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Příčná expanze v jaderných srážkách
na RHIC BES

Diplomová práce

Autor: Bc. Jakub Štěrba
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Abstrakt: Během srážek těžkých iontů vzniká velmi horká silně interagující hmota, která při do-
statečné energii může přejít do stavu kvark-gluonového plazmatu. Na počátku srážky je energie
rozdělena nerovnoměrně a jelikož se vzniklá hmota chová kolektivně, dochází k jejímu ani-
zotropickému vývoji. Počítačovou simulací srážek a porovnávám výsledků s experimentálně
naměřenými daty je možné silně interagující hmotu studovat. Jednou z možností, jak simulo-
vat kolektivní vývoj kvark-gluonového plazmatu je pomocí hydrodynamických modelů, kdy
je plazma popisováno jako viskózní tekutina. Řešení hydrodynamických modelů jsou však zá-
vislé na počátečním stavu. Jedním z experimentů snažícím se prozkoumat fázový diagram silně
interagující hmoty je program RHIC BES, během nějž byla nabírána data ze srážek Au+Au
při energiích

p
sNN = 7.7 � 62.4 GeV. Kolaborací STAR byly prezentovány výsledky eliptic-

kého toku a spekter v příčné hybnosti. Úkolem této práce je konstrukce nového Glauberovského
modelu, ve kterém je možné připustit počáteční příčnou hybnost, která povede na počáteční
příčnou expanzi v hydrodynamickém modelu vHLLE. Společně s vHLLE je použit transportní
model SMASH pro simulaci koncového stavu. Výsledky simulací s novým modelem jsou po-
rovnány s výsledky kolaborace STAR a s výsledky simulací s generátorem počátečních podmí-
nek Glissando pro energii srážky

p
sNN = 27 GeV a pro centrality 10-20%, 20-30% a 30-40%.

Klíčová slova: anizotropie, Beam Energy Scan, centralita, eliptický tok, Glauber model, hydro-
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Abstract: During heavy-ion collisions a very hot and dense strongly interacting matter is cre-
ated. Such matter can pass into the state of quark-gluon plasma, if su�cient energy density
is reached. At the beginning of the collision, the energy is distributed unevenly and since the
created matter behaves collectively, it leads to its anisotropic evolution. It is possible to study
the strongly interacting matter by computer simulations and comparing the results to the ex-
perimental data. One of the approaches for simulation of the quark-gluon plasma evolution is
by means of hydrodynamic models, where the plasma is described as a viscous fluid. However,
the solutions of hydrodynamic models are strongly dependent on the initial state. One of the
experiments, the aim of which is to probe the phase diagram of the strongly interacting matter
is RHIC BES program, during which Au+Au collisions at the energies

p
sNN = 7.7 � 62.4 GeV

were taken. There were presented results of the elliptic flow and particle spectra in transverse
momentum by STAR collaboration. The aim of this work is to create a new Glauber model,
which would allow initial transverse momentum deposition that would lead to an initial trans-
verse expansion in hydrodynamic code vHLLE. Altogether with vHLLE code, the SMASH
transport model is used for final state simulations. Results from the simulations with the
new model are compared to the results presented by STAR collaboration and also with results
from the simulations with Glissando initial state generator for collision energy

p
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and for the centralities 10-20%, 20-30% a 30-40%.
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Introduction

There are four fundamental forces in the current physical description of the nature - weak,
strong, electromagnetic and gravitational. Each of these forces influence the nature signifi-
cantly, however, the strong force is of the main interest in this work. It manifests itself on small
scales and therefore this is exactly the force, which causes binding of the elementary particles
into structures one can observe quite regularly - most importantly protons and neutrons.

One of the key questions in contemporary physics is to describe the behaviour of the strongly
interacting matter. At some region of energy scales, the predictions can be obtained from quan-
tum chromodynamics (QCD) calculations, however, at other regions, the first principles of QCD
are not applicable and complex models, which are very computationally demanding, are able
to describe such systems only in limited measure. One of such systems, which are challenging
to describe, is also quark-gluon plasma (QGP), i.e. strongly interacting matter under extreme
conditions, when very high temperatures, high energy densities and high pressures are present.
It is a state of matter, when quarks and gluons, usually bound in hadrons, suddenly become
asymptotically free. It is believed that the matter is in such a state during the compact star
merging and that it was in this state even a few moments after the Big Bang.

Experimentally, the matter under such extreme conditions is hard to observe. Nevertheless,
it can be observed by means of particle accelerators and colliders. For the study of the quark-
gluon plasma, collisions of heavy nuclei, or rather heavy ions, are the most e↵ective. In the
colliders, the nuclei are accelerated in the opposite directions and then collided at given place.
If the collision is strong enough, such extreme conditions as mentioned above, can be created
and the matter can be studied. The most significant experiments in current research of heavy-
ion collisions are ALICE at CERN in Geneva and STAR at BNL in the United States.

Once the nuclei collided and a small droplet of quark-gluon plasma is created, the matter
starts to evolve. From the data, it can be seen that the evolution of the matter shows collec-
tive behaviour and one of the fundamental features of such collectivity is flow, which can be
measured and then the properties of the strongly interacting matter studied. The phase of QGP
lasts, however, for a very small period of time, after which quarks and gluons start to form
various particle species. These particles are detected in a detector surrounding the area where
the QGP was formed and the quantities such as mass, velocity or momentum of the particles
are measured. Such measurements give information about the collision, thus about the strongly
interacting matter.

There are several ways how to describe the evolution of QGP from the point of view of phe-
nomenological models. First approach is based on the microscopical description of the system,
i.e. simulates the behaviour of each particle and the interactions between them. These kinds
of setups are called transport models. The other approach, which is also used in this work, is
the approach of hydrodynamic modelling. As already foreseen above, the quark-gluon plasma
can be looked at as a droplet of a liquid, and therefore can be described by the hydrodynamic
equations. However, the QGP is not an ideal fluid and thus the viscosity of the fluid has to be
considered, as well.

In Chapter 1, basic problems in heavy-ion collisions, QGP formation, the quantities mea-
sured and their significance for the description of strongly interacting matter are briefly in-
troduced. Description of the optical Glauber model and Glauber Monte Carlo, together with
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discussion of the centrality of a collision can be found in Chapter 2. The expansion of the QGP,
the anisotropic flow and methods for its measurement are described in Chapter 3. In Chapter 4,
the basics of the hydrodynamical approach to the expansion of the medium are noted together
with basic principles of hydrodynamic modelling. The Chapter 5 presents a particular hydrody-
namic model vHLLE, initial state generator Glissando and final state simulator SMASH within
the vHLLE hybrid package. In Chapter 6, the experimental data of elliptic flow and particle pT

spectra from RHIC BES program reported by STAR collaboration are shown. The Chapter 7 is
the first part, where a new contributions of this work are presented, starting by its motivation.
A new Monte Carlo Glauber model for simulation of the initial state for heavy-ion collisions,
IMAGO, is presented in Chapter 8. In the last Chapter 9, the results from the new model are
discussed and compared to the original results with Glissando.
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Chapter 1

High energy heavy-ion collisions

In this work, we are particularly focused on the physics of high energy heavy-ion collisions,
also called heavy-ion physics (HIP). This incorporates collisions of heavy nuclei, such as 197Au
or 208Pb, which are probably the most common heavy-ions used. For

p
s � 10 GeV the ki-

netic energy of such colliding nucleus is much bigger than its rest energy. Since the collision
of systems of such kind is very complicated many-body problem, it cannot be described by
first principles of the strong interaction, quantum chromodynamics. Nevertheless, some further
approaches to treat such problem have been developed.

1.1 Brief introduction to quantum chromodynamics

In the first place, let us introduce a theory which describes the strong interaction - quantum
chromodynamics (QCD). The main components of the theory are quarks and gluons. Both of
these are elementary particles of the Standard Model. There are six flavours (kinds) of quarks
- up, down, charm, strange, top and bottom. In addition, there are eight gluons - to see which,
read further discussion. Moreover, the gluons are the mediators of the strong interaction. Glu-
ons are massless, it is important however, that unlike for photons in quantum electrodynamics,
the gluons can interact among themself.

In QCD, a new quantum number called color charge is introduced. There are three quan-
tum states which span the possible space for the quarks. These are customarily referred to as
blue, red, and green. In addition, corresponding anti-color states are there for the antiquarks.
On the other hand, each gluon carries both, color and anti-color charge. Altogether, there are
nine possible color charge combinations for gluon, however, only eight of them are physical.
Any bound state of the quarks and antiquarks has to be colorless, in other words the final color
charge has to be zero. This is due to the property of strong interaction called color confinement.
This property states that color-charged particle cannot be isolated. Simple illustration can be
made using an example of a bound state of a quark-antiquark pair. The bound state is colorless.
If we imagine increasing of the distance between the quarks, it is more energetically favourable
to produce a quark-antiquark pair and split the bond between the original quark-antiquark pair.
Thus we arrive with two quark-antiquark pairs. Then again, under extreme conditions of mat-
ter, color deconfinement can happen and quarks can move freely in relative scale, but even at
distances larger than size of a nucleon.

The strength of the interaction is represented by coupling constant ↵s(Q2). In spite of call-
ing ↵s(Q2) a constant, it is not constant at all, rather a function of the momentum transfer Q,
(Fig.1.1). The form of the dependence can be quite easily analytically expressed only to the
first order of the perturbative series as
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↵s(Q2) =
12⇡

(33 � 2nf ) ln
✓

Q2

⇤2

◆ , (1.1)

where nf is the number of flavours and ⇤ is the QCD scale parameter, where the coupling be-
comes relatively large. For the number of flavours nf  16 the coupling constant decreases as
the Q2 grows. From this, the characteristic behaviour of strong interaction can be deduced - the
asymptotical freedom.

Throughout these years, several individuals and/or groups have compiled
the available �s measurements and combined them into a single value. The
earliest attempt by Altarelli has already been discussed above. During the
nineties, the reference in terms of �s(M2

z) was established by the PDG,
in particular thanks to the PDG review on QCD by Hinchcli�e (see, e.g.,
Refs. [44, 45]). An independent estimate of the WA value was published by
Schmelling [46] in 1997, based on his proposal for handling unknown cor-
relations. Then, during the first decade of this century, Bethke [9, 47, 48]
provided a number of comprehensive studies, that established the de-facto
WA value, despite the PDG still publishing an independent combination.
Since a few years this situation has been resolved, with Bethke now being
co-author (together with Dissertori and Salam) of the PDG review on QCD
that also contains the WA determination of �s. Figure 5 displays this, most
likely incomplete, collection of WA results as a function of time, nicely show-
ing the impressive progress made throughout the last decades. Finally, Fig. 6
presents an example [9] of inputs to the averaging procedure and the current
experimental status of the running of �s, showing excellent agreement with
the theoretical expectation.

QCD !s(Mz) = 0.1185 ± 0.0006

Z pole fit  

0.1

0.2

0.3

!s (Q)

1 10 100
Q [GeV]

Heavy Quarkonia (NLO)

e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

Sept. 2013

Lattice QCD (NNLO)

(N3LO)

" decays (N3LO)

1000

pp –> jets (NLO)
(–)

Figure 6: Left: List of individual �s(M2
z) measurements and their comparison

to the world average from Ref. [9] in 2000; Right: current status of the
running of �s, as summarised in Ref. [2].
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Fig. 1.1: The dependence of strong coupling constant ↵s as a function of momentum transfered
Q. Figure taken from [1].

It can be seen that for small values of momentum transfer the ↵s eventually rises up to val-
ues close to unity. For these values of the coupling, the matter is in state, when quarks are
confined and the strong processes are happening at large distances, such as size of a hadron.
In this region, perturbative QCD computations cannot be used, since the calculations cannot be
organised in series of powers of the small coupling constant, but non-perturbative approaches,
such as lattice QCD computations, are helpful. Lattice QCD is a discrete theory the principle
of which is that the space-time is divided into a space-time lattice. It is based on explicit calcu-
lation of action, which is then used for computation of the partition function of the system. In
order to be more illustrative, the whole process can be simplified into an image, when quarks
are located in the corners of the lattice and gluons are being exchanged along the lattice links.
This approach is computationally very demanding and therefore high-performance computers
are needed. That is why the precision of some of the results includes rather considerable errors,
as the lattice has to be chosen smaller, i.e. the gaps between the cells of the lattice are larger.

At high values of the momentum transfer and small distances of the processes, the typical
behaviour of strong interaction can be deduced. As values of ↵s in this region are much smaller
than 1, in fact ↵s ' 0.1, interesting phenomenon called asymptotic freedom occurs. Since the
interaction gets weaker as ↵s decreases, the quarks and gluons become relatively free and are
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not confined in hadrons anymore. In this regime the perturbative QCD approach can be used.
These properties of strong interaction give a su�cient ground for quark-gluon plasma for-

mation.

1.2 Quark-Gluon Plasma
There are important predictions from lattice QCD calculations when the temperature of the

matter is ascending. As the temperature reaches higher values, a strong rise in thermodynamic
observables such as pressure, energy density or entropy, occurs (see Fig.1.3). This may be
caused by a phase transition of some kind and thus a sudden increase in the number of degrees
of freedom, when partons (quarks and gluons) are deconfined from hadrons. Such transition
into the quark-gluon plasma state of matter was estimated to happen at the critical temperature
Tc = 156.5 ± 1.5 MeV (see [2]).
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Fig. 2: (a) Phase diagram of water [13] and (b) QCD phase diagram

Figure 3 shows the lattice results for the QCD equation of state (EoS) at vanishing chemical
potential in the temperature range 100 MeV �< T �< 1000 MeV for physical light and strange quark
masses mu,d,s. Note that both energy density (�) and pressure (P ) rise rapidly around T = 160 MeV,
indicating an increase in entropy or the number of degrees of freedom. This is consistent with the
deconfinement transition with a concomitant release of the partonic degrees of freedom. The rise of P
is less rapid than that of � as expected: the square of the speed of sound c2

s = �P/�� cannot exceed
unity. Note also that in the limit of high T , the EoS approaches the form � = 3P expected of massless
particles. However, � is significantly less than �SB showing that the system is far from being in an ideal
gaseous state. Lattice results indicate that the transition at vanishing µB is merely an analytic crossover.
Although there is no strict phase transition, it is common to use the words confined and deconfined phases
to describe the low- and high-temperature regimes. For a recent review of the lattice QCD at non-zero
temperature, see [22].

Fig. 3: Energy density and pressure normalized by T 4 as a function of temperature (T ) on Nt = 6, 8 and 10 lattices.
Nt is the number of lattice points in the temporal direction. The Stefan-Boltzmann (SB) limits are indicated by
arrows. Figure from [14]; see also [15].

An ultrarelativistic heavy-ion collision (URHIC) of two (identical) Lorentz-contracted3 nuclei is
thought to proceed as follows. Each incoming nucleus can be looked upon as a coherent [5] cloud of
partons (more precisely, a colour-glass-condensate (CGC) plate [24]). The collision results in shatter-
ing of the two CGC plates. A significant fraction of the incoming kinetic energy is deposited in the
central region leading to a high-energy-density fireball (more precisely, a highly non-equilibrium state
called glasma [24]). This is still a coherent state and liberation of partons from the glasma takes a finite

3No matter how high the incoming kinetic energy and hence the Lorentz contraction factor is, the limiting thickness of the
nucleus is � 1 fm due to the so-called wee partons [23].

3

Fig. 1.2: An outline of phase diagram of strongly interacting matter. Figure taken from [3].

In fact, the transition to the QGP phase is not the only kind of phase transition which occurs
at this stage. There is also an important transition called chiral symmetry restoration. Chiral
symmetry is a symmetry which tells that the constituent mass of the quarks is fully due to Higgs
mechanism. However, for light confined quarks this symmetry is violated and the constituent
masses of light quarks are much bigger than their masses according to Higgs mechanism. The
interesting part here is that the temperatures for parton deconfinement and chiral symmetry
restoration are very close to each other. This happens to be really a coincidence since there are
no links from the first principles of QCD for this to happen.

In order to systemize the behaviour of the strongly interacting matter, there is an e↵ort to
study a phase diagram. Usually, such phase diagram is constructed as a dependence on the
temperature T and baryon chemical potential µB. Baryon chemical potential, as one of the
fundamental thermodynamic variables, expresses the number of baryons against the number of
antibaryons at the area of the collision. At high energies of the collision, like at the LHC, the
baryon chemical potential is nearly zero µB ⇠ 0 and the ratio of the number of baryons against
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anitbaryons is close to unity. If this was not the case, any of the initial baryons present in the
incoming nucleus would have to slow down dramatically in order to stay at the area of the col-
lision, which, however, does not happen due to the high energy. This is close to the Bjorken
scenario, see [4]. At lower collision energies, on the other hand, the baryon chemical potential
is higher because it is much likely for a baryon to stay in the area of the collision and therefore
the ratio of the number of baryons against the number of antibaryons is much bigger than unity.
This is close to the Landau scenario, see [5].

