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Abstract
Many physical phenomena in various applications can be computed using the laws of
physics. However, these calculations can be computationally expensive. High computational
demands are limiting for example when optimizing a physical process and it is needed to be
evaluated many times. The goal of this thesis is to find a surrogate model approximating a
complex numerical program requiring the least possible amount of evaluations. The main
tool used to train the model is active learning in the form of Bayesian optimization. In the
first chapters of the thesis, some of the commonly used surrogate models and experiment
design methods are introduced. Afterward, plasma boundary modeling is presented as
an example of a practical application of surrogate modeling. The result of the thesis is a
comparison of selected methods on modeling of plasma momentum loss in tokamak.
Keywords: experiment design, surrogate model, active learning, Bayesian regression,
tokamak, plasma modeling

Abstrakt
Mnoho fyzikálnı́ch jevů v různých aplikacı́ch lze spočı́tat pomocı́ zákonů fyziky. Takové
výpočty mohou ale být výpočetně drahé. Vysoké nároky na výpočetnı́ sı́lu jsou limitujı́cı́
napřı́klad při optimalizaci fyzikálnı́ho procesu, který je nutné mnohokrát evaluovat. Cı́lem
této práce je najı́t náhradnı́ model aproximujı́cı́ komplexnı́ numerický program vyžadujı́cı́
co nejmenšı́ počet evaluacı́. Hlavnı́m nástrojem použitým pro trénovánı́ modelu je aktivnı́
učenı́ ve formě Bayesovské optimalizace. V prvnı́ch kapitolách práce jsou představeny
některé z často použı́vaných náhradnı́ch modelů a metod pro návrh experimentů. Poté
je představeno modelovánı́ okraje plasmatu jako přı́klad praktického využitı́ náhradnı́ch
modelů. Výsledkem práce je porovnánı́ vybraných metod na modelovánı́ ztráty hybnosti
plasmatu v tokamaku.
Klı́čová slova: návrh experimentů, náhradnı́ model, aktivnı́ učenı́, Bayesovská regrese,
tokamak, modelovánı́ plasmatu
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Chapter 1

Introduction
This thesis concerns surrogate modeling of functions, which are expensive to evaluate.
The most common example of such functions are high-fidelity physical simulations which
can sometimes take days to complete. Another example are real-world experiments that
are monetarily expensive or time-demanding. When training models of such functions
it is important to minimize the number of their evaluations. Because of that, the used
experiment design methods have to select inputs for the evaluations carefully to minimize
the data required to train the model.

Usages
One of the common usages of surrogate modeling is function optimization. During optimization, the objective function usually needs to be queried many times making optimization
of expensive-to-evaluate functions problematic. In these cases, having a cheap surrogate
model can be extremely advantageous as it can guide the optimization into the areas of the
objective function domain which are more likely to yield an improvement according to the
surrogate. This can make the optimization process faster, save resources and also lead to
better results as the objective function domain can be searched more effectively [1, 2, 3, 4].
Surrogate modeling also allows for black-box function optimization. A black-box
function can be queried for output values given an arbitrary input but no other knowledge
about its properties is available. That means the gradient of the objective function is
also unavailable which can be problematic for some optimization methods. Optimization
methods using surrogate models can be used in this case as they usually require only the
ability to query the objective function for data and can infer some information about the
objective function from the surrogate model.
Another situation where a fast surrogate model can be advantageous is decision-making
in real-time systems [5]. In cases where complex decisions must be made quickly, training
a surrogate model can be a good solution.
Surrogate models can also be used to gain insight into the behavior of black-box
functions or poorly understood physical models. A well-designed surrogate model can
provide information about which input variables are the most impactful to different outputs
or even provide an interpretable analytical approximation of the true model [6].
1

Method Selection
Surrogate modeling is a very broad topic with a large number of different methods varying
in both the model and experiment design method used. The individual models differ mainly
in the class of function approximators they use to model the original function and the
general structure of the model. (Here as well as in the remainder of the document, the
original function refers to the function being approximated by the surrogate model.)
The selection of the model and experiment design depends on the problem at hand.
If any information about the function being approximated is available, it can be used to
improve model selection. For example, it could be known that some variables are always
positive, the function is periodic, the limit of the function approaches zero at one side
of the domain, etc. Any additional information such as these examples can help in the
selection of a model suitable for the problem.
The experiment design defines how the inputs for future evaluations of the original
function are selected to get more valuable data. In active learning, the experiment design
usually utilizes the surrogate model to determine the optimal next evaluation point in each
iteration. The selection of a suitable experiment design depends largely on the objective.
For example, if the goal is to minimize the original function, the experiment design should
disregard the areas where the surrogate model predicts high function values. On the other
hand, if the goal is to train a precise surrogate model, the experiment design should in
general focus on the areas of the function domain where the surrogate model reports high
uncertainty.

Thesis Structure
In the first two chapters of the thesis, the basic concepts of surrogate model development
and experiment design are introduced and a selection of some of the commonly used
methods is presented. In the third chapter, the challenging simulation of plasma edge in
tokamaks is briefly introduced. In the next chapter, selected methods are employed in the
modeling of plasma momentum loss, their performance is compared, and the results are
discussed. Follows a short summary in the last chapter.

2

Chapter 2

Surrogate Modeling Methods
Introduction
Generally, a surrogate model is an approximation of some original function. The true
function can be represented by a numerical program, simulation, or physical phenomena.
The goal of surrogate modeling is to create an approximation that behaves as close as
possible to the true function given the available data, but is usually less computationally
demanding, more interpretable, or has some other desired properties.
The surrogate model is usually represented with an analytical definition of a function
containing some free parameters. These are the parameters of the model. The model
is trained by finding the best parameter values to fit the available data from previous
evaluations of the original function. The exact way this is achieved depends on the surrogate
model and methods used. The training can also be iterative, where an experiment design
method is used to select the next point to query the original function for new data in each
iteration. This is commonly known as active learning. Examples of experiment design
methods will be discussed in the next chapter. When trained, the model can be used by
the experiment design method to guide further evaluations or predict the outcome of the
original function given some input.
The data used for the training are in most cases just a set of pairs of inputs and outputs
of the true model. Additional information or expert knowledge about the true model can
be incorporated into the surrogate model as well but it is often a non-trivial task [4, 7].

Notation
Here is a brief overview of the notation used in this chapter. The data-point generated
from the i-th evaluation of the original function is labeled (xi , yi ) where xi is the input
and yi is the output of the function. A set of all data gathered by evaluating the original
function is labeled DN , where N = |DN | is the data set size. The symbol θ is used to
represent the model parameters. The function ϕ(x) represents an arbitrary parameter-less
transformation of the input vector x. Bold vectors or matrices emphasize that they include
values of all data points. This includes the vector/matrix Y of all function values, the
matrix X of all evaluation points, and the matrix Φ of all evaluation points lifted by the
function ϕ.
A survey of selected surrogate models and surrogate modeling methods are introduced in
the remainder of this chapter.
3

1

Response Surface Model

Response surface models (RSM) are used to approximate a function via polynomials. RSM
can be generalized with the following equation [8]:
y = ϕ(x)T θ + ϵ
ϕ(x) = (ϕ1 (x), ..., ϕp (x))T ,

(2.1)

where the functions ϕ1 , ..., ϕp are polynomial, ϕ : Rn → Rp , x ∈ Rn is the input, θ ∈ Rp
is a vector of the model parameters, y ∈ R is the output, and ϵ represents a random
zero-mean expriment evaluation noise. The function ϕ could for example be defined as
ϕ(x) = (1, x1 , x1 x2 , x22 )T where x = (x1 , x2 )T .
RSM model can be expressed in a matrix form for N data-points (x1 , y1 ), ..., (xN , yN )
as
Y = Φθ + ϵ,

(2.2)

where Y ∈ RN is a vector of values y1 , ..., yN , the rows of the matrix Φ ∈ RN ×p are
calculated as ϕ(x1 ), ..., ϕ(xN ), and θ ∈ Rp remains the same.
Finally, we can also expand the model for y ∈ Rm . Then Y ∈ RN ×m and θ ∈ Rp×m is
the parameter matrix.
The model parameters θ can be estimated using the least squares method as [8]
θ = (ΦT Φ)−1 ΦT Y.

(2.3)

The most commonly used special cases of RSM are the first-degree RSM and the
second-degree RSM [8]:
y = θ0 + xT θ1 + ϵ,

(2.4)

y = θ0 + xT θ1 + xT θ2 x + ϵ,

(2.5)

where θ0 ∈ R, θ1 ∈ Rn , and the symmetrical matrix θ2 ∈ Rn×n are the model parameters.

Experiment Design
The experiment design of RSM is described by a so-called design matrix X. The rows of
the design matrix represent the different points for experimental evaluation called design
points. Many different designs for the first and second-order RSM have been proposed with
different properties and demands on the number of experiments. The choice of a design
model depends on the objective of the modeling as well as the experiment cost. Different
objectives include training as precise model as possible, finding which input variables
x1 , ..., xn have the most significant effect on the output value y, or finding an optimal
setting of the input variables to minimize/maximize some utility function U (y) : Rm → R.
Applying multiple designs in succession can also be an effective strategy.
Some of the most commonly used designs and their properties are discussed in detail
by A. I. Khuri and S. Mukhopadhyay in [8].
4
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Radial Basis Function Model

Radial basis functions (RBF) are another class of functions commonly used to construct
surrogate models. A radial basis function is a function whose output depends solely on the
distance between the input point and some fixed center point. A radial basis function ϕi
can be generalized as
ϕi (x) = ϕ̄i (||x − c||),
(2.6)
where the center point c is a hyperparameter of ϕi and ϕ̄i is an arbitrary function. The
Euclidean distance is used most often but any other distance measure can be used as well.
A RBF surrogate model can be defined in the following form [9]:
y = ϕ(x)T θr + ϵ

(2.7)

ϕ(x) = (ϕ1 (x), ..., ϕp (x))T ,

where the functions ϕ1 , ..., ϕp are radial, ϕ : Rn → Rp , x ∈ Rn is the input, θr ∈ Rp is a
vector of the model parameters, y ∈ R is the output, and ϵ represents a random zero-mean
expriment evaluation noise.
Some examples of commonly used basis functions include [9]:
Linear: ϕ̄i (d) = d,
p
Quadratic: ϕ̄i (d) = d2 + α2 ,

(2.8)

Gaussian: ϕ̄i (d) = exp(−αd2 ),
where α is a hyperparameter which changes the “area of influence” of the basis function.
The RBF model is often extended by a bias term to get the form [9]
y = ϕ(x)T θr + ψ(x)T θb + ϵ
ϕ(x) = (ϕ1 (x), ..., ϕp (x))T

(2.9)

ψ(x) = (ψ1 (x), ..., ψq ()),
where ψ : Rn → Rq , θb ∈ Rq . The functions ψ1 , ..., ψq are most commonly polynomial. In
that case, we are in a way using the RSM as the bias.
Similarly to the RSM, the RBF model can also be written in a matrix form and extended
for y ∈ Rm resulting in the form
Y = Φθr + Ψθb + ϵ,

(2.10)

where Y ∈ RN ×m , the rows of the matrix Φ ∈ RN ×p are ϕ(x1 ), ..., ϕ(xN ), θr ∈ Rp×m , the
rows of the matrix Ψ ∈ RN ×q are ψ(x1 ), ..., ψ(xN ), θb ∈ Rq×m , and N is the size of the
data set.
The model parameters θr can be estimated using the least squares method as [9]
θr = (ΦT Φ)−1 ΦT (Y − Ψθb ),

(2.11)

where the bias parameters θb are estimated a priori as
θb = (ΨT Ψ)−1 ΨT Y.

