius h is [3]

W - -3 13:). (1.57)

1.5.3 Sediment Transportation

The process of sediment transportation is described by the general equation
3]

C(x,t) = P(C) + J(C,x.1), (1.58)

where C is percentage of local volume of SPH particle occupied by sediment
particles, P represents the physical redistribution processes and J is the sources
and sinks that reflect erosion and deposition. In order to apply equation (1.58)
in SPH we need to use the diffusion equation for SPH proposed by [4]
ac 1
— = -V(DVC(C) + J. 1.59
= V(DY) £ (1.59)
where % is the total derivative, denoting the time rate of change following
particles at velocity u and D is the molecular diffusivity. In our simulation we
use u to describe the total velocity of a sediment particle, which is composed
from the sum of fluid velocity v and settling velocity vy [3].

u=v-+v;, (1.60)

In section 8.3 we addressed that the NSE for the Lagrangian fluid dynamics
are simplified, due to the fact that this approach describes fluid flows as a set
of particles freely moving around in the space and that any quantity field
depends on time only rather than time and position. As a result on the left-
hand side we changed the acceleration term by substituting % +u-V with total
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1.5. Hydraulic Erosion Model

time derivative %. In our simulation we use the implicit sediment particles i.e.
sediment particles follow SPH particles and contained within them. In order
to switch from the framework of explicit particles into implicit we first switch
into a space-fixed Eulerian frame of reference. We do so by substituting the
total derivative in (1.59) with % + u -V and plugin (1.60) into the velocity
term, which yields [3]

oC

B + (v+vs) - VC = ;V(DVC’) +J. (1.61)

Opening the brackets yields

1
%+v-v0+vs-vcz _V(DVO) +. (1.62)

By replacing the term %—(tj + v - VC back by the total derivative %—(tj we’ll
get the advection-diffusion equation for sediment tranport in SPH

d |
CT(j = v, VC+ _V(DVC) + . (1.63)

In the following section we describe the numerical implementation of the
advection term —v,-VC and the diffusion term %V(DVC) in the SPH context.

1.5.4 Advection (donor-acceptor scheme)

/settling
/downwards

3

gravity

Figure 1.9: The donor-acceptor scheme. Donor particles pass the sediment to
acceptor particles, whose relative position is with respect to direction of the
settling velocity. Taken from [3].

The term —v,-VC, from equation (1.63), represents advection of sediment
between SPH particles in the direction of the settling velocity. To implement
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1. ANALYSIS AND DESIGN

it [3] introduced the donor-acceptor scheme that describes interaction between
particles. A SPH particles ¢ thus is either a donor or an acceptor in every i — j
particle interaction. It is being an acceptor, when its relative position with
respect to the donor particle corresponds the direction of the settling velocity
vector Figure 1.9. For SPH the advection term is expressed as

C ~
(Vs - rij)F(‘rij’7 h)a Vs rij 20

m i
7 pj
Ci

(1.64)

—VS-VC:—Z

7\ miE(vs - £i) Flegl h), vee i <0,

where

VW (rij, h) = £ F(|ri;], h),
rij =T; — I‘j,

tij = rij/|rij]
and F' is the derivative of the cubic spline kernel W taken with respect

to |ri;|. Particle ¢ acts as the acceptor, when v, - r;; > 0 and as a donor
otherwise. The hindered settling velocity v, is formulated as

Vs = grg P —PJ gf(C'), (165)
9 @

where pg, py are the sediment and fluid densities, g is the gravity accel-
eration constant 7 is the radius of a sediment particle, p is the viscosity of
the fluid and C' is the solid volume fraction at the acceptor particle. The
function f(C) is the hindering settling function approximating decreasing ad-
vection rate with higher sediment concentration. It is approximated using the

Richardson-Zaki relation [9]

f(C)=1—(C/Cmaz)S, (1.66)

where Cipqz is the maximum solid volume fraction in a fluid particle and e
is an exponent 4 < e < 5.5. For the case of C' > Cjqer we set f(C) = 0. When
C > Caz the saturated particle do not receive the sediment. Figure 1.10
depicts the transportation of the material along the settling velocity vector.

1.5.5 Diffusion

Diffusion is the tendency of the material to flow from a high concentration
area to low concentration area Figure 1.11. As suggested by [4] the diffusion
can be expressed as

ac 1

— = ;(DVC’), (1.67)
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DT 2020
0 le-6 5e-5 5e-4 0.05 >0.7

Figure 1.10: Material advection. The sediment advects with respect to di-
rection of the settling velocity that corresponds with gravity. Taken from
[3].

- I
0 le-6 Se-5 5e-4 0.05 >0.7

Figure 1.11: Material diffusion. Blue represents low concentrated areas while
red is highly concentrated. Taken from [3].

where D is the coefficient of diffusion. The diffusion equation for SPH will
be [3]

dCZ o mj o ' o
dt - ; pzp]D(CZ C])F(|rZ r]luh)a (168)

where F is the gradient function of a cubic spline kernel. This equation
shows a positive rate of change for values of C; < Cj.