Fig. 1.3: Computations from lattice QCD for suitably normalized pressure 3p
T 4 , energy den-

sity "
T 4 and entropy density 3s

4T 3 as a function of temperature T . The critical temperature
Tc = (154 ± 9) MeV. Figure taken from [6].

Now, having the ingredients needed, the shape of the phase diagram of strongly interacting
matter can be roughly estimated (Fig.1.2). The state of matter at normal conditions is repre-
sented by Nuclei at a non zero baryon chemical potential and relatively low temperature. The
point sits at those values of µB, where there is a natural matter-antimatter imbalance in the
nuclei. The solid curve represents the phase transition of first order from hadron gas, where
partons are still bound in hadrons, to the QGP phase, in which partons are deconfined and the
chiral symmetry is restored. This line is assumed to be ended at a critical point. The critical
point, like in classical thermodynamics, represents a point in the phase diagram at which both
phases merge together into a single phase at this point a phase transition is of the second order
or also called continuous phase transition. From the mathematical point of view, at the critical
point the correlation lengths diverge. The transition beyond this point is called crossover transi-
tion and this transition is fast and smooth without latent heat. LHC and RHIC at their maximum
energies operate in this region. In addition, there are more phases of strongly interacting matter
expected, such as color superconduction, but the discussion is beyond this work.

1.2.1 Time evolution of collision
Let us have a look at the collision itself and the evolution of the matter right after the col-

lision. For the nuclei accelerated to velocities comparable to the velocity of light, relativistic
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17"Fig. 1.4: Time evolution of the collision. Left side of the graph (a) shows the evolution of
collisions where su�cient conditions are not reached and QGP is not formed. The right side of
the graph (b) depicts the evolution when QGP is formed. Figure taken from [7].

e↵ects appear. For high energies, the nuclei are Lorentz-contracted and collide in the form of
discs or rather funnily pancakes. The first stage during the collision is pre-equilibrium phase. At
this stage the disc-shaped nuclei begin to penetrate each other and inelastic interactions between
nucleons take place. Due to the inelasticity of the collision, the energy is transferred from the
longitudinal direction, which is the direction of flight of the nucleus, to the transverse plane,
the plane perpendicular to the longitudinal direction. Therefore, high transverse momentum
particles are created at this stage. Further inelastic and elastic processes of the partons cause
the system to thermalize. At this stage, the energy density of the system is very high. Such
a thermalized system shows collective behaviour and the presence of internal pressure causes
the system to expand. During the expansion, the system is cooling down until the critical tem-
perature, or rather critical energy density, is reached. At this point the system is already dilute
enough so the hadronization begins to happen. Partons start to form hadrons via two ways -
fragmentation for more energetic partons, when the final hadron has a lower momentum than
the leading parton, and coalescence for partons with lower energy, when the final hadron has
a higher momentum. The hadronization stops at the point of the chemical freeze-out, e.i. the
point at which the ratio of hadron yields stays constant. However, formed hadrons can still
interact elastically, but only up to the point of kinetic freeze-out, i.e. the point at which the
medium becomes so dilute that the hadrons do not interact between each other. After this point,
resonances created from the medium can decay and thus particles detected by the detector do
not fully correspond to those, which were created directly from the medium. Some resonances
can be reconstructed e�ciently, since they decay at some distance from the primary collision.

However, if quark-gluon plasma is not created during the collision, which is the case e.g. for
collisions at lower energies, the evolution is slightly di↵erent. The matter created also behaves
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collectively, but the final hadrons are set earlier and are not created in the hadronization process
but by direct interactions.

An illustration of the timeline of the evolution, as well as comparison of the two cases, can
be seen in the Fig.1.4.

1.2.2 Particle pT spectrum
The particle spectrum (Fig.1.5) can be divided into two parts. At the low transverse mo-

mentum pT , there is a bulk or soft part of the spectrum. These particles are created during the
processes in the QGP. Most of the particles are produced in this region. Moreover, this is ex-
actly the region, where ↵s has a high value and a non-perturbative QCD approach must be used.
The other part of the spectrum, at a rather high transverse momentum, is called hard part. This
part could basically be described by the perturbative QCD, since the momentum transferred Q
is high here, but particles in this region of the spectrum are a↵ected by the medium and thus
cannot be computed from the first principles either.

One of the reasons, why one should study particle spectrum is that it can be approximated
as an exponential function of the transverse mass mT =

q
m2 + p2

T given by / exp(�mT/T ),
where m is the mass of a particle species and T plays the role of the inverse slope parameter. If
the inverse slope is studied as a function of hadron mass, it can be interpreted as the spectrum
is observed blue-shifted, i.e. it appears to have higher temperature T . This occurs, since the
medium expands with some transverse velocity and thus the spectrum has not only the tempera-
ture component, but also the collective velocity component. If the mean velocity of the particles
is the same, the more massive ones has to have larger momentum. That is why one can observe
an increase of the inverse slope with the hadron mass, i.e. flatter spectrum, if the transverse
expansion is present. An example is shown at the end of Chapter 3.
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Figure 3. Transverse momentum distributions of primary charged particles in |!| < 0.8 in nine
centrality intervals in Pb-Pb collisions at

!
sNN = 2.76 (left) and 5.02TeV (right) (scale factors

as indicated are used for better visibility). The data for pp collisions, obtained scaling the cross
section by "NN

inel, and NSD p-Pb at
!
sNN = 5.02TeV are also shown. The relative systematic un-

certainties are shown in the lower panels for various datasets; these do not contain the normalization
uncertainty.

as well as to the spectrum in p-Pb collisions. With increasing collision centrality, a marked

depletion of the Pb-Pb spectra develops for pT > 5GeV/c. These measurements super-

sede our previous results [8, 13, 16], which allows for a better discrimination between jet

quenching scenarios.

Figure 4 compares the measured pT spectra in pp collisions with results from PYTHIA

8 (Monash-2013 tune), including colour reconnection, and EPOS LHC [53], which incor-

porates collective (flow-like) e!ects. These event generators show a similar description of

the pT spectra at both energies. They reproduce the spectral shape within 20%.

Figure 5 shows the ratios of pT spectra measured at
!
sNN = 5.02 and

!
sNN = 2.76TeV

in Pb-Pb and pp collisions. The ratios for Pb-Pb collisions are determined in nine centrality

classes ranging from 0–5% (top-left) to the 70–80% (bottom-right). As indicated by the

ratios, the pT spectra measured at higher collision energy are significantly harder for both

Pb-Pb and pp collision systems. One can see that there is a similar energy dependence of

the ratio for peripheral (70–80%) Pb-Pb and in pp collisions, while towards central Pb-Pb

collisions a gradual reduction of the ratio is apparent.

– 14 –

Soft

Hard

Fig. 1.5: A typical particle pT spectrum. The spectrum is plotted for charged hadrons from
Pb+Pb collisions at

p
sNN = 2.76 TeV for di↵erent centralities. The orange panel represents

the soft part of the spectrum whereas the blue panel represents the hard part. Figure taken from
[8] and modified.
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Chapter 2

Glauber model and centrality of the
collision

Since the collisions do not always happen head-on, it is convenient to categorize them into
centrality classes. It is favourable also for better understanding and description of the physics
of the collisions. Therefore the centrality of a collision is introduced.

In simplicity, when two nuclei collide, only the overlapping area of the two nuclei is in fact
the region of the actual collision. This region varies from collision to collision and the fashion
in which a collision occurs a↵ects further evolution. From the point of view of the particle
multiplicity, let us as an example compare a central collision, where both of the nuclei fully
overlap, and a peripheral collision, where the overlapping area is small. The multiplicity of the
particles in the central collision is much higher than in the peripheral ones and also the e↵ects
of the QGP medium are shown most, whereas in peripheral collisions the e↵ect of the QGP
might not be even noticeable. Unfortunately, in an experiment it is impossible to distinguish
the centrality of a collision directly, however, using a model which would connect the particle
multiplicity with a corresponding centrality of the collision, it can be sorted later.

2.1 Glauber model
Firstly, before the whole mechanism of the Glauber model will be explained, let us introduce

some fundamental quantities and terms. One of the most significant is the impact parameter
b and it is defined as the distance between the centers of the colliding nuclei in the transver-
sal plane, i.e. the plane perpendicular to the direction of the flight of the nuclei (see Fig.2.1).
From the definition it is clear that for purely central collisions b = 0 and for any non-central
ones b > 0. There are also two types of the nucleons from the collision point of view. The
first type is participants, which are those nucleons which undergo at least one nucleon-nucleon
interaction, and thus indeed participate in the actual collision. The other type of the nucleons
is spectators. Spectators are the remaining nucleons which do not participate in the actual col-
lision in a sense that they do not interact with the nucleons from the other nucleus, and they
eventually fly away in the original direction. There are also wounded nucleons which are the
nucleons which undergo at least one inelastic nucleon-nucleon interaction. However, for most
of the cases, the wounded nucleons and participants coincide and the terms are interchangeable.

The Glauber model was designed and described in the 1950s by Roy J. Glauber. According
to [9], there were no systematic calculations treating the many-body nuclear systems as a pro-
jectile or as a target. Moreover, the results of the model were consistent with the experimental
results.

Now, let us have a look at the general basic assumptions and ideas of the Glauber model. It
is a geometrical model that treats the collision of the nuclei by following individual nucleons as
they pass the another nucleus. It is assumed in the model that for each subsequent collision the

27



inelastic cross section is constant. The main idea is that the nucleons from one nucleus (pro-
jectile) traverse the other nucleus (target) on straight lines and can undergo multiple collisions
with the nucleons from the target. The assumption of traversing the nucleus on straight line is
valid since the deflection sideways at high energies can be neglected for the time until the next
nucleon arrives. One last assumption is that the interactions between the nucleons during the
collision are independent.

For the model, nevertheless, some data are needed to be given as an input. First, the density
profile of the nucleons inside the nucleus is needed. Usually, the Woods-Saxon distribution of
such nuclear density is used, the form of which is

⇢(r) =
⇢0

1 + exp( r�R
a )
, (2.1)

where R is the radius of a nucleus, a is the thickness of the skin layer of a given nucleus and
⇢0 is the density in the center of the nucleus. The other important input is a cross section of
inelastic nucleon-nucleon collisions, which can be obtained from experimental measurement of
proton-proton collisions.

The Glauber model exists basically in two forms, the analytical Optical Glauber model and
numerical Monte Carlo Glauber model. Firstly, let us take a look at the analytical approach.

Glauber Modeling in Nuclear Collisions 8

Projectile B Target A

b zs

s-b

b
s

s-b

a) Side View b) Beam-line View

B

A

Figure 3: Schematic representation of the Optical Glauber Model geometry, with
transverse (a) and longitudinal (b) views.

2.3 Optical-limit Approximation

The Glauber Model views the collision of two nuclei in terms of the individual
interactions of the constituent nucleons (see, e.g., Ref. (27)). In the optical limit,
the overall phase shift of the incoming wave is taken as a sum over all possible
two-nucleon (complex) phase shifts, with the imaginary part of the phase shifts
related to the nucleon-nucleon scattering cross section through the optical theo-
rem(28,29). The model assumes that at su�ciently high energies, these nucleons
will carry su�cient momentum that they will be essentially undeflected as the
nuclei pass through each other. It is also assumed that the nucleons move inde-
pendently in the nucleus and that the size of the nucleus is large compared to the
extent of the nucleon-nucleon force. The hypothesis of independent linear tra-
jectories of the constituent nucleons makes it possible to develop simple analytic
expressions for the nucleus-nucleus interaction cross section and for the number
of interacting nucleons and the number of nucleon-nucleon collisions in terms of
the basic nucleon-nucleon cross section.

Consider Fig. 3. Two heavy-ions, “target” A and “projectile” B are shown
colliding at relativistic speeds with impact parameter b (for colliding beam ex-
periments the distinction between the target and projectile nuclei is a matter of
convenience). We focus on the two flux tubes located at a displacement s with
respect to the center of the target nucleus and a distance s � b from the center
of the projectile. During the collision these tubes overlap. The probability per
unit transverse area of a given nucleon being located in the target flux tube is
T̂A (s) =

�
�̂A(s, zA)dzA, where �̂A (s, zA) is the probability per unit volume, nor-

malized to unity, for finding the nucleon at location (s, zA). A similar expression
follows for the projectile nucleon. The product T̂A (s) T̂B (s � b) d2s then gives
the joint probability per unit area of nucleons being located in the respective
overlapping target and projectile flux tubes of di�erential area d2s. Integrating

Fig. 2.1: A sketch of the collision of two di↵erent nuclei in a) side view and b) view in the
direction of the flight of the nuclei. The impact parameter b, displacement s and flux tube (grey
area) are also illustrated. Figure taken from [9].

2.1.1 Optical Glauber model
Let us now focus on the analytical derivation of the model. Consider a simple situation when

two di↵erent nuclei are colliding and we shall name one of them projectile B and the other target
A. As it is illustrated in Fig.2.1, we focus on the flux tubes located at the displacement ~s within
the transverse plane with respect to the target A or ~s � ~b to the projectile B respectively. The
probability per unit transverse area of a given nucleon being located in the target flux tube in
nucleus A is

T̂A(~s) =
Z
⇢A(~s, zA)dzA and

Z
T̂A(b)d2b = 1, (2.2)

where ⇢A(~s, zA) is a probability density of finding a nucleon at the point (~s, zA). The probability
⇢A was obtained from (2.1) by dividing by the nucleon number A. The joint probability per

28



unit area of nucleons being located in the respective overlapping flux tubes of a di↵erential area
d2s of the target and the projectile can be expressed as T̂A(~s)T̂B(~s � ~b)d2s. From this, the joint
probability can be integrated to obtain a thickness function

T̂AB(~b) =
Z

T̂A(~s)T̂B(~s � ~b)d2s, (2.3)

which has a unit of inverse area. The corresponding probability of one nucleon-nucleon inter-
action to occur is T̂AB(~b)�NN

inel, where �NN
inel is the cross section of the nucleon-nucleon inelastic

interaction. Now, important remark is that the elastic processes are not considered in Glauber
model calculations due to very small contribution to the energy loss of nucleons. Therefore,
only the inelastic ones contribute to the calculations. The probability of n nucleon-nucleon in-
teractions between target A with A nucleons and projectile B with B nucleons is given by the
binomial distribution

P(n,~b) =
 
AB
n

!
T̂AB(~b)�NN

inel

�n
1 � T̂AB(~b)�NN

inel

�AB�n
, (2.4)

where the combinatorial term
⇣

AB
n

⌘
expresses the number of combinations for finding n collisions

out of AB possible nucleon-nucleon interactions, the second term gives the probability of having
n collisions and the last term gives the probability of having AB � n misses.

Finally, once we know the probability distribution, some useful quantities can be derived.
The total probability of an interaction of the target A and the projectile B is

d2�A+B
inel

db2 =

ABX

n=1

P(n,~b) = 1 �

1 � T̂AB(~b)�NN

inel

�AB
. (2.5)

Providing the colliding nuclei are not polarized, the impact parameter vector ~b can be replaced
by its scalar value as a distance of the centers of the nuclei. Using that, the total cross section is
then

�A+B
inel =

Z 1

0
2⇡bdb

⇢
1 �


1 � T̂AB(b)�NN

inel

�AB�
. (2.6)

Particularly important are the following two quantities. The total number of inelastic nucleon-
nucleon collisions Ncoll can be found as

Ncoll(b) =
ABX

n=1

nP(n, b) = ABT̂AB(b)�NN
inel. (2.7)

It can be seen, that the Ncoll expressed in the equation (2.7) depends on the inelastic nucleon-
nucleon cross section �NN

inel. The �NN
inel, however, grows with the collision energy. Therefore the

number of inelastic nucleon-nucleon collisions is also dependent on the collision energy
p

s.
The other important quantity is the number of participants Npart at given impact parameter b,
which is given by relation

Npart(~b) = A
Z

T̂A(~s)
⇢
1�


1�T̂B(~s�~b)�NN

inel

�B�
d2s+B

Z
T̂B(~s�~b)

⇢
1�


1�T̂A(~s)�NN

inel

�A�
d2s. (2.8)

The Npart energy dependence is much less significant, nonetheless, the total number of par-
ticles produced is scaled by Npart and so does particle multiplicity.