(2.12)

It is also possible to consider the parameters θb not known a priori. Then the estimation
of parameters θr and θb becomes slightly more complicated. If you wish, refer to [9] for a
detailed description of this approach.
5
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Support Vector Regression

Support vector regression (SVR) is a method used for surrogate model training. SVR can
be used to train any model with linear parameters [10] given by the equation
y = ϕ(x)T θ + ϵ,

(2.13)

where y ∈ R is the output, x ∈ Rn is the input, θ ∈ Rp is the vector of model parameters,
ϕ : Rn → Rp is a parameter-free transformation of the input vector x, and ϵ is a random
zero-mean experiment noise.
The parameters θ are learned by solving the following optimization problem [10]:
θ̂ ∈ arg min C
θ

N
1 X
1
max(0, |yi − ϕ(xi )T θ| − ε) + ||θ||2 ,
N
2

(2.14)

i=1

where ε is a small positive value describing the maximum tolerated model error and the
positive constant C controls the balance between maximizing the model precision and
minimizing its complexity.
To solve this optimization problem we first rewrite it without the absolute value and
max functions as [11]
N
1
1 X −
||θ||2 + C
(ξi + ξi+ )
2
N
i=1

−
T

yi − ϕ(xi ) θ ≤ ε + ξi
ϕ(xi )T θ − yi ≤ ε + ξi+ ∀i ∈ {1, ..., N }.

 − +
ξi , ξi
≥0

min

s.t.

(2.15)

Then we can construct the dual optimization problem [11]:

max

−

N N
1 1 XX −
(αi − αi+ )(αj− − αj+ ) ϕ(xi )T ϕ(xj )
2 N2
i=1 j=1

−ε

N
N
1 X −
1 X
(αi + αi+ ) +
yi (αi− − αi+ )
N
N
i=1

s.t.


N

 P (α− − α+ )
i
i=1

−
α , α+
i
i

(2.16)

i=1

i

=0
∈ [0, C]

∀i ∈ {1, ..., N }.

− ˆ+
By solving this quadratic programming problem we get αˆ1 − , αˆ1+ , ..., αˆN
, αN , which can be
used to calculate the model parameters as [11]

θ̂ =

N
1 X ˆ−
(αi − αˆi+ ) xi .
N
i=1

6

(2.17)

4
4.1

Gaussian Process
Introduction

Gaussian process (GP) is arguably the most commonly used surrogate model for Bayesian
optimization [12, 1, 2]. (Bayesian optimization is discussed in the following chapter in
section 2.) For every point in the original function domain, a Gaussian process approximates
its function value as a one-dimensional normal distribution. Therefore, a Gaussian process
approximates the original function as an infinite-dimensional normal distribution over all
possible forms the original function could have. The infinite-dimensionality comes from
the fact, that the original function is continuous and thus there are infinitely many points
in its domain each approximated with a single-dimensional normal distribution.
Gaussian processes have been described in detail by Carl Edward Rasmussen in the book
Gaussian Processes for Machine Learning [13]. For an introduction to the fundamentals of
GP, I also recommend the lectures by Nando de Freitas [14, 15].

4.2

Model Equations

A Gaussian process is determined by two parameters; a prior belief about the original
function µ0 and the kernel function k. Assume the original function f : Rn → R. Then, the
prior belief about the original function is a function µ0 : Rn → R and the kernel function
is a positive-definite function k : Rn × Rn → R.
The prior belief describes our expert knowledge about what the original function might
look like. It is often omitted as its impact on the model diminishes with growing data. It
can for example be set to a constant µ0 (x) = 0.
The kernel function is also called the covariance function. It describes how the approximation of the original function at a given point is affected by the available data from
previous evaluations of the original function.
The GP model approximates the original function value at a given point x̄ by the
normal predictive distribution [16]
2
x̄ ∼ N (µN (x̄), σN
(x̄)),

(2.18)

2 (x̄) are given by
where the mean function µN (x̄) and the variance function σN

µN (x̄) = µ0 (x̄) + k(x̄)T (K + σe2 I)−1 (Y − m),

(2.19)

2
(x̄) = k(x̄, x̄) − k(x̄)T (K + σe2 I)−1 k(x̄),
σN

(2.20)

RN

where the vector k(x̄) ∈
contains the covariance values of the point x̄ and each
individual point xi from the data set. The covariance matrix K ∈ RN ×N contains the
covariance values of each pair of points xi , xj from the data set. The term m is a vector of
the prior beliefs about the function value for the points from the data set. Therefore the
aforementioned terms can be defined as
m = (µ0 (x1 ), ..., µ0 (xN ))T ,
k(x̄) = (k(x1 , x̄), ..., k(xN , x̄))T ,
Ki,j = k(xi , xj ).
The subscript N of the mean and variance functions emphasizes that these terms depend
on the data DN . Using this set of equations, one can get both the approximation of the
7

original function at a given point x̄ of the model domain by calculating the mean µN (x̄)
2 (x̄) based on
and the uncertainty of the model at that point by calculating the variance σN
the available data DN .

4.3

Kernel Functions

The most commonly used stationary kernel functions are the matérn kernels. The three
most common matérn kernels are [16]:
kmatérn1 (x1 , x2 ) = σk2 exp(− d),
√
√
kmatérn3 (x1 , x2 ) = σk2 exp(− 3 d) (1 + 3 d),
√
√
5
kmatérn5 (x1 , x2 ) = σk2 exp(− 5 d) (1 + 5 d + d2 ),
3
where d is the distance between the two given points x1 , x2 given by
q
d(x1 , x2 ) = (x1 − x2 )T Λ (x1 − x2 ),

(2.21)
(2.22)
(2.23)

(2.24)

where Λ is a diagonal matrix of length scales λ1 , λ2 , ..., λn .
The constants σk2 and λ1 , λ2 , ..., λn are hyperparameters of the matérn kernel functions.
The general matérn kernel function matérnν is parametrized by the smoothness parameter
ν. A special case of a matérn kernel with ν → ∞ is the squared exponential kernel
1
ksqexp (x1 , x2 ) = kmatérn∞ (x1 , x2 ) = σk2 exp(− d2 ).
2

(2.25)

Many other kernel functions exist other than the matérn kernels. For example, the
previously mentioned radial basis functions are also commonly used as kernels for Gaussian
processes. The choice of a kernel function depends largely on the available information
about the original function. For more information on different GP kernels and their
selection see [17].

4.4

Hyperparameter Optimization

The GP model contains some hyperparameters. Namely the experiment noise σe2 , the
prior belief µ0 , and potentionally some hyperparameters of the kernel function. The
hyperparameters can be estimated by maximizing the marginial likelihood of the data
rather than setting them manually. The marginal likelihood can be directly analytically
expressed as [16]
log p(Y|X, θh ) =
i
1h
−
(Y − m(θh ) )T (K(θh ) + σe2 I)−1 (Y − m(θh ) ) + log |K(θh ) + σe2 I| + N log(2π) , (2.26)
2
where θh = (µ0 , σe2 , θk ) is a tuple of model hyperparameters, where θk contains the
hyperparameters of the kernel function. The superscript (θh ) highlights the dependence
of the term on the hyperparameters. The prior belief µ0 is often ignored during the
hyperparameter optimization as its effect on the model is not substantial.
Other methods for optimizing the hyperparameters of a Gaussian process exist as well
[18].
8

4.5

Benefits and Limitations

A big advantage of Gaussian processes is that the model uncertainty at any point of the
domain is very easily extracted from the model using the equation 2.20. Another benefit
is the analytical expression for the marginal data likelihood 2.26, which allows for simple
hyperparameter optimization.
On the other hand, the main limitation of Gaussian processes is the scalability with
growing data. Once we calculate the matrix (K + σe2 I)−1 , the model approximations
and uncertainty for different points of the domain are readily available. However, the
calculation of this matrix is computationally demanding with large data because of the
matrix inversion. Some methods partially mitigating this issue have been introduced [19,
20, 21].

5
5.1

Equation Learner
Introduction

Equation learner (EQL) is an example of a method using neural networks for surrogate
modeling. Neural networks are in their essence a type of surrogate model as they are
generally trained with data composed of inputs and outputs of some original function and
then used to predict future outputs. The topic of neural networks is a mature one with a
plethora of literature dedicated to it. The EQL method will serve as a representative of
this class of surrogate models in this work.
The EQL model constructs a surrogate model represented by a set of equations composed
of provided algebraic operators. It was introduced by G. Martius and Ch. H. Lampert in
2016 [22]. The main difference of EQL to other models including other neural networks
is that EQL strongly promotes model simplicity and interpretability instead of focusing
solely on model precision.
EQL uses a shallow neural network consisting of several linear layers. Each layer except
the last is followed by function nodes implementing different base functions which will be
used to construct the model. The selection of the base functions depends on the original
function being modeled and can be used to limit the model only to plausible functions.
Division cannot be included in the classic EQL as the limits at zero are problematic for
the gradient-based optimization of the parameters of the neural network. An improved
variant of the method labeled (EQL÷ ) has been proposed in 2018 by S. S. Sahoo, Ch. H.
Lampert and G. Martius [6], which adds a division node after the last layer as well as
making the training more stable. The EQL÷ and EQL methods are mostly similar. The
EQL÷ variant will be assumed for the rest of the section but the main differences from the
classic EQL method will be mentioned when they come up.
The equations and hyperparameter settings presented in this section have been taken
from the aforementioned works of S. S. Sahoo, Ch. H. Lampert and G. Martius [6, 22].
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Figure 2.1: Example EQL÷ NN architecture [6]

5.2

Neural Network Model

An example of an EQL÷ neural network architecture is shown on the figure 2.1. The
output vector of the l-th layer is denoted y (l) and it is computed as
y (l) = F (l) (z (l) )
(l)

(l)

F (l) (z (l) ) = (f1 (z1 ))

(2.27)
(l)

z (l) = W (l) y (l−1) + w0 .
Firstly, the simple linear layer with the matrix W and the vector w0 as its parameters
is applied to get the vector z (l) and then the function nodes are applied (denoted by the
non-linear transformation F (l) ) to get y (l) - the output vector of the whole layer. The
(l)
transformation F (l) applies different base functions fi to each element of the vector z (l) .
Note that y (0) = x is the input of the neural network and y (L) is the output of the
network, where L is the total number of layers. In the case of the classic EQL, it holds that
y (L) = z (L) as there is no function node after the last linear layer. In the EQL÷ variant,
the last transformation F (L) contains the added division.