1.5.6 Deposition

Deposition is the process of moving the material contained within a fluid par-
ticle onto a boundary particle once the fluid particle gets close to the ground.
This process is calculated in two steps: the SPH particles communicate with
boundary particles and boundary particles communicate with the terrain. Fig-
ure 1.12 depicts this process. The change of mass of a boundary particle b due
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boundary

relocated

Figure 1.12: Material deposition. The sediments flows from SPH particle to
boundary particles (left). The terrain height is changed and new boundary
particles generated (right). Taken from [3].

to exchange of C' from fluid particle j is [3]

dM, m; dC(j)
— = — 1.69
dt Ej:p “p; dt (1.69)

where dC(j)/dt is the advection term from (1.64) with fluid particles
strictly set as donors and boundary particles as acceptors. For the case of
(Vs - ri;) <0, there is no material deposition.

1.5.7 Terrain Modification

SPH fluid particles interact with the terrain via boundary particles that are
located on the triangles of the terrain. The terrain is represented as a regularly
sampled heightmap. The change of mass of a triangle p is related with the
change of mass of all its boundary particles and is expressed as follows [3]

AM,  — dM,

dt b dt

(1.70)

Because we use a regular heightmap the deformation of the terrain cor-
responds to changing the height of the triangle’s vertices. The equation for
computing the total height change H of a triangle is [3]

3m 1
=G Ay (1.71)
where m is the triangle’s mass, the term (1/6) reflects the fact that chang-
ing one vertex results in a change of six attached triangles to an inner vertex
on the heightmap, the term A is the area of the vertically projected triangle.
For the deposition case i.e. H > 0 we first distribute H to the lowest triangle
vertices, when their height are even we then distribute H uniformly. The same
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principle applies for the erosion case (H < 0). We subtract the height from
the heightest vertices first and once they’re all even we subtract uniformly.
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CHAPTER 2

Implementation

The previous section 1 describes the theoretical part of fluid and erosion model.
In this section we talk about how we can put this theory in a practical use. The
entire simulation is run on CPU using OpenMP API to boost the calculation
by leveraging multithreading. The logic of the simulation is illustrated on
Figure 2.1. We will talk in details about each step down below in this chapter.

Build Terrain /
Initialize SPH System

Compute Density
&Pressure

Compute Internal
Forces

Compute External
Forces

Compute Boundary
Forces

Time Integration &
Collision Handling

Update Heightfield ~ |~———

Compute Erosion

= Compute Deposition Compute Sediment

Transport

Figure 2.1: The simulation algorithm scheme.

Our simulation uses a lot of particles (fluid + boundary). We need to know
the adjacent particles of each SPH particle to calculate its physical quanti-
ties and to pass the carrying sediment between them. And also, we need to
know which boundary particles are in range of each fluid particle in order
to erode/deposit material from/onto them. That implies the involvement of
lots of iterations until we find the particles we need. This part of simula-
tion can very quickly lead to performance issues and significantly increase the
simulation time. Luckily, it can be improved algorithmically.
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h
8 R I K h

Figure 2.2: Spatial Hashing data structure to accelerate particles’ neighbours
search. The cell size h is the smooth radius of SPH particles. Taken from [2].

2.1 Fast Nearest Neighbor Search

Iterating over all particles in the scene and checking if a given particle is adja-
cent to the current particle will have O(n?) time complexity. This complexity
can be reduced down to O(mn) by employing the spatial hashing method.

2.1.1 Spatial Hashing

The spatial hashing method is an algorithm that enables us to efficiently find
nearest neighbors Figure 2.2. Basically, it is a way of using a hash table to
subdivide 3D space. Each particle position goes through a hash function,
which maps a 3D position to 1D by generating a hash key for each grid cell.
The hash function proposed by [10] is as follows

hash(t) = (fzp1 zor Typs xor ,p3) mod ny, (2.1)

where npg is the size of the table and

B(r) = (lr2/U, vy /1), [x2/1))" (2.2)
is the position of a point in 3D space, with cell size . The three unknowns

in (2.1) are

p1 = 73 856 094
po = 19 349 663

ps = 83 492 791
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According to analyses from [10] the most efficient table size ny is

ng = prime(2n), (2.3)

where prime(x) is the function that returns a prime number which is > x
and n is the amount of particles in the simulation. For the cell size we use

I =h, (2.4)

which is the most optimal, since we want to only include particles that are
within the smoothing radius i.e. ||r| > h.

2.1.2 Spatial Queries

Before being able to quickly access adjacent particles we need to build up the
hash table itself. We can do this by iterating twice through the whole set of
particles.

The first pass creates a hash key for each particle and puts it in appropriate
position in the hash table

hash__table[hash(t(r;))] = Particle;, (2.5)

where r; is the position of particle ¢. Each hash_table value has to be a
dynamic list, where we will store the adjacent particles with particle 4.

The second pass performs the actual particle queries. For a given particle
position rg we calculate the bounding box around it as follows

BBpin = #(rg — (h,h,h)T), BBz = #(rg + (h,h,h)T). (2.6)

Then we iterate from BB, to BB, in each three axis, creating unique
discrete positions posp and retrieve a dynamic list L for each such position

L = hash_ table[hash(posp)]. (2.7)

Finally we iterate over L and check for each particle j if it is within the
smoothing radius of the query particle i.e. |rg —r;|| < h and add it to a
resulting particle container.

