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1 Introduction

The one—dimensional Dirac operator Dy acting like

Doyr(x) = —icd—cl ®oyY(x) + me® ® a3 (x),

Y € Dom Dy = WI’Z(R) ®C%, m=>0,c>0,

perturbed at one point is an important exactly solvable model of quantum mechanics. Approximations
of this mathematical model were rigorously discussed for the first time by Seba in [21] where he studied
exclusively the electrostatic and Lorentz scalar point interactions. More general definition of the self-
adjoint relativistic point interaction D was discussed by Benvegnu and Dabrowski in [3], where D*
acts like the free Dirac operator Dy on functions from the Sobolev space WI2(R \ {0}) ® C? with the
transmission condition at the point of interaction

Y(0+) = Ay (0-),

A:w(a ir)’ 0

where
—ik v
w=e¥0v-—1k=1,0,0,v,7,k €R.

Non-self-adjoint models extending quantum mechanics theory have been studied since the begin-
ning of 21st century but there are only few papers discussing non—self—adjoint non—relativistic point
interactions, for example [10]. However, as far as I know, the non—self—adjoint case of relativistic point
interaction has not been studied yet.

This work is focused on studying not necessary self—adjoint non—local potential in the form of the
projection 1 /&% [v(x/€))v(x/€)| on a fixed scaled function v in L2(R) N L'(R) multiplied by a complex
matrix cA € C>?

d 1
Dﬁ = —ica ® o +mct® o3+ c—2|v(x/8)><v(x/s)| ® A. 2)
g

We already proved [11] that in the self—adjoint case the norm resolvent limit of (2) corresponds to the
relativistic point interaction discussed in [3]. We will demonstrate that also for non—self—adjoint matri-
ces A the norm-resolvent limit exists and we will call the limit the non—self—adjoint relativistic point
interaction.

Idea of using non—local potential to study approximations of a relativistic point interaction comes
from the paper [21], where two matrices A are studied explicitly. We will generalize this result to any
complex matrix A.

In [21] Seba also discussed comparison of the formal limit and the operator limit. He showed that by
starting with the Dirac operator with local potential 1/ h(x/e) the formal limit will not correspond to the
proper operator limit. This phenomena is called renormalization of the coupling constant. More general
setting of the local potential and its limit was already discussed by Hughes [12], [13] and by TuSek [24].
Seba also proved that for two special choices of self—adjoint matrix A, using a non—local potential will
not lead to the renormalization. We already showed that this property is preserved in the most general
self—adjoint case of the non—local potential [11]. We will prove that this property is also preserved in
the non—self—adjoint setting. Moreover, this approach extends naturally the definition of relativistic point
interactions also to the non—self—adjoint case.



Furthermore, we will study properties of this newly defined operator of general relativistic point
interactions. Moreover, an implicit equation for eigenvalues of the operator will be derived. We will
discuss remarkable spectral transition in the non—self—adjoint case where for special choice of elements
of the matrix A whole complex plane or half—plane will lie in the point spectrum of the operator. We
will also find an implicit equation for eigenvalues and eigenfunctions of non-local approximations of
the relativistic point interactions. Then the stability of the spectrum of our model with respect to its
non—local approximations will be discussed.

In this thesis, we will also derive the physically interesting non—relativistic limit. The process of
non-relativistic limit was thoroughly discussed for example in [9]. Firstly, the non—relativistic limit of
the newly defined model of the non—self—adjoint relativistic point interaction will be find and then the
result will be compared to the non-relativistic model of a general non—self-adjoint point interaction.
The latter operator was already studied by many articles. For the reader’s convenience, we will try to
summarize key properties of such operator.

Since we studied approximations of the relativistic model, we also decided to take the non—relativistic
limit for the approximations. By doing this, we will get the corresponding approximations of the non—
relativistic model of point interactions. For the non—local approximations we will prove the norm-—
resolvent convergence to the non-relativistic point interactions. We infer that one can interchange the
order of the non-relativistic limit (¢ — +o00) and the limit for approximations (¢ — 0). Symbolically,

” lim lim(D* — mc?) = lim lim (D% — mc?).”

c—+00 g0 e—0c—>+00



2 Relativistic point interactions

In the text, we will identify space L?(U) ® C? with the space L*>(U; C?). Also, slightly abusing the
notation, we will denote

(flr) _({fIB11) (fIB12)
<ﬂm)‘ﬂm‘(qﬁﬂ><ﬂ%ﬁy

for f € L*(R), ¢ € L*(R;C?) and B € L*(R;C>?). Without loss of generality, we choose the Hilbert—
Schmidt norm for a complex matrix A

<f|9//>=(

n
2 2 2
AP = A5 = > a3,
i=1

where d; are columns of the matrix A. Note that the Hilbert-Schmidt norm of matrices is submultiplica-
tive which can be proved using the Cauchy—Schwarz inequality

nk
ABP = ), ) (b’ < )

|
i=1 j=1 i=1 j=1

n k
207 112 212
la@ilizlIbll; = [AI7BI".

For a future convenience we will define the formal differential expression

d
D = —ic— @ oy + mc? ® 03.
dx

Now, let us start with the definition of our non—local potential as a projection on a scaled vector v
from L?>(R; R) N L'(R; R) multiplied by a 2 x 2 complex matrix. Using the bra—ket notation we can write
the Dirac operator with the non—local potential in the following way

D2 = Do+ cW,®A,

1 3)
We = S lo(x/e))}u(x/e)] =t [ve){vel,
p>
where v, := £ lv(e~!x) and Dy is the free Dirac operator defined as
D =D ,YxeR
(Doy)(x) = (DY)(x),Vx € @

Dom(Dy) = WH(R) @ C2.

Here W' stands for the Sobolev space, m is a non—negative constant, ¢ stands for the speed of light
and o; are the Pauli matrices. The spectrum of the free Dirac operator contains
(Do) = Tess(Do) = {(—o0, —mc*] U [mc?, +00)} =: R

mc? -

Its resolvent is the integral operator with the integral kernel given by

&mw=§@@+wm—meW%, )

where



0
s (gg) é(z)‘l)’
2

{(z) = Z:k?:)c and ck(z) = V72 — (mc?)?, Imk(z) > 0.

We already found out [11] that for a self-adjoint matrix A = A* the Dirac operator with the non—
local potential converges in the norm—resolvent sense to the operator of the self—adjoint relativistic point
interaction D* [3] acting like

(DM)(x) = (DY)(x), Vx € R\ {0},

6
¥ € Dom(D*) = {p € W2 (R \{0}) ® C? | (2i — 01 A)p(0+) = (2i + 01 A)p(0-)}. ©)

Note that if we take the Dirac operator with any scaled potential V, which goes to the delta potential
Do +cV:® A, @)

one can find a formal limit of this operator as D+cAd(x). In the following subsection we will discuss how
this formal expression of the limit can be rigorously defined as the Dirac operator with the transmission
condition

2i + o1 AW(0-) = (2i — o1 A)W(0+).

Because of this we can see that the formal limit of (7) corresponds to the operator (6).
This formal limit seems to be a good candidate for the operator limit. However, it is now well
known [12,21,24] that for the special case of the potential V., which is the local potential

Vo= h (f)
e \g
the operator limit does not correspond to the formal limit. This phenomena is known as the renormaliza-
tion of the coupling constant.

We have already shown in the self—adjoint case [11], as one can see above, that for the non—local
potential (3) the renormalization of the coupling constant does not occur. In other words, the formal
limit for the non—local potential is the same as the norm-resolvent limit of the operator.

We can extend these results also to the non—self—adjoint case of the matrix A. The convergence of
the resolvent of the operator D introduced in (3) to a bounded operator will be shown. We will deduce
that the limit is, in fact, the resolvent of an unbounded operator also acting like Dy away from x = 0 with
certain boundary condition at the point of interaction and we will call this operator the non—self—adjoint
relativistic point interaction.

2.1 General relativistic point interactions

To justify following definition we will rewrite the formal limit of the operator D% with any complex
matrix A as the Dirac operator with a transmission condition at the point of interaction similarly as
described for the self—adjoint case in the beginning of this section. We can easily see that the formal
limit of Dﬁ can be formally written as D + cAld6(x)){6(x)|. Firstly, we need to extend the definition of
|6(x)){d(x)| for not necessarily smooth functions as

w(O+) + Y (0-)

(Ol (x)) == >

4



This is only possible extension of the Dirac delta function which preserves properties of d(x), mainly
o0(x) = 6(—x), cf. [16]. Also note that that the formal expression |6(x)){5(x)| acts on a function ¢ in the
exactly same manner as the multiplication operator by 6(x) since for f € D we have

(6 (x), f(x)) = Y(0)(6(x), f(x) = WD) (S(x), f(x)).

Now we will find maximal domain of the formal expression D + cA|0(x)){6(x)| which, in particular,
means that we require
DY(x) + cAGY(x))5(x) € L*(R; C?).

In other words, we need singular parts to be cancelled out, see [11], which yields the following condition

Y(O+) +y(0-) _

—ico1(Y(0+) — Y (0-)) + cA 3

0.
This is equivalent to
2i + o1 AW(0-) = (2i — o A(04).

Therefore, our formal limit corresponds to the operator D* acting as the Dirac operator with the trans-
mission condition at the point of interaction.

(D Y)(x) = (DY)(x), x € R\ {0},

8
¥ € Dom D* = {y € W2 (R \ {0}) ® C? | (2i + o] AW(0-) = (2i — o] A)p(0+)}. ®

Definition 2.1.1. Let A be any 2 x 2 complex matrix. Then we will call the operator D* given by (8) the
operator of the relativistic point interaction.

Note that, for every matrix A, operator D* is, in fact, an extension of the symmetric operator

(Dmin)(x) = (DY)(x), x € R,
Dom Dyin = (¢ € W'2(R; C)ly(0) = 0).
Also, D . = Dmax, Where
(Dmax¥)(x) = (Dy)(x), x € R\ {0},
Dom Dinax = (¢ € WH(R \ {0); C?)).
Therefore, the operator D4 is really a restriction of the operator Dp,,x. The deficiency indices of Dy
are (2,2) [3, 17]. From that one can conclude existence of a four-real-parametric family of self—adjoint
extensions of the operator Dp;, that have been studied before [3,17].
Note that if A is self-adjoint and matrices (2i + 0-1A) and (2i — 01 A) are regular then Definition
2.1.1 coincides with the definition of the relativistic point interaction introduced in [3] as the self—adjoint

extension of the Dirac operator perturbed at the point of interaction. In fact, we can calculate the corre-
sponding transmission condition considered in [3],

Y(0+) = Ay (0-),
where A is of the form (1). One can see that
A= Q-0 A)7 Qi+ o A).

Inverting this relation we will get
A=2ic(A-DA+ D"
5



It is clear that for a matrix A such that
O=detA+1)=1-?+w@+v),

our set of operators D* does not include the corresponding operator. Vice versa, the family of self—
adjoint relativistic point interactions considered in [3] does not include all self—adjoint realizations of the
operator D* either, since, as we will see in the following text, the operator D is self-adjoint if and only
if the matrix A is self-adjoint.

Of course, we would like to describe also non—self-adjoint realizations of the operator D*. We can
try to find out if D* is at least a closed operator in the most general case. For this recall the trace theorem.

Theorem 2.1.1 (Trace theorem). Let U be bounded open subset of R" with Cl—boundary_ and p €
[1,+00). Then there exists operator Tr € B(WLP(U), LP(0U)) such that V¢ € WHP(U) N C(U), Try =

(//|(')U~

Proof. For a general case one can found the proof for example in [8]. For the one dimensional setting
we even have

suﬂg GOl < I fllwr2,

since Y f € D(R),

f)? = f (fw)?*) dy =2 f Ff @ dy <20 A2 Mz < AR + 112

1,2
The statement then follows from the fact that D(R)W = W2 (R). O

Theorem 2.1.2. Let matrix A be any complex matrix. Then the operator of relativistic point interaction
D* given by (8) is densely defined closed operator.

Proof. We can see that D* is densely defined operator in L*(R; C?) because W'2(R \ {0}) is a dense
subset of L2(R).

If we decompose a function from Dom D# into a sum of functions on a positive and negative half-line
of R respectively, and use the Trace theorem 2.1.1 the domain of D* can be written as follows

DomD* ={p=¢g_ @, € WAR;CH) e W2R"CH | Qi-0A)Treo, = Qi+ oA Tre ). (9)

By the Trace theorem, there exists a bounded linear operator Tr € B(W!2(R*;C?),C?) and a certain
constant C > 0 such that
|'Tr x| < Cllpxllyrzgecoy. (10)

To prove that D* is closed we choose a convergent sequence from Dom D* with a convergent se-
quence of its images.

@n = n- @ Py s € Dom D*
o> 0 =¢p_®g, € PR;C?) an
D¢y > ¥ =y_oy, € LP(R;C?)

Now we need to prove that ¢ € Dom D and = D" . Firstly, note that

D"y, = (—icoig, _ + mco3g, ) ® (—icoig, , + mco3on ).
6



Then (11) gives us convergence of functions ¢, . in WL2(R*; C2). Spaces WL2(R*; C?) are complete
spaces, that implies

©s € WH(R®; C?) and

—ico¢l + meto3p. = .

Now we need to determine if . fulfils the transmission condition of Dom D* (9). Since functions ¢,
converge in W2(R*; C?), (10) gives us convergence of their traces in C? space. Because ¢, € Dom D*
we get

VneN,2i-—01A)Tre,+ = Qi+ 01A)Tre, .