There are some di↵erences between the Optical model and Monte Carlo approach which
will be described in further section.
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2.1.2 Glauber Monte Carlo
In the Monte Carlo approach for the Glauber computations the nucleons in the colliding

nuclei are generated accordingly to the density distribution, e.g. (2.1), in the three-dimensional
coordinate system. Then, the impact parameter is taken randomly from the interval 0  b  2R
for each collision. Just like in the Optical model, the collision of the nuclei is treated as a set of
independent binary nucleon-nucleon collisions while the nucleons travel along straight lines and
the inelastic cross section is not a↵ected by the collisions occurred before. The nucleon-nucleon
collision occurs if the distance in the transverse plane between the nucleon from projectile and
the nucleon from the target is below some limit. The limit is usually chosen as

d 

s
�NN

inel

⇡
, (2.9)

and thus is dependent on the energy of the collision, see Fig.2.3.
If su�cient number of collisions is simulated, the distributions of the quantities Ncoll and

Npart can be obtained and the mean values can be computed.
The considerable di↵erence between the Monte Carlo and Optical model is the calculation

of the integrals in the Optical approach, where the optical limit is used. This results into the fact
that the incoming nucleons see the target as a smooth distribution of the nucleon density. Thus,
the computations for the total cross section, Npart and Ncoll give average values. However, in
Monte Carlo approach there are di↵erent values of Npart and Ncoll for each collision, because ev-
ery collision is given by statistical procedure. Therefore, the Monte Carlo approach introduces
fluctuations of Npart and Ncoll, which is favourable for event-by-event modelling.

Particular example of the Monte Carlo Glauber event generator is presented in more detail
in Chapter 5 and Chapter 8.

2.2 Centrality definition
Centrality can be generally defined as a percentage of the total nuclear cross section

c =
1
�AB

Z b

0

d�
db0

db0. (2.10)

According to the percentage, centrality classes are defined (see Fig.2.2) once the total integral
of the distribution is known. Alas, neither of Npart nor Ncoll can be directly measured in the
experiment, but a method for classification of the events with respect to the corresponding
centrality classes is was developed. Usual distribution measured in the experiment (such as
dNevt/dNch, where Nch is the number of charged hadrons) is used to map to the distribution
obtained from the Glauber model via connecting the mean values for each centrality class from
both measured and Glauber-obtained distributions. The important assumption for this method
is that the impact parameter b is monotonic function of particle multiplicity. For this reason,
one can expect high multiplicity of particles if b is small and low multiplicity if b is large.

Of course this is valid for the experimental estimation of the centrality. For this method
the centrality definition in the Glauber model is needed as well. In a model, there are many
ways how the centrality can be defined. Since the impact parameter is known, the centrality
classes can be based on the percentage of the impact parameter distribution. However, this may
cause inconsistencies in comparison with an experiment, since the two definitions do not fully
correspond to each other. The usual way to overcome this and to make the centrality classes
consistent with an experiment is to define centrality classes by the distribution of so called
RDS1, which is a combination of Npart and Ncoll and is proportional to the particle multiplicity.

1see Chapter 5 or Chapter 8 for more information
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3 Relating the Glauber Model to Experimental Data

Unfortunately, neither Npart nor Ncoll can be directly measured in a RHIC exper-
iment. Mean values of such quantities can be extracted for classes of (Nevt) mea-
sured events via a mapping procedure. Typically a measured distribution (e.g.,
dNevt/dNch) is mapped to the corresponding distribution obtained from phe-
nomenological Glauber calculations. This is done by defining “centrality classes”
in both the measured and calculated distributions and then connecting the mean
values from the same centrality class in the two distributions. The specifics of this
mapping procedure di�er both between experiments as well as between collision
systems within a given experiment. Herein we briefly summarize the principles
and various implementations of centrality definition.

3.1 Methodology

Figure 8: A cartoon example of the correlation of the final state observable
Nch with Glauber calculated quantities (b, Npart). The plotted distribution and
various values are illustrative and not actual measurements (T. Ullrich, private
communication).

The basic assumption underlying centrality classes is that the impact param-
eter b is monotonically related to particle multiplicity, both at mid and forward
rapidity. For large b events (“peripheral”) we expect low multiplicity at mid-
rapidity, and a large number of spectator nucleons at beam rapidity, whereas
for small b events (“central”) we expect large multiplicity at mid-rapidity and a
small number of spectator nucleons at beam rapidity (Figure 8). In the simplest

Fig. 2.2: An illustrative centrality distribution according to the mapping of final state observable
Nch and Glauber model computations. Figure taken from [9].

Fig. 2.3: The cross section � collision energy
p

sNN dependence. The inelastic cross section
�NN

inel (solid line) is presented as parametrized by Pythia. Also data for the total cross section �tot

and the elastic cross section �elastic are presented. Figure taken from [9].
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Chapter 3

Expansion of the medium

After the collision of the nuclei occurred and after the creation of the quark-gluon plasma,
the energy density is very high in the system. Moreover, once the nuclei collide, the strong
pressure gradients from the center of the medium created to its boundary are present. As a
consequence of the pressures, the medium starts to expand to the outer vacuum and starts to
move collectively. Such collective movement is commonly called flow.

There is a connection between the particle transverse momentum spectra (integrated over the
azimuthal angle) and radial expansion of the system, which is called radial flow, because the
flow makes the spectrum flatter (see Fig.3.1). The more flow is present, the more the spectrum
flattens, i.e. the more particles have higher values of transverse momentum. This fact will be
important for this work later.
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Fig. 3.1: Positive pion spectra from vHLLE simulation. The red circles represent evolution,
where less flow is present, whereas the blue triangles represent evolution with more flow.
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3.1 Anisotropic flow
Firstly, let us deal with some nomenclature again. There are several distinctive planes which

help to describe the collision. Probably the most significant one is called reaction plane. This
plane is defined by the impact parameter and the beam direction. The angle  RP reflects the ori-
entation of the two colliding nuclei with respect to the set of coordinates of the experiment x, y,
i.e. plane perpendicular to the beam direction. Experimental estimation of the reaction plane
is called event plane. The next one is symmetry plane which refers to the plane with respect
to which the flow is measured. The symmetry plane is defined because the participants may
fluctuate during the evolution of the expansion. Since the nucleons are randomly distributed in
the nuclei, the actual symmetry plane of the collision can be tilted with respect to the reaction
plane. This plane is called participant plane and takes into account the fluctuations of the posi-
tion of nucleons.

In an experiment, anisotropies in hadron azimuthal distribution are observed. In fact, there
are the pT spectra with di↵erent flatness in di↵erent directions. That leads to the idea, that there
is a di↵erent expansion in di↵erent directions. Using the defined planes (and corresponding an-
gles) above, flow can be thought as a correlation of the azimuthal angle of emitted particles with
respect to the symmetry plane. It basically shows the preferred direction of particle emission.
In order to parametrize the azimuthal anisotropies as individual components of the real flow it
is convenient to use a Fourier expansion of the distribution of hadrons in azimuthal angle

E
d3N
dp3 =

d2N
2⇡pT dpT dy

⇢
1 + 2

1X

n=1

vn(pT ) cos[n(' �  n)]
�
, (3.1)

where E is the particle energy, p the momentum, y refers to the rapidity, ' the azimuthal angle
of emission w.r.t set coordinates and  n the symmetry plane angle. On the grounds of physical
interpretation, these anisotropies are called anisotropic flow. The n-th Fourier coe�cient can be
expressed as

vn = hcos[n(' �  n)]i, (3.2)

and these coe�cients are called flow coe�cients. The angular brackets in (3.2) denote averag-
ing over all particles. In essence, the flow coe�cients give the order of the harmonic flow. For
n = 1 it is a case of directed flow and it can be interpreted as dipole deformation of hadron
distribution, which is not azimuthally symmetric. The second coe�cient, however, is crucial
for the study of anisotropic expansion of the medium. It is called elliptic flow or v2. In Fig.3.2,
there is an illustration of the fireball expansion.
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One of the most celebrated predictions of the collective behaviour of matter created in non-central
collisions of ultra-relativistic nuclei concerns its evolution in the transverse plane, which results from
the pressure gradients due to spatial anisotropy of the initial density profile [183,314] (see Figure 18).
The azimuthal anisotropy is usually quantified by the Fourier coefficients [315]:

vn = �cos[n(� � �n)]� , (66)

where � is the azimuthal angle of the particle, �n is the angle of the initial state spatial plane of
symmetry, and n is the order of the harmonic. In a non-central heavy ion collision, the beam axis and
the impact parameter define the reaction plane azimuth �RP. For a smooth matter distribution in the
colliding nuclei, the plane of symmetry is the reaction plane �n = �RP, and the odd Fourier coefficients
are zero by symmetry. However, due to fluctuations in the matter distribution (including contributions
from fluctuations in the positions of the participating nucleons in the nuclei—see Figure 11), the
plane of symmetry fluctuates event-by-event around the reaction plane. This plane of symmetry
is determined by the participating nucleons, and is therefore called the participant plane �PP [316].
Since the planes of symmetry �n are not known experimentally, the anisotropic flow coefficients are
estimated from measured correlations between the observed particles [299,317].

Figure 18. (a) A non-central collision of two nuclei leads to an almond-shaped interaction volume;
(b) This initial spatial anisotropy with respect to the reaction plane translates via pressure gradients
into (c) a momentum anisotropy of the produced particles. Reproduced from Ref. [30].

In the following, we shall restrict ourselves to the properties of the Fourier coefficients vn with
n = 2 and n = 3, which provide the dominant contributions to the observed azimuthal elliptic and
triangular asymmetry, respectively. The sensitivity of v2 to initial condition is illustrated on Figure 15
(right panel), where the centrality dependence of the elliptic flow in Pb + Pb collisions at �sNN =2.76
TeV is shown. For more details on the corresponding initial state models, see Section 4.4.3.

The left panel of Figure 19 shows the measured energy dependence of the integrated elliptic flow
coefficient v2 in one centrality bin. Starting from

�
sNN�5 GeV, there is a continuous increase of v2.

Below this energy, two phenomena occur. At very low energies, due to the rotation of the compound
system generated in the collision, the emission is in-plane (v2 > 0). At the laboratory kinetic energy
around 100 MeV/nucleon, the preferred emission turns into out-of-plane, and v2 becomes negative.
The slowly moving spectator matter prevents the in-plane emission of participating nucleons or
produced pions, which appear to be sqeezed-out of the reaction zone [318]. As the spectators move
faster, their shadowing disappears, changing the pattern back to the in-plane emission.

Fig. 3.2: An illustration of the development of a fireball. The initial spatial anisotropy is trans-
formed into the final momentum anisotropy. Figure taken from [10].
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As discussed in the previous chapter, the nuclei do not always (in fact in most of the events)
collide head-on. Hence, the medium, usually referred to as fireball, is produced in so called
almond shape and thus has non-zero second-order spatial anisotropy ✏x,

✏x =
hy2 � x2i
hy2 + x2i . (3.3)

The angular brackets denote averaging over the transversal plane. The pressure gradients in var-
ious directions in the created fireball have then di↵erent magnitude. The gradients are smaller
in the direction, in which the fireball extends to a longer size. The initial anisotropy is then due
to di↵erent pressure gradients transferred to the final particle production anisotropy, which is
possible only due to the presence of the strongly interacting medium. As a consequence of the
imbalance of the pressures, the elliptic flow arise and the initial spatial anisotropy decreases.
Then again, there is also an anisotropy in the momentum space ✏p,

✏p =
hTyy � Txxi
hTyy + Txxi

, (3.4)

where Txx and Tyy refer to the diagonal components of the energy momentum tensor of the
medium. As the spatial anisotropy vanishes, the momentum anisotropy grows in the perpendic-
ular direction.
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the local energy density e(x, y; �) as weight function, and the momentum
anisotropy

�p(�) =

�
dxdy (T xx � T yy)�
dxdy (T xx + T yy)

. (22)

Note that with these sign conventions, the spatial eccentricity is positive
for out-of-plane elongation (as is the case initially) whereas the momentum
anisotropy is positive if the preferred flow direction is into the reaction
plane.

Fig. 9. Time evolution of the spatial eccentricity �x and the momentum anisotropy �p

for Au+Au collisions at RHIC with b =7 fm.73

Figure 9 shows the time evolution of the spatial and momentum
anisotropies for Au+Au collisions at impact parameter b =7 fm, for RHIC
initial conditions with a realistic equation of state (EOS Q, solid lines) and
for a much higher initial energy density (initial temperature at the fire-
ball center =2 GeV) with a massless ideal gas equation of state (EOS I,
dashed lines).73 The initial spatial asymmetry at this impact parameter is
�x(�equ)= 0.27, and obviously �p(�equ)= 0 since the fluid is initially at rest
in the transverse plane. The spatial eccentricity is seen to disappear before
the fireball matter freezes out, in particular for the case with the very high
initial temperature (dashed lines) where the source is seen to switch orien-
tation after about 6 fm/c and becomes in-plane-elongated at late times.74

One also sees that the momentum anisotropy �p saturates at about the
same time when the spatial eccentricity �x vanishes. All of the momentum
anisotropy is built up during the first 6 fm/c.

Fig. 3.3: An example of the time dependence of both spatial and momentum anisotropies. The
shape of the evolution depends on EOS. Figure taken from [11].

Together with the evolution of spatial anisotropy and formation of the elliptic flow, the
momentum anisotropy can provide information about the equation of state of the strongly in-
teracting matter as it carries the information about the energy-momentum development during
the evolution of the medium. Though ✏p cannot be directly observed in the experiment, its de-
pendence on equation of state is reflected in the elliptic flow, which can be also parametrized
as

v2 =
hp2
y � p2

xi
hp2
y + p2

xi
, (3.5)

where px, py are momenta of hadrons produced in corresponding directions. The elliptic flow
is then a consequence of the momentum anisotropy.

The final value of the flow is sensitive to initial conditions before the evolution (i.e. the
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distribution of initial energy density in the transverse plane) and to transport coe�cients (shear
viscosity,...). Such quantities are important for hydrodynamical description of the evolution of
the medium.

3.1.1 Elliptic flow centrality dependence
Elliptic flow shows strong centrality dependence. As seen in Fig.3.4, for central collisions,

which corresponds to centrality percentile around 0% (as described in previous chapter), the
elliptic flow coe�cient becomes small. In fact, the elliptic flow is not just a consequence of
the initial almond-shaped fireball, but also the e↵ect of fluctuations of positions of the nucleons
inside the nuclei. This can be seen (Fig.3.4) at centrality close to zero. If the elliptic flow was
caused only by the ”almond” shape of the fireball, the values of v2 would decrease to zero.
The values of v2, however, are not zero, since the fluctuations are present. As the centrality
rises, the values of elliptic flow rise as well up to the point of saturation and for very peripheral
collisions the values start to drop down again. For central collisions, the small values of v2 are
a result of the fact that there is still very small initial spatial anisotropy due to fluctuations of
the nucleons, which is then transformed into the momentum anisotropy. On the other hand, for
the peripheral collisions it is the e↵ect of the system not being long-lived enough to transfer
the initial anisotropy completely. However, the e↵ect of jets can also be seen in the figure, for
pT = 3 � 6 GeV, which are less suppressed in the shorter direction of the fireball.

ities [7] but is in agreement with some models that include
viscous corrections which at the LHC become less impor-
tant [12,15–18].

In summary we have presented the first elliptic flow
measurement at the LHC. The observed similarity at
RHIC and the LHC of pt-differential elliptic flow at low
pt is consistent with predictions of hydrodynamic models
[7,14]. We find that the integrated elliptic flow increases
about 30% from

!!!!!!!!
sNN

p ! 200 GeV at RHIC to
!!!!!!!!
sNN

p !

2:76 TeV. The larger integrated elliptic flow at the LHC is
caused by the increase in the mean pt. Future elliptic flow
measurements of identified particles will clarify the role of
radial expansion in the formation of elliptic flow.
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CONACYT, DGAPA, México, ALFA-EC, and the
HELEN Program (High-Energy physics Latin-American-
European Network); Stichting voor Fundamenteel
Onderzoek der Materie (FOM) and the Nederlandse
Organisatie voor Wetenschappelijk Onderzoek (NWO),
Netherlands; Research Council of Norway (NFR); Polish
Ministry of Science and Higher Education; National
Authority for Scientific Research–NASR (Autoritatea
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lants the measurements are shown for all charged particles (full
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p ! 200 GeV, integrated over the pt range 0:15< pt <
2:0 GeV=c, for the event plane v2fEPg and Lee-Yang zeros are
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Fig. 3.4: Integrated elliptic flow (over pT ) as a function of the centrality. Figure taken from [12].