5.3

Training

Stochasitc gradient descent with the Adam algorithm are usually used to train the neural
network. The loss function used during the training is defined as
N
L
X
1 X
2
∥ψ(xi ) − yi ∥2 + λ
∥W (l) ∥1 + Pτ ,
L :=
N
i=1

(2.28)

l=1

where N is size of the data set and ψ denotes the neural network. The first two terms of
the loss equation are the standard L2 loss followed by the L1 regularization. The last term
is the penalty only present in the EQL÷ variant which is used to steer the denominators of
the divisions away from negative values. The penalty term is calculated as
Pτ :=

N X
m
X

(L)

pτ (z2j (xi ))

i=1 j=1

pτ (d) := max(τ − d, 0),
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(2.29)

(L)

where m is the length of the output vector y (L) and the term z2j (xi ) denotes the value
of the 2j-th element of the vector z (L) given the network input vector xi . Note that the
length of the vector z (L) is equal to 2m and by iterating over every second element we
select the denominators. The τ threshold is used to avoid large gradients in the division
function. Its value is dependent on the current epoch t and is defined as
√
(2.30)
τ (t) := 1/ t + 1.
The training of the EQL neural network is split into three phases. The first phase is
un-regularized as λ is set to zero. In the second phase, λ is set to a non-zero value for
the regularization to take place. In the final phase, the model complexity is fixed and the
exact parameter values are learned by setting λ to zero again but enforcing an unchanging
L1 norm. The L1 norm can be fixed by resetting all weights close to zero back to zero (e.g.
if |w| < 0.001 then w = 0) in each iteration.
Consider T as the total number of training epochs and t as the current epoch. Then
the first phase takes place while t ≤ 14 T then the second phase takes place while t ≤ 19
20 T
and the third phase takes place in the remaining epochs.
Additionally, penalty epochs are introduced in the EQL÷ variant to prevent overfitting.
Penalty epochs are inserted in regular intervals (e.g. every 50 epochs) which use a different
loss function
LP = Pτ + Pb ,
(2.31)
N X
m h
i
X
(L)
(L)
Pb :=
max(yj (xi ) − b, 0) + max(−yj (xi ) − b, 0) ,

(2.32)

i=1 j=1

where b is a hyperparameter constant dependent on the problem but easily estimated from
the observed data. (It is reasonable to set b to around 3 times the maximum expected
output value.) This custom loss function helps to keep the output values from having
vastly different magnitudes than the observed outputs.

5.4

Benefits and Limitations

The advantages of the EQL modeling method include the ability to incorporate expert
knowledge into the model via the base functions, the fact that EQL favors simple models
which can be more interpretable, and if suitable base functions and NN structure are
selected the model can extrapolate surprisingly well in contrast to most other conventional
models which behave very poorly outside of the training domain. (See the results in the
original articles.)
One of the limitations of the EQL modeling is the added hyperparameters in the form
of the base functions which the researcher has to provide and which can be non-trivial
to select without any insight into the original model. Another disadvantage is that this
model does not provide an uncertainty estimation which is necessary if the model is to be
used in active learning. This issue can be solved for example by implementing Bayesian
ridge regression into the method which allows for model uncertainty estimation. However,
using Bayesian ridge regression with an EQL model with more than one layer introduces
some complications as the model parameters are not linear in that case. (Bayesian ridge
regression is discussed in the next chapter in section 3.)
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Chapter 3

Experiment Design
Introduction
Experiment design in surrogate modeling describes how to select the inputs for the
evaluations of the original function to generate data for the training of the surrogate model.
In active learning, the experiment design method selects a single input for evaluation in
each iteration. Some methods can also be modified to select multiple evaluation points
in each iteration, which can be advantageous when more than one experiment can be
performed in parallel generating multiple data points at the same time. The experiment
design often utilizes the surrogate model to determine the optimal next evaluation point.
It can for example use the prediction given by the model to estimate the outputs of the
original function or use the uncertainty of the model in different parts of the domain
to determine which regions should be explored more. Some experiment design methods
also try to estimate the effect new data at certain points of the domain will have on the
surrogate model.
Different methods for expriment design for surrogate model development are introduced in
the following sections. The first two methods - space mapping and Bayesian optimization
- are mainly used for function optimization whereas the third method - Bayesian ridge
regression - is used for model development.

1

Space Mapping

Space mapping is an experiment design method used for optimization of an expensive-toevaluate high fidelity model referred to as the fine model using a cheaper less precise model
referred to as the coarse model. An important prerequisite of the method is that the coarse
and fine models describe the same phenomena. For this reason, the method is usually used
with physically based models where the fine model is often some complex simulation and
some basic equations neglecting losses or finer physical processes are used as the coarse
model.
The equations in this section have been taken from [23].
Let Rf (x), Rc (x) ∈ Rm be the response vectors (i.e. the output) of the fine and coarse
physical models given some input vector x ∈ Rn . Let Rs (x, θ) ∈ Rm be the response vector
of the surrogate model given some input vector x ∈ Rn and model parameters θ ∈ Rp . The
surrogate model is composed of the coarse model and some transformation of x dependent
12

on the parameters θ. For instance, a linear transformation could be used resulting in the
following surrogate model: Rs (x, θ) = Rc (θT x). In that case, p would equal n.
Our goal is to find some input x̂ for the fine model yielding an optimal response vecor
in the sense of some objective function U : Rm → R. More precisely
x̂ = arg min U (Rf (x)).
x

(3.1)

Direct optimization of the fine model would be too computationally expensive. For that
reason, we will employ the surrogate model to aid with the optimization. The optimization
algorithm consists of two main steps;
1) Fit the surrogate model to the fine model:
θk = arg min
θ

k
X

wi ||Rs (xi , θ) − Rf (xi )||,

(3.2)

i=0

2) Find the optimal solution using the cheap surrogate model:
xk+1 = arg min U (Rs (x, θk )),
x

(3.3)

where the index of the current iteration k is also the size of the current data set Dk =
{(x1 , Rf (x1 )), ..., (xk , Rf (xk ))}. The weights w1 , ..., wk ∈ R can be used to control the
contribution of different data points to the training. These two steps are repeated until a
satisfactory solution is found.
Notice that the fine model only needs to be evaluated once in each iteration as a single
new point xk+1 is added to the data set whereas the surrogate model is evaluated many
times during the optimization process. This way a lot of resources can be saved as the fine
model is usually much more computationally demanding.

2
2.1

Bayesian Optimization
Introduction

Bayesian optimization has been coined by Jonas Mockus in 1970s [24] and since been
studied by him [25] and many others [16, 12, 26].
Bayesian optimization is a powerful tool for global optimization. Most commonly, it is
used to approximate the global optimum of black-box functions while evaluating them as
few times as possible. (Black-box function is a function with an unknown analytical form
and with no information about its behavior available. It can only be queried for function
values at specific points of its domain.)
Complicated physical simulations are a perfect example of functions that can be
effectively optimized using Bayesian optimization [1, 2, 3]. They can be very expensive
and slow to evaluate limiting the ability to query them for large amounts of data. They
are also usually fairly complicated and the effect of different parameters on the result is
hard to predict making them difficult to optimize.

2.2

Basic Concept

Bayesian optimization creates and successively updates a probabilistic surrogate model
approximating the objective function which is then used to guide further optimization of the
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objective function. The surrogate model is created using the data obtained from previous
objective function evaluations. The method is similar in principle to space mapping.
However, a big advantage of the probabilistic approach is that Bayesian optimization can
use the uncertainty of the surrogate model to improve the experiment design.
In each iteration of the Bayesian optimization, firstly, the next point to evaluate the
objective function at is selected by maximizing the so-called acquisition function. Then the
objective function is evaluated, the data set is augmented with the new data point, and the
surrogate model is updated according to the new data. The point of the next evaluation of
the objective function is usually selected in order to lower the uncertainty of the surrogate
model and/or to try to improve the best global optimum of the objective function found
so far. The balance between these two objectives is controlled by the selection of the
acquisition function.
Algorithm 1 Bayesian Optimization
procedure optimize
while not term cond() do
x̄ ← arg max α(x, S)
x

ȳ ← f (x̄)
Di ← Di−1 ∪ {(x̄, ȳ)}
S ← update model(Di )
end while
end procedure
The general algorithm of Bayesian optimization is described by the algorithm 1. The
function α is the acquisition function, S is the surrogate model, f is the original function,
also called the objective function as it is the objective of the optimization, and Di is the
data set after the i-th iteration.
The acquisition function and the surrogate model are selected based on the problem.
Any additional information about the objective function properties can help in the selection
of a suitable surrogate model. The acquisition function selection depends mainly on the
goal. For example, a different acquisition function will be suitable for function maximization
and cumulative reward maximization.
In the figure 3.1, there is an example of what an iteration of Bayesian optimization can
look like. You can see how the surrogate model changes during the optimization in the
plots (a) and (b) which depict two successive iterations.
The blue line represents the objective function. In this example, the objective function
is the sinus function. In a real-world application, the objective function is unknown. The
only information about the objective function available to the model are the black data
points obtained from previous objective function evaluations. (There is no evaluation
noise in this example, therefore the data points lie exactly on the graph of the objective
function.)
The red and yellow lines represent the surrogate model. The red line is the prediction
of the objective function values given by the surrogate model and the yellow lines represent
the uncertainty of the model. The bigger the interval between the two yellow lines is, the
bigger the uncertainty of the approximation at that point of the domain is. The surrogate
model used here is the Gaussian process with the matérn3 kernel.
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Figure 3.1: Example of Bayesian Optimization
(b)

(a)

Finally, the green graph represents the acquisition function. You can see that the value
of the acquisition function is high where the uncertainty of the surrogate model is high while
also being higher close to data points with high function values. These are generally the
areas where the objective function is likely to yield high values. The acquisition function
used here is the upper confidence bound which will be introduced later.
In the two plots, we can see how the model changed after a single iteration of the
Bayesian optimization. In plot (b), a new data point was added exactly where the
acquisition function was maximized in plot (a). By updating the model with new data,
its approximation of the objective function improved and the uncertainty around the new
data point dropped drastically. (In this case, it drops to zero as a zero experiment noise is
assumed by the model.) Because of that, the acquisition function drops there as well and
the next evaluation point would be selected elsewhere.

2.3

Acquisition Functions

Introduction
The acquisition function is used to determine the next point of evaluation of the objective
function during Bayesian optimization. The acquisition function has the same domain as
the objective function and given a point from it returns a value describing its suitability as
the next point of evaluation. Thus maximization of this function results in the point in
some way most suitable for the next evaluation.
The shape of the acquisition function changes with the updating surrogate model. In
general, the acquisition function returns high values in two different areas of the domain.
Firstly, in the areas where the uncertainty of the surrogate model is high - where there is
a lack of data. Secondly, in the areas where the surrogate model predicts high objective
function values - in the proximity of previous objective function evaluations which yielded
high values. This corresponds to the well-known problem of exploration versus exploitation.
The choice of the acquisition function determines how these two objectives will be kept in
balance.
The acquisition function should be computationally cheap to evaluate in comparison to
the objective function so it is easily optimized.
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Below is an example of a very simplistic acquisition function, which would never be
used in practice, but will be useful to get a basic understanding of how acquisition functions
work.
Assume an extremely greedy policy trying to maximize the expected outcome of the
objective function evaluation in each iteration of the Bayesian optimization. Such a policy
could compare the suitability of different points of the objective function domain simply by
the objective function values predicted by the surrogate model always selecting the point
with the highest predicted value. The acquisition function αgreedy of such policy would be
αgreedy (x) = µy (x),

(3.4)

where µy (x) is the mean of the predictive distribution for the point x of the function
domain. (The predictive distribution is defined by the probabilistic surrogate model.)
This policy would in practice perform very poorly as it completely disregards exploration
in favor of exploitation. Below are introduced some commonly used policies which balance
exploration and exploitation better. The equations of the acquisition functions discussed
below have been taken from [16].
Probability of Improvement (PI)
This policy selects the next objective function evaluation point based on the probability
that the evaluation yields a higher value than some fixed value τ . This makes it suitable
for objective function optimization. The hyperparameter τ is usually set to the highest
objective function value found yet but can be set to different values as well.
Assuming the predictive distribution of the surrogate model is Gaussian, the PI
acquisition function can be calculated as


µy (x) − τ
αP I (x) = Φ
,
(3.5)
σy (x)
where µy (x) and σy2 (x) are the mean and variance of the normal predictive disrtibution
for the point x and Φ is the cumulative distribution function of the standard normal
distribution.
Note that the predictive distribution of the surrogate model changes with the growing
data set and so the acquisition function will change with new data as well.
Expected Improvement (EI)
This is a similar policy to the PI policy. However, rather than considering just the probability
of improvement, it considers the amount of improvement as well. More precisely, the
candidate points are compared based on the average expected improvement over some
value τ . This policy is also used for objective function optimization.
Assuming a Gaussian predictive distribution of the surrogate model, the EI acquisition
function can be calculated as