Letting n — 400 we obtain
QRi—-0c1A)Tro, = Qi+ 01A)Tre_.

We conclude that ¢ € Dom D* and D*¢ = . This means that the operator D* is a densely defined
closed operator. O

Another natural question would be the uniqueness of the definition of the operator D*. More pre-
cisely, if different choices of A yield different operators D*.

Proposition 2.1.1. D* = D® ifand only if A = B.
Proof. An implication from right to left is easy to see. We will prove the inverse implication. Let us
have D* = D® which means
Dom D* = Dom D”.
From that we deduce Yy € Dom D* = Dom D? both of the following conditions hold.

Qioy = A(0+) = 2ioy + A(0-),
2io1 = B)y(0+) = io + B)y(0-).

If we subtract these conditions, we get

(A =B)(Y(0+) +y(0-)) = 0.
If ((0+) + ¥(0-)) can be any vector & € C2, we prove the proposition. Let us then start with arbitrary
vector ¢. For such vector we can find a function ¢ € WL2(R \ {0}) such that

WO+ = @~ i1 A

Y(0-) = i(Z +io1A)C.

One can easily see that the function defined in this way meets the transmission condition of the operator
D*, which means ¢ € Dom D* = Dom DE. Also

Y(0+) +y(0-) = ¢

Since vector ¢ was arbitrary, we have

Vée C?, (A-B)Z=0.
This implies A = B. O



Theorem 2.1.3. Let A be a complex matrix such that A = £2io"| or none of the matrices (2i — o1 A) and
(2i + o1 A) is invertible. Then operator D* decouples into a direct sum of operators D* = D% ® D* on
L*(R*;C?) ® L>(R™; C?), where
(DLY)(x) = (DY)(x), x € RF,
Dom D% = {y € W (R*; C?)|(2i ¥ o1 A)y(0+) = 0}.

Proof. If A = 2io | then the transmission condition yields 4io1y(0—) = 0, equivalently (0—) = 0, and
no restriction on ¥(0+). For A = —2io(, the roles of ¥/(0—) and ¥(0+) interchange. Both cases gave us
the stated result.

If (2i — 01A) or (2i + 01 A) is invertible then the transmission condition can be rewritten as

Y(0+) = AY(0-) or (0-) = Ay(0+).

Ranges of matrices A and A are at least one—dimensional. We conclude that in these cases the operator
D* does not decouple.
If none of the matrices (2i — 071 A) and (2i + 01 A) are invertible then writing

_(@ B
A_(V 5)’

0 =det(2i £ 01A) = -4 — det A + 2i(B + ),

we get

which yields
B+v=0, detA =—-4

The matrix satisfying these conditions is of the form

a#0:
@ B
A= B
(B —“Tﬁ)
0 #0: g
4
)

In all the cases described matrix A is satisfying
(c1A)* = —41I. (12)
Now, multiplying the transmission condition
2i — oA (0+) = 2i + o1 A (0-)
by (2i + 01 A) respectively and considering (12) we obtain
(=8 £ 4ioc Ay (F) =0,

which is equivalent to
2ioy £ Ay (F) = 0.

On other hand, functions satisfying this condition clearly obey the transmission condition. Finally,
we see that the operator decouples into the searched form. O
8



Theorem 2.1.4. Let A be any complex matrix from C>? then
(D%)* = D*".
Proof. For an arbitrary complex matrix A the following holds
Duin € D* € Dypax = D

which implies
Dmin - (DA)* - Dmax~

From this we conclude that (D*)* is a restriction of an operator Dy,y. Using integration by parts one can
deduce that V¢ € Dom DA, Yy € Dom Dy«

(Dl = fR (=ico1g e () + (mcorsglien(x) dx = fR (& licor e () + (emco e () dx =

= [glico )2 (D15 + Kglico g2 ()]0 + fR (@l = icory )2 (1) + (plmc* o3y (X)ce dx =
= (@(0-)lico1¥(0-))c2 = {p(0+)lico 1y (0+))c2 + {@|Dmaxth)-
This yields, € Dom(D*)* if and only if
Vg € Dom D, (p(00)l19(0))c2 — (p(0-)lor1(0-))cz = 0. (13)
We will now distinguish three cases.
1. (2i — 1 A) is invertible. Then transmission condition for the operator D* can be rewritten as
Yo € Dom D*, ¢(0+) = Ap(0-),
where A = (2i — 01A)"'(2i + o1 A). Then (13) will give us
(@(0-)IA T 1¥(0+) = o1¥(0-))e2 = O,

from which we conclude
o(0-) = Ao y(0+).

Now, we will equivalently rewrite the obtained condition.

o1(0-) = (<2i + A'ory)(=2i — A*o) o p(0+),
o 1(0-) = 4i2i + A*or) o1 (0+) — o (0+),
Y(0-) = 4i(2i + o1 A Y(0+) — Y (0+),

(2 + o A" )W(0-) = 4ig(0+) — (2i + o AW (0+),
(2i + o A" (0-) = 2i — o1 A" (0+).

Finally, one can see that (D) = D*'.



. (2i + o1A) is invertible. Then transmission condition for the operator D* can be rewritten as
Vo € Dom D*, Ap(0+) = ¢(0-),

where A = (2i + 0-1A) ™ (2i — 01 A). After a similar calculation as in the case 1., we will get the
same result (D*)* = DA,

. None of the operators (2i + o1 A) is invertible. This case is described in Theorem 2.1.3 with the
transmission condition
¢(0x) € Ker(2i ¥ 01A) = Kerio; 7 A). (14)

The operator D* decouples and (13) gives us
(p(OD)|o 1Y (0+))c2 = 0.
Using (14) we will get the condition on ¢ being in Dom(D*)*,
o1(0) € (Ker(2io; F A))* = Ran(=2io| ¥ A¥),
Y(0+) € Ran(=2i ¥ 01 A"). (15)

Recall that in the decoupled case, the matrix A satisfies (12),i.e.,

Ao A = —40.
Adjoining both sides of the equation one will get
A*O'lA* = —40'1,

(01A*)? = 4.
Using these identities, we will firstly prove Ran(—2i ¥ 0-1A*) C Ker(2i ¥ 0-1A*). The condition
¥(0+) € Ran(-2i ¥ 01 A”) yields
3C. € C2,y(0+) = (=2i F 1 A")C,
(=2i + A YW(0%) = (=2i + 1 A*)(=2i F 1 A")Ch,

Qi F 1AMy (0x) = 0.
Now, we need to prove that Ran(—2i ¥ 01 A*) 2 Ker(2i 01 A*). For /(0+) € Ker(2i ¥ 01 A*) we
have

Qi F oAy (0+) = 0,

(=2i F o1 A" (0x) = —4iy(0+),

Y(0x) = (-2i F a-lA*);llp(Oi).

From Theorem 2.1.4, we finally get the promised result.
10



Corollary 2.1.1. The operator D* is self-adjoint if and only if A = A*. If D* is normal then the operator
D* is self-adjoint.

Proof. First part of the corollary comes from the previous Theorem 2.1.4 and from Proposition 2.1.1. The
second part of the corollary follows from the fact that the operators D* and (D*)* are both restrictions
of the operator Dp,x, which means that they act like the free Dirac operator, and from the relation
Dom D* = Dom(D*)*, that holds true for every normal operator. O

2.2 Non-local approximations of relativistic point interactions

Let us firstly state one of the main results of this thesis which is the existence of the norm-resolvent
limit of the Dirac operator with scaled non—local potential multiplied by any complex matrix A. We will
denote elements of the matrix A as

A= (“ p ) , (16)

Yy 0
where @, 8,7y, € C. Also without loss of generality we will assume that function v in (3) meets

fv(x) dx = 1.
R

Theorem 2.2.1. Let the matrix A in the definition of the Dirac operator with the non—local potential (3)
be any complex matrix and z € C\ R, 2> such that the matrix

[
I+ S AZQ)

is invertible. Then the resolvent of the non—local potential converges in the operator norm to the bounded
integral operator

RE(x,y) = Ry(x, ) — cR(x,0)(I + %AZ(@)‘IARZ«), Y), (17)
ase — 0.

First, we recall the Minkowski integral inequality which plays the main role in the proof of the
theorem above.

Proposition 2.2.1 (Minkowski integral inequality). Let (U1, u1) and (U,, uy) be o—finite measure spaces
and g : Uy X Uy — R is a measurable, non—negative function. Let p > 1 then

i

Proof. Denote F(y) = fUl g(x,y) dui(x) then using the Fubini theorem and the Holder inequality we
obtain

4 _
”F”L”(Uz,d/lz) - L
2

P ; 5
duz(y)) < fU ( ) Ig(x,y)lpdﬂz(y)) a1 (). (18)

f g(x,y) duy(x)
Ui

fU o(x, 1) d (O ()] diaa () < fU fU l9Ce DIF ()] dpta) dpan () <

1
P _
< f ( |g(x,y>|f’dm(y>) A1 ONFIL s, gy
U U,

If [|FllLr(vs, duy) < +o0 we get the wanted inequality. If ||F||z»(v,, du,) = +00 we can choose monotone
sequences V) C UV} C Uy such that Yk, n € N, uy(V,), 2 (V) < +o0 and V) — Uy, VI — Us. Then
for every pair of V! and Vl? inequality (18) holds and by letting k, n — +co we obtain (18). O
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Furthermore we will need following lemmas.

Lemma 2.2.1. The inverse of the matrix (I + c{v:|ARvs)) exists for sufficiently small € and z such that
the inverse of (I +i/2 AZ(z)) exists. Also the following holds

(I + AR 5 (1 + 2 AZ) .

Proof. Let us have the matrix A of the form (16). Then from the stability of invertibility, see [ [15],
Theorem IV 1.16], to prove the lemma it is sufficient to show that

(Vs AR.vz) %A\Z(z).

Firstly, let us calculate exact form of the matrix c{vs|AR,v;),

_ i fa B[ @ f et o ydy [ sgn(x — et Ot (y) dy)
L= 0 \y o)\ [ sen(x - e toydy 7@ [ Mo pydy ) T

BS +al(E oS + B (E
6S + ¥ ()E  ¥S + 6. (E

, where

E = éfeik(z)lx—ylvs(y) dy,
R

S =~ f sgn(x — y)ve(y)e @ dy.
2¢ R

This yields
_ BSe+al(DE; aS; +ﬁ§_1(Z)E8
c(velAR V) = (658 +yl(DE; ¥Ss +6§_1(Z)E5)’

Eo=1 f (0, ) dy . (19)
R

i )
S = 3 f sgn(x — y)vg(x)eX Iy, () dy dx.
R2
We can see that the integral S is equal to zero because its integrand is an antisymmetric function.
From which we get

Vgl AR V) = E;AZ(Z). (20)
Now we just need to prove that |c{(vs|AR v;) — %AZ(z)l goes to zero.
2

2

E,— | | 1)

i
Vel AR V) — EAZ(Z) 3

= I(E; - AZOI < AR + K™D

where E converges to é by the dominated convergence theorem. Hence the limit of the right—hand side
of (21) is zero. O

Lemma 2.2.2. Let B(x, y) be uniformly bounded matrix valued function and w € C be such that Imw > 0.
Then

sup f IB(x, y)e™* Y? dx < +co.
yeR JR

12



Proof. Firstly, we will find an upper bound for the B(x, e,

B(x, )™ 4| = B(x, y)e™ |, < IB(x, y)lale™ | <

< Ce—Imex—yI ,

where Vx,y € R, |[B(x, y)|| < C € R. This implies

f|B(x9 y)eiwlx—y||2 dx < C2 f e—ZImwlx—yl dx =
R R

using substitution x — y = ¢ we get
=(C? f e 2l 4 < 4o,
R

We can see that the final estimate does not depend on y € R which proves the lemma. O

Lemma 2.2.3. Let B(x,y) € C>? be uniformly bounded matrix valued function, continuous in y for
almost every x € R and let us have w € C such that Imw > 0. Then

2
lin(l) ( f IB(x, £5)e™*=251 — B(x, 0)e™M||u(s)| ds) dx = 0. (22)
E— R R

Proof. Using the Minkowski integral inequality from Proposition 2.2.1 we get

2
f ( f |B(x,ss)eiw|x_8s|—B(x,O)eiw|x|||v(s)|ds) dx <
R R

1 2

2

< f [o(s)| f IB(x, es)e™* 85 — B(x, 0)e™M> dx| ds
R R

fe(s)

Using Lemma 2.2.2 one can see that f.(s) is uniformly bounded by some constant C > 0.

Ve >0,Ys e R,|fe(s)| < C eR.

Because of that we can drag the limit in (22) into the outer integral.
Next, we will deal with the inner integral. Using Young’s inequality we get the following estimate

[B(x, es)e™ 5 — B(x, 0)e™M? < 2B(x, £5)e™P > + 2[B(x, 0)e™M|.
Then for a fixed s € R, a fixed constant ¢ and all sufficiently small € such that |es| < § we get
IB(X, gs)eiw|x—8s||2 S Cze—ZImw|x—8S| S sz(x),
where m(x) is the dominating integrable function defined as

Vx € R, m(x) = e~ 2imwxl-0)

We can see that

2|B(x, £5)e™ 2 4 2[B(x, 0)e™M? < 2C%m(x) + 2|B(x, 0)e™M|> e L'(R).

Then by using the Lebesgue dominated convergence theorem two times we obtain the desired result. O
13



Now we can prove Theorem 2.2.1.