2.2 Terrain

We implement the terrain as a heightmap. Because the water will only interact
with the surface there’s no need to import a 3D mesh with a complex geometry
that might cause additional performance issues. It is sufficient to have only
the surface of the terrain. That’s what a heightmap (or heightfield) is designed
for. We import a grayscale bitmap and build the terrain from the values of its
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Figure 2.3: Top-view projection on grid accelerated terrain. Red dots repre-
sent geometry points in 3D space.

pixels. Each pixel in the bitmap has a value in range from 0 to 255. This value
will serve as a height for a 3D point of our terrain. The bitmap is essentially a
2D matrix of pixels. Thus, we can easily build the entire terrain geometry by
iterating over the entire bitmap extracting the height on each position. For a
terrain point (z,y, z) we obtain its coordinates as follows

(z,y,2) = (i, 4, h(i, J)); (2.8)

where

h(i,j) — height value at i, j position, (2.9)

i is the index that iterates from 0 to Dim, of the bitmap, j is the index
that iterates from 0 to Dim,.

Looking from top-view projection at our terrain we can see that all points
are evenly distanced between one another giving us a uniformly distributed
grid (Figure 2.3). We are going to leverage this property to efficiently access
any triangle. The distance between points in both directions will be repre-
sented by a 2D vector called cell_size and is going to be a user input value.
Each cell is built up from 4 points and 2 triangles. We can map a 3D point
(z,y,2) to a grid cell with index (x;,y;) as follows

(i yi) = (Lcellfsizej’ LcellﬁsizeJ)' (2.10)

In the equation (2.10) we don’t need the height coordinate z, because we
want to figure out where the point is on XY plane.
We can reverse the equation (2.10) as follows

(Twy Yw) = (|mi * cell_size], |y; * cell_size]). (2.11)
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Equation (2.11) converts a cell index into world space coordinates. The
coordinates of vector (x,y,) will always correspond to coordinates of "top-
left” point of the (z;,y;) cell in XY projection. By extracting the height of
this position we obtain the coordinates of the top-left point in 3D space

(Zw, Yu, BT, Yuw))- (2.12)

By leveraging these properties we can efficiently determine where exactly
a SPH particle is located on the grid and access all the appropriate vertices.
We initialize the terrain by iterating over the bitmap once and for each (i, j)
pair we compose its 3D version by using (2.8) and storing these geometry data
in a dedicated buffer.

2.3 Collision

In section 1.4.3 we talked about how a SPH particle will detect and react on a
collision with a heightfield. Further, in section 1.4.4 we described how we can
employ the Leap-Frog time integration scheme to advance particles based on
delta time step. In this section we are going to use them in collision handling
algorithm.

Our goal is to register an intersection with a triangle or multiple triangles
in 3D space. When a particle intersects the terrain it means that it de facto
goes through the surface and ends up underneath it. Because all the triangles
are located arbitrarily we have to implement a robust algorithm that will
successfully detect any collision with any triangle at any point on the terrain.
We can detect whether a particle ¢ intersected a triangle by computing its
next position in At time step

To detect whether the particle intersected with a given triangle we employ
a ray casting technique. The idea is to cast a ray from the particle position
along the directional vector. We can easily calculate the directional vector of
a particle by subtracting its next position from the current

dir = rt+At — I'y, (213)

where ry; A; is obtained by (1.46)

In order to detect a ray-triangle intersection we need to know three things:
position, directional vector and the vertices of the triangle. We can efficiently
obtain them by employing equations (2.10) and (2.11) to convert particle’s
position (x,y, z) into a cell index (x;,y;) and then obtain the top-left (in XY
plane) point coordinates (zy,¥y). To form a triangle we need to get the
adjacent points within the cell. We get them by adding cell size to each
coordinate

(Tws Yuw)
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(24 + cell_size,yy,)

(Tw, Yyuw + cell_size)

(T + cell__size,y,, + cell_size)
By extracting the height value from the heightfield and assigning it to z

coordinate we get 3D positions of these points

A - (‘T’waywa h(.’lfw, yw))

B = (x4 + cell_size, Y, h(Tw, Yuw))

C = (T, Yuw + cell_size, h(xw, yu))

AA = (zy + cell_size,y,, + cell _size, h(xy, Yuw))

We use Moller-Trumbore algorithm to detect a ray-triangle intersection.
As an input we have to provide a position, a direction and three triangle’s
vertices. The output is a boolean value whether the collision has happened
or not and the parameter t. This parameter determines the intersection point
on the ray in the ray equation

rt+ﬂl

Figure 2.4: Particle is projected back onto the triangle it intersects with.
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R=0+txd, (2.14)

where O is the ray’s origin and d is the direction vector

In our case, we want to determine the collision once the particle is un-
derneath the surface, so we need to provide the next position ry; A, reversed
direction -dir and three vertices of a triangle

bool intersection = MollerTrumbore(ryyag, —dir, A,B, C,&t)  (2.15)

If particle intersects a triangle it means that a collision happened and the
particle must be projected back onto the surface (triangle). We calculate the
contact point cp by applying the Moller-Trumbore one more time, but this
time as a directional vector we specify the triangle’s normal vector

bool intersection = MollerTrumbore(riias, napc, A, B, C,&t).  (2.16)
The contact point is then obtained as follows
Cp =riar +Ftxngpe. (2.17)
The penetration depth d can be easily calculated
d=|lcp — reyadl| (2.18)

Figure 2.4 depicts how SPH particle is projected back onto triangle.
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(a) Particles intersects with a triangle, but
failed to be projected on it along the trian-
gle’s normal N.