µy (x) − τ
µy (x) − τ
αEI (x) = (µy (x) − τ ) Φ
+ σy (x) ϕ
,
(3.6)
σy (x)
σy (x)
where the terms τ , Φ, µy (x) and σy2 (x) are the same as in the previous case and ϕ is the
probability density function of the standard normal distribution. You can compare the
equation with the previous one.
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Upper Confidence Bound (UCB)
The upper confidence bound acquisition function balances exploration and exploitation by
considering the surrogate model’s prediction as well as the uncertainty of that prediction
for each evaluated point. Using the surrogate model, the objective function value at a
given point x can be predicted to be within some interval I centered around µy (x) with
some fixed confidence. The upper confidence bound acquisition function computes the
suitability of the point x as the upper bound of such confidence interval.
When the uncertainty of the surrogate model is high, the confidence interval I will
be larger pushing its upper bound higher. When the predicted objective function value
µy (x) is high, the upper bound of the interval I will also be higher as the whole interval is
pushed higher. This way, exploration and exploitation are balanced.
This policy is suitable for both objective function optimization and cumulative reward
maximization.
Again, assuming a normal predictive distribution, the UCB acquisition function is
defined as
αU CB (x) = µn (x) + β σn (x),
(3.7)
where the fixed confidence used to calculate the confidence intervals can be altered by
changing the β hyperparameter.
Thompson Sampling (TS)
Thompson sampling is a bit different from the previous two experiment design methods.
It is not defined with an analytical acquisition function which would be maximized in
each iteration of the Bayesian optimization. Instead, a point x from the objective function
domain is selected as the point of the next objective function evaluation with a probability
proportionate to the probability that x is the optimum of the objective function. This can
be done very easily without the need to directly calculate this probability simply by taking
a single sample of the model parameters θ from the posterior distribution p(θ|D) and then
maximizing surrogate model prediction with the sampled parameters. The selection of the
next evaluation point x̄ is therefore performed by solving
x̄ = arg max mθs (x)
x

(3.8)

θs ∼ p(D|θ) p(θ) ∝ p(θ|D),
where θs is drawn from p(D|θ) p(θ). (This distribution is proportional to the parameter
posterior p(θ|D) because of the Bayes’ theorem.)
The Thompson sampling is most commonly used for cumulative reward maximization.
The sampling makes the method stochastic but the introduced randomness can be
advantageous for example for problems where the objective function is evaluated in batches
in parallel. In that case, multiple promising evaluation points can be selected easily by
simply evaluating the experiment design method multiple times.

3

Bayesian Ridge Regression

Bayesian ridge regression is an experiment design method used for model development. The
basic algorithm of Bayesian regression is identical to Bayesian optimization. It also selects
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a point for the next evaluation of the true model in each iteration and then updates the
surrogate model according to the result. However, the main difference is in the evaluation
point selection. In Bayesian optimization, the acquisition function was used to balance
exploration and exploitation to direct the search for the optimum of the objective function.
In Bayesian regression, a so-called utility function is used instead which selects such
evaluation points which will improve the surrogate model the most.
The equations in this section have been taken (with slight alterations in notation) from
the Pattern Recognition and Machine Learning book written by Ch. M. Bishop [27].

3.1

Linear Regression

The Bayesian regression is discussed for a linear model below. Laplace approximation is
introduced later which is one of the common methods for dealing with non-linear models.
Experiment and Model
Assume we have an experiment that can be run with different input parameters x and some
values y are observed. The experiment behaves as a black-box function. Now assume we
would like to create some model which would approximate the results ȳ of the experiment
for new inputs x̄. This can be motivated by the experiment being expensive to run or by
the wish to gain some insight into the dependence of y on x.
Assume the experiment
y = ξ(x) + ϵ,
(3.9)
where y ∈ R, x ∈ Rn , and the measured values y are given by a deterministic function ξ
and some noise variable ϵ ∼ N (0, ω −1 I).
Assume the linear model
y = θT ϕ(x),
(3.10)
where y and x are the outputs and inputs of the model, θ ∈ Rp are the model parameters
and ϕ : Rn → Rp is a function composed from so-called basis functions ϕ1 , ..., ϕp : Rn → R.
Least Squares
The solution θ̂ for the model parameters in the sense of least squares is presented below.
Assume some data DN = {(x1 , y1 ), ..., (xN , yN )} from previous runs of the experiment.
Let X ∈ RN ×n be a matrix of input vectors x1 , ..., xN and Y ∈ RN be a vector of output
values y1 , ..., yN . We wish to learn the parameters θ̂ which maximize the likelihood of the
observed data DN . We will start by expressing the log-likelihood of the observed data
p(Y|X, θ) =

log p(Y|X, θ) =

N
Y

N (yi |θT ϕ(xi ), ω −1 I)

i=1
N
X

N (yi |θT ϕ(xi ), ω −1 I)

(3.11)

i=1

Nm
ω
log( ) − ω Err(θ),
2
2π
where the least squares error Err(θ) of the model is defined as
=

N

Err(θ) =

1X
(yi − θT ϕ(xi ))2 .
2
n=1
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(3.12)

The gradient of the log-likelihood of the data can be expressed as
∇ln p(Y|X, θ) =

N
X

(yi − θT ϕ(xi ))ϕ(xi )T .

(3.13)

n=1

Finally, by setting the gradient to zero we can derive the equation for the optimal model
patameters
θ̂ = (ΦT Φ)−1 ΦT Y,
(3.14)
where the rows of the matrix Φ are equal to ϕ(x1 ), ..., ϕ(xN ). (See [27] for a more detailed
derivation.)

3.2

Posterior Parameter Distribution

The posterior model parameter distribution is defined as
p(θ|D) =

p(D|θ) p(θ)
∝ p(D|θ) p(θ).
p(D)

(3.15)

In the case of Gaussian prior and a linear model, an analytical form exists. Assume
the prior parameter distribution p(θ) = N (µθ , Σθ ). If we assume the linear model from
the first subsection, then the posterior distribution p(θ|D) is also Gaussian and can be
calculated as
p(θ|D) = N (θ|µ¯θ , Σ̄θ )
T
µ¯θ = Σ̄θ (Σ−1
θ µθ + ωΦ Y)

Σ̄θ =

(Σ−1
θ

T

−1

+ ωΦ Φ)

(3.16)

.

Usually, a zero-mean prior with covariance matrix (α−1 I) is considered where α is a
positive number. Then we get
µ¯θ = ω Σ̄θ ΦT Y
Σ̄θ = (αI + ωΦT Φ)−1 .

(3.17)

Using either of the equations above, we do not only get the highest likelihood estimation
of θ (as the µ¯θ ) but the covariance of the θ distribution as well, which will be useful in
determining the utility of input points for potential future experiments as we will see later.

3.3

Approximating Integrals over Distributions

Before we continue with the Bayesian regression, let us have a look at a simple trick which
can be used to approximate an analytically intractable integral over a distribution from
which we can draw samples.
An integral over a distribution p(x) can be approximated by drawing samples x1 , ..., xS
from p(x) as
Z
g(x)p(x)dx ≈

S
1X
g(xi )
S
i=1

iid

x1 , ..., xS ∼ p(x),
where g(x) is some arbitrary function of x.
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(3.18)

3.4

Posterior Predictive Distribution

The model predictions are given by the posterior predictive distribution defined as
Z
p(y|x, D) = p(y|x, θ) p(θ|D) dθ.
(3.19)
The prediction ỹ of the model for a new point x can be estimated using the equation
3.18 as
S
1X T
ỹ ≈
θi ϕ(x)
S
i=1

(3.20)

iid

θ1 , ..., θS ∼ p(θ|D).
In the case the model is linear and the posterior parameter distribution is Gaussian,
the predictive distribution will also be Gaussian and can be calculated analytically as
p(y|x, D) = N (µy , σy )
µy = µTθ ϕ(x)
σy2

=

σe2

(3.21)
T

+ ϕ(x) Σθ ϕ(x),

where p(θ|D) = N (µθ , Σθ ) and σe2 is the assumed experiment noise.

3.5

Utility Functions

In this subsection, the two most commonly used utility functions for experiment design in
Bayesian ridge regression are presented.
Information Gain (IG)
The information gain method aims to maximize the gain in Shannon information of the next
experiment. The utility of a potential new data point (x̄, ȳ) is defined as the difference in
the expected entropy of the posterior parameter distribution after the data set is augmented
by the new data point and its current entropy [28]
UIG (x̄, ȳ) = H(θ|D) − H(θ|D̄) =
Z
Z
= log(p(θ|D̄)) p(θ|D̄) dθ − log(p(θ|D)) p(θ|D) dθ,

(3.22)

where D̄ := D ∪ {(x̄, ȳ)} are the current data D augmented by the new data point.
When evaluating the utility of a potential next evaluation point x̄, the value ȳ is
unknown. The utility is therefore calculated by integrating over ȳ
Z
UIG (x̄) = UIG (x̄, ȳ) p(ȳ|x̄, D) dȳ,
(3.23)
where p(ȳ|x̄, D) is the posterior predictive distribution of the model for the point x̄.
By combining the previous two equations we get the equation
Z Z
UIG (x̄) =
log(p(θ|D̄)) p(θ|D̄) dθ p(ȳ|x̄, D) dȳ
Z
(3.24)
− log(p(θ|D)) p(θ|D) dθ.
20

Note that the second integral does not have to be evaluated when maximizing the utility
over x̄ as it is not dependent on x̄.
The double integral over ȳ and θ can be aproximated by sampling the variables from
p(ȳ|x̄, D) and p(θ|D̄) respectively by using the equation 3.18.
In case the posterior model parameter distribution p(θ|D) is Gaussian, we can calculate
its entropy H(θ) analytically as [29]
H(θ|D̄) =

p
1
log(|Σ̄θ |) + (1 + log(2π)),
2
2

(3.25)

where p(θ|D̄) = N (µ¯θ , Σ̄θ ). Therefore, considering a Gaussian parameter distribution, the
information gain utility for a point x̄ can be calculated analytically as
Z
UIG (x̄) = H(θ|D) − H(θ|D̄) p(ȳ|x̄, D) dȳ,

Z 
1
p
UIG (x̄) = H(θ|D) −
log(|Σ̄θ |) + (1 + log(2π)) p(ȳ|x̄, D) dȳ,
(3.26)
2
2


p
1
UIG (x̄) = H(θ|D) −
log(|Σ̄θ |) + (1 + log(2π)) ,
2
2
where the entropy H(θ|D) of the current data set does not have to be evaluated when
maximizing UIG (x̄) over x̄. Note that we can leave out the integral over ȳ because the
entropy H(θ|D̄) does not depend on ȳ and integral over any probability distribution equals
1. (The entropy H(θ|D̄) only depends on x̄. See the section 3.2.)
Kullback-Leibler Divergence (KL)
The aim of this method is to choose a new evaluation point x̄ such that the Kullback-Leibler
divergence of the new posterior p(θ|D̄) from the previous distribution p(θ|D) is maximized.
The utility of a potential new data point (x̄, ȳ) is defined as [30]
UKL (x̄, ȳ) = DKL (p(θ|D̄) || p(θ|D))
Z
DKL (p(θ|D̄) || p(θ|D)) = log(p(θ|D̄)) p(θ|D̄) dθ
Z
− log(p(θ|D)) p(θ|D̄)dθ.
The value of the utility of x̄ is again calculated by integrating over ȳ
Z
UKL (x̄) = UKL (x̄, ȳ) p(ȳ|x̄, D) dȳ.
And by combining the previous two equations we get
Z Z
UKL (x̄) =
log(p(θ|D̄)) p(θ|D̄) dθ p(ȳ|x̄, D) dȳ
Z Z
−
log(p(θ|D)) p(θ|D̄) dθ p(ȳ|x̄, D) dȳ.