Proof. We will mimic the proof of the limit of the resolvent of the non—local potential from [11] but now
using any complex matrix A.
From the resolvent formula and the form of the D% we get

RE = (D% — )7 = R + c(lve)(vel ® A)R) ™,

where R; is the resolvent of the free Dirac operator.
We will find the inverse of the operator (I + c(Jv:){vs| ® A)R;).

W+ c Wl AR Y)Y ve = g = K + (| AR ® k) = (0| AR.g),
N———
4
K+ c(uel AR YK = (v:|AR.g),
K = (I + c(vsl AR.0.)) " (vl AR.g).

Existence of the inverse of the matrix (I + c(v:|AR,v:)) was already proved in the Lemma 2.2.1. If
we substitute for the vector k we get

U =g = c + Vel AR:0:)) ™ (el AR-)vs.
This yields
(I + c(ve)vel ® AR ™ = 1= eI + c{vsl AR0:)) ™' (0:)0el ® AIR:.
Which means that we get the resolvent of the operator D% in the following form
R, = R, — cR(I + (0l AR0:)) ™ (1050 AR,

The Lemma 2.2.1 implies that the uniform limit of the matrix (I + c(vglARng))‘1 is
—0 )
(I + c(vel AR )™ 757 (1 + %AZ@)‘I. (23)

If we denote matrices above as

M, = (I + c{ve| AR,v)) !,

M=+ éAZ(z))_l,

we can rewrite kernels of the resolvent of the non—local potential and its pointwise limit as follows

RE(oy) = Ro(x.y) f

cR (x, es)v(s)M Av(t)R,(et, y) ds dt, (24)
RZ

Rf(x, y) =R;(x,y) — f cR,(x, 0)v(s)MAv(H)R,(0, y) ds dt.
R2

None of these two resolvents is a Hilbert—Schmidt operator, but their difference is a Hilbert—Schmidt

operator. Therefore, we will study the convergence of the operator R2 — R* to the zero operator in the

Hilbert—Schmidt norm which will imply the convergence of resolvents in the operator norm. Because

of that, we will try to find the estimate for the Hilbert—Schmidt norm of the difference of the operator
14



R% and R*. We will use the inequality (a + b)*> < 2a® + 2b* several times in the following series of
inequalities.

.

= f | f (R (x,&5) — R(x,0)v(s)M_Av(H)R,(et, y)+
R?2 JR?

2
dxdy =

f R, (x, e5)v(s)M Av(H)R,(t, y) — R,(x, 0)v(s)MAv(t)R,(0, y) ds dt
RZ

2
+ Ro(x, 0)ul(s) (Mo Ao(n)R (1, y) — MAUDR,(0, ) dsdi| dxdy <
< f ( f (R.(x, £5) — R.(x, 0)o() Mo Ao(DR(e1, 1)+
R2 RZ

2
+ |R,(x, O)u(s)(MAv(H)R,(et, y) — MAV()R(0,y))|ds dt) dxdy <

2
S2f (f |(Rz(x,8S)_Rz(x,0))U(S)M€AU(I)RZ(8t,y)|det) dxdy+
R2 \JR?

2
+2f (f IR, (x, 0)v(s)(MAv(H)R,(et, y) — MAV(H)R,(O, y))ldsdt) dxdy <
R2 \JUR?

2
< 2f (f |(R;(x, &5) — R.(x, 0))v(s)MAv(t)R,(et, y)| ds dt) dxdy +
R2 \JR2

a)

2
+4f (f IR,(x, 0)v(s)(My — M)Av()R,(et, y)| ds dt) dxdy +
R2 \JUR2

b)

2
+4f (f |Rz(x,O)U(s)MAv(t)(RZ(st,y)—RZ(O,y))ldsdt) dxdy.
R2 \UR?

c)

We will estimate each of the terms a),b) and c¢) separately.

a)

2

2
2 < f ( f |Rz(x,ss>—Rz<x,0)||v(s>|ds) d f ( f |M8A||v(r>||Rz<sr,y)|dz) .
R R R R

The term )
f (f IR,(x, &5) — R,(x, 0)||v(s)] ds) dx
R \JR

goes to zero by Lemma 2.2.3. Since matrix M, converges to the matrix M by Lemma 2.2.1 it is
uniformly bounded by some constant C > 0. Then by using this observation, Lemma 2.2.2 and the
Minkowski integral inequality (Proposition 2.2.1), we get the following

15



2 2
f(f |M5A||U(f)||Rz(8t,y)|dl) dySCf(f Iv(t)llRZ(st,y)|dt) dy <
R \JR =\ Je
% 2 % 2
sC[f (f |U(t)|2|Rz(8t,y)|2dy) dt] =C(f Iv(t)l(f |RZ(8t,y)|2dy) dt] <C
R \JR & N

This yields a) » 0 as & — 0.

b) Using Lemmas 2.2.1 and 2.2.2 together with the Minkowski integral inequality we get

2
b) < f ( f IR (x, 0)u(s)(M — M)Av(t)R,(et, y)ldsdt) dxdy <
R2 R2

2 2

s](fmmmMMM)MMmeqummwwmw)@s

R R R R

2 % 2
s( f |v<s)|ds) f R.(x,0)* dx|M, — M||A f |v<r>|( f |Rz<st,y>|2dy) dt] <
R
( f Iv(s)lds) f IR.(x, O)|2dx|M M| A ( f Iv(t)ldt) sup f IR.(t, y)I* dy — 0.
eR

<+o00

¢) Similarly to a).
This means that we get the convergence in the Hilbert—Schmidt norm which implies RA 5 RA O

Thus we get the limit in the operator norm for the resolvent of the Dirac operator with non—local
potential but we do not know if it is a resolvent of some operator. In the self-adjoint case we had a
candidate in the form of a self-adjoint relativistic point interaction [3] which was also proved to be the
norm-resolvent limit of the operator. As we already mentioned the pointwise limit of the self—adjoint
operator D% with a hermitian matrix A coincides with its norm resolvent limit. We will prove the same
for every choice of A.

Theorem 2.2.2. Let A be any complex matrix and z € C\ R, 2 be such that
(I + A7)
is a regular matrix. Then the operator
RY =R, — cR,(x,0)(I + éAZ(z))_IARZ(O, y) (25)

is the resolvent of the operator D* given in (8).
Proof. Since the operator Rf can be written as
A
R =R, - K,

where R, is the resolvent of the free Dirac operator and K is the Hilbert—Schmidt operator, we get that
the operator Rf is a bounded operator. Then it is sufficient to check following two statements.
16



1. RanR% ¢ Dom D* and Yy € Dom R%, (D* — 2)R%y =y, 2. V¢ € Dom D*, RA(D* — 2)y = y.

1. Firstly, let ¢ € Ran RZA. We will check if ¢ € Dom D*. Since ¢ € Ran RZA, there exists iy € Dom RZA
such that

¢(x) = REY(),
which in particular means

o) = [ Rexpwdy = R0 + 542G A [ RO.000) d

This yields
w04) = [ ROy - 5 + o)l + 4204 [ RO,

o(0-) = fR RO, y)dy ~ S(Z) — oI + TAZ() A fR R.(0, y)iy) dy.
‘We can see that the transmission condition
2i — 01 A)p(0+) = 2i + 01 A)p(0-)

holds if and only if

Qi =AY = 5@ + o) + SAZE) ' A) = it A~ 52 - o) + SAZE) ' A),
2i— oA+ Qi— 01 ANZ() +01)2i — AZEZ) A = 2i+ 01 A+ Qi+ 01 A)Z(z) - 01)(2i — AZ(2)) A,

— A + 2i (2i — AZ(Z)'A - 0 AZ(Z)(2i - AZ(z)) 1A =
= 01A = 2i01(2i - AZ(2) A + 01 AZ(2)(2i — AZ(2)) A,

—01A + 0120 — AZ(Z))2i — AZ(2) A = 0 A — 01 (2i — AZ(2))(2i — AZ(2)) ' A,
—01A + oA = A — 0 A.

We conclude that for any complex matrix A and z € C \ R, such that (/ + i/2 AZ(z2))~! exists every
¢ € Ran RZA fulfils the transmission condition of the Hamiltonian of the relativistic point interaction.

Since R,(x, y) is the resolvent of the Dirac operator and R,(x, 0) standing alone is in WLZ(R\{0}; C22)
we finally get

Ran Rf c Dom D*.

Now let us check that R is the right inverse of (D* — z).

(D* - DREy(x) = ( = icd%m +mc?oy — z)( f 2%(2@ + sgn(x — y)o e KOy (y) dy+
R

1 . i .
+ @@+ or1sgn(x))e M + EAZ@)“A f (Z(z) + sgn(~y)or)e Wy (y) dy).
R
For x > 0, we get the following

17



(D* = DRYY(x) =

= —idixo'l ‘Lé %(Z(z) + sgn(x — y)o e Oy (y) dy— (26)
- idim Lz@ + o0 + Lazyta f (Z(2) + sgn(—p)o ) My () dy— @7)
x 4 2 R
1 (z — mc? 0 ] .
e (Z 0 a4 mCZ) fR S (2@ + sgn(x = o Oy (y) dy- (28)
1 (7 - mc? 1 . j .
- (Z o Z+(,)m,2) @@ + oM+ ZAZ@) A fR (Z(2) + sgn(=y)orne" Py (y) dy.
(29)
Since s 5
{@k(z) = 2 and 227 'k(z) = =
we get the following
1L od T (Dx—y]
@6) = 31— | (@@ - e Oy dy+

REPNLS f T (2 + o)y () dy =
2 T dx J_o
1 1 +00 .
= =5 01(Z@) = )Y + 50 f (Z(2) — o) (=ik(@)e Oy (y) dy+

1 1 * .
+ 012D + DY) + S0 f (Z(z) + o1)(ik(2))e Oy (y) dy =

2
1 (z—mc? 0 i k()| x—yl
=0+ (70 ) | 5@ + s ety ay
L(z=mc* 0 |1 Kl g, -1 Iyl
27) = p 0 24+ m? Z(Z(Z) + o1)e™ I + EAZ(Z)) AL(Z(Z) + sgn(=y)o1)e" Yy (y) dy.
We finally get

(D* = DRy = (26) + (27) + (28) + (29) = Y(x),

and similarly for x < O we get the same result.

2. Now we need to check if R? is also a left inverse of (D* — z).

READ - D) = f (22 + sen(x ~ o) I cic— o + mers — iy dys
R 4C dy

+ s N2 AZ () A f (Z(z)+sgn(—y)m)e"k‘z)'y'<—icdi‘ym tmPo-u(y) dy =
R

18



1 . d
_ fR 3 + senle = e eIy dy- G0

- 120 + s N + Az A fR 2@ + sgn(—y)cn)e”@'-'"diyalw(w dy- 31)
1 (i . — me?

-2 »[R %(Z(Z) + sgn(x — y)orp ekl (Z (’)nc . +?ncz) Y(y) dy— (32)

= L2 + sen@enet @ + Laziya [[(@@ + senyorpet@n (FTE 0 Ny
i Z g 1 7 Z N Z gn(—y)o 0 7+ mc? y)day.

(33)

Firstly, we consider x > 0. Using integration by parts we get the following

X

S| ooy d 1 aleyt d
(30) = f 5(Z<z>—al)e’“z>2'x y'd—alw(mw f 5<Z<z>+m>e"<z>' y'd—mwy)dw
X y 0 y

1 . . d
" f ~(Z(2) + 0)e™ M —gy(y) dy =
o 2 dy

Yy—+o0

+

y—x

5@ + Gl)eik(Z)"‘_”'mt//(y)] +

1 .
= [§<Z(z> — o)e™ oy (y)
y—0+

y—x

y—0- +00
+ %(zw+m>efk<z>'*‘y'mw<y>} - f %(Z(z)—01)(ik(z))e”‘(Z)'x’”'m;0(1/) dy—

Yy——00

X

_fo %(Z(z) + (k) (y) dy - f %@(z) + o) (-ik@)e o yy(y) dy =

—00

7 — mc? 0

1 j .
= Y + - fR é(Z(z)+sgn<x—y>m>e”‘<z>'x—y'( 0 Z+mc2)‘/'<y>dy+

+ %<Z<z> + or)e Mo (Y(0-) — w(0+)).

Similarly for x < 0 we get

L (i Y F—) 0
(30) = ¢(x) + - fR é(Z(Z) + sgn(x — y)orp ekl (Z (’)710 e

1 .
+ 52 - o) Mg (y(0-) — y(0+)).

2) Y(y) dy+

In other words for Vx € R \ {0}

7 — mc? 0

1 ‘ ,
(30) = y(x) + = fR %(Z(z)+sgn<x—y)m>e'k<z>'x—y'( 0 Z+mc2)w<y>dy+

+ %(Z(z) + sgn(x)o)e Moy (y(0-) — Y (0+)).
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+0o0
0

(1) = =) + sn(0or)eH I + L AZ@) A [0 ~ o)k Moy -
- 12 + sV + AT A2 + e Vo) +
+ 1200 + s N + Az A fo @) - o)) () dy+
+ 52+ sgnCoo e M + ez 4 [ (;(Z@ + )ik M oy () dy =
= —§<Z<z> + sgn(x)or)e (T + éAZ(z))—lA«Z@ + )T 1Y(0-) = (Z(2) = o) 1(0+)) +

7 — mc? 0
2

1 ; j ;
+ - (E@) +sgno)e M+ 2 AZ@) A fR (Z(z)+sgn<—y>cn>e’k<z>'y'( 0 z4me )w@) dy.