[

|
.

Feine

(b) Particles is projected on the triangle
by calculating the interpolation of normal
vectors of the triangle it intersects with
and the adjacent triangle.

Figure 2.5: Edge case, when SPH particle is projected by means of interpola-

tion of normal vectors.
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The last thing to solve is edge cases. When the particle intersects the
triangle somewhere on the edge we can have hard time projecting it back as
shown on Figure 2.5a). We solve this problem by taking the both triangle’s
normal, calculating their interpolation and then trying to project the particle
on either of those triangles Figure 2.5b).

The second edge case is when the particle intersects the triangle on its
corner. Here we adhere to the same principle only this time we want to
interpolate the normal vectors of six triangles and try to project the particle
on each of them.

Let’s wrap up the section with pseudo code of the entire algorithm

1: function COLLISION(posCur, posNext, &cp, &norm) -> bool

2 dir < posNext — posCur

3 cellldx < toCellldx(posCur)

4 cellldxNext + toCellldx(posNext)

5: if posCur = posNext then > if in the same cell
6 cellTriangles|| <+ getCellTrinagles(cellldz)

7 if MollerTrumbore(posNext,—dir, cellTriangles|0], &t) then

8 norm < cellTriangles|0].norm

9 if MollerTrumbore(posNext, norm, cellTriangles|0], &t) then

10: cp < posNext 4+ t x norm

11: return true

12: else if edge case within the same cell then

13: mapBetweenTrianglesO fTheSameCell(&t, &norm)
14: cp < posNext + t *x norm

15: return true

16: else if edge case between cells then

17: mapBetweenTrianglesWithAdjacentCell(&t, &norm)
18: cp = posNext + t x norm

19: return true

20: else if corner case then

21: mapBetweenSixTriangles AtTheCorner(&t, &norm)
22: cp < posNext + t x norm

23: return true

24: end if

25: end if

26: if MollerTrumbore(posNext, —dir, cellTriangles[1], &t) then
27: norm < cellTriangles[1].norm

28: if MollerTrumbore(posNext, norm, cellTriangles[1], &t) then
29: cp < posNext + t x norm

30: return true

31: else if edge case within the same cell then

32: mapBetweenTrianglesO fTheSameCell(&t, &norm)
33: cp < posNext + t x norm
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34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:
50:
51:
52:
53:
54:
55:
56:
57:
58:
59:
60:
61:
62:
63:
64:
65:
66:
67:
68:
69:
70:
71:
72:
73:
74:
75:
76:

return true
else if edge case between cells then
mapBetweenTrianglesWithAdjacentCell(&t, &norm)
cp = posNext + t x norm
return true
else if corner case then
mapBetweenSizTriangles AtTheCorner(&t, &norm)
cp < posNext + t x norm
return true
end if
end if
else > If in different cells
if corner case then
mapBetweenSixTriangles AtTheCorner(&t, &norm)
cp < posNext +t x norm
return true
else
cellTriangles[] <— getCellTriangles(cellldxNext)
if MollerTrumbore(posNext, —dir, cellTrinagles|0], &t) then
norm < cellTriangles[0]
if MollerTrumbore(posNext, norm, cellTrinagles|0], &t) then
cp < posNext 4+t x norm
return true
else
mapBetweenTrianglesWithAdjacentCell(&t, &norm)
cp < posNext 4+t x norm
return true
end if
end if
if MollerTrumbore(posNext, —dir, cellTrinagles[1], &t) then
norm < cellTriangles[0]
if MollerTrumbore(posNext, norm, cellTrinagles[1], &t) then
cp < posNext 4+t x norm
return true
else
mapBetweenTrianglesWithAdjacentCell(&t, &norm)
cp < posNext 4+t x norm
return true
end if
end if
end if
return false
end if

77: end function
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2.4 Hydraulic Erosion Model

In this section we will take a look on a high level, how an individual step of
erosion is implemented. Here we will give definitions of different containers and
functions that will be later used in Subsection 2.8 The algorithm of hydraulic
erosion simulation can be broken down, according to [3] into the following
steps:

1. Calculate fluid and boundary forces.
2. Calculate sediment transfer among SPH particles.

3. Calculate erosion and deposition exchange between SPH and boundary
particles.

4. Update terrain height according to the change of sediment in boundary
particles.

Let’s elaborate on each step individually.

2.4.1 Boundary Forces

In this step the following things must be carried out:
1. Seed the cell in which a SPH particle ¢ is located.
2. Detect the nearest boundary particles to the SPH particle 4.
3. Calculate friction for particle i.

4. Add particle ¢ to the neighbour list of all the boundary particles that it
detected.

5. Append the detected boundary particles by SPH particle i to the con-
tainer with all the detected boundary particles in this iteration.

6. Allocate buffer for each sph-boundary advection terms.

As we discussed in section 2.2 the position of a SPH particle can be trans-
lated into cell index to figure out where exactly on the terrain it is located.
Once we figure out which cell it is we want to seed boundary particles over
the cell’s triangles (in subsection 2.6.3 we will talk about how we do this).
The set of seeded particles are stored in a kd-tree (subsection 2.6.2). We use a
hash table named m_ SeededCells to store the boundary particles of each cell.
The key of this table is a cell index and the value is kd-tree with boundary
particles.