(3.27)

(3.28)

(3.29)

This equation can again be approximated by sampling from the distributions p(ȳ|x̄, D)
and p(θ|D̄) and using the equation 3.18.
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In case the posterior parameter distribution is Gaussian, the Kullback-Leibler divergence
can be calculated analytically as [31]


|Σ̄θ |
−1
T −1
tr(Σθ Σ̄θ ) + (µθ − µ¯θ ) Σθ (µθ − µ¯θ ) − p − log
,
|Σθ |
(3.30)
where p(θ|D) = N (µθ , Σθ ), p(θ|D̄) = N (µ¯θ , Σ̄θ ).
1
DKL (p(θ|D̄) || p(θ|D)) =
2

3.6

Model Selection

Bayesian regression can also be used to select the best surrogate model between multiple
considered models. To do this we need to modify the predictive distribution and utility
calculation slightly. Otherwise, the method remains largely the same.
Mixed Predictive Distribution
The predictive distribution is replaced with the mixed predictive distribution. For K
considered models, the mixed predictive distribution is expressed as
p(y|x, D) =

K
X

p(y|x, Mi , D) p(Mi |D),

(3.31)

i=1

where the predictive distribution of an individual model p(y|x, M, D) has been introduced
in the equation 3.19.
Model Evidence
The probability of the observed data p(D|M ) is called the model evidence. It is calculated
by integrating over the parameters θM of the model M as
Z
p(D|M ) = p(D|M, θM ) p(θM ) dθM .
(3.32)

Considering a linear model and a Gaussian parameter prior, the evidence can be
calculated as
Z
ω N α L
exp(−E(θM )) dθM ,
(3.33)
p(D|M ) = ( ) 2 ( ) 2
2π
2π
where E(θM ) is defined as
α
ω
||Y − ΦM θM ||2 + ||θM ||2
2
2
1
E(θM ) = E(µθM ) + (θM − µθM )T (ΣθM )−1 (θM − µθM ),
2
E(θM ) =

(3.34)

where p(θM |D) = N (µθM , ΣθM ), p(θM ) = N (0, α−1 I), ϵ ∼ N (0, ω −1 I) and θM ∈ RL .
Using this equation, the integral from the equation 3.33 can be expressed as
Z
L
− 12
exp(−E(θM )) dθM = exp(−E(µθM )) (2π) 2 |Σ−1
.
(3.35)
θM |
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By substituting this expression into the equation 3.33 we get
L
1
ω N α L
) 2 ( ) 2 exp(−E(µθM )) (2π) 2 |Σ−1
|− 2
θ
M
2π
2π
N
L
1
N
log p(D|M ) =
log ω + log α − E(µθM ) −
log(2π) − log |Σ−1
θM |,
2
2
2
2

p(D|M ) = (

(3.36)

where N is the size of the data set.
Model evidence is used to calculate the posterior model probability in the next section.
Posterior Model Probability
Using the Bayes’ theorem, we see that the posterior probability of one of the considered
models is proportional to the likelihood of the observed data multiplied by the model prior
probability:
p(Mi |D) ∝ p(D|Mi ) p(Mi ).

(3.37)

Therefore, using the model evidence we can calculate the posterior model probability as
p(Mi |D) =

p(D|Mi ) p(Mi )
K
P

,

(3.38)

p(D|Mi ) p(Mi )

j=1

where K is the number of considered models.
Additionally, if we assume the same prior pribability for all models, then p(Mi |D) ∝
p(D|Mi ) and the previous equation simplifies to
p(Mi |D) =

p(D|Mi )
K
P

.

(3.39)

p(D|Mi )

j=1

Utility Modification
To select new points for evaluation which will help the most in determining the correct
model, we can again use the information gain or the Kullback-Leibler divergence. However,
the methods need to be modified to express the divergence of the model distribution instead
of the parameter distribution.
The information gain utility will transform to
Z
UIG (x̄) =H(M |D) −
UIG (x̄) =H(M |D) +

H(M |D̄) dȳ
Z X
K


log(p(Mi |D̄)) p(Mi |D̄) p(ȳ|x̄, D) dȳ,

(3.40)

i=1

where the current entropy H(M |D) does not have to be evaluated when maximizing the
utility over x̄. The calculation of the posterior model probability p(M |D̄) and the mixed
predictive distribution p(ȳ|x̄, D) have been described in previous sections.
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The Kullback-Leibler divergence utility will transform to
Z
U (x̄) = DKL (p(M |D̄)||p(M |D)) dȳ
U (x̄) =

Z X
K


log(p(Mi |D̄)) p(Mi |D̄) p(ȳ|x̄, D) dȳ

(3.41)

i=1

Z X
K


−
log(p(Mi |D)) p(Mi |D̄) p(ȳ|x̄, D) dȳ.
i=1

In both cases, the integrals over ȳ can be approximated by sampling from the posterior
mixed predictive distribution p(ȳ|x̄, D) again.

3.7

Laplace Approximation

Laplace approximation is one of the simplest methods which can be used to deal with
non-linear models.
If the model is non-linear, the posterior distribution p(θ|D) will not necessarily be
Gaussian anymore. In that case, we can use the Laplace approximation to get an approximation of p(θ|D) in the form of a Gaussian distribution. The methodology is presented
below.
Assume a non-Gaussian distribution p(θ|D) given by
1
f (θ)
Z
Z
Z = f (θ)dθ,

p(θ|D) =

(3.42)

where f is an arbitrary function of θ and Z is an unknown normalization constant.
Firstly, we find the mode of p(θ|D) which we will denote µθ . We can do this either by
finding a stationary point of f (θ):
df (θ)
dθ

= 0,

(3.43)

θ=µθ

or directly by maximizing the probability p(θ|D):
µθ = arg max log f (θ).
θ

(3.44)

Now we calculate Σθ using the Hessian matrix of log f (θ) as

−1
Σθ = −∇∇logf (θ)|θ=µθ
.

(3.45)

It is important to check that the matrix Σθ is positive-definite, which implies that the
mode µθ is indeed a local maximum.
Using Σθ , we can construct a second-order Taylor expansion of log f (θ) at µθ :
1
log f (θ) ≈ log f (µθ ) − (θ − µθ )T (Σθ )−1 (θ − µθ ).
2
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(3.46)

By taking the exponential of the previous equation we get


1
T
−1
f (θ) ≈ f (µθ ) exp − (θ − µθ ) (Σθ ) (θ − µθ ) .
2

(3.47)

Finally, we can approximate the distribution p(θ|D) as


1
|Σθ |−1/2
T
−1
exp − (θ − µθ ) (Σθ ) (θ − µθ )
p(θ|D) ≈ N (θ|µθ , Σθ ) =
2
(2π)p/2

(3.48)

by adding a normalization constant to the previous equation.

3.8

Importance Sampling

In this subsection, we will briefly discuss how to approximate integrals over distributions
from which we cannot sample directly. In that case, we can use importance sampling
together with some approximation method (e.g. the Laplace approximation) and sample
from the approximate distribution instead.
Assume we have some distribution p(θ) and we want to calculate
Z
g(θ) p(θ) dθ,
(3.49)
where g(θ) is an arbitrary function of θ.
Assume that the integral is analytically intractable and we cannot sample from p(θ). If
some approximation q(θ) is available from which we can sample, then the integral can be
approximated as [27]
Z
Z
p(θ)
q(θ) dθ
g(θ) p(θ) dθ = g(θ)
q(θ)
Z
S
X
r(θi )
g(θ) p(θ) dθ ≈ C
g(θi )
q(θi )
i=1
(3.50)
S
X
r(θi )
C = 1/
q(θi )
i=1

iid

θ1 , ..., θS ∼ q(θ),
where q(θ) ≈ p(θ) and r(θ) ∝ p(θ).
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Chapter 4

Plasma edge modeling
1
1.1

Motivation: Tokamaks
Introduction

The first documented attempt to construct a functioning thermonuclear fusion reactor was
made in 1938 by Kantrowitz and Jacobs [32]. The first tokamak was built in 1957 [33].
Yet thermonuclear fusion power plants remain “just a few decades away” for many decades
now. The main challenge of fusion reactors is maintaining the plasma stable and at a
sufficient temperature while keeping the reactor itself intact. This has proven to be very
difficult as the deuterium-tritium fusion, which powers most of the thermonuclear reactors
being developed today, only starts to occur at around 100 million degrees kelvin [34] which
results in heat fluxes far beyond what any available material can withstand. This is known
as the power exhaust problem.
Different reactor designs are being developed including tokamaks, spherical tokamaks,
and stellarators. They all share the same basic design of plasma held by a magnetic field
inside a vacuum chamber. This design minimizes contact of the plasma with the plasmafacing components to reduce the heat flux into them. The main differences between the
designs are in the geometry of the magnetic field and the chamber. The topics covered in
the remainder of this chapter are discussed from the perspective of conventional tokamaks.
The specifics of the other reactor designs will not be discussed as the focus of this thesis
is the simulation of plasma in a conventional tokamak reactor. In the remainder of this
document, if a tokamak is mentioned assume the conventional design.
The basic concepts and terms concerning nuclear fusion reactors explained in this
chapter have been taken mainly from [34, 35, 36]. If you wish for more detailed information
about any topic discussed here, refer to these sources.

1.2

Power Exhaust Problem

In tokamaks, the magnetic field holding the plasma in the vacuum chamber forms a
separatrix which divides it into two parts; the closed magnetic field lines holding most of
the plasma in the middle of the chamber and the open magnetic field lines on the edges
diverting the so-called scrape-off layer (SOL) of the plasma into the divertor plates at the
bottom of the chamber [34]. You can see a schema of the separatrix in the figure 4.1.
Most of the heat from the plasma is diverted into the divertors at the bottom of
the chamber. You can see glowing divertor plates in the figure 4.1. The heat flux to
the divertors can reach tens or hundreds of MW2 m−1 [36]. Reducing this value is an
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Figure 4.1: Left: Cross-section of the tokamak chamber with the divertors depicted as
black lines at the bottom [37]. The orange SOL and red inner plasma are divided by the
separatrix. Right: View into the COMPASS tokamak with the divertor plates glowing
[38].

essential step toward thermonuclear fusion power plants. For the reactor to be operational
for prolonged periods of time this value has to be reduced to ∼ 5 MW2 m−1 [39]. The
amount of the heat flux directed at the divertor plates depends greatly on the properties
of the SOL which change with many parameters of the reactor like plasma density, initial
energy inputted into the system, geometry of the magnetic field, etc. Correctly selecting
these parameters to reduce the maximum power flux to the plasma-facing components is
unfortunately exceedingly difficult as the behavior of the plasma is complex and difficult
to simulate.