3.1.2 Elliptic flow momentum dependence
In Fig.3.5, typical transverse momentum dependence of elliptic flow is shown. As one could

expect, the value of the v2 coe�cient rises as pT of the particles gets higher. If pT is zero, then
elliptic flow has to be zero as well. This is a result of symmetry - if there is no transverse
direction, the flow cannot be even defined. For low and intermediate transverse momentum it
is the case of the bulk part of the particle spectrum, i.e. the soft part. This corresponds to the
e↵ect of the evolution of the fireball. Low pT particles are produced from thermalized fireball.
For higher pT the particles are produced from regions of homogeneity which are smaller than
the fireball and spatially deformed.
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ITS-TPC and TPC stand-alone tracking are in excellent
agreement. Because of the smaller corrections for the
azimuthal acceptance, the results obtained using the TPC
stand-alone tracks are presented in this Letter.

The pt-differential flow was measured for different
event centralities using various analysis techniques. In
this Letter we report results obtained with 2- and 4-particle
cumulant methods [34], denoted v2f2g and v2f4g. To cal-
culate multiparticle cumulants we used a new fast and
exact implementation [35]. The v2f2g and v2f4g measure-
ments have different sensitivity to flow fluctuations and
nonflow effects—which are uncorrelated to the initial ge-
ometry. Analytical estimates and results of simulations
show that nonflow contributions to v2f4g are negligible
[36]. The contribution from flow fluctuations is positive
for v2f2g and negative for v2f4g [37]. For the integrated
elliptic flow we also fit the flow vector distribution [38] and
use the Lee-Yang zeros method [39], which we denote by
v2fq-distg and v2fLYZg, respectively [40]. In addition to
comparing the 2- and 4-particle cumulant results we also
estimate the nonflow contribution by comparing to corre-
lations of particles of the same charge. Charge correlations
due to processes contributing to nonflow (weak decays,
correlations due to jets, etc.) lead to stronger correlations
between particles of unlike charge sign than like charge
sign.

Figure 2(a) shows v2!pt" for the centrality class 40%–
50% obtained with different methods. For comparison, we
present STAR measurements [41,42] for the same central-
ity from Au-Au collisions at

!!!!!!!!
sNN

p # 200 GeV, indicated
by the shaded area. We find that the value of v2!pt" does
not change within uncertainties from

!!!!!!!!
sNN

p # 200 GeV to
2.76 TeV. Figure 2(b) presents v2!pt" obtained with the 4-
particle cumulant method for three different centralities,
compared to STAR measurements. The transverse momen-
tum dependence is qualitatively similar for all three cen-
trality classes. At low pt there is agreement of v2!pt" with
STAR data within uncertainties.

The integrated elliptic flow is calculated for each cen-
trality class using the measured v2!pt" together with the
charged particle pt-differential yield. For the determina-
tion of integrated elliptic flow the magnitude of the charged
particle reconstruction efficiency does not play a role.
However, the relative change in efficiency as a function
of transverse momentum does matter. We have estimated
the correction to the integrated elliptic flow based on
HIJING and THERMINATOR simulations. Transverse momen-
tum spectra in HIJING and THERMINATOR are different,
giving an estimate of the uncertainty in the correction.
The correction is about 2% with an uncertainty of 1%. In
addition, the uncertainty due to the centrality determina-
tion results in a relative uncertainty of about 3% on the
value of the elliptic flow.

Figure 3 shows that the integrated elliptic flow increases
from central to peripheral collisions and reaches a

maximum value in the 50%–60% and 40%–50% centrality
class of 0:106$ 0:001!stat" $ 0:004!syst" and 0:087$
0:002!stat" $ 0:003!syst" for the 2- and 4-particle cumu-
lant method, respectively. It is also seen that the measured
integrated elliptic flow from the 4-particle cumulant, from
fits of the flow vector distribution, and from the Lee-Yang
zeros method, are in agreement. The open markers in Fig. 3
show the results obtained for the cumulants using particles
of the same charge. The 4-particle cumulant results agree
within uncertainties for all charged particles and for the
same charge particle data sets. The 2-particle cumulant
results, as expected due to nonflow, depend weakly on
the charge combination. The difference is most pro-
nounced for the most peripheral and central events.
The integrated elliptic flow measured in the 20%–30%

centrality class is compared to results from lower energies
in Fig. 4. For the comparison we have corrected the inte-
grated elliptic flow for the pt cutoff of 0:2 GeV=c. The
estimated magnitude of this correction is !12$ 5"% based
on calculations with THERMINATOR. The figure shows that
there is a continuous increase in the magnitude of the
elliptic flow for this centrality region from RHIC to LHC
energies. In comparison to the elliptic flow measurements
in Au-Au collisions at

!!!!!!!!
sNN

p # 200 GeV, we observe
about a 30% increase in the magnitude of v2 at

!!!!!!!!
sNN

p #
2:76 TeV. The increase of about 30% is larger than in
current ideal hydrodynamic calculations at LHC multiplic-
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Fig. 3.5: v2 as a function of pT from ALICE measurement. Figure taken from [12].

3.1.3 Measurement of flow
There are several methods for computing the elliptic flow from the data. Here the two most

commonly used are discussed, i.e. the event plane method and the cumulant method.

3.1.3.1 Event plane method

The first method, which will be discussed is the event plane method. As mentioned in
section 3.1, the event plane is the experimental approximation of the reaction plane, which is
the plane defined by impact parameter and the beam direction. For this method the event flow
vector Qn and the event plane angle  n are defined as

Qn cos n n = Qx
n =

X

i

wi cos n'i (3.6)

Qn sin n n = Qyn =
X

i

wi sin n'i (3.7)

 n =
1
n

arctan
✓Qyn
Qx

n

◆
, where  n 2


� ⇡

n
,
⇡

n

◆
. (3.8)

The summation in (3.6) and (3.7) runs over all particles. The n denotes the order of the harmon-
ics, 'i refers to the azimuthal angle of the i-th particle and wi is a weight for the i-th particle,
which is usually chosen as particle transverse momentum pT .

As mentioned above in (3.2), the observed elliptic flow can be expressed as
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vobs
2 = hcos[2(' �  n)]i, (3.9)

where the averaging is over all particles. In order to avoid self-correlation e↵ects, the particles
used for computing the v2 are excluded from the computation of the flow vectors. Since the
event plane may fluctuate due to the finite number of particles, the correction to the vobs

2 has to
be introduced. The event plane resolution is defined as a correlation of the event plane with the
reaction plane

Rn = hcos[2( n �  RP)]i, (3.10)

where here the angular brackets refer to averaging over all events. The observed elliptic flow
has to be divided by the resolution Rn in order to obtain the corrected elliptic flow as

v2 =
vobs

2

hcos[2( n �  RP)]i . (3.11)

Since the reaction plane angle  RP cannot be obtained directly, the denominator in (3.11)
can be rewritten by the correlation of two subset groups of particles, called sub-events A and B
as

hcos[2( n �  RP)]i = C
q
hcos[2( A

n �  B
n )]i, (3.12)

where the factor C can be calculated from the multiplicity dependence of the resolution.

3.1.3.2 Cumulant method

As previously explained, the symmetry plane cannot be measured exactly and the estimation
of the event plane carries a certain uncertainty. Computing flow coe�cient from such estimation
can provide quite imprecise results. Instead of the estimation of the event plane, are often
measured particle correlations. From the definition of the flow coe�cient (where the brackets
refer to averaging over the particles):

vn = hcos[n(' �  n)]i = hei[n('� n)]i. (3.13)

Now, for the two particle correlation function we write the two-particle cumulants of the vn
distribution in the form

cn{2} = hhei[n('1�'2)]ii = hhei[n('1� n�('2� n)]ii
= hhei[n('1� n)]ihe�i[n('2� n)]i + �2i = hv2n + �2i,

(3.14)

where the second brackets refer to averaging over all events. For four-particle cumulants

cn{4} = hhei[n('1+'2�'3�'4]ii � 2hhei[n('1�'2]ii2

= hv2n + �4 + 4v2n�2 + 2�2
2i � 2hv2n + �2i2 = h�v4n + �4i.

(3.15)

The delta symbols in cumulant expressions are called non-flow. Non-flow e↵ects, such as jets,
resonance decays or particles not correlated to the symmetry plane tend to increase the flow
signal. However, it is possible to get rid of the non-flow e↵ects of higher order by computing
higher order cumulants as seen when comparing (3.14) and (3.15).
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Chapter 4

Hydrodynamic modelling

For the description of the evolution of the quark-gluon plasma, an approach which treats
the QGP hydrodynamically was proved to be useful. The collective behaviour of the medium
is well described by relativistic equations of fluid dynamics. Signs of collectivity such as radial
and elliptic flow are sensitive to the equation of state which is a crucial ingredient of hydrody-
namic models. Let us introduce basic hydrodynamic equations and principles of hydrodynamic
modeling.

Generally, basic assumption for fluid computations are, that the system is composed of many
volume elements which contain large number of particles and every volume element has a dif-
ferent density and collective velocity. Mean free path, i.e. the distance without any interaction,
of the particles is much smaller than macroscopic scale of the whole system. The state of the
system is defined by velocity field and some other two thermodynamic variables.

4.1 Relativistic ideal fluid dynamics
Unlike in computations for non-relativistic ideal fluid, the mass and the number of parti-

cles is not conserved in the relativistic case, since new baryon-antibaryon pairs can be created
(conserving baryon number), moreover, non-strange mesons can be created freely (since there
is no meson charge). Then again, strangeness must be conserved and strange mesons are also
produced in pairs (but this could be pairs of meson-baryon, e.g. kaon and Lambda). On the
other hand, the conserved quantities are energy, momentum and charge. The conservation of
local energy-momentum can be written as

@⌫T µ⌫ = 0. (4.1)

In this expression, the energy-momentum tensor corresponds to the local flow of energy and
momentum through a surface. Should dp=(dE, dpx, dpy, dpz) be di↵erential 4-momentum and
dx=(dt, dx, dy, dz) di↵erential space-time 4-vector, the components of the energy-momentum
tensor can be written for µ = ⌫ = 0 as

T 00 =
dE

dxdydz
=

dE
dV
= " (4.2)

where " denotes the energy density, c = 1, and for i = j

T 11 =
dpx

dtdydz

T 22 =
dpy

dtdxdz

T 33 =
dpz

dtdxdy
.

(4.3)
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Since the common part of energy-momentum tensor components dp
dt is an expression for a force

and this force is exerted on a di↵erential surface, the Pascal law can be formulated

T i j = p · �i j, (4.4)

where p denotes pressure. Using this, the energy-momentum tensor in the rest frame can be
expressed as

T =

0
BBBBBBBBBBBBB@

" 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

1
CCCCCCCCCCCCCA
. (4.5)

In order to obtain an expression for T µ⌫ in any moving frame, not only the rest frame, the
Lorentz transformation has to by applied on the tensor

T µ⌫ = ⇤⇢µ⇤
�
⌫ T µ⌫RF , (4.6)

where ⇤µ⌫ is a Lorentz transformation and label RF refers to the rest frame. Using the fact that
an expression for 4-velocity can be obtained the from the Lorentz transformation as uµ = ⇤µ0
and the term ⇤

⇢
i⇤
�
i = u⇢u��g⇢�, where the summation over i is assumed (gµ⌫ is a metric tensor)

the energy-momentum tensor can be rewritten into the well-known form

T µ⌫ = (" + p)uµu⌫ � p · gµ⌫. (4.7)

The equations of relativistic hydrodynamics are the equation of local energy-momentum
conservation (4.1) where T µ⌫ now has the form (4.15). However, two more equations are needed
to have a complete set of equations. Because mass is not conserved in the relativistic case, other
quantity has to be chosen. Fortunately, the charge is conserved even in relativistic case, so the
first of the equations is

@µNµ = 0 where Nµ = n · uµ (4.8)

and n is charge density. The other equation needed is the equation of state, p = p(", n), n here
denotes baryon density (but could also be strangeness, in which case we would have another
charge flow and another conservation equation).

For practical purposes, the hydrodynamic equation can be projected into the directions along
uµ and into the direction perpendicular to uµ by defining a projector

�µ⌫ = g
µ⌫ � uµu⌫ so that �µ⌫u⌫ = 0. (4.9)

The equations can be then rewritten into the forms, which are analogous to continuity equation

uµ@⌫T µ⌫ = u⌫@⌫" + (" + p)@⌫u⌫ = 0 (4.10)

and to Euler equations

�↵µ@⌫T
µ⌫ = (" + p)u⌫@⌫u↵ � �↵⌫@⌫p = 0. (4.11)

4.2 Relativistic viscous hydrodynamics
Alas, the real fluid is not ideal and thus some modifications to the fluid equations have to be

done. A real fluid has, compared to the ideal one, more parameters to be considered.
Let us begin by introduction of classical non-relativistic Navier-Stokes equations, which

describe viscous fluid
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⇢(@tvi + vk@kvi) = �@i p + ⌘�vi + (⇣ +
⌘

3
)@i(@kvk). (4.12)

Here, new parameters appear and correspond to two viscosity types - ⌘ denotes shear viscosity
and ⇣ bulk viscosity. The first type, shear viscosity, quantifies the resistance or unwillingness
to fast deformation. In a microscopic scale, it can also be thought of as momentum transfer
between thin fluid layers. The other type of viscosity, bulk viscosity, quantifies the resistance
of the bulk to its fast expansion or compression. Both of these viscosities remain valid even for
relativistic fluids and play an important role in the evolution of such fluids. Let us now derive
hydrodynamic equations for relativistic viscous fluids.

The hydrodynamic equations for the viscous case has the same general form as for the ideal
fluid, i.e. (4.1). Nevertheless, since the fluid is not ideal anymore, the energy-momentum tensor
and also charge have to contain additional terms

T µ⌫ = (" + p)uµu⌫ � p · gµ⌫ +Wµu⌫ +W⌫uµ + ⇧µ⌫

Nµ = nuµ + vµ,
(4.13)

where Wµ is the energy flow in the local rest frame and ⇧µ⌫ is yet to be determined in following
steps. The prescription of the flow velocity uµ can be chosen in so called Landau frame as

uµ =
T µ⌫u⌫p

u↵T↵�T��u�
, (4.14)

so uµ is the energy flow velocity and thus as a consequence Wµ = 0. The energy-momentum
tensor then takes the form

T µ⌫ = (" + p)uµu⌫ � p · gµ⌫ + ⇧µ⌫. (4.15)

In simplicity, the form of ⇧µ⌫ shall be determined next. Because of the presence of viscosity,
the entropy should increase

@µ(suµ) > 0, (4.16)

where s is the entropy density. Using equations (4.10) together with (4.15) one obtains

T@µ(suµ) = ⇧µ⌫@µu⌫. (4.17)

Here T stands for the thermodynamic temperature. The notation @(µu⌫) = 1
2 (@µu⌫ + @⌫uµ) will be

used onward. Also, the right hand side term ⇧µ⌫@µu⌫ is symmetric in the µ and ⌫ indices. By
separating the ⇧µ⌫ into traceless and non-traceless parts one obtains

⇧µ⌫ = ⇡µ⌫ � �µ⌫⇧ ,where Tr(⇡) = 0, (4.18)

and �µ⌫ corresponds to the projector defined in (4.9). For the derivative term @hµu⌫i one can
introduce

@hµu⌫i =
1
2

(�↵µ�
�
⌫ + �

�
µ�
↵
⌫ ) �

1
3
�µ⌫�

↵�
�
@↵u�, (4.19)

which is also traceless. Using these relations, the right hand side of (4.17) can be rewritten as

T@µ(suµ) = ⇧µ⌫@µu⌫ = ⇡µ⌫@hµu⌫i � ⇧@�u�. (4.20)

Since the entropy cannot decrease, the condition (4.16) can be fulfilled only if

⇡µ⌫ = ⌘@hµu⌫i and ⇧ = �⇣@µuµ, (4.21)
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where ⌘ > 0 is identified with shear viscosity and ⇣ > 0 bulk viscosity. The ⇡µ⌫ is then called
shear stress tensor and ⇧ is bulk pressure. At last, we arrive at relativistic Navier-Stokes equa-
tions projected to the direction parallel to uµ and the direction perpendicular to uµ respectively

D" + (" + p � ⇣r↵u↵)@µuµ � 2⌘@h↵u�i@h↵u�i = 0 (4.22)

and

(" + p � ⇣@↵u↵)Duµ � @µ(p � ⇣r↵u↵) + 2�µ↵@�
✓
⌘@h↵u�i

◆
= 0. (4.23)

Here the notation D ⌘ uµ@µ is used. Both of these equations (4.22) and (4.23) can be used in
a numerical algorithm and after the initial state, boundary conditions and the equation of state
are provided, the equations can be solved.