The results above imply
B0)+@B1)+@32)+(@(33) =
= Y(x) - ﬁ(zw + sgn(x)o e OM2i0r (4(0-) — Y(0+))-
- 12 + s + LAz A2 + )mw0-) - 2 - eowon) =

= Y(x) - i(Z(z) + sgn(x)orp e (2i +( + éAZ(z))‘lA(Z@ + m))m W(0-)—

B_

- §<Z<z> +sgn(oe @ (20 - (1 + éM(z»—lA@(z) — o)) w0,

B,
Matrix B_ next to ¢(0-) is
B_.=Qi+{+ éAZ(z))_IA(Z(z) + oo = i -2 + %AZ(z))_l(éAZ(z) +I-1+ %Am))a’l =
=+ éAZ(z))_lQim +A).
Similarly matrix B, next to /(0+) is
I+ %AZ(z))_l(%o-l - A).
If we take the transmission condition into account
(2i — o1 AW(0+) = (2i + 01 A (0-),

we finally get that

Vx € R\ {0}, RA(D" — 2y(x) = y(x).
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3 Spectral analysis

3.1 Spectrum of general relativistic point interactions

In this section we will study the spectrum of the operator D*. Since D is not necessarily self—adjoint
it may happen that some points of its spectrum lie outside real numbers. We will find out if conditions
under which we do not get the resolvent R“} from Theorem 2.2.2 are superfluous due to our procedure of
finding the resolvent, or if they coincide with conditions for the spectral points.

Theorem 3.1.1. Let A be any complex matrix. Then

o(D*)\ R o (D)

me2 =

and 7 € C\ R, is in the spectrum of the operator D* (8) if and only if 7 satisfies the following equation

4 + 2itr(AZ(z)) — det A = det(2] + iAZ(z)) = 0. (34)

The eigenvalue z has geometric multiplicity equal to dim(Ker(21 + iAZ(z)) and the corresponding eigen-
function can be found in the following form

C ekl
C1¢(2)~'sgn(x)e

where (—iCy — iCy, —iZ(2)C1 + il (2)C1) € Ker(21 + iAZ(2)) \ {0}

Y(x) = ( ikl |- X € R\{O},

Proof. Letus take z € C\ R,,» then the eigenvalue equation is

d
—icoy d—w + mcza'3¢ =z, € Dom DA,
X

d i ( 0 Z+mc2)d1. (35)

dx c \z—mc? 0

Since the matrix on the right hand side of the equation is constant, it is easy to get its antiderivative.
Using

0 Z+m022_(2_(m62)2)1
7 —mc? 0 =¥ ’

we can compute the exponential of the antiderivative.

ox i 0 7+ mc? _ii”x” 0 z+mczn_
P c \z—=mc? 0 = _Oc”n! 7—mc? 0 -

(=1)"x%" n (=1t 2wl 0 z+me?) _
(Z(z)ﬂn _(mc))}”( (2n+1)'62”+1( ~mey) (z—mc2 0 )‘

0 ¢ (z)) .

= cos(k(z)x)I + i sin(k(z)x) ( [0

This yields that the general solution to the equation (35) can be written in the following form,
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:,l/l(x)) B ( cos(k(z)x) il(z) sin(k(z)x)) (C 1)

Ya(x)) ~\iZ(z) sin(k(z)x)  cos(k(z)x) )\C2

Now we need to determine constants C, C, € C. We will find ¢ on the intervals (—oo, 0) and (0, +00)
separately and then we will merge them via the transmission condition. Let us write k(z) = n + iy,y > 0
then

o

Y1 = (Cy cosh(yx) — C24(z) sinh(yx)) cos(nx) + i(C2(z) cosh(yx) — Cy sinh(yx)) sin(rx),

¥y = (Cy cosh(yx) — C1£(z)”" sinh(yx)) cos(nx) + i(C1£(z) ! cosh(yx) — Ca sinh(yx)) sin(7x).
Therefore, to get a square-integrable solution we need C; = {(z)C; on (0, +o0) and C; = —{(z)C, on
(=00, 0). We conclude that

Ce@x  x (0, +0),
C‘leiik(Z)x’ X € (_OO’ O)v

Y1(x) ={

and _
Cil(x)7 e x e (0,+),

V2= {_le(Z)leik(Z)x, X € (=00,0).

Recall that the transmission condition for ¥ € Dom D* reads as

(2ioy = A (0+) = 2ioy + Ap(0-),
where A is of the form (16). This implies

(2i — al(2) = P)C1 = (=2i + a{(2) - B)C1,

. “1 , S (36)
(2i-y-064() )C1 = Q2i+y-6L() )Cy,

which can be rearranged as
(2i — af(2)(C1 + C1) - B(C, - C1) =0,

~y(Cy + C1) + (2i — 64(2)")(Cy - ) = 0.

Equivalently, we get 5
(2 +iel(@) B )( ~i(C1 +C) ) _3 37
i@ 2+i6@)7 J\=iZ@(C1 = Cp) T T

2U+iAZ(Z)

To find an implicit relation for eigenvalues, one must find condition under which a non-trivial solu-
tion of (36) exists. Existence of such solution (Cy, C1) is guaranteed if and only if

| 2i-ad(-B 2i-al()+p

=3 |2i o~y 2+ aeoy] | = AL +IAZE@) = 44 2 (AZ) — detA. (38)

Recall that
z € o(D*) if and only if R% = (D* - 7)™ ¢ B(H).
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Therefore, we can check under which condition, Theorem 2.2.2 will not give us R?. By Theorem 2.2.2
only problem may occur if the matrix (/ + 5AZ(z)) is not a regular matrix. This is true if and only if
0 = det(2] + iAZ(z)) = 4 + 2itr(AZ(z)) — det A.

nc2 is in the point spectrum of the operator D*
(38) is the same as the condition (34). This proves the theorem. O

We can see that the condition under which z € C\ R

Theorems 3.1.1 and 2.2.2 give us almost a full picture of the spectral problem. The operator D* has
only point spectrum in C \ R, .- which can be found by examining (34). If we start with A such that the
condition (34) is not fulfilled for any z € C \ R, we receive the operator D* with purely real spectrum.

We can deal with the remaining set R, > by using [Theorem XIII.14 [18]]. We know that Rf —R;is
Hilbert—Schmidt and, thus, it is a compact operator and except cases, in which the inverse of the matrix
(I +i/2AZ(z)) does not exists for whole complex plane or half—plane, we will meet the assumptions of
the theorem. Since R,, 2 is equal to essential spectrum of the free Dirac operator the referenced theorem
implies that this set is also equal to an essential spectrum of the operator D*. In the next subsection, we
will look closer at critical cases, when whole complex plane or half—plane will lie in the point spectrum
of the operator D*.

3.2 Spectral transitions

If we choose m # 0 and the matrix A such that it has a non—zero diagonal, the condition (34) is at
most quadratic in £(z) and this gives us a finite number of points in the spectrum in C\R,, ... Nevertheless,
we can see remarkable spectral transitions of our model if elements on the diagonal of the matrix A are
equal to zero. Then (34) reduces to

0=4—detA.

This yields that if matrix A has zeros on the diagonal and det A # 4 then by Theorem 3.1.1 we have no
spectrum outside R, ». However, if A has zeros on the diagonal and its determinant is equal to 4, the
condition (34) holds for every z € C \ R,,... We can demonstrate this spectral transition by considering
following matrix

2
A= (_“Z f) (39)
B
We can see that for such matrix
C\R ifa=0,
oy DAy = | Ve e
0 ifa #0.

Also choosing m = 0, we can observe another interesting spectral transitions. In this case, matrix
Z(z) takes a following form

Z(z) = sgn(Im(z))1.
Then (34) reads as

4 + sgn(Im(z))2i tr(A) — det(A) = 0. (40)

We can further investigate (40) and find an exact expression for the spectrum of D*. Firstly, discuss the
case when tr A = 0. Then the condition is simplified to the following form
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4 —detA =0.

This means that for the matrices A such that tr A = 0 and det A = 4, we have oo(D*) = C.

Let us now discuss the case when tr A # 0. Then (40) can be divided by tr A to get

detA -4
I =—
sen(lm(@) = =
This yields that if the following condition holds
detA -4
—— = 1,
2itr A

then the whole upper respectively lower complex half—plane will be in the spectrum of the operator and
the other one will not. We can again demonstrate these spectral transitions by considering the following

matrix

i 2+p
a=(in 22).

One can see that for such matrix in the case m = 0, we infer

C\R ife=8=0,
op(D*) =10 ifa=0AB#00r0+#a % +8,

We will now summarize our findings.

1. m = 0. We have an implicit relation for eigenvalues in the form (40).

(@) rA=0AdetA=4= 0,(D*) =C\R.

(b) rA =0AdetA # 4 = o,(D*) =0.

(c) rA#0AdetA—4=x2itrA = o,(D*) =C,.
(d) rA#0AdetA—4# £2itr A= 0,(D*) =0.

2. m > 0. We have implicit relation for eigenvalues in the form (34), which can be equivalently

rewritten as .
QL) + 5(deth = 4)((2) +6 = 0.

(@) a=6=0AdetA=4= 0,(D*) =C\R,a.
(b) a=6=0AdetA #4 = o,(D*) =0.

() @=0A5#0AdetA=4= o,(D*) =0.
(d) @=0A8#0AdetA # 4 yields

(@) = —22
Y% Geta -4
We will solve the equation generally

{(2)=7€C,
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7+ mc?

Z2 _ (mc2)2

Squaring the equation, one will get

2% + 2mc?z + (mc?)?
72 — (mc?)?

=7,

(1 =2 +2m?z+ (1 + ) (mc?)? = 0.
If £ # 1, the solutions to this quadratic equation are

22+ 1 2

, {2 = —mc.
£-1

We can immediately exclude the solution z;, since it does not solve original equation and,
in fact, lies in the essential spectrum of the operator D*. If / € R then z; also lies in the
essential spectrum of the operator and we have no solution. If € C\ R we have exactly one
solution zj in C\ R, 2.

In the case /% = 1, we have linear equation and its solution is z = —mc? and thus we have no
solution in C\ R, 2.

() a # 0 yields quadratic equation for {(z) in the form (41) which yields two solutions. De-
pending on the character of these solutions using calculation in 2.(d), we have maximum two
numbers z as eigenvalues.

We will formulate our findings in the following theorem.

Theorem 3.2.1. We have
o(D*) = o,(D*) UR,,2

and no points from o ,(D*) are in R .
We have critical cases

em=0AtrA=0AdetA=4=0,(D*) =C\R.
e m=0AtrA#0A4—detA=7F2itrA = o,(D*) =C..

emz0AdetA=4Na=6=0=0,(D*)=C\R

me2 -

In all other cases we have at most two eigenvalues of D*.

3.3 Pseudospectrum of the relativistic point interaction

Now we would like to explain why these wild spectral transitions, mentioned in section 3.2, appeared.
We will now consider only m # 0. It is clear that the spectrum of the point interaction from Definition
2.1.1 will not become denser while approaching critical transmission condition because if we consider
for example matrix A, of the form (39) then for arbitrarily small @ > 0 the condition (34) does not hold
for any z € C \ R,,.2. That implies that D", & > 0 does not have any new points in its spectrum. On the
other hand, if @ = 0 then this condition holds for every z and this yields that the spectrum of D0 is a
whole complex plane.

We will explain this remarkable spectral transitions with the pseudospectrum of the operator. We
will show that for arbitrarily small € by taking 7 to zero the whole complex plane will eventually fall into
the e—pseudospectrum of the operator D** with A, = Ag + 7B, where the matrix Ay is the critical matrix
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-2
70

and B is any fixed non—zero complex matrix. Note that for the fixed matrix B matrix A + 7B cannot be
of the critical form.

(3

Definition 3.3.1 (e—pseudospectrum). Let A be a linear operator and Ra(z) is its resolvent at 7z € C.
Then we will call the set
Ts(A) = {z € C||RaG)ll > &'}

e—pseudospectrum of the operator A. Here we use a convention that ||Ra(z)|| = +o0 if z € o(A).
Our main goal is to prove that the norm of the resolvent of the operator D** will go to infinity as 7

tends to zero. This will prove that for any € and any z € C \ R, > this number z will eventually fall into
e—pseudospectrum.

Theorem 3.3.1. For any € > 0 and any number 7 € C \ R, > there exists 19 > O such that for every
0 < T <710, 2 € Te(D™).
Proof. Let us denote .
i
K = cR(x, ) + S AZ(2) " AcR:(0, ).

Then from a formula for the resolvent R‘}T of the operator D* from Theorem 2.2.2 we get

R =R, - K.

R is a bounded integral operator and because it is a resolvent of the free Dirac operator we explicitly
know the norm of this operator

lIR.|| = Tt oD
ist(z, o(Dy))

On the other hand, we will show that the norm of the operator K will go to infinity because the matrix
(I + 5A:Z(2)) is approaching a singular matrix as 7 tends to zero.

K = cR,(x,0)I + %ATZ(Z))_IATRZ(O’ Yy =c R, (x,0)M:A:R.(0,y),

det(I + $A:Z(2))

: : S0 1 —iBL)™
where M, = det(I + LA, Z(2)(I + 1A, Z(z))' = ( ) s 51( )
B
Then we can finally write the norm of the R?T as
1 i
IRl = [ det(/ + 5 A Z(2))R; — cRy(x, )M AR (0, y)l| =

|det(] + £A;Z(2))| 2
1
> :
|det(I + $A:Z(2))|

llcR-(x, )M AR (0, )|l - [IR-|.