After we detected nearest boundary particles of a given SPH particle i we
calculate friction(no-slip), as described in subsection 1.5.1.
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Next we want to remember all the nearest boundary particles of the current
particle i. We store all the detected boundary particles in current iteration
in an unordered set m_ Nearest BoundaryParticles. So, we easily merge the
boundaries of particle ¢ into m__ Nearest BoundaryParticles.

Also we want to remember, what SPH particle is associated with what
boundary particle, so we create a hash table, where we store a list of fluid
particles for each boundary particles m_ FluidsO f Boundary. The key rep-
resents the id (while seeding each boundary particles is assigned one) and the
value is the list of fluid particles.

Knowing how many boundary particles were detected and with what fluid
particles each of them is associated we can allocate a container for each fluid-
boundary interaction pairs dC'__BP. This container will store the advection
terms of each such pair from equation (1.69).

2.4.2 Sediment Transfer

SPH particles pass material to each other before it is settled back onto the
surface. This process is described by the advection and diffusion equations
(1.64) and (1.68). Both of them require to know the gradient of cubic spline
F(r, h), which according to [4] is

1 2 2

—— % (12 % (1 — —3%*(2— <1
F(q, h) = { 4’ * (12 (1 - q) *(2-4q)%) a<1, (2.19)

— Lo %35 (2—¢)? >1

Anh3 * q qz 1

where
2

¢ = [lrgll 5. (2.20)

Similarly as in Subsection 2.4.1 we store the advection term of each ¢ — j
interaction pairs between all fluid particles. We name this collecion dC.

2.4.3 Deposition

Computing the deposition we store the advection term for each fluid-boundary
interaction in dC_BPij].

The gradient of the cubic spline is the same as for sediment transfer (2.19).
The part prior to the advection term in the equation (1.69) is responsible for
converting the percentage of occupied volume C' into the actual mass. This
enables us to define the C to mass conversion as follows

C_TO_MASS(C) = ps%. (2.21)
j

We’ve already familiarized with these variables in Subsection 1.5.4
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2.4.4 Erosion

The equation of erosion requires to know the relative velocity of current fluid
particle to the surface, as it is stated in equation (1.55). We can obtain this
velocity via dot product of the particle’s velocity and the normal vector of the
triangle

Vrel = || V|| — abs(v - m), (2.22)

where v is the SPH particles velocity and n is the normal vector of the
surface triangle.

Because the equation (1.57) only describes the change of mass on boundary
particle b we must update the sediment ration of SPH particle j manually. We
do so by converting the eroded mass produced by (1.57) for each SPH particle
j and convert it to C' as follows

1
—_— %
ps * M/ p;

where m is the output of equation (1.57).

MASS TO C(m)= m, (2.23)

2.4.5 Terrain Modification

At this point all the detected boundary particles have their delta mass dM cal-
culated. Each such particle is located on some triangle, this means that we can
calculate the total mass for each triangle. We store the total masses of both
triangles of a cell in a hash table named m_ TriangleMass, where key is cell
index and value is pair of two floats representing the masses of each triangle
individually. Also we keep track only of those cells whose boundary parti-
cles were detected and stored in m_ NearestBoundaryParticles container.
We store those cells in a vector named cellsToUpdate. After all the bound-
ary particles have been iterated over and masses accumulated we update the
geometry of cells from the cellsToUpdate container.

2.5 Fluid Particles

In this subsection we’ll talk about what fields a fluid particle structure must
have. Unlike a regular SPH particle we need to extend ours due to the fact
that we implicitly represent sediment particles. We append float Sedim that
represents how much volume is occupied by sediment in per cents and float
Sedim__delta that represents the change of occupied volume in the current
iteration. The structure below defines a SPH particle
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struct FluidParticle

{
Vec3f Position;
Vec3f Velocity;
Vec3f Acceleration;
float Density;
float Pressure;
Vec3f PressureForce;
Vec3f ViscocityForce;
Vec3f GravityForce;
Vec3f SurfaceForce;
Vec3f SurfaceNormal;
Vec3f BoundaryForce;
float Sedim;
float Sedim_ delta;

2.6 Boundary particles

In Subsection 1.5.1 we discussed that our erosion model uses boundary parti-
cles as a mediator between the fluid and the terrain. SPH particles first cause
impact over boundary particles and then this impact is transformed into the
terrain’s changes. With that in mind we need to have them seeded throughout
the whole terrain, because SPH particles must access them a any give position
on the terrain. Having all of them everywhere at once will be inefficient that’s
why we will seed them only at places where SPH particles are.

2.6.1 Definition

Similarly as with fluid particles let’s define the structure for boundary parti-
cles.

struct BoundaryParticle
{
Vec3f Position;
Vec3f TriangleNormal;
char Triangle;
float dM;

The char Triangle field denotes on which of the two triangles of a cell a
given boundary particle located. In this implementation we use either ‘A" or
'B’. The float dM denotes the change of mass of the current particle described
by (1.69).
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2.6.2 Kd-tree

In section 2.2 we defined our terrain as a heightfield. We made it grid-
accelerated and established that each cell consists of two triangles. When
a SPH particle approaches the surface it detects all the boundary particles
within its smooth radius as depicted on Figure 1.8. In order to efficiently find
the closest boundaries we store them in a kd-tree. For each cell we build a
new kd-tree and store its particles in there. Each kd-tree is then stored in a
hash table, where key is a cell index and value is a pointer to allocated kd-
tree. When a fluid particle enters the cell we apply nearest neighbours search
algorithm and detect, which particles are within the smooth radius.