1.3

Plasma Detachment

Three SOL particle transport regimes are distinguished in tokamaks; the sheath-limited
regime, the conduction-limited (or high-recycling) regime, and the detached regime [35].
The three regimes are defined by the dominant physical processes involved.
The temperature gradient fT and the plasma collisionality v ∗ are defined as [40]
fT =

Tu
Tt

v ∗ = 10−16

nu L
.
Tu2

(4.1)

These terms are useful for the definition of the transport regimes below.
The sheath-limited regime occurs when fT < 1.5 and v ∗ < 10. In this regime, the
particle transport in the SOL is affected mostly by the electric field of the sheath, which is
a thin region above the divertors [40].
The conduction-limited regime occurs when fT > 3 and v ∗ > 15. In this regime, the
plasma collsionality is high and so the transport is predominantly affected by the heat
conduction [40].
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The detached regime is defined by the low plasma temperature at the target caused by
the detachment of the plasma from the divertor plates [41]. This regime is dominated by
the volumetric loss processes and it occurs when the temperature at the target decreases
to about Tet < 10. Furthermore, two detached sub-regimes are sometimes distinguished
by the dominant volumetric loss process; the momentum-loss detachment which occurs
at 1 < Tet < 10 and the particle-loss detachment which occurs when Tet < 1 [35]. (All
temperatures are in electronvolts.)
Plasma detachment has to be achieved in order to reduce the power flux into the
divertors and solve the power exhaust problem in future tokamaks. However, to control
and optimize the plasma detachment a sufficiently good model of the SOL is required [41].

2

SOLPS-ITER

SOLPS-ITER is a complex code designed for high fidelity simulations of the plasma
boundary in tokamaks [42]. It can be used to test experiment configurations to find which
ones yield promising results - for example, a low peak temperature of the plasma-facing
components.
The issue with the SOLPS-ITER is the immense computational demands of the
software as well as the complexity of its usage. This makes it unsuitable for optimization
of the experiment parameters. However, a computationally cheaper surrogate model
approximating the high fidelity simulation could be used to guide the optimization of some
experiment parameters. This could make the optimization process more efficient, yielding
better results and saving resources and time.

3

Two-Point Model

The equations in this subsection have been taken from [35].
A so-called two-point model (2PM ) exists which relates plasma density and temperature
at the target (the divertor) to the plasma pressure and parallel power flux in the upstream
(the outer mid-plane) in an individual flux tube. The most complete version of the 2PM
by V. Kotov and D. Reiter [43] is presented below:
"
 2 # 

2
8mf q||u
(1 − fcooling )2
Ru
(1 + τt /zt ) (1 + Mt2 )2
Tet =
(eV),
(4.2)
eγ 2 p2u (1 − fmom−loss )2 Rt
2
4Mt2
"
  #

γ 2 p3u (1 − fmom−loss )3 Rt 2
4
8Mt2
net =
(m−3 ),
2
32mf q||u
(1 − fcooling )2
Ru
(1 + τt /zt )2 (1 + Mt2 )3

  

γ p2u (1 − fmom−loss )2 Rt
2
4Mt2
Γe||t =
(m−2 s−1 ).
8mf q||u
(1 − fcooling )
Ru
(1 + τt /zt ) (1 + Mt2 )2

(4.3)

(4.4)

A brief explanation of the equations follows.
First of all, the subscripts i and e denote whether the variable is associated with ions or
electrons in the plasma. The subscripts u and t denote whether the variable is associated
with the upstream or the target. The upstream variables relate to the outer mid-plane
region outside of the separatrix. The target variables are measured just above the outer
divertor plate.
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The main variables are: temperature T , plasma density n, plasma pressure p, parallel
power flux q|| . In the classic ”forward” version of 2PM, pu and q||u are considered the
independent variables and Tet and net are considered the dependent ones.
The constants are fuel ion mass mf , the elementary charge e, and the sheath heat
transmission coefficient γ.
The terms in the two square brackets are later extensions of the original basic model
which included only the terms outside of the square brackets. The first extension of the
model added terms describing different volumetric losses; the momentum loss fmom−loss ,
the energy loss
and the losses caused by the toroidal flux tube expansion described
 fcooling


Rt
by the ratio R
of the radii of the flux tube at the target and the outer mid-plane.
u
These losses are not negligible and incorporating them into the model is important for it
to be realistic. However, no universal models exist for the momentum and energy losses.
The second brackets contain additional correction terms. M is the plasma flow Mach
number, τ ≡ Ti /Te is the ratio of ion and electron temperatures and z ≡ ne /ni is the ratio
of electron and ion densities.

For simplicity, we will assume zt = τt = Mt = 1 in the rest of the paper as it is an
acceptable approximation [35]. With these approximations, we get the following simplified
2PM equations:
 2
2
8mf q||u (1 − fcooling )2
Ru
Tet =
(eV),
(4.5)
eγ 2 p2u (1 − fmom−loss )2 Rt
 
γ 2 p3u (1 − fmom−loss )3 Rt 2
(m−3 ),
(4.6)
net =
2
32mf q||u
(1 − fcooling )2
Ru
 
γ p2u (1 − fmom−loss )2 Rt
Γe||t =
(m−2 s−1 ).
(4.7)
8mf q||u (1 − fcooling )
Ru
The 2PM equations have been derived using the following equations:
(1 − fmom−loss ) pu = pt ,

(4.8)

(1 − fcooling ) q||u Ru = q||t Rt ,

(4.9)

pu = 4 neu kTeu ,

(4.10)

q||t ≈ 7.5 nt k Tet cst ,
q
cst = 2 e Tet /mf ,

(4.11)
(4.12)

where cst is the isothermal plasma sound speed and k = 1.6 ∗ 10−19 is a constant to convert
the temperature from electronvolts to joules. Note that the equations for pu and q||t have
been simplified by the assumed approximations.
Finally, below are values of the physical constants appearing in the equations:
mf = 2.5 ∗ 1.67 ∗ 10−27 (kg),
e = 1.60 ∗ 10−19 (C).

(4.13)

The two-point model could be a great tool for better control of the plasma detachment
and reduction of the power flux to the divertors. However, development of models for the
volumetric losses is necessary for the 2PM to be calibrated accurately.
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3.1

Momentum Loss Surrogate Model

It has been observed that the following model relating the momentum loss to the electron
temperature at the target can be fit well to experimental data [35, Figure 7]:
(1 − fmom−loss ) =

net Tet
≈ a(1 − exp(b Tet ))c .
neu Teu

(4.14)

The model has an arbitrarily chosen form. The symbols a, b, c are model parameters. The
model is not general, so the parameters need to be trained for each reactor.
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Chapter 5

Experiment Design for Momentum
Loss Surrogate Model Training
To calibrate the 2PM it is crucial to also be able to estimate the momentum and energy
losses as they are important terms in the 2PM equations. We would like to attempt to
train a surrogate model for estimation of the momentum loss for the COMPASS tokamak
at IPP CAS.

1

Model and Training

The model from the equation 4.14 will be used. The model is defined as
y = mθ (x) = a(1 − exp(−x/b))c
θ := (a, b, c)T
(5.1)

x := Tet
y := (1 − fmom−loss ) =

net Tet
.
neu Teu

(See the section 3 in the previous chapter for a description of the variables.)
We would like to train this model with data from the SOLPS-ITER simulations of
the COMPASS tokamak. This simulation can provide Tet and net given values of Teu and
neu as input. The momentum loss model takes Tet as input and therefore the experiment
design methods will provide us with values of Tet which are in some way optimal for the
next data-point to train the model efficiently. However, to query the simulation for new
data we have to provide the input variables Teu and neu . We will estimate the optimal
values of Teu and neu from the Tet value provided by the experiment design method using
the 2PM with volumetric losses:
Tet =

 2
2
8mf q||u (1 − fcooling )2
Ru
,
eγ 2 p2u (1 − fmom−loss )2 Rt

(5.2)

where the momentum loss term (1 − fmom−loss ) will be aproximated using the model we
are currently training and the following approximations will be used for the remaining
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terms:
pu = 4 neu k Teu ,
fcooling = 0,
Ru
= 1.
Rt

(5.3)

This set of equations has two degrees of freedom; neu and Teu . We will set neu to a
constant value and adjust the value of Tet by changing Teu only. Then we can solve the
equations numerically to find the optimal value of Teu , which when given as input to the
SOLPS-ITER simulation together with the constant neu will yield a value of Tet close to
the one requested by the experiment design method.
By using this approach the model will of course receive slightly different data points
from the simulation than the ones the experiment design requested, but this should have a
minimal effect on the performance of the method as long as the difference is not too large.
The momentum loss model training procedure is summarized by the algorithm 2. The
term DN = (x1 , y1 ), ..., (xN , yN ) represents the data after the N -th iteration and neu is set
to a constant value.
Algorithm 2 Model Training
procedure train model
while not term cond() do
update model!(DN −1 )
Tc
et ← arg max utility(x)
x1 ,...,xS

Teu ← 2PM(Tc
et , neu )
net , Tet ← SOLPS-ITER(neu , Teu )
et Tet
(xN , yN ) := (Tet , nneu
Teu )
end while
end procedure
In the N -th iteration of the training procedure, the following is performed. Firstly,
the model is updated according to the current data DN −1 . Then the selected experiment
design method is used to estimate the optimal value Tc
et of the next data-point, which will
improve the model the most. Afterward, the 2PM is used to approximate the optimal
value of Teu . Finally, the SOLPS-ITER simulation is queried with the input (neu , Teu ) and
the data set is augmented by the new data point.

2

Synthetic Experiment

As a proof of concept, we tested our method with synthetically generated data instead of
using the SOLPS-ITER simulation for now. We replaced the SOLPS-ITER simulation in
the training procedure with an approximate calculation using the 2PM with volumetric
losses with the same approximations as the ones used in the training except this time the
term (1 − fmom−loss ) was computed with predefined parameters θt := (at , bt , ct )T , which
we attempted to learn with the trained model.
This substitute simulation of course provides somewhat unrealistic data in comparison
to real data from SOLPS-ITER, but it is sufficient for the proof of concept as long as the
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following property of the generated data is not violated:
net Tet
= (1 − fmom−loss ) ≈ mθt (Tet ).
neu Teu

(5.4)

It is apparent that in case this property would not hold for the generated data, it would
be impossible to train the momentum loss surrogate model.
If one simply used the 2PM equations for net and Tet to calculate the output of the
substitute simulation and substituted the momentum loss model with the predefined
true parameters for the term (1 − fmom−loss ), the equation above would not hold for the
generated data. This is caused by the inaccuracy of the 2PM model with the assumed
approximations. For this reason, the calculation of the synthetic data was slightly modified
as described below.
The substitue simulation receives values (neu , Teu ) as input. In the first step, the
following set of equations from the 2PM is solved numerically to get the value of Tet :
2

8mf q||u (1 − fcooling )2
eγ 2 p2u (1 − fmom−loss )2
pu = 4 neu k Teu ,

Tet =



Ru
Rt

2
,
(5.5)

(1 − fmom−loss ) = mθt (Tet ),
u
where fcooling = 0, R
Rt = 1 and θt is the true value of the model parameters which we are
trying to learn. The parallel power flux q||u was set to a constant value.
In the second step, the value of net is calculated as

net = mθt (Tet )

neu Teu
.
Tet

(5.6)

By calculating the output of the substitute simulation this way, we sacrifice the accuracy
of net to make sure that 5.4 holds. We do not need the data to be realistic as long as the
momentum loss model can be trained from them so this is a reasonable trade-off.
The whole synthetic data generation procedure is shown in the algorithm 3. This
procedure replaces the SOLPS-ITER simulation in the model training (algorithm 2). The
computation using the 2PM is performed as has been described above. After the new
data-point is computed by solving the 2PM equations a predefined data noise σd2 is applied
to the result.
Algorithm 3 Synthetic Data Generation
procedure generate datapoint(neu , Teu )
net , Tet ← 2PM(neu , Teu )
x ← Tet
Tet
y ∼ N ( nneuet,T
, σd2 )
eu
return (x, y)
end procedure
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3