Because det(Z + %ATZ(z)) ‘= 0 we conclude that
—0
IRE7]| "= +oo,

which proves the theorem. O
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3.4 Eigenvalues and eigenfunctions of the Dirac operator with the non—local potential

Question of a stability of the spectrum of the perturbation for self—adjoint operators is discussed
for example in [Theorems VIII.23,VIIL.24 [18]]. In a self—adjoint case if we have the norm-resolvent
convergence at our disposal, the spectrum of the limiting operator cannot expand nor contract. Even
though a sudden contraction cannot happen also in a non—self—adjoint case, the same is not true for a
sudden expansion as discussed in a paragraph after [Theorems VIII.23,VIIIL.24, [18]] and in [Section IV.,
§3, 2nd subsection, [15]].

For this reason, we will discuss the spectral problem of the approximations and see if we can prove
a stronger statement. One can try to find an implicit relation for eigenvalues of the operator Dy with the
non-local potential (3) similar to the condition for the spectrum of the limiting operator (34) and see how
this condition behaves in the limit.

Recall the definition of the non—local approximation D% from (3)

D2 = Dy + |0:)(vs| ® CA.
Theorem 3.4.1. A point z € C \ R,,.2 is an eigenvalue of D% if and only if
det({ + c{vs|AR,v.)) = 0.
In the positive case, the corresponding eigenfunctions is of the form
W = cR Xv,,
where X € Ker(I+c{vs|AR,v.)). The geometric multiplicity of such point equals dim(Ker(I+c{v:|AR,v:))).
Proof. Starting with the eigenequation we obtain

DéAlr// = Zl//’ l/’ € Dom Dﬁ = DomDO - W1’2(R; CZ)’

d
—ie- o+ mct o3y + Al ve = 2,
X

(Do — 2 = —cAvelpdve € LA(R; C?). (42)

For z € C\ R, > the equation (42) is equivalent to the following
Ay € Dom(Do) \ {0}, ¢ = —cRAvelyy)vs. (43)
This implies that for a certain vector @ € C? a function i is in the following form

Y = cR,Adv,. (44)

If we substitute (44) into the equation (43) we get another equivalent expression of (42)

(3@ € C?)(Ad # 0 A cR.Adv, = —c*R.Avs|R-Advs)v,), (45)

which we can rewrite as

(3@ € CH(AG # 0 A Ad = —cAve|Rv:)AG). (46)
Finally, we get that (46) holds if and only if

(3d € CH(AG # 0 A (I + cA(vg|Rv:))AT = 0), 47)
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which is equivalent to

det(! + c(vs|ARv:)) = 0. (48)

Firstly, we will prove the equivalence between (47) and (48) for a regular matrix A. In this case (45) can
be rewritten to the following form

(Ad € C?,a + 0)(@ = —c(ve|R, Avy)a).
That is true if and only if

det(/ + c(vs|R,Avg)) = 0.

Due to the parity in integrals and the form of R;, this is the exactly the same condition as (48).
For a singular matrix A a reverse implication from (48) to (47) still remains unproven. Let us start
with det(/ + c(vg|AR,v:)) = 0. This implies

(AR e C2, 2 # 0)(( + c(vg]AR.v:)X = 0).

We need to prove that there exists some vector @ € C? such that Ad = ¥.

(I + c{vs|ARv:))X = 0,
X+ c(us|ARv:)X = 0,
X+ cAe R )X =0,
¥ = A (=c(ve|Ryve)X),

=d

which means that (47) and (48) are indeed equivalent for any matrix A. Also from the previous calcula-
tion it is clear that for every ¥ € Ker(I + ¢(v:|AR,v.)) there exists vector @ such that

X =Aa,
which, along with (44), gives us the sought form of the eigenfunction of the operator. O

Using similar calculations as in Lemma 2.2.1 we can show that the matrix c{v¢|R,Av.) converges to
the matrix i/2 Z(z)A. From continuity of the determinant we have the limit of the condition (48)

det(T + c(valR.Ave)) °= det(l + %Z(z)A),

which is exactly the same result as we got in the previous section for the condition for the point spectrum
of D*. This result gives us at most asymptotic behaviour of eigenvalues of the approximations nearby
the eigenvalues of the limiting operator.

In the following text, we will prove even stronger spectral relation between the approximation and
the point interactions then ones we get from the general results. Particularly, we will show that the
spectrum of the limiting operator cannot expand also in the non—self—adjoint setting except the critical
cases discussed in Section 3.2. Let us denote, for z € C \ R, 2, functions

i
I'(2) = det (1 L 5AZ(z)),
T(2) = det(l + c(ws AR.0sY).

Roots of these functions characterize the eigenvalues of the operators D* and D%, respectively.
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Lemma 3.4.1. Functions I'(z) and I'((z) are analytic in z € C\ R, 2.

Proof. Because both functions are smooth compositions of k(z),£(z) and (z)™!, it is sufficient to prove
that the latter functions are analytic.
Since function w — Vw is analytic in C \ [0, +o0), we get that the function

ck(z) = V7% — (mc?)?

is also analytic in C \ R, ». Finally, we have

2
Z+ mc
which implies analyticity of (z) and £(z)~! in C \ R,,,.2. O

Theorem 3.4.2. Operator D% has at most countable many eigenvalues in C \ R,.. The set of all
eigenvalues can have accumulation points only at infinity or in R, 2. In addition, for z € Up(DéA),

C
[tmz] < = 1Alllolf7-
Proof. We can see that
Ie(z) = det(I + c(vs|AR.v.)) = det(I + E.AZ(2)),

where E, = % fR2 ve(x)eX DYy () dy dx. If T'o(z) was constant then it would be necessarily equal to 1.
We can see that from the limit
lim Ty(xin) = 1.
n—+oo

But then there is no point spectrum of the operator D%,

If the function I';(z) is not constant then from Lemma 3.4.1 and from the identity theorem for analytic
functions it immediately follows that there are at most countable many roots of I'.(z).

Last bit of the theorem comes from the article [7] on non—symmetric perturbations. Since our per-
turbation of the operator Dy is

cWe® A = cloXvs| ® A,
which is tensor product of the rank one Hilbert—Schmidt operator |v:){v:| and A we get the norm of the
perturbation
¢ 2
llcWe ® All = cllAlll[Well> = ;IIAIIIIUIILQ-

The assertion then follows from the [Theorem 2.1, [7]]. O

Theorem 3.4.3. Let zp € O'I,(DA) and B be a ball such that zg is only eigenvalue of D* in B and

BNR,,.2 = 0. Then for & > 0 sufficiently small, there exists at least one eigenvalue of the operator DA
inside the ball B.

Proof. We will begin with the estimation of the difference of I'(z) and I'c(z).

I'(z) —Te(2) = l(% - Eg) tr AZ(z) + (—% - Eﬁ) det A

1 1
< §|i_ 2E,| (5(1 +2|E;|) det A + | tr AZ(2)|| .

(49)
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Since dB is a compact set, k(0B) and tr AZ(dB) are also compact by continuity. This implies

sup | tr AZ(z)| < +oo.
z€0B

—0
If we take into account continuity of E.(z) introduced in (19) together with the fact that E, A /2 we
infer that
lim sup |i - 2E| = 0.

&—0 2€0B

Putting this in top of (49) we arrive at

lim sup |I'(z) — ['e(z)| = 0. (50)

&=V 2e6B

Since Yz € 0B,T'(z) # 0 where 0B is a compact set we have

inf [I'(z)| > 0.
0B

If we use this result and (50) we conclude that

(36 > 0)(Ve < 0)(Vz € 0B)(I'(2) — T=(2)| < T ().

From the Rouché theorem it follows that there are same number of roots of both functions I'(z) and I's(z)
in the ball B. O
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4 Non-relativistic limit

In this section we will consider m > 0 and a function v € L*(R; R) N L'(R; R) such that its derivative
v’ also lies in L>(R; R) N L'(R; R) . Let us also denote

w(z) = V2mz, Imu(z) > 0.

and 1
= (u@ 0
w050

Let us also recall the free Schrodinger operator defined as

1 d?
Hoy(x) = —ﬁ@'l’(x), Vx eR,

Dom Hy = W*2(R).

Spectrum of this operator contains
0(Hp) = 0ess(Hp) = [0, +00).

Its resolvent is the integral operator K, with an integral kernel

K.(x,y) = %eiﬂ<z>'x—y'. (51)

4.1 Point interactions

A well known result for the Dirac operator tells us that by performing the so called non—relativistic
limit, i.e., firstly subtracting rest energy mc> from the operator and then sending the speed of light ¢
to +oo, of the Dirac operator one will end up with the Schrédinger operator [Corollary 6.2. [23]]. For
this reason, to study the non—relativistic limit of our model of general relativistic point interactions, it is
generally a good idea to start with the definition of non-relativistic point interactions. There are dozens
of articles dealing with the non-relativistic model of point interactions. If we are interested also in the
non-self—adjoint case, the list of the related papers is considerably shorter [2, 10, 19, 20]. Also for a
more general view at the problem, the article from Hussein, Krej¢ifik and Siegl [14] on non—self—adjoint
graphs is recommended.

We will define general non-relativistic point interactions in a similar way as in [10] or [2]. Let us
start with the formal expression for the Schrodinger operator with the point interaction

1 d2 ; j 5
H* = “mae %Ici(x»(é(x)l + %Ié(x»(é’(x)l - %Ié’(x»(é(x)l + %I(S’(x»(é’(x)l. (52)

Now similarly as in the Dirac case the terms (5(x)/) and (¢’ (x)|) do not make sense since we assume
that y and ¢’ are discontinuous at the point of interaction. Because of this we must extend the definition
of the distributions as follows

0 0-
(o) = LODEVO),

Y0+ +y'(0-)
5 .
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Now, to get a well defined operator, the singular parts of H*y must cancel out for every ¢ € Dom H”.
From this transmission conditions will follow. Firstly, let us take f € 9D(R) and consider the following

¥y Dom H, (¢ (0] f(x)) = W()If" (%)) =
= (W (0+) = Y(0-)d" (DI f () + (W' (0+) = ' (0-)SLf(x)) + ({y” (OYSf)-

Therefore, the singular parts of H* will cancel out if and only if

=W (0+) = ¥ (0-))8"(x) = (W' (0+) — ¢/ (0-)6(x)+

QO YO W ODHYO) ¢ BOD YO0 (04 + Y (0)
2 2 2 2
From this condition we will derive the following definition of the general point interaction.

&'(x)=0.

Definition 4.1.1 (General non-relativistic point interactions). Let A be any 2 X 2 complex matrix. Then
we will call the operator H®, define as follows, the operator of the point interaction.

2

1 d
HA(x) = =3 gV, Yx €R\{0),

Dom H” = {p € W*2(R\ {0}) | Ty = VAV Te},
where
_ 1( @(0+) + ¢(0-) ) r :(90’(0+)—90’(0—))
2\~ (0+) - ¢’ (0-)) ! @(0+) — p(0-) |

V:(é (1’)

For further investigation of the operator H*, it is convenient to look at its eigenequation. The follow-
ing theorem was already proven in [10]. We rewrite the theorem and its short proof in our notation.

and

Theorem 4.1.1. We have UP(HA) N[0, +00) = 0 and z € C\ [0, +0) is an eigenvalue of H* if and only if

det(2l + iAZ(2)) = 4 — det A + 2i (i + ,u(z)é) = 0.
u(z)
In the positive case, the corresponding eigenvalue 7 has geometric multiplicity equal to

dimker(2I + iAZ(2)).
If (Cy,Cy) € ker (2] + iAZ(2)) \ {0} then the associated eigenfunctions are of the form

CreH@x x50,
VO =1 cpeinox, ¢ <.

Proof. Let us start with the eigenequation, ¥z € C \ [0, +00), x # 0

1 d?
———¥(x) = 2 (x),

2m dx?

d2
WMX) = =2mzy(x).
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One must consider that the corresponding eigenfunction will have discontinuity at the point of inter-
action. For that reason we will solve the differential equation on (0, +c0) and (—co, 0) separately and then
we will merge these two solution via the transmission condition from Definition 4.1.1. If we want our
solutions to lie in L? space, it needs to be in the following form

Y(x) = C1e", x>0,
Y(x) = Cre HOX x < 0.

From that, we obtain
w(0+) = Cy,

Y(0-) = Cy,
Y (0+) = iu(z)Cy,
Y'(0-) = —iu(z)Cs.

Substituting these results into the transmission condition from Definition 4.1.1 we will get

(iﬂ(Z)(Cl +C)| _ 1 [ aC1+Co) +pu(@)B(C - Ca) (53)
Ci-C 2 \=iy(C1 + C2) — iu(2)0(Cy = C2))
Rearranging the equation (53), one infers that
@+ p(2)B - 2ip(2) @ — p@B - 2ip2) (G _ 5
—iy—iu(z)6 =2 =iy +iu(z)d +2 |\C, '
From that we conclude that the non—trivial solution to the eigenequation will arise if and only if
e+ u@B - 2iu@)  a-u2)B - 2iu(z)| 2 : Y
| Ciy—iu@6—-2  —iy+in@s+2 | da + 4u(2)°0 + 2iu(z) det A — 8iu(z)
and by dividing the equation by —2iu(z) we will equivalently get
[ @
4 —detA +2i (— + ,u(z)é) =0.
u(z)
O

4.2 Non-relativistic limit of relativistic point interactions

We already found the resolvent of the operator D* in Section 2. To find the non—relativistic limit we
will mimic the procedure which can be found in [3]. Firstly, we will subtract rest energy mc> from the
operator D*. Note that

o(D* = mc?) = {(—c0, =2mc*] U [0, +00)}.