However, these equations have some di�culties. The spectral analysis of relativistic Navier-
Stokes equations shows, that the equations are acausal, which causes instabilities in the com-
putations. Therefore, in order to obtain a causal theory, the equations have to be modified and
relaxation parameters need to be introduced. The left hand side of the equations (4.21) have
then additional terms

⇡µ⌫ = ⌘@hµu⌫i =) ⌧⇡D⇡µ⌫ + ⇡µ⌫ = ⌘@hµu⌫i = ⇡NS

⇧ = �⇣@µuµ =) ⌧⇧D⇧ + ⇧ = �⇣@µuµ = ⇧NS .
(4.24)

The parameters ⌧⇡ = ⌧⇡(⌘) and ⌧⇧ = ⌧⇧(⇣) are called relaxation times and are linear functions of
the corresponding viscosity. Recalling the condition (4.16) still needs to be satisfied, an analo-
gous procedure as for derivation of relativistic Navier-Stokes equations leads to the commonly
used form of relativistic viscous hydrodynamic equations

D⇡hµ⌫i = �
⇡µ⌫ � ⇡µ⌫NS

⌧⇡
� 4

3
⇡µ⌫@↵u↵

D⇧ = �⇧ � ⇧NS

⌧⇧
� 4

3
⇧@↵u↵.

(4.25)

The relaxation time ⌧⇡ = k·⌘
sT , where k has typical values in interval from 3 to 5. These equations

are now causal and thus provide more stability to the numerical computations.

4.3 Basic principles of hydrodynamic numerical methods
The most common approach of hydrodynamic numerical computations is based on the evo-

lution of the fluid via (4.25) and (4.1) type of equations, which were derived from the principle
of energy-momentum conservation, as can be seen in the both of the previous sections. Once an
initial state energy or entropy distribution is provided, it is transformed into the fluid. The fluid
created is then divided into many fluid cells, each of which contains its total energy-momentum
T 0i. While the total energy-momentum in whole system is conserved, the energy and momen-
tum is transported between the cells by fluxes T i j. Subsequently, every cell has also its own
velocity, which is key for viscosity introduction, as mentioned in previous section.

In addition to the hydrodynamic equations, there are several inputs needed for the computa-
tion. One of them is an aforementioned initial state with initial conditions. In other words, the
initial energy-momentum distribution (i.e. energy-momentum tensor) has to be provided. The
charge distribution has to be given as well. As such initial state simulators, a Glauber Monte
Carlo algorithms can be used among many others. The profile of initial conditions a↵ects the
hydrodynamic evolution substantially, because as various initial state generators provide di↵er-
ent initial conditions (as can be seen in Fig.4.1), the fluid created has the same properties but
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evolves di↵erently due to di↵erent initial states. The other important inputs, which in fact we
want to study, are the equation of state p = p(", n), which connects the energy density and pres-
sure, and the transport coe�cients ⇣, ⌘. The EOS and the viscosities can be studied from final
observables investigation. The observable obtained from the simulations, where the equation of
state and transport coe�cients are known, can be compared to the observables measured by an
experiment and therefore important data can be retrieved.

As the initial conditions are needed before the hydrodynamic evolution, the final conditions
are needed after it. The hydrodynamic evolution stops at the point when the critical energy
density is reached and the remainder of the fireball evolution is usually simulated by a trans-
port code. After the hydrodynamic evolution stops, a hypersurface ⌃ of constant temperature or
constant energy density is formed. At this hypersurface the fluid decouples and the momentum
distribution is finally set for the transport simulations. From the kinetic theory of matter, the
form of the particle momentum distribution can be obtained by means of well known Cooper-
Frye formula

p0 d3N
dp3 =

Z

⌃

d⌃µpµ f (x, p). (4.26)

Nowadays the particlization process is used. After this process, the momentum distribution can
still change. Particles are created from the fluid and exist in a form of hadron resonance gas.
Each hadron species is distributed in one corresponding hadron gas. The distribution of the i-th
species in thermal and chemical equilibrium (or close to it) has usually the form of

fi(x, p) = fi,eq =
gi

(2⇡)3

1

exp
✓

p⌫u⌫�µi(x)
T (x) ± 1

◆
,

(4.27)

where gi is the degeneracy factor, µi(x) local chemical potential and T (x) is local temperature.
When viscous hydrodynamic approach is used, the usual modification of the distribution can be
done as

fi = fi,eq + fi,eq(1 ± fi,eq)
pµp⌫⇡µ⌫

2(" + p)T 2 . (4.28)

These hadrons are then rescattered via a hadronic cascade afterburner code (e.g. UrQMD) in
order to get final distribution and for even better modelling.
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Fig. 4.1: Various initial energy distribution for the same configuration of nucleons and impact
parameter b = 4 fm as outputs of di↵erent generators. From top left: MC-Glauber, MC-KLN
model. Bottom: IP-Glasma for two settings of relaxation time. Figure taken from [13].
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Chapter 5

Hybrid vHLLE package

For modelling heavy-ion collisions so called hybrid model concept is commonly used. Es-
sentially, it is three step procedure of generating initial conditions ( i.e. initial energy distribu-
tion), then the initial state is transformed into a fluid, which is evolved by hydrodynamic code
and the last part is creation of particles out of the fluid, particlization, and their rescattering.
The hybrid vHLLE package does contain the hydrodynamic code, but the initial conditions
generator and a final transport model must be provided.

5.1 Initial conditions
Basically, the initial state generators simulate the initial collision of the primary nuclei. The

collision takes place according to the physical approach of given model. Moreover, only one
collision must be generated at a time since the model works in event-by-event mode. The output
of the initial state generator is usually an energy density profile or entropy profile. As stated
above, the vHLLE package does not contain such initial conditions generator, so some of the
available generators have to be used, such as UrQMD [14], Glissando [15], [16], [17] or Trento
[18]. In this part let us focus on the Glissando generator, because in this work we shall explore
the Glauber Monte Carlo initial state models.

5.1.1 Glissando
The name Glissando stands for GLauber Initial-State Simulation AND mOre. As the name

suggests, Glissando is a Glauber Monte Carlo simulator of the nucleus-nucleus collisions. The
principle of the simulation can be summarized into the following steps.

First, the positions of nucleons in the colliding nuclei are generated according to the Woods-
Saxon nuclear density. In fact, only the centers of nucleons are generated by the Woods-Saxon
density, however, since the nucleons are not point-like objects, a minimal distance between each
two nucleons has to be kept in order to reproduce short-range repulsion of nuclear forces. For
maintaining such spacing, parameters of the distribution have to be chosen in a way to reproduce
density distribution obtained by electron-nucleus scattering combined with Gaussian nucleon
charge profile. Usual scale for the distance between the nucleons is a fraction of femtometer.
The distancing of nucleons, together with a shift of the generated coordinates to the center-of-
mass frame of the nucleus, cause change of the shape of the density distribution and must be
taken into account.

In order to collide the generated nuclei at certain centrality, the impact parameter has to be
introduced. For systemization of the collisions, the centrality classes can be chosen either by
means of the impact parameter or relative deposited strength, which will be discussed later in
this section. The condition for the collision to take place is that the distance between the center
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of one nucleon from one nucleus to the center of another nucleon from the other nucleus has to
be less than wounding distance

r0 =

r
�w
⇡
, (5.1)

where �w is the nucleon-nucleon inelastic cross section at given collision energy. From this it
can be seen, that for various collision energies, the wounding distance has di↵erent value, as the
cross section grows as a function of collision energy.

During the collision a certain amount of energy is deposited at the area of a source, which is
meant as individual deposition of the transverse energy at a definitive position in the transverse
plane. This energy deposited might vary from source to source and in order to be able to observe
these fluctuations the relative deposited strength (RDS) is introduced. This quantity is defined
as

RDS = (1 � ↵)
Npart

2
+ ↵Ncoll, (5.2)

where ↵ is an energy-dependent parameter, Npart is the number of participants and Ncoll is the
number of binary collisions. The RDS is proportional to the particle multiplicity, in fact, the
first term corresponds to the soft part of the particle spectrum and the other term to the hard
part.

Glissando includes several settings for the modelling of centrality selection - wounded nu-
cleon model, binary collisions model and mixed model. For the wounded nucleon model the
RDS has the value of one half of the number of the wounded nucleons, therefore corresponds
to ↵ = 0 in (5.2). In binary collisions model the RDS has the same value as the number of
binary collisions, this coincides with ↵ = 1. Nevertheless, best results are obtained by mixed
model which combines wounded nucleons model with binary collisions. Here, the value of the
↵ parameter lies in the interval (0,1) and has to be determined for given collision energy.

As an output, Glissando provides the positions of the sources in the transversal plane and
the corresponding RDS value. The sources then have to be transformed into the fluid in order
to execute hydrodynamical computations.

For the description of Glissando in more detail see [15] and [16].

5.2 vHLLE
The vHLLE code is the main part of the package, which contains the 3+1 dimensional

viscous hydrodynamic computations. But before the hydrodynamic computations can begin,
the initial state needs to be transformed into a viscous fluid. Basically, the energy-momentum
tensor created and divided into a spatial grid. For each cell of the grid the energy-momentum
tensor is filled and after all cells are prepared, the grid is smeared in order to get smoother
distribution. Then the fluid can be evolved by the hydrodynamic equations until the critical
energy density is reached, i.e. until freeze-out.

For Glissando one more procedure has to be done. Since the output from Glissando is only
in transverse plane (thus in 2D), the energy distribution has to be extended into the rapidity.
This is done as suggested in [19], [20]. The whole procedure is described in more detail in
Chapter 8.

The name vHLLE is a shortcut for viscous Harten-Lax-van Leer-Einfeldt. The HLLE is a
common method for solving Riemann problem, which is a type of problem naturally appearing
in the solution of Euler-like equations, thus in hydrodynamics. The Riemann problem is defined
as a problem concerning conservation equations with piecewise initial conditions, which has a
single discontinuity at the area of interest. This means, that the Riemann problem appears at the
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borders of the cells of the hydrodynamic grid, when e.g. energy has to be transferred between
the two neighbouring cells.

There are many other approaches for the solution of Riemann problem, but here, the very
basic idea of HLLE solution is presented. The HLLE approach is based on Godunov method.
The fundamental idea of this method is that for each cell of the grid, into which the fluid is
divided, the conserved variables, such as energy-momentum density, are set. According to
these conserved variables the flow variables1 are introduced, such as pressure and velocity. The
flow variables are limited in order to have linear profile in each cell. Now, the most appealing
step is to solve Riemann problem at the boundaries between each two cells in order to obtain
resolved states or fluxes. The new conserved variables, for next step in evolution, are then a
combination of the old conserved variables with the resolved states.

To explain the paragraph above more illustratively, one can imagine a tube divided into
several cells. Let us have vector of conserved variables in i-th cell during the n-th time step Qn

i .
Then, at the boundary between i-th and (i + 1)-st cell, there is a flux F(Qn

i ,Q
n
i+1). Since each

cell has two boundaries the new conserved variables of i-th cell for (n + 1)-st time step is

Qn+1
i = Qn

i �
�t
�x

✓
F(Qn

i ,Q
n
i+1) � F(Qn

i�1,Q
n
i )
◆
, (5.3)

where �t is a size of the time step and �x size of the cell. This procedure is done at each time
step for each two cells until the hydrodynamic computations are finished after the final time
step.

Back to the model itself, the hydrodynamic equations are solved in Israel-Stewart frame-
work. The equations are in the form

�̃
✓
@⌧ + ṽi@̃i

◆
⇡̃µ⌫ = �

⇡̃µ⌫ � ⇡̃µ⌫NS

⌧⇡
+ Iµ⌫⇡

�̃
✓
@⌧ + ṽi@̃i

◆
⇧ = �⇧ � ⇧NS

⌧⇧
+ I⇧,

(5.4)

together with

@⌫T µ⌫ = 0 (5.5)

and the full solution of the equations can be summarized in three steps. Firstly, only the ideal
part (without the viscous terms) is evolved over full timestep in order to obtain the ideal part
of the solution. Secondly, the Israel-Stewart equations are solved to propagate ⇡µ⌫ and ⇧ to the
next timestep and Navier-Stokes terms are computed in the half-step. In the last step the equa-
tions are evolved with viscous terms only. For the longitudinal expansion the Milne coordinates
are used.

One of the main features of the vHLLE code is that the common assumptions of boost-
invariant longitudinal expansion and zero net-baryon density in the entire system are relaxed.
Such loosening of those assumptions is necessary for collisions at lower energies, such as those
energies

p
sNN = 7.7 � 62.4 GeV at RHIC Beam Energy Scan.

Last year brought a crucial improvement for the vHLLE code. In addition to already im-
plemented shear viscosity, the bulk viscosity was used as well. There are several bulk viscosity
parametrizations available. The first parametrization is given by

1note: di↵erent quantity from anisotropic flow
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⇣

s
(T ) =

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

0.03 + 0.9e
T/Tp�1
0.0025 + 0.22e

T/Tp�1
0.022 T < 180 MeV

27.55 T
Tp
� 13.45 � 13.77 T

Tp

2 180 MeV < T < 200 MeV

0.001 + 0.9e
�(T/Tp�1)

0.0025 + 0.25e
T/Tp�1

0.13 T > 200 MeV,

(5.6)

where T is the temperature and Tp = 180 MeV. The first parametrization is referred as Param.
I in Fig.5.1. The second parametrization, Param. II in Fig.5.1, is defined as

⇣

s
(T ) =

8>>>>>>>><
>>>>>>>>:

Bnorm
B2
width

(T/Tpeak�1)2+B2
width

T > Tpeak

Bnorm exp
"
�

✓
T�Tpeak

Twidth

◆2#
T < Tpeak.

(5.7)

The parameters are set with Tpeak = 165 MeV, Bnorm = 0.24, Bwidth = 1.5 and Twidth = 10 MeV.
The last, Param. III in Fig.5.1, is established as

⇣

s
(T ) =

8>>>>>>>>><
>>>>>>>>>:

Bn exp
 
� (T�TP)2

B2
1

!
T < TP

Bn exp
 
� (T�TP)2

B2
2

!
T > TP.

(5.8)

Here, the parameters have values Bn = 0.13, B1 = 10 MeV, B2 = 120 MeV and TP = 160
MeV. All of the parametrizations are depicted in the Fig.5.1. For further information about the
parametrization see [21] for Param. I, [22] for Param. II and [23] for Param. III.

The whole principle of the vHLLE code is described in more detail in [24].

Fig. 5.1: Depiction of courses of the parametrizations of the bulk viscosity ⇣
s as a function of

temperature T . Param. I corresponds to parametrization (5.6), Param. II to (5.7) and Param. III
to (5.8). Figure taken from [25].
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5.3 hadronSampler
The last piece to the whole package is a hadronSampler code. Once the system becomes

dilute, the hydrodynamic approach is not valid anymore. That is why, as the system reaches
the critical energy density and hydrodynamic evolution is terminated, the particlization is per-
formed by hadronSampler code. It is based on the Cooper-Frye formula (5.11) which is applied
to particlize the system at the formed hyperurface of constant local rest-frame energy density,
the critical energy density. This step is crucial in order to obtain identified particle spectra and
correlation observables, which are influenced by resonance decays and baryon annihilation. In
the original package, UrQMD is included for post freeze-out rescattering of particles created
from the fluid. However, in the past year, the hadronSampler was changed and the modified
SMASH2 hadronSampler is now used instead of the UrQMD.

5.3.1 SMASH
The SMASH (Simulating Many Accelerated Strongly-interacting Hadrons) code is hadronic

transport approach model which includes the e↵ects of the hot and dense matter such as many-
body interactions. It is based on solving non-equilibrium dynamics of hadrons by means of
relativistic Boltzmann equation

pµ@µ fi(x, p) + miF↵@p
↵ fi(x, p) = Ci

coll, (5.9)

where Ci
coll is the collision term, fi(x, p) is a single-particle distribution for each species, F↵ is

the force experienced by individual particles and mi is the mass of the particle. The Boltzmann
equation is a integro-di↵erential equation in 6+1 dimensions. The criterion for a collision to
occur is that the distance

d < dint =

r
�tot

⇡
, (5.10)

where the �tot is the total cross section.
Moreover, the SMASH code can be used as afterburner for the hydrodynamic model, once

the particles are sampled from the Cooper-Frye hypersurface. The particles are then rescattered
accordingly to the SMASH procedure.