Bayesian Model

Let us now define the surrogate model in Bayesian terms. We will assume the following
prior distributions for the model parameters and data:


1 −2
−1
2
2
p(θi ) = LogNormal(µθ , σθ ) ∝ θi exp − σθ (log(θi ) − µθ )
2


(5.7)
1 −2
2
2
p(yi |xi , θ) = N (mθ (xi ), σy ) ∝ exp − σy (yi − mθ (xi )) ,
2
where µθ , σθ , σy are hyperparameters of the model.
The posterior parameter distribution can be expressed in the following form by
using the Bayes’ theorem (assuming the data are independent):
p(θ|D) ∝ p(D|θ) p(θ)
p(θ|D) ∝

N
Y

[p(yi |xi , θ)]

i=1

3
Y

[p(θi )]

i=1

 Y



3 
N 
Y
1 −2
1 −2
−1
2
2
θi exp − σθ (log(θi ) − µθ )
.
p(θ|D) ∝
exp − σθ (log(θi ) − µθ )
2
2
i=1

i=1

(5.8)
We will need to integrate over this distribution, which would be analytically intractable.
For this reason, we will use the Laplace approximation and later integrate over it using
importance sampling. The Laplace approximation is performed as follows. First we express
the logarithm of the function fD proportionate to the posterior parameter distribution
p(θ|D):
p(θ|D) ∝ fD (θ)

 Y


3 
N 
Y
1 −2
1 −2
−1
2
2
fD (θ) =
exp − σy (yi − yˆi )
θi exp − σθ (log(θi ) − µθ )
2
2
(5.9)
i=1
i=1
N

3

3

i=1

i=1

i=1

X
X
 X

1
1
log fD (θ) = − σy−2
(yi − yˆi )2 −
[θi ] − σθ−2
(log(θi ) − µθ )2 ,
2
2
where |D| = N . Then we compute the Laplace approximation N (µθ , Σθ ) of the parameter
posterior as
p(θ|D) ≈ N (µθ , Σθ )
µθ = arg max log fD (θ)
θ

−1
Σθ = − ∇∇ log fD (θ)|θ=µθ
.

(5.10)

See the Bayesian Ridge Regression section for more information on Laplace approximation.

4

Exeperiment Design

We will test two experiment design methods with the model - the information gain utility and
the Kullback-Leibler divergence utility - and make a comparison of the two. The analytical
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computation of these utilities is intractable as the parameter posterior is too complex.
We will use an approximate computation using importance sampling to approximate the
utilities.
The utility of a single point x̄ is computed as
U (x̄) =

1
T
P
i=1

T
X

u q(θ|D), q(θ|D̄i )

r(θi |D) i=1
q(θi |D)

 r(θi |D)
,
q(θi |D)

(5.11)

where
r(θ|D) ∝ p(D|θ) p(θ) ∝ p(θ|D),
q(θ|D) = Laplace approx(p(θ|D)) ≈ p(θ|D),
D̄i = D ∪ {(x̄, ȳi )},

(5.12)

ȳi ∼ N (mθi (x̄), σy2 ),
iid

θ1 , ..., θT ∼ q(θ|D),
where T samples are drawn from q(θ|D) and for each sample θi a single sample yi is
drawn from N (mθi (x̄), σy2 ). See section the Bayesian Ridge Regression section for more
information on importance sampling.
The function u(s, t) takes two probability distributions and returns a utility value
from R. This function is what differs between the information gain and Kullback-Leibler
divergence utilities. The corresponding function are described below:


uIG q(θ|D), q(θ|D̄i ) = −H q(θ|D̄i ) ,
(5.13)


uKL q(θ|D), q(θ|D̄i ) = DKL q(θ|D̄i ) || q(θ|D) .

(5.14)

Note that we skipped the term H (q(θ|D)) in the information gain utility as it does not
depend on x̄ and so it does not have to be evaluated when maximizing the utility over x̄.
The computation of the utilities for a set of S distinct input values x̄1 , ..., x̄S is presented
in the algorithm 4. The variables qθ, qθj , rθ represent the distributions q(θ|D), q(θ|D̄j ),
r(θ|D) respectively and one of the functions from equations 5.13 or 5.14 is to be used in
place of the util function in the algorithm. The notation rθ(θi ) denotes the evaluation of
the probability density function of the distribution rθ at θi .
The computation starts by computing the Laplace approximation qθ of the posterior
parameter distribution p(θ|D) given the current data D and then drawing T samples of θ
(the model parameters) from qθ.
Then the increment of utilities of all points x̄j is calculated for each sampled θi
successively. The utility increment for a sample θi is calculated as follows. Firstly, a single
sample of ȳj is drawn for each point x̄j from the predictive distribution p(mθi (x̄j ), σy2 )
where the mean is the prediction of the model with parameter values θi . Secondly, a
Laplace approximation qθj of the posterior parameter distribution p(θ|D̄j ) given the data
augmented by the potential new data-point D̄j = D ∪ {(x̄j , ȳj )} is calculated for each
point x̄j . Finally, the utility of each point x̄j is incremented by the value given by the
selected utility function (which takes the distributions qθ and qθj as input) weighted by
the importance weight w. (See the section Bayesian Ridge Regression for more information
on the importance weights.)
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Algorithm 4 Utility Calculation
function calculate utility(x̄1 , ..., x̄S , D)
qθ ← Laplace approx(D)
iid

thetas ← θ1 , ..., θT ∼ qθ
U1 , ..., US ← 0, ..., 0
weight sum ← 0
for each θi in θ1 , ..., θT do
ydev ← sample(N (0, σy2 ))
ȳj ← mθi (x̄j ) + ydev for each j in 1, ..., S
qθj ← Laplace approx(D ∪ {(x̄j , ȳj )}) for each j in 1, ..., S
w←

rθ(θi )
qθ(θi )

Uj += w ∗ util(qθ, qθj ) for each j in 1, ..., S
weight sum += w
end for
return U / weight sum
end function
To partially mitigate the noise of the utility function caused by the random sampling the
samples ȳj for a given θi share their deviation from the mean. That is implemented by first
sampling their shared deviation ydev from a normal zero-mean distribution with variance
σy2 and than calculating the values ȳj by adding this shared deviation to the corresponding
means mθi (x̄j ). This trick results in smooth utility functions even with low parameter
sample sizes. This does not mean that the utility functions are completely relieved of the
noise caused by sampling. The utility functions will still differ when calculated multiple
times with different samples. However, the trick eliminates large value spikes in the utility
functions making the methods more stable. The effect of the shared sampling trick is
illustrated in the figure 5.1.
After the utility increments are calculated for all samples θi , the utility values of all
points x̄j are divided by the sum of the importance weights and returned. Then the point
xj with the highest utility is selected as the next evaluation point. Note that the division
by the weight sum has no effect on the maximization of the utility over x̄.
Occasionally, the calculation of some Laplace approximation qθj of some distribution
p(θ|D̄) may fail during the utility computation because the covariance matrix Σθ is not
positive definite. This usually happens when the data set D̄ has been augmented by some
extreme outlier. Then the optimal fit to the data can degenerate to some extreme shape
(like an almost constant model) and the posterior parameter distribution also degenerates
and cannot be reasonably approximated by a Gaussian distribution. In this case, the
sample θi which caused the problem is skipped for all points x1 , ..., xS . (Even though likely
only a few of the approximations qθ1 , ..., qθS could not be computed for the sample θi .)
Skipping the θi sample for all points keeps the method more stable.
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Figure 5.1: Shared Sampling Trick

(a) The IG and DKL utilities calculated with ȳj sampled separately for each point x̄j .
(b) The IG and DKL utilities calculated with shared deviation sample ydev .
The utilities on both plots have been calculated with 200 model parameter samples.

5

Method Performance Analysis

In this section, the performance of the two selected experiment design methods - information
gain maximization and Kullback-Leibler divergence maximization - is compared with data
from the synthetic experiments. Additionally, the effect of the parameter sample size T on
the performance of both methods is tested.

5.1

Method Performance Metric

The main metric used for the comparison of the methods was the number of iterations it
took the method to train the model to a predefined precision. The number of iterations
also corresponds to the number of evaluations of the simulation. Thus it is a good metric
of the method performance as the goal of the experiment design methods is to minimize
the number of simulations needed to train the model.
The model precision has been measured using the root mean square error (RMS) of
the model on a pre-generated test data set. This data set has been generated by selecting
R data points from the model domain spaced evenly according to a logarithmic scale. The
reason behind using a logarithmic scale and thus giving more importance to the region
near zero is that a large portion of the domain on the side far from zero is almost constant.
This constant value is defined by a single model parameter a, whereas the more complex
shape of the model near zero is defined by the remaining two parameters b and c. If a
linear scale was used instead of a logarithmic one, only learning the parameter a would
result in a very low model error. Another motivation behind using a logarithmic scale is
that the same absolute model error results in a substantially larger relative error in the
region close to zero so it is reasonable to give that area higher importance.
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5.2

Experiment Settings

The values of all hyperparameters and constants used during the synthetic experiments
are presented below.
The following values have been used for the hyperparameters of the 2PM:
γ := 8,
q||u := 10 MW.

(5.15)

The same values have been used in the 2PM during the synthetic data generation (algorithm
3) and when estimating the values neu , Teu by the experiment design method (algorithm 2).
The exact values of these constants are not very important. Changing them to different
values could result in unrealistic data, but it would have minimal effect on the results of
the synthetic experiments.
The following values have been used for the hyperparameters of the model:
modeθ := (1., 1.5, 1.5)T ,
varθ := (0.2, 0.5, 0.5)T ,

(5.16)

σy2 := 0.01.
The hyperparameter σy is the expected variance of the data. The standard parameters
µθ and σθ2 of the log-normal prior parameter distribution p(θ) ∼ LogN ormal(µθ , σθ2 ) have
been calculated from the defined values of the mode and the variance of the distribution.
The hyperparameters of the experiment design methods have been set as follows.
The evaluation point sample size S has been set to 200 in all experiments as this results
in a sufficiently fine resolution of the utility function. The samples have been spread out
evenly according to a logarithmic scale to allow for a better resolution for smaller values of
Tet . The methods have been tested with parameter sample sizes T equal to 2000, 200, and
20 as presented in the results.
Finally, the parameters of the synthetic experiments were set as follows. The
test data set size has been set to 10 thousand as the model error is still computed easily
with this data set size and a larger size does not bring any significant improvement to the
error estimation. The data noise variance σd2 has been set to 0.01. The target model RMS
error ϵt was set to values slightly higher than the data noise, this included values 0.05 and
0.035 as presented in the results.
The experiment domain on which the model was trained was defined as Tet ∈ [10−1 , 102 ].
Different initial data sets D0 have been used in each experiment. The data set was defined
by a list of points X0 = [x1 , ..., xI ] where |D0 | = I. The intial data set was generated as
y1 , ...yI = mθt (x1 ), ..., mθt (xI )
x̃i ∼ N (xi , σd2 ) ∀i ∈ {1, ..., I}
y˜i ∼ N (yi , σd2 ) ∀i ∈ {1, ..., I}

(5.17)

D0 = {(x˜1 , y˜1 ), ..., (x˜I , y˜I )}.
The used set X0 of initial points is presented in the results with each experiment.
In all experiments, there was a maximum iteration limit set to 50. This was implemented
to avoid wasting computational resources on rare experiment runs where the data were
very skewed at the beginning and a large amount of data would be necessary to correct for
it.
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5.3

The Experiments

In all experiments, a simple experiment design labeled random was tested alongside the IG
and DKL methods as a control method. This method selected the next evaluation point in
each iteration by sampling from a log-uniform distribution over the experiment domain
[10−1 , 102 ]. This way the method performs significantly better than if it was completely
randomized but the IG and DKL methods should still outperform it.
Experiment 1
In this experiment, the initial data set was defined by X0 = [1.] and the target model error
was set to ϵt = 0.05. Both methods were tested with sample sizes T ∈ {20, 200, 2000}. The
experiment was repeated 20 times with each method variant.
Experiment 2
This experiment was very similar to the first one the only difference being the initial data
set which was defined by X0 = [10.] this time to test if the methods’ performance changes
with different initial data-point. The experiment was again repeated 20 times with each
method variant.
Experiment 3
In this experiment, the target model error was decreased to ϵt = 0.035. The initial data set
was larger this time and was spread over most of the experiment domain. It was defined
by X0 = [0.4, 2., 10., 50.]. The methods were tested with sample sizes T ∈ {20, 200}. The
number of runs with each method variant was increased to 40.
Experiment 4
The initial data in this experiment consisted of 4 data points condensed very close together.
The initial data set was defined by X0 = [4., 4., 4., 4.]. The model error was again set to
ϵt = 0.035 and the used parameter sample sizes and the number of runs remained the same
as in experiment 3.