Secondly, the elements of the matrix A must be rescaled in a following way

1
_ [z B
A A, ( " 2mc§) . (54)
Subsequently, by performing the limit ¢ — +co for the resolvent in the operator norm we will finally get
the corresponding non-relativistic limit. One should note that by rescaling the matrix A in the presented

way we did not change determinant of the matrix.
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Theorem 4.2.1. Let z € C\ [0, +o0) and A obeys (54) together with

1
4 —detA + 2i—a + 2iu(z)d # 0.
H(z)

Then the resolvent Ri“mcz of the operator D*< converge in the operator norm, as c — +oo, to the bounded

integral operator Kf multiplied by the projection on the upper component of the Dirac wavefunction

B e (1 0)

“mP e 0 0
where

KA _ M @yl 1
X, = ——¢ .
Koy u(z) 4—detA+2iLa/+2i,u(Z)5
2m

(=h5a + = det A+ n(x)— — sgn( )— — sgn(x)sgn(y)(2ms + —detA)) e @l
presLare: ) Y TS o sen(senly e

(55)

Proof. Let us recall the resolvent formula of the operator D .

RE(x,y) = (D —2)7'(x,y) =

: -1
= R,(x,y) — cR,(x,0) (I + %ACZ(Z)) A:R,(0,y) = R,(x,y) — K(x,y)

Then by subtracting mc? from the Hamiltonian of the relativistic point interaction we get

(D" — 7 —mc® ' = (DA -3 =

. . -1
= 2i(Z<z>+sgn(x—y>m)e"k@'*‘yui<Z<z>+sgn<x>m)(1 + iACZ@) A(Z(Z)-sgn(y)oy)e O,
c 4c 2

(56)
where
Z=2z+ mcz,
@) = 1 N 2m
{@)=c 2z’ (57)
7\2
k() = (-) + 2mz.
C
We have
4 ] -1 1 1 iprm-1
M= (14 5A20) A= (zmca + 407 deta B )
C 2 1+ 52 a + imef(7)716 — L det A Y 2med + 3¢(2) det A

where

C=4- th+l@a’+4lWlC§(Z)
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which yields

HERER = ((2(26 B 2mel (226 fé'{(Z)—l det AJ’ %)
LN = (2mc§(2)€$?€ fdet A %?(er)—%liet A)’ (59)

o INZE) = (;(12 gf)ydet N 2mc§(22;)6_1+ﬂ% aet A), (60)

o N = (2mc6 + %(Z) det A s %'ZEZ)—I detA). 61)

Using the explicit forms of matrices (58),(59),(60), and (61) one can easily take point—wise limit of
(56) as ¢ — +o0.

he coveo (1O L0} _ (M ey @b | o (10
R —>KZ®(O 0)—(KZ £)®(0 o] = \za® + Ue 0 ol ©2

where
Lx,y) = —Uek@Hi

é (Z + 7 det A + sgn(x)ﬂy —sgn (y)—ﬁ — sgn(x)sgn(y)(2mo + m det A)) (63)

C=4—-detA+ 2i—a/ + 2iu(z)0.
M)
From this we have candidate on the operator limit in the form of (62). Since the first part of R?“ is
the resolvent R; of the free Dirac operator and the first part of the operator K. f is actually the resolvent K,

of the free Schrodinger operator, we know that these two parts will converge to each other in the operator
norm [Corollary 6.2. [23]]. Because of that we just need to prove that

; 10
7(m’“@(o o)'

Since both of these two operators K and £ are Hilbert—Schmidt we will prove the convergence in the
Hilbert—Schmidt norm which will consequently imply the convergence in the operator norm.
Let us denote matrix structure of the second part of R“;" as

U = %@@NZ(Z) + sgn(x)o 1 NZ(Z) — sgn(y)Z()Ne — sgn(x)sgn(y)oiNey), 64
C

One can see that U, converges, as ¢ — +oo, to

1 0
—

in any matrix norm and because a function f(w) = e Vuld+uh  for fixed x and y, is continuos Yw € C\ R
we finally get

c—+00

|Uceik(2)(|x|+|y|) _ Ueiﬂ(Z)(lelyl)l < |U, - U”eiﬂ(Z)(lxl+\y|)| + |Uclleik(2)(\x|+|yl) _ eiﬂ(z)(|x|+|yl)| s 0.
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To finish the prove, one must find the integrable majorant of the integrand |U, e *@(+uh _1yeiu@(x+lyD|
such that it will not depend on c.

|Uceik(2)(|xl+|y|) _ Ueiﬂ(z)(lxl+|y|)| < |Uc”ei(k(i)—ﬂ(z))(lxlﬂy\)||ei/~l(Z)(|X|+|!/|)| + |U||eiﬂ(z)(\xl+|y|)|. (65)

Now we need to estimate [U,|, [U| and |e/*@—#@)xl+yD), Keep in mind that the term leiH@x+D) g
already square integrable. Since |U] is uniformly bounded and U, — U we also have

Ul < Ci.

Now from a continuity of k(Z) at 7 it follows

(Jer 2 0)(Ve 2 e)(IIm(k(Z) — u(2))(|xl + [yl <

Putting this together with (65), we infer that there exists ¢; > 0 such that V¢ > ¢y,

Im(u(2))(|x] + Iyl))
5 :

(U, Rt _ ei@UxtD| < ¢, e~ ImKE -t -Tm(u@) b)) TIm(E@) (o) <

Im(u(2))
< Cre 2 Wt | 0, e TmuE2(1x+y), (66)

This concludes the proof. O

It was already proven in [19] that the operator Kf, which we got as the non-relativistic limit of the
resolvent of the Hamiltonian of a general relativistic point interaction, is indeed the resolvent of H*
from Definition 4.1.1. The proof in the article is rather formal and also misses details of a calculation of
(H" — 2)~!, which is long but straightforward. For that reason, we decided to present a full proof here.

Theorem 4.2.2. Let A be any 2 X 2 complex matrix and z € C\ [0, +00) such that

1
4 —detA + 2i—a + 2iu(z)6 # 0.
H(z)

Then the operator Kf defined in (55) is the resolvent of the operator of the general point interaction
introduced in Definition 4.1.1.

Proof. Firstly, we can prove that the operator Kf is the left inverse of the operator (H* — z) explicitly by
calculating KZA(HA — 2)y for every ¥ € Dom H”.
Let us now denote few constants to simplify the calculation.

1
C:=4—detA +2i—a + 2iu(z)0,
u(z)

1 .
&;:_(Lﬂdem),

Cl\z @@
3. L2
- Cu’
1 2my
y := ——— and
I C u(2)

- 1 im
0:=—=|2mdé + ——detA].
C ( J7(64) )

36



Let us consider x > 0. Then by using integration by parts we get, for the first part of (62), following
expression

eiH@)lx=yl ( W”(y)) dy =

ll(Z)
x 0
( lll(Z)lx_ylle(y) dy + f elﬂ(Z)|x—y|¢N(y) dy + f eiH(Z)bC_yll//N(y) dy) —
ZN(Z) 0 -
_ _([ 1 Liu()lx— y“ﬁ (y)]z::oo + [_ezu(z)lx yl,)l, (y )] [—ew(z)lx ylw (y)]y_) o

0
_f jelt@lx= yl,ﬁ () dy +f ieiﬂ(Z)lx_yli,l//(y) dy+f ieiﬂ(Z)lx—yll//(y) dy ) —
x 0 —o0
= S (e (0-) 0 (04~ MM g + i) + i 0 -
- f ﬂ(z)ei"(Z)"“y'tﬁ(y) dy ) =

= 00+ I 00) =00 = 3P0 — w0 + B2 [ My ay

Similarly for x < 0 we get

f%eiu(z)lx—!ﬂ (_igb"(y)) dy =

= () + —— M (04) = ' (0-)) + ~e#OM (04 — y(0-)) + 2 f HORIy () dy,
2u(z) 2 2 R

In other words we get Vx € R \ {0}

HON (A _ 23(x) = () + —— W@'X'W(oa—¢/<0—>>—sgn(x)lei”<z>'X'(w<0+)—w<0—>>. (67)
,u(z) 2 ( ) 2

Now, we need to look at the second part of the operator Kf (55). Let us denote

L(x,y) = (@ + ysgn(x) — Bsgn(y) — dsgn(x)sgn(y))e W+,
Then we get

1 1 oo 0
f L(x,y>(—2—w"(y)) dy=——( f Lo 0 () dy + f L(x,y>w"<y>dy)=
R m 2m\Jo —o0

= —%1 ([(a — B+ (7 = 8)sgn(x)eOCHWDY (170 4 [(@ + B+ (7 + S)sgn(x)e Oy (20—
0

- f °°iu(z)(@—/?+(7—S)sgn(x))e"“@““W”w’(y) dy+ f
0

—00

(@) @B+ (F+0)sgn(0))e O HHID Y () dy)=
= _ﬁ (_(@ — B+ F = &)sgn(x)e Oy’ (0+) + (@ + B + (F + dsgn(x))e OHly’ (0-)+
+ip(2)(@ = B+ (7 = 8)sgn(x)e™ MMy(0+) + iu(z)(@ + B + (7 + d)sgn(x))e™ My (0-)-

- f 1(2)*(@ — Bsgn(y) + ¥sgn(x) — dsgn(x)sgn(y))e @y () dy)
R
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Hence, by using the identity u(z)> = 2mz, we obtain
fR L p)(H ~ () dy =
- —ﬁ (—(& — B+ (7 = 8)sgn(x)eH@y (0+) + (@ + B + (7 + Ssgn(x)eH @y’ (0-)+

+ip(2)(@ = B + (¥ — &)sgn(x)e My (0+) + in(z)@ + B + (7 + 5)sgn(x>)e"”<z>""w<0—)). (68)
Now, in view of (67) and (68), K(H* — z) = Idlpom g~ if and only if

1 ~ ~ 1 - -
2—(@ +sgn(x)y — B — sgn(x)O)’ (0+) — =——(@ + sgn(x)y + B + sgn(x)o)y’'(0-)—
m 2m

2m

in(z)
2m
] 1
+ ZL(W(OH —'(0-)) — sgn(x) = (W(0+) —Y(0-)) =0, (69)
1(z) 2

which can be rewritten, by substituting for &, 3, ¥ and 8, as

(@ + sgn(x)y — B — sgn(x)d)y(0+) — (@ + sgn(x)y + B + sgn(x))y(0-)+

( 20 gea-L 2—ysgn(x)—(26+L%Z)detA)sgn(x))w’(O+)—

p@? @ p@ pE)

- (/% + ﬁ det A + % + %sgn(X) +(26 + /ﬁ det A)Sgn(X)) ¥’ (0-)-
/% + /ﬁ det A — l% + l%sgn(X) - (20 + lﬁ det A)Sgn(X)) Y(0+)-
/% + /ﬁ det A + /% + %sgn(x) +(20 + ﬁ det A)Sgn(X)) Y(0-)+

b (4 —det A + 2i(— u(z)é)) W' (0+) =y’ (0-))-
u(z) u(z)

— iu(z) (

— iu(z) (

— sgn(x) (4 — detA + 21‘(#%) + ,u(z)d)) W(O0+) —y(0-)) = 0. (70)

From this we can see that several terms in (70) will cancel out and for the remaining terms we get the
following

_ Py 2 an() - 26+ —— det A)sgn(x)) W' (0+)-
wz) ) u(z)
— | —— + ——sgn(x) + (26 + — det A)sgn(x) | y¥'(0—)—
ui@ ) u(2)
- (2z_a —detA —2iB + 2iysgn(x)) Y(0+)—
u(z)

- (2& —detA +2iB + ZiYSgH(X)) Y(0-)+
u(z)

y N
+ (—l - 25) (W' (0+) — ¥/ (0-)) — sgn(x) (4 + —’a) WO+ —y(0=) =0 (71)
J7(64) u(z)

We will look at the parts of (71) with u(z)~' and the rest separately.
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(2B + 2ysgn(x) — i det Asgn(x))y’ (0+) — (28 + 2ysgn(x) + i det Asgn(x))y'(0—)—
= 2ia((0+) + Y(0-)) + 4i(y/' (0+) — ' (0-)) = 2iasgn(x)((0+) — ¥(0-)) = 0,

which we can rewrite as

— (2B + idet Asgn(x))(¥'(0+) + ¢/ (0-)) + (4i + 2ysgn(x) (¥’ (0+) — ¢’ (0-))—
= 2ia(Y(0+) + ¢(0-)) = 2iasgn(x)(y(0+) = ¢(0-)) = 0. (72)

— 26sgn(x)(Y (0+) + ¥/ (0-)) + (det A + 2iB — 2iysgn(x)y(0+)+
+ (det A — 2iB — 2iysgn(x)y(0-) — 26(y'(0+) — ¢’ (0-)) — sgn(x)4((0+) — y(0-)) = 0,

which is equivalent to

— 20sgn(x)(’ (0+) + ' (0-)) — 26(4"(0+) — ¢’ (0-))+
+ (det A = 2iysgn(x)(W(0+) + ¢(0-)) + (28 — 4sgn(x))W(0+) = y(0-)) = 0. (73)

Now from (72) and (73) we get the following four conditions

—2BY, + 4iy = 2ianp, =0, (74)
—idet AW, + 2y’ — 2iay_ =0, (75)
—26y" + det Ay, + 2ify_ =0, (76)
=26y, = 2iys — 4 =0, (77)

where

S+ = f(0+) + f(0-), f~:= f(0+) — f(O-).
One can check that the four conditions (74), (75), (76) and (77) are not linearly independent and, in
fact, it is sufficient for the four conditions to hold that the following two conditions are satisfied

,_ B, @
e A/
W= =S+ S
6., 1y
l//— - 2‘//+ 2 l//+-
These two conditions are our transmission conditions for the operator H* of general point interactions.
This yields

K& (H" = 2y (0) = g().
Now, we need to prove that Kf is also right inverse. Above all, we need to prove that Kfz// €
Dom H*. Putting
p(x) 1= Kp(x) =

= \[R (’u’(_";) eH@Mx=yl 4 (@ + ysgn(x) — Bsgn(y) — 5sgn( x)sgn(y))eiy(z)(lx|+|y|) W(y) dy,
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we see that

@(0+) = f (iﬂé#(mﬂ + (& + 7 - Psgn(y) - Ssgn(y»e"”@'y') W(y)dy
R \M(2)

and

@(0-) = f (iﬂdmw +(& — ¥ - Psgn(y) + 5sgn<y))ei”<z>'y') Y(y) dy.
R

()

Next we gave

d%sD(X) = jﬂ; (-msgn(x - )@ + (@ + 7 - Bsgn(y) - Ssgn(y))iu(2)e* ) y(y) dy,

¢'(0+) = f (msgn(@)e @ + (@ + 7 - Bsgn(y) — Fsgn(y)ip(2)e™ ) y(y) dy.
R

for x > 0, and

d%so(x) = fR (—msgn(x — @ — (@ — 7 - Bsgn(y) + Fsgn(y)ip(2)e V) y(y) dy,

¢(0-) = fR (msgn(me W - (@ - 7 - Bsgn(y) + Ssgn())iu@e* M) y(y) dy.

for x < 0, respectively
From (78),(79),(80), and (81) we get the following

o) = f (2’l + 2@ —Bsgn(y))) MMy (y) dy,
R

u(2)

¢ = fR 2(y — dsgn(y))e My (y) dy,

o = fR (2sgn(y)m + (2y — 28sgn(y)iu(2)e* My (y) dy,

o = fR 2(@ - Bsgn(y)ip)e* My (y) dy.