2.6.3 Seeding

Before we store any particles in a kd-tree we need to seed them. The principle
of this seeding algorithm was derived from famous scan line algorithm. We
seed the particles in scan line fashion for a triangle in 3D space. Consider the
Figure 2.6. We have a cell composed of two triangles ABC and DBC. Let’s
say we want to seed particles over the triangle ABC. We do so by moving
from C to A along the AC vector with As step and at the same time we
move along the hypotenuse BC. Thus, we obtain two points to compose a line
segment that is parallel with the cathetus AB. Finally, we move along this
line segment with the same As step from left to right i.e. from cathetus AC
to hypotenuse BC and place particles. Because all the points of both triangles
are 3D points we virtually fill the triangle in 3D space. The same principle
applies for the second triangle only now we move along the DC vector.
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As {

Figure 2.6: Seeding triangles of a cell in 3D space.

2.7 Physical Parameters

In this section we describe what actual quantities we use in the simulation.

2.7.1 Fluid

To achieve the most stable and reliable behaviour of fluid its physical pa-
rameters must be carefully chosen. The search of such values that enable to
achieve a high level of realism and at the same time keep the simulation stable
might be a tough challenge. Below is the Table 2.1 for water material taken
from [1] with physical parameters of fluid quantities in the standard System
International (SI) units, that provide good simulation results in terms of both
realism and stability. In this thesis we focus only on water material.

2.7.2 Erosion

Throughout the Section 1.5 a number of constants are used that weren’t de-
fined so far. Most of them were taken from [3], however the boundary friction
constant p,r was determined experimentally. The value that gives the most
realistic behaviour varies between 0.1 and 0.25. In this work 0.11 was chosen.
Table 2.2 presents the constants used in erosion model.
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Description Symbol Value Unit
Density (rest) ) 998.29 %
Mass (particle) m 0.02 kg

Viscosity I 3.5 Pa-s
Surface tension o 0.0728 N
Gas stiffness k 3 J

Restitution CR 0 n/a
Smooth radius h 0.0457 m

Table 2.1: Physical parameter for water simulation

2.8 The Simulation Algorithm

2.8.1 Build the Terrain

1. Read the bitmap with the dimensions Dim,, Dim, and store it in a 1D
array m__Heightfield.

2. For z from 0 to Dim, do:

a) For x from 0 to Dim, do:
i. Get height at (z, z) using (2.9): y = h(z, 2).
ii. Add the coordinates of the 3D point into vertexData buffer
considering the cell size:
iii. vertexData.append(z * cell__size).
iv. vertexData.append(y).
v. vertexData.append(z  cell_size).

The vetexData buffer is regenerated each time the terrain gets updated
and is only used for passing the geometry data to OpenGL pipelines to render
the visual output. The origin of the terrain is at (0, 0), which theoretically can
be changed, but is not necessary in this simulation. When a particle interacts
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2.8. The Simulation Algorithm

Description Symbol Value Unit
Distance be-

tween boundary As 0.02285 m
particles

Boundary friction

constant Hor 0-11 n/a
Erosion strength K. 0.1 n/a
Critical shear . 3 Pa
stress

Sediment density Ds 3 %
Maximum  solid

volume fraction Cmaa 0.7 n/a
Exponent

(Richardson- e 4.5 n/a
Zaki)

Co.efﬁment of dif- D 0.1 n/a
fusion

Sediment particle " 0.00001 m

radius

Table 2.2: Physical parameter for erosion simulation

with the terrain it translates its 3D position into a cell index, in which it
is currently located by using (2.10). Knowing the cell index coordinates we
access the heightfield buffer and extract a corresponding height of each point
of the cell. Thus, we don’t need to access vertexData buffer to obtain point’s
coordinates.
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2.8.2 Initialize SPH system

1. Initialize fluid constants from the Table 2.1.

2. Allocate n particles and set them positions, velocities, acceleration = 0,
sediment = 0, sediment__delta = 0.

3. Create the spatial hashing data structure using (2.3) and (2.4).

4. Create an empty unordered__set m_ Nearest BoundaryParticles, where
we will store all the detected boundary particles in a given iteration that
are within the smooth radius of fluid particles.

5. Create an empty unordered__map m_ FluidsO f Boundary that will
store a list of fluid particles that detected a given boundary particle.

6. Create an empty vector dC defined in subsection 2.4.2, where we will
store all the interaction pairs between fluid particles.

7. Create an empty vector dC__BP defined in section 2.4.3, where we will
store all the interaction pairs between a fluid and a boundary particle.

We can omit the initialization of the leap-frog integrator for each particle
here. It will be done automatically while calculating the acceleration term in
further subsection (Subsection 2.8.11) in the very first iteration of simulation.

2.8.3 Compute Density and Pressure

Before we begin iterating through the particles we insert them into the spatial
hashing data structure and build a list of neighbours for each of them using the
spacial query from Subsection 2.1.2. Let’s call this procedure RebuildT able().
It clears the table from the previous iteration and builds it back for the current
one.