For further description of the SMASH code see [26], and for SMASH hadronSampler see
[27], [28] and [29].

In addition to the SMASH, the hadronSampler was modified (see [27], [30] and [31]) in or-
der to be capable of treatment of the viscosity corrections. The Cooper-Frye formula containing
the corrections for the viscosities used in SMASH hadronSampler has the form

d3�Ni

dp⇤d(cos ✓)d'
=
��⇤µp⇤µ

p⇤0|   {z   }
Wresidual

p⇤2 feq(p⇤0; T ; µi)|               {z               }
isotropic


1 + (1 ⌥ feq)

p⇤µp⇤⌫⇡⇤µ⌫

2T 2(" + p)

�

|                           {z                           }
Wviscous

. (5.11)

The symbol of the star denotes the rest frame values of given quantities and feq is the phase
space distribution function. The procedure for creation of an ensemble of particles at each
hypersurface element ��i can be summarized into few simple steps.

Firstly the average number of every species of a hadron is computed as

�Ni = ��µuµni,th = ��
⇤
µn
µ
i,th, (5.12)

2which is open-source
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where uµ is the flow velocity and nµi,th is flux of species i through the freeze-out hypersurface.
Then, using the total mean number of particles, hNtoti =

P
i Ni, as a mean value, the number

of particles to be generated is given by Poison distribution. For each particle, the species is
randomly chosen accordingly to the probability Ni/Ntot.

The momentum of the created particle is assigned randomly according to the isotropic part in
(5.11), taking into account, however, the corrections for Wresidual or Wresidual·Wviscous respectively.

The form of the phase space distribution function feq, which also takes into account the bulk
viscosity corrections, can be expressed as in [30], [31],

feq,n =
Zngn

exp
" p

p02+m2
n

T+��1
⇧
⇧F � bn

✓
↵B +

⇧G
�⇧

◆#
+ ⇥n

. (5.13)

Here n denotes a particle species, Zn is a normalization factor, gn spin degeneracy factor,
↵B is the ratio of chemical potential and temperature. The F , G and �⇧ are coe�cients and
⇥n 2 [�1, 1] accounts the quantum statistics of fermions or bosons.

50



Chapter 6

Beam Energy Scan at RHIC

In recent years LHC and RHIC operated at their maximum energies. These collisions at
maximum energies of LHC or RHIC probe the part of the phase diagram of strongly interacting
matter, where baryon chemical potential is close to zero µB ' 0 and rather high temperatures.
However, phase transition at this region is now quite well understood. Therefore, study of the
phase diagram of the strongly interacting matter in di↵erent sections is at hand. One can ma-
neuver in the phase diagram by adjusting the collision energy. For lower collision energies (as
described more in Chapter 1) the baryon chemical potential reaches higher values, and thus
other regions of the diagram than those for high energies can be probed. This is exactly the aim
of RHIC Beam Energy Scan (BES) program. During the Beam Energy Scan the Au+Au were
collided and the program was operated at the energies in range from

p
sNN = 7.7 � 62.4 GeV.

Even lower-energy collisions are available when using fixed target measurements.
There are basically three main goals of the RHIC BES program. First is to search for the

onset of the deconfinement, i.e. the point of the phase transition. The last two are then search
for the critical point of the phase diagram and search for the signatures which could indicate the
first order transition of the matter. The range

p
sNN = 7.7 � 62.4 GeV is believed to cover all

three goals.
Schematic illustration of the phase diagram with BES energies is depicted in Fig.6.1.

PoS(CORFU2018)151

Beam Energy Scan I and II Grazyna Odyniec 

2 

1. Introduction 

The first decade of RHIC operations has established that the highly excited, strongly 
coupled nuclear matter with partonic degrees of freedom (Quark Gluon Plasma, QGP) was created 
in Au+Au collisions at 200 GeV energy in the nucleon-nucleon center of mass. 
 

The study of the QGP properties still continues. In parallel, in 2011, the search for signals 
of the anticipated transition from hadronic to partonic degrees of freedom, and back to the state 
of hadron gas, was initiated. Finding conditions at which thermodynamically distinct phases of 
nuclear matter occurred and/or coexist at equilibrium, i.e. locating the place of the phase transition 
and the position of the Critical Point of the QCD phase diagram, was undertaken by the BES 
program at RHIC. 
 

While on the theoretical side there is still ongoing debate as to whether a CP exists at all, 
Lattice Gauge Theory calculations, which with time are becoming increasingly accurate, show 
that the cross-over region (µB ~ 0) occurs at Tc of about 154 ± 9 MeV [1]. Away from µB ~ 0 
theoretical calculation are still unreliable and are struggling with difficulties.  
 

The heavy ion experiments offer the unique and only way to study the nature of the QCD 
phase diagram as a function of chemical potential µB and temperature T. The initial conditions in 
the experiment can be varied by alternating the beam energy. 
 

Figure 1 shows a generally accepted scheme of the QCD phase diagram: Temperature T 
vs chemical potential µB.  At the top RHIC energies (T~150-170 MeV, µB ~ 0) QCD calculations 
predict [2,3] smooth cross-over (top left of Fig.1), while at lower T and higher µB the first order 
phase transition is expected [4,5] (right side of Fig.1). The end point of a first order phase 
transition line marks the QCD critical point – red circle in Fig.1.  
 

 
 

Figure 1. The schematic of the QCD Phase Diagram with shown coverage of the RHIC BES 
program. The red solid line represents phase boundary and the red circle a position of CP. Yellow 
lines represent possible reaction trajectories. 

Fig. 6.1: An illustration of phase diagram with values of collision energy probes by RHIC BES
program. Figure taken from [32].
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6.1 Particle spectra from BES
Basic but important results of the analysis of the data taken during the BES program are

identified hadron spectra. Such spectra are presented in the paper [33] together with other bulk
properties for di↵erent centralities and various collision energies. In our case, the interest is
mainly in particle spectra from collision at energy

p
sNN = 27 GeV. In the Fig.6.2, there are the

pion, kaon and proton spectra for various centrality classes. Each centrality class is scaled by
corresponding factor in order to make the plot clearer. The spectrum is in range of pT = 0 � 2
GeV/c, thus only the soft part of the particle spectrum is presented. Eventually, the ⇡+ spectrum
for centrality 20-30% will be particularly important, concerning the task of this work. The data
were taken with minimum bias trigger and 33 million events were analyzed.
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FIG. 14: Same as Fig. 12 but for Au+Au collisions at
�

sNN = 19.6 GeV.
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FIG. 15: Same as Fig. 12 but for Au+Au collisions at
�

sNN = 27 GeV.

and 16, respectively. The inverse slopes of the identified
hadron spectra follow the order � < K < p. The spectra
can be further characterized by the dN/dy and �pT � or
�mT ��m for the produced hadrons, where m is the mass
of the hadron and mT is its transverse mass.

B. Centrality Dependence of Particle Production

1. Particle yields (dN/dy)

Figure 17 shows the comparison of collision centrality
dependence of dN/dy of �±, K±, p and p̄, normalized
by �Npart�/2, among the results at

�
sNN = 7.7, 11.5,

19.6, 27, and 39 GeV, and previously published results

Fig. 6.2: Mid-rapidity (|⌘|<0.1) transverse spectra for (a) ⇡+, (b) ⇡�, (c) K+, (d) K�, (e) p and (f)
p̄ in Au+Au collisions at

p
sNN = 27 GeV for di↵erent centralities. The spectra for centralities

other than 0–5% are scaled for clarity as shown in figure. The uncertainties are statistical and
systematic added in quadrature. Figure and caption taken from [33].

6.2 Elliptic flow from BES
The other important results of the analysis of the data are presented in the paper [34]. Here,

the results of the elliptic flow for di↵erent centrality bins and various collision energies are
presented. In the paper, several approaches to compute the elliptic flow v2 are used. Among
others, also 2 and 4 particle cumulant method and event plane method are used. Various methods
are used in order to study nonflow fluctuations. The results were also compared to UrQMD
simulation (Fig.6.4, using 4 cumulant method), which does underpredict the flow obtained by
the STAR collaboration. Again, the particular plot which is the most significant for this work
is the one for collision energy

p
sNN = 27 GeV, Fig.6.3 (d1). The comparison with UrQMD,

however, is not presented fot the energy
p

sNN = 27 GeV.
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FIG. 5. (Color online) The v2 as a function of pT for 20%–30% central Au + Au collisions at midrapidity for
!

sNN = 7.7 GeV (a1),
11.5 GeV (b1), 19.6 GeV (c1), 27 GeV (d1), and 39 GeV (e1). The top panels show v2 vs pT using various methods as labeled in the figure
and discussed in the text. The bottom panels show the ratio of v2 measured using the various methods with respect to v2{2}.

correlations for peripheral collisions. Nonflow correlations
are defined as correlations not related to the reaction plane.
The dominant nonflow correlations originating from two-
particle correlations (such as HBT correlations, resonance
decay) scale as 1/N [30], where N is the multiplicity of
particles used to determine the event plane. Thus, the nonflow
contribution is larger in peripheral collisions. In midcentral
and peripheral collisions (10%–20% to 40%–50%), the data
of v2{BBC} from 7.7, 11.5, 19.6, and 27 GeV are consistent
with v2{4} and lower than other methods. It suggests that
the first-order (BBC) event plane suppresses the second-
order nonflow and/or fluctuation effects. Within statistical
errors, the results of v2{FTPC} from Au + Au collisions at!

sNN = 39 GeV are close to v2{2}, v2{EP}, and v2{EtaSubs}
in semicentral collisions (10%–20% to 20%–30%). In the
peripheral collisions (30%–40% to 60%–70%), v2{FTPC} falls
between v2{EtaSubs} and v2{4}. It indicates that the ! gap
between TPC and FTPC reduces the nonflow contribution.

The pT differential v2 from various methods for the
20%–30% centrality bin are shown in the upper panels of
Fig. 5. For comparison, the v2 from other methods are divided
by the results of the two-particle cumulant method and shown
in the lower panels of Fig. 5. It can be seen that the difference
of v2{2} compared to v2{FTPC/BBC}, v2{2}, and v2{EtaSubs}
depends on the pT range. A larger difference can be observed
in the low-pT region (pT < 1 GeV/c). Beyond pT = 1 GeV/c
the difference stays constant in the measured pT range. The
difference between v2{FTPC/BBC} and v2{4} is relatively
small and less dependent on pT . It suggests the nonflow
contribution to the event plane and two-particle correlation
methods depends on pT . Based on the interpretation in Ref. [1],
the difference between v2{2}2 and v2{4}2 is approximately
equal to nonflow plus two times v2 fluctuations. The fact that
the ratio of v2{4} to v2{2} is closer to 1 at the lower collision
energies indicates that the nonflow and/or v2 fluctuations in
the v2 measurement depend on the collision energy. One
possible explanation is that the nonflow correlations from jets

presumably decrease as the collision energy decreases. The
results of v2{BBC} are found to be consistent with v2{4} in
7.7, 11.5, 19.6, and 27 GeV, while the v2{FTPC} is larger than
v2{4} in 39 GeV. This consistency can be also observed in
Fig. 4 for 10%–20% to 40%–50% centrality bins. It indicates
that the use of the first-order reaction plane (BBC event plane)
to study the second harmonic flow eliminates flow fluctuations
which are not correlated between different harmonics. The
first-order BBC reaction plane is struck by nucleon spectators
for these beam energies. The contribution of spectators makes
the BBC event plane more sensitive to the reaction plane. This
could partly explain the consistency between v2{BBC} and
v2{4} mentioned above. More studies of the collision-energy
dependence of nonflow and flow fluctuations will be discussed
in another paper.

C. Systematic uncertainties

Different v2 methods show different sensitivities to non-
flow correlations and v2 fluctuations. In previous STAR
publications, the differences between different methods were
regarded as systematic uncertainties [11,12]. A great deal of
progress has revealed that some of these differences are not
attributable to systematic uncertainties in different methods,
but attributable to different sensitivities to nonflow and flow
fluctuation effects [35,52]. The four-particle cumulant method
is less sensitive to nonflow correlations [32,33] and has a
negative contribution from flow fluctuations. v2 measurements
from the two-particle cumulant method and the event-plane
method (the second harmonic event plane) have positive
contributions from flow fluctuations as well as nonflow. It
was also noticed that four-particle cumulant results should be
very close to flow in the reaction plane, while the two-particle
cumulant measures flow in the participant plane [35,52].
Further, because of the large pseudorapidity gap between
the BBC/FTPC and TPC, v2{BBC} and v2{FTPC} are most
insensitive to nonflow correlations.

054908-10

Fig. 6.3: The elliptic flow as a function of pT for Au+Au collisions at centrality 20-30%. De-
pendencies for several collision energies are plotted. Figure taken from [34].
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FIG. 12. (Color online) The v2{4} as a function of pT for 20%–30% Au + Au collisions at
!

sNN = 7.7, 11.5, 39, and 200 GeV compared to
corresponding results from UrQMD, AMPT default version, and AMPT with string melting version (3 and 10 mb). The shaded boxes show the
systematic uncertainties for the experimental data of 7.7, 11.5, and 39 GeV. The bottom panels show the ratio of data to the fit results of the models.

D. Model comparisons

To investigate the partonic and hadronic contribution to
the final v2 results from different collision energies, transport
model calculations from AMPT default (version 1.11), AMPT
string melting (version 2.11) [64], and UrQMD (version 2.3)
[65] are compared with the new data presented. The initial
parameter settings for the models follow the recommendation
in the cited references. The AMPT default and UrQMD models
only take the hadronic interactions into consideration, while
the AMPT string-melting version incorporates both partonic
and hadronic interactions. The larger the parton cross section,
the later the hadron cascade starts.

Figure 12 shows the comparison of pT differential v2{4}
between model and data in the 20%–30% centrality bin. The
200-GeV data are taken from Ref. [62]. The figure shows
that UrQMD underpredicts the measurements at

!
sNN = 39

and 200 GeV in the pT range studied. The differences are
reduced as the collision energy decreases. That the ratio of
data to UrQMD results are closer to 1 at the lower collision
energy indicates that the contribution of hadronic interactions
becomes more significant at lower collision energies. The
AMPT model with default settings underpredicts the 200-GeV
data, while the ratios of data to AMPT default results show
no significant change from 7.7 to 39 GeV. The inconsistency
between AMPT default and UrQMD makes the conclusion
model dependent. The AMPT model with string-melting
version with 3- and 10-mb parton cross sections overpredicts
the results at all collision energies from 7.7 to 200 GeV. A
larger parton cross section means stronger partonic interactions
which translate into a larger magnitude of v2. The difference
between data and these AMPT model calculations seems to
show no significantly systematic change vs collision energies.
However, a recent study with the AMPT model suggests

hadronic potentials affect the final v2 results significantly when
the collision energy is less than

!
sNN = 39 GeV [66].

VI. SUMMARY

We have presented elliptic flow, v2, measurements from
Au + Au collisions at

!
sNN = 7.7, 11.5, 19.6, 27, and

39 GeV for inclusive charged hadrons at midrapidity. To
investigate nonflow correlations and v2 fluctuations, various
measurement methods have been used in the analysis. The
difference between v2{2} and v2{4} decreases with decrease in
collision energy, indicating that nonflow contribution and/or
flow fluctuations decrease with a decrease in collision energy.
The centrality and pT dependence of v2 are similar to that
observed at higher RHIC collision energies. A larger v2 is
observed in more peripheral collisions. The pseudorapidity
dependence of v2 indicates a change in shape from 200 to
7.7 GeV within the measured range "1 < ! < 1, but the
results of v2 versus pseudorapidity scaled by beam rapidity
shows a similar trend for all collision energies. The comparison
with Au + Au collisions at higher energies at RHIC (

!
sNN =

62.4 and 200 GeV) and at LHC (Pb + Pb collisions at
!

sNN =
2.76 TeV) shows the v2{4} values at low pT (pT < 2.0 GeV/c)
increase with increase in collision energy implying an increase
of collectivity. The current viscous hydrodynamic simulations
cannot reproduce the trend of the energy dependence of v2(pT ).