Now, we want to check if the transmission condition holds,i.e., whether

fR 2@ - Bsgn(y))ip(2)e My (y) dy = —ib fR (msgn(y) + ip(2)(F7 — dsgn(y))e MWy (y) dy+

+a f (’ﬂ +(&—Ssgn(y))) Wy (y) dy,
R \H(2)

which is true if and only if

2(@ — Bsgn(y))iu(z) = —ib(msgn(y) + iu(2)(7 — dsgn(y))) + a(

40
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Substituting back for &, 3, 7, and 6, we obtain

2 ( 2m m 2mb . . iu(z) @ im_
o (#(T)za + z@ det A — @sgn(y)) iu(z) = —ib (msgn(y) + C (,u(z) ( md + ,u( ) det A) sgn(y)))
im 1( 2m im
+a (@ + E (ma + E det A — msgn(y)))

Now, we will try to rearrange the equation above to proof its validity. Using the definition of the
constant C, we get

HMA_ o o det & — 4imbsan(y) = —ibsan(y)C + bu(z) (% - (2md + im detA) sgn(y)) +
u(@) u(z) u(z)
im 2m a detA 2mab
~C 2 ,
M T a T u T ae Y
‘Z:’g‘ — 2mdet A — dimbsgn(y) = —4imbsgn(y) + imb det Asgn(y) + 2bm (? + ﬂ(z)d) sn(y)+
+2mbc — 2mdbu(z)sgn(y) — imb det Asgn(y)+
im im m 2ma* (82)
4at — g et — 201
W@ TG (u( y ) e
+imi det 2m bs n(y).
) pi o

Hence, we see that all terms in (82) will cancel out, and so the transmission condition holds. We can
prove in a similar way that the second transmission condition holds. Since K,(x, y) is the resolvent of the
free Schrodinger operator and K,(x, 0) is in W22(R \ {0}) we arrive at

Ran Kf c Dom H”.

It remains to show that

(H* — 2)K2y = y. (83)

2 .
(—%%—z) [ ( P 1 @~ Psgn(y) + Foenco) - 6sgn<x>sgn(y))e"“@('m'y“)w<y)dy=

=_ Liz elH@lx= yll/,(y) dy— (84)
2m dx? ,u(z)
1 a2
- f (@ — Bsgn(y) + sgn(x) - Ssgn(x)sgn(y))e™ Wy (y) dy— (85)
_ ;j(_’;; A MOl dy— (86)
—e fR(& — Bsgn(y) + ysgn(x) - sgn(v)sgn(y))e My (y) dy. (87)

Now we will consider only x > 0 for x < 0 the approach is similar.
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(84) = — i i f+oo eiﬂ(z)lx—ylw(y) dy — ;i fx eiﬂ(z)lx—ylw(y) dy =
2u(z) dx2 J, 2u(z) dx? J_o
. d —+00 . X X
= —2#’@5 (—wx) Y0 + f —(2)eH Oy (y) dy + f i@ My (y) dy) =
e (2iu<z>w<x> + f (i) HO =y () dy + f ()2 ) dy) -
— w0+ 152 [ iy gy
R
and ' 5
85) = L2 [ (G prgn) +5 - Bsen@)e Mty dy
Since
p@) _ zm
2 u(z)’
(84),(85),(86), and (87) imply (83). O

4.3 Non-relativistic limit of non-local approximations

Similarly as in the case of the relativistic point interactions, we can try to take the non-relativistic
limit for its non—local approximations we introduced in Section 2.2. Doing this we will be able to get
non-local approximation of general non—relativistic point interactions. Let us start with the operator

D = Dy + clos)(ve| ® A.
We already found the resolvent of this operator in the form of the integral operator Rﬁs with the
integral kernel given in (24)
R%, = R: = cR(I + c(usl AR:0:) ™ 0e)(0el AR:.

To take the non—relativistic limit for the operator D% we need to rescale matrix A in the same way
as we did in the previous Section 4.2 and we need to take the resolvent at the point Z = z + mc? and then
send c to infinity.

1
_ (@ B
A A (7 2mc6)'

Then we get

A Q)E, 7)!
~ = 2mc ﬂg(Z) Ea )
C<U5|ACRZU£> (’)’é’(Z)EéJ 62mc§(2)_1E8 '

From this we conclude

(I + c(elAcRave)™" = ! 1+82mel()~'E; —pL() ' E; 88)
T v E (02 4 eZ) s Bldea | WOE.  1+afn)
e\ 2me 2(2) & 2mc

Finally, (88) yields
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_ 1
(I + c{velARzv ) A, = M,

((Z) 2mc 2
1+E( 6{())+E det A

where
M e 3L + (D) Epdet A B
) v 02mc + L(D)Es detA)°
We also denote ®
[{¢) 2
C.=1+FE 6 + E_ detA.
€ 8( 2mc {(z) ©

Since the matrix part of the resolvent consists of matrices o and Z(Z), we will look at all combina-
tions of matrices o1, Z(Z) and M separately.

@3 ~
~ . as5— + E {(7) det A B
Z(ZMZ(Z 2mc &
()= [ Y O2HS + Eegy deth
3 BL(Z) @@ 4 E, det A
Z(H)Moy = ( 2 me "
0% + EedetA ®
YL () SHE + Eg det A
o1MZ(Z) = ( &) €O,
2mc + E det A m
M ((52mc + Ec{(Z)det A Y )
oMo = 1
IB 231(‘ Ee ® det A

We will find the point—wise limit as ¢ — +oo and for this limit we will find corresponding operator
and then proof norm-resolvent limit similarly as in the previous case D* T, HA

E, = % f 0 () O og(y) dxdy > E, 1= %f 0e(0eM Oy (y) dx dy. (89)
R2 R2

Similarly to (62) we can easily see that the point— wise limit of the integral kernel of the operator Rﬁs
is

S e N G T 10
R —— K2, (ﬂ(z)e Le|®(y o) (90)
where
1 in(z)|x— gsl( m
L= i o v(s)e + 2B 2 det A) + sgn(er — y) 2B+
&
2 . )
+ sgn(x — ss)—my + sgn(x — es)sgn(et — y) (2m6 + 2E8i det A))v(t)e“‘(zﬂ‘”"/| drds,
H(z) u(z)
with

C.:=1+E, (? + 6,u(z)) + E2 det A,
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Theorem 4.3.1. Let A be any 2 X 2 complex matrix and z € C\ [0, +00) be such that
Ce.#0.

Then the resolvent R?; of the operator D;AC converges in the operator norm, as ¢ — +oo, to the bounded

integral operator ng multiplied by the projection to the upper component of the Dirac wavefunction.

Proof. One can see that the first part of the operator R?A“ is the resolvent of the free Dirac operator in

£
z + mc? and the first part of the operator Kﬁg is the resolvent of the free Schrodinger operator in z. For

that reason we just need to prove that the operator
Ko = cRo(I + c(VplAR:0:)) ™ |us)(vel AR

will converge in the operator norm to the operator

1 0
cof) Y)
Since both of these operators are Hilbert—Schmidt, we will prove their convergence in the Hilbert—

Schmidt norm.
Let us firstly denote

1
UE =
¢ 4cC,

(Z(ZMZ(Z) + sgn(et — y)Z(Z)Mo| + sgn(x — es)01 MZ(Z) + sgn(x — es)sgn(et — y)o1Moy),

1 ~
U = E((% +2FE, 1 detA) + sgn(et — !/),%IB+

€ u(z)
&
2m . m
+ sgn(x — es)——7y + sgn(x — es)sgn(et — y) (2m6 +2E,—— det A)), (91)
H(2) p(z)

e e (1 O
)

Now

|7<s - -Esl =

<

f e”‘@'x“”'v(s)Uﬁv(t)eik(Z)"g"w _ ei,u(z)lx—aslU(S)Usv(t)eip(z)lat—yl drds
RZ

(92)
< fz e—Imk(Z)|x—Ss||U(s)||U?|U(I)|e—1mk(2)|st—y| + e—Im/J(z)|)C—8S||U(S)||U8||U(t)|e—lmﬂ(z)|£t—y| drds <
R

Since the matrix UZ converges to the matrix U? and is uniformly bounded in x and y, we can find an
upper bound C; € R for its norm. Similarly, we will find [U?| < C, € R. This yields the following

(92) < C f lu(s)llo()e MO g g gt + €, f (s)lo()le™ M g qr (93)
R? R2

To find integrable majorant that is not dependent on c, it remains to estimate

e—Imk(Z)(Ix—as|+|£t—y|)
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from above. From continuity of k(Z) we see that

Im(u(2))(lx = &5 + let = y)).

(Jer 2 0)(Ve 2 e)(IIm(k(Z) — u(2))(|x = es] + |t — y))| < >

Hence, we get for ¢ > ¢

oIk (x—esl+let—yl) _ o—~Imk(@)-Imu(@))(x—esl+et—yl) o -mu()(x—eslHei—y) < =5 (x—esi+ler—y))

Consequently, we get the square integrable majorant as
K — Lel < C f o(s)llo(p)le™“ =1 4 dr + f lo(s)lloe)le Mm@ =esHeD g g dr, (94)
R2 R2

We can prove that the right—hand side of (94) is indeed a square integrable function in variables x and y
using the Minkowski integral inequality, because, for w > 0 we get

ik

1 1

2 2 3
dxdy) < f ( f lo( )2 |v(2)|>e =20 (x—esiHlet=yl) dxdy) dsdr =
R2 R2

f lo(s)llo(p)le™ P g df
R2

1
X=X—-&S§

2
— —2w(|x—es|+|et—yl) —
‘fRZ (\[RZ e dx dy) [v(s)||v(®)| ds dt Y=yt

1
2
:( f e_zw(lxl+l’/l)dxdy) f lo(s)]lo(0)| ds dt < +co.
R? R2

The proof then follows from the dominated convergence theorem. O

A

Firstly, we will rewrite operator K7, to the more convenient form, using the following

f v(s)eHO=eslson(x — gs5)ds = f ve(8)eH O Slson(x — 5)ds =
R R

—+00 X
= —f vs(5)eH s dg 4 f ve(5)eH sl g =
X —00

+% q eiu(D)x—=s] | eiu(@)lx—=s|
= —v'(x/¢e ds + —v'(x/¢e ds =
fx 2" S e e

= ! f (ve(s5)) e @M=l g5 (95)
iu(2) Jr

Incorporated (95) and the resolvent of the free Schrodinger operator K,, one can see that ng can be
rewritten as follows

ng = K, — a.K;|v: X ve|K; +ﬂ8KZ|(US)/><U8|KZ - ')/uslUs)((Ua),le - 68KZ|(UE)’><(US),|KZ’ (96)

where |
Qe = ——(@+E det A),
e= 5 Cs( M (2) )
Be = : B
“ T 2imC,
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1
= —v and
e 2imCy 4

1 3
o= ——0G+E “ldetA).
. 2mC’S( sM(2) )

We assume that the operator Kfa is the resolvent of a Schrodinger operator perturbed by some non—

local potential. To find this operator we will invert Kﬁg. Firstly, we need to prove following identities.

Lemma 4.3.1. Let v € L'(R;R) N L*(R;R) be such that v € L'(R;R) N L*(R;R), K, be the resolvent
of the free Schridinger operator defined in (51), and E, be in the form of (89). The following identities
holds

<(Ua),|Kz(Us),> = 2m”l)8”12‘2 + 2mz{ve| K ve),

(V) |K-v) = (vl K- (vg)) = 0,

)
7 2m

Proof. Firstly, we will prove the first identity.