RebuildT able()
(The following for-loop is parallelised with OpenMP)
For each particle i do:

1. ITterate through each of its neighbour j from the neighbourhood N; and
compute its density p; using (1.25)

2. Compute pressure using (1.32).
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2.8.4 Compute Internal Forces

(The following for-loop is parallelised with OpenMP)
For each particle ¢ do:

1. Iterate through each of its neighbour j from the neighbourhood ;.
Compute the pressure force using (1.33).
Compute the viscosity force using (1.35).

Compute the surface normal using (1.39).

AN B R Y

finternal — fpressure + fviscosity

2.8.5 Compute External Forces

(The following for-loop is parallelised with OpenMP)
For each particle ¢ do:

1. Compute the gravity force using (1.36).
Compute the color field using (1.38).
Compute the surface curvature using (1.40).

Compute the surface tension force using (1.41).

AR S

external __ frgravity sur face
f =f +f

2.8.6 Compute Boundary Forces

(The following for-loop is parallelised with OpenMP)
For each particle ¢ do:

1. Seed the cells that are in range of smooth radius of the particle ¢, which
are not seeded, using the technique described in the Subsection 2.6.3.

2. fboundary =0.

3. Find nearest boundary particles to the particle ¢ using the nearestneighboursearch
algorithm of kd-tree for each detected cell around particle ¢ and put them
to a temporary collection unordered__set nearest__boudary.

4. If nearest__boundary is not empty:

a) For each boundary particle bp in nearest__boundary:
i. Compute the no-slip using (1.52) and add it to fbourdary

5. For each boundary particle bp in nearest__boundary push back the cur-
rent fluid particle ¢ into the m_ FluidsO f Boundary[bp).

6. Merge nearest__boundary into m__Nearest BoundaryParticles.
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2.8.7 Compute Sediment Transfer
For each fluid particle 4 do:
1. For each neighbour particle j from neighbourhood N;:
a) Compute the advection term of ¢ — j interaction using (1.64) and

set the result to dC.

b) Compute the diffusion term of ¢ — j interatction using (1.68) and
add the result to dC'.

c¢) If dC of current i — j pair is < 0 then: sedim_ delta; += dC[ij]
else: sedim__delta; -= dC[ij].

The size of dC is the number of interaction pairs between fluid particles
in a given iteration that can be computed from the neighbours list of each
particle from the spatial hashing data structure.

2.8.8 Compute Deposition

For each boundary particle bp in m__Nearest BoundaryParticles:
1. For each fluid particle fp in m_ FluidsO f Boundary[bp]:

a) If fp.sedim < 0 then continue.
b) Compute the term %}@from(l.w) and put the result to dC_BP.
c) If dC_BP < 0 for the current bp — fp pair:

i. Add dC__BP to sediment delta of fp.

ii. Compute the deposition of material using (1.69) and subtract
the result from the mass of the current boundary particle bp.

2.8.9 Compute Erosion

For each boundary particle bp from m_ Nearest BoundaryParticles:
1. For each fluid particle fp from m_ FluidsO f Boundary[bp]:

a) Compute the erosion of material using (1.57) and subtract the re-
sult from mass of current boundary particle bp.

b) Convert the result of erosion from the previous step into the sed-
iment percentage C' and add it to sediment delta of current fluid
particle fp.
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2.8.10 Update Heightfield

For each boundary particle bp in m__Nearest BoundaryParticles:

1.

2.

Convert bp.Position to cell _index.

If cell__index was not discovered before then create triangleMass[cell _index]| =
pair(0.0,0.0) and cellsToU pdate.append(cell__index).

Depending to which triangle the boundary particle bp belongs add bp.d M
to either triangle M ass[cell _index]. first or triangle M ass|cell__index].second.

For each cell_index in cellsToUpdate:

a) Get geometry of cell triangles getCellTriangles(cell__index).

b) Update vertices of both triangles from the previous step in the
heightfield using (1.70) and (1.71).

c) Erase all boundary particles in the cell cell_index (they will be
seeded again in Step 1 of 2.8.6).

2.8.11 Time Integration and Collision Handling

(The following for-loop is parallelised using OpenMP)
For each fluid particle i:

1.

2.

10.

fexternal 4= fboundary.

F, — finternal | peaternal
Compute particle’s acceleration a; using (1.24).

Compute w4 1/94; and ryy ¢ using (1.45) and (1.46).
Compute collision using the algorithm from Subsection 2.3.
If a collision occurred

a) Compute penetration depth d using (2.18).
b) Update the velocity using (1.44).

If sediment of current particle ¢ is sedim; < 0 then sedim; = 0
sedim; += At * sedim__delta;.
If sedim; < 0 then sedim; = 0.

Zero out delta sediment of the current particle: sedim_ delta; = 0.
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2.8.12 Render

1. Render the terrain using vertexData buffer.
2. For each fluid particle ¢ do:

a) Render a sphere with its center at r; and radius r = 0.001.

We do not render the boundary particles, because we need them only to
perform the computations.
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CHAPTER 3

Results

In this chapter we will examine what outcomes we obtain when we put to
use our implementation from Chapter 2. We will test the fluid individually
in order to demonstrate how it behaves in the first place and then we add a
terrain into the scene and pour some volume on it and simulate erosion.

3.1 Fluid

In this section we will test, how the Lagrangian solver works. First we will
examine how it behaves with different parameter values and then we execute
performance tests.