The agreement between the data and UrQMD, which is
based on hadronic rescatterings, improves at lower collision
energies, consistent with an increasing role of the hadronic
stage at these energies. The inconsistency between AMPT
default and UrQMD makes the conclusion model dependent.
The comparison to AMPT model calculations seems to show
no significantly systematic change vs collision energy, but im-
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Fig. 6.4: Data obtained by STAR collaboration (red points) compared to several model simula-
tions. The centrality class is 20-30%. Figure taken from [34].
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Fig. 6.5: The elliptic flow as a function of pT , obtained by the ⌘ sub-event method. The data are
presented for several collision energies (7.7 GeV, 11.5 GeV, 19.6 GeV, 27 GeV and 39 GeV)
and for three centrality classes (10-20%, 20-30% and 30-40%). Figure taken from [34].
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Chapter 7

Motivation

For the purpose of study of the properties of the strongly interacting matter, it is convenient
to compare experimental data to those obtained by models. In case of this work, the vHLLE hy-
brid model with Glissando Glauber model as initial conditions was used to reproduce the RHIC
BES data, e.g. in [35], but the elliptic flow does not match the experimental data obtained by
the STAR collaboration (see Fig.7.1). However, it would be useful to have simulations corre-
sponding to experimental data. The aim of our e↵ort is to come up with a way, how to introduce
the elliptic flow increase to the simulation. 9
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FIG. 7. Elliptic and triangular flows of all charged hadrons
as a function of transverse momentum pT , for 20-30% Au-
Au collisions at

�
sNN = 27 GeV, from the calculations using

UrQMD, Glissando and TRENTo initial state. The experi-
mental data points are taken from [23].

FIG. 8. Same as Fig. 7 but for
�

sNN = 62 GeV Au-Au
collisions.

“super-events”. Namely, the final-state events coming
from the same underlying hydrodynamic evolution (via
the oversampling technique, see above) are considered
as one super-event for the purpose of computing the
n-particle cumulants.

From Fig. 7 one can see that at pT < 1 GeV the calcu-
lations with TRENTo and UrQMD IS are in agreement
with the v2{2} data from STAR, whereas at pT > 1 GeV,
with the standard settings for the hydrodynamic stage,
�/s = 0.12 and �0 = 1 fm/c, all of the calculations start
to under-predict the data. Since the pT spectrum of
charged hadrons is steeply falling with pT , the agreement
with the data at low pT is particularly important to re-

FIG. 9. Elliptic and triangular flows of all charged hadrons as
a function of centrality for

�
sNN = 27 GeV Au-Au collisions,

from the calculations using UrQMD, Glissando and TRENTo
initial state. The experimental data points are taken from
[23].

FIG. 10. Same as Fig. 9 but for
�

sNN = 62 GeV Au-Au
collisions. The experimental data points are taken from [29].

produce the pT -integrated elliptic flow, as it will be seen
later. A similar comparison to the experimental data
points at

�
sNN = 62.4 GeV is not possible due to their

absence. The pT dependence of the triangular flow v3{2}
shows the same hierarchy between the di�erent initial
state models. Due to the absence of the experimental
data points for v2 and v3 we leave the model results as
predictions (Fig. 8), which may be confronted in the pro-
posed AFTER@LHC experiment.

In Figs. 9 and 10 we show the centrality dependence
of the pT -integrated elliptic flow for Au-Au collisions
at

�
sNN = 27 and 62.4 GeV, respectively. In the pT -

integrated flow, we observe the same hierarchy between

Fig. 7.1: Elliptic flow v2 and triangular flow v3 transverse momentum dependence for all charged
hadrons for Au+Au collisions at

p
sNN = 27 GeV and centrality 20-30%. The green points

represent RHIC BES data from [34] and the purple line the flow obtained using Glissando and
vHLLE package. Figure taken from [35].

7.1 Adding initial velocity to hydrodynamic grid
In our recent work, the Research task [36] in particular, a simplistic approach for adding the

elliptic flow to initial conditions was used. The main idea was to introduce some initial velocity
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directly to each cell of the hydrodynamic grid. Nevertheless, the initial velocity should satisfy
a few assumptions in order to add the elliptic flow. Firstly, it should reflect the radial coordinate
of the cell being added to. For a cell further from the center of the collision, thus closer to the
edge of the fireball, the magnitude of the velocity should be bigger than for those cells which
are closer to the center, i.e. the velocity should grow in some manner with the radius. Secondly,
the elliptic flow should be added, so the angular dependence should be set in accordance with
eq. (3.2). The prescription for the velocity added was chosen as

v(r,') = ⇣
✓ r
rmax

◆2
(1 + 2a cos(2')) + vrand. (7.1)

The radial dependence is provided by the r/rmax term, where r is the radial coordinate of the
cell in the transverse plane and rmax = 3.5 fm denotes typical size of the fireball at the beginning
of the evolution in non-central collisions in the 20-30% centrality class. The distribution of the
velocity along the radial coordinate is not linear, hence the second power of the ratio r/rmax

was chosen and turned out to be su�cient. The term cos(2') secures the right variation in the
azimuthal angle and thus adding indeed the elliptic flow. The prescription for the velocity (7.1)
has also several parameters. First of them, ⇣ denotes the amplitude or strength of the radial part
of the velocity added. The second parameter a represents the amplitude of the azimuthal part of
the velocity distribution, in this work called the ellipticity of the distribution.

The last term, vrand, actually contains two more parameters. It represents a random com-
ponent of the velocity given by the Gaussian distribution on top of the radial and azimuthal
distribution. The two parameters mentioned are the width of the Gaussian � and the mean
value of the Gaussian µ. In order to have more positive contribution from the vrand, the µ was
set to 0.05 in natural units. Moreover, the vrand adds just the magnitude of the velocity, i.e. its
contribution is in the same direction.

For the norm of the velocity the condition

kvk < 1 (7.2)

is held, in order not to exceed the speed of light. For those cells the velocity of which is bigger
than 1, the velocity is artificially set to v = 0.999.

The influence of the three parameters on spectra and v2 is depicted in Fig.7.2-7.7. The
results for the process of adding the initial velocity are demonstrated on the Au+Au collision at
centrality 20-30% and at the collision energy

p
sNN = 27 GeV. By hydrodynamics, 200 events

were simulated. From each event simulated by hydrodynamics, 200 events were produced by
hadronSampler (using UrQMD). For all following plots in this section, the red points represent
data obtained by STAR collaboration (taken from [33] and [34]). The black solid line represents
the simulation with no initial velocity, i.e. before the velocity (7.1) was added. The colored lines
correspond to individual values of each parameter. In addition, throughout this whole chapter,
the bulk viscosity is set to zero in the hydrodynamics.

All in all, the parameters have favourable behaviour. The value of the ⇣ parameter can be set
accordingly to the shape of the spectrum from experiment and once ⇣ is fixed, the a parameter
can be set in order to reproduce the desired elliptic flow. The � parameter should be set in
reasonable range.

Alas, the spectrum is spoiled by addition of any flow and thus the parameters cannot be set.
The possible solution for lowering the radial flow might be introduction of the bulk viscosity to
the vHLLE.
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Fig. 7.2: Scan of the ⇣ parameter influence on elliptic flow v2 for Au+Au collision at centrality
20-30% and

p
sNN = 27 GeV. The red points represent BES data from [34], the black solid

line refers to the result of the simulation for no initial velocity added. The colored lines denote
individual parameter values. The parameter a is set constant a = 0.235 and vrand = 0.
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Fig. 7.3: Scan of the ⇣ parameter influence on pT spectrum for Au+Au collision at centrality
20-30% and

p
sNN = 27 GeV. The red points represent BES data from [33], the black solid

line refers to the result of the simulation for no initial velocity added. The colored lines denote
individual parameter values. The parameter a is set constant a = 0.235 and vrand = 0.
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Fig. 7.4: Scan of the a parameter influence on elliptic flow v2 for Au+Au collision at centrality
20-30% and

p
sNN = 27 GeV. The red points represent BES data from [34], the black solid

line refers to the result of the simulation for no initial velocity added. The colored lines denote
individual parameter values. The parameter ⇣ is set constant ⇣ = 0.38 and vrand = 0.
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Fig. 7.5: Scan of the a parameter influence on pT spectrum for Au+Au collision at centrality
20-30% and

p
sNN = 27 GeV. The red points represent BES data from [33], the black solid

line refers to the result of the simulation for no initial velocity added. The colored lines denote
individual parameter values. The parameter ⇣ is set constant ⇣ = 0.38 and vrand = 0.
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Fig. 7.6: Scan of the � parameter influence on elliptic flow v2 for Au+Au collision at centrality
20-30% and

p
sNN = 27 GeV. The red points represent BES data from [34], the black solid

line refers to the result of the simulation for no initial velocity added. The colored lines denote
individual parameter values. The parameters ⇣, a and µ are set constant, ⇣ = 0.38, a = 0.235
and µ = 0.05.
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Fig. 7.7: Scan of the � parameter influence on pT spectrum for Au+Au collision at centrality
20-30% and

p
sNN = 27 GeV. The red points represent BES data from [33], the black solid

line refers to the result of the simulation for no initial velocity added. The colored lines denote
individual parameter values. The parameters ⇣, a and µ are set constant, ⇣ = 0.38, a = 0.235
and µ = 0.05.
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Chapter 8

IMAGO: Glauber model with initial
momentum anisotropy

As explained in the motivation in the previous chapter, a model which could add the elliptic
flow to the simulations using vHLLE hybrid package is needed. The model implemented into
the vHLLE during the Research project has shown at least some positive feedback, although its
behaviour was not of any use. The way it was done in Research project was rather simplistic
and artificial in a way that it was not based on any physical mechanism present in the model and
so an idea of more realistic model arose, in order to do it more properly. Therefore, we have
decided to construct completely new model for creating initial conditions for the hydrodynamic
simulations. Of course, since we wanted to improve results given when Glissando was used as
initial state generator, the concept of Glauber Monte Carlo model had to be kept also for the
new model.

The basic idea of this new model is to implement a random walk for a transverse momentum
deposition during the collision. As a result the transverse momentum field would be present as
an output for each source1. Thus, the new model was named Initial Momentum Anisotropy
Glauber mOdel, or IMAGO.

Let us then introduce the basic principles of how the model is constructed and its working
mechanism.

8.1 Basic principles of IMAGO
As stated above, IMAGO is a Glauber model an as such, the common assumptions must be

kept. First, the distribution according to which the nucleons are distributed in the nucleus has
to be provided.

8.1.1 Generating nuclei
As a first step, the nucleons in given nucleus have to be created for further procedure.

The basic input which governs distribution of the nucleons inside the nucleus and which is
commonly used in such circumstances is already well-known Woods-Saxon formula, which in
spherical coordinates has the form

d3⇢(~r) =
r2⇢0

1 + exp
✓

r�R
a

◆d(cos')d✓dr. (8.1)

1source is meant in the same way as in Chapter 5, Glissando subsection
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There are spherical coordinates r, which is the radius, ' is the azimuthal angle and ✓ the polar
angle. The parameter ⇢0 denotes the nuclear density in the center of the nucleus and is given
by tabulated values and in fact can be determined from normalization if (8.1) is considered
as probability distribution. The a parameter here refers to the thickness of the skin layer of
given nucleus and its values are tabulated as well. The radius of the nucleus R can be usually
parametrized as a function of the nucleon number A as R = r0A1/3, where r0 = 1.2 fm.

However, using (8.1) only the centers of the nucleons are generated. Since the nucleons are
not point like object, a certain spacing between them must be kept. This brings new condition
in the process of nucleus formation. In order to secure the spacing, the following procedure
is executed. If newly generated nucleon is closer to other nucleons than the spacing distance
d (which can be thought of as a radius of the nucleon), a new set of the coordinates r,', ✓ is
generated, until the distance between all of the nucleons is su�cient, i.e. the distance is greater
than d. This method, however, changes the probability density distribution, so the shape has no
more the form of (8.1), but appears to be broader. In order to keep the probability density in the
right shape, a correction to the radius of the nucleus R has to be introduced as

R = r0A
1
3 � 0.656A�

1
3 , (8.2)

which is suitable (according to the [15]) for the spacing d = 0.9 fm. Once the radius R is
corrected, the changes due to the procedure of generating of the nucleons should be su�ciently
compensated.

So far, the nucleons were distributed using spherical coordinates, in further discussion the
cartesian coordinates x, y and z will be used. In Fig.8.1 is presented an example of Au+Au
collision at the centrality 20-30% from IMAGO.
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Fig. 8.1: An example of Au+Au collision at the centrality 20-30% from IMAGO. The full
colored circles represent the participants, the faded circles represent the spectators. The spacing
between the nucleons is set to d = 0.9 fm.
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8.1.2 Collision of nuclei
Once the two nuclei are created, a collision should occur. Here the other basic assumption

of the Glauber model appears, that the nucleons travel along straight lines, i.e. they are not
reflected to the side when collided. Moreover, the collision occurs only if the nucleons flying
against each other are close enough. The distance, which is su�cient for the collision is given
by

dcoll <

r
�NN

⇡
, (8.3)

where �NN is the nucleon-nucleon inelastic cross section at given collision energy. Particular
values for some of the collision energies can be found in Table 8.1.

p
sNN [GeV] 7.7 11.5 19.6 27 39 62.4 200
�NN [mb] 30.60 31.28 32.30 33.10 34.20 35.90 41.60
↵ 0.110 0.114 0.120 0.123 0.127 0.132 0.145

Table 8.1: Values of the inelastic nucleon-nucleon cross section �NN and the ↵ parameter from
(8.5) at given collision energies.
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Fig. 8.2: Distribution of the impact parameter b in Au+Au collision from the IMAGO simula-
tions. Only those collisions, where Ncoll > 0 contributed.

The nomenclature here is the same as in the Chapter 2, i.e. those nucleons which undergo
at least one inelastic interaction during the collision are called participants and their number is
Npart and number of total amount of nucleon binary collisions is denoted by Ncoll.

However, as mentioned before, the collisions are not head-on in most of the cases. Hence
the impact parameter has to be introduced to the model. It is generated from by the probability
distribution

⇢b(b) = 2
b

b2
max
, (8.4)

where the denominator gives the normalization to unity. Still, the maximal impact parameter
bmax varies with the size of given nucleus. The distribution of the impact parameter for Au+Au
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collisions can be seen in the Fig.8.2. Only those collisions, where Ncoll > 0 were taken into
account and the tail at the end of the distribution arises quite naturally as the nuclei start to miss
each other.

Distributions for the Npart and Ncoll in Au+Au collision can be found in Fig.8.3, resp.
Fig.8.4.
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Fig. 8.3: Distribution of the number of participants Npart in Au+Au collisions from the IMAGO
simulations.
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Fig. 8.4: Distribution of the number of binary nucleon-nucleon collisions Ncoll in Au+Au colli-
sions from the IMAGO simulations.
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8.1.3 Centrality determination
It is desirable to simulate the collisions at di↵erent centralities. Nevertheless, the question

of how the centrality should be determined arises quite naturally. Since the impact parame-
ter is known in the model for each collision, defining the centrality accordingly to the impact
parameter distribution could be an obvious choice. However, it is not completely appropriate
choice, since the impact parameter is not known in the experiment and we would like to relate
the result of the model to the experimental data. It is assumed though, that the impact parameter
is a monotonic function of the particle multiplicity. Luckily enough, there is a quantity, which
can be related to the particle multiplicity, called relative deposited strength, or RDS ([15], [16],
[17]). It is proportional to the number of participants Npart and the number of binary collisions
Ncoll as

RDS = (1 � ↵)
Npart

2
+ ↵Ncoll, (8.5)

where the ↵ parameter is energy-dependent and as already mentioned in Chapter 5, it gives
the proportionality to the soft, resp. hard part of the particle spectrum. The values of the ↵
parameter for some of the collision energies can be found in Table 8.1. The RDS distribution
for Au+Au collisions at the collision energy

p
sNN = 27 GeV is plotted in Fig.8.5.
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Fig. 8.5: Distribution of the RDS Ncoll in Au+Au collisions from the IMAGO simulations. The
black lines correspond to the borders of the centrality bins.

The RDS distribution was divided into percentiles of width 10% according to its cumulative
distribution, i.e. the centrality classes. The borders of the centrality bins are represented by
the black lines. For the model’s sake, however, the RDS centrality classes need to be related
back to the impact parameter. Since we know both of these quantities in the model, the mutual
dependence could be constructed in Fig.8.6. In the figure, the centrality class 20-30% is illus-
trated. Even though the borders of the centrality class have sharp values in RDS, the borders for
the impact parameter b are not clear, since for given value of RDS, the impact parameter can
have many values. Therefore, the borders of the interval for the centrality class in the impact
parameter are taken as maximal, resp. minimal values of b at the RDS centrality borders. These
two points are depicted in the Fig.8.6 as well, bmax for the higher border of the interval and bmin
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for the lower one. This is true for all centrality classes and together with the values of the RDS
for Au+Au collisions at

p
sNN = 27 GeV, they can be found in Table 8.2. It is apparent, that

the centrality classes in the impact parameter overlap, so, if looked at the other way round, a
collision with given impact parameter can fall into di↵erent centrality classes defined by RDS.
However, only those events which has the value of RDS in the satisfactory interval are accepted.