E <Us|KzUs>-
((0s) |K-(ve)'y = o f (0e) (X)) (y) dy dx =
Mz Jr2
= [ 0[O O = o [ st ) dy) ax =
w@) Jr R
S f (00 (¥)sen(x — POy () dyd =
RZ

=-m f 0:(y) ([e"ﬂ<z><”>vg<x>]; Rl L N €5) KN 169 f ey, (x) dx) dy =
R R
= 2mlvs|l7, + 2mz(ve| K-ve).
Now, we will show that the second identity holds.
o im in@lx=yl )y -
el K (ve)") = — ve(x)e (ve)' (y)dy dx =
(@) Jr2
= — f 0:(x) ([e"f‘@)@—”vg(y)];“ + [P, ], — () f sen(x = e, () dy | dx =
u@) Jr R
=m f vs(x)sgn(x — y)e My, (y) dx dy.
R2
Since the integrand of the obtained integral is an antisymmetric function the integral is identically zero.

Similarly for {(v.)’|K,v).
Third identity is easy to see from definitions. O

Theorem 4.3.2. Let us take A € C>? and z € C \ [0, +0) such that C, # 0. Then ng is the resolvent of
the operator

N 1 By
HY = Hy+ ———————(WelA)y + — ———[u:)(vel,
? 2m(1 = dllvel2,) 2m1 = olluel?, T
where s .
Ao (a(l = Olloel.) lﬁ) nd
-1y 0
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W, = V) Vel [e){(ve)| )

|(e) Mvel  1(e) X (@e)'])

Proof. Let us start with the operator
HY = Hy + W,,

where b 4
a 7 c /7 ’ ’
= —|ve)Xvel = 5= 10eX(We) | + 55=1(We) Wvel + 5—(ve) ) (ve)|.
2m 2im 2im 2m
We will find the resolvent for this operator and we will compare the result with the limit from Theorem
4.3.1 and from that we will derive coefficient a,b,c and d.
(HA =)' = (Ho+We—2) ' = K.(I + W.K.)™!

Now, we just need to invert (I + WK;).

b d
v+ —2a (el Ko )vs — =——((vs) K Yp)ve + —c (el K ) (vg)" + =—((0e) [K ) (ve) = g. 97
m 2im 2im 2m

Acting on the equation (97) by (vg|-)K; and by ((v¢)’|-)K-, and using Lemma 4.3.1, we will arrive at
the following system of linear equations

( I+ 2a (vel K, ve) 2,m<US|K V) )( (el K4 ) _ ( (velK2g) )
5 () 1K= (0)) 1+ 5{(0e) 1K= (ve))) (o) [K40)) — \((we)'1K2g))

Hence, we have

(<v8|sz>)_ 1(1 + () [Ko(ve)) 52 (0l Kove) )(<v£|Kzg>)

(W) IK)) ~ o 2,m<(vg)’|K @)Y 1+ 5 €0el Kzve) | \((0:)'|K29) )

where ad — b
=1+ _<U8|K Ve) + _<(Us) K, (Us) )+ ——— am ———(velK; Us><(vs) K, (Us) ).

We can put the solution back to the equation (97) and get the resolvent of HZ.

Y=9g-

d ’ ’ ab 4
e (1 + 5 () Ko (ve) >) (el Keg)ve = 73— Vel Kb X (ve) 1K g)vs

b
O 1K) XeulKeghos + 52— 1+ 5= CuelKewe) () 1K=
g

2imo

b
° ( ((vg) |K2(ve) )) (vsl Kzg)(0s)’ *2 (vglK 0X(0e) |Kzg)(ve) +

Cd ’ !’ ’ d ’ ’
+ (0 IR0 YKo 00 = 5o (1 + %@AKZ@)«U&) IK.9)(vs)',

which can be simplified as

1({a ad-bc b ,
Yy=9g- ; (% t—— dm? <(U£) K, (Us) )) (vel K g)ve + 2lm0—<(U8) |K.g)ve—
1(d d—-b
- S (lKeg)ws) — — (% - %w&m) (Y IK-9)(e .

Using Lemma 4.3.1 and a previous calculation, we infer that the resolvent of H% obeys
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1 . b
(Hy =27 = K. = 5— (a+ (ad = bo)lloell}, + p(2)(ad — be) E ) Kelog) (vl Kz + 5— Koloe){(ve) 1Kz~
2mo 2i

mao
1 d —bc -
— L K(e) NvelK: - d+ 227 F ) and
2imo 2mo- (@)

(98)

a+ (ad - bo)|lvl2,

u(z)

o =1+d|l}, + [ + ,u(z)d] E; + (ad — bc)E2.

Now if we just compare the resolvent (Hf —2)~1 (98) with the limit (96), we are getting the following

relations between coefficients. )
a+ (ad - bo)llvs2,

1+ dlog %,
B b
C L+dllosl?,
_ C
C L+dlll?,
B d
T L+ dllosl?,

B

Y

Inverting identities above, one will conclude that the non-relativistic limit Kfs is actually the resolvent
of the Schrodinger operator with non—local potential H4 with coefficients

_ )
1= 6lloell?,”

N A
1= dlleel2,

B

=—— and
1= 6llvll?,

BYllvell2,
+ —.
1= 6llvll,

Let us look more closely at the operator from Theorem 4.3.2.
If 8 =y =6 =0, then one will get the operator
o

HO + |U£><U£|-

2m
It is well known fact [1] that this operator converges in the norm resolvent sense to the corresponding
Schrodinger point interaction H. Now let us discuss a more interesting situation.
Ifa = =y =0and ¢ = 1, then for such combination one will arrive at the following operator
H% = Hy +

Zm(l_—M@z)I(vs) (el
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We can compare this result with the article [20], where the non-local approximation of ¢’—interaction
was found. In the spirit of the article we will define

u(x) :=v'(x).

Then one can easily deduce that

1
‘Etf u(x)|x — ylu(y) dxdy = —|lvlf7, and
RZ

o2,

2
= llogli2.

l=fv(x)dx=fv(x+t)dx
R R

and differentiating with respect to ¢ yields

O=fv’(x+t)dx:fu(x)dx.
R R

We can easily see that the operator HZ is exactly the same non—local approximation H, of & —interaction

Seba discussed in the article [20] where norm—resolvent limit was deduce for this type of approximation.
We will now consider the most general situation of the non—local approximation H from Theorem

4.3.2. For this operator, a convergence to the operator H* in the norm-resolvent sense will be proved.

Also since, fR v(x)dx = 1 then

Theorem 4.3.3. Let matrix A be any 2 X 2 complex matrix and z € C\ [0, +c0) such that

det(2I + iAZ(z)) # 0.

Then the operator (H§ —2)~! converges in the operator norm to the operator (H* — z)™! as & tends to 0.

Proof. In Theorem 4.3.2 and Theorem 4.2.2 we proved that

A - A
(He —-2)7' = K%,
A -1 A
(H* -2 = K.

None of these two operators is a Hilbert—Schmidt operator but in similarly as in the relativistic case, one
can see that the difference of these two operators is Hilbert—Schmidt, and so, to prove the theorem it is
sufficient to show that

K- - kA 50,
? -0
In the same way as in Theorem 4.3.2, let us denote U® as in (91) and also U as in (63). It can be

—0
easily seen that U? LU
Now we will deal with the Hilbert-Schmidt norm of Kﬁg - Kf in a similar way as in Theorem 2.2.1.
Using Young’s inequality we obtain
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2
KL, — K25 = f dxdy =

R2

f M=y (s UP (s, )@ ly(r) — M OMly(5)U (s, e u(r) dt ds
R2

- f | (eiﬂ(z)lx—SSI _ eiﬂ(Z)IXI)U(s) U%(s, t)eiﬂ(z)\sf—ylv(t) + eiﬂ(z)|x|v(s)(U8(s, ) - U(s, t))eiﬂ(z)lst—ylv(t)+
R2 R2
. . . 2
+ MO U (s, )(eH Nyl — e @Wyy(p) dr dsl dxdy <

2
<2 f ( |(eH@P=esl _ i@y o) e (s, t)ei"(Z)Et‘y|v(t)|dsdt) dxdy +
R2 R2

a)

2
+4 f ( f e @Xy(s) (U (s, 1) — U(s, z))efﬂ<z>'€f—y'u(r)|drds) dxdy +
Rz

R2

b)

2
+4 f ( f |eiﬂ<Z>'xlu(s)U(s,z)(eiﬂ<Z>'8’—y'—e"#<Z>'y')U(r)|drds) dxdy.
R2 \UR?

c)

Now, we will prove that every term a),b) and c¢) goes to zero.

2 2
a) < f ( f le"“@'x-“'—e"f“”'*'nv(s)lds) dx f ( f UG, r>||v<z>||e"“<z>8’-y'|dz) dy.
R \UR R \UR

By Lemma 2.2.3-0 K,

a)

U? is converging to U and thus it can be uniformly bounded by some constant Cy. Then using the
Minkowski integral inequality from Proposition 2.2.1, we infer that

. 2 . Loy
K. < Cy f ( f o(2)||e’H@ler=! dt) dy < Cy ( f ( f |U(t)|2|e”‘(Z)|€’_”||2dy) dt} <
R R R R
3
<Co f|U(f)|(f|ei“(Z)|8t_y||2dy) dr| < +oo.
R R

by Lemma 2.2.2<+00
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b) Using the Minkowski integral inequality and Lemma 2.2.2 we deduce that
b) < f ( f e OMu(s)(UP (s, 1) = U(s, 0)e @ y(r)| ds dt) dxdy <
R2 \JR2

1 2
2
< [ f ( f e MO ()P |U (s, 1) — U (s, )P ™) dx dy) dr ds) _
R2 \JUR?

1 2

2

= f WOI(HIU(s, 1) = U(s, 1) f e 2mu@hle=2mu@ler~sl gy dy | deds| <
R2 R2

<Ci<+o0
2
<C (f @®ll(HIIUE(s, 1) = U(s, t)ldtdS) .
R2
Since

[U%(s, 1) = U(s, Dl < [U°(s, D] + [U(s, D] <

a
<2|-
<

+‘2E detA‘ ‘ detA‘+2 ‘ +2

—ﬂ‘+2 |2m6|+‘2E

det A‘
u(2)

—— det A‘
,u(z) ‘

using the Lebesgue dominated convergence theorem yields ) — 0.

“u(z) u(2) u(@) 1(z)

¢) similarly to a).
We conclude that ||Kfa - Kfllz — 0 which proves the theorem. O

Theorems 2.2.1, 4.2.1, 4.3.1 and 4.3.3 prove that the following diagram commutes.

(DEA” — mc?) —>€:0 (D% —mc?)

C_’+°°lu MJ/C—>+00

HE - > HA

&e—0

Interestingly enough, we observe that for the one branch of the diagram, more precisely for
(D5 = mc?) — (D" - mc®) - H,

we see no renormalization. On the other hand, in the latter branch of the diagram the renormalization
does happen.

This problem with our non—local potential as an approximation of the non-relativistic point interac-
tions was already addressed in the literature [2, 20]. Possible solution that would most probably work
without renormalization of coupling constants would be to choose starting potential W, in (3) as

W, = |U8><u8|a

where functions v and u have disjoint supports, which was considered in [2] and the norm resolvent limit
H% — H* without the renormalization was proved.
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5 Conclusion

In this work we proved that the free Dirac operator Dy with not necessarily self—adjoint non—local
potential

Df =Dy + élv(x/e)}(v(x/s)l ® cA

converges in the norm-resolvent sense to some unbounded operator acting like the Dirac operator with
certain transmission condition, which describes the character of the interaction. In the self-adjoint case
the limit corresponds to the relativistic point interaction described in [3].

Seba conjectured and proved for two special cases of the self-adjoint matrix A in [21] that the norm—
resolvent limit of D2 is the same as its formal limit. We concluded in this manuscript that this so called
renormalization of coupling constant does not occur for the most general case of the non—local potential
used by Seba. This property led us to the natural generalization of the definition of the relativistic
point interaction also to the non—self-adjoint setting as the limit of D%. More precisely, we rigorously
introduced for all complex matrices A € C>? the formal limit

DA 225 Dy + 18(x)XS()] ® ch
as the well-defined, closed operator

(D*y)(x) = (Dow)(x), ¥Yx € R\ {0} on domain
¥ € Dom D* = {y € WI2(R\{0}) ® C? | (2i + o1 AW (0-) = (2i — o1 AW (0+)}.

Recall that in the case of a local potential with the Dirac operator coupling constants do renormalize.
From that we can deduce that the character of the relativistic point interactions is rather non—local.

Furthermore, we discussed the spectrum of D* and found that z € C \ R, is in the spectrum of the
operator D if and only if the following equation holds

0 = 4 + 2i tr(AZ(2)) — det A.

We also observed wild spectral transitions described in Section 3.2. We showed that for special choices
of matrix A we have the whole complex plane or half—plane as the point spectrum of D*. On the other
hand, we proved, apart of these critical cases of A, that the operator D* has at most two eigenvalues.
From that, we concluded that the general relativistic point interaction behaves similarly as its self—adjoint
realization.

We also found the implicit formula for the eigenvalues of the non—local approximation. The stability
of the spectrum was discussed in the thesis.

Ultimately, we found the non—relativistic norm—resolvent limit of the operator of not necessary self—
adjoint relativistic point interactions. Doing this we obtained the corresponding model of non-relativistic
point interactions. We also took the non—relativistic limit of the non—local approximation D%. Conse-
quently, we arrive at the non-local approximation of non-relativistic point interactions. Finally, we
proved interchangeability of the non—relativistic norm resolvent limit and norm resolvent limit of ap-
proximations.
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