3.1.1 Fluid Parameters

Below is the illustration of a water volume with 1000 particles dropping in
the invisible box Figure 3.1. The properties of the fluid are the exact much of
those described in Table 2.1.

The water material has very low viscosity as a result its particles are very
mobile and agile. When a water volume hits a solid the particles splash all
over. If we risen viscosity i.e. risen inner friction between particles the volume
will bear a more resemblance with honey. Below is the same volume with
higher viscosity Figure 3.2.

Compared to the previous animation the particles don’t move around so
freely and are less splashy. Their motion is slowed down by friction with each
other.

If we try to increase the particle’s mass the density field will increase,
hence the pressure will increase too. This implies that the particles will repel
more from each other and have more space in between them Figure 3.3. They
are splashy enough, but too heavy to bounce off too high.

The above tests demonstrate that our Lagrangian solver produces the ex-
pected behaviours and has a pretty high degree of realism.
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Figure 3.1: 1000 SPH particles with the parameters of water.

3.1.2 Performance Test

In this subsection we present the results of performance test of SPH system
Table 3.1. The frequencies are measured in frames per second. The simulation
was run on Intel(R) Xeon(R) W-2245 CPU @ 3.90GHz 3.91GHz with 128GB
of RAM on Windows 10.

3.2 Erosion

Now that we have our water tested let’s pour it onto an actual terrain and
have the erosion algorithm to do its job.

3.2.1 Ditch

Figure 3.4 features a ditch with a ridge in the middle. The volume of 200 000
SPH particles is poured onto it. The radius of each particle is » = 0.001m.
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Figure 3.2: 1000 SPH particles water particles with increased viscosity
(visc=17.5).

The cell size is cell size = 0.1m. Particles life time is 3000 frames.

The ridge in the middle seeks to being washed out and leveled off with
the surface. The material from the ridge is taken away by water particles and
deposited towards the area on left from it. The longer the particles exist the
more the ridge gets leveled off with the surface.

The ridge in the middle is the spot that gives the most pronounced visual
results in fact the entire terrain gets eroded and the surface level throughout
the scene lowers a little. The comparison before/after is illustrated on Figure
3.5.

3.2.2 Meander

The next scene is a meander. Similarly as in the previous test a volume of
water with 200 000 particles is poured on. The particles lifetime is 2000 frames
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Figure 3.3: 1000 SPH water particles with increased mass and default viscosity
(mass=0.034)

here. As can be seen of Figure 3.6 the material reached by fluid gets eroded
while the part of the meander where fluid didn’t reach remains untouched.

3.2.3 Performance Test

While simulating erosion SPH particles will get to interact with boundary
particles that they detect. Unlike in the case with calculations of fluid forces
interaction between boundary and fluid particles cannot be parallelized and is
calculated sequentially. Table 3.2 illustrates the results of erosion simulation
with different ammount of particles. The choice of map doesn’t influence the
performance very much, since SPH particles detect boundary particles within
their smooth radius. On any map a SPH particle encompasses on average the
same amount of boundary particles.
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n fps
8000 45.7
10000 36.2
20000 17.9
50000 6.1
100000 3.5

Table 3.1: SPH system performance test.

n fps
5000 13.6
10000 6.1
25000 2.3
50000 1.3
100000 0.7
200000 0.4

Table 3.2: Results from performance test of SPH system + erosion.
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Figure 3.4: A ditch with a ridge. 200 000 SPH particles.



3.2. Erosion

Figure 3.5: Before/after. The ditch with the ridge. 200 000 SPH particles.

Figure 3.6: A meander. 200 000 SPH particles.
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CHAPTER 4

Future Work

This work can be extended to leverage GPU power to parallelize fluid simu-
lation. Although the paralleliztion via CPU was used here it doesn’t compare
with the GPU parallelization. This will enable to create greater scale simu-
lations with more particles. Such boost in performance will allow to achieve
the same results as in this work in much shorter time. A very popular tool
for general-purpose computing on GPU is CUDA platform from NVIDIA.

Next thing that might be done is improving the visual outputs. As of
right now the water is rendered as a set of spheres. This is good, because
we can easily keep track of every particle and immediately spot if somethings
goes wrong. It serves a good purpose in developing the system, however once
we are confident that the system is stable enough and will want to deliver a
graphically pleasant result then improving the visual part sounds like a good
idea. Particularly the technique named Screen Space rendering[11] might be
a good option to render translucent surface.
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Conclusion

In this work the simulation as well as visualization of hydraulic erosion was
implemented. It first went through the theory behind fluid simulation and
then hydraulic erosion model. The implementation section of this work put
in practice theoretical concepts of both fluid system and erosion model and
demonstrated how these concepts can be incorporated. To improve the per-
formance of the entire simulation the fluid system was designed to leverage
the parallelism of CPU. In the end the preference to heightmap over voxel
grid was given due to the improvement in efficiency.
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APPENDIX A

Acronyms

SPH Smoothed Particle Hydrodynamics

NSE Navier-Stokes equations
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APPENDIX B

Contents of enclosed CD

readme.tXt.....ooiiiiiiiiiiiii, the file with CD contents description
K ettt ettt the directory with executables
I o o the directory of source codes
WOACI . implementation sources
thesiS...cvvvveinn... the directory of IXTEX source codes of the thesis

I ] =5 P the thesis text directory
Lthesis.pdf ............................ the thesis text in PDF format
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