5.4

Results and Discussion

The results of the experiments are presented in the figure 5.2. The boxplots show the
median, lower and upper quartiles and the minimum and maximum of iterations it took the
respective method to reach the target model error. The labels IG, DKL and random indicate
the used experiment design method - information gain, Kullback-Leibler divergence, or the
control random method. The numbers 20, 200, 2000 in the labels denote the parameter
sample size T used for the utility calculation. The median and lower and upper quartile
values from the boxplots are presented in the table under the plots as well.
Parameter Sample Size
From the results of experiments 1 and 2, it is apparent that the slightly increased precision
of the methods caused by increasing the sample size by an order of magnitude seems to
have no significant effect on the performance of the methods. The median values change
very little with different sample sizes and a decreasing median value with an increasing
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Figure 5.2: Experiment Results

Median and Lower and Upper Quartiles of Iterations
Experiment

IG 20

DKL 20

IG 200

DKL 200

IG 2000

DKL 2000

random

1

24.25
1

473

581

315.5

37.25
1

3.561.75

6310.25

2

46.25
3

3.57.75
2

3112.25

573

461.75

3210.25

814.5
3.5

3

510.25
2

812.25
3.75

10.25
51.75

6.519
2

/

/

11.529.25
4.75

4

611.25
1

610
2.75

6.5210.25

5.593

/

/

6114.25

The values in the table are formatted as medupp
low where med is the median and low, upp are the
lower and upper quartiles of the number of iterations the method required to reach the target model
error.
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sample size is not generally observed. For this reason, it seems that the approximation of
the integral over the posterior parameter distribution calculated during the computation
of the utility is not improved substantially with larger sample sizes.
The values of the first and third quartiles fluctuate significantly with different sample
sizes but again seemingly randomly. I ascribe this fluctuation mainly to the random data
noise and the “luck” of different experiment runs for data with low or high errors. If
the method receives multiple data points in the same region of the model domain with
similar deviation to one side, it can take a large amount of additional data to correct for it.
Similarly, if the first few received data points are all with extremely low noise, the model
can converge extremely fast. The number of such runs can affect the values of the quartiles
significantly. The values of the minimum and maximum are affected even more by this
effect as a single such run can change them drastically. For this reason, the values of the
minimum and maximum can be somewhat unreliable.
Reliability
Different choices of the initial data set seem to have no major effect on the performance of
either of the Bayesian methods. Experiments 1 and 2 differed only in the initial data set.
Equally, experiments 3 and 4 also differed only in the initial data set. The results of the
Bayesian methods do not show any significant change in the number of iterations required
to train the model which could be interpreted as dependent on the initial data. On the
other hand, the log-uniform random sampling method performed significantly worse in
experiment 3 than in experiment 4. This is caused by the random method not being able
to take advantage of the condensed initial data in experiment 3 and continuing to sample
the whole domain, whereas the Bayesian methods will avoid the already well-explored area
and shift the focus of subsequent experiments elsewhere.
Method Comparison
Both IG and DKL methods performed perceptibly better than the random method. The
median, as well as the upper quartile of iterations of the random method, were consistently
higher than the corresponding values of the IG and DKL methods. The performance of
the random method was however not as inferior as one would expect. In experiment 4,
the median value of the random method even equalized with the medians of the Bayesian
methods. I ascribe this to the random method being better than expected rather than
the IG and DKL methods performing poorly. The random method was not truly random
as it implemented some expert knowledge by sampling from the log-uniform distribution
over the model domain to get more data in the important regions near zero, which I
believe helped substantially in the training of this particular model. Also, if the model
selection was required for the problem the Bayesian methods would be more advantageous.
Nevertheless, the IG and DKL methods performed well in comparison to the random one.
Neither of the two Bayesian methods can be considered better suited for the training
of the momentum loss model based on the results. The median values of the number of
iterations required by the methods to train the model were similar in all experiments and
neither method performed better overall. The upper quartiles of both methods reached a
slightly higher in some experiments, but that is ascribed to the random data noise as these
deviations were inconsistent among all experiments.
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Figure 5.3: Example Experiment Runs and Model-Parameter Dependance

(a,b,c) The mom. loss model plotted with parameter values:
(a) a ∈ (0.8, 1.2), b = 1.5, c = 1.5 ; (b) a = 1, b ∈ (1, 2), c = 1.5 ; (c) a = 1, b = 1.5, c ∈ (1, 2).
(d) The mom. loss model trained with data requested by the IG method.
(e) The mom. loss model trained with data requested by the DKL method.

Method Properties
Both methods opted to deposit data in three specific regions of the model domain and
only rarely requested data outside of these areas. Two example runs - one with each of the
methods - are shown in the plots (d,e) in the figure 5.3. The yellow data points are the
ones from the initial data set while the brown ones are the ones the methods requested
successively in each iteration to improve the model. It is apparent that the requested
data-points form three distinct groups; the first group located in the flat region of the
model curve around Tet ∈ (10 eV, 100 eV ), the second group roughly around Tet = 4 eV
and the third group roughly around Tet = 1 eV . These three regions of the model domain
correspond roughly to the regions where the model curve is affected the most by the three
model parameters a, b, c respectively as shown in the plots (a,b,c) in the figure 5.3.
Conclusion and Limitations
A conclusion of the synthetic experiments and a discussion of their limitations follow.
The information gain maximization and Kullback-Leibler divergence maximization
experiment design methods have been applied and compared in a synthetic experiment
simulating the problem of training the momentum loss model for plasma in the SOL in
tokamaks. The results show that neither of the methods is significantly better suited for
the problem. Both of the methods performed well and it was shown that in comparison to
a naive method (the log-uniform random sampling) they required fewer data to train the
model thus potentially saving time and resources.
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The proof of concept in the form of the synthetic experiments does have some limitations.
The most significant one is that once either of the methods is used in conjunction with
the SOLPS-ITER simulations, the received data from the simulations will have different
Tet values (the input of the momentum loss model) than the ones which the experiment
design method requested. The first reason for this data deviation is that the momentum
loss model that is being trained is simultaneously being used in the 2PM equations when
estimating the (neu , Teu ) inputs of the SOLPS-ITER simulation. The model is however
not fully trained at that moment and thus inherently unprecise. The second reason is
that the other terms and constants in the 2PM equations (e.g. (1 − fcooling ), q||u , γ) also
have to be approximated or estimated in some way and these approximations will cause
further data deviation depending on how precise they are. The first reason for the data
deviation is contained in the synthetic experiment the same way it will be with real data.
However, the second reason is not as in the synthetic experiment the 2PM equations with
the same approximations were used both for the experiment design and in the substitute
simulation replacing the SOLPS-ITER simulation and thus the approximations were precise
by default.
If the approximations used for the 2PM equation terms will be too inaccurate when
applying the method to real data, it could perform worse than in the syntetic experiments
as in the most extreme case the method is practically reduced to random data sampling.
However, as long as the approximations are decent, the method will perform well as has
been shown.

43

Chapter 6

Summary
In this thesis, the basic concepts of surrogate modeling and its usages have been introduced.
Some of the most commonly used surrogate models have been presented and a selection
of experiment design methods used for surrogate model training have been discussed
with a focus on probabilistic Bayesian methods. A brief introduction to the problems of
today’s tokamaks was presented including a definition of the power exhaust problem and
the concept of plasma detachment. Toady’s surrogate models and simulations of the plasma
SOL in tokamaks have been introduced. In the last chapters, two selected experiment
design methods were adapted for training the plasma momentum loss model, a synthetic
experiment simulating the data from SOLPS-ITER was proposed as a proof of concept,
and both methods were applied in the experiment. It has been shown that both methods
are suitable for the training of the plasma momentum loss model and could save resources
in comparison to a more naive approach. Neither of the two methods could be conclusively
deemed as superior to the other.
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[24] Jonas Močkus. “On Bayesian methods for seeking the extremum”. In: Optimization
techniques IFIP technical conference. Springer. 1975, pp. 400–404.
[25] Jonas Mockus. Bayesian approach to global optimization: theory and applications.
Vol. 37. Springer Science & Business Media, 2012.
[26] Peter I Frazier. “A tutorial on Bayesian optimization”. In: arXiv preprint arXiv:1807.02811
(2018).
[27] Christopher M Bishop and Nasser M Nasrabadi. Pattern recognition and machine
learning. Vol. 4. 4. Springer, 2006.
[28] Roland Lvovich Dobrushin and Vyacheslav Valer’evich Prelov. Differential entropy.
2020. url: https://encyclopediaofmath.org/index.php?title=Differential_
entropy.
[29] Joram Soch. Differential entropy of the Multivariate Normal Distribution. 2020. url:
https://statproofbook.github.io/P/mvn-dent.
[30] Michiel Hazewinkel. Kullback-Leibler information. 2020. url: https://encyclopediaofmath.
org/wiki/Kullback-Leibler_information.
[31] Joram Soch. Kullback-Leibler divergence for the Multivariate Normal Distribution.
2020. url: https://statproofbook.github.io/P/mvn-kl.
46

[32] National Academy of Engineering. “Arthur R. Kantrowitz”. In: Memorial tributes
volume 16. National Academies Press, 2012.
[33]

Robert Arnoux. 2008. url: https://www.iter.org/newsline/55/1194.

[34] R Bilato and R Kleiber. “IPP Summer University for Plasma Physics, September
17-21, 2012, Garching”. In: IPP Summer University for Plasma Physics and Fusion
Research. Max-Planck-Institut für Plasmaphysik. 2012.
[35] PC Stangeby. “Basic physical processes and reduced models for plasma detachment”.
In: Plasma Physics and Controlled Fusion 60.4 (2018), p. 044022.
[36] A Loarte and R Neu. “Power exhaust in tokamaks and scenario integration issues”.
In: Fusion Engineering and Design 122 (2017), pp. 256–273.
[37] R Schneider et al. “Plasma edge physics with B2-eirene”. In: Contributions to Plasma
Physics 46.1-2 (2006), pp. 3–191.
[38] IPP. Amazing plasma pictures from COMPASS. url: http://www.ipp.cas.cz/sd/
novinky/hlavni-stranka/160719_foto_compass.html.
[39] RA Pitts et al. “Physics basis and design of the ITER plasma-facing components”.
In: Journal of Nuclear Materials 415.1 (2011), S957–S964.
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