Fig. 8.6: Dependence of the impact parameter b and RDS from Au+Au collision from IMAGO
simulations. The centrality class 20-30% accordingly to the RDS distribution is illustrated by
the black lines.

Centrality bmin [fm] bmax [fm] RDSmin RDSmax

0-10% 0.00 4.92 192.40 300.00
10-20% 3.86 6.93 137.22 192.40
20-30% 5.64 8.55 97.21 137.22
30-40% 6.84 9.62 66.96 97.21
40-50% 7.85 10.81 44.15 66.96
50-60% 8.82 11.81 27.18 44.15
60-70% 9.81 12.85 15.56 27.18
70-80% 10.62 13.87 7.55 15.56
80-90% 11.01 14.67 2.88 7.55

90-100% 11.67 16.00 0.00 2.88

Table 8.2: Values of the impact parameter b borders and RDS borders of the centrality classes
in IMAGO. The values were obtained for Au+Au collisions at

p
sNN = 27 GeV.
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Fig. 8.7: RDS centrality class of 20-30% from Au+Au collisions in IMAGO simulations. The
borders of the bin are not sharp because of the binning of the histogram.
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Fig. 8.8: Distribution of the impact parameter b from Au+Au collisions in IMAGO simulation
in the centrality bin 20-30%.
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8.2 Introducing initial transverse momentum

So far, quite common elements of Glauber Monte Carlo modelling were discussed. In this
section, however, a new feature of the IMAGO model is presented. As explained earlier, we
would like to introduce more elliptic flow to the simulation of the collision using vHLLE hybrid
model with Glauber model as initial state generator. In order to base the elliptic flow addition on
some physical mechanism, we have decided to implement a procedure for deposition of certain
amount of the transverse momentum to every participant in each binary collision.

The idea is, that in every binary collision between the nucleons, the vector of distance be-
tween the nucleon centers is computed. This vector defines a direction, in which the transverse
momentum is deposited in a form of pT -kick. The size of such a kick is the parameter of the
model. Of course, as the nucleons travel the opposite direction in the collision, the transverse
momentum is deposited in relatively opposite direction for each nucleon. Nevertheless, the size
of the pT -kick is the same for both of the participants. A simple sketch of such binary collision
with the directions of the pT deposited can be seen in Fig.8.9.

Such deposited pT -kicks from every binary collision of given nucleon are then summed to
create final transverse momentum of the source. Doing so for every nucleon, one obtains a 2-
dimensional initial transverse momentum profile of an event. Moreover, we expect that the total
pT shall point outwards from the center of mass of the collision, since there are more nucleons
near the center of the nucleus than at its edge.

This procedure of introducing the initial transverse momentum, is in fact a random walk in
pT space, where the randomness is given by the distribution of the nucleons inside of the nuclei.

Fig. 8.9: An illustration of a binary collision. The arrows show the direction of respective
pT -kick during the IMAGO simulations. Both of the pT -kicks has the same magnitude.
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8.2.1 Output from IMAGO

The basic output from the IMAGO code is .dat file and the prefix denotes the number of
the simulation. In the file, the basic quantities are written in the form

x y c px py,

where x and y are the coordinates of the source in the transversal plane in units of fm, c denotes
the number of the binary collisions and px, resp. py are the components of the total transverse
momentum of the source in units of GeV. In order to distinguish between the two colliding
nuclei, for one of them the c values are positive and for the other one the values have negative
sign.

8.3 Implementing initial pT into vHLLE hydro

Since part of the energy in the collision is deposited in the form of the pT -kicks, the energy
deposition in the initial state of the hydrodynamics must be altered. Let us discuss the procedure
of transforming the output from IMAGO model into the fluid.

First, as the sources in the output from IMAGO are point-like, the energy density, baryon
density and also transverse momentum need to be smeared in the transversal plane. This is done
as suggested in [19] and [20]. The smearing in the transverse plane has the Gaussian form

gi(x, y) =
1

2⇡�2
?

exp
✓
� (x � xi)2 + (y � yi)2

2�2
?

◆
, (8.6)

where xi, resp. yi are the positions of the i-th source and �? = 0.4 fm is the width of the
Gaussian.

Nonetheless, the transverse smearing is not the only procedure here. As the output from the
Glauber model is only in the transverse plane, the profile needs to be prolonged into the rapidity.
However, the energy density and the baryon density have di↵erent profiles in the rapidity.

The energy density is distributed with a plateau in the mid-rapidity which has then Gaussian
tails at the ends. The form of the distribution is

f (⌘k) = exp
✓
� (⌘k � ⌘0)2

2�⌘
⇥(|⌘k| � ⌘0)

◆
, (8.7)

and ⌘0 = ⌘0(
p

sNN ,Npart) is the width of the plateau and �⌘ = �⌘(
p

sNN ,Npart) is the width of
the Gaussian tails. The ⇥(|⌘k| � ⌘0) denotes the Heaviside function.

On the other hand, the baryon density is distributed by

h(⌘k) =
1

�n
p

2⇡
exp

✓
� (⌘k � |⌘n,0|)2

2�n

◆
, (8.8)

where ⌘n,0 = ⌘n,0(
p

sNN ,Npart) and �n = �n(
p

sNN ,Npart). This arrangement is quite di↵er-
ent from the energy density distribution, since the baryon number is distributed in two peaks
symmetrically in the rapidity. The parameters of the distributions (8.10), (8.8) are energy and
centrality dependent, and for the collision energy

p
sNN = 27 GeV they can be parametrized

(see [35]) as
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⌘0 = 0.888 � 0.213
Npart

2A

�⌘ = 1.088 � 0.213
Npart

2A

⌘n,0 = 1.332 � 0.319
Npart

2A

�n = 0.788 � 0.213
Npart

2A
.

(8.9)

The initial transverse momentum is distributed in the same manner as the baryon density. Nat-
urally, the total energy is normalized to Npart

2
p

sNN , the total baryon number to Npart and the
transverse momentum is normalized to the total transverse momentum produced in IMAGO
simulation. As a result, one obtains all densities distributed in three dimensions, and thus the
initial fluid is created.

Second, the rest energy in each of the hydrodynamic cells has to be recomputed, because of
the deposition of the part of the energy in the form of transverse momentum. Let us denote "
the original energy density without any initial transverse momentum. Since the total energy has
to be conserved, the new rest energy is then

Erest =

q
E2 � p2

T =
q

E2 � p2
x � p2

y, (8.10)

and surely, the condition E > |pT | must be kept. The initial velocity of given hydrodynamic cell
is then given by known formula

~� =
~pT

E
, (8.11)

where E is the energy, ~pT = (px, py) and ~� = (�x, �y).
Some of the density profiles of the initial fluid can be seen in Fig.8.10-8.14 for several

rapidity values. The size of the pT -kick in data presented in Fig.8.10-8.14 is 200 MeV.
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Fig. 8.10: An example of energy density " profile before hydrodynamic evolution in Au+Au
collision from IMAGO at collision energy

p
sNN = 27 GeV and centrality 20-30%. The profiles

for constant pseudorapidity ⌘ cuts are shown.
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Fig. 8.11: An example of energy density "rest profile after subtraction of the initial pT -
kick before hydrodynamic evolution in Au+Au collision from IMAGO at collision energyp

sNN = 27 GeV and centrality 20-30%. The profiles for constant pseudorapidity ⌘ cuts are
shown.
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Fig. 8.12: An example of baryon density nB profile before hydrodynamic evolution in Au+Au
collision from IMAGO at collision energy

p
sNN = 27 GeV and centrality 20-30%. The profiles

for constant pseudorapidity ⌘ cuts are shown.
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Fig. 8.13: An example of transverse momentum magnitude density |pT | profile before hydro-
dynamic evolution in Au+Au collision from IMAGO at collision energy

p
sNN = 27 GeV and

centrality 20-30%. The profiles for constant pseudorapidity ⌘ cuts are shown.

74



Fig. 8.14: An example of transverse momentum density |pT | profile before hydrodynamic evo-
lution in Au+Au collision from IMAGO at collision energy

p
sNN = 27 GeV and centrality

20-30%. The profiles for constant pseudorapidity ⌘ cuts are shown. The arrows show the direc-
tion of the pT .
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Chapter 9

Results

Using the vHLLE hybrid package, the Au+Au collisions at collision energy
p

sNN = 27 GeV
were simulated. As an initial state generator, the Glissando and the IMAGO codes were used.
The new setup with SMASH was used for final state simulations. The simulations were done
for three centrality classes - 10-20%, 20-30% and 30-40%. Results for several pT -kicks in the
IMAGO model are also presented.

Firstly, let us have a look at the results using the Glissando code after the bulk viscosity was
introduced into the hydrodynamics and also to the hadronSampler. In comparison to the setup
without any bulk viscosity (see Fig.9.1), both the elliptic flow values and the positive pion pT

spectrum for the centrality 20-30% seems to match the STAR data quite well. The bulk viscos-
ity essentially suppresses the radial expansion of the fireball, that is why the spectrum seems
steeper, and presumably redistributes the momenta in such a way, that the overall elliptic flow
has higher values, so the dependence matches the experimental data. But this is only true for
the centrality bin 20-30%. For the centrality 10-20% the values of the elliptic flow are generally
higher than those from STAR (see Fig.9.2), but the pT spectrum quite matches the experimental
data, except for lower momenta. In the less central centrality bin 30-40%, the values of the
elliptic flow are lower than STAR data and the spectrum does quite match again. The bulk
viscosity helps to improve the simulations, but there is still some space for introduction of the
initial transverse expansion. However, such initial transverse expansion can be provided by the
IMAGO code by simulating initial pT -kicks during the collision.

Let us compare the IMAGO code when the initial pT -kick is set to zero, i.e. no initial trans-
verse expansion is implemented, and the Glissando code. In Fig.9.2 can be seen, that the elliptic
flow is generally lower from the simulations with IMAGO as initial state than from simulations
using Glissando. The spectrum in Fig.9.3 is steeper for the IMAGO simulations, which en-
dorses the fact that there is less flow. The di↵erences between the two initial state generators in
the elliptic flow dependence are less significant as the centrality of the collision decreases (i.e.
higher percentage) and for the centrality class 30-40% the results are comparable. Nevertheless,
the inconsistency of the two models can be influenced by two facts. First, the Glissando cen-
trality classes were set accordingly to the distribution of wounded nucleons. On the contrary,
the IMAGO centrality classes are given by the distribution of the RDS (as described in Chapter
8). Such disagreement may cause the v2 values to di↵er. The other thing is, that the Glissando
2, [16], includes correction to the deformation of the gold nuclei, whereas in IMAGO the gold
nucleus is considered round.

All in all, as the simulations with IMAGO results in lower elliptic flow (even for the cen-
trality 10-20%), there is still room for improvement of the results by introducing the initial
transverse expansion. Is should be noted that for the simulations with IMAGO, the bulk viscos-
ity is present in the hydrodynamics and hadronSampler as well.

In the Fig.9.2, there are values of the elliptic flow as a function of transverse momentum
for several values of the initial pT -kicks. Evidently, there is an influence on the elliptic flow,
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since for the higher values of the pT -kick the values of v2 are also higher even in the uncer-
tainty intervals. However, the influence on the pT spectrum is far less apparent. Moreover, the
simulations where the initial transverse expansion was introduced improve the elliptic flow pT

dependence, as the results are in better agreement with the STAR data. Nevertheless, there is
one more point to that. The initial pt kicks rather lead to “hot-spots” which tend to expand in
all directions, as seen in Fig.8.14. The e↵ect on the elliptic flow is then more pronounced for
less central collisions, as the system is smaller.

It should be also noted, that the experimental data ([34]) of the elliptic flow plotted in Fig.9.2
were obtained by the ⌘ sub-event method (which is similar to the event plane method, only the
particles are taken from the opposite hemisphere in pseudorapidity) and the results from the
simulations are computed via two-particle cumulant method. However, since there is no non-
flow in the simulations, both of the results should be in good agreement.

Fig. 9.1: The elliptic flow pT dependence (upper) and positive pion pT spectrum (lower) in
Au+Au collisions at

p
sNN = 27 GeV and centrality 20-30% from simulations using Glissando.

The black line represents simulations before the bulk viscosity was implemented into the hy-
drodynamics and before switching to the SMASH hadronSampler. The orange line correspond
to the simulations with bulk viscosity and SMASH.
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Fig. 9.2: The elliptic flow pT dependence in Au+Au collisions at
p

sNN = 27 GeV from sim-
ulations with IMAGO for di↵erent pT -kicks and also using Glissando for comparison. The re-
sults are presented for three centrality classes - 10-20% (upper), 20-30% (middle) and 30-40%
(lower). The black line corresponds to the simulations with Glissando, whereas the colored
lines represent various pT -kicks in IMAGO. The elliptic flow values from simulations were
computed by two particle cumulant method. The STAR data were taken from [34] (Fig.6.5 for
10-20%, 30-40% and Fig.6.3 for 20-30%) and obtained by ⌘ sub-event method.
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Fig. 9.3: The positive pion spectra from Au+Au collisions at
p

sNN = 27 GeV from simulations
with IMAGO for di↵erent pT -kicks and also using Glissando for comparison. The results are
presented for three centrality classes - 10-20% (upper), 20-30% (middle) and 30-40% (lower).
The black line corresponds to the simulations with Glissando, whereas the colored lines repre-
sent various pT -kicks in IMAGO. The STAR data were taken from [33] (Fig.6.2).
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Conclusion

For the description of strongly interacting matter it is essential to study its phase diagram,
which is, however, determined by the equation of state. A method how to study the equation of
state is by means of the models for collective evolution of matter during heavy-ion collisions.
Since the energy in the collision is not distributed evenly, the matter evolves anisotropically.
Therefore, one of the signs of collective behaviour is anisotropic flow, which reflects the mo-
mentum anisotropy of the fireball.

Experimentally, there is an e↵ort to probe the phase diagram at lower energies by the RHIC
BES program. Some of the results reported by the STAR collaboration can be found in this
work.

The e�cient way to for modelling the medium in the phase of quark-gluon plasma is by
means of hydrodynamic approach. Nevertheless, the evolution is highly influenced by the shape
of the initial conditions for the hydrodynamic code.

In this work, a particular hydrodynamic code vHLLE is presented together with basics of
the hydrodynamic modelling. In addition, the Glauber initial state generator Glissando and final
state simulator SMASH are described. However, the results of the simulations of Au+Au col-
lisions at RHIC BES energies using vHLLE with Glissando for initial conditions do not match
the experimental data presented by STAR collaboration. In particular, the values of the elliptic
flow as a function of transverse momentum are considerably underpredicted. The main motiva-
tion for this work is, in fact, to improve the results for vHLLE simulations with Glauber initial
conditions.

At the same time, the vHLLE hydrodynamic code was improved by introducing bulk vis-
cosity into the model. In addition to that, the final state simulator was updated to the SMASH
transport code with bulk viscosity corrections.

The simulations with the bulk viscosity implemented in the code are overall improved in
comparison to the previous simulations with no bulk viscosity. As the elliptic flow dependence
on the transverse momentum may be improved, the outcome is still not satisfactory for all avail-
able centrality classes.

Bearing the motivation in mind, we have decided to create a new Glauber Monte Carlo
model which allows for an initial transverse expansion of the fireball. It is done by means of
transverse momentum deposition directly during the simulation of the collision as a random
walk in pT space with the magnitude of the one momentum deposition in one binary collision
as a parameter of the model. The new model was calibrated and the centrality classes were
determined.

From the comparison of the results from the Glissando and the new model (IMAGO) it
is clear that the new model produces less flow, both radial and elliptic. However, unlike in the
Glissando, in the new model an initial transverse expansion can be provided by setting the value
of the magnitude of the momentum deposition. Such a choice of the parameter a↵ects the el-
liptic flow dependence in favour for the STAR data description, but does not have a significant
influence on the pT spectra.

As an outlook for this work, there might be a possibility to alter the momentum deposition
parameter in the new model simultaneously with the bulk viscosity, in order to set the corre-
sponding values, which would be satisfactory for all of the centrality classes.
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[42] K. Křížková Gajdošová, Physics of ultrarelativistic heavy-ion collisions [lecture], CTU,
FNSPE, academic year 2020/2021

[43] K. Šafařík, Heavy Ions (High-Energy Physics), Encyclopedia of Physical Science and
Technology (Third Edition), Academic Press, 2003, Pages 293-307, ISBN 9780122274107.